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classes of vertex subsets and (b) a family of sixty four classes of “generalised 
irredundant sets.”
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specifically:

(i) Nordhaus-Gaddum results for all the sixty-four classes of generalised 
irredundant sets are obtained.
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for two specific classes in the Private Neighbor Cube.
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Chapter 1

Introduction

1.1 An Intuitive Approach to Irredundance

In this first section we will attem pt to give the reader an intuitive feeling 

for the concepts of redundancy and irredundance. To accomplish this, we 

discuss two familiar situations involving the placement of queens on n x n 

chessboards and transmission in communication networks. We hope that 

these examples serve as motivation for the theory of irredundance.

Borrowing terminology from the game of chess we say that a queen placed 

on the chessboard couers (or attacks) all squares which are on the same row, 

column or diagonal. For our purposes a queen is assumed to cover her own



square and we will consider an n x M chessboard.

Suppose that a set Q of queens has been placed on an »  x n chessboard. 

A queen g E Q is called nedundont in Q if every square covered by g is also 

covered by at least one other queen in the set Q. Otherwise, queen q is said 

to be irredundant in Q. Thus, q is irredundant in Q if g covers at least one 

square (called a private neighbour of g) which is not covered by any other 

queen in Q. We emphasise that the square occupied by g could be a private 

neighbour of q. A set Q of queens is called irredundant if every queen in Q 

is irredundant, or equivalently, if every queen in Q has a private neighbour.

We further illustrate this idea with Figure 1.1, in which there are two 

placements and Qg of three queens (gi, g2  and ga) on a 4 x 4 chessboard.

Suppose th a t rows and columns are numbered in the usual m atrix  fashion. 

Observe that for the placement since every square covered by g% is also 

covered by g2 or ga, gi is redundant in Qi. However, g2  (respectively ga) 

covers the square (1,1) (respectively (4,1)) which is not covered by either qi 

or ga (respectively gi or g2 ). Thus, queens g2  and ga are irredundant in the 

set Qi.

In the other placement Q2 , the queens g%, g2 , ga cover squares (4,1), (3,2), 

(2,4) respectively, which are not covered by the other queens of 0 2 - Thus in



T

%

Q,

q> %

Q

Figure 1.1; Two placements of queens.

each of the three queens is irredundant and is an irredundant set.

A natural question to ask is what is the maximum number of queens in 

an irredundant set on an n  x n chessboard. This problem will be discussed 

further in C hapter 2.

Our other example involves communications networks consisting of a set 

of nodes together with links, which are pairs of nodes between which direct 

communication is possible. We say that node z  is uccesstt/e from node if 

X =  y  or there is a link between x  and y  in the network. For example, the 

nodes may be processors in a computer network or people in some sociological 

situation. A node s is said to be in a set S' of nodes if any node



accessible from s is also accessible from a node of 5̂ —{g}; otherwise, the node

s is called irredundant in S. To further illustrate the concept of irredundance, 

consider the network N  of Figure 1.2 and the sets of nodes S i =  {1, 2,3} and 

% =  {3, 4, 5}.

5

8

Figure 1.2: The communication network N

^ 1: 1

2

3

1 2 5 7 3

1 2  6  4

3 6  5

3 6

4 5 7 8  

1 4  5 8

Table 1.1: Nodes accessible from S'! and % hi ^

Observe that the underlined nodes (see Table 1.1) in both examples ap­

pear on precisely one row. For example, for Si, nodes 5 and 7 are underlined



because they are both accessible by node 1, but are not accessible from nodes 

2 and 3. Thus, 1 and 3 are irredundant in Si, while 2 is redundant in Si. 

The set Sg contains only nodes which are irredundant in Sg. If transm itters 

are to be placed at some set S of nodes in a network, it might be desirable to

choose S  w ithout redundant nodes because the totality of nodes accessible 

from the set of transm itters is unaffected by the removal of a transm itter 

positioned at a redundant node.

1.2 A Formal Look at Irredundance

The closed (open) neighbourhood of a vertex s of a simple graph G =  (y, E) 

is denoted by IV[g] (IV(g)) and for a subset ^ G V, by IV[E] =  UggglV^g] 

(IV(g) =  U,^gIV(g)).

A set E is if for every a e  5", IV[a] — IV[E — {a}] 0. Irre-

dundant sets are sometimes called CC-irredundant since they are defined by 

the existence of a non-empty difference of two closed neighbourhoods.

The concept of irredundance in graphs was originally defined by Cock­

ayne, Hedetniemi and Miller in [31] due to  its relationship with the ideas 

of domination and independence, which have received much attention in the



literature.

A set 5' Ç y  is a set of G if AT[5̂ ] =  y (G ). The set 6 '

is if for every s E 5", jV(s) n 5̂  =  0 , that is, no two vertices

are adjacent. Due to its rich theory and diverse applications, domination in 

graphs has been the subject of more than 2000 papers since 1970. The reader 

is referred to  the two volume collection on the topic by Haynes, Hedetniemi 

and Slater [60, 61] for an extensive bibliography.

Dominating sets and extremal independent sets are related by the follow­

ing theorem, due to Berge [4].

Theorem 1.1 An mdependenf /  ia maaimof mdependenf */ond

on/y ^  it ia dominating.

(ii) I f  I  is maximal independent, then it is minimal dominating.

Cockayne, Hedetniemi and Miller [31] and Bollobas and Cockayne [6 ] 

found a similar connection between extremal dominating and irredundant 

sets.

Theorem 1.2 ,91/) )"î  A dominoting aet D  ia minima/ dominating i /

and only i f  it is irredundant.

(ii) I f  D  is minimal dominating, then it is maximal irredundant.
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The foiuer and upper ^dependence nnmbera (i(G) and ^5(G)), doTnmn^mn 

numtera (7 (G) and T(G)) and irredundance numbera (ir(G) and TJ%(G)) are

the smallest and largest cardinalities of a maximal independent, minimal 

dominating and maximal irredundant set, respectively. Theorems 1.1 and

1.2 imply the following chain of inequalities.

Proposition 1.3 For anp prop/i G,

ir(G) <  7 (G) <  i(G) <  ^(G) <  T(G) <  7F(G).

This chain of inequalities has become known as the domination chain 

and has been the subject of well over 100 papers. The reader is referred to 

Haynes, Hedetniemi and Slater [60] for a comprehensive bibliography.

In this thesis we discuss generalisations of irredundant sets. Informally 

the basic ingredients of these generalisations are three properties which may 

make a vertex s im portant in a vertex subset 5  of a graph G. It will also 

help the intuition to replace the word "important" by "essential" or "non- 

redundant." Each property depends on the existence of one of the three 

types of S-private neighbours (S'-pn) t for s, which we now formally define. 

For 8  E 6 ", the vertex t is an:

(i) ^'-seZ/'phWe ne:p/i6 our (5^-spn) of s if ̂  — s and a is an isolated vertex



of G [g];

(ii) ( 5'-ipn) of a if ( G 5" — {a} and

N  (t) n  g  =  {a};

(iii) g-ezr(emoZ primée ne*pA6 oar (g-epn) of a if ( G F  — g  and

N  (t) D S  — {a} .

Observe th a t each such t  is an element of N[s] — N  {S — {a}) and tha t 

no a G g  may have an g-pn of type (i) and an g-pn of type (ii).

The concept of private neighbours provides an alternative definition for 

irredundance. A vertex subset g  of a graph is irredundant if and only if every 

vertex of g  is either an g-spn or has an g-epn.

For a G g , let p (a, g ) , g (a, g ) , r (a, g ) be Boolean variables which take 

the value 1  if and only if a has an g-pn of type (i), (ii), (iii), respectively. 

Whenever possible we use the abbreviations p, g, r for these variables. 

Example 1.1. Consider the vertex subset g  =  {a, 6 , c, d} of the graph G 

depicted in Figure 1.3. The g-pns of vertices of g  are tabulated in Table 1.2



Figure 1.3: Graph G for Examples 1.1 and 1.3.

type(i) type(ii) type(iii)

a b,c e

b

c g

d d h,i

Table 1.2: ^-pns of vertices of Example 1.1.

1.3 The Private Neighbor Cube

The first generalisation of irredundance using private neighbours, known as 

the Private Neighbor Cube, was by Fellows, Fricke, Hedetniemi and Jacobs 

[53]. We change the wording of the definition here to be consistent with the
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notation used in the remainder of the thesis.

There are eight types of vertex subsets in the Private Neighbor Cube. Let 

t =  616263 be a binary sequence of three Boolean variables. Then we shall 

say that the vertex subset 5' of a graph G is of type t if for every s 6  6 ",

( 6 1  A p(s, 5")) V ( 6 2  A r(s, 5")) V ( 6 3  A g(s, 5"))

is true.

Observe that a set 5" of type t (where t =  6 1 6 3 6 3 ), is also a set of type t*, 

where t* e  { ( 6 1  V0 )(6 2 V0 )(6 3 V l), (6 iV 0 )(6 2 V l)( 6 3 V0 ), (6 iV l) ( 6 2 V0 )(6 3 V0 )}.

For example, any type 001 set is also a type O il, type 101 and type 111 set.

We now explicitly define each of the eight types of sets in the Private 

Neighbor Cube.

Example 1.2.

Type 000. For any s E 5", (0 Ap(s, 5̂ )) V (0 Ar(a, 6 ")) V (0 Ag(s, S')) is always false. 

Hence, S  is the empty set.

Type 001. For any g E S, g(s, S) is true. Each vertex of S  has an S-ipn. The sets 

correspond precisely to the mduced mufcAmgg of G (see [12]). Induced

matchings have also been called strong matchings (see [57]).
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Type 010. For aay 8  6  5', r(a, 5") is true. Each vertex of S' has an S-epn. Such sets

are called open irredundant. They were introduced in [46] and applied 

to broadcast networks. They are also known as OG-irredundant sets 

and have been studied in [7, 19, 20, 45, 49, 47, 53, 63].

Type Oil. For any s E S, r(s, S) V g(g, S) is true. Each vertex of S  has an S-ipn 

or has an S-epn. i.e. for each g E S,

Ar(g) -  N (S  -  {g}) f  0.

Since there are two open neighbourhoods in this definition, these sets 

are called open-open-, ooir-, or OO-irrednndont [45, 46].

Type 100. For any g E S, p(g, S) is true. Each vertex of S  is an S-spn. These are 

precisely the independent sets of G.

Type 101. For any g E S, p(g, S) V g(g, S) is true. Each vertex of S  is an S'-spn or 

has an S-ipn. We notice that this implies that A(G[S]) <  1 . Such sets
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were first studied by Fink and Jacobson [54] and are called 1-dependent 

gefa.

Type 110. For any g 6  S', p(g, S) V r(g, S) is true. Each vertex of S  is an S-spn 

or has an S-epn. These are precisely the irredundant sets of G.

Type 111. For any g E S, p(g, S) V r(g, S) V g(g, S) is true. Each vertex of S

is either an S-spn, or has an S-ipn or an S-epn. This is the class of 

closed-open-, coir-, or CO-irredundant sets which are defined in [46] 

and studied in [32, 33, 41, 77].

These eight classes of sets are used to define the Private Neighbor Cube

because of Figure 1.4. An arrow points from type ti to type tg if every ti  set 

is also a (g set.

1.4 Generalised Irredundant Sets

The second extension of irredundance, and the main topic of this thesis, was 

first considered by Cockayne in [19]. The types of sets are collectively known
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Type 110 Type 111

Type 101
Type 100

Type 010

Type 001Type 000

Type Oil

Figure 1.4: The Private Neighbor Cube 

as generalised irredundant sets. We begin with a preliminary definition.

Let 5" (g) =  (p (g, 6 ") ,g (g , 5") ,r  (g, S')). Here S is a set and g E S. So 

S (g) is a triple which represents a type of vertex. This is distinct from the

triples which represented types of sets previously discussed. Observe th a t 

for all s and S, p{s, S) A q{s, S) = 0, i.e. the three Boolean variables are not 

independent and S(s) is never (1 , 1 , 0 ) or (1 , 1 , 1 ).

E xam ple 1.3. Consider the vertex subset S  =  {a, 6 , c, d} of the graph G 

depicted in Figure 1.3. We observe,

S (a) =  (0 , 1 , 1 ) ,  S (6 ) =  (0 , 0 , 0 ) ,  S (c) =  (0 , 0 , 1 ) ,  S (d ) =  (1 , 0 , 1 )

We are now ready to define generalised irredundant sets. Let /  be a
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Boolean function of the three variables p(s, 5"), g(s, 5"), r(s, 5"). A set 5" Ç V 

is an /-s e t  of G if for each s E S'

/  (<9 (s)) =  /(p(s, S), g(g, S), r(g, S)) =  1.

The function /  may be viewed as a compound existence/ non-existence 

property of the three types of S-pns. The class of all /-sets  of G will be 

denoted by ^ /(G ) (abbreviated to [2/ whenever possible). It is also called 

the class o/generalised irredundant sets denned 6  ̂ / .

The rows of the tru th  table of /  will be labelled 0 , . . . , 7, so that the entry 

in row i is /  (p, q, r), where pqr is the binary representation of the integer i 

(e.g., /  (1 ,0 ,1) is the fifth entry in the table). Recall th a t for each s £ S, 

S (s) is never equal to (1 ,1 ,0) or (1 , 1 , 1 ). We deduce:

(a) If the only I ’s in the tru th  table for /  occur in rows 6  or 7, then 0 /  =  0.

(b) If f  is formed from /  by replacing the values in rows 6  and 7 by O’s, 

then Ü// =  Oy.

Thus, we will only be concerned with the set of 64 functions with O’s 

in rows 6  and 7. Two of these are in fact rather uninteresting since /  =  0 

gives 0 /  =  0, and the function g with I ’s in all rows 0, 1 , . . . ,  5 has fig equal 

to the class of all subsets of V.
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The functions of T  will be numbered (as in [23]) as follows. Let

£10̂ 10203^405

be the binary representation of i. Then fi  is defined to be the function with 

entries oo, Oi, Og, 0 3 , 0 4  and 0 5  in rows 0 through 5, respectively. Note that

{/o, -- .,/63}-

For example, consider the function p V r. The tru th  table column is 

0 ,1 ,0 ,1 , 1 ,1 ,0 ,0  and since (23) 10 =  (0 1 0 1 1 1 )2 , pVr =  / 2a- From Example 1.2,

(type 110) we see th a t f i/23(G) is precisely the set of all irredundant sets in

G.

In Table 1.3 we show that each class of sets in the Private Neighbor Cube 

equals fi/(G ) for some /  E .F.

1.5 An Overview

In Section 1 . 2  the parameters %(G) and ^(G), ir(G) and LÆ(G) were de- 

fined for independent sets and irredundant sets, respectively. The natural 

analogues of these parameters for the class fi/(G ) of generalised irredundant
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Original Name Private Neighbor 

Cube Triple

Generalised Irredundant 

Notation

0 0 0 0 fo

Induced Matching 0 0 1 f l2

Open Irredundance 0 1 0 / 2I

0 0 -irredundance oil /29

Independent 1 0 0 /a

1-dependent 1 0 1 ,fl5

Irredundant 1 1 0 Î23

CO-irredundant 1 1 1 / 3I

Table 1.3: Generalised irredundant notation for the Private Neighbor Cube.
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sets are:

gy(G) and Q /(G ), the smallest and largest cardinalities

of a maximal /-se t of G.

In Chapter 2 we discuss some of the existing results concerning basic 

irredundance (/aa-sets), including those which are directly related to this 

thesis.

Chapter 3 is a survey of previous work on generalised irredundance (i.e. 

/-sets, where /  E .F).

The new work commences in Chapter 4 in which we determine Nordhaus- 

Gaddum bounds for Qf{G),  for each of the 64 functions in T . A Nordhaus- 

Gaddum result for a  parameter 77(G) bounds 77(G)4-77(G) or 77(G)-77(G), where 

G is the complement of G, in terms of n,  the order of G. These results have 

become known as Nordhaus-Gaddum bounds since Nordhaus and Gaddum 

[73] obtained the first such result concerning the chromatic number %(G).

In Chapter 5 and Chapter 6  we consider the special cases of / 3 1 -sets (i.e. 

CO-irredundant sets) and / 21-sets (i.e. OC-irredundant sets), and obtain 

lower bounds for 9 3 1 (G) and 9 2 1 (G) in terms of the order 71 and the maximum 

degree A.

Chapter 7 deals with a new (third) generalisation of irredundance, which



18

includes the other two generalisations, as well as the concept of domination. 

Some open problems are discussed in Chapter 8.



Chapter 2

Irredundance

In this chapter we look at the major results from the study of irredundance. 

In particular we touch on results relevant to the remainder of the thesis. 

Henceforth we will abbreviate any parameter A(G) or A(G) to A and A when-

ever the graph G is clear from the context.

2.1 A M aximality Condition

In light of Theorems 1.1 and 1.2 it is natural to consider a similar result for 

maximal irredundant sets. The maximality characterisation for irredundance 

involves external redundant vertex subsets, which were originally defined and 

generalised in [27]. We first define the following four vertex subsets, which

19
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we will use throughout the thesis. Given s e  S' Ç V, let

S) be the set of all S-epns of a,

S) be the set of aU S-ipns of a,

apn(a, S) be the set of all S-spns of a,

and pTi2 3 (T, %) =  apn(T, %) U epn(z, %).

A set S  Ç y  is an redundant aef (abbreviated er-aet) if for all

u G y  — S, there exists u; G S U {u} such that pn2 3 (w, S  U {u}) =  0 and

if re G S, then pn 2 3 {w,S) ^  0. The next theorem, proved in [27], gives an 

alternative dehnition of er-sets involving the set of vertices not dominated 

by S.

T heorem  2.1 ([27]) Tet 77 =  y  — N[S]. TTie aet S  ia on eztemol re- 

dundont aet and onl;/ i / /o r  oil u G Â [77], there ea;iata â  G S  auch thot 

0 f  PTT23(8«,S) Ç A[u].

C orollary 2 . 1 . 1  TjfS %a o dominating aet o/G , then S  ia ertemol redundant.

In [27], Theorem 2.1 is used to show the following result.
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Theorem  2.2 ([27]) 7 ia m&rimoi inWwndoM^ i/o n j

onZy if i( ia an er-ae7

fiij ^ 7  ia mozimoi inWnndanf, (Aen ii ia a minimoi er-aei.

This theorem can be used to augment the domination chain (Theorem 1.3). 

The following two graph parameters concerning er-sets were introduced in 

[28]. For any graph G let er(G) and E7((G) be the smallest and largest 

cardinalities of a minimal external redundant set in G. It follows from Theo- 

rem 2.2 that er <  ir and that 77( <  F'TZ. In [28] examples are given to show 

th a t these inequalities may be strict. Thus we have:

e r < i r < 7 < i < / 3 < F  <  I R  < ER .

2.2 Equality in the Domination Chain

Much of the theory developed around Theorem 1.3 (the domination chain) 

considers the question of determining conditions under which some of the 

param eters in the domination chain are equal. In this section we only consider 

results of this type involving the parameters ir and 7i?; the reader is referred 

to [60, pp. 77-84] for other results. We first mention a fundamental result 

due to Cockayne and Mynhardt [38].
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A sequence of six positive integers a, b, c,d, e, f  is said to be a domination 

gegwence if there exists a graph G such that, ir =  o, q =  6 , % =  c, ^ =  eg,

r  =  e and I R  — / .  Cockayne and M ynhardt characterised the set of all

possible domination sequences.

Theorem 2.3 ([38]) A seg«e»ce a, 6, c, d, e, /  o/ poaiiiue misera ia o 

dominofion aegueMce i/ o^d onip i/.'

(oyl a < 6 < c < d < e < / ,

(b) a — 1 implies that c =  1,

(c) d — 1 implies that /  =  1, and

(d) 6 <  2( z -  1.

Let ^(G) and A(G) be any two graph parameters. Then G is a (<̂ , A)- 

graph if (^(G) =  A(G).

Many su&cient conditions for a graph to be a (^, 7A)-graph have been

produced in the literature. We list eighteen classes of (^, /i?)-graphs. The 

definitions of these classes are om itted for brevity, but can be found in the 

cited references. Note th a t some classes listed are subclasses of others in the 

list.
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1. Strongly perfect [17, 79]

2. Perfectly orderable graphs [13]

3. Peripheral graphs [71]

4. Chordal graphs and their complements [5]

5. Comparability graphs [5]

6. Perm utation graphs [43]

7. Meyniel graphs [76]

8 . Parity graphs [76]

9. Bipartite graphs [5]

10. G allai graphs [76]

11. Certain T-co-graphs [17]

1 2 . Graphs with no induced [5]

13. Graphs with no odd cycle of length greater than  three [76]

14. Interval graphs [56]

15. Block graphs [5]
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16. Unicyclic graphs [78]

17. Circular arc graphs [57]

18. Upper bound graphs [18]

The problem of finding sufficient conditions for G to be a {ir, 7 )-graph

has also been well studied. The reader is referred to [60, pp. 77-78].

2.3 Bounds on zr and 7^

In this section we consider bounds involving ir and (or) IR ,  together with 

a subset of the other param eters of the domination chain, maximum degree 

A, and minimum degree and the order n, of G.

2.3.1 The Irredundance and Dom ination Num bers

One of the earliest results concerning irredundance was the following upper 

bound for 7 in terms of ir, proved independently by Bollobas and Cockayne 

[6] and by Allan and Laskar [1].

T h e o re m  2 .4  ([1 , 6]) f o r  ony groph G, 7 <  2fr — 1.
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This was improved by Allan, Laskar and Hedetniemi [2] who noticed tha t 

the upper bound in Theorem 2.4 could be reduced by the number of isolated 

vertices in the induced subgraph of any irredundant set.

T heorem  2.5 ([2]) 5̂  6 e o mozimoZ o /G  ond anppoae

G[5'] hoa A; woWed Then ^ <  2ir — A — 1.

2.3.2 Upper Irredundance and Extremum Degrees

The first result of this section is a simple upper bound for I R  first noticed 

by Favaron [50].

P ro p o sitio n  2 . 6  ([50]) 7n groph G n neiiicea ond de­

gree 7A <  n —

The extremal graphs for this inequality were also given by Favaron [50].

T heorem  2 .7  ([50]) For ong graph G o/ order n >  2 , LF(G) =  n(G )—6 (G)

i f  and only i f  G = {Kp x K 2 ) + F , where F  is any graph (perhaps the empty 

graphj aafw ^ng p >  n(F ) — 6 (F)

P ro p o sitio n  2.8 ([50]) 7/ G w d-regtdor ond 3 o(w^ea LF =  n — d, (hen 

G ^ : ^  o r d >



26

Proposition 2.8 suggests that the upper bound <  n — may be im­

proved for regular graphs with low degree. The next result obtained by

Henning and Slater [64] accomplishes this.

P ro p o sitio n  2 .9 ([64]) J /G  Ans n uerticea ond ia regulor o/ degree d, then 

/A  <  min{n — d,

Henning and Slater also characterise the graphs which a tta in  this bound.

A upper bound of I R  in terms of both the maximum and minimum 

degrees of a graph has recently been found by Bacso and Favaron [3].

T h eorem  2 .10  ([3]) Tet G 6 e o graph o/ order n, minimum degree 6  ond 

morimum degree A >  0. Then

2.3.3 Lower Irredundance and Extremum Degrees

It is easily shown th a t each of the lower parameters in the domination chain 

is bounded above by n — A.  Berge [4] originally proved this result for the 

domination number 7 .

P ro p o sitio n  2.11 fo r  ong graph G with n vertices and mazimnm degree A

i r < 7 < i < n  — A.
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A variety of results have been obtained by Domke, Dunbar and Markus 

[42] and Favaron and M ynhardt [52] concerning the inequalities of Propo­

sition 2.11. In this chapter, we are only concerned with the inequality 

ir < n — A  and when equality is achieved.

Let u be a vertex of G of degree A. For any D  Ç 7V(u), dehne Wo =  

{u G A'(m)|A’[u] Ç N[D]}. We now state three properties the vertex u may 

have. The first two properties were originally given in [42] and the third in 

[52].

Pi{u): V  — N[u] is independent.

Piiu): Every vertex of N{u)  has at most one neighbour in M — N[u\.

p 3 (n): For every C Ç V —AI[u], there does not exist a non-empty set D  Ç A (̂u)

with \D\ < \C\ such th a t the set Y  — D U  {V — #[u] — (C U  W d )) is a 

maximal irredundant set of G.

In [52], Favaron and M ynhardt use these properties to obtain a charac- 

terisation of the graphs for which %r =  n — A.

Theorem  2.12 ([52]) Let G a o/ order n and maadmam degree A.

(ij / /  ir — n — A, ihen Pi (a), f 2 (a) and Eg (a) hold /or eaerg aer(e% a o/ 

A.
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jy ^2 (11) f 3 (^) /loZd /or aome uertez it 0 /  d^ree A, (/ten

ir = n  — A.

A far more detailed characterisation, which includes a procedure useful for 

determining whether the set Y described in ^3 (11) is a maximal irredundant 

set, is given in [52].

We now look at lower bounds on the size of the smallest maximal irre- 

dundant set of G (%r) in terms of A. The hrst result of this type was by 

Bollobas and Cockayne [7].

T heorem  2.13 ([7]) fo r  any graph (7 A >  2, ir > 2 A -1

The extremal graphs for Theorem 2.13 were later characterised by Laskar 

and Pfaff [69]. Each graph in this characterisation has A =  2 and is also 

a extremal graph of the following lower bound established by Cockayne and 

Mynhardt [36].

T heorem  2 .14  ([36]) fo r  any graph G wiih, A >  2,

. . 2n 
” ' - 3 A -

All extremal graphs of the bound in Theorem 2.14 are characterised in 

[36|.
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2.3.4 Nordhaus-Gaddum Type Bounds

For a param eter A of a graph G of order n, bounds of the form A +  A < 

(üid the form A A <  (>)g(n), have become known as Æordhons- 

Gaddum bounds, since Nordhaus and Gaddum [73] obtained the first such 

results concerning the chromatic number %(G).

For the lower irredundance number inequalities of this type and their 

extremal graphs are identical to those of the lower domination number, which 

were proven by Jaeger and Payan [65] and Payan and Xuong [74].

The corono 77 # JFi o / a graph 77 is that graph obtained by adding a leaf 

adjacent to each vertex of 77.

Theorem 2.15 ([65, 74]) for ong graph G, o/ order n,

ir +  7r <  n 4-1, loifh egnohfp i/  ond ordg {G, G} =  {7(7̂ ,

ir ir <  n, with egnolitg i /  and ordg i /  G is 7^n, 7 ^ 3  x TCg, eoch 

component o /G  ^or G  ̂ is G4 , or G (or Gj  is the corona o/som e graph 

77.

The results for the upper irredundance number were obtained by Cock-

ayne and M ynhardt [40] and are summarised in Theorems 2.16 and 2.17.
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Theorem 2.16 ([40]) For gropA G, o/ onfer n,

("zj 7 F  +  7 F  <  M +  1 ond 

(ii) I R - J R <

Theorem 2.17 ([40]) For ony gropA G, o/ order M,

7F  +  7F  =  M +  1 %/ a n d  onfp i / F  =  5 ' U T ,  toAere n  T | =  1, G [6̂ ] ia 

independent ond G[T] ia complete.

("iij 1 F . F R =  i / a n d o n f p i / y  =  S u T ,  w W e | F n T |  =  l ,  F ia a

aet o / J independent oerticea ond T ia o aet o / [^^1 tierticea ancA

that G[T] is complete.

It should be noted th a t the upper bounds for I R + I R  and I R - I R  given in 

Theorem 2.16 are precisely the same as those obtained for ^ ^ and ^ by

Chartrand and Schuster [16]. These authors also give lower bounds for these

quantities, which they note are unsatisfactory since the inequalities involve 

the classical Ramsey numbers, very few of which are known.

2.3.5 Other Bounds Involving Sums

In this section, we consider bounds on the sum of an irredundance param eter 

and another parameter from the domination chain. The first result is due to
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Cockayne, Favaron, Payan and Thomason [25].

Proposition 2.18 ([25]) For ony gropA G, o/ order n, Aoning t isoZô ed

t;er(*ces,

(ij "y +  f R < T i  +  t, (ivj ir  +  ^  <  n  + 1

(ii) 7 +  r < n  +  t (v) i r - \ - T < n - \ - t

7 +  ,8 < n  +  t  i r  +  / F < n  +  <

We note that and Q  each attain all six bounds found in Proposi-

tion 2.18. This bound can be sharpened for graphs with no isolated vertices 

and 5 > 2 .

Theorem 2.19 ([25]) For onp gropA G, o/ order n, Aonmg no tsoZoZed ner- 

(Zces,

7 +  7 F  <  n +  (̂  — 2 (inj i r  +  ,8 < n  +  (̂  —2

7  +  r  < n  +  (̂  — 2  (nj ir +  r < n  +  (̂  — 2

7  +  ^ < n  +  (̂  —2  Ẑ nij ir +  7 F < n  +  6  —2

The parameter t is not involved in Proposition 2.18 and Theorem 2.19. 

An upper bound for the param eter sum i + I R  was found by Favaron [48] 

and independently by Cheng De Wang [81].

Theorem 2.20 ([48, 81]) ForonpgropAG o/order n ond minimum degree
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2 +  TA <  min{2 n — 2 (̂ , 2 n +  26 — 2 V^ÿî6 }, 6 ea( 6 ou»(f 6 em^ (Ae 

one %/ n <  26 ond (Ae aecond one ÿ  n >  26.

Favaron also obtained the following theorem in [48].

T heorem  2.21 ([48]) fb r  ony gropA G o/ order n ond mmimnm degree 6 ,

i +  V S I R  < m in{n — 6 +  2i / 6(n — 6), n  + 6}.

2.4 Criticality

A concept in graph theory, which has drawn much interest, is th a t of a 

critical set. Given a graph property P,  a graph G can be considered in 

some sense to be critical with respect to f  if G possesses property P , but, 

no proper induced subgraph, no proper induced spanning subgraph, or no 

proper induced spanning supergraph possesses property P.  This notion can 

be useful in obtaining a deeper understanding of the property P.

Of more relevance to the theory of irredundance is the notion of critical- 

ity for a graph parameter. Given a graph parameter A, a graph G can be 

considered to be A-critical if either the deletion of a vertex or an edge or the 

addition of an edge will always raise or always lower the value of A. Six kinds 

of criticality can be defined in this manner for a given A. In this section we
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give an example of one of these and present results in the case when A =  IR .

2.4.1 7B-CriticEil Graphs

Let A be any graph parameter. A graph G is called X-critical if \ { G  — v) < 

A(G), for each u E y(G).

Given a param eter A in the domination chain, it is easy to see th a t each 

edgelesB graph with more than one vertex is A-critical. It turns out that these 

are all of the /3-critical graphs.

P ro p o sitio n  2 .22 ([68, 59]) T/ie G ia ^-criiicni i /  ond onẐ  i /G  ia

edgeieaa with more than one uertei.

Grobler and Mynhardt [58, 59] showed that the class of F-critical graphs

is precisely the same as the class of /i?-critical graphs. To characterise all 

of the r-critical and LA-critical graphs we first need to consider the concept 

of a one-to-one perfect matching. Let G =  (V, E) be a graph. A partition 

{A,T} of y  is called a one-to-one pef/ect motching, or 1 -L p.m., if every 

a E A is adjacent to exactly one t E T and every t E T is adjacent to exactly 

one s e  S.  We note th a t if {A, T} is a 1-1 p.m of G, then S  (and T)  is an 

irredundant dominating set of G.
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Theorem 2.23 ([58, 59]) for on;/ connecW gropA G o/ onfer n, (Aen (Ae

following statements are equivalent.

). (? w r-cn(%coJ.

,2. n > 2 o»(f /or eoen/ F-aet f  o/G, { f , V — f }  w o p.m. o/G.

& r  =   ̂ oncf no r-aef f  o/ G Aog onp zgoZô ej ooTfzcea.

G is /f-cr i(ica /.

The follow three corollaries follow immediately.

C orollary 2 .23.1  ([58, 59]) fo r  onp Zf-cn(%col prapA o/ order n, hooinp 

A; iso/o^ed oerfices, eoch component o /G  is eifher f i  or ii hos o 1-1 p.m.

with more than two vertices. In this case I R  = T = 5 ^ .

C orollary 2 .23 .2  ([58, 59]) A proph G is T-criiicoi i /  ond onip i /  ii is Z f-

criiicoi.

C orollary 2 .23 .3  ([58, 59]) fo r  onp connecied proph G o/ order n, ÿ G  is 

Zf-criiicoi, ihen ii hos o 1 - 1  p.m., 6  >  2  ond , 8  <  §.

Along with Theorem 2.23, Grobler and M ynhardt [58, 59] presented the 

following two propositions, giving sufficient conditions in term s of 5 for a 

connected graph with a 1-1 p.m. to be Zf-critical.
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P ro p o sitio n  2 .24  ([58, 59]) fo r  on;/ connecW grapA G o/ onfer n, ^  G 

Aoa o p.m. ond (̂  >  [^J +  2, (Aen G ia /f-cri^icoi.

Proposition 2.24 can be improved slightly if <  ^.

P ro p o sitio n  2 .25 ([58, 59]) fo r  onp connected proph G o/ order n, i /  G 

Aoa 0 .Z-i p.m.,  ̂ >  [%J +  1- a»d < ^, ihen G ia 7f-crificoi.

We finish with two more results by Grobler and M ynhardt [58, 59] con­

cerning regular graphs.

P ro p o sitio n  2 .26 ([58, 59]) fo r  onp connected r-n^tdor propA G o / order

n, if  G has a 1-1 p.m. and j3 < T  = I R  = then G is IR-critical.

P ro p o sitio n  2 .27  ([58, 59]) d/G ia o propfi toit/i n uerticea ond o p.m. 

{ f , T }  anch thot G[5"] ond G[T] ore connected r-reptdor propha with

/)(G[S]) +  m r ] )  < 5 ,

then G ia -criticof.

2.5 Irredundant Ramsey Numbers

Let Gi, Gg, ... Gf be an arbitrary t-edge colouring of f » ,  where for every i 6 

{1,2,. .. , t),  Gi is the spanning subgraph of consisting of all edges coloured
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with colour i. Let ii{G) denote the number of vertices in a maximum clique 

of G. The cZoaaicoZ EoTTwey number /or grap/w (as opposed to hypergraphs) 

r(gi, g2, Qt) is the smallest value of n  such th a t for all t-edge colourings 

of A'n, there is an i E {1,2, for which > gi (or equivalently

/9(Gi) <  gi).

Since a clique of a graph corresponds to an independent set of vertices in 

the complement, the classical Ramsey numbers for graphs, which are usually 

define in term s of ji, can be defined in terms of /? (as above). Further, since 

irredundance can be thought of as a generalisation of independence, it is 

natural to  develop a theory of irredundant Ramsey numbers. This theory 

was first developed by Brewster, Cockayne and M ynhardt [8].

The ÎTredundout Romaeg number /or gmpbs s(gi, g^,..., gt) is the smallest 

value of n  such th a t for all t-edge colourings of Kn, there is an i G ( 1, 2,..., t} 

for which IR{Gi) >  g,. In the case where t =  2, the irredundant Ramsey 

number a(p, g) is the smallest integer n such that for every graph G of order 

n, 1R >  p ov I R  > q. Since any independent set is irredundant, irredundant 

Ramsey numbers exist by Ramsey's theorem and satisfy g(gi,g2 , .. ,gf) > 

r(gi,g2 ,...,gt) for all gi,g2 ,...,gf.

Another generalisation of the classical Ramsey number, the mired Rum-
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sey number t{p, q), was introduced by Cockayne, Hattingh, Kok and Myn­

hardt [29]. This is the smallest n  such th a t for every graph G of order n, 

/A  > p or ^ > g. It is easy to see that s(p, g) < g) < r(p, g), for all 

values of p and g.

2.5.1 Bounds on g) and ç)

The difficulty of obtaining exact values for irredundant (and mixed) Ramsey 

numbers is comparable to th a t of the corresponding problem for classical 

Ramsey numbers. One im portant tool for determining irredundant Ramsey 

numbers is the following recurrence relation. It should be noted th a t the 

same recurrence relation holds for r(p, g), the classical Ramsey numbers.

Proposition 2.28 ([8]) For oil m(egersp, g > 2,

g(p,g) <  s ( p -  i , 9 ) T 8 ( p , g - 1),

^(p, g) <  ((p - 1, g) +  ^(p, 9 - 1), 

megW% holds ^ 6oths(p—l,g ) onds(p,g —1) ("ort(p—l,g ) ond 

t(p,g — 1)  ̂ ore eoen.

Using the probabilistic approach, Erdos [44] proved tha t

r(p,p) > 2^/^p/e\/2,
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for p sufRciently large. An adaption of this proof was given by Chen, Hattingh

and Rousseau [14] to obtain an asymptotic bound for irredundant Ramsey 

numbers.

Theorem 2.29 ([14]) For off forge p,

a(p,p) >

We end with another bound from [14]. 

Theorem 2.30 ([14]) For off g > 1,

a(3, g) <  t(3,g) <  ^

2.5.2 Known Irredundant and M ixed Ram sey Values

Very few of the irredundant (and mixed) Ramsey numbers are known. It is 

easy to see th a t s ( l ,  q) =  1 and s(2, q) =  2. Similarly, t{l ,  g) =  t{p, 1) =  1 

and t{2, q) =  t{p, 2) =  2. In [39] and [37] it was shown th a t 3(3,3 ,3 ) =  13. 

All other known results are summarised in Tables 2.1 and 2.2. The numbers 

in square brackets are references.

For more information on irredundant Ramsey numbers the reader is re- 

ferred to [72].
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3 4 5 6 7

q =

3 6[8] 8[8] 12[8] 15 [9] 18[30, 15]

4 13[21]

Table 2.1: Irredundant Ramsey numbers s(p, q)

P = 3 4 5 6

9 =  

3 6[29] 9[29] 12[29] < 16[29]

4 8[29] 5[29] 13[29]

5 13[29]

Table 2.2: Mixed Ramsey numbers ÿ(p, g)

2.6 Irredundance on Chessboards

A chessboard graph G is constructed Rom the moves of a chess piece f  on 

an n X n chessboard as follows. Each vertex in G corresponds to a square

on the chessboard and two vertices u and v are adjacent if P  can attack u 

from V.  Five types of graphs are formed this way: the Queens graph 

the Kings graph K», the Rooks graph R», the Bishops graph and the
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Knights graph The grid graph G» is also considered a chessboard graph. 

The question posed in Section 1.1 regarding queens on a chessboard, may 

now be restated: what is ZA(Qn)?

2.6.1 The Queens Graph

The size of IR{Qn)  and ir(Qn) is only known for small values of n. The results 

for n — 1, 2 , . . . ,  10 are summarised in Table 2.3. The reader is referred to 

[62], for results which are not referenced below.

n  = 1 2 3 4 5 6 7 8 9 10

1 1 2 4 5 7 9 11 13[67] 15[67]

1 1 1 2 3[11] 3[11] 4[66] 5[67] 5[67] 5[67]

Table 2.3: Irredundance numbers of Qn, for small n.

For larger values of n, the value of IR{Qn)  is bounded in Theorem 2.31. 

The upper bound is due to Burger, M ynhardt and Cockayne [10] and the 

lower bound is due to Kearse and Gibbons [66].

Theorem 2.31 ([10, 66]) For n > 6,

6n -  0 (ns) <  IF (Q n) < 6rz +  6 — %\J n +  1 +  ^/n
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2.6.2 Other Chessboard Graphs

The irredundance numbers of other chessboard graphs have also been studied. 

Known values of these parameters are given in Table 2.4 and bounds for 

IR{Kn)  and ir{Kj^) are given in Theorem 2.32. Any result not referenced in 

Table 2.4, the reader is referred to [55].

G = %r 7F

Kings: AT» ? ?

Rooks: Rn n 2n — 4

Bishops: F» n 4n — 14

Knights: ?
2

[25]

Grid: G» ?
2

(25]

Table 2.4: Irredundance numbers for chessboard graphs.

Theorem 2.32 ([51]) For any n,

n
¥

< < (n +  2)

and /or n > 6,

(n -  2)̂
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The value of graph param eters (in the domination chain) on chessboards 

graphs has been the concentration of much research. The reader is referred 

to [62] for more details.

2.7 Complexity

Fellows, Fricke, Hedetniemi and Jacobs [53] and Laskar, PfaS, Hedetniemi

and Hedetniemi [70], showed th a t the decision questions, (i) does G have an 

irredundant set of size > A (for a positive integer &)? and (ii) does G have a

maximal irredundant set of size <  are NP-complete.



Chapter 3

Generalised Irredundance

The subject of this chapter is the generalised irredundant sets which were 

defined in Section 1.4. Known results concerning generalised irredundant 

sets are surveyed. We begin with a basic observation due to Cockayne [19].

Recall that gy (respectively Qy) is the smallest (largest) cardinality of a 

maximal /-se t of G. When /  =  / ,  we will sometimes write g* (respectively 

Qi) instead of gy. (respectively QyJ. For / ,g  6 .F, we write /  => g if /  

logically implies g.

Lemma 3.1 ([19]) 1/ / ,  g E F" and /  => g, then Qy(G) < Qg(G) /or euerg 

grop/i G.

43
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3.1 W hen is Hereditary?

A property f  of vertex subsets is called /iered:tar%/ if for every set S G V 

with property f  and every T Ç 5", T has property f . We say that /  G ^  is 

or is a heredifory /uncfion if for any /-set, 5' Ç V, every subset of 

S' is also an /-set.

In [19], Cockayne shows exactly which functions of f  are hereditary. This

result is given in Theorem 3.2; definitions of the hereditary functions of T  

can be found in Table 3.1. The structure of the twelve hereditary classes of 

generalised irredundant sets can be seen in Figure 3.1, where an arrow points 

from /i to /j if A / ,  .

Theorem 3.2 ([19]) ///o r  /  G .F, is herediton/ i/ ond onli/ i/

/  G { /i,  /a, /s, fr, /g, / i i ,  /is, /is, / 2 1 , / 2s, /gg, /si}-

3.2 Ramsey Numbers for /-se ts .

In Section 2.5 we discussed a new type of Ramsey number by replacing the 

word “independent” in the definition of classical Ramsey numbers with the 

word “irredundant.” In [19], the word independent was replaced with /-set
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Label The function / name (if any)
/ i p A r
/a P independent
/s (p V g) A r
h p V (g A r)
h (p A r) V (g A f)
f u p V (g A r)
/ l 3 (p A r) V g
/ l 5 p V g 1-dependent
/ 2 I r open irredundant
/za p V r irredundant
/z9 g V r 0 0 -irredundant
/ai p  V g V r CO-irredundant

Table 3.1: The hereditary functions of T .

/ T

Figure 3.1: The structure of the hereditary functions of T .

(where /  E .F). This gives a way of defining an /-Ramsey number (although 

they do not exist for all /  E .F).



46

Let /  E .F and a  be the t-tnple (ni, ng, - -, %), where each (1 < % < t)

is a positive integer. The f-Ramsey  number Rfict)  is the smallest Uq such 

that for all n >  no and every t-edge colouring (Gi, (?2 , - - , G() of ATn, there 

exists an % E { 1 ,. . .  ,t}  such that Gi has an /-set of cardinality It is 

noted that for any perm utation 7r(o;) and /  E F ,  Rf{oi) =  R f  (7t(q:)). For this 

reason, in the remainder of this chapter, we assume tha t n\ > U2  > .. ■ > fit-

3.2.1 Existence Results for /-R am sey Numbers

It is not true th a t /-R am sey numbers exist for every /  E F . In fact, for 

some functions / ,  the existence depends on the parity of the n '̂s.

Theorem  3.3 ([19]) / ,  p E F , /  => g and the number R /(a) ezists.

Then ea;ista ond < R /(a).

Corollary 3.3.1 ([19]) fjf p => /  E F , then A /(a) eztata ond A /(a) <  

Rp(o).

This corollary establishes the existence of for t E {4/ -I- 3|0 < /  <

14}. The next theorem by Cockayne, Favaron, Grobler, Mynhardt and Puech 

[23] establishes existence of for most o  and all i E {4 8 ...  62}.
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Theorem 3.4 ([23]) /  E .F / 4g => /  oW ^1,^2 ^ 3. 7%en

7(y(o:)

There is also a variety of theorems which give sufhcient conditions on 

/  E F" and o  for E /(a) not to exist. The reader is referred to [19] and [23] 

for more details.

3.2.2 Recurrence Inequalities

For /  E F ” and  a  given a  — ( r i i , , f i t ) ,  define

R  — R f  (j l̂ ; • • ■ 5 ^i—1 Î 15 ^ 2-t-l ? • ■ • Î •

It is well known th a t for /  =  /$ =  p (classical Ramsey num bers),

t

(3.1)
i=l

Work done in [19] and [23] exhibit two subclasses of /  E F  for which (3.1) 

holds. We omit the details and present only a list of those functions which 

satisfy the inequality.

Theorem 3.5 ([19, 23]) (f

i E {3,7,15,19,23,31,48,51,52,55,60,61},

(hen (he /i-Aomse^ nnmberg sa(w^ megna(t(^



3.2.3 Known Bounds and Values

The /-Ram sey numbers for six specihc functions /  E .F have been evaluated.

In this section we list known values and bounds for /-Ram sey numbers,

except for the classical Ramsey numbers (see for example [75]) and irredun­

dant Ramsey numbers (see Section 2.5.2). The four remaining functions /  for 

which /-Ram sey numbers have been studied are the / 3 1 -(CO-irredundant),

/ i 5 - (1-dependent), /go- (p- ) and /^g- ((p A g)- ) Ramsey numbers.

Theorem 3.6 ([32, 41, 77]) for m > 3, (3,m ) =  m, 3, m) =

2m — 1, /or m odd, ond 2m — 3, /or m euen. Ruiher, f /a i (4,4) =  6 ,

(4,5) =  8 , R/ai (4 ,6 ) =  11, (4,7) =  14, E {14,15},

f /3 1  (3 ,3 ,4) =  6 , f /g i (3 ,4 ,4) =  8 , (4,4,4) =  11 and R/,, ( 3 ,3 , . . . ,  3) (k-orpumentsj

A; +  2, i/A; is odd, ond A; 4 -1 , A; is eoen.

Theorem 3.7 ([32]) j /3  < < 4, /or each i =  1,.. .t, ihen

^ fs i  (^1 ) ^2) ■ ■ • 5 R/is (^1 ; ^2, ■ • ■ , M() .

Theorem 3.8 ([35]) R /,,(4 ,5 ) =  9, R /,,(4 ,6) =  11, R ;,,(4 ,7) =  16,

R/ic (4 ,8 ) =  17 and Ry^,(5,5) =  15.

Theorem 3.9 ([24]) J /2  <  1 <  m, then R/go(l,m) =  m.
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Theorem 3.10 ([24]) A/4g(3 , 3) = 6 , A/^(3,4) =  7, ^ /4g(3 , 5) =  9.

(wj F o r m > 6 ,  A /^(3 ,m )= T M  +  2.

(mj jy 4 < / < 771, ÂeTl E/^g((, 77l) =  771 +  1.

(iT/j for  771 > 4, f/^g(771, 77l) =771 +  2.

3.3 Other Results on /-se ts

In 1998, Simmons [77] provided an analogous result to Theorem 1.2 for CO- 

irredundant ( /31-sets) and to tal dominating sets.

Theorem 3.11 ([77]) A (oW dommofmg aet D ia TTimiTTioI (oW doTTii- 

nating i f  and only i f  it is CO-irredundant.

(i:) jy o ae( D  ia Tninimol toW  do77ima(iTig, then it ia mariTnat CO- 

irredundant.

Sometimes we will write C O / f  (coir) instead of (g/31), and 0 7 A 

(oir) instead of (g/aJ- Nordhans-Gaddum type results have been estab-

lished for independent, CO-irredundant and open irredundant sets. We state 

the la tte r two here, since they will be used in Chapter 4.

Theorem 3.12 ([33]) f o r  a graph O 0/  order 71,
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CO/A + CO/A <71 +  2 QTid 

("ii; C O /A . CÔ7Â <

Theorem 3.13 ([20]) For ony griapA C o/ order n > 16,

7̂?
0 /A  +  0 /A <

Fd/f/ier, i /n  >  17, /̂len

4

  Q?7
0 / A . 0 / A  <  —

64

NP-completeness results [53] have been established for each class of sets 

in the Private Neighbor Cube (see Table 1.3 for the corresponding Çlf). In 

[57] it is shown that for any bipartite graph C, C O /A (C ) =  ^^(C) (the 

maximum cardinality of a 1-dependent set of C). Farley and Shacham [46] 

have explored the relationships between 0 / A  (oir) and parameters in the 

domination chain. A graph C is called welZ-couered if ^ =  i. A well-covered 

graph G is called stable well-covered if the graph formed by the addition of 

any edge to C is also well-covered. King [68] showed a well-covered graph C is 

stable well-covered if and only if every vertex of every maximum independent 

set S' of C  has an S-epn. Equivalently, one could say a well-covered graph C  

is stable well-covered if and only if every maximum independent set is open 

irredundant.



Chapter 4

Nordhaus-Gaddum  Bounds for

Generalised Irredundant Sets

In this chapter we establish sharp Nordhaus-Gaddum bounds for the param ­

eter Q f,  for each /  G JF. We will need Theorems 2.16, 3.12 and 3.13 from 

Chapters 2 and 3. Each of these theorems will be re-stated and re-numbered 

when they are needed. The bounds for the 63 non-zero values of i will be 

given in Theorems 4.2, 4.4, 4.6 and 4.12.

51
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4.1 The Bounds

We first remind the reader of Lemma 3.1.

L em m a 4.1 7//^ ==> (hen /or on%/ graph G, Qi <  Qj.

T heorem  4 .2  7 / i  >  32 and n >  5, (hen

(Qi +  Q«) =  2 n ond (Q, - Q j  =  n̂

and fheae 6 oandg ore gharp.

P roof. If % >  32, then /gg /{, so that for all G (using Lemma 4.1) 

032 <  Qi <  »  and Q3 2  <  Q, <  n. Hence

Q32 +  Q32  ^  Qi +  Qi <  2 n

and

032 ' 032 ^  0* 0 i  ^

However, for n >  5, 0 3 2  (G») =  Q32 (G») =  n and the result follows. 0

We next use the Nordhaus-Gaddum bounds for standard irredundant 

(i.e. / 23-) sets, obtained by Cockayne and M ynhardt [36] (originally stated 

in Theorem 2.16), to deduce the same bounds for other values of i.
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T heorem  4.3  ([36]) jy M >  3, /or any yrapA G,

Q2 3  +  Q23 ^ M +  1 an j  Q2 3  ' Q2 3  — ^
n  ̂+  2n

and these bounds are sharp.

T h eorem  4 .4  j / n  >  5 anj z G {2 ,3 ,6 ,7 ,1 8 ,1 9 ,2 2 ,2 3 } , (Aen

(Qi 4- Qt) =  n +  1 and (Q. - Q j  =

and (Aeae bounda are aAazp.

P roof. If z E {2 ,3 ,6 ,7 ,1 8 ,1 9 ,2 2 ,2 3 }, then /g = >  /i / 2a. Hence, by

Lemma 4.1 and Theorem 4.3,

Qa +  0 2  ^  Qi +  ^  023 +  023 ^  +  1,

and

+  2n
02 02 ^ 0 i ' 0 i ^ 023 - 023 ^

Consider the graph which consists of a set % of [ ^ j  vertices, a set F  

of [ ^ ]  vertices (where % D F  =  {æ}), and a set of edges such that X  is 

independent, H  \Y] is complete and there is a matching joining the vertices 

of X  — {x} to y  — {x}  . In the case where n  is even, an edge is added between 

the vertex of Y  which was not previously matched and any vertex of X  — {x}  .
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Since each vertex of an /g-set S' is an S-spn and has no S-epn, it is easily 

seen that % and F  are /g-sets of and respectively, and so Q2  (^ )  >  |X | 

and Q2  ( f f)  >  | y | . Hence, for H , all of the above inequalities are equalities 

and the result follows. 0

We now proceed in a similar manner using the bounds for CO-irredundant 

(i.e. / 31-) sets established by Cockayne, McCrea and Mynhardt [33].

T h eorem  4 .5  ([33]) fo r  ony graph G 0/  order n

Q31 +  Q si  ^  n  +  2 and Q31 • <

a n d  these hounds are sharp.

T heorem  4 .6  7 /8  <  % <  15 or 24 <  i <  31, (hen

nmx (Qi -t- Qi) <  n  4- 2, n ^  (Qi - Q j  <

(n +  2)̂

(n +  2)

ond (heae Aoonda ore ahozp /or n =  2 /mod 4j, n > 6.

P roof. For any % satisfying 8 <  i <  15 or 24 <  % <  31, /@ = >  

Thus, by Lemma 4.1 and Theorem 4.5, for any graph G of order n,

(n +  2)^

/ a l ­

and

08 +  08 ^ 0 i T 0« 031 +  031 ^ M -t- 2.
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Thus, the bounds of the theorem are established. Now let n  =  2 (mod 4) 

and n >  6. Let the graph consist of vertex sets % and F , where |X | =  

|y | — (n +  2) /2  and |% n  y |  =  2. Add edges so that [A] and ^  [T] are 

both isomorphic to  Ag and add a matching from X  — Y  to F  — A.

Since a subset S' is an /g-set if each vertex has an S-ipn and no S-epn, it 

is easily seen that A  and F  are /g-sets of ^  and Ü7, respectively. Therefore, 

the bounds are sharp for the graph JT. 0

In order to find the bounds for the remaining values of i, it will be nec­

essary to improve the following result of Cockayne [20] concerning open ir- 

redundant (i.e. / 2 1 -) sets. Recall that a set S  is an /gi-set if each s € S  has 

an S-epn.

Theorem 4.7 ([20]) For any graph G 0/  order n > 16,

^  ^ 3n
021 + 021 ^

and this bound is sharp. Further if n > 17, then

n  7Ï021 ' 021 <

We show th a t for n  >  32, the second bound of Theorem 4.7 can be 

improved to n^/8. This will be accomplished by more detailed analysis of the
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cases used in the proof of Theorem 4.7 given in [20]. Some of the details of 

our proof may be found in [20] but are repeated here for completeness.

Let % (y ) be open irredundant sets of G (G ) , [%| =  z  and |y | =  ?/. Each 

u 6 % (u € y )  has an at least one %-epn in G (y-epn in G). Let be 

any X -epn of u in G (y-epn of v in G). The edges of G  (respectively G) 

will be coloured red (blue). Occasionally Ur (%) will be called a red epn of u 

(Wne epn of u). Let =  {ur|u 6 . Then each edge of {nur|n € is red

while all other edges joining % to are in the complement. Hence, the set 

{uur\u e  X } induces a matching in G. Similarly, it can be seen th a t the set 

€ y }  induces a matching in G. Note that the set X ' is also an open 

irredundant set of G and n is an X'-epn of in G. Let Z' =  F  — (X  U X ' ) .

The principal result will follow immediately from three propositions, which 

are broken down into cases depending on the distribution of vertices of Y  and 

its blue epns among the three sets X , X%

The open irredundance property implies th a t both x  and y  are a t most 

n/2. Prom this we deduce that zp <  y  if z  (or p) <  Hence, it is sufhcient 

to establish the propositions under the assumption that z, p >  and we use 

this hypothesis in the proofs without further emphasis. We also repeatedly 

use the following obvious fact.
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L em m a 4.8  A 6e on open inWondonf ee( in o gnopA G ond J9 Ç y  (G) . 

^  eocA n E A n B /loa A-epn in B, t/ien |A (1 B| < |B| /2.

P ro p o sitio n  4 .9  ^ n  >  32 ond |y  n %| >  3, (Aen zp <  n^/8. 

P roof. Since |y  (1 X | >  3, for eaoh n E y  (1%, n& ^ X'. Hence, n& E % U

Define

X \  =  {u  E y  n  x\u f,  E % } ,

X 2  — {u  E y  n  x\uf,  E y } ,

%3 =  % -  (^1 U %2) ,

and for i =  1 ,2 ,3 , let |%t| =

For 10 E y  n Z, W(, ^ U X 2  U X', hence E U Z.

C ase 1 y  n  X ' =  (̂

Let t  =  |{w E y  n  Z\wb E %3} | . Then by Lemma 4.8,

\{w E y  n  Z\wb E Z }  ^  (n — 2a; — X 2 ~  t) /2 | (4.1)

We will now give more detailed justification for (4.1). Similar explanations

will be om itted in future cases of the propositions. Define

B  — Z  — {{w E y  n  Z|tUb E U  {wf, E Z |to  E % g})

(disjoint union)
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Note that |B | =  (n — 2z — 3:2 — () and

{w 6 y  n z\wb G z}  =  {w € y  n B\wb g b } .

Then (4.1) follows by applying Lemma 4.8 with A  = Y.

Now

z 4- %/ =  z +  |y  n  %| +  |y  n  z |

<  æ +  (3:1 +  Z2) +  f +  g

=  :̂ i +  y  +  ^ +  ^. (4.2)

The blue epns in X 3 are distinct and so > t  + Xi, i.e.

(4.3)

Prom (4.2) and (4.3) we obtain

' 3:1 +  3:2 +  3:3 \  n  z  n

Therefore  ̂  ̂ § and ^  By elementary calculus, z!/ attains

a maximum of ^  when (c =  | .

Case 2 |y  nX'|  > 2.

In this case 3 :1  =  0, each w G y  H Z  has wg, G and for each w G P  H

Wb ^ X ' , i.e. Wb G %3 U Z.
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Subcase 2 (a ) w E F  H has E %3 -

This implies \Y  fi X'\  — 2. Let Y  C\X' = {w, u} . Now

z +  3/ =  a; +  |F  n  %| +  |F  n  +  |y  n Z|

where A =  1 (respectively 0) if z;, E Z (X g). Hence,

_ n zg A
(4.4)

By counting blue epns in %3 , we obtain Z3  >  2 — A and since |Z| >  Z2 , 

we deduce zg <  M — 2z. Use of these gives

Z2 <  n  -  2 (zi +  zg +  Z3) =  n  -  2 (z2 +  Z3) .

Therefore,

Ti — 2x3 , M — 4 — 2A 
3:2 <  ------------<   ; ------- ■

Prom (4.4) and (4.5),

2iTI 4 " 4  5 A 271 +
i  +  î / S - ^ - y  <  —

(4.5)

so th a t xy  < x  — z) . Calculus shows th a t xy < ( s ^ ) '

(for n > 32).
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Subcase 2(b) Each w E F  fl has E

In this situation every ti E F  has Ub E Z. Therefore, — n — 2z and

<  MZ — 2a;̂ . The maximum of this for z  E [%, §] is 

C ase 3 |y  n %'| =  { u } .

Define A as in subcase 2(a) and let n{=  0 oi 1) be the number of vertices in 

y  n Z with blue epns in

The set Z contains A +  zg blue epns of vertices in Y n (% U X') and 

vertices of Y n  Z have blue epns in Xg. Hence, using Lemma 4.8 we obtain

a; +  2/ =  Z +  |Y n X | +  |Y n X'l +  |Y n Z|

n — 2z — n — Zg — A A
^  Z +  (Zi +  Zg) +  1 +  // -1- 

=  ;  +  +  ^  +  ^  +  L (4.6)

By counting blue epns in %g, we obtain Zg >  (1 — A) +  Zi +  //, and since 

|Z| >  zg, we have Zg <  n — 2z. Use of these gives

Z2 <  n — 2 (zi +  z'2 +  Z3 ) .
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Hence,

n — 2 {xi +  %) 
T2 <  ----

<

3
n  — “Ix i  — 2 [(1 — A) +  3̂1 +  ju] 

3
n — 4%i — 2 — 2 (/i — A)

(4.7)

Combining (4.6) and (4.7) we obtain

However, the hypothesis and the private neighbour property imply th a t

xi +  // <  1.

Hence, from (4.8) we deduce

2n +  3 /  A +  jji\ 2n +  3

Calculus shows that < (^ ^ )^  <  ^  (for u >  32). This completes the 

proof of Proposition 4 .9 .0

P ro p o sitio n  4 .10  7 /u  >  32 ond |T n% | <  2, f/ien Ty <  n^/8.

P roof. Dehne r  =  E H }. If |y  n T |  ( | r  n X | or |y 'n % '|)  >  2 , 

then we may apply Proposition 4.9 to the open irredundant sets Y, (Y', %
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or Y', X ')  of G  and G and infer the result. Thns, we assume th a t \Y  fi X '\ ,

| y  n  %| and I y  n X'l are at most two. Then,

n > |x |  +  |x ' | +  |y | +  |y '| -  |y  n -  | y  n  x |  -  |y  n  x ' |  -  |y ' n

> 2x +  2y — 2 — 2 — 2 — 2.

Hence, x Y y  < and therefore, by elementary calculus, x y  <  < y

(for M > 32). 0

The preceding propositions have established a bound for Q^i ■ Q 2 i-

Theorem 4.11 > 32, (hen Q21Q21 ^ »^/8.

Proof. Immediate from Propositions 4.9 and 4.10. 0

We now use Theorems 4.7 and 4.11 to determine exact Nordhaus-Gaddum

bounds for the remaining values of i.

Theorem 4.12 1 /n > 32 and * E {1,4,5,16,17,20,21}, (hen

  SîT- _
n ^  (Qi +  Qi) <  n ^  (Qi - Qi) <  nVS,

and these  bounds are sharp f o r  in fin itely  m a n y  values o f  n.

Proof. For any i 6  {1 ,4 ,5 ,1 6 ,1 7 ,2 0 ,2 1 },

f i  = * -  f i  = >  /2 1 ,

A  = >  A A i,
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or

/ l 6  f i  /2 1 - 

Hence by Lemma 4.1, Theorems 4.7 and 4.11, for any G of order n

Q; +  Qj <  Qi 4- <  021 +  021 ^  "T

and

0 ;  ' 0 j  <  0 i  0 i  ^  0 2 1  ' 0 2 1  ^  g  ,

where j  6 {1 ,4,16}. Thus, the bounds of the theorem are established. To 

show th a t they are attained it is sufficient to exhibit, for each j  G {1,4,16}, 

graphs satisfying

0 j +  0 ; ^  and 0 ; ' 0 j ^

In order to  describe the three examples, we need the following definition. 

Let v4, B  be disjoint m-vertex subsets of a graph L. We say there is an induced 

mofching /rom A fo B  in L if the bipartite subgraph of B dehned by the set 

of edges between A and B  is isomorphic to mBT2 -

We form the n-vertex graph B  as follows. Let V (B ) =  % U F  U T' 

(disjoint union), where n =  0 (mod 4), n >  32, |X | =  |y | =  |y '| =   ̂ and

=  y  U y . Add edges so that there are induced matchings from % to 

in B  and from Y  to Y' in B .
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Each of the three examples will be formed by adding edges to H.  For 

each of the three values of j  it is easily checked th a t X  and Y  are /,-se ts  of 

the constructed graph and respectively, so that satishes equality

in the established bounds. In each case we remind the reader of the /,-se t 

definition.

/  =  1 Subset 5" is an /i-set if each a E 5" is an S'-spn and has an 5'-epn. Form

H* from H  by adding edges so th a t H* [F] is complete.

j  = i  Subset S  is an / 4-set if each a E 5  has both an S'-ipn and an S'-epn. In

this case we require n =  0 (mod 8). Form H* from H  by adding edges

so that 77* and 77* [F] are isomorphic to and respectively.

/  =  16 Subset 5" is an /le-set if each a E 5" has an 5"-epn, has no 5"-ipn and is 

not an 5'-spn. Form 77* from 77 by adding edges so that 7f* [X] and 

* [F] are isomorphic to and C », respectively.#



Chapter 5

A Lower Bound for the

CO-Irredundance Num ber

In this chapter we establish a necessary and snfScient condition for a CO-

irredundant set (i.e. / 31-set) of vertices of a graph to be maximal, and show 

th a t the smallest cardinality of a maximal CO-irredundant set (i.e. the pa­

ram eter coir =  Ç31) in a graph of order n  with maximum degree A is bounded 

below by  ̂ for A =  2 , ^  for A =  3, and for A > 4. This result is 

best possible and extremal graphs are characterised for A > 3. Note that 

our result is the analog for CO-irredundance of Theorem 2.14.

65
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5.1 M aximal CO-irredundant Sets

In this section we establish necessary and sufficient conditions for a CO- 

irredundant set to  be maximal. Let G  =  {V,  E )  be a graph. For any x  6 

X  C V ,  define,

PM31 (a;, % ) U U epM(T, % ).

L e m m a  5 .1  L et %  Ç  y ,  z  E %  ond  u E F  —

p ria i( u ,X  U {u}) =  jV[u] -  N ( X ) .

^ P ^ 3i (a:, %  U {u}) =  pngi (z , X )  -  7V(u).

P r o o f .  I f  !/ E pMai(u, % U {u}) th e n  e ith e r ^  E spM(u, % U {r;}), p  E ip n (u ,% U  

{u}) o r 3/ E e p n (u ,%  U {u}). In  each case 3/ E 7V[u] b u t 3/ ^  jV (% ), th u s  

y  E N[ v ]  — N { X ) .  I f  3/ E N[ v ]  — N { X ) ,  then either y  — v  and v  is an 

(%  U {u})-spn , o r 3/ is ad jacen t to  u b u t no o th e r vertex  in  %  U {u} (i.e. 3/ is 

e ith e r  an  (X  U {u})-ipn  o r an  (%  U {u})-epn). T hus, 3/ E 3)7131 ( u ,X  U {u}). 

A  s im ila r p ro o f m ay  be  used  to  prove p a r t  (ii) o f th e  lem m a. 0

T h e o r e m  5 .2  Let A  6e n CO-ÎTredundoTit se t 0/  G  an d  5" =  y  — A^(%).

T/ieTi A  is d TTidziTTidt CO-iTTeduTidant se t ÿ  ond  07it3/ i / / o 7' e f  e r^  u E AT[5] —

A , t/iere eadsts 071 a;„ E A  suc/i t/iot 3)7131 (a;^, A )  Ç A (n ) .
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Proof. Let X be a maximal CO-irredimdant set and suppose u E F — 

Since X  U {u} is not GO-irredundant, there is an E X  U {u} such that 

PM31 U {u}) =  0. I f  3;  ̂ =  u, then by Lemma 5.1(i), N[u] Ç 7V(X) and 

thus u  ̂ Otherwise, E X  and by Lemma 5.1(ii), Ç

AT(u).

Conversely, suppose that X  is not a maximal CO-irredundant set. Then 

there exists u E y  — X  such that % U {u} is a CO-irredundant set. Since 

pu3i(u, X  U {u}) 7  ̂ 0, by Lemma 5.1(i), jV[u] — jV(X) ^  0 and thus u E 

— %. However, for any z  E %, p»3i (3;,% U {u}) ^  0, and so by 

Lemma 5.1(ii), p7%3i(3;,X') ^ N(u). 0

Let 3; E X  and u E 7V[5'] -  X  (where g  =  y  — X (X )). Theorem 5.2 

motivates the following definition. For the remainder of this chapter, we will 

say u onmhiWea (or is an of) 3;, if pn3i(3;,X) Ç X(u).

5.2 The Bound

For a given n  and A, let G be any edge-minimal graph with n{G) ~  n, 

A(G) < A and coir a minimum. Let X  be a maximal CO-irredundant set of

G  with |X | =  coir. The set X  induces the following partition of the vertex
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set:

}^ =  {a:6 % ||A r(z )n % | =  0}

=  {z € X||7V(z) n %| =  1 and a; has an %-ipn} 

la {z E %||7V(z) n X | > 2 and z has an %-ipn}

=  {z  E %||Ar(z) n  %| =  1} -  

=  {z  E %||AT(z) n % | > 2 } - ] ^

^  =  U iex  Gp»(z, X )

C =  AT(X) -  (g  U X) 

g  =  y  _  jV[X].

Let |} |̂ =  2/«, for i =  1,2. Notice that io, and ^ 2  form a partition

of X  and th a t the set S  defined in Theorem 5.2 is equal to  Fq U g ,  so th a t

TV[6 ]̂ — X  =  7V[g] U N(}o)- We will use this fact, without mention, for the

remainder of this chapter.

The following four preliminary results will be used in the proof of a lower 

bound for coir.

L em m a 5.3 Jjf n E g  onnihiWea z  E then z  ^ 7V(n).
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Proof. This follows directly from the definition of B, the definition of the 

word annihilates and the fact that u ^ 0

Lem m a 5.4 Tjf 6 ^  onmhiZofea z  E fhen z  hoa no %-gpn ond no 

%-zpn.

Proof. If z  is an %-spn or has an %-ipn, then o is adjacent to some 2/ 

(possibly z) in % and so o ^ E, a contradiction. 0

The next result follows directly from the definitions of Y2  and Zi.

Lemma 5.5 7 /z  E Zi, then jV(z) n % =  {%/}, where 2/ E Ig-

Lem m a 5.6 Tf w E B onnihdotes 2/ E Tg ond JV(w) D % =  {z}, then z is 

the on/t/ %-ipn 0/ 2/ ond z  E 2%. farther, z  is onnihiWed 62/ aome uertez 0/  

JR. 7/̂  in addition, 2/ has on %-epn, then z  is onnihiiated 62/ more than 

A — 2 vertices in E.

Proof. From the definitions of sets B and }g, it is clear that z E and 

that z is the only X -ipn of y. Since w annihilates y, w ^ Â [E] U N{Yq) 

and thus w is adjacent to some n E A. If n does not annihilate z, then n 

annihilates some other vertex of X  and therefore has degree a t least two. 

Consider G* =  G -  wn. Clearly, N e .  [A] U Ç  U and
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each vertex of U TYg* (Yo) annihilates a vertex of % in G*. Thus, % is

a maximal CO-irredundant set of G*, coir{G*) < coir{G) and G* has fewer 

edges than G. This contradiction shows that u annihilates z.

If y  has an X -epn, then w is adjacent to z and to the X-epns of y and, 

hence, to at most A — 2 vertices of 0

Theorem  5.7 For A =  2, coir > /or A =  3, coir > ond /or A > 4,

> 3^ .

Proof. By Theorem 5.2 and Lemma 5.4, each vertex of A annihilates at least

one vertex of Zi  U Zg. Let be the number of vertices in R  th a t annihilate

z E Z\  U Z 2 - Then

w < E (5.1)

Define the following sets:

A* — {z E Zijr^ > A — 1},

A^

z  E Z i |0 <  <  A — 1},

z E %i|rz =  0 and |jV(z) O B| =  A -  1},

z E Z i \T;̂  — 0} — Ag, and
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^4 =  G =  0}.

Let |Ai| =  di, for i G {1 ,2 ,3 ,4}, and |A[| =  ai;, for i G {1,3}. I t is clear th a t 

=  A* U Ai U Ag U As (disjoint union) and Zg =  Ag U A4 (disjoint union). 

For each z G A* and w G pu3i(z, %), ui is adjacent to z and vertices 

of jR. Since deg(w) <  A, this implies

^  r ,  =  ^  (A -  1) =  (A -  l)oI. (5.2)

For each z G A2 and u; G priai(z, J^), w is adjacent to  z, vertices of .R and

a t least one other vertex (as w annihilates some y E X { y  ^  z ) h y  Theorem 5.2 

and Lemma 5.3). Thus,

<  ^ 2  ( ^  "  2) <  (A — 2)03. (5.3)
ZEA2 Z^Â2

Therefore, from (5.1), (5.2), (5.3) and the definition of Ai,

M <  E  ’■-
zEZiUZg

zE Ai ÊAg zEAgUA3UA4

< (A — l)fl* T (A — 2)(di T  dg) +  0. (5.4)

Let

B \  — B  n A (̂AJ U Ai U A-2 U Lq),
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B 2  — B n  iV(A| u  Ag u  A4),

Bg =  B  n and

B4 =  B n N (} ^ ) .

Notice th a t B i, Bg, Bg and B4 form a partition of B. Let be the number 

of vertices of B i that annihilate z 6 Zi U ^2 U Lg.

Since each element of B \  is in iV[B] U N {Y q), it annihilates some z 6 

Zi U ^2 U ^2, and thus

| B i | <  ^  6,. (5.5)

Now partition  I 2 into the following four sets:

D  =  {%/ E =  0},

Do =  { ^ e } ^ - B | | W ( 2/ ) n B | = 0},

=  {3/ G }2 — DHN(^) n  B | =  1} and

D 2 =  { ! / E } ^ - D | | Æ ( 3/ ) n B | > 2}.

Let di = \Di\ and d — |B |.

For z e  Zi n  7V(Di U D 2 ) let d^ be the number of X-epns of y, where 

{y} ~  N̂ ('Z) n  {D\ U D 2 ). If z E ((Zi U Zg) — (Z% n  N(^Di U D 2 ))), let d^ — 0.
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Suppose that ^  0. Then z € Zi H jV(Di U D 2 ) and so z G is an 

%-ipn of 2/ G (Di U Dg) Ç ^2 . The dehnition of U Dg implies that 6̂  >  0.

Therefore, some w G B  annihilates  ̂ G } 2 , and so TV (tu) n  X  =  {z}. By 

Lemma 5.6, 1 <  <  A — 2, and we conclude that z G Hence,

di +  2dg <  ^  dg. (5.6)
zeZiUZa zeAi

If dz ^  0, then the vertex w defined in the previous paragraph is adjacent 

to z, vertices of B, 5̂  vertices of Bi and d̂  vertices of B 3 . For z G Zi U Z2  

with d̂  =  0, any X-epn tu of z has these adjacencies. Since deg'(tu) <  A, we 

conclude that <  (A — 1) — — d%. Hence,

y i  ^  ^  [(^ - 1 ) -  —df] . (5 .7 )
Z^ZiUZ2 —-̂ 3 ^^ZiUZ2 —-A3

If, in addition, z G Ag and u G B annihilates z, then v  is adjacent to the

A — 1 %-epns of z and to some t/ G %. Since dep(u) <  A, t; ^ AI[B] and

thus V G N(Yq). This implies

^  bz <  min f A*/o, [(A -  1 ) -  -  d,]
\  zeA; /  (5.8)

=  min (Ai/o, (A -  1 )0 3 ) .

If z G ^ 2  and bg ^  0 then by Lemma 5.6, z has exactly one %-ipn, tu G Zi. 

However, tu is adjacent to z and at most A — 1 other vertices. Thus b̂  <
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(A — 1). Hence, from inequalities (5.1), (5.5), (5.6), (5.7) and (5.8),

|Bil < b.

=  ^  bz,+ y ]
zeÂ UAiUAa A3UVI4

<  (A — i ) ( o*+ u i + og 4- U3 + A 4) — ^2
zeZiuZz Z6 A1

+  min(Ayo; (A — l)Gg) +  (A — l)(c?o +  fii +  dg)

< (A — l)(a* +  (2 x 4~ +  A3 +  0 4  +  do) +  (A — 2)di 1
> (5.9)

+  (A — 3)^2 +  min(A|/o, (A — 1 )0 3 ) — \R\- j
Each vertex of ^4 is adjacent to a t least two vertices in X  and thus is

adjacent to at most A — 2 vertices in B. Hence,

IB2 I =  ^  M z ) n B |

=  ^  |N(z) n  B| +  ^  |jV(z) n B| +  ^  |]V(z) n B|
.sÇAg zÇ.Az ZEA4

<  (A — 1 ) 0 3  +  (A — 2 ) 0 3  +  (A — 2 )0 4 . (5.10)

For !/ € Ig, let =  |7V(*/) n Zi| and let Zy =  |7V(;/) (1  ( I 2 U ^ 2 )]. By

Lemmas 5.5 and 5.6, do+di+^yg^uD: 4  =  4  ^  If  ̂ G D 2 , then

by Lemma 5.6, z is adjacent to at least one  ̂E 1 2 UZ2 . Thus, ^ 2 eD2 Zz ^  (Z2 .
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jBgl < A | D U D 2 I +  |Di| -  ^  A y- ^  ly
y€D\JD2 y&DUD2

< A((i +  ^2) +  rfo +  2di — \Zi I — c?2 

=  Ad +  do + 2di +  (A — l)dg — + cti +  3̂ "h ng).

(5.11)

Furthermore, IB4 I <  (A — l)|F i|. Therefore, by inequalities (5.9), (5.10) 

and (5.11):

ji?| +  \R\ ^  (A — 1)(a^ +  Gi +  02  +  03 +  0,4 +  do)

+  (A — 2)di +  (A — 3)dg +  (A — 1)03 

+  (A — 2)03 +  (A — 2)0,4 +  Ad +  do 

+  2di +  (A — l)dg — (o* +  oi +  O3 +  03)

+  (A -  1)|}^| +  min(A{/o, (A -  l)a^)  ̂ (512)

=  (A -  1)3/1 +  (A -  2 )n; +  (A -  2)oi 

+  (A — l)fl2 +  (A — 2)03 +  (2A — 4)03 

+  (2 A — 3)04 +  Ad +  Ado "f Adi 

+ (2A — 4)d2 +  min(Ayo5 (A — 1 )0 3 ).
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The number 77 of edges incident with a vertex in C  and a vertex in X ,  

satishes

(5.13)
2|C |< T 7<  A|T6| +  ( A - l ) ( |} ^ |  +  |^i|)

+  (A — 2)(|}^| +  IZ2I) — |B |.

Therefore, by inequalities (5.4), (5.12) and (5.13),

2n =  2|To| +  2 |y i| +  2 II2I T  2\Z\ \ +  2I.Z2I 

+  2 |g | +  2|7(| +  2 |C|

<  (A +  2)|T o | +  (A +  l)( |T i| +  \Z\\) +  A(|F2| +  l^al)

T |B |T 2 |A | (by (5.13))

< (A +  2)2/0 +  (A +  1)2/1 +  At/2 T  2Aa^ +  (2A — l)a i

T  (2A — 2)0.2 T  (A +  l)og +  (A +  1)03 +  A04 (by (5.4))

+  |B | +  |7Z|

<  (A +  2)2/0 +  2A7/1 T  (3A — 2)oj +  (3A — 3)oi 

T  (3A — 3)02 +  (2A — 1)03 +  (3A — 3)0.3

+  (3A — 3)0.4 T  2Ad -j- 2Ado +  2Adi T  (3A — 4)^2 

+  min(A2/o, (A -  1 )0 3 ) (by (5.12)).
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By re-ordering the terms on the right hand side, we obtain 

2n < 2Ado 4- (3A — 2)a* 4- (A -f- 2)yo (2A — 1)0.3 

4- inin(Aî/0) (A — l)og) -+■ 2A(d +  di 4- yi) (5.14)

4- (3A — 3)(oi 02 4- 03 4- 04) 4" (3A — 4)dg.

Let z £ A \  and w G pri3 i(z, X ) .  Then w is adjacent to  z and to  A — 1 

vertices in Since w G by Theorem 5.2 there exists a G % such

that Ç jV(w). Clearly pngi(?/«„%) =  {%} and by Lemmas 5.5

and 5.6, ŷ ,, G Dq. This implies th a t y-̂ j is adjacent to exactly one vertex of 

Z\  U Lj (namely z) and thus a* <  do. Let Xi — do — a* and X2  =  2o*. Then

and

3:1, 372 >  0

3̂ 1 4" 2̂ 2 — oî 4- do

2Ado 4“ ( 3 A — 2 ) 0 * — 2A xi 4- (—A — 1)^2-

From (5.14) and (5.15) we deduce

2n <  (A 4- 2)yo 4- (2A — 1)03 4- min(A^/o, (A — 1)03) 

4- (3A — 3)(ox 4- 02 4~ 03 4" 04) 4- (3A — 4)dg

4- 2A(d 4- di 4- 2/1 4- x\)  4- ( - A  — Ijzg.

(5.15)

(5.16)

We now make further substitutions which depend on the minimum in- 

cluded in (5.16).



C ase 1 If A 2/0 >  (A — l)o^, then let

A — 1  ̂ 2A — 1 *
3:3 =  3 /0 -------- ^ ^ 3  — (Z3
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C ase 2  If A%/o <  (A — 1 )0 3 , then let

Z3 =  Og
A -  1

3/0 and T4
2 A — 1 
A ^ 3/0.

Then

(i) in both Cases 1  and 2 , zg, Z4  >  0  and

X3 +  2:4 — ag +  2/0

and

(ii) (A T  2)yo +  (2A — l)ag +  min(Ayo) (A — 1)03)

(A +  2 )3:3 (Case 1 )
(4 A ^ -A -2 )

2 A -1  -^4 T  S

(2 A — 1 )3:3 (Case 2 ). 

From (5.16) and (5.17) we obtain

(5.17)

2n <  (3A — 3) (ctx T  (%2 T  T  04) +  (3A — 4)^2

T  2A (d +  d i  +  3/1 T  3:4) +  (—A — 1)3:2 

+  m ax(A  +  2 , 2 A - 1 ) 3:3 +
2A — 1

(5 .18)
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Let h{A)  be the largest coefficient on the right hand side of (5.18). Since 

+  3:2 +  2:3 +  3:4 =  do +  a* +  0 3  +  ?/o (by (5.15) and (5.17)), it follows from 

(5.18) that

2n <  h(A)[yo +  2/i +  (d +  do +  di +  dg)

+  ( f l i  +  +  G 3  +  C S 3 ) +  ( 0 2  +  0 4 ) ]

=  /r(A) (3/0 +  3/1 +  3/2 +  ;%! +  %)

and therefore

2 n <  A(A)|X|.

It is easily seen that

if A =  2

3 A - 3  i f A > 4  

and so the result follows immediately from (5.19). #

(5.19)

5.3 Extremal Graphs

For n even (respectively odd) let % be an vertex subset of C» whose 

induced subgraph contains no edge (respectively one edge). Further, for n 

odd let % be an independent set of of cardinality ( ^ 1  -
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In each case (by Theorem 5.2) X  is a maximal CO-irredundant set and 

so Cn (and for n  odd) are extremal graphs for the bound (and its obvious 

improvement for n  odd) of Theorem 5.7 in the case A =  2.

Now suppose th a t H  is an edge-minimal graph which attains the bound of 

Theorem 5.7 for some n  and A >  3 and let X  be a maximal CO-irredundant 

set of with |X | =  coir(G).

L em m a 5.8 The partitwn o /y ( .f f)  induced X  deuefoped in 6 "ection

satisfies:

(a) D = Di = D'2 = Y(y = Yi = AI —

(h) M ;| =  \D„\.

Ccj =  X3  =  X 4  =  0 .

(d) (i) \B\ =  \B iI — (A — 1)|A*| -j- 1X21.

(ii) 2|(7| =  (A — 2)|T*| 4- (A — 3)|A2|. 

(Hi) |7?| =  (A — 1)|A*| + (A — 2) 1̂ 421.

(̂ ej T!uch z E X* joina A — 1 uerticeg o /B  and o uertez in Dg. Tlfrfher, 

each member 0 /  X (z) D B  joina z and each member 0 /  a ueriei aubaet 

5" Ç E, where |5̂ | =  A — 1.
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Eoc/i iie/fea; o/Dg w o(ÿacen( (o one (;e7iea; o /A i, one feNea; o/AgUDo 

on j  A  — 2 oefttcea m C.

Æi'ocA z € ^ 2  jomg one t;e;iez o/ B, fwo t̂ eTficea *n Ag U Do ond 

A —3 ?;e7i%cea o/C . j%r(Aer, _;oin5 z, one ô Aer t;erfea; o /#(v4g)nB  

and A — 2 t;ert:cea o/ JR.

BocA uerfez o /C  w ocÿacen  ̂ (o e%ac% ^wo t êrficeg o/Ag U Do- 

Boc/i uer(er o /B  onniAiWea ezoc% one t êrfez o /X .

(j) I f  A  = 3, then ^g =  0 and i f  A  > 5, then A{ = Dq = 0.

P ro o f . Since H  a ttains the bound, we have equality in all the inequalities 

used in the proof of Theorem 5.7. Therefore,

all variables in (5.18) with coefficients strictly less than
(5.20)

h(A), are zero,

i.e. for A > 3,

d = di = d2 = yi = X\ = Xs = X4̂  = 0.

Now Tg =  Z4 =  0 implies th a t Ug =  % =  0 and do — ô  =  =  0. Therefore,

(a) and (b) are established.
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Now (c) is shown to be true. If A =  3, then (5.20) yields ai = = 0.

T herefore, we need  only  consider th e  case A  >  4 .

Suppose (contrary to the statement) that z 6  A*. Equality in (5.7) 

implies th a t 6 % =  A — 1  >  1 , and thus there is a w E Bi  which annihilates z. 

From (a), yo = 0 and so w is adjacent to some y G Aj U U Ag. Equality 

in (5.2), (5.3) and (5.4) yield r,, >  A -  2. Since w E pnai(%/,%), it follows 

that in is adjacent to at least A  — 2 vertices of A. Further, from (5.10) we 

deduce \N{z)  n  B\  =  A — 2. Since w annihilates z, this implies th a t w  is 

adjacent to at least A — 2 vertices in each of B  and R  and to y. Thus, 

deg{w) >  2A — 3 >  A. This is a contradiction which shows th a t A4 =  0.

Suppose  th a t  z  E A i U A3. B y L em m a 5.5 an d  (a), z is ad jacen t to  som e 

1/ E ^2 =  Do. U sing (b), we deduce th a t  A* ^  0 . For each n E A* choose 

Wy E prisi{v, X ) .  In view of Lemma 5.5 and (a), let N{v)  fl Dq =  {y^} and 

D* =  {i/^jn E A*}. Now since in„ E TV [A], i t  an n ih ila tes  som e u  E % . B y 

d eû n itio n  o f A^, in^ is ad jacen t only  to  1; a n d  to  A  —1 vertices o f A . I t  follows 

th a t u = yy and by Lemma 5.6,

^ (z /„ ) n  Z i =  {n}. (5.21)

Equation (5.21) implies th a t \D*\ >  |A*| and so from (b) we deduce th a t D* =  

Do. T h is  eq u a lity  a n d  (5 .21) show th a t  can n o t exist. T h is  c o n trad ic tio n
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proves th a t A i U  = 0. Thus, (c) is established.

O bserve th a t  (a) an d  (c) im ply  th a t  %  =  A* U A2 U Do. T h is  fac t w ill be

used in the remainder of this proof without mention.

Equality in each of (5.4), (5.9), (5.12), (5.13) to g e th e r with (a), (b) and 

(c) im p ly  (d).

W e now establish (e)-(h). From the definition of D q  and Lemma 5.4 

we deduce th a t for y  G D q ,  =  0. Thus, equality in (5.7) implies th a t 

6  ̂ =  A  — 1. H ence, by L em m a 5 .6 , ^  is ad jacen t to  exactly  one v e rtex  Zy 

of A{. Since by — A  — 1, Zy is adjacent to the A — 1 annihilaiors of y in jB 

and to y .  It follows, from (b) and the definition of D q ,  th a t each z  e  A {  is  

ad jacen t to  A  — 1 vertices of H  a n d  one vertex  o f Dg, a n d  th a t  each y 6  Dg 

is ad jacen t to  a  v e rtex  o f A* an d  a  vertex  o f A2 U Dg. I t  is easily  seen th a t

|fV (A * )n B | =  (A  -  1) |A Î |. (5.22)

Equality in (5.2) implies th a t each z  6 A* is annihilated by A — 1 vertices in 

R . T h u s , if w  €  N (z )  n  B , th e n  tu is ad jacen t to  z a n d  to  th e  A  — 1 vertices 

of R  which annihilate z. Hence, (e) is established.

By the definition of a CO-irredundant set, each vertex of A 2  has at least 

one % -epn . T ogether, (d), (5.22) an d  th e  defin ition  o f B  im ply  th a t  |fV (A 2)n 

B | =  1^21, a n d  th u s  each v e rtex  o f A2 is jo in ed  to  exactly  one v e rtex  of B .
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Hence, each vertex of Ag is joined to two vertices of A2 UD 0  and one vertex of 

B. Now we have accounted for A (respectively three, two) vertices adjacent 

to each vertex of A* (respectively A 2 , D q ) .  Therefore, from (d) and the 

definition of C, it follows th a t each vertex of A\,  A 2  and D q  is adjacent to  0, 

A — 3 and A — 2  vertices of C, respectively, and each vertex of C is adjacent 

to two vertices of DoUAg (establishing (f) and (h)). For each z E A2  equality 

in (5.3) (respectively in (5.7)) implies that z is annihilated by A — 2  vertices 

of E  (respectively one vertex of B). Since each vertex of TV (A*) n  B  has 

degree A, this implies, for each y  E (N {A 2 ) n  B), th a t y is joined to exactly 

one z E A2 , one vertex of B n  A 2 and the A —2 vertices of R  which annihilate 

z. Thus, (g) is established.

Together, Theorem 5.2 and equality in (5.1) imply (i). P art (j) follows 

directly firom (5.20). 0

T h eorem  5.9  Tet G =  (P, B) be 0  grmph tuith A(G) >  3. Then G ot-

tains the bound established in Theorem 5.7  i f  and only if, for some minimum  

GG-*TTedundan( set % 0 /  G, the portitmn 0 /  G induced bÿ % deueZoped in 

5^ection 5.̂ )̂ autis^ea conditions in Temmo and

onp edge nn in G, which is not regained bp conditions is such

that {u, u} is a subset o /G  or B.
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P roof. Let be an edge-minimal spanning subgraph of G with maximum 

degree A(G) and cm r(ff) =  coir(G). Then, by Lemma 5.8, has CO-

irredundant set X  with cardinality coir{H) and the partition of F  in 

induced by X  satisfies conditions (a)-(j). Thus each vertex of X  U -B (in this 

partition) has degree A in G. It follows th a t the partition of F  in G induced 

by X  is the same partition of F  in induced by X  and this partition satisfies 

conditions (a)-(i) in G. Condition (k) follows from Theorem 5.2 and the fact 

th a t no vertex of C  annihilates a vertex of X .

Let G be a graph with CO-irredundant set X ,  whose partition of G 

induced by X  satisfies conditions (a)-(k). Theorem 5.2 shows that X  is a 

maximal CO-irredundant set. It is easy to check th a t |X | attains the bound 

established in Theorem 5.7. 0



Chapter 6

Open Irredundance and 

M axim um  Degree

This chapter is concerned with open irrednndant sets (aliases / 2 i-sets, or OC-

or open irrednndant sets). The param eter of interest is oir{G), the smallest 

cardinality of a maximal / 21-set. The main result is Theorem 6.13, a lower 

bound for the ratio ozr(G)/n involving the maximum degree A. This is the 

analog of Theorems 2.14 and 5.7 for open irredundance.

We restrict ourselves to isolate-hee graphs since ozr(G)/n may be ar- 

bitrarily small if isolates are perm itted. The case A =  1 is trivial, where 

oir((7) =  and if A =  2, then each component of G is a path or a cycle

86
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and it is easy to see th a t oir{G) > Hence, we assume th a t A >  3.

6.1 M aximal Open Irredundemce

We ûrst establish a necessary and snScient condition for an / 2 1 -set to be

maximal. Recall from Section 1.4 th a t X  Ç R is an / 21-set if for all u e  X ,

X  (u) — X  [X -  {it}] =  epn (n, X ) 0.

The following result is obvious, its proof is omitted.

Lem m a 6.1 Let X  Ç y, u E X  ond u E F  — X. TAen 

epn (u, X  U {u}) =  X  (u) — X  [X], ond 

epn (u, X  U {u}) =  epn (u, X ) — X  [u].

Our next proposition characterises the maximality of / 21-sets.

P ro p o sitio n  6 . 2  Let X  6 e a / 2 1 -get 0 /  G and R =  F  -  X  [X ]. TAen X  w 

a mozimat / 2 1 -set ÿ  and onti/ ^

/or each u E X  (R) there eiists E X  such that epn (up, X ) Ç X  [u].

(6 .1)
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P roof. Suppose % is a maximal / 2 1-set and let u G TV (A). Then u is adjacent 

to some r G jR. By maximality, % U {n} is not an / 2 1 -set. Now, by Lemma

l( ï ) ,  r G N  (v) — N  [X] which implies that epn {v, X  U {«}) 7̂  0. Hence for 

some u« G X , epn (u^, X  U {u}) =  0. By Lemma !(%%), epn(u^,X ) Ç TV[u]

as required.

Conversely, suppose that condition (6.1) holds and let u G C — X. If 

ï; ^ X  (A), then X  (n) Ç X  [X] and so, by Lemma l( i) , epn (u, X  U {n}) =  0 

and X u {u }  is not an / 2 1 -set. If u G X  (E), then by (6.1), epn (%«, X ) Ç X  [n] 

for some Uy G X. By Lemma 1(m), epn (u«,X  U { u } )  =  0. Again X  U { u }  is 

not an / 2 1 -set and so X  is a maximal / 2 i-set. 0

In view of Proposition 2 we make additional definitions. We emphasise 

th a t the following is a new definition of annihilation required for maximality 

of / 2 1 -sets. It is therefore a different definition from th a t of C hapter 5.

If 0 ^  epn (u, X ) Ç X  [u], where u G X  and u G y  — X , we say u is 

by u, and n nnni/iiZofes u (or n is an of u), written

V u.  Further, if u  is the only vertex of X  which is annihilated by v  we 

write n A  n.
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6.2 Preliminary Results

Let H/\  be the set of all isolate-free graphs with maximum degree A > 3. We 

will consider pnira (G, X ), where A  is a maximal / 2 1 -set of a graph G E

Define

A (G, X ) =  jÿ j .

Partition y  into % U B  U G U 72 (disjoint union), where 

B =  (J ep n (u ,X ), 1̂ 1

G =  {u E y  -  X  : |iV (u) n %| >  2 } , |G| = c

G =  {m £ G : u is an annihilator} , |G| =  c

B  =  y  -  N  [X ], |B| =  r.

When we require additional maximal / 21-sets, such as X "  and X*,  we 

define partitions X ” U B"  U C" U R"  (disjoint union) and AT* U B* U G* U R* 

(disjoint union) analogously.

Let |W| =  r. For each u E %, let B^ =  epn (u, X ). For i =  1 , 2 . . . ,  A, let 

=  {u E % : |Bu| =  %}, |%i| =  =  UuEX(Bu and |}^| =  i/r Note that

Finally let A =  |_^^J and define % =  |J AT̂ and F  =  |J
i=2  «=2
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We now define fifteen properties th a t the pair {G ,X)  may possess.

P I . % 18 independent and each n E % has degree A.

P 2 . The sets A and C are independent.

P 3 . Each vertex in Æ is adjacent to exactly one vertex in B  U C.

P 4 . For each annihilator n E B  U C, deg (n) =  A.

P 5 . For ni E Bu_, where i =  1,2 and ni ^  % (possibly tii — ng), ning E

E  {G) if and only if

ni E AT (B) and n% A  ttg, or % E ./V (B) and n2  A  «i. (6.2)

P 6 . For each n E B^ and w E C, nw E B  (G) if and only if

w E N  (B) and w A  n. (6.3)

P 7 . H n E % is annihilated by n E BUG, then each w E B^ is an annihilator. 

P 8 . Each in E B  is an annihilator.

P 9 . If A =  3, then c = =  0.

PIO. If in E Fi where i >  2, then |AI (in) fl B| >
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P l i .  If u E % and w E (B^) H B, then w A  w.

P12. For 2 =  1,2 let 2;̂  E B^. where E %, 2Ji ^  % (possibly ni =  ng).

Then Uit;̂  E B if and only if

(a) for ail w E B ^ , N  (w) f ] Y  — — {w}

and (b) for ail w E B»,, 7V(w) n Y  =  B^^ -  {w }.

P13. Let n, 2; E % and 2a E B^. If 22; - i  2;, then 22 =  2;.

P14. Let 22; E Bu where 22 E Then 222 —> 22 or 22; annihilates a vertex of

X i.

P IS . Each 22 E % satisûes one of the following:

(a) u is annihilated by exactly vertices of (B U C) — Ti

(b) 22 is annihilated only by vertices of Yi

(c) 22 E % 2  and u is annihilated only by vertices of B„

P16. If 222 E C and 222 22, then 22 E

For each z =  1 , 2 , . . . ,  16, define the param eter 6, of G by

1 if (G, X) has property P i

0 otherwise.
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The remainder of the proof of the lower bound for o%rjn has two principal 

parts. Firstly, lemmas will show that for each pair (G, %) there exists a pair 

%') satisfying

=  1 for 2 =  1 , 2 , . . . ,  10 and 2 =  12,13, . . . ,  16 (6.4)

and

<  A(G,%).

It will then be sufficient to establish the lower bound for graphs G  G "Ha 

with a smallest maximal / 21-set X  such th a t { G, X)  satisfies (6.4). This 

second part of the argument is achieved in Theorem 6.13.

Lemma 6.3 For enc/i 2 =  1 , 2 , . . . ,  11, (G, %) =  1 /or eoch /  =  1 , 2 , . . . ,

2 — 1, (hen there erists o poir ((?',%') sotis/pmp (C , %') =  1 /or each 

j  =  1 ,2 , . . .  ,2  and A ((?',%') < A (G,X). Moreover egnahtp in this tatter

inequality is possible only i f  G' is a spanning subgraph of G.

Proof. In this proof we repeatedly form a pair, say (G /X '), from a pair 

(G,X). The fact that X' is a maximal / 21-set of G' will follow from the

properties of (G, X) and an application of Proposition 2 in the form:

The / 21-set X ' is maximal if and only if each v e  N  {R') annihilates some 

vertex of X'.



93

1. Suppose th a t 5i {G, X )  =  0. Form G* from G by deleting all edges of 

G [X]. Let G' be the graph obtained from two disjoint copies of G* 

by joining, for every v e  X  with degg, (v) =  A — j  {j > 0), j  new 

vertices to both copies of n in G*. Now %% the union of the two copies 

of % is an /gi-set of G' and the new vertices are in Gh Each vertex of 

TVg' is an annihilator so X' is a maximal / 21-set of G' satisfying 

A (G\ %') < A (G, %) and J (G', T )  =  1.

2 . Suppose (G,%) =  1 and (̂ 2 (G, =  0. Let niU2 E ^(G) ,  where

vi,V 2  e  R  OT vi, V2  G G; define G" = G — viV2 - Note th a t G" is a 

spanning subgraph of G. Then 5i (G") =  1, hence A (G") =  A. If 

Ui G A, then G Ng (E) and hence, by Proposition 6.2, degg (uj) >  2, 

hence degg,, (n̂ ) >  1, for i =  1,2, and so G" G ?^A. If G G, for 

i =  1, 2, then obviously G" G Ha-  Now X ” =  A  is an / 21-set of G" and 

is maximal since Ng„ Ç Ag (A) . Hence, A(G",A") =  A(G,A).  

By repeating the process for other (possible) edges in 72 or G, we obtain 

a spanning subgraph G' of G with the desired properties.

3. Suppose 5 i { G , X )  =  (G, X )  =  1 and (G, A ) =  0. Since R  is 

independent and G is isolate-kee, each vertex in 72 is adjacent to at
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least one vertex in B u C .  Suppose u E B is adjacent to distinct u, u' E 

B U C. Construct G" by deleting uu' and joining u' to a new vertex 

in B. Now =  % is a maximal / 21-set of G" and A (G'% <

A (G, %). Repetition of the construction (if necessary) yields (G%AC) 

with (G% AC) =  1, for % =  1 ,2,3.

4. Suppose that 5̂  (G, AC) =  1, for i =  1,2,3, and 64 (G, Af) =  0. Let 

deg (u) =  A  — j, j  >  0, for some annihilator u E B  U G. Form G" by

joining v to j  new vertices and let X ” =  X.  The new vertices are in 

R!'. The set X" is a maximal / 21-set in G" with A (G", X") < A (G, X ) .  

Repeat this construction, if necessary, for other vertices in B  U G to 

obtain (G', AC) with the desired properties.

5. Suppose that 6 . (G, AT) =  1, for i =  1 , 2 , . . . , 4, and (^5 (G, AC) =  0. If

condition (6.2) is satisfied, then viv^ E E  (by definition of annihilation). 

Therefore, suppose that U1U2 E B but (6.2) is violated. Let G" be the 

graph obtained from G by deleting viv^, and if Vi is an annihilator, 

joining to a new vertex. Define AC' =  AT. Note that any new vertex

is in R".

Since the two conditions (ui E TV (B) and Ui A  Ug) and (u2  E AT (B)
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and V2  A  ui)  are both false,

X" is a maximal / 2 1-set of G" and A (G'% AT") <  A (G, AC),

with equality only if G” is a spanning subgraph of G. A pair {G', X ' )  

with the desired properties is obtained by repeating the construction.

6 . Suppose that 6  ̂(G, AT) =  1, for * =  1 , 2 , ,  5, and (G, AT) =  0. If

(6.3) holds then vw Ç. E  (by the definition of annihilation). Let v G 

w e  G, vw Ç. E  and (6.3) be violated. Form G" from G by deleting 

vw, and if w (respectively v) is an annihilator, joining w (respectively 

u) to a new vertex. Let AT" =  AT and note that any new vertex (if 

it exists) is in jR". Since (6.3) is false, AT" is a maximal / 2 3 -set of G" 

satisfying A (G", AT") <  A (G, AC) with equality only if G" is a spanning 

subgraph of G. Repetition of this construction produces the required 

pair (G',AC').

7. Suppose that (G, AC) =  1, for i =  1 , 2 , . . .  , 6 , and 6 7 (G) =  0. If

=  { 6 }, then 6  — u. Hence, suppose that |Bu| > 2, w E B» is not an

annihilator, and v u. Let

Dyj =  (a  E N[w)  n  (B U G)| s is an annihilator } .

By Proposition 6.2, in ^ 7V(B) and u E D w  Form G* from G as follows:
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(i) For each a E join a to a new vertex. Observe that at least 

one vertex has been added since t; E

(ii) Delete w.

Since w ^  No(R) ,  G* has no isolates and since we added at least 

one vertex in the formation of G*, G* had at least n  vertices. The 

graph G* has maximum degree A (since G has property P 4 and u is 

an annihilator) and so G* E 9/^- Each vertex of % has an %*- 

epn in G*, jVc, (E*) =  jVc (E) U and each annihilator in G is also 

an annihilator in G*. Also by definition, each member of D* =  Dy, 

annihilates some vertex of X  in G and, hence, some vertex of in 

G*. We conclude that is a maximal / 2 1-set of G* and A (G*, %*) <  

A (G, JA). It is easy to check that (G*,X*) satishes P2, P3, P5, P6. 

From (i) in the construction of G*, it follows that (G*, %*) also satishes 

P4 Repeat this process as necessary to construct (G", %"), which 

satishes (G", %") =  1 , for z =  2 , 3 , . . . ,  7. As in 1, construct (G \ %') 

from two disjoint copies of (G", %") as follows. If for u E X" =  X*, 

(a) — A — / ,  join /  new vertices to each copy of u in G'.

Let X '  be the union of the two copies of X "  in G'. It is evident th a t G' E
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?^A, T )  =  1, for 2 =  1,2, .  . . , 7 ,  and A %' )  <  A(G",X") <

A (G, %), as desired.

8 . Suppose (G, X ) =  1 , for % =  1 , 2 , . . . ,  7, and <̂g (G, %) =  0. Then the 

set

W  = {u Ç. AT I there is a w G which is not an annihilator}

is non-empty. Let u E Then there is a E which is not

an annihilator and A >  \BJ\ =  > 2. By P7,  u  is not annihi­

lated. Therefore, by P 5  and P6, deg (re„) =  1. Suppose /„ >  0 vertices 

Uui, nw2 , . . . ,  Util,, in Bu are annihilators. By P4, deg =  A for each 

j  = 1 , 2 , ,  lu, and each v^j  is adjacent to at least one vertex in B; 

say fuj is adjacent to vertices in B  U G. Since n is not annihi­

lated, these Suj vertices belong to B  — B^ (by P5 and P6). By P4,

\N (vj) n  i?| =  A — Sj — 1.

We hrst construct a set of pairs (G ,̂ AT') for % =  1 ,2 , . . . ,  A. The graph

G i is formed from G by processing each u as follows:

lu
(i) Delete all vertices of (B^ -  {w^}) and all vertices of |J  (TV (n^j) D B).

i= i

Observe that by P 4, (m^ — 1) 4- (A — — 1) vertices have

been deleted.
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(ii) For each j  =  1 , 2 , . . . ,  and each z E TV H B), join z to a new 

vertex. Observe that Suj vertices have been added.

Dehne =  %. Using P 5 , P 7  and the fact that n is not annihilated 

in (G, % ), we conclude that each vertex of TV (Bi) is an annihilator for

(Gi, JV^), i.e. is a maximal / 21-set of G%. Let ui and be the 

vertices of Gi corresponding to  u and respectively, and note th a t 

dege, (%) =  A  -  (mu -  1).

For each T — 2 , 3 , . . . ,  A, let G, be obtained from G by joining the vertex 

which corresponds to to A — 2 new vertices and let TV* =  X.

Next form the pair (G*, X*), where G* is obtained from Gi, Gg, . . . ,  G^
A

by joining to for each % =  2 , 3 , . . . ,  A, and X* =  |J XL Each
i=\

vertex of N q* (R*) is an annihilator for (G*, X*) ; in particular, each 

Wui = 1 , 2 , . . . ,  A annihilates ui. Thus, X*  is a maximal / 21-set of G*.
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N ow  G* E 1-̂ *1 =  A z  a n d  th e  n u m b e r  o f  v e r tic e s  in  y  (G *) is

(A — Suj — 1) — (m„ — 1) +  Suj +  (A — 1) (A — 2)
J=i j=iuew

= A M + yAmu .
uSW

(A  — 1) (A — 2) — (m^ — 1) — (A — 1) +  2 ^  ^ Suj
i= i

^  Ay* +  [(A — lu — 1) (A — 3)]
uew

>  A n  s in ce  Z,. <  A  — 1, A  >  3 .

Hence, A (G*, %*) <  A (G, %). The construction of G* ensures that

Si (G*) =  1, for i =  2, 3 , . . . ,  8.

Now form (as in 1) G' by joining — 1 new vertices to  Ui  in each of

two copies of G* (for every u E and let AT' be the union of the two

copies of AC*. Then (G% AC') is the required pair.

9. Let A =  3 and suppose 6̂  (G, AT) =  1, for i =  1 , 2 , . . . ,  8, and 6g (G, AC) =

0. If w E G, then w is adjacent to a vertex in B  and, by P 6, to a  vertex 

in AZ. Since w is also adjacent to at least two vertices in AT, it follows 

that deg (w) >  4, a contradiction. Hence c =  0 and we may assume 

that Xs ^  0. Let u  G X s  and consider Wi G B u,  for * =  1,2, 3. By PS, 

each Wi is an annihilator and, thus, is adjacent to a vertex in B.  Hence, 

by P 5 , E ZV (A). Then E Afi (otherwise deg(w^) >  3),
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where possibly w, =  ttj for i ^  j; say TV(tUi) D JV (ui) =  {u^}. Note 

that t;i - }  Degree considerations also show that w* is adjacent to 

exactly one vertex E A. Construct G* by deleting Wg and Zg and 

(in addition to the edges incident with wg) the edges ViWi, for 2 =  1,2; 

then joining wi  and IV2 , and finally joining each for i — 1,2,3,  to 

a new vertex Si (where the g, are all distinct). In G*, wi  and W2  -> u 

and so every vertex in IV (Æ*) is an annihilator. Hence, % is a maximal 

open irredundant set of G*, A (G*) =  3 and |y  (G*)| >  |F  ( G) | , so 

that A (G*, %) < A (G, %). It is also easy to see that (G*, %) =  1, for 

2 =  2 , 3 , . . . ,  8. Repeat this process as required to construct (G", X") 

such that (G", %") =  1, for 2 =  2 , 3 , . . . ,  9 . Now construct (G% X') 

as in (1) from two copies of G" by joining j  new vertices (in C )  to u 

in each copy of G' for each 22 in with degc"(^) =  A — j . Let 

be the union of the two copies of X ” in G'. Then Si {G',X ')  =  1, for 

2 =  1, 2 , . . . ,  9.

10. Let (G, =  1, for 2 =  1, 2, . . . ,  9, and fio (G, %) =  0. Suppose that

w E Bu, where 22 E for 2 > 2 and |IV (20) (1 B| < By P 4 and 

P 8,2u has at least A neighbours in B U G. Form G'" from G by

(i) deleting all vertices in {221} U (IV (20) n B) and
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(ii) for each v E N  (w) H (B UC) ,  joining n to  a new vertex.

Note that

|y  (G'")| = n -  (1 + 1# (w) n A|) + (w) n (B u C)|

/  A - 2 \  A

> n.

Define X '"  =  X.  Then X ' ” is a maximal / 21-set of G'", and A {G'", X'")  < 

A (G, %). Repeat this process as necessary to form (C ,  %"), which sat­

isfies (G", X") =  1, for i =  2, 3, . . . ,  10. Form (G% X') from (G'% X")

as in 1 and notice that A (C , %') < A (G", X").

11. Let (G, X)  =  1, for i =  1 , 2 , . . . ,  10, and 6n (G, X ) =  0. The set

IT =  i ï i  6 %| for some w E N(Bu) n  B, w A  n is false j

is nonempty. Suppose n E IT, n E B«, tu E B, nin E B  (G) and

A  is false. By P8, w — z (where z u).

Construct G* from disjoint copies G% and G2 of G, as follows. The 

vertex sets corresponding to % in Ĝ  will be denoted by while the 

copies of u, n,w,G,  B, etc. in Gi will be denoted by Ui, Ui, Wi, Gi, Bi,
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etc. This notation will also be used in subsequent lemmas. For each 

u G W ,  perform the following three operations:

(i) Join U2  to  each vertex of — {ui} and delete all edges between 

ui and Bu^ -  {ui} .

(ii) By definition of X ,  2 \Bu\ <  A +  1. Hence, |B„| — 1 <  A — |B„| =  

|ArG(u)nC| .

Choose D  Ç Wcg (ug) n Cg of cardinality — 1.

Join Ui to each vertex of D  and delete all edges between ug and 

D.

(iii) By P 8 , P 4  and PIO,

| j V ( u ) n ( B u C ) |  <  | N( u) nJ^| ,

so we may choose R'  Ç N q  ̂ {vi)f]Ri of cardinality \N  (v) n  (B U C)|

Join to each vertex of TVc, (ug) (1  (Bg U Cg) . Delete each edge 

between ug and IVo, (ug) n  (Bg U C g). Join ug to each of B'. Delete

each edge between Vi and R'.

Now C* G Let A* =  U Any vertex (except possibly ug)

which annihilated ug in (Cg, X^), now annihilates ui  in {G*,X*).
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Form G** &om G* by:

deleting edges fiWi, ügWg,

adding the edge ?;in2 , and

joining each of Wi, Wg to a new vertex,

for each it E IF. Now % — and for % =  1,2, Wi — in (G**, %*),

so that is a maximal / 2 1 -set of G**.

Construct G" from G** by edge deletion and vertex addition (if nec­

essary) as in 5 and 6  and let X" =  It is easy to check that 

(G",%") satishes P I ,  P 2  . . .  ,P 10 and A(G",X") <  A(G, X) .  Since

|S " J  > \Bu \ , repeated application of this process (if necessary) yields 

(G% %') with the desired properties. 0

L em m a 6 .4  7/ 6  ̂ (G, %) — 1, /or % =  1 , 2 , . . . ,  1 1 , tAen 6 1 2  (G, %) =  1 .

P roof, (a) Let Ui0 2  E L'. From hypothesis and P l l ,  it follows that -4  U2 . 

Suppose there exists w E satisfying wug E E, where U3  E B», and

U3 E AT. By P l l ,  U3 A  ui, which implies UiU3 E E. Again by P l l ,  ui A  U3 .

Hence, U2 =  U3 as asserted.

The proof of (b) is similar and the converse is obvious. 0
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Lemma 6.5 Le( (G, %) =  1, /orz =  1,2, . . . ,  12. T%en f/iere (C , %'), 

(C ,X ') =  1 /or % =  1,2, . . .  ,9,10,12,13 ("nô e 11 ia nol preaenlj, and 

A (G ',X ') <  A (G ,X ), wilA egwof% on/;/ */ ( C ,X ')  =  (G ,X ).

Proof. Suppose that 1^13 (G, X ) =  0. Then, using P l l  and P12, there exists

a non-empty set W  of disjoint vertex subsets {u, v, w}  of G, each of which 

satishes:

{u, n} Ç X , w E Bu and w —> u,

each vertex of (respectively B^) annihilates v (respectively u), 

no vertex of (respectively B„) annihilates u (respectively u) 

and if {u, 0 , 1 0 } and to'} are in IV, there are no edges

between the sets (B„ U By) and (B„/ U B „/) .

For {u, u, w} 6  W dehne

= {y ^  B  U C\y  -4- u} ,

Ay = {y E B U  C\y  -4 n} , 

and A =  Au U (disjoint union by P6 and P l l ) .

We form G* from two copies G i, Gg of G.

For each {u, v ,w }  e W  perform the following constructions (i) - (v) for * — 1 

and i = 2  and then perform constructions (vi) and (vii).
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(i) Delete all edges between U and (B^ U C,).

(ii) For each z E B̂  ̂ -  {w;} (respectively z E B^J join z to |yL| -  1 

(respectively — 1 ) new vertices.

(iii) Since n E %, |jV (w) H B| >  (PIO). Now, in G, ( P l l ) ,

hence, by considering edges incident in G with w and using P 4 , PS , 

we obtain |v4u| +  (w) D B| +  1 <  A, which gives |Au| <  A

similar argument shows th a t \Ay\ < and so for j  =  1 and j  = 2 

I At, I <  \N [wj] n  jRjl. This facilitates the construction:

Delete |At,| vertices from N  {wj) D Rj.

(iv) Join Uj to each vertex of B̂  ̂ — {wj} and delete all edges from Uj to

(v) Join Wj to each vertex of Aj.

(vi) Let B  be a subset of A c (n) D G with cardinahty |Bu| — 1 . Such a B  

was shown to exist in the proof of Lemma 3, 11 (ii).

Delete all edges from vi to B i (respectively ug to Bg) and join wg to 

each vertex of B% (respectively, ui to each vertex of B g).

(vii) Join each z E Ai U Ag — B̂  ̂ — B^, — B̂  ̂ — B^, to a new vertex.
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Using Properties of (G, X ), deûnition of VU and Proposition 2, it is easy 

to check that G* E and U is a maximal / 2 1 -set of G*. The

difference n(G*) — 2n(G) is given by

2 [i\Bu\ — 1)(|^m| — 1) +  {\By\){\Ay\ — 1) — |Ay| +  |A| — I-Bui — |-Bu|]
{uju.ujjew

— 5 3  2 [|-Bu||v4u| — 2|Bu| +  |Bu||Au| — 2|.Bu| + 1]
{u,v,w}ew

~  5 Z  2  [ | - B u | ( | y i u |  — 2 )  +  | B „ | ( | y l u j  — 2 )  +  1]  >  2 | 1 U | .

{u,v,w}ew

Hence A(G*,%*) <  A (G, %). Now form (G% %') from (G*,%*) using the 

constructions of 4,5 and 6  in the proof of Lemma 3. Then (G% %') has the 

desired properties. 0

L em m a 6 . 6  (G, X ) =  1 , /or% =  1 , 2 , . . . ,  10,12,13, then 6 1 4  (G, %) =  1 .

Proof. Suppose that w E B ,̂ where u E %. By P8, w annihilates some 

u E %. By PIO, u E %i U % and so by P13, u E or u =  u. 0

L e m m a  6.7 Let Si (G, X ) =  1, for i — 1 , 2 , . . . ,  10,12,13,14. Then there 

eaTwts (G% X') with (G% X') =  1, /or i =  1 , 2 , . . . ,  1 0 ,1 2 ,1 3 ,...,  15 and 

A (G ',X') <  A (G ,X ), with equality only i/(G ',X ') =  (G ,X ).
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P roof. Suppose that <^15 (G, X ) =  0. Then there exists a non-empty set 

Q Ç % such that for each u E Q, (a)(b)(c) of P 15  are all false. For « E Q 

and in E P 1 4  asserts that in —> u or in annihilates a vertex of For 

u  E Q, define Ay_ =  {n E {B U G) — Y \ \v —  ̂ ix} .

We form G* from two copies G% and G2 of G by processing each u E Q 

as detailed below. There are diEerent cases which depend on properties of u. 

C ase 1 in —> n.

By P 12  each vertex of annihilates it.

(i) For j  — 1, 2, delete all edges from to {Bj U Cj ) .

(ii) For each n E (B^  ̂U B^J -  {w i}, join n to |Au| -  2 new vertices.

(iii) By PIO, |7V(in) n B | >  =  [y j ,  and since P15(a) is false,

I A i I <  which implies |2 lu I <  |_yj. Hence, |A i| <  (in) nB|,

which allows the construction:

delete |A i| vertices from (wi) D B i.

(iv) Join 112 to each vertex of (B«  ̂ -  { w i} ) . Delete each edge from iti 

to (Bui -  { w i} ) .

(v) Let D  be a subset of N c , (112) n  G2 of cardinality |Bu| — 1 .

Join ui  to each vertex of D  and delete all edges from «2 to D.
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(vi) Join to each vertex of U — {w i} .

(vii) Since P15(c) is false, if n  E Xg n  Q,  then ^  0 . Hence,

\Au\ >  3 and the following construction adds at least two new 

vertices.

If w E Q n %2 , then for each n E and j  =  1,2, join to

a new vertex.

We show th a t the change in the number of vertices due to the processing 

of each u E Q is positive:

If u E n  Q, where i >  3, then

Pu =  (2i — 1) (|Au| — 2) — \Au\ ■

Since each u E annihilates u, |/L | >  i and so

Pm ^  2i (i — 3) +  2 >  2.

If u E % 2  n  Q, then

Pu — ^ (I Au I — 2) — I Au I +  2 (|Au| — |Bu|)

=  4 | A u | - 1 0 > 2 .

Case 2

By P 12 , no vertex of Bu annihilates u and so by P 14  each vertex of Bu

annihilates a vertex of Xi .
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(i) For j  =  1,2, delete all edges between and (Bj U Cj) -  F ĵ (Fij is 

the copy of Fi in Cj).

(ii) Join each €  (B^  ̂ — {w i}) U B^a to |Au| new vertices.

(iii) Delete |Au| — 1 vertices from (wi) fl B i.

(iv), (v) and (vi): same as Case 1.

(vii) Delete an edge from Wi to F̂ .

The net increase in vertices by processing u is given by

Pu = (2% — 1) \Au\ — {\Au\ — 1)

=  2 (2 - 1) K |  +  1 >  1.

Using the hypothesis and Proposition 2, it is easily verihed that %* =  U 

is a maximal / 21-set of G*. The bounds for Pu show th a t A (C*, X*) < 

A ( C , X ) .  The pair (C*,X*) satishes P I , P 2 , and PS. Form (C ',X ') by 

following constructions 4, 5 and 6 of Lemma 6.3. This pair has the required 

properties. 01

L em m a 6.8 Let (C, X ) =  1, /or 2 =  1 , 2 , . . . ,  10,12,13, . . . ,  15. T%en 

there earista (C , X') to%th 6̂  (C , X') =  1, /or % =  1 , 2 , . . . ,  10 ,12 ,13 , . . . ,  16 

and A (C , X') <  A (C, X) ,  with egnoZity only 2/  (C , X') =  (C, X ).
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Proof. Suppose that (G, %) =  0. Then there exists w e  G and n E
  A

X  -  U %) =  U such that u; u. Form G" E %A from G as follows:
k+l

(i) Delete each vertex of TV (w) H TZ.

(ii) Join each vertex of N  (w) n  B to a new vertex.

(iii) Delete all edges from w to B.

By P2 and P4,

[TV (u;) n + |N (w) n %| 4- |TV (w) n B| < A.

Noting that |TV (w) D %| > 2, we obtain

-  I TV (w) n TZ| > |TV (w) n B| + 2 -  A.

Therefore,

n (G") -  n (G) > 2 |TV (w) n B| + 2 -  A 

> 2 ' ^  +  1 1 I -  A +  2 >  0. (6.5)

By Proposition 2, X" =  % is a maximal / 2 1 -set of G" and (6.5) shows 

that A (G", %") <  A (G, %). It is easily checked that (G", AT") satishes P i ,  

P 2 ,. .. ,P10 and (since u ^ AT) P12,P13,... ,P15. Repeated application of 

this process (if necessary) yields (G% %') with the desired properties. 0
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Because of the above lemmas, it is sufficient to establish the lower bounds 

for any pairs having properties P 1 ,P 2 , . .. ,P10, P12, P 1 3 , . .. ,P16. Hence­

forth, (G, will denote a pair with these properties. We need a dehnition

and further lemmas.

A - k l
Recall k . For i = 2 ,3 , . . .  ,k ,  define 

A -t- 1
— -—  vertices of ( B U C )  — Yi annihilate u

2

Zi =  E

For all other values of i (i.e. i =  l , k  +  l , k  +  2 , . . . , A)  , let 

L em m a 6.9 f /u  E and w E (hen w — n.

Proof. The hypothesis implies that % E {2 , 3 , ,  A}. Let A» =  {u | n  -4- n} . 

By definition of annihilation,

Au Ç N  [tc] — R. (6.6)

Using (6.6), P4, P8 and PIO we obtain

< | W M - ^ I  = A -  I AT M n A| < A -

Therefore, each inequality among these relations is an equality and so |A„| =  

I TV [w] — A|. By (6.6), wETV[w] — A =  Auas  required. 0
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L em m a 6.10 7 / w G C U [ |J |J j , (Aen w onmAzWeg ezoc% one
\i=3u(zXi—Zi /

t;e)iea;.

P roof. If 10 G (7 , then the result follows directly hrom P 6 . Hence, we

consider w € Bu, where u E X i  — Zi for i  >  3. By P 8, w annihilates a t least 

one vertex, so suppose, contrary to the statem ent, th a t w annihilates distinct 

vertices u i  and ttg. For j  — 1,2, let vj E Buy  Then for j  =  1,2, VjW E E  and 

since to A  ttj is false, P 5  asserts that

Oj A  tf. (6.7)

There are now two cases depending on the value of t.

Case 1 3 < t < A.

Now tt E %, P 15(a) is false because w ^ Z, and P15(c) is false since t >  3. 

Therefore, P15(b) holds, i.e. u is only annihilated by vertices of Ti. By (6.7)

vi E Ft and so ui E X i .  Hence, vi annihilates both u and Ui, contrary to 

(6.7).

C ase 2 A +  1 <  t <  A.

By P 1 6  (respectively PIO) no vertex of C (respectively P  — Yi) annihilates

u .  Hence, u  is only annihilated by vertices of Ft and we contradict (6.7), as

in Case 1. 0
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For the pair ( G , X ) ,  let H  =  G[B iJC] .  The next result gives a lower 

bound for rj, the degree sum of H.  Let \Zi\ = Z{, for % =  1 , 2 , . . . ,  A.

L em m a 6.11

T] ^  2^2 T  2c +  2 ^  ixi T  (A — 3) %2 T ^  (A i — ^  — A — l)  

P roof. We partition B  U C into four sets Wi, Li, where:

1̂ 1 =  U

k

W'2 =  U  U
2=2 v(̂ Z{

% =  ( u  U  B. ) u c ,
1̂2=3 v^Xi—Zi

and

= U
uGiXi

For in e  Wi U W2 U W3, let 1; (in) =  deg^ (in) +  |lVg (^) FI . We will 6nd,
3

for each i =  1 ,2 ,3 , a lower bound for % =  Y] ^ (in). Then ^  % will give
ii;6Wj 2=1

the required bound for 77.

C ase 1  in E Wi.

Let in E Bu, where it E % 2  — ̂ 2 - By P 8 , degg (in) >  1 and so

1/1 >  |W i | =  2 (%2 — Z 2 ) . (6 .8)
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C ase 2  w e  W2 .

Let w e  where 6  for 2 <  % <  A. By Lemma 8 , w — u. By dehnition

of Z,, w is adjacent to the other vertices which annihilate Hence,

’t e s E E ( ^ ) >  = E ( ^ ) - . -  (6-9)
1 = 2  reZi \  /  ( = 2  \  /

C ase 3 w e  W3 .

By P 8 , PIO, P 1 6  and Lemma 10, w A  n e  % U . If it e  %, then P15(b)

and (c) are false and we conclude that P 15(a) holds. Hence,

It e  for some i e  2 , 3 , . . . ,  A or n e  %i. (6 .1 0 )

By Lemma 9, each u G Z,; is annihilated by precisely — i) vertices of

U c l  — (Fl U Bu).  By P I S  none of these vertices is in By,  where v E X .
A

Hence, all of them  are in (J F  U C  Ç H 3. We emphasise:
i= fe+ l

for i =  2 , 3 , . . . ,  A, each u G Z% is annihilated by precisely 

 ̂ i ) vertices of W3.

By (6.11) if M  =  <1 w G Ws\w —> u G (J z A ,  then

A

(6 .11)

wÇiM i=2

Further, by (6.11) and Lemma 6.10

A

^  degg (w) >  ^  (6 .1 2 )
lÊiC-A/f 9 ^ '

1^1 =  ^  (6.13)
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Now each w G W 3 —M  annihilates a vertex of X i  (by (6.10)), hence 77 (w) >  2. 

Hence, by (6.13),

weWÿ—M

> 2 (|W-3| -  E  0 - E (
\  i = t + l  «=2 \

^   ̂ -  i I 2. I (6.14)
2

The sum of the right hand sides of (6.12) and (6.14) is a lower bound for %. 

We substitute
A

IW3 I =  (a;̂  -  Zj) % +  c
i= 3

into (6.14) and obtain

y ]  +  2 c +  2  % -  2  y ]

(6.15)

This completes Case 3.

Therefore, by (6 .8 ), (6.9) and (6.15),

17 >  77i +  % +  %

>  2 (a:2 -  Z2 ) +  ^  2 +  (&U terms of (6.15)).

A A

=  2x2 T  2c T  2 'y  ̂iXi +  (A — 3) Z2 -t- y~^ (Ai — — A — l)
i= 3  i=3

as required. 0
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Lemma 6.12 ^  A > 3, (Aen

A

c +  ^  < (A — 1) +  2 (3:2 — Z2) +  ^   ̂—g— 1 -2̂1-
i= 2  i= 2   ̂ /

Proof. By P8, PIO and P16, each w E U c l  — Yi annihilates n E 

% i U %. Since w ^ 1^, P  15(b) is false. Hence, n  satishes:

(1) n E %i, or

(2) n E for some 2 <  z <  A, or

(3) n E % 2  — ^ 2  and n is only annihilated by vertices of B».

For each of these cases we obtain an upper bound for the number of

vertices which annihilate u.

If « E X i, then u is annihilated by a t most 

A — 1 vertices of ^B U c l  — Yi. (6.16)

If M E Zj for 2 <  i <  /c, then u is annihilated

by  ex ac tly  — vert i ces o f ^ B  U (6.17)

H M E % 2  — ^ 2 , then u is annihilated by at most

tw o vertices of ^B  U c l  — Fi- (6.18)
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By (6.16), (6.17) and (6.18),

+ ^ 2 / « — (B U c l  — Yi < (A -  1) + 2 (z2 -  %) + ^  ^—r—1
:=2 (=2 \ /1=2

as required.

6.3 A Lower Bound for

We now establish the lower bound for oir{G). We remind the reader th a t 

the dehnitions of 6, c, c, r, z, and %/i may be found on page 89 and that

the definition of Zi may be found on page 113.

T heorem  6.13 C hone n uerfxcea and maarimum degree A. Then

' n

>   ̂ -  A =  4

A >  5.

oir (C)
n

(3A -  1)
2A3 -  5A2 +  8A -  1 

P roof. A count of the edges horn C to X  yields

" 4 M "
A

Using (6.19) and the equality b =  ^  z î we obtain
i=l

(6.19)

2 (x +  b +  c) 4  ^   ̂(2 +  i +  A) Xj.
i= i

(6 .20)
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By P 4  and P 8 ,
A

r <  (A -  l)%/i +  (A -  2 ) c -  7).
i = l

Using the bound for 7  ̂ of Lemma 11 and substituting j/i =  we deduce

A

T <  (A — 1 ) X\ 2  (A — 2) X2 +  ^   ̂(A — 3) ixi
*=3
k

+  (A — 4) c — (A — 3) Zg +  (i  ̂ — Ai 4 - A +  l )  (6 .21)

By (6.20) and (6.21)

2 n =  2  (a; 4 - 6  +  c) 4 - 2 r

A

<  (3A +  1) +  (5A — 4) ^ 2  +  [(2A — 5) i 4- (A +  2)] xi
2=3

k
4- 2 (A — 4) c — 2 (A — 3) 2̂2 +  2 ^   ̂ (i^ — A i 4- A +  l )  z .̂ (6.22)

4=3

C ase  1 A =  3.

By P 9 , c =  Tg =  Z3 =  0, hence by (6.22),

2n <  lOazi 4- llccg <  11 (zi 4- z^) =  H r.

Hence,  ̂ ^  as required.

Case 2 A =  4.

Since is non-integral, each z, =  0. Hence from (6.22),

2n <  13ri 4- 16r2 4- ISrg 4-18^4. (6.23)
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However by Lemma 12,

0 ^  c ^  33̂ 1 4- 2 x 2  — (2x2 "b 3.X3 4" 4x4)

which yields 8 x 3 4- 4 x 4  ^  3xi.

Hence, from (6.23),

2n <  13xi +  1 6 x 2 4" 12xg 4- 14x4 4~ (3xg 4- 4 x 4 )

^  16xx 4“ 16x 2 4* 12x$ 4" 14x4

<  16x,

or :  >

Case 3 A >  5.

Let /r denote the relation (6.22) multiplied by (3A — 1). The term involving 

c in /i is

(6 A^ -  26A +  8) c =  (2 A^ -  4A -  6 ) c +  2  (2 A^ -  l l A  +  7) c. (6.24)

The coefficients of c on the right hand side of (6.24) are positive for A >  5.

Therefore, we can apply the upper bound for c given in Lemma 12 (respec­

tively given in (6.19)) to  the first term  (respectively, second term) of (6.24)
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and obtain

(6 A ^ -2 6 A  +  8 ) c <  

^2A  ̂ — 4A — 6) (A -  1)3:1 +  2 (3:2 -  %) +  E
iz=2 \  /  i= 2

X (6.25)

+  2 (2A^ -  l l A  +  7 ) ^
i~l  ̂ ^

Using this inequality in /i, substituting % =  ixi  and simplifying we deduce

2 (3M -  1) M <  (4A^ -  lOA^ +  16A -  2)

+  (2A® +  12 A — 10) X2 H” (A^ — 11A^ 4- 23 A 4- 3) %

+  3 [(2A^ — 2A +  4) i 4“ (2A^ — 8A^ +  12A — 2)] x,

+  E L  [(6A -  2) 2̂  -  (6A^ -  2A) 2 +  (A^ +  5A^ -  A -  5)]

Let /  (A) =  4A^ — 10A^ 4 - 16A — 2. We use the inequality 0 <  

in (6.25) and observe that this implies Oix̂  4-a2 î <  m ax {o i,a i 4- 0 2 } 2 ;̂ , for 

any real numbers and 0 2 - Therefore, the right hand side of (6.25) is at 

most

/  (A) X\ 4“ max {2A^ 4-12A — 10,3A^ — 11A^ 4- 35A — 7} xg 

4- E L 3 max{(2A^ -  2 A 4- 4) 2 4- (2A^ -  8A^ +  12A -  2 ),

(6A — 2) 2̂  — 4i (A^ — 1) +  (3A^ — 3A^ 4~ 11A — 7)}x% 

4-  Ei=fe+i {(2A^ —  2A 4“ 4) 2 4“ (2A^ —  8A^ 4-12A —  2 )} x%.

(6.26)
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We determine the largest coefficient in (6.26).

(i) It is easily seen that the coefficient of 2:2 is less than /  (A), for A >  5.

(ii) For A  >  5, (2A^ — 2A +  4) % +  (2A^ — 8A^ +  12A — 2) attains its max-

imum when i = A  (since the term in each bracket is positive). This 

maximum is equal to /  (A).

(iii) Let p (%, A) =  (6A -  2) -4 z  (A^ -  1) +  (3A^ -  3A^ +  11A -  7). Now

g {i, A) is a minimum when i =  <  k. Hence,

m ^  ^ (i, A) =  max (3, A ) , p (&, A)}
3< «< t

< max j g (3, A ) , g j  .

By (ii) and (iii), the largest coefficient of in (6.26), where i 6 { 3 , 4 , . . . ,  &},

is bounded above by

max ( A ) , 3A^ -  15A^ +  65A -  13, ^ (5A^ -  5A^ +  27A -  H ) j  .

Now

/  (A) -  (3A^ -  15A^ +  65A -  13)

=  A (A^ +  5A) -  49A +  11 

>  50A — 49A +  11 >  0 (since A >  5).
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Moreover,

2
1

/  (A) -  -  (5A^ -  5A^ +  27A -  l l ) =  3A^ (A -  5) +  5A +  7 >  0.

By (i), (ii) and (iii) we see th a t all coefficients in (6.26) are bounded above 

by / (A) ,  hence

2 n ( 3 A - l ) < / ( A ) a ; ,

2(3A - 1 )

as required.

n -  4A3 -  10A2 +  16A -  2

6.4 Some Extremal Graphs

We now give three examples of extremal graphs for the bound given in The­

orem 6.13.

X

Figure 6.1: A graph with n = 22, A  — 3 and oir =  4.
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X

Figure 6.2: A graph with n  =  16, A =  4 and oir =  2.

Figure 6.3; A graph with n =  82, A =  5 and oir =  7.



Chapter 7

A More General Framework

In this chapter we greatly extend the concept of generalised irredundance. 

The work was motivated by the desire to embed not only independence and 

irredundance, but also domination, in a more general framework. The work 

presented is merely an introduction to the topic, with only a few basic results 

included. It is anticipated th a t a rich theory may be developed.

Let ^ be the set of all ordered pairs g =  (h, k) of 4-variable Boolean 

functions. For each of the 2̂  ̂ elements g of we wiU dehne vertex subsets 

of a graph G called g-collections. The class of all g-collections will be denoted 

by $g(G). It will be seen th a t each class 0 /(G ) of generalised irredundant 

sets will equal $g(G) for a suitable choice of g. In addition, for example,

124
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special values of g will make $g(G), equal to the classes of dom inating sets, 

minimal dominating sets, independent dominating sets or to ta l dominating 

sets of G.

7.1 Basic Definitions

We now proceed to develop the definition of g-collections. This defini­

tion resembles th a t of generalised irredundant sets but has two key differ­

ences. Firstly, the Boolean variables involve both private neighbours and 

non-private neighbonrs (defined below). Secondly, in our new definition, ver­

tices of both the set itself and its complement are subject to  neighbourhood 

restrictions.

Let X  e  X  Ç V{G).  Recall th a t for x  G X ,  we define the vertex y 

to be an %-intemal private neighbour (%-ipn) (respectively, an %-extemal 

private neighbour (%-epn)) of z  if g G % — {z}  (respectively, g G V -  %) 

and jV (g ) n W  =  {a;}. The vertex g  G %  — { z }  (respectively, %/ G V  — % ) is 

an neightonr of a; (%-inpn) (respectively,

non-private neighbour (W-enpn)) if {x}  is a proper subset of N{y)  n X .

It should be noted that a; is an X-spn if and only if a; has no X-ipn and
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no X-inpn. Thus, a set X  Ç F  in which no vertex has an internal neighbour 

is au independent set.

For additional motivation of private neighbours, suppose troops are to be 

placed at the vertices of X  of a graph, which models some terrain where sol­

diers may move along edges to either attack adjacent vertices or to reinforce 

them. If, for example, some x  e  X  has an X -ipn y, then the removal of x 

from X  would mean th a t y is vulnerable to attack from V  — X .  Thus, in 

some sense, a; is an essential vertex in If a; has an %-enpn %/, then y could 

be considered easier to attack from X .

Each vertex of % will be categorised based on the type of neighbours it 

has (or types of neighbours it doesn't have). Classes of sets will be formed 

by insisting that only certain categories of vertices be allowed in % and in 

V  — X .  Because of the importance of the complement to this framework, we 

will denote V — X  by X  for the remainder of this chapter.

We will need the two Boolean functions g(a;, X , G) and r(a;, X , G), which 

were dehned in Section 1.4. In addition, we need the Boolean variables 

defined by:

1 if X has an X -inpn in G 

0 otherwise

gi(a;,X,G) =  <
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1 if a; has an %-enpn in G

0 otherwise.

These functions will be denoted g(a;, X ), gi(a;, X ), r(a;, %), and r i(z , %) or

g, gi, r, n ,  when the graph G, set X  and vertex x  are clear from the context.

E x a m p le  7.1. The values of q, çi, r and r\ for each vertex of the vertex 

subset X  of the graph shown in Figure 7.1, are recorded in Table 7.1.

m

Figure 7.1: The graph G for Examples 7.1 and 7.2.

Let h he a Boolean valued function of the four variables g, qi, r and 

The tru th  table of h will be given with the variables in this order and lexico­

graphically with 0 preceding 1. An example of this order (called standard) 

is shown in Table 7.2.

We emphasise that A — G) =  h(g(T, X ), gi(z, %), r(a;, X ), r i(z , %)).

Thus, h assigns 0 or 1 to each x G X  and, hence, may be regarded as a com-
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Vertex a b c d e f

9(3;,%) 0 0 1 0 1 0

gi(z, %) 0 1 1 1 1 1

r(a;,% ) 0 1 1 0 1 1

1 1 1 0 0 0

Table 7.1: Results of Example 7.1.

pound existence/non-existence property of neighbour types of x  relative to 

%.

Since sixteen row tru th  tables are cumbersome, we introduce an alterna­

tive m ethod of specifying of 4-variable Boolean functions.

The ordered pair of values of g and in the truth table of A will be

represented by the decimal equivalent from the set {0 ,1 ,2 ,3}  of the binary 

number qqi (e.g. q =  1, q% — 1 is represented by the number 3, since 

(3)io =  (11)2).

Now fix i € {0,1,2,3} and suppose th a t the entries (in standard order) 

of the tru th  table column of h in the four rows with {qqi) 2  — (i)io, are cq, ci, 

C2 , C3 . Let (ui)io =  (c3 C2 CiCo)2 - Then 0 <  <  15 and (the truth table of)

h is completely specified by the four-tuple [qq, ui, 03]. In fact (somewhat
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imprecisely), we will write A =  [oo, 0 1 , 0 2 , %]- Square brackets are used here 

to avoid subsequent ambiguity.

Example 7.2. The function h dehned by Table 7.2 is specihed by the 4-tuple 

[5,12,0,9].

A vertex subset X  is called an h-ensemble if h{x, X ,  G) =  1 for every 

X E X .  We now present the definition of the central concept of this chapter.

Let g — {h, k) be an ordered pair of the Boolean functions of variables 

q, Qi, r and r i and let Q be the set of all possible ordered pairs g. The set 

X  Ç F  is a g-collection if X  is an A-ensemble and X  is a ^-ensemble. The 

class of all g-collections of G will be denoted ^g{G)  and will be abbreviated 

to whenever possible.

If A =  [oo, oi, 0 2 , U3 ] and A =  [6 0 , &i, 6 2 , 6 3 ], then we write

g =  [oo, oi, 0 2 , Us; 6 0 , 6 1 , 6 2 , 6 3 ]

and if oo =  Oi =  og =  as =  Q (respectively, bg =  6 1  =  6 2  =  6 3  =  6 ) we use 

the abbreviation g =  [a; 6 0 , 6 1 , 6 2 , 6 3 ] (respectively, g =  [0 0 , 0 1 , 0 2 ,^ 3 ; 6 ]). If

oo =  oi — 02 =  03 =  a and 60 =  61 — 62 — 63 =  6 then we will write g =  [a; 6], 

The Boolean function which is identically one will be denoted by 1.

Observe th a t the function pair g =  (h, 1) imposes no restriction on the 

vertices of X . Moreover, the Boolean variable p  used in the definition of
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2 =  0  <

2 =  1 <

2 =  2  <

2 =  3 <

Ç r r\ h

0 0 0 0 1

0 0 0 1 0

0 0 1 0 1

0 0 1 1 0

0 1 0 0 0

0 1 0 1 0

0 1 1 0 1

0 1 1 1 1

1 0 0 0 0

1 0 0 1 0

1 0 1 0 0

1 0 1 1 0

1 1 0 0 1

1 1 0 1 0

1 1 1 0 0

1 1 1 1 1

Oo =  (5)io =  (0101)2

> ai =  (12)10 =  (1100)2

> 02 =  (0)10 =  (0000)2

O3 =  (9)10 =  (1001)2

Table 7.2: Boolean function specification.
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generalised irredundant sets (see Section 1.4) satisfies p <4- g A ^ . It therefore

follows th a t for each /  used to define generalised irredundant sets, 0,f{G) — 

$g(G), for all graphs G and the appropriate choice of the pair Specific 

instances of this equality are included in the following examples.

Example 7.3.

(i) The function g = {q A gf, 1) =  [15,0,0,0; 15]. Each vertex of a g- 

collection X  has no X -ipn and no X-inpn. Thus, ^g{G)  is precisely 

the class of independent sets of G.

(ii) The function p =  (g A 1) =  [0,0,15,0; 15]. Bach vertex of a 

collection X  has an X-ipn and no X-inpn. Thus, $g(G) is precisely

the class of induced matchings (or strong matchings) of G.

(iii) The function ^ =  ((g A ^ )  V r, 1) =  [15,12,12,12; 15]. Each vertex of 

a p-coUection X  either is an X-spn or has an X-epn. Thus, $g(G) is 

precisely the class of irredundant sets of G.

(iv) The function g =  (r, 1) =  [12; 15]. Each vertex of a g-collection X  has
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an X-epn. Thus, ^g(G)  is precisely the class of open irredundant (or 

OC-irredundant) sets of G.

(v) The function g = {{q Aqî )  \/ q \ /  r , l )  = [15,12,15,15; 15]. Each vertex 

of a g-collection X  either is an X-spn, has an X-ipn or has an X-epn. 

Thus, $g(G) is precisely the class of CO-irredundant sets of G.

(vi) The function g =  (g V r, 1) — [12,12,15,15; 15]. Each vertex of a g- 

coUection X  has an X-ipn or has an X-epn. Thus, $g(G) is precisely

the class of 00 -irredundan t sets of G.

(vii) The function g =  (g V (g A ^ ) ,  1) =  [15,0,15,0; 15]. Each vertex of a 

g-coUection X  is an X-spn or has an X-ipn. Thus, $g(G) is precisely

the class of 1-dependent sets of G.

(viii) The function g =  (r V r i ,  1) =  [14; 15]. Each vertex of a g-collection X  

has an X-epn or an X-enpn. Thus, for each vertex n of X , X[i;] 0  X . 

Thus, $g(G) is precisely the class of enclaveless sets of G (see [60] for
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references). Enclaveless sets are also known as non-blocker sets. The 

complement of an enclaveless set is a dominating set.

(ix) The function g =  (1, r  V ri)  =  [15; 14]. Each vertex in the complement 

of a g-collection X  either has an X-epn or an X-enpn. Thus, $p(G) is 

precisely the class of all dominating sets of G.

(x) The function g — (ç A r  V ri) ~  [15,0,0,0; 14]. Each vertex of a 

g-collection X  has no X-ipn and no X-inpn and each vertex of X  has 

either an X-epn or an X-enpn. Thus, is precisely the class of

independent dominating sets of G.

(xi) The function g =  (g V g i,r  V ri) =  [0,15,15,15; 14]. Each vertex of a

g-collection X  has an X -ipn or an X -inpn and each vertex of X  has 

either an X-epn or an X-enpn. Thus, $g(G) is precisely the class of

open (or total) dominating sets of G.

(xii) The function g =  (g A gi A n ,  1) =  [5,0,0,0; 15]. Each vertex of a g-
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collection % is an %-spn and has no %-enpns. Thus, is precisely

the class of all 2 -packings of G.

7.2 Fundamental Results

In this section fundamental properties of the new framework are explored. 

For the purposes of this section and Section 7.3, let

/  =  ( / i ,  / 2 ) =  [oo , o i ,  U 2 ,0 3 ;  6 0 ,6 1 ,6 2 ,6 3 ]  a n d

g =  (m,P2) =  [co,ci,C2,C3;do,di,d2,d3].

We begin with a proposition about a vertex set and its complement.

P ro p o sitio n  7.1 is on /-collection, then % is on h-collection, tohere

/̂  =  ( /2 ,/ l) .

P roof. If % is an /-collection then % is an /i-ensemble and % is an / 2 - 

ensemble. Hence, % is an h-coUection. 0
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We shall write /  g if for every graph G, vertex subset % Ç y  (G) and 

vertex f  E y(G ),

G) g i(u ,X ,G ) if u e  % and

/2(?;,Y,G)=>p2(n,Y,G) i fneX.

P ro p o sitio n  7.2 / / /  g, (hen /or ony graph G, $ /(G ) Ç $g(G).

P roof. Suppose that the vertex subset % E $ /(G ). Then % is an / i -  

ensemble and X  is an / 2-ensemble. Thus, for every T E %, 1 =  / i ( z ,  %) 

gi(a;, %) and for every g E %, 1 =  / 2 (3/, => 2̂ (2/,-^)- Therefore, % is a

gi-ensemble, % is a g2 -Gnsemble and, hence, % is a g-collection. 0

We now present two definitions which will be used in a characterisation 

of /-collections and also to explore the order induced on Ç by the relation

If n and u are Boolean values, ( w ) 2  will denote the binary integer with 

digits (in order) n  and f .  For a graph G and a; E % G y ,  let

(%)io =  (g(z,% )gi(a;,X ) ) 2  and (h)io =  (r(T,% )ri(a:,X))2 ,

and use these values to define:

%f(a;) =  2 and %g(z) =  2 *.
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Consider the partial order X on {0 ,1 ,2 , ...,15} for which n :< 6  if and

only if for each i, the digit in the binary expansion of a is less than  or 

equal to  th a t of b. For example, 10 X 14 but 2 ^  13. The Hasse diagram for 

:< is displayed in Figure 7.2. It should be noted th a t X on (0 ,1 ,2 ,... ,  15} is 

isomorphic to the subset lattice on (0 ,1 , 2, 3}.

ni l
15

1011 1101oil 1110

0011

3
oil0101 1001 1010

0010 0100 10000001

0000
0

Figure 7.2: The Hasse diagram for

1100

12

We now characterise an /-collection in terms of the functions X j  and X e  

and the integers no,. . . ,  %, 6 o, - -, bg.
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Theorem 7.3 ^ t/erfez get % 0/  o grop/i G ia on /-co/Jecfion ÿ  on<i on/  ̂ ÿ  

fl." /or engry z  6 %, %g(a;) X ô , w/ierg % =  %/(T) onj 

/or ei;gn/  ̂ %g(3/) :< wAere /  =  %/(;/).

P roof. The set X  is an /-collection if and only if

Q l; X  is an /i-ensem ble and 

Q2 : % is an / 2 -ensemble.

Let z  E % and suppose (z) =  i and log2 (%g(z)) =  A. By the dehnition

of X, Xe {x )  :< Oj if and only if A, the digit in (0^)2 corresponding to 2*, is 

one. However, by the definitions of Xi{x)  and % g(z), A =  1 if and only if 

f i {x ,X)  =  1. Therefore, P I  if and only if Q l.

A similar proof shows that P 2  if and only if Q2 . 0

P ro p o sitio n  7 .4 7 //or each % E {0 ,1 ,2 ,3 } , o* Q and 6  ̂ X (hen /  => p.

P roof. Suppose that /  g. Then there exists a graph G, A  Ç y  and n E y

such that either n E A , / i ( n ,  A )  =  1 and gi(n , A )  =  0, or n E A , / 2 (n, A ) =

1 and 2̂ (^, A ) =  0. By Proposition 7.1, we may assume n E A , gi(n, A ) =  0 

and /i(n , A ) =  1 . From Theorem 7.3 we deduce that Ag(n) :< ô , where
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2 =  However, :< Ci and so it follows that X q. Hence, by

the proof of Theorem 7.3, =  1. This contradicts the statement that

g i(2; ,X ) — 0 , which shows that /  g. 0

7.3 The Equation 0/̂  = 0 /  n

In this section we use the notation of Section 7.2 for f , g E Q  and, in addition, 

h E where

h =  {hi, A2) =  [sq, Si, S2, S3; to, ti,  t2, ta].

We will prove two sufficient conditions for / ,  g, h to satisfy the statem ent

for any graph G, n (7.1)

which we observe is equivalent to the statem ent

for any graph G, S' Ç V is an h-coUection if and only if S' is 

both an /-collection and a g -collection.

We will use this equivalence without further notice.

Example 7.3 (i), (ix), (x) and Theorem 1.1 show that f  = [15,0,0,0; 15] 

(independent sets), g =  [15; 14] (dominating sets) and h =  [15,0,0,0; 14], 

(independent dominating or maximal independent sets) satisfy (7.1).
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It will be seen tha t for fixed h £ Q, the functions f , g  £ G are not 

unique. We will illustrate this phenomenon in later examples which include 

new characterisations of maximal independent and minimal dominating sets.

To establish the first condition we need additional notation. For a,b £ 

{0 ,1 ,2 ,...,15} , a A b  is the greatest lower bound of a and b with respect to 

the partial order X. Further for f , g  £ G let

/  A g =  [oo A Co, Ql A Cl, 0 2  A cg, Q3  A C3 ; 6 0  A do, 6 1  A di, 6 2  A d2 , 6 3  A d3 ].

Theorem  7.5 h =  /  A g, then /or any graph G, =  0 /  n

Proof.

X  is an hi-ensemble 4*- for every T € % with %f(T) =  i, %g(ar) A Ci

for every z  € % with %/(z) =  i, X g(z) :< a,

and Xg(z) :< q

X  is both an /i-ensem ble and a gi-ensemble.

Similarly, W is an h2 -ensemble if and only if % is both an / 2 -ensemble 

and a g2 -ensemble. Hence, (7.1) holds as required. 0
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Theorem  7.6 For eocA 2 =  0,1,2,3,  Zef / ,  A gaZia/y;

8i :< Oi , (7.2)

onJ gi X Q :< 15 — Oi +  S; , X :< 15 — 6, +  ({. (7.3)

FAen /or gropA (7, $/& =  $ /  H $g.

Proof. By Theorem 7.5, it suhBces to show that h =  /  A g.

Let i G {0 , . . .  3}. Since ĝ  :< Oj and ĝ  X Q, ĝ  a* AQ. We now show that 

o, A Q :< gj. For /  G { 0 , . . . ,  15}, let (m,/)  be the binary digit corresponding 

to 2"̂  in (j)2 .

Suppose th a t (m, o, A q ) =  1. Then

(?7l, Oj) — (îTi, Cj) =  1. (7.4)

But Ci X 15 — ô  +  gj and so from (7.4),

(m, 15 — Oi 4- gi) =  1. (7.5)

If m =  0, (7.4) and (7.5) imply (m, gi) =  1.

If 1 < m <  3, then Si d  o«, implies th a t {m — 1,15 — Oi) and (m — 1, g,)

are not both 1. Therefore (7.4) and (7.5) also imply (m, gi) =  1.

We have proved that for any m  G { 0 ,1 ,2, 3}, (m, Uj A Cj) =  1 implies that 

(m, gi) =  1, i.e. Oi A Ci :< gi. Therefore Oi A q =  gi. A similar proof gives 

5i A di =  ti and so h =  /  A g. 0



141

Given A G Theorem 7.6 may be used to hnd / ,  g G ^ such that (7.1) 

is satished. We emphasise that such / ,   ̂ are not necessarily unique. In fact 

given h we may choose any /  satisfying conditions (7.2) and then select g 

such that (7.3) holds, to obtain solutions to (7.1).

E xam ple 7 .4 . Alternative characterisations of maximal independent sets. 

Let h =  [15,0,0,0; 14] (h-collections are maximal independent sets).

First choose /  =  [15,0,0,0; 15] (/-collections are independent sets).

Observe th a t (7.2) is satisfied. Let 'Hi be the set of all g G ^ such that

Co =  15, 0 <  Cj <  15 for z =  1, 2, 3 and dj =  14 for i =  0,1, 2, 3.

It is easy to check that (7.3) is satisfied for each  ̂ G %i. Hence, by Theo-

rern 7.6, we have the following corollary.

Corollary 7.6.1 For any yraph G and any y G

A  is a maximal independent set i /  and only 

i /A  is independent and A  is a y-coZiection.

Secondly, choose /  =  [15; 14] (/-collections are dominating sets).

Observe that (7.2) is satisfied. Now let 7̂ 2 be the set of ail y G ^ such that

Co =  15, Cj =  0 for i =  1 , 2 ,3  and dj G {14 ,15} for i =  0 , 1 ,2 , 3 .
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Then (7.3) is satisûed for each p 6 % , hence, by Theorem 7.6,

C orollary 7 .6 .2  for  graph G and ang pair g 6

% w a mâ rimaZ independenf se( */ and onJg 

ÿ  % ia dominating and % ia a g-coiiection.

In fact, the following stronger result is implied by Theorem 7.5.

C orollary 7 .6 .3  for  ang graph G, and paira /  E and g E

% ia a mozimai independent aet i/ and ontg

if X  is both an f-collection and a g-collection.

We emphasise th a t other characterisations of maximal independent sets may 

be found with other choices of / .

E xam ple 7 .5 . Alternative characterisations of minimal dominating sets. 

Recall that Theorem 1.2 states that a vertex set of G is minimal dominating if 

and only it is dominating and irredundant. Hence, by Example 7.3 (iii), (ix) 

and Theorem 7.5, if

h =  [15 A 15,12 A 15,12 A 15,12 A 15; 15 A 14] =  [15,12,12,12; 14],

then is precisely the class of all minimal dominating sets of G.

Firstly, let /  =  [15,12,12,12; 15]. Then (7.2) is satisfied. Let %  be the set
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of all g E ^ such that

Co =  15, 12 < Q < 15, for z =  1,2,3, and =  14, for % =  0,1,2,3.

It is easy to check that each g 6 7̂ 3 satishes (7.3) and hence, by Theorem 7.6,

Corollary 7.6.4 For on;/ groph G ond poir g 6

% M o mimmol dommotmg set ^  ond onl  ̂

z/% zs ZTTednndont ond X  w o g-colZect*on.

Secondly choose f  = [15; 14]. Then (7.2) is satisfied. Let be the set of all 

p E ^ such that

Co =  15, c, =  12, for t =  1,2,3, and d̂  E {14,15}, for z =  0 ,1,2,3.

Then (7.3) holds for each g E and hence, by Theorem 7.6,

Corollary 7.6.5 For ony graph G ond ong po:r g E

% is a minima/ dominating set ^  and on/g 

i/%  is dominating and % is a g-co//ection.

The following result is implied by Theorem 7.5.



144

Corollary 7.6.6 For ony groj)/» G, poirg /  E %  and p E

% %g 0 mmimaZ domina^mg aet ÿ  and on/y 

w 6otA an /-coZ/ectzon and a g-cotfectzon.

Example 7.6.

Theorem 3.11 states th a t a to tal dominating set X  of G is minimal if and 

only if X  is a CO-irredundant set. Hence, by Example 7.3 (v), (xi) and 

Theorem 7.5, if /z =  [0,12,15,15; 14], then is precisely the class of all 

minimal to tal dominating sets. New characterisations of these sets may be 

obtained by the technique demonstrated in the previous examples. We note 

that i f /  =  [0,15,15,15; 14] and g =  [12,12,15,15; 14] (the pair corresponding 

to 00-irredundance), then / ,  g, h satisfy (7.2) and (7.3). Hence, we have a 

special case of Theorem 7.6.

Corollary 7.6 .7  For any graph G, a (ofal domzna^zng aet X  za nzznznzal z/ 

and onZg z/ zt za aZao an GG-zrredundant aet.

Yet another characterisation of minimal to tal dominating sets is obtained 

with /  =  [14; 15] (domination) and g =  [0,12,15,15; do, di, dg, dg], where 

di E {14,15}; for z =  0 ,1, 2,3. By Theorem 7.6 we have
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Corollary 7.6.8 for ony gropA G, % ia o mimmoZ (ofof dommo^mg ae( ^  

OM(f on/y % ia dommotmg o^d % w o g-coZZecfton.

Example 7.7.

Recall (Section 3.4) th a t King [68] showed th a t a graph is stable well-covered 

if and only if every maximal independent set is open irredundant. Let /  and 

g be the functions in ^ corresponding to maximal independence and open 

irredundance respectively (i.e. /  =  [15,0,0,0; 14] and g =  [12; 15]) and let

A =  [15 A 12,0 A 12,0 A 12,0 A 12; 14 A 15] =  [12,0,0,0; 14].

By Theorem 7.5, a graph is stable well-covered if and only if $ /  =



Chapter 8

Future Research

For most /  e  JF, very little is known about the structure of 0 / .  We list some 

areas of future research, using the theories of irredundant and independent 

sets as a guide.

1. Lemma 3.1 states that for / ,  p E .F, if /  g', then Qy <  Qg. Are there 

other sufhcient conditions for Qy <  Qg? Are there su&cient conditions 

for gy < Çg? Are there other relations between the parameters Qy, Qg, 

9/,

2. For various functions /  € JF and various classes of graphs, what are the 

values of Qy and/or gy?

146



147

3. In [53], Fellows, Fricke, Hedetniemi and Jacobs found param eter com­

plexity results for each type of set in the Private Neighbor Cube. De­

termine similar results for the other generalised irredundant sets.

4. Determine param eter complexity results for any generalised irredun- 

dant set for a speciûc class of graphs.

5. Find the graphs for which ç/ =  Qf.

6 . Discover bounds for çy, Qy involving other graph parameters, such

as the bounds presented in Chapters 5 and 6. For any such bound, 

characterise the extremal graphs.

7. Further calculations of /-Ram sey numbers.

8 . Exploring analogues of colourings and chromatic numbers. A proper

/  colouring of G is defined to be a partition of V  into /-se ts  and the 

/-chromofic number is the smallest order of a proper /  colouring.

9. What is the behaviour of gy, Q / under edge addition or deletion? vertex

addition or deletion? graph products? Explore the different notions of 

criticality.
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A similar list could be made for the framework introduced in Chapter 7. 

However, there are four fundamental results which should first be considered.

1. For / ,  g 6  Proposition 7.2 states that if /  then for every graph

$ /  Ç $g. Does this hold under different conditions?

2. Find necessary and sufficient conditions which ensure th a t $ /  =  $g for 

all graphs.

3. The notion of a minimEil dominating set has received much attention

in the literature, however, the notion of a maximal dom inating set is 

uninteresting. Similarly, maximal independent and irredundant sets are 

of interest, and minimal independent and irredundant sets are trivial.

For which g E G does it make sense to  study minimal ^-collections? 

maximal ^-collections? both?

4. Determine which classes of ̂ -collections are hereditary and super-hereditary.
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