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Abstract

The temporarily increased fire hazard which is believed to result from the
process of thinning is included in a single—stand model for assessing the economic
benefits of juvenile spacing. Formulas for the expected net present value and the
land expectation value are given along with methods for determining the age of
financial maturity and the optimal rotation age. A numerical example is given to
illustrate the degree of loss due to the increased fire risk. The problem of
commercial thinning when the risk of fire is present is addressed using
continuous—time models. It is shown how, when the fire hazard is exogenous to the
thinning activity, the problem reduces to one of deterministic optimal control
with the discount rate adjusted upward by an amount equal to the fire hazard rate.
In the case when the fire hazard increases whenever thinning is taking place, it is
shown that in general the optimal thinning policy is qualitatively different from
that which is optimal in the no-risk case and involves periods of thinning at the

maximum rate interspersed with periods of no thinning activity.



1. Introduction

The economic benefits of the silvicultural practice of juvenile spacing of
naturally regenerated stands have been well documented (see e.g., Nawitka Resource
Consultants, 1987 and references therein; Brix, 1983 and Barclay and Brix, 1985).
These benefits can include an increase in volume growth rate with a consequent
reduction in rotation age, and an improvement in stem sizes resulting in increased
value of timber produced. A ‘down-side’ consequence of spacing which has been
recognized by foresters involved in protection, but which appears to have been
largely ignored from the analytic point of view, is the potential increase in the
fire hazard resulting from the spacin
Large quantities of debris among spaced stands can become highly flammable during
periods of dry weather. Thus as Fuglem et al. point out, "Expected gains in wood
volumes can be negated by loss of projects and surrounding productive forest by
fire."

Earlier results on the effects of the fire hazard on forest production
(Martell, 1980, Van Wagner, 1983, Reed and Errico, 1985, 1986) suggest that the
degree of this loss could be considerable. In view of this fact, it seems
imperative that the increased fire risk be incorporated in any economic cost
benefit analysis of juvenile spacing, either by including on the cost side
additional expenditures involved in protecting a newly spaced stand, or through
discounting the expected benefits in accordance with the increased fire risk.

It is the purpose of this paper to develop an analytic methodology which
incorporates the increased fire hazard in the determination of the expected
benefits of spacing. This will allow decision makers to determine whether the

protection of spaced stands is cost—effective, and further whether the practice of

spacing provides net economic benefits.



Another problem addressed in the paper is the question of how the risk of fire
affects the optimal pattern of commercial thinning. The continuous—time model of
Clark and de Pree (1979) is adapted to include a fire hazard. It is shown how, if
the fire hazard depends only on the age of the stand, the problem can be reduced to
one of deterministic optimal control and that the optimal thinning schedule is
equivalent to that in a risk—free environment, but with a premium added to the
discount rate; it involves thinning along a ‘singular path’, followed by a period
of no thinning leading up to a final clear—cut harvest. If on the other hand the
fire-hazard increases whenever thinning is taking place, the above situation no
longer prevails. It is shown that in this case the optimal harvest pattern
involves, in general, periodic bursts of thinning at the maximum rate,
interspersed with periods of no thinning.

In Section 2 the methodology is developed for determining the expected net
present value of a stand vhen juvenile spacing takes place. It is assumed that upon
spacing, the fire hazard undergoes a sudden jump, but subsequently decreases
smoothly to its initial (pre-spacing) level. The problem is addressed considering
both a single rotation, and ongoing rotations under the Faustmann paradigm (see
e.g., Samuelson, 1976.) Formulas for the expected net present value and the land
expectation value are derived. In Section 3 the methods are applied to growth and
yield data for coastal Douglas—fir.

In Section 4 the problem of commercial thinning in the presence of the risk of



2. Determination of the Age of Financial Maturity and the Net Present Value of a

Spaced Stand.
Consider a naturally regenerated stand. The age of financial maturity and
the net present value of the stand (with and without spacing) can be determined in

terms of the following quantities:

Vi (t) =  per hectare value of lumber net of harvest costs, for spaced stands when

harvested at age t years

Vo(t) = per hectare value of lumber net of harvest costs for unspaced stands,

when harvested at age t years!

tg = age of spacing (years)
CS = per hectare costs of spacing
= per annum instantaneous discount rate
h(t) = instantaneous per annum fire hazard?

It is assumed that in the absence of spacing the fire hazard is constant
[1] ho(t) =4,

say. When spacing takes place the hazard will typically experience a

discontinuous ‘jump’ increase followed by a smooth decline, gradual at first but

Here and in the remainder of this section the subscript 0 is used to refer to
unspaced stands, vhile the subscript 1 is used to refer to spaced stands.

?The hazard h(t) is the instantaneous probability rate

h(t) = lim {P[stand destroyed in (t,t+A]|alive at t]/A}
A

-3

A constant hazard h(t) = .01, say, would correspond to, on average, 1 fire per one
hundred years.



becoming steeper later on (P. Fuglem, personal communication). This could be
modelled in a number of ways, but a simple model which captures the essence of this
behaviour is to suppose that on top of the background hazard A is superimposed an
additional hazard shaped like the right-hand half of a normal probability density

(see Fig. 1). Specifically we shall assume that for spaced stands the hazard

follows:

A t < ts
[2] hl(t) :{ ~0(t-ts)?2 :

The parameter p determines the magnitude of the initial jump increase, while ¢
determines how fast it decays.

With these assumptions it can be shown (see Appendix 1) that the expected
discounted return net of costs over a single rotation, with harvest age T, is

[3] Io(T) =V, (1) ¢”(A+8) (T%s)

0

for unspaced stands; and is

(4] 3, (1) =V (T) exp{—(/\+5) (T-t) - & ext (JT(T-t5) )} G

if the stand is spaced at age t- In the above formulas, § is the instantaneous

discount rate and erf(-) is the error function3

SAlternatively the expected net present value can be expressed in terms of the
cumulative distribution function of a standard normal deviate,
z 2
@(z):ij eI gx
{21 '

as 3, (T) = V(1) exp{—p 5 e (@a(tt))4) —A(t—tg} ~c,.



[5] erf(z) :% ./;)z e ™ dx

for which numerical values are readily available.

The ages T0 and T1 wvhich maximize ‘]0 and J1 respectively give the
(single-rotation) ages of financial maturity for unspaced and spaced stands, while
the corresponding values of J 0 and J1 give the expected net present value of the
stands of the two types at age tg-

A comparison of Jo(T,) and J;(Ty) will determine whether spacing is
worthwhile or not in the presence of an increased fire hazard due to the act of
spacing.

To extend the above formulas to take into account ongoing rotations using the
Faustmann paradigm, it is necessary to make some assumptions about future
rotations. The simplest assumption is that a stand is naturally re—established
following either a harvest or a fire, and that in subsequent rotations it follows
the same value curve (V0 or V1).

Under these assumptions it can be shown (see Reed, 1987 for details of a
similar derivation) that the expected present value net of harvest costs at time

t =1t  overan infinite sequence of rotations, and using harvest age T, is

34(D) (reg)e” U0 (Ts) y ()
[6] Mo (T) = —5— = —H)T
5 J e 88 5, (t)dt 6(1 - e )
0
if no spacing is practiced in any rotation; and is
J (T
[7] K, (1) - 1



if spacing is practiced in every rotation when a stand reaches age by 4

In the above formulas So(t) and 5,(t) are the probabilities that unspaced

and spaced stands survive until at t:

t

8] So(t) = exp{-fo ho(x)dx} e

-t

t e , t <t

S

(9]  54(t) = GXP{—j(') hy (x)dx} -

exp{—g— gert ([7(t-ty) — At}, t>t

If there are costs Cp per hectare associated with re-establishment, the

formulas [6] and [7] must be ammended. In this case the expected net present value

of returns, starting with a bare site is

[10] Ly(T) - V(D) e 5(1) - ¢ (1) CRGRERNCI,

5 j(;T e 08 5, (t) at 5(1— e (4+0)T)

when there is no spacing, and

[11] L(T) =

“‘Note that it is possible that some rotations do not reach the spacing age ts, being
destroyed by fire (with underlying hazard = 1) at some earlier age.



when spacing takes place. The integral in the demominator cannot be performed
analytically; however it can be performed numerically using standard methods of
quadrature (see e.g. Atkinson, 1978).

Maximization of [10] and [11] over T will determine the optimal rotation
ages. The corresponding maximum values of [10] and [11] determine the land

expectation value of a bare site, given that spacing does not, or does take place.

A comparison of these two quantities will determine the financial advantage (if

any) of spacing.



3. Numerical Results

In this section the methods developed in the previous section are used in an
example, using growth and yield data for coastal Douglas—fir [pseudotsuga
menziesii (Mirb.) Franco] generated by the FANSY (Financial Analysis System)
simulator used by the B.C. Forest Service. Table 1 gives estimated per hectare
lumber values net of harvest and processing costs, for natural and spaced stands at
various harvest ages. Spaced stands were assumed to be spaced at age 15 years
corresponding approximately to spacing taking place at height 10m. The per
hectare cost of spacing, C_, was set at $1000 and planting costs, Cp, wvere set to

S
LAty ascoiimad +k
DEINg asSsSumed Tn

Zero, it at after harvesting, stands are left to regenerate
naturally. The background fire hazard A was set at 0.005.

Three values of p, the parameter representing the jump in the hazard on
spacing, (p=0.01, 0.03 and 0.05), and two values for the parameter ¢
representing how fast the extra induced hazard decays (=0.01 and 0.1), were used
in the calculations. With # set at 0.1 the extra hazard has dropped by 50 percent
after 2.6 years, and by 90 percent after 4.8 years. The corresponding times with §
set at 0.01 are 8.4 years and 15.2 years. This range seems to cover what one might
reasonably expect for most species in most locations. To give some idea of the
values of p used in the computations, the probability of destruction by fire in

the year immediately following spacing has been calculated and is given in Table 2.

These values should be compared with the probability 0.005 assumed for unspaced
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chance, vhile the smallest value (with p=.01 and #=0.1) is 0.0146 or about a 1
in 70 chance. This range of values should cover what one might expect to experience
in practice.

Table 3 gives the single-rotation expected net present values (maxima of

Jo(T) and J (T) in [3] and [4]; ages of financial maturity in parentheses) for



spaced and unspaced stands. Table 4 gives the corresponding expected net present
values with ongoing rotations (maxima of M,(T) and M. (T) in [6] and [7]) with
optimal rotation ages in parentheses.

The first thing that stands out from the results in Tables 3 and 4 is that
spacing does not appear to be economically attractive even in the absence of an
extra fire hazard. This conclusion, however, depends crucially on the growth and
yield values of Table 1, and since no effort has been made here to validate these
values, not too much weight should be placed on the conclusion, even though it
agrees with that of Nawitka Resource Consultants (1987, p. 64).

The loss in the estimated single-rotation net present value of thinned stands
due to the increased fire hazard varies between 3.7 (when p=.01, 6=.1) and
48.8% (when p=.05 and #=.01) for a discount rate of 3 percent. The
corresponding range of losses for a discount rate of 5 percent is from 10.27
(p=.01, #=.1) to 100% (p=.05, #=.01), since in this latter case the
expected net present value is negative.

For ongoing rotations the estimated loss is slightly less, ranging from 2.47
to 39.4% for a discount rate of 3 percent, and from 9.5% to 100% for a discount rate
of 5 percent.

These results indicate that with a discount rate of 5 percent or higher the
loss in expected present value due to increased fire risk is likely to be quite

significant (ranging from 10 percent to 100 percent in the examples given). For a

Aryoan

cpected present value is likely to be less serious
but could still be significant in dry regions where the jump in hazard due to
spacing is likely to be large. In situations where spacing is estimated to be of

marginal economic benefit, the additional loss due to increased fire risk could

well tip the scales against spacing projects.
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It is difficult to estimate exactly what the increased fire hazard would be,
but local foresters with experience on spacing projects could well estimate ranges
for the parameters used, and thereby one could obtain a broad estimate of expected

losses.
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4. Commercial Thinning

The problem of determining an optimal pattern of thinning along with the
optimal rotation age has been discussed by several authors. Amidon and Akin (1968)
and Kilkki and Viisinen (1969) used discrete dynamic programming, while Clark and
de Pree (1979) and Cawrse, Betters and Kent (1984) formulated the problem in
continuous time and used the methods of optimal control theory to solve it. In this
section we shall essentially use the formulation of Clark and de Pree, but include
the additional possibility of the stand being destroyed by fire.

As in Section 2 we denote the hazard function by h(t), the survivor function

11111

X(t) = volume of timber in stand at age t
p(t) =  theunit value (price) of timber at age t
Co = the cost per unit volume of thinning
r(t)=  p(t) - Co = the unit net revenue from thinning at age t
C, = the cost per unit volume of clear—cut harvesting
q(t) = p(t) - C, = the unit net revenue from clear—cut harvesting at age t
u(t) = the rate (volume per unit time) of thinning at age t

= the age of clear—cut harvesting
S(t) =  probability of stand surviving until age t
y(t) = -fnS(t)

Following Clark and de Pree and Kilkki and Vaisdnen it will be assumed that the

volume grows according to the differential equation

[12] & g(t) F(X) —u(t)
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with X(0) = X,- The function g(t) is assumed to be positive and decreasing; and
F(X) is assumed to be positive and concave with F(0) =0. Thus the proportional
growth rate X/X decreases both with age and volume.

If the thinning schedule u(t) is followed over 0<t <T, with a clear-cut

harvest occurring at age T, then the expected present value of net revenues earned

over a single rotation is:

[13] J= Jz e 0% r(t)u(t)S(t)dt + e T q(T)X(T)S(T)

The terms S(t) and S(T) are included because of the fact that the stand may be
destroyed by fire at any time prior to T (see Reed, 1987). We seek a thinning
schedule u(t) and a clear—cut harvest age T to maximize [13]. It follows from

the definition of S(t) (see Appendix 1), that

[14] B- L Cms(n)) =n(t).

Thus the optimization problem can be expressed as the following linear determin—

istic optimal control problem:

Maximize
[15] J- JE eV royuw)as + VD gmyx(m)
subject to:

[16] B gmF® -u(t);  X(0) =X,
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[17] Tonw);  y(0)=0

over T and u(t) (0<t<T) with 0 < u(t) S
Here .. 18 the maximum rate at which thinning can take place.

Note that the inclusion of the possibility of catastrophic destruction
results in the inclusion of a second state variable, y(t), in the control problem.
This variable which is increasing in t, is related to the cumulative probability
that the stand is destroyed by time t. However when the hazard depends only on the
age of the stand (and not on the thinning activity u(t), nor on the volume X(t))
the problem can readily be reduced to a variant of the no-risk problem addressed by
Clark and de Pree [1979].

To see this let
[18] A(t) = 6 +h(t)

be a "risk-adjusted" discount rate, variable in time. Then the discount factor

-—jt A(s)ds
in the objective [15] can be expressed as e ° , and so the

o0ty (%)
problem becomes identical with that solved by Clark and de Pree, except for the
substitution of a variable discount rate A(t), for the constant discount rate §.
Ve can thus conclude that the optimal policy, in general, involves a period of
no thinning followed by a period of thinning, in which the volume X(t) is kept on a
singular path, followed finally by a period of no thinning leading up to a

clear—cut harvest.
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The singular path is determined by the equation5

[19] g(t)F (X) = 6 +h(t) —r’(t)/r(t)

This equation is a time—dependent version of the golden-rule of capital
theory (see Clark, 1985, pp. 77-78). The left hand side represents the marginal
timber volume productivity of the resource corresponding to a unit increase in
stand volume, while the right hand side is the discount rate adjusted for the
changing unit value of timber (r‘(t)/r(t)) and for the presence of risk (h(t)).

The clear—cut harvest age by the equation

g(T)F(X(T))q(T) + X(T)q" (T)
[20] = § +h(T).
X(T)q(T)

This is a Wicksell-type condition (Wicksell, [1934]). The left-hand side is the
proportional rate of change in clear—cut harvest revenue, q(T)X(T), while the
right-hand side is the discount rate adjusted for risk.

The effect of the presence of a fire hazard is the same as that of an increased
discount rate — it results in faster optimal thinning and a lower harvest age.

Note that in order to determine the switching times when thinning starts and
ends, numerical methods are required. Similar methods to those used in the no-risk
problem (Clark and de Pree, 1979) can be employed. Also in order to solve the
problem with ongoing rotations (Faustmann paradigm), numerical methods are

required (see Appendix 2 for details of one possible method).

SThis equation is derived formally using the Pontryagin maximum principle in
Appendix 2.
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As an example the problem treated by Clark and de Pree (following Kilkki and
Viisdnen) for ongoing rotations was solved with the presence of fire risk. It is
for a stand of Scotch Pine, for which the volume, X(t), of usable wood per hectare

is assumed to follow

dX

B -1.23
It = 56.9¢

X 003X-

The unit net revenues from thinning and clear—cut harvesting are
r(t) = .337t +5.06 q(t)=1.1r(t) (Fmk/mS).

A discount rate of §=0.02, and a constant (age independent) hazard of
h(t) =0.013 were assumed. Replanting costs were assumed to be Cp = 800 Fmk/ha.
Figure 2 shows the optimal trajectory for X(t). It can be seen that there is
no harvesting below age 57 years or above age 72 years. The optimal rotation age is
76 years. In the case of no fire risk Clark and de Pree report ages 85 and 90 years

(rounded to nearest 5 years) for the final age of thinning and for rotation.

Hazard dependent on thinning activity.

As noted in the introduction the act of spacing or thinning is likely to
increase the fire hazard. To incorporate an increased hazard of the half-normal or
similar form (equation [2]) into the dynamic thinning model discussed above would
lead to an inmtractable optimal comtrol problem for a system with delay. MHoweve
something of the flavour of the problem can be incorporated using a simpler model
in which the fire hazard increases at times when thinning is taking place, and
falls back to its background level as soon as thinning stops. This is equivalent to

setting the decay parameter ¢ in [2] to a very large value. Thus we shall assume

that
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hazard at time t =h(t) + p H(u)

where H(u) is the step function

0 if u=0
[21] H(u) =
1 if u> 0.

The only change required in the optimal control problem above is that the state

equation [16] be replaced by

[22] B h(t) + p H(u).

This change, however, introduces a non-linearity into the problem — indeed the
dynamic equaton is no longer continuous in u. Also the problem cannot be reduced
to a single-state variable problem using a risk adjusted discount rate, because
y(t) depends on thinning activity at previous times.

Nonetheless the maximum principle can still be used as a heuristic to
determine the nature of the optimal thinning pattern.® It is shown in Appendix 3
that the optimal thinning is qualitatively different from that which prevails when
the hazard depends only on stand age. It no longer involves singular control over a
period. Rather any thinning that takes place is done at the maximum rate (u

max) )

In general, periods of thinning at the maximum rate alternate with

s it LiLta'P (2L L w L3

thinning. The reason for this is fairly obvious. Since the act of thinning

6While the simplest statement of the maximum principle assumes that the state
equations are continuous in the control variables, its use here can be justified by
appealing to the Hamilton—Jacobi-Bellman equation of dynamic programming, which
results in the same solution as that provided by the maximum principle — see
Appendix 3.



17.

increases the fire hazard one wants to keep the time of thinning as short as
possible. This is achieved by using the maximum rate of thinning for a short time,
rather than using some intermediate rate of thinning over a longer time period.
Thus optimally, thinning occurs in distinct pulses at the maximum rate. In
Appendix 3 the conditions for switching from no thinning to maximum thinning are
derived and interpreted.

Besides depending on the age of the stand and on whether or not thinning is
taking place, the fire hazard may also depend on the volume density of the stand.
For example a high volume stand of a given age may have a lower hazard than a low
volume stand of similar age. For a high volume stand much of the forest floor will
be in shade most of the time, and so the litter on the forest floor will tend to
retain moisture longer than it would in the case of a low volume stand where the
forest floor would receive more direct sunlight.

To model this we can assume that the hazard is of the form
p(t,X) + p H(u)

where the function ¢ has partial derivative py 0. The dynamic equation for the

state variable y becomes in this case

[23] W p(,X) +p H(u).

It is easily demonstrated (see Appendix 3) that in this case as well the
optimal thinning schedule involves alternating periods of zero thinning and

thinning at the maximum rate.
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5. Summary and Conclusions

Techniques have been developed for determining the effects of fire risk on
the economics of juvenile spacing and commercial thinning. This is important
since it is believed by fire—protection foresters that these activities may well
increase the fire hazard significantly at least in the years immediately following
the thinning activity.

In the case of juvenile spacing, it is assumed that the hazard jumps
immediately spacing takes place, and then decays following a form like the
right-hand half of a normal probability demsity. While there is no reason to
believe that the hazard would be exactly of this form, it does capture the
essential characteristics and is convenient from a mathematical point of view.
Formulas are derived for the expected net present value and the land expectation
value under these assumptions, and it is demonstrated how the age of financial
maturity and optimal rotation age can be determined. In a numerical example using
simulated growth and yield data for coastal Douglas—fir, it is seen that the
presence of the extra fire hazard induced by spacing could easily reduce the net
present value of a spaced stand by 10 percent or more.

In the case of commercial thinning, two distinct models in continuous time
are analyzed. In the first, the fire hazard is assumed to be exogenous to the
silvicultural activities, depending only on the age of the stand. In this case the
effect upon the optimal thinning schedule and the net present value of the stand is

o am P | 41

equivalent to0 an upward adjustment of the discount rate by an amount equal to the

hazard (for a non—constant hazard, this would result in a non—constant adjusted
discount rate). The overall effect is an increase in the optimal thinning rate and
a decrease in the optimal rotation period and in the net present value.

In the second case considered, it is assumed that the fire hazard increases by

a fixed amount whenever thinning is taking place, but returns to its background
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level as soon as thinning ceases. It is shown how in this case the optimal policy
is qualitatively different from that which is optimal in the no-risk case (or in
the case of an exogenously determined hazard). Rather than thinning along a
singular path, the optimal policy now in general involves pulses of thinning at the
maximum feasible rate interspersed with periods of no thinning. This is closer to
wvhat happens in practice with commercial thinning, although the reasons for this
are probably due to economic factors rather than the presence of risk. The model
captures some of the features of how thinning might affect the fire hazard
although, unlike the juvenile spacing model, it does not allow the hazard to
persist after the thinning activity ceases. To handle such a model in continuous
time would be extremely difficult, although it could possibly be handled
numerically in discrete time using stochastic dynamic programming provided the
extra induced hazard does not persist for more than one period (e.g., decade). Ve
speculate that the optimal policy would still involve periods of thinning at the
maximum rate, although possibly with fewer pulses than occur in the model
described herein.

Finally it should be noted that the only form of risk discussed in this paper
is the risk of catastrophic loss through fire. Risks associated with future
uncertainty in lumber prices and in volume growth have been ignored. The problem
of determining the optimal harvest rule and the land expectation value in the face
of such uncertainty has been addressed elsewhere (Reed and Clarke [1990], Clarke
and Reed [1883], Brock, Rot
the problem of juvenile spacing should present no theoretical difficulty. To
decide whether spacing is justified a comparison of expected net present values
with and without spacing can be made as discussed in Section 2. The inclusion of
price and growth stochasticity in the model for commercial thinning however would

lead to a difficult problem in stochastic optimal control.
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APPENDIX 1

Derivation of the Expected Net Present Value

of Spaced and Unspaced Stands
For unspaced stands the hazard is given by (see [1]),
[A1.1] ho(t) =4

while for spaced stands it is given by (see [2])

Al. h =
[A1.2] 1) -0(t-tg)2

A+ pe t2tq

Related to any hazard function h(t) is the survivor function

b
[A1.3] S(t) = exp{ fo h(z) dz}

which determines the probability that the stand survives from establishment (at
age 0) to age t. Given that the stand is alive at age t= ts the conditional

P S NN WU i A S 0 UG I a4, £ a \ 2o
dD111Ly LldbL 1L SUL'vives LOdfec L (> L) 18
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For an unspaced stand this conditional survival probability is:
[A1.5] S4(t[t,) = e (b7ts)
s
while for a spaced stand it is:

[A1.6] s, (t]t,) = exp{—ft () + pe“ﬂ(z‘tsV)dz}
ts

which can be expressed in terms of the error function, erf(-) (see [5]) as:

[A1.7] S, (t]tg) = exp{—% gert({0(t-ty)) —/\(t—ts))}/

For a stand alive at age t = ts, the expected present value of the net return

per hectare, with a harvest age T is given by

[A1.8] Io(1) = Vo (e Tt s (¢4 ) —c_

-V, (1) exp{—(/\+6) (1-t;) - & [T erf(mT-tS))} ~c,

if the stand is spaced at age t. Equations [A1.8] and [A1.9] are the formulas [3]

and [4] given in Section 2 for expected net present value.
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APPENDIX 2

Determination of the Optimal Rotation Period and the

Land Expectation Value for the Thinning Hodel of Section 4.

For a single rotation, the optimal thinning schedule, and clear—cut harvest
age are determined by solving the optimal control problem described in Section 4 by
[15]-[17]. In the case of ongoing rotations this problem must be modified to take
into account the fact that after a clear—cut harvest or after a fire, the land still
has a value which can be imputed from the revenues earned by future rotations that
can be grown upon it. Denote this land expectation value by L and the costs of
re—establishment of a stand by Cp.

The net revenue earned in the first rotation using thinning schedule u(t)

and clear—cut harvest age T is a random variable with value

[A2.1] fO bt r(t)u(t)dt + e_5Z(L—Cp)

if the stand is destroyed by fire at age Z < T, and value

[A2.2] fOT e r(t)u(t)as + e T ((T)X(T) + L — ¢,)

if the stand survives to be harvested at age T. The expected value of this random

variable is

[42.3] j; b bt-y(t) [r(t)u(t) - 1] + e Y Dgmx(r) + 1
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(see Reed [1987] for details of this calculation in a different problem). If the
rotation age T and the thinning schedule u(t), 0<t<T are chosen to maximize
[A2.3], then the resulting value of [A2.3] is exactly equal to the land expectation
value L minus the cost of re-—establishment Cp' Thus we have the following

equation:

[A2.4] { JC) e 5V (6 [r(t)u(t) - 61]dt + e_ﬁT_Y(T)q(T)X(T)} ~¢,=0

where the maximization is over T and u(t).

This equation for L can be solved in an iterative way. For a fixed value of L
the optimal T and wu(t) can be found using the maximum principle and the
corresponding value of the left-hand side of [A2.4] can be computed. Proceeding
iteratively (e.g. using the Secant Method (see e.g. Atkinson [1978])), one can
find the value of L which solves [A2.4] along with the corresponding optimal T
and wu(t). Thus the land expectation value, the optimal rotation age and the

optimal thinning schedule can be found.
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APPENDIX 3

Determination of Optimal Harvest Policies in the

Presence of Fire Risk

Ve shall consider only the single rotation problem. Extension to the case of
ongoing rotations can be achieved in the fashion described in Appendix 1.

In the simplest case when the fire hazard depends only on the age of the stand,
the problem of determining the optimal commercial thinning schedule and clear—cut
harvest age can be expressed as (see [15]—[17] in Section 4):

Find T and u(t) (0<t<T) tomaximize

[43.1] J- fo bty () r(t)u(t)ds + e YD gmx(m)
subject to

[43.2] & - (6)F(X) —u(t)

[43.3] & -n(t),

and

[A3.4] 0<u(t) <u .

This problem can be solved using the Pontryagin maximum principle (see e.g.

Kamien and Schwartz [1981]). Ve first define the current-value Hamiltonian:

3.5 #(t) = eV O) r(tyu(e) + ug () (5(E)E(X) —u(t)) + py(t) B(t)
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where Iy and jo are costate variables (shadow prices) satisfying the costate

equations
dul
[A3.6] =5 = 0nq — ny8(E)F(X)
dp
[43.7] 2=ty -V r(tyu(e)

with terminal (transversality) conditions
[43.8] uy (1) =YD (1)
[43.9] i (1) = =YD g(myx(1).

Necessary conditions for the thinning schedule u(t) to be optimal are that

u(t) maximizes o at each t, 0<t<T. Inaddition, a necessary condition for

the clear—cut harvest age to be optimal is:
[43.10] Z(T) + T é?lr[e_éT_Y(T) q(T)X(T)] - 0.

Since the unit cost of clear—cut harvesting is assumed to be lower than that
of thinning (C; <Cy) it follows that r(T) <q(T). From this it follows that it
could never be optimal to thin right up to the clear cut harvest age, T. Thus
u(T) =0 is optimal. Using this in [A3.5] along with [A3.8], [43.9] and [A3.10]
results in the following Wicksell—type condition for the optimal clear—cut harvest

age T*
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43.11] g(T)F(X(T*))q(T") + X(T*)q" (T¥) _ 5+ h(T%)
q(T*)X(T*)

which is equation [20] in Section 4.
To determine the optimal thinning pattern over [0,T*], we note that the

Hamiltonian is linear in u
[A3.12] H(t) = [e—Y(t)r(t) — i (t)]u(t) + (terms not involving u).
Thus #(t) will be maximized by

0 if ¢V (®r(e) — () <0
wF(t) =

o if e V(o) —u (1) >0

("bang-bang control"). The only other possibility is that the switching function

[43.13] o(t) = e Y r() —p (1)

be identically equal to zero over an interval. In this case u*(t) will be that

value of the control required to keep X(t) on a trajectory for which o¢(t) =0

(singular control). By setting o¢(t)=0= dg and solving one obtains the
following equation for the singular path
[A3.14] g(t)F" (X) = 6+ h(t) 2 {F

which is equation [19] in Section 4. The synthesis of controls (zero thinning

followed by thinning along the singular path followed by zero thinning) is similar



27.

to that presented in Clark and de Pree.

Ve turn now to the case when the hazard increases whenever thinning takes

place. In this case the state equation [A3.3] is replaced by
d
[43.15] T =h(t) +pH(u)

where H(u) is the step function [25].

The current—value Hamiltonian is

= eV ®r(t) -y (8)] ult) + oy (6)H(u)
+ (terms not involving u).

The determination of the optimal clear—cut harvest time T* follows exactly as
before (T* is still given by equation [24]). However the optimal thinning pattern

is different in this case since the Hamiltonian while linear in u for 0 <u< W

has a discontinuity at u=0. It follows that it will be maximized at either u=0

or u=u according as to whether

ax

(]
"

—
o

—

[ |
w

is less than or greater than zero. In the case of equality both values maximize
#. Note that it is impossible for % to be maximized at an interior value (in the
open interval (O, umax)) of u. Thus singular control cannot be optimal, the

optimal control being purely "bang-bang". Thus the optimal thinning schedule
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involves periods of no thinning, alternating with periods of thinning at the

maximum rate.

The switching function [A3.17] has an economic interpretation. Multiplying

by eY(t) it becomes
[43.18] r(6) -V D (01w o+ pe¥ P (t).

Given that the stand is alive at age t, eY(t)ul(t) is the user cost of harvesting
a single unit of timber. The direct revenue from such a harvest is r(t). The

costate variable p,(t) is the user cost associated with a unit increase in vy,

i.e.

* v AT
[43.19] u2(t):%']y—:——e y oL

where J* is the optimal present value of the resource at time t. Thus
peY(t)p2(t) =-p %]; , which, given the stand is alive at time t, is equal to
-pJ* = -[(p+h(t))J* —h(t)J*]. This is the increase in the expected loss of revenue
resulting from a fire if the hazard is increased from h(t) to h(t) + p, by the act
of thinning. Thus [A3.18] represents the value of harvesting at time t at the
maximum rate, u..s net of the user cost and net of the increase in expected loss
due to fire if harvesting takes place. Harvesting takes place if and only if this
quantity is positive.

To obtain the switching times between periods of no harvesting and periods of

harvesting at the maximum rate numerical methods are required.

In the above application of the maximum principle, we have skipped over the

fact that the state equation [A3.15] is not continuous in the control variable u.
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Rather we have used the maximum principle as a heuristic, hoping that it will give
the correct answer. It can be shown formally that it does by an appeal to the
methods of dynamic programming (e.g. Kamien and Schwartz [1981, p. 238]). We have
used the maximum principle rather than dynamic programming to show how the
thinning problem with risk relates to the no-risk problem treated by Clark and

de Pree.

Finally in the case when the hazard depends on stand volume as well as age and

thinning activity with

T = 0(t,X) + pli(n)
the Hamiltonian is as [A3.16] plus a term po(t)p(t,X). Since this additional term

does not depend on u it follows that as before the optimal rate of thinning u*(t)

is either zero or Wax according as to whether the switching function is less or

greater than zero.
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Age Unspaced Spaced
stands stands
45 —1472 4743
55 6881 11,965
65 16,799 21,324
75 26,676 30,633
85 35,074 39,714
95 43,836 47,885
105 48,205 56,110
Table 1.

Per hectare lumber values (net of harvesting and processing costs) in Canadian
dollars for natural (unspaced) and spaced stands of coastal Douglas—fir.
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[
0.01 0.03 0.05
0.1 0.0146 0.0335 0.0520
g
0.01 0.0149 0.0343 0.0534
Table 2.

Probability of destruction in the year immediately following spacing, using the
hazard model [2], for various values of the parameters ¢ and p and with

la. LR VA VE S

A =0.005. These values should be compared with the probability 0.0050 assumed for
unspaced stands.
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Figure Captions

Figure1 The assumed form for the fire hazard for a stand spaced at age

ts =15 yrs.

Figure 2 (Optimal trajectory for timber volume in the example of Section 4.
Thinning takes place along the singular path between ages 58 and 73

years.
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