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ABSTRA.CT 

THEORY Of', THE MESIC AUGER EFFECT 

The non-relativistic formulae for the Mesic Auger 

Effect have been extended and modified. A general formula 

has been developed which is applicable to transitions of 

any multipolarity and which also contains the penetration 

terms. Calculations have been performed, and both pene­

tration terms and the higher multipole transitions have 

been found to be significant when the "meson" is in a state 

of high principal quantum number. 

Dr. C. 

Dr. J. T. Weaver 
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CHAPTER 1 

INTRODUCTION 

1.1 The Auger Effect 

In the years 1925-26, P. Auger irradiated inert gases 

contained in a Wilson Cloud-chamber with a beam of x-rays 

and observed paired electron tracks originating from some 

of the ionized atoms. In each of these pairs, one trick 

represented the photo-electron and had a variable length 

depending on the energy of the ionizing radiation. The 

other track had a constant length and represented the ra­

diationless reorganization of the atom now named after 

Auger. In 1927, G. Wentzel gave the non-relativistic the­

ory of the Auger Effect, explaining it as an autoionizing 

process resulting from the electrostatic interaction be­

tween two electrons in an atom which already has a vacancy 

in an inner shell. 

The Auger Effect and the ordinary quantized emission 

of radiation are the two principal processes whereby an 

atom in an excited state may proceed to a state of lower 

energy. Radiative transitions are usually limited to those 

transitions involving a change in orbital angular momentum 

of one unit, the photon having spin one; however, they are 

not limited by the magnitude of the energy available for 



the transition. In constrast, Auger transitions occur only 

when the ionization potential can be overcome, yet are not 

restricted by angular momentum considerations and hence 

may occur for other than dipole transitions. 

Related to the Auger Effect are processes involving 

more than one atom; these are collectively known as 

Chemionization. These are collision processes resulting 

in ionization, but where the cdllision energy is too small 

to overcome the ionization potential. Examples are 

Penning Ionization: 1 A*+ B + 

Associative Ionization: A*+ B + (AB)++ e­

Preionization of diatomic molecules; 

(AB)*+ + A + B + e 

Dissociative attachment of electrons to diatomic 

molecules: (AB) + e- + A + B 

All these radiationless transitions, Auger and 

Chemionization, are characterized by the coupling of 

a discrete state and a continuous state of the same 

energy. 

1 In the study of mesic atoms, this is referred to as 

the external Auger Effect. 
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1.2 Mesic Atoms 

Many of the elementary particles are electrically 

charged. This enables them to become incorporated in an 

atom, a negatively charged particle replacing an electron 
1 

to form a mesic atom. Although the mean lifetimes of 

these elementary particles are very short, 10 -6 - 10-10 

seconds, this still exceeds the time required for many 

atomic transitions, 10 
- 1 0 - l 5 

- 10 seconds; hence the 

detailed study of such atoms is possible. Such studies 

yield information on the structure of the nucleus, the 

fast chemical reactions of hydrogen, and · the properites 

of the elementary particles themselves. The central 

sources of information for these studies are the binding 

energies of the elementary particles, the x-ray line 

widths and intensity ratios. Since the Auger Effect 

competes with the radiative process, it must necessarily 

be included in any attempt to theoretically justify the 

experimental data. 

Among the most co]1)JT)only studied mesic atoms are the 

muonic, pionic, and kaonic atoms. A review of the basic 

properties of the pion, muon, and kaon and the atoms they 

form can be found in Tables I and II. 

In a mesic atom the energy level structure is analo~ 

1 The term "mesic" atom is commonly used to refer to 

all such atoms even when the particle is not a true meson. 

3 



gous to that of the electron in a normal hydrogen atom. 

The quantum numbers, n and t, affecting the orbital motion 

apply. Since the muon has spin½¾, muonic atoms also have 

the same quantum number, j, for the total angular momen­

tum. However, for pionic and kaonic atoms, j = t, as the 

pion and kaon have spin O¾. 

Pionic and kaonic atoms differ strikingly form 

muonic and electronic atoms however, since the pions and 

kaons interact strongly with the nucleus. This interaction 

shifts the energy levels of the particles and also greatly 

depopulates the lower energy levels as the particles come 

into contact with and are absorbed by the nucleus. 

4 



PARTICLE 

MEAN LIFETIME 

MASS 

SPIN 

CHARGE 

DECAY MODE 

STRONG 
INTERACTION 

MUON 

2.20 x 10- 6 sec 

105.66Mev · 
=207 rn 

e 

½n 

-e 

- - -µ + e + v + v e µ 

NO 

TABLE I 

PARTICLE PROPERTIES 

PION 

2.60 x 10- 8 sec 

139.57 Mev 
=273 rn 

e 

0 

-e 

- - -
TT ➔ µ + \) 

µ 

YES. 

KAON 

1.24 x 10- 0 sec 

K 

493.67 Mev 
=966 rn 

e 

0 

-e 

+ µv 
TT TT O 
TTTT+TT-

YES 

ELECTRON 

00 

.511 Mev . 
= rn 

e 

½li 

-e 

stable 

NO 

Vl 



TABLE II 

MESIC ATOM PROPERTIES 1 

PARTICLE MUON ,,, PION KAON ELECTRON 

En -[mµl_:_
2
=-201 I 2 

[
mTT ] z

2 
z2 -lmK]:_2=-966 f2 zz 

- - - =-273 -
(in Rydbergs) 2 • m • J n 2 ri2 m n2 n2 m n 2 n 2 n2 

e e e 

<r > <r 9,> /(207) < r 1•. > I C 2 7 3) <r 9,> /(966) <t > :: 
n, .R. n, e n, e n, e n,t e 

ao 
= -{ 3 n 2 - 9- ( 9- + 1) } 

2Z 

VALUES OF n 
14 - 17 17 - 20 31 :- 38 1 

SUCH THAT 

<r 
9, > :::: <rl o> n, -rt • , e 

1without corrections for reduced mass, nuclear size, vacuum polarization, and strong 
interaction effect 

21 Rydberg= (e 2/2a 0) = 13.6 ev 

°' 



1.3 Cascade 

Consider a muon of kinetic energy ~100 Mev. which is 

produced in an accelerator and which then enters a moder­

ator. By electromagnetic interactions with the electrons 

of the absorber material the muon is slowed down in 10- 11 

- 10- 9 seconds (the moderation time) to an energy of ap­

proximately 2 Kev. Its velocity then approximates the 

velocity of the electrons in the normal atoms. 

The muon is then captured on a particular atom through 

electromagnetic interaction with the electrons of that atom. 

The capture process takes approximately 10- 15 - 10- 14 

seconds (the capture time) and slows the muon down to zero 

energy. 

The muon finally cascades down through hydrogen-like 

bound states and eventually reaches the ls ground state, 

where it stays until it decays or is absorbed by the nucle­

us (cascade time ~10- 12 sec.) 

The processes by which the muon (or other particle) 

cascades down to the ground state (or is absorbed by the 

nucleus) are of intense interest in the study of mesic 

atoms. It is be a thorough and accurate understanding of 

these various processes that atomic effects can be sepa­

rated from nuclear effects in the analysis of line widths 

and x-ray intensity ratios of the mesic atom. 

As already mentioned the two principal processes by 

which the meson de-excites are the Auger Effect and x-ray 
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emission. In general, when the Auger Effect is possible 

(i.e. there are electrons present which can be ejected), 

then the Auger Effect is the dominant process for the 

higher n states, while the emission of x-rays is dominant 

for the lower n states. However in fluids, other effects 

- such as the external Auger Effect, in which electrons 

of neighboring atoms are ejected, and the Stark Effect 

and sliding transitions, in whi .ch angular momentum states 

are mixed via collision processes are also present. 

8 



1.4 Motivation for the Present Study 

The main focus of the present work has been to refine 

and extend the currently used formulae for the Mesic Auger 

Effect. 

Until now, the only formulae which had been developed 

were for monopole and dipole transitions, and thes~ were 

based on certain approximations-. The monopole transition 

rate formula had been developed using the plane wave ap­

proximation to the Coulomb wave functions, while the dipole 

transition rate formula had been restricted to the no­

penetration approximation . 

The transition rate fonnulae fox the higher multipole 

transitions had not been calculated, but had been assumed 

to be considerably smaller. 

In addition, previous work was restricted to the ejec­

tion of an electron from a state of low principal quantum 

number Cne = 1,2). In the present work a general formula 

has been developed to allow not only for any multipolarity 

of mesic transitions, but also for the ejection of an elec­

tron from an arbitrary initial state. 

Unfortunately this last step has made the derivation 

of the formula almost totally unreadable, plunging it into 

the darkest depths of series upon series of hypergeometric 

functions. 

All numerical work has been carried out for picnic 

Heliwn with the ejection of an electron from the ls state. 

9 



CHAPTER 2 

PAST WORK ON THE I NTERNAL MESIC AUGER FORMULAE 

2.1 Introduc tion 

The probability of a discr·e te auto ionizing state 

making the transition t o the continuous state of the same 

energy is given by Fermi's Golden Rule No. 2 

w 2¾ p(k) l<fiH'li>l2 (2.1) 

where p(k) is the density of final states, and H' is the 

perturbing potential. p(k) is me¼k/(2TT¼) 3 and, in effect, 

normalizes the continuum wave function to represent one 

electron ejected per unit energy interval. 

For the Auger Effect, H' is the electrostatic poten­

tial between the two interacting electrons (i.e. the one 

which descends to a lower orbit and the one which is 

ejected). For the Mesic Auger Effect, it is the potential 

between the meson and the Auger electron. In both cases 

where lr1 2 I is the distance between the two particles. 
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Figure 1 

Distance Between Two Points Having a Common Origin 

The expansion for jr 12 j~ 1 in spherical harmonics is 

where = 

= 

£+1 
Tz 

(Messiah 1958, 497) 

( 2. 3) 

11 

When performing the integrals over the radial variables, 

the r1r2 plane must be divided into the two separate regions 

of convergence. 

r 
2 

0 

r £ 
l 

r £+1 
2 

r £ 
2 

Figure 2 

rl 

Regions of Convergence of the One-Center Expansion. 



The integration ove r the meson variable (r~) is usu­

ally performed firs t, hen ce 

which is rearrang ed as 

The second and third sets of integrals are usually 

referred to as the penetration terms, since their contri­

bution to the total integral depends roughly on the inter­

penetration of the electron and meson clouds. 

For monopole trans itions the first term drops out 

because 

(2.6) 

by the orthogonality of the wave functions, leaving only 

the penetration terms. 

In their paper "The Mesonic Auger Effec t" appearing 

in 1953, G. R. Burbidge and A.H. de Borde offered formulae 

for both monopole (61n = 0) and dipole (61n = ±1) transi­

tions. The higher multipole transition rate formulae are 

12 



2.2 Monopole Transitions 

For the monopole transitions, Burbi dge and de Borde 

developed a formula 

( 2. 7) 

which applies only to transitions where 

(n,R. = n-2) ~ (n-1,R. = n-2), 

where t 3 is a constant between O and 1, and where y is 

related to the energy of the final electron by y = +/E, 

if Eis expressed in Rydbergs. 

Unfortunately, the monopole transitions are riot sig­

nificant for these nearly circular orbits, but are signi­

ficant for transitions from orbits with high principal 

quantum number, n, but low angular momentum quantum num­

ber, R.. Also because C3 has such a wide range of values, 

this formula only sets an upper limit on the transition 

rate. 

In 1961, Eisenberg and Kessler derived the formula 

14 



where 

( 2. 8) 

( >. ,. X ) ( A t- ;< t- "/.J + 7) 

which applied to all monopole transitions. However, they 

have us ed the plane wave approximation to the Coulomb wave 

function, which is a high energy approximation, and mono­

pole transitions are dominant only for low energy (high n) 

transitions. 

It should be noted that if the term 
t1.r.i- J ()z-.1-/ 
~ ~ (-i).>.+)(t/z>.+x (A+ X +- Z'-f+ z)! 

L___ L_ >, ~ ( I/ I/ ) ). r X 
.>.=o )(e:o YI, nz 1ny +- /n2 

(2.Pr3)(2J+ L/) 0 
,A! (Yl., -Y-1-).) .1 { Z.f +I+ A)! "l ! (11z -.I-I- x) ! (?.f 1/rx).' 

(2.9) 

is added to Q, then the Eisenberg and Kessler formula may 

pe written mor e succinctly as 

where by 

is meant the evaluat i on of the integral with a 0 = M = Z = 1, 

(see Section 4.1). 

. 15 



2.3 Dipole Transitions 

For the dipole transitions Burbidge and de Borde 

consider only transitions between circular orbits, that is 

and find 

where 

(n,t = n-1) + (n-1,t = n-2) 

zrt1.~" VI. 214..l-2 (11-1)211.YY 

(21-1- I) 11( 1-2 

f c~ ) 2. 
C -=- I - I Z1TM 

(2.11) 

and C1 and C2 are constants between O and 1. This formula 

includes the penetration terms but again there is a large 

uncertainty in the constants C1 and C2 . 

There may be a simple reason that these constants 

C1 and C2 and the constant C3 in the monopole formula were 

not given more precisely. For the transitions which Bur­

bidge and de Borde examined, the monopole rates (contain-

ing the factor C3 ) and the penetration contributions to 

the dipole rates (containing the factors C1 and C2 ) were 

insignificant. It was not then necessary to provide a more 

complicated but more precise expression for these constants. 

16 



The Eisenberg and Kessler formula for the dipole tran­

sition rates applies to all possible transitions, but does 

not include the penetration terms. This, again, is unfor­

tunate as the penetration terms are significant for tran­

sitions from high n states. 

(2.12) 

17 



2.4 The Higher Multipole Terms and Condo's Trapping 

Argument 

In 1964, G. T. Condo, noticing the disagreement be­

tween the theoretical and observed lifetimes of pions in 

helium, proposed a trapping mechanism, whereby pions were 

"trapped" in states having both high n and high Q, values. 

He re asoned that if even a small percentage of the pions 

should enter these states and not be able to escape quick­

ly, these few would decay in orbit rather than cascade 

down to the lower orbits, thus extending the average life­

time of a pion in helium. 

For this to occur it is necessary that transitions 

out of these states occur only be radiative emission, 

while the Auger Effect, both internal and external, and 

the Stark Effect are inoperative. While it might bear­

gued that, in gaseous substances, the external Auger and 

Stark Effects might be negligible, at that time (1964), 

no accurate formula for the higher multipole internal 

Auger rates had been developed, but only estimates had 

been offered. 

For a pion to escape from an nTI = 17, i = 16 orbit, TI 

via an Auger transition, the pion must make a 6Q, = -3, TI 

6n = -3 transition, which Condo assumes has a rate not TI 

greater than 10~ 8 transitions per second, the radiative 

rate. 

18 



It is not obvious that the transition rate for these 

trapping orbits is so small. Consider the following very 

crude argument. If the no-penetration approximation is 

taken, i.e. 

('. .f 
-..:.L_ 

r. ..P+ I 
I 

(2.13) 

and if the calculations are restricted to circular orbits, 

then 

,.,J 
I -1- /qed' 2) K 

{z,r)2 n. ( ~ 

. (? J),r - 2./h ;)_I {2.P) ! 
( 2)) +- I ) ( 2-A- + 1) _I 

(2.14) 

where by I <rt> I is meant the eyaluation of the integral 

over the pion wave functions with a 0 = Z = M = 1, and 

where .R- is .R- .. Then 
TT TT 1 

c<l (},,y f (;ui.) I{ / < l/lPJ / r;-P-' I 4Je.,) I 2 { z:0
M )z_p 

(ZY) _I 2 - i.P-Y 

(z,,p-1 ;) ..I/ z 

(2 .15) 

Now the total dependence on .R- is contained in the brackets 
TT 

and from this it can be seen that it is given approximately 

by .R,TT
4 t. It might therefore be expected that the largeness 



41 -21 of 1TI would cancel the smallness of the factor M . 

Indeed when rTI ~ re' 

or roughly (2.16) 

so that 

(2.17) 

Therefore, it might be argued that when 1 . = 17, TI 1 

the higher multipole rates are (very roughly) compirable 

to the dipole rate, which is about 1014 transitions per 

second. 

In 1970, J. E. Russell did a calculation of several 

of the higher multipole transition rates using numerical 

integration over the electron variable. His results show 

a monotonic decrease in the transition rates with an in~ 

crease 1n n .. This is contrary to the argument just pre-
Til 

sented which indicates an increase in transition rates as 

n . increases, and also contrary to previous work on dipole 
Til 

transitions which also shows an increase in the Auger rates 

as n . increases. Since Russell published rates for only TI 1 

a few pionic transitions (only higher m~ltipole rates) it 

20 



is not possible to compare his work with previous work and 

hence judge the reliability of his calculations. 

In 1977, V. R. Akylas and P. Vogel also did calcula­

tions of the penetration terms and higher multipole rates 

for muonic atoms, however they did not mention whether or 

not they had found the transition rates from the higher 

circular orbits to be unusually low, but only stated that, 

in general, the role of the higher multipole terms is 

minor, which is true. 

21 



CHAPTER 3 

DEVELOPMENT OF THE GENERAL FORMULA 

3.1 Wave Functions 

The transition rate for the emission of an Auger 

electron into a given direction nk is given b 

::: 

• 2.. 1<4l~(~) lfe£(~)L:~ / t {,f) Y;. (~))}
2 

ft')':! ..-,,.~ IZ ; I 

(3.1) 

.., T,. lf1 IT J' 

(3. 2) 

The initial and final pion states and the initial 

electron state are bound orbitals and are written 

22 



where M = m / m and a 0 = ¼2 /m e 2 
TT e · e 

½ 
[ {;tr, 1-.1.,,..)! r~,-J,,.-1)1 J 

( 1'1r -...P.r -I - f) ( (-' 1 

(3.3) 

(3. 4) 

The final electron state is a continuum st~te and is 

represented by an infinite series of Coulomb wave ·functions. 

z-Pf'.§- e - i m7 I r' ( ..P~ + I + I'() I 

r ( 2.Jr--5 t 2) 

23 



Ft is called the Coulomb wave function. It is a real 

valued function and can be derived from the bound state 

wave function by the mapping n + in and an appropriate 

change in normalization. ; is the wave vector of the 

ejected electron, and is called Sommerfeld's parameter, 

being the quantity which determines the eccentricity of 

corresponding hyperbolic orbits in the Bohr-Sommerfeld 

theory. These two parameters are simply related. 

(3.6) 

The effective nuclear charge felt by the ejected electron 

is Z = +1, while the charge of the electron itself is 

Z' = -1, hence 

( 3. 7) 

Notice that for an attractive potential n is negative, 

while for a repulsive potential (encountered in scattering 

problems) n is positive. In the Burbidge and de Borde 

and the Eisenberg and Kessler Auger transition rate formulae 

y = Jnl is used, while the present work uses n in the · 

derivation of the general formula, but then uses yin the 

final presentation of the formula. 

For bound states, the discrete eigenvalues of energy 

are given by 

24 



( 3. 8) 

where n is an integer. For continuum states, the eigen­

values are obtained by the mapping 

(3.9) 

where n is a continuous parameter, hence 

I 
= (3.10) 

If the energies are expressed in Rydbergs (one Rydberg 

= (e 2 /2a 0 ) = 13.6ev), then 

= 

For the continuum state ZZ' = -1, hence 

I 
f2 

Furthermore, if Zn f = 2, then 

= 
l-,,-/ M) 

t1 a 
1'j 

(3.11) 

(3.12) · 

(3.13) 

25 



3.2 Integration Over the Angular Variables 

Integration over ~2 is performed by means of the 

Wigner-Eckart theorem 

(3.14) 

, (- t)"''if [ (lb 1) (~~ >1)(2-Pr, ") r (: -':, :',. x: ::: _ ::-~ ) 
provided \ _;~ - .Jl.,,.J J ~ _p ~ \ JJ~ -+ _;~ I 

Similarly 

(3.15) 

= {-l)'YYI +-Wl<".s [(ZJtt)(ZJ~ +1)(2/r£ t-l)]fz(J -Pr~ 
r~ a o 

provided \ A,~ - ..P / ~ JPS- c: I .lel r JI 

lei + .A,~ + _j =- eve1<., ,~te~ ~v"' 

m = me; - Wies, 

Note that the sum overt is now restricted to those 

values consistent with the triangle rule and the parity 

selection rule; and that the total M = mei + mTii = 

mef + muf if conserved. 

26 
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Therefore 

which eventually l eads to 

I S l<~I 1L,JY'i>r~cl.a~ 
(3.17) 

..(1 I<. 

(?.. I 'j. + I) (

0

./ _/,,; ..Ir~) 2 

<2.11-1) o ol (3.1s) 



28 

3.3 Integration Over the Radial Variables 

3.3.1 Preliminaries 

• ( ~ /fl._ .ff! ) 2 2 I ,.. r, r2 oi r, d fl2 

" { l ! Io (s, p,g) - J,(o, f, 'I) + Ii (s, f, 7) l 
where I1 and I 2 now represent the penetration terms. 

By defining 

Ae = ( n::~) +- l I< Le = Jle. + Yi ,... s -f 2 
' (3. 20) 

All (
Zu .,.. i!-11) M = 11¼ a: L,r = .ITl"z .,. .J~ 2. fvr,· + F + l + I 

the simplified versions are now 

= (3. 21) 
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oO 

= s r,.:: 0 

= 
r, = o 



\ 

3.3.2 Introduction to the Eva luation of Integrals Involving 

Coulomb Wave Func tions 

The integral to be considered is 

(3. 24) 
0 

where mis an integer greater than or equal to -1, and B 

and y are positive real nUJnbers. 

The most efficient method of evaluating these inte­

grals is to first determine the value of the integral when 

m = zi, and then use a three-term recurrence relation to 

calculate the integrals for the remaining values of m. 

• When m = 2i, 

C,00 

\ 'j .Pe - 8~ ~ {- If, 1) J'j 
0 

The recurrence relation, which is easily derived using 

integration by parts and the differential equation 
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sati sf i eJ by th e Coulomb Wave Function, is 

cP 

r r 8 1 c VA-.JJ- 1 - g'1 i=- ( ,J " • :::: t 2 » 1 - ..,f) - 2 <I j 11 e !__p - 6, '1 ' 01 'j 
co (3. 26) 

➔- i _j) (JJ+. 1) - ( nf -..P) ( 111 -J- I) J J ljn,, -.f-
2 e - 81 F_,, (-~ 1) dJ 

Ov-,,rl 0 

A similar recurrence relation can be derived from 

the properties of the 2 FJ function. 

However, caution should be used since forms 0 

(3. 2 8) 

The question should now arise as to how a three term 

recurrenc e r e lation can be used when only one integral 

has been evaluated. Normally two integrals would be 

required. 
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For simplicity, denote 

I 

◊ (J 

by G(m), then (3. 26) can be written as 

( 1 + B 2 ) G ( wi ) c:: 2 [ ( l'>1 -.Jl ) B - ¥ l G ( ~ - I) 

+ m ( 2.J #- I - m ) G ( vn - 2. ) 

+- (Z-P+-1) ~m,o 

Form= 0, 2i + 1 (3.29) has only two terms. 

= 2 [ -..1 e -t] G (-1) 

(3.29) 

(2.J) +-I) 

(3.30) 

These two (two,-.tenn) equations are sufficient to insure 

that all values of G(m) can be evaluated from G(2l). 

Supp ose Mis the highest value of m for which it is 

desired to calculate G(m) , then the M + 2 simultaneous 

equations 

(3. 31) 
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can be set up as a matrix equation (Chattarji 19 76, p.45) 

0 

[A] 
-2l (M-.i) B-.r 1 

(/-1- (32) 

0 

0 

, .. 

I 

= 

G (1'1) 

G ( M-1) 

0 

0 

(U+1) 

G(U) 

(3.32) 

where the unit element in the last row of fA] is in the 

AM+l M+l- 2£ position. 
' 
This system of simultaneous equations can be solved 

directly on a computer by Gaussian elimination methods, 

which insure a high degree of accuracy by avoiding the 

truncation errors involved in series summation methods. 

The fact that such simple techniques are available 

for the calculation of matrix elements may directly be 

ascribed to the symmetry properties of the Coulomb field. 

There are complications, however, which arise when 

dealing with mesic atoms. When m ~ 2£ef' 
2£ f-m-1 -m-2 G(m) ~ B e , while form~ 2£ef' G(m) ~ B . 

F • B / d B2lef+l b 1 or mesic atoms, ~ m m an may e as arge 
TI e 

as (273) 7 ~ 10 16 (for octopole transitions in pionic helium). 
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One might b2 tempt.e el to think that these terms dominate 

the fi_naJ answer , but i t t urns out that all higher powers 

of B cancel identical ly \vhen the sums over m are performed! ! 

It is necessary then to transform the usual expres 

sions £or ,these integrals so as to eli1ninate these terms. 

It should also be noted that G(m<2i ) _is of the form 

- 2ycot - 1B -2ycot- 1 B a1e + a 2 , while G(m~2~) is of the form Se . 

By separating the G(m<21) into their component parts, like 

terms can be grouped and evaluated . 
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3.3.3 Evaluation of (Io - I.:i.)_., First Method 

L,,. f --I' A ,,. f'z 
"'z e otr"z at 0 

P ( L" +.J+ 1) 
A 1T ,.,. t../ + I 

The method for evaluation of the Gauss' hypergeo­

metric function is dependent on the relative values of 

(L -e R.) and (2R.ef + 2) . If (Le - R,) ~ (2R.ef+2), then, 

using the transformation (A. 20) 

-1 r(LF+.J-1-1) rCLc--P), ( ::,-;- (-Pe, +-1-,'t) 
1., :: 

A,, Lp- + ~+-I Ae l.e-.l 

where the Gauss' hypergeometric function is now a poly­

nomial, and all terms contain the factor 

;x =-

On the other hand, if (2R.ef + 2) > (Le - £), the 

transformation (A.24) is used to obtain 
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T II ,. 
-o 

;=I" .... I" 
()O ()/ 

where 1 00 " contains the factor x and 1 01 " does not. 

Now (Le - 1 - 21ef - 1) is always a negative integer 

as is (1 - L + 1) = (1 - 1 . - 1ef) - (s + 1) . Therefore e e1 

both hypergeometric functions are reduced to polynomials . 

The second hyp erge ometric function will cancel with 

terms arising from the eva luation of 1 1 and therefore no 

attempt will be made to simplify it further. 1 00 " can be 

simplified by using the transformation (A.25). 

- ,, 
l _ao .:: 

r (Lr t./-1- I) r(Ues5 f 2) r(2'..Pe~ t-1) r (--f(J -21) 

A., 1..,,-+-P"-
1 r(z.JeJ + l - le t--P) r(./eJ t-/-<7.) 

(3.36) 
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0-0 

1, = s Le -..I- I - A e f', f. {Ji ZJ~ 1 2 j 2ikti) r, e ' ' ~ t / -,1_ ., 
9=- 0 

c-<:, 

, s br f-.f - AIT t"z 
dv"-z. d", r2 e 

I"':,.,= r, (3.37) 

ro,, f-J + ,) 
}.Jf 1-..f 

Aq 
t l'(Le-J+-t-) 

= ~ A;r L , + ..P"'-I t .' (Ar + A e ) 1..e - .,f 1- i: t: = 0 

2ik 
• :z.. G (Jef, +l-irz ) L e--1+ t.; Z..lf>.J + z j A,,-+ Ae ) . 

Again if (Le - .R-) ~ (29vef + 2), transfonnation (A. 20) is 

used to evaluate 1 1 

r LJr l~e- (Zj>fj+i?) 

I/ = (L 1,+_f+ I) ~ 
I ll L7T +--F+I L 
• -l,r °t. 1 = 1-.e-...P- (2.l~d.) 

.. r ( fj)e$ f- z f- 7 1
) 

(3.38) 

r ( t.l + Z-PP.J + 3 - Le ~ .J)) 

where al l terms contain the factor 

However, if ( 2£.ef + 2) > (L - £,) ' the series must be e 
d;i.vided into two subseries·, one with t ~ ( 2£.ef + 1) - (L - £,) 

e 
and the othe r where t ~ ( 2£.ef + 2) - (Le - £,) . Hence 



+- r (L ,r #---f+-t) 4-+{~- (Ur£ ••n A ti + (?-I'~ •2) - (Le-..P) 

A7i l.,- .... hi -tf ( 11,r t-14e) ,ti + 2..P~ ., 2. 

(3.39) 

= I I/ 
ID 

wher e all the terms of I 11 " contain the factor x, but 

where the terms of I 10 " are mixed. 

Por the second set of terms, the transformation 

(A.20) can be us e d to reduce each hypergeometric function 

to a polynomial. 

At this point if all tenns of I 0 and I 1 were evalu­

ated and arranged in descending powers of A (which is 
1T 

proportionnl to M = m /m), the highest power of A in I 0 TT e TT 
would be ( - L - JI, - 1). For I 10 " it would be 

1T 

(-LTT - Le + Ztef), while for I 11 " and I 1 ', it would be 

(-LTT - Le - 1). 

Now ( -L - JI, ,. 1) > (-L - L - 1) since TT TT e 
= L 

e 
Therefore it might be 

expected that I 0 > I 11 " or I 1 '. 

However, when (2!ef + 2) > (Le~!), 

(-LTT - Le+ 251,ef) ~ (-LTT - 51,., 1) or I:io'' ~ I. 
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Eor example, if (n . , t .) = (1,0), tef = l, then 
e1 e1 

It would be most unusual indeed if the major contri­

bution to the total integral came from the· penetration 

terms. The author therefore suspected (and confirmed) 

that upon summation over t , all higher orders of ATT in 

I1o" vanished identically. 

As in the evaluation of I 0", transformation (A.24) 

is used to seperate the terms which contain the factor o/ 

from those which do not. 

. I II :: 
/0 

r(L,-t-..f+;) r(~c-1) r(z.fed+2) r(./e-J 1--/+z·1,-Lc- t_f) 

·A"l,;1-JI-/ (22·k)l.e--P r< e_pf',S + z -Le +..P) rr.1e5 l-/ l-l'(_) 

~ +l-£e -+.f ( t 
. ~ {;~r) (1,e-J)c (-"t-P~-l+Le-~)t-
-t = o .2 l I< ( --A•-¢ - l1_ + Le --P )t t · 

' _-z.F, (le-...!+ti J...c--P-ZJf'£-l+ti -_j~-;1_ +Lc-JJ+tj 
11
: 2:.!c) 

(3. 9()) 

+- P(Lg-+,)+I) r(2))\f+2) \ Arr+Ae 1 2 (..,P~H-Le-l--P) l/1 
A ff L'lr 1--1~ I r (.fl~ +/- l'(_) ( 2 J. k) 2-Pc;; + 2 ,,. ../- Lt:' 

• ;)ttl-4,d) [ 2ikA,,. ]t. r(-..P~-/-J'(' +Le-.Jtt) 

-t = 0 11hr + ll e / 2 7. -1 
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h O O" is merely a Taylor series and reduces to 

r (L,r + J 1-1) r(l.PeJ t Z) r (Le-.J) r (.fl~ 1-1 ♦ ,1. ~Le ♦..P) 
A,r L-Jr-#-...l"-I r(;eJ + I +-.11_) r<z..1~J +2- Le ~__p) (3.41) 

Ac/-?1k) 

which is identically Io1". Therefore I1ou" and Io1" 

do not appear in the final answer. 

At this point all remaining terms contain either the 

factor X or the factor~. 

To evaluate I10.1", first reverse the order of sum­

mation, then use the identity 

(3.42) 
(-1./) t (. ) - z (-?) f, /+t -2/+t' ol+t· ~ +4 
(d) "t ..,_ I I J ) \) 

which can be proved by expanding the hypergeometric 

function in a Taylor series and rearranging terJns. 

This rearrangement successfully eliminates the 

higher powers of ATT such that 
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I/ 

I,o, 

(3.43) 

with the highest order of ATT being (~LTT - 1 - 1) and no 

longer (-LTT - Le+ 21ef). 
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3.3.4 Evaluatio'n of (Io"" 11 ") , ' Second Method. 

At this point it is appropriate to ask whether there 

is an alternate way of evaluating (1 0" - 11") which avoids 

both those terms lacking in the factors x and~ , and 

_those terms containing the higher powers of ATT. 

Usually when the integral 
~ 

~ X b-/ e - S1l ol-x 
0 

where b is an integer, is evaluated, the form 

(3.44) 

is used. 

However, there is an alternate form, which, while 

first appearing more complicated, simplifies the evalu­

a ti on o f I O '' - I 1 '.' 

0 

Hence 

= 

= 

b 
Lj 

( )
-{J..~-4L,r+/1--t) 

• A.,,.+ Ae 

(s1d)t 1(b) 

f'(b+-t+-1) 

A IT t r (ie i L1, f I -I -t) 

(3.45) 

ro,r +..,f + 2 + r) C3. 46) 
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Now since L + L e 1T 
zief - 1 > 0, define 

t' = t + (Le+ Ln - zief - 1) and hence 

or, by adding I1..1" to both sides of the above and using 

(A.20) to reduce each hypergeometric function to a 

polynomial 

( I, - I )'' + I II 
0 I II 

( 
,.4,r ) t 

/1,r + II e 
(3. 48) 

Now use Vandermonde's theore;n to expand 

rc2.Pe£ ~ 2 + t) 

r (2J~+ 8-Le t..P) 
-zl (3.49) 

and the swn formula (A.30), to obtain 
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Now the transformation (A.22) is used to seperate the 

terms containing x from those containing~-

( ) 
,, ,, 

' 10 -l, + 111 

Ae ( I)..,,. + lie ~) ) 
ZikA" 

+ r ( Lt, J. ..,/+I) r ( Z'...fe-5 I· 2) r ( Z-1~ ti) rt--llJ +-11,) tf 
r ( 2'Pe~ + Z - Le -,.. J) r7 ( .f~ + I+ ,1.) I An- + A e I i?-Pfr .,. 

2 

(3.51) 

A e ( /J,,- " IJ e ~) ) 

2i k /:Ir 

where the first set of terms is easily recognized as 

-11 0 1", and 1 0 1" can be retrieved from the second set by 

using the summation formula (A31) and taking the complex 

conjugate of the result. 
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3.3.5 Summary 

I 2 is easily evaluated and is simply 

rcir-.J) Ar,2-P~tl-L.-Le 1f 
\ ll1T t Ae I c.-lei +Z 

( 
A1r )t 

Ar +Ae 

(3.52) 

I' ( c -l'e~ t Z t- t) ~ ( I) _ 2 / k ) 
P( c..Pes +2-Le--P~t) 2.l1 -ri t-/-,r, -ti 2.-1~ + 2; /.1,r + lie"' 

Gathering Ia, Ii, and I 2 together, the total integral 

I can be written as 

r A,r ZJ~ +-1-\e-Lr 

I A,, +- Ac /-<'-PPs +z 

when (_Le - l) 2: (U,ef + 2); and as 

I",,. r(L7r+.P+-1) rcz..P(',5t-2) r(z-fe£._,) r<-..le-£-i,z) (-l)Lf!--1-lx (Ae-tJ-1°"5 

An-L.;r+ ,P+-t r'(Z)~ -l- 2 - l.e t-,..P) ro~J +/-;1_) (.2t"k) 2 -ft'..:f +-I A/e---1--1rr-1 
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(3.54) 

. r .l(L,.,-1~1) - r(LJT-..1) ] r; (1.J.l-t -t·· ZA 1-c· -2ik I 
lrc2-1'31-3-Le+J1-t) r(c..Pes+2-Le-:./.Jt) "&, I (i J ~ I A,r+A~'l 

when (Zief + 2) > (Le -i). 

Now the terms (I 11 - I 2 ) appear in both I' and I" and 

can be simplified for mesic atoms in the following manner. 

First define 

then 

lp AIT Z.f~ +I - J..e -L,,-

1 A ,r + A e I z.J~ ,. 2 

,..,,. .J /..e- c...Pg- -2 z r r2.1e5 ,. 2 f- z-) 
-t =o 

Now by using one of the relations among contiguous 



hypergeometric functions, a recurrence relation for the 

H(t) 'sis obtained. 

( 2 ~P-£ t 2 t- -t:) I A r +- A e l 2 H (-z: + I) 

- 2 [ ( t + .Pt'J t-,) A,/ + ( t + -Pe s) ;; A" ] H ( t) 

+ t An-2 H (t- I) -;: 0 

The first few values of H(t) are 

H(O) 

H(l) 

H (2) 

= 

= 

1 

( 2Je-:5 + 2 ) A .,,.2 + (2_/)e4 ) /J,r :,{' 

( 2 ~ t Z. ) I A.,,. • !l e I 2 

(3. 57) 

(3.58) 

The expressions for H(t) become increasingly more com­

plicated, however since A is proportional to M, which is 
1T 

usually a large number, an approximate value for H(t) may 

be found by keeping only the highest power of A 
1T 

If this 

is done then H(t) is approximately 1 for all t. While 

this is usually an excellent approxi111ation (within 1% for 

most transitions), its inaccuracy increases as L increases. 
1T 

Therefore it would be wise to include the next lower power 

of A, hence 
7r 
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(3.59) 

H Ct) 

Now by writing 

I 
as 

( 2 )e-£ +- q- ) t 
(2.P~ t2) 

and using the sum formula (A.28), the sums can be evalu­

ated and hence 

A Z..f~ t / - J.. e - L;r L/1 
I I -z rr 

11 - 2 I A ,r +- Ae I c..Pf"J +2 

_ r(L1T +~e+ z) le ( l.PF5 1- (!) (Z..f + 1) 
Qd /J,r (2..P~ + 2) (J..e--P1-/) ( J..e t-..-R -1 2) 

(3.61) 

_ r( Lv: d➔ /) r (ZJ~d + 2) [ (L.e ..J)+t) +- ( ~11) (?Jr-_, 1--st)] 
rczjl,.~ +-2- le +J)) (Ll-_.f) (Le-_/}+ I} 

+ P(L,rJ) r<2.Je£ t2) r Ge .. ..f,2) +- (Q~T)(Z.f~ t-;.;)7 l 
\ ( i? ..P~ ._ I - le -.JJ ) ( L.c t .--f + I ) ( Le t ..R \ 2 ) 
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3. 3. 6 Simplification 'i!1. the Cas_e of Helirn 

Fortunately, the actual evaluation of these terms is 

easier than may first appear. In the case of mesic helium, 

t . = 0, t f = t and L = 1 + 2, therefore e1 e e 

I II 

0/ 

= K-2 r(Lrr.Jt-1) r<ZJ+Z) (.11-1) l: Cl'-7 2 ).1-I 

A,,-L.,r+--f+I C,f2-,.1l) (f.P-1)1. uf) .. . (/,1{') Z ~I 

or by defining B = 1 + 1/n 2 

rcLir1-.1~1J r(z.P-12) (I.J1Jx s-'-1 

Ali LT fJH (Jl G - _fl .f- I).'' ( 8) ? 2-.., 

-::i 
where again X = e+ 2ncot (~n). 

To evaluate I 101 ", first define 

P(d) = [ 
I A,,-+ Ae I 

2 j ol 

-2ikl-l,,. 

(3.62) 

(3.63) 

then use the hypergeometric differential equation (A.19) 

to obtain the recurrence relation 

I A e I l ( d t 2) (/- iJe£ t ol ) P ( o\ t 2) 

[ 
i!c 

= 2 A rr q" { d -.P~ ) + I 4 e I 2 ( I 1- d - J(".J) ] P ( d + I ) 
(3.65) 

- I A,r 1- Ae f' P ( d) 

Now P(-1) and P(21ef) are easily calculated, yielding 
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p ( -1) k A,,-
I A7r +- Ae l 2 

(3.66) 

= 

By using the recurrence relation 21ef times, and the 

two above values of P(-1) and P(21ef), a system of 21ef 

linear equations in 21ef unknowns P(O) through 

P(21ef - 1), is obtained. Consequently for all values of 

d, P(d) can be calculated quickly on an electronic com­

puter by Gaussian elimination. 

Alternately, when the Auger electron is in the ground 

state Le - 1 - 1 = 1 and only P(O) and P(1) are needed. 

In this case I.1 01 " is siJnply 

- I/ 

l IOI = K- 2 r(Lr+--l·t-t) 'f r(z..f 1-2.) J"(P) 
A11LriLf+-I r(Z.Jt/) /1+ A¼rlz..f (l+-12) 

( 3. 6 7) 

where 

J (1) I + 

By using the relations fo;r contiguous hypergeometric 

functions, a two-term recurrence relation can be found 

for J(1). 

so 



2 [ (J+-1) 2 8 -J2 - z_p ] T {..P+I) 

(Z...P +I) (-I+ 2) B 

where B = 1 + 1/n 2 

D = Z /(aoA) e TT 

Q = 1 + 2D + BD 2 

The first few values of J(t) are 

J (O) = 0 

J(l) = -BD 2 Q- 1 

J(2) = -B(l + 6D + 18BD 2 + 18BD 3 + 9B 2D~) 
2(4B - 3) Q2 

. . .. 

Ii 01" can then be concisely written as 

Similarly for helium, I ..1 .J." - 12 simplifies to 

(3.68) 

(3.69) 

(3.70) 

(3.71) 

_ (?~1-1) r(L,,.+--11-r) _ (2-1+l/J(2.,p+1)r21) r<L,,1-J+1J J 
(Z,,,PfZ)3AITL,,-d+'f ?, Atr 3 /17T1.;r--1..f// 
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CHAPTER 4 

THD PRESENT WORK. FORMULAE 

4.1 The General Formula 

The most general version of the transition rate 

formula is 

t<Ji -.£ = I l (!:) k_{~ (z.1'f£ + ,) (..1 --'~- ~::)~ 
(irrY'- -It (t.J-1-1) {) 0 

. (2JJt:"5 .-1 ) ( .J ..le~· 

~

;? 
jlp-!i 2 

(2-f + 1) a 0 
() I fRy.,..5 J .P I 

where 

= 

(4.1) 

( 4. 2) 
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and 

when (L - ~) ~ (21 f + 2); and as e e 

r (Ln+,,f-t /) rr2-1 .. d +2.) r(?J,.J- t- /) r (---&-iz) (-1) Le-..P-/ X (Ae,PJ fl;.5 

Af"L.nf-f~I rrz-P~+Z-Lc-fJ) r(_p~ 1-/-/1) {2ik)Ues+IAcJ..e,--I..J~-I 

f ( -2/¼ ) 
• ~ 1 I- Le +-..P, -~ -i'e ; -2.J~ ; 11/ 

( 4. 4) 
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Fortunately, this formula can be greatly simplified 

for the case in hand. First, only t = jtTTi - tTTfl need 

be kept, as the higher terms are considerably smaller. 

Secondly, in helium, the ground state or ls electron is 

the only one available to be ejected, hence i . = 0. The 
el 

general formula then reduces to 

.s' ( J {Z.Ar5 ._,) ( ?..Pr1rZ.f) ! ( ~ .... ) 2 
l,()l➔ £- = Z ,r e2 I 

T 4'o /-~ zr7 ( 2,P1-1)! (21141 H) .1 .) 

j1 

~
2z~,·2 ).1 -I (.I) a • .Tr ( 1 B-1· 2 1- 1) 

l= I l~ /VI 

TO) ... < t-')) 
rr2J11-1) u1-1) x 5.1-i + \fl J(.P) 

:P (. ) z-P G-'B 7T ,, 8 - 1 1 l- I 2 
.Z." 0 

( 4. 5) 

.) ;:. \;l - ...P_s I Z-r:~· 
D .. 

M ( ~Ii.,. z.) - +-n~ 1-'5 

..Pwt .. max (~ I J3) 

X 
- 2'¥ cA -''l{ 

= e 
Y'ilz 

fJ\.1 
= "'J2 - f:/ 

Lf r 

- 2"6 Q..,,r/. .../ 'a" (I ~ 1/~) 
e 

B -:;:e I+- 1)}n 

Q = (! + zo +- 80 2
) 
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" ( S t- t +- 2 + JI I 2 ..Im ) ! 

The energies and effectiye Z . and Z . 
el TTl 

£or the 

higher n . values have been taken from calculations 
TT l 

done by Mausner (1975) and Russell (1970,B ). For the 

calculations performed in this work, averages of the two 

values were taken. The values supplied by Mausner and 

Russell can be found in Appendix B. 
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4. 2 Moriopole Tran_s·iti'o;1. Rate Formula 

The present work extends the foxmula given by Burbidge 

and de Borde to include all possible transitions. Further­

more it replaces the constant C3 in their formula with an 

accurate but simple expression. 

The monopole formula can be simply written as 

( 4. 6) 

This formula is easily reduced to either the Burbidge and 

de Borde formula or the Eisenberg and Kessler one. 

To obtain the Burbidge and de Borde formula ~erely 

replace , 2 q- 2 by C3 and 

by 

= 
(Z1-t-l) Ytt-t 2. 

To obtain the Eisenberg and Kessler formula let 

and 

This latter holds only when y~~ 1. 
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For the lower energy transitions, y~ 1, the error 

introduced is substantial as 

while 

Even for y== ½, 

while 2. 

The error introduced by allowing 1 2 Q- 2 == 1 is not as 

great and has the opposite effect of the first error. 
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4.3 Dipole Transition Rate Formulae 

The dipole transition formula offered here is simil a r 

to the Burbidge and de Borde fonnula but is applicable to 

all possible transitions and, unlike th e Eisenberg and 

Kessler formula, contains the penetration terms. 

For i . > £ f i.e. 6i = -1 
TTl TT TT 

..I I _},rl • 

( 
i!e. · ) l (A)l.-'t £- - _L r~l) 2 l1 

- ~ Cid (/- e - Z,'6) 3 (2.J'l + !) i3"' . ~ z 13 
( 4. 7) 

·l<,,>lz r l- - qi B 
( 

2-r,· ) <v--_,-,) r /() q 2. 2 r,,/ M z < (' 1> 

where for i . > £TT£ TT l 

For if> i . i.e. 6£ = +1 
TT TT l TT 

UJ,l.~ $ = / (el) 2,S'7T 1 ,~ 
( 

i!eJ· ) 1 
1i.. CJa (/- e - 2 7T'() 3 ( 2,.Pn;_ t I) '2:TT;- J.12 B 

l<r> 12 f ,x - r ( 4. 9) 

4' B ( .i!e· ~ ~ 
lb 4.2. l-lf", ' ~ M2 < (' 1/ 
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In general, for dipole transitions 

) 

t ma -x ( _// 1 -4_ ) l I e 2 2 17 
tvl_,,-£ .,,. 

if { ao (/- e_z,-t) J ( 2-flli + I) 0 

l<v1>l2 [x tp B 
( 

le,· ) (4.11) 

/00._l. 2 r7f',· M z 

• 2n/t1/ [t,(Y1/+Yl£2) + .Y~ (Mr) mi:p.{J,_,J3)(r1/-YlJ-z.)J} 
(t1i2 -111/) · 

By employing the same approximations as before, 

1::hese formulae can easily be reduced to either the 

Burbidge and de Borde formula or the Eisenberg and 

Kessler one. 

59 

2 



CHAPTER 5 

THE PRESENT WORK. NUMERICAL RESULTS 

5.1. The Total Transition Rate 

The Auger transition rates. (in picnic helium) for 

transitions from all states haying initial principal 

quantum number, n., equa l to 2 through 12, 14 and 17 have 
1 

been calculated. 

Tables III and IV, which follow immediately, high­

light the main features of these results. 

Table III giyes the total transition rate from a 

given state to all states such that /ti - tf/ s 3 and 

where nf ranges over the three highest allowed values. 

For n. = 2 through 12, transitions to the next lower state 
1 

are allowed, i.e. n = f ni - 1, and for these initial 

states, wT(n.,1.) increases with n .. 
1 1 1 

Forni= 13 and 14 

however, transitions must be to the nf = 11 and 12 states 

resp ectively and for ni = 15, 16 and 17, nf = 12, 13, and 

14. Because of this the transition rates from these 

states are considerably reduced. 

Also the transitions from the 1. = 15 and 16 states 
1 

are repressed as the pion must undergo a quadrupole or 

octopole transition in order to reach the first allowed 

state. 
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Generally the majority of transitions are dipole 

transitions to the highest allowed orbit. Denoting the 

sum of these two transitions as w0 , Table IV charts 

s everal values of w0 /wT. It is most evident that this 

is not a good approximation, expecially for the higher 

n . orbits where the Auger Effect is most likely to 
TTl 

occur. 
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TABLE II I 

The Total Auger Transition Rate, wT' as a Punction of n. TT 1 

and Q, .• 
TT 1 

wT = [entry] x 1oi 4 

* 
0 3 6 9 12 15 16 

IlTTiTTl 

17 .776 .886 1.12 1. 23 .860 .137 .047 

14 . 60 7 .736 1.01 1.17 .630 

11 3.31 4.61 8.63 14.8 

8 1.17 1. 86 3.87 

s .081 .276 
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TABLE IV 

w /wT , where w is the Sum of the Two Dipole Transitions 
0 0 

into the Highest Allowed Orbit as a Function of n . and£ .. 
1Tl 1Tl 

Q, 
1Ti 

0 3 6 9 12 15 16 

n 
1Tl 

17 .16 .22 .33 . 4 7 .63 .00 

14 .37 .44 .56 .72 .86 

11 .49 .56 . 65 . 84 

8 .41 .60 .85 

5 .64 .92 



5.2 Monopole Transition Rates 

Table V shows the percentage contribution of the 

monopole rates to the total rate. From these it can be 

seen that monopole transitions are dominant wh en the 

initial value of n is high, but initial 1 is low. For 

example, when (ni,1i) = (17,3) the contribution of t he 

monopole rates to the total rate is 59%. Even wh en the 

initial value of n is low, monopole transitions stil l 

contribute a considerable portion of the total rate 

30% for (n1, 1:i.) = (5,0). 

The mistaken concept that monopole transitions arc 

not significant is due to the original calculation done 

by Burbidge and de Borde. They considered only monopole 

transitions into circular orbits, which when comp are d 

to the dipole transition into the same orbit are indeed 

inconsequential (see Table VI). 

The Eisenberg and Kessler fotmula did not contain 

this restriction; and, in fact, when viewing their version 

of a muon cascade 1n carbon, the high degree of stabil i t y 

in the population of the high n;, low 1i states indicate s 

a high monopole rate between these states. 
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TABLE V 

Contribution of the Monopole Transitions [w6t=OJ to the 

Total Transition Rate [wTJ as a Function of nTTi and iTTi. 

£ TT i 0 3 6 9 12 15 

n TT i 

17 . 68 . 59 .43 .27 .11 

14 . 4 7 . 37 .22 .10 

11 .29 .24 .15 . 0 5 

8 . 4 7 . 2 7 .06 

5 .30 .04 
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TABLE VI 

MO NOPO LE TRANSIT10NS INTO CI RCU LAR ORBITS AS COMPARED 

TO DIPOLE TRANSITI ONS INTO THE SAME ORBIT 

TRANSI TION 

(2,1) + (1,0) 

(2,0) + (1,0) 

(3,2) + (2,1) 

(3,1) + (2,1) 

(4,3) + (3,2) 

(4, 2) + (3, 2) 

(5,4) +(4 ,3) 

(5,3)+(4,3) 

(6,5) + (5,4) 

(6,4) + (5,4) 

--- - ----- -- - --

TRA NS ITION' RATE 

.49 817 X 10 11 

.89 392 X 10 9 

.16 280 X 10 13 

.30 488 X 10 11 

.11560 X 10 14 

.25755 X 10 12 

.43896 X 10 14 

.12026 X 10 13 

.11777 X 10 15 

.39709 X 10 13 

.0179 

.0187 

.0223 

.0274 

.0337 
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:, . ~< .QjJ)Ole Transition Rates 

Tables Vll and VII I s how the relative percentages of 

the t,·:o dipole ra tcs. The dipole transitions where the 

pion loses one unit of angular momentum (6~n= -1) are much 

more probab l e than those whe re the pion gains one unit, 

the latter being si gni fic,::mt only when the initial .i value 

is zero Cini= 0) . The dipole ttansitions are usually 

dominant, esp ecially for low initial n values, and, of 

course, for transitions between circular orbits. 

The combined prominence of the monopole and dipole 

(6iu= -1) rat es tend to keep the pions away from the 

ci rcular orbits (sec Figure 3). However once a pion 

enters a circular orbit, it will cascade to the lower 

states through the other circular orbits. In particular 

if the pions are initially distributed statistically3 in 

the nn1= 17 state, then 32% of all pions are initially in 

the 1ni= 14, 15 and 16 states. 75% of these pions will 

descend to the (nf, if ) = (14,13) state after the first 

transition, thereby placing 25% of all pions into a 

circular orbit early in the cascade . 

1 By a statistical distribution, it 1s meant that a 

state with angular momentum eigenvalue i , will have 

21 + 1 states, one for each azimuthal eigenvalue m. 
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TABLE VII 

Contribution of the Dipole [6tTT= -1] Transition Rate [w6 t=-l] 

to the T0tal Transition Rate [wTJ as a Function of n. TT l 

and t .. TT l 

i .. 0 3 6 9 12 TTl 
n TTl 

17 .35 .56 . 72 . 78 

14 .54 .76 .88 .86 

11 .60 .75 .88 

8 .65 .89 

5 .93 
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TABL E VIII 

Contribution of the Dipole [~1 = +l] Transition Rat e 

[w~t=+l] to the Total Transition Rate [wTJ as a Fun ct ion of 

n . and 1 .. 
TTl TTl 

1-
TTi 

0 3 6 9 12 
n 

TT i 

17 .28 . 04 .01 .00 .00 

14 .50 .08 .01 .00 

11 .55 .06 .00 

8 .46 .03 

5 .67 
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EXAMPLES OF BRANCHING RATIOS OF AUGER TRANSITIONS 

INDICATING THE TENDENCY AWAY FROM THE CIRCULAR ORBITS 

I"~ 
~~ () I 2 3 4 5 6 7 8 9 /0 II 12 13 14 
17 (,00 

/6 / I I 

i5 JI I I ..____ 
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~ 
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1 
3 ~ 

2 
-' 

I 
'--

FIGURE 3 
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5.4 Higher Multipole Ra tes 

Gene r ally hi gher mu ltipol e transi tions are not con­

sidered in cascade programs. As can be seen from Tables 

IX and X, the quad rup ole and octopo l e transitions play 

minor roles compared to the monopole and dipole transi­

tions. Non etheless, the se transi tions a re not entirely 

insignificant, with their percentage contribution to the 
' 

total rate r anging as hi gh as 15%. 

The most important aspec t of these higher multipole 

rates is in determining the existence of a trapping 

effect. As would be expected , the lowes t total transition 

rate is for the (ni, t i) = (17,16) state, since a pion must 

make an octopole transition to escape via an Auger 

transition. The tr ans ition r ate for the (17,16) ~ (14,13) 

transition i s 

w = 4.78 x 10 12 /sec. 

The pion has a mean life of 

therefore the portion of pions which would decay in orbit 

rather than de-excite to the (14,13) state through an 

Auger transition is 

1 
1 + T W 

TT 
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It can then be concluded that, as long as there is an 

electron in the atom, there is no trapping effect. 

If both electrons have already been ejected, then 

external effects, such as the External Auger or the Stark 

Effect, would have to be considered in determining 

whether or not the trapping effect exists. 

72 



TABLE IX 

Contribution of the Quadrupole [6i = + 2] Transition Rat e 

[w6tJ to the Total Transition Rate [wTJ as a Function of 

n . and i .. 
7Tl 7Tl 

0 3 6 9 12 15 

n rri 

17 .03 .01 .01 .00 .10 .91 

14 .02 .01 .01 .00 .13 

11 .15 .09 .08 .06 

8 .07 . 0 5 . 04 

5 .03 .03 
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TABLE X 

Contribution of the Octopole [6£ = ±3] Transition Rate 
7f 

[w6 £ J to the Total Transition Rate [wTJ as a Function of 

n . and £ .. 
7fl 7fl 

£ 
7f i 

0 3 6 9 12 15 

n 
7fi 

17 .00 .00 .00 .00 .01 .09 

14 .00 .00 .00 .00 .01 

11 .01 .01 .00 .00 

8 .00 .00 .00 

s .00 
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5. 5 The Dipole·, ·quadru°J:>ple·, _an'd, _oc·t,op·or,e Tr·ans i tion Rates 

as a Function of ¾ i and in i 

Tables XI, XII, and XIII chart the transition rates 

for several transitions where 6n = 6.Q, are equal to 
7f 7f 

-1, -2, and -3 respectively. The transition rates of 

all three types of transitions, dipole quadrupole and 

octopole, show a definite increase with t .. Only for 
7f l 

the dipole transitions, however, do the rates increase 

with nTTi• For the quadrupole and octopole transitions 

the rates for a particular value of~- tend to remain 
l 

(roughly) constant as n. increases. 
l 

The general increase as t. increases is unmistakable 
l 

and J. E. Russell's values for the (17,16) + (14,13) 

and the (16,15) + (13,12) transition rates, 9 x 10 8 /sec. 

and 6 x 10 9 /sec. respectively, are completely inconsistent 

with these results. 

Figures 4, 5, 6 and 7 show the general dependence of 

the transition rate on multipolarity. It is interesting 

to note that the monopole rate and both dipole rates are 

roughly equivalent for low values of i., but diverge as i. 
l l 

increases. A similar relation is often true for the two 

octopole or two quadrupole transition rates. 
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TABLE XI 

The Transition Ra te for 6n = 6£ = rl Transitions as a 
TT TT 

Function of n . and 1 .. 
TTl TTl 

t 1 
TT 1 

4 7 10 

n . 
TT 1 

11 . 011 5 • 321 5 • 7 2 l 5 . 161 6 

9 • 5 5 l lt . 211 5 ,551s 

7 • 2 5 1 lt .111s 

s . 661 3 

means 
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TABLE :XII 

The Transition Rate for 6n = 6l = ~2 Transitions as a 
TT TT 

Function of n. and t .. 
TTl TT1 

t 
TTi 

2 5 8 11 13 

n 
TT l 

14 .5612 .9612 .2612 .181 3 .16 1 ~ 

11 .161 3 .9911 .8912 

8 . 2 71 2 .1411 

5 .7610 

AB means A X 10B 
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TABLE XIII 

The Transition Rate £or 6n = 6t = -3 Transitions as a 
1T 1T 

Function of n . and t .. 
1Tl 1Tl 

t 3 6 9 13 16 
1T l 

n 
1T i 

17 . 2 2 l 0 • 3 z 1 l . 391 2 ,5712 . 4 31 3 

14 .48 8 _4510 . 331 1 .1612 

11 . 2 3 8 .6611 .1511 

8 .15 9 . 6 z 1 o 

5· .29 8 

AB means A x 10B 
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5.6 Transition Rates as a 'Function of (n . - n f) 
--------------~----..---"-TI"l --TT -

Aug er transiti on ra tes are inversely proportional to 

the energy difference of th e initial and f inal pion states. 

Bccanse of this, the maj ority of transitions will be to 

the highest allowed final state. Howev er , this energy 

dependence is not s o strong as to exc lude transitions to 

oth er final states , espec ial ly fo r the highe r orbits when 

the energy difference s be tw een successive states is small. 

Calculations were perfoTme d for Auger transitions to 

th e three h ighest allowed states . In general, the majority 

of transitions were to the highest allowed state with a 

portion, ofter 20% - 30% , to the next hi ghes t a llowed 

state. Some t ransi tions wer e made to the third highest 

allowed state expecially 1n the case of dipole (61 = -1) 
TT 

tr ansi tions . For example 

1 nf 

n = 14 nf 

13 

1 2 

= 0 1 

.39 .13 

.11 .06 

. 03 .03 

Figure 8 

Branching Rat ios 

2 3 

.02 .00 

.01 .00 

.00 . 00 

For Auger Transi tions From then. = 17, 1 . = 0 State 
1Tl TTl 
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A general pattern emerged from the rates fo r all 

transitions. For the lower n . stat es almo st all t ransi-
1r1 

tions (90% - 100%) were made to the high est allowed s t ate. 

However, as n. increased so did the portion of pions 
TT l 

making the transition to the lower final orbits . 

• Table XIV gives, as a function of n .. and .R, . , tJ1e 
TTl 7Tl 

portion of pions which would descend to the hi ghes t poss-

ible state r 



TABLE :xrv 

The Contribution to the Total Transition Rate from the 

Transitions into the Hi ghest Allowed Orbit. 

9, 
TT i 0 3 6 9 12 15 

n 
TT i 

17 .69 . 68 . 67 .69 .79 .94 

14 . 78 . 77 .76 .81 . 96 

11 .83 .83 .86 . 94 

8 .92 .91 . 9 5 

5 .97 1. 00 
w . 6n=m1n 

WT 

kS 



So (~r , only approximate Auger transiti on r a tes, 

cva.! ua t c<l i.n the 11 110 pcne trn t i.onn approxima tion have been 

use J to c~Jculate x- ray in t ensity r ati os 1n the p icnic 

(or niuonic) ec1sc:1c.lc. However, even when r > r , the 
e 1T • 

pion anu elect ron charge de nsities are still strongly 

overJappi1 12 in the region between the nucl eus and the 

K- shcll electron. Be c ause of t his, penetra tion effects 

h av e be~n found to be rather imp ort ant . 

In figure 9, the penet r ation f ac tor P = (w/wN) - 1, 

wh er e wN is the transjtion r ate calcula t ed without the 

penetraion terms, is i nvest i gated f or dipole trans·i tions. 

The fac toT P has b een graph ed for three va lues of n . 
1Tl 

as a fu nct ion of 9.. . • only 69., = -1 ha s been considered. 
1 ' 1T 

The significance of p en e trations effects is immediate-

ly s een fr om t h e magni tude of P. The sign of P (i.e. 

P 0) indicates tha t inclusion of th e penetration terms 

depr esse s th e tr ans ition r at e . Also the magnitude of 

P incr eas es with 9., • but decr ea s e s with n . ; a reflection, 
1Tl 1Tl 

no doubt, of t h e re l a ti un <r > ~ 3n 2 
- 9..(9.. + 1). 

In 19 74 , Ra f f , Viol lier , and Alder (Alder, 1974) did 

a cal culation of th e p ene tration factor for muonic 

thall i um. Even though th e ir calculations were more 

sophisticated, t ak ing current-current and retardation 

effect s into cons i derati on in their matrix elements (i.e. 
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a relativistic approach) the general depend ence of the 

penetration factor 

similar. 

p on n . and .Q., • . is strikingly 
TTl TTl 

~ 'J 
l / 



THE PENETRATION FACTOR P = w/wn . 1 /',S /\ FUi,,c,:n,J OF n nm 
TT i 

iTTi FOR DIPOLE TRA NS ITI ONS 

----------- --- ----- -··-·---·-- ··--- -
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s . 8 Con c 1 us j ons 2nd Rcr.:omme.11 <la tion 1,r i th Regard to the 

Calc1;l,ct·on of t he In t erna l Mes ic Auger Rat e s 

Finally, by cxam1n1ng all orb its , it can be concluded 

that 1d1en the iJ1dia l va l ue of the pi onic principal quan­

tum number (nni) .i.s sm:.ill , t ha t only dipol e transitions 

ncecl Le consi<lered antl tha t even f or these,the penetration 

te rms are negligjble . How ever as nTT i increases, the situ­

a ti on bec omes more c omplex . Fo r the s e states, monopole 

and higher mult ipole trans it ions can contribute signifi­

cant ly to the t otal t rans ition rat e , as well as transi­

tions to final state s of lower energy . The role of the 

pen et ra tion t e r ms al so h e comes s igni f ican t as n
1
ri inc re as es 

due to the i ncrease d over lap of the pion and electron 

wave funct ions. 

The usua l approx i ma tions to the Auger transitions 

are then only appropriate when, in fact, the emission of 

x-rays is the dominant de -excitation mechanism . For 

transitions ~1er e the Auger Ef fect is most likely to 

occur, a mor e comp let e treatment is recommended. This 

should includ e 

1) monopole and hi gher multipole rates, 

2) transition to final states other than the 

highest allowed orbit, 

3) penetration terms. 
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Although numerical calculations have been carried out 

on ly for helium, the results are applicable to all mesic 

atoms. This follows directly from the form of the general 

formula for Auger transition rates. The factors Z and 
e 

Z never appear by th emselves but always as (Z /Z ), a 
Tr e Tr 

slowly varying function of the nuclear charge Z. No great 

deviation fr om the results obtained for helium is expected 

for the other elements. 
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APPENDIX A 

HYPERGEOMETRIC FUNCTIONS 

The following is a brief and by no means complete 

intioduction to hypergeometric fun ctions. • 

A. 1 Definition of Hypergeometric Functions 

The gamma function can be defined by Euler's integral 
00 

re~) = s e --t t ~-, d.t 
0 (A. 1) 

Partial integration of (A.1) shows that r(z) satisfies the 

difference equation 

and since r(l) = r (2) = 1 

r<n.+-1) = I· Z • .... • rz. 

It is convenient at this point to introduce 

Pochhammer's Symbol (a)k 

= a..(a.+ !) ... ( a.+ k- ;) 

= rctZ+ 1 ) 
rCt.d 

. r(J-a) 
= (-1)~ r{/-4_- 11) 

negative integer 

a/positive integer 

((A. 2 ) 

(A. 3) 



Then the formulae 

= 

(a.) n-1< = 

(a.-+ n)I< (a.) n. 

(-l)K ((()tt. 
(/-a.-n)1< 

(A. 5) 

(A. 6 ) 

are easily proved f or integer values of n and k. Noting 

that (-n) k is zero whenever k > n, the binomial coefficient 

can be defined as 

(A. 7) 

Other properties of the gamma function which will be 

usefel are 

rci=) r(l-r) 

re~) 1'2 7T 
(A. 8) 

222-1rC.e)r(2-+½)/ r<~) 
Using (A~) with z = 1 +rt, it can be shown that 

by 

A hypergeometric function of one variable is defined 

( '<!)i ( C?z)-;J 

(c)j (<'i:\1 

... Cc'.<e\i -z: ..J 
·•· (cg)-:11! 

(A.10) 

Thea's and e's are called numerator and denominator 

parameters~ respectively, and z is called the variable. 

The F series terminates and, therefore, is a polynomial - p q - -

if a numerator parameter is a negative integer or zero. 

i\. 2 



i.e. 
vn 

I 
Jll=O 

( c) n. 

YL 
;t:. (A . 1'1) 

If c = -k, then the hypergeornetric function is still de-

fined provided k >- VY'i.. 

r: {-m /.o ' - m-) • i3- ) -= 211 > ) · J 

vn z 
Y\.=O 

(-m)n (b)n z: YL 

(- 1,11 ----f )n.. n! • 
( J\ . 12) 

If none of the numerator or denominator parameters 

is a negative integer or zero, then application of th e 

ratio test shows that the series 

converges for all finite z if p~q 

converges for \z/ < 1 if p = q + 1 

diverges for all z, z 1 0, if p> q + 1 

Furthermore if 

1 
then the series F q+l q is 

absolutely convergent for l.zl = 1 if R(>-?) 0 
; 

(A.13) 

(A .14) 

conditionally convergent for / z f = 1, z f 1 if O~R h )~1 

divergent for \zl = 1 if l~R(t) (A. 15) 

The hyperg eome tric function most commonly encountered 

are the confluent hyperge ometric function 1F1 (a ;c;z) and 

A . 3 



th e Gauss hypergcomci..Tic funct i on 2F1 (a,b;c ; z) and are , 

in fact, the L1vo of concc1·n in the present study . 

A. 2 Examples o:C Hy11-:n_~co, k' tri. c Func ti ons 

Many elementa ry antl special function s are expressibl e 

as hypergeometric func tions . For ex amp le,there are the 

elementary fun c tions 

the Laguerre and Legendre Polynomials 

(:? n I f; (- l1 j o( + I ; --X ) 

( 
:s11te)m (mLP)! F,(--f-+m m-L.f+ l·J m·d)· 

=- ~ - la ) I I 2. 1 ' 2,_ f-1'- /'n . YM , 

and the spherical Bessel functions and the Coulomb Wave 

Functions 
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A.3 Derivatives and Differential Equations 

For the Confluent hypergeometric function, the 

derivative is simply 

= (a)n. r::- / h ) 
1,, \Cl+n; +n...Jt 

(b)n 

and the differential equation is 

·For the Gauss hypergeometric function,they are given by 

(P(.. 16) 

(4\.17) 

{ct)n {b)rz. rt' b . ) = _( ___ z. r1 1c:i+n.} +n, c+n.1 2: 

dn (A.18) 

0 

(A.19) 

A.4 Recurrence relations for the Gauss Hypergeometric 

Function. 

The six functions 2F1 (a~l,b;c;z), 2F1 (a, b±l;c;z), 

2F1 (a,b;ctl;z) are called contiguous to 2F1 (a,b;c;z). 

Relations between 2F1 (a,b;c;z) and any two contiguous 

functions have been given by Gauss. By repeated applica­

tion of these relations the function 2F1 (a+m, b+n;c+l;z) 

with integer m,n,l can be expressed as a linear combination 

A. 5 



of 2F1 (a,b;c;z) and one of its contiguous functions with 

coefficients which are rational functions of a, b, c, z. 

A.S Linear Transformat ions 

The simpl est and perhaps most useful transformation 

of the Gauss hypergeo111etric function is 

(A. 20) 

others are 
\'(<') r(c-o.-6) 

= r(c<-a.) P(c--6) a F, (a.} b; a~ lo - c ~Ii l-r.) 

+ (l- i!-)c-a-~ r(c)r(a+l:i-c) ,=; (c-a c-b· c-a-b~"j 1-,r;) 
r (a) n b) ... 1 ' ,. l A • 21 J 

These transforma tions may also be used (with extreme care) 

when a= -m, i.e. 

(A. 2 5) 
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A.6 Summatiort Formula 

For z = 1, the Gauss summation theorem states 

r(c) r {c -a. - 6) 
r(c-Q) r{c- b) (A. 26) 

c not a negative integer or zero; R(c-a-b) 0 

If a or b is a negative integer, we have the result 

known as Vandermonde's theorem 

= (A. 2 7) 

~ nbt a negative integ~r ' or zero 

If c is a negative integer or zero, say c = -m, and m/n, 

then 

(m-n)} ("'+b+l-n)n. 
m! 

' (A . ·28) 

While theorems like this last may seem distant to the 

uninitiated, when written in the more familiar notation 

of binomial coefficients, they become more comprehensible. 

For example ( A.23 ) becomes 

(A. 2 9) 

While many sum formulae exist, only two will be given here 

since only these are used in the text. 
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A. 8 

I 

(A. 30) 

, 

(A. 31) 

)
a.~ b- C )-b C / L • ';l ) 

== (1- -x (I - X t- -,:: . J 2 r, l a., Y.J ; C i I - "/< + X 1j 

These and most other sum formulae for hypergeometric 

functions can be derived by using three basic techniques; 

1) rearrangement of terms 

2) expansion in Taylor series, and 

3) Vandermonde's theorem. 

A.7 Integration of Confluent Hypergcometric Functions 

Of immediate concern is the 
00 S :x b-1 e - sx , t ( a., ;, c i k -x ) d -x -
0 

integral 
r(b) 
~ 2 F; {a 1 bi s 

Re b > o J 

C , 
) 

k/s) 

(A. 32) 

When the convergence conditions are not met (i.e. Is I<) k I ) 
then an answer can be obtained by using the 2F1 function 

for those values when · it converges, transforming it to a 

function which does converge for all values of the para­

meters, then using analytic continuation to extend the 

solution for all values of the parameters. 



A. 9 

For example 

""'s b -I - (i + ?I) X f- (a + ;)( , c ;' 2 i X ) oi.X 
X e I I I 

0 

fA. 33) 

which converges only for Ii+ ?I / > /2i / :> 

Now there is no possible physical explanation why the 

integral, which is related to the transition rate calculation, 

should diverge when th e energy of the final electron is 

less than 1.5 ev . Therefore, since b and c are integers, 

and b > c, then 

which converges for all values of c( . 
(A. 34) 



APPENDIX B 

ENERGIES AND StREENING FACTORS FOR SOME CIRCULAR ORBITS 

OF 'P lONI C HELIUM 1 

12 

14 

15 

16 

17 

E (R) 

-8.4 

-6.573 

- 5. 9 54 

-5.487 

-5.149 

E (M) 

~8.42 

-6.559 

-5.940 

-5.477 

-5.130 

Z (R) 
e 

1.14 

1.26 

1.38 

1.52 

1. 71 

Z (M) 
e 

1.16 

1.23 

1.42 

1.49 

1. 71 

Z (R) 
7T 

1. 9 7 

1.92 

1.86 

1.75 

1.55 

1. 97 

1. 94 

1.83 

1. 78 

1. 56 

Energies are in Rydbergs ( 1 Rydberg= 13.6 ev.) 

1 This table 1s taken from Mausner (197S) p.57. 
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