University

UVIcSPACE: Research & Learning Repository 20 of Victoria

Faculty of Science

Faculty Publications

Statistical A-Convergence in Probabilistic Normed Spaces
M. Aldhaifallah, K.S. Nisar, H.M. Srivastava, & M. Mursaleen
March 2017

© 2017 M. Aldhaifallah et al. This is an open access article distributed under the terms of
the Creative Commons Attribution License. http://creativecommons.org/licenses/by/4.0

This article was originally published at:
https://doi.org/10.1155/2017/3154280

Citation for this paper:

Aldhaifallah, M., Nisar, K.S., Srivastava, H.M., & Mursaleen, M. (2017). Statistical
N-convergence in probabilistic normed spaces. Journal of Function Spaces, Vol.
2017, Article ID 3154280.


http://creativecommons.org/licenses/by/4.0
https://doi.org/10.1155/2017/3154280

Hindawi

Journal of Function Spaces

Volume 2017, Article ID 3154280, 7 pages
https://doi.org/10.1155/2017/3154280

Research Article

Hindawi

Statistical A-Convergence in Probabilistic Normed Spaces

M. Aldhaifallah,* K. S. Nisar,’> H. M. Srivastava,”> and M. Mursaleen®

! Systems Engineering Department, King Fahd University of Petroleum and Minerals, Dhahran 31261, Saudi Arabia
2College of Engineering at Wadi Addawasir, Prince Sattam Bin Abdulaziz University, PO. Box 54,

Wadi Ad-Dawasir 11991, Saudi Arabia

3Department of Mathematics, College of Arts and Science-Wadi Ad-Dawasir, Prince Sattam Bin Abdulaziz University,

PO. Box 54, Wadi Ad-Dawasir, Saudi Arabia

4Department of Mathematics and Statistics, University of Victoria, Victoria, BC, Canada V8W 3R4

’China Medical University, Taichung 40402, Taiwan

SDepartment of Mathematics, Aligarh Muslim University, Aligarh 202002, India

Correspondence should be addressed to K. S. Nisar; ksnisarl@gmail.com

Received 10 December 2016; Accepted 15 February 2017; Published 19 March 2017

Academic Editor: Hugo Leiva

Copyright © 2017 M. Aldhaifallah et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The main objective of the study was to understand the notion of A-convergence and to study the notion of probabilistic normed
(PN) spaces. The study has also aimed to define the statistical A-convergence and statistical A-Cauchy in PN-spaces. The concepts
of these approaches have been defined by some examples, which have demonstrated the concepts of statistical A-convergence and
statistical A-Cauchy in PN-spaces. Previous studies have also been used to understand similar terminologies and notations for the

extraction of outcomes.

1. Introduction

The notion of statistical metric spaces [1-3], called proba-
bilistic metric spaces, was introduced by Menger [4]; it is
an important generalization of metric spaces. The concept of
probabilistic normed (PN) spaces [5] is a key generalization
of the concept of normed spaces. The idea of statistical
convergence for sequences of real numbers was introduced
by Fast [3] and Steinhaus [6] individualistically. This concept
has been studied by many researchers in different set-ups
such as in normed linear spaces, in probabilistic normed
spaces, in intuitionist fuzzy normed spaces, and in locally
convex spaces. The theory of probabilistic metric spaces was
studied by several authors (see, for details, [2, 7-10]). Karakus
[11] studied the concept of statistical convergence in PN-
spaces. It was subsequently carried out in the works due to
[12-14]. To define the concept of A-convergence, statistical
A-convergence, and statistical A-Cauchy in PN-spaces, the
subsequent definitions are needed. The terminology and
notations used in this paper are standard as in the recent
works [1, 4, 15, 16].

Definition 1. Let M be the subset of set of N. The natural
density, (M), is characterized by

8(M):liml|{m§n:meM}|, )
n—)OOn
where | - | is the cardinality of the enclosed set. A number

sequence y = (y,,) is said to be statistically convergent to the
number L if, for each € > 0, the set

M(e)={msn:|y,-L|>¢} (2)

has natural density zero; that is,
lim1|{m§n:|ym—L|>e}|=0 (3)
n—-oon

and it can be written as stat lim y = L.

Definition 2. Afunctionh : R — R? isadistribution function
if it is nondecreasing and left-continuous with

infh(u)=0 wuce€R,

(4)
suph(u)=0 ue€R.
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Here D+ is the set of all distribution functions such that
h(0)=0.Ifa € R(i, then H, € D+, where

©)

- {o (uga)}’

1 (u>a)

clearly for all h € D+.

A t-norm is a continuous mapping * : [0,1] x [0,1] —
[0, 1] such that ([0, 1], *) is an Abelian monoid with unit one
andm+n=k=xlifm=kandn=1[forallk,I,m,n € [0,1].

Definition 3. Let Y be a linear space of dimension > 1.
Suppose also that * is a f-norm and Y — D+. Then @ is
said to be a probabilistic norm and (Y; &, ) is referred to as
a probabilistic normed space if it satisfies the following:

(i) ?y(O) = 0 if y and z are linearly dependent, where
Z(y;z,t) is the value of €(y;z) att € R.
(ii) Zy(t) =1forallt > 0ifand onlyif y = 0.
(iii) %, (t) = %, (¢/1]).
(iv) @, (s+1) = ?y(s) %« G, (t) forall y,z € Yands,t €

0-

y+z

Recently, in [17-19], some A-sequence spaces were introduced
and studied. In this paper, let A = (A j);?jo be a strictly
increasing sequence of positive real numbers tending to
infinity; that is,

limA; — oo,
j=eo

0<Ag <A< <A< ()

In this case a sequence y = (¥,,),., is A-convergent to the
number L € C, which is known as A-limit of y,if A, (y) = L
as n — 00, where

m

M) =X (N=20)y meN. @)

m j=0

Hence it says that y = (y,,),._, is A-convergent to the number
L if and only if the sequence A, (y) is convergent to L. Here
(and in the sequel), it will take the convention that any term
with a negative subscript is equal to zero; for example, A -1 =
Oand y-1=0.

The sets of all A-bounded, A-convergent, and A-null
sequences I, ¢*, and ¢}, respectively, are defined as follows:

Lo =1y = Ol s ()] < 00}

"= {y = (e = im A, () existS}, (8)

n—

& =1y =0y : Jim A, (y) =0}
In the present investigation, it is proposed to systematically
study the idea of A-convergence in PN-spaces. In particu-
lar, statistical A-convergence and statistical A-Cauchy were
investigated in PN-spaces and give some illustrative examples
to demonstrate these concepts.
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Definition 4. Let (Y, &, *) be a PN-space. A sequence y =
(y,,) is called convergentin (Y; &, *) or, simply, €-convergent
to { if, for every e > 0 and @ € (0, 1), there exists a positive
integer my > &, _;(€) > 1 — 0 whenever m C m, and it is
written as

g lim y,, =¢ 9)

m—00

and ( is G limit of y = (y,,).

Definition 5. Let (Y; &, %) be a PN-space. A sequence y C
(¥,,) 1s called statistically convergent in (Y; &, *) or, simply,
¥ (stat)-convergent to ( if, fore > 0 and @ € (0, 1),

d({meN:g, (9=1-0})=0, (10)
or equivalently
S({meN:g, (e9>0})=1 (1)
and this case is stated by
@ (stat)limy = (12)
and ( is (stat) limit of y.

Definition 6. Let (Y; &, ) be a PN-space. A sequence y =
(¥,,,) is known to be statistically Cauchy in (Y; &, ) or, simply,
Z (stat)-Cauchy if, for € > 0, there exists a number N =
N(e) 3,

S({meN:g,  (e<1-0})=0, Vnk=N. (13)

In addition to the above definitions, the following definitions
are given.

Definition 7. A sequence y = (,,)or, is called statistically A-
convergent to the number L if, for each € > 0, the set given

by
M) ={msn:|A, (y)-L| 2¢€ (14)

has asymptotic density zero; that is,

.1
Jim = [{m < n: A, (y) - L 2 €} = 0. (15)
Definition 8. A sequence y = (y,,),., is known to be

statistically A-Cauchy sequence if, for every e > 0, there exists
anumber N = N(e) 3,

1
Jim ~|{m < n|A,, (v) = Ay (y)| z €| 0. (6)
Based on the previous definitions, the concept of A-
convergence, statistical A-convergence, and statistical A-
Cauchy in PN-spaces is defined.

Definition 9. Let (Y; &, ) be a PN-space. A sequence y =
(¥,,) is said to be convergent in (Y;Z, %) or, simply, & -
convergent to ¢ if, for e > 0 and @ € (0,1), there exists a
positive integer m, > €, (y)—{(e) > 1 —@ whenever m = m;,.
In this case €, lim y,, = { can be written and { is called &
limit of the sequence y = (y,,).
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Definition 10. Let (Y; @, ) be a PN-space. A sequence y =
(¥,,) is known to be statistically A-convergent in (Y; &, *) or,
simply, &, (stat)-convergent if, for every e > 0 and @ € (0, 1),

s(fmen:g, (@<1-0})=0. )
or,
s({men:g,, (@<1-0})=1 (18)
that is,
lim = (fmen:|z,, @ s1-0})=0 @)
since

Z, (stat)limy =g (20)
and g is called &, (stat) limit of the sequence y.
Definition 11. Let (Y; &, *) be a PN-space. A sequence y =
(¥,,) is called statistically A-Cauchy in (Y; &, *) or, simply,
@ 5 (stat)-Cauchy to ( if, for € > 0, there exists a number N =
N(e) 3,

S({meN:%, (), (©<1-0})=0,

Vn,k > N.

(21)

2. Main Results

By making use of the definitions given in the preceding
section, it is proposed here to systematically investigate the
notion of statistical A-convergence and statistical A-Cauchy
in PN-spaces and apply our findings to the problem of
approximating positive linear operators.

Theorem 12. Let (Y; &; *) be a PN-space. If a sequence y =
(¥,) is & s (stat)-convergent, then the & , (stat) limit is unique.

Proof. Suppose that
G, (stat) limY =g,
(22)
G, (stat) limY =g,.
Foragiven® > 0,let p € (0,1) 3,
(1-p)=(1-p)>1-0. (23)
Then, for any € > 0,

Mg, (p.€) = {m eN:g, () -ae=(1 _P)}’

Mg, (p.e) ={meN:Z, (y)-c(e) s (1-p)};

since

(24)

G, (stat) limY =g,

8 (Mq, (p€)) = 0

3
for € > 0. Furthermore, by using
G (stat) lim y,, = g,, (26)
it has
8 (Mg, (p.€)) =0 (27)
foralle > 0.
Let
Mg(pe) = Mg, (p.€) N Mg, (p€). (28)
Clearly,
& (Mg (p.€)) =0, (29)
which implies that
S{N\ Mg (p,€)} = 1. (30)
Forn € N\ MG(p, €), by using (2) and (3),
2(1-p)x(1-p)>1-0.
Since 0 > 0 is arbitrary, by using (5),
G, (=1 (32)

Ve > 0. This implies {1 = {2. Hence, &, (stat) limit is unique.
This establishes Theorem 12. O

Theorem 13. Let (Y; &; *) be a PN-space. If
g, limy =g, (33)
then
G, (stat)lim y =, (34)
but the converse is not necessarily true in general.

Proof. By hypothesis, for every 0 € (0,1) and € > 0, there
exists a positive integer m, such that

Gy € >1-0 (35)
whenever m 2 m. This guarantees that the set
{mef:?,\m(y)—g(e)gl—@} (36)

has at most finitely many terms. As every finite subset of the
set N of positive integers has density zero,

S({mez":%, (. (<1-0})=0,  (37)

which establishes Theorem 13. O



Example 14. This example would show that the converse of
the assertion in Theorem 13 needs not be true in general. Let
(R,]-]) be the space of real numbers with the usual norm. Let

axb=ab,
u (38)

where u = 0. Here, it is noted that (R, &, *) is a probabilistic
normed space. If it takes a sequence A ,,,(y) whose terms are

A, (y) = {1 (m = kef)} (39)

0 (otherwise)
then, V@ € (0, 1) and for any € > 0, let
M, (0,€)={m<my:%, (€ <1-0}.  (40)

Since

:;Sl_@}
u+|A, (y)] =

Qu
el P

(42)
Vo
=
which implies that
1
lim — |M,, (0,€)| = 0.
dim = [ My, @) (43)
Hence, by Definition 7,
?Am (stat)lim y = 0. (44)

Nevertheless, as the sequence (A,,(y)) shown in (39) is not
convergent in the space (R, | - |), by Remark 1 of [11], it is clear
that the sequence (A ,,(y)) is not convergent with respect to
the probabilistic norm.

Theorem 15. Let (Y; &; %) be a PN-space. If
&, (stat)lim y = gy,
(45)
G, (stat)limz = ¢,
then
(i) @, (sta)lim(y+z)=(g *¢),
(0 €eR).

(46)
(i) &, (stat)limoy = 0g,
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Proof. (i) Let
G (stat)lim y = gy,
G, (stat)limy =¢,, €>0.
Alsolet 0 € (0,1). Choose p € (0, 1) such that
(I-p)x(1-p)>1-0.
Then,
Mg, (p.€) = {mo eEN:Z, ) @=1- P} ,
My, (p,€) = {mo eEN:Z) (), (€)= 1- p}.
Since
Z, (stat)lim y =g,
it has
8 {Mg, (p.€)} =0
for all € > 0. Furthermore, by using

G, (stat)limz =g,

get
8 {Mg, (pe)} =0
Ve > 0. Let
Mg (p:€) = Mg, (p.€) N Mg, (ps€).
Then

8 {Mg,, (p-€)} =0,
which implies
S{N\ Mg (p,e)} = 1.
If
my = N\ Mg (p,e),
then

gAm(y)—gl () + Am(Z)—cz ()

€ €
2 90,0 (5) 6,00 (5)

€
+?Am(z)_§z (“) > (1 —P) * (1 —p) >1-0.

2
This shows that

S({mo eN: 8y () a0 (@) S1-0}) =0,
So

@, (stat) lim (y £ z) = g, *¢,.

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)
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(ii) Let
G (stat)limy =g (61)

and suppose that @ € (0,1) and € > 0. Firstly, consider o = 0.
Then,

Gor,(n-0c(€) =F () =1>1-0. (62)
So
Goa,, (¥)=0. (63)
Now leto € R (0 # 0). Since
G (stap lim y =6, (64)
it follows from Theorem 13 that
g, (stat)lim y = . (65)
If
Mg (pre)={myeN: G, ) (e <1-0},  (66)
then

S {My (p,€)} =0 (67)
Ve > 0. In this case,
S {N\ My (p,e)} = 1. (68)
If my, € N\ Mg(p,€), then

€
SgAm(y)fpc (€)= ?Am(y)fc (H)

29, (- (€)%, (% - 5) (69)

= gAm(y)_C () x1= gAm(y)—g (e)
=1-0

foro € R (o #0).
This demonstrates that

O({mo eN:Zyp (h o) S1-0})=0,  (70)

SO
&, (stat) limoy = og, (71)
thereby completing the proof of Theorem 15. O

Theorem 16. Let (Y; &; =) be a PN-space. Then
G, (stat)lim y = g, (72)
if and only if there exists a set
m={m; <m,<my<--<m<---}S<N (73)
with
M) =1 (74)
such that
glimA,, (y)=c (75)

5
Proof. In order to prove the necessity part, first assume that
&, (stat) lim y = g. (76)
Now, for everye > 0and j € N, let
. 1
M (j,€): {m eEN:G, (g(e)S1- —_]» ,
(77)
. 1
K(],e) = {m € N M <(‘gAm(y)_‘; (6) >1- ;} .
Then
5 (M (j.€)) =0, (78)

K(l,e)>K(2,¢)>--->K(,e)DK(@{i+1,€e)d>--- (79)
It has
§(K(j:e))=1 (jeN). (80)

Now we prove that, for m € K(j,€), the sequence (y,,) is
Z 5 (stat)-convergent to {. Suppose, on the contrary, that the
sequence (y,,) is not &, (stat)-convergent to (. Therefore,
there exits p > 0 such that the set

{m EN:Z, () (e)s1- p} (81)
has infinitely many terms. Let

K (p,€) = {m eEN:G, () (e)>1 —p},

. (2)
p>= (jeN).
J
Then
S (K(pe)) =0, (83)
so that, by using (79),
K (j.€) < K(pse). (84)
Hence
S (K (p,e€)) =0, (85)

which contradicts with (80). Consequently, the sequence (y,,)
is &, (stat)-convergent to (.

Next, to prove the sufficiency part, it is assumed that there
exists a subset

M={m; <my,<my<---<my<--}

<N,
S(M) =1, (86)
Ghm Ay, ;) =¢
Then, for every p € (0,1) and e > 0,
?Am(y)—c (e)>1-p (meN). (87)



6
Now
K(p,e)=imeN:G, ., (e<1-p
mensgsge0siog
cN- {MN+1’MN+2’ i } :
Therefore,
S(K(pe))s1-1=0. (89)
Hence
G (stat)lim y = . (90)
O

Theorem 17. A sequence y = (y,,) in a PN-space (Y; &; ) is
G ) (stat)-convergent if and only if it is G (stat)-Cauchy.

Proof. Let the sequence y be a &, (stat)-convergent to { in
PN-space; that is,

@, (stat) lim y = (. (91)
Then, Ve > 0 and p € (0,1),
S({meN:%, c(@si-pl)=0.  (92)
Select a number N = N(e),
ri (@ S1-p. (93)
Now let
Alpe)={meN:Zy (a0 =1-p},
B(p.e)
C(p.€) = {m =NeN:%, )¢()= 1—p}.

Then

{m eN:G, (e S1- p} (94)

A(p.e) < B(p.e)UC(p,e). (95)
Therefore,
5(A(p.€)) <0(B(p.€)) +0(C(ps€)). (%)

Hence, y is statistically A-Cauchy.

Conversely, let y be a statistically A-Cauchy sequence, but
not statistically A-convergent. There exists N such that the set
A (p, €) has natural density zero. Therefore, the set

E(pe)={MeN:G, ) xn@>1-p}  (97)
has natural density 1; that is,
(E(p.€)) = 1. (98)
Particularly, it can be expressed as

Gau-an (€) 229, () ¢ <€ (99)
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if

€
Grpun< < 7 (100)
Since y is not statistically A-convergent, the set (p,€) has
natural density 1; that is,

S({MeN:%, (yc(e)>1-p})=0. (01
Hence, by (10), we get

S({MeN: %y (@ >1-p})=0.  (102)
This is the contradiction that the set (p, €) has natural density
1. Therefore, the sequence y is statistically A-convergent. [J

3. Conclusion

This paper has used the notion of A-convergence and studied
it in the context of probabilistic normed (PN) spaces. Sta-
tistical A-convergence and statistical A-Cauchy were defined
in PN-spaces and gave some illustrative examples to demon-
strate these concepts. A-convergence can be used to study the
Korovkin type approximation theorems in PN-spaces (see,
for example, [1] and the references cited therein).
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