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ABSTRACT

Thresholded linear bandits is a novel bandit problem that lies in the intersection of several impor-
tant multiarmed bandit (MAB) variants, including active learning, structured bandits, and learning
halfspaces. To achieve sublinear regret in the presence of exponentially many arms, one method
is to exploit the structure of the reward function. However, the presence of an unknown threshold
component makes previously known algorithms for structured bandits unsuitable. Moreover, the
threshold introduces a discontinuity to the reward function, making the problem significantly more
difficult. In this thesis, we study the union of axis-parallel halfspace variant of the thresholded lin-
ear bandits problem. We suggest an algorithm that achieves sublinear regret and provide theoretical

guarantees on the performance of the algorithm.
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Chapter 1
Introduction

Multi-armed bandits (MAB) is a learning paradigm used to solve sequential decision making prob-
lems, also known as online learning problems, where data arrives sequentially, and the learner (or
algorithm) must make decisions iteratively. A poor decision can be costly, so the learner must
develop a reliable policy for decision making. A common metaphor for this problem is the slot ma-
chine (colloquially known as the one-armed bandit), where the player must pull a lever to receive
a reward. Each machine has a probability of success, and the player must decide which machine
to pull to maximize their cumulative reward. Typically, the player does not know the probability
of success for each machine, and it is not feasible to test all possible machines enough times to
estimate these probabilities. Sequential decision making problems are frequently encountered in
practical settings, making MAB algorithms highly applicable to a wide range of applications, from
recommender systems (Mary et al., 2015) to clinical trials (Durand et al., 2018) and dynamic pric-
ing (Misra et al., 2019). Moreover, many problems of both practical and theoretical importance

involve choosing the best configuation or a set of parameters to achieve a specific goal.

The MAB framework can be viewed as a game between the learner and the environment played
over T rounds. At eachround ¢ € {1, ..., T}, the learner chooses an arm (also known as an action)
A, from a set A, and the environment returns a stochastic reward X; ~ P4, where Py, is not
known to the learner. Unlike in the full-information setting, the learner receives information as-
sociated with only the pulled arm at the end of each round. In the stochastic setting, the learner’s
performance can be evaluated by its pseudo-regret, which quantifies the difference between the ex-
pected cumulative reward of the best constant strategy and the expected cumulative reward of the
learner’s strategy. Naturally, one goal is to minimize the cumulative pseudo-regret. If the reward

distribution of every action were known, the optimal strategy would be to choose the action with



the highest mean reward. However, perfect knowledge is unrealistic and often unavailable, so the

learner must choose from its current assessment of the actions.

Energy demand optimization This thesis introduces a novel problem setting called Thresholded
Linear Bandits, which intersects several important MAB variants, including learning halfspaces
and structured bandits. To motivate the reader, consider an energy management system where the
goal is to optimize the use of renewable energy sources (e.g., solar panels, wind turbines, etc.) to
meet certain energy demands. Here, the set of energy sources, represented as A € [0, 1]%, can be
adjusted by tuning each of the d continuous features, such as the output levels of each source. Each
source has a fixed cost per unit of energy produced, represented by the cost vector v € Ri. The
system’s performance is evaluated based on its ability to meet energy demands during peak hours

while minimizing the cost of energy production.

Additional demand satisfaction that can be achieved when more resources are deployed to han-
dle peak demands, improving overall system efficiency. Demand satisfaction is captured as fol-

lows:

* po: Represents the fraction of demand met by the baseline energy production.

« A = p; — po: Represents the potential increase in demand satisfaction during peak hours.
The energy output (8*, A) needs to be at least 7 to prevent grid instability, for an unknown
parameter vector 8* € R,

* 1 — p;: Represents the fraction of demand that the system cannot meet due to limitations in

grid infrastructure or production capacity.

During peak hours, the system may need to draw on stored energy or incorporate more expensive
sources of energy to meet demands. If the electric grid cannot maintain a stable balance between
generation and consumption, it becomes unstable, which can lead to power outages or damage to
sensitive equipment. Although demand can stochastic from the customer’s perspective— changing
throughout the day, as noted in Jain and Gujar (2020)— it can be viewed from an energy management
perspective. Specifically, demand can be viewed as the demand on a grid, representing the overall
consumption on the grid. Having a fixed threshold helps companies better plan for financial costs
and manage grid stability. The assumption is that, on average, the energy demand during peak
hours remains relatively constant. In this scenario, efficiency is achieved as soon as the energy
production is within the positive halfspace {A : (6*, A) > 7}. More specifically, the demand
satisfaction jumps from py to p;.



The key challenge lies in finding the most cost-effective configuration. What is the strategy if
the energy provider does not know the exact values of 7 or A? Although the energy provider could
maximize the energy production, this comes with the undesirable trade-off of high costs. When
considering the influx of appliance and electronic uses during peak hours, one management strat-
egy is to produce energy in discete units (such as megawatt-hours), and then later consumed in
continuous quantities. Thus, modeling the demand using a discrete demand function is appropriate.
Moreover, the jump in demand introduces discontinuity in the function, which introduces unique
challenges for arm selection and regret minimization. To address this, we introduce a new frame-
work called thresholded linear bandits. This variant of MAB incorporates a reward structure that
is piecewise constant, with a jump discontinuity at the threshold (see Figure 1.1 for an example in

a simple one-dimensional setting).

| b1
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-

Figure 1.1: A one-dimensional example of the reward function. The dis-
continuity in the reward function is a key characteristic of thresholded lin-
ear bandits.

To informally illustrate the thresholded linear bandit framework, consider the one-dimensional
case of the above energy optimization problem, where A € [0, 1] and 7 € [0, 1] partitions the search
space into two regions: {A : A > 7} and {A : A < 7}. Each arm’s stochastic reward depends
on which region the arm falls into. Since selecting an arm incurs a cost, modeled as a linear cost
function (v - A), the goal is identify the arm that optimally balances reward and cost. As discussed
in Chapter 3, the optimal arm is either arm O (which incurs no cost) or an arm on the threshold

hyperplane (in this example, arm 7).

This thesis focuses on a generalization of this problem in d dimensional space, where a union of
axis-parallel halfspaces partitions the search space into a positive and a negative region. This struc-
ture creates a positive region that is non-convex, making it non-trivial to determine which MAB
strategies are applicable. Previous work by Mehta et al. (2023) introduced both a one dimensional
case and a multidimensional case with a single hyperplane in the thresholded linear bandit setting.

This thesis extends on this by considering a case of a union of axis-parallel halfspaces. While the



halfspace structure suggests a connection to learning halfspaces, the presence of a cost makes naive
exploration inefficient. In Chapter 3, we show that learning the parameters of the halfspaces is not

necessary to find the optimal arm.

Alternatively, the thresholded linear bandit problem can be viewed as a structured bandit prob-
lem, where decisions leverage structural relationships between arms to improve the overall sam-
pling strategy. However, unlike typical structured bandit settings, the decision problem in the
thresholded linear bandit is focused on identifying the threshold where the trade-off between re-
ward and cost is optimal. We propose an algorithm that leverages the structural properties of the
thresholded linear bandit to efficiently identify an optimal arm while also determining whether the

arm lies in the positive region.

Our contributions are as follows:

» We propose an algorithm called AxisParallelLeftist that extends the single-hyperplane results
in Mehta et al. (2023) to handle the union of axis-parallel halfspaces problem variant, where

multiple hyperplanes must be considered simultaneously.

* In Section 3.2.1 show that the fundamental relationship between A /v and 7 characterizes
the optimal arm structure, and we prove that AxisParallelLeftist leverages this property to

determine whether to explore positive arms or commit to the minimum-cost negative arm.

» We provide high probability correctness guarantees for all components of our algorithm: Ax-

isParallelLeftist, DimensionReduction, and Paralle]NoisyBinarySearch.

» We establish sublinear regret bounds for AxisParallelLeftist. We provide an instance-dependent
regret that grows logarithmically with 7" and is inversely proportional to A, as well as a worst-
case regret O(log(7")vdT") where d is the dimensionality.

The rest of this thesis is organized as follows. In Chapter 2, we briefly discuss some related
works. We formalize the general problem setting of thresholded linear bandits and the union of
axis-parallel halfspaces problem variant in Chapter 3. In Chapter 4, we present our algorithm and
provide theoretical guarantees. This is followed by the regret analysis in Chapter 5, and we conclude
with a discussion in Chapter 6.



Chapter 2

Related Work

In this section, we review relevant work in the field, focusing on algorithms designed to minimize

regret.

In the classical bandit problem (Lai and Robbins, 1985), a learner repeatedly selects from a
set of arms and receives rewards drawn according to an unknown distribution associate with the
arm. The learner’s goal is to maximize the total rewards over time by balancing exploration and
exploitation. Popular strategies such as Upper Confidence Bound (UCB, (Auer et al., 2002)) and
Thompson Sampling (Thompson, 1933; Agrawal and Goyal, 2012) provide effective approaches for
balancing this trade-off. UCB maintains an upper confidence bound for each arm’s empirical mean.
Initially, the algorithm samples all arms to construct a confidence bound based on the empirical
estimates of the mean rewards. Since an arm’s mean reward is bounded by this confidence bound
with high probability, the algorithm subsequently selects the arm with the highest upper bound. As
more arms are explored, the empirical estimates of the means converge to their true values, thereby
limiting exploration of suboptimal arms. In contrast, Thompson sampling employs a Bayesian
approach, maintaining a posterior distribution over the mean reward of each arm. The algorithm
begins with a prior distribution for each arm’s reward and selects an arm by sampling from its
posterior distribution. Both approaches encourage exploration in the early stages and exploitation
once sufficient information is gathered. However, when the number of arms exceeds the number
of rounds, naive implementations of these methods become suboptimal, as they require each arm
to be pulled at least once. Furthermore, classical UCB and Thompson sampling algorithms are
incapable of exploiting structural information, as shown by Lattimore and Szepesvari (2017). In
UCB, optimism fails when the information gained about other actions is more relevant to the regret.

Similarly, in Thompson sampling, suboptimal actions have an extremely small probability of being



chosen, but the structural information is not exploited. This highlights the need for more refined,

data-dependent exploration strategies.

To achieve sublinear regret in the presence of exponentially or infinitely many arms, one ap-
proach is to assume a structure on the reward function. In the structured bandit setting, rewards
from one arm can reveal information about the expected rewards of another, which a learner can
exploit for faster convergence. In linear bandits, the expected reward of each arm is a linear func-
tion of an unknown parameter vector * € R? that defines the linear relationship between the arms
and their expected rewards. Worked by Abbasi-Yadkori et al. (2011) and Rusmevichientong and
Tsitsiklis (2010) leverage this linear structure to construct a confidence ellipsoid around 8*, achiev-
ing sublinear regret bounds of O(dv/T log(T')). However, this approach is not directly applicable
to thresholded linear bandits, where the reward function is discontinuous. Furthermore, we argue
that learning the parameters of the reward function is not necessary for identifying the optimal arm.
Instead, our approach leverages the known cost function to guide exploration. The generalized
linear bandits (Filippi et al., 2010; Jun et al., 2017) extends the structured bandit framework, where
the expected reward of each arm is a function of a parameter vector 8 through a known link func-
tion. While this framework can model more complex relationships between the dimensions of the
arms and their expected reward, it relies on the smoothness of the link function and thus cannot be

immediately apply to thresholded linear bandits.

Lipschitz bandits are particularly useful in continuous-armed bandit problems, assuming that
the mean reward function is Lipschitz continuous. This condition ensures that the reward function’s
rate of change is bounded, allowing the learner to generalize knowledge from explored arms to
nearby unexplored ones. Kleinberg et al. (2008) leverages this property to reduce the need for
exhaustive exploration. However, these Lipschitz-based approaches are not directly applicable to

the thresholded linear bandits setting, where continuity is not guaranteed.

Under a unimodality assumption, Yu and Mannor (2011) deployed a method that achieves a
regret of O(v/T logT)). The unimodality assumption assumes that there exists a unique optimal
arm A* € R where the expected reward increases monotonically as the learner approaches A* and
decreases moving away from it in any direction. Unlike Lipschitz bandits that rely on smoothness,
this approach uses a weaker Lipschitz condition. Specifically, it assumes a fixed minimum con-
stant D € [0, 1] between the rewards of any two neighboring arms. This weaker assumption allows
for efficient detection of changes in the reward without relying on the smoothness of the reward
function. In contrast, thresholded linear bandits lacks this property and presents a more challenging
problem. Proximity to other arms may not provide additional information about changes in the re-

ward. Specifically, arms within the same region share the same mean reward, making the problem



more challenging. Furthermore, the thresholded linear bandits setting introduces additional com-
plexity by requiring the learner to make decisions based on a reward threshold, necessitating new

algorithmic designs.

We briefly mention a seemingly related problem, dynamic pricing (Cesa-Bianchi et al., 2019).
While pg and p; in the thresholded linear bandits settings can be characterized as unknown demand
components, the notion of cost is different. Dynamic pricing optimizes the price of a product over
time to maximize revenue, with the inherent cost of exploration being the potential loss in revenue
from suboptimal pricing. In contrast, in thresholded linear bandits the cost of exploration arises
from the expense of producing (or selecting) an arm. Naive exploration of costly arms may lead to
costs exceeding the potential reward gained from pulling an arm above the threshold.



Chapter 3

Thresholded Linear Bandits

We now formalize the general problem setting of thresholded linear bandit and the union of axis-
parallel halfspaces problem variant. We also briefly mention the union of general halfspaces, the
intersection of axis-parallel halfspaces, and the intersection of general halfspaces problem variants
at the end of this chapter.

3.1 General Problem Setting

Let A = [0, 1]¢ be a continuous set of arms. In each round ¢ € [T, the learner chooses an arm
A; € Aandreceives a stochastic revenue X 4,. Each decision incurs a cost ¢; = (v, A¢) according
to a known cost vector v € (0, 00)¢. We assume that for each arm A, its stochastic revenue in each
round is independent and identically distributed according to a Bernoulli distribution with an un-
known success probability pg or py, such that 0 < py < p; < 1, and mean 4. We also assume that
the behavior of the expected revenue function i is specified by some unknown monotone increasing

function f : R? — {0, 1} given by,

p(A) =po+ (p1 —po) - f(A). (3.1

The key idea here is that ;/(A) is either py or p; depending on the output of f. Furthermore, we say
arm A is positive if f(A) = 1 and negative if f(A) = 0. The following defines f formally.

Definition 1. A function f is a monotone increasing function if forall A, A’ € Awehave f(A) <
f(A") when A; < Al foralli € [d].



Observe that pulling a positive arm guarantees an immediate expected revenue equal to or
greater than the revenue of a negative arm. The difference in expected revenue is the probabil-

ity gap, which, to foreshadow its importance, we define as

A = p1 — po.

Finally, we account for the cost and define the expected reward as

pe(Ag) = p1(Ag) —ce =po+ A - f(Ag) — (v, Ay) (3.2)

and an optimal arm as

A* = argmax p.(A).
AcA

Our performance measure is the cumulative pseudo-regret (hereafter referred to simply as regret),
which is

RT = TLLC(A*) —E

Zm(At)] (3.3)

and the learner’s objective is to minimize the regret. In the following sections, we define the func-

tion f for each problem instance and describe what an optimal arm would look like.

3.2 Union of Axis-Parallel Halfspaces

Before we present the union of axis-parallel halfspaces, consider the case of the union of general
halfspaces. Given a collection of d unknown halfspaces, the boundary of each halfspace is a hyper-

plane H; for i € [d] and is given by the equation
Hi:={AcR:(0; A) =1}, (3.4)

where, for all i € [d], 8; € R% \ {0} is an unknown nonnegative normal vector and 7; > 0 is an
unknown threshold. Note that for all 4, the sign of (6;, A) — 7; is unchanged when multiplied by
any positive constant, so without loss of generality, we assume that ||0;||o = 1. Next, the function
f is defined as

J(A) = 1[3i € [d]: (6, A) > 7, (3.5)
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by definition of a union of halfspaces. Furthermore, substituting the above function (3.5) into the

expected reward (3.2) gives us

je(A) = po+ A 1[3i € [d] : (8;, A) > 7] — (v, A). (3.6)

To intuit what an optimal arm looks like, first observe that the function (3.5) gives us a piecewise
constant expected revenue function over two regions, a positive region and a negative region. Then,
since the expected revenue is constant in each space, the optimal arm must be a minimum-cost arm
in one of the two spaces. If the optimal arm is negative, it is easy to see from the expected reward
function (3.6) that the minimum-cost arm is arm 0. If the optimal arm is positive, the minimum-
cost arm must belong to at least one separating hyperplane H;, ..., H;. We prove this by way of
contradiction. Let the optimal arm A* be a positive arm in the interior of the positive space. Since,
forall i € [d], we have (v, 6;) > 0 then, if we move A* infinitesimally in the direction of —8;, we
will simultaneously decrease the cost and the resulting arm will still be positive. Therefore, A* is
not the minimum cost arm, and we have a contradiction. Thus, positive arms inside [0, 1]¢ cannot
ic(a) Hi be the
union of the axis-parallel hyperplanes. We can characterize the set of potentially optimal arms as

be the minimum-cost arm unless they belong to at least one hyperplane. Let H = |

follows.

Proposition 2. The optimal arm A* belongs to the set (H N[0, 1]%) U {0}. In particular, A* € H

ifmineqno1e(v, A) < A and arm 0 is optimal otherwise.

3.2.1 One-dimensional Case

Next, we briefly consider the one-dimensional case to illustrate a key property that we extend to
the union of axis-parallel halfspaces setting. Let d = 1 and v € R™. Since ||0]]> = 1, it implicitly

follows that @ = 1. Then, for this case, we have
pe(A)=po+A-1[A>7]—v-A, H={AcR:A=7}, and H={r}.

Thus, by Proposition 2, the set of potential optimal arms is {0, 7}.
Corollary 3. The optimal arm A* belongs to the set {0, 7}. Arm T is optimal if T < % and arm ()

is optimal if T > %.

This gives us a key property; the identity of the optimal arm depends on A /v and 7. In essence,

A /v represents a return on investment, while 7 represents the minimum-cost investment. If 7 >
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A /v, the investment cost exceeds the return on investment, and arm 0 is optimal. Conversely, if the
return exceeds the cost, arm 7 (in this case) is a worthwhile investment. In fact, during exploration,
our algorithm leverages this property and uses a lower bound approximation on A to determine the

most favorable course of action.

3.2.2 Union of Axis-Parallel Halfspaces

From Proposition 2, we know that the optimal arm must either belong to the union of hyperplanes
‘H or is arm 0. Should the former be true, then A* must be a 1-sparse vector, and we only need to
find the threshold of one hyperplane. The difficulty is knowing which one. Our approach reduces
the multidimensional case into simpler, one-dimensional subproblems and reduces cost by limiting
exploration to only the coordinate axes. To illustrate this, consider an arbitrary dimension i € [d],
and let H; be its i*" axis-parallel hyperplane. By definition of axis-parallel hyperplane, we have
0; = e;, where e; is the i*" standard basis vector. It is easy to see that the arm on the hyperplane
is arm e; - 7;. For clarity, we will denote e; - 7; as 7%. Since this holds for all dimensions, the
set of arms belonging to H is the set {71, 72, ..., 79}, which are all arms on the coordinate axes.
Thus, we reduce the cost of exploring suboptimal positive arms by restricting the search space to

the coordinate axes.

Next, let a dimension 7* be defined as

i* = argmin(v, 7°) such that 7 <AJv; and 7, <1 (3.7)
1€[d]

A

Vi*

Then, by Corollary 3, we have that arm 7¢" is optimal if 7;- < = and the next corollary follows.

A

Vy*

Corollary 4. The optimal arm A* belongs to the set {0, 7% }. Arm %" is optimal if ;= < 2 and

. . . A
arm 0 is optimal if T > -

%

3.3 Extensions

Here we describe some additional thresholded linear bandit problem variants and highlight the

differences from the union of axis-parallel halfspaces variant.

Union of general halfspaces. In this setting, the parameter vectors 8; are no longer restricted

to the coordinate axes, meaning the minimum cost positive arm may have nonzero components
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along multiple dimensions. This makes the search space more complex than the axis parallel case,
where the problem could be reduced to a one-dimensional search along the coordinate axes and

may require an entirely different algorithm all together.

Intersection of general halfspaces. The key difference in this setting is that the region of positive
arms is convex due to the nature of intersections. Unlike in the union case, an arm must satisfy

multiple conditions simultaneously to be positive. Here, the function f is defined as
f(A) =1[Vi€ [k]: (0;,A) > 7],

where £ > 0 is the number of halfspaces. The structural property of convexity can be leveraged
for optimization, allowing for uses of methods such as projected gradient descent or convex hull

estimation. However, if £ > 0 is unknown, identifying the positive region is non-trivial.

Intersection of axis-parallel halfspaces. While restricting the halfspaces to be axis-parallel sim-
plifies the problem, it still presents a challenge due to unknown number of halfspaces. The intersec-
tion structure here might allow for a similar greedy strategy as the multidimensional case in Mehta
et al. (2023). In particular, we can use a similar geometrically decreasing exploration strategy at
first, then switch to a gradient-based approach once the boundary is identified. However, we leave

a detailed exploration of this method for future work.
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Chapter 4

Axis-Parallel Leftist

In this section, we present the main algorithm of this thesis and provide the algorithmic guaran-
tees. We begin by highlighting two significant challenges in the thresholded linear bandit setting to
motivate our approach. The first challenge is efficiently learning A with limited feedback. When
comparing two arms, the learner only observes the difference in their rewards, which can be noisy.
The second challenge is the cost of exploration. Since each arm incurs a cost, naive exploration
can lead to excessive costs, especially when the number of arms is large. Furthermore, a simple
binary search with a fixed number of comparisons may be inefficient since A is unknown, and the

number of samples required to differentiate a positive arm from a negative arm depends on A.

4.1 Notation and Overview

We propose AxisParallelLeftist (APL, Algorithm 1), an epoch-based algorithm that operates in
three stages. The algorithmic decisions made in each stage depend on an estimate of A, where

0 < A <1, which is computed by pulling a right arm and a left arm n > 0 number of times.

In the first stage, AxisParallelLeftist determines whether to search for the minimum-cost posi-

tive arm 7" or commit to arm 0. The algorithm’s behaviour is governed by several variables that

change geometrically with each epoch r, namely the number of pulls n, = O (logi#) where 9 is

T

the failure probability, the precision ¢, = 27772, and arm scalar

1 if v; < 8e,
Qrj =
’ ollogx(1/vi)l=r  if 4. > 8¢,
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where v; is the i component of the cost vector v. At each epoch > 0, AxisParallelLeftist makes
n, pulls to a right arm A,.; = a,.; - ¢; and left-arm 0 for each dimension ¢ € [d], and computes an

estimate of A

~

Ari = D1 — o, (4.1)
where p; and py are the empirical means of arm A,.; and arm 0, respectively.

To control the regret, we set a threshold on the number of suboptimal arm draws, ensuring
the algorithm stops exploring if this limit is reached. This strategy ensures a minimax regret of
O(log(T)+/dT) as proved in Chapter 5. Since pulling arms with costs exceeding 1 can lead to high
cumulative regret, AxisParallelLeftist focuses on pulling arms with costs at most A. Specifically,

for dimensions where v; > 1, we scale the initial arm scalar as

1

ao;i = —, for all i € [d] where v; > 1. 4.2)
V4

This ensures that the cost of each pull to arm A, ; is at most 1. While this approach may forgo

rewards of A in these dimensions, it prevents the risk of incurring regret greater than A.

The first stage is divided into two phases: Phase 1 (non-halving) and Phase 2 (halving). In Phase
1, where the cost for dimension ¢, v;, satisfies v; < 8e¢,, the scalar a, ; remains fixed. Phase 2 begins
when v; > 8¢,, at which point the algorithm halves a, ; after each epoch to adapt to the increased
number of pulls needed to approximate A. More specifically, the number of samples required to
differentiate a positive arm from a negative arm is proportional to 1/A?, according to Hoeffding’s
inequality. By halving a, ;, the cumulative cost of pulling arm A,. ; is limited to approximately 1/A,
ensuring that exploration cost is proportional to the potential revenue gain. This process continues
until either a lower bound for A is detected or, if A is too small, the algorithm commits to arm 0

for the remaining rounds.

In the second stage, AxisParallelLeftist invokes the algorithms DimensionReduction (DR, Al-
gorithm 2) and Paralle]NoisyBinarySearch (PNBS, Algorithm 3) to refine the search for the op-
timal arm A*. If a lower bound on A is detected, this information determines the number of
pulls required to approximate arm A* with high probability in the second stage. A knowledge
set Sgim = {1, ..., d}, which will be the set of possible dimensions containing an optimal arm, is
updated by DimensionReduction and passed to ParalleINoisyBinarySearch. DimensionReduction
eliminates dimensions from the knowledge set when its right arm is identified as negative with high
probability. This process is crucial, as subsequent statistical guarantees rely on the positivity of the

right arms.
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The next step is to identify a positive arm that is close in cost to the optimal arm to ensure
algorithmic correctness and near-optimality. To achieve this, Paralle]INoisyBinarySearch uses a
standard Noisy Binary Search (NBS) on each dimension in Sy;,, to obtain a set of potentially optimal
arms and returns a positive arm 7 that is approximately &pups-close in cost to the optimal arm 7%,
The final stage runs UCB on arms 7 and 0 until round 7', achieving low regret against these two

arms.

4.2 High Probability Guarantees

In this section, we analyze the algorithmic guarantees of the main algorithm and its subroutine
algorithms. In particular, we first show that for any ¢ € [d], if ; < U% and 7; < 1, then with
high probability, 7; € [0, a,] for all epochs 7. We show that DimensionReduction returns a set
of dimensions containing ¢*. Following that, we show that ParalleINoisyBinarySearch returns a

positive arm 7 whose cost is within some s of arm 7%



4.2.1 Correctness analysis for AxisParallelLeftist

16

Algorithm 1: AxisParallelLeftist

log %
263

Epoch r < 0, g9 ¢ £, g
for i € [d] do
if v; > 1 then
‘ ar; < 1/v;
else

ar; <1
Am- T
A < ar; - €
// Stage 1
while =, > log(T), /4 do
for i € [d] do

Make n, pulls of arm 0 to get empirical mean p,

Make n, pulls of arm A, ; to get empirical mean p;
Ar,i < P1— Do

if A,; — ¢, > ¢, then

// Stage 2

Qr1, -y Grd, Saim <— DimensionReduction(a, 1,
7 < Parallel NBS(e,, a1, ..., ra, Sdim)

// Stage 3

Run UCB on {0, 7} until time 7’
else

if (v, A,;) > 8¢, then
// Phase 2
Arg1i < Q)2
else

// Phase 1
Ary1,i < Qrjg

Era1  Er/2

Npyq < 4n,

r<r+1
Commit to arm 0

ey Qrd, 57”)
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We introduce some epoch-related notation used throughout the analysis. For all i € [d], let

epoch 7 ; be the last epoch of Phase 1 for dimension i. More formally,

ri; = argmin{v; > 8¢, }. (4.3)

r>0
Let p be the stopping epoch of AxisParallelLeftist, where p is a random variable. It is either the
epoch at which DimensionReduction is called or, if the former is never called, the largest possible

epoch

Tmax ‘= argmax {5,, > log(T) i} ) (4.4)
>0 T

Recall that if arm 7% is optimal and a lower bound on A is not detectable, the DimensionRe-
duction is not called, and AxisParallelLeftist eventually commits to pulling arm 0 for the remainder
of the rounds. Similarly, if arm 0 is optimal, then identifying a lower bound on A is not necessary,
and AxisParallelLeftist converges to an arm with a cost of order O(log(T')+/d/T) before commit-
ting to pulling arm 0. In Chapter 5, we show that committing to arm 0 in either case incurs a regret

of order O(vdT).

When arm 7% is optimal, we can show that with high probability, p is no greater than 3 epochs

after the critical epoch r, defined as

ra = argmax {&, > A}. 4.5)

r>0

In the following, we show that if a lower bound on A is detected, AxisParallelLeftist’s stopping

epoch is no greater than three epochs after ro. We will need the following lemma for later.

Lemma 5. [fra exists, then for all epochs ra + 1 + j where j > 0,

5 > Erptltj

Proof. From the definition of r5 (4.5), at epoch rA + 1 we have A > ¢,, 1. Since ¢, is halved

after every epoch, the claim follows. [

We need to ensure that the lower confidence bound Am- — ¢, used by AxisParallelLeftist is not
too large. For this, we introduce an event that occurs when a positive arm is pulled. Let &,; be the

event that for any ¢ € [d] and for all epochs r < p, if arm A,.; is positive, then

A — Al <e,. (4.6)
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Lemma 6. Letr = rp + 3. Foranyi € [d], if i; < 7%_ and T; < 1, then on event &y, the lower

confidence bound of A is lower bounded as

< Ar,i — &r-

| >

Proof. Fixtandletr =rp+3. If 1, < % and 7; < 1, we want to know if the following inequality
holds

A «
S<hi-en (4.7)
It is true that (4.7) is equivalent to
A «
E + 281” S Ar,i + &, (48)

We will show that the right-hand side is lower bounded by A and the left-hand side is upper bounded
by A, after which the above inequality follows.

Consider the right-hand side of the above inequality (4.8). For A < Am- + &, to hold, arm A*
must provide useful information. Specifically, when a,; > 7, arm A* is positive and contributes
reliable information for approximating A. First, we know from the definition of ra (4.5) that
A <eg,andifr; < véi then

(4.9)

Next, recall that in Phase 1 we have

8ep > V; * Ay

Suppose that r < 7;;, then the critical epoch happens before the end of Phase 1. There are two

possible cases.

* Case l: v, <landa,; = 1. If 7, <1thenwehaver, <1 = a,;.

« Case2: v; > land a,; = 1/v; > A/v; since A € [0, 1]. Thus we have 7; < % < ay;.
Now, suppose that > 7; ;. We find that

Vi * Qry > 857" =Eras
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where the first inequality uses the fact that » > r; ;. Combining this with (4.9), we get

67"A < Vi« Qrg

U5

T <

(%

Hence, 7; < a,;, arm A* is positive, and provides useful information. Therefore, if &, occurs,
then A, ; +¢, > A.

A

For the left-hand side of (4.8), we have ¢, = ¢, 3, which, by Lemma 5, is at most 7, giving
us
%+25r§%—|—§:& (4.10)
Combining the left- and right-hand sides, we get
§+2er <SA<A e,
and so (4.8) holds, which implies that (4.7) holds. [

Next, we prove that AxisParallelLeftist will stop no later than epoch ra + 3.

Lemma 7. Suppose that there exists some i € |d] such that 7; < % and 7; < 1. If &1 occurs,

AxisParallelLeftist will stop no later than epoch ra + 3.

Proof. 1t suffices to show that if AxisParallelLeftist reaches epoch ra + 3, then the algorithm stops.
Fix 7. Let r = ra + 3 and assume 7; < % and 7; < 1. Suppose AxisParallelLeftist reaches epoch
r but does not stop. That must mean Am- — &, < &, occurred. Assuming event &, occurred, then

we must have

which is a contradiction. O]

Finally, we show that for any ¢ € [d] where 7; < % and 7; < 1, if event &, occurs then arm

A* is positive for all epochs r < p.
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Corollary 8. Foranyi € [d], if 1; < % and 7; < 1, and &,y occurs, for any epoch r, either 7; < a,;
or AxisParallelLeftist has stopped before this epoch.

Proof. Fix i. Assume 7; < U%, 7, < 1 and that event &, occurred. We begin by considering the
scenario in which r A does not exist. Then, for all » > 0, we have A < ¢,. Moreover, when 7; < 7%_,
it follows that 7, — 0 when T" — oo. This implies that 7; < a,;, which, from the positivity of a, ;,
holds for all epochs » < p. Now consider the scenario in which 5 exists. From Lemma 7, we
know that AxisParallelLeftist will stop no later than epoch ra + 3. Since a,; 1s non-increasing, it
suffices to show that 7; < a,,y3,. Suppose that 7o +3 < r;;. Then, we have that 7; <1 = a,, 43,
ifv, <lorm < A/v; < a,,43, if v; > 1. Next, suppose that 7o + 3 > r;;. It follows that

8era+3 < Vi - Grpy3,4. Thus, by definition of ra, we have A < ¢, and can upper bound 7; as

A e,
T S — < =
U; (%
_ o Erat3
v;
Vi » Qrp+3
= v
= aTA+3,i7
which shows that 7; < a, 13- ]

Lemma 9. Take 6 = 1/T?. The event E,y holds with probability at least 1 — 1/T.

Proof. This is a direct proof using Hoeffding’s inequality. Let i € [d] be arbitrary. For any epoch
r < p in which arm A* is positive, Hoeffding’s inequality gives that

Pr <|A” — Al > 5r) < 2¢ 2y

_5 (4.11)

Next, we upper bound the number of epochs for each dimension by 7'/d (and overcount) then using
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a double union bound over all such epochs and all dimensions we get

d T/d
Pr (31' cld,3r <p:|A,—A]> ar) <Pr UIL:JI{yA Al > gr}
d T/d

<3S pr(lAn-al>e)

i=1 r=1

< T,

where the final inequality is computed using (4.11). Thus, for § = 1/72, we can conclude that the
event &, holds with probability at least 1 — 1/7". [

While no algorithmic guarantees are made when arm 0 is optimal, we show in Chapter 5 that
of AxisParallelLeftist is at most O(log(7")v/dT’) in the worst case. For the subsequent sections, we

establish the algorithmic guarantees under that assumption that arm 7% is optimal.
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4.2.2 Correctness analysis for DimensionReduction

Algorithm 2: DimensionReduction
Input: scalars a, 1, ..., a, 4, lower bound e, < A

N « 16log (2) / €2

g +—e./4

Saim < {1, ...,d}

Make N pulls to arm 0 to get empirical mean py

// First elimination round
for i € [d] do
R, < a;-e€;
Make N pulls to arm R; to get empirical mean prigny.i
A+ Dright;i — Do
if A, — ¢/ < £’ then

‘ Remove i from Sgim

// Scaling round
k < argmin,, Sdim@i Q)
for . € Sy, do
‘ Qpj < Q- Z—'Z‘
// Second elimination round
for: € Sy, do
R, <+ a,; - e;

Make NN pulls to arm R to get empirical mean prighi

A+ Pright,i — Po

if A; — ¢/ < £’ then
Remove ¢ from Sy,

return a,;, ..., ar 4, Saim

When DimensionReduction is invoked, two parameters are passed in: asetofscalarsa, 1, ..., a, 4,
used to initialize the right arms R; = a,; - e; for each dimension, and ¢,, the lower confidence
bound for A. The algorithm consists of three stages: a first elimination round, a scaling stage, and

a second elimination round.

To analyze the guarantees of the first elimination round, we first establish a general property of
any negative arm pulled for all epochs r < p. This will allow us to show that, with high probability,

in the first elimination round, the event &1 occurs, where:
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1. If arm R; is negative, then DimensionReduction eliminates dimension <.

2. Ifarm R; is positive and 7; < A /v;, then DimensionReduction does not eliminate dimension

7.

Lemma 10. Assume event E,, happened. For all i € [d| and for all epochs r < p, if arm A* is
negative, then; > 1orm; > A/vi.

Proof. Fix an arbitrary dimension ¢ € [d] and assume that event &, happened. Suppose 7; < A/v;
and 7; < 1. Corollary 8 implies that for any i satisfying 7; < A/v; and 7; < 1, in all epochs r < p,
arm A* is positive. Therefore, arm A* must be positive. If it is negative, then at least one of the

premises must be wrong, in which case we either have 7; > 1 or 7; > A /v;. L]

Next, we lower bound epoch p when DimensionReduction is called.

Lemma 11. On event &, if the early stopping condition Am — &, > &, Is satisfied, then ra < p.

Proof. Forallr < p, onevent &,,, we have A > Am‘ — ¢, with probability at least 1 — 9. The early
stopping condition Am- — ¢, > ¢, further implies that A > ¢,.. This follows directly by combining
the inequalities, which gives us

AZAp,i_gngp-

Thus, it must hold that A > ¢,. Moreover, this is equivalent to

9-(r+3) <« A

— )

which can be rewritten as

1
p = [log, Z1 - 3.

To complete the proof, it suffices to show that p occurs after the largest epoch in which e, > A,

which, by definition, is epoch rA. We can rewrite the inequality ,, > A as

27(ratd) 5 A
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The above implies that
< Tlog, ~1—3
r —1]-3.
A g2 A
Therefore, p > [log, x| — 3 > ra and we conclude our proof. O

Finally, we show that &4.; holds with high probability.

Lemma 12. Take § = 1/T? On event Eyy, the event E4.1 holds with probability at least 1 — 1/T.

Proof. Take 6 = 1/T? and let i € Sy be arbitrary. Assume &,y happened. Since the early
stopping condition was satisfied, Lemma 7 and Lemma 11 imply that ra +1 < p < rap + 3.

Let us first suppose arm R; is negative. Lemma 10 implies that the dimension cannot contain
A*. Moreover, since arm R; and arm 0 are negative, their mean difference is zero. Hoeffding’s
inequality implies that A; — ¢/ < 0 < &’. Therefore, the first If statement evaluates to true with

high probability and the algorithm eliminates dimension i.

Now, suppose arm R; is positive and 7; < A/v;. For N = 161og(2/0) /2, Hoeffding’s in-
equality tells us that
|Az — A| S 5/

with probability at least 1 — ¢ (see appendix A.l for proof). Next, we leverage the ideas from
Lemma 6 to lower bound A; — ¢’ and retrace the main steps for completeness. We want to know if
% < A; — €' holds. It is true that the inequality is equivalent to

A B
5+28/§Ai+€l.

First, consider the left-hand side of the inequality. By Lemma 5 we have thate, < A forp > ra+1,
giving us
=A.

+2¢' <

= -
2

vo| >

On the right-hand side, we have A < A; + ¢/, which follows from Hoeffding’s inequality since

arm R; is positive. Combining the left-hand side and right-hand side gives us

A _
§+25/§A§Ai+5/7
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and thus % < A, — ¢’ holds. Moreover, since

then we have A, — &’ > A /2 > ¢'. DimensionReduction’s first if statement evaluates to false with

high probability and the dimension is not eliminated.

Finally, applying a union bound over all d dimensions, the probability that DimensionReduction

removes all dimensions with negative right-arms in the first elimination round is 1 — dd = 1 —
d/T?>1-1/T. O

After the first elimination round, DimensionReduction scales the arms’ costs relative to the
lowest-cost dimension in the set Sg;, so that for all ¢ € Sy, the resulting scaled right arms become
R} = a,;-e;. Recall that k = argmin,_ Suim (v;-a,;), as defined by the algorithm. We note that, since
all arms R; for @ € Sym are positive after the first elimination round and a, ;, remains unchanged,
then arm Rj, is positive. Furthermore, the cost of each scaled arm becomes (v, R]) = a,, - vy,

which satisfies the following important property required for the subsequent elimination round.

Proposition 13. For all i € Sy, such that i # i*, if R}, is negative, then (v, %) > (v, T%).

The proof for this is straightforward. Assume that arm R’ is positive. For all i # j € Sgim, if
arm R is negative, then
(v, 7% > (v, R;) > (v, 77),

and the cost of arm 7 is strictly greater than the cost of arm R

Some right arms may become negative after scaling which poses a problem for ParalleINoisy-
BinarySearch. To address this, we run a second elimination round to ensure that all arms R, for
1 € Sgim are positive. We introduce one more event for DimensionReduction. Let event £y, be the

event that DimensionReduction returns a set of dimensions containing ¢*.

Lemma 14. Take § = 1/T?. On event Eapl and event Ey..1, the event g, holds with probability at
least 1 — 1/T.

Proof. The proof is nearly identical to Lemma 12, so we will be brief. Take § = 1/T2. Let
i # k € Sgm be arbitrary, where £ = argmin, Sdim<vi - a,;). We consider two cases based on

whether arm R, is negative or positive.

Suppose arm R} is positive. Lemma 7 and Lemma 11 imply that ro + 1 < p < ra + 3. By
Hoeffding’s inequality, with probability at least 1 — §, we have that |A; — A| < ¢’. Then, at epoch
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r = p, Lemma 5 ensures that
Ai—e >A2>¢.
Thus, the second If statement evaluates to false with high probability, and dimension 7 is not elim-

inated.

Now, suppose arm R}, is negative. Then A; — &’ < 0 < ¢’. The second If statement will
evaluate to true, and DimensionReduction removes dimension ¢ from Sg;,. Moreover, Lemma 13

guarantees that ¢ # ¢* in this case. Finally, applying a union bound over all d dimensions yields a
probability of at least 1 — dd > 1 — 1/T. O

4.2.3 Correctness analysis for ParallelNoisyBinarySearch

Algorithm 3: Parallel Noisy Binary Search
Input: Lower bound ¢, < A, scalars a,; for i € Sgim, set of dimensions Sgim

N« 4log(5)/ €}
R, + a,;-e; foralli € Sgpn
L, + 0 foralli € Sgin

Parallel for each i € Sgin

Make N pulls to arm R; to get empirical mean pyighy,i
while (v, R;) — (v, L;) > s do

M o Bt

Make N pulls to arm M to get empirical mean ppiq;i
if Prighti — Pmia,i > 5 then

L; <+ M;

else

Pright,i <= Pmid;i

R; +— M,

i = argmin,_ 5y (U, Ry)

T+ R%
return 7

ParallelNoisyBinarySearch follows a straightforward strategy. Each right arm, R; = ayighe; - €4,
is initialized using the scalars passed in after DimensionReduction, while each left arm, L; = ajeq; -

e;, 1s initially set to arm 0. For each dimension ¢ € Sg;,, the algorithm runs NoisyBinarySearch
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to identify a positive arm 7 whose cost is gpnps-close to arm 7. At each step, if the middle arm
M; = amiq,; - €; 1s positive, then the algorithm updates the right arm to be M;; otherwise, the left
arm is updated to be M.

Lemma 15. Each NBS subroutine in ParallelNoisyBinarySearch runs for at most |log, —— | epochs.

2
Epnb:

Proof. For each dimension i € Sy, the cost difference between the right arm R; and the left arm
L; is bounded by

(v, Ry — L;) = vi(arighty — i) < Vi Qright,i < 1.

This follows from the initial scaling in AxisParallelLeftist, ensuring the cost of pulling any arm is

at most 1.

At epoch ¢, halving the distance interval gives
(v, R; — L;) <0+ Qrighy; - 277 <279

Paralle]NoisyBinarySearch stops when (v, R; — L;) < epnps. The smallest ¢ where 277 < g iS

epoch |log, ﬁj + 1, limiting the number of epochs to at most |log, ﬁj O

Next, we bound the probability that Paralle]NoisyBinarySearch makes a mistake. For all dimen-
sions © € Sgim, there is a possibility of mislabeling arm M each time the if statement is reached.
If a mistake is not made, then arm R; is positive, and arm L; is negative for the subsequent epoch,
which is what we desire.

Lemma 16. For any dimension i € Sy, consider an arbitrary epoch q in ParallelNoisyBinary-
Search. Suppose that in epoch q, arm R; is positive. On events Eqyp, Egr.1, and Egr.o, the probability
that the algorithm misclassifies the label of arm M is at most J.

Proof. Fix a dimension ¢ € Sg, and let epoch ¢ be arbitrary. Assume that ParalleINoisyBinary-
Search did not make any mistakes in the epochs prior to g. Then on events &y, Egr1, and Egra,
arm R; is positive and is correctly labeled. Moreover, in each iteration, arms R; and M are fixed

conditional on the samples drawn in the previous iterations.

When labeling M;;, one of two mistakes can occur. Let )_(qvi = Drighti — Pmia;i b€ the difference
in the estimated probabilities. The first mistake occurs when the algorithm thinks the labels are
different X, ; > ¢,/2, but the true expected difference is E[X,;] = 0. The second mistake occurs
when it thinks the labels are the same X, ; < &,./2, but the true expected difference is E[X, ;] = A.
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We bound the probability of making such mistakes using Hoeffding’s inequality, as follows.
First, the probability of falsely thinking that the labels are different is bounded by

Pr(Xys = 5 |E[X,:] = 0) = Pr (X,: — E[X,,) > 5 |E[X] = 0)

—2(2N) (er/2)?
< e 22

— 6—Ns%/4'

Similarly, we show the probability of failing to detect that the labels are different is also exponen-
tially small. The probability is bounded by

_ Er = - v Er Y
Pr (Xq,i < 5 |EXq] = A) = Pr(Xyi — E[Xgi] < 5 — A|E[X] = A)
< Pr <Xq’i - E[Xq,z'] < %T — & | E[Xq,i] = A)
_ _ Er o
= Pr (Xq,i - E[Xq,z‘] < Y ‘ E[Xq,i] = A)

—2(2N)(—er/2)?
e 22

< 67N52/47

where the first inequality uses the fact that ¢, < Am- — &, < A under event &y.

Since the two bounds are equal and the mistakes are mutually exclusive, the probability of

making a mistake is at most e~ Ver/4 = §. O

Next, we show that the output arm is positive and satisfies a condition on the cost difference.

Lemma 17. Arm T is positive and satisfies
<'v, T — 'ri*> < Epnbs-
Proof. Recall that 7 is defined as

T =R, where P = argmin{v; - dsignt; }-
i€ Sdim
The lemma follows by establishing that arm 7 is positive and that its cost is not much greater than
that of arm 7%". First, following Lemma 16, we have that ParalleINoisyBinarySearch correctly
labels the arms with high probability. After the final epoch, ParalleINoisyBinarySearch returns
a right arm 7. Let us assume that for all epochs ¢ and all i € Sg;,,, ParalleINoisyBinarySearch
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makes no mistakes. Then, arm R; is positive, and arm L; is negative, and therefore arm 7T must be

positive.

Next, we show that arm 7 satisfies the condition (v, 7 — 7)) < ey, Trivially, if 7 = 777,

then the cost difference is 0 < epnps and the condition is satisfied.

Now, suppose that 7 # 7. Recall that after the final epoch of ParalleINoisyBinarySearch, we

have
<’U, Rz - Lz> < gpnbs

for all i € Sgim. By definition of ¢, it must be that (v, R;x) > (v, T), and we can bound the cost

difference as
<v,% — ’Ti*> < <U,Ri* — ’Ti*> )
Since R;+ and L;, bound the region containing 7", we get

<'v,+ — Ti*> < (v, Rj* — L)

< Epnbs
Thus, the cost difference is at most pnps, as desired. ]

Now, we introduce another event. Let & be the event that ParallelNoisyBinarySearch returns

a positive arm 7 satisfying <’u, T — Ti*> < Epnbs-

Lemma 18. Take 6 = 1/T%, and assume that the number of epochs required for each dimension is

upper bounded as

[10g5(2/€pnbs) | < T'/d.
Then, on event E,p), event Eqr.1, and event Eq.5, the event Eynps holds with probability at least 1—1/T.

Proof. Suppose that ParalleINoisyBinarySearch made no mistakes in any iteration. Then, fol-
lowing Lemma 17, arm 7 is positive and satisfies (v,7 — 7%") < ey Next, take § = 1/7%.
From Lemma 16, we have that the probability of a mistake is at most . For clarity, let ) =

| 10g,(2/€pnbs) |- For all dimensions i € Sy, and all epochs ¢ < Q, let X, ; = Prighti — Dlenri- We
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apply a union bound to get that the probability of ParallelNoisyBinarySearch making a mistake is

Q
Pr <3i € Sgim, 3¢ < Q : X, — E[X,] > %r) < Z ZPI“ (Xq,i - E[X,,] > %)

i1€S¢im g=1

= |S4im| - @ - 6.

Upper bounding Sgim by d and @ by 7'/d gives us T' - 5. We have that event &5 holds with
probability at least 1 — 76 =1 — 1/T. O
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Chapter 5
Regret Analysis

For the reader’s convenience, we state the explicit values of epochs r;; (4.3), ra (4.5), and 7max
(4.4) below:

* 1 = [log, -1, forall i € [d]

* ra = [log, %1 —4

\/T/d

® Tmax — |_10g2 WJ -3

We also define a variable that will be used later: Let vy, = minec(g v; be the minimum value
of v; for i € [d]. For the purpose of our regret analysis, we assume that vy, > log(7T)+/d/T, and

leave the exploration of the implications of smaller values of v; for future work.

We now give bounds on the regret of AxisParallelLeftist when applied to the setting of a union
of axis-parallel halfspaces, as outlined in Section 3.2. We assume that if arm 7¢" is optimal, then
there exists a dimension ¢ € [d] such that 7; < 1 and 7; < A/v;. The following theorems provide
bounds on the total regret of AxisParallelLeftist, which is the sum of the regret from each of the
algorithms’ pulls. In the subsequent sections, we will present the regret bounds for each component

of the algorithm. The proofs for the following theorems are given in Section 5.5.

Theorem 19. Take § = 1/T? and eps = 1/T, and suppose that arm 7% is optimal. Then, the
regret of AxisParallelLeftist is bounded as

d-log®T . logT
= _— _— TlogT
fir O( A *mm{m—ww*w 8 }>
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AxisParallelLeftist enjoys a logarithmic regret in 7' when arm 7¢" is optimal and A is suffi-
ciently large. However, when A is very small or close to <'v, Ti*>, the second term induces a
worst-case regret of O <\/W) The next theorem is useful to handle cases when A is small.
AxisParallelLeftist does not have a logarithmic regret bound, but still achieves sublinear regret,

which matches that of Theorem 19’s worst-case bound.

Theorem 20. Take § = 1/T? and suppose arm 7% is optimal. If A = <log(T) @) then the
regret of AxisParallelLeftist is bounded as

logT
Ry =0 <log(T)\/dT +min{L‘*, \/TlogT}) :
|A - <'U, T > |
Furthermore, if A < %log(T) \/g, then the bound improves to

Rr=0 <log(T)\/d_> :

The following theorem captures the case where arm 0 is optimal and matches the worst-case
bound from Theorem 20.

Theorem 21. Take 6 = 1/T7, cpnps = 1/T, and suppose that arm 0 is optimal. Then, the regret of
AxisParallelLeftist is bounded as

Rr=0 (log(T)\/d_) :

5.1 Regret analysis for AxisParallelLeftist

In this section, we present the proof for the following AxisParallelLeftist lemmas.

Lemma 22. Tuke § = 1/T?2. If arm 7% is optimal, then on event E,y, the regret contribution from

any arm A.,.; for a single dimension i € [d] is at most of order

. [logT
mln{ A T/d}.

Lemma 23. Take 6 = 1/T?. If arm 0 is optimal, the regret of AxisParallelLeftist is at most of order

VdrT.
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Before delving into the proofs for the lemmas, we first analyze the instantaneous regret incurred
for each comparison in AxisParallelLeftist. Recall that during each epoch and for each dimension

i, the algorithm pulls arm 0 and arm A, ;. Take any epoch r < p:

« Case 1: Ifarm 7% is optimal, the instantaneous regret from pulling arm 0 and a positive arm
A, ; is bounded by

* *

(1e(T%) = 11(0) + (e(T%) = pe(Arg)) = (p1 — (v, 7)) — po)
+ (pl — <’U,7'i*> —(p1 — <U7Ar,i>>)
=A=2(v, ™) + (v, A,;)
<A+ (v, Ay) (5.1)

* Case 2: If arm 0 is optimal, pulling it incurs no regret. The instantaneous regret from pulling
a positive arm A, ;, for dimension ¢ € [d] is bounded by

11c(0) — pe(Ari) = po — (p1 — (v, Ary))
< (v, Ary) (5.2)

For the subsequent analyses, we mention that the regret bounds are of the same order regardless
of the scale of the cost vector v. For brevity, we present the analysis for v; < 1 here and leave the
details for v; > 1 to Appendix A.2.

Now, we present the lemmas required to prove the above lemmas.

5.1.1 Problem dependent bounds

Since the cost component can vary across dimensions, here we focus our analysis on the regret

incurred by pulls in a single dimension.

Arm 7" is optimal

We derive a general regret bound for an arbitrary dimension i € [d] when arm 7¢" is optimal.

Substituting the bound from (5.1) into the regret expression (3.3), the regret incurred by AxisPar-
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allelLeftist for any dimension i € [d] can be bounded as

min{r; ;,p} p
RAPL,i = Z Ny (A + <’U, A,,.’i>) -+ H[Ti,i < ,0] Z n, (A + <’U, Ar,i>)
N r=0 | r=ri+1
Ph;sre ! Ph;sre 2
min{rj ;,p} o
= Z ny (A4 v;) + Lri; < pl Z ny (A +wv; - 2077
r=0 r=ri;+1

where, for v; < 1, scalar a,; = 1 in Phase 1 and a,; = 2~("""") in Phase 2. Further simplification

using the explicit forms of r;; and n,, yields the following bound

min{r 5,0}

2 P
Rapr; < log <5> 2° Z 2% (A + ;) + 1y < p Z 27"\ + 2
r=0

r=0

() (Gt ) < (f )

=0 (log (%) (A + v;) min{2%% 2%} + 1[r;; < p]log (%) (A2% + 2”)) . (53)

Problem instance: A < v;/16 for some i € [d].

Lemma 24. Let § = 1/T2. Foranyi € [d), if A < v;/16 and arm 7% is optimal, then on event
log(T)

Eapl, the regret of AxisParallelLeftist in dimension i is of order at most
Proof. Fixi € [d] and take § = 1/T2. Assume arm 7% is optimal. The optimality of 7*" implies
that there exists a dimension ¢ such that 7; < % and 7; < 1. Thus, on event &,,;, Lemma 7 implies

that p < ra + 3. From (5.3), we bound the regret as follows:

.
<)
i

(A + v;) min{2%"1 227} + 1[r;; < p] log <%> (A-2% + 2”)>

Rapr; =

|
Q

(A +v,)2% + A - 2% 4 2P))

1 1 1

7

S| = Sa = | =

)
(4)°]
S~ N7 N~

_
S
02
—
~
S~—

Il
Q

Il
Q
N TN TN T
o
02

(5.4)
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where the last inequality follows from A < v;/16. [l

Problem instance: A > v;/16 for some i € [d].

Lemma 25. Let 6 = 1/T? Foranyi € [d], if A > v;/16 and arm %" is optimal, then on event

Eapl, the regret incurred by AxisParallelLeftist in dimension i is of order at most log(T)

Proof. Since the steps within the analysis are similar to the previous problem instance, we will be
brief. Fix i € [d] and take § = 1/T?. Assume arm 7% is optimal. On event &, we still have from
Lemma 7 that p < ra + 3. Moreover, A > v;/16 implies that r;; > ra.

Suppose ri; < ra + 3 and Phase 2 happens. It suffices to consider the earliest epoch in which
the algorithm can complete Phase 1, thatis ri; + 1 < ra + 1. Unpacking the explicit values, it
follows that A < v;/8. Hence v;/16 < A < v;/8 and A is of the same order as v;. The regret

bound (5.3) in this scenario is at most

Rapr; = O (log(T) A min{2”, 2%} + log(T) (A - 2% 4 2°))

_0 <10g( )A (712) + log(T) (%)) | (5.5)

Since A = O(v;), this implies that
1 1
¢ (N) |

Thus, the regret bound (5.5) simplifies to

Ravs = O (log( ) (i)) | (5.6)

Next, suppose 7i; > ra + 3. Then Phase 2 does not happen and we can drop the second term
from the regret bound (5.3), to get

RAPL,i = O (log(T)(A -+ UZ')22TA)

-0 (log( ) ((Aﬂz);))
-ofbn (52))

Furthermore, A > v;/16 implies that 1+v;/A is O(1), and the above regret bound can be simplified
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to
log(T")
RapLi =0 | —— | .
APL, ( A
The regret is of the same order in both scenarios, which concludes the proof. [

Problem instance: A < 16log(7")\/d/T

Lemma 26. Take 6 = 1/T?. Foranyi € [d), if A < 1610g(T)\/; and arm T is optimal, then
on event Ep, the regret of AxisParallelLeftist in dimension i is of order at most \/T'/d.

Proof. Let & = 1/T?. Suppose A < 1610g(T)\/¥ and AxisParallelLeftist exhausts all epochs
before detecting a lower bound on A. Recall that the maximum number of epochs is 7. Using

the regret bound (5.3) we obtain:
Rapr = O (log(T)(A + v;) min{2*#, 22} 4 1[r; ; < p]log(T) (A2%m 4 27m))

Using the explicit form of r,,x, we get

v; log*(T") ~ log(T))
=0 [ log(T) (A T/d + T/d>+log(T) (A T/d + T/d>>

log*(T) ~ log(T) log®(T) ' log(T)
B T/d T/d
— O\l (Alog%T) . log<T>>> ’

where the second inequality uses our assumption that v; > vy, > log(7")+/d/T. 1t is easy to see

that the regret will be of the same order regardless of the phase the algorithm is in. Finally, for
A=0 <log(T) \/g) , we obtain a regret of order

8 ( T /d)
which concludes our proof. [

Now, combining Lemma 24, Lemma 25, and Lemma 26, we can prove Lemma 22.
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Proof of Lemma 22. Assume arm 7% is optimal and event &,, happened. For any i € [d], consider

the following cases:

Case 1: If A < v;/16, then by Lemma 24, the regret is bounded by
log(T")
0 ( ! ) |

Moreover, if A > 16 log(T") \/g, then the bound is at most /7"/d.

Case 2: If A > v;/16, then by Lemma 25 the regret is bounded by
; (1og<T>) . <1og<T>)
A V;
_ L
= 7]

where the first equality uses A > v;/16, and the second equality uses vy, > log(T") \/; :

Case 3: If A < 161og(7) \/i , then Lemma 26 implies the worst-case bound

| o( g),

Therefore, the contribution to the regret from any arm A, ; for a single dimension is of order

min{lOiT, \/d/_T} .

at most

5.1.2 Problem independent bounds

In this section, we analyze the regret bound over all dimensions.
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Arm 0 is optimal

Finally, we consider the problem instances where arm 0 is optimal. The regret (3.3) can be ex-

pressed using the instantaneous bound (5.2) for the arm 0 optimal case to give us

d | min{ri;p}

P
RapL = Z Z n. (v, Api) + Lri; < p) Z ne (v, Ars) | - (5.7)

i=1 r=0 r=ri;+1
"' ~~ -
Phase 1 Phase 2

efore presenting the proof for Lemma 23, we note that when arm 0 is optimal and event &,
occurs, there are no guarantees that all arms A,.; (which are meant to be positive) will remain
positive throughout epochs » < p. In fact, since the cost of arm 7% is greater than the reward
gap A, the algorithm may continue to run during epochs where some arms A, ; become negative.
Moreover, any estimate Am‘ obtained from such negative arms is uninformative and does not trigger

a call to DimensionReduction. Consequently, the regret may be bounded using the largest epoch

£ = Tmax

Proof of Lemma 23. Take § = 1/T%? and assume arm 0 is optimal. For any 7 such that v; < 1, the
cost (v, A,.;) < 8¢, in Phase 1 and a,; = 2-("=7ii) in Phase 2. From the regret expression (5.7),

we have that

d min{ri,i,rmax} T'max
RAPL = 5 ny <U7 Ar,i> + ]l[ri,i < 7hmax] E ny <’U, Ar,i>
i=1 r=0 r=r;i+1
d min{ri,i,ﬁnax} T'max
< E Ny - 8¢, + L[ri; < Tmax] g Ny - vy - 27T
=1 r=0 r=rj,;+1
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Using the explicit form of 7;;, a direct analysis yields a regret of order

d min{ri,iv"‘mﬂx} T'max
RAPL = Z Z n, - 8€7n + ]1[7“171' < Tmax] Z Ny - V; - 2[10g2 “Lz] . 2_r
=1 r=0 r=ri;+1
d 2 min{"'i,i vaaX} 2 T'max
5 r 6 r
<3 (210 (5) S 2 1y < w2 log (5) N
=1 r=0 T:Ti,i+1
d 2 min{ri ,iyTmax } 2 T'max
5 T 6 T
<32 (5) D2l < el <5> >

d
=0 (Z (log (%) min{2" 2"} + log (%) 2“‘“)) )

=1

Next, fix ¢ and let us consider the terms in the summation. Using the explicit values of 7; ; and 7'y,

we get that

where the last equality uses our assumption that vy,;, > log(7") %.

Therefore, when arm 0 is optimal, AxisParallelLeftist incurs a regret at most of order

0 (i <1og (%) 1ogT(:/rC)l>) — 0 (Var).

=1

]

In the following sections 5.2 and 5.3, we consider the case when arm 7¢" is optimal. The

analysis for when arm 0 is optimal is presented in Section 5.5.
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5.2 Regret analysis for DimensionReduction

DimensionReduction uses ¢, as a lower bound to determine the number of pulls N needed to dis-
tinguish positive from negative arms with high probability. We analyze the regret incurred from
these pulls during both elimination rounds. When no dimensions are eliminated (worst case), the

algorithm incurs regret of order O(dk’AgT).

Lemma 27. Take § = 1/T? and assume arm 7% is optimal. On event &y, the regret of Dimen-

dlogT
o()

Proof. Assume arm 7% is optimal. Leti € Syim be arbitrary and assume event &, happened. Note

sionReduction is at most

that » in DimensionReduction is the stopping epoch p and from Lemma 7 and Lemma 11, we have

o pa = 1
p=ra = log, x.

Pulls to arm 0. Recall that pulling arm 0 incurs at most A regret. To obtain the empirical mean

Po, the algorithm incurs at most N - A = O(log(3) (%)) regret.

Pulls to arm R; in elimination round 1. The regret of arm R; when r;; > p, which implies that

p is in Phase 1, is of order

log(%)

o(x(3) 2
ofu)2)

The regret of arm R; when 7;; < p, which implies that p is in Phase 2, is of order

N -(v,R;) < - 8¢,

log(2)
H

()
(()4)

N <U7R’i> S

- QTP

S

|
)
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Pulls to arm R/ in second elimination round. Recall that (v, R}) = vy - a,, where k =

argmin,. g v; - a,,. Again, a direct analysis of NV pulls to arm R; gives us a regret of order
N-(v,R}) =N -vg-a,p.

The analysis for each phase is identical to the previous elimination round giving us a regret of order
O (log () x)-
Finally, we upper bound the regret for both elimination rounds by summing over d dimensions,

in the worst case. Then, taking § = 1/72, we get that the regret of DimensionReduction is at most

o[ B En0y)] e

arm L

Ist ehmlnatlon 2nd ehmmatlon

B dlogT
—O( A ) (5.10)

5.3 Regret analysis for ParalleINoisyBinarySearch

To control the regret of Paralle]NoisyBinarySearch, we bound the values of the scalars a,;. By

design, AxisParallelLeftist ensures that

, 8
« in Phase 1: a,; < =~

i

16¢,
v;

* in Phase 2: a,,; <

Furthermore, on event &,,, we have €, < A by Lemma 11. Consequently, a,; < 15—4 for all

dimensions ¢ in Sgimy.

Lemma 28. On event E,y, if arm T is optimal, then the instantaneous regret for any arm pulled

in ParallelNoisyBinarySearch is at most 17A.

Proof. We analyze the instantaneous regret of pulling arm M;. For any epoch ¢, and any 7 € Sgin,

We can use a,; as an upper bound for apiq;. Consider the following cases:
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« Case (1): amig; > 7; and arm 7% is optimal.
(p1— (v, 7)) - (pl - <’U7Mi>> < Vi Amidi < Vi - G < 16A
* Case (2): amig; < 7; and arm 7% is optimal.

(p1— (v, 7)) — (po - <U,Mi>> <AH4v; - amig; < A+ 16A

The next lemma bounds the regret for Paralle]NoisyBinarySearch.

Lemma 29. Take 6 = 1/T? and cpmos = 1/T, and assume arm T is optimal. On the event

Eapl N Ear-1 N Eqra, the regret of ParallelNoisyBinarySearch is at most

dlog®’T
o( £ )

Proof. Recall that r in Paralle]NoisyBinarySearch is the stopping epoch p. From Lemma 7 and

Lemma 11, we have p < ra < log, %. Next, following Lemma 28, the regret of N = O(log(1/6) -
22¢) pulls to an arm by ParalleINoisyBinarySearch is bounded by at most 17AN. Then, using
Lemma 15 to bound the number of iterations as log,(2/epmps) for each dimension and bounding the
number of dimensions by d, in the worst-case, we find that the regret contribution from Parallel-
NoisyBinarySearch is

\‘logQ Eist
S Z 17AN§d-10g2( & )-17A (41052(%))

e
1€ S4im q=1 pbs

2 1 1
< d-log, ( ) -17A (210 log (—) . 92Mlogy /ﬂ)
5pnbs )
1 1 1
= 1 .1 Z). =
X (d o8 <5pnb5) o8 (5> A)

Taking 6 = 1/7% and s = 1/7T yields

d-log’T
0“5,
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5.4 Regret Analysis for UCB

Here, we bound the regret of UCB run on arm 0 and arm 7.

Lemma 30. On the event Ep) N Eqr-1 N Egra N Epnvs, the regret contribution from UCB is at most
0 (min{ log 7 \/TlogT})
A= (v, 77) |’ '

Proof. We begin by recalling the regret bound for UCB. From Auer et al. (2002), the instance-

dependent cumulative regret of UCB after 7" rounds for a 2-armed bandit is of order

logT
o(*5)

where A; := u* — p; is the reward gap between the optimal mean reward and the mean reward y;

for the suboptimal arm i. However, this bound can become loose when A; is asymptotically small,
meaning that as 7" — oo the gap A; — 0. In this case, UCB also enjoys an instance-independent

regret bound of order
O (\ /Tlog T) .
Combining these two bounds, we obtain the overall regret bound for UCB:

0 (min{loif, \/TlogT}> . (5.11)

(2

We now analyze the UCB regret with respect to the set of arms {0, 7}, where arm 7 is the arm

returned by ParallelNoisyBinarySearch. For the set of arms {0, 7}, the gap A, is given by

Ai = |pe(T) = p1e(0)]-
Under the high probabilty event &, arm 7 is positive and satisfies

<'v,7'i*> <(v,7) < <v,7'"*> + Epnbs, (5.12)
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where eps = 1/7. Then, using our notion of mean expected revenue 1.(0) = po for arm 0 and
te(T) = p1 — (v, 7) for arm 7, we have that A; is

11e(T) = 11c(0)[ = |p1 — (v, T) — pol
=[A={v, 7)) + (v, 7") — (v,7)|.

Next, consider the right hand side of the above equation. The triangle inequality yields a lower
bound of

A= (o, 77) + (0, 77) = (0. 7) [ 2 [A = (v, 77) | = [ (v, 7) = (v, 7") |
Since by (5.12), we have
(0,7) — (v, 7)) < gpms = 1/T,
it follows that
1e() = pe(0)] = |A = (v, 77) | = 1/T.

Observe that if [A — (v, 7% ) | < 1/T then the regret is negative, which is not possible, and the
regret bound (5.11) is given by

0 (min| e a = (o o= VTRED )

Finally, if |A — <v, T > | = 1/T,then /T log T dominates. Therefore, the regret can be simplified
to

. logT
@) (mm{—,*, \/TlogT}) ,
|A = (v, 77) |

and we get our bound. [

5.5 Cumulative Regret

Proof of Theorem 19. From Lemma 9, we have that event &,;, happens with probability at least 1 —

1/T. Then, let us consider the case where event &, happens. We can bound the regret contribution
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of AxisParallelLeftist using Lemma 22 which implies that the regret across all d dimensions is at
min {dka, \/dT} .

Next, using Lemma 27, Lemma 29, and Lemma 30 for the bounds for DimensionReduction, Paral-

most of order

le]NoisyBinarySearch, and UCB, we get that the regret is

Rr = [AxisParallelLeftist] + [DimensionReduction] + [ParalleINoisyBinarySearch] 4+ [UCB]

B . [dlogT dlogT dlog>T
—O(mln{ A ,\/dT})—l-O( A )+O< A

. logT
+0 (mm{—.*, \/TlogT}>
|A—<’U7T7’>|
dlog®’T ) logT
= _— ——— \/TlogT; |.
o (HRT+min{ = ey VTR T} )

]

Proof of Theorem 20. If A = () (log(T) . @) , a condition which implies that DimensionReduc-

tion will be called, the regret is bounded as

Ry = [AxisParallelLeftist] + [DimensionReduction] + [Paralle]NoisyBinarySearch] + [UCB]

-0 (ﬁ) +0 (\/ﬁ) +0 (log(T)\/ﬁ) + 0 (min{%, V Tlog(T)})

—0 <log(T)\/ﬁ+min{%, \/Wg(T)}) .

If A is very small, that is A < %log(T) . %, then it is implied that rA + 1 > rp.. With
probability 1 — 1/7", DimensionReduction will not be called. We can apply Lemma 26 to bound

the reget contribution from AxisParallelLeftist and include the regret incurred from committing to
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arm 0. Let NV be the number of pulls up to epoch .. The regret is at most
[APL] + [Commit]

O(\/d_T>+ _i A—<v,7'i*>

<\/d_T> +TA
<log(T)\/d_T)

O
O

]

Finally, we consider the case where arm 0 is optimal and DimensionReduction is called and
briefly show the cumulative regret of AxisParallelLeftist in this case.

Proof of Theorem 21. Assume that arm 0 is optimal and that DimensionReduction is called. We
do not assume that p < ra + 3; in fact, p may be significantly larger than rn + 3. Therefore, we
can simply bound the number of pulls NV using the largest possible epoch, 7 = 7.

First, the regret from AxisParallelLeftist when arm 0 is optimal is given by Lemma 23. Next,
the regret from DimensionReduction comes from the two elimination rounds, since pulling arm 0

incurs no regret. Summing over all d dimensions in the worst case, we can bound the regret of
DimensionReduction as
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Taking § = 1/T7, we get that

In ParallelNoisyBinarySearch, the cost of any arm M; is at most the cost of its corresponding

right arm R;. Then, taking | Sgim| = d in the worst case, we can bound the regret of ParallelNoisy-
BinarySearch as

For epnps = 1/T and 6 = 1/T?, we get that

Rpnps = d - logy(T)\/T/d
=0 (log(T)\/d_) .

Finally, combining the above bounds for AxisParallelLeftist, DimensionReduction, and Paral-

leINoisyBinarySearch with the problem independent bound of UCB from Lemma 30 yields a total
regret of

Rr = [AxisParallelLeftist] + [DimensionReduction] + [ParalleINoisyBinarySearch] 4+ [UCB]
~0 (\/dT) +0 (\/dT) +0 <10g(T)\/dT) +0 ( Tlog(T))
=0 <log(T)\/d > :
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Chapter 6
Conclusions and Future Work

Thresholded linear bandits represent a novel class of bandit problems that highlight the complexities
introduced by the presence of a discontinuous reward function. This thesis presents a method for
identifying optimal arms without needing to estimate the problem parameter 6, while achieving
sublinear regret. This is accomplished through a structured exploration strategy that leverages the
properties of axis-parallel halfspaces, effectively reducing the complexity of the problem to d one-

dimensional subproblems.

While the algorithm demonstrates sublinear regret, it is important to note that it does not scale
well with increasing dimensions d. Future work should focus on enhancing the algorithm to bet-
ter exploit the multi-dimensional structure of the problem. Another promising research direction
involves extending the geometrical exploration strategy to other problem variants mentioned in Sec-
tion 3.3. These extensions could further enrich the applicability and effectiveness of thresholded

linear bandit algorithms in various domains.
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Appendix A

Appendix

A.1 Proof for Hoeffding’s inequality for the first elimination

round of DimensionReduction (Lemma 12).

Assume arm R; is positive. Let the empirical difference of sample means A; be defined as

Ai = ﬁright,i _ﬁO
$7L,1+"'+$7L,N $071+...+$07N
N - N
T + ...+ Ti N + (—ZEOJ) —+ ...+ (—1307]\[)

N )

where z; ; and z j, for j € [N], are the revenue samples from arms R; and 0, respectively. By
Hoeffding’s inequality, for N = 16log(2/0)/e? and &’ = ¢,./4, we have

Pr(|A; — A] >¢') < 2exp (—2<2N2—2(6/)2>

2exp <_ (161°g§/5>> (1:)2)
gexp <_ log g)

= .

Note that A; is the empirical average of 2N samples, and each sample term is bounded within

[—1, 1]. Hence the factor of 4 in the denominator of the exponential term.
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A.2 Cumulative regret of AxisParallelLeftist for dimension

when v; > 1

Take § = 1/72 and n, = log (%) /2¢2. Suppose v; > 1. Then ag,; = 1/v; and Phase 1 ends after
the first epoch. The cost of pulling arm A, ; in any epoch r < p is

L _
U; (— -2 T) =27,
Uy

Consider the following cases and the corresponding regret incurred by AxisParallelLeftist for di-

mension 1.

Case 1: Suppose arm 0 is optimal. We get that the regret for dimension ¢ is of order

T'max T'max 1 2

Z _r Z g5 _
ny - 2 "= 2526 -2 "

r=0 r=0 r

Tmax 2
_ ZIOg (_) .Qrt5
r=0 0

0w (i) 457)

:o( T/d),

where we set p = ., and potentially overcount.

Case 2: Suppose arm 7¢" is optimal. If arm 7% is optimal, and 73+ < A/v; and 73 < 1, then

p < ra + 3 by Lemma 7. The regret for dimension i is of order

ra+3 rA+3

> (e (A+27)) =) <log (%) (25 A+ 2r+5))

r=0 r=0

ofe(8) (30+3)
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Case 3: Suppose arm 7% is optimal and A < 16log(T)+/d/T. 1f A < 16log(T)+/d/T and
AxisParallelLeftist exhaustes all epochs before detecting a lower bound on A, then p = 7,.x. The

regret for dimension i is of order

S (a2 =3 (e (2) (25 54 2)

r=0 r=0

B N ( T/d T7d
=9 <log <5> <log2(T) AT log(T)>> '

For A = O(log(T)\/d/T), we get a regret of order /71'/d.
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