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ABSTRACT

There are several anomalies within the Standard Model of particle physics that

may be explained by means of light new physics. These may be associated with

muons, with the gyromagnetic ratio of the muon being different from theory at the

level of 3.4σ, and with the 7σ muonic Hydrogen proton radius extraction. Previous,

current, and new experiments may be able to place stringent limits on the existence

of a new scalar force, with a coupling to leptons proportional to their mass. We inves-

tigate the sensitivity to the parameter space of the muon decay experiment Mu3e,

the kaon decay experiments NA48/2 and NA62, and the experiments at asymmetric

electron-positron colliders, BaBar, Belle, Belle2. Using Monte Carlo techniques

to generate events for processes corresponding to each experiment, we find that these

experiments could be sensitive to muonic couplings down to 10−5, and over a wide

mass range of 10 MeV − 3.5 GeV, fully covering the parameter space relevant for

explanations of these anomalies. The possibility exists to later extend to masses up

to 10 GeV.
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Chapter 1

Introduction

The Standard Model (SM) of particle physics stands as one of our most scrutinized and

well-tested theories in physics. Very few discrepancies have been found between the

model and reality, within the realm of experimental particle physics. The discovery of

the Higgs boson in July 2012 stands as the most recent example, with the measured

quantities thus far matching the Standard Model Higgs boson. However, it must be

the case that the theory is incomplete, as we currently do not know how to incorporate

the effects of quantum gravity into the model. In order to make progress, one can

look to the few experiments that provide some level of discrepancy; these could act

as a loose string that we can use to unravel the current mysteries of particle physics.

Historically, experimental anomalies have been used as a foundation to construct

our understanding of particle physics. For example, the solar neutrino problem was

an anomaly that led to the eventual discovery of neutrino oscillations; the Homestake

experiment [1] in the 1960s would house a large vat of perchloroethylene underground,

looking for evidence of neutrino capture via νe + 37Cl → 37Ar + e−. The results

compared to theoretical calculations yielded a deficit by a factor of three. Other

experimental efforts were also established to measure the flux of solar neutrinos, such

as SAGE [2], GALLEX [3], SNO [4], Kamiokande and Super-Kamiokande [5, 6].

Eventually, the realization was that the Homestake experiment was only sensitive to

one of the three neutrino flavours, while SNO was the first experiment able to detect

the oscillations put forth in 1968 that would lead on to explain the missing solar

neutrinos [7].

Muons have long been a source of mystery within the physics community. They

were discovered in 1936 by Carl Anderson and Seth Neddermyer, who observed the

distinct curvature of the muon in a magnetic field, compared to that of electrons and
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protons. Since then, there have been many questions regarding the properties of this

particle. One of the deeper questions of the Standard Model concerns the number

of generations of leptons: Why is it that we observe three generations, the electron,

muon, and tau? Within the Standard Model, each generation of lepton differs only

by the mass assigned to them.

However, while this can be viewed as an aesthetic problem with the model, at least

two experimental efforts have revealed discrepancies between the Standard Model

muons and reality. In particular, the muon’s spin magnetic moment g appears to

be different at the level of 10−8 which, although a small number, represents a 3.4σ

discrepancy between experiment and theory [8]. It is important to note that many

tests have been performed with muons that are consistent with the SM. The TWIST

experiment at TRIUMF has provided high precision measurements (a few parts in

10, 000) of distributions of decay products with polarized muons [9]. Universality of

the electron and muon has also been tested in pion [10], kaon [11], and Z-boson decays

[12].

Additionally, one can perform experiments on muonic Hydrogen (µH) in which

the electron orbiting the proton is replaced with a muon. For both cases of electronic

Hydrogen (H) and µH, the proton charge radius rp, which will be better defined later

in the thesis, can be extracted. Peculiarly, the two results differ by a significant

amount, ∆(r2
p) = (r2

p)electrons − (r2
p)muons = 0.06 fm2, and stand at a 7σ discrepancy

from zero [13]. Regardless of whether H or µH is used, the extraction of the proton

charge radius should remain unchanged. This leads to an exciting avenue to search

for new physics, and may give some hints to a new physics role for the muon in such

a system.

If new physics has the potential to solve some of these problems, then we must

know where to look for the new physics. We will take } = c = 1 in this thesis. Since

we have that GF � ∆(r2
p), this provides a good indication that, to explain the proton

radius discrepancy, we should look for a carrier of a new gauge or Yukawa force much

lighter than the electroweak scale. A light new mediator may be able to solve these

issues, such as the dark photon. It is the goal of this thesis to study the sensitivity

limits of detection of such a new light mediator. In our case we consider a scalar, φ,

which violates lepton universality by coupling to leptons proportionally to their mass,

very similarly to the SM Higgs boson. This can have implications for a whole range of

experiments, especially at the intensity frontier where precision physics measurements

are possible. A schematic of the landscape is shown in Fig. 1.1.
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Figure 1.1: Schematic of the frontiers available to experimental particle physics from
[14]. The SM lives in the upper left corner. In order to access heavy physics, such as
the top or the Higgs, one must turn to the energy frontier with high energy colliders
such as the LHC. Lightly coupled new physics is easier to access where there are many
collisions or decays in a short period of time, provided that the energies required to
produce the new physics are not large.

The experiment Mu3e will haveO(1016) total muon decays, so we must investigate

how the new force carrying particle interacts with the muon decay signature studied

there. Similarly, the experiments NA48/2 and NA62 study O(1011) kaon decays,

and we can use this to place sensitivity limits on the strength of the coupling of the

new particle. Finally, asymmetric e+e− colliders with their associated detectors, like

BaBar, Belle, and Belle2, can examine higher energy ranges up to 10.58 GeV,

where the tau lepton becomes kinematically accessible and would strongly couple to

our new particle. Combining these regimes yields sensitivity over a wide range of

masses, from 10 MeV all the way up to 3.5 GeV. The signal processes we will be

investigating are the following:

1. µ+ → e+νeν̄µφ, φ→ e+e−

2. K+ → µ+νµφ, φ→ `+`−

3. e+e− → τ+τ−φ, φ→ `+`−

The signature we will be looking for is a spectrally peaked feature where the invariant

pair mass can reconstruct the mass of the scalar, m`` = mφ.



4

This thesis contains six core components. The first of these is this short intro-

duction to the problem and motivation. Here we provide a small summary of the

contents of each chapter.

Chapter 2 discusses the physical motivations for this project briefly. The main

focus is on the apparent anomalies that lie within the Standard Model with emphasis

on the muon and lepton flavour violation. Here we will discuss the proton radius

problem and the (g − 2)µ discrepancy. This chapter will stand as the summary of

the experimental hints that motivate us to pursue this project. From this, we will

see that a candidate for solving these problems is a new scalar force, that so far has

received less attention in the literature compared to that of a vector mediator. Later,

we will include the restrictions from (g − 2)µ in our final results of the scalar. This

candidate particle will then be the focus for the rest of the thesis, and the limits on

the sensitivity of detection will be the final result.

Chapter 3 will examine each experiment in enough detail to place sensible limits

on the scalar particle, or derive sensitivity to it for future experiments. These ex-

periments will span the mass range of a few MeV up to 10 GeV. To do this, three

classes of experiments will be examined: muon decay, kaon decay, and e+e− colli-

sions. Muon decay will be studied in the context of the upcoming Mu3e experiment,

which provides a large number of muon decays to work with. Kaon decay at the fin-

ished experiment NA48/2, and the upcoming NA62 experiment, will provide access

to mediator masses above the muon mass. Finally, e+e− collisions at a centre of mass

energy of 10.58 GeV, as analyzed by the B-factories BaBar, Belle, and Belle2,

will provide the greatest coverage of masses, as well as access to the heaviest leptons.

Chapter 4 provides the prescription of tools that we use and the analytical

methods in which we extract our limits. The tools include the Monte Carlo generator

MadGraph and other utility tools to interface with the generator. These are used

to generate large numbers of signal and background events, in order to study the

sensitivity to our model, as finding an analytic expression for some of these decay

rates and cross sections can be difficult. Our sensitivity extraction procedure is also

covered here, where we precisely define what we claim an experiment’s upper-limit

sensitivity is.

Chapter 5 contains the results of this work, which are the existing and potential

constraints on scalar coupling strength, in the experiments listed above. Each process

analyzed is documented here in detail and the resulting sensitivity is given. This

includes an explicit detailing of the backgrounds that can affect our overall sensitivity,
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as well as how we bin our data, generated or otherwise.

Chapter 6 will conclude the thesis, with a summary of the work completed and

results. There will also be some brief comments on future, related work.
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Chapter 2

Brief Review of Interesting Muonic

Features

The main motivation for the thesis is that there exist experimental anomalies that

have yet to be explained, or else they will inevitably be found to be statistically

insignificant. This chapter is dedicated to investigating these anomalies in detail.

There are two main experimental results that motivate light new physics for our

purposes:

1. The proton radius puzzle, in which the proton radius is extracted from µH.

2. (g − 2) for the muon, which may be explained by loops of light mediators.

We will also discuss an alternative theory to the scalar, a vector known as the dark

photon, that we put forward to test and which may also solve the problems above.

Both of these concern the muon, which may provide a hint for where to look for new

interesting phenomenon not yet explained by the SM. Within the SM there is no

lepton flavour violation, except when one adds neutrino masses; at this point charged

lepton flavour violation becomes allowed, but it is suppressed by the incredibly small

difference of the neutrino’s mass squared, normalized to the weak scale coupling GF .

Another SM particle that breaks lepton universality between the electron and muon

is the SM Higgs. The exchange of a Higgs boson at low energy gives rise to the four

fermion interaction term

1

m2
h

mimj

v2
¯̀
i`i ¯̀j`j (2.1)
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with mh being the Higgs mass, and v as the Higgs vacuum expectation value (vev).

This interaction is suppressed due to the small masses of the leptons, the large mass

of the Higgs, and the even larger vev. Any possible effect from equation 2.1 is tiny,

making it irrelevant for the phenomenological signatures we discuss. This tells us

that, if we take into account the masses of the charged leptons correctly, then physics

should be no different when we replace an electron with a muon. Of course this has

limits, since the muon can decay to an electron and anti-muon neutrino, and the

electron has no decay modes that we are aware of, but this is more a question of

allowable kinematics. To have fundamentally different interactions between a muon

and other SM particles would be a smoking gun for new physics.

2.1 Proton Radius Puzzle

As has been mentioned a few times already in this thesis, if one does experiments to

extract the proton radius using µH, a drastically different result is obtained compared

to simple H. In this section we will summarize how this is extracted and potential

solutions, including the scalar we put forward, following mostly [13].

First, there are multiple methods which are currently used to extract the proton

radius from electronic Hydrogen, H. These methods typically have large error bars,

but are consistent with each other, and yield a combined uncertainty of ∼ 0.6%. The

experiments to extract the proton radius from H are either done using electron-proton

scattering, or by measuring energy levels of the Hydrogen system.

For non-relativistic scattering experiments, the differential cross section is given

by

dσ

dΩ
=

(
α

4E sin2(θ/2)

)2

×
(
G(Q2)

)2
(2.2)

with the first term being the typical scattering of an electron off of a point-like proton,

and the second term correcting for the finite size of the proton. The second term is

called a form factor and depends on the momentum transfer between the electron

and proton. Moving to a relativistic system, as is required for any electron-proton

scattering experiment, we find a similar expression

dσ

dΩ
=

4α2 cos2(θ/2)

Q4

E ′3

E
× 1

1 + τ

(
G2
E(Q2) +

τ

ε
G2
M(Q2)

)
(2.3)
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with τ = Q2/4M2, 1/ε = 1 + 2(1 + τ) tan2(θ/2), and with E ′ and E being the

outgoing and incoming energies of the electron in the lab frame. The first term

is now the cross section when scattering an unpolarized spin-1/2 electron off of a

pointlike spin-0 target. Also the form factors are now separated into the electric and

magnetic components.

To define the proton radius, we look to the non-relativistic system and find that

G(Q2) = 1 − 1
6
〈r2〉Q2 + · · · , which has dependence on the average squared radius.

Promoting this to a definition, we define the charge radius to be

R2
E ≡ −6

dGE

dQ2
|Q2=0 (2.4)

Experiments looking to extract the proton charge radius using e-p scattering must

measure this form factor. For the proton, the average squared charged radius is often

written as r2
p.

One can also measure the Lamb shift, which is the difference between the 2S1/2 and

2P1/2 levels. Additionally, for the Hydrogen based extraction, the optical transitions

are also used. The correction to the splittings is given by

∆E = aRy + bR2
E (2.5)

for known coefficients a and b. If one measures two splittings at a time, both the

Rydberg constant and the proton charge radius can be extracted simultaneously, and

this is precisely what is done. The overall result is RE = 0.8775(51) fm when the

spectroscopic and scattering results are all combined, from CODATA [15].

Similarly, a group performed the same extraction by measuring the Lamb shift of

µH [16, 17] and foundRE = 0.84087(39) fm after measuring two hyperfine components

of the 2S − 2P transition in muonic Hydrogen. This is the 7σ discrepancy between

the muonic Hydrogen and electric Hydrogen. This work was carried out by the

Charge Radius Experiment with Muonic Hydrogen (CREMA) collaboration at the

Paul Scherrer Institute (PSI). A beam of muons are slowed and sent into a target of

hydrogen, where they are captured in many high energy states. They then proceed

to cascade down to the 1S or 2S state. A laser is then shined onto the µH to bump

the long-lived 2S states up to the 2P states, which readily decay to the 1S state and

give off a characteristic X-ray. The frequency that the laser is tuned at will then

give the splitting and the proton radius can be read off, provided one has an X-ray

detector that can signal when you have tuned the laser correctly. The exact details
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of determining the splitting are not important to our discussion, so this description

shall suffice.

The conclusion is that one of three possibilities should account for this discrepancy:

• There are unknown/unexpected QCD corrections that can provide the necessary

correction.

• The extraction of RE from the collection of electronic measurements is prob-

lematic and prone to error

• There is new physics that violates lepton universality.

First, the unknown QCD corrections from hadronic behaviour are investigated

in [13]. The two-photon interaction between a muon and proton involves two unknown

functions and a Wick rotation to extract the amplitudes. However, during the Wick

rotation, one of the integrals used may not converge, leaving a piece leftover that must

be subtracted off that is unknown. Limits are placed on this “subtraction function”

for low Q2, which are not large enough to explain the proton radius; however, it is

possible to construct the subtraction function in such a way that one can have a large

contribution to the proton radius [18], although usually with the caveat of a large

difference in masses between the proton and neutron being introduced.

Alternative determinations of r2
p are also being investigated at proposed experi-

ments like the MUon Scattering Experiment (MUSE) at PSI [19], and the Proton

Radius experiment (PRAD) at Jefferson Lab [20]. MUSE will extract the proton

charge radius with µ-p scattering, which will complement the e-p scattering and com-

plete measurements using muons and electrons for both scattering and spectroscopy.

PRAD plans to perform e-p scattering, but with a large acceptance calorimeter as

opposed to a traditional magnetic spectrometer method. In this experiment, the sys-

tematics that dominated previous e-p scattering results are not present, and instead

detector efficiencies and angular acceptances are introduced. This will give access to

the derivative of the form factor for Q2 in the range O(10−4 − 10−2) GeV2.

In this thesis, we focus on the possibility of new physics, however remote this

possibility may seem. It is useful to note that some models could potentially solve

both the proton radius problem and the discrepancy of (g− 2)µ. We may use this as

a motivation during model building.
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2.2 (g − 2)µ Discrepancy

The g factor of the magnetic moment of a particle describes the coupling between spin

angular momentum and the magnetic moment of the particle. Dirac shows that this

factor is g = 2 for the electron, and this would also extend to the muon. However,

loop corrections can give an additional effect that was not taken into account by

Dirac. Within the SM, it is expected that a ≡ (g − 2)/2 6= 0. If we examine the

QED vertex, we can see that it can be expanded as the bare vertex plus higher order

loop diagrams. One of these loop diagrams in particular corresponds to the magnetic

moment being different than two and is seen in Fig. 2.1.

γ

γ

ℓ ℓ

Figure 2.1: Single loop diagram contributing to the magnetic moment of the leptons.

This diagram, when computed for the electron, yields a contribution to ae ≡
(ge − 2)/2 = α

2π
. For the electron, this works very well and has precision down to

5 loops, which translates to 0.25 parts-per-billion [21]. This is actually used to do

precision QED tests, and we take this to be how we define 1/α = 137.035999174(35).

The theory predicts ae = 1, 159, 652, 181.78(77) × 10−12, when using an alternative

determination of α, as α is usually extracted by precision measurements of ae.

However, this does not seem to work for the muon, or at least not as precisely

as for the electron [22]. The value of aµ ≡ (gµ−2)

2
was sought out at the Brookhaven

E821 experiment in 2001, with their final result being delivered in 2004 [23]. They

found that the true value is aµ = 11, 659, 208.0(6.3) × 10−10, yielding a difference

of ∆aµ = (290 ± 90) × 10−11, a 3.4σ discrepancy between experiment and theory

once the mass effects are taken into account [22]. Note that aµ has many components

contributing to it, and they can be split into the QED component, the EW component,

and the hadronic component. The first two are known to very good accuracy, but the
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hadronic component is naturally harder to compute. Once these are all taken into

account at leading order and next to leading order, the expected theoretical value is

aµ = (11, 659, 180.4± 5.1)× 10−10. This strongly suggests that there is in fact a 3.4σ

deviation.

While this discrepancy is not huge, and may still be the result of a statistical

fluctuation or an error, it could be a window into new physics. Any new mediator

that can be introduced in a loop similar to the loop diagram contributing to the

magnetic moment and that couples to leptons will change aµ and ae. There is a wide

variety of new physics options that have been investigated to solve the anomalous

magnetic moment of the muon. For example, it has been speculated that weak scale

physics, such as supersymmetric models with relatively light superpartners, could

be responsible for the deviations in aµ [24]. In particular, one model that has been

examined quite extensively in this regard is the dark photon, which stipulates that

the discrepancy arises from sub-GeV particles. The model allows for a region that

could explain aµ without disturbing ae, since the mass may be too large to have an

effect as a loop with electrons on the legs.

A recent effort at Fermilab has been taken to remeasure (g − 2)µ in the E989

experiment [25]. The expected result is a decrease in the uncertainty by a factor of

four, reaching a precision of 0.14 ppm. There are also attempts to calculate aµ more

precisely with lattice QCD [26, 27, 28].
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Chapter 3

Experiments

The intensity frontier may have means to access new light physics, even with ex-

tremely weak couplings to the SM. Many models involving new low mass states have

been investigated at experiments at the intensity frontier, as the energy frontier typ-

ically is associated with a lower luminosity. B-factories have incredibly high collision

rates. Belle, at the KEKB accelerator, has reached a total integrated luminosity

of 1043 fb−1, allowing one to probe small deviations from the SM in e+e− collisions.

This also extends to decays, where experiments such as Mu3e will examine 1015 muon

decays across the experiment’s lifetime. Kaon decays are also explored at NA48/2 at

the Super Proton Synchrotron (SPS) at CERN, which lives at an intersection of the

energy and intensity frontiers, and has provided some 1011 kaon decays to study.

Adding a loosely coupled light particle can potentially add new decay modes with

branching ratios ∝ ε2, where ε is the coupling between the new physics and the SM.

Most branching ratios are limited to be below 10−8 for new physics, with the mass

of the mediators taken to be on the MeV scale. Limits from current experiments

force one to accept either “dark” (i.e. weakly coupled) or heavy new physics. High

luminosities and large numbers of decays provide a means to access the light, weakly

coupled new physics.

This thesis is concerned with examining the existing and future sensitivity reach

one can have with such models, at various experiments. By accessing different exper-

iments, one can place limits for various ranges of the allowable masses. We will be

looking at three physically different phenomenon across six experiments.

1. Mu3e is an experiment dedicated to looking at large numbers of muon decays,

which allows limits on the mass range from 2me < mφ < mµ.
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2. NA48/2, and its successor NA62, provide access to many kaon decays, which

will allow placing limits on the mass range from 2me < mφ < mK −mµ.

3. BaBar, Belle, and future experiment Belle2 use e+e− collisions near centre

of mass energy of 10 GeV, considerably extending the reach in terms of the

mass of the φ scalar to 2me < mφ < ECM− 2mµ. Backgrounds can be expected

to be better in the region of mφ > 2mµ.

Our final results will also include constraints from displaced decays at the beam

dump experiment E137 conducted in the 1980’s [29]. These computations are part

of a work in progress [30]. As we will see in this chapter, many of our estimates will

fail below 10 MeV. E137 is able to access low masses of the scalar and is able to

place strong limits below 10 MeV, and so we can rely on its constraints in this range.

Another beam dump experiment, E141, will be included in the final results, although

these are weaker than E137 [31]. The results for E141 were obtained simply by scaling

the dark photon limits to the scalar by identifying eε = gφe, effectively identifying

the production of the vector to be the same as the produciton of the scalar. One can

do better than this, which will shift the E141 contours by an O(1) amount, which we

ignore here. We will not discuss E137 or E141 further in this thesis.

3.1 Muon Decay at Mu3e

Mu3e [32] is a proposed experiment, currently under construction, that will look

for the decay of µ+ → e+e+e−, which violates lepton flavour. This experiment will

operate at PSI in Switzerland, and is currently taking data in its first phase for 2015-

2016. A second phase for 2017 and beyond is planned, and the details of the phases

are covered in this section. Lepton flavour violating (LFV) decays are allowed within

the SM once one includes the neutrino masses. Since we see LFV processes in the

neutrino sector, due to neutrino mixing, it is not unreasonable to expect that there

may also be new physics that violates lepton number in the charged lepton sector.

Mu3e is aiming to find Beyond the SM (BSM) LFV by investigating such µ+ decays.

The SM process for µ+ → e+e+e− is shown in Fig. 3.1. For this process, the required

neutrino oscillation that mediates the lepton flavour violating component suppresses

the branching ratio of this process, so much so that BR(µ+ → e+e+e−) � 10−50.

This is an unobservably low decay rate, and so any decays of this form will almost

certainly be a sign for new physics.
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µ e
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νµ νe

γ∗

Figure 3.1: µ+ → e+e+e− lepton flavour violating decay through a muon neutrino
oscillating to an electron neutrino. This process is heavily suppressed due to the
neutrino oscillation required.

New physics may come in the form of new particles that can mediate these loops

without a penalty as seen in the neutrino mixing, if it is to be observed. This could

be in the form of supersymmetric particles in a loop, or other particles which add

couplings to muons and electrons. It is also possible that a new light mediator adds

observable contributions at tree level.

The current experimental limits on the branching ratio of various flavour violating

muon decay processes are shown in Table 3.1.

Decay Channel Experiment Branching Ratio
µ→ eγ MEGA < 1.2× 10−11 [33]

MEG < 2.4 · 10−12 [34]
µ→ eee SINDRUM < 1.0× 10−12 [35]
µ Au→ e Au SINDRUM II < 7× 10−13 [36]

Table 3.1: Branching ratio limits on muon decay from various experiments as given
in [32].

Note that all of these upper limits are on the order of 10−10 − 10−13. Any future

experiments examining these decay modes must be sensitive to branching ratios at

least as small as the upper limits here. For this reason, Mu3e is attempting to

reach branching ratios down to 10−16 for the µ → eee process. To reach such a low

branching ratio, at least 5.5× 1016 muon decays must be observed, if one assumes a

total efficiency of 30%.

Given that this many muon decays are possible, the muon beam will be aimed at

an aluminum target to stop the muons. The decay products of the muons are then

tracked with the detector. A schematic of the target and the muon beam is shown in



15

Fig. 3.2.

Figure 3.2: Schematic of a muon decay in the full Mu3e detector ready for phase II
[32]. The cone-shaped aluminum target can be seen in the centre with two e+ tracks
curling upward in red, and an e− track curling down in blue.

As we will see later in this section, the energy and momentum resolution of this

experiment must be excellent for it to achieve the goals specified. This is because

the SM process for µ+ → e+νeν̄µe
+e− is much more frequent than the signal they

are searching for, and rejecting this background is best done by enforcing momentum

conservation to avoid missing energy in the final state. Having excellent energy and

momentum resolution is also vital for the signal we will propose, as we must have

good resolution on the invariant mass of an e+e− pair in the final state.

In order to achieve such a low sensitivity, and for practical purposes of building and

commissioning the detector, Mu3e plans to run in two distinct phases of operation.

The differences between these two phases lies primarily in the differences between the

beam lines, which will be discussed below. There are also additions/modifications

planned for the detector.

3.1.1 Phase I

The first phase will aim for a branching ratio sensitivity of 10−15. PSI currently

produces muons at a rate that Mu3e can take advantage of for the first phase,

without modifications, and the first phase can additionally serve as a commissioning

time. To produce the muons for the experiment, phase I will use the existing πE5

beam line. This is done by colliding protons on the target to produce pions. The

proceeding strong interaction is given in equation 3.1.

p+ + p+ → p+ + n+ π+ (3.1)
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Note that this process is independent of the target Z since the interaction takes place

directly between the proton beam and a single proton on the target. However, a

carbon target is chosen due to, among other reasons, good heat dissipation, and its

high density allows for a compact target with good pion production per unit volume.

For production to be possible, the excess centre-of-mass energy must be at least as

large as the pion mass, giving a threshold energy of 290 MeV for the proton beam.

To obtain a reasonable yield of pions, a 590 MeV proton beam is used that produces

low energy (10− 120 MeV) pions. A beam current of 2.3mA will be used.

Pions that have stopped near the surface of the target give rise to surface muons,

since the pion decays through the weak force to muons, as shown in equation 3.2.

π+ → µ+ + νµ (3.2)

The pions have incredibly short lifetimes of 2.6 × 10−8 s, and the branching ratio of

this process is very large: BR(π+ → µ+ + νµ) = 99.98770% [37]. One does not have

to wait long then to have a good source of surface muons. A number of 1015 muon

decays can be expected during this phase. Since the decaying pions are at rest, and

the muon has a mass very close to that of the pion, the muons are produced with

momenta of 28 MeV. These are easy to collimate and provide a very monochromatic

beam of muons, since only 10% of the surface muons can be used due to an angular

selection. The collimated beam of positively charged muons is then directed to a

target within a solenoidal magnetic field at a rate of 1 × 108 µ+/s. A schematic of

the beam line that produces the muon beam is shown in Fig. 3.3.

At this time, the detector is relatively minimal compared to the plan for the full

run and is currently using a pixel-only detector. The target is surrounded with a set

of inner and outer silicon pixel detectors, allowing the determination of momentum,

vertex position, and decay time. Phase I is actually split into phase IA and phase IB;

a detector upgrade will occur in phase IB. The silicon pixel detectors used in phase

IA have relatively poor momentum and timing precision and are the main focus of

the upgrades. Even so, phase IA will have sensitivity on the branching ratios down

to O(10−14).

For phase IB, the first pair of recurl pixel layers will be added, along with the tile

detectors and the fibre tracker. The recurl stations allow for the decay products to be

seen as coming from outside the detector, as the radius of the charged decay products

is typically larger than the detector. Improvements from adding the recurl stations
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Figure 3.3: Mu3e phase I beam line schematic using the πE5 at PSI [32].

with the tile detectors allow for momentum resolution of 0.44 MeV. Similarly, the

fibre tracker and tile detector also improve the timing resolution to O(100− 300 ps).

It is also worth noting that the total energy resolution is less than 1 MeV.

3.1.2 Phase II

The largest difference between phase II and phase I is the upgrade planned for the

beam line, where the πE5 muon beam will be replaced by the planned high-intensity

muon beam (HiMB). The HiMB will work by taking advantage of the Swiss Spallation

Neutron Source (SINQ) already in place at PSI.

Similarly to the πE5 beam, a proton beam strikes a target, however now the target

is a spallation neutron source. As the protons strike the target, which is made of lead,

zirconium, aluminum alloy, surface muons are created in the aluminum layer. The

muons that are accessible are travelling in the opposite direction of the proton, such

that even though they have the same sign charge, they can be separated by bending

them in opposite directions, and a collimated beam of muons can be created. A

diagram of the new beam line is shown in Fig. 3.4, where the Mu3e detector would

be placed on the far side of the muon beam cellar.
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Figure 3.4: Mu3e phase II beam line schematic using the HiMB at PSI [32]. The
Mu3e detector would be placed past the muon beam cellar. This production mech-
anism can allow for O(1010) µ+/s decays.

Moving to the HiMB provides an estimated muon decay rate of 2× 109 µ+/s. To

take advantage of the high-intensity beam, the detector will also receive an upgrade,

where a second set of recurl stations will be added to further improve momentum

resolution. This improves the momentum resolution to 0.28 MeV.

For all phases combined, the expected branching ratio sensitivities are shown in

Fig. 3.5. Across the entire lifetime of the experiment, it is expected to see a total of

5.5× 1016 muon decays for study.

3.2 Charged Kaon Decays at the Super Proton

Synchrotron

NA48/2 [38] and NA62 [39] (also known as NA48/3) are two experiments studying

rare kaon decays at the CERN SPS. Each experiment has its own objective, but both

study kaon decays and have a dedicated K+ beam, which we can take advantage

of for the purpose of setting limits. Note that the beam is actually a simultaneous

K+ and K− beam, but there are some advantages that make the K+ beam more

desirable. The charged kaon beam is produced similarly to the muon beam that was

described in the previous section. Protons are collided with targets that produce a

secondary beam, which are steered towards a target after being selected to ensure

that the beam content is purely kaons. Beryllium is used as for the target, and the
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Figure 3.5: Expected branching ratio sensitivity for Mu3e [32]. Each phase can be
seen to distinctively increase the sensitivity, with the target sensitivity being reached
with the HiMB beam line upgrades and the two recurl stations with fibre tracker
being added.

beam is a 400 GeV proton beam.

3.2.1 NA48/2

NA48/2 finished taking data in 2004, yet limits on new physics can still be derived

using the data collected and stored on tape. NA48/2 is based on the upgraded NA48

experiment, and was primarily designed to look for charge-parity (CP) violation in

the decays of charged kaons:

K± → π+ + π− + π± (3.3)

K± → π0 + π0 + π±. (3.4)

The experiment collected 1.0 × 1011 K+ decays inside its fiducial volume during

the running time from 2003−2004. The data stored on tape is still being used to put

some of the most competitive limits on the dark photon parameter space, and has

recently ruled it out as a candidate for the resolution of the (g− 2)µ discrepancy [40].

For the majority of this analysis, we will be treating NA48/2 as the NA62 experiment

with a scaled down number of kaons decaying in the fiducial volume.
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3.2.2 NA62

NA62 is looking to measure the Cabbibo-Kobayashi-Maskawa (CKM) matrix element

|Vtd| at the level of 10% by measuring the very rare charged kaon decay:

K+ → π+ + ν + ν̄ (3.5)

The SM branching ratio has been determined to be BR(K+ → π+ + ν+ ν̄) = (7.81±
0.75 ± 0.29) × 10−11, with the first uncertainty being due to the input parameters,

and the second uncertainty coming from theory [41]. Precise measurements of this

branching ratio should allow one to put strong limits on any new physics involving

the charged kaons. In October 2014, NA62 successfully launched and began taking

data. It is expected to collect 4.5 × 1012 K+ decays within the fiducial volume for

each year of running at the SPS.

Different than the previous experiments, NA62 is analyzing kaon decays while

they are in flight 75 GeV K+ beam. This beam momentum is well defined, having

an error of 1%. The liquid krypton (LKr) electro-magnetic calorimeter is reused from

the NA48 experiments and is placed past the fiducial volume, giving a coverage of

8.5 mrad from the beam. New to this experiment are the Muon Veto (MUV) and

the Large-Angle Photon Vetoes (LAV). The LAV provides coverage from the LKr

limit of 8.5 mrad up to 50 mrad, and has an inefficiency of 10−3 − 10−4 of detecting

photons with energies down to 150 MeV. The MUV is used to reject muons, which

is also handled by the Ring Imaging CHerenkov (RICH) detector. There are many

other important components to the experiment, but the most important things that

we must consider are the beam momentum, the LKr calorimeter, and the photon veto

efficiency. To estimate relevant backgrounds, we need to know the probability of not

detecting a photon, the probability that the events will hit the LKr calorimeter, and

the energy resolution, which is quoted at

σE
E

=

√(
3.2%

E1/2

)2

+

(
9%

E

)2

+ (0.42%)2 (3.6)

with E measured in GeV.

A schematic view of the experiment is laid out in Fig. 3.6.

One advantage to using a K+ beam over a K− beam is that the production rate is

K+/K− ≈ 2.1 higher for each 400 GeV proton striking the target, while the relative

number of pions created which contaminate the beam compared to that of a K− beam
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Figure 3.6: Schematic of the NA62 experiment from [39]. The beam collides with
a beryllium target and kaons are identified. K+ decays that are visible will decay
within the fiducial volume and be captured by the LKr calorimeter. Beyond that,
photons can be captured and vetoed outside of the calorimeter.

is only (K+/π+)/(K−/π−) ≈ 1.2.

3.3 e+e− Collisions at B-factories

The B-factories BaBar [42], Belle [43], and the future experiment Belle2 [44]

provide high intensity collisions while still reaching higher energies than typical meson

decays have access to. These experiments are used to produce many B mesons by

tuning the energy to the Υ(4S) resonance. The Υ(4S) is a bb̄ quark bound state

with a large preference to decay to B mesons, having a branching ratio > 0.96 [37].

For an e+e− collider of 3.5 GeV and 8 GeV respectively, the centre-of-mass energy is

∼ 2
√
E+E− = 10.58 GeV; at this energy the Υ(4S) is just barely produced and must

be at rest in the centre-of-mass frame. The KEKB collider provides high and low

energy rings of electrons and positrons, called the HER and the LER, for the Belle

experiment. SLAC provides the collider for the BaBar detector. It is important

to note that the beam energies are asymmetric. This is to give any decay products

a boost down the beam pipe before decaying, extending their lifetimes in the lab

frame due to Lorentz time dilation. It also allows one to more clearly measure the

vertex displacement from the production of the Υ to its decay point. To this end, the
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detector is also built with this forward direction in mind. This energy just happens

to be right above the threshold for a decay into a pair of B mesons, which have

interesting properties to study. For instance, one can measure the amount of CP

violation present in the B/B̄ system. It is also possible to measure the neutral B

meson oscillation into its anti-particle, B̄0 ↔ B0. Measuring CP violation was the

primary mission of the BaBar experiment. Over their lifetimes, when Belle ran

from 1999-2010, Belle collected ∼ 1000 fb−1 worth of data, and BaBar collected

roughly half of this. The new experiment, Belle2, will be operating in conjunction

with upgrades to the KEKB collider, where it will be rebranded as the SuperKEKB

collider [45]. Commissioning for the new collider and detector upgrades begins in

2016. It is expected that 100 times the integrated luminosity in e+e− decays will be

collected over its lifetime, reaching O(10 − 100) ab−1. It will operate at the same

centre of mass energy, but with less of a trade off to the asymmetry by using a 4 GeV

positron beam and a 7 GeV electron beam.

In this work, these B-factories are interesting because they allow access to mediator

masses up to ∼ 10 GeV. Our model will couple leptons to a new scalar particle with a

strength proportional to the mass of the lepton. In the other experiments discussed so

far, Mu3e, NA48/2, and NA62, we were limited to couple to muons. However, at this

scale, tau leptons are copiously produced with enough room in the phase space to still

have associated emission of dark scalars. For our purposes of exploring the sensitivity

reach, we will consider these three experiments to be the same, with a difference in

the total integrated luminosity. We do not simulate the detector performance, which

will be sufficient for this work. Another main reason why we target the BaBar

and Belle experiments in this thesis is that there is already a lot of data taken on

tape. BaBar and Belle blind their data during analysis, so unless the analysis is

performed, it is not possible to know if there are any events present that correspond

to our final state, τ+τ−φ, φ → `+`−. Note that this also implies that any limits we

place are merely potential limits on the sensitivity, not strict upper limits. Dedicated

experimental analyses will be required to conduct the search of φ via the signature

that we suggest.
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Chapter 4

Analysis Framework

The aim of our analysis is to put limits on the experiments discussed earlier using our

particular model. In order to do this, we will have to clearly define our model first.

Then we will use an event generator, after which the final state of each event will

be analyzed. From a phenomenological perspective, it is relatively easy to generate

decay or collision events using modern tools, given a model’s Lagrangian.

4.1 Models

Keeping in mind that the discrepancy of the proton-charge radius is about 4%, we

must be interested in rather small couplings [13]. Our primary model of interest is

the addition of a scalar, φ, with a weak, asymmetric coupling to leptons that violates

lepton universality. We are also interested in the dark photon model, as it provides

a similar low mass mediator that is weakly coupled to leptons. In the dark photon

model, this is instead a vector as opposed to a scalar.

4.1.1 Dark Photon

The dark photon model adds a new U(1)′ force where the mediator now carries a

mass. Giving the dark photon, known as A′ (or alternatively the V ), a kinetic mixing

with the photon allows it to couple to charged particles with a coupling that depends

on the mixing strength. This model has been thoroughly examined in the literature

in connection with dark matter physics, and is a fairly general extension to the SM

[46]. It also has potential to solve the (g − 2)µ problem [47], however, more recently
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the parameter space for the simplest model has effectively closed off the dark photon

as a solution to (g − 2)µ [48].

The simplest version of the dark photon Lagrangian is given below in equation 4.1:

L = −1

4
F ′2µν +

1

2
m2
A′A

′2
µ −

ε

2
F ′µνF

µν + LSM (4.1)

Here F ′µν ≡ ∂µA
′
ν−∂νA′µ is the field strength tensor corresponding to the dark photon

vector field A′µ, Fµν is the typical QED electromagnetic field strength tensor, mA′ is

the corresponding dark photon mass, and ε is the kinetic mixing strength. The mass

term appearing here actually could be inserted from a new Higgs field breaking the

U(1)′ symmetry, and the QED field strength tensor could be replaced with the F Y
µν

tensor from the SM U(1)Y electroweak group. From a phenomenological point of

view, it is sufficient to leave the mass term as it appears for our purposes.

After integrating the kinetic mixing term appearing in the Lagrangian by parts,

the coupling to charged leptons (and quarks) becomes

L ⊃ εA′µJ
µ
EM (4.2)

where JµEM ≡ eψ̄γµψ is the electromagnetic current. We then have a coupling between

fermions and the dark photon with strength εe, i.e. it looks just like the typical QED

coupling but suppressed by a factor of ε. Taking the dark photon to decay to SM

particles, we have that the partial width of the dark photon to go to a lepton pair is

given by,

ΓA′→`+`− =
αε2

3
mA′

√
1− 4m2

`

m2
A′

(
1 +

2m2
`

m2
A′

)
(4.3)

which yields the convenient decay length when decaying to electrons to be given

by [49],

cτA′→e+e− ≈ 0.8 mm

(
10−4

ε

)2
10 MeV

mA′
. (4.4)

One can see that for small ε, the additional signature of the A′ could be its displaced

decay, away from the point where it has been produced.

In this model, the coupling to each lepton is the same. It is not immediately

clear that one can have an asymmetric effect across leptons on the charged proton

radius, or the magnetic moment. However, in the case where a muon is concerned,
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the virtual particles may be much more massive. For this reason, the muon is much

more sensitive to undiscovered particles, such as an A′, than the electron, regardless

of the couplings being the same between muon and electron. This minimal model

proved sufficient for an explanation of (g− 2)µ, but did not quite work for the proton

radius anomaly. A plot of the current limits of the parameter space in ε2 and mA′ is

shown in Fig. 4.1.

Figure 4.1: Current limits on the parameter space of the dark photon from [50]. The
red band displays the region where the minimal dark photon model could explain
(g− 2)µ, and the dark blue region indicates the region ruled out by measurements of
(g− 2)e. Recently NA48/2 has ruled out the possibility of the minimal model solving
the anomalous magnetic moment of the muon.

4.1.2 Dark Scalar

The Lagrangian we use for the addition of a scalar will replicate some features of the

Higgs’ Lagrangian after electroweak symmetry breaking, which couples to leptons.

We add a real scalar with Yukawa couplings to the three generations of mass, and

a standard kinetic term, where the coupling strength is proportional to the mass of

the lepton. This obviously requires picking a mass scale for the coupling, one of the

two free parameters in the theory. The other free parameter is, of course, the mass

of the new particle. Choosing the coupling to scale proportionally to the mass may

give a natural way to couple the new scalar more strongly to the muon than for the
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electron. The full Lagrangian is given below,

L =
1

2
∂µφ∂

µφ− 1

2
m2
φφ

2 +
∑

`=e,µ,τ

gφ` ¯̀λ φ `λ + gφp p̄ φ p+ LSM (4.5)

where ` takes on the lepton fields, gφ` are the couplings between the scalar and the

corresponding lepton, p is the proton field, gφp is the coupling between the scalar and

the proton, and LSM is the SM Lagrangian. λ indicates spinor indices, and gφ` ∝ m`.

We usually fix the coupling to the muon in this thesis, however we will also fix the

coupling to the tau in one sectionso it is convenient to write the couplings as

gφ` = (gφe, gφµ, gφτ ) = gφµ

(
me

mµ

, 1,
mτ

mµ

)
= gφτ

(
me

mτ

,
mµ

mτ

, 1

)
. (4.6)

It is important to point out that this Lagrangian does not possess SU(2)× U(1)

gauge invariance, as Yukawa interactions with leptons explicitly break this gauge

symmetry. This is a hint that this theory is not UV complete, and at best represents

a low-energy limit of a more consistent theory. However, a UV complete version

of this model, respecting SU(2) × U(1) gauge invariance, has been worked out that

involves a SM neutral light scalar and a leptonic-specific two Higgs-doublet model

[30].

With this model, the partial decay widths of the φ to a pair of leptons goes as

Γφ→`+`− =
1

8π
g2
φ`mφ

(
1− 4m2

`

m2
φ

) 3
2

. (4.7)

Loop induced diagrams also allow the production of a pair of photons, φ → γγ,

which is computed with the diagram in Fig. 4.2.

φ ℓ

γ

γ

Figure 4.2: Loop diagram for φ→ γγ, mediated by an exchange of leptons.

This production has a small branching ratio, except for masses of the scalar near
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the production threshold for a pair of muons of taus. Since φ is Higgs-like, we can

make use of the known results for Γ (H → γγ) in [51], and simply rescale the result

to match our scalar. Doing this yields

Γ (φ→ γγ) =
α2

256π3

m3
φ

m2
µ

g2
φµ

(∑
`=µ,τ

2

x2
`

(
x` + (x` − 1) arcsin2 (

√
x`)
)
θ(1− x`)

)2

(4.8)

where x` = m2
φ/4m

2
` , and θ(x) is the Heaviside step function. We do not take into

account the resonant production of the leptons appearing in the diagram, hence the

lack of electrons appearing in the sum, and the Heaviside function appearing to turn

off the contribution above the resonant production threshold. At low masses of the φ,

the contribution from both the muon and tau loop are identical, as we couple stronger

to the more massive tau in such a way that both cases are identical. This correction

is small in this region, compared to the partial width of φ → e+e−. However, near

mφ = 2mµ, this process can have a branching ratio up to 20%. This is taken into

account in our analysis by simply scaling the number of signal events by the correct

branching ratio. It is possible to take this production of photons into account as a

source of signal, and to include the appropriate backgrounds, but this is outside the

scope of this work.

The largest implication of this decay width for us is the relative partial widths

between muons and electrons as the decay products. Once the muon channel opens

up, i.e. when mφ > 2mµ � 2me, and taking the total width to only have contributions

from the e+e− and µ+µ− channels, we have that

BR(φ→ µ+µ−) ≈ 1

1 + Γ(φ→e+e−)
Γ(φ→µ+µ−)

(4.9)

Γφ→e+e−

Γφ→µ+µ−
≈ m2

e

m2
µ

(
1− 4m2

µ

m2
φ

)− 3
2

. (4.10)

Due to the suppression from the leading m2
e/m

2
µ term, once the decay to muons is

kinematically accessible due to the large mass of the φ, one can effectively neglect

the branching ratio to the electrons and take BR(φ → µ+µ−) ≈ 1. A plot of the

branching ratio to a dimuon pair is shown in Fig. 4.3.

This has the consequence of allowing us to estimate sensitivity limits in an easier
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Figure 4.3: Branching ratios of the scalar to a pair of leptons or to a pair of photons.
Blue corresponds to φ→ e+e−, green to φ→ µ+µ−, red to φ→ τ+τ−, and brown to
φ → γγ. Going slightly above the threshold mass to produce pairs of muons gives a
branching ratio of 1 almost immediately. Note the contribution from the loop induced
production of photons is appreciable just to the left of mφ = 2mµ.

fashion, as we need only take into account the electron decay channel and photon

production channel, until the muon is accessible (where it dominates), and similarly

for the tau. In all of our cases, we will be taking the φ to be produced on-shell before

decaying to an `+`− pair promptly, as the width of the scalar as given above is very

small, and the branching ratio to the most massive pair of leptons is very close to 1.

If we examine the decay length, where the electron is the only accessible lepton

and for masses of the mediator much larger than the electron, we find

cτφ→e+e− ≈ 0.05 mm

(
10−4

gφe

)2
10 MeV

mφ

. (4.11)

The decay length is plotted in Fig. 4.4.

Of most importance is the relative magnitude of the couplings. We would like a

weak coupling to electrons such that we do not disturb the proton radius as extracted

in the electron-proton scattering experiments, and in measurements of the atomic

energy levels of electronic Hydrogen. Indeed the point here is to have a stronger cou-

pling to the muon with the scalar than that of the electron with the scalar. Taking

the couplings to be Higgs-like gives the size of any physical effect to be approximately

some power of (mµ/me) ≈ 210 times larger for the muon than to the electron. There-

fore, it is advantageous to produce such a scalar by radiating it off of the heaviest

lepton kinematically accessible in any given process.

It is also possible to allow for a pseudo-scalar coupling to be included by intro-
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Figure 4.4: The typical decay length of the scalar. The strength of the coupling
between φ and the electron is taken to be gφe = 10−4. One can see the different decay
modes turn on, at the 2mµ and 2mτ thresholds, while the effects due to the loop
diagram φ→ γγ do not have a sizable impact on the decay length.

ducing another set of couplings to the pseudo-scalar field with an iγ5 between the

spinors. While it is outside the scope of this thesis to examine this, we will note here

that the scalar and pseudo-scalar have corrections to (g − 2)µ with opposing signs.

This is given in more detail in [13].

Since the phenomena we are trying to describe are the anomalous magnetic mo-

ment of the muon and the muonic atom’s Lamb shift, we will discuss how the scalar

model modifies these in detail. The corrections to (g − 2)µ are given at the one loop

level by [52, 53, 54]. A convenient form for the contribution from the addition of a

scalar is given below.

∆aµ =
α

2π

(gφµ
e

)2

ξ

(
mφ

mµ

)
(4.12)

ξ(x) =

∫ 1

0

(1− z)2(1 + z)

(1− z)2 + x2z
dz (4.13)

This form of ∆aµ will be useful when plotting our proposed sensitivity limits. For

the case where mφ � mµ, the integral ξ → 3/2, giving an mφ independent constraint

on the coupling constant in this region. When we are in the region where mφ � mµ,

the contribution at one loop scales as ∆aµ ∝ (mµ/mφ)2, or similarly, the constraining

coupling must scale as gφµ ∝ mφ/mµ. Overall we have the following asymptotic

behaviour:
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∆aµ =
α

2π

(gφµ
e

)2


3
2
, mφ � mµ

m2
µ

m2
φ

(
2 ln

(
mφ
mµ

)
− 7

6

)
, mφ � mµ

, (4.14)

and at a specific mass

∆aµ (mφ = 50 MeV) =
α

2π

( gφµ
10−4

)2

8.6× 10−8. (4.15)

The muonic atom’s Lamb shift correction from the addition of a scalar can be

found through first-order perturbation theory, and is given by [54, 13]

δEφ =

∫
r2Vφ(r)

(
|R20(r)|2 − |R21(r)|2

)
dr (4.16)

=
α

2a3

(gφµgφp
e2

) f(amφ)

m2
φ

, (4.17)

where f(x) = x4/(1 + x)4, a = 1/(αmµp) is the Bohr radius of the µH system, and

mµp is the reduced mass of the system. While this correction has proven to be a

good motivation, and one can extract expected sensitivities from it with a constraint

from the measurement of rp, there is still a degeneracy in this expression that proves

difficult to work around. Since the coupling to the proton must be included, we only

see the product gφµgφp enter in the above expression, which makes it difficult to place

sensitivity limits on gφµ without making assumptions on the coupling to the proton.

For this reason, (g− 2)µ proves to provide better context for the sensitivity limits we

will explore. We will still present the contours that yield the correct rp in the final

results for a few choices of a fixed coupling to the proton.

4.2 Event Generation

In order to understand the limits we want to impose on the parameters of our model,

we must generate decay (or collision) events corresponding to each process which con-

tributes to the final state. This also requires that we simulate appropriate background

processes which can masquerade as signal. To achieve this, one has to integrate the

square of the sum of each matrix element for a given process. In some cases, such

as kaon decay which we will compute later, this is possible to do by hand, at least

to some approximation. However, while the matrix elements are easy to write down,
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usually these processes can be quite tedious and very difficult to integrate. For these

cases, we will make use of event generators, which effectively sample the allowed phase

space of the matrix elements by Monte Carlo in order to perform the integration.

Our primary tools we use are FeynRules [55], FeynCalc [56], and Mad-

Graph5 aMC@NLO [57, 58]. FeynRules allows one to easily write down a La-

grangian and generate the Feynman rules dynamically. For our purposes, the Feyn-

man rules are easily seen directly from the Lagrangian. However, the advantage of

using FeynRules is that the output follows the Universal FeynRules Output (UFO)

[59], and defining the model involves only writing some rather simple Mathemat-

ica code. The UFO defines a portable format for a model, allowing multiple event

generators to utilize its output. MadGraph can utilize the resulting model simply

by putting the UFO model into the appropriate location within MadGraph. Feyn-

Calc is useful when assisting computations by hand, which is ultimately used for

computing traces of many γ matrices.

There are other tools that could further improve our limits which were not used.

These include PYTHIA [60], which would handle the hard event generation in place

of MadGraph, hadronization (which is not likely to be of use here), initial and final

state radiation; and Delphes [61], providing a proper detector simulation at a level

that is not as demanding as Geant4 [62]. For our purposes of simply estimating

limits, these are for the most part not necessary.

4.2.1 FeynRules

FeynRules was developed as a toolkit to define new fields, write down a given

model’s Lagrangian, and automatically compute the Feynman rules. The only re-

quirements of the model are that the Lagrangian satisfy locality as well as Lorentz

and Gauge invariance, and allowable fields have spin 0, 1/2, 1, 3/2, or 2. The La-

grangian need not be an extension of the Standard Model, but simply any quantum

field theory obeying the above requirements. FeynRules will also analytically com-

pute simple decay widths for 1 → 2 processes and branching ratios. This toolkit

works as a Mathematica package.

Within a Mathematica notebook, we simply write down the Lagrangian in

terms of the fields and request that the Feynman rules be calculated and written in

the UFO format with the WriteUFO[L + LSM] command. Note that FeynRules

contains the SM Lagrangian already, so we simply need to append our new La-
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grangian to this built-in one. At the same time we have FeynRules calculate

the decay widths of each new particle, and update the model file with these us-

ing the calls vertices = FeynmanRules[L], decays = ComputeWidths[vertices],

and UpdateWidths[decays].

Our model files for both the scalar and dark photon models are included in ap-

pendix A, and are the only input into the generation of our events besides the defini-

tion of the process of interest.

4.2.2 FeynCalc

Only used minimally in this thesis, FeynCalc provides a quick sanity check for

calculations done by hand. We have used FeynCalc in our calculation of K+ decays

with new physics, although this channel is doable by hand. It is useful in two ways:

first, it computes the traces of many γ matrices. For our purposes, a trace of only

up to 6 γ matrices appeared (both with and without a γ5 component). Second,

one can also start from the amplitude as written with spinors, and FeynCalc can

automatically write down the spin-averaged amplitude after taking the traces.

4.2.3 MadGraph

MadGraph is the largest component and most used tool of this thesis. It provides

the framework for:

• Importing both the SM and new physics models as provided by tools such as

FeynRules in the UFO format

• Defining processes of interest, such as e+e− → µ+µ−µ+µ−

• Producing Feynman diagrams for the process automatically using the Feynman

rules defined by the model

• Generating events by sampling the amplitude using a Monte Carlo technique

Note that while MadGraph is usually used for collider scenarios where the

physics object of interest is the cross-section, it is also possible to use it to com-

pute partial decay widths. This is useful when there are more than three decay

products in the final state. For two decay products, the derivation of the decay width

is trivial. When one moves to three decay products, the final state integration may



33

become tricky, but with a change of variables to any of the two invariant mass pairs,

the integration can usually be done analytically, or at least numerically. This change

of variables is usually used in so-called “Dalitz plots,” where the phase space can be

more easily visualized [37]. Beyond three decay products, the final state integration

becomes increasingly difficult, and this is where we put MadGraph to use. Note

that it is possible to extend Dalitz plots to four-body decays, but this is outside the

scope of this thesis [63].

In our work, partial decay widths calculated by MadGraph are used for correc-

tions to the µ+ decay at the Mu3e experiment. While it would be possible to leverage

MadGraph for calculations of the new physics component to the K± decay, we are

only interested in the three-body decay where it is possible to do this analytically.

As is the case with any Feynman diagram calculation, any width or cross-section

computation must include all relevant Feynman diagrams. MadGraph automat-

ically will generate these given the Feynman rules defined, taking into account re-

strictions placed by the user, such as restricting a certain particle to be produced

on-shell before decaying. Diagrams are generated efficiently by recursively merging

sub-diagrams. Production of Feynman diagrams starts by treating all incoming par-

ticles as outgoing antiparticles. This simplifies the diagram generation and is easy to

reverse as a final step. Next, all particles are grouped, with the maximum group size

being the maximum degree of interaction, and replacing each group with its resulting

particle if applicable, else it is discarded. Generation halts when at most two external

particles remain, corresponding to the requirement that the particles must interact.

This process results in all Feynman diagrams being produced that are allowed, by

descending down through the tree of allowed diagrams and pruning branches early if

they will not lead to the final state desired. A user can also request the maximum

degree of interaction allowed. For example, we could require QED=0 to allow only

QCD interactions in the diagrams.

Once diagrams are generated, the amplitudes must be written down. This is done

using helicity amplitudes. MadGraph passes this work off to an external library,

either HELAS [64] or ALOHA [65]. Each external leg gets assigned a wavefunction,

and is combined using the appropriate propagator until the final combination step

gives the resulting helicity amplitude for that particular diagram. This also allows

efficient generation as common sub-processes within a diagram can be reused across

all Feynman diagrams.

Finally, the Monte Carlo integration takes place, where the objective is to integrate
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the square of each combination of helicity amplitudes. MadGraph is composed of a

few distinct tools, the most important of which is MadEvent. MadEvent is one

of a few programs included in MadGraph that can sample a generated amplitude

using Monte Carlo. Other Monte Carlo integrators could be used instead, such as

PYTHIA, however MadEvent comes bundled with MadGraph. The parameters

that one can tune for the generation of events falls under two files, labelled cards:

param card, and run card. The param card controls physics parameters, such as the

mass of various particles and their couplings, both for the SM and any new physics

models. run card controls parameters related to the experiment, such as the energies

of the particles being collided, which parton distribution functions to use, and any

relevant cuts to make at generation time.

By changing the physics parameters for our new model, we can scan the parameter

space allowed. For our purposes, the scaling of the relevant cross-sections and partial

decay widths with the coupling gφ` is straightforward. This is not the case with

the mass of the scalar, and we have written a Python package that can generate

MadGraph output as it scans across the mass regime of interest.

The output of the Python package is a metadata file containing the appropriate

inputs to MadGraph, such as the run card, param card, model information, gener-

ated processes, and the resulting partial decay width or cross-section. Also included

is an XML-like file containing all the events generated by MadGraph. This output

follows the Les Houches Event file format[66], which acts as a standard way of repre-

senting particle decay/collision events. Each event entry contains a list of particles,

and for each particle we are given the particle ID, the mother particle if it is a decay

product, the colour(s), four-momentum, mass, proper lifetime, and spin, and a few

other quantities not of relevance here. The XML-like structure translates nicely into a

Mathematica style table. To import the events into Mathematica for analysis, a

Mathematica package developed by Maxim Perlstein and Andi Weiler is used [67].

4.3 Extracting Sensitivity Limits

In this section we will detail the precise procedure used to set limits on the various

experiments we have analyzed.

For the general case, we must generate the mass distribution for the signal and

background processes of interest. We can do this by hand for the simpler cases, or

using MadGraph to handle the sampling of the amplitudes for us. Once we have the
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background and signal spectra, we must bin the events in the invariant mass of the

outgoing lepton pair m``, based upon the appropriate detector’s energy resolution.

Additionally, we need to correct for any efficiencies that appear in detecting the final

state of interest, such as angular acceptance.

Many fewer events are generated than the number of actual events expected to be

observed. This is due to the amount of computing time required to sample events.

With our current resources, generating 10, 000 events takes on the order of 15 minutes,

while we expect to observe 1010 events or more in some cases. Clearly, we must then

sample a smaller number of events, and then scale up our results to the appropriate

integrated luminosity or number of total decays expected. This has an effect when

using MadGraph to sample regions of the parameter space that are suppressed,

especially near the tails of the background distributions, where only 0 or 1 events

will be seen. Scaling these regions is hence not straightforward, however it is still the

case that any signal in the tails of background distributions must be relatively easy

to spot.

Note that because we are only predicting an expected limit for the experiments, we

will likely err on the optimistic side for the number of signal events. However, if one

were to actually look at the data from the experiments, the limit setting procedure

must be precisely defined and all applicable efficiencies and backgrounds taken into

account. This is best done by experimental collaborations.

For our scalar model, all processes of interest scale as g2
φ`. If we overlay the signal

and the background binned in m``, we can look for the location of a bump due to the

resonant production of the scalar propagator going on-shell. Scaling the strength of

the signal by tuning gφ` until we can claim the bump is statistically significant yields

a limit on the coupling constant for that choice of mφ. Assuming Poisson statistics in

each bin, we choose our limit such that the signal is a 3σ effect; i.e. S = 3
√
B with

S being the number of signal events and B being the number of background events.

We can use the fact that we know how the signal scales with our coupling when

generating events with MadGraph. To produce events at a faster computational

rate, we set the coupling to 1 since it will be rescaled later when taking the limit.

Reducing the coupling strength to a more reasonable value, such as 10−4, will drasti-

cally increase the time taken to generate signal events. This is akin to having a very

small allowable phase space when sampling with Monte Carlo.
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Chapter 5

Results

In the last chapter, we detailed how we go about deriving sensitivity limits on the

physics parameters in our scalar theory, from how we generate the raw events to

extracting the upper bound on the coupling strength. Here we will present our results,

as the limits on the coupling as a function of mass for a new scalar particle, for the

various experiments discussed previously. This goes over the entire parameter space

of 2me < mφ < (
√
SBelle2 − 2mτ ), with different experiments taking different ranges

of this total region. It is possible to go to even higher energies if we were to consider

final states with four muons for the e+e− scenario, however we do not investigate

this possibility further. For two of the experimental cases, we have used MadGraph

Monte Carlo techniques, and for the third case we’ve been able to analytically solve

for the limits. For all cases, our limits are at 3σ, as detailed in the previous section.

What we will plot below is the solution, gφµ, to the equation S(mφ, gφ`)/3
√
B = 1,

with S ∝ g2
φµ, with the number of signal and background events being defined by the

Monte Carlo or our hand calculations. Specifically, since we know the scaling of the

number of signal events (with each signal being defined in more detail below), we are

solving the equation

glimit
φµ = gtest

φµ

(
S(mφ, g

test
φ` )

3
√
B

)−1/2

(5.1)

for many masses over the parameter space, where gtest
φ` is the appropriate input cou-

pling used to generate the events. This usually takes on a value of 0.1− 1. Note that

the form of the limit given in equation 5.1 will vary from experiment to experiment,

as we take into account various quantities such as signal efficiency, however we will

always end up solving this same equation.
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5.1 Limits from Muon Decays in Mu3e Experi-

ment

In section 3.1, we saw how the production rate of µ+ at Mu3e could be brought to

the level of muon decays occurring at a rate O(109) µ+/s. The signal for the Mu3e

experiment, µ+ → e+e+e−, contains no missing energy as there are no neutrinos in

the final state. The SM has many avenues to produce such a signal with missing

energy through muon decay, and we will go through the relevant backgrounds for our

sensitivity limits here. Since the experiment consists of many muons stopped in a

target, it can be expected that there will be many events that behave like a muon

decay and have missing energy. Our signal will overlap with the backgrounds present

and Mu3e, and will allow us to study the signal component of µ+ → e+ν̄µνee
+e−.

For this experiment, we have utilized MadGraph to do the final state integration,

as our signal will have five particles in the final state. Although only four must be

integrated over as the φ is produced on-shell, this integration is difficult to do by

hand. Furthermore, even though we will be looking at a four body decay, the scalar

particle will be on-shell and decay later to an e+e− pair, and MadGraph will also

take care of generating the events corresponding to this decay. All of the diagrams

that MadGraph generates are available in appendix B.1.

5.1.1 Backgrounds

Here we will discuss the relevant backgrounds to the proposed signature and their

implications/effects on our sensitivity limits.

A large irreducible background for the experiment is

µ+ → e+ + ν̄µ + νe + e+ + e− (5.2)

which comes with a branching ratio of 3.4 × 10−5 [37]. This is due to an internal

conversion of muon to electron with a weak vertex, just like an ordinary muon decay

(also known as a Michel decay.) To remove this background process, momentum

conservation can be applied provided that the energy resolution is small enough.

For Mu3e, a total energy resolution of σE < 1 MeV is sufficient for sensitivity of

branching ratios down to 10−15 [32]. One such diagram for this process is shown in

Fig. 5.1.

Another source of background for the experiment is the radiative muon decay
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Figure 5.1: One Feynman diagram for the SM process µ+ → e+ν̄µνee
+e−. Here a

virtual photon is emitted and decays to an e+e− pair. Note that the photon can be
radiated off of any of the charged particles in the diagram before the e+e− decay.
This background process can be suppressed by using momentum conservation with a
high energy resolution.

µ+ → e+ + ν̄µ + νe + γ (5.3)

where the γ radiates off of either the muon or electron. This process comes with

a branching ratio of 1.4 × 10−2, given a photon energy larger than 10 MeV [37].

The photon can then convert to an e+e− pair in the detector or target material and

mimic the irreducible background above. Conversions outside of the target can be

suppressed if the vertex can be readily identified. This conversion process will be a

much more important source of background for the low mass range of the scalar, as

the e+e− pair from the converted photon will be highly collimated for all but the

lowest photon energies. Within the target, this background appears as an accidental

background with a regular muon decay.

There are other sources of background present as well. We have already briefly

mentioned Michel decays, which can be identified by the lack of any negatively charged

particle tracks, since the experiment uses a µ+ beam. Bhabha scattering from the

positrons coming from either the muon decay or a contaminated beam, scattering off

of the target material to make an e+e− pair appear from a single vertex. This process

has missing energy from the unaccounted electron in the target material and can be

removed similarly to the irreducible background. Finally, there are also pions that
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may contaminate the beam and decay either to π+ → e+e+e−νe, or π+ → µ+νµγ

with the photon converting to an e+e− pair, which have branching ratios 3.2× 10−9

and 2.00× 10−4 relatively [37]. It is expected that the pion contamination is on the

order of 10−12 for the HiMB [32], and the small decay rates should also suppress these

numbers of events to safely negligible rates.

Using MadGraph, we generate 200, 000 events corresponding to the SM back-

ground for our signal, µ+ → e+ν̄µνee
+e−. We use such a high amount to have properly

populated bins near the tails of the distribution, where the likelihood that a bin will

be populated is small. To improve the time required to generate the events, we ignore

contributions from the Higgs and the Z bosons, as they will not contribute at energies

associated with muon decay. As a cross-check, the total width we obtain from the

SM process is 1.239 × 10−23 GeV, yielding a branching ratio of 4.119 × 10−5, which

is within errors of the PDG value of (3.4± 0.4)× 10−5 [37].

5.1.2 Signal

The signal we are interested in is the spectral feature over the irreducible background

present in Mu3e. That is, the process we are investigating has the same final state

as µ+ → e+ν̄µνee
+e−, but with the electron and one of the positrons reconstructing

the mass of the scalar.

We will be using both the scalar model and the dark photon model here. The

signal processes of interest are the decay chains

µ+ → e+ + ν̄µ + νe + φ, φ→ e+ + e− (5.4)

µ+ → e+ + ν̄µ + νe + A′, A′ → e+ + e− (5.5)

with the φ and A′ being produced on-shell. One diagram for the scalar case can be

seen in Fig. 5.2. All of the diagrams generated by MadGraph that are used can be

seen in appendix B.1. Note that while we generate events with the scalar radiating

off of either the decaying muon or the positron from the muon decay, the emission

from the muon dominates, unlike the QED case, due to the stronger coupling to the

muon than the positron.

We generate events at 10, 000 events at 200 different mass points, logarithmically

spaced from 1.1 MeV, slightly higher than 2me, up to 100 MeV, slightly lower thanmµ.
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Figure 5.2: Feynman diagram for the scalar signal in muon decay. Remember that
the scalar is produced on-shell here and can only decay to the e+e− pair.There is a
second diagram with the scalar being radiated off of the electron from the W decay
instead of off the initial state muon, however the emission off of the muon dominates.
Two identical diagrams exist for the dark photon, where the A′ replaces the φ.

It’s worth briefly noting here that MadGraph does not natively support scanning

over a parameter, such as the mass of the mediator. To get around this, we have

written a wrapper around MadGraph in Python, which will directly interface with

the MadGraph calls and can automatically run the generator over any parameter

scan, with minimal overhead. For all runs, the coupling to the muon and scalar is set

at gφµ = 0.1, and will be rescaled later to determine the limiting value. 10, 000 events

were chosen to be generated to reduce the statistical error in each bin, as we will be

scaling the number of events up to ∼ 1016 total events. This was also a sweet spot

where the time taken to generate the events on a modern laptop was on the order of

a few hours. The results of generating these events are twofold:

• The total width of the process is given, which we can use to rescale the events.

For example,

Γ(mφ ≈ 21 MeV) = 1.3× 10−11 Γ(µ+ → all)
( gφµ

10−4

)2

. (5.6)

MadGraph tallies this partial width for us. This will capture the overall

behaviour of our signal, corresponding to the total number of raw signal events

all placed into one bin.
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• A collection of events with the four-momentum for each particle, and their

parents if they are a decay product are output by the program. We can use

these to plot the spectrum of the decay products.

Once we have a collection of events, we can bin the results in a relevant parameter

and use the spectrum to place limits on the sensitivity of Mu3e. A natural choice

here is to plot the histogram of events in the invariant mass of the e+e− pair. Since

the scalar is decaying on-shell and has a narrow width, the invariant mass of its

decay products must equal the mass of the parent. This yields a resonant “bump”

in the decay spectrum at the mass of the scalar, and the signal spectrum behaves as

a delta-function. In reality, of course, this delta-function will be broadened by e.g.

detector resolution. Since the final state has two positrons, it is not clear which to

use when constructing the invariant mass spectrum. These should be back to back,

but only in the rest frame of the scalar, so that there are no obvious selection cuts one

can apply on an event-by-event level. However, for our simple analysis, we construct

both available pairs and simply correct by a factor of two. Note that while we know

the true parent particle, we do not make use of this information to better reflect an

experimental search for the scalar.

The choice of binning is very important. If they are too wide, the signal features

can be spread across a wide number of background events in the same bin. On the

other hand, we are limited by the detector’s tracking and energy resolution. Through

private communication in August 2014 with Dr. Andre Schöning, the contact person

at Mu3e, we have been told that the mass resolution is σm/m ≈ 0.004. This holds

best for the heavier mediators in the mass range of 10− 100 MeV. Lighter invariant

mass pairs, ∼ 1 MeV, are harder to distinguish, as the decay angle is small and

the resolution is limited by multiple scattering. For now, we simply use the mass

resolution at 10 MeV, for the low mass limit of our generated events, but one must

keep in mind that below 10 MeV the results will likely be overly optimistic.

With this mass resolution in mind, we bin each of the invariant mass spectra.

After scaling up the total number of events to 1015 (5.5 × 1016) for Mu3e phase I

(phase II), scaling the signal events by the branching ratio of the signal, and scaling

the background events by the SM branching ratio, we are ready to use the spectrum.

We also rescaled by a factor of 137/127.9 for the running of the α coupling, as Mad-

Graph by default uses α evaluated at the mass of the Z. The scaling by the branching

ratios ensures that we have the correct number of expected total signal events, and

background events. An example spectrum with both signal and background is shown
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Figure 5.3: Sample invariant mass spectrum from events generated by MadGraph.
Events in red correspond to signal events, and events in blue correspond to background
events. Left: The signal spectrum. Note the narrow resonance corresponding to the
production of the scalar mediator. The smooth variation below the resonance is
attributed to the reconstruction of the e+e− pair using the positron whose parent is
not the φ. To enhance the peak visibility, gφµ = 0.01 is used. Right: The signal
and background spectrum. The resonance is slightly visible above the background,
centered at the mass used during generation. Elsewhere on the spectrum the signal
is not visible.

in Fig. 5.3.

Once we have a spectrum, it is easy to find the limiting coupling according to our

prescription in section 4.3 and equation 5.1. Instead of analyzing the total number of

signal and background events, we can do better by using the spectrum and focusing

on the region where the resonance occurs. This reduces the background within the

bin to a much more reasonable level for sensitivity, and also keeps all of the signal,

since we are dealing with a very narrow width. To implement this, we ask for the

bin with maximum signal, look up the corresponding background level, and compute

glimit
φµ to 3σ. The resulting sensitivity limits are shown in Fig. 5.4.

We also make use of an existing study of the dark photon at the Mu3e experiment

to obtain limits in a similar fashion. Echenard et. al. have done this using a similar

method, using MadGraph to generate events and then inserting a proper detector

simulation [49]. Their limits extend for a dark photon mass range of 10 − 80 MeV,

as the dark photon is mostly ruled out already below 10 MeV. This removes any

need for us to do background simulation for this case. In order to translate their

limits from the dark photon case to the scalar case, we must do a simple simulation

of the dark photon signal ourselves. Using the dark photon model developed earlier

for MadGraph, we perform the same generation of events as outlined for the scalar.

We set the dark photon kinetic mixing to ε = 0.1, and generate signal events over
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Figure 5.4: Sensitivity limits on the scalar coupling to muon using µ+ decay at
Mu3e. Results using our background simulation are shown as solid lines, while
results translated using Echenard et. al. are shown as dashed lines [49]. In blue are
the phase I limits, and in red are the phase II limits. The dark photon results should
have a more robust background and detector simulation than our simple treatment.
Our background simulation allows for sensitivity limits lower than 10 MeV, however
the resolution of the invariant mass of the e+e− pair is relatively unknown here, so
we limit ourselves to mφ > 10 MeV.

the same 200 mass points. Equating the number of signal events between the two

models for the given limiting ε and an unknown limiting gφµ, lets us translate the

limits, since the number of events detected for sensitivity must be the same. Doing

this, we find the following result:

glimit
φµ = gtest

φµ

εlimit

εtest

√
BR(µ+ → e+ν̄µνeA′)

BR(µ+ → e+ν̄µνeφ)
(5.7)

In this expression, the branching ratios and εlimit are all a function of mass, with the

branching ratios coming from our simulation and the limiting kinetic mixing from [49].

The resulting limits can be seen in Fig. 5.4.

Comparing the results of the two methods, the plateauing behaviour towards low

mass mediators is more likely correct than our treatment of a fixed mass resolution

below 10 MeV. As expected, our results are more optimistic. This is likely because

we are not taking into account detector efficiencies, which will degrade the signal

sensitivity towards the lower masses. Nonetheless, the agreement everywhere towards

the higher mass end suggests that our simulation is robust enough while also being

relatively simple in concept.
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5.2 Sensitivity Reach of NA48/2 and NA62 from

Charged Kaon Decays

In contrast to the previous section on muon decay, the calculations of kaon decay

are relatively easy to handle and can be done analytically. We still make use of

FeynCalc in order to compute the traces and Mathematica to compute the final-

state integration, although it is not necessary under certain approximations and is

computable by hand. While NA48/2 and NA62 will not reach a number of kaon decays

comparable to the muon decays, we still have 2.0 × 1011 K+ decays at NA48/2 and

an expected 9.0× 1012 K+ decays at NA62. These numbers are large enough to put

strong bounds on the scalar, but likely not as strong as those from Mu3e. NA48/2

and NA62 will have many kaons decaying with a forward momentum of 75 GeV±1%

while in the fiducial volume, so we must take care that the forward detector will be

able to collect any decay products suggested. The signature we are interested in is

similar to the muon decay as well: a resonance in the invariant mass spectrum of

decay products for the leptonic process K+ → µ+νµ`
+`−, with ` = e, µ, depending on

the available energy. For the signal, the scalar will radiate off of the anti-muon. This

channel will dominate over emission from a positron, K+ → e+νeφ, due to the larger

coupling to muons. Furthermore, the background is more complicated and requires

special treatment, which we will talk about now.

5.2.1 Backgrounds

We must first break down the mass regions that we are interested in. For mφ < mπ0 ,

the background is dominated by the Dalitz decay

K+ → µ+ + νµ + π0, π0 → e+ + e− + γ. (5.8)

This will appear as a background if the photon is not detected. The production of

the µ+νµ can come also from a π+ decay which comes with a branching ratio ∼ 1,

produced via K+ → π+π0. This proves to be a very strong background source for

the low mass part of the spectrum. Since we expect our signal to be very narrow, as

the width of the scalar is very small, we can examine the differential decay rate in

the e+e− invariant mass, which is well known. The number of background events is

given in equations 5.9. The expression for Γ(π0
D) is given by [68].
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B(mee) = NK+ BR(K+ → µ+νµπ
0)
dΓ(π0

D)

dmee

σmee
Γ(π0

2γ)
BR(π0

2γ) Pr(lose γ) (5.9)

1

Γ(π0
2γ)

dΓ(π0
D)

dx
=

2α

3π

(1− x)3

x
(1 +

r2

2x
)

√
1− r2

x
|F (x)|2 (5.10)

x =

(
mee

mπ0

)2

(5.11)

r2 = 4m2
e/m

2
π0 ≈ 5.73× 10−5 (5.12)

F (x) = 1 + ax ≈ 1 + 0.03x (5.13)

We will now carefully go over these equations as presented. First, for the Dalitz

decay to be considered a source of background, we must not detect the photon. We

take this to have probability Pr(lose γ) = 10−3. A typical inefficiency for high energy

photons in NA62 is a few times 10−4 [39], which will be slightly worse for any lower

energy photons, so we take a slightly pessimistic view and use 10−3. Secondly, the

total number of Dalitz decays in one bin of mee must depend on the width of the bin,

σmee , and we normalize to the total decay width of the positively charged kaon. Also,

the number of background events comes directly from the K+ decays, where we take

BR(K+ → µ+νµπ
0) = 0.03352 + 0.2067 = 0.24022 to be the sum of the semileptonic

and hadronic modes [37]. Finally, the function F (x) is the π0 form factor, which

usually appears when dealing with mesons and is simply approximated as a linear

expansion with a small slope that is measured. Later, we will set mee = mφ since all

of our signal will fall into the one bin.

Outside of this range, the other irreducible backgrounds that take over are split

into two ranges. For 150 MeV < mee < 2mµ, the dominant decay is K+ → µ+νµe
+e−,

which has a measured branching ratio of 7.06×10−8. Below 150 MeV, this background

is hard to measure due to cuts made that keep the lepton pair mass above the pion

threshold. Currently it is not known if NA62 will be able to study lepton pairs with

a mass below the pion mass. Since we do not know the distribution of these events

in mee, for this study we take the simplistic assumption that they are distributed

up to the kinematic limit of mK − mµ according to the phase space factor. We

reweight the background by this factor using the distribution of background events

shown in Fig. 5.3, stretched up to the kinematic limit relevant for the kaon decay,

and enforce that the normalization corresponds to the branching ratio above mee >
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150 MeV. This background distribution is used because the e+e− pairs in µ+ →
e+νeν̄µe

+e− come mostly from final state radiation, similar to the pairs produced in

K+ → µ+νµe
+e−, so the backgrounds should be similar. This can be improved by

using Monte Carlo techniques to generate this background distribution as well, or by

calculating the distribution directly. The result of using this distribution compared

to the true one likely yields over-sensitivity projections at lower masses and under-

sensitivity projections at higher masses.

When the muon decay channel turns on for the scalar, we must then look at the

background due to K+ → µ+νµµ
+µ−. Currently this is not observed and there are

only limits on the branching ration of < 4.1×10−7 [37]. In the absence of background,

the simplest thing that we can do is set a constant number of events to indicate the

presence of a signal. Since this decay is currently not observed, we set the sensitivity

to be where there are 5 signal events in this region.

For the mass resolution, one consideration is to simply use the energy resolution.

This is not ideal however, as the mass resolution is typically better than the energy

resolution since it is also possible to track the particles momenta. We utilize the

same mass resolution given in [48], as extracted from Monte Carlo, where they find

σmee = 0.067 MeV + 0.0105mee.

5.2.2 Signal

Here we will actually compute the decay width of the kaon contribution from our

process by hand. The signal we are interested in is

K+ → µ+ + νµ + φ, φ→ `+ + `−. (5.14)

Both channels (` = e, µ) can be treated at the same time, as we treat φ as being

on-shell and following the decay chain. The Feynman diagram for the process we are

interested in is shown in Fig. 5.5.

We can compute this by making use of the Dalitz plot, where one integrates

over the squares of the invariant masses of the final state pairs. This means we will

integrate over any pair of m2
µν , m

2
µφ, and m2

φν , instead of over the energies of the

outgoing particles. The reason for doing this is that the matrix element is usually

expressed in a simpler fashion using these variables and the boundaries are easier to

define. It also reads in a more explicitly covariant manner. The pair of variables we

choose to integrate over are m2
µν and m2

µφ. m2
µν is chosen because it only appears
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Figure 5.5: Feynman diagram for charged kaon decay through the scalar. The scalar
decays to either an e+e− pair, or a µ+µ− pair, depending on the mass available to
the scalar, which is taken to be on-shell. The blob represents them form factor for
the kaon.

in the numerator for our process as a simple polynomial when used in conjunction

with the other variable, m2
µφ. m2

µφ is chosen because the propagator for the internal

muon appears as
(
m2
µφ −m2

µ

)−1
and is naturally expressed in this variable. In the

Kinematics section of [37], the Dalitz plot is specified in these variables as a density

of the squared matrix element. An example plot is shown for mφ = 100 MeV in

Fig. 5.6.
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Figure 5.6: Dalitz plot for charged kaon decay. The horizontal line corresponds to
the resonant condition m2

µφ = m2
µ. As the scalar gets lighter, the density gets higher,

showing that the density of the amplitude increases as one approaches the resonant
condition. Here it is not possible to hit the resonance, but as mφ gets very small, we
get close to it.



48

The allowable region is precisely defined below.

(m2
µν)max/min = m2

µ +
1

2m2
µφ

((
m2
K −m2

µφ

) (
m2
µφ −m2

φ +m2
µ

)
±√

λ
(
m2
µφ,m

2
K , 0

)
λ
(
m2
µφ,m

2
φ,m

2
µ

)) (5.15)

λ is defined as λ(x, y, z) = x2 +y2 +z2−2xy−2xz−2yz. After doing this integration,

it is then straightforward to integrate over all allowable values of m2
µφ ∈ [(mµ +

mφ)2,m2
K ], to obtain the total rate. Carrying out this process yields the width as a

function of mass mφ, and the resulting branching ratio can be seen in Fig. 5.7.
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Figure 5.7: Branching ratio of K+ → µ+νµφ. The coupling is taken to be gφµ = 10−4.
There is an increased rate at extremely low energies and a quick downturn near
mK −mµ, where the phase space closes rapidly.

Finally, we can use the signal branching ratio combined with our backgrounds to

set a limit on the coupling. The number of signal events we see is

S = NK+ BR(K+ → µ+νµ)
Γ(K+ → µ+νµφ)

Γ(K+ → µ+νµ)
BR(φ→ `+`−), (5.16)

where ` is either a muon or an electron. We have chosen to normalize to the two

body decay rate to remove any dependence on the kaon form factor. For the two

body decay rate, it is easy to find the following expression:

Γ(K+ → µ+νµ) =
1

8πm3
K

f 2
K |Vus|2G2

Fm
2
µ

(
m2
K −m2

µ

)2
(5.17)

In the limit of mφ � mµ, we find the following behaviour:
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Γ(K+ → µ+νµφ)

Γ(K+ → µ+νµ)
=

1

4π2
ln

(
m2
K −m2

µ

2mφmµ

)
(5.18)

For mφ = 100 MeV, the branching ratio is

BR(K+ → µ+νµφ) = 1.32× 10−10
( gφµ

10−4

)2

. (5.19)

Combining the number of signal events with the number of background events

in each background region, we find the limits that are shown in Fig. 5.8. We also

assume an overall signal efficiency of 0.5. Since the kaons are boosted, a rough

approximation on the maximum angle from the beam that any decay products can

have is θmax ≈ mK/2
pK
≈ 3mrad, which stays within the calorimeter’s 8.5mrad coverage,

so most of the decay products produced should pass through the detector. To be safe

though, we choose the efficiency above. Above the pion mass, the sensitivity starts to

increase as the Dalitz background disappears. The Dalitz decay quickly vanishes near

the pion mass, however the other relevant backgrounds in this region are unknown,

with the SM process K+ → µ+νµe
+e− only being measured for mee > 150 MeV, as

discussed earlier.
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Figure 5.8: Sensitivity limits on scalar coupling to muon from charged kaon decays.
Blue lines correspond to NA48/2 and red to NA62. The dashed line indicated the
dimuon threshold, where our definition of the signal and background changes. Below
the pion mass, the Dalitz background and the K+ → µ+νµe

+e− background are
both present. The Dalitz background is not present above the pion mass, where
the irreducible backgrounds to either µ+νµe

+e− for mee < 2mµ, or µ+νµµ
+µ− for

mee > 2mµ, take over.
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5.3 Sensitivity Reach of B-factories from e+e− An-

nihilation

For e+e− collisions, we make use of MadGraph again to handle our signal and

background estimates. Most of what was said about the generation of events for the

muon decay case holds here.

The total integrated luminosities at Belle is taken to be 1040.86 fb−1, with

BaBar at half of this, and Belle2 to be expected to have around 100 times this.

All of the BaBar and Belle data is already taken and stored. This means that an

analysis performed by the experiments of the data already taken could cover a large

area of the parameter space. The large integrated luminosities used will allow very

competitive sensitivity limits compared to the other experiments discussed. Since the

centre-of-mass energy reaches 10.58 GeV, we can access the τ leptons here which,

in our model have a very strong coupling to the scalar due to their large mass of

1.777 GeV. We are interested in the mediator mass regions that are above and below

the threshold for the scalar to decay to muons. Below this, it can only decay to an

e+e− pair, so the overall process for mφ < 2mµ is

e+ + e− → τ+ + τ− + e+ + e−, (5.20)

while above this threshold we decay almost exclusively to muons,

e+ + e− → τ+ + τ− + µ+ + µ−. (5.21)

5.3.1 Backgrounds

Here we simply write down the irreducible SM background process and let Mad-

Graph run. We generate 10, 000 background events for each of the two final states.

A sample Feynman diagram is shown in Fig. 5.9.

5.3.2 Signal

Again, we simply define our process and let MadGraph run, akin to the muon decay

generation. 10, 000 events are generated at each of the 20 mass points from 2me up to

2mµ, and again from 2mµ up to 2mτ . However, we do not go above 2mτ for simplicity,

as this will open the 4τ channel, where the signature does not have the advantage of
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Figure 5.9: One Feynman diagram for the background process e+e− → τ+τ−`+`−.

being a spectrally peaked signal. We enforce that the generation of the scalar is once

again on-shell, so our process is really the decay chain below:

e+ + e− → τ+ + τ− + φ, φ→ `+ + `− (5.22)

A sample Feynman diagram for the signal is shown in Fig. 5.10.
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Figure 5.10: One Feynman diagram for the signal process e+e− → τ+τ−`+`−. The
scalar must live on-shell before decaying promptly to a pair of leptons.

As with the other signals we have examined with an e+e− pair in the final state,

we must take into account the reduced number of signal events due to the branching

ratio to the process φ → γγ. This is only important for masses of the scalar just

below the dimuon production threshold.

For our signal, since this is now a collision scenario and not a decay, we must

weight our total number of events by the cross section determined by MadGraph.

The bin width we have chosen is also just the energy resolution of the detector listed

in the technical design report for Belle2 [44] as

σE
E

=

√(
0.066%

E

)2

+

(
0.81%

E1/4

)2

+ (1.34%)2, (5.23)

with E being measured in GeV.
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One of the more interesting aspects of this signal is that we do not need to fully

reconstruct both outgoing τ particles. It is sufficient that we have one of them

decay leptonically, τ− → `−ν̄`ντ (or the conjugate decay), which comes with a total

branching fraction BR = 0.1742 + 0.1783 = 0.3524 [37]. We allow all decay modes

for the other τ . Thus, our signal really is three charged leptons in the final state, and

either hadrons, leptons, or missing energy, with two same-flavour oppositely-charged

leptons reconstructing to the same invariant mass. It should be noted that while we

currently do not do this, there are known efficiencies for τ → 4` that we can use to

account for this correctly. The cross section found at mφ = 10 MeV relative to the

production of a pair of taus is

σ (e+e− → τ+τ−φ,mφ = 10 MeV)

σ (e+e− → τ+τ−)
= 2.9× 10−9

( gφτ
10−4

)2

. (5.24)

Additionally, we only introduce a total efficiency of 0.5 to be safe, as there should be

some acceptance loss when trying to distinguish the lepton produced from the tau

decay and one of the leptons in the pair. An acceptance loss could be accepted here

because these should be well-separated in angular variables. We also need to correct

for the appropriate scalar coupling, as the one of importance in this scenario is the

coupling to the tau, so any sensitivity limits set must be scaled down to that of the

muon. Finally, we limit our final results to have mφ > 20 MeV, as a similar search

for the dark photon at BaBar did not go lower than this [69].

The full sensitivity limits are presented in Fig. 5.11. A simple analysis at BaBar

and Belle could already exclude a large portion of the parameter space.

It is also possible to look for the signal

e+ + e− → µ+ + µ− + φ, φ→ µ+ + µ− . (5.25)

The benefit of searching for such a signal is that we could reach masses of the scalar

up to 10 GeV. Unfortunately, this also comes with the drawback of a reduced number

of signal events compared to the tau channel, since gφµ/gφτ = mµ/mτ . We will not

examine the properties of this signal in this thesis, but it is possible to do with the

tools developed so far.
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Figure 5.11: Scalar limits from e+e− collisions at B-factories. Green, blue, and red
lines represent BaBar, Belle, and Belle2 respectively. The region where the muon
channel turns on can be seen, where we remove a small portion of the parameter space
due to poor background simulation in the vicinity of the very soft dimuon pair. At
this point the φ→ γγ decay is strongest also, and reduces the sensitivity right before
the dimuon channel opens.
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Chapter 6

Conclusion

Our goal for this thesis was to find the sensitivity of three classes of experiments to a

new MeV scale force and compare the results with the range of couplings suggested

with the (g−2)µ and anomalous rp results. The most sensitive projections are shown

in Fig. 6.1.

Utilizing the Monte Carlo generator MadGraph, we were able to phenomeno-

logically explore the new scalar particle. Restricting this particle to decay only to

SM particles, in particular, pairs of leptons, allows one to put stringent bounds on

the coupling, down to the level of 10−5 for the coupling to the muon. Unlike the case

of the dark photon that is thoroughly studied, much of the parameter space for the

scalar remains unexplored. A region of the currently allowed parameter space could

serve as an explanation for the proton radius problem and the (g − 2)µ discrepancy.

Upcoming experiments offer a chance to test physics at the intensity frontier where

many decays and collisions take place, allowing restrictions on branching ratios of SM

physics to be placed down to the level of 10−16 in coming years. The data collected

from these experiments will be used to test this model and many other low mass the-

ories. The sensitivity limits placed were on the experiments Mu3e, NA48/2, NA62,

BaBar, Belle, and Belle2, across a large mass range from 2me up to 2mτ .

There is also a large amount of future work that can be performed by the exper-

imental collaborations to obtain a more accurate representation of the upper limits

at these experiments. First, a more robust treatment of the detectors would be a

sensible way to proceed. Most experiments likely have a Geant4 model that would

be useful in these scenarios. At the very least, performing Monte Carlo to find the

signal efficiencies and mass resolution with these models would bear the most fruit,

as these are hard to estimate without a robust Monte Carlo code. Currently we use
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Figure 6.1: Collection of the most promising sensitivity projections found in this
work. Green shows the limits of phase II of Mu3e, blue shows the NA48/2 and
NA62 experiments, and red shows the combined Belle and BaBar experiments,
and Belle2 experiment. In purple are the constraints from the E137 and E141 beam
dump experiments, as found in [30, 31]. Dot-dashed lines correspond to experiments
not yet run, while solid lines correspond to data already taken. The band indicated
by the brown and brown-dashed curves is the region where the 2σ anomaly of (g−2)µ
could be solved. In orange are contours that solve the proton radius problem for fixed
coupling to the proton.

the condition that S = 3
√
B for sensitivity in most cases, and then examine a signal

bin; this could be improved with a proper likelihood fit or by utilizing a Feldman-

Cousins technique. However, doing this has diminishing returns since we are merely

projecting expected limits and not actively searching for any. In the B-factory cases,

it is also possible to go beyond 2mτ if we consider a signal with muons in the final

state instead of taus. Variants on the model can also be discussed. We may attempt

to put a pseudo-scalar into the model, or examine the vector or axial-vector cases, or

even simply play with the coupling strength being proportional to the lepton masses.

Finally, more experiments are being pursued that may be able to shine light on por-

tions of the parameter space. Fermilab will soon have a new measurement of (g−2)µ,

and the proton charge radius with muons will be studied by scattering muons off of

protons at MUSE. Other experiments such as Mu2e [70] or COMET [71] could sim-

ilarly play an important role when examining lepton flavour violation in the charged

lepton sector. We conclude by noting that there is the possibility for this model to be
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tested rigorously and the parameter space explored over the next few years by many

experiments, some of which were discussed in detail in this thesis.
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Appendix A

Model Generation Files

We provide the relevant files for generating a usable FeynRules model for the models

used in this thesis.

A.1 Scalar Model

A.1.1 scalar.fr Field Definition

This file defines the scalar field and its parameters. Note that it does not say any-

thing about the width, which will be automatically computed for all available 1→ 2

processes when generating events. It also does not contain any information on the

allowed interactions, which come in the model file.

M$ModelName = ” s c a l a r ” ;

M$Information = { Authors −> { ”N. Lange” } ,

Vers ion −> ”1 .3” ,

Date −> ”May 27 , 2015” ,

I n s t i t u t i o n s −> { ” Un ive r s i ty o f V i c t o r i a ” } ,

Emails −> { ” nlange@uvic . ca” }
} ;

M$ClassesDescr ipt ion = {
S [ 1 0 0 ] == {

ClassName −> phi ,

Se l fConjugate −> True ,

Mass −> { Mphi , 1 } ,

Width −> { Wphi , 1 } ,

PropagatorLabel −> ” phi ” ,

PropagatorType −> D,

PropagatorArrow −> None ,

ParticleName −> ” phi ” ,
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FullName −> ”Dark Sca la r ”

}
} ;

M$Parameters = {
gs t == { ParameterType −> External ,

Value −> 1 ,

In t e rac t i onOrder −> { NP, 1 }
} ,

gsm == { ParameterType −> In t e rna l ,

Value −> gs t ∗MMU/MTA,

Inte rac t i onOrder −> { NP, 1 }
} ,

gse == { ParameterType −> In t e rna l ,

Value −> gs t ∗Me/MTA,

Inte rac t i onOrder −> { NP, 1 }
}

} ;

A.1.2 scalar.m Lagrangian and Feynman Rules

This file defines the Lagrangian to be used, including both the freely propagating

component and the interaction component. FeynRules is invoked to produce a

computationally usable model.

(∗ : : Package : : ∗)

<< ”FeynRules ‘ ”

LoadModel [ ”SM. f r ” , ” s c a l a r . f r ” ] ;

\ [ S c r ip tCap i ta lL ] new = (1/2) ∗ de l [ phi , \ [Mu] ] ∗ de l [ phi , \ [Mu] ] − (Mphiˆ2/2) ∗phi ˆ2 +

gsm∗mubar . mu∗phi + gse ∗ ebar . e∗phi + gst ∗ tabar . ta ∗phi

v e r t i c e s = FeynmanRules [ \ [ S c r ip tCap i ta lL ] new ]

decays = ComputeWidths [ v e r t i c e s ]

UpdateWidths [ decays ]

(∗ Skip check ing the Hermi t i c i t y s ince i t i s s low ; t h i s shou ld be re−enab led when the

↪→ model changes ∗)
(∗ CheckHermit ic i ty [LSM + \ [ Sc r ip tCap i ta lL ] new ] ∗)

WriteUFO [LSM + \ [ S c r ip tCap i ta lL ] new ]
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A.2 Dark Photon Model

The same comments regarding the scalar model hold here also.

A.2.1 darkphoton.fr Field Definition

Unlike the scalar model, we must define the U(1)′ gauge group here.

M$ModelName = ”darkphoton ” ;

M$Information = { Authors −> { ”N. Lange” } ,

Vers ion −> ”1 .0” ,

Date −> ”December 4 , 2014” ,

I n s t i t u t i o n s −> { ” Un ive r s i ty o f V i c t o r i a ” } ,

Emails −> { ” nlange@uvic . ca” }
} ;

M$GaugeGroups = {
U1D == {

Abel ian −> True ,

CouplingConstant −> eps ,

GaugeBoson −> Ad,

Charge −> Q

}
} ;

M$ClassesDescr ipt ion = {
V[ 1 0 0 ] == {

ClassName −> Ad,

Se l fConjugate −> True ,

Mass −> { Mad, 1 } ,

Width −> { Wad, 1 } ,

PropagatorLabel −> ”ad ” ,

PropagatorType −> W,

PropagatorArrow −> None ,

ParticleName −> ”ad ” ,

FullName −> ”Dark Photon”

}
} ;

M$Parameters = {
eps == { ParameterType −> External ,

Value −> 1 ,

In t e rac t i onOrder −> { NP, 1 }
}

} ;
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A.2.2 darkphoton.m Lagrangian and Feynman Rules

Note that FeynRules has a function FS, which is allows one to use the field strength

tensor when formulating a Lagrangian.

(∗ : : Package : : ∗)

<< ”FeynRules ‘ ”

LoadModel [ ”SM. f r ” , ”darkphoton . f r ” ] ;

\ [ S c r ip tCap i ta lL ] new = (−(1/4) ) ∗FS [Ad, \ [ Kappa ] , \ [ Tau ] ] ∗FS [Ad, \ [ Kappa ] , \ [ Tau ] ] +

↪→ (1/2) ∗Madˆ2∗Ad [ \ [ Kappa ] ] ∗Ad [ \ [ Kappa ] ] +

eps ∗ ee ∗ ebar . Ga [ \ [ Kappa ] ] . Ad [ \ [ Kappa ] ] . e + eps ∗ ee ∗mubar . Ga [ \ [ Kappa ] ] . Ad

↪→ [ \ [ Kappa ] ] . mu

\ [ S c r ip tCap i ta lL ] new = ExpandIndices [ \ [ S c r ip tCap i ta lL ] new ] ;

v e r t i c e s = FeynmanRules [ \ [ S c r ip tCap i ta lL ] new ]

decays = ComputeWidths [ v e r t i c e s ]

UpdateWidths [ decays ]

(∗ Skip check ing the Hermi t i c i t y s ince i t i s s low ; t h i s shou ld be re−enab led when the

↪→ model changes ∗)
(∗ CheckHermit ic i ty [LSM + \ [ Sc r ip tCap i ta lL ] new ] ∗)

WriteUFO [LSM + \ [ S c r ip tCap i ta lL ] new ]
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Appendix B

MadGraph Generated Feynman

Diagrams

For any processes that are sampled using MadGraph, the resulting diagrams used

are all displayed here.

B.1 Muon Decay

These are all the Feynman diagrams when doing the muon decay calculation. Here

we sample the background, the scalar signal, and also the dark photon signal.

B.1.1 Standard Model Background

All background diagrams sampled are shown in Fig. B.1. Note that some of these

diagrams have multiple W propagators, and will be heavily suppressed by an extra

factor of G2
F compared to the diagrams with a single W . There are also diagrams

which were omitted carrying a Z instead of a photon, and of course the Higgs diagrams

are excluded without any loss of accuracy.

B.1.2 Scalar Signal

All signal diagrams sampled for the scalar are shown in Fig. B.2. In these diagrams,

keep in mind that the scalar is required to be on-shell. It is also assumed that the

scalar has a narrow width and will decay promptly. This restricts the number of
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Figure B.1: SM background contribution to muon decay with an extra e+e− pair in
the final state. Nothing is required to be on-shell here by default.
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diagrams and also forces MadGraph to compute the decay as a decay chain instead

of a single decay. page 1/1
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Figure B.2: Signal contribution to muon decay from the scalar field. The scalar is
taken to be on-shell where it decays to an e+e− pair.

B.1.3 Dark Photon Signal

All signal diagrams sampled for the dark photon are shown in Fig. B.3. Again, the

dark photon here is required to be produced on-shell. The same comment regarding

the width of the dark photon can be said here. page 1/1
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Figure B.3: Signal contribution to muon decay from the dark photon. The dark
photon is taken to be on-shell where it decays to an e+e− pair.
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B.2 e+e− Collisions at B-factories

Here we present all the diagrams generated by MadGraph in the calculations of

e+e− collision cross sections.

B.2.1 Standard Model Background

We only show a portion of the diagrams in Fig. B.4 for the SM background process

e+e− → τ+τ−e+e−, as there are many diagrams. page 1/7
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Figure B.4: A sample collection of the diagrams generated by MadGraph for the
process e+e− → τ+τ−e+e−. There are variants on these diagrams not included such as
twists of these diagrams, replacements of the photon with a Z-boson, loops travelling
in opposite directions, and also a final state with muons instead of electrons.

B.2.2 Scalar Signal

The diagrams shown in Fig. B.5 are used to compute the signal portion of the study.
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Figure B.5: e+e− annihilation to τ+τ−e+e−. We also generate the same diagrams but
with a pair µ+µ− instead in the final state. One can also replace a photon in each
of the diagrams with a Z to reconstruct the full set of diagrams used. The scalar is
taken to be on-shell where it decays to an e+e− pair.
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