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Abstract

Switch blocks are fundamentai switch components in reconhgurable interconnec­
tion networks such as FPGA routing networks and circuit switching commnnicar 
tion networks. A switch block consists of a set of terminals usually partitioned 
into some sides, and programmable switches joining terminals on diSerent sides, 
it is used to implement various routing requirements through reconhguring its 
switches. This dissertation presents a combinatorial design technique to tackle 
the connection topology design problem for a wide assortment of switch blocks 
including hyper-universal switch blocks and universal switch blocks. We prove 
that large switch blocks can be constructed by a hnite number of prime switch 
blocks, and show how to design the prime switch blocks and how to combine 
them into large switch blocks. We demonstrate the design scheme by examining 
and designing in detail the commonly used 4^sided switch blocks, as well as the 
generic universal switch blocks.
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Chapter 1 

Introduction

Recon&guiable intercoimection networks are the underlying hardware in­

frastructures of many electronic devices. On a small scale, the programmable 

logic devices such as Field f  rpgmmmotle Gote ylrmys (FPGA's) are based 

on routing networks which implement requested connections among func­

tional blocks/components through reconhguring programmable switches [12, 

9]. On a larger scale, circuit switching communication networks, such as 

traditional telephone systems, utilize programmable switching networks to 

connect diherent user terminals upon request [47].

Despite the diEerences in scale and technology, all reconhgurable in­

terconnection networks share some features. First of all, a reconhgurable 

interconnection network basically consists of programmable switches and 

wire segments (or channels). Secondly, the function of a reconhgurable in­

terconnection network is to implement requested connections (or routings) 

by conhguring the progranunable switches. And thirdly, a complex re- 

conhgurable interconnection network is usually built up from simple switch 

modules (or switch components, or switch blocks), which are joined together 

by wire segments to form a certain network.

Switch modules are important reconhgurable/ programmable components 

in reconhgurable interconnection networks. They aEect not only the rout­

ing capability of reconhgurable interconnection networks, but also the area, 

time, and power eGSciency. The simplest and most hexible switch modules



are awitcA 6kcka. A switch block consists of a set of terminals, usually parti­

tioned into several sides (i.e., groups), and a set of programmable switches, 

each switch joining a pair of terminals on diSerent sides. The commonly 

used crossbar can be seen as 2-sided switch blocks with input terminals on 

one side and output terminals on the other.

Switch block design has many levels from the high level topological de­

sign, i.e., determining the connection relations of terminals and switches, to 

the physical level of switch circuit and layout design. The topological design 

of switch blocks is important because it determines the routing copaMitp,

i.e., the ability of realizing a given connection requirement, and it aSects 

the area and time eSciency of a reconhgurable interconnection network.

This dissertation focuses on the topological design of switch blocks. The 

main problem is to design a switch block with a given number of sides and 

a given number of terminals on each side and a given routing capability and 

with a minimum number of switches. We use a set of routing reguirements 

to describe the routing capoWitg of a switch block. A routing requirement 

for a t-sided switch block with d* terminals on side i, where i =  1, . . . ,  k, 

is a set of nets. A net or a 1-pin net (1 <  A) is a connection request for 1 

terminals on 1 diEerent speciûed sides. The number of nets that specify side 

i in a routing requirement is at most d(, i =  1 , . . . ,  k. A /eosible routing (or 

detailed routing) of a routing requirement in the switch block is an assign­

ment ON/OFF to switches such that all nets in the routing requirement 

are routed simultaneously. That is, every 1-pin net is realized by a set of 

ON switches which connect t terminals on the t diEerent specihed sides, 

and no others, and a terminal is used by at most one net realization. A 

switch block is rouWle for a routing requirement E a feasible routing exists
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in the switch block. A switch block is said to be nmreraaZ if it rentable for 

every routing requirement consisting of 2-pin nets. The universal switch 

block design problem is to design a universal switch block of t  sides and w 

terminals on each side and with a miniminn number of switches [14, 46, 26]. 

Similarly, a switch block is said to be if it is rentable for

every routing requirement consisting of multi-pin nets (i.e., all nets are al­

lowed). The hyper-universal switch block design problem hrst was studied 

in [22, 23].

The main purpose of this dissertation is to establish a combinatorial 

design technique to tackle the topological design problem for a wide as­

sortment of switch blocks. We transfer the switch block design problem to 

a graph design problem by viewing a k-sided switch block as a t-partite 

graph, i.e., a terminal as a vertex, a switch as an edge, and a side as a 

part. We give precise combinatorial définitions for the switch blocks, the 

routing requirements and the feasible routings, and develop a switch block 

design scheme, as well as use the design scheme to design some particularly 

interested switch blocks.

Our study of switch blocks was originally motivated by an attempt to design 

better 4r-sided switch blocks for FPGA routing architectures [42, 14, 37].

An FPGA consists of an array of logic blocks and a routing network. 

After fabrication, the routing network can be reconhgured to make var­

ious connections of the logic blocks via reconhguring the programmable 

switches in the routing network. Since FPGA was hrst introduced in 1985 

[9], the research and development on FPGA have been growing at a tremen­
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dous speed with the advancement of Very f^rge 5'coZe fnt^ration (VLSI) 

technology More and more powerful FPGA products have come onto the 

market. For instance, the Xilinx Vertex-11 Pro platform FPGA released in 

2002, which is based on IBM's advanced 130nm and 9-layer copper process, 

contains up to 50,832 logic cells, 3,888K block RAM, four IBM PowerPC 

405 processors, and sixteen multi-gigabit 1 /0  transceivers [62]. Such an 

FPGA is capable of implementing a wide range of high performance system 

applications, including optical networking, wireless infrastructure, storage 

systems, industrial control, etc. Using FPGA's has become a risk-free, fast 

tum-around, and economical solution for many integrated circuit designs. 

There is no doubt that the development of more advanced FPGA's will 

continue.

The routing network or the reconhgurable interconnection network plays 

an important role in an FPGA, it is the inhrastructure which realizes the 

different connections of functional blocks according to the routing requests 

made by applications. As with FPGA's, reconhgurable interconnection net­

works can also be used in reconhgurable to implement

diSerent connections of components for diSerent functions. The intercon­

nection networks of circuit switching communication systems can also be 

viewed as reconhgurable interconnection networks [47].

Memy issues are involved in the design of an on-chip reconhgurable in­

terconnection network. The iSrst is rouWiiZity, which measures the ability 

to realize a given connection requirement. Routability depends on both the 

connection topology of a reconhgurable interconnection network and the 

routing algorithms, which are expected to make efBcient use of the existing 

routing resources, i.e., switches and wire segments[12, 9].
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The second issue is time e@ciency. Despite many advantages, the speed 

of an FPGA implementation is usually slower than that of an application- 

speciâc integrated circuit design. The slower speed is largely due to the 

programmable switches used to make connections. Because they add re­

sistance and capacitance to the connections, the time to reach the voltage 

threshold of gates is increased and clock frequency is decreased.

The third issue is area e@ciency. Switches in the routing network take a 

large chip area [9, 33]. Reducing the number of switches is aimed at achiev­

ing the area e&ciency. The fourth issue is power consumption. An FPGA 

implementation usually uses more power than an apphcation-specihc inte­

grated circuit design. Reducing the power consumption is more important 

with mobile apphcations.

All these issues are hard when a routing networks gets large and complex 

because they interact and some are in conhict. Also these issues are involved 

at diSerent levels of the design process, i.e., topological design, switch circuit 

design and layout design.

Switch blocks are the fundamental switch components in a routing net­

work. They aEect the performance of the routing network with respect to 

routabihty, area, time, and power eSSciencies [12, 9, 14, 46, 51, 34]. De­

signing e@cient switch blocks is fundamental and crucial in the design of 

routing networks. The basic design strategy is to optimize the design of 

switch blocks, i.e., to minimize the number of switches consistent with a 

certain routing capabihty. Although there is no theoretical proof that the 

use of optimal switch blocks results in a high global (chip level) routabil­

ity, extensive experimental results have shown that switch blocks of high 

routing capability are good choices most of the time [42, 9, 14, 51, 24].
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Switch blocks can also be used in the design of high performance circuit 

switching communication networks. The traditional circuit switching net­

works use crossbars as basic switch modules [47, 16, 4]. However, switch 

blocks provide more hexible and highly routable switch modules. For ex­

ample, Yen et al. [64] proposed a polygonal switching network, which is a 

three stage switch module with a universal switch block [14, 46] at the cen­

ter and a full crossbar on each side. Such a polygonal switching network is 

rearrangeable, i.e., it can realize all possible point-to-point connection re­

quests. Moreover, if a polygonal switching network uses a hyper-universal 

switch block at the center, it will be rearrangeable for all possible group 

connection requests.

Switch blocks also have a potential apphcation in the design of on- 

chip reconhgurable interconnection networks for reconhgurable Systems-on- 

a-Chip. Designing a reconhgurable routing network to implement different 

connections among components on a chip is one technique for designing 

reconhgurable Systems-on-a-Chip. However, in this application, generic 

switch blocks are necessary with respect to various types of connection 

requests.

Because of the existing and potential applications of switch blocks, it is 

important to have a systematic design method for designing a switch block 

with respect to any given number of sides and numbers of terminals on all 

sides and routing capability.

This dissertation has four goals. The hrst goal is to examine and classify 

switch block design problems for various types of switch blocks. We describe
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the problem in general as follows. Given a dimension speci^cation, i.e., the 

number of sides, and a channel capaciip specihcation^, i.e., the number of 

term inais on every side, and a roniing copabiliiy spécification, i.e., a set of 

routing requirements, the problem is to  design a switch block satisfying (1) 

it has the specihed dimension and channel capacities, (2) it is routable for 

every routing requirement specihed by the routing capabihty specihcation,

(3) it has the minimum number of switches satis^dng (1) and (2), and in 

addition (4) it has a small hexibihiy, i.e., the maximum number of switches 

incident with a switch, and (5) a feasible routing in the switch block can 

be found eGciently. A switch block satisfying (1), (2) and (3) is said to be 

optimal (or an optimal switch bloch).

We classify switch blocks and switch block design problems according 

to the specihcations. For convenience, we write (h,w)-5'B for a h-sided 

switch block with w terminals on each side, and (di,. . . ,  for a Re­

sided switch block with d, terminals on side i, i =  1 , . . . ,  h. The notions 

of universal [14] and hyper-universal [22] have been used previously. A 

universal (hyper-universal) switch block is one routable for veiy routing 

requirements consisting of 2-pin (multi-pin) nets. The universal (hyper- 

universal) switch block design problem studied previously is to design an 

optimal universal (hyper-universal) (h, w)-SB for every pair of h and w.

In this dissertation, we introduce the concept of a f-umuersol swilch 

6loch, which means a switch block routable for every routing requirement 

consisting of nets from a allowed net pattern set f . A f-universal (di,. . . ,  d^)̂ - 

SB design problem wiH be addressed. This is a more general switch block 

design problem, which covers the universal switch block design problem, as

^The number of terminals on a side is also called channel density, or channel width
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well as the hyper-universal switch block design problem.

The second goal is to integrate the previous work on switch block de­

signs [22, 24, 26, 23] and to establish a systematic design scheme to tackle 

various and more general switch block design problems. A decomposi­

tion design technique^ for hyper-universal (t, w)-SB's was hrst proposed 

in [22]. We have proved a decomposition theorem, which says that, when A; 

is hxed, a hyper-universal (k, w)-SB can be constructed by a disjoint union 

of some copies of a hyper-universal (k,p)-SB and one hyper-universal (&, r)- 

8B, where p is a function of k and there is a hnite number of options for 

r. This implies that when designing hyper-universal (k, w)-8B'8 for every 

w >  1, we can hrst design hyper-universal (A, r)-8B's for some small inte­

gers r, called prime hyper-universal (t, u;)-8B'8. Then we use them to build 

confound hyper-universal (t, w)-8B's for all other w's by the disjoint union 

operation. This design scheme is called a decomposition design scheme. The 

advantages of the compound hyper-universal (k, w)-8B'8 are (1) the num­

ber of switches is linear in w, (2) they are nearly optimal as w grows, and 

(3) a feasible routing can be found eGSciently. This decomposition design 

scheme was also used in designing universal (k, io)-8B's in [27, 26]. In this 

dissertation, we aim to generalize the decomposition design technique for 

a more general class of switch blocks. We achieve this goal by developing 

a decomposition design scheme for f-un iversai h-sided switch blocks with 

the number of terminals on each side is determined by a vector (dw -I- c), 

where d and c are k-dimensional nonnegative integer vectors, and w is a 

scale variable.
is called reduction design scheme previous. We here call it decomposition design 

scheme
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The third goal is to give a detailed proof of hyper-universality for a re­

cently designed prime hyper-universal (4, w)-SB's, and to make a compari­

son with previous (4, w)-SB designs. The new design has been published in 

[24], but a detailed proof for hyper-universality has not yet been published. 

We use routing capability, i.e., the sets of routing requirements routable, 

to compare our new hyper-universal (4, w)-SB's with three previous (4, w)- 

SB designs, i.e., disjoint switch blocks [61], universal switch blocks [14], 

and Wilton's switch blocks [51]. We show that the hyper-universal (4, w)- 

SB's have the highest routing capability. The experiments with the hyper- 

universal switch blocks were done by Y. L. Wii and C. C. Cheung [24]. But 

we do not examine experimental issues in this dissertation.

The fourth goal is to give a detailed description for our universal (k, w)- 

SB designs, including a complete proof of a new decomposition theorem. 

The universal (t,u;)-SB's for t  > 5 design was studied by Shyu et al. [46]. 

We found bugs in their results. A short note with partial corrections was 

made in [27]. In [26], using the decomposition design technique we formally 

proved that the given (t, w)-SB's designs were optimal universal (k, tu)-SB's 

for k < 6, or t  >  7 and even w, and gave approximate universal (k, w)- 

SB's for other vEdues of k and tu. In designing prime universal (k, w)-SB's, 

an important problem is to determine the channel capacities of the prime 

universal switch blocks. It was shown in [26] that the channel capacities of 

prime universal (k,tuj-SBs are w =  1,2,3, . . .  ,2t 4 - 1 , . . . , / 2 (k). The func­

tion / 2 (k) is equal to the maximum degree of a non-decomposable regular 

graphs of k vertices. In [26] it was proved that <  / 2 (k) <  k(k —1)/2, 

and it was conjectured in that / 2 (t) =  where l < i < 6 ,  k > 7  and 

i =  k (mod 6). In this dissertation, we ^ve a proof of this conjecture and
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its impact on universal switch block designs.

^.,9 CoTifrtbtfftofw

The main contributions of this dissertation are:

1. combinatorial modelling for a more general class of switch blocks and 

switch block design problems,

2. more Hexible routing capability specihcations,

3. the enumeration of routing requirements by linear Diophantine equa­

tions,

4. more general decomposition theorems for routing requirements and 

switch block designs,

5. a decomposition design scheme for a wide assortment of switch blocks,

6. design and verihcation of hyper-universal (4, w)-SB's, and

7. a new decomposition theorem for universal (&, w)-SB's.

More specihc details are as follows.

« We describe a combinatorial model for a more general class of switch 

block design problems. All the switch blocks studied previously are 

regular stwlcA blocts, i.e., having the same number of terminals on all 

sides. We consider irregular switch blocks specihed by (di,. . . ,  d*)^- 

SB, and in particular, the (dw-{-c)-SB's where d and c are two given A:- 

dimensional nonnegative integer vectors and tu >  1 is an integer scale
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variable. The (dw +  c)-SB'B can be used to design a (di, . . . ,  d&)̂ -SB 

by choosing d, c and w such that dw +  c =  (di, . . . ,  d&)̂ .

Three aspects of switch blocks are modelled: the switch blocks them­

selves, routing requirements, and feasible routings. It is natural to 

represent a (di, . . . ,  dt)^-SB by a gmp/i with terminals as

vertices and switches as edges, i.e., a graph with vertex set parti­

tioned into k parts labelled 1,2, . . . ,  k, part t has df vertices, and each 

edge joining a pair of vertices in diSerent parts.

We represent a Z-pin net by a subset N  =  { % i , Ç {1,2, . . . ,  k}, 

and a routing requirement for a (di,...,d&)^-SB by a multi-set of 

subsets {N i , . . . ,  A/f} satisfying Ç {1,2, . . . ,  k}, i =  1 , . . . ,  ( and

n {i}| < d(,i =  1,.. . ,k.
3=1

A feasible routing of {IVi,. . . ,  A^} is a subgraph consisting of Z com­

ponents TÎ,. . .  ,3^ such that each is a tree of vertices and 3} 

has a vertex in part % if and only if % E IV,. It is clear that when 

the switches corresponding to the edges of a tree are turned on, then 

the terminals corresponding to the vertices of the tree are connected. 

Using the above model, we reduce a switch block design problem to 

a graph design problem.

m As routing capability terminology, "universal" and "hyper-universal" 

have been used previously. In this dissertation, we propose a more 

hexible routing capability specihcation determined by a given set of 

subsets, called a net pattern set. Let f  be a net pattern set, a routing 

requirement with nets choosing from f  is called a f-n e t routing re­

quirement. A switch block is said to be f-uniuersoZ if it is routable for
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every f-n et routing requirement. For example, when f  consists of all 

2-pin nets, then a f-n et routing requirement is equivalent to a 2-pin 

net routing requirement, and a P-universal switch block is equivalent 

to a universal switch block.

The new switch block design problem is as follows. Given a net pat­

tern set f , and two t-dimensional nonnegative integer vectors d and 

c, design an optimal P-universal (dw 4- c)-SB for every w > 1.

m Computing the set of all f-n et routing requirements for (dw-t-c)-SB's 

for every w > 1 is important in the design of f-universal (dw-t-c)-SB's 

because the set of routing requirements is used to test if a candidate 

design is f-universal. We model a f-n et routing requirement as a 

nonnegative integer vector, called a neguirememt i;ector,

satis^dng a system of linear Diophantine equations. We use the known 

Hilbert basis algorithm [18] to compute the set of minimA.1 solutions 

(the minimal is by component-wise less than ordering) of the system. 

Once the set of minimal solutions is known, we can use it to generate 

all other solutions eSectively by taking nonnegative linear combina­

tions. Graph theory approaches are used to enumerate all multi-pin 

net routing requirements for a (4, w)-SB in [23, 26]. The use of the 

system of linear Diophantine equations solves the problem of com­

putability of the set of minimal routing requirements of (t, tu)-SB for 

any hxed t , which was raised in [23, 21].

m Using the minimal solutions of the system of linear Diophantine equa­

tions, we prove a new decomposition theorem for routing requirements 

for (dw -t- c)-SB design, which says that a routing requirement for a



1.3 ^

(dw +  c)-SB can be decomposed into some routing requirements for 

(f^)-SBs and one routing requirement for a (dr +  c)-SB, where p is 

determined by d and c, and r is determined by p and w, and the 

options for r for all tu > 1 is hnite. This permits the decomposition 

design scheme for f-universal (dtu-t-c)-SB, in which we design the so- 

called prime P-universal ((^)-SB and f-universal (dr 4- c)-SB's for a 

hnite number of r's, and then use them to build all other f-universal 

(dw 4- c)-SB's. This approach not only makes the switch block de­

sign manageable, but also produces linear sized switch blocks and an 

eGcient feasible routing algorithm.

« The optimal hyper-universal (2, w)-SB's and (3, w)-SB's as well as an 

approximate (4, w)-SB design are given in [22]. We will use these 

switch block designs as examples to illustrate our decomposition de­

sign method. The prime hyper-universal (4, w)-SB'8 (w =  1 , . . . ,  7) 

are improved from the results of [22] to optimal designs for w =

1,2,3,4,5 and to near optimal (4, w)-HUSB's for tu =  6,7. With the 

new designs, the compound hyper-universal (4, w)-SB has [6.34w] 

switches.

m We prove a new decomposition theorem for universal (k, w)-SB's, by 

which a union of w/2 copies of optimal universal (t, 2)-SB is an op­

timal universal (t, w)-SB when w is even, and a union of a univer­

sal (t, ^ ^ ySB and copies of universal (k, 2)-SB forms a

universal (A;, w)-SB when w > is odd, where 1 < i < 6 and 

i =  t  (mod 6). A detailed proof for optimal universal (k, 2)-SB is also 

given.
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Some of the results in this dissertation have been published. The decom­

position design scheme for hyper-universal (A;, w)-SB's, including a design of 

hyper-universal (4, u;)-SB with [d.Tw] switches were published in [22, 23]. 

The improved prime hyper-universal (4, w)-SB's with experimental justihca- 

tions were published in [24]. The fundamental results about hyper-universal 

switch blocks were published in [26], and new improvements on universal 

(t, tu)-SB'8 with experimental justihcations were presented in [25].

The rest of the dissertation is organized as follows. Chapter 2 describes the 

background and some previous results on switch block designs. Chapter 3 

formally introduces the combinatorial models for switch blocks. Chapter 3 

also provides the formal dehnitions and notations used in this dissertation. 

Chapter 4 presents the Hilbert basis approach to enumerating a set of min­

imal routing requirements. The sets of minimal routing requirements for 

(3, w)-SB's and (4, tu)-SB's are enumerated explicitly. Chapter 5 presents 

a general decomposition design scheme with examples of designing optimal 

hyper-universal (2, w)-SB's and (3, w)-8B's. Chapter 6 focuses on designing 

general hyper-universal (4, w)-SB's, and Chapter 7 is about the universal 

(A:, w)-SB designs, including the detedled proof of a new decomposition the­

orem.



15

Chapter 2 

Background

In this chapter, we describe the background for switch block design problems 

and some of the previous work on switch block designs. Section 2.1 describe 

the switch blocks for FPGA routing architectures. Section 2.2 presents 

various switch blocks which have been studied, and Section 2.3 illustrates 

generic switch blocks in switching networks.

.9../ FieW  FroÿmmmahZe vdrrat/g am i

An FPGA contains em array of logic blocks, and some other blocks such 

as memory blocks and input/output blocks (aligned in row and column). 

These blocks are connected to a reconhgurable intercoimection network, 

which consists of wire segments of various lengths and programmable switches 

connecting terminals of segment wires. In order to manage the network de­

sign, implementation and fabrication, a reconhgurable interconnection net­

work is usually built of switch blocks joined together by wire segments to 

form a certain architecture.

&.1.1 Field Frogfwnma61e Cote Arrays ond Fontiny Aefworts

A typical FPGA architecture is the symmetric island style model, as shown 

in Figure. 2.1, which has been studied extensively. See, for example [42, 12, 

9, 3, 14, 61, 56, 57]. Island style architectures are used in many FPGA's, 

including the XC4000 series FPGA's [61].
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Figure 2.1: Island style FPGA diagram (from [43]).

vertical channel

horizontal

logic cell

1 2 3  4

31:

track ID

3:

wire segment 

-C-bo.x.

pin of logic cell

Programmablt 
switches 
in r  box

J 'S u :

II
T \

Programmabli— '-i - t-'-i- î^sr. .  , I / I /switches in , y  /  ,< >̂*4^
«witnhhnT±= 1ÿ 1:1

- - /J ,4 1J— &. —i -4I / 1̂'' I

2

I
,.S»iteb.hoü-

Terminal of switch box associated with a track ID ̂
^ 2  3

Side3
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Figure. 2.2 shows a more detailed diagram of an island style FPGA ar­

chitecture, in which the logic blocks are labelled L, switch blocks are labelled 

S, and the connection blocks are labelled C. A logic blocA can be a single 

p-input loot up W le (p-LUT) capable of realizing every Boolean function 

with p inputs by reconhguration, or a clustered logic bloct consisting of sev­

eral p-LUTs. Logic blocks are separated by vertical and horizontal channels. 

There are u; (called the chouuel copucitg) prefabricated parallel wire seg­

ments (only short wire segments are depicted) running between each pair 

of adjacent L-blocks in both the vertical and horizontal channels. The wire 

segments in a vertical (or horizontal) channel are arranged in to vertical (or 

horizontal) tracks; each track within a channel is assigned a distinct integer 

in {1 , . . . ,  to} as its track ID. There are connection blocks in the channel 

between adjacent L-blocks. A switch block is located at each intersection of 

a vertical and horizontal channel. In Figure 2.2, the switch block has four 

sides and four wire segment terminals on each side; programmable switches 

join certain terminals on different sides. It is a (4,4)-SB. The switches in 

the switch blocks are used to connect wire segments, while switches in a 

C-block are used to connect a L-block to wire segments.

When an FPGA is used to implement a Boolean function represented 

as a Boolean network, a partitioning algorithm is used to decompose the 

Boolean network into some smaller subnetworks such that each of them can 

be implemented by a single logic block. Then a placement algorithm is 

employed to select a logic block for each subnetwork, and the input/output 

pins of the selected logic blocks are assigned to a set of disjoint groups, 

where each group called a counecAou regueaf as the pins in the group need

^It is called a net in VLSI design.
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to be connected, and the set of groups (or connection requests) is called a 

connection negnirement. Then a routing algorithm is called to choose wire 

segments and switches such that all the pins in a group are connected and 

pins in different groups are not connected. An assignment of wire segments 

and switches realizing the connection reqirement is called a detailed routing 

(or realization) of the connection requirement. A connection requirement 

is mutable if a detailed routing exists. The term "routabüity" refers to the 

possibilities that a given connection requirement is realizable.

There are basically two kinds of routing algorithms [12, 9, 3, 15,17,13]. 

A two stage router hrst determines a route for each connection request, 

called a global routing, then determines the detailed routing according to 

the global routing. A one stage muter does the routing successively by 

searching for available wire segments and switches for each connection re­

quest. Routing is a hard problem. It is known that determining the exis­

tence of a detailed routing with respect to a global routing is NP-complete 

[58].

j&mttng ATetwor&s and ĵ udtcA Rlocts

We view the interconnection network formed by wire segments and switch 

blocks as the framework of a reconlBlgurable interconnection network, and 

the C-blocks as the interface between the logic blocks and the framework. 

A reconhgurable interconnection network model dehnes how switch blocks 

are connected by wire segments. Figure 2.3 shows conceptual diagrams of 

three commonly used models, i.e., the mesh model, the row-model, and the 

hierarchical model.

Since switch blocks are the main switching component in a routing net-
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logic block wire segment switch mcwiiile (biock)

(a) a mesh model island style)

□ □ □ □ □ □ □ □
□ □ □ □ □ □ □ □

□ □ □ □ □ □ □
(b) a row model

(c) a hieiachical model (tree style)

Figure 2.3: Diagrams of a mesh model, a row-model, and a hierarchical 

model.
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work and they have a great eSect on routability and area eSciency, switch 

block design is very important for FPGA routing network design.

Designing switch blocks is sometimes associated with a routing scheme. 

For example, in the greedy routing architecture [59, 57], h-sided predeter­

mined switch blocks are required. Even after switch blocks are designed, 

determining how to connect individual switch blocks to a reconhgurable 

interconnection network is another challenge because there are w factorial 

different ways to connect by wire segments the terminals in a side of a 

switch block to the terminals in a side of another switch blocks with chan­

nel capacity w. Determining how to make these connections such that the 

resulting reconhgurable interconnection network has the highest routability 

is a challenge [9].

The structure of a switch block dehnes the connections between termi­

nals via switches. Two switch blocks are topologically equivalent or isomor­

phic if one can be changed to another by permuting terminals within the 

sides. Therefore, a topological design for a switch block dehnes a class of 

isomorphic switch blocks.

Routability and the number of switches are two important criteria in 

switch block design. High routability is one goal, and a small number of 

switches is another goal. A small number of switches is aimed at achiev­

ing good area e@ciency. However high routability and a small number of 

switches are conhicting goals.

Rose and Brown examined the trade-oS between chip level routability 

and area e@ciency [42]. They introduced a metric called , de­

noted by F ,̂ which is the maximum number of switches which connect to 

a terminal in a switch block. They investigated the eEect of flexibility on
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routability, and observed that =  3,4 achieves good routability.

However, as there can still be many diSerent switch blocks with the 

same hexibility, it is important to analyze the routabihty diSerences among 

them and to hud optimal designs. This initiated the investigation of switch 

block designs [14].

Four types of 4-sided switch blocks designs have been proposed [61, 14, 

51, 22]. The hrst type is the class of disjoint (4, tu)-8witch blocks, which are 

constructed from u; complete (4, l)-SB's. The Xilinx XC4000 series FPGA's 

use disjoint (4, tu)-SB's. Figure 2.4(a) shows a disjoint (4,3)-SB.

The second type is the class of Wilton's switch blocks [51]. A Wilton's 

(4, w)-SB has terminals j  =  0 , . . . ,  w — 1 on side t, i =  0 , . . . ,  3. and 

switch set

tl,A,(i+l), 2̂ ,A,(2w-2 -i), (3,A,(t+l)} (2 .1 )

where the second index is taken modulo w and a denotes a switching 

joining terminals ty  and Figure 2.4(b) depicts a Wilton's (4,3)-SB.

The third type is a universal switch block. Chang et al. [14] hrst 

proposed the concept of a universal switch block, and gave a generation 

algorithm for universal (4, w)-SB'8. They called a (4, w)-SB generated by 

the algorithm a symmetric universal (4, w)-SB, written M*,̂ . They proved 

that an is an optimal universal (4, w)-SB, and has Eexibility three and 

6u; switches. It was also proved that an is isomorphic to a disjoint 

union of w /2 copies of when w is even, and a disjoint union of (w—1)/2 

copies of and one when w is odd. Figure 2.4(c) depicts a universal

(4 ,3)-SB (written (4,3)-USB) isomorphic to the

The fourth type is a hyper-universal switch block, which was hrst pro-
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Figure 2.4: Routing requirements and feasible routings for four diSerent

(4,3)-SB designs.



2.1 FieW fnogmmMMtZe Gote .Armyg omf 5'mfc/i Bkcta 23

posed in [22]. The concept of hyper-universal switch blocks generalizes the 

concept of universal switch blocks by allowing multi-pin nets. Figure 2.4(d) 

presents a hyper-universal (4 ,3)-SB (written (4,3)-HUSB) [24].

It can be seen that all the four representative (4 ,3)-SB's in Figure 2.4 

have Eexibility three and eighteen switches. However, their routing capa­

bilities are not the same. It can be checked that routing requirement R2 

shown in Figure 2.4(1) is not routable in G2, and R4 is not routable in G3, 

and neither R3 nor R4 is routable in G l. But R l, R2, R3, and R4 are all 

routable in G4. This fact tells us that besides the number of switches and 

the Bexibility, the connection topology is important to the routing capabil­

ity of a switch block.

Switch blocks are designed for FPGA routing networks. It is impor­

tant to test the routability of a routing network resulted by a given switch 

block designs. Elxperiments have been done by diEerent research groups us­

ing VPR (versatile placement and routing) [7]. For a given class of switch 

blocks, and a given benchmark circuit, the experiment is to &nd the minimal 

channel capacity w such that a routing network can implement the bench­

mark circuit with VPR. This is repeated for all benchmark circuits, and 

then the sum of all these minimal channel capacities is used as a measure 

for the routability of the class of switch blocks. Results in [14] say that uni­

versal switch blocks are better than disjoint switch blocks. Results in [51] 

say that Wilton's switch blocks are better than disjoint switch blocks and 

universal switch blocks. Recent experiments have shown that the results 

are sensitive to the number of iterations. At 35 iterations, Wilton's switch 

blocks are the best, then universal switch blocks, hyper-universal switch 

blocks, and disjoint switch blocks. But at 100 iterations, hyper-universal
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switch blocks turn out to be the best, the next are universal switch blocks, 

Wilton's switch blocks and disjoint switch blocks. However, for all bench­

mark circuits, universal switch blocks, hyper-universal switch blocks and 

Wilton's switch blocks are better than disjoint switch blocks.

Because the experimental results depend on many factors such as routing 

architecture, the placement algorithm, the routing algorithm, benchmark 

circuits, etc., it is hard to decide which type of switch blocks is of highest 

routability by experiment. However, from the theoretical point of view, the 

hyper-universal (4, tu)-SB's do have advantages in both routing capability 

and structure because a hyper-universal (4, w)-SB with w > 8 can be con­

structed by the disjoint union of hyper-universal (4, w)-SB with smaller w. 

This property makes hnding a feasible routing in hyper-universal (4, w)- 

SB's easier than in others and layout design of hyper-universal (4, w)-SB's 

is no harder than that of disjoint switch blocks [24].

G eneric ^'wi^cA BZoc&a

The switch blocks discussed in Section 2.1.2 have four sides and all sides 

have the same channel capacity. However, in practical routing networks, 

switch blocks with different numbers of sides may be used. For example, at 

the four comers of an island-style FPGA routing network, 2-sided switch 

blocks are used, and at the edge, 3-sided switch blocks are used. In the tree 

style, 6-way mesh, and 8-way mesh reconhgurable interconnection network 

models [46], switch blocks with more sides are used. Figure 2.5 shows some 

(k, w)-SB's with k =  4,5,6, and their routing requirements and feasible 

routings. On the other hand, the numbers of terminals on diSerent sides 

may not be the same either. That is, a switch block may have diSerent
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chajmel capacities on different sides. Another variable factor is routing 

capability. DiSerent routing cs{)abilities may be required according to dif­

ferent sets of connection requirements.

(g) a feasible routing (h) a feasible routing

(c)a(6.3)-SB

(i) a feasible routing

Figure 2.5: Elxamples of switch blocks with diSerent dimensions.

Therefore, switch blocks with various dimension, channel capacity, and 

routing capability specihcations should be considered. Only a few com­

binations of the three types of specihcations such as universal (4, w)-SB's 

and hyper-universal universal (4, w)-SB's have been studied. More general 

classes of switch blocks have not yet been addressed.
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Shyu et al. [46] investigated the generic nniversal (&, w)-SB design problem 

and generalized the (4, w)-SB generation algorithm of [14] to a (t, tu)-SB 

generation algorithm, which generates an Mjk,w for any pair of (t, w) with 

A; > 2,w >  1. The main result in [46] was that an is an optimal uni­

versal (k, u;)-SB. Unfortunately, the result was incorrect. A counterexample 

was given in [27].

Fan et al. examined the universal (t, w)-SB design problem using the 

decomposition design technique developed for hyper-universal (&, w)-SB's. 

In [27, 26], it was proved that an is an optimal universal (k,u;)-SB'8 

only for k <  6 or even tu.

An n X Tu cruagbor consists of m parallel input wires and m parallel output 

wires; they are placed orthogonally such that each input wire crosses every 

output wire, and programmable switches are placed at some cross-points 

to join the pairs of wires. A crossbar is called a fuH crossbar if there is a 

switch joining each pair of input and output wires, otherwise it is called 

a partial crossbar. It is clear that a full n x m crossbar has nm switches. 

Figure 2.6(a) shows a diagram of a full 12 x 6 crossbar where the vertical 

wires are inputs and the horizontal wires are outputs. A crossbar can be 

viewed as a 2-sided switch block: the input wire terminals are on one side 

and output wire terminals are on the other side, and two terminals are 

joined by a switch if and only if there is a switch joining the two wires of 

the terminals in the crossbar. See Figure 2.6(a) and (b) for examples.
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Figure 2.6: Crossbars and graph representations.
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It is clear that a full m x M crossbar with n <  m can route an input 

signal to an n-subset of output wires in any given order. Particularly, a full 

71 X M crossbar can permute the signals. On the other hand, if an 7i x  ( 71/ 2 ) 

crossbar is used as an (71, l)-switch module with input wires as terminals, 

it can route all multi-pin net routing requirements applied to the input 

terminals.

However, full crossbars are too expensive when 71 and 771 are large. The 

problem of designing crossbars with large m, 71 focuses on selecting cross- 

points where switches are going to be placed to satisfy certain routing spec- 

ihcations. There are basically three types of crossbar design problems. The 

hrst one is to design a partial 71 x 771 (71 >  771) crossbar with a minimum 

number of switches and such that every group of 771 inputs can be routed 

to 771 outputs. Nakamura and Masson [36] showed that an optimal design 

has (71 — 7714 -1)771 switches. Figure 2.6(b) shows an optimal 8 x 6  crossbar.

The second problem is called the sparse cmsskir design problem. It is to 

design a partial 7i  x  71 (71 >  771) crossbar with a linear number of switches (in 

terms of 71) and such that the percentage of routable routing vectors is at 

least a given r. A routing vector is an 71-dimensional 0-1 vector ( z i , . . . ,  z»), 

which is used to represent a selection of input terminals with =  1 meaning 

the i-th input terminal is selected. A routing vector is routable if all the 

selected terminals can be routed to output terminals simultaneously.

The third problem is, given a number p, design a partial 71 x 771 (71 >  771) 

crossbar of p switches which maximizes the number of routable routing 

vectors.

The second and the third problems were investigated in [31, 32], where 

algorithms for generating crossbars and a probabilistic based evaluation
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method were proposed. Note that determining whether a selected set of 

input terminals can be routed to the output terminals in a partial n x m 

(n >  m) crossbar can be done in time polynomial in m by using a max-how 

algorithm.

The switch matrix studied in [54] is a generalization of crossbars. A 

switch matrix has two groups of wires placed orthogonally like a crossbar. 

There are two kind of switches, crossing switches like the switches in cross­

bar, and separating switches which are used to separate the wires. A switch 

matrix is a multi-stage 4-sided switch module. Although a switch matrix is 

not a switch block by our de&ntion, the decomposition design method can 

still be used to design switch matrices.

Circuit ond flyout Designs

All switches in a reconhgurable interconnection network are eventually im­

plemented by circuits, and circuits are laid out for fabrication. Switch 

circuit design determines what types of switches are used. The layout de­

sign determines the hoor plan of gates and the map of wires in each metal 

layer. Circuit design and layout design are the crucial steps in achieving 

area, time and power e&ciencies.

There are basically three types of switches currently being used: a pass 

transistor switch, a multiplexer, and a tri-state buSer [12, 9]. A pass tran­

sistor switch is bidirectional, i.e. a signal can go from one end to another 

end of the switch in either direction. Both a multiplexer and a tri-state 

buSer are unidirectional switches, i.e., a signA.1 can only go &om one end to 

another end of the switch. Each of these switches has advantages and disad­

vantages. Strategies for using these switch circuits associated with certain
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processing technologies are discussed in [8, 34]. A switch block layout with 

evaluations was presented in [45]. A switch block consisting of bidirectional 

switches can be modelled as a graph. A switch block consisting of unidirec­

tional switches can be modelled as a directed graph. For convenience, we 

use bidirectional switches, i.e., a pass transistor switch as our basic switch 

model in the topological design of switch blocks. So we model a switch 

block as an undirected graph.

2 SRAM cells

SRAM
SRAM

Pass transistor Multiplexer Tri-state buf&r

Figure 2.7: Three types of switch gat^ (From [9]).

In this section, we examine the applications of switch blocks in circuit 

switching communication networks. Crossbars have been used widely in 

circuit switching networks. However, general switch blocks can also be 

used to build a circuit switching network.

There are two types of message switching techniques being used in com­

munication networks; circuit switching and packet switching [47]. Circuit
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awifcAmg mefwor&s such as traditional telephone systems make a real con­

nection path between communicating parties, f  octet switching networts, 

such as the internet, transfer messages by sending packets, which carry the 

addresses of their destinations. A packet travels to its destination along 

some path which is not predetermined. Even though the packet switch­

ing model is widely used for communication networks, the circuit switching 

method is still a good solution when a high quality service is required and 

it is the main switching method for an on-chip switching network.

Similar to an FPGA routing network, a circuit switching network uses 

wires and switches. The wires may be optical hbers, or radio channels. 

Whatever techniques are used, the basic function of a recon&gurable in­

terconnection network is to make pipeline connections between pairs of 

communication terminals. One of the design goals of the reconhgurable in­

terconnection network is to implement as many point-to-point connections 

simultaneously as possible.

A directed switching network connecting n input terminals to n output 

terminals is commonly used. Such a network is said to be nearrungeobZe if it 

is routable for any routing requirement formed by a permutation between 

input and output terminals, that is, for any permutation p on { ! , . . . ,  u}, 

the switching network can be conhgured to connect input terminal i to 

p(i), z =  1 , . . . ,  M simultaneously. Such a network is said to be 

if there is a routing strategy such that it can route any routing requirement 

dynamically, i.e., without changing the previous connections to do the rout­

ing for later requests. It is clear that if a network is non-blocking it must 

be rearrangeable. But the inverse is not true. Clearly, an n x n crossbar is 

a non-blocking network.
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One of the basic design problems is to design a rearrangeable multi-stage 

network with a small number of switches. This problem has been studied 

extensively ever since telephone systems were hrst built [16, 4, 47].

Clos [16] proposed the hrst three stage non-blocking network (known 

as a Clos network), which uses full crossbars of smaller sizes as basic 

switching modules and has 6n /̂̂  switches, n is the number of input ter­

minals. Benes [4] proposed a rearrangeable network of 4nZog(2n) switches 

and 0(Zpg n) stages. The well-known Banyan, Baseline, Butterdy, Delta, 

and Omega networks also have 0(Zog n) stages.

All the early switching networks used full crossbars as the basic switch 

modules. In other words, they use 2-sided switch blocks as the constructing 

switch modules.

Yen et al. [64] recently proposed a three-stage, one-sided, rearrangeable 

polygonal switching network, which uses a universal (\/n , \/n)-SB as the 

main switch module and a full x \/n  crossbar attached to each side. 

The polygonal switching network has less than 2n̂ /̂  switches.

Just as a universal (t, w)-SB oSers a solution to the point-to-point con­

nection in a polygonal switching network, a hyper-universal (t, w)-SB can 

be a solution to the many-to-many connection in a polygonal switching 

network. It can be seen that a polygonal switching network with a hyper- 

universal (&, w)-SB at the center is capable of realizing any connection re­

quirement. Such a network is much simpler than the conference network for 

group communication network proposed in [63], which is based on crossbeir 

switch modules.

We next use an example to illustrate the use of switch blocks in switch­

ing network design. Suppose that there are four towns labehed N, E, S, and
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W, and each of these towns has three people, named A/*, and % =

1,2,3. The task is to design a central telephone switching o@ce connecting 

these people, such that it enables group communication. That is, for every 

connection requirement, i.e., a partition of the twelve people, the system can 

be reconhgured to connect simultaneously the people of every group of the 

partition. For instance, {A î, E i, g'l}, '̂a, Wi}, {.̂ 3 , A/g}, {14 ,̂ A ,̂ E3 }

is a partition of the twelve people. The system should be able to connect 

simultaneously and and of the hrst group, and % and of 

the second group, % and Wg and Â  of the third group, and JVg and

of the fourth group, and diSerent groups are not connected. Note that 

we assume that a person is only allowed to be in one communication group 

at a time.

Plan 1: Use a 12 x 6  full crossbar. See Figure 2.8(a).

It is obvious that this design can realize all possible connection require­

ments. It has 72 switches.

Plan 2: Use a complete (12,1)-SB. See Figure 2.8(b).

It is clear that a complete (12,1)-SB is routable for every coimection 

requirement. This design has 6 6  switches.

Plan 3: Use one universal (4,3)-SB and four 3 x 3  full crossbars. See 

Figure 2.4(c).

Note that the universal (4 ,3)-SB is a union of a universal (4,2)-SB and 

a universal (4 ,1)-SB. This plan uses 364-18 =  54 switches. It is routable for 

every connection requirement with at most two people in a group because 

such a connection requirement induces a 2 -pin net routing requirement for 

the (4,3)-SB, and a feasible routing can be found in the switch block, and 

then the crossbars can be used to route the terminals to the corresponding
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(a) use a 12X6 &U crossbar
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a circle indicates a switch
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(b)usea(12,l)-SB
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(c) use a univBrsal (4,3)-SB
with four crossbars

<3(3HZlEl
<%31HPE2
<XK»rPE3

P P P
SI S2 S3

(d) use a hyper îmiversal (4,3)-SB
with four crossbars

Figure 2.8: Ebcamples of reconSgurable iutercoimectiou networks.
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people.

However, this design can not route the connection requirement 

{ N i , E i ,  S , } .  { % ,  S , ,  W i ] ,  { S s ,  W 2, N , } ,  { W s ,  iV s, % }

because a feasible routing would result in a feasible routing of R4 in G3 in 

Figure 2.4(c) on the central (4 ,3)-SB.

Plan 4: Use a hyper-universal (4,3)-SB and four 3 x 3  full crossbars. 

See Figure 2.4(d).

This plan uses 36 -H 18 =  54 switches. It is routable for all connection 

requirements because any connection requirement induces a multi-pin rout­

ing requirement for the (4,3)-SB and we can hnd a feasible routing for the 

routing requirement and use the four crossbeirs to connect to the people in 

each group.

Notice that Plan 4 uses the minimuTn number of switches of all plans 

being proposed. We can also consider other possible three stage designs. 

For instance, we can use one hyper-universal (6 ,2)-SB at the center and six 

2 x 2  crossbars but we have to design a hyper-universal (6 ,2)-SB hrst. We 

can also use an irregular hyper-universal (3 ,4 ,5)^-SB.

Clearly we can make many diSerent choices among hyper-universal switch 

blocks with a total of twelve terminals. But hrst, we need know how to 

design hyper-universal switch blocks with various dimension and channel 

capacity specihcations. We are going to address how to design such regular 

and irregular switch blocks in this dissertation.
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Chapter 3 

Switch Block Design Problems

In this chapter, we hrst describe combinatorial models for switch blocks, 

routing requirements, and feasible routings, then we describe various types 

of switch blocks according to their dimension and channel capacity and 

routing capability specihcations. Finally, we define the switch block de­

sign problems considered in this dissertation. This chapter also serves as a 

reference for the formal terminology and notation.

We use standard terminology and notation &om graph theory and hyper­

graph theory (see for example, [11, 5]) with a minor modihcation to ht our 

switch block design problem.

By a we mean a mWtipk graph, i.e., an ordered pair (V, F7), where 

y  is a finite ?;erfea; set and edge set E is a Tnu&i-aet of S-subsets of y .  ̂

For convenience, an edge {u, u} G F7 is sometimes denoted by ut;. The 

dehnitions for a path, a connected graph, a component, a connected graph, a 

cgcte, a .^amittonion cycle, and a tree are available in [11].

We note that in a nudtt-aet, repetition of an element is allowed; the 

number of replications of an element e in a multi-set A is called the mid- 

tipficity of e, denoted by Pvt(e) (or simply p(e)). Then p^(e) > 0 if e is an

^The graph we conmdered here is allowed to have multiple edges, i.e., edges corre­
sponding to the same Z-subset of vertices, but not allowed to have a loop edge.
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element of A (written e E A). We de&ne p_A(e) =  0 if e is not an element 

of A (written e 0  A). We also note that operations on mnlti-sets take into 

account the multiplicities. A multi-set B is a of a multi-set A

(written B Ç A) if for every element e E B, pg(e) < py (̂e). Two multi-sets 

A and B are equal (written A =  B) if A Ç B and B Ç A. When B Ç A 

but B ^  A, we write B C A and call B a proper au6-muAi-ae( of A. The 

union, inferseciion and d^rence of multi-sets are dehned by:

A U B =  {e, p(e) =  pA(e) -l-pB(e) | e E A or e E B},

A n B =  {e, p(e) =  min{p^(e),pg(e)} | e E A and e E B},

A \  B =  {e, p(e) =  p^(e) -  pg(e) | e E A and px(e) > pa(e)}.

A multi-set is a ae( if the multiplicity of every element is one.

A graph is said to be aimpfe (or a s:nq)fe prup/i) if all its edges have mul- 

tiphciiy one. A graph is called t-porf%(e if its vertex set can be partitioned 

into t  pork such that no edges join vertices within a part.

A /tpperpropA is an ordered pair (V, B), where y  is a oerkz set and edge 

se( B is a multi-set of subsets of y .  ̂ Let G be a hypergraph, we use 

y  (G) and B(G) to denote the vertex set and edge set of G, respectively. 

Let u E y(G) be a vertex and e E B(G) be an edge. If e contains u, we 

write u E e and say e is mcident with u. The degree of a vertex u in G 

is the number of edges incident with n, written dG(u). A hypergraph G is 

said to be A;-regtdor (or r^tdor) if the degrees of all its vertices are equal to 

A (identical). The size edge e (written |e|) is the cardinality of e, i.e., the 

number of vertices contained in e. When |e| =  1 we call e a (or a

singleton edge). A hypergraph is called a t-gropA if all edges have size at

^The hypergraph we deSned here is sometimes called a %perpng)A because
it allows multiple edges, i.e., edges corresponding to the same subset of vertices.
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most k. Then a 2-graph containing no singleton is a graph. For 2-graphs, we 

define a path, a component, a cycle, and a cut edge in the same way as for 

graphs by considering edges of size two. However, two singletons incident 

with the same vertex is considered as an even cycle. A hypergraph C  is a 

(or simply snùgmph) of G (written (7 Ç G) if y  (G') Ç y  (G) 

and jB(G') Ç F7(G), and a spanning snbgmphif, in addition, y  (G') =  y  (G). 

When G' Ç G and G' ^  G we caU G' a proper sn6-hppefpraph of G (written 

G' C G). In particular, when G' is a proper spanning t-regular (regular) 

sub-hypergraph of G we called G' a k-ydctor (/acfor) of G.

A regular hypergraph is said to be non-decomposaùle if it does not con­

tain a k-factor for any k >  1, otherwise it is decomposoAZe. A hypergraph is 

said to be t-ydctor-yree if it does not contain a Arfactor. Two hypergraphs G 

and G' are Momorpdtc if there is a bijection /  from y  (G) to y  (G') such that 

e =  {u(i,...,u*,} € E(G) if and only if /(e ) =  {/(u^J,. . . ,  /(u*,)} e  E(G'), 

and pjs(G)(e) =  pg(G')(/(e)) for every e e  E; such a bijection /  is called an 

womofpdism from G to G'.

,9.;9 ModleZZmÿ 0 /

In this section, we formally dehne our combinatorial models for switch 

blocks, routing requirements and feasible routings. We have introduced 

these concepts in Chapter 1.

Dimension and CTmnneZ Gapaci(p 5ÿeci^cafions

The dimension of a switch block refers to the number of sides, and the 

channeZ capaciZp of a side refers to the number of terminals on the side.

A t-sided stoiZcA 6Zoc& is a switch block in which terminals are parti-
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tioned into k sides and each switch joins a pair of terminals on diSerent 

sides. We label the sides of a t-sided switch block by 1 ,2 , . . . ,  k. Suppose 

that the channel capacity of side % is d* for t Then we call the

switch block a (di,. . . ,  d&) -̂SB, where (di,. . . ,  d&)̂  will denote a column 

vector.

A t-sided switch block with all sides having the same channel capacity 

ui is abbreviated to a (k, w)-SB. We use to denote the class of (&, tu)-

SB's with all w >  1. Let d and c be two k-dimensional nonnegative integer 

column vectors, then (dw +  c)-SB's with all tu >  1 de&ne a class of switch 

blocks with channel capacities determined by vectors (dtu+c), tu > 1. When 

d =  (1 , . . . ,  1)  ̂ and c =  (0 , . . . ,  0)^, a (dtu +  c)-SB is a (t, tu)-SB and the 

class (dtu +  c)-SB's is the t-SB's.

5̂ tuitcA BZoct and GrapA jZqweaenfaAon

It is natural to represent a k-sided switch block by a t-partite simple graph 

with terminals as vertices and switches as edges and sides as parts. This 

model has been used by many authors, see for example [51, 14, 31].

D eûnition 3.2.1 fbr o (di,. . . ,  tue denote the j-th termtnol in

aide t o uerte% /or i =  1 , . . . ,  A ond j  =  1,..., d,. jy there ta o atuttch 

^otntn  ̂termtnola and then tue denote the atuttch hy an ed ê 

Then the (di,. . . ,  correaponda to a h-parttte attnpfe  ̂ praph G tutth

t;ertez aet partition (Vi,. . . ,  I^), tuhere % =  =  1 , . . . ,  d }̂, i =  1 , . . . ,  h

and edge aet E correaponding to the aet 0 /  atuitchea. We call it a repreaen- 

tation graph 0 /  the atuitch hZoch and denote it hp ((VI,.. ., E).

^Note that we aasmne that there is at most one switch joining a pair of terminals.
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For convenience, we will use a switch block and its graph representation 

interchangeably. A complete (di,. . .  ,dk)^-SB corresponds to the complete 

k-partite graph with vertex set partition (Vi,. . . ,  V&), where 1/̂  =  =

1 , . . . ,  d<}, * =  1 , . . . ,  k, and edge set

l ^ î < s < J i ; , j = = l , . . . ,  di,  t  — 1 , . . . ,  dg}  ■

We use to denote a complete (di,. . . ,  dk)^-SB, and Æ(k,u,) to denote

a complete (k, w)-SB.

Let G be a (di,. . . ,  dk)^-SB represented by graph ((Vi,. . . ,  V%), E), and 

G' be a (d^,. . . ,  d%)̂ -SB represented by graph ((VY,. . . ,  V%), F/). We say G 

and G' are iaomorpAic if there is an isomorphism /  from ((V^,. . . ,  V&), to 

((1^,.. . , 1^), E') such that /(14) =  1̂ % i =  1 , . . . ,  k. We dehne the dwgoinf 

unmn of G and G \ written G +  G% to be a (di +  d^,. . . ,  d& +  (^)^-SB with 

graph representation ((Vi . . . ,  V&U V%), E U F/) and the terminals of G'

follows the terminals of G on each side. A disjoint union o /t copies of G (or 

simply t copies of G), written tG, is a disjoint union of t switch blocks where 

each of them is isomorphic to G. For example, is the disjoint union

of three copies of with graph representation ((Vi, V2 , Vs),^), where

^  =  l ,2 ,3 } , i  =  1,2,3 emdE =  < i < a <  3, j  =  1,2,3}.

Aouiinp ^Zegniremenfa

A routing neguiremenf is a set of nets, and a Z-pin net (or a net) is a connec­

tion request which requires coimecting Z terminals on Z diSerent sides. We 

note that a 2-pin net indicates a point-to-point connection, and a mtdtZ-pin 

neZ (i.e, a Z-pin net with Z >  2) indicates a muZZi-poinZ connecZion (also 

called muZZiconnccZiom). There are three types of nets: a track-free net, a
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track-üxed net, and a mixed net. In a /rokc&̂ fnee net, only the âdes of the 

terminais are given, no specihc terminals on the sides are given. A real­

ization of a track-free net can nse any available terminals on the specihed 

sides. While in a tracÂ /Lced net, exact terminals are given. That is, a set 

of sqpedfic terminals are required to be connected. In a miâ ed net, some 

terminals are hxed and others are free.

Throughout this dissertation, we only consider track-hree nets. Un­

less stated otherwise, by net we always mean a track-free net. We rep­

resent a track-6 ee I-pin net specifying I diSerent sides *1 , 1 3 , . .  .,i; by set 

...,%;}. For instance, a 3-pin net that requests connecting three 

terminals on sides 1,2 and 3 is represented by { 1 ,2,3}. With this repre­

sentation of a net, a routing requirement can be expressed asfiimulti-set of 

subsets of aide labels. For example, for a (4,4)-SB, the multi-set of subsets

{{1,2}, {1,2}, {3,4}, {2,3,4}}

represents a routing rexiuiremwmt v/hidi ]bss four nets. The hrst net {1,2} 

requires connecting a terminal on side 1  to one on side 2 , the second net 

{ 1 , 2 } requires connecting another pair of terminals on sides 1  and 2  respec­

tively. The third net {3,4} requires connecting a terminal on sides 3 tocwie 

on side 4, and the fourth net {2,3,4} requires connecting three terminals 

which are on sides 2, 3 and 4, respectively.

Since in a feasible routing for a routing requirement a terminal is allowed 

to be used by at most one net realization, it is necessary for the existence 

of a feasible routing that the number of nets specifying a side is at most 

the number of terminals on that side. Therefore, we always assume that 

the number of nets specifying a side in a routing requirement is at most the
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number of terminals on that aide.

We formally dehne our representation of a routing requirement as fol­

lows.

DeÜnition 3.2.2 vl muting reguirement /or o (di,. . . ,  written

(di,.. . , d&) -̂AR, is represented o mnZti-set {ZVi,ZVg,. . . , TV*} witZi ZV* C

{ 1 , . . . , A;},i =  1 , . . . ,t and

^ |Z V ^ n { i} |< d i , i  =  l, . . . ,k .  (3.1)
j=i

We coZZ ZVj o net (̂ or an |ZV̂ |-pin nel ,̂ and w/ten |ZV̂| =  1, caZZ ZV* o singZeton 

net. When i E ZVj we sag ZY, is incident with ("or speciP^dnĝ  side i.

v4 (di,. . . ,  d&)̂ -Z%Z% {ZVi, Z\ ,̂. ZV̂} is said to be tight, written (di,. dt)^- 

TRE, ^  the number c / nets incident with side i is eguaZ to the capacitg 

di, i =  1 , . . . ,  h, i.e.,

t
y i  |ZVj n  { i} | = di, i  = 1, . . .  , k.  (3 .2)
j=i

.4 routing reguirement/or a (h, w)-RB is denoted bg (h, w)-RR, and o tight 

routing reguirement /or a (h, w)-RB is (h, w)-rRR, where parameters h and 

w are caZZed the dimension and the copacitg, respectineZg. We use h-TRR 

to denote a (t, w)-TRR /or some w.

Z/etf be o se t 0 / subsetsq/{l, . . . ,h}. vl (di, . . . , d&) -̂RR {ZVi,ZY;,. . . , ZV*} 

is coZZed a Z°-net routing reguirement ^  ZVi E f  /or i =  1 ,. . .  ,t. We coZZ 

f  a net pattern set. Zn particuZar, a {5" Ç h }|l <  |5"| < 2}-net

routing reguirement is caZZed a ;0-pin net routing reguirement, an {5' Ç 

h }|l <  1̂ 1 < s}-net routing reguirement is caZZed an s-pin net rout­

ing reguirement, and an {5̂  Ç {1 , . . . ,  h }|l <  <  h}-net routing reguire-
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is coZW o mWii-pm mef rowüng reg«%re?7ieni. ^

The representation of nets via subsets of side labels is similar to that of 

edges via subsets of vertices in a hypergraphs. An edge set is a multi-set of 

subsets of a vertex set. A routing requirement is a multi-set of subsets of side 

labels. Thus, the representation {A/i, JV;,. . . ,  A/̂ } of a routing requirement 

for a k-sided switch block can be modelled by a hypergraph with vertex set 

and edge set {A î, A^,. . . ,  A/̂ }.

In particular, a 2-pin net routing requirement corresponds to a 2-graph, 

an a-pin net routing requirement to an a-graph, and a multi-pin net routing 

requirement corresponds to a general hypergraph. A multi-pin (A, w)-TRR 

(A;-TRR) corresponds to a w-regular (regular) hypergraph on t  vertices. 

This combinatorial model enables us to use hypergraph theory in the study 

of routing requirements.

Ahaaibfe touting

A feasible routing for a routing requirement in a switch block is an assign­

ment ON/OFF to the switches, where the set of ON switches realize the 

requested connections. The edges corresponding to the ON switches in a 

feasible routing induce a subgraph in the representation graph, when each 

component corresponds to a net and each component is a tree.

D efinition 3.2.3 Zet G 6e a (di,. . . ,  gmph repneaenWmn

( j • • " 7 ) 5 -^), whcTc Vi “  \ j  “  1 , . . . ,  dg 1 , . . .  Ijc t R  —

{Ni,A^,. . . , A/f} o ( d i , I F i e  say G Aos ('or contoins^ o

*We note that in the above deGnltion of routing requirements, singleton nets are 
allowed. In practice, singleton nets do not occur. We introduce the singleton net for the 
convenience of mathematical manipulations.
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/eoatAZe rowfmg /or A for G w nm(o6k /or A, or A ig roWotZe m G/ ^  

((Vi, . . . , Vk), .B) /loa o g«6gropA T conawting o ft componemta T i,^ 2 , . . . ,2t 

azicA tkot/br eocA% =  1, . . .  ,t, 7̂  %a o tree o/|jV*| %;erticea OTwt |V(7i)nVj| =  

1 /or every /  6 JV*. We caZZ T for {Tî, Tg,. . . ,  7^}/ o feasible routing o/ A 

m G, o»(Z 7* a routZmy for a reaZZzation/ of net

We note that the channel capacity constraint (3.1) is a trivial neces­

sary condition for the existence of a feasible routing. The realization of a 

singleton net corresponds to a single terminal, or an isolated vertex in the 

realization of the routing requirement.

Exam ple 3.2.1 Figure 3.1(a) shows a (4,4)-SB, where each side has four 

terminals. Figure 3.1(b) shows a (4,4)-RR, which has seven nets: =

{ 1 , 2 }, ZVa =  { 1 , 2 ,4}, ZVa =  { 1 ,4}, ZV4  =  {2 ,3,4}, ZV5  =  { 1 ,3}, ZVg =  {2,3}, 

ZVy =  {3,4}. Net Z\̂  is a 3-pin net, it requires two switches connecting three 

terminals on sides 1, 2, and 4, respectively. Figure 3.1(c) shows a feasible 

routing of the routing requirement.

Sidel Sidel

Side 3

Sidel

(a) e (4.4)-S B
Sides

(b)a(4 ,4)-R R

7 N6 
Sides

(c) a feasible routing

Figure 3.1: An example of a switch block, a routing requirement and a 

feasible routing.
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5'wi(cA BZocA; D eaign frobZem a

We consider three types of design specihcations. A dimension specihcation 

describes the number of sides, a channel capacity specihcation describes the 

number of terminals on each side, and a routing capability specihcation de­

scribes a set of routing requirements which must be rentable. We have three 

types of dimension and channel capacity specihcations: (d i,. . . ,  dt)^-SB's, 

(du) -f- c)-SB's and (k, u;)-SB's. There are three types of routing capability 

descriptions: hyper-universal, universal, and f-universal.

DeÛmition 3.3.1 A switch 6Zoct ^(di,...,d&)^-,9B, (dw 4- c)-5'B, (k,w)- 

is soid to 6e h^gxr-uniuersoZ (uniuersoZ, f-uniuersoZ^ ^ i t  is Touto6Ze/or 

euery mtdti-pin net (%-pin net, f - n e ^  nmtinp requirement (%di,. . . , d&)^- 

AA, (dw-|-c)-jRA, (h, w)-AAj. We write [/SB and B-BSB /b rh ^ e r-

uniuersoZ switch 6Zoch, uniuersoZ switch 6Zoch, and B-uniuersaZ switch 6/och, 

respectiueZy.

A (d i,. . . ,  d&)^-B[/SB ^[/SB, B-BSB^ is said to 6e optimal ^  it has 

the minimum number o/ switcZtes o/ aZZ (d i,. . .  ,dk)^-B^[/SB's ^USB's, B- 

BSB^s/ We denote by mingi/ag(A;, w) ^in[fgB(h, w)^ the number o/switches 

in an optimaZ (h, w)-B[/SB w)-BSBj.

According to these dehnitions, if two net pattern sets B  and B' are 

such that B  Ç B' then a (d i,. . . , dk)^-B'-USB is also a (d i,. . . , d&)^-B- 

USB. Therefore, a (d i,. . . , dk)^-HUSB must be a (d i,. . . , d&)^-USB. But 

the reverse is not necessarily true. In Chapter 6, we will show that the 

symmetric (4, w)-USB from [14] is not a (4, w)-HUSB for w > 3.

Besides the above routing capabilities, we can also consider a switch 

block rentable for a specihc set of routing requirements %, called an %-
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switch block. Table 3.1 summarizes the different types of switch 

blocks characterized by diSerent dimensions, channel capacities, and routing 

capability speci&cations.

(d i,...,d& y^ '-sB (A, w)-SB (dtu 4- c)-8B
R  : a  set of

routing requirem ents
TZ^routable

(d i , . . . ,d k )^ -S B
TZ^routable
(A,w)-SB

% -routable 
(din 4- c)-8B

Hyper-universal (d i,...,dk ) '^ '-H U S B (A,w)-HUSB (dm 4- c)-HU8B
Universal (d i,...,d jk)'^ '-U 8B (A,w)-USB (dm 4- c)-U8B

P-universal ( d i , . . . ,4 ) '^ - P - U S B (A ,w )-f-U SB (din 4- c)-P-U SB

Table 3.1: DiSerent types of switch blocks.

jS'tMtch BZoct Destpu frobZems

Each type of switch block in Table 3.1 is associated with a switch block 

design problem. The existence of these types of switch blocks is obvious be­

cause a complete switch block satisfying the dimension and channel capacity 

constraints is always T^routable (hyper-universal, universal, F-universal). 

The problem considered in this thesis is to design an optimal %-routable 

(hyper-universal, universal, f-universal) switch block. By optimal we mean 

using a minimum number of switches. The switch block design problems as­

sociated with (di,. . . ,  d&)̂ -SB are the problems of designing a single switch 

block with a minimum number of switches. The switch block design prob­

lem associated with a scale variable w is to design a class of optimal switch 

blocks for all w > 1. We are particularly interested in such problems due 

to the requirement of scalability in designs.

The k-HUSB's design problem: Given em integer t  >  1, design an 

optimal (t, tu)-HUSB for every w > 1.
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The k-USB 8 design problem: Given an integer k >  1, design an optimal 

(k, w)-USB for every w > 1.

The (dw +  c)-f-U S B 's design problem: Given a net pattern set f  and 

two k-dimensional nonnegative vectors d and c, design an optimal (dw +  c)- 

f-U SB  for every w > 1.

We note that a solution scheme for the (dw+c)-f-USB's design problem 

can be used to solve the (di,. . . ,  dt)^-f-USB design problem by selecting 

appropriate nonnegative integer vectors d and c, and a scale integer Wo >  1 

such that

dtuo +  c =  (di,. d&) .̂

Once d and c are chosen, we can design a (dwo +  c)-f-USB G using the 

design method for (dw +  c)-f-USB's for w =  wg. The choice for d and c 

is not unique. Suppose nonnegative integer vectors di and ci, and a scale 

integer wi >  1 also satis^ diWi +  Ci =  (di,. . . ,  d&)̂ . Then using the design 

method for (diW +ci)-f-USB's we can get a (diW i+ci)-f-USB Gi. Both G 

and Gi are (di,. . . ,  d&)^-f-USB's. We can choose the one with the smaller 

number of switches. The problem here is how to choose d and c such that the 

resulting (di,. dt)-jP-USB has the smallest possible number of switches. 

Our strategy for finding d and c is to maximize tu, that is,

T7MLc{tu I over all nonnegative integer vectors dand c, dtu+c =  (di,. . . , d*)^}.

The main diSculty in designing an optimal hyper-universal switch block 

or universal switch block is due to the complexity of veri^dng a design. 

One reason is that there is usually a great number of routing requirements 

which need to be checked. Another reason is that it is not easy to End a
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feasible routing in an arbitrary switch block for a routing requirement. In 

this section, we introduce two reductions to reduce the number of routing 

requirements that need to be checked.

.9..̂ . j deductions

Let JP be a net pattern set for a (di,. . .  ,dk)^-SB. Consider the problem of 

designing an optimal (di, . . . , d&)^-f-USB.

Let f  be the net pattern set obtained 6om f  by adding singletons 

{%}, i =  1 , . . . ,  i.e., f  f  U{{%} I i =  1 , . . . ,  A}. Since a singleton net uses

one terminal in a feasible routing, a switch block is a (di, . . . , dt)^-f-USB 

if and only if it is a (di,. . . ,  -USB. Therefore, in the following, we

always assume that a net pattern set contains singletons {i} for i =  1 , . . . ,  A. 

With this assumption, we know that a tight P-net (di, . . . ,  d&) -̂RR always 

exists.

The hrst reduction says that in designing a hyper-universal (universal, 

P-universal) switch block we need only consider tight routing requirements. 

Recall that a tight (di,. . . ,  dt)^-RR is one where the number of nets incident 

with side % is equal to d̂ , i =  1 , . . . ,  t .

Let d  be a P-net (di, . . . ,  dt)^-RR. If d  is not tight, then we can add 

some singletons into d  such that the resulting (di,. . . ,  d&) -̂RR d̂  is a 

(di,. . . ,  d&)̂ -TRR.. It can be seen that a feasible routing of d  ̂ induces a 

feasible routing of d .

Theorem  3.4.1 Zef P  6e n nef set {%} /or i =  1 , . . . ,  k.

A (di,. . . ,  dk)^-dd w P-uniueranf (hÿper-umuersol, umuersol) ^ and ordy 

^  it w rouWde /or euery P-net (nudti-pin, ;8-p*n̂  (di, . . . ,  d&)^-Tdd.
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fro o / Since the set of all f-n et (mnlti-pin net, 2-pin net) ( j i , . . .

TRR's is a subset of all f-n et (mnlti-pin net, 2-pin net) (di,. . . ,  dt)^-RR'8, 

we need only show that a (di,. . . ,  d&)̂ -SB is routable for every f-n et (mnlti- 

pin net, 2-pin net) (di,. d^)^-RRprovided it is rentable for every f-net 

(multi-pin net, 2-pin net) (di,. . . ,  d&) -̂TKR.

Suppose that a (di,. . . ,  d*)^-SB is routable for every tight f-n et (multi- 

pin net, 2-pin net) (di,. . . ,  d*)^-TRR. Let A be any f-n et (multi-pin net, 2- 

pin net) (d%,. . . ,  dt)^-BJL If A is not tight, i.e, there exists a side i such that 

the number d̂  of nets in A incident with side % is less than d̂ , we add di — d| 

copies of singleton {%} into A. Continuing this process until a f-net (multi- 

pin net, 2-pin net) (di,. . . ,  dt)^-TRR jy is obtained. By the assumption, 

A' has a feasible routing f  m the (di,. . . ,  d&)̂ -SB. Removing all vertices of 

F  correq)onding to the added singletons, we obtain a feasible routing of 72 

in the (di,. . . ,  d&) -̂SB. Therefore the (di,. . . ,  d&)̂ -SB is routable for every 

f-n et (multi-pin net, 2-pin net) (d%,. . . ,  d*)^-RR. O

The second reduction says that in designing a hyper-universal (univer­

sal) switch blocks we need only consider those routing requirements con­

taining no {z} and {%/} with z  ^  y.

De&nition 3.4.1 w said io 6e o primitive routing

requirement, wriiien PRR, i /  ii does moi comioim iwo simgleioms {a;} omd 

{%/} such ihai a; ^  y. 6'imiZarly, we coH a ĥ /peryrqph moi comioimim̂  iwo 

simgleiom edges {a;} omd {%/} wiih a; ^  g a prwmiüue hgpergrpah.

Let 72 be a routing requirement containing two singletons {z} and {g} 

with a; ^  g, we call the transformation from 72 into (72 \  {{a;}, {%/}}) U 

{{a;, g}} a primiiiue operaiiom on {a;} and {p}. It is clear that a routing



3.4 froWem 50

requirement can be transformed to a primitive routing requirement via a 

some sequence of primitive operations.

Theorem  3.4.2 /I ( d i , w  A%q)er-umt;ers(d (unwersoZ  ̂ ^  and 

ofdÿ ^  it is mutoùk /or et;ery primitive (di,. . . ,  d*)̂ -AJ%, ond ^  and onZp 

^  it is mntabie /or every primitive (di,. . . ,  d^)^-TRA.

froo / Since the set of all multi-pin net (2-pin net) (di, . . . ,  dk)^-PRR's is 

a subset of all multi-pin net (2-pin net) (di, . . . , d&) -̂RR's, we need only 

show that a (di,. . . ,  dk)^-SB is routable for every multi-pin net (2-pin net) 

(di,. . . ,  djk)̂ -RR if it is routable for every multi-pin net (2-pin net) primitive 

(di,...,d&):^-PRR.

Suppose that a (d%,. . . ,  dt)^-SB is routable for every multi-pin net (2-pin 

net) (di, . . . ,  d&) -̂PRR. Let R be any multi-pin net (2-pin net) (di,. . . ,  d&)̂ - 

RR. If R is not primitive, i.e., there exist two singletons {a;} and {%/} such 

that z ^  y, we remove an {z} and a {y} from R and then add a new 2-pin 

net {r, y}, i.e., do a primitive operation on {z} and {y}. Continue this 

process until a multi-pin net (2-pin net) (di, . . . ,  d&)^-PRR R' is derived. 

By the assumption, R' has a feasible routing f  in the (di,. . . ,  d&)̂ -SB. Re­

moving all edges of R corresponding to the added 2-pin nets, we obtain a 

feasible routing of R in the (di,. . . ,  d&) -̂SB. Therefore the (di,. . . ,  d&)̂ -SB 

is routable for every multi-pin net (2-pin net) (di, . . . ,  d*)^-RR.

Furthermore, by the above argument, we know that, if a (d%,. . . ,  d&)̂ - 

SB is routable for every multi-pin net (2-pin net) (di, . . . ,  dt)^-PTRR, then 

it is routable for every multi-pin net (2-pin net) (di,. . . ,  d; )̂ -̂TRR, and by 

Theorem 3.4.1 it is routable for every multi-pin net (2-pin net) (d%,. . . ,  dt)^- 

RR. O
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By the above two theorems, when designing a hyper-universal switch 

block or a universal switch block, we need only consider tight routing re­

quirements, or primitive routing requirements, or primitive running 

reguirements ( f  TAJZ). Note that we can not reduce to PRR's for f-USB  

design in general because when we join two singletons, a new 2-pin net 

might be etdded to the net pattern set.

DeBnition 3.4.2 vl (A, jR' ia ao*d (o 6e a proper sub-tight rout­

ing requirement q/ o (&,u;)-TRR A A' C A. yl (A, A ia aoid <o

6e minimal ^  A doea hooe a proper au6-<%g/i( roufinp requirement. We 

write AfTAR /or ''minimal tiqht routing requirement", MPTRR /or "min­

imal primitiue tight routing requiren%ent", and h-MTRR (%-MPTRR/ /or 

a (t, w)-AfTRR ('(t, w)-MPrRR/ /or aome ualue o/ to. We aap two k- 

AfPTRR 'a R and R' haue the aame type ^  their correaponding hgperprapha 

are iaomorphic.

The concept of h-MTRR is important to our switch block design tech­

nique. In terms of hyper^eqrhs, a multi-pin net (h, w)-MTRR (h-MTRR) 

corresponds to a non-decomposable w-regular (regular) hypergraph on h 

vertices, and a h-MPTRR corresponds to a non-decomposable primitive 

regular hypergraphs on h vertices. We will show in Chapter 4 that when h 

is hxed, the number of multi-pin h-MTRR's is ûnite. That is, the number 

of non-decomposable regular hypergraphs on h vertices is hnite. Let /(h) 

denote the maximum number r such that there is a multi-pin net (h, r)- 

MTRR. Then when w > /(h), a multi-pin net (h, w)-TRR always contains 

a proper sub-tight routing requirement. In other words, a multi-pin net
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(&, w)-TRR can be decomposed into a disjoint nnion of ^-MTRR's. This 

decomposition property of tight routing requirements plays an important 

role in our decomposition design technique for &-HUSB's.

,9..̂ .,9 Tigkt Aouting .Reguirement V ĉtora

In [14], a routing requirement vector is used to represent a 2-pin net routing 

requirement for a (4,w)-SB. Let n y  denote the multiplicity of { i , j}  in a 

(4, w)-RR, 1 < i < j  <  4. Then nonnegative integer vector

(^1,2 , ni^, ni,4, n2,3, ̂ 2 ,4 , 713,4 )

is called a routing reguirement uector of the (4, w)-RR, written (4, w)-RRV. 

Clearly, a noimegative integer vector (ni,2 , ni,3 , ni,4 , 712,3 , ri2 ,4 , 713,4 ) is a (4, w)- 

RRV of a (4, w)-RR if and only if it satishes

711.2 +  T il ,3 +  T i l ,4  <  W

711.2 +  712,3 +  712,4 <  W (3.3)
711.3 +  712,3 +  713,4 <  W

711.4 +  712,4 +  713,4 <  W

In [46], a (&, tu)-RRy for a (t, w)-SB is dehned be a nonnegative integer 

vector

(711,2 , • • • , 71i,fc, 712,3, • • • , 7l2,fe) . • • ,

satisfying

711.2 +  . .. +  ni,& < tu (number of nets incident with side 1 )

711.2 +  . . .  +  ri2 ,k <  tu (number of nets incident with side 2 )

Til,*; +  . . .  4- n^-i,* <  tu (number of nets incident with side k)
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Where Tî  is the multiplicity of {*, j}  in the corresponding 2-pin net (k, w)- 

RR.

For a 2-pin net (k, w)-TRR with singleton nets are allowed, let s* denote 

the multiplicity of singleton {%}, i =  1 , . . . ,  k in the (A, u;)-TRR. Then the 

nonnegative integer vector

(sij . . . , Sfcj . . .  5 2̂,3) . ' . I 2̂,fc; • • • i ^ k —l,k)

is a solution to system of linear equations:

5 1  -f- M l ,2 +  . . . +  M i,fc =  W

52 +  Ml,2 +  . . . +  U2,k =  W
(3.5)

8jk 4- Ml,;. +  . . . 4- Mk_i,& =  W.

We call nonnegative integer vector

(si, . . . , Sfe, Mi,2, . . .  5 f^X,ki M2,3, • . . , Mg,;., . . . , f^k—ljk)

satisfying (3.5) a (t, written (A, w)-TRRV. It is obvious that

a (t, w)-TKRV corresponds to a (k, w)-TRR.

In general, for a (di,. . .  ,d&)^-SB and a given net pattern set f  =  

{<9i, % ,. . . ,  5'm}. We dehne the incidence motriz of f  to be the A; x n 

matrix A =  (a^j) with Oij =  1 if i E and 0 otherwise. We dehne a f -  

net (di,. . . ,  d*)- TRAF to be a nonnegative integer vector z =  (z i , . . . ,  z^)^ 

satisfying

Az =  (di,...,d&)^ (3.6)

It is clear that a JP-net (di, . . . ,  d&)-TRRV correq)onds to a f-n et (di,. . . ,  d&)- 

TRR. Therefore, we can derive all f-n et (di, . . . ,  dk)-TRR's via computing 

all nonnegative integer solutions to (3.6).
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For example, consider a (2 ,2 ,3)^-SB and net pattern set 

P  =  {{1}, {2}, {3}, {1.2}. {1,3}, {2,3}}. 

Then the incidence matrix of F  is

^ 1 0 0 1 1 0 ^

0 1 0  1 0  1 

0 0 1 0  1 1

Then the (2 ,2 ,3)^-TRR {{1,3}, {1,3}, {2,3}, {2}} corresponds to the (2,2,3)^- 

TRRV z  =  (0,1,0,0,2,1)^, which is a solution to system:

^ 1 0  0 1 1 0 ^  

0 1 0  1 0  1 

0 0 1 0  1 1

3:2
f 2 ^

3:3 = 2
Z4

ZG

I 6̂ V

The switch block design strategy for t-HUSB's (t-USB's) in this thesis is 

designed to solve the following three problems: (1) the enumeration of all 

mnlti-pin (2-pin) net (A, w)-PTRR's for every w, which are used to test if a 

(t, w)-SB is hyper-universal (universal), (2) creating a systematic method 

to construct a (k, w)-SB with a certain routing capacity for any given w, 

and (3) creating an algorithm to End a feasible routing for multi-pin (2-pin) 

(k, w)-RR'8 in the (k, w)-SB. The following example demonstrates the basic 

idea of our method.
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Exam ple 3.5.1 Designing an optimal (4, w)-USB for every w >  1.

We consider 2-pin net (4, tu)-PTRR's in designing 4-USB's by Theo­

rem 3.4.2. It can be checked that there are only two non-isomorphic 2-pin 

net 4-MPTRR's:

{{1,2}, {3,4}}, {{!} , {!} , {2,3}, {3,4}, {2,4}}.

Using the above 2-pin net 4-MPTRR's, we can generate all 2-pin net 4r 

MPTRR's by applying all permutations on {1,2,3,4}:

{{1,2}, {3,4}}, {{1,3}, {2,4}}, {{1,4}, {2,3}},

{{!} , { !} , {2,3}, {3,4}, {2,4}}, {{2}, {2}, {1,3}, {3,4}, {1,4}},

{{3}, {3}, {1,2}, {2,4}, {1,4}}, {{4}, {4}, {1,2}, {2,3}, {1,3}}.

Therefore every 2-pin net (4, w)-PTRR can be decomposed into the 

disjoint nnion of the above 2-pin net 4-MPTRR's. In other words, all 2-pin 

net (4, w)-PTRR's can be obtained by combining the above 2-pin net (4,2)- 

MPTRR's and 2-pin net (4, l)-MF*TRR's. Thus we can use the above (4,2)- 

MPTRR's and (4, l)-MPTRR's to generate all 2-pin net (4, w)-PTRR's for 

every ta.

Since a 2-pin net (4, ia)-PTRR can be decomposed into a multi-set of 

2-pin net (4, l)-MPTRR's and 2-pin net (4 ,2)-MPTRR's, when ta is even 

the number of 2-pin net (4, l)-MPTRR's must be even, so pairing these 

(4, l)-MPTRR's up and also including the existing (4,2)-MPTRR's, we 

obtain ^ 2-pin net (4 ,2)-PTRR's. When ta is odd, the number of 2-pin net 

(4, l)-MPTRR's must be odd; pair these (4, l)-MPTRR's up leaving one

(4 ,1)-MPTRR, so in total we obtain 2-pin net (4 ,2)-PTRR's and one 

2-pin net (4 ,1)-FTRR. Hence the following decompoaitiom property holds.

Proposition 3.5.1 v4 ;0-pim net (4, ta)-PTRR con 6e decotnpoaed into ^
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pin net (4,2 ) - f  7%R 'a toAen w ia et;en, ond into ^-pin net (4,2 ) - f  T7ZA 'a

ond one ;8-pin net (4, l ) - f  7%R token to ia odd.

Because of the above decomposition property, we can start by design­

ing a (4 ,2)-USB and a (4 ,1)-U8B. When to is even, a (4, to)-USB can be 

obtained by taking a disjoint union of ?  copies of the (4,2)-USB because a 

2-pin net (4, to)-PTRR can be decomposed into ^ 2-pin net (4 ,2)-PTRR's, 

each of which has a feasible routing in one of the ^ copies of the (4,2)-USB. 

Similarly, when to is odd, a disjoint union of copies of the (4 ,2)-USB and 

one copy of the (4 ,1)-USB gives a (4, to)-USB. We call the (4 ,1)-USB and

(4,2)-USB prime 4-f/5'B'a, and a (4, to)-USB constructed from the prime 

4-USB's a con^otittd k-tWE.

Figure 3.2 shows a prime (4 ,1)-USB Gi and a prime (4 ,2)-USB G2 . It 

can be seen that Gi is a (4 ,1)-USB as it is a complete (4 ,1)-SB. Gi is an 

optimal (4 ,1)-USB because there must be at least one switch between any 

two sides. However, it is not obvious that Gg is an optimal (4 ,2)-USB. We 

will show Gg is an optimal (4,2)-HUSB in Chapter 6. Chang et al. [14] hrst 

gave an optimal (4 ,2)-U8B, which is isomorphic to Gg. In [14], it was also 

proved that 6tu is a lower bound for the number of switches in a (4, w)-U8B. 

8ince Gi has six switches and Gg has twelve switches, when w is even, ^ 

copies of Gg gives a (4, tu)-U8B with 6w switches, so it is optimal. When tu 

is odd, the disjoint union of copies of Gg and one Gi gives a (4, w)-U8B 

with 6w switches, so it is optimal.

Next we use an example to illustrate how to hnd a feasible routing 

for a given 2-pin net (4, w)-RR in a compound (4,u;)-U8B. Consider the 

compound (4,4)-U8B obtained by taking the union of two copies of Gg. 

Figure 3.3(b) shows the (4,4)-U8B obtained by two copies of Gg. Given
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Figure 3.2: Prime universal 4-sided switch blocks.

a 2-pin net (4,4)-RR, A, for instance, A =  {{1,2}, {1,3}, {1,4}, {2,3},

{2,3}, {3,4}}, we hnd a feasible routing of jR in the (4 ,4)-USB as follows.

Step 1. Convert A to a 2-pin net (4,4)-TRR:
{{1,2}, {1,3}, {1,4}, {2,3}, {2,3}, {3,4}, {1}, {2}, {4}, {4}}.

Step 2. Convert the obtained 2-pin net (4 ,4)-TRR to a (4,4)-PTRR by a 
primitive operation: substituting {1}, {2} by {1,2}, we obtain 
{{1,2}, {1,3}, {1,4}, {2,3}, {2.3}. {3,4}, {1,2}, {4}, {4}}.

Step 3. Decompose the 2-pin net (4 ,4)-PTRR into 2-pin net 4-MPTRR's: 
{{1,2}, {3,4}} U {{1,4}, {2,3}} U {{1,2}, {2,3}, {1,3}, {4}, {4}}.

Step 4. Combining the hrst two 2-pin net (4, l)-MPTRR's, we obtain two 
2-pin net (4 ,2)-PTRR's:
Ri =  {{l ,2},  {3,4}, {1,4}, {2,3}},
% =  {{1,2}, {2,3}, {1,3}, {4}, {4}}.

Step 5. Find a feasible routing for in the hrst copy of Gg and a feasible 
routing for % in the second copy of Gg in the compound (4,4)-USB.

Step 6. Remove the switches and singletons corresponding to the added 
singletons and edges in Steps 1 and 2. A feasible routing of R in the 
compound (4,4)-USB is obtained.

Figure 3.3(a) shows the above transformations of these routing require­

ments from steps 1 to 4. Figure 3.3(b) shows the disjoint union of two

copies of Gg and the corresponding feasible routings of and Rg in G2 .
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Figure 3.3: An example of a compound (4 ,2)-USB and a feasible routing.
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This example illustrates how we solve the three problems at the begm- 

ning of this section. In summary, the scheme of designing for 4-USB's is as 

follows.

(1) Compute all 2-pin net 4-MPTRR's, which are used to generate all 

2-pin net (4, w)-PTRR's for every w by combination, determine the channel 

capacities for prime 4-USB's. In this case, the channel capacities are 2 eind 

1, so prime 4-USB's are a (4 ,2)-USB and a (4 ,1)-USB.

(2) Design a prime (4 ,2)-USB and a (4 ,1)-USB and set up a nonting 

tobk for the (4 ,2)-USB recording the feasible routings of all 2-pin net (4,2)- 

PTRR's in the (4,2)-USB, and a routing table for the (4 ,1)-USB recording 

the feasible routings of all 2-pin net (4, l)-PTRR's in the (4 ,1)-USB.

(3) Construct a compound (4, w)-U8B for every u; > 1 by a disjoint 

union of copies of the prime (4,2)-USB (plus a prime (4,1)-USB when 

w is odd).

(4) Find a feasible routing for a 2-pin net (4 ,4)-RR R in the compound

(4,4)-USB by converting R to a 2-pin net (4,4)-PTRR R', and then de­

composing jfy to 2-pin net 4-MPTRR's, composing them into [yj 2-pin 

net (4 ,2)-PTRR's (plus a (4 ,1)-PTRR when w is odd), and then finding a 

feasible routing for each of the 2-pin net (4,2)-PTRR's in one copy of the

(4 ,2)-USB and (4 ,1)-USB by the routing tables.

We note that the 4-USB design problem was hrst studied by Chang et 

al. in [14]. They gave a (4, u;)-SB generation algorithm and proved that 

the (4, w)-SB generated by the algorithm is a union of [yj (4,2)-SB's 

(plus a (4 ,1)-SB when w is odd) and that is an optimal universal 

(4,w)-USB.
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,9.^ CcmcZwatoTW OTij R t(tire M^ork

In this chapter, using combinatorial models we gave dehnitions of a switch 

block, a track-free net, a routing requirement, and a feasible routing. We 

examined various classes of switch blocks and switch block design problems 

with respect to dimension, channel capacity and routing capacity specih- 

cations. We introduced the new concepts of irregular (di,. . . ,  dk)^-SB's, 

(dw -t- c)-SB's and f-universal switch blocks, which are more general than 

the previously studied regular switch blocks, i.e., the universal (t, w)-SB's 

and hyper-universal (t, w)-SB's.

We also gave an example showing how we design universal (4, w)-SB's. 

We called our design method a décomposition design sc/ieme. In this dis­

sertation, we are going to generalize the decomposition design scheme to 

tackle the general f-universal (dw -t- c)-SB's design problem.

Our current model is based on pass transistor switches, which are bidi­

rectional switches. However, unidirectional switches such as tri-state buSer 

switches are often used in practice. It is of practical value to develop a 

combinatorial model for nets, routing requirements and feasible routings 

for unidirectional switch based switch blocks. Combinatorial models for 

track-hxed nets emd for mixed nets would also be interesting. Developing 

combinatorial models for specihc switch modules such as switch matrices 

would also be a future work.

H istorical notes:

Y. L. Wu introduced his work on switch block designs to me when I was
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working in his research group at the Chinese University of Hong Kong in 

1998. He wanted to hnd a feasible routing algorithm for the switch blocks 

given in [37], which are (4, w)-SB's routable for all routing requirements 

with tracks hxed on a given side. I found that hnding a feasible routing 

for an arbitrary routing requirement with tracks hxed on a side in the 

switch blocks was not em easy task, so I considered an alternative switch 

module consisting of a complete (2, tu)-SB attached to a side of a (4, w)-SB. 

A feasible routing can be found e@ciently in this switch module provided 

the (4,n;)-SB is routable for every track-free routing requirement and a 

feasible routing can be found easily. The problem is how to design such a 

(4, n;)-HUSB with a small number of switches. In the summer of 1999, J. 

Liu invited me to visit him at the University of Lethbridge for a month. 

I proposed the problem to him. He was interested in the problem and we 

began working on it together.

We formally modelled a (k, w)-SB as a t-partite graph, a net as a subset 

of side labels, a routing requirement (previously called a global routing) as 

a multi-set of subsets corresponding to a regular hypergraph, and a feasible 

routing (used to be called a detailed routing) as a spanning forest with each 

component corresponding to a net, and the switch block (previously called a 

switch box) design problem as a graph design problem. Using these models, 

some progress on switch block designs was made. 1 proved that the number 

of mmimai routing requirements is hnite, and gave all 3-MPTRRs and 4- 

MPTRRs. J. Liu investigated the global routing from the point of l-designs 

and hypergraphs, and gave a necessary condition for a global routing being 

minimal.

Furthermore 1 designed optimal (3, w)-HUSB's and approximate (4, w)-
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HUSB's. I mentioned these results to Y. L. Wu after I started my graduate 

studies at the University of Victoria. He was interested in these results, and 

encourage me to generalize the method for (4, w)-HUSB to (t, w)-HUSB's. 

I proved that the method works when k is hxed, and it lead to a (k, w)- 

HUSB with a linear number of switches and an e&cient feasible routing 

algorithm. Y. L. Wu suggested submitting a joint paper to ICCAD 2000 

based on the results on (k, w)-HUSB's, (3, w)-HUSB's and (4, w)-HUSB's. 

J. Liu agreed and the three of us begem to work together on this topic. Y. 

L. Wii did the background investi^tion. He noticed the work on universal 

switch blocks done by Chang et al. [14], emd named our switch block "a 

hyper-universal switch box". The notion "decomposition design scheme" 

was previous called "reduction" design scheme. Our joint paper [22] was 

accepted to IEEE/ ACM International Conference on Computer-Aided De­

sign (ICCAD), and I presented the paper in Nov. 2000 in San Jose. Our 

second joint paper [24] with a better (4, w)-HUSB design and experiments 

was accepted to 38th IEEE/ACM Design Automation Conference. Y. L. 

Wu and C. C. Cheung contributed the experimental results. I attended and 

presented the paper in June 2001 in Las Vegas.

The modelling for the irregular switch blocks and (d w  -I- c)-SB's and 

the concept of f-universal switch blocks were done after my Ph.D candi­

dacy exam, and were hrst proposed in this dissertation. The notion of a 

routing requirement vector (RRV) was hrst introduced by Chang et al. in 

[14]. In order to make use of linear Diophantine equations, I modihed the 

routing vector to be a tight routing requirement vector in this dissertation. 

The computability of aU t-MPTRR's for any hxed k is solved in this this 

dissertation.
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Chapter 4 

The Enumeration of Flouting Requirements

In this chapter, we examine the problem of enumerating the set of aU tight 

routing requirements for some types of switch blocks. This problem is im­

portant to our switch block design approach. We use the complete set of 

tight routing requirements to veri^ that a switch block design satishes the 

required routing capability. We also use the decomposition property of tight 

routing requirements to construct compound switch blocks. Section 4.1 dis­

cusses systems of linear Diophantine equations, and Section 4.2 illustrates 

how we use the set of minimAl solutions to a system of linear Diophantine 

equations to generate tight routing requirement vectors. In Section 4.4, we 

give a combinatorial approach to enumerate t-MPTRR's and then compute 

edl t-MPTRR's for t  < 4, which will be used in Chapters 5 and 6.

A system of linear equations, Ac =  6, is called a ayatem o/ linear DiopAan- 

tine egaatiana if A is an m x n integer matrix and 6 is an m-dimensional 

integer column vector and integer solutions z  =  (æi,. . . ,  are requested. 

If 6 =  (0,. . .  ,0)^, the system is homggeneoaa [18, 30]. A solution z =  

(z i , ...,3:^)^ to Ar =  6 is nan-zero if z  ^  (0,. . . ,0)^, i.e., at least one of 

a%'s is not equal to 0, and a nannegatiae integer aaZatian if all z*'s are non­

negative integers. In the following, unless stated otherwise, every system 

of linear equations considered is a system of linear Diophantine equations.
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and every solution considered is a non-zero, nonnegative integer solution.

Let a: =  (z i , . . . ,  a;̂ )̂  and ̂  =  (%/i,. . . ,  be two vectors. Deûne a; X %/ 

if for all * =  1 , . . . ,  n. A solution y to a system of linear Diophantine

equations is said to be mimmaZ (or a mimmoZ aoZutiou) if there is no other 

solution z such that a; X 2/. The set of mmzmaZ solutions to a homogenous 

system of linear Diophantine equations is also called the Gilbert 6osis of the 

system of linear Diophantine equations.

Let a; be a solution to Ar =  6 and a/ be a m i n i m a l  solution to Ac =  6 

with a/ a;. Then a; — a/ is a solution to Ac =  0.  ̂ Since a; =  a/ -H (a; — a/), 

the solution a; can be expressed as a sum of a m in i m a l  solution to Ac =  6 

and a solution to the homogenous system Ac =  0. A solution y to A|/ =  0 

can be expressed as a nonnegative linear combination of m in i m a l  solutions 

to A;/ =  0 because if %/ is not a minimal solution to Ay =  0, then there is a 

minimal solution such that d  and ^  y. Hence y =  %/ +  (y — %/) and 

y — y  is a non-zero nonnegative integer solution to Ay =  0. If y — 1/  is not a 

minimal solution, then there is a m in i m a l  solution such that y" d  y — z/- 

Then y =  y' +  y" -I- (y — %/ — y") and y — %/ — y" is a solution to Ay =  0. If 

(y— y )̂ is not a minimal solution, then continue until a minimal solution 

is derived. This process must stop in a hnite number of steps as the integer 

solutions keep decreasing strictly and they are nonnegative. Therefore, any 

solution to Az =  6 can be expressed as the sum of a minimal solution to 

Az =  6 and some minimal solutions to the homogenous system Ay =  0.

^In the expression Ax — 0, the right side 0 is an abbreviation to (0, . . . , 0)^. We use 
0 to denote a zero vector. Le., a vector will all components equal to zero.
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FW(emegg 0 /  (Ae fftZberf Bosw

A system of linear Diophantine equations may have an inhnite number 

of non-zero non-negative integer solutions. However, the set of non-zero 

non-negative minimal integer solutions to a system of linear Diophantine 

equations is a hnite set. This can be derived from the well-quasi-ordered 

set theory. A porfwdly ordered get (or poaet) (Q, <) is toell-guugi-ordered if 

there is neither an infinite deacendmp c/mtn nor an in f in i t e  onti-cAatn, or, 

equivalently, for any infinite sequence z*, » =  1,2, . . .  with € Q, there 

exist and Zj such that z< <  Zj and * <  j. Since the set of miniTn«.1 

elements forms an anti-chain, a well-quasi-ordered set always has a 

Anite number o f minimal elem ents. See [29, 20] for more detailed 

descriptions about the properties of well-quasi-ordered sets.

For example, if 2̂  denotes the set of nonnegative integers, then (2̂ , <) 

is a well-quasi-ordered set. This is because for any in f in i t e  sequence of 

noimegative integers z,, i =  1,2, . . . ,  if the integers in the sequence are 

unbounded, then there must exist an Zj such that z% < Zj and 1 < 

otherwise, there must exist z* and Zj such that z* =  Zj and % < j.

Lemma 4 .1.1 (Higm an [29, 20]) (Q, <) 6e o weZZ-guugf-ordersd get

and Q* 6e tAe get off /ifwte geguenceg /brmed elements /rvm Q. fbr 

a =  [ui,02,. . . , ô ] E Q* and b =  [61,63,...,6m] 6 Q*, d^ne a X b ^ b  

Aag a subgeguence 6(1,..., (^ gucA tAat < fa < . . < 4» and â  < 6̂  ̂ /or 

/  =  1, . . . ,  n. TTien tAe partially ordered get (Q*, X) ig a well-guasi-ordered 

get.

By Lemma 4.1.1 and the fact that (Z, <) is well-quasi-ordered, we know 

(Z*,:^) is well-quasi-ordered. Let Z" =  {(zi,...,Zm)^|z< E Z}. By the
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fact that a subset of a well-quasi-ordered set is also well-quasi-ordered with 

ordering of the super set, we have (2^, is well-quasi-ordered since Z" Ç 

Z*. Note that [zi,...,Zn] [ % / i , i f  and only if % for all

Î  I 5 , . .  3 n , i.e., ( ^ l î . . .  5 ~  (jJXi ■ " • 5 2/n) ■

Theorem  4.1.2 The aef 0/  mmimaf aoZuttona (0 o gyatem 0/  Zinear Dio- 

phantine egnotiona *a o yinite get. The ffiZhert hoaig 0/  a homogenaaa linear 

Diophantine egaationa ia a yinite aet. ^

froo/. Let Ar =  6 be a system of linear Diophantine equations with a: =  

( z i , . . . ,  Then the set 5̂  of all non-zero nonnegative integer solutions 

to Ar =  h is a subset of Z". Therefore (5̂ , d ) is a well-quasi-ordered 

set, and so that (6", d) has a hnite number of minimal elements. That is, 

the system of linear Diophantine equations Ac =  6 has a hnite number of 

minimal solutions with respect to ordering ;K. Similarly, there is a hnite 

number of minimal solutions to a homogenous system of linear Diophantine 

equations. That is, the Hilbert basis of a homogenous system of linear 

Diophantine equations is a hnite set. O

the 5'et 0/  Afinimal 5'olu(:ona

There are several known algorithms for computing the set of minimal solu­

tions to a system of linear Diophantine equations. Contejean and Devie [18] 

surveyed some of them and gave an incremental algorithm. Pasechnik [38] 

recently presented another algorithm. Contejean and Devie's algorithm is 

simple and ea;^ to implement. It can be described as follows.

^This theorem  m ust have b een  proved a  lon g  tim e ago. W e in clu d e it  for se lf­
containm ent o f th e  th esis.
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Let Ac =  0 be a homogenous system of linear Diophantine equations, 

where A is an m x n integer matrix. Let e, denote the n-dimensionai unit 

vector, i.e., the i-th component is 1 and the other components are 0.

H ilbert basis Algorithm  

Input: Ac =  0

7̂  : =  {ei,...,em};

B :=  0;

w hile 7)^0  do;

B :=  B U {z E 7̂  I Ac =  0};

C := {z  E 7  ̂\  B I Va E B, z  ^  a};

7) := {z +  e* I z E /I, (Ac)^(Aei) < 0}; 

end while 

O utput B.

Even though the above algorithm looks simple, the proof of termination 

of the algorithm is complicated [18]. The above algorithm can be used 

to compute the set of all minimal solutions to Ac =  6 by hrst applying

the algorithm to compute ail minimal solutions to the homogenous system

Ac — =  0 (i.e., (A, 6)(z^, =  0), and then choosing those solutions

(z^, with g =  1.

Vectors

In this section, we use a system of linear Diophantine equations to compute 

the set of all tight routing requirement vectors (TRRV) for a given type 

of switch block. Suppose a given a channel capacity vector (di,. . . ,
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and a net pattern set P  =  {5%, % ,. . . ,  S»}, where 5̂* Ç {1,2, . . . ,  k} and 

{{%}|i =  1, . . . ,  k} Ç P. The problem is to compute all P-net (di,. . . ,  d^)̂ - 

TRJRV's. This problem is equivalent to solving a corresponding system of 

linear Diophantine equations (3.6), i.e.,

Ar =  (di,...,d&)^ (4.1)

where A =  ((Wj)kxn is the incidence matrix of P  with =  1 if t E and 

0 otherwise.

From the discussion in Section 4.1, we know that all P-net (di,. . . ,  d*,)̂ - 

TRRV's can be computed by determining all nonnegative integer solutions 

to the above system of linear equations.

Pegutnsmenf Vectors /or a Qoas o/5'«d(cA Bfocks

Let d and c be two k-dimensional nonnegative Integer column vectors. In 

designing (dw-t-c)-P-USB's, we need to compute ail P-net (dto-|-c)-TRBV's 

for every integer to >  1. We have seen that, for any hxed w, a (dw -4- c)- 

TRRV corresponds to a nonnegative integer solution z =  (z i , . . . ,  z^)^ to 

the following system of linear Diophantine equations:

Ar =  dw -I- c (4.2)

However, solving (4.2) for every to is not eSiective. We use an alternative 

approach based on the Hilbert basis of a homogenous system of linear Dio- 

phantine equations.

In the following, we take both æ and w as unknown variables and con­

sider the following system of linear Diophantine equations

Ar — dw =  c, i.e., (A, —d)(z^, w)^ =  c (4.3)
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and its homogenous systems

Ac — dw =  0, i.e., (A, —d)(z^, =  0 (4.4)

where (z^, is the column vector (z i , . . . ,  z», w)^. By the arguments in 

Section 4.1, if the Hilbert basis of (4.4) is known, then for any hxed tu, say 

tu =  tuo, we can use the Hilbert basis to generate all solutions of A c—dtuo =  

0 by nonnegative linear combinations of the minimal solutions as follows. 

Suppose that the Hilbert basis of (4.4) consists of (z^, tui)^,. . . ,  (z^, tu*)̂ . 

Solve the linear Diophantine equation

tUi%/i4-tU2î/2 +  . . .  +  tU(% =  tUo. (4.5)

For each solution (%/i, %,. . . ,  %)̂  to (4.5), %/j(ẑ , tUj)̂  is a solution to

Ac — dtuo =  0. Since a solution to Ac — dtuo =  0 can always be decomposed 

into the union of Tnmimm.1 solutions, we can generate all solutions to Ac — 

dtuo =  0. But the same solution may be generated more than once because 

the decomposition is not unique.

We have seen that every solution to Ac — dtu =  c can be expressed as a 

sum of a minimal solution to Ac — dw =  c and a solution to Ac — dw =  0. 

The latter can be expressed as a nonnegative linear combination of minimal 

solutions to Ac — dtu =  0. Therefore we can use the set of minimal solutions 

to A c—dtu =  c and the Hilbert basis of A c—dtu =  0 to generate all solutions 

to Ac — dtu =  c.

For a hxed tu =  tug, to generate all solutions to Ac — dtuo =  c, we can 

hnd all the minimal solutions to Ac — dtu =  c , =  (zj^,. . . ,  z^„,tu^) ,̂ j  =  

! , . . . , /  with tUj <  tuo 6om the set of minimal solutions to Ac — dtu =  c. 

Then for each tUj, we can generate all solutions to Ac — d(tuo — tû ) =  0
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from the Hilbert basis of Æc — dtu =  0 using the method described earlier. 

For each of them by adding Aj, we obtain a solution to Ar — dtuo =  c.

In summary, by using a Hilbert basis algorithm, we can compute the 

sets of all minimal solutions to (4.3) and to (4.4), and then use them to 

enumerate all f-n et (dtu +  c)-TRBV's for every integer tu > 1. Since a 

f-n et (dtu +  c)-TRRV corresponds to a f-n et (dtu +  c)-TRR, all f-net 

(dtu +  c)-TRR's can be enumerated via the above generation method.

In particular, when d =  (1,. ., 1)  ̂and c =  (0 , . . . ,  0)^ and f  =  {<9 11 <

15̂1 <  t} , a minima] solution to Ar — dtu =  0 corresponds to a multi-pin 

net A:-MTRR, i.e., a non-decomposable regular hypergraph on A vertices. 

Therefore, for a hxed t , and using the algebraic method described above, we 

can enumerate the set of multi-pin net k-MTRR's, and then all t-MM7RR's 

(note that the set of t-MPTRR's is a subset of k-MTRR's). This solves the 

enumerability of the set of multi-pin net k-MTRR's (t-MPTRR's) for any 

hxed t.

In this section, we discuss the enumeration of k-MPTRR's via combma- 

tories. In this method, the maximum degree of a non-decomposable hyper­

graph on t  vertices is useful for bounding the search space.

Denote by «̂(A;) the set of all g-pin net t-MPTRR's, where 2 <  a < A;. 

We write ^(k) for ^k(^), which is the set of multi-pin A;-MPTRR's. When 

a =  2, ^ 2  (A;) is the set of 2-pin net t-MPTRR's. Since the set of a-pin net 

A;-MTRR's correspxonds to the set of minimal solutions to a corresponding 

system of linear Diophantine equations and the set of k-MPTRR's is a 

subset of t-MTRR's, by Theorem 4.1.2, we have the following theorem.
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Theorem  4 .3 .1  fb r  anp A ayW 2 <  g <  k, (/te TiuT7%6er o / g-pm n,e( 

k-MTRA^g ig ytn»(e, and (Ae a a m k r  o / aZZ g-pm »e( k-AfPTRR'g *g /tm(e, 

*.e., ig a y%m(e get

D ehm tion 4.3.1 De/tne (/te yitmc(toft

/a ( t )  =  m ax{ r | (/tere ez*g(g an g-pm ne( (A;, r ) -M f  TRR}

At par(icWar, we j^Tte

/ ( k )  =  m ax{ r | (/tere arw(g a mW(*-pm 7ie( (k, r)-M PTRR},

t.e., / ( k )  =  /k(k).

Since a primitive operation does not change the minimality of a tight 

routing requirement, applying a sequence of primitive operations to a mini­

mal tight routing requirement yields a primitive tight routing requirement. 

So we have the following lemma.

Lemma 4 .3 .2  / ,(k )  =  m ax{ r | (/tere ea%g(g an g-pm ne( (k, r)-AfT!RR} 

From the above dehnitions we have:

g a ( k ) ç % ( k ) ç . . . ç 6 / t ( k )  =  C/(k),

/2(k) <  /3(k) <  . . .  <  A(k) =  /(k).

It is clear that /g(k) is equal to the maximum value of degrees of all 

regular a-graphs on k vertices. Since ^«(k) is a hnite set by Theorem 4.3.1, 

/g(k) is well-dehned and hnite.
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Theorem 4.3.3 An a-pin ne( (k, r )- f  TAR wif/t r > /«(k) con oZwoya be 

(feconzpoaej info o di^oinf onion o/a-pin nef A-MPTRR'a o/ copocifiea of 

Tnoaf /a(t). 7h of/ter tuonfa, oR a-pin nef (t, w )-f TRA'a con be generofed 

yrom a-pin nef t-MATAA'a too jiayoinf oniona.

The vBilue of /(A) is useful iu enumeratiug all multi-pin net A-MPTRR's 

and in designing t-HUSB's. We want to know the value of /(A:). P. HaxeH 

proved that / ( t )  has a sup»er-polynomial lower bound [2 1 ].

Theorem 4.3.4 (P. Haxell, [21]) 7%ere eziafa o conafonf C > 1 anch 

fhof /(&) >  /or if^nifely mony uofnea o/ k.

We have been looking for an upper bound for /(A). We recently found 

such a bound by using Pottier's upper bound on the sum of the components 

of a minimal solution T =  ( z i ,. . . ,  z,)^ to a system of linear Diophantine 

equations Az =  0 [41]:

^ I K E  |(^jl +  1), (4.6)
i=l i=l 3=1

where A(dij) is a g x p integer matrix. By dehnition, /(k ) is maximum tc 

such that there is a non-negative integer vector z such that (z^, tc)^ is a 

minimal solution to

A z  — ( 1 , . . . , l)^u; =  0 (4.7)

where A is the incidence matrix of net pattern set {A G { 1 , . . . ,  k } |l < 

|A| <  k}. Since (A, —(1 ,..., 1 )^) is a kx2* matrix, the sum of the absolute

values of each row is 2*"̂  -I-1. Then the right side of (4.6) is (2*̂ "̂  -t-1)*.

Consider a minimal solution to (4.7) with the last component equal to /(k ), 

we obtain

f { k )  <  ( 2‘ “ '  +  1) ‘ . ( 4 .8)
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Once /(k ) or an upper bound 6 (k) > /(&) is known, we can enumerate 

all non-decomposable r-regular hypergraphs for r =  1 ,. . . ,  /(A:), or for r =  

1 ,. . . ,  6 (A;). This guarantees that we can derive all k-MPTRR's.

MzmmoZ 0 /  5'maZZ D tm enaio/w

In this section, we enumerate all multi-pin net t-MPTRR's for A; < 4. They 

will be used to design 2-HUSB's and 3-HUSB's in Chapter 5, and 4-HUSB's 

in Chapters 6 . As in the last section, we useed p(&) to denote the set of 

all multi-pin net k-MPTRR's and /(A;) to denote the mATriTmim r such that 

there is a multi-pin net (A:, r)-MPTRR, i.e., /(A;) is the maxiTmim value 

of degrees of all non-decomposable regular hypergraphs on A: vertices. For 

convenience, we omit the notion "multi-pin net" in this section.

It is obvious that there is only one 1-MPTRR, i.e., {{1}}, so ^(1) =  

{{{!}}}  and /( I )  =  1 . It is also obvious that there is only one 2-MPTRR,

i.e., {{1,2}}. Therefore, ^(2) =  {{{1 ,2}}} and /(2 ) =  1 .

For A: =  3, since {{1,2}, {2,3}, {1,3}} is a (3,2)-MPTKR, /(3 ) > 2. 

We show that /(3 ) <  2. Suppose, on the contrary, that there is a (3, r)- 

MPTRR, say R, with r >  3. Then R does not contain {1,2,3} because 

{{1 ,2 ,3}} is a (3 ,1)-TRR. We may assume that R contains a minimum 

number of subsets of all (3, r)-MPTRR's. By this assumption, we know 

that R does not contain two subsets and TVg with 7Vi D =  0 because 

otherwise (R \  {IVi, A/g}) U {Â i U TVa} would be a (3, r)-MPTRR with a 

smaller number of subsets. Hence if R contains a subset of size 1, say {1}, 

then none of {2}, {3}, {2,3} is contained in R. Therefore R contains only 

the subsets of {1,2}, {1,3} and {1}. It is clear that R could not be a (3, r)- 

PTRR because the number of subsets containing 1 in R is greater than the
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{{1 },{2 ,3 }},{{2},{1 ,3 }},

{{3 },{!,2 }},{{1 ,2 ,3 }} ,

{{1 ,2},{2 ,3},{1 ,3}}

Table 4.1: A list of all 3-MPTRR's.

G ü i-{ { 1 ,2 ,3 ,4 } } ,

Gfl} =  {{ l,2 } ,{3 ,4 }} ,

GiJ? =  {{1,2,3}, {1,2,4}, {3,4}},

GBl =  {{1 ,2 ,3}, {1,4}, {2}, {3,4}},

GBi =  { { l,2 } ,{3 ,l} ,{2 ,3 } ,{4 } ,{4 }} ,

Gflf =  {{ 1 , 2 , 3}, { 1 , 2 ,4}, {3 ,4 ,1 }, { 2 ,3 ,4}},

G U I  =  {{1 ,2 ,3}, {1,4}, {2,4}, {3,4}, {1,2,3}}

Table 4.2: DiSerent types of 4-MPTRR's.

number of subsets containing 2. Similarly, A contains neither { 2 } nor {3}. 

Hence A contains only subsets of size two. Then A must contain all subsets 

of { 1 ,2}, {1,3}, {2,3}. Therefore A contains { { 1 , 2 }, { 1 ,3}, { 2 ,3}}, which 

is a (4,2)-MPTRR. A contradiction follows. It follows that /(3 ) <  2, so 

that /(3 ) =  2. The list all 3-MPTRR's of ^(3) is given in Table 4.1.

Next we consider t  =  4. We say two k-MPTRR's R and R' have the 

same if their corresponding hypergraphs are isomorphic. We hrst con-
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struct a set of 4rMPTRR's, see Table 4.2, where denotes a jth  type 

of (4, i)-MPTRR's. It can easily be checked that each GAj's is a (4, %)- 

MPTRR. It can be seen that no two 4-MPTRR's in Table 4.2 are iso­

morphic. It can also be verihed that Table 4.2 gives all diSerent types of 

(4, *)-MPTRR's with i <  3. Next we show that /(4 ) =  3.

It is clear that /(4 ) >  3 since is a (4,3)-MPTRR. Now we prove 

that /(4 ) <  3. Suppose, on the contrary, that there is a (4, r)-MPTRR, 

say R, with r >  4. Then R does not contain any 4-MPTRR of types in 

Table 4.2. We may assume that R is a (4, r)-MPTRR with a minimum 

number of subsets over all (4, r)-MPTRR's. Then the intersection of every 

pair of subsets in R is not empty because if JVi, E R such that n

=  0, then (R \  {AZi, A/g}) U {A/i U A/g} would be a (4, r)-MPTRR with 

a smaller number of subsets. Consequently, R does not contain a subset of 

size one since otherwise, say { 1 } E R, then all subsets of R must contain 

1, which imphes that the number of subsets in R containing 1 would be 

greater than the number of subsets containing 2 , which contradicts the fact 

that R is a tight (4, r)-RR. We have that R does not contain {1,2 ,3 ,4} 

and R does not contain all of {1,2,3}, {2,3,4}, {3,4,1}, {4 ,1,2}. We next 

consider four cases according to the containment relations of R with subsets 

{1,2,3}, {2,3,4}, {3,4,1}, {4,1,2}.

Case 1: R contains three of {1,2,3}, {2,3,4}, {3,4,1}, {4 ,1 ,2 }.

Without loss of generality, assume that R contains {1,2,3}, {2 ,3 ,4}, and 

{3,4,1}. Then R does not contain {1,4} because {{1,2 ,3}, {2 ,3 ,4}, {1,4}} 

is a (4,2)-MPTRR. Similarly, R does not contain {1,2} or {2,4}. Therefore, 

R contains only the subsets of {1,2,3}, {2 ,3 ,4}, {3 ,4 ,1 }, {3,4}, {2,3}, { 1 ,3}. 

Let =  1, . . .  , 6  be the multiphcities of these subsets in R. Then z '̂s
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are nonnegative mtegers and satis^ the following equations, in which each

expression is the number of nets incident with a side:
6

3:1 +  3 :3  +  æ g  =  T i  +  % 2 +  Z B  =  ^  Z :  =  Z 2  +  Z g  +  =  r .

«=1

The only nonnegative integer solution of the above system of equations is 

Zi =  0 , 2  =  1 , . . . , 6 , which implies that r  =  0, a contradiction. In fact, 

if all subsets in A contain a common element, that would also lead to a 

contradiction.

Case 2: A contains two of {1,2,3}, {2,3,4}, (3 ,4 ,1}, {4,1,2}.

Without loss of generality, assume that A contains {1,2,3} and {2,3,4}. 

Then A does not contain {1,4} because {{1,2,3}, {2,3,4}, {1,4}} is a 

(4 ,2)-MPTRR. If A contains both { 1 ,2} and {1,3}, then A contains nei­

ther {3,4} nor {2,4}, then E contains only the subsets of {1 ,2,3}, {2,3,4}, 

{1,2}, {1,3} and {2,3}. Let z<, % =  1 , . . . ,  5 be the multiplicities of these 

subsets in A. Then

3:1 +  3:3 -K  Z 4 =  Z i  4-  Z 2  +  Z 3 4-  Z g  =  Z i  -I- Z 2  +  Z 4 -I- Z g  =  Z 2  =  r .

This implies that r =  0, a contradiction. Therefore JZ does not contain both 

{1,2} and {1,3}. Similarly, 72 does not contain both {4,2} and {4,3}.

If 72 contains { 1 , 2 }, then 72 contains only the subsets of { 1 , 2 ,3}, { 2 ,3 ,4}, 

{1,2}, {2,3} and {2,4}. All these subsets contain 2, a contradiction. There­

fore 72 does not contain { 1 , 2 }. Similarly, 72 does not contain any of { 1 ,3}, 

{4,2} and {4,3}. Then 72 contains only the subsets of {1 ,2,3}, {2,3,4}, 

and {2 ,3}. This is a impossible as all these three subsets contain 2 .

Case 3: 72 contains one of {1 ,2 ,3}, {2,3,4}, {3 ,4 ,1 }, {4 ,1 ,2}.

We may assume that 72 contains {1,2,3}. Then 72 must contain at 

least one of {3,4}, {1,4} and {2,4} because 72 must contain nets inci-
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dent with 4 and these three nets are the only available subsets contain­

ing 4. If A contains all of {3,4}, {1,4} and {2,4}, then A does not con­

tain any of {1,2}, {2,3} and {1,3}. Now A contains only the subsets of 

{1,2,3}, {3 ,4 },{ 1 ,4}, {2,4}. Let =  1 , . . . , 4  denote the multiplicities 

of {1,2,3}, {3,4}, { 1 ,4}, {2,4} in A, respectively. Then the following equa­

tions must hold:

Zi +  3 :3  =  -t- Z4  =  -t- =  3 :2  -t- 2 :3  -k 2 4  =  r.

Therefore, 2 :2  =  2 :3  =  Z4  =  § >  1, and 2 :1  =  y  > 2. Then A contains

{{1,2 ,3}, {1,2,3}, {3,4}, {1,4}, {2,4}},

which is a (4 ,3)-MPTRR. A contradiction follows.

If A contains exactly two of {3,4}, {1,4} and {2,4}, we may assume, 

without loss of generality, that A contains {3,4} and {1,4}. Then con­

tains only the subsets of {1 ,2 ,3},{1 ,3}, {3 ,4},{1 ,4}. Let 2 :i,t =  1 , . . .  ,4 

denote the multiplicities of {1,2,3}, {1,3}, {3,4}, {1,4} in A, respectively. 

Then following equations must hold:

2:1 4 - 2 :2  +  2 :4  =  2 :1 =  2 : i  -I- 2 :2 4-  2 :3 =  2 :3  - |-  2 :4  =  r

It follows that r =  0, a contradiction.

If A contains exactly one of {3,4}, {1,4} and {2,4}. We may assume, 

without loss of generality, that contains {3,4}. Then A contains only 

the subsets of {1,2 ,3}, {3,4}, {2,3}, {1,3}. All these subsets contain 3, a 

contradiction.

Case 4: A does not contain any one of {1,2,3}, {2,3,4}, {3,4,1}, {4,1,2}. 

Then A contains at most three diSerent types of subsets of size 2  

since no two nets have empty intersections. Without loss of generality,
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assume that A contains {1,2}, {1,3}. Then A contains neither {3,4} nor 

{2,4}. Then A must contain {1,4}. Then A contains only the subsets of 

{1,2}, {1,3}, {1,4}. But all these subsets contain 1, a contradiction follows.

In summary, every possible case leads to a contradiction. Therefore 

/(4 ) =  3, and Table 4.2 contains all possible types of 4-MPTRR's.

For k >  5, the computation of multi-pin net t-MPTRR's and /(^ ) have 

not yet been proved formally. However, we have computed all 2-pin net 

k-MPTRR.'s for k =  1 ,2 , . . . , 8 . The exact value of has also been 

derived, see Chapter 7.

CcmcWtoTw and WbrA;

In this section, we presented a method of enumerating routing requirements 

via solving a system of linear Diophantine equations. The good news is that 

we can use existing Hilbert basis algorithms to enumerate all minimal, tight 

routing requirements, then use these to generate all tight P-net routing 

requirements. This shows that the set of all t-MPTRR's for any hxed A; is 

enumerable.

The bad news is that using the known Hilbert basis algorithm to enu­

merate multi-pin net A;-MPTRR's can not be done in polynomial time in A;. 

We implemented the Contejean and Devie's algorithm to enumerate multi­

pin net Az-MTRR's. The computation terminated for for A: =  1,2,3,4,5. 

But for A: =  6 , it ran for more than 24 hours without termination. One 

reason is that the number of variables in the corresponding system of linear 

Diophantine equations is exp>onential, i.e., 2*. Another reason is that the 

algorithm needs a large amount memory to store a candidate set.

We also gave an upper bound for the function /(A:), which is the maxi-
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mum r such that there is a multi-pin net (k, r)-MPTRR's, or equivalently 

the maximum degree over all non-decomposable regular hypergraphs on A: 

vertices. As examples, we gave t-MPTRR's for A; < 4, and proved that 

/ ( I )  =  1, /(2 ) =  1, /(3 ) =  2 and /(4 ) =  3.

J%(ure Wort

The set of routing requirements plays an important role in the design of 

switch blocks and reconhgurable routing networks because any design is 

eventually used to implement the routing requirements. So the investiga­

tion of the generation of routing requirements and properties of minimal 

routing requirements, such as the decomposition property, of a set of rout­

ing requirements are important topics for switch module design.

With regards to the generation of routing requirements, we are inter­

ested in Anding an e@cient Hilbert basis algorithm suitable for this speciAc 

problem. It is possible that some other existing Hilbert basis algorithms 

might work better for this (Q)plication. So further experiments are needed.

Generation of routing requirements can make use of the properties of 

routing requirements. For example, to generate ail multi-pin net A:-MPTRR'8 , 

we can use the value of /(A;) to reduce the search space. Determining the 

value of /(A:) or an upper bound and Anding new combinatorial properties 

of a multi-pin net t-MPTRR are important in this respect.

Problem  1  Determine t/ie noZue e / /«(A:) ^br A; >  5 and A; >  a >  3. fn 

particular, determine tAe naine c//(A;) /br A; >  5.

Another class of open problems is counting the number of routing re­

quirements determined by a routing capability speciAcation. This number is
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useful in deeigning a switching network. The logarithm of the number gives 

a lower bound of the number of switches needed in the switch block with 

the routing capability. Chang et al. [14] computed the number of different

2-pin net (4,w)-RR's by Erst showing that it is a polynomial in w, and 

then computing the value of the coef&cients. It seems that the argument is 

also true for 2-pin net (t, w)-TRR'8 , but this has not yet been proven. The 

following counting problems are still open.

Problem  2 Determine the number o/ d^g'erent ^-pin net (k,

/or t  >  5 ond w > 1.

(̂ ii/ Determine the number o / d^g'erent multi-pin net (h, u;)-TAR 'a /or h > 3 

ond u; >  1.

H istorical notes:

1 proved the Eniteness of the number of h-MPTRR's when we Erst 

needed that fact. However the result is covered by Higman's lemma. M. 

Fellows introduced Higman's lemma to me. The result is also covered by 

arguments from the Hilbert basis. J. Shallit brought the notion of linear 

Diophantine equations to my attention. 1 did the concrete proo6  for h- 

MPTRR's for h <  4. The functions /(h ) and /,(h ) were Erst proposed in 

joint work with J. Liu. Liu saw the problem of non-decomposable hyper­

graphs to be an interesting combinatorial problem. He also deEned another 

function ^(h), the maximum degree of non-decomposable uuÿbrm (i.e., all 

the edges have the same size) regular hypergraphs on h vertices, and proved 

several properties about p(h). Noticing that /(4 ) =  3, /(3 ) =  2 , / ( 2 ) =  1 , 

J. Liu conjectured that /(h ) =  h — 1. 1 talked with P. Hexall about /(h )
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and the conjecture. She later sent me a proof that shows /(k) has a super 

polynomial lower bound. We wrote a joint paper [21], which includes the 

background on /(k ), the hniteness of /(k ) and the values of /(k ) with k <  4, 

Hexall's lower bound theorem, and Liu's properties for m in i m a l  global rout­

ings. Finding on bound for /(k ) was proposed as an open problem.

I had been trying to End an upper bound for /(k ) for a year, until I met 

J. Shallit. He mentioned to me the possible usage of Hilbert bases of linear 

Diophantine equations. I researched this held and found Pottier's theorem 

in [18], from which I derived an upper bound for /(k ) (4.8).
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Chapter 5 

A Decomposition Design Scheme for Switch 
Blocks

In this chapter, we present a decomposition design scheme for designing a 

class of switch blocks. The whole scheme consists of

1. a routing requirement enumeration scheme, (see Chapter 4)

2 . tight routing requirement decomposition and composition algorithms,

3. a prime switch block design scheme,

4. a switch block construction scheme, and

5. a feasible routing algorithm.

We will describe the decomposition design scheme for k-HUSB's using 

multi-pin net routing requirements. For convenience, we omit the "multi­

pin net" in the "phrase a multi-pin net routing requirement". AH the argu­

ments are valid for other types of switch blocks, i.e. k-USB's, k-f-USB's, 

(dw -f c)-HUSB's, (dw -I- c)-USB's, and (dw 4- c)-f-HUSB's.

 ̂ Decompoatfgon TAeorema

Our switch block design technique depends on the decomposition properties 

of routing requirements. We have the following decomposition theorem by 

Theorem 4.3.1.
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Theorem  5.1.1 (D ecom position Theorem  I) For 0 Ti%/ /iied k > 0, (Ae 

n%mkr k-AfPTRR'a ta ond ony (&, w)-FrAF con be de-

compoaed tnfo a dt^oW ttnton o/ k-MFTRR 'a.

Lemma 5.1.2 (Fhn et al. [22, 23]) {r i , . . . ,  r̂ } 6 e o mW(t-ae( o/poa- 

tttoe mte^era, onjp k  (/te Zeoaf comnton mW(ipZe q/r i , . . . ,  r̂ . jyriZi+.. .+ 

r*z* >  (p — ( +  1 , to/tere Zi,. . . ,  a;* ore rtonnegoZtre W^era, (/ten (/tere ore 

tn(egerapi,. . . ,% attc/t (/to( 0  <  <  z*,t =  1 , . . . , (  ortjripi +  .-.+r^pt =  p.

Froq/i By the pigeonhole principle, there is an integer 1  <  t < ( such 

that r<a;< >  p. Therefore, there is a positive integer % such that p* <  a;̂  

and r<p( =  p since p is a multiple of r,. For any j  ^  t, let pj =  0. Then 

0  <  P( < z; for Z =  1 , . . . ,  ( and np i 4 H r*p( =  p. O

Lemma 5.1.3 Le(^ =  { n , . . .,r*} be ojRrtt(e ntttZ(t-ae( q/poat(ti;e tn(epera. 

TTten (/tere ea%a( on tn(eper pg ond o ̂ nt(e nonnepo(toe :n(eper ae( Dg attc/t 

(/to(; /or onp given in(^er to > 0 , (/tere ta on r̂ , G Dg attc/t (/to( i/  (/te 

nonnego(tve vec(or (a:i,. . . ,  z*) ao(ta^ea riZi +  . . .  +  r̂ a;* =  to, (/ten (/tere 

ea:ta( + 1  rtonn^o(tve tn(eger vec(ora (pi,i,. . . ,  Pi,*), t =  1 , . . . ,  + 1

attc/t (/to(

t

;=i

p g ,
( 5 . 1)

PS
ond w—Vw I I

PS
E  ( % , i ,  . . . , W  =  ( a : i , . . . , a ; f )  ( 5 .2)
î=i

Froo/ Let pg be the least common multiple of r%,. . . ,  r*, and let Dg =  

{0,1, . . .  ,(pg — (}. We show that pg and Dg satisfy the statements by 

induction on to.
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When tu =  0, then (zi, ...,%*) =  (0,. . .  ,0). Let =  0 and . . . ,

(0,. . .  ,0). We prove the truth of the lemma for tu by assuming the truth 

for all values less than tu.

If tu <  (pg — t, then we choose =  tu. Then r,, E Dg and =  0. 

For any nonnegative vector (z i , . . . ,  z*) with r iZ i+ . . =  tu, we choose

(2/1,1 , " , 2/1,f) =  ( z i , . . . , 2 *). Clearly the statements are satished.

Otherwise iu > (pg — (. Consider tu' =  tu — pg. Since tu' < tu, by 

the induction hypothesis, we know there exists an E Dg, satisfying the 

statements with respect to tu'. Let We show that satishes the

requirements with respect to tu.

Let ( z i , . . . ,  Zt) be a nonnegative integer vector satisfying fi%i +  . . .  +  

=  tu. Since tu > (pg — (, by Lemma 5.1.2 we know there exists 

(0,. . . ,0)^ :< (pi,i,. . . , 2/1,*)̂  d  (:ci,. . . , such that E;=irj2/ij =  Pa-

Now consider (zi -  pi,i,. . . ,  z* -  pi,*). Since ri(zi -  pi,i) + . . .  +  -

2/1 ,t) =  tu — pg =  tu' < tu, by the assumption about the value of tu', there 

exist vectors (pi,i,. . . , p̂ ,*),% =  2 , . . . ,  +  2 =  +  1 satisfying the

conditions (5.1) and (5.2) with respect to (zi — pi,i, . . . — pi,*). Now, 

(Pi,i, - -, 2/i,t), 2 = 1 , . . ,  +1, satisfy the conditions (5.1) and (5.2) with

respect to (z i , . . . ,  a;*).

□

Exam ple 5.1.1 Let 5̂  =  {1,2}, then pg =  2 and Dg =  {0,1} satisfy the 

statements of Lemma 5.1.3.

Let tu be any positive integer and (0,0) :< (zi, â g) with z i +  2a?2 =  tu. 

When tu is odd, z i must be odd. Let r̂ , =  1 and
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(2,0), i =  l , . . .  zi;:!5 2  ’

(%,1) î/i,2) —  ̂ (0,1) % — +  1,. .. ,  ̂ +  Zg

(1,0) 2 =  zy:l +  zg +  l.

When w is even, z i is even. Let =  0 and

(l/w l/u ) =
(2,0), i =  l , . .  ^) 2 ’
(0 ,1 ) i  — ^  +  1 , . . . ,  ^  +  X2 

Then the above r«, and (%i,%/(,2 )'s satis^ conditions (5.1) and (5.2).

It can been seen that the miniTmim pg must be the least conunon multi­

ple of r i , . . . ,  r*. But Dg is not necessarily {0 ,1 , . . . ,  tpg — t}. The following 

example shows a smaller Dg.

Exam ple 5.1.2 Let 5' =  {1,2,3}. We show that pg =  6  and Dg =  

{0,1,2,3,4,5,7} satis^ the statements of Lemma 5.1.3. Let tu > 0 and 

-I- 22:2 -I- 3a:3 =  w.

If w =  6  then let r«, =  0 and (pi,i, pi,2 , î/1 ,3 ) =  (â i.â g, ^3 ); 

else if w <  7, let =  w and (pi,i, pi,2 , yi.s) =  (a:i, zg, Z3 ); 

else we have z i +  2zg 4- 3zg > 8. It sufSces to show that there ex­

ists (m,i, 2/1,3 ) satisfying (%/i,i,m.2,Z/i,3) :< (zi,zg,Z3) and pi,i -t- 2pi,g -t-

3m,3 =  6.

If 3:3 >  2, let (m.i,m.2 , 1/1,3 ) =  (0,0,2); 

else if z i >  6 , let (m.i,m,2 ,m,3 ) =  (6,0,0); 

else if zg >  3, let (m,i,m,2 , 1/1,3 ) =  (0,3,0);

else if Z3  >  1 and z i >  1 and zg >  1, let (pi,i, pi,g, m,3 ) =  (1,1,1); 

else if z i  >  2 and z g  >  2 and Z 3  =  0, let ( p i , i ,  p i , g ,  1/1,3 ) =  (2,2,0);
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else if z i >  4 and zg =  1 and 1 3  =  0, let (pi,i, 3/1,2 , 3/1 ,3 ) =  (4,2,0);

Else, one of the following must hold: {z i <  6, zg =  0,2:3 =  0}, {a:i <  

3,2:2 =  1,2:3 =  0}, {2:1 <  2,2:2 =  0,2:3 =  1}, {2:1 =  0,2:2 =  2,2:3 =  1}- 

each of these cases, the value of 2:1 +  22:g +  82:3 is less than 8.

Theorem  5.1.4 (Decom position Theorem  II) fbr oni/ /uxd k > 0, 

t/tere e2:ists o p& > 0 , and o finite nonnegative integer set D* such t/iat 

/or any w >  1, there e2%sts an r̂ , E D& such that that every (h, w)-f  TfZfZ 

can 6e decomposed into one (h,ru,)-f and (tv —rw)/pk (h,p&)-f TRfZ's.

froo/. By Theorem 5.1.1, for a hxed h, there is a ûnite number of h- 

MPTRR's, so that the set of capacities of h-MPTRR's, 6̂ , is a hnite set. 

Let 5̂  =  {r i , . . .  ,r*}. Then there exist pg and Dg satisfying the state­

ments of Lemma 5.1.3. Let pt =  pg. Let D* =  Dg. For an integer 

w > 1, by Lemma 5.1.3, there exists an r̂ , E D*, satisfying the statements 

of Lemma 5.1.3. By Theorem 5.1.1, any (h, iv)-PTRR can be decomposed 

into h-MFTRR's. These h-MPTRR's can be regrouped according to their 

capacities, i.e., the k-MPTRR's with the same capacity are put in the same 

group. Let there be 2:* (k,r<)-MPTRR's. Then ri2 :i 4-.. .-t-r̂ j;* =  w. There­

fore there exist (g<,i,. . . ,  g,,*), i =  1 , . . . ,  -I-1 satisfying the conditions

(5.1) and (5.2) with respect to (2:1 , . . . ,  2:*). Then for each % =  1, . . . ,  t, we 

partition the 2 :̂  (k, r<)-MPTRR's into +  1 groups which contains 

gy (k, n)-MPTRR's, g =  1, . . . ,  ^  4-1. Then uLi^^u is a (k,p&)-PTRR 

when j =  1, . . . ,  and a (k, ru,)-PTRR when /  =  4-1.
□

Theorem  5.1.5 (Fan et al. [22, 23]) Fbr ong ,^ed k >  0, there e2:wts o 

pt > 0 ond o /imte nonn^otive m t^er set D*, such thot /or ong w > 0,
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tkere erwts an € D& awcA t/wt <ke di^oW  ttmoR 0 /  one (k,r,c)-^[/5'B 

onj (w — ru,)/p& copies 0 /  (k, p&)-ZTC/iS'B's is o (t,

froo/. Consider a (A:,w)-SB G which is a disjoint union of one (k, r ,̂)- 

HUSB G' and (w — rw)/p& copies of a (t,pk)-HUSB G'\ By Theorem 5.1.4, 

any (k, w)-PTRR f  can always be decomposed into one (k, ru,)-PTRR and 

(w — rw)/p* (t, p)-PTRR's. Then the (t, rw)-PTRR is rentable in G', and 

each of the (w —ru,)/pt (k,p)-PTRR's is routable in one copy of G'', so that 

f  is routable in G. Therefore, G is a (k, to)-HUSB. O

The decomposition theorems described in the above section establish a foun­

dation for our decomposition design scheme. By Theorem 5.1.5, we Srst de­

sign (t, u;)-HUSB'8 for u; =  p ,̂ <̂1 , (ia, - -, d„ called prime k-ffjWB's, then 

we use the prime t-HUSB's to construct all other (k, w)-HUSB's. We refer 

to this design scheme as a decomposition design scAeme, and to a (t, w)- 

HUSB obtained by a disjoint union of prime t-HUSB's as a compound

A decom position design schem e for A>-HUSB's:

I. Enumerate t-MPTRR's ^ (t). Determine the set <9 =  { n , . . .  ,rt} of
capacities of these A-MPTRR's. Note that /(A) =  max{r | r E S'}.

II. Determine p& and D& =  {do,. . . ,  d«}, with 0 =  do < di < . . .  < dg
satisfying the statements of Theorem 5.1.5. Note that p& and 0 =  
do,. . . ,  dg can be minimized using properties of the A-MPTRR's.

III. Design a prime (t, r)-HU8B, P(t,  r), for each r E {pt, di , . . . ,  dg}, and 
set up a feasible routing table recording the feasible routings of all 
(A, r)-PRTT's in P(k,r).
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IV . For any given tu, construct a (k, tu)-HUSB as follows:
If tu E {pt, di , . . . ,  <4}, then nse the prime (t, tu)-HUSB f  (k, tu). Oth­
erwise, choose the minimum g snch that tu — gp* € {cio, - -, c(g}- Then 
the disjoint union of g copies of f  (&,p*) and one f  (k, tu — gpk), i.e., 
g f  (k,pt) -f f  (k,tu — gpk), is a (k, tu)-HUSB by Theorem 5.1.5.

A routing algorithm  for a com pound (k, tu)-HUSB:

Let G =  g f  (k,p&) -4- f  (k, tu — gp*) be a compound (k, tu)-HUSB, and A be 
a (k, tu)-RR. The following procedure computes a feasible routing for A in G.

Step 1. Transform A into a (k, tu)-TRR by adding singletons.

Step 2. Transform A' into a (k, tu)-PTRR A" by primitive operations. 

Step 3. Decompose Æ" into k-MPTRR's by the following procedure:

D ecom position procedure 

Input R"

Â := R"; g  := ^(k); At := 0; 

while Â ^  0 do 

Choose M E 

while M Ç Â do

A ( :=  A t  U {M };

Â := R — {Af}; 

end while

^ ^ — {M};

end while 

O utput Ad
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Step 4. Compose the t-MPTRR's in Af to form one (k, w — gpt)-PTRR 
and g (k,pk)-PTRR's as in the proof of Theorem 5.1.4.

Step 6. Use the feasible routing tables of P(&,p*) and P(A, tu — gp )̂ to 
End a feasible routing for the (&, w — gpt)-PTRR in P(A;, w — gpt) 
and a feasible routing for each of the (t, pk)-PTRR's in one copy of 

III this way we obtain a feasible routing of A" in gP(A:,pk) +  
f(A:,w -gp&).

Step 6. By removing all realizations for nets in \7Z, we obtain a feasible 
routing of A in G.

We note that the above feasible routing algorithm is an exact algorithm 

with running time linear in w. It is clear that steps 1 and 2 take linear time. 

For step 3, since when A is hxed, the number of t-MPTRR's is hnite and 

each is processed in at most time linear in the while loop, therefore step 

3 uses linear time. Step 4 also takes linear time because there are a hxed 

number of possible combinations and each of them takes a linear time to 

check. Since it takes a constant time to hnd a feasible routing by a feasible 

routing table, it takes linear time to complete step 5. It is obvious that 

step 6 can be done in linear time. Therefore, finding a feasible routing for 

a given routing requirement in gP(t,Pk) +  f  (&, w — gp*) can be done in 

time linear in w. However, the linear constant depends on t , and could be 

exponentied in t.

The above decomposition design scheme reduces the k-HUSB design 

problem to the problem of designing prime t-HUSB's. It is desirable to use 

optimal prime t-HUSB's. However, designing optimal prime &-HUSB's is 

a challenge. No elective method is known yet. It is not known either that 

a compound switch block constructed hrom optimal prime switch blocks is 

also an optimal switch block, though it is true in some cases. In practice, we
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can use approximate prime k-HUSB's as building blocks. In this respect, 

the decomposition design scheme does not provide a scheme to solve the op­

timal &-HUSB design problem, but provides a scheme to derive approximate 

A-HUSB's. We note that f  (t,pk) is the most important prime k-HUSB be­

cause it is the repeated part of a compound (A,w)-HUSB. Therefore, we 

pay much attention to the design of f  (k,pk).

We dehne a class of (k, w)-SB's, which will be used frequently as candi­

date switch block designs below.

DeBnition 5.2.1 fbr postfiwe k ond w, d^ne G(k,w) to (Ae

(k, w)-5'B repTusented by (Ae k-poTf*(e ynzpA ((Vi,. . . ,  wi<A

Vi — { v i j \ j  =  1 , . . . ,  w}, Ï — 1, • • •, k (5.3)

^  =  1, . . . ,  w} (5.4)

wAene <Ae second indez o/ (Ae subscr^t is foken modtdo w.

.4 General Aedoc(*on Design 5"cAeme

Let f  =  {5̂ 1, 'S's,. . . ,  5^} be a net pattern set for a k-sided switch block, 

where Ç {1 ,2 , . . . ,  k} and {{i} | i =  1, . . . ,  k} Ç f . Let d and c be 

two k-dimensional nonnegative integer vectors. We consider the problem of 

designing (dw -t- c)-f-USB for every w > 1.

Theorem  5.2.1 (Sw itch B lock C onstruction Theorem ) Let d ond c

be two k-dimensionoZ nonn^otii;e int^er rectors ond JP be o net pottem 

set/or o k-sided switcA block. TAen tAere ezist on integer p > 0 ond o _̂ nite 

set o/ nonnegotire integers D sncA tAot, /or ong w > 1, tAere is on r̂ , E D 

sncA tAot o disjoint anion o / one (dr^ +  c)-f-C/&B ond (w — rt,)/p copies 

o/ o ((^)-f-[/SD  is o (dw 4- c)-f-(75'B.
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fnoo/. It 8u@ce8 to show that ttuere exist integers p > 0 and 6 > 0 such 

that for any w >  1, there exists r̂ , <  6 such that any f-n et (dw +  c)-TRR 

can be decomposed into one f-n et (dr̂ , 4- c)-TTIlI{, and (w — ria)/p f-net 

((^)-TRR's. We prove this by using (dw 4- c)-TRRV's.

Let Ac — dw == c be the system of linear Diophantine equations corre­

sponding to the f-n et (dw 4- c)-TKRV's, where A is the incidence matrix of 

f . The homogeneous system of linear Diophantine equations Ac — dw == 0 

has a hnite number of minimal solutions by Theorem 4.1.2, wi)^,. . . ,

and Ac — dw =  c has a fuiite number of minimal solutions, 

(%/f, . . . ,  where r^'s and %/̂ 's are Mr-dimensional column non­

negative integer vectors. Then a solution to Ac — dw =  c can be expressed 

as a nonnegative hnear combination of (r^, tci)^,. . . ,  (æ ,̂ and one 

(î/F, Let 5' be the multi-set {tci, . . . , w*}, andpg emd Dg be the inte­

ger and nonnegative integer set satis^dng the statements of Lemma 5.1.3. 

Let m' =  max{r | r E Dg} and m" =  max{u;^,. . . ,  w(}.

For any integer wo > 0, if %% > m' 4- m", let (zg, wg)^ be a solution to 

Ac — dw =  c. This vector can be expressed as (zg, tug)̂  =  ci(z^,wi) 4- 

. . .  4- Ct(z ,̂ 4- (p^, where C; >  0, j =  1, . . . ,  t and i E {1, . . . ,  f}. 

Since citui 4- . . . ,  Qw* =  Wg — > Wo — m'' > m', by Lemma 5.1.3, there

exists c| < Ci, i =  1, . . . ,  ( such that 4- . . .4-ĉ Wt =  pg. Now (z'^, =

(a^, wgF -  Wi)  ̂-  . . .  -  c^(a ,̂ =  (ci -  c^)(zf, wi)^ 4-.. .  +  (c* -

c^)(z^, 4- (p^, is a solution to Ac — dn/ =  c where u/ =  wg — pg.

Continue this process until u/ <  m' 4- m". Let p =  pg, 6 =  m' 4- m'', 

and =  tug — gpg, where g is the smallest positive integer such that 

Wo — gps <  m' 4- m". Then a solution of Ac — dtug =  c can be expressed as 

a solution to Ac — dru,g =  c plus (wo — ru%)/pg solutions to Ac — dpg =  0.
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That implies that every f-met (dtuo +  c)-TRR can be decomposed into a 

disjoint union of one f-n et (dr^o +  c)-TRR and (wo — ?'wo)/P f-n et (dp)- 

TRR's. Let p =  pg and D =  {0,1, +  m"}. Then p and D satisfy the

statements of the theorem. o

A decom position design schem e for (dtu +  c)-f-U SB *s

I. Enumerate the sets of minimAl solutions of the corresponding systems of
linear Diophantine equations Ar — dw =  c and Ac — dw =  0, where 
A is the incidence matrix of f .

II. Compute an integer p and a hnite integer set D satisfying the conditions
of Theorem 5.2.1.

III. For each r € {p}UD, design a prime (dr+c)-f-USB, P(r), and set up a 
feasible routing table recording feasible routings for all (dr+c)-TRR's 
in f  (r).

IV. For any given w > 1, construct a compound (dw+c)-f-USB as follows:
if tu 6 {p} U D, then use the prime (dtu 4- c)-f-USB f  (tu), otherwise 
choose the TniniTrmm g such that tu — gp € D. The disjoint union 
of g copies of P(p) and one f  (tu — gp), i.e., g f  (p) -4- f  (tu — gp), is a 
compound (dtu 4- c)-f-U 8B.

^ Two-5'tded ayid

Elxample 3.5.1 shows a primary example of the decomposition scheme for 

4-USB's. In this section, we use the decomposition design scheme to design 

optimal (k,tu)-HUSB's for t  =  2,3 and all tu >  1. We use mmmrgB(A:, tu) 

(min;;gg(A;, tu)) to denote the number of switches in an optimal (t, tu)- 

HUSB (USB).
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5.3.1 Two-Sided Hyper- Universal Switch Blocks

From the discussion in section 4.4, we have ^(2) — {{{1 ,2}}}, so that 

the set of capacities of 2-MPTRR’s is 5  =  {1}. Hence p2 =  1, D s — {0} 

because every (2, w)-PTRR can be decomposed into a disjoint union of 

w (2, l)-PT R R ’s. Therefore, there is only one prime 2-HUSB, which is a

(2 ,1)-HUSB. It is clear that a complete (2 ,1)-SB, isomorphic to G {2,1), is 

an optimal (2 ,1)-HUSB.

Let f  (2,1) =  G(2,1). Then wG(2,1) is a (2, w)-HUSB. Since wG(2,1) 

has w switches and a (2 , w)-HUSB needs at least w switches to route the 

(2, w)-PTRR formed by w  copies of {1,2}, w G {2,1) is an optimal (2, w)- 

HUSB and miuHusB{‘2,w) = w.

Theorem  5.3.1 A  (2, w )-SB  is an optimal (2, w)-HUSB i f  and only i f  i t  is 

isomorphic to w G {2,1). The number of switches in an optimal (2, w)-HUSB  

is w, i.e., miuHusB{2,w)  =  w.

Theorem  5.3.2 For any pair o f integers k  > 2  and w > 1, 

m in H u s B { k ,w )  >  m m u s B { k ,w )  >  - w.

Pmo/ For each pair with 1 < i < j  <  &, let A(i, be a 2-pin net

{k ,w )-T R R  formed by w  copies of {i, j } ’s and w  copies of { f} ’s for each 

t G { 1 , . . . , k} \  { i , j } .  A feasible routing of R { i , j )  must use at least w 

switches between Vi and Vj. Therefore, a {k, w)-USB contains at least 

switches. Since a hyper-universal switch block must be a universal switch 

block, it follows that w) > O

Theorem  5.3.3 G{k, 1) is an optimal (k, 1)-HUSB (USB) and m innusB ik ,  1) 

m i n u s s i k ,  1) =
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Proof. G{k, 1) is hyper-universal because it is a complete {k, 1)-SB. G{k, 1) 

has switches, so that 1) <  1) < On

the other hand, 1) > 1) >  by Theorem 5.3.2.

Therefore, m innusB ik ,  1) =  m in u sa ik ,  1) =  and G{k, 1) is an opti­

mal (t, 1)-HUSB and an optimal {k, 1)-USB as well. □

By the above theorem, we always choose the prime (fe, 1)-HUSB (USB) 

P{k, 1) to be G{k, 1).

5.3.2 Three-Sided Hyper- Universal Switch Blocks

The set of capacities of 3-MPTRR’s is S  =  {1,2} by Table 4.1. Then, by 

Example 5.1.1, we have pz = 2 and £>3 =  { 0 ,1 ,2}. So there are two prime

3-HUSB’s, one is a (3 ,1)-HUSB and another is a (3 ,2)-HUSB. We have 

defined P ( 3 ,1). We will show that G (3 ,2) is an optimal (3 ,2)-HUSB, so we 

can choose the prime f  (3,2) to be G(3,2).

Theorem  5.3.4 G(3, w) is an optimal (3, w)-HUSB and miuHusB  (3, w) — 

3w fo r  every w >  1.

Proof. It suffices to show that G(3,w)  is hyper-universal because G ( 3 ,w )  

has 3w switches, which is a lower bound for minHusB(3,w)  by Theo- 

rem 5.3.2.

Consider G(3, w) as a simple graph. Then G(3, w) is 2-regular. We see 

that

is a cycle of G(3, w) using all vertices of G{3, w), therefore G(3, w) is a cycle.

Let R  = {N i, N 2, . . . ,  Ni}  be a (3, w)-PTRR. Then W i  C { j} | =  

w, j  =  1 ,2 ,3 , by definition. Since Nf Ç {1 ,2 ,3 }  is a non-empty set, Ni
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must be equal to one of subsets

{ 1 ,2 ,3 } ,{ 1 ,2 } .{ 2 ,3 } ,{ 1 ,3 } ,( ! } ,{ 2 } ,{ 3 } .

We claim that the subsets in R  can be ordered and the elements in each 

Ni can be ordered so that 1 ,2 ,3  appear successively in cyclic order (we will 

say that R  can be ordered to satisfy the ordering property). For example, 

if jR =  {{1,2}, {2,3}, {1,3}}, then A can be ordered as {2,3}, {1,2}, {3,1}, 

(or {{1 ,2 } , {3 ,1}, {2 ,3}}) to satisfy the required ordering property. We 

prove this claim by induction on w.

When w = 1 , then a (3 ,1)-PTRR R  must be one of

{{1 ,2 ,3 }} , {{1 ,2 } , {3}}, { { 3 ,1 } ,{ 2 } } ,{ { 2 ,3 } ,{ ! } } ,{ { ! } ,{ 2 } ,{ 3 } } .

Clearly, R  already satisfies the required ordering property. We assume that 

the claim is true for any (3, n)-PTRR for 1 <  n <  w -  1 and show that the 

claim is true for any (3, w)-PTRR R.

Since the capacities of (3, w)-MPTRR's are 1 and 2, R  contains a (3,1)- 

PTRR or a (3,2)-PTRR.

Case 1: R contains a (3 ,1)-PTRR

Let R' =  R  \  R i .  Then R '  is a (3, w — 1)-PTRR. By the induction 

hypothesis, R' can be reordered as required.

If R i =  { 1, 2 ,3 } , without loss of generality, we assume that the element 

1 is the first element in the ordering of R', then simply putting { 1,2 ,3 }  in 

front of the ordered R! will result in the desired ordering for R.

Suppose that R i  contains a subset of two elements. Without loss of 

generality, let =  {{1,2}, {3}}. If 1 or 2, say 2, is the first element in the 

ordered R', then the first net in the ordered R '  is either {2} or {2 ,3}. In
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the first case, the last element is 1, so we can move {2} to the end of the 

ordered R' to obtain a new desired ordering with 3 in the first position. In 

the latter case, we can move {2 ,3} to the end of the ordered R! to obtain a 

new desired ordering with 1 in the first position. Therefore, we may assume 

that either 1 or 3 is in the first position in the ordered R!.

If 1 is the first element in the ordered R!, we put {1 ,2}, {3} in front 

of the ordered R!. If 3 is the first element in the ordering of i?', we put 

(3 ), ( 1, 2} in front of the ordered R!. In either case we obtain the desired 

ordering R.

Case 2: R  contains no (3 ,1)-PTRR.

In this case, E must contain % =  {{ 1 ,2}, {3,1}, {2,3}}. If R =  %, the

statements are clearly true. Let R' = R\R% .  Then R! is a (3, w - 2)-PTRR 

with w — 2 >  1, and which can be ordered to satisfy the ordering property 

by the induction hypothesis. Furthermore, we can assume that 1 appears 

first in the ordered R .

Now by simply putting {1 ,2 }, {3,1}, {2,3} in hront of the ordered a 

desired ordering R  will be formed.

We have shown that R  can be ordered such that 1,2,3 appear successively 

in cyclic order. Without loss of generality we assume that the ordered 

sequence of ATj’s is N \, N^, ■ ■ ■ ,N i  and 1 2 3 is the first segment in the 

ordering. Starting from of the Hamilton cycle

we successively cut the section with \Ni\ vertices and let the path be T{Ni)  

along the cycle. Since the cycle has 3w vertices and l- îl =  3w, each 

T{Ni)  is well-defined for i — I , . . I .  Since the sequence Ni ,  Ng,
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generates a sequence 1,2,3,1,2,3,... ,1,2,3, T(N i)  is a path of \Ni\ vertices 

and |y(T(7V^)) U =  1 if and only if j e

This implies that {T(Ni), ,T(lVf)} is a feasible routing of

{Ni, IV3 , . . . ,  TVf} in G(3, to). Therefore G(3, w) is hyper-universal. O

The proof of the above theorem also gives a routing algorithm for 

G(3, w ). It is obvious that we can rearrange the subsets of a (3, w)-PTRR 

in the required ordering in time linear in w . Hence we can find a feasible 

routing in G (3 , w )  in polynomial time.

We define the prime (3 ,2)-HUSB P (3 ,2) to be G (3 ,2). Then a com­

pound optimal (3, w)-HUSB can be obtained. That is, when w  is even, 

f G ( 3 , 2) is a (3, w)-HUSB with 3w  switches, so it is an optimal (3 ,w )-  

HUSB. When w  is odd, ^ ^ G ( 3 , 2) -f G ( 3 ,1) is a (3, w)-HUSB with 3w  

switches, so it is an optimal (3, w)-HUSB.

We note that G (3, w )  is an optimal (3, w)-HUSB which corresponds to 

a connected graph. Therefore, an optimal (3, tu)-HUSB is not unique, up to 

isomorphism. In fact, when w  is even the disjoint union G{3, ici)-t-G(3, W2 )-\- 

. . .  -f G(3, wt) is an optimal (3, w)-HUSB provided that '^i — w  and all

w /s are even. When w is odd, G(3, wi) -I- G(3, wg) +  G(3, w*), it is an

optimal (3, w)-HUSB provided that Wi = w  and one of the w /s is odd 

and all others are even. Conversely, since an optimal (3, w)-HUSB graph 

must induce a matching of w  edges between any two sides, it is a graph 

of degree two, and so that it is a disjoint union of cycles. If it has more 

than one odd cycles, then it is not routable for the routing requirement 

consisting of [ f j  copies of {{1 ,2}, {2 ,3}, {1 ,3 }}. Therefore we have the 

following theorem.

T h eorem  5 .3 .5  W h en  w  is even, a (3, w )-H U S B  (U S B )  is op tim al i f  and
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only i f  i t  is isom orphic  to (7(3, w i)+(7(3, ^ 2)+- • .+(7(3, Wt) where =

w and  all W i’s are even. W hen  w  is odd, a { 3 ,w ) -H U S B  (U S B )  is optimal  

i f  and  only  i f  i t  is isom orphic  to  (7(3, w i)  +  (7(3, W2) + .  ■ - +  (7(3, wt) where 

Wi — w  and  one o f  the w, ’s is odd and  all others are even.

Theorem 5.3.2 gives a lower bound on the number of switches in a {k, w)-  

HUSB. That is, m in H u s a ik ,  w) >  w. Next we give an asymptotic 

upper bound for m i n n u s a i k ,  w ) .  The following theorem and its proof give 

a design for approximate {k, w)-HUSB’s.

Theorem  5.4.1 For any  fixed  positive in teger k,

=  0(w ).

fm o / Use a complete (A, r)-SB as a prime (&,r)-HUSB. Then, by

Theorem 5.1.5, we know that there exists pk and 0 =  do <  di <  c?2 <  • • ■ <  

dg such that for any w  > 0, there exists an integer q and a G {do, . . . ,  dg} 

such that qK(k,pk) +  LC(k,rw) is hyper-universal. Since the maximum value 

of capacities of t-MPTRR's is f ( k ) ,  the number of of different capacities 

of A:-MPTRR’s is at most f { k ) ,  therefore by the proof of Lemma 5 .1.2 , we 

know Pk < /(A)l and d, < /(&)/(t)l. Then

l -^ (9 ^ (& f* )+ ^ (w ) | =  gt(A; -  l)p^ /2  +  t ( t  -  l)r ^ /2

=  W  +  l ) / 2

=  ((w  -  r^)pk +  r^ )t(k  -  l ) / 2

<  (wpk +  d  ̂ -  d ,pk)k(t -  l ) / 2

< (u,/(k)! +  f  (&)(/(&)!)" -  /(t)(/(A;)!)=)A:(A; -  l)/2  

=  0 { w ) .



5.5 ConcJiwtoTW onj Wort_________________   ^

It follows that, when k  is fixed, m in H u s B { k ,w )  =  0 { w ) .  □

This theorem claims that, when k  is fixed, the number of switches of an 

optimal {k, w)-HUSB is linear in w, as compared to O(w^) for a complete 

(fc, w)-HUSB. Similarly we can show that the compound {dw +  c)-P-USBs 

have linear number of switches in w.

CoTzcZwsîOTW and PKorA:

In this chapter, we proved the main decomposition theorems for rout­

ing requirements. The decomposition theorems guarantee that a (k^w)- 

HUSB can be constructed by a disjoint union of some copies of a particular 

prime (k,pk)-EJJSB and a reminder (A:,r)-HUSB. The decomposition de­

sign scheme says we can design prime (k , r)-HUSB’s for a finite number of 

r ’s, and then use them to build all other (&, u;)-HUSB’s. This decompo­

sition design scheme also works for fe-USB’s and {dw +  c)-P-USB’s. The 

advantages of the design method are: (1) a (k , w)-HUSB can be derived 

automatically once all prime designs are known, and (2) the number of 

switches in a compound {k, w)-HUSB is linear in w, and a feasible routing 

for a routing requirement in a compound {k, w)-HUSB can be found effi­

ciently. However, designing optimal prime {k, w)-HUSB’s is a challenging 

problem. The decomposition design does not guarantee optimal designs. 

Appraxhnate prime t-HUSB's can be used.

5.5.1 Future W ork

There are two problems in the decomposition design scheme, which are not 

yet solved completely. The first problem is, given a set r i , . . . ,  r*, how to 

compute the minimum values of pk and d\ < <Jk < . . .  < ds satisfying the
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conditions of Theorem 5.1.5. These values determine the channel capacities 

of prime fc-HUSB’s.

The second problem is how to design optimal prime fc-HUSB’s. In fact, 

the decomposition design method reduces the fc-HUSB design problem to 

the prime fc-HUSB design problem. We do not know how to design optimal 

prime switch blocks effectively. New methods for designing approximate 

prime switch blocks are needed. We are particularly interested in optimal 

(fc, 2)-HUSBs for fc >  5. We will prove that G(k,  2) is universal in Chapter 

7, but it is not yet known if G(k,  2) is hyper-universal.

Regarding (dw-fc)-HUSB’s, we have proved the decomposition theorem 

for {dw +  c)-HUSB’s and gave a decomposition design scheme for {dw + 

c)-HUSB’s. More concrete designs and examples can be done using this 

design scheme, for example, the design of rectangular switch blocks. A 

{dw +  c)-HUSB design scheme can be used to design a {di, . . . ,  dfc)^-HUSB 

by choosing appropriate d, c and w. However, a method of choosing d, c and 

w needs to be developed.

Using a decomposition design scheme to design other kinds of switch 

blocks can also be considered. For example, prime switch matrices [54] can 

possibly be introduced and used to build large switch matrices. Directed 

switches and special routing for certain nets could also be considered.

Moreover, no work has been done on the design of switch blocks routable 

for a specific set of routing requirements, nor for designing reconfigurable 

interconnection network routable for a specific set of connection require­

ments. These two problems have a potential apphcation in the design of 

on-chip networks for reconfigurable Systems-on-a-Chip.
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H istorical notes:

The decomposition design scheme was first proposed for (4, w)-HUSB’s 

in [22] (joint with J. Liu and W. L. Wu) and further improved in [24, 23]. My 

main contributions were the (4, w)-TRR decomposition theorems, {k, w)- 

HUSB composition theorems, the determining that the number of switches 

in an optimal (fc, w)-HUSB is linear (when fc is fixed), the decomposition 

design scheme and the feasible routing scheme. These results were verified 

and improved and tested ty  J. Liu and W. L. Wu and their students. Using 

the sets of minimal solutions of systems of linear Diophantine equations to 

prove the decomposition theorem for {dw +  c)-HUSB’s and the generalized 

decomposition design scheme for (dw+c)-HUSB’s were first proposed in this 

dissertation. I implemented Contejean and Devie’s algorithm and designed 

a few classes of 3-sided and 4-sided irregular switch blocks, but this is not 

included in this dissertation.
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Chapter 6 

Four-Sided Hyper-Universal Switch Blocks

In this chapter, we apply the decomposition design scheme to the design 

of (4, w)-HUSB’s. We focus on designing prime 4-HUSB’s and present two 

groups of prime 4-HUSB’s. We will give a detailed proof of the hyper- 

universality of the second group, which is an improvement on the first group. 

Unless stated otherwise, all routing requirements considered in this chapter 

are multi-pin net routing requirements.

Using the decomposition design scheme described in Chapter 5, we can 

design (4, w)-HUSB’s as follows.

Reduction design for 4-HUSB's

Step I. Enumerate all 4-MPTRR’s. All the 4-MPTRR’s are listed in Ta­

ble 6.1. They are generated from Table 4.2 by applying the permutations 

of { 1 , 2 ,3,4}.

Step II. The set of capacities of 4-MPTRR’s is S =  {1,2,3}. Prom Ex-

ample 5.1.2, we have p4 =  6 and £>4 =  {0 ,1 ,2 ,3 ,4 ,5 ,7 } . Therefore, prime 

4-HUSB’s are (4, r)-HUSB’s with r =  1 , 2 , . . . ,  7.

Step III. Design prime 4rHUSB’s, f  (4, t) =  G*, z =  1 , . . . ,  7, where Gi =

G (4 ,1), G2 — G (4 ,2), and G$, G4, G g G q and G? are the switch blocks 

shown in Figure 6.1.

We draw the switch blocks in Figure 6.1 for a clear view for the structure
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= { { 1 ,2 ,3 ,4 } }

=  {{1 ,2 }, {3 ,4 }} =  {{1 ,3}, {2 ,4 }}

(4, l)-M PTRR’s: G fl|_3 =  { {1 ,4 } ,{2 ,3 }}

G flli  =  { { ! } . {2 ,3 ,4 }}  GA |,3 =  {{2}, {1 ,3 ,4 }} , 

G fi},3 =  {{3}, {1 .2 ,4 }}  GB |,4 =  {{4}, {1 ,2 ,3 }} ,

(4,2)-MPTKR's:

G R h

G R \,^

G R h

{ {1 ,2 ,3 } ,{ 1 ,2 ,4 } ,{ 3 ,4 } }  

{{1 ,2 ,4 } , {2 ,3 ,4 }, {1 ,3 }}  

{{1 ,2 ,3 } , {1 ,3 ,4 } , {2 ,4 }}

G R h

G R U

G R U

{{1 ,2 ,3 } , {2 ,3 ,4 }, {1 ,4 }} , 

{ {1 ,3 ,4 } ,{ 2 ,3 ,4 } ,{ 1 ,2 } }  

{{1 ,2 ,4 } , {1 ,3 ,4 }, {2 ,3 }}

G l ^ J

GR^. 11

{{1 ,2 ,3 } , {1 ,4}, {2}, {3 ,4 }}  

{{2 ,3 ,4 } , {1 ,4}, {2}, {1 ,3 }}  

{{1 ,4 ,3 } , {1 ,2}, {3}, {2 ,4 }}  

{{2 ,4 ,3 } , {1 ,2}, {4}, {1 ,3}}  

{{1 ,2 ,4 } , {1 ,3}, {4}, {2 ,3}}

= { { ! ,4 ,3 } ,{ 4 ,2 } ,{ 1 } ,{ 2 ,3 } }

10

'2 _
12

{ {1 ,2 ,4 } ,{ 1 ,3 } ,{ 2 } ,{ 3 ,4 } }  

{{1 ,2 ,3 } , {1 ,4}, {3}, {2 ,4 })  

{{2 ,4 ,3 } , {1 ,2}, {3}, {1 ,4 }}  

{{1 ,4 ,3 } , { 1 ,2 } ,{ 4 } ,{2 ,3 } }  

{{1 ,2 ,4 } , {4 ,3 } ,{1 } ,{2 ,3 } }  

{{2 ,1 ,3 } , {4 ,2}, { 1}, {4 ,3}}

G R ^ i  — {{1 ,2 }, {3 ,1}, {2 ,3}, {4}, {4}}  

{ {1 ,3 } ,{ 4 ,1 } ,{ 3 ,4 } , {2}, {2}}G RI,3

G R I ,2

G R i,i

{{1 ,2 } ,{4 ,1 } , {2 ,4}, {3}, {3}}  

{ {3 ,2 } ,{ 4 ,3 } ,{ 2 ,4 } ,{ 1 } ,{ 1 } }

(4 ,3)-MPTRR’s:

G B|.i =  {{1 ,2 ,3 } , {1 ,2 ,4 }, {3 ,4 ,1 }, {2 ,3 ,4 }}

G R ij =  {{1 ,2 ,3 } , {1 ,4}, {2 ,4}, {3 ,4}, {1 ,2 ,3 }}  

G iîij  =  {{2 ,3 ,4 } , {1 ,2 } ,{ 1 ,3}, {1 ,4}, {2 ,3 ,4 }}  

Gl?t,s =  {{3 ,4 ,1 } , {2 ,1}, {2 ,3}, {2 ,4}, {3 ,4 ,1 }}  

G R i ,  =  {{4 ,1 ,2 } , {3 ,1}, {3 ,2}, {3 ,4 }, { 4 ,1 ,2 }}

Table 6.1: AU 4-MPTRR’s.
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and for the convenience of verification. It can be seen that contains 

vertex disjoint subgraphs and Gg; G4  contains two vertex disjoint Gg's;

G5 contains vertex disjoint subgraphs Gg and G3; Ge contains three vertex 

disjoint Gg's; and G^ contains vertex disjoint subgraphs G3 and G4.

'1,4

’'2,

G,

''2,2.

"L2
''3,1

Gz

" 4 .1 * -----------------

G4

2.1 3 5

4.S

'4,4

3 2

,1

G i

"4.6

i”w, .

@"2.3

3 2

l*'3,l

"4.1

G,

Figure 6.1: The prime 4-HUSB’s.

T h eorem  6.1 .1  G< is hyper-universal for  1 < i  < 7 .

Proof. Let A be a (4, i)-PTRR. Then R is a disjoint union of G B f ^ s  as 

defined by Table 6.1. We show that R  is routable in Gi.
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Caae 1: Gi.

Gi =  G (4 ,1) is an optimal (4 ,1)-HUSB by Theorem 5.3.3.

Case 2: Gg.

We now show that Gg =  G(4,2) is an optimal (4 ,2)-HUSB. Since Gg 

has twelve switches equal to the lower bound on the number of switches in a

(4 ,2)-HUSB by Theorem 5.3.2, it suffices to show that G(4,2) is routable for 

every (4 ,2)-PTRR’s. Note that there are eight (4, l)-M PTRR’s and twenty- 

two (4,2)-MPTRR's, they generate 28 +  8  +  22 =  58 (4,2)-PTRR's. The 

feasible routing table of all (4 ,2)-PTRR’s is shown in Figure 6.2, Figure 6.3 

and Figure 6.4.

Case 3; G3.

If i2 =  G R f  or GRf^ p for some h ,p , it can be checked directly that G3 

contains a feasible routing for R  (details are omitted). If R is a union of a

(4 ,1)-MPTRR and a (4 ,2)-MPTRR, then G3 has a feasible routing for R  

since G3 contains disjoint subgraphs isomorphic to Gi and Gg respectively.

Case 4: G4 .

If R is a union of a (4 ,1)-MPTRR and a (4 ,3)-MPTRR, then it can 

be checked directly that G4 contains a feasible routing for R (details are 

omitted). If R is a union of two (4 ,2)-PTRR’s, G4 contains a feasible 

routing for R since G4 contains two disjoint Gg's.

Case 5: G5 .

G5  contains disjoint Gg and Gg. A (4,5)-PTRR can always be de-

composed into a union of 4-MPTRR’s with capacities 1,2 and 3, these 

4-MPTRR’s can be regrouped into one (4 ,2)-PTRR and one (4 ,3)-PTRR, 

so that R is routable in G 5.

Case 6 : G@.
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\ 1  : /  \ i  1 /  \ ! 1 /"v"*— — *'l.l "4.1̂— "v"*.......
G r } , i + G r } ,3 GRi,i+ GRj,4

  f
v . l  V 1  - Z
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iv i iI 3,1 1̂ # ̂ 2,1 !
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4 .2
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'4 ,2 '

3.1

GR2 2 + GR3 3

Figure 6.2: Feasible routings of (4 ,2)-PRTT’s formed by two

(4,1)-MPRTT'8.
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'''' ! I'ti"*........
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,
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Figure 6.3: Feasible routings of (4 ,2)-PRTT’s formed by two

(4, l)-MPTRR's.
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Figure 6.4: Feasible routings of (4 ,2)-PRTT’s formed by one (4 ,2)-MPTRR.
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If A is a union of three (4 ,2)-PTRR’s, then Ge contains a feasible routing 

of R  because Ge contains three vertex disjoint Gg's. If R is a union of two

(4 ,3)-PTRR’s, then it can be checked directly that Ge contains a feasible 

routing for R.

Case 7'. Gj.

Now R  can always be decomposed into a (4 ,3)-PTRR and a (4,4)-

PTRR, so that Gj  contains a feasible routing for R  since G7 contains vertex

disjoint subgraphs G3 and G4. □

Step IV . Construct (4, w)-HUSB’s by combining the prime 4-HUSB’s Q

{i =  1 ,2 , . . . ,  7). Define

hG e i î  w  =  6/i,

(/i — 1)(%6 4" G 7  i i  w  = 6/i -f-1,

hGe +  G 2 if w =  6/i 4- 2,

hG e H" G 3 i f  w  =  6/i -4- 3,

hGe 4" G4  if ÎÜ =  6/i 4- 4,

hGe 4- Ge i f  w  =  6/i 4- 5.

Since the G /s (t =  are HUSB's, f(w ) is a (4,w)-HUSB. The

number of switches in F {w )  is

f(w ) =

>
f » - !

f »

f»
20

if W =  O(mod 6), 

if w =  l(mod 6), 

i i w  =  2(mod 6), 

if w =  3(mod 6),

Y  tu — I if tu =  4(mod 6),

3 if tu =  5(mod 6).4

Therefore, F{w)  is hyper-universal with fy w ] switches. Furthermore, we

have m m iïî/sjs(4,1) =  6 , m,m^[/gg(4,2) =  12, 18 <  Tnmg(ygg(4,3) <
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|E(G 3)| =  20, 24 <  m m g[/gg(4,4) <  |JS(G4)| =  26, 30 <  TMmm/gB(4,5) <

|E(Gs)| =  32, 36 <  m m g[;gg(4,6) <  |E(G6)| =  40 and42 <  m m g[/gg(4,7) <  

|E((?7 )| =  46. In the next section, we will give improved prime (4, w)- 

HUSB’s which attain optimality for w  — 3 ,4 ,5.

Since Gg is an optimal (4,2)-HUSB with 12 switches, Gg is an optimal 

(4,2)-USB. Therefore, jG g is an optimal (4, w)-USB when w  is even, and 

otherwise ^^G g +  G% is an optimal (4, w)-USB because it is universal 

and has 6w  switches by Theorem 5.3.2. This completes the arguments 

of Example 3.5.1. We note that the symmetric (4,in)-USB [14] is 

isomorphic to j G { 4 , 2) when w  is even, and ^ ^ G (4 ,2) +  G(4,1) when w  

is odd.

Prim e PZocA; Deai^rw

Figure 6.5 depicts a new group of prime 4-HUSB’s, Hi, i  = 1 , . . .  ,7.

Theorem 6.2.1 The fo llow ing  s ta tem en ts  hold:

is an optimum (4, i)-PCWB /or i =  1,2,3,4,5.

(2) Hq is a (4 ,6 )-H U S B  w ith  38 sw itches, w ith in  at m o s t two o f  op tim um .

(3) H r is a (4 ,6 )-H U S B  w ith  4 3  sw itches, w ith in  at m o s t one o f  op tim um .

In order to make the proof of the hyper-universality of the H f s  easy 

to verify, we draw H i so that feasible routings can be checked easily. See 

Figure 6.6 for the new drawing of the H fs .

Hi =  Gi and Ffg =  Gg are known to be optimal HUSB’s. Since every 

(4 ,5)-PTRR can be decomposed into a union of 4-PTRR’s of capacities 1, 2, 

or 3 and they can be regrouped into one (4 ,2)-PTRR and one (4 ,3)-PTRR, 

H^ = H 2 + H 3 is hyper-universal provided that H 3 is hyper-universal. Simi-
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u

V , , y L '̂ 41

\
V 3.1
H i

1.3 1.4
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Figure 6.5: New prime 4-HUSB’s.
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Figure 6 .6 : An alternative drawing of the prime 4-HUSB’s.
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laxly, since a (4 ,7)-PTRR can always be decomposed into one (4 ,3)-PTRR  

and one (4,4)-PTRR, is hyper-universal provided that ffg

and H4 are hyper-universal. Therefore, we need only show that H3, H4 and 

Hq are hyper-universal.

ffs is an optimal (4,3)-HUSB :

We first explain how H 3 was found. The hunt for an optimal (4,3)- 

HUSB started by examining all (4 ,3)-SB’s with eighteen switches. Since 

any two sides must induce a matching of three edges, in the first round, 

there are (3!)® possible candidates. Since any three sides must induce a

(3 ,3)-HUSB of nine switches which is known to be optimal, there are two 

choices, up to isomorphism, i.e., <3(3,3) and (3(3,2) 4- (3(3,1). With this 

restriction on sides 1, 2 and 3, and a fixed matching between sides 3 and 

4, there were 2 x 6 x 6 =  72 candidates left in the second round. Then 

we used brute force to test these candidates one by one see if they are 

hyper-universal. H 3 passed the test.

Next we show that i /3 is hyper-universal. It suffices to show that i / 3  

has a feasible routing for any (4 ,3)-PTRR’s obtained by combining the 4- 

MPTRR’s in Table 6.1. Since there are eight (4, l)-M PTRR’s, twenty-two

(4 .2)-MPTRR’s and five (4 ,3)-MPTRR’s, there are 8 x 8 x 84-8  +  5 or 693

(4 .3)-PTRR’s to be considered. We find a feasible routing for each of these 

693 (4,3)-PTRR's.

It can easily be seen that the side permutation a  =  (1,4) (2,3) induces 

an automorphism of i /3 (symmetric about the central vertical line). This 

implies that if R  is routable in i /3 then all the (4 ,3)-PTRR’s obtained by 

the permutation a  are also routable in i / 3 .  Therefore, we only need t o
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consider those (4 ,3)-PTRR’s which are not equivalent under a. Let R  be 

a (4,3)-PTRR.

Case 1: R  is a GR^j.

Since GBg  ̂and GBg g (and GAg ,  and GBg 4 ) are equivalent under a, it

suffices to consider G R f  i, and GR^^.  The feasible routings of these

(4 ,3)-PTRR’s are given in Figure 6.7, in which the number at a vertex 

represents the label of the side containing the terminal.

4 1 2

GRu

1 41 >-

12 23 4
GR̂ a

Figure 6.7; Feasible routings of (4 ,3)-MPTRR’s in H3 

Case 2: R  consists of the G R j^ ’s.hj

Subcase 2.1: R  does not contain a G R ^^ .

In this case, we consider the three 4-cycles Bi ,  B 2 and B 3 of i / 3, each 

of which has the vertex ordering 1,2,4,3, see Figure 6 .8 (i). Such a 4-cycle

is routable for a G R } j  except G R ^ ^. Therefore, R  has a feasible routing in

ifa.
Subcase 2.2: iZ =  3 GE2 3 .

A feasible routing is given in Figure 6 .8 (a).

Subcase 2.3: R  contains exactly one G R ^ ^ .

If R  contains Gi/g g -i G i/| g, GR^  3 -i GR^  2 ■> GR\  3 -i GR^  or GR^  3 -i 

GR} 1 , then we route R as shown in Figure 6 .8 (b),(c),(d), and (e), respec-

tively, because the unused 4-cycle with vertex label order 1, 2 ,4 ,3  which is
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+GRi,,
(d)

4

2

1 23 4

2GR,
(g)

-2.3

4 ® -  ----------  ̂ 4 I#"'.*......^ --------®' —"     ( ^

4 1 2

GR̂ i+GRlz 
(b)

GR2_;+GR,.,

2GR̂ 3+GRi2
(h)

I 2 
1GR2,3 + GR3,2

(C)

GR; 3 + QRs, 1

Bz
> /'I 1-------Î >

-a . 4 ]Bi 1 j .

(i)

Figure 6 .8 : Feasible routings of (4 ,3)-PTRR’s formed by three

(4, l)-MPTRR's in
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routable for any G R j j  except G B \^ .  If R  contains G R \ ^  +  GAg 3, since 

0 ^ 2  3  +  GAg g is equivalent to GBgg +  G.R3  3 under o, is routable in

Hz- If R  contains G R \ z  +  GAg we may assume that R  does not con­

tain G R \  3 + GR^ 2 it has been included in a previous case, then we can 

route jR as in Figure 6 .8 (f) since the used 4-cycle with vertex label order 

1,2 ,3,4, which is rouable for every any G R- j  except Gi?2,2- ^  ^  contains 

G R 2 Z + G R 3 4, then we know R  is routable since Gi?2,s +  GR^^  is equivalent 

to Gi?2,3 +  GRg i under a.

Subcase 2.4; R  contains exactly two GR^ z’s.

If we route 2GR^ z shown in Figure 6 .8 (g), then the unused 4-cycle 

has vertex label 1,2,3,4, which is routable for any of GAjj except 

Finally R  =  2Gi?2,3+Gi?2,25 ^  feasible routing of R  is shown in Figure 6 .8 (h). 

Case 3: A contains a ?̂J
It suffices to consider the following G R ^ ^ s  which are not equivalent to 

each other under the permutation a — (1,4) (2,3):

G R l i ,  G R l „  G R l„  G R l „  G R i j ,  G R i j ,

G R l^„  G R i j .  GRl_s, G R l^„

If R  does not contain GjRg g, then we route i2 in ifg as in Figure 6.9, note 

that the unused 4-cycle in these figures is routable for any G R j j  except 

GR^ z- When R  contains GR^ zi then we route A as in Figure 6.10.

We conclude that H z is routable for all (4 ,3)-PTRR’s. Hence H z is a

(4 ,3)-HUSB. Since Hz has 18 switches which is equal to the lower bound 

6  X 3 on the number of switches of a (4,3)-HUSB, ffg is an optimal (4,3)- 

HUSB.
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Figure 6.9: Feasible routings of (4,3)-PTRR's formed by one (4,2)-MPTRR

and one (4 ,1)-MPTRR in Hz
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Figure 6.10: Continued feasible routings of (4 ,3)-PTRR’s formed by one

(4,2)-MPTRR and one (4 ,1)-MPTRR in Tfg
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is an optimal (4,4)-HUSB

Searching for an optimal (4,4)-HUSB started by testing candidate (4,4)- 

SB designs with 24 switches for hyper-universality. If such an optimal (4,4)- 

HUSB exists, then by Theorem 5.3.1, we know any two sides of G  must 

induce a matching of four edges, so there are 4! =  24 different matchings 

between any two sides. Hence there are total 24® different (4 ,4)-SB’s. How­

ever, we only need to check non-isomorphic (4 ,4)-SB’s, so we can choose 

a fixed matching between sides 1 and 2, sides 2 and 3, and sides 3 and 4. 

This reduces the number of candidate (4,4)-SB’s to 24®. Furthermore, any 

three sides of G  must induce an optimal (3 ,4)-HUSB, which is isomorphic 

to either (7(4,4) or (7(4,2) -f <7(4,2) by Theorem 5.3.5. Therefore, we can 

only consider two matchings between sides 1 and 3, thus reducing the num­

ber of (4 ,4)-SB’s to 2 X 24 X 24 =  1152. We tested these candidates. This 

time we were not lucky, we tested every one of these 1152 (4,4)-SB's and 

none of them passed the test. That is, there exists a non-routable (4,4)- 

RR for each of them, thus we proved that no (4 ,4)-SB with 24 switches is 

hyper-universal. Detailed are omitted here. We then considered a (4 ,4)-SB 

with 25 switches. We started from adding a switch to two copies of We 

obtained H4 and proved that H 4 is hyper-universal.

We now show that H 4 is hyper-universal. Let R  be any (4 ,4)-PTRR  

which is a union of 4-MPTRR’s. Since H4 contains two copies of H 2 is 

a (4 ,2)-HUSB, Hence if i? is a disjoint union of two (4 ,2)-PTRR’s, it is 

routable in H 4. Therefore we need only consider the case when R is a union 

of a <7Rlj and a (7j^

If R  does not contain G R ^  3, we can route the five GRf^j^'s first, as shown 

in Figure 6.11(a). Note that the unused 4-cycle in H4 is routable for any
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G R j j  except G B ^ ^ . If R  contains a G R ^ ^ , then a feasible routing of R  in 

H4 is given in Figure 6 .11(b). This proves that H 4 is hyper-universal.

ii
OK,.,

2 # -

G R 2 ,3 + G F ? ,_ i

..3  y .------ .3

f f e f

4.; — 4 .

Gi4.3+GR\i

Î

t

E l
GR

(a)
2.2 GK 2 ,3 GK,

O  tE E i( t
t

P a  1 1 .... 1
■Î; i t '  4I

(b)
014.3+0̂ 2.3 0 1 4 .3+0 1 2̂.4

Figure 6.11: Feasible routings of (4 ,4)-PTRR’s in H4.

jÿg is hyper-im iversal

To prove that H q is hyper-universal we need to show that H q contains 

a feasible routing for every (4,6)-PTRR. Let A be such a (4,6)-PTRR.

Then R  can be decomposed into either two (4 ,3)-PTRR’s or three (4,2)-
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MPTRR’s. In the first case, R  is clearly routable in Hq as contains two 

copies of Hg. In the second case, we show that R  is also routable in H q .

Let jR =  where each (t =  1,2,3) is a (4,2)-MPTRR

from Table 6.1.

For convenience, we partition the vertices of H q into six groups, every 

four vertices on the same horizontal line falling in the same group, and we 

label the groups from top to bottom. Let L i^ i+ i be the subgraph of H q 

induced by the vertices in ith and {i +  l)th  groups. Then H q has three 

disjoint subgraphs Li,;, and Lg g. By Figure 6.9, we see that Li,2 and 

1/5,6 can route any minimal (4 ,2)-PTRR from Table 6.1. Next we show that 

Lg,4 is routable for any G R fj .  Again, we note that the permutation a =

(1 ,4)(2,3) is an automorphism of H q , so that it is sufficient to check those 

GR-ijS  which are not equivalent under the permutation a  =  (1, 4)(2 ,3).  

Figure 6.12 lists the feasible routings of these G R ^ jS  in L (3,4). In summary, 

we know that Ai, Eg is routable in Lg,4 , Z,G,6 respectively. Therefore, 

R  is routable in H q .

Using Hi, i =  1, 2 , 3 , 4 , 5 , 6 , 7 as prime 4-HUSB’s, we construct a com­

pound (4, w)-HU8 B H{w)  as follows.

H{w)  =  <

i i w  = l,

hEg if rt! =  6h,

(h -  l)E g -p E ; if w = 6h + 1,

hHQ i?2 if w = 6h + 2,

H H q -+- H q if w =  6h -p 3,

H H q +  i?4 if w =  6h -p 4,

hHQ 4- H q if w — 6h + 5.
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Figure 6.12: Feasible routings of (4 ,6)-PTTR’s formed by three

(4,2)-MPTRR'8inFf6

The number of switches in H{w)  is equal to

| £ ( H ( W - ) ) |  =

6 if w =  1,

> if w =  0{mod 6),

if It; =  l(m od 6),

if tu =  2(mod 6),

yW — 1 if It; =  3 (mod 6),

if tu =  4(mod 6),

> - | if tu =  5(mod 6).

Therefore, H{w)  is hyper-universal with [y w ].

^.,9 CompansoTi o /  .BZoct Deaiprw

In this section, we compare the routing capabilities of disjoint (4, tc)-SB’s, 

(4, w)-USB, Wilton’s (4, tc)-SB’s, and the (4, w)-HUSB’s. We compare 

switch blocks with the same dimension and channel capacity. The com­
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parisons can be done in three ways. The first way is to compare the set of 

routing requirements that are routable: a switch block G  is said be better 

than switch block O' in terms of routing capability if the set of routing 

requirements routable in G  properly contains that of G'. The second way is 

to compare the number of routing requirements routable: a switch block G 

is said to be better than switch block G' in terms of routing capacity if the 

number of routing requirements routable in G  is greater than that of G'. 

The third way is to use the experimental methods: inserting a switch block 

design into an FPGA design platform, testing the benchmark circuits to 

compare the total number of tracks needed. The experimental comparisons 

for different designs have been done by several authors [14, 51, 24]. Our 

design of (4, w)-HUSB’s was tested experimentally by Wu and Cheung [24], 

and the experimental results shows a 9% decrease in the number of tracks 

used as compared to that of disjoint (4, w)-SB’s.

Next we compare the four (4, w)-SB designs in terms of routing capa­

bility. For convenience, we use RC{G)  to denote the set of tight routing 

requirements routable in switch block G.

When w =  1, all the four designs are isomorphic to a complete (4 ,1)-SB. 

Furthermore, we can see that they are isomorphic to each other when w — 2 

(see Figure 6.13). Therefore when w =  1 and 2, the (4,2)-USB, Wilton's

(4 ,2)-SB and our (4 ,2)-HUSB are isomorphic each other.

The four designs differ from each other when w = 3. The disjoint (4,3)- 

SB is isomorphic to 3G (4,1), and the symmetric (4 ,3)-USB is isomorphic 

to C(4,2) +  G(4,1). Both Wilton's (4,3)-SB and the (4,3)-HUSB Ffg are 

connected.

It is clear that RG{3G{4,1)) consists of those (4 ,3)-TRR’s which can
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/ \
> / \ <

w
Symmetric (4,2)-USB

Figure 6.13: Symmetric (4 ,2)-USB, Wilton’s (4 ,2)-SB and our(4,2)-HUSB.

be decomposed into three (4, l)-TRR’s. EC(G(4,2) +  G(4,1)) consists

of those (4 ,3)-TRR’s which can be decomposed into a (4 ,2)-TRR and a

(4 .1)-TRR. Since the union of two (4, l)-TR R ’s makes one (4 ,2)-TRR and 

there are (4 ,2)-TRR’s which can not be decomposed into two (4, l)-TR R ’s, 

RC (3G {4 ,1)) is properly contained in RC (G {4 ,2) +  G (4 ,1)). Since there 

are (4 ,3)-TRR’s which can not be decomposed into a (4 ,2)-TRR and a

(4 .1)-TRR, RC{G{4 ,2) +  G{4 ,1)) is properly contained in RC{Hz).

Table 6.2 shows the routing properties of some (4 ,3)-TRR’s in the four

(4 .3)-SB’s. The reason that Gi?2,i +  2GJ%2,a is not routable in Wilton’s

(4 .3)-SB is that in any feasible routing for G R l  i + 2GR\^ ,  the two edges 

corresponding to G R \  i must be in a 4-cycle, but no such 4-cycle exists in 

Wilton’s (4 ,3)-SB. Therefore, i?C(Wilton’s (4,3)-SB) is properly contained 

in RC{Hz).  From the table, we know that there are no containment re- 

lations between AC(3G(4,1)) and AG(Wilton’s (4,3)-SB), AC(G(4,2) +  

G(4,1)) and EC(Wilton’s (4,3)-SB).

The same containment relations also hold for the four (4, w)-SB designs 

with tu > 4. That is, AC(tuG(4,1)) is a proper subset of EC (^^G (4,2) -|- 

G(4,1)) ( 720(^0(4,2)) when w is even). 720(^^ 0(4 ,2) +  0(4,1)) is a 

proper subset of RO((4,w)-HUSB), and 720(Wilton’s (4,w)-SB) is a proper
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Routable in (4 ,3)-SB? Disjoint SB Wilton's SB USB HUSB

GBJ,, +  2GBJ,3 YES NO YES YES

G R l ,  + G R l , NO YES YES YES

G R l NO YES NO YES

Table 6.2: Special routing instances.

subset of i?C((4,w)-HUSB). EC (Wilton's (4,w)-SB) has no containment 

relations with R C (w G {4 ,1)) and with i? C '(^ G (4 ,2) +  0 ( 4 , 1)).

Considering connectivity, the disjoint (4, w)-SB  has w  components, the 

(4, w)-USB has \w/2'\ components, and the (4, w)-HUSB has [w /6] com­

ponents, and W ilton’s (4, w)-8B is connected, i.e. it has one component.

Now consider feasible routing algorithms. We know that a feasible rout­

ing can be found in time linear in w  for the compound (4, tc)-HUSB’s. But 

no linear time algorithm for determining the existence of a feasible routing 

of any given (4 ,2)-TRR is known for the disjoint (4, w)-SB’s, the (4, w)- 

USB’s, or W ilton’s (4, w)-SB's. The disadvantages of the (4, w)-HUSB’s 

are that they use more switches than the of other three kinds of switch 

blocks.

In this chapter, we applied the decomposition design scheme to the de- 

sign of (4,w)-HUSB's. The prime 4-HUSB's are (4,r)-HUSB's with r =

1, 2 , 3 , 4 , 5 , 6 , 7. We presented and verified a group prime 4-HUSB designs, 

which achieves optimality for r =  1,2, 3,4,5 and near optimality for r =  6 

and 7. For w > 7 we showed a compound (4, w)-HUSB with [6.34w] 

switches.
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Prom the design and verification of the prime 4-HUSB’s, we see that 

it is hard to verify that a switch block is a hyper-universal switch block 

when it is not a compound switch block. The difficulty is due to the lack of 

an efficient way to find a feasible routing for a given routing requirement. 

Besides, there are a great many routing requirements which need to be 

checked.

Since the prime (4 ,6)-HUSB is used as the repeated component in a 

compound (4, w)-HUSB, it would be valuable to know an optimal (4,6)- 

HUSB. We have tested some (4 ,6)-SB’s with 36 and 37 switches, but none 

was found to be hyper-universal. So the optimal (4 ,6)-HUSB design prob­

lem is still open. We would like to know if He is an optimal (4 ,6)-HUSB.

Historical notes :

The (4, w)-HUSB design problem was the first concrete problem I have 

worked on in this area. The first prime design was obtained in the summer 

of 1999 (joint with J. Liu). In the summer of 2000, J. Liu invited me to 

the University of Lethbridge for the second time. We improved the prime 

(4, w)-HUSB’s for w =  3 ,4 ,5 ,6 ,7. My main contribution is in identifying 

these switch blocks from a large candidate set and verifying the hyper­

universality of these switch blocks. J. Liu completed and simplified the 

proof of Eg by using the symmetry. The proofs for Eg and E 4 and H q here 

are based on Liu’s simple proof.
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Chapter 7 

Universal Switch Blocks

In this chapter, we apply the decomposition design scheme to design {k, w)~ 

USB’s. Because of the special properties of 2-pin net (fc, w)-PTRR’s, better 

results are achieved. Since we will only consider 2-pin net {k, w)-PTRR’s 

in this chapter, unless stated otherwise, by a (k, w)-PTRR we mean a 2-pin 

net {k, w)-PTRR.

Section 7.1 presents a decomposition theorem for 2-pin net (fc, w)-PTRR’s. 

It says that any 2-pin net {k, 2m)-PTRR can be decomposed into m  {k, 2)- 

PTRR’s, and that the maximum capacity of 2-pin net fc-MPTRR’s, f^ ik)  

(i.e., the maximum degree of non-decomposable) regular 2-graphs on k  ver- 

tices, is equal to 2 when 3 <  k <  6, or to when k > 7, where 1 <  t <  6 

and i = n  (mod 6). A detailed proof of this decomposition theorem is given 

in Section 7.4. This decomposition theorem implies that prime fc-USB’s 

are (t, w)-USB's with w =  1 ,2 ,3 ,5 ,..., 4- 1 , . . . ,  and a disjoint

union of m  copies of a (fe, 2)-USB is a {k, 2m)-USB. For odd w > - , a 

disjoint union of m  copies of a (fc, 2)-USB and one (fc, —| -- )-USB forms a 

{ k ,2 m +  fe± |- .»)-USB. Section 7.2 shows that G{k, 2) is an optimal {k, 2)- 

USB, and Section 7.3 discusses approximate designs for prime (t , w)-USB's 

with w =  3 ,5 , . . . ,  .
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7.1 TTieoneyrw /or f/mî ersaZ BZocAia

In using the decomposition design scheme to design {k, w)-USB’s for every 

w >  1, we need to enumerate all fc-MPTRR’s and compute f 2{k). The 

following theorem gives a characterization for fc-MPTRR’s, which can be 

used to enumerate all /c-MPTRR’s.

Theorem 7.1.1 Let R  be a 2-pin net {k ,q )-P TR R  and G be the q-regular 

2-graph on k  vertices corresponding to R . Then R  is a (k ,q )-M P T R R  if  

and only i f  one of the following statements holds:

(1) G is 1-regular.

(2) G is 2-regular and at least one component o f G is an odd cycle.

(S) q (> 3) is odd and there is a 2-factor-free component C  in the graph 

obtained from G by deleting all cut edges, such that C  is incident with at 

least q — 1 cut edges o f G i f  C  contains a singleton with multiplicity one, 

and otherwise, at least q cut edges.

Theorem 7.1.2

f 2 (k )  =

1, 1 <  k <  2,

2, 3 < A < 6, (7.1)

t  > 7

where 1 <  î <  6 and i =  k  (mod 6).

The proofs of the above theorems are in Section 7.4 below. Next we con­

sider the 2-pin t-MPTRR's for k =  1 , . . . ,  8. For k =  1,2, 3,4, we can easily 

find all 2-pin fc-MPTRR’s from the multi-pin t-MPTRR's given in Chapter 

4 and 6. For k =  5,6,7,8, we use Theorems 7.1.1 and 7.1.2 to compute 

Qiik). We enumerated all non-isomorphic regular 2-graphs of k vertices
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with degree r =  1 ,2 ,3 ,.. . ,  for k =  5 , . . . ,  8. To the represen­

tation of ̂ 2 (k), we choose one representative horn each type of k-MPTRR's, 

and give a complete list of the different types. We use k G R l  to denote the 

ith type of a k-MPTRR with capacity r. For example, a complete list of 3- 

MPTRR types is 3GRi =  {{1,2}, {3}} and 3GR; =  {{1,2}, {2,3}, {1,3}}. 

A complete list of 2-pin net 4-MPTRR's types is =  {{1,2}, {3,4}} and 

4GRi =  {{1,2}, {2,3}, {3,1}, {4}, {4}}. Figure 7.1 shows the 2-graphs of 

diSerent types of 2-pin net A-MPTRR's for A; =  1 ,. . . ,  8.

The following two theorems follow directly from Theorem 7.1.2 and the 

decomposition design scheme in Chapter 5 .

Theorem 7.1.3 Let R  be a 2-pin net {k, w )-P TR R , then the following

(i) When w is even, R  can be decomposed into w /2  {k ,2 ) -P T R R ’s.

(ii) When 1 < k  < Q and w is odd, R  can be decomposed into one 

(A:, 1)-PTRR and (w -  l)/2  (A;,2)-PTRR'a.

(in) When k > 7 and w is odd and w > — R  can be decomposed 

Wo one (A;, and (A;, 2)-PTR R \ where 1 <  i <  6

and i =  A: (mod 6).

(iv) When k  > 7 and w is odd and w < there exists a (k, w)-

M P T R R  fo r  every pair o f k, w with k > 7 and odd w <  ̂ where

1 <  % <  6 and i a= k  (mod 6).

Theorem 7.1.4 The following statements hold:

(i) When w is even, a disjoint union o f w /2  copies of a (k, 2)-USB forms  

o (A;,
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I ‘ I <I  I II  I i
IGr} 2GR; 3GR 3 GR? 4 Gr !

5GR} 5GR4

I I I  'C i ?  4 4  4 5 *
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7GR| 70Rg 7 OR?

I I I I  0  C - Î
8Ĝ 8GR|
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Figure 7.1: A complete list of the different types of 2-pin net A;-MPTRR’s 

for t  =  1 , . . . ,  8.
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(ii) When 1 <  fc <  6 and w is odd, a disjoint union of one {k, 1)-USB  

and (w — l) /2  copies o f a {k, 2)-USB forms a {k,w)-USB.

Wken t  >  7 anj w w odj oW  w >  o union o / one

{k, — and — copies o f a {k, 2)-USB forms a {k, w)-USB, 

where 1 <  i  <  6 and i = k  (mod 6).

(iv) When k > 7  and w is odd and w < the graph of a (k, w)-USB  

must be connected, where 1 <  i <  6 and i = k  (mod 6).

7.^ fn m e [/Mweraaf «S'mW» Two

By Theorem 7.1.4, when 1 <  A: <  6 the prime fc-USB’s are (k, r)-USB’s with 

r =  1,2, when k > 7  the prime fc-USB’s are {k, r)-USB’s with r = 2 and all 

odd numbers between 1 and where 1 <  i <  6 and i = k  (mod 6).

We know that the complete {k, 1)-SB, G{k, 1), is an optimal (fc, 1)-USB for 

all fc by Theorem 5.3.3. We will first show that G{k, 2) is an optimal (fc, 2)- 

USB for every fc >  2 and then consider an approximate design for optimal 

prime (fc,r)-USB’s.

7.2.1 Optimal Universal Switch Blocks with Channel Capacity Two

By Definition 5.2.1, G{k, 2) is the fc-partite graph ((V i,. . . ,  Vk), E)  with 

% =  =  1, 2}, i =  1, . . . ,  fc and

^  A+(j-f)-i|A =  1, 2}

where the second index of the subscript is taken modulo 2 .

P ro p o sitio n  7 .2 .1  ii,*^ ,. . .  , i ,  g d^Q'breni iniegera wiifc 1 <  ÿ  <

fc, j  =  1, . . .  ,g . Zet ...,% ,] denote the auhgroph o /G (fc,2) with

vertex set U Vij U . . .  U and edge set consisting of edges o f G{k, 2)
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endg kfweem ond /or j  =  1, . . . ,  g, w/>ere . T/ien,

G[Vii, Via, • • • Vi,] is a H a m ilto n ia n  cycle i f  q is odd, and two d isjo in t cycles  

o f  equal length  otherw ise.

fm o / j? =  G[V<i,Vi3 ,...,V ^ ] is a 2-regular simple graph and thus,

consists of cycles.

A pair Vi. and Vî ĵ is called an increasing pair if i^+i >  i j , and decreas­

ing pair, otherwise. Let s and r  be the numbers of increasing pairs and de- 

creasing pairs of the sequence Vî , V^,. . . ,  respectively. Then, when

starting at vertex Vi^̂ t and going along the cycle containing we will 

return to at the vertex Vi^^t+a-r- If Vi^^t+s-r 7  ̂%i,i, then we can continue 

this process, until we end up at Now we have t  =  t  + m { s  — r)(mod 2), 

and so that m { s  — r) =  0 (mod 2), where m  is equal to either 1 or 2. Since 

s -f r =  g, if g is odd then s — r is odd and m =  2 and H  is a Hamiltonian 

cycle. Otherwise m =  1 and H  consists of two cycles of length g. □

T h eorem  7 .2 .2  G (t, 2) w on gpfimol (t , 2)-[/5'B /or every k >  2.

Proof. Let R  be any (fc, 2)-PTRR. We show that R  has a feasible routing 

in G(fc,2). Let H  be the 2-graph of R. Then each component of i î  is a 

cycle. Let { ii, zg},. . . ,  be any component of H.  If h  is odd, then

G[Vij, 1̂ 2, . . . ,  V(g] is a Hamiltonian cycle of length 2g and it has two sets 

of h  independent edges, any one of which can be used as a feasible routing 

of {*1,*2} ,. . . ,  {%,, *i}. If g is even, then V̂ ,, - - , 1*,] is a union of 

two disjoint cycles of equal lengths and it has four sets of g independent 

edges. Two of which can be used as a feasible routing of {%i, i^ },. . . ,  {iq, ii} . 

Thus jR has a feasible routing in G(fc, 2), and therefore G(fc, 2) is universal.
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Furthermore, 2) has 2^^ edges. Hence by Theorem 5.3.2, G(k, 2) is

an optimal (fc, 2)-USB. O

Now we define

h G(fc,2) if w =  2h,
(7.2)

G(fc, 1) +  h G(fc, 2) if w =  2h +  l.
U{k,w)  =

Recall that h G{k, 2) denotes a disjoint union of h  copies of G{k, 2).

Theorem 7.2.3 [/(fc, w) ia an (fc, when w *a euen, or wfceu

w is odd and  fc < 6.

Proof. By Theorems 7.1.3 and 7.2.2, when w is even, every (fc, w)-PTRR can 

be decomposed into j  (fc, 2)-PTRR’s and each of which has a feasible rout­

ing in a G(fc, 2). Therefore, [/(fc, w) is universal. Since \E{U{k,w))\ = ( ^ w  

is equal to the lower bound on the number of switches in a (fc, 2)-USB by 

Theorem 5.3.2, [/(fc, w) is an optimal (fc, w)-USB.

When fc <  6 and w is odd, by Theorem 7.1.4(h) and Theorems 7.2.2, 

we know that [/(fc, w) is universal. Since [/(fc, w) has ( ^ w  switches, it is 

an optimal (fc, to)-USB. □

In [46], Shyu et al. claimed that the (fc, w)-SB, generated by their 

algorithm is an optimal (fc, te)-USB. However, is isomorphic to U (fc, w) 

and [/(fc, w) is not universal when fc >  7 and w  (>  3) is odd. For example, 

U{7,3) is not routable for 7G Rf  because 7G Rf can not be decomposed into 

one (7 ,1)-PTRR and one (7,2)-PTRR. In fact, [/(fc, w) is a (fc, w)-USB if 

and only if 2 <  fc <  6 or w is even, see [27].

We find that designing optimal prime (fc, w)-USB’s for fc >  7 and odd w  

is not an easy task. Therefore, we try to design prime (fc, w)-USB's which 

are close to optimal.
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7. ,9 Prime PMwereoZ Biocte wit/i Odfi Capaci(iea

We now consider designing prime {k, zc)-USB’s for A: >  7 and odd w  with 

3 <  w  < h i k ) .  We propose an iterative design method, in which we 

start from G(A;, 1) and add a G(A:, 2) and some extra switches such that 

the resulting switch block is universal and continue this process until a 

(fc, / 2(fc))-USB is derived. We here illustrate this method by constructing 

a (fc, 3)-USB for fc =  7, i.e., a (7,3)-USB.

The basic idea of designing a (7 ,3)-USB is to add some switches to 

C?(7,1) +  G (7 ,2) such that the resulting (7 ,3)-SB is universal. If a (7,3)- 

PTRR is a disjoint union of a (7 ,1)-PTRR and a (7 ,2)-PTRR, then it is 

routable in G (7 ,1) +  G (7 ,2). Therefore, we consider adding the minimum 

number of switches between G (7 ,1) and G (7,2) (called bridge sw itches) 

such that the resulting (7,3)-SB [7(7,3) is routable for all (7,3)-MPTRR's, 

that is, routable for every (7 ,3)-MPTRR isomorphic to 7 G R f .

Let i? be a (7 ,3)-MPTRR. Then, in any routing for R  in £7(7,3), at 

least one bridge switch is used. We consider a feasible routing of R  which 

uses exactly one bridge switch. Suppose that {%i, i ^} is the net in R  using 

the bridge switch in the feasible routing, and i i  corresponds to a vertex v  

in G(7,1). Then we must use three independent edges in G (7 ,1) — {v} to 

route three mutually disjoint 2-pin nets in R  \  { h , i 2}- We see that such 

an {%!, *2 } must corresponds to an edge in a triangle of the 2-graph of R. 

One of the smallest (in terms of number of edges) graphs on seven vertices 

which will always contain a triangle edge of any 2-graph isomorphic to a 

(7 ,3)-MPTRR is given in Figure 7.2(b). We call this graph a connection  

p a tte rn  graph. The labels of the vertices and the orientations of the edges 

in the connection pattern graph are arbitrary. A directed edge ( i , j )  in the
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(a) U(7,3)
(b) a connection pattern 

graph for (7,3)-USB

(c) U(8,3>-USB

(d) a connection pattern 
graph for (8,3)-USB

Figure 7.2: A (7,3)-U8B and a (8,3)-U8B.
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connection pattern graph corresponds to a bridge switch joining a terminal 

on the i-th side of G {7,1 ) to a terminal on the j'-th side of G {7,2 ). Using 

this connection pattern graph, we obtain a (7 ,3)-SB, [7(7,3), as shown in 

Figure 7.2(a).

We next show that Ü (7,3) is universal. We need only show that Ü (7,3) 

is routable for every (7 ,3)-MPTRR R  (recall that R  is isomorphic to 7Rf). 

Let { ii, zg} be a net corresponding to a triangle edge in the connection 

pattern graph. Without loss of generality, assume that Vi^ î and are the 

two end terminals of the bridge switch corresponding to { h , i 2} in Ü (7,3), 

and where corresponds to

Let N i, N 2, N 3 be three mutually disjoint 2-pin nets in R, none contain- 

ing %i. We can hnd routings for TVi, jVg in in G(7,1) -  Now 

consider =  (JZ \  {{*1 , ig}, JVi, Wg, {*3 }) U {{tg, 1 3 }}, where {2 3 } is the 

singleton in R. Then R '  corresponds to a 2-regular graph, which has a fea­

sible routing F2 in G{7,2), such that a switch s' realizing {ig, 23} is incident 

with Then ((Fi U Fg) \  {s'}) U is a feasible routing

of R. Therefore Ü (7,3) is a (7 ,3)-USB.

Similarly, we construct a (7(8,3), see Figure 7.2(c) by the connection 

pattern graph shown in Figure 7.2(d). Using the prime [7(7,3) and [7(8,3) 

we construct (7, w)-USB's and (8 ,w)-U8 B's as follows. For w =  2 h -t-1 , 

define

[7 (7 ,2h -H )=  i7(7,3)-bELi"G(7,2) (7.3)

(7(8,2/2 4 -1 )=  (7(8,3)4-I:^i^G(8,2). (7.4)

Theorem 7.3.1 Fet w be on odd integer twt/2  w > 3. Then (7(7, w) is o
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(7,  ̂+  2&- ^(8, tu) »

a (8,w)-[/gg w*(A oppnxnmWioM mfio ^  ̂+  2&-

Proof. By our construction, we see that 17(7,3) is a (7 ,3)-USB. By The­

orem 7.1.2, fz{7) =  3. Then by Theorem 7.1.3-(iii), every (7, w)-PTRR 

with odd w > 5  can be decomposed into (7 ,2)-PTRR’s and one (7,3)- 

PTRR, and each (7 ,2)-PTRR has a feasible routing in a copy of G {7,2), 

and the (7 ,3)-PTRR has a feasible routing in Ü{7,3). Therefore Ü{7, w) is 

universal. By Theorem (5.3.2), we have

|E(i/(7,w))| =  fgjtu +  6 =  21w4-6, Tnm[/gg(7,w) >  K jw =  21w

Therefore,
l ^ ( % 4 ) l < 1  +m inusB{7,w) ~  21w '

Similarly, it can be shown that Ü{8,w )  is universal with approximation 

ratio
|Æ7(i7(8,u,))| 9

minjjsB{^-,w) 28w'

a
We see that when w is large, the ratio is close to 1. Hence [7(7, w) and 

Ü (8 , w) are close to optimal when w  is large.

For k  > 9 ,  we can use a similar method as long as the all t-MPTRR's 

are known. First, we need to design (k, w)-USB's for each odd integer 

3 < w < /a(t). The construction starts from w =  3. Construct a (A, 3)-USB 

by adding bridge switches between G(k, 1) and G(k, 2) such that the result- 

ing (k, 3)-SB, written Ü{k, 3), is routable for all {k, 3)-MPTRR’s. Then 

construct Ü {k, 5) by adding bridge switches between Ü (&, 3) and G{k, 2) 

such that the resulting (k, 5)-SB is routable for all (&, 5)-MPTRR's. We
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continue this process until Ü{k,  is constructed, where 1 <  i <  6 and

i “  k  (mod 6).

Then we use these universal switch blocks to build a (k,  w)-USB for 

any odd w.  When w  < we use Ü { k , w )  (recall that w  is odd),

otherwise w  > , let Ü { k , w )  be the disjoint union of one Ü{k,
. .  k+S—i \

and -----2 —̂- copies of G{k,  2). Then, by Theorem 7.1.3 we know that

Ü {k, w)  is universal. By Theorem 5.3.2, we have the approximation ratio 

of if (k, w)

( k + 3 ~ i \ \2    k+ 3—i >

when w  is large and k  is fixed. Therefore, Ü (k,  w)  is close to optimal when 

w  is large.

7.3.1 Feasible R o u tin g  A lgorithm s

We now discuss finding feasible routings in the above compound fc-USB’s. 

Let M  =  — 2) _|_ Ü { k , f 2 (k)  be a compound {k, w)-USB obtained

by the above decomposition design scheme and let R  be any {k, w)-PTRR. 

We claim that there is a polynomial time (in k  and w)  algorithm to find a 

feasible routing of R  in M .  Let G'  be the regular 2-graph corresponding to 

R. Since there is a polynomial time algorithm (in the number of vertices 

and edges) to find a 2-factor of a graph [35], there exists a polynomial time 

algorithm (in k  and w)  decomposing G'  into a / 2(fc)-factor and 2-

factors. The /^(kj-factor is a {k, / 2(fc))-PTRR, for which and a feasible 

routing can be found in Ü{k,  f 2 {k))  in constant time. Each of the 

2-factors is a {k, 2)-PTRR, for which a feasible routing can be found in 

G{k,  2) in constant time. Therefore we can find a feasible routing for R
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in M  in time polynomial in k  and w . Recall that for a compound {k, w) -  

HUSB, when k  is fixed, we can find a feasible routing for a multi-pin net 

{k, tü)-PTRR in time linear in w,  but the constant depends on k  and may 

be exponential.

In this section, we give detailed graph theoretical proofs for Theo­

rems 7.1.1 and 7.1.2. All graphs considered are multiple graphs. Let 

G  =  (V, E )  be a graph, and D ,  S  Ç V  be disjoint subsets. G — D de­

notes the graph obtained from G  by deleting all vertices in D  and all edges 

incident with D , and dG -nix)  stands for the degree of vertex x  in graph 

G  — D.  A  component of a graph is a maximal connected subgraph. A com­

ponent of G — D is said to be an odd component if it has an odd number 

of vertices. Let E g { S ,  D) denote the set of edges of G having one end in S  

and the other in D ,  and ea{S, D )  denote the number of edges in E g { S ,  D), 

namely e d S ,  D )  =  \Eg{S ,  D)\. Let E '  Ç E ,  denote by G  — E '  the subgraph 

of G obtained from G by removing all edges in E ' . In particular, G — e de­

notes the graph obtained from G by removing edge e. An edge e of graph 

G is called a cut edge if the number of components in G — e is greater than 

that in G. The following known results will be used in our proofs.

Lemma 7.4.1 (Tutte, 1947, [50]) A  graph G  has a 1-fa c to r  i f  and  only  

any 5" Ç V(G),

o ( G - g ) < |g |  (7.5)

where o{G  — S )  deno tes the num ber o f  odd com ponents o f  G  — S .
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Lemma 7.4.2 (Petersen, [40, 2]) Every gmp/i mfAoW a

edge has a 1-factor.

Lemma 7.4.3 (Petersen, [40, 2, 11]) ylny 2k-regwZor (k > 2̂  grap/i con

be decom posed in to  k  d isjo in t 2-fac to rs . T h a t is, a 2k-regular graph is 2- 

factorable.

Lemma 7.4.4 (The t-Gsctor Theorem, [10]) /I yrop/i G confoina o k-

fa c to r  i f  and  only i f

k \ D \ - q ( D , S ) - J 2 ( ' = - < ‘o - D { x ) ) > 0  (7.6)
xes

fo r  all d is jo in t se ts D , S  Ç, V { G ) ,  where q{D,  S )  deno tes the num ber o f  

com ponents C  in  G  — D  — S  such  th a t e G { S , V{ C) )  +  k \ V { C ) \  is odd.

The next lemma is due to Schonberger (1934) as stated in [2]. However, 

we proved the result before knowing of its earlier existence. We here provide 

our own proof using Tutte’s 1-factor theorem.

Lemma 7.4.5 Let G 6 e o -̂regWor yropA wit/mnt o cut edge, ond Zet ei, e2

be any two edges o f G .  T h en  G  — {6 1 , 6 2 } conta ins a 1-factor.

Proof. Suppose G—{ei, eg} does not contain a 1-factor. Then by Lemma 7.4.1, 

there exists an S Ç y(G  — {6 1 , 6 2 }) such that o(G — {6 1 , 6 2 } — E) > IE].

Let G i,. . . ,  Gf be the odd components of G — {61, 62} — S  where t  =  

o{G  — {ci, 62} — S ) .  Then we have

t >  |E |-M , 3 |E |> 6 G (G iU ...U G f,E ) (7.7)

By Lemma 7.4.2 we have o(G—E) <  |E| since G has a 1 -factor. We must

have that either (1): 61 or 62 join two odd components of G' — S ,  or (2): 61
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and 62 join two different odd components and an even component. Suppose

(2) is the case and without loss of generality, assume that 6i joins the odd 

component Ci and an even component C, and eg joins Cg and C. Since 

\  y  (Cl)) is odd and greater than one, eG(Ci,S )̂ > 2. Similarly, 

6 G(C2 ,S') > 2. For % > 3, we have eG(Ci, S') > 3 as C does not have a 

cut edge. Then by (7.7), we have 3|6 |̂ >  6g(C i U C2 U C3 U • • • U C*, S') >  

2 +  2 +  3(t — 2) =  3t — 2 >  3(|S | +  1) — 2 =  3|S | +  1, a contradiction.

Next we suppose (1) is the case, i.e., either 6 1  or 6 3  joins two odd com­

ponents of C — {ei, 62} — S.  Without loss of generality, we assume that 6% 

joins Cl and Cg. We prove the contradiction by five cases according to the 

location of 62 in G .

Case 1 : 6 3  joins Ci and C3 .

Then ec(Ci U C2 , S) must be even and ec(Ci U C3 , S) >  2. If eg(Ci U 

C2 ,S) > 4, then by (7.7), we have 3|S| >  eg(Ci U . . .  U C*,S) > 4 4 -

3(t — 2) =  3t — 2 > 3(|S | 4- 1) — 2 =  3 |S | 4 -1, a contradiction. Therefore, 

ec(C i U C2, S) =  2. Then by (7.7) we have 3|S| >  eg(Ci U ... U C*, S) >

2 4- 3(t — 2) =  3t — 4 > 3(|S | 4-1) — 4 =  3|S| — 1. If there is a C* with i > 3  

and cq(Ci , S) ^  5, then 3|S| ^  cg(Ci U ... U C*, S) ^  2 4- 3(t — 3) 4- 5 ^  

3|S| 4- 1, a contradiction. Therefore, ea{Ci, S) =  3 for î =  3 , . . . ,  t. Then 

3|S| >  eg(CiU...UCt,S) =  24-3(t-2 ) =  3 t - 4  >  3 ( |S |4 - l) -4  =  3 |S |-1 .  

This implies that t =  |S| 4- 1 and that there is one more edge e incident 

with S. But since G  has no cut edge, both ends of e must be in S.  Simple 

counting shows that the number of vertices of G  must be odd, which is a 

contradiction since G  is 3-regular implies that G  has an even number of 

vertices.

Case 2: 63 joins one of Ci and C2 to a Cj for some i with 3 < i  < t .
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Without loss of generality, suppose eg joins Cg to C'a- Since ea-{ei,e2}i^ ii  

is odd and \V{Ci)\ is odd and G  is 3-regular and G  has no cut edge, 

there are an even number of edges between Ci and S' for « =  1,3 and 

an odd number of edges between Cg and S  and at least three edges be­

tween Ci and S  for i =  4 , . . . ,  t, so that ea{Ci, S) > 2, ea{Cz, S) > 2 , 

S) > 1, and ec(Q , S) > 3 for % =  4 , . . . ,  Then by (7.7), we have 

3|S| >  oq(^Ci U ... U Cf, S) >  2 -f-1 -f- 2 -f- 3(t — 3) =  3t — 4 >  3(|S| -1-1) — 4 =  

3|S| — 1. This implies t =  )S| -f 1. We obtain a contradiction as in the 

argument at the end of Case 1.

Case 3: eg joins Q  and Cj with 3 < i < j  < t.

Without loss of generality, suppose that eg joins C'a and C4. By the 

previous arguments, we know that S) > 2 for i =  1,2,3,4 and

ee(Q, S) > 3 for t =  4 , . . . ,  t. If eG(Q, S) > 4 for some % with 1 <  i <  4, 

or ea{Ci, S) >  5 for some i with 5 < i < t, then by (7.7) we have 

3|S| >  eG(CiU...UC't, S) >  3 t —2 > 3 ( |S |+ 1 ) —2 =  3 |S |- f l , a contradiction. 

Therefore, ea{Ci, S )  =  2 for 1 <  * <  4, and ea{Ci, S )  =  3 for 5 <  i <  t. 

Then by (7.7) we have 3|S| > eG(Ci U ... U Q , S) =  8 +  3(t — 4) =  3t -  4 > 

3(|S| +  1) — 4 >  3|S| — 1, which implies £ =  |S| -f 1, again a contradiction 

by the argument at the end of Case 1.

Case 4: eg joins an odd component and an even component.

Suppose eg joins a with 1 < io < t  and an even component C  of 

G — {ei, eg}, where |y (C )| is even.

If 3 < 2o <  £ then we have ec(C, S') >  1, and eg(C^, S) >  2. Then by 

(7.7) 3|S| >  ec(Gi U ... U C* U G, S) >  3(£ -  3) -I- 2 -I- 2 +  2 -t-1 =  3£ -  2 > 

3(|S| + 1) — 2 =  3 |5 | 4-1, a contradiction. If io =  1, then eG(Ci, S) > 1, and 

wehave3|S| > eG(CiU...UQUC,S) > 3(£-2)-h2-H4-l =  3£-2 > 3|S|-t-l,
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a contradiction. Similarly, a contradiction follows if io =  2.

Case 5; eg is not incident with any odd component.

Then eg joins two even components, or eg is in an even component, or 

eg joins S  and a component of G — S', eg joins two vertices of S.  In any of 

the above cases, we have 3|S| >  ec(G  — S, S)  >  3(t — 2) +  2 +  2 =  3t — 2 >  

3(|S| +  1) — 2 >  3|S| +  1, a contradiction.

□
The following theorem describes a structural property of regular graphs 

which we have not found elsewhere.

T heorem  7 .4 .6  L e t G be a (2r +  1)-regular graph (r > 1). I f  the num ber  

o f c u t edges in  G is less than  2r  +  1, then  G has a 2-fa c to r .

fmo/. We hrst prove the correctness for r =  1. Suppose G is a 3-regular

graph with k  cut edges with k < 2, we show that G contains a 2-factor.

Suppose k = 0, then G has a 1-factor by Lemma 7.4.2. Removing the

1-factor from G, we obtain a 2-factor of G, so that G contains a 2-factor.

Suppose t  =  1, by the above argument it is suffices to show G has a

1-factor. Suppose on the contrary that G does not contain a 1-factor. Then 

by Lemma 7.4.1, there exists an 5  Ç V { G )  such that o(G — S )  > [S']. 

We note that for each odd component G of G — S', ea(G, S)  must be odd, 

and there is at most one odd component C  with ec(G, S) — 1, and for 

other components G, ea{G ,S) > 3 since G has only one cut edge. Then 

3(o(G — S') — 1) -t- 1 <  3|S | or 3o(G  — S') — 2 <  3|S|. This implies that 

o(G  — S) <  |S|, a contradiction to o(G  — S) > |S|. Therefore G has a

1-factor, and so that G has a 2-factor.

Next suppose k = 2. Suppose on the contrary that G does not contain
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a 2-factor. After the deletion of the two cut edges from G , the resulting 

graph must have a component not containing a 2-factor, let it be H .

We see that the two cut edges must be both incident with H , for oth­

erwise we can obtain a graph H ' by joining two copies of H  with one cut 

edge. H ' has a 2-factor by the above argument for the case k  =  1, which 

would induce a 2-factor of H , contradicting the choice of H . Let u \  and 

U2 be the two vertices in H  incident with the two cut edges of G. Then 

«1 and U2 must be distinct since otherwise G  would have more than two 

cut edges. Then we have dg(tii) =  dg(u2 ) =  2. Let K  be the 3-regular 

graph obtained from H  by deleting u i  and ug and adding edge ej joining 

the neighbors of Ui, i = 1,2. Note that the two neighbors of a n, must be 

distinct since otherwise G  would have more than two cut edges. Then H  

contains a 2-factor if and only if K  contains a 2-factor containing both ej 

and e'2 , and if and only if K  has a 1-factor containing neither ej nor e .̂ 

Since K  is 3-regular and does not contain a cut edge, by Lemma 7.4.5 we 

know K  has a 1-factor, therefore, H  has a 2-factor. This contradicts to 

the choice of H . The above contradiction implies that G  has a 2-factor. 

Therefore the theorem is true for r =  1.

Next, we suppose that r > 2. We show that G has a 2-factor. By 

Lemma 7.4.4, it is suffices to show that, for any two disjoint sets D , S  Ç

V ( G ) ,

2|fl| -  q{D , S ) - - £ { 2 ~  d o ^ i ,( x ) )  >  0. (7.8)
®es

where q{D,  S )  denotes the number of components, C,  o i  G  — D  — S  such 

that eG(y(C), 5") 4- 2|y(C)| is odd.
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Let A =  2|D| -  g(D, g) -  Ezes (2 -  (k -o W ), thus

A =  2|D| -  g(D, ^) -  E  (2 -  4)-.D W )

=  2|D| -  g(D, 50 _  2|g| +  ^  dG-oW
x € S

=  2|D| -  g(D, g) -  2I5"! +  (2r +  1)|^| -  %(D, g)

=  2\D\ — 2|5'| +  (2r +  1)|/S'| — ea{D, S )  — q{D, S) ,

Thus showing that G  has a 2-factor is equivalent to showing that

A =  2|D| -  2|g| -k (2r 4 -1)|^| -  %(D, g) -  g(D, g) >  0 (7.9)

where q{D,  S )  equals to the number of components, C,  oi  G  — D  — S  such 

that

eG(V(C), 5̂ ) is odd. (this implies that eG(V(C), 5") > 1) (7.10)

Let A be the set of components C of G — D — 5  such that eG(V(C), S) 

is odd and eo(y(C), D) =  0. Let

Ai =  {C 6A |eG (y(C ) ,5 ' )  =  l}

A2 =  { C e A | % ( y ( G ) , ^ ) > 3 }

Then for each C  E A i ,  the unique edge joining C  and <S is a cut edge of G, 

so that

|Ai| < 2r (7.11)

because G  does not have more than 2r cut edges by the assumption of 

the theorem. It is obvious that Ai n Ag =  0, so that A =  Ai U Ag and 

|A| — I All +  jAgj.
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Let B  be the set of components, C , o i G  — D  — S  such that ea{V(C), S) 

is odd and ea{V(C), D) >  1. Then for each C € e a fV (C), 5 ) >  1. Since 

G is (2r 4- l)-regular, we have

(2r +  l)|D | > ec (D ,^ )  +  eG(UceBy(C),D) >eG(D,g) +  |B|. (7.12)

Then A C \B  — % and

q{D, S) — |j4| +  |5 | =  |j4i| +  lAgj +  |B |. (7.13)

Since G  is (2r +  l)-regular, we have

(2r +  l)|6r| =  E .6g4,(^)

> eG(y(G )\g ,5)

>  ea{D U (UceAiuAiVBV(C)), S)

=  %(D,g)  +  eG(UceAiy(C),5')

+eG(UceA,y(C), ^) +  eG(UcEBy(C), 5̂ ) (7.14)

> cg{D, S) + \Ai\ + Z\A%\ + |5|
> cg{D, S) + |^i| + + |5|

> eo(D,5') +  |A| +  |B|

=  eo (D ,g )+g(D ,g ) .

There are three possible cases according to the relations of S  and D.

Case 1: |D| >  |g|.

By (7.9) and (7.14) we have

A =  2(|D| -  1̂ 1) +  [(2r +  1)1̂ 1 -  %(D, g) -  g(D, g)] > 0.

Case 2: |D| < |g| and 2|^| -  2|D| <  |A| -  (2r -  1).
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In this case we have \A\ >  (2r — 1) +  2(|5'| — \D\) >  2r +  1. Then by

(7.11) we yield

l^al =  |A| -  [All >  |A| -  2r >  2r +  1 -  2r =  1. (7.15)

A =  2 |D |- 2 |g |  +  (2r + 1)1^1- e G ( D ,g ) - ( |A |  +  |g |)

=  (2r +  1)1̂ 1 -  %(D, g) -  (|A| +  |g | +  2|^| -  2|D|)

>  (2r +  l)!^! -  ec(D , g) -  (|A| +  |B| +  |A| -  (2r -  1)) (by Case 2)

— (2r +  1)|5'| — 6g{D, S) — {2\A\ +  |jB|) +  (2r — 1)

=  (2r 4 -1)|5'| — %(D, S) — 2(|Ai| +  lAgj) — \B\ +  (2r — 1)

— ((2r +  1)|5'| — ea(D, S) — |Ai| — SjAaj — \B\) +  2r — 1 — |Ai| +  lAgj

>  2r — 1 — \Ai\ +  1^21 (by (7.14))

— (2r — |Ai|) +  (lAgj — 1)

>  0 (by (7.11) and (7.15)).

Case 3: |D| < |^| and 2|^| -  2|D| > |v4| -  (2r -  1).

In this case we have 2|6'| — 2\D \ — 1 >  |v4| — (2r -  1).

If 1̂ 1 -  |D| >  2, then

A =  2|D| -  2|g| +  (2r +  1)|5'| -  eo(D, g) -  (|A| +  |B|)

=  2|D| -  2|g| +  (2r +  1)|5'| -  eo(D, ^) -  (|^| -  (2r -  1)) -  |B| -  (2r -  1)

> 2|D| -  2|g| +  (2r +  l) |g | -  ec(D, g) -  (2|^| -  2|D| -  1) -  |B| -  (2r -  1)

=  (2r -  3)|g'| -  (eo(D, g) +  |B|) +  4|D| -  (2r -  2)

> (2r -  3)1̂ 1 -  (2r +  1)|D| +  4|D| -  (2r -  3) -  1 (by (7.12))

=  ( 2 r - 3 ) ( | g | - | D | - l ) - l

> 0. (since r  > 2  and I*?! — \D\ > 2.)
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If |A| is odd, then 2|g| -  2|D| -  2 >  |A| -  (2r -  1) and

A =  2 |D |-2 |5 '| +  (2r +  l) |6^|-eG(D,6:)-( |A|  +  |B|)

=  2|D| -  2|5'| +  (2r +  l)|6f| -  ec(D, g) -  (|A| -  (2r -  1)) -  |B| -  (2r -  1)

>  2|Z}| — 2|/S| +  (fir +  1)|5'| — 6q{D, S) — (2|5'| — 2|D | — 2) — |B| — (2r — 1)

=  (2r -  3)1̂ 1 -  (ec(D, g) +  |B|) +  4|D| -  (2r -  3)

>  (2r -  3)1̂ 1 -  (2r +  1)|D| +  4|D| -  (2r -  3) (by (7.12))

=  ( 2 r - 3 ) ( | g | - | D | - l )

>  0 (since r > 2  and \D\ < \S\.)

If ea{D, S) + \B\ < (2r +  1)|D | — 1, then

A =  2 |D | - 2 | g |  +  (2r + 1)1^1- e G ( D ,g ) - ( |A |  +  |g |)

=  2|D| -  2|g| +  (2r +  1)1̂ 1 -  eo(D, g) -  (|A| -  (2r -  1)) -  |B| -  (2r -  1)

> 2|D| -  2|g| +  (2r +  1)1̂ 1 -  eo(D, 5) -  (2|6"| -  2|D| -  1) -  |B| -  (2r -  1)

=  (2r -  3)|5'| -  (eo(D, S') +  |B|) +  4|D| -  (2r -  2)

> (2r -  3)|S| -  ((2r +  1)|D| -  1) +  4|D| -  (2r -  2)

> ( 2 r - 3 ) ( | S | - | D | - l )

=  0 (since r > 2  and \D\ < |S |.)

Otherwise, we have |S| -  |D| < 1 (contrary to [S'! -  |D| >  2), which

implies

I'̂ l =  |D| +  1 (7.16)

(since \D\ < |S| in this case), and |A| is even, and eo{D, S) + \B\ > (2r +

1)|D| (contrary to ea(D, S) + \B\ < (2r +  1)|D| — 1), by which and (7.12) 

we have

eG(D,S) +  |B| =  (2r +  l)|D |. (7.17)
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If |v4| <  2r — 1, then we have

A =  2 | D | - 2 | D | - 2  +  (2r +  l ) |D |+ 2 r  +  l - e G ( D , g ) - ( | A |  +  |B|)

=  (2r +  1)|D| +  2r -  1 -  eo(D, S') -  (|A| +  |B|)

=  2 r - l - | A |  (by (7.17))

> 0.

Otherwise we have |A| >  2r. We are going to show that this case 

does not occur. First of all, by (7.17) and (7.14) and (7.16), we have 

(2r+l) |D|  +  |A| =  % (D,S) +  |B| +  |A| < (2r +  l)|S | =  (2r +  l)|D | +  2r +  l,

so that \A\ <  2r +  1. Since |A| is even, |A| <  2r. Then by the assumption 

|A| >  2r we have

|A| =  2r (7.18)

and by (7.17)

%(D, S) +  |B| +  |A| =  (2r +  1)|D| +  2r =  (2r +  1)|S| -  1 (7.19)

This implies that Ag =  0 since otherwise [Ag] >  1 then by (7.14) and (7.19), 

(2r +  1)|S| >  ec(D , S) +  |B| +  |A i|+ 3 |A 2 | =  e c (D ,S) +  |B| +  |A| +  2|A2| =  

(2r +  1)|S| — 1 +  2IA2I >  (2r +  1)|S| +  1, a contradiction follows. Therefore, 

Ag =  0, so that A =  Ai and |A| =  |Ai| =  2r. Hence S  and the components 

in A i are joined by exactly 2r cut edges and eG(Ucexl^(C'), 'S') =  |A|.

This also implies that for each C  €  B  eaiC, S )  =  1 since otherwise we 

must have eo(C, g) >  3 and (2r +  l) |g | >  eo(D U (UceAun^(C)),,S) =  

eo(D, 5") +  ec(Uce,iy(C), g) +  eG(UcEay(C), 5") > ee(D, g) +  |A| +  |B| +  

2 — (2r +  1)151 +  1 by (7.19), which again is a contradiction. Hence 

eG{UceBV{C)),S)  =  \B\ .  Therefore

eo(D U (Uce^unl"(C)), 5) =  eo(D, 5) +  |A| +  |B|. (7.20)
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SinceE^egffcW =  (2r+l)|;S | > ( 2 r + l ) |6 ' | - l  = eo(D,6')+|B|4-|A| =  

ec(D U (Uce^uBl^(C')), <S) by (7.19) and (7.20), there is one edge e =  w  0

E G { D U { U c e A u B V ( C ) ) , S ) ,  incident with S .  Suppose that tt e  S'. If v  is not 

in S, V must be in a component C  o iG  — D  — S  such that e o iV  (C ), S)  is 

even. Then eG(V(C"),S) > 2 and (2r+l)|S| >  eG(DU(UoeAuB^(C)),S) +  

eo(y(C"),S) > ec(D,S) +  |B| +  |A| +  2 =  (2r +  1)|S| +  1 by (7.20) and 

(7.19), a contradiction. Therefore, v £  S .  Now (2r +  1)|S| =  Y^^es dai^)  >  

ee(D U (Uc6Aunl^(C)), S) +  2 =  eo(D, S) +  |B| +  |A| +  2 =  (2r +  1)|S| + 1  

by (7.20) and (7.19), again a contradiction.

In all cases, we have proved that A  >  0, therefore, G  has a 2-factor by 

Lemma 7.4.4. O

Next we move on to 2-graphs. Recall that a 2-graph is primitive if it 

has at most one vertex incident with singleton edges, no singletons {z}  and 

{ y }  such that x  ^  y . The following lemma is obvious.

Lemma 7.4.7 L e t G  be a 2-graph, and  G  be a p r im itive  2-graph obtained  

fro m  G  by successively substitu ting  two singletons {z} and  {y} w ith  x  ^  y  

by an edge {z, y }  u n til no such  p a ir  o f  sing letons exist. T h en  G  has a

2 -fac to r  i f  G  does and  G  is 2-factorable i f  G  is.

The result of Lemma 7.4.3 can be generalized to 2-graphs.

Theorem 7.4.8 A  2k-regular 2-graph (k  >  2 ) has a 2 -fa c to r  and  is 2- 

factorable.

Proof. It suffices to show that a 2fc-regular 2-graph (fc >  2) always has a

2-factor. Let G be a 2fc-regular 2-graph with k > 2 .  If G  does not contain
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a singleton, then by Lemma 7.4.3, G  has a 2-factor. Next suppose that 

G contains singletons. Let (5 be a primitive 2-graph obtained from G  by 

primitive operations as described in Lemma 7.4.7. Then G  contains at most 

one vertex contained in singletons.

If G  does not contain a singleton, then G  has a 2-factor by Lemma 7.4.3, 

and so that G  has a 2-factor by Lemma 7.4.7.

Suppose that G has a singleton {x} with multiplicity p(x) >  0. Since 

p(x) -|- 2 e =  2 k|V(G)| is even, p(x) must be even, where e is the number of 

edges of size two in G. If p{x) — 2k, then G —x  is a 2fc-regular graph and has 

a 2-factor by Lemma 7.4.3, and so also that G  has a 2-factor. Otherwise, 

we have 2 <  p(x) < 2k  — 2. Delete the p{x) singletons {x } ’s from G  and 

add three new vertices zi,X2 ,X3  and new edges xxi, XiXg, X1 X3  and XgZg 

with multiplicities p(x), (2 t  -  p(x))/2 , (2 t  -  p(a; ) ) / 2  and (2 t  -t- p(x))/2 , 

respectively. We obtain a 2t-regular graph C . Again by Lemma 7.4.3, C  

has a 2-factor, say F.  If F  does not contain edge xxi, then the restriction 

of F  on G' is a 2-factor of G. Otherwise F  contains edge xxi, then the 

multiplicity of xxi in F  must be two copies of X2X3. Now the restriction 

of F  on G' plus two copies of {x} is a 2-factor of G. Therefore, G  has a

2-factor, and so does G  by Lemma 7.4.7. □

Proof of Theorem 7.1.1

In the following, we work on 2-graphs. Recall that a 2-graph is a hyper-

graph with edge size at most two. A 2-graph is a graph when it does not 

contains singleton edges. The definitions of a path, a component, a cycle, 

a cut edge in a 2-graph are the same as that in a graph by only considering
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edges of size two (i.e. edges incident with two vertices). For convenient, 

two singletons incident with the same vertex is considered as an even cycle. 

We describe the Theorem 7.1.1 in terms of primitive 2-graphs as follows. 

Theorem A  p r im itive  q-regular 2-graph G  is non-decom posable i f  and  only  

i f  one o f  the fo llow ing  s ta te m e n ts  holds:

G is 1-regWnr.

(2) G  is 2-regular and  conta ins an odd cycle com ponent.

(3) q (> 3 ) is odd and  there is a 2-factor-free com ponent C  in  the graph, 

obtained fro m  G  by deleting all cu t edges, such  tha t C  is in c id en t w ith  a t 

least q — 1 cu t edges o f  G  i f  C  con ta ins a sing leton  w ith  m u ltip lic ity  one, 

and otherw ise, a t least q c u t edges.

Proof. Let G be a primitive q-regular 2-graph. When q =  1, it is easy to see 

that G  is non-decomposable if and only if G is a 1-regular 2-graph. When 

q =  2, then G  consists of some disjoint cycles, or possible two singletons 

incident with a vertex. Since a cycle contains a 1-factor if and only if it is 

an even cycle, G is non-decomposable if and only if it contains an odd cycle 

component.

Next we suppose q >  3. By Theorem 7.4.8, we may suppose that q =  

2r -f l , r  >  1. Consider the graph obtained from G by deleting all cut 

edges. It must contain a 2-factor-free component C  since otherwise G  would 

contain a 2-factor.

We show that C  is incident with at least 2r cut edges of G if G has a 

singleton with multiplicity one, and otherwise at least 2r -f 1 cut edges.

Let Cl , . . .  ,6m be all the cut edges incident to C  and let v \ , . . .  ,Vm be 

the vertices in C  incident with c i , . . . ,  respectively. Note that v i , . . . ,Vm 

may not be all distinct.
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If C  has a singleton {x} with multiplicity one. We construct a (2r + 1 )-  

regular graph C  as follows. First, for each e* {i — 1 , . . .  ,m ), add three 

new vertices x*, and edges UfXi, (r)x.%, (r +  where the

notation {h)e  means h  copies of e. Second, delete {x} and add three new 

vertices wi,W2,W3, and edges xwi,  (r)wiW2, {r)wiws, (r +  l )w 2W3. It can 

be seen that C  does not contain a 2-factor since otherwise C  would contain 

a 2-factor. Hence C  is a 2-factor-free (2r -f l)-regular graph with m +  1 

cut edges. Then by Theorem 7.4.6, we have m -t-1 >  2r -I- 1, or m  > 2r. 

Therefore C  is incident with at least 2r = q — 1 cut edges of G.

Otherwise, C  does not contain a singleton with multiplicity one. We 

construct a (2r -f l)-regular graph C ' from C  as follows. For each Vi 

(i =  1 , . . . ,  to), we add three new vertices x*, %, and edges û x*, (r)xiyi, 

(r)XiZi, (r l)yiZi. Furthermore, if C  has a singleton {u} with odd multi- 

plicity p{v), then 3 <  p{v) <  q. We delete p{v) {u}s and add three new 

vertices y, z, w  to and edges vy, yz, yw  and zw  with multiplicities p{v), 

and 2±|M, respectively. If C  has a singleton {u} with even 

multiphcity p(v)  (>  2), we delete p{v) {u }’s and then add two new ver- 

tices %/, z and new edges uy, uz, yz with multiplicities ^  and g — ^  

respectively.

Then C'  is a 2-factor-free (2r +  l)-regular graph with to cut edges. 

Therefore to >  2r -f 1 by Theorem 7.4.6, namely, C  is incident with at least 

2r + l  = q cut edges.

To complete the proof of Theorem 7.1.1, we need only show that condi­

tion (3) is also sufficient for G  to be non-decomposable. Suppose that (3) 

holds for a component C  of the cut edge deleted subgraph. Suppose on the 

contrary that G  has a proper regular factor. Since q is odd, G  must have
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an even regular factor and hence a 2-factor F  by Theorem 7.4.8. Observe 

that, as G is primitive, F  does not contain any cut edge and if F  contains 

a singleton {u}, it must contain two copies of it. This observation implies 

that the restriction F  on V { C )  is a 2-factor of C . This is a contradiction. 

Therefore, G  is non-decomposable. □

P roof o f Theorem  7.1.2

Proof. By definition, /^(n) is the maximum degree of non-decomposable 

regular 2-graphs on n  vertices. It is easy to check that /a ( l )  — 1 and 

/a (2) =  1. When 3 <  n <  6, it can be seen that /a(n) >  2 because a 

disjoint union of a 3-cycle (a cycle of three vertices) and a 2-regular 2- 

graph of n — 3 vertices gives a non-decomposable 2-regular 2-graph of n  

vertices.

Let no be the minimum integer such that /a (no) >  3 and Go be a 

non-decomposable 3-regular 2-graph with no vertices. By Lemma 7.4.7, we 

assume that Go is primitive. Then one of the following three cases must 

hold.

Case 1: Go contains no singletons.

By Theorem 7.1.1, Go has a 2-factor-free component C  incident with at 

least three cut edges, each of the components that is joined by a cut edge 

to C  has at least three vertices, therefore no >  |V(G)| -t- 3 x 3 >  10.

Case 2: Go contains a singleton { x }  with multiplicity at least two.

If the multiplicity of {x} is three, then delete x  from Go, and we obtain 

a 3-regular non-decomposable graph with no — 1 vertices. Hence we have 

no — 1 >  10 or no >  11. If the multiplicity of {x} is two, then we remove 

two copies of {x}, add two extra vertices y, z and edges xy, xz, (2)z^. We
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obtain a non-decomposable 3-regular graph. Then we have no +  2 >  10 or 

no >  8.

Case 3: Go contains a singleton {z}  with multiplicity one.

We remove {z}  and add three extra vertices y, z, w  and edges xy,  yz,  

yw, (2)zw, obtaining a non-decomposable 3-regular graph. Then we have 

no -I- 3 >  10 or « 0  >  7.

Therefore, no is at least 7. This implies that / 2(n) <  2 when 3 <  n <  6. 

Therefore / 2(n) =  2 for 3 <  n <  6.

Next we show that / 2(n) >  —g"- for n >  7, where 1 <  i <  6 and 

i = n  (mod 6). We first define a - regular 2-graph on n vertices for 

each n >  7 as follows.

Case 1: When n =  6r -t- 4, r >  1.

Let M(6rd-4,2r4-l) be the graph of n vertices =  1 , 2 , ,  2r-t-

l , j  =  1,2,3}, edges {uo%,i|% =  1 ,2 , . . . ,2r -I- 1} U =

1 ,2 , . . . ,2r -I-1} U (r-I-l){u(,2U<,3 |t =  1 ,2 ,. . . ,2 r - |- 1}, where (r)5' denotes

the multiple set of r  copies of S  (see Figure 7.3(a)). Then M (6r-f 4 ,2r +  l)  

is a (2r +  l)-regular graph with 2r -T1 cut edges. We have 2r 1 =  —1~-.

Case 2: When n =  6r -f 1, r >  1.

We construct a 2-graph M (6r -T 1 ,2r -+• 1) by deleting one triangle 

{%r+i,i,n2r+i,2 ,U2r+i,3 } &om the graph Af(6r -I- 4 ,2r -I-1), and adding a 

singleton edge {%} (see Figure 7.3(b)), where a circle around a vertex in- 

dicates a singleton). Then M(6r -F 1,2r 4-1) has n =  6r -I-1 vertices and

2r  -I- 1 =

Case 3: When n =  6r -i- 2, r >  1.

We construct a 2-graph M(6r4-2,2r-)-l) by deleting the edge {%} from 

the graph M(6r +  1,2r 4-1), adding a new vertex ugr+z, an edge uoUor+s
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2r+l branches

r+1

(a) M(6r + 4 ,  2r+ 1)

2r branches

r+1

r + 1

(c) M(6r + 2 ,  2r+ i)

(b) M(6r+1, 2r+l)  

r+ 1

2i'+l branches

+1

2r+l

(d) M(6r + 5 ,  2r+l)

r +  I

(e) M(6r + 3 , 2r+ 1)

1 r +  I r

2r+l

(f) M(6r + 6 , 2r + l )

Figure 7.3: Non-decomposable '-regular 2-graphs
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and 2r copies of {ver+2} (see Figure 7.3(c)). Then M (6r +  2 , 2r +  1) has

n — 6r + 2 vertices and 2r +  1 =  =  —| - .1_

Case 4: When n =  6r +  5, r >  1.

We construct a 2-graph M (6 r+ 5 ,2 r+ 1) from the graph M (6r+4,2 r + l) , 

by adding a new vertex ver+5, and adding 2 r +  1 singletons of {ncr+s}

(see Figure 7.3(d)). Then M(6 r +  5 ,2r +  1) has » =  6 r +  5 vertices and
2 r  +  1 =  (Gr+5)+3-5 _  n+3 -5

Case 5: When n =  6r +  3, r >  1.

We construct a 2-graph M (6r -f 3 ,2r •+• 1) by removing all the edges of 

{ugr+2 } 6 0 m the graph M(6 r -h 2 , 2 r -{-1 ), adding a new vertex Ugr+g, an 

edge {uer+a} and 2r copies of ugr+zugr+g (see Figure 7.3(e)). Then M(6 r -I-

3,2r +  1) has n =  6r -f 3 vertices and 2r +  1 =  .

Case 6: When n =  6r -f 6, r >  1.

We construct a 2-graph M(6 r-1-6 , 2r-f-l) &om the graph M(6r-|-4,2r-|-l),

by adding new vertices ugr+g and adding 2 r +  1  copies of UGr+gUGr+e

(see Figure 7.3(f)). Then M (6r 4 - 6 , 2r 4 -1) has n =  6r 4- 6 vertices and 
2r 4- 1 — (6<’+6)+3—6 _  n+3—6

Figure 7.3 shows the graphs constructed above. It is easy to see that 

in the 2-graphs constructed in (a) through (f), the component induced by 

the vertex vq is 2-factor-free. Also, there are (2r 4- 1) cut edges incident to 

%. Therefore, all these 2-graphs are non-decomposable by Theorem 7.1.1. 

This proves that /^(n) >  where 1 <  * <  6 and i = n  (mod 6).

Finally, we show that /^(n) <  , 1 <  i <  6  and i =  n  (mod 6).

First of all, by the above construction, we know that M (7 ,3) is a non- 

decomposable 3-regular 2-graph, so that /2(7) >  3. Since a non-decomposable
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/ 2(n)-regular 2-graph on n  vertices plus an extra vertex contained in /s(n) 

singletons gives a non-decomposable / 2(n)-regular 2-graph on n + 1  vertices, 

we have 3 <  /a(n) <  / 2 (m 4-1) when n >  7. Moreover, for n >  7, /sW  

must be odd by Theorem 7.4.8.

Let G be a non-decomposable / 2(n)-regular 2-graph on n  vertices. By 

Lemma 7.4.7, we may assume that G  is primitive. Therefore, G  has at 

most one vertex incident with singletons. We construct a non-decomposable 

/ 2(n)-regular graph G' as follows. If G does not have a singleton, then let 

G' =  G. Otherwise let x  be the vertex with singleton {æ}. Let p  be the 

multiphcity of {a;} in E{G).  Then 1 <  p <  /^(n), we construct G' by the 

following cases.

Case 1: p = f i ip ) .  Then x  is an isolated vertex. Let G' = G — x.

Case 2: p  — 2m . We remove p  copies of {z} , add in new vertices y , z , 

m copies of zp, m copies of and m copies of pz. Let G' be the

resulted graph.

Case 3: Otherwise, i.e., p  =  2m -t- 1 <  / 2(n). We remove p  copies of 

{a:}, add new vertices %/, z, w, and 2m 4-1 copies of the edge zy,

copies of y z  and yw , and 2m 4-1 copies of zw . Let G' be the resulted graph.

It can be checked that in each of the above cases the resulting graph 

G' is / 2(n)-regular. Since G is non-decomposable, by the arguments in the 

proof of Theorem 7.4.8, we know that G' is non-decomposable. By the 

construction, G' has at most n 4- 3 vertices.

By Theorem 7.1.1, G' has a 2-factor-free component C  which is incident 

with at least f 2{n) cut edges. Each of these cut edges joins C  with a 

component of G' with at least 3 vertices. Then we have 3/ 2(n) 4- |V(G)| <



7.5 CoTicZtmoTw Rifure IVork_____________________   159

|V(G')| and hence

A ( .)  <  (7.21)

Let n  — 6r +  i, where r > 1 and 1 < i <  6 and i =  n (mod 6). By (7.21) 

we have / 2 (n) < ^  =  §2di±2 =  2r +  1 +  Since < 1 and f i i n )  is 

odd, it follows that /a(n) < 2r +  1 =  □

7..51 ConcWioTw and lyort

In this chapter, we applied the decomposition design scheme to the design 

of universal {k, w)-USB’s. We proved that the prime fc-USB’s are (k, r)- 

USB’s with r =  1,2 ,3 , . . .  ,2j — 1 , . . . ,  f^ik) ,  where h i k )  is the maximum 

degree among all non-decomposable regular 2-graphs on A;-vertices. Using 

graph theory, we proved that f 2{k) =  2 when 3 <  fc <  6 and when 

k > 7 where 1 <  i <  6 and i = n  (mod 6). We gave optimal (&, l)-U SB ’s 

and (fc, 2)-USB’s for all k > 2, and showed that m  copies of an optimal 

{k, 2)-USB constitute an optimal (k, 2m)-USB.

For k > 7 ,  designing optimal prime {k, r)-USB’s with r =  3 , 5 , . . . ,  2j —

1. . . .  , f 2{k) is a challenging problem and is still open. However, we proposed 

an iterative design method which starts from an optimal {k, 1)-USB and 

adds an optimal (k, 2)-USB together with some bridge edges to the latest 

constructed k-USB successively until all prime t-USB's are constructed. As 

pointed out in Chapter 5, we do not know if G{k, 2) is hyper-universal for 

fc >  5. If it is, the above inductive design scheme can applied to design 

prime fc-HUSB’s.

We have studied only the regular universal switch blocks. More work 

remains to be done on the design of irregular universal switch blocks.
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The exact value of / 2(fc) gives an exact bound in searching for 2-pin 

net fc-MPTRR’s. The characterization theorem of fe-MPTTR’s can also be 

used in searching for fc-MPTRR’s. Enumerating all 2-pin net /c-MPTRR’s 

for A >  9 is necessary in designing fc-USB’s. Further work needs to be done 

on finding an efficient fc-MPTRR enumeration algorithm.

H istorical note:

Universal switch blocks have been studied previously by other authors [14, 

46]. In [14], Chang et al. proposed the concept of universal switch blocks 

and presented an optimal (4, w)-USB. In [46], Shyu et al. generalized the 

switch block construction algorithm for any given k and w. They showed 

that the (k, ry)-SB’s, Mk,w> generated by their algorithm are optimal {k, w)- 

USB’s for all k  and w. Y. L. Wu brought [46] to my attention. He suggested 

that I check [46] to see if it might be helpful in designing hyper-universal 

switch blocks. I examined the universal switch blocks given [46] using our 

technique for hyper-universal switch blocks, and I found that their result 

was not correct. I gave a 2-pin net (7 ,3)-RR which is not routable in M%_3. 

This means that My,3 is not universal. I reported this discovery to J. Liu 

and Y. L. Wu. Wu invited me and J. Liu to the Chinese University of Hong 

Kong to continue the research on the switch block design problem. Using 

the decomposition design technique for universal switch block design, the 

main issue is the decomposition of regular 2-graphs. Zheng Sun, a grad­

uate student at CUHK, mentioned to me Petersen’s even factor theorem 

and the fe-factor theorem. I showed that the same result holds for regular 

2-graphs of even degrees. That is, a 2-pin net (fc, 2m)-TRR can be decom­

posed into m  {k, 2)-TRR’s. Then I showed that our switch block candidate
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design G {k , 2)’s are universal for all & >  2 and that G {k, 2) is isomorphic 

to Therefore mG(&, 2) and are isomorphic and they are both 

universal. A correction was published in [27], in which we use the claim for 

Mfe,2 rather than using G {k , 2). I gave all 2-pin fc-MPTRR’s for k  = 1 , . . . ,  8 

and proved that <  f 2{k) < [26]. J. Liu verified all the proofs

and conjectured that f 2{k) =  J. Liu suggested working on his con­

jecture on f 2{k). We worked together through email, and we eventually 

proved the conjecture. The result of Theorem 7.4.6 was later improved 

and generalized to a stronger graph theorem by J. Liu and Guizhen Liu. 

The proofs presented in this dissertation were the original proofs to which 

I had contributed. The application of this result to {k, ta)-USB's together 

with experimental jnstihcation (done by Y. L. Wu and C. C. Cheung) were 

published in [25].
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