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Abstract 

This thesis presents a study of the optimal design of a class of six degree-of­

freedom (DOF) closed-chain manipulators. This class of manipulators, which are 

t rmed hybrid manipulators, consist of serial branches, each comprised of actuated 

and passive joints, acting in parallel on a common end effector. Dexterity measures 

bas d on instantaneous kinematic characteristics of the manipulator are used as the 

primary obj ective in isolating optimum designs . 

The fully-parallel Stewart platform, which represents a limiting case of a hybrid 

manipulator where only one joint in each branch is actuated, is first xamined. As 

an initial design step, manipulator configurations (manipulator architectures and end 

effector positions and orientations) optimizing local dexterity are determined. For a 

platform centred reference location and a given length for scaling purposes, a two­

parameter family of optimal configurations is shown to exist. Through the use of a 

new performanc measure based upon gradients of local d xterity measures , a unique 

optimum Stewart platform architecture is isolated from those po essing optimum 

local dexterity. The resulting optimum manipulator architecture is one in which 

the dimensions of the base are twice those of the platform and the linear actuator 

attachment points at the base and platform meet in alternating pairs. 

Hybrid manipulators are then examined. Through consideration of preferred at­

tributes relating to the performance of th manipulator , a specific hybrid chain struc­

ture is selected from possible six DOF structures for further investigation. A class of 

kinematically simple serial-chain branches suitable for the chosen hybrid structure is 
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defined and arguments based upon kinematic equivalency and mobility are used to 

show that only five unique branch structures with revolute joints belong to the kine­

matically simple class. A novel approach to manipulator configuration optimization 

for optimal local dexterity objectives is introduced. This new approach involves find­

ing geometric characteristics of manipulator configurations which optimize dexterity 

and then finding actual manipulator configurations fitting these characteristics. The 

method is applied to find optimal configurations of hybrid manipulators utilizing the 

previously identified branch structures . 
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Chapter 1 

Introduction 

1.1 Serial, Parallel, and Hybrid Manipulators 

The majority of manipulators in use today employ a serial open-chain arrangement of 

their links and associated actuators. This class of manipulators has been extensively 

studied in terms of their design, kinematic and dynamic modeling, and control (for 

example see [1, 3, 38, 53, 56, 61]). When properly designed, the serial-chain struc­

ture provides the benefit of possessing a large workspace volume in comparison to 

the physical size of the manipulator. However , the serial-chain structure has many 

drawbacks . Thes drawbacks include small payload capacity in comparison to manip­

ulator weight, poor dynamic performanc in terms of acceleration capabilities, and 

poor end effector stiffness and therefore poor accuracy. 

A fully-parallel manipulator utili zes a clos cl-chain topology featuring a structure 

whereby all actuators act in parallel to effect a common payload. The number of 

kinematic branches connecting the base and end effector is equal to the number of 

actuators dri vi11 g the manipulator. For xample, the six degree-of-freedom (DOF) 

parallel ma11ipulator commonly referred to as the Stewart Platform [51] is comprised 

1 



CHAPTER 1. INTRODUCTION 2 

of six linear actuators acting in parallel on a common mobile platform. Parallel 

manipulators can provide the benefits of high payload capability, superior dynamic 

performance, and high stiffness and accuracy when compared to serial-chain ma­

nipulators. These benefits come at the expense of a reduced work volume for the 

manipulator. 

Serial-chain and fully-parallel manipulators represent two extrem s of a broader 

class of manipulator structures . This broader class consists of manipulator structures 

containing serial-chain branches, each comprised of actuated and passive joints, acting 

in parallel on a common end effector. Manipulators possessing these structures will 

be termed hybrid manipulators. A serial-chain can be considered to be a limiting case 

of a hybrid manipulator where there is a single branch having all joints actuated. 

Conversely, a fully-parallel manipulator is a limiting case where only one joint in 

each branch is actuated. An example of a hybrid manipulator with three branches is 

depicted in Figure 1.1. Through proper design, hybrid manipulators exploiting the 

advantages of both fully-parallel and serial chain devices can be developed for specific 

applications. 
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Figure 1.1: An Example Hybrid Manipulator Structure 
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CHAPTER 1. INTRODUCTION 

1.2 Previous Work Relating to the Design 
of Closed-Chain Manipulators 

4 

In comparison to open-chain manipulators, closed-chain manipulators have received 

little attention with regards to their design and analysis. Most work on closed-chain 

manipulations has been centred on fully-parallel devices having structures similar to 

that of the so-called "Stewart platform" briefly described in Section 1.1. This struc­

ture was first introduced by Gough [18] in 1962 as a mechanism for an automobile 

tire testing machine. Later work by Stewart [51] (1965) introduced a slightly altered 

version of Gough's mechanism for use as a six DOF aircraft motion simulator. The 

elementary design and kinematics of manipulators possessing this structure were in­

vestigated by McCallion and Truong [31] (1979) as well as Yang and Lee [58] (1984). 

A six DOF parallel manipulator having pantograph leg mechanisms in place of linear 

actuators pairs was designed and analysed by Inoue et al. [23] (1985). A more re­

cent work by Fichter [10] (1986) covers the position, rate and force kinematics of the 

Stewart platform manipulator in an in-depth manner. Fichter's work also includes 

practical design considerations related to the design of the manipulator's associated 

linear actuators and passive joints. 

A systematic study of possible fully-parallel manipulator structures was carried 

out by Hunt [21 ] (1983) and many novel manipulator geometries were introduced. 

Two of the three DO F manipulator geometries proposed by Hunt were later analyzed 

by Gosselin and Angeles [13, 14] (1988,1989) with regards to the optimum architec­

tural (manipulator joint and link layout and dimensions) design of the manipulators. 

These works were among the first to investigate the optimum design of closed-chain 

manipulators through consideration of symmetry, workspace and dexterity of the re-
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sulting device. Dexterity considerations were also used by Ma and Angeles [30] (1990) 

to optimize the design of a six DOF Stewart platform manipulator . To the author's 

knowledge, the last three references represent the only work performed to date re­

lating to the optimum design of closed-chain manipulators for desired performance 

objectives. Many recent works introducing and kinematically analyzing novel closed­

chain designs can be found in the literature [8, 34, 42, 49], but the works do not 

include application of optimum design techniques. Work related to the optimum de­

sign of closed-chain manipulators includes the design of articulated hands [48] , the 

design of parallel actuated linkages for open-chain manipulators [26], and the design 

of parallel drive m chanisms for direct drive robots [5]. 

1.3 Content and Organization of this Work 

The optimal design of closed-chain parallel and hybrid manipulators possessing full 

six degree-of-freedom motion and force capability is examined in this thesis. The 

examination is limited to manipulator structures not possessing joint or actuation 

redundancy. 

Dexterity measures related to the instantaneous kinematics of the manipulator 

are used as the primary objective in isolating the optimum design(s) of the struc­

tures considered . The optimizations are carried out in two basic steps. The first step 

being the isolation of manipulator configurations (manipulator architectures and end 

effector positions and orientations) optimizing local dexterity. Local dexterity being 

defined as the dexterity at a single point in the manipulator's workspace. This first 

step generally follows that utilized in some of the previous design optimization works 

mentioned above [13, 14, 30, 48]. The second step of the design optimization proce-
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<lure is the isolation of a unique manipulator architecture from those with optimum 

local dexteri ty through the consideration of performance objectives with global impli­

cations . In this manner, a manipulator with optimum local characteristics and best 

overall performance can be found. This method is particularly well sui ted to parallel 

closed-chain manipulators which are generally employed in applications requiring the 

use of only a portion of the manipulator's workspace. 

The displacement and instantaneous kinematics (velocity and for ce) of parallel 

and hybrid manipulators must be investigated and understood before any design op­

t imization can take place. In Chapter 2, solut ions to the inverse displacement, inverse 

velocity, and forward static force problems are formulated for a hybrid manipulator 

of general structure. These solutions are applicable to both fully-parallel and hy­

brid manipulators of general structure. The forward di splacement, forward velocity, 

and inverse static force problems are discussed with regards to direct , iterative, and 

numerical methods of obtaining their soluti ons. 

The concepts of dexterity, manipulability and singular configurations are intro­

duced and discussed in Chapter 3. Dexterity measures related to both the positional 

range of motion of the manipulator (geometric dexterity measures), and to those 

quantifying the instantaneous kinematic characteristics of the manipulator (kinematic 

dexteri ty measures) are examined for their applicability to the design of closed-chain 

devices . Kinematic dexterity measures are further examined from mathematical and 

geometrical viewpoints through the use of a singular value decomposition of the 

instantaneous transformation matrix of the manipulator under consideration. The 

frame and unit variabili ty of kinematic dexterity measures are discussed with regards 

to the physical meaning of the measures a.nd the consequences of a change in the 

frame of reference or in a change in the unit of length measure. 
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The treatment of required background material ends with a discussion of singular 

configurations of closed-chain manipulators. The singular configurations are classified 

according to their two basic types and are examined for their causes and the resulting 

behavior of a manipulator in or near singular configurations of both types. 

The optimization of manipulator configurations and architectures begins in Chap­

ter 4 with an investigation of the fully-parallel Stewart platform. The general struc­

ture of the manipulator is described and parameters characterizing its architecture 

and end effector spatial displacement are developed for optimization purposes as 

design variables. Utilizing the instantaneous kinematic equations developed in Chap­

ter 2, configurations optimizing local dexterity of the Stewart platform ( quantified by 

the condition number of the instantaneous force transformation matrix) are found for 

a platform centred frame of reference and a given characteristic length for scaling pur­

poses. Relations defining the resulting family of optimum solutions are developed, 

and properties of the configurations are analyzed and discussed. The use of other 

kinematic dexterity measures and reference locations are examined and are shown to 

result in the definition of similar families of optimal Stewart platform configurations. 

Having defined a family of optimum configurations, global performance measures 

are reviewed from a historical perspective for their applicability as ob jectives for 

the final optimization step of the Stewart platform architectural design. Due to the 

computational expense and difficulties involved with interpreting the results of these 

global measures, a new performance measure with global implications is introduced. 

This new measure utilizes spatial gradients of kinematic dexterity measures to form a 

first-order approximation to the characteristics of a manipulator at points displaced 

from a local optimum. Thi s new measure is then em ployed to compare members 

of the family of local optimum configurations in order to isolate a unique optimum 
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Stewart platform architecture. 

The optimum design of hybrid manipulator structures begins in Chapter 6 with 

an enumeration of potential six degree-of-freedom structures . Preferred attributes of 

hybrid manipulators and their associated branches are used to narrow the class of 

manipulator structures considered to a single type. A class of kinematically simple 

branches suitable for use in the chosen manipulator structure are defined and argu­

ments based upon kinematic equivalency and mobility of the branches are used to 

identify all basic branch structures belonging to the class. 

As a result of the large number of possible manipulator architectures utilizing the 

kinematically simple branch structures, a different approach than that used in Chap­

ter 4 for the Stewart platform is developed to optimize the configuration of hybrid 

manipulators. This new method involves finding geometric characteristics of ma­

nipulator configurations which optimize kinematic dexterity, and then :finding actual 

manipulator configurations fitting these characteristics. The new method is applied 

using several dexterity measures and a set of optimal geometric characteristics of 

hybrid manipulator configurations is found. Mathematical properties of the instan­

taneous kinematic transforms associated with manipulators possessing the optimal 

geometric characteristics are determined after further examination of the geometric 

characteristics. Finally, the optimal geometric characteristics are used to determine 

optimal configurations of hybrid manipulators which utilize the previously identified 

kinematically simple branch structures. 

The thesis closes with conclusions of the presented work and a short discussion of 

recommended future research to continue the work started in this thesis. 
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1.4 Contribution of this Work 

The work contained in this thesis is original work performed by the author. The 

following contributions are considered to be relevant: 

1. The frame and unit variability of kinematic dexterity measures is demonstrated 
and taken into consideration during design optimizations. This fact is oft n 
overlooked, giving optimization results with li ttle physical m aning. 

2. For a platform centred reference frame location and a given length for scaling 
purposes, a two parameter family of optimal Stewart platform configurations is 
shown to exist . The results are extended for a refer nee frame location vertically 
displaced from the centre of the platform. 

3. A n w global dexterity measure based upon spatial gradients of kinematic dex­
terity is introduced to quantify the performance of a manipulator at points 

displaced from a local optimum configuration. This new measure has reduced 

computational requirements when compared to previously proposed global dex­
terity measures. 

4. A cla s of kinematically simple serial-chain branches suitable for hybrid manip­
ulators is defined and it is demonstrated that five unique branch structures with 
revolute joints belong to the class. 

5. A novel approach to manipulator configuration optimization is introduced. This 
approach is based on determining the geometric characteristics of manipulator 

configurations which optimize dexterity, and then finding actual manipulator 
configurations fitt ing these characteristics. This approach allows any number of 
manipulators having similar structures to be optimized from the results of only 
one optimization. 

6. For a platform centred reference frame location and a given length for scaling 
purposes, a one parameter family of optimal geometric characteristics is shown 
to exist for hybrid manipulators based on three kin matically simple branch s. 
A unique set of geometric characteristics is shown to be potentially advanta­
geous after consideration of changes in kinematic dexterity as the manipulator 
is moved away from the optimal configuration. 



Chapter 2 

Kinematics of Hybrid 
Manipulators 

The displacement and instantaneous kinematic analysis of parallel and hybrid manip­

ulators differ substantially from that for serial-chain devices. These differences are 

as a result of thei r inherently different architectures. However, many of the analysis 

techniques used for serial-chain manipulators form an integral part of the kinematics 

of parallel and hybrid manipulators. This is due to the serial branch components of 

the closed-chain devices. 

As previously mentioned, a parallel manipulator represents a limiting case of a 

hybrid manipulator where only one joint in each serial branch is actuated . The kine­

matic analysis techniques developed in this chapter will be for a hybrid manipulator 

possessing a general architecture. Therefore, the analysis will cover all cases of both 

parallel and hybrid structures in a single unified manner. 

10 



CHAPTER 2. KINEMATICS OF HYBRID MANIPULATORS 11 

2.1 Displacement Kinematics 

Displacement kinematics are concerned with the relationships between actuated joint 

displacements and the position and orientation of the manipulator's output link. The 

forward displacement problem is defined as the determination of the position and 

orientation of the output link given a set of actuated joint displacements. This is 

sometimes referred to as the direct kinematic problem. Conversely, the inverse dis­

placement problem is defined as the determination of the actuated joint displacements 

given the required position and orientation of the output link. This problem is also 

known as the inverse kinematic problem. 

2.1.1 Inverse Displacement Analysis 

The inverse displacement problem for hybrid manipulators requires resolving displace­

ments of the actuated branch joints given the position and orientation of the platform 

( output link) relative to the base. To begin the analysis, right handed base ( 0) and 

end effector (E) coordinate frames are defined at convenient locations in the manip­

ulator's base and platform respectively. Coordinate frames are also defined at both 

ends of each of the branches as shown in Figure 2.1. Frame Bi locates and orients 

the base of the branch whereas Pi locates and orients the end of the branch. The 

posit ion of the branch base is described by the posit ion vector 0 bi and the orienta­

tion is described by the rotation matrix 0 [Rk . The branch base and its associated 

frame are fixed with respect to the manipulator 's base and therefore 0 bi and 0 [Rk 

are constants for a given manipulator architecture. The position of the branch end is 

described by the position vector e P i and the orientation is described by the rotation 

matrix e[R]Pi with respect to the end effector frame. Since the branch end is fixed to 

the platform, these quantities are constants for a given manipulator architecture. 
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Figure 2.1: Coordinate frames and branch-end position vectors for a generalized 
hybrid manipulator 
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Let the position of the platform with respect to the base be described by the 

vector 0 e from the origin of the base coordinate frame to the origin of the platform 

coordinate frame. Let the orientation of the platform with respect to the base be 

described by the rotation matrix 0 [Rle• The position of the end of each branch with 

respect to the manipulator 's base coordinate frame can be expressed as 

(2.1) 

In order to resolve the branch joint displacements the position of the end of each 

branch must be rewritten with respect to the branch base coordinate frame as follows: 

(2 .2) 

or 

(2.3) 

The transpose operator can be used in place of an inversion operation for 0 [Rk since 

rotation m atrices are orthogonal. 

The orientation of the end of the branch must also be known in order to determine 

the branch joint displacements . The orientation of the branch end with respect to 

the branch base can be expressed by the following rotation matrix: 

(2.4) 

With the position and orientation of each branch end with respect to their bases 

being given by equations (2.3) and (2.4) respectively, the inverse displacement prob­

lem for the branches must be solved to give the required actuated joint displacements. 

The inverse displacement problem requires the solution of nonlinear simultaneous 
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equations which ar difficult to solve and often result in multiple solutions . For gen­

eral branch structures thes solutions are not expressible in a closed form. A direct 

solution in the form of roots of a 16th ord r polynomial of a single variable can be 

formulated for general serial branches with six revolute joints as demonstrated by 

Raghavan and Roth [47] . The method will not be presented here since it is beyond 

the scope of this work. 

Pieper [41] demonstrated that the inverse displacement solution for serial-chain 

branches with six or less joints and three consecutive intersecting joint axes can be 

expressed in closed form. Comparison and manipulation of homogeneous transforms 

from the forward kinematic solution are used to find closed form solutions for th 

r quired joint angles. Several examples using similar techniques of s quentially iso­

lating each joint variable and solving for the joint displacement are given by Craig [9] 

and Paul [39]. Solutions based on spatial and planar geometry can also be applied 

for some simple branch structures as outlined in Craig [9] . 

The parallel and hybrid manipulator architectures examined in later chapters of 

this work possess branches belonging to th class considered by Pi per. However, 

the three consecutive intersecting joints are all passive and are located at the end of 

th branches to form spherical joint groups. These passive spherical joints decouple 

the branch displacements given by quation (2.3) from the branch end orientations 

given by equation (2.4) . If only the actuated joint displacements are of interest in the 

manipulator's invers displacement solution as is often the case, only tb.e positions 

of the branch ends need to be considered ( equation 2.3) . This greatly simplifies the 

branch inverse displacement solutions due to the reduction in the dimension of the 

problem from six to three. 
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2.1.2 Forward Displacement Analysis 

The forward displacement solution requires resolving the end effector position and 

orientation knowing the actuated joint displacements. The solution to this kinematic 

problem is not required for the analyses performed in later chapters of this work, but 

an overview of existing solution techniques is given for completeness. 

A direct formulation for resolving the forward displacement problem for hybrid 

manipulators of general structure is unknown. The forward displacement solution of 

a special form of the Stewart platform has been presented as a direct formulation in 

recent literature [19, 22, 33, 36]. This form of the Stewart platform is characterized by 

having coincident passive spherical joints centres for adjacent pairs of branches where 

the branches connect to the mobile platform. In these formulations the solution is 

expressed as a 16th order polynomial in a single variable, each root representing a 

possible assembly mode of the manipulator. In recent work by Innocenti and Parenti­

Castelli [22] similar results are demonstrated to be applicable to a class of structures 

having three branches or sub-chains connected to the end effector by way of spherical 

joints, each sub-chain tip retaining only a single degree of freedom when disconnected 

from the end effector and all actuated joints are locked. In effect, this can be imagined 

as each sub-chain tip tracing a circle generated by its remaining passive degree of 

freedom. Forward displacement solution assembly modes correspond to end effector 

positions and orientations where the end effector's spherical connecting joints lie on 

their respective sub-chain tip traced circles . The parallel and hybrid manipulators 

studied in this work belong to the class considered in [22]. 

Iterative techniques based upon instantaneous kinematic transformations have 

been proposed and implemented by Podhorodeski [46] to resolve forward displacement 
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solutions for hybrid manipulators. These techniques are applicable to hybrid manip­

ulators of arbitrary structure, but will yield only one forward displacement solution 

even through multiple solutions may exist. The single solution may be an incorrect 

solution corresponding to an assembly mode or solution branch differing from actual 

manipulator 's assembly mode or solution branch. This would mainly occur when the 

manipulator nears a singular configuration and the instantaneous kinematic trans­

formation becomes essentially non-invertible. However , with appropriate limiting of 

manipulator joint angles or by the inclusion of additional algorithms to deal with the 

problem, these iterative solution techniques become useful in applications where only 

a single forward displacement solution is required. For real-time manipulator control 

these iterative techniques become the preferred forward displacement solution method 

due to their superior speed performance and the need for only a single displacement 

solution corresponding to the actual displacement of the device. 

2.2 Instantaneous Kinematics 

Instantaneous kinematics are concerned with the relationships between sets of in­

stantaneous actuated joint rates and the associated instantaneous velocity of the 

manipulator 's output link. The forward velocity problem is defined as the determi­

nation of the the output link 's linear and angular velocity given a set of actuated 

joint rates. The inverse velocity problem is defined as the determination of actuated 

joint rates given the linear and angular velocity of the manipulator 's output link. 

The relationships between infinitesimal changes in actuated joint displacements and 

infinitesimal changes in the position and orientation of the output link can also be 

described by t he same solutions. 
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In a serial open-chain manipulator, instantaneous motions produced by each of 

the joints sum in a serial manner to produce a resulting instantaneous motion at the 

end effector. Conversely, in a closed-chain parallel or hybrid manipulator, forces and 

moments produced by each of the manipulator's branches act in parallel to produce 

a resulting force and moment externally resisted at the end effector. This series­

parallel duality as referred to by Waldron and Hunt [55] is a result of the duality, or 

reciprocity [20], between force and velocity systems. As a consequence of this series­

parallel duality, solutions to the forward and inverse kinematic problems for hybrid 

manipulators reverse roles in terms of difficulty when compared to serial manipulators, 

while also requiring altered solution techniques. 

The instantaneous kinematics of general parallel and hybrid manipulators have 

been studied by authors in recent literature. Mohamed and Duffy [35] applied screw 

theory and the orthogonal product of screws to solve the forward and inverse velocity 

problems. Later work by Sugimoto [52] used motor algebra and elimination of passive 

joint variables to define a "Jacobian" matrix for parallel and hybrid manipulators. 

This matrix was defined as the mapping from actuated joint rates to the velocity 

of the manipulator's output link; the same as that for serial-chain manipulators . A 

more recent work by Kumar [28] uses screw theory and the reciprocal product of 

screws to resolve inverse velocity solutions for manipulators with general closed-chain 

structures. This method is preferable to that presented in [35] since the reciprocal 

product of screws is frame invariant unlike the orthogonal product of screws. 

The development of instantaneous kinematic solutions presented in the following 

sections follows the method outlined in [28]. A reciprocal screw matrix and a reciprocal 

product matrix will be defined which allow the instantaneous kinematic solutions to 

be written in a concise matrix form. 
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2.2.1 Inst antaneous Motion Analysis 

Let the instantaneous motion of the end effector (platform) of a generalized hybrid 

manipulator be described by a twist of amplitude w about an instantaneous screw 

axis1 $. Using screw coordinates this quantity can also be written as 

(2.5) 

where w and v are the angular and linear velocities associated with the end effector, 

respectively. Since the end of the branches are attached to the common platform 

containing the end effector, the branch ends must also undergo the same instantaneous 

screw motion V . 

Considering a single branch of the manipulator, the instantaneous twist of the 

branch end can be expressed as the linear combination of its active and passive joint 

twists: 

(2.6) 

where Si are the unit screws coordinates of joint axis i and CJ.i are their respective 

joint rates. 

Only the active joint rates are of interest since the passive joint motions are 

determined by the combined effort of all actuated joints in all branches . To isolate 

a desired active joint and solve for its joint rate, a screw W j reciprocal to all joint 

screws in the branch except that associated with the active joint of interest Sj is used. 

Taking the reciprocal product of both sides of equation (2.6) with the reciprocal screw 

gives 

(2.7) 

1 A short overview of screws, screw quantities and screw algebra are given in Appendix A. 
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since W j x Si = 0 when i =J j. Solving for CJ.j yields the following joint rate solution: 

(2.8) 

The above procedure of taking reciprocal products of both sides of equation (2.6) and 

solving for the joint rate can be repeated for all active joints of the hybrid manipulator. 

Solving for all the active joint rates in this manner constitutes the inverse velocity 

solution. 

It is often helpful to express the inverse velocity solution in matrix form. This 

can be accomplished by defining a complement operator ( · )* which exchanges the two 

elements of a screw quantity when expressed in screw coordinate form (see Appendix 

A for further details). This operator allows the reciprocal product of screws to be 

expressed in standard algebraic notation permitting equation (2.8) to be rewritten as 

(2.9) 

Assembling the joint rate solutions for all n active joints into a single matrix equation, 

the inverse velocity solution for a general hybrid manipulator is 

q= (2.10) 

or 

q = V = [K*fV (2.11) 

The matrix [BJ is an n x n diagonal matrix of inverses of the reciprocal products 

associated with each of the active joints in the manipulator. This matrix will be 

termed the reciprocal product matrix. The matrix [W*]T is the complement and 
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transpose of the matrix [W] whose columns are the reciprocal screws W j associated 

with each of the active joints. This 6 x n matrix [W] will be termed the reciprocal 

screw matrix. The matrix [K] is defined as the product of [W] and [B] for convenience. 

The matrix [K*f is commonly referred to as the "Jacobian" matrix for parallel and 

hybrid manipulators even though its mapping is in the opposite direction to that for 

serial-chain manipulators. 

The forward velocity solution which gives the velocity of the end effector for a 

given set of active joint rates can be resolved by solving the system of linear equations 

represented by equation (2.11). This solution can be symbolically expressed as 

(2.12) 

The matrix inversion in the above equation would not normally be carried out either 

symbolically or numerically since methods of solving simultaneous linear equations 

are computationally far more efficient than actual matrix inversion. 

2.2.2 Static Force Analysis 

The relationships between actuated joint torques (forces, or wrench2 intensities in 

general) and the static force and moment (wrench) acting at the manipulator's out ­

put link will now be analyzed. Similar to the velocity problems, the forward static 

force problem is defined as the determination of the wrench produced at the output 

link given a set of wrench intensities produced by the manipulator's actuators. Con­

versely, the inverse static force problem is defined as the determination of the wrench 

intensities required from the actuators to resist a given wrench acting on the output 

2 A wrench is a screw representation of a generalized force/moment combination. See Appendix A 
for further details on wrenches and wrench intensities. 
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link of the manipulator. The law of conservation of energy will be used in conjunction 

with the instantaneous motion results of the previous section in order to arrive at the 

required solutions . 

To begin the analysis, consider a mechanical energy balance between the rate of 

work produced at the output of a manipulator and the outputs of the actuators. This 

energy balance can be written as 

T · q = f · V + Ill · W + E f riction (2.13) 

where r is a vector of actuator wrench intensities, and f and m are the force and 

moment at the output link of the manipulator, respectively. The friction at the 

manipulator's active and passive joints will be assumed to be small in comparison to 

the actuator and end effector loading, therefore the energy loss due to friction E fri ction 

will be neglected in the remainder of the analysis. Dropping the friction term, the 

energy balance can be rewritten as 

(2.14) 

where F = { f ; m }Tis the wrench produced at the output of the manipulator. 

Substituting the hybrid manipulator inverse velocity solution of equation (2.11) 

into the above equation gives 

(2.15) 

cancelling V , then complementing and transposing both sides results in the following 

solution to the forward static force problem for generalized hybrid manipulators: 

(2.16) 
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Expanding the matrix [K] into the product of the reciprocal screw and the reciprocal 

product matrices yields 

-w....,.,...:-s. l r = [Wl[B] r 
(2.17) 

Examining equations (2.16) and (2.17) reveals that the wrench produced at the 

output of the manipulator is the scaled sum of the reciprocal screws W j associated 

with each actuated joint, 

n W · n T· 
F - ~ J T ~ w w. W1· = J (2 18) - L, W *T s J ~ J J W *T S · . 

J=l J J j=l J J 

It follows from the above expression that the reciprocal screws W j are the wrenches 

created by each of the active joints in the hybrid manipulator, their intensities being 

Wj. Furthermore, the reciprocal products in the denominator are the effective "mo­

ment arms" of these wrenches about the screw axis of the corresponding actuator . 

Therefore, as expected from the series-parallel duality discussed earlier, the wrenches 

produced by the actuators in the parallel acting branches sum to produce a resulting 

wrench at the end effector of the manipulator. 

The inverse static force solution which gives the required joint wrench intensities 

to resist a given load at the manipulator's output link can be resolved by solving 

the system of linear equations represented by equation (2.16). This solution can be 

symbolically expressed as 

(2.19) 

Once again, the matrix inversion in the above equation would not normally be carried 

out since methods of solving simultaneous linear equations are computationally far 

more efficient than actual matrix inversion. 



Chapter 3 

Dexterity and Singular 
Configurations 

3.1 Dexterity and Manipulability 

Several measures of dexterity or manipulability quantifying the kinematic performance 

of manipulators have been proposed to assess the optimality of both manipulator de­

signs and their postures. Two distinct classes of dexterity measures exist. The first 

class of dexterity measures is concerned with the positional range of motion of a ma­

nipulator and its various joints. These geometric dexterity measures are based on 

the ability of the robot to arbitrarily orient its end effector about a point or by the 

joint ranges of motion available before encountering a joint limit . The second class of 

dexterity measures is concerned with quantifying the instantaneous kinematic char­

acteristics of t he manipulator and hence are termed kin ematic dexterity m easures. 

Both classes of dexterity measures contain indices which apply to a given posture of 

a manipulator or to any spatial segment of the manipulator's workspace. Dexterity 

measures which are used to assess the quality of a manipulator posture are termed 

local dexterity m easures and those which quantify dexterity throughout the whole or a 

23 
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portion of the workspace are termed global dexterity measures. In general, kinematic 

dexterity measures are defined in order to quantify local dexterity whereas geometric 

dexterity measures can be either local or global in nature. However, through inte­

gration over the workspace, any local dexterity measure can be used to quantify the 

global dexterity of a manipulator. 

3.1.1 Geometric Dex terity Measures 

As a first attempt to assess the geometric performance capabilities of manipulators 

Vinogradov , et al. [54] introduced the concept of the service angle. The service angle, 

as defined in later work by Yang and Lai [59], is the total range of the approach 

angle of a manipulator's end effector around a reachable point in space. Yang and 

Lai examine this concept in order to characterize the dexterity of wrist-partitioned 

serial-chain manipulators at a point in its workspace. This local dexterity measure 

is of significant value when designing and analyzing manipulators requiring large 

orientational freedoms of motion. Unfortunately, the determination of a manipulator's 

service angle is not a simple matter due to joint displacement limits and the mult i­

dimensional nature of end effector orientation. This is especially true when extending 

the concept to include closed-chain parallel and hybrid manipulators. 

Similar in concept to the service angle is the concept of a dexterous workspace 

introduced by Kumar and Waldron [27]. The dexterous workspace is the portion of the 

workspace in which the end effector may assume any orientation. Therefore, the ratio 

of dexterous workspace volume to the reachable workspace volume is a measure of the 

global dexterity of a manipulator. Limits on joint displacements usually precludes the 

existence of a dexterous workspace for actual manipulator structures . However, the 

concept remains useful in the theoretical design and analysis of manipulator structures 
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such as the geometric optimization of six degree-of-freedom, revolute jointed, serial­

chain manipulators performed by Vijaykumar et al. [53]. Closed-chain manipulators 

in general cannot possess full rotatability of their end effectors and therefore do not 

have a dexterous workspace due to branch interference as well as joint displacement 

limits. Nevertheless , a theoretical optimization ignoring mechanical limitations can be 

carried out to maximize the fraction of a closed-chain manipulator 's workspace which 

is dexterous. It is doubtful whether such an optimization would produce meaningful 

results when applied to the design of an actual manipulator since mechanical limits 

affect the workspace size and shape of closed-chain devices to a much larger degree 

than that of open-chain devices . 

A final geometric dexteri ty measure is joint range availability. This local dex­

terity measure was first introduced by Liegeois [29] to automatically reconfigure the 

distribution of joints angles for a task redundant robot so that the possibility of en­

countering a joint limit is minimized. The joint range availability is defined as the 

Euclidean, or 2 norm of the vector of joint displacements from their centres of travel. 

The joint displacements are usually scaled to reflect differing ranges of travel avai l­

able from each joint. This dext erity measure was later used by Klein and Huang [24] 

for examining the properties of modified and non-modified pseudoinverse control of 

planar redundant manipulators. The work also investigated the use of other p-norms 

of the joint displacement vector , such as the oo norm, and the effects of these norms 

on the stability of the joint rate solutions. As demonstrated in these works, the joint 

range availability is a useful tool in the control and planning of redundant manipu­

lation tasks. However, the measure is unfit for use as a primary design criteria since 

optimizing the joint displacement distribution for a desired posture simply requires 

the resetting of the joint centres of travel. 
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3.1.2 Velocity and Force Ellipsoids 
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As previously mentioned, kinematic dexterity measures are local dexterity measures 

quantifying th instantaneous kinematic characteristics of a manipulator. As such , 

th measures are based upon the mappings between joint rates and end effector rates, 

and the mappings between joint wrench intensit ies and end effector wrench intensities. 

Examination of equations (2.11) and (2 .16) show that the matrix [K] and its com­

pl mented transpose describe these mappings for a generalized hybrid manipulator. 

For serial , open-chain manipulators, these instantaneous transforms can be simplified , 

resulting in the standard J acobian matrix formulations. The Jacobian matrix [J] and 

its complemented transpose describe the instantaneous mappings as outlined below: 

Forward Velocity Solution 

(3.1) 

Inverse Static Force Solution 

(3.2) 

Therefore , kinematic dexterity measures are based upon characteristics of the matrices 

[J] and [K] for serial and hybrid manipulators respectively. Note that the columns of 

the Jacobian matrix for serial, open-chain manipulators [J] are the screw coordinates 

of the corresponding joints . 

To best understand the physical meaning of the kinematic dexterity measures, it 

is helpful to view the manipulator as a multi-input, multi-output m chanical trans­

former. The inputs are the joint rates and actuator wrench intensities, and the outputs 

are the task space velocity and end effector wrench. The force and velocity transmis­

sion characteristics can be represented as ellipsoids defined by the singular values and 
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associated basis vectors from the singular value decomposition1 of the corresponding 

instantaneous transformation matrix. 

The Velocity Ellipsoid 

The transformation from joint rates to end effector output velocity can be charac­

terized in terms of a velocity transmission ratio for a desired motion direction. The 

velocity transmission ratio is defined as the ratio of the magnitude of the output 

velocity in m-dimensional space to the magnitude of the n input velocities or joint 

rates , 
11v11 

Tv=m (3.3) 

These input and output quantities are related by the m x n ( n ;:::: m) instantaneous 

transformation matrix [M]. 

V mx l = [MJmxn CJ.nx l (3.4) 

In the case where the manipulator has a serial-chain architecture, this transformation 

matrix is equivalent to the manipulator 's J acobian matrix. If the manipulator has a 

parallel or hybrid structure, the transformation takes on the form [K*rT, the inverse 

of matrix [K*f defined in equation (2.11). Performing a singular value decomposition 

of [M] results in the following: 

(3.5) 

The singular values a i give the lengths, and the basis vectors u i the directions, of the 

semi-axes of an ellipsoid Ev defined by 

Ev= {VIV= [M] q, II CJ.II= 1} (3.6) 

1See Appendix B for a short introduction to the singular value decomposition and its properties. 
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This ellipsoid is termed the velocity ellipsoid. For a manipulator capable of full 

six degree-of-freedom motion ( m = 6) this ellipsoid will be a hyperellipsoid in six 

dimensional space. Figure 3.1 depicts an ellipsoid for the case when m = 3 as is the 

case for general translational or spherical motion. Since the surface of the velocity 

ellipsoid is defined by the points where II q II= 1, the distance from the centre of 

the ellipsoid to the surface of the ellipsoid in any direction represents the velocity 

transmission ratio in the same direction in task space. Therefore, the major axis of 

the ellipsoid represents the direction in which the velocity transmission ratio is at a 

maximum, the value of the transmission ratio being given by the maximum singular 

value O-max = a-1 . Conversely, the minor axis of the ellipsoid corresponds to the 

direction with the minimum velocity transmission ratio, the numerical value of the 

transmission ratio being equal to the minimum singular value O-min = O-m . 

A large velocity transmission ratio allows the generation of large task space veloc­

ities from relatively small joint rates. Unfortunately, this generally desirable amplifi­

cation must be accompanied by an identical amplification in the joint displacement 

errors since differential displacements are related by the same instantaneous transfor­

mation as those for the velocities. 
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2 

Figure 3.1: Ellipsoid with Associated Basis Vectors and Singular Values in three 
dimensions 
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The Force Ellipsoid 

Analogous to the velocity transmission ratio, a force transmission ratio can be defined 

to characterize the force transmission characteristics of a manipulator in a given 

posture. The force transmission ratio for a desired task-space direction is defined as 

the ratio of the output wrench intensity in this direction in m-dimensional space to 

the magnitude of then input wrench intensities at the joints required to generate it, 

T _ ll_!'J_ 
F- II T II (3.7) 

These input and output wrench intensities are related by the m x n ( n ~ m) instan­

taneous transformation matrix [N] . 

F mx l = [NJm xn T nxl (3 .8) 

In the case where the manipulator has a serial-chain architecture, this transformation 

matrix is equivalent to the complemented, inverse transpose of the manipulator's J a­

cobian matrix [J*r r (see equation (3 .2)) . If the manipulator has a parallel or hybrid 

structure, the transformation matrix is equivalent to the matrix [K] of equation (2.16). 

Performing a singular value decomposition of the matrix [NJ gives 

(3.9) 

The singular values O'i gives the lengths, and the basis vectors u i the directions, of 

the semi-axes of an ellipsoid [F defined by 

[F ={FI F = [N]r , llr ll = l } (3.10) 
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This ellipsoid is termed the forc e ellipsoid. For a manipulator capable of sustaining 

or applying arbitrary forces and moments ( m = 6) the force ellipsoid will be a hy­

perellipsoid in six dimensional space. An ellipsoid for the case when m = 3, such 

as for a manipulator required to produce only forces in three dimensions, is given 

in Figure 3.1. Similarly to the velocity ellipsoid, the distance from the centre of the 

force ellipsoid to its surface in any direction represents the force transmission ratio 

in the same direction in task space. In general, a large force ellipsoid indicates that 

the manipulator can generate large wrench intensities at the end effector with rela­

t ively small outputs from the actuators. Once again, this desirable effect of a large 

force transmission ratio must also be accompanied by a corresponding increase in the 

amplification of joint torque/force errors, resulting in a reduction in the resolution of 

force control capability. 

Relationships Between Force and Velocity Ellipsoids 

Table 3.1 summarizes the instantaneous transforms and associated matrices which 

determine the characteristics of the velocity and force ellipsoids for both open-chain 

and closed-chain manipulator types. For a given manipulator type, it is easily seen 

that the instantaneous transformation matrix associated with either the velocity or 

force ellipsoid is the complemented, inverse transpose of the instantaneous transform 

matrix associated with the other ellipsoid, 

[N] = [M *rT and [N*r T = [M] (3 .11) 

We would like to determine the relationships between the singular values and basis 

vectors of [M] and [N] . 
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Velocity Ellipsoid Force Ellipsoid 

Instantaneous V =[M]q F= [N]r 
Transformation 

Open-Chain [M]=[J] [N] = [J*rT 
Transformation Matrix 

Closed-Chain [M] = [K*r T [N] = [K] 
Transformation Matrix 

Table 3.1: Instantaneous transforms and associated matrices defining 
velocity and force ellipsoids 

As given by equation (3.5) , the singular value decomposition of [M] results in 

(3 .1 2) 

where diag( ·) represents a diagonal matrix with the values in the parentheses on the 

main diagonal. Complementing the above decomposition gives 

(3 .13) 

and transposing gives 

(3.14) 

finally, taking the inverse of the above results in 

(3.15) 
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Comparing the decompositions of [M] and [M] = [M*r r given by equations (3.12) 

and (3 .15) shows that the singular values associated with the force ellipsoid are iden­

tical to the reciprocals of those associated with the velocity ellipsoid. Furthermore, 

the column space basis vectors of the force ellipsoid are in the same directions as 

those of the velocity ellipsoid if we associate forces with translational velocities and 

moments with angular velocities . This association is the inverse association normally 

attributed to screw quantities, the inversion being signified by the complement of [U] 

in t he decomposition of equation (3.15). The inversion of subspaces is due to the 

reciprocity that exists between force and velocity screw systems. 

The relations between the singular values and basis vectors of the velocity and force 

transformations described in the previous paragraph are consistent with the modelling 

of a manipulator as a mechanical transformer. Conservation of energy necessitates 

that an amplification in linear/angular velocity transmission must be accompanied 

by an identical reduction in force/moment transmission in the same direction in task 

space. This means that the direction of maximum velocity transmission rat io is 

also the direction of minimum force transmission ratio and vise versa. This inverse 

velocity-force relation also applies between angular velocities and moments . 

3.1.3 Kinematic D exterity Measures 

In the discussion below, t he J acobian matrix for serial-chain manipulators will be 

used to describe the kinematic dexterity measures since the measures were first intro­

duced to quantify the dexterity of this class of manipulators. However, the measures 

are universally applicable to all types of open and closed chain manipulators by sim­

ple substitution of the corresponding matrix describing the instantaneous kinematic 

transform being investigated. 
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The first kinematic dexterity measure is simply the determinant of the Jacobian 

matrix. This measure is only appli cable in the case where the manipulator is non­

redundant and the Jacobian matrix is square. Paul and Stevenson [40] used the 

determinant to evaluate the performance of nonredundant wrists . In particular, the 

determinant of the wrist's J acobian matrix was used as a measure of the degre of 

closeness to singular points in th wrist's working range of motion. 

Yoshikawa [60] extended the concept of the determinant to include cases where the 

manipulator is redundant and the Jacobian matrix is no longer square. By noting that 

the absolute value of the determinant of a square matrix is identical to the product of 

the singular values of the matrix, Yoshikawa defined what he termed a manipulability 

measure based on this same product. Th product of the singular values can also be 

calculated as 

(3 .16) 

Geometrically, this product is linearly proportional to the volume of the velocity el­

lipsoid , thereby giving a measure indicating the average velocity transmission ratio 

in all task space directions. In g neral, the larger the volume of the velocity ellip­

soid, the larger the task space velocity for a given set of joint rates . If one of th 

singular values approaches zero the volume of the velocity ellipsoid , and hence th 

manipulability measure, also approach zero. The presence of a singularity is signaled 

by the value of the manipulability measure nearing zero. However , as pointed out by 

Forsythe and Moler [11], the value of the determinant or product of singular values is 

not a meaningful measure of the invertibility, or degree of ill-conditioning of a matrix. 

This limits the use of the determinant or manipulabili ty measure to being an average 

measure of velocity transmission ratio and not a measure of closeness to a singularity. 
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A second kinematic dexterity measure is the ratio of the largest and smallest 

singular values of the J acobian matrix, 

Cl max 0"1 
K,=--=-

Clmin Clm 
(3 .17) 

This ratio, which is termed the Euclidean condition number of the matrix, is com­

monly used by numerical analysts to quantify the sensit ivity of linear systems and 

to sensibly deal with the concept of matrix rank while employing finite precision 

computations [1 2] . 

The concept of the condition number was first applied to manipulator design 

and analysis by Salisbury and Craig [48] to optimize the finger dimensions for an 

articulated hand. In t hi s work the condition number of the J acobian matrix was used 

as an accuracy measure bounding the relative amplification of errors between joint 

torques and finger-t ip forces. However , as demonstrated by Chiu [7], the condition 

number is not a measur of accuracy in either the for ce or position control ability 

of an actuated mechanism. As shown in the previous section, the force and velocity 

transmission ratios determine the amplifications between inputs and desired outputs, 

and outputs due to errors at the inputs. The condition number is a measure of 

t he sensit ivity of a linear system to round-off errors during numerical inversion as 

demonstrated by Forsythe and Moler [11]. This form of error is generally of little 

interest to designers and analysts of robotic mechanisms . 

In the context of manipulator kinematics, the condition number of the Jacobian 

matrix indi cates the uniformity of the force and velocity transmission characteristics 

of the manipulator with respect to different task space directions. Geometrically, 

this is equivalent to the degre of roundness of the velocity and force ellipsoids. For 

example, if the condition number of the Jacobian matrix attains its minimum valu 
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of one, all of the singular values are identical, the velocity and force ellipsoids are 

perfect spheroids, and the manipulator has uniform characteristics in all directions 

in task space in terms of the norms of joint and end effector forces and velocities. A 

manipulator con-figuration with a condition number of one is termed an isotropic [48] 

manipulator con-figuration due to this directional uniformity of instantaneous kine­

matic characteristics . 

Klein and Blaho [25] reviewed the geometric and kinematic dexterity measures 

described above and proposed a new measure. Examining the determinant and con­

dition number in terms of their singular values, they noted that both measures are 

critically dependent on the minimum singular value of the Jacobian matrix. Through 

further investigation they also found that for serial-chain manipulators the minimum 

singular value changes more radically near singularities than do the other singular 

values, consequently dominating the behaviour of the condition number and the de­

terminant . This behavior of the minimum singular value motivated Klein and Blaho 

to suggest the minimum singular value as a measure of dexterity. 

Geometrically, the minimum singular value of the Jacobian matrix is the minimum 

radius of the velocity ellipsoid signifying the minimum velocity transmission ratio 

from all task space directions. Therefore, the minimum singular value represents the 

maximum velocity the end effector can be moved in any arbitrary direction relative 

to the norm of the joint rates. Viewed in a different manner, the reciprocal of the 

minimum singular value places an upper bound on the joint velocities relative to the 

task space velocity. As a result of these characteristics, it is generally preferable that 

the manipulator be in a con-figuration which maximizes the minimum singular value. 
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Researchers have also proposed other dexterity measures based on the singular 

values of the Jacobian matrix. Among these are the arithmetic or geometric means 

of the singular values. The arithmetic mean of the singular values along with the 

condition number of the Jacobian matrix was employed by Asada and Cro Granito [4] 

as a dexterity measure used in optimizing the kinematic performance of three degree­

of-freedom wrist joints. No geometric interpretation of the arithmetic mean of the 

singular values other than the fact that it represents the average length of the semi­

axes of the velocity ellipsoid was given in the work. 

Yoshikawa [62] suggested the geometric mean of the singular values as a dexterity 

measure, 
1 

Wgm = (0-10"2 ... O"m)m (3 .18) 

This measure is equivalent to the radius of a spheroid whose volume is equal to 

that of the velocity ellipsoid. However, since the measure is simply the m'th root 

of Yoshikawa's original manipulability measure [60], optimizations or comparisons of 

different manipulator configurations based on this new measure would give the same 

results as those given by the original measure. 

3.1.4 Unit and Frame Variability of Kinematic Dexterity 

In the previous section several kinematic dexterity measures based upon the singular 

values of the manipulator's instantaneous transformation matrices were described. 

However, the variability of the singular values, and therefore the dexterity measures 

themselves, due to changes in units of measure and coordinate frames of reference 

were not considered. These important considerations require careful examination in 

order for the dexterity measures to have meaningful physical interpretations. 
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As demonstrated in Section 2.2, the instantaneous transformation matrices for any 

manipulator of general structure can be considered to be made up of rows or columns 

of screw coordinates describing the freedoms and constraints of the mechanism in a 

given configuration. The primary vectors of the screw coordinates2 are unitless since 

they describe the direction of the screw axes. The secondary vectors have units of 

length because they describe the distance the screw axes are from the origin of the 

frame of reference along with the linear pitches of the screws. As a consequence of 

this mix of units associated with screw coordinates, the instantaneous transformation 

matrices also have elements with differing units. Some of the elements of the matrices 

will be unitless while others will be associated with units of length. This fact can also 

be verified by noting that the instantaneous mappings between joint and task spaces 

involve mappings between mixed unit quantities, the units differing only by length . 

For a dexterity measure based upon instantaneous transformation matrices to have 

physical meaning, the measure of length must be chosen to allow the "perceived cost" 

of angular versus translational velocities and forces versus moments to be reflected. 

Choosing a shorter measure of length emphasizes translational and moment related 

terms, while conversely a longer measure of length emphasizes rotational and force 

related terms. Most commonly the measure of length will be based upon a charac­

teristic length o:f the manipulator such as the distance from the last joint to the tip 

of the end effector for a serial-chain manipulator. 

The instantaneous transformation matrices of a manipulator can be expressed 

with respect to any desired frame of reference. This is accomplished by writing the 

screw coordinates upon which the transformation matrices are based with respect to 

the same desired frame of reference. A rotation of the frame of reference does not 
2See Appendix A for an overview of screw quantities and screw coordinates 
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alter the singular values of an instantaneous transformation matrix since the associ­

ated screw transform is an orthogonal operator in this case. A purely translational 

displacement in the frame of reference location affects only the secondary vector of 

the screw coordinates comprising the instantaneous transformation matrices. There­

fore, the singular values of the matrices and consequently the dexterity measures 

based upon them are affected by displacements in the origin of the frame of reference. 

This result demonstrates that kinematic dexterity measures are not frame invariant. 

Kinematic dexterity measures characterize the instantaneous ability of a manipulator 

to reposition and reorient the end effector of a manipulator about the origin of the 

chosen frame of reference. It is therefore essential to place the origin of the frame 

of reference at a point of significance in terms of the manipulation operations to be 

performed by the device being analyzed. 

3.2 Singular Configurations 

The consideration of singular configurations is of significant importance in the design 

of manipulators of any structure. Singular configurations are special configurations of 

a manipulator where the instantaneous transformations between joint space and end 

effector space become singular and therefore non-invertible. These transformations in­

clude both the transformations between joint rates and end effector velocities as well 

as the transformations between joint wrench intensities and end effector wrenches. 

Singular configurations of serial open-chain manipulators have been extensively stud­

ied and are generally well understood. In this case, the effect of a manipulator entering 

a singular configuration is that the manipulator suffers from a loss in instantaneous 

motion freedom at its end effector. In the case of a fully-parallel or hybrid manipu-
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la tor, the manipulator may lose or gain an instantaneous motion freedom at its end 

effector when in a singular configuration [16, 20]. The existence of two distinctly clif­

f rent types of singular configurations is a trait specific to closed-chain mechanisms 

and warrants further examination of their causes and characteristics. 

3.2.1 Stationary Configurations 

The first type of singular configuration for a closed-chain mechanism or manipulator 

is one in which the device loses an instantaneous motion freedom in task space. This 

type of singular configuration is termed a stationary configuration [20] due to the loss 

of motion capability. 

Stationary singular configurations are caused by a degenerate alignment of the 

joints of an individual serial-chain branch of the closed chain. The joints of a branch 

define a scr w system W jt of possible branch end velocities . In a non-degenerat 

configuration the order of W jt is six for a branch capable of spatial motion. In a 

d g nerate configuration the order of W jt is less than six and a screw system f j t 

reciprocal to Wjt ( order {fjt} = 6 - order {Wjt}) will exist. Since the branch end is 

constrained to motions belonging to W jt, the degenerate branch, and therefore the 

manipulator , have lost one or more instantaneous motion fr edoms . The branch end 

and the manipulator 's end effector is no longer capable of instantan ous motions 

which would perform work if the end effector was subjected to a wrench acting on 

th screws off j t • Consequently, a wrench of arbitrary intensity acting on the screws 

of f jt applied at the end effector requires no actuator outputs to equilibrate the 

applied load. The mechanical structure of the branch carries the load in place of 

the actuators. This type of singularity is identical to that encountered with a serial 

manipulator where the Jacobian matrix becomes rank deficient due to the joint screws 
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of the manipulator becoming linearly dependent. 

The presence of stationary singular configurations also affects the behaviour of 

a manipulator in regions near the singular points. As a stationary configuration is 

approached, a reciprocal product W k x Sk associated with an active or passive joint k 

rapidly declines towards a zero value. Recall the following joint rate solution from 

Chapter 2: 
(3. 19) 

From this equation it can be seen that for an instantaneous end effector motion V 

which is not reciprocal to W k, CJ.k becomes exceedingly large. This may pose less of a 

problem if joint k is a passive joint. However, if joint k is an active joint, the motion 

may not be possible since CJ.k will be bounded to remain below a certain absolute value 

as d termined by the characteristics of the actuator. 

The instantan ous transformation matrices developed in Section 2.2 will also show 

traits illustrating the proximity of a stationary configuration if joint k is an active 

joint. The declining value of a reciprocal product W k x Sk results in the recipro­

cal product matrix [B] of equation (2.10) having an entry on its diagonal tending 

to infinity. As a consequence, [K*]T will have a singular value tending to infinity, 

demonstrating the possibility of large joint rates for some end effector motions. The 

declining reciprocal product value also influences the inverse static force solution of 

equation (2.19) . Since [K*f has a singular value tending to infinity, [Kr1 will have 

a singular valu approaching zero. This demonstrates that for certain end effector 

loads, all joint wrench int nsities required to equilibrate the load will tend toward 

zero values . In other words, load is essentially resisted by the mechanical structur 

of the manipulator and not by the actuators at the joints. 
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Finally, stationary singular configurations can be described as points where differ­

ent solution branches of the inverse displacement problem described in Section 2.1.1 

meet . Inverse displacement solution branch points occur along the workspace bound­

ary of the manipulator branches and can also occur at positions within their workspaces 

depending upon branch structure. A manipulator at or near a stationary configura­

tion can suffer from a discontinuity in joint rates due to the inverse displacement 

solution changing solution branches if steps are not taken to avoid it . 

The non-uniqueness of manipulator inverse displacement solutions is caused by the 

multiplicity of branch inverse displacement solutions for each branch of the manipu­

lator. Therefore, for certain manipulator architectures such as the Stewart platform, 

stationary singular configurations do not exist since the branches posses only a single 

inverse displacement solution for each branch end position. 

3 .2.2 Uncertainty Configurations 

The second type of singular configuration is one in which the mechanism or manipu­

lator gains an uncontrollable instantaneous motion freedom in task space. This type 

of singular configuration can only occur with closed-chain devices and is termed an 

uncertainty configuration [20]. 

For a manipulator to remain controllable, the end effector must be constrained in 

all translational and rotational directions in space when the actuators are locked in 

fixed positions. These constraints can either come from the physical structure of the 

device or from the actuators used to controllably alter the position and orientation of 

the end effector. In the case of a six degree-of-freedom manipulator, all constraints 

immobilizing the end effector must in general be provided by the actuators. 
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For a six degree-of-freedom hybrid manipulator, the screws representing the re­

straint directions available from the actuation of each active joint j are the screws 

Wj which are reciprocal to all joint screws in the branch except that associated with 

active joint j . T hese screws form the columns of the reciprocal screw matrix [W] 

as demonstrated in Section 2.2 . The reciprocal screws must form a screw system 'P r 

of order six for the manipulator's end effector to remain fully constrained. In other 

words, the reciprocal screw matrix [W] must be of rank six. If the reciprocal screws 

become linearly dependent and form a system of five or less, the end effector will 

become capable of uncontrollable instantaneous motions belonging to the system of 

screws r r reciprocal to 'P r even though the actuators remain locked in position. In 

such a circumstance the manipulator is said to be in an uncertainty configuration 

since the instantaneous motion the end effector may undergo is uncertain due to the 

lack of controllability. 

Uncertainty configurations of closed-chain manipulators also affect the ability of 

the manipulator to sustain an arbitrary end effector loading. In order for a six degree­

of-freedom hybrid manipulator to be capable of sustaining an end effector wrench F , 

F must belong to the system 'P r defined by the branch reciprocal screws W j. In 

a general configuration of the manipulator W r is of order six and spans the entire 

six-system of possible end effector wrenches allowing any arbitrary load (subject to 

t he limits of actuation capability) to be carried. In an uncertainty configuration, the 

order of 'P r is reduced to five or less resulting in a system r r reciprocal to 'Pr. Any 

end effector load F not belonging to W r is unsustainable by the manipulator since the 

required restraining wrenches cannot be generated by the manipulator's actuators. 
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As a manipulator approaches an uncertainty configuration, the reciprocal screw 

matrix [W] becomes near singular by virtue of having a singular value near zero. This 

means that the inverse of the reciprocal screw matrix [wr1 in the inverse static force 

solution of equation 2.19 has a singular value approaching infinity. Consequently, the 

joint wrench intensities for a wrench in the direction of the basis vector associated 

with this largest singular value will approach near infinite values as well. In essence 

this means that a manipulator operating near an uncertainty configuration is also 

incapable of supporting arbitrary loads at its end effector. 

Finally, uncertainty configurations can be described as points where different so­

lution branches of the forward displacement problem described in Section 2.1.2 meet . 

Consequently, a manipulator being near an uncertainty configuration can result in 

a forward displacement solution giving an end effector position and orientation on 

an improper solution branch. This incorrect result is only detectable through the 

examination of passive joint displacements from an inverse displacement analysis for 

all joints in the hybrid manipulator. If the incorrect forward displacement result 

is not detected , the displacement solution may proceed further down the incorrect 

solution branch as the manipulator continues to move. This can be disastrous for 

certain applications such as when a closed-chain or hybrid device is used as a master 

controller in master-slave teleoperation. In such an application the slave manipulator 

would move in seemingly random directions as the master controller is manipulated by 

the operator after the master controller's forward displacement solution has switched 

solution branches. 
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In conclusion of this section, it can be observed that the two different types of 

singular configurations of a hybrid manipulator can result in different portions of 

the instantaneous transforms becoming singular. In a stationary configuration the 

inverse of the reciprocal product matrix can become singular3
, while in an uncertainty 

configuration the reciprocal screw matrix becomes singular. Table 3.2 shows these 

results along with a summary of the instantaneous kinematic characteristics of a 

manipulator while being in each of the singular configuration types. 

SINGULARITY TYPE 

STATIONARY UNCERTAINTY 

Singular Matrices [Brl -t [Krl, [K *r T [W] -t [K] , [K *] 

Motion Characteristics V = 0 for some q q = 0 for some V 

q = [B][W *fV 
= [K*fV q nonexistent for some V V undetermined given q 

Force Characteristics r = 0 for some F F = 0 for some -r 

F = [Wl[B]-r 
= [K]-r F undetermined given -r -r nonexistent for some F 

Table 3.2: Characteristics of hybrid manipulator singular configurations 

3 Note that the inverse of the reciprocal product matrix [Br 1 becomes singular as W k X sk tends 
to zero for an actuated joint. Although not reflected in [B] - 1

, W k x Sk tending to zero for a passive 
joint also results in a stationary configuration. 



Chapter 4 

Stewart Platform Optimization 

4.1 The Stewart Platform and its Modelling 

The Stewart platform is a closed-chain fully-parallel manipulator having an end effec­

tor with six active degrees of freedom. This form of manipulator was first introduced 

by Stewart [51] in 1965 as an aircraft simulator drive mechanism. Today, the Stewart 

platform is almost exclusively used for all flight and other motion simulators . How­

ever, many researchers are beginning to investigate its use as a general manipulation 

device as noted in the introduction of this thesis . 

4.1.1 Architecture and Geometric Model 

The Stewart platform is comprised of two rigid bodies connected together by six 

actuated prismatic joints (legs). The stationary rigid body is referred to as the base 

and the moving rigid body is referred to as the platform. The base and platform are 

most commonly constructed such that the six actuator attachment points on each of 

the rigid bodies lie in a plane as depicted in Figure 4.1 . In order to allow full six 

degree-of-freedom motion of the platform the linear actuators are connected to the 

platform by way of spherical joint groups and to the base by way of universal joints. 

46 
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END EFFECTOR 
(PLATFORM) SPHERICAL 

PRISMATIC 
JOINT 

JOINT 

Figure 4.1: Architecture of the Stewart platform 
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By definition, the specific tasks to be performed by a manipulator are varied and 

are not known before its design and construction. This variability of tasks suggests the 

manipulator should have properti · which are as homogeneous as po sible. Therefore, 

as an initial step in design the architecture of the manipulator should posses the 

highest degree of geometric symmetry possible. In order to achieve this symmetry, 

only architectures of the Stewart platform where the six actuator atta hment points at 

the base and at the platform form semi-regular hexagonal planes are considered. With 

this architecture, the base and platform actuator attachment points can be considered 

to be distributed along the periph ry of circles as illustrated in Figure 4.2. The base 

attachment points lie at th centr s of the universal joints located at the base of each 

branch. The platform attachment points are at the centres of the spherical joints at 

the base distal end of each branch. The following geometric parameters describing 

the architecture of the manipulator arise out of this symmetric construction: 

• rb, the radius of the base circle which determines the size of the base. 

• r p, the radius of the platform circle which determines the size of the platform. 

• <Pb, the half separation angle between adjacent actuator attachment points on 

the base. 

• qJp, the half s paration angl between adjacent actuator attachment points on 

the platform. 
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Figure 4.2: Base and platform actuator attachment points for a Stewart platform 
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4.1.2 Instantaneous Kinematic Modelling 

The fully-parallel architecture of the Stewart platform represents one extreme of pos­

sible six degree of freedom hybrid manipulator architectures where only one joint in 

each of its six branches is actuated. Therefore, the instantaneous kinematic equations 

developed in Section 2.2 for a hybrid manipulator of general structure are applicable to 

the Stewart platform. To apply t hese results we require expressions for the reciprocal 

screws W i and reciprocal products W i x Si associated with each of the manipulator's 

actuated joints. These quantities make up the reciprocal screw and the reciprocal 

product matrices upon which the instantaneous transformations are based. 

Each of the actuated prismatic joints of the Stewart platform can be represented 

by an infinite pitch screw along the sliding direction of the joint . The corresponding 

unit screw coordinates of the active joints are 

i = 1, ... , 6 ( 4.1 ) 

where Ii is a unit vector in the sliding direction of the prismatic joint . The vector 

Ii can be found by applying the inverse displacement solution of equation 2.3 in 

Section 2.1.1. Letting the orientation of the coordinate frames at the base of the 

branch be the same as that of the base frame (i .e., 0 [Rk is an identity matrix) the 

position of the branch end with respect to its base is 

( 4.2) 

where 0 b i and e P i are determined from the geometry of Figure 4.2 . From b; P i, the 

actuated prismatic joint displacement and sliding direction with respect to the base 

frame are 
b,p 

01.- -' ,-
q; 

(4.3) 
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T he screw W i reciprocal to all joints in each branch except for the actuated 

prismatic joint can be found by considering the screw systems formed by the passive 

spherical and universal joints. Reciprocal to a system of screws forming a spherical 

joint W sph is the three-system of all zero pitch screws passing through the centre of 

the spherical joint. Reciprocal to a system of screws forming a universal joint W uni 

is a four-system of screws. Reciprocal to both W sph and Wuni is the zero pitch screw 

passing through the centres of both joint groups . Assuming the sliding directions of 

the prismatic joints pass through the respective centres of the spherical and universal 

joints in the same branch, the required reciprocal screws are 

i = 1, ... , 6 ( 4.4) 

where Ii are as defined in equation 4.3 with respect to the base frame and 10 ; is the 

moment of the screw axes about t he origin of the frame of reference. These screw 

coordinates for the required reciprocal screws correspond to the normalized Plucker 

coordinates of the lines of action of the prismatic joints. The moment 0 10 ; can be 

expressed with respect to the base frame as 

(4.5) 

Finally, we require expressions for the reciprocal products W ix Si in the reciprocal 

product matrix. Forming the reciprocal product for each linear actuator gives 

( 4.6) 

Since the reciprocal products are equal to unity, t he reciprocal product matrix [B] 

is an identity matrix and the instantaneous transformation matrix [K] is identical to 

the reciprocal screw matrix [W]. 



CHAPTER 4. STEWART PLATFORM OPTIMIZATION 52 

In summary, the inverse velocity and forward static force solutions for the Stewart 

platform are as follows: 

Inverse Velocity Solution 

[W*f V (4.7) 

Forward Static Force Solution 

(4.8) 

where W i are the normalized Plucker coordinates of the lines of action of the prismatic 

joints as previously described. 

4.2 Stewart Platform Configuration Optimization 

4.2.1 Objective and Stewart Platform Application 

Configuration optimization is a local optimization which involves finding the ma­

nipulator architecture and end effector position and orientation which minimizes ( or 

maximizes) the desired local performance measure. Since closed-chain manipulators 

like the Stewart platform are most suited to applications requiring relatively small 

workspaces and orientational freedoms of the end effector, there is little purpose in 

optimizing the manipulator configuration based upon geometric dexterity measures. 

Kinematic dexterity measures can be used to find manipulator configurations which 

provide optimum instantaneous kinematic characteristics. This is the approach that 

will be taken in the remainder of this work. 

The condition number of the forward static force transformation matrix [K] will be 

used as an initial performance measure in optimizing the configuration of the Stewart 
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platform. Minimizing the condition number results in a manipulator with the highest 

degree of instantaneous kin matic isotropy for both force and velocity transmission 

since [K] and [K*f have identical singular values (Section 3.1.2). The use of other 

kinematic dexterity measur s will be discussed in Section 4.2.5. 

As discussed in Section 3.1.4, the coordinate frame of reference used when calcu­

lating the elements of [K] affects the resulting values of kinematic dexterity measures. 

Configurations resulting from the minimization of the condition number will provide 

optimal dexterity at the end effector point coincident with the reference frame origin. 

As a logical point to begin with, the reference frame will be considered to be located 

at the centre of the platform plane as illustrated in Figure 4.2. In Section 4.2.6 the 

results are extended for a more general class of reference locations which are off the 

platform plane. 

The Stewart platform is a six degree-of-freedom device and is therefore capable 

of generating or sustaining wrenches of arbitrary pitch at its end effector by forces 

produced at its linear actuators. Since a wrench of arbitrary pitch involves both units 

of force and units of mom nt, the force transformation matrix [K] wi ll have elements 

with different units. The elements of [K] differ only by units of length. This can 

be verified by the fact that the primary vectors of the reciprocal screw coordinates 

which make up each of the columns of [K] are unitless, while the secondary vectors 

of the reciprocal screw coordinates have units of length. As noted in Section 3.1.4, 

the choice of length measure can be used to scale the relative importance of the force 

(angular velocity) related terms to that of the moment (linear velocity) related terms . 

To achieve this scaling a characteristic 1 ngth can be chosen for the device and all 

quantities associated with length scaled with respect to it . If the radius of the platform 

is chosen as the desired characteristic length for the Stewart platform, the relative 
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importance or weighting of the force versus moment ( angular versus linear velocity) 

terms will be equivalent1 . Using the radius of the platform as a characteristic length 

of the manipulator (i.e., r p = l length unit) , yields the following nine independent 

parameters as the variables of the optimization: 

• rb , (Pb, q>p, as defined earlier, describe the architecture of the manipulator. 

• X e , Y e , Ze define the position of the centre of the platform with respect to the 

centre of the base (0 e ). 

• a, /3, 1 (roll , pitch, yaw angles about x 0 , y0 , z0 , respectively) define the orien­

tation of the platform with respect to the base (0 [RJe). 

Note that each of the above length parameters (rb, Xe, Ye, ze ) are normalized (represent 

ratios) with respect to the platform radius. 

4.2.2 Local Optimization Results 

The Simplex method of Nelder and Mead [37] was used to find the manipulator con­

figuration( s) which minimize the condition number of the force transformation matrix 

[K]. Depending on the initial values of the nine optimization variables, different op­

timal configurations of the Stewart platform were found . Manipulators having these 

configurations all had identical objective function values of 11, ~ 1.4142. This objec­

tive function value is shown to be exactly 11, = v'2 in Section 4.2.3 . All configurations 

1This equivalency can be observed by examining the form of the Stewart platform force trans­
formation matrix given by equation (4.12) of Section 4.2.3 . This transformation matrix is based on 
using rp as a characteristic length and a platform-plane centred frame of reference. Comparing the 
first three elements of any column (terms related to forces) to the last three elements of any column 
(terms related to moments) we see both always have unit magnitude. 



CHAPTER 4. STEWART PLATFORM OPTIMIZATION 55 

with this minimum condition number were found to have X e = Y e = a = /3 = 1 = 0, 

i.e., the platform was parallel to and only vertically displaced from the base. 

Three configurations typifying the family of optimal configurations are depicted 

in Figure 4.3. In all cases the sliding directions of the linear actuators are tangent 

to the platform circle when projected onto a horizontal plane (e.g., the base plane). 

Furthermore, by noting the associated base radii and platform heights, it can be shown 

that the legs are angled at 45 degrees to the vertical for all optimum configurations . 

These conditions which define the entire family of locally optimum Stewart platform 

configurations can be expressed by the following relations: 

Xe = Y e = O'. = /3 = I = 0 

1r (rp) 1r (1) </>b + <pp = - - arccos - = - - arccos -
3 rb 3 rb 

(4.9) 

(4.10) 

(4.11) 

These relations were found by considering the geometries of the configurations and 

applying simple geometric principles. 

The conditions of equation ( 4.9) assign zero values to five of the nine variables of 

the optimization problem. This reduces the number of free variables to four, namely 

rb, </>b, <pp, and ze . The next condition ( 4.10) relates rb and ze, leaving only one of 

the two as a free variable (e.g. , rb) and only three free variables in total. The final 

condition ( 4.11 ) relates </>b and <pp to rb leaving only one of the half separation angles 

as a free variable (e.g., </>p). Therefore, these conditions in effect leave only two of the 

variables of the optimization as free variables. Both of these free variables can take on 

an infinite number of values while still maintaining the optimality of the manipulator 

configuration. 
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rb =ff 

<j>b = rt/12 

<I> =0 p 

ze = 1 

rb=ff 

<j>b = 0 

<l>p = rt/12 

ze = 1 

rb = 2 

<j>b= 0 

<I> =0 p 

z =./3' e 

Figure 4.3: Typical optimal configurations of the Stewart platform (Top Views) 
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The first of our chosen free variables rb allows the base size along with the platform 

height to be expanded or contracted for any fixed value of the second variable <pp . In 

order to maintain optimality of the configurations the actuator separation angle in the 

base </>b must be altered according to ( 4.11), and rb and Ze must still related by ( 4. 10). 

This variation is illustrated in configurations ( a) and (b) of Figure 4.3 . Since the 

legs are angled at 45 degrees to the vertical for all locally optimal configurations, the 

directions of each of the six legs will remain the same for all optimal configurations 

with the same platform actuator separation angle, <pp. This results in their Plucker 

line coordinates, and hence their force transformation matrices [Kl, being identical. 

Since both the force and velocity instantaneous kinematic transformations are based 

upon the matrix [Kl, the two configurations can be termed instantaneous kinematic 

equivalents (Pittens and Podhorodeski [43]). 

The second free variable, </>p, allows the legs to be redistributed around the plat­

form in a symmetric manner for fixed values of rb and Ze . For the configurations to 

maintain optimality, </>b and </>p must sum to the fixed value given by (4.11) . This 

second type of variation is illustrated in configurations (b) and ( c) of Figure 4.3. 

In combination with a uniform scaling of manipulator dimensions, there are effec­

tively three free choices in the design of Stewart platforms possessing configurations 

with optimal dexterity. In other words, the conditions of (4.9), (4.10), and (4.11) 

define a three parameter family of Stewart platforms with optimal dexterity (Pittens 

and Podhorodeski [44]) . 
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4.2.3 Independence of Singular Values with R esp ect to </Jp 

The entire family of locally optimal configurations have id ntical singular values of 

their instantaneous transformation matrices. It is easy to see that configurations 

which are instantaneous kinematic equivalents will have identical singular values since 

their transformation matri ces are identical. However, it is not evident that configu­

rations with differing platform actuator separation angles will have the same singular 

values . This property is now rigorously demonstrated. 

By considering the Plucker line coordinates of the prismatic joints and scaling 

using the platform radius as a characteristic length, the force transformation matrix 

[K] for any manipulator configuration satisfying (4.9) through (4.11) (i.e., a locally 

optimum configuration) can be written as 

-s (i - ¢p) s (i + ¢p) -s (1r - fi'p) 

C (i - (pp) -c (i + ¢p) C ( 7r - ff'p) 

[K ]=-1 1 1 1 

vl2 s (i - ¢p) s (i + ¢p) s ( 7r - ff'p) 

-c (i - ¢p) -c (i + ¢p) -c(1r - fi'p) 
1 - 1 1 

-s ( 7r - ff'p) s (i + <Pp) -s (i - c/>p) 

-c(1r - ¢P) C (i + q>p) -c (i - ¢p) 
1 1 1 

-s (1r - ¢1>) -s (i + c/>p ) -s (i - <Pp ) 
( 4.12) 

-c ( 7r - <Pp) -c (i + c/>p) -c (i - q>p ) 
-1 1 -1 

where s ( ·) and c ( ·) represent the sine and cosine functions, respectively. 
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Using the sum and difference trigonometric identities, the above matrix can be 

rewritten as 

[K]=-1 
v12 

il cp 1 cp 
- 2 e P + 2S P 

1¢ V3¢ 2e P + Ts P 
1 

ilcp 1 ¢ 2 e P - 2S P 

- le¢ - V3 s cp 
2 P 2 P 

1 

ilcp 1 ¢ 
2 e P + 2S p -Sq>p 

1¢ il¢ -2e P + 2 s P -eq>p 

1 1 
il cp 1 cp 

2 e P + 2S P Sq>p 

1¢ V3¢ -2e P+ Ts p eq>p 

-1 1 

-Sq>p ilcp 1¢ 
2 e P + 2S P ilcp 1 ¢ 

- 2 e P + 2S P 

eq>p 1 ¢ V3¢ 2e P - Ts P _le¢ - ilscp 
2 P 2 P 

1 1 1 

-Sq>p _ ilecp - !sq; ilcp 1 ¢ 
2 P 2 P - 2 e P + 2S P 

(4 .13) 

ecpP -½ec/>p + "4-scpp _le¢ - ilscp 
2 P 2 P 

- 1 1 -1 

Post-multiplying the above matrix by its transpose results in the following diag-

onal matrix: 
~ 0 0 0 0 0 2 

0 3 0 0 0 0 2 

[K][Kf = 0 0 3 0 0 0 
( 4.14) 

0 0 0 ~ 0 0 
2 

0 0 0 0 ~ 0 2 

0 0 0 0 0 3 

ote that the product [K] [Kf is independent of ¢p• Since the singular values of [K] 

are identical to the square roots of the positive eigenvalues of [K] [K]T, the singular 

values are also independent of ¢p • The normalized eigenvectors of [K] [Kf are the 

column space basis vectors associated with each of these singular values . Therefore, 

the force transmission ratios represented by the singular values and their associated 

task space directions are as follows for an optimum Stewart platform configuration: 
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x)y force 

z force 

z moment 

-+ Tp = Tp = O"f X = O"f y = IF. f ix f ,u , , y 2 

-+ Tp =Tp = O"mx=O"my= /F. m ,.x m ,y , , V 2 

Furthermore, the condit ion number of the force transformation matrix [K] is 

K, = O"max = .J2 
O"min 
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( 4. 15) 

The above singular values and directions demonstrate that the manipulator re­

quires .J2 times joint effort (measured by the norm of the vector T) to produce a force 

and/or moment in the x-y plane as it does to produce a force and/or moment in the 

z-direction. As a consequence of work-energy relations (Section 3.1.2), the singular 

values also demonstrate that ,/2 times as much joint effort (measured by the norm 

of the vector q) is required to translate and/or rotate in the z-direction as it does to 

translate and/or rotate in any direction in the x-y plane. 

4.2 .4 Architectural Limitations 

The relations of (4.9), (4.10) and (4.11) define the family of optimum Stewart plat­

form configurations . These relat ions also place limits on the values the architectural 

parameters can obtain in order to preserve optimality of the configuration. The limits 

derived from these relations correspond to actual physical limitations on the architec­

tural parameters of the manipulator. Examining relation ( 4.10), and requiring that 

Ze remain real valued, demonstrates that the base radius must remain greater than 

the platform radius (rt, = rP results in Ze = 0, an uncertainty configuration of the 

manipulator). This limit on rb restricts the sum of <Pb and <PP to be less than 1r /3 by 

relation ( 4.11). 
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In addition to the architectural limitations inferred by the relations defining the 

family of optimum manipulator configurations, there is a second physical limitation 

that the manipulator's legs do not cross and interfere with one another at the opti­

mal configuration. This requires that the actuator separation angles remain greater 

than or equal to zero. As a consequence of this requirement and relation ( 4.11), the 

base radius is limited to be less than or equal to twice that of the platform. Ta­

ble 4.1 summarizes the architectural limitations for locally optimal Stewart platform 

manipulators. 

Architectural Parameter Limitation Cause 

Leg Separation Angles <Pb ~ 0 , qJp ~ Q interference among legs 

<Pb+ qJp < 1r/3 Ze remain real valued 

Base Radius rp < rb ~ 2rp Ze real, leg interference 

Table 4.1: Architectural limitations for optimal Stewart platform configurations 
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4.2.5 Performance Measure Considerations 

The configuration optimization performed in Section 4.2.2 was based on using the 

condition number of the manipulator's force transformation matrix as the desired 

performance measure. Performing local configuration optimizations using any other 

performance measure referred to in the Section 3.1.3 resulted in the same solutions 

governed by (4.9) through (4.11). This occurs as a result of the singular values being 

identical in all cases and these singular values simultaneously optimizing each of thes 

objectives. The performance measures and the resulting optimum objective function 

values are as follows : 

Condition Number 

Minimize 

Determinant 
6 

Maximize ! obj = IT CTi 

i=l 

Minimum Singular Value 

Maximize ! obj = CTmin 

Arithmetic Mean Singular Value 

Maximize 

Geometric Mean Singular Value 

Maximize 

1 6 

f obj = 6 L CTi 

1=1 

⇒ 

⇒ 

⇒ 

⇒ 

⇒ 

f obj,opt = .J2 

+ 27 
J obj,opt = 4 

f obj,opt = II 

-r ~1 J obj,opt = 3 

1 

fobj,opt = (247) 6 

Not that these results retain the reference frame location at the centre of the platform 

plane. 



CHAPTER 4. STEWART PLATFORM OPTIMIZATIO 63 

4.2.6 Reference Location Considerations 

As mentioned in Sections 3.1.4 and 4.2.1, the optimal configurations of a manipulator 

are a function of the choice of instantaneou reference frame location. The configura­

tion optimization of Section 4.2.2 consid r d a specific reference location at the centre 

of the platform plane. This means that the point on the end effector with optimal 

dexterity corresponds to the centre of the platform. In this section, the optimization 

results are shown to be easily extended for a more general class of reference locations. 

Consider a Stewart platform where the desired reference point is vertically dis­

placed a distance h from the centre of the platform plane as depicted in Figure 4.4. 

Next consider a virtual platform parallel to the plane of the platform and having it 's 

centre located at the reference point. This virtual platform is shown in Figure 4.4 

with a dotted outline. Temporarily ignoring the platform plane and considering the 

virtual platform plane in its place, it is easy to see that the same optimal configura­

tions described by relations ( 4.9) to ( 4.11) would be achieved. The virtual platform 

with radius r e and actuator separation angle c/>e would take the place of the actual 

platform with radius rp and actuator separation angle q>p. Additionally the distance 

from the base to the virtual platform, ze , would now be qual to the distance from 

the base to the actual platform plus the reference point displacement ( Ze = zp + h). 

Using thes substitutions, the relations describing the family of optimal configura­

tions for the case where the reference point is vertically displaced from the centre of 

the platform plane can b rewritten as: 

X e = Y e = a = /3 = , = 0 

r 2 = r 2 + z2 = 1 + z2 
b e e e 

c/>b + c/>r = f - arccos ( ~ ) = f - arccos (r1J 

( 4.16) 

( 4.17) 

(4 .18) 
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Figure 4.4: Optimal Stewart platform configuration with vertical reference frame 
offset 
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Note that the radius of the virtual platform, re, becomes the characteristic length 

which weights forces and moment as well as translational and rotational velocities 

equally. Using the substitutions given in the previous paragraph, the material pre­

sented in Sections 4.2.2 through 4.2.5 remains relevant to the case where the reference 

location is vertically displaced. Finally, it is important to note that the material pre­

sented in Section 4.2.4 places limits on distance the reference point can be above ( or 

below) the platform plane in order that the same family of optimal configurations 

remain applicable. 

The platform radius, height, and actuator separation angles are related to those 

in the virtual platform by 

r2 = r2 + h2 
P e 

Z p = Ze - h 

q>p = ef>e + arccos ( ~) 

( 4.19) 

( 4.20) 

( 4.21) 

The results given above apply only to cases where the reference point remains centrally 

located and only vertically displaced from the platform plane. 
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4.3 Stewart Platform Architecture Optimization 

As presented in Section 4.2, configuration optimization results in the definition of a 

family of optimum configurations for the Stewart platform. A method using consid­

erations based upon global performance measures can be employed to isolate a single 

optimum Stewart platform architecture. The results of the configuration optimiza­

tion allow the number of architectural design parameters required for an optimization 

based upon global performance measures to be reduced to two. That is, the search for 

a best architecture considering global characteristics can be constrained to the family 

of optimal configurations defined by varying rb and </>p within the limits set out in Sec­

tion 4.2.4. This allows s lection of an architecture with optimal local characteristics 

and best overall performance. 

4 .3 .1 Objective and Stewart Platform Application 

Overview of G lobal P erformance Measures 

Two classes of global p rformance measures have been proposed in the literature 

which could be used to find an optimum Stewart platform architecture. The first 

being the volume of the manipulator's workspace and the second being based upon 

"integrals" of local performance measures over some portion of the manipulator 's 

workspace. 

The determination of the workspace volume of parallel and hybrid manipulators 

is not a trivial task, and to date has only been performed using numerical methods. 

Traditionally, the volume of the Stewart Platform's and other closed-chain manip­

ulator's workspaces are determined using methods based upon compl te discretiza-
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t ions of Cartesian space and ascertaining whether or not each point belongs to the 

reachable space of the devi ce [10, 32, 58]. In later work, Gosselin [15] dev loped an 

algorithm based upon geometrical principles for determining the workspace volume 

of six degree of freedom parallel manipulators with reduced computational require­

ments. Using this method, the workspace volumes of the locally optimum Stewart 

platforms for a given set of linear actuator displacement limits could be compared 

to select a unique optimum manipulator architecture. However, if the workspace 

volume of the manipulator was of primary importance, a serial-chain manipulator 

architecture might be more suited to the task. Furth rmor , if the characteristics of 

parallel-chain manipulator are deemed highly desirable and the application requires 

a larger workspace size, the Stewart platform could simply be scaled up or be fitted 

with larger displacement linear actuators to give the required operational volume. For 

these reasons the workspace volum will not be investigated as a global performance 

measure in determining an optimum Stewart platform architecture. 

The dexterity or manipulability measures introduced in Chapter 3 can also be ex­

tended to represent global performance measures through integration over a specified 

region of the manipulator 's workspace. Asada and Cro Granito [4], as well as Kokk i­

nis and Stoughton [26], integrated local performance measures based on the singular 

values of the J acobian matrix over specified ranges of the workspac . Gosselin and 

Angeles [17] defined a performance index termed the global conditioning index which 

represents an average conditioning measure over the entire workspace of a manipu­

lator. This conditioning m asure was arrived at by integrating the reciprocal of the 

condition number over the workspace and then normalizing the result by dividing 

by the volume of the workspace. Finally, Singh and Rastegar [50] considered distri­

butions of end effector positions and averaged the J acobian matrix singular values 



CHAPTER 4. STEWART PLATFORM OPTIMI ZATION 68 

associated with these positions to result in the definition of a global velocity ellipsoid. 

This ellipsoid can be used to give a global measure of any local performance measure 

related to the singular values of the manipulator's J acobian matrix. 

Any of the above integration based methods could be used to isolate a unique 

optimum Stewart platform architecture(s). However, the methods are computation­

ally expensive, especially for six degree-of-freedom manipulators where the integral 

inside the two dimensional optimization algorithm will be six dimensional. Further­

more, the numerical results of such an optimization are difficult to interpret since 

they provide no information on how the manipulator can be expected to perform in 

different directions or different portions of the workspace. These difficult ies involved 

with integration based methods lead to the introduction of a new alternative method 

of quantifying the global performance of a manipulator. This new method, which 

is based upon gradients of local dexterity measures, retains directional performance 

information while also significantly reducing the computational effort required for the 

measures evaluation. 

Gradient Based Global Dexterity Measures: Dexterity Gradients 

The proposed global dexterity measure utilizes spatial gradients of a local kinematic 

dexterity measure about an optimum manipulator configuration. These gradients will 

be termed dexterity gradients. The position of the local optimum at which the gra­

dients are calculated coincides with the point in the manipulator's workspace about 

where the manipulator would normally operate. In this manner, the proposed mea­

sure provides a first-order approximation to the characteristics of the manipulator at 

points in its normal operational region near the local optimum. Low numerical val-
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ues of the measure signify shallow dexterity gradients away from the local optimum 

point indicating that the performance of the manipulator remains close to optimal 

at points proximal to the optimum point. Similarly, high numerical values of the 

proposed measure signify steep dexterity gradients and poor performance of the ma­

nipulator at positions displaced from the optimum point. Since gradient measures 

are only :first-order approximations, the measures are only valid when quantifying 

the global dexterity of a manipulator which uses a portion of its workspace during 

normal operation. This is commonly the case for applications where parallel-chain 

manipulators are employed. 

The dexterity gradients at the optimum point are functions of the task space di­

rections a.long which the gradients are calculated. This allows dexterity gradients in 

different task space directions to be compared to give information concerning how 

the manipulator can be expected to perform in different regions of the manipulator's 

workspace. For architectural optimization purposes, a single number quantifying the 

global dexterity of a manipulator must be determined. This can be accomplished by 

averaging the dexterity gradients from all task space directions. Normally this would 

require a considerable a.mount of numerical computation. However, since the gradi­

ents are calculated at a local optimum point, the symmetry of these configurations 

allows a great deal of simplification to occur. In Section 4.2.3 it was shown that the 

symmetry of the optimal configurations results in equivalent instantaneous kinematic 

characteristics for motions in any direction in the x-y plane. Through further exam­

ination it was found that this configuration symmetry also results in the following 

symmetries related to the dexterity gradients at a local optimum: 
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1. As was the case for the instantaneous kinematic characteristics, the dexterity 

gradients along any direction in the x-y plane are equivalent . 

2. The dexterity gradient in any direction, including those out of the x-y plane, 

is independent of the angle of rotation about the z axis . In other words, t he 

dexterity gradients are identical for all directions having the same elevation 

angle from the x-y plane. This means that only directions in a single half-plane 

with one edge bounded by the z axis need be considered. 

3. For any given line in task space passing through an optimum configuration, the 

dexterity gradients at the optimum point are identical in both directions along 

the line. 

All of t hese symmetries apply equally to both translational and rotational related 

directions. 

Taking into account all of the above observations, only translational and rotational 

directions lying in a single quadrant of a vertical plane containing the z axis need be 

considered to quantify the global dexterity of a manipulator using dexterity gradients. 

Therefore, the space of interest has reduced in dimension from six to four. Since three 

coordinates are required to describe any direction in four dimensional space, a three 

dimensional integration must be performed to compute the directionally averaged 

dexterity gradient quantifying the global dexterity of the manipulator. 

In the following work, directions in the first quadrant of the x-z plane are used as 

representative directions in the four dimensional space of interest . These directions 

include combinations of x and z translations as well as x and z rotations (roll and 

yaw). Using these directions, the computation of t he average dexterity gradient for 

the Stewart platform proceeds as follows. 
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Let 0t and Br be angles in the x-z plane representing possible translational and 

rotational directions, respectively. Furthermore, let 0w be an angle from which a 

translational/rotational weighting factor can be calculated. These three angles allow 

a unit vector representing any direction D in the four dimensional task space of 

interest to be defined as 

( 4.22) 

Droll = cos 0r sin 0w 

Dyaw = sin 0r sin 0w 

Gradients, or slopes, of a desired local dexterity measure !obj can be computed along 

these directions. This must be performed numerically since directional derivatives of 

kinematic dexterity measures can not be expressed in a closed form. Finally, gradients 

from all possible directions can be integrated and then normalized to give the required 

average dexterity gradient , 

( 4.23) 
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4.3.2 Global Optimization R esults 

Similar to the configuration optimization performed in Section 4.2, the gradient of 

the forward static force transformation matrices condition number was used as a 

local dexterity measure in optimizing th architectural design of the Stewart plat­

form . Dexterity gradients at all feasible optimum manipulator configurations were 

determined by numerically calculating th following limit: 

G d ( ) 1
. l'i, - l'i, opt 

ra l'i, = 1m " 
C::. p-+0 up 

( 4.24) 

where l'i, 1s the condition number at a position displaced a distance 6.p from the 

optimum point in th desired direction, and K, 0 pt is the condition number at the 

optimum configuration (l'i, opt = v12). Th radius of the platform rp was used as the 

characteristic length of the manipulator to equally weight translational and rotational 

related quantities (Section 4.2.1), while the base radius rb and the platform actuator 

half separation angl q>p were used as the two free variables describing the family 

of optimal configurations. The remaining non-zero variables describing the optimal 

configuration can be found from rb and c/>p through the following relations derived 

from equations (4.10) and (4.11) in Section 4.2.2: 

Platform Height 

( 4.25) 

Base Actuator Half Separation Angle 

c/>b = 2- - arccos (~) - cp 
3 rb P 

( 4.26) 
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To begin with, condition number gradients at t he optimal configurations of the 

Stewart platform were calculated along directions coinciding with the primary axes 

of the manipulator as modelled in Section 4.1.1. These directions correspond with 

the directions of the principle axes of the manipulator's velocity and force ellipsoids 

which characterize the instantaneous kinematic properties of the device. The dex­

terity gradients along these directions can be used to give insights into the expected 

performance of the manipulator in different regions of its workspace. 

The surface and contour plots of Figure 4.5 give the condition number gradients 

calculated along the horizontal direction ( any translational direction in the x-y, or 

platform, plane) for optimal configurations of the Stewart platform. Similarly, Fig­

ures 4.6 and 4. 7 respectively give the condition number gradients along the vertical 

(z translation) and roll/pitch (rotation about any line passing through the platform 

centre and lying in the x-y, or platform, plane) directions. In each of the gradient 

plots, a line separating valid and invalid Stewart platform architectures is included. 

This line is described by the following relation, 

</> = ~ - arccos (~) 
P 3 rb 

( 4.27) 

which corresponds to all optimum configurations with </>b = 0. Architectures beyond 

this dividing line are invalid due to the requirement that </>b < 0 which implies that 

the optimal manipulator configurations possess crossed leg pairs. 

Examining the horizontal and vertical translational condition number gradients 

of F igures 4.5 and 4.6 it can be seen that both plots have identical shapes; the only 

difference being that the vertical gradient is four times as large as the corresponding 

horizontal gradient for all points. The significance of this number and the identical 

shapes is not known at the present. 
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Figure 4.5: Surface and Contour Plot of Horizontal Condition Number Gradients for 
Locally Optimal Stewart Platforms 
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Figure 4.6 : Surface and Contour Plot of Vertical Condition Number Gradients for 
Locally Optimal Stewart Platforms 
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Further examination of Figures 4.5 and 4.6 shows that gradients in horizontal and 

vertical directions are independent of the platform separation angle </>p- Gradients 

in the horizontal direction are independent of </>p as a result of the symmetry of the 

optimum configurations at which the gradients are calculated. This symmetry is 

not broken by varying </>p due to the manner in which </>p is defined (Section 4.1.1). 

However, the vertical gradients are independent of q>p even for configurations where 

the legs are randomly distributed about the platform circle. The vertical gradients 

are only functions of the leg lengths and their angles to the platform plane which 

are solely determined by the base radius rb for all optimal configurations. As the 

legs become shorter in length, the uncertainty configuration in which the base and 

platform plane become coincident is more closely approached with the same vertical 

movement. This is the factor causing the vertical gradient to have its quickly rising 

value as the base radius approaches that of the platform (i.e., 'rb = 1). A similar 

factor with different uncertainty configurations causes the horizontal gradient to have 

the same characteristic. 

The architectures with the minimum condition number gradients within the valid 

region are marked on each of the gradient contour plots with a solid round symbol. 

The minimum horizontal gradient occurs with a Stewart platform architecture where 

'rb = 2 and q>p = 0. The condition number gradient at this point is 0.2041 ( ~ 
2
../6). 

The minimum vertical gradient of 0.8165 ( ~ \11) occurs with the same manipulator 

architecture. 

The roll/pitch condition number gradients for optimal configurations of the Stew­

art platform are given by the surface and contour plots of Figure 4. 7. The roll/pitch 

gradient characteristics differ substantially from those of the horizontal and vertical 

gradients as evidenced by the deep grooved shape of the roll/pitch gradient plot. 
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The plots show a larger dependence of the gradients on the platform separation an­

gle </;p than the base radius rb. This is the opposite behaviour when compared to 

the horizontal and vertical gradients where the gradients are independent of <PP· The 

condition number gradient plots in Figure 4. 7 also show that there is no single manip­

ulator architecture having a minimum roll/pitch gradient. Any point at the bottom 

of the plot's "groove" possesses the minimum roll/pitch gradient of 0.3536 ( ~ 
2
,½), 

the curv at the grooves bottom being describ d by the following function: 

1r 1 (1) ¢ = - - - arccos -
P 6 3 rb 

( 4.28) 

The Stewart platform architectur with the minimum roll/pitch gradient and the 

maximum possible base radius occurs when <PP = ;2 , <Pb = 0 and rb = -/2. This point 

is marked on the contour plot with a solid round symbol. 

The yaw condition number gradients calculated at optimal configurations of the 

Stewart platform were found to be zero in all cases. With the aid of material presented 

later in this work, this behaviour can be readily explained. When a small yaw motion 

is imparted to the platform, the 1 g pairs meeting at the platform effectually remain 

at the same angles of 90 d grees with respect to one another as measured around the 

periphery of the platform circle. In other words, the sum of the angles of the legs to 

the vertical for each leg pair remains equal to 90 degrees. This means that the leg 

pairs, and therefore the associated zero pitch reciprocal screws, are in effect simply 

being rotated about a horizontal line passing through the centre of the platform and 

the midpoint between the actuator attachment points on the platform. As will be 

shown in Section 5.3, this movement of the reciprocal screw pairs does not affect the 

kinematic dexterity of the manipulator. Therefore, the yaw gradient of any optimal 

configuration of the Stewart platform will be zero for all kinematic dexterity measures. 
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Figure 4.7: Surface and Contour Plot of Roll / Pitch Condition Number Gradients for 
Locally Optimal Stewart Platforms 
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The gradient plots of Figures 4.5 , 4.6, and 4. 7 give indications of preferred ar­

chitectures for the Stewart platform but do not include gradients calculated along 

arbitrary directions. The directionally averaged condition number gradients for opti­

mal configurations of the manipulator were calculated using the method outlined at 

the end of the previous section (Section 4.3.1 ) and the results are given in the surface 

and contour plots of Figure 4.8. From these plots it can be seen that the behaviour 

of the horizontal and vertical gradients highly influences the average gradient due to 

the fact that the plot has the same general shape. The influence of the roll/pitch 

gradient can also be seen by the slight depression running along the surface of the 

plot in the general direction of varying rb. The minimum point on the average gra­

dient plot occurs at rb = 2 and q>p = 0.2084 with a directionally averaged gradient of 

0.4 795. However, this manipulator architecture is not practical since the legs of the 

manipulator must cross to achieve the optimum configuration. Among manipulator 

architectures with non-interfering legs, the Stewart platform with a base radius equal 

to twice that of the platform's (rb = 2) and all actuator attachment points occurring 

in concurrent pairs at the base and platform ( </>b = 0, q>p = 0) possesses the mini­

mum average condition number gradient of 0.5216. This architecture is the optimum 

Stewart platform architecture when the condition number and its gradient is used as 

the desired performance measures. This optimum point is marked with a solid round 

symbol on the contour plot of Figure 4.8. 
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Figure 4.8: Surface and Contour Plot of Directionally Averaged Condition Number 
Gradients for Locally Optimal Stewart Platforms 
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4.3.3 Performance Measure Considerations 

Kinematic dexterity measures other than the condition number can also be used to 

form gradient based global dexterity measures. The remaining kinematic dexterity 

measures introduced in Chapter 3 where examined for their suitability in the archi­

tectural optimization of the Stewart platform using dexterity gradients . It was found 

that the determinant, the arithmetic mean singular value, and the geometric mean 

singular value were ineffective when used as the local kinematic dexterity measure in 

a gradient based method. This is because the gradients of these dexterity measures 

were found to have zero values in all directions when calculated for optimum Stewart 

platform configurations . The minimum singular value, however, did produce non-zero 

gradients and was investigated further. 

Similar to the previous section, minimum singular value gradients in directions 

along the manipulator's primary axes were calculated and plotted for optimum con­

figurat ions of the Stewart platform. Comparing the results with those using gradients 

of the condition number showed the plots to be identical except that each of the gra­

dient values were simply scaled by a fixed value for each of the corresponding plots . 

The horizontal and roll /pitch gradients of the minimum singular value were 0.8660 

( ~ ¥) times those of the condition number, and the vertical gradients of the min­

imum singular value were 0.4330 ( ~ 1) times those of the condition number. The 

yaw gradients of the minimum singular value were zero for all optimal configurations, 

as was the case with gradients of the condition number. 

The directionally averaged minimum singular value gradients were also calculated 

and plotted for optimum configurations of the Stewart platform, the results being pre­

sented in the surface and contour plots of Figure 4.9. Comparing these plots to those 
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for the average condit ion number gradient (Figure 4.8), the plots can be seen to be 

identical in general shape with only minor differences. The first difference being that 

the minimum singular value gradients are scaled down by a near constant value of ap­

proximately 0. 56 (range of 0. 53 to 0.60) compared to the condition number gradients. 

The second difference being that the minimum singular value plot has a slightly more 

pronounced depression running along the surface of the plot in the general direction 

of varying rb caused by the roll /pitch gradient characteristics. However, both plots 

indicate the same manipulator architecture with rb = 2, <Pb = 0, and q>p = 0 as being 

optimum. 

To conclude this chapter, Figure 4.10 illustrates a Stewart platform possessing the 

optimal architectural design. The characteristics of this optimum Stewart platform 

architecture at its optimum position and orientation are summarized in Table 4.2. 
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Figure 4.9 : Surface and Contour Plot of Directionally Averaged Minimum Singular 
Value Gradients for Locally Optimal Stewart Platforms 
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Figure 4.10: Stewart Platform with Optimal Architectural Design 
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II CHARACTERISTIC I PARAMETER VALUE(S) 

Configuration Architecture rb = 2rp, (Pb = q>p = 0 

Position Xe = Y e = 0, Ze = .J3 
Orientation (roll , pitch, yaw) a=/3= 1 =0 

Kinematic Dexterity Condition Number K, = ~ = ,/2 
Umin. 

Determinant TI <Ji = ~
7 

Minimum Singular Value CJmin = ~ 
Arithmetic Mean Singular Value l I: CJ - vJ+l 

6 i - ,/3 

Geometric Mean Singular Value ( TI CJ;)¼ = (2;) ~ 
Dexterity Gradi ents Horizontal Gradients Grad(K,) = 0.2041 ~ 276 

Grad(<Jmin) = 0.1768 ~ 
4

,72 
Vertical Gradients Grad( K,) = 0.8165 ~ {f 

Grad( CJ min ) = 0.3536 ~ 272 
Roll/Pitch Gradients Grad( K,) = 0.5577 

Grad(<Jmin) = 0.4830 

Yaw Gradients Grad(K,) = Grad(<Jmin) = 0 

Average Gradients Grad(K,tvg = 0.5216 

Grad( <Jmintvg = 0.3048 

All Other Dexteri ty Gradients Grad= 0 

Table 4.2: Characteristics of the Optimum Stewart Platform Architecture at its Op­
timum Position and Orientation 

II 



Chapter 5 

Hybrid Manipulator Optimization 

The configuration and architectural optimization of the Stewart platform manipu­

lator carried out in the previous chapter presents a groundwork for optimizing the 

architecture and configuration of a broader class of manipulator structures, namely 

hybrid manipulators . 

5.1 6 DOF Hybrid Manipulators1 

The hybrid class of manipulator structures encompasses an extremely large number 

of possible architectures. This holds true even when limiting the scope to only t hose 

manipulator structures capable of six degree-of-freedom (DOF) force and motion tasks 

with no joint or actuation redundancy, as is the case in this work. Therefore, at many 

stages in t he optimization procedure, simplificat ions based on preferred attributes of 

hybrid manipulators and its branches are made to reduce the number of structures 

considered to a manageable number . 

1The results of this section were presented at the 22'nd ASME Biennial Mechanisms Conference, 
Sept . 1992 [45]. 

86 
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5.1.1 Enumeration of Potential 6 DOF Hybrid Structures 

Recall that a hybrid manipulator consists of serial branches acting in parallel on 

a common end effector. To be capable of six DOF force and motion tasks, the 

hybrid structure must have a minimum of six independent actuated joints distributed 

amongst its parallel-acting serial-branches. Each of the serial branches is comprised 

of passive and actuated joints. To have an active role in driving the hybrid structure 

each branch must have at least one actuated joint . Furthermore, for the end effector 

to have full six DOF capabili ty, the end of each branch must be capable of six DOF 

motion. A branch capable of providing six DOF end motion and having no joint 

redundancy will have a total of six independent passive and active joint DOF. 

In summary, the considered six DOF hybrid structures will consist of serial branches 

having six joint freedoms with at least one joint actuated and having a total of six 

actuated joints in the hybrid structur . The number of branches and the number 

of actuated joints in each branch for all potential non-redundant six DOF hybrid 

structures are enumerated in Table 5.1. 

The one and six branch chains of Table 5. 1 correspond to the cases of strictly­

serial and fully-parallel chain manipulators, respectively. These extremes can be 

considered to be limiting cases of hybrid manipulators. That is, the strictly-serial 

chain corresponds to no passive joints and the fully-parallel chain corresponds to a 

manipulator structure with the minimum of one joint actuated in each branch. The 

remaining entries in Table 5.1 describe possibl structures for hybrid manipulation 

devices having more than one branch, and with more than one joint actuated in at 

least one of its branch s. 
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Number of Number of Actuated 

Branches Single-Freedom 

In Parallel Joints in Each Branch 

1 6 

2 1,5 

2,4 

3,3 

3 1,1,4 

1,2,3 

2,2,2 

4 1,1,1,3 

1,1 ,2,2 

5 1,1,1 ,1,2 

6 1,1,1,1,1,1 

Table 5.1: Enumeration of 6 DOF Hybrid Manipulator Structures 

5.1.2 Preferred Attributes of Hybrid Manipulators 

Several attributes can be considered preferred for a hybrid manipulator structure. 

These preferred attributes are related to issues of structural stiffness, dynamic per­

formance, symmetry of branch actuation, kinematic simplicity, branch interference, 

and workspace size. In this section, the hybrid manipulator structures enumerated in 

Table 5.1 are evaluated according to these criteria. 

As previously described, symmetry of branch actuation has advantages for ma­

nipulators expected to perform arbitrary manipulation tasks. Furthermore, branch 

symmetry is advantageous in terms of device production costs. Examining the hybrid 

structures of Table 5.1, three of the structures posses the potential of symmetrical 
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branch geometries , namely the "2-3,3", the "3-2,2,2", and the "6-1,1,1,1,l,l" ("num­

ber of branches- actuated joints per branch" ) structures. 

The occurrence of branch interference is heavily influenced by the number of 

branches in the chain and tends to be a major factor limiting the accessible work 

volume. Of the chains with the potential of possessing symmetric actuation, the 

fully-parallel configuration "6-1,1 ,l ,l ,l ,l " is at a serious disadvantage in terms of 

branch interference. 

Actuation of only base proximal joints allows passive joint groups to be placed 

at the end of the branches. As a consequence, manipulated masses of the branches 

are reduced and dynamic performance is enhanced. Furthermore, having a passive 

spherical group of joints at the branch end allows the branch end to sustain only pure 

forces due to end effector loading. Of the chains with symmetric actuation potential, 

the "2-3,3" structure cannot employ passive spherical joints at both branch ends 

since the end effector would no longer be fully constrained. In this case one or 

both of the branches must sustain a moment caused by end effector loading. This 

requirement reduces the stiffness of the structure. The "3-2,2,2" structure can employ 

spherical joints at the branch ends, eliminating moment loading of the branches while 

simultaneously minimizing the manipulated mass associated with motions of the end 

effector. 

From the above discussion, the three branch, two actuated joints per branch struc­

ture ("3-2,2,2") is seen to be potentially advantageous as a basic non-redundantly 

actuated six DOF hybrid manipulator structure. The remainder of t his work concen­

trates on this manipulator structure. 
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5.2 Kinematically Simple Branch Structures2 

In this section, kinematically simple branch structures suitable for use in six degree­

of-freedom hybrid manipulators are identified. Through elimination of fundamentally 

degenerate and equivalent branch types , five unique branch structures employing 

revolute joints are shown to exist. 

5 .2 .1 D efinition of the Kinematically Simple Class 

As discussed in the previous section, grouping the last three joint DOF of each branch 

as a passive spherical joint is advantageous in terms of manipulator stiffness and 

dynamic capabi lities. Therefore, all branch structures under consideration will employ 

a passive spherical joint at the branch end. Furthermore, since linear actuators and 

linear passive joints are generally more complicated , bulky, and less efficient than 

their rotary counterparts, only revolute joints are considered in this investigation. 

Construction and kinematic modeling of the branches is simplified if unnecessary 

offsets of the branch links are eliminated and if the joint directions are successively 

parallel or at right angles. Furthermore, to avoid joint redundancy and to maintain 

six DOF end effector motion capability, successive joints cannot be parallel unless 

separated by a length. The requirement of a passive spherical end joint combined 

with the avoidance of unnecessary offsets and the constraint of successively paral­

lel or perpendicular joint directions defines a kinemati cally simple class of branch 

structures. 

2The results of this section were presented at the 22'nd ASME Biennial Mechanisms Conference, 
Sept. 1992 (45]. 
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5.2.2 The Unique Kinematically Simple Branch Structures 

As a consequence of the kinematically simple requirem nts, the branch structures 

are comprised of a main-arm consisting of three joints, and a passive spherical ( three 

joint) group at the branch end . To have the abili ty of six DOF branch end motion, the 

main-arm joints must not intersect at a common point. A voiding unnecessary offsets, 

the three main-arm joints are disp rsed amongst a fixed shoulder and an elbow. That 

is, there are either two joints at the shoulder and one at the elbow or vice versa. 

Figure 5.1 illustrates the potential joint directions at the shoulder and at the elbow. 

Considering permutations of the possible joint distributions and directions yields 

potential branch layouts for the kinematically simple class. However, many of these 

36 layouts are degenerate or are kinematically equivalent. 

Placing two of the main-arm joints at the shoulder resul ts in the elbow joint being 

constrained to lie on a spherical surface of fixed radius . That is, the main-arm consists 

of a revolute joint constrained to a surface generated by the pointer mechanism of 

the first two joints (pointer-revolute branch structure). Placing one revolute joint 

at the shoulder and two joints at the elbow results in a pointing mechanism at the 

elbow constrained to lie on a circle of fixed radius generated by the shoulder joint 

(r volute-pointer branch structure). 
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Examining Figur 5.1 it is easily seen that the single elbow joint cannot be in the 

'D' direction (along the direction of the second link). With an elbow in this direction 

the final four joints of the branch intersect at a common point, i.e., the elbow joint is 

not independent of the degrees of freedom supplied by the passive spherical joint. The 

resulting branch structures would be equivalent to a pointer with a spherical joint 
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at the branch end , a device capable of producing only five DOF motions. This is 

verified by the fact that a zero pitch screw passing through the centre of the shoulder 

joints and the centre of the passive spherical joint is reciprocal to all joint screws 

in the branch, regardless of the branch joint displacements . This means that the 

branch is incapable of producing motions which would p rform work if the branch 

end is subj ect to a wrench acting on this reciprocal screw (i.e., the branch end cannot 

translate along the line passing through the centre of the shoulder joints and the 

centre of the passive spheri cal joint). 

An elbow joint in the 'F ' direction also results in a branch structure capable 

of only five degrees of freedom. The pointer at the shoulder of the branch allows 

positioning of the elbow joint at any point on a fixed sphere. Since an elbow joint in 

the 'F' direction remains normal to the surface of this sphere, the branch structure 

only permits the end spherical joint to be positioned at any point on a slightly larger 

fixed spherical surface (2 DOF positioning) . The same reciprocal screw as described 

for the elbow joint in the 'D' direction applies to this case with the elbow joint in the 

'F' direction, further verifying the lack of six DOF capability for the branch. 

Since pointer-revolute branch structures with elbow joints in the 'D' or 'F ' direc­

tions result in degenerate layouts, the elbow joint must be in the 'E' direction. The 

directions of the two shoulder joints remain unrestricted. Taking all permutations of 

shoulder joint directions results in six plausible kinematically simple pointer-revolute 

branch structures. Figure 5.2 shows these six branch structures. 
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UNIQUE BRANCH STRUCTURES 

CBE ABE 

CAE BAE 

BCE ACE 

Figure 5.2: Kinematically Simple Pointer-Revolute Branches 
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Equivalent Branches 

Rotating the second joint of the 'CBE' branch structure in Figure 5.2 by 90 de­

grees and comparing the resulting configuration to the 'ABE' structure shows that 

th structures are identical except that branches are mounted at different angles. 

Th branches can be considered to be identical since the mounting orientation of the 

branches has not been considered at this point. Similarly, if the second joint of the 

'CAE' structure is rotated by 90 degrees a structure identical to the 'BAE' structure 

results. Furthermore, rotat ing joint 2 of the 'BCE' structure by 90 degrees demon­

strates that it is identical to the ' ACE' structure. Howev r, these two structures are 

actually revolute-pointer structures since the elbows of these branches are constrained 

to lie on a circle of fixed radius. The second joint forms part of a pointing mechanism 

at the elbow of the branch, not one at the shoulder of the branch. Therefore, these 

branch structures will reappear a revolut -pointer structures and will be dealt with 

at that time. Taking these equivalencies into account , there are only two unique kine­

matically simpl pointer-revolute branch structures typified by the 'CBE' and 'CAE' 

structures of Figure 5.2. 
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Revolute-Pointer Branch Structures 

Degenerate Layouts 
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Examining the joint directions of Figure 5.1 it can be seen that the second elbow 

joint for revolute-pointer main-arms cannot be in the 'D' direction. This degeneracy 

is the same as that considered for the pointer-revolute main-arm structures although 

the reciprocal screw direction illustrating the degeneracies of the resulting layouts 

will depend on the remaining main-arm joint directions. The 'AED', 'AFD', 'CED', 

and 'CFD' structures have zero pitch reciprocal screws passing through the centres of 

the elbow and spherical joints. The 'BED' structure has a zero pitch reciprocal screw 

passing through the centre of the spherical joint parallel to the remaining main-arm 

joint axes. Finally, the 'BDF' structure has a zero pitch reciprocal screw passing 

through the centre of the shoulder joint and the centre of the passive spherical joint. 

The single shoulder joint cannot be in the 'C' direction. A shoulder joint in the 

'C' direction would only cause rotation of the elbow pointer-mechanism about its own 

centre resulting in a device capable of only five DOF motions. A screw passing through 

the centre of the elbow joints and the centre of the passive spherical joint is reciprocal 

to all joint screws regardless of joints displacements, verifying the degeneracy of the 

branch structure. 

Eliminating all structures corresponding to the above degenerate cases yields eight 

plausible permutations of kinematically simple revolute-pointer branch structures. 

These eight structures are depicted in Figure 5.3. 
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ADE BDE 

ADF BDF 

BEF AEF 

UNIQUE BRANCH STRUCTURES 

AFE BFE 

Figure 5.3: Kinematically Simple Revolute-Pointer Branches 
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Equivalent Branches 

Rotating the second joint of the 'ADE' structure by 90 degrees and comparing the 

resulting configuration to the' ADI•' structure in Figure 5.3 shows that the structures 

are identical. Similarly, if the third joint of the 'ADF' structure is rotated by 90 

degrees a branch identi cal to th 'BEF' structure results . Therefore, these three 

revolute-pointer branch structures are equivalent , all being typified by the 'BEF' 

structure. Similarly, the 'EDE', 'EDF' and 'AEF ' structures can be shown to b 

equivalent, all being typified by the 'AEF ' branch structure. I< inally, rotating joint 2 

of the 'AFE' structure by 90 degrees demonstrates that it is identical to the 'BFE' 

structure. These latter two structures can be observed to be identical to the 'ACE' 

and 'BCE' tructures of Figure 5.2 whi ch were found to belong to the revolute-pointer 

type of branch structures being presently considered. Taking these equivalencies into 

account, there are only three unique kinematically simple revolute-pointer branch 

structures typified by the 'BEF' , 'AEF' and 'BFE' structures of Figure 5.3. 

The Unique Branch Structures 

Combining the unique branch struct ures found for both the pointer-revolute and 

revolute-pointer structure types, ther are five unique branch structures belonging 

to the kinematically simple class. Th se five unique structures are highlighted in 

Figures 5.2 and 5.3 . If these branches are to be used to construct non-redundantly 

actuated six DOF hybrid manipulators consisting of three branches (3-2,2,2 hybrid 

structures), there are fift en possible actuated kinematically simple branch structures 

that can be employed. These fifteen actuated branch structures are derived from the 

five unique branches by considering combin ations of actuated main-arm joints. 
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The configuration opt imizations in this work are based on kinematic dexterity mea­

sures related to the instantaneous kinematic transformations of t he manipulator under 

study. These instantaneous kinematic transformations are functions of the reciprocal 

screws associat d with each of the actuated joints and the reciprocal product scalar 

quantities weighting each of these reciprocal screws (Section 2.2). As was shown in 

Chapter 4 for the Stewart platform, there can exist different manipulator configu­

rations having identi cal associated reciprocal screws and reciprocal products. These 

manipulator configurations were term d instantaneous kinematic equivalents . 

Since manipulators of varying archi tecture can possess identical reciprocal screws 

and reciprocal screw products, the configuration optimization procedure for hybrid 

manipulators will be carri d out in a different manner than that previously employed 

for the Stewart platform. Instead of first picking a specific type of manipulator 

structure and then finding configurations in which the associated reciprocal screws and 

reciprocal products optimize the desir d kinematic dexterity measure, the reciprocal 

screws and reciprocal products which optimize dexterity can first be found and then 

manipulator configurations can be "fitted" to these screws and products. Each of 

these manipulator configurations will be instantaneous kinematic equivalents of one 

another. This method of configuration optimization will b employed to optimize 

the configuration of hybrid manipulators since there are many different manipulator 

structures to consider for optimization. 
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The work contained in Sections 5.1 and 5.2 reduced the number of hybrid manipulator 

structures to be further studied and optimized by considering preferred attributes 

for hybrid devices. It was found that structures with three identical branches, the 

branches being one of five possible kinematically simple types and having the same two 

joints being actuated in each branch, hav advantages which make them preferable 

to other six DOF hybrid structures . In order to optimize the configurations of hybrid 

manipulators based on these structures, the types of reciprocal screws associated with 

the structures must be first be det rmined. 

Recall from Section 2.2 that the reciprocal screws which make up the reciprocal 

screw matrix for the manipulator are screws which are reciprocal to all joint screws 

in the branch except that associated with the actuated joint of interest . Considering 

the class of kinematically simple branch structures defined in the previous section, 

the reciprocal screws for all branches in the class must be reciprocal to the screws 

associated with the passive spherical joint at each of the branch ends. 

The joint screws associated with a spherical group of joints belong to the three­

system of all zero pitch screws passing through the centre of the spherical joint [20] , 

'11 sph· Reciprocal to Qi sph is the sam three-system of zero pitch screws passing through 

the centre of the spherical joint . Therefore, the reciprocal crews associated with the 

actuated joints of the kinematically simple branches must all be zero-pitch screws 

passing through the centre of the branch 's passive spheri cal joint. The direction of 

each of the reciprocal screws is determined by the locations and dir ctions of t he zero­

pitch joint screws describing the main-arm joints other than the actuated joint under 
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consideration. For a zero-pitch screw to be reciprocal to another zero-pitch screw, the 

screws must intersect or be parallel (intersect at infinity) [20] . Considering this, and 

the different cases of possible main-arm joint actuation, yields all reciprocal screw 

quantities potentially required. Figure 5.4 illustrates the joint screws and reciprocal 

screws associated with the main-arm joints of the five unique kinematically simple 

branches. 

5.3.2 Objective and Hybrid Manipulator Application 

Knowing that the reciprocal screws for kin matically simple branches consist of zero­

pitch screws passing through the centre of the passive spherical joints at their branch 

ends, assembled manipulator structures can now be considered for configuration opti­

mization purposes. The manipulators under consideration are symmetric devices with 

three branches support ing the platform. Therefore, the branch attachment points on 

the platform occur at uniform 120 degr e intervals at the same distance from the 

platform centre. The reciprocal screws used in defining the instantaneous kinematic 

transformations occur in pairs at these branch attachment points since there are two 

actuated joints in each of the branches . To maintain the symmetry of the configu­

ration, each branch's reciprocal screw corresponding to the same actuated joint will 

have identical directions with respect to the radial, tangential, and normal directions 

of the platform. This symmetry of reciprocal screw directions is illustrated in Fig­

ure 5.5 along with angular coordinates used in defining t he directions of the reciprocal 

screws with respect to the platform's radial, tangential, and normal directions. 
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Figure 5.4: Main-Arm Joint Screws and Associated Reciprocal Screws for Kinemati­
cally Simple Branches 



CHAPTER 5. HYBRID MA IPULATOR OPTIMIZATION 

I 
I 

Azimuth (8) and 
Elevation (<!>) 

Angles Defining 
Reciprocal Screw 

Directions 

Symmetric 
Arrangement of 

Reciprocal Screws 

103 

Figure 5.5: Reciprocal Screws Directions for Symmetric Configurations of Hybrid 
Manipulators 
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The two reciprocal screws W a and W b at ach of the branch attachment points 

can have different reciprocal product scalar weighting factors , Wa and Wb, in addition 

to differing directions . These weighing factors are defined in terms of the reciprocal 

products as 
l l 

Wb=---
W bX Sb 

(5 .1 ) 

where Sa and Sb are the joint screws associated with W a and W b, respectively. 

Using these weighting factors and the reciprocal screw geometry in Figure 5.5, the six 

weighted reciprocal screws defining the columns of the force transformation matrix 

[K] can be written with r spect to the end effector (platform centred) frame as 

ew l 

ew 2 

ew 3 

e w 4 

ew 5 

e w 6 

where 

Wa { T'a, ta, na ; 0, -na, ta } T 

Wb { rb, tb, nb ; 0, -nb, tb }T 

w {-~r - y'3t y'3r -~t 
yf3 

I r a 2 a 2 a, 2 a 2 a, na ; 2 na, 2na, ta 

w, {-~r, -~ t,, ~ r, - ~t,, n, ; ~ n,, ~n,, t, r 
w. { +. + ~t. , - ~r. - ~t. , n. ; - ~n., ~n., t. r 
Wb { -trb + v; tb, -I; rb - ttb, 

ta = sin 0a cos cl>a 

na = sin cl>a 

n, ; - ~ n,, in,, t, r 

(5.2) 

(5.3) 

(5.4) 

(5.5) 

(5 .6) 

(5 .7) 

(5 .8) 

(5.9) 

(5.10) 

Note that the above reciprocal screw coordinates uti lize th platform radius as a 

characteristic length of the manipulator, thereby weighting the force and moment 

terms equally. 



CHAPTER 5. HYBRID MANIPULATOR OPTIMIZATIO 105 

From the above definitions of W 1 through W 6 it can be seen that six scalar quan­

tities: 0a, <Pa, 0 b, <Pb , Wa, and Wb are required to uniquely define the force transformation 

matrix [K] for symmetric manipulator configurations. Thes quantities become the 

variables of the configuration optimization problem. However, for kinematic perfor­

mance measures other than the condition number, leaving Wa and wb as independent 

optimization variables will lead to meaningless results with both of the weighting 

factors tending to infinity. This would occur since the measures are not invariant of a 

uniform scaling in the singular values of [K] as would occur by scaling w a and wb by 

a uniform amount . To avoid this problem, only wb is used as an optimization variable 

and w a is calculated from Wb as 

(5 .11) 

This maintains a uniform weighting among the pairs of reciprocal screws allowing all 

previously introduced kinematic dexterity measures to be investigated. 

5.3.3 Optimization Results 

The Simplex method of Nelder and Mead [37] was used to find reciprocal screw 

directions and weightings which optimize each of the kinematic dexterity measures . 

Many optima having the same obj ctive function values were found for each measure, 

the optima being geometrically related for a given dexterity measure. These optimum 

solutions for each kinematic dexterity measure are discussed in detail in subsequent 

paragraphs. Stated numerical values of the objective functions and relat ions among 

the optimization variables will be verified in the analyses of Sections 5.3.4 and 5.3.6. 
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Determinant 

Using the determinant of the force transformation matrix [K] as the desired dex­

terity measure results in a family of optimal reciprocal screw directions with equal 

obj ctive function values of 2r The family of optimal weighted reciprocal screws can 

be described by th following relat ions among the directions and weightings of th 

reciprocal screw pairs at each branch mounting point on the platform: 

(5.12) 

(5 .13) 

(5.14) 

From the abov relations it can noted that only one parameter is required to 

differentiate among the members of the family of solutions with qual d terminant 

values . This single parameter being the rotational angle of the perpendicular screw 

pairs about the radial lin from th centre of the platform to each branch mounting 

point . The elevation angle for the first of the reciprocal screw pair <Pa can be used as 

this parameter if <Pb is maintained at <Pb = <Pa + ~-

Geometric Mean Singular Value 

The geometric mean singular value of [K] is simply the sixth root of the de­

terminant of [K] . Therefore, the same family of solutions described above for the 

determinant apply to the case when optimizations are based on using the geometric 

mean singular value as a dexteri ty measur . The maximum geometric mean singular 
I 

value for the opt imal reciprocal screw directions and weightings is (2
4
7

) 
6

• 
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Arithmetic Mean Singular Value 

Using the arithmetic mean singular value of the force transformation matrix [K] 

as the desired dexterity measure r sults in the same family of optimal reciprocal screw 

directions and weightings as the determinant and geometric mean singular value. The 

maximum arithmetic mean singular value corresponding to all members of the family 

of solutions is ~ 1
. 

Minimum Singular Value 

Using the minimum singular value of the force transformation matrix [K] as a 

dexterity measure in the optimization problem results in a two-parameter family of 

optimal solutions with equal objective function values of ~- This two-parameter 

family encompasses the one-parameter family of optimal solutions from the formerly 

investigated dexterity measures. The relations among the optimization variables for 

all members of the two-parameter family are 

(5 .15) 

(5 .16) 

(5 .17) 

The first parameter describing the family of optimal solutions is identical to the 

parameter used in describing the one-parameter family of solutions found for the 

formerly investigated dexterity measures. As previously noted, the elevation angle ef>a 

can be used as this parameter whi le maintaining <Pb = </>a+~- The second parameter 

is the azimuth angle of both reciprocal screws (0a = 0b) at each branch attachment 

point . 
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Condition Number 

Finally, using the condit ion number of the force transformation matrix [K] as the 

desired dexterity measure results in two distinct families of solutions. All members of 

both families have equal objective function values of .J2. The first family is identical 

to that which occurred when using the minimum singular value. The second family is 

characterized by solutions with the following values of and limits on the optimization 

variables value: 
7r 

<Pb= -
2 

1 Wb 
-<- < l .j2 - Wa -

1 W b Wb 
-- <sin0 <- =} .J2 W a - a - W a 

(5 .18) 

(5.19) 

(5 .20) 

The limits on w b/w a and 0a described by the above relations are illustrat din the plot 

of Figure 5.6. As labeled on the plot , any point inside the bounding lines represents 

reciprocal screw directions and weightings resulting in optimal dexterity as quantified 

by the condition number of the force transformation matrix. 

Comparison Of Optimum Solu tions 

Comparing the optimum solutions from the different kinematic dexterity mea­

sures, it can be noted that the one-parameter family of solutions found using the 

determinant ( an cl both types of mean singular values) is common to all optimal so­

lutions. Therefore, this one-parameter family of optimum reciprocal screw directions 

and weightings will be taken as preferred and will be further investigated for use in 

determining the optimal configurations of hybrid manipulators . 
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Figure 5.6: Limits on Horizontal Reciprocal Screw Directions and Reciprocal Screw 
Weighting Ratios for Minimum Condition Number 
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5.3.4 Independence of Singular Values with Respect to <Pa 

In the previous section, a one-parameter family of reciprocal screw directions and 

weightings was found which simultan ously optimizes all considered kinematic dex­

terity measures. Since th se dexterity m asures are expressible in terms of the singular 

values of the force transformation matrix [K], it is natural to assume that the singular 

values are identical for all members of the fami ly of optimal solutions. This property 

is now rigorously demonstrated. 

The family of optimal solutions und r considerations is described by the rela­

tions (5 .1 2) , (5 .13), and (5.14) among the optimization variables. As previously noted, 

utilizing the elevation angle <l>a as a free parameter and maintaining </>b = </>a+~ allows 

all members of the family of optimal solutions to be described. Using this relation 

among the elevations angles, the valu s Wa = wb = 1 and 0a = 0b = ~ from rela­

tions (5.12) and (5.13) respectively, and the reciprocal screw coordinates defined in 

relations (5.2) through (5.7), the force transformation matrix for any member of the 

optimum family of solut ions can be written as 

0 0 _ilC<I> 
2 a il5 

2 <Pa ilC 
2 <Pa _::fl5¢, 

2 a 

c <Pa -S<l>a - !C¢ 2 a ½S<1>a _ ! C<t> 
2 a ½S<t>a 

[K] = 
s<Pa c <Pa s <Pa c <Pa s<Pa c <Pa 

0.s 0.c _-/l.5¢, - 0.c<P 
(5.21) 

0 0 2 <Pa 2 <Pa 2 a 2 a 

-S<l>a -C<l>a ½S<1>a ½C<l>a ½S<l>a ½C<l>a 

c <Pa -S<l>a c <Pa -S<l>a c<Pa -S<l>a 

where S4> 0 and C¢,
0 

represent the sine and cosine of </>a, respectively. 
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Post-multiplying the matrix by its transpose results m the following diagonal 

matrix: 

3 0 0 0 0 0 
2 

0 3 0 0 0 0 2 

[K][Kf = 
0 0 3 0 0 0 

(5 .22) 
0 0 0 3 0 0 2 
0 0 0 0 3 0 

2 

0 0 0 0 0 3 

Note that the product [K] [K]T is independent of ef>a - Since the singular values of [K] 

are identical to the square roots of the positive eigenvalues of [K] [Kf, the singular 

values are also independent of ef>a -

The fact that the singular values, and therefore the instantaneous kinematic char­

acteristics of associated manipulator configurations, are independent of ef>a can be 

predicted by examining the geometry of the reciprocal screws defining [K]. Since all 

reciprocal screws are of zero pitch with equal weightings (wa = wb = 1), and each pair 

of reciprocal screws at the branch attachment points on the platform are orthogonal 

to one another ( </>b = ef>a + i), the pairs of reciprocal screws form orthonormal groups 

multiplied by a common scaling factor of \!'2. The scaled orthonormal reciprocal 

screw pairs can be independently rotated by any angle about their common normal 

( described by varying ef>a and maintaining </>b = ef>a + ~) without altering the instan­

taneous kinematic ability the reciprocal screws and associated singular values of [K] 

represent3
. 

3 Dividing all reciprocal screws by the common vector magnitude of v'2 results in each orthogonal 
reciprocal screw pair forming orthonormal basis vectors for subspaces of R 6 (6 dimensional vector 
space). Rotating the orthogonal reciprocal screw pairs simply resul ts in a different orthonormal 
bases describing the same subspaces. Therefore, the singular values of the matrix [K] composed 
of the three pairs of these scaled orthonormal basis vectors in R6 must be independent of their 
rotations. 
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Furthermore, note that the matrix [K] [Kf of equation (5.22) is identical to that 

found when analyzing the family of optimum configurations of the Stewart platform 

(equation (4.14) in Section 4.2.3). Therefore, the instantaneous kinematic character­

istics of hybrid manipulators utili zing the optimum reciprocal screw directions and 

weightings are identical to those of the optimum Stewart platform configurations. 

This result is expected since the reciprocal screw directions and weightings of op­

timal Stewart platform configurations where the actuator attachment points at the 

platform meet in pairs ( <pp = 0) belong to the one-parameter family of optimal so­

lutions found in the previous section, namely a member where c/Ja = ~ and c/Jb = 3
; . 

Therefore, the optimal configurations of three-branch hybrid manipulators have the 

following singular values and kinematic dexterity measure values associated with the 

manipulators force transformation matrix: 

Values Singular 

O"f x = O"f y = O"m x = O"m y = fF_ , , , , Y2 O"f z = O"m z = V3 
' ' 

Determinant 

Geometric Mean Singular Valu e 

Arithmetic M·ean Singular Valu e 

Minimum Singular Valu e 

Condition Number 

6 27 
f obj = IT O"i = -

i=l 4 

f obj = O" min = '2 
O"max ~ 

f obj = -- = v2 
O"min 
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5 .3.5 Selection of a Unique Optimum Solution 

Having established that the singular values describing the instantaneous kinematic 

characteristics of associat d manipulator configurations are independent of </>a for the 

one-parameter family of optimal solutions, a potentially preferred member of the 

family represented by a specific value of ¢a can now be isolated. Reexamining the 

families of optimal reciprocal screw directions and weightings found in Section 5.3.3, 

it can be seen that the reciprocal screw geometry described by 

(5.23) 

(5.24) 

(5 .25) 

belongs to the one-parameter fami ly of optimal solu tions previously discussed, there­

fore simultaneously optimizes all kinematic dexterity measures . However, this recip­

rocal screw geometry has the additional benefit of maintaining directional uniformity 

of the velocity and force transmission ratios ( as quantified by the condition number 

of [Kl) for some changes in the reciprocal screw dir ctions and weightings . 

Referring back to Figure 5.6, the reciprocal screw weightings , W a and wb, and the 

azimuth angle of the horizontal reciprocal screw Ba can be varied over ranges inside 

the bounding lines on the plot without altering the condition number of [K ]. In terms 

of the performance of actual manipulators, this means that a manipulator with an 

optimum configuration having reciprocal screws described by the geometry of (5 .23), 

(5.24), and (5 .25) has the potential of maintaining the directional uniformity of its 

instantaneous kinematic characteristics while the manipulator is displaced from the 

optimum position. Based on this argument , a manipulator configuration with equally 

weighted reciprocal screws, one reciprocal screw at each branch attachment point 
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on the platform being vert ical, and the other being in the platform plane tangent 

to the platform circle, can be considered to be the unique optimum manipulator 

configuration. 

5.3.6 Singular Values for Symmetric Three-Branch 
Manipulators 

A unique optimum set of reciprocal screw directions and weightings has been isolated 

as a result of the work contained in Sections 5.3.3 through 5.3.5. However, the limits 

on the reciprocal screw geometric parameters found in Section 5.3 .3 for different 

kinematic dexterity measures remains to be verified. This verification will be carried 

out by examining the reciprocal screw geometry in order to determine expressions for 

the singular values of the force transformation matrix as functions of the variables 

describing the reciprocal screw geometry. 

Recall that using the condition number as a performance objective in optimizing 

the reciprocal screw geometry resulted in two distinct families of solutions. The first 

of these families had equally weighted perpendicular screws with no constraints on the 

actual values <Pa and <Pb could take; just that the difference between the two angles be 

% to keep the screws perpendicular. The second family of reciprocal screw geometries 

optimizing the condition number has members with unequally weighted screws and 

requires that one screw be vertical (e.g., <Pb = % ) and the other screw be horizontal 

(<Pa= 0). Fortunately, setting <Pa = 0 and <Pb=% does not exclude investigating the 

limits on the reciprocal screw geometric parameters for all other dexterity measures. 

This occurs since these elevation angles belong to the one-parameter family of optimal 

solutions common to all the kinematic dexterity measures . 

We can now examine the reciprocal screw geometry for the case when <Pa = 0 and 

<Pb = % to determine expressions for the singular values of the force transformation 
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matrix. This geometry is depicted in Figure 5. 7 where the vertical reciprocal screws 

W b and the z-axis of the end effector frame Ze are normal to the plane of the pa­

per (platform plane) . The primary axes of the force and velocity ellipsoids coincide 

with the axes of the end effector frame due to the symmetry of the reciprocal screw 

geometry. Recalling that the singular values of the force transformation matrix [K] 

are the force transmission ratios along the primary axes of the fore ellipsoid (i .e., 

TF = IIFll/ll r ll) , the singular values can be derived by considering the reciprocal 

wrench intensities required to generate forces/moments along each of the primary 

axes. 

First consid r th gen ration of a horizontal unit force Fh at the centre of the 

platform at an angle 'i/; to the Xe-axis . This force is generated solely by wrenches 

acting on the horizontal reciprocal screws W a and therefore the force and moment 

balance equations reduce to 

X Force 

(5.26) 

Y Force 

(5.27) 

Z Moment 

(5.28) 

where Ti is the magnitude of torque generated by revolute actuator i associated with 

reciprocal screw W i. Also note the platform radius ' Pis being used as a characteristic 

length (i.e ., 'P = 1) to weight forces and moments equally. 
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Figure 5.7: Reciprocal Screw Geometry for <Pa = 0, <Pb = i (Top View) 
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It can be shown that the solution to (5 .26), (5 .27) , and (5 .28) is 

2 
(5 .29) T1 = - COS (0a - VJ ) 

3wa 

T3 -
2
- COS (0a - VJ + ~?r) 

3wa 3 
(5.30) 

T5 = -
2
- COS (0a - VJ + ±?r) (5 .31) 

3wa 3 

and therefore the singular values representing the force transmission ratios in the 

horizontal direction of force are 

(5 .32) 

ext, consider the generation of a vertical uni t force F v at the centre of the 

platform. This force is generated by equal wrench intensities acting on the vertical 

reciprocal screws W b as shown in the following force balance: 

(5 .33) 

Therefore the singular value in the vertical direction of force is 

(5.34) 

Similarly, a unit vertical mom nt Mv is generated by equal wrench magnitudes 

acting on the horizontal reciprocal screw W a as shown in the following moment 

balance: 

1 
-t T1 = T3 = T5 = . 

3wa sm 0a 
(5 .35) 

Therefore the singular value in th vertical direction of moment is 

(5.36) 
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Finally, consider the generation of a horizontal unit moment M h at an angle 'I/; 

to the Xe-axis. This moment is generated solely by wrenches acting on the vertical 

reciprocal screws W 6 as shown in t he following moment and force balance equations: 

X Moment 

(5 .37) 

Y Moment 

(5 .38) 

Z Force 

(5 .39) 

It can be shown that the solution to these equations is 

T2 = I_ (! sin 'I/; - -
1
- cos 'I/;) 

Wb 3 ~ 
(5.40) 

T4 I_ (! sin 'I/; + -1
- cos 'I/; ) 

Wb 3 ~ 
(5.41) 

2 
--cos'I/; 3wb (5.42) 

and therefore the singular values in t he hori zontal direction of moment are 

= _ l = j{wb 
~2 

(5.43) 

Verification of Optimization Results 

Having developed expressions for the singular values of [Kl, each kinematic dexterity 

measure can now be examined to verify the limi ts on the optimization variables 

found in Section 5.3.3. During th se verifications remember that w 0 and w6 are not 

independent, but are related by 

(5.44) 
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Determinant 

Using the expressions for the singular values in terms of the optimization variables, 

the determinant of [K] is 

rr6 27 3 3 . 
O'i = -w a Wb Sll1 Ba 

i= l 4 
(5.45) 

which has a maximum value of 2
; when W a = wb = 1 and Ba = % verifying the 

optimization results of Section 5.3.3. Figure 5.8 demonstrates this maximum point 

(marked with dot) and the behaviour of the determinant as a function of the reciprocal 

screw geometry. 

Geometric Mean Singular Value 

The geometric mean singular value is simply the sixth root of the determinant. 

Therefore, the same optimum reciprocal screw geometry as was found for the deter­

minant results. The behaviour of the geometric singular value as a function of the 

reciprocal screw directions and weightings will also be similar to that of Figure 5.8 

except with shallower slopes away from the optimum point. 

Arithmetic Mean Singular Value 

The arithmetic mean singular value of [K] can now be written as 

16 (1 1 ) (1 1) 
6 LCTi = Wa ID+ 10 sinBa +wb ID+ 10 

t=l v 6 2v 3 v 6 2v 3 
(5.46) 

which also has a maximum value when Wa = Wb = 1 and Ba = % as shown in the 

surface and contour plots of Figure 5.9. The maximum arithmetic mean singular 

value is ~ 1
, which agrees with previous results . 
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Figur 5.9: Surface and Contour P lot of Arithmetic Mean Singular Value vs . Hori­
zontal Reciprocal Screw Direction and Reciprocal Screw Weighting Ratio 
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Minimum Singular Valu e 

A closed form expression for the minimum singular value of [K] cannot be written. 

However, expressions for the singular values can be examined and conclusions can be 

drawn knowing that the goal is to maximize the minimum singular value. Examining 

equations (5.32) and (5.43), the first conclusion is that the minimum singular value 

can never be great r than JI since the values of Wa and Wb cannot simultaneously 

be greater than unity. This means that all optimum reciprocal screw geometries, as 

quantified by the minimum singular value, hav w a = Wb = 1. Knowing the minimum 

singular value has a maximum of JI, examination of equation (5.36) shows that 

the the value of 0a cannot be less than ~ otherwise this singular value will become 

the smallest with a value less than the optimum. Therefore, 0a can have any value 

between ~ and % while still maintaining the optimum minimum singular value. Thes 

results, which agree with those found in the optimization of Section 5.3.3, can easily 

be seen in the surface and contour plots of Figure 5.10. The dots on the contour plot 

mark the limits on 0a for maintaining an optimum reciprocal screw geometry. 

Condition Number 

Since the condition number is the ratio of th largest and smallest singular values 

of [K] a closed form expr ssion for the condition number cannot be written. However, 

knowing the minimum value of th condition number for optimum reciprocal screw 

geometries is v'2 from Section 5.3.4, limits on the optimization variables such that 

this value is not exceeded can be found. 

The lower and upper limits on the ratio of reciprocal screw weighting factors will 

be investigated first . Examining equations (5 .32) and (5.43) it can be seen that if 
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wb/w a is less than .}z then the condition number of [K] will be 

K, = O"max > 0-f,x = 0-f ,y > J2 
O"min - 0-m, x = 0-m,y -

123 

(5.47) 

Similarly, from equations (5.32) and (5.34) it can be seen that if wb/wa is greater 

than one th n the condition number is 

(5.48) 

Therefore, the ratio of r ciprocal screw weighting factors must lie between the follow­

ing limits 
1 Wb ->->1 J2 - Wa -

which agrees with the results found in Section 5.3.3. 

(5.49) 

Knowing the limits on the reciprocal screw weighting factor ratios, the limits on 

the horizontal reciprocal screw's azimuth angle 0 a can now be investigated. For the 

condition number to remain at its optimal value of -/2 the singular value in the 

vertical direction of moment O-m ,z must lie in the range 

O"min = 0-m,x = 0-m,y = .J{wb ::; 0-m, z = J3°w a sin 0 a ::; 0-max = O"f, z = J3°wb (5 .50) 

or 

(5.51) 

ote that the above equation is only valid for w b/wa in the range defin d by (5.49). 

Equation (5.51) agrees with relation found from the optimization r sults of Sec­

tion 5.3.3 and completes the verification of limits on the optimization variables. The 

surface and contour plots of Figure 5.11 shows the behaviour of the condition number 

for different reciprocal screw geometries. Th boundary defined by relations (5.49) 

and ( 5. 51) is clearly seen on the plots with the corners of the boundary being marked 

with dots on the contour plot. 
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Figure 5.10: Surface and Contour Plot of Minimum Singular Value vs. Horizontal 
Reciprocal Screw Direction and Reciprocal Screw Weighting Ratio 
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Figure 5.11: Surface and Contour Plot of Condition Number vs . Horizontal Recipro­
cal Screw Direction and Reciprocal Screw Weighting Ratio 
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5.4 Kinematically Simple Hybrid Manipulator 
Optimum Configurations 

126 

A unique reciprocal screw geometry for three-branch hybrid manipulators optimizing 

local dexterity was isolated in th previous section (Section 5.3). This optimum 

reciprocal screw geometry is composed of pairs of equally weighted reciprocal screws 

at each of the actuator attachment points on the platform. In each pair of reciprocal 

screws one reciprocal screw is normal to th plane of the platform (vertical) and 

the other is in the plane of the platform (horizontal) tangent to the platform circle. 

Optimum configurations of three-branch manipulators employing the kinematically 

simple branch structures found in Section 5.2 can now b determin d using this 

optimum reciprocal screw geometry. 

The three main-arm joint reciprocal screws for each of the five unique kinemat­

ically simple branch structures were found in Section 5.3.1 and illustrated in Fig­

ure 5.4. Only two of the three main-arm joints of the branches are actuated when 

non-redundant actuation is considered. Therefore, there are three possible actuated 

branch types for each unique kinematically simple branch structure and fifteen dif­

ferent actuated branch types in total. Each of these actuated branch types must be 

considered independently to determine branch configurations, and finally manipulator 

configurations, having the optimum reciprocal screw geometry. 

The optimal reciprocal screw geometry requires that th pair of reciprocal screws 

associated with the actuated joints of each branch be perpendicular. The optimal 

reciprocal screw geometry also requires that all reciprocal screws have equal weight­

ings as determined by the reciprocal products of the reciprocal screws and their 

associated joint screws. Recall that these reciprocal products ar equivalent to the 
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"effective moment arms" (Section 2.2.2) of the reciprocal screws about the screw axis 

of the corresponding actuated joint. Using these two requirements on the geometry 

of the branches, branch configurations resulting in optimal manipulator configura­

tions were found for each branch type and actuation. These branch configurations 

are illustrated in Figures 5.12 to 5.16 along with top views of the resulting optimum 

manipulator configurations. The actuated joint screws, associated reciprocal screws, 

and the "effective moment arm" distances (labelled with the dimension "d") are also 

shown on each branch configuration illustrated in these figures. 

Finally, it is important to note that the branch and manipulator configurations 

illustrated in Figures 5.12 through 5.16 represent only one possible configuration for 

each branch type and joint actuation. Excluding scaling, there exists a one or two 

parameter family of branch configurations having perpendicular reciprocal screws and 

equal reciprocal products depending on branch type and actuation. Furthermore, the 

resulting branches can be mount d to the platform with either of the two reciprocal 

screws being perpendicular to the platform plane, yielding two optimum manipula­

tor configurations for each branch configurat ion. Additional design considerations 

or further optimization ut ilizing performance measures other than kinematic dexter­

ity can be used to isolate a unique manipulator configuration for each branch type 

and actuation. Performance measures and design considerations which could be uti­

lized include dexterity gradients, workspace size, exploitation or avoidance of singular 

configurations, and factors and m asures relating to dynamic performance. 
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Figure 5.1 2: Optimum Branch and Manipulator Configurations for Hybrid Manipu­
lators (Top Views) Based on the "CBE" Branch Type 
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Figure 5.13: Optimum Branch and Manipulator Configurations for Hybrid Manipu­
lators (Top Views) Based on the "CAE" Branch Type 
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Figure 5.14: Optimum Branch and Manipulator Configurations for Hybrid Manipu­
lators (Top Views) Based on the "BEF" Branch Type 
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Figure 5.15: Optimum Branch and Manipulator Configurations for Hybrid Manipu­
lators (Top Views) Based on the "AEF" Branch Type 
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Figure 5.16: Optimum Branch and Manipulator Configurations for Hybrid Manipu­
lators (Top Views) Based on the "BFE" Branch Type 



Chapter 6 

Conclusions and 
Recommendations 

6.1 Conclusions of Presented Work 

The design of six degree-of-freedom (DOF) fully-parallel and hybrid manipulators 

were examined for the obj ective of optimal dexterity. Both kinematic and geometric 

dexterity measures were examined for their suitability for use as objective functions 

in the optimum design of the closed-chain structures . It was concluded that present 

geometric dexterity measures were generally unsuitable as design objectives for closed­

chain devices. Kinematic dexterity measures, which are based upon instantaneous 

kinematic characteristics of the manipulator, were found to be wid ly applicable to 

both open and closed-chain devices. The frame and unit variability of kinematic 

dexterity measures was demonstrated. The need to select a unit of length measure 

and a fram of reference location with physical significance were emphasized in order 

for the kinematic dexterity measures to have meaningful interpretations. 

133 
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The fully-parallel Stewart platform was the first manipulator structure examined 

for design optimization using kinematic dexterity as a performance measure. Ma­

nipulator configurations (manipulator architectures and end effector positions and 

orientations) optimizing local kinematic dexteri ty were first determined. Using the 

radius of the platform as a characteristic length to weight angular and translational 

velocities equally, and a platform centred reference location, a two-parameter family 

containing an infinite number of optimal configurations was shown to exist. This 

result differs from that reported by Ma and Angeles [30] where only one optimum 

manipulator configuration was found . Three relations, ( 4.9) , ( 4.10) , and ( 4.11) , defin­

ing the family of locally optimal configurations were derived for the given choices of 

length measure and reference location. The configuration optimization results were 

shown to be easily extended for reference locations vertically displaced from the centre 

of the platform. This involved the consideration of a virtual platform. 

A Stewart Platform in an optimal configuration was found to require ~ times 

more joint effort (measured by 11 411) to translate or rotate in the vertical direction 

than is required to translate or rotate in any direction in the horizontal plane. As 

a consequence of work-energy relations, ~ times as much joint effort (measured by 

11 -r ll) is required to produce a force or moment in the horizontal plane than is required 

to produce a force or moment in the vertical direction. 

Global performance measures introduced in previous literature were found to be 

excessively computationally intensive when used as objectives in optimizing the design 

of six DOF manipulators. new performance measure possessing global implications 

and having reduced computational expense was introduced to overcome these prob­

lems . This new measure utilizes spatial gradients of kinematic dexteri ty to form a 

first-order approximation to the characteristics of the manipulator at points displaced 
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from a local optimum configuration . The new measure was employed to isolate a 

unique optimum Stewart platform architecture from the family of those possessing 

optimum local characteristics. T he resulting optimum manipulator architecture is 

one in which the dimensions of the base is twice that of the platform (rb = 2 rp) and 

the linear actuator attachment points at the base and platform meet in alternating 

pairs ( (Pb = qJp = 0). 

The optimum design of hybrid manipulators were then examined. In the context 

of this work, hybrid manipulators were defined as manipulators consisting of serial 

branches, each comprised of actuated and passive joints, acting in parallel on a com­

mon end effector. Potential non-redundant six DOF hybrid manipulator structures 

were enumerated. Based on considerations of desired kinematic and dynamic at­

tributes, structures having three serial branches with two actuated joints per branch 

were concluded to have preferred characteristics. A class of kinematically simple 

branches suitable for hybrid manipulator structures was defined. Based upon mo­

bility and branch equivalency considerations, it was concluded that only five unique 

branch structures employing revolute joints belong to the kinematically simple class . 

A novel approach to manipulator configuration optimization for optimal local kine­

matic dexterity was introduced. This new approach involved finding reciprocal screw 

directions and reciprocal product weighting factors optimizing kinematic dexterity, 

and then finding actual manipulator configurations having these optimum reciprocal 

screw directions and reciprocal products. The method was applied to the configura­

tion optimization of three-branch hybrid manipulators and a one-parameter family of 

optimum reciprocal screw directions and weightings was shown to exist. Each mem­

ber of this family of optima have the same instantaneous kinematic characteristics 

as those of the optimum Stewart platform configurations given above. Based upon 
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considerations of changes in the reciprocal screw directions and weightings as the 

hybrid manipulator is moved from its optimum configuration, a unique set of recip­

rocal screw directions and reciprocal product weighting factors was concluded to be 

potentially advantageous. Optimal configurations of three-branch hybrid manipula­

tors corresponding to the chosen reciprocal screw directions and reciprocal product 

weighting factors were illustrated. These optimal manipulator configurations utilized 

the previously identified kinematically simple branch structures . 

6.2 Recommen dations for Future Research 

The three-branch hybrid manipulator optimal configurations illustrated at the end 

of this thesis utilized the kinematically simple branch structures previously identified 

in the work. However , many different configurations of these kinematically simple 

branch structures can result in the manipulator having an optimum configuration. 

To complete the optimal architectural design of three-branch hybrid manipulators 

utilizing these branch structures, a second set of optimizations should be carried out 

for manipulators with each branch type and set of actuated joints. Considerations 

of branch workspace size, singular positions, isotropic configurations, and other char­

acteristics can be used ini tially to narrow the scope of branch types to be studied. 

However, other performance measures based on global characteristics of the assem­

bled manipulator must be used to isolate a unique optimum manipulator architecture 

for each considered branch type. Dexterity gradients about the manipulator 's op­

timal configuration are one such measure that could be employed. Comparison of 

manipulators utilizing each of the kinemati cally simple branch types considered will 

allow the selection of a single optimal three-branch hybrid manipulator architecture. 
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Finally, the work presented in this th sis constitutes only an initial investiga­

tion into the optimum design of six DOF parallel and hybrid manipulators . Merely 

one fully-parall 1 and a class of hybrid structures with three kinematically simple 

branches were studied. Much work needs to be done in order to fully investigate 

the design of th se and other closed-chain manipulator structures. Other design con­

siderations which should be examined as part of a complete design study include: 

workspace size and shape, dynamic performance, and the position of singularities 

within the workspace. The design of required passive joints such as the branch­

end spherical joints should also be investigated. Other manipulator structures which 

could be consid r dare: three-branch hybrid manipulators with kinematically simple 

branches containing prismatic joints, fully-parallel manipulators utilizing six kinemat­

ically simple branches , and manipulators possessing joint and actuation redundancy. 

Properly designed manipulators with actuation redundancy can possess many perfor­

mance benefits such as the elimination of uncertainty configurations, the possibility 

of actuator load sharing and optimization, as well as having closed form solutions to 

the forward displacement problem if all actuated joints are instrumented with dis­

placement transducers. It is believed that these benefits of redundantly actuated 

closed-chain manipulators will prompt future research and development into their 

design and application. 
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A.1 Screws and Screw Coordinates 

A screw is geometric entity consisting of a line in space with an associated linear 

pitch [6]. A screw can be represented by its unit screw coordinates as defined by Woo 

and Freudenstein [57], 

111 11 = 1 , 1 · lo= 0 (A.I) 

where 1 and 10 are the direction of the screw axis and its moment about the origin 

of a frame of reference, respectively; PL is the pitch of the screw. $ is the primary 

vector and $0 the secondary vector of the screw coordinates. The screw coordinates 

L = { l ; l0 }T are referred to as the Plucker coordinates of the line associated with 

the screw axis. These quantities and their relationships are illustrated in Figure A.I. 

Associating an amplitude with a screw allows a screw quantity to be defined. For 

example, a screw quantity S of amplitude a can be described by the following screw 

coordinates : 

(A.2) 

Screw quantities are natural entities for describing instantaneous spatial motions (ve­

locities) and for describing forces and moments acting on a body. That is , any instan­

taneous spatial velocity V of a rigid body can be described as a twist of amplitude w 

about a unique instantaneous screw axis $ , 

(A.3) 

where w is the angular velocity vector of the body and v is the translational velocity 

of a point on the rigid body (extended to be) instantaneously coincident with the 

origin of the frame of reference. 
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z 

X 

10 = rLX I 

$ =I 

$0 = 1o + PLI 

Figure A .1 : A screw and its line screw coordinat s 

y 
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A pure rotation or angular velocity about an instantaneous axis are described 

as twist s about a screw of zero pitch. Since PL is zero , the unit screw coordinates 

as given by equation (A.I) become identical to the Plucker coordinates of the line 

which the rotation is occurring about. The revolute joints of a manipulator or other 

mechanism can be represented by zero pitch screws since these kinematic pairs only 

allow a single pure relative rotational freedom. A pure translation or translational 

velocity along a line are described as an infinitesimal twist about a screw of infinite 

pitch. Normalizing the screw coordinates for a screw of infinite pitch results in the 

screw coordinates becoming $ = { 0 ; 1} T, where 1 is a uni t vector in the direction of 

the translational motion. The prismatic joints of a manipulator can be modelled as 

infinite pitch screws since the joint allows only a single translatory freedom. 

Any system of forces and moments acting on a body can be represented as a 

wrench F of intensity f acting on a screw, 

(A.4) 

where 

In the above relation fi are forces and m i are moments acting on the body, and r i are 

position vectors from the origin of the frame of reference to any point along the line 

of action of force fi. f is the resultant force acting on the body and mis the resultant 

moment as seen from the origin of the frame of reference. 

A pure force acting on a body is described as a wrench acting on a screw of zero 

pitch, the intensity of t he wrench being equal to the magnitude of the force. As for 

the case of twists acting on a screw of zero pitch, the screw coordinates for a wrench 

of zero pitch are identical to the Plucker coordinates of the line of action of the force. 
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A pure moment or couple a.cting on a body is a wrench of infini tesimal intensity 

acting on a screw of infinite pitch. In this case the unit screw coordinates become 

$ = { 0 ; 1 }T, indicating that no force is created when the screw is acted on by a 

wrench of any intensity. 

Examining equation (A.4), it is important to note that the wrench is not merely 

the resultant of a system of forces and moments acting on a body, but more gen­

erally can be considered to be the resultant of a system of wrenches acting on it . 

This resultant wrench is the sum of all wrenches acting on the body demonstrating 

that wrenches act in parall 1 with one another. This is in contrast to twists about 

instantaneous screw axes which act in series with one another , summing to produce 

a resultant motion of a body. This inherent difference between wrenches and twists 

is due to the reciprocity, or duality, which exists between statics and instantaneous 

kinematics [20] . Both forces in statics and rotational velocities in instantaneous kine­

matics are line vectors , both obeying the same laws of vector algebra. Similarly, 

moments in statics and translational velocities in instantaneous kinematics are both 

free vectors where only directions are important, the vectors not being confined to 

any specific line of action. This allows both statics ( wrenches acting on screws) and 

instantaneous kinematics ( twists acting on screws) to be treated in a homogeneous 

manner algebraically, fur ther demonstrating the duality between the two systems. 



APPENDIX A. SCREWS, SCREW QUANTITIES AND SCREW ALGEBRA 150 

A.2 Reciprocal Products and Reciprocal Screws 

The reciprocal product of two screw quantities, S1 and S2 , is defined as the inner 

product 

(A.5) 

where x is the reciprocal product operator. The reciprocal product of a wrench and 

a twist quantifies a rate of work. Two screws are reciprocal when their reciprocal 

product is zero. For example, a body having a motion described by the twist V 

subjected to a force system described by a wrench F reciprocal to V performs no 

work since V x F = 0. It is important to note that the property of reciprocity is 

invariant of a change in frame of reference since work is a scalar quantity which is 

inherently frame invariant. 

The reciprocal product of two screw quantities can be expressed in standard vec­

tor algebraic notation by the introduction of a complement operator. This operator 

exchanges the two elements of a screw quantity when expressed in screw coordinate 

form , 

(A.6) 

where (·)* is the complement operator. This operator can also be described as a 

pre-multiplication by a transformation matrix which transforms the screw into its 

complement, 

S* = { S }* = [ [Ol3x3 [Il3x3 ] { S } 

S o [Ibx3 [Ob x3 S o 

(A.7) 

where [Ibx3 is a three by three identity matrix and [O]3x3 is a t hree by three matrix 

with all zero entries. Using the complement operator, the reciprocal product of screws 
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as defined by equation (A.5) can be rewritten as 

(A.8) 

A.3 Screw Transformation 

A screw quantity j S = { j s ; Js0 } T which is known with respect to a frame of ref­

erence J can be transformed and expressed with respect to a frame of reference i 

by 
i[RJ/s 

irij x i[RJ/s + i[R]/so 
} = '[T)/S (A.9) 

where 

· [ i[R] · [0]3x3 ] 
i[T]j = [ii\j] i[k_] j i[R] j 

In the above equation i[R]j is a 3 x 3 rotation matrix describing the orientation of 

frame j with respect to frame i, and [ii\J is a 3 x 3 skew symmetric of the location of 

the origin of frame j with respect to frame i, irij. The 6 x 6 transformation matrix [T] 

is referred to as a screw transformation. Note that the general screw transformation 

is not an orthogonal transformation. 

A.4 Screw Systems 

The screws $i, i = 1, ... , n are linearly independent if there exists no set of Ci, 

i = 1, . . . , n such that 

(A .10) 

other than the trivial solution Ci = 0, i = 1, .. . , n. If a non-trivial solution to equa­

tion (A.10) exists, the screws are linearly dependent. This concept of linear depen­

dence of screws also extends directly to screw quantities. 
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A set of r linearly independent screws forms a basis for an r-system of screws. 

That is , an r-system of screws is comprised of all screw quantities resulting from 

any linear combination of r linearly independent screws. A zero-system contains no 

screws, and a six-system represents all possible screws in space. Reciprocal to an 

r-system of screws is a ( 6 - r )-system of screws. Any screw belonging to a screw 

system will be reciprocal to all screws belonging to its reciprocal screw system1 

A.5 Application to the Instantaneous Kinematics 
of Manipulators 

If a rigid body is acted upon by twists of amplitudes w;, i = 1, .. . , n on a chain of 

screws $;, i = 1, ... , n the resulting velocity of the body is 

(A.11) 

In application to the modelling of the instantaneous kinematics of manipulators, the 

joint axes are the screws $;, and the joint rates, q, i = 1, ... , n are the twist ampli­

tudes. The twist V is the velocity of the end the serial chain (the end effector velocity 

of an open chain manipulator or branch end velocity of a closed chain manipulator) . 

The joint screws define a screw system '1i jt of order equal to the number of linearly 

independent $;. In the inverse velocity problem we are concerned with finding q (w;) 

such as to provide a required V . To be feasible, V must belong to 'Yj t • In other 

words, if I'jt represents the screw system reciprocal to '1i _1t, then V must be reciprocal 

to all screws in this reciprocal screw system for the motion to be feasible . 

1 For a further discussion of screw systems and reciprocal screw systems the reader is referred to 
Hunt (20) . 
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The force equilibrium condition for a member of a closed chain manipulator can 

be stated in a similar manner to equation (A.11) . Let Ji, i = 1, ... , n be wrench 

intensities acting on unit screws $i, i = 1, ... , n equilibrating an applied wrench F. 

This force balance can be expressed as 

(A.12) 

For a closed chain manipulator, Ji represent the magnitudes of the wrenches generated 

by actuated joints in branches connected to the member under study ( usually the 

output member, or end effector of the manipulator). The unit screws $i represent 

restraint directions available from the actuation of each active joint in a branch. The 

wrench Fis the wrench to be generated or resisted by the member of the manipulator. 

In the inverse static force problem of a closed chain manipulator we are concerned with 

finding the required Ji in order for the manipulator to sustain a known load F applied 

to the end effector. The torque or force output required of each actuator can be found 

from the calculated wrench intensities Ji and by considering the configuration of the 

manipulator. If ii! r represents the screw system defined by the restraint screws $i , 

then for the manipulator to be capable of sustaining the load, F must belong to Wr. 

If F does not belong to ii! r then the manipulator is incapable of sustaining the load 

and uncontrollable end effector instantaneous motion will occur. This instantaneous 

end effector motion will belong to the system r r reciprocal to ii! r. 
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B.1 The Singular Value Decomposition 

The singular value decomposition1
, or SVD, is a fundamental theorm of linear algebra. 

The theorm states that any m x n matrix [A] can be factored into 

[A] = [U] [~] [Vf (B.l) 

where 

The matrix [U] is an m x m orthogonal matrix whose columns are the eigenvectors 

of [A] [Af, and the matrix [V] is an n x n orthogonal matrix whose columns are the 

eigenvectors of [A]T [A]. The p entries on the diagonal of[~] are called the singular 

values of [A] which are equivalent to the square roots of the eigenvalues of both 

[A] [Af and [A]T [A]. The number of nonzero singular values, r, is equal to the rank 

of [A] . 

The columns of [U] and [V] give orthonormal bases for the four fundamental 

subspaces of [A]. The first r columns of [U] form an orthonormal basis for the 

column space of [A] and the last m - r columns form an orthonormal basis for the 

left nulls pace of [A] ( the nullspace of [ A f). Similarly, the first r columns of [V] form 

an orthonormal basis for the row space of [A] (the column space of [Af) , and the 

last n - r columns of [V] form an orthonormal basis for the nullspace of [A] . 

1 For further information on the singular value decomposition the reader is reffered to Golub and 
Van Loan [12] or Forsythe and Moler [11]. 



APPENDIX B . THE SINGULAR VALUE DECOMPOSITION 156 

The singular values of a matrix are lengths of the semi-axes of the hyperellipsoid 

£ defined by 

£ = {y I y = [A ] x , II XII= ] } (B.2) 

The directions of the semi-axes are given by the unit vectors U i of the corresponding 

columns of [U]. If a singular value CJ j becomes zero the hyperellipsoid collapses to 

zero dimension in the direction given by U j , demonstrating a reduction in the span 

of the column space of [A] and the exsitence of a nullspace with basis vector Vj (the 

j'th column of [V]) . 

B.1.1 Example A 

The 2 x 2 matrix 

[A] = [ 0.96 1.72 l 
2.28 0.96 

has the following singu lar value decomposition: 

[A] = [U] [:E] [Vf = [ 0.6 -0.8 l [ 3 0 l [ 0.8 0.6 l r 
0.8 0.6 0 1 0.6 - 0.8 

The matrix [A] having all nonzero singular values demonstrates that the matrix is 

of full rank (rank = 2) . The ellipsoid associated with [A] and the linear system 

y = [A] x is shown in Figure B.lA. The uni t vectors u 1 and u 2 are the columns of 

[U] which represent an orthonormal basis for the column space, or range, of [A]. 
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A 

B 

0 = arctan O.S 
0.6 

Figure B.l: Ellipsoids associated with singular values of examples 

157 



APPENDIX B. THE SINGULAR VALUE DECOMPOSITION 

B.1.2 Example B 

As an example of a rank deficient square matrix, the matrix 

[B] = [ 1.44 1.08 l 
1.92 1.44 

has a singular value decomposition 

[B] = [U] [~] [Vf = [ 0.6 -0.8 l [ 3 0 l [ 0.8 0.6 l T 
0.8 0.6 0 0 0.6 -0.8 
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The second singular value of [B] being equal to zero, CY2 = 0, indicates that the rank 

of the matrix is one instead of two as was the case for example A. This fact can also be 

seen by noting that the second column of [B] is equal to the first column multiplied by 

0. 75 . ote that the matrices [U] and [V] are the same in both example A and example 

B. This indicates that the set of basis vectors describing the fundamental subspaces 

are identical in both cases but some of the vectors belong to different subspaces . In 

the first example both u 1 and u2 formed a basis for the column space of [A]. In the 

second example u 1 is the only basis vector for the column space of [B] indicating the 

range of [B] is a line in two dimensions instead of the entire plane. The ellipsoid 

associated with [B] is shown in Figure B.lB. The fact that the ellipsoid collapses to 

a line in this cas clearly demonstrates the reduction in the range space of [B]. In 

th second example the vector u2 is a basis vector for the left nullspace of [B] which 

did not exist in the first example. The vector u 2 can be easily verified to be in the 

1 ft nullspace of [B] by noting that 

uf [B] = [ - 0.8 0_6 ] [ 1.44 1.08 l = [ o l 
1.92 1.44 0 

In the first example both v 1 and v 2 formed a basis for the row space of [A]. In the 

second example the only basis vector for the row space of [B] is v 1 . The vector v 2 
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is the basis for the nullspace of [B J which did not exist for example A. This can be 

verified by confirming that the vector maps to the zero vector wh n operated on by 

the matrix [Bl, 

[B J V 2 = [ 1.44 1.08 l [ 0.6 l = [ 0 l 
1.92 1.44 -0.8 0 
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