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ABSTRACT

THEORY OF  THE MESIC AUGER EFFECT

The non-relativistic formulae for the Mesic Auger
Effect have been extended and modified. A general formula
has been developed which is applicable to transitions of
any multipolarity and which also contains the penetration
terms. Calculations have been performed, and both pene-
tration terms and the higher multipole transitions have
been found to be significant when the '"meson'" is in a state

of high principal quantum number.
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CHAPTER 1

INTRODUCTION

1.1 The Auger Effect

In the years 1925-26, P. Auger irradiated inert gases
contained in a Wilson Cloud-chamber with a beam of x-rays
and observed paired electron tracks originating from some
of the ionized atoms. In each of these pairs, one track
represented the photo-electron and had a variable length
depending on the energy of the ionizing radiation. The
other track had a constant length and represented the ra-
diationless reorganization of the atom now named after
Auger. In 1927, G. Wentzel gave the non-relativistic the-
ory of the Auger Effect, explaining it as an autoionizing
process resulting from the electrostatic interaction be-
tween two electrons in an atom which already has a vacancy
in an inner shell.

The Auger Effect and the ordinary quantized emission
of radiation are the two principal processes whereby an
atom in an excited state may proceed to a state of lower
energy. Radiative transitions are usually limited to those
transitions involving a change in orbital angular momentum
of one unit, the photon having spin one; however, they are

not limited by the magnitude of the energy available for



the transition. In constrast, Auger transitions occur only
when the ionization potential can be overcome, yet are not
restricted by angular momentum considerations and hence
may occur for other than dipole transitions.

Related to the Auger Effect are processes involving
more than one atom; these are collectively known as
Chemionization. These are collision processes resulting
in ionization, but where the collision energy is too small

to overcome the ionization potential. Examples are

Pehning Tonization:! A% + B> A + B + e-
Associative Ionization: A* + B -» (AB)+ + e~
Preionization of diatomic ﬁolecules;

(AB)* > A + B' + e-
Dissociative attachment of electrons to diatomic

molecules: (AB) + e~ > A + B

All these radiationless transitions, Auger and
Chemionization, are characterized by the coupling of
a discrete state and a continuous state of the same

energy.

1In the study of mesic atoms, this is referred to as

the external Auger Effect.



1.2 Mesic Atoms

Many of the elementary particles are electrically
charged. This enables them to become incorporated in an
atom, a negatively charged particle replacing an electron
to form a mesic atom.1 Although the mean lifetimes of
these elementary particles are very short, 107° -’10-10
seconds, this still exceeds the time required for many
atomic transitions, T S s P seconds; hence the
detailed study of such atoms is possible. Such studies
yield information on the structure of the nucleus, the
fast chemical reactions of hydrogen, and the properites
of the elementary particles themselves. The central

sources of information for these studies are the binding

energies of the elementary particles, the x-ray line

widths and intensity ratios. Since the Auger Effect
competes with the radiative process, it must necessarily
be included in any attempt to theoretically justify the
experimental data.

Among the most commonly studied mesic atoms are the
muonic, pionic, and kaonic atoms. A review of the basic
properties of the pion, muon, and kaon and the atoms they
form can be found in Tables I and II.

In a mesic atom the energy level structure is analo-

1The term "mesic'" atom is commonly used to refer to

all such atoms even when the particle is not a true meson.




gous to that of the electron in a normal hydrogen atom.
The quantum numbers, n and &, affecting the orbital motion
apply. Since the muon has spin %}, muonic atoms also have
the same quantum number, j, for the total angular momen-
tum. However, for pionic and kaonic atoms, j = &, as the
pion and kaon have spin OH.

Pionic and kaonic atoms differ strikingly form
muonic and electronic atoms however, since the pions and
kaons interact strongly with the nucleus. This interaction
shifts the energy levels of the particles and also greatly
depopulates the lower energy levels as the particles come

into contact with and are absorbed by the nucleus.




TABLE I

PARTICLE PROPERTIES

PARTICLE MUON PION KAON ELECTRON
MEAN LIFETIME 2.20 x 10°®sec 2.60 x 10-%sec 1.24 x 10-%sec o
MASS 105.66 Mev 139.57 Mev 493.67 Mev .511 Mev
=207 m =273 m =966 m =m

e e e e
SPIN 15h 0 0 11h
CHARGE -e -e -e -e
DECAY MODE L >e + v+ v T > U o+ Vv K+ uv stable

€ H H e

wRtE"

STRONG

INTERACTION NO YES YES NO




TABLE I1I

MESIC ATOM PROPERTIES!

PARTICLE MUON PION KAON ELECTRON

m |25 2 m_|Z2 2 m |Z2 2 2z
Ep —‘i]-—2=-207 :7‘-_2 -[—71}—;-273 -Z-Z ll_K — =966 4 --Z-2
(in Rydbergs)? Ml ™ & Tei® - Me i1t £ o
<rn,2> <rn,9v>e/(207) <rn’£>e/(273) <rn,2>e/(966) <rn,£ - ™

—{3n%2-2(2+1)}
VALUES OF n
1 S (i 17 = 20 31 - 38 1

SUCH THAT
<rn’22" i

without corrections for reduced mass, nuclear size, vacuum polarization, and strong

interaction effect
(e?/2aq) = 13.6 ev

21 Rydberg




1.3 _Cascade

Consider a muon of kinetic energy 100 Mev. which is
produced in an accelerator and which then enters a moder-
ator. By electromagnetic interactions with the electrons
of the absorber material the muon is slowed down in 10 !!

- 10 ® seconds (the moderation time) to an energy of ap-
proximately 2 Kev. 1Its velocity then approximates the
velocity of the electrons in the normal atoms.

The muon is then captured on a particular atom through
electromagnetic interaction with the electrons of that atom.
The capture process takes approximately 10 *% - 10 **
seconds (the capture time) and slows the muon down to zero
energy.

The muon finally cascades down through hydrogen-1like
bound states and eventually reaches the 1s ground state,
where it stays until it decays or is absorbed by the nucle-
us (cascade time %10 *2%sec.)

The processes by which the muon (or other particle)
cascades down to the ground state (or is absorbed by the
nucleus) are of intense interest in the study of mesic
atoms. It is be a thorough and accurate understanding of
these various processes that atomic effects can be sepa-
rated from nuclear effects in the analysis of line widths
and x-ray intensity ratios of the mesic atom.

As already mentioned the two principal processes by

which the meson de-excites are the Auger Effect and x-ray



emission. In general, when the Auger Effect is possible
(i.e. there are electrons present which can be ejected),
then the Auger Effect is the dominant process for the
higher n states, while the emission of x-rays is dominant
for the lower n states. However in fluids, other effects
— such as the external Auger Effect, in which electrons
of neighboring atoms are ejected, and the Stark Effect
and sliding transitions, in which angular momentum states

are mixed via collision processes — are also present.



1.4 Motivation for the Present Study

The main focus of the present work has been to refine
and extend the currently used formulae for the Mesic Auger
Effect.

Until now, the only formulae which had been developed
were for monopole and dipole transitions, and these were
based on certain approximations. The monopole transition
rate formula had been developed using the plane wave ap-
proximation to the Coulomb wave functions, while the dipole
transition rate formula had been restricted to the no-
penetration approximation.

The transition rate formulae for the higher multipole
transitions had not been calculated, but had been assumed
to be considerably smaller.

In addition, previous work was restricted to the ejec-
tion of an electron from a state of low principal quantum
number (ng = 1,2). In the present work a general formula
has been developed to allow not only for any multipolarity
of mesic transitions, but also for the ejection of an elec-
tron from an arbitrary initial state.

Unfortunately this last step has made the derivation
of the formula almost totally unreadable, plunging it into
the darkest depths of series upon series of hypergeometric
functions.

All numerical work has been carried out for piohic

Helium with the ejection of an electron from the 1s state.



CHAPTER 2

PAST WORK ON THE INTERNAL MESIC AUGER FORMULAE

2.1 Introduction

The probability of a discrete autoionizing state
making the transition to the continuous state of the same

energy is given by Fermi's Golden Rule No. 2
A 12
w o= g oe(k) [<f[H'[i>] (2.3)

where p(k) is the density of final states, and H' is the
perturbing potential. p(k) is mhk/(2mH)° and, in effect,
normalizes the continuum wave function to represent one
electron ejected per unit energy interval.

For the Auger Effect, H' is the electrostatic poten-
tial between the two interacting electrons (i.e. the one
which descends to a lower orbit and the one which is
ejected). For the Mesic Auger Effect, it is the potential

between the meson and the Auger electron. In both cases
H' = ez/lrlzl (2.2)

where ]r12| is the distance between the two particles.

10
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Figure 1

Distance Between Two Points Having a Common Origin
The expansion for |r;,| ! in spherical harmonics is

1 =

2 2
et T2 g8 a2 el

Nes18

|r12|- To90+1Y o 0%

220 m=-2(22+1) ry 2+l L

< I'z
where IR SRR ifsigseciy
: r>2*1 r : r

% 2

= ——%IT— FFC Ig0R. 1y £2.3)
Ta

(Messiah 1958, 497)
When performing the integrals over the radial variables,

the rir, plane must be divided into the two separate regions

of convergence. , . ¥
s 1
Ta| o241
- )
T 2
rl2+1
0 PEE o
Figure 2

Regions of Convergence of the One-Center Expansion.



The integration over the meson variable (rpy) 1s usu-

ally performed first, hence

v oo oo
oo 7 Lo 4

sy B o7 o ds

v/ 2. (2.4)
GO 5 ¥5*¢

G0 REY

which is rearranged as

oo o
"\zp o o0 r‘/‘p oC O pzp
pr B gg;}: dediy - gs #4645 4 (2.5)
/ 2 y
-

The second and third sets of integrals are usually

referred to as the penetration terms, since their contri-
bution to the total integral depends roughly on the inter-
penetration of the electron and meson clouds. |

For monopole transitions the first term drops out

because

< k})ﬂ'&(f:)' ° | ‘ﬁré(ﬁ)> (2.6)

by the orthogonality of the wave functions, leaving only
the penetration terms.

In their paper '"The Mesonic Auger Effect'" appearing
in 1953, G. R. Burbidge and A. H. de Borde offered formulae
for both monopole (AJLTT = 0) and dipole (AJL1T = *1) transi-

tions. The higher multipole transition rate formulae are

a2



2.2 Monopole Transitions

For the monopole transitions, Burbidge and de Borde

developed a formula

7y 2n +6 s
( 2 " an‘/(w__/)Zn+
W= M?ﬂ Smh(rcy) 9 (zn-7)¥n+2 L)

which applies only to transitions where
(n, = n-2) — (n-1,2 = n-2),

where C; is a constant between 0 and 1, and where Yy is
related to the energy of the final electron by y = +/E,
if E is expressed in Rydbergs.

Unfortunately, the monopole transitions are not sig-
nificant for these nearly circular orbits, but are signi-
ficant for transitions from orbits with high principal
quantum number, n, but low angular momentum quantum num-
ber, 2. Also because C; has such a wide range of values,

this formula only sets an upper limit on the transition

rate.
In 1961, Eisenberg and Kessler derived the formula
4P+7
w = _/,(g ( gc,)’ datf (n,48)) (n-b-1)) (u, +.0) (n,-2-1)
wia M Z# Y i (n, + nz)v!-f /0

2046 20+ G 2
() n; Q

14
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where

n' 'j"/ ﬂz J‘ /

: Nexeloaex (A r X v 204 2))
- (-7) .

(2.8)
(Ar X) (X +x + 37 +'7)
N (n,-2-7-M' 22+ 7))V X! (ng=b=/7-x)1 (28+/+%)!

which applied to all monopole transitions. However, they

have used the plane wave approximation to the Coulomb wave
function, which is a high energy approximation, and mono-

pole transitions are dominant only for low energy (high n)
transitions.

It should be noted that if the term
0 -d=) 0p-d-/

;‘ Z (_/))+X+/ZA+X ()\+X+Zj+2)!
A6 X=0 W/)rqx (7@ + 7%1)Xfx
(2.9)
. (2h+3)(20+ ¥)

M (ay=b-/-\)" (20 +7+\)) X! (y-p-/- Wmm)'

is added to Q, then the Eisenberg and Kessler formula may

be written more succinctly as

£2) (M?f’z;) - - [<nspa L ezlng, 22 (2.10)

where by |<n§,j5|p2{n).‘4.>‘2

is meant the evaluation of the integral with a, =M =2 = 1,

(see Section 4.1).
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2.3 Dipole Transitions

For the dipole transitions Burbidge and de Borde

consider only transitions between circular orbits, that is
(n,2 = n-1) » (n-1,%2 = n-2)

and find

w C? / )( )2 7Y¥%e s
Zrl 3(/+%2) swmh (7Y)

25’“46’"- Zh+2 (”_/)2".47 (2.11)
(Z”_,)%uz
where
(fc 2 (/+¥2)(2n11)(2ns2)n? (h-1)* [
C =/ = | ZrM ¥2 e Y(¥tanr¥~7) P (2u-1)% i

and C, and C, are constants between 0 and 1. This formula
includes the penetration terms but again there is a large '
uncertainty in the constants C; and C,.

There may be a simple reason that these constants
C: and C, and the constant C; in the monopole formula were
not given more precisely. For the transitions which Bur-
bidge and de Borde examined, the monopole rates (contain-
ing the factor C3;) and the penetration contributions to
the dipole rates (containing the factors C, and C,) were
insignificant. It was not then necessary to provide a more

complicated but more precise expression for these constants.



The Eisenberg and Kessler formula for the dipole tran-
sition rates applies to all possible transitions, but does
not include the penetration terms. This, again, is unfor-
tunate as the penetration terms are significant for tran-
sitions from high n states.

Y tau vy - 7)
AN ) ik
i 1 l?d) MZ;;) S(zh+7) (/1+¥%) simh (7Y)

t )<n;,li,clrln,,ls~>la (2.12)

o



2.4 The Higher Multipole Terms and Condo's Trapping

Argument

In 1964, G. T. Condo, noticing the disagreement be-
tween the theoretical and observed lifetimes of pions in
~helium, proposed a trapping mechanism, whereby pions were
"trapped" in states having both high n and high & values.
He reasoned that if even a small percentage of the pions
should enter these states and not be able to escape quick-
1y, these few would decay in orbit rather than cascade
down to the lower orbits, thus extending the average life-
time of a pion in helium.

For this to occur it is necessary that transitions
out of these states occur only be radiative emission,
while the Auger Effect, both internal and external, and
the Stark Effect are inoperative. While it might be ar-
gued that, in gaseous substances, the external Auger and
Stark Effects might be negligible, at that time (1964),
no accurate formula for the higher multipole internal
Auger rates had been developed, but only estimates had

been offered.

For a pion to escape from an 0. * 17, ﬁﬂ = 16 orbit,
via an Auger transition, the pion must make a Alﬁ = -3,
AnTT = -3 transition, which Condo assumes has a rate not

greater than 10°°® transitions per second, the radiative

rate.



It is not obvious that the transition rate for these
trapping orbits is so small. Consider the following very
crude argument. If the no-penetration approximation is

taken, i.e.

f ’
e v
——— ~ e 2.1
(‘>-P4/ (;JM-I : ( 3)

and if the calculations are restricted to circular orbits,

then

/ 2
w ~ ot K AS) K IR o) 0 |"

L (2hp-204)) (20)! [ )| ]2
(2.14)

(2P+1)(2h+7)] 2 (4-2)]

ziaM)” |<n2>] "

where by ]<r2>] is meant the eyaluation of the integral

over the pion wave functions with ag, = Z =M = 1, and
where L. 1is zni’ Then
TR WA R Ol £V
7 A i

(24+7) 4%

B0 g RS IR, COPTT e tasthe Y 7
(h=-H1))r*é (g pi17

£Z:15)

Now the total dependence on Rﬂ is contained in the brackets
and from this it can be seen that it is given approximately

by Rﬂ“z. It might therefore be expected that the largeness
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of kﬂ"2 would cancel the smallness of the factor M 2%,
Indeed when S L
(28, + 3)(28, + 2) = 6M

or roughly ‘ (2.16)

z; = M
so that

VUl T | C2an

Therefore, it might be argued that when gni = 17,

the higher multipole rates are (very roughly) comparable
to the dipole rate, which is about 10'"* transitions per
second.

In 1970, J. E. Russell did a calculation of several
of the higher multipole transition rates using numerical
integration over the electron variable. His results show
a monotonic decrease in the transition rates with an in-
crease in no;- This is contrary to the argument just pre-
sented which indicates an increase in transition rates as
n_; increases, and also contrary to previous work on dipole
transitions which also shows an increase in the Auger rates
as n.. increases. Since Russell published rates for only

a few pionic transitions (only higher multipole rates) it
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is not possible to compare his work with previous work and
hence judge the reliabiliéy of his calculations.

In 1977, V. R. Akylas and P. Vogel also did calcula-
tions of the penetration terms and higher multipole rates
for muonic atoms, however they did not mention whether or
not they had found the transition rates from the higher
circular orbits to be unusually low, but only stated that,
in general, the role of the higher multipole terms is

minor, which is true.



CHAPTER 3

DEVELOPMENT OF THE GENERAL FORMULA

3.1 Wave Functions

The transition rate for the emission of an Auger

electron into a given direction Qk is given b

)

27 - -
Jos = T (245 41) '(2/,,). s

‘M,Zm Kb @ YDl L@ w @p)> G
mr‘ M;5

'/O(K) dﬂk

where p(k) = meMk/(ZnM)a, hence

“hs g dy, = (—2—'7;_-)2 :;'iL /’%2) K (ij; */)—l(qu-*./)_/

2 1<%, % | S (3.2)

The initial and final pion states and the initial

electron state are bound orbitals and are written

24




- %
% e [(n sulyd! ("r‘—"r"’)!]
> A MZ» _Z__ .
LP” ({é) ® Gp ) 'IFZ PZB (—/>P ("r—-pr"/_P),. (‘7'
| (Z?I Mf'z)# T
(20, + 1+ p)! nr 4, (5:3)
ZI__Mf' Mz
Hy @s ) '\[’ﬁ’ Pl
kP (A (Zc / 2 ne'-R? l /)S [("C +—pe)! (V)e—,jé"/)’]%_
) ) f‘ :'o — (Vle"ope—/"‘S).' s!
| (ch G )’%’ e
(24, 4/ +5)! Ve Qs (3.4)
Fe

) 9,

where M = mﬂ/me and a, = }{z/mee2

The final electron state is a continuum state and is

represented by an infinite series of Coulomb wave functions.

Y (G) =W = MF(H»)ler‘.-(ar kv;-;iZ-F,)
5! £ ?j ()
o0 fe .
=(L.-) § E} .0056*%5
..0 Mp'—e;

B (e ki) T, ey )

L
=~
Pav
-
Nt
I

Cfg(@e""‘”(kn)“"f’ (3.5)

"F"(IP:S +/—z'? 5 2/:'3 +2 5 *Eék";)

Co, &) = 2% o =T |V ity v /3]

V(24 t2)
fjp& = avrg V(A’; vt/ e'z)

23



F2 is called the Coulomb wave function. It is a real
valued function and can be derived from the bound state
wave function by the mapping n -+ in and an appropriate
change in normalization. & is the wave vector of the
ejected electron, and is called Sommerfeld's parameter,
being the quantity which determines the eccentricity of

corresponding hyperbolic orbits in the Bohr-Sommerfeld

theory . These two parameters are simply related.
agnk = 2 2! (3.6)

The effective nuclear charge felt by the ejected electron
is Z = +1, while the charge of the electron itself is

Z' = -1, hence
agng = -1 (3.7)

Notice that for an attractive potential n is negative,
while for a repulsive potential (encountered in scattering
problems) n is positive. In the Burbidge and de Borde
and the Eisenberg and Kessler Auger transition rate formulae
y = |n| 1is used, whilé the present work uses n in the
derivation of the general formula, but then uses y in the
final presentation of the formula.

For bound states, the discrete eigenvalues of energy

are given by

24
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R / /z‘z’e)z
) n (3.8)

tBau:vo N 2a,

where n is an integer. For continuum states, the eigen-

values are obtained by the mapping

n -+ i’q (3.9)
where n is a continuous parameter, hence
2
/ (ZZ'e)
E i % 24 7 (3+10)

If the energies are expressed in Rydbergs (one Rydberg

= (e?/2a,) = 13.6ev), then

£ | 22’)2 | zz%)2 3.11
ta"“(—r—f tc-+(7) She
For the continuum state ZZ' = -1, hence
/
15.12)

Furthermore, if an = 2, then

ikt Ly 0 frfM)
Ee = ()”_52 ;152 n»;z
(3:13)

/,(2 = w —— E(E,‘;”;')

ﬂyrsa
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3.2 Integration Over the Angular Variables

Integration over 2 is performed by means of the
Wigner-Eckart theorem
Um’:f ¥ m Mo,
:52 . () %7V gy e | (3:144]
- () [ (214/)(2115*/)(2/,;“)]’/2(/ L, /g_)( D /@)

Mﬂﬁ(‘—lﬂr

Y o g (4] F
provided | 4, AN ERV RN N
I, + Ly + 4 = even wteger
v = m,; - MT“
Similarly

e ¥ m ¥ Me,
QSY;(Q,)%, () T (02,) 40,

(3.15)

=Gl e [(Zj”}(z j"*”””«*')rz(’ oy ANt )

I o o0 o M. Mg -Mey

provided | 4 -2l < sog £ | 4, v 2]

/9‘, + ,ﬂe& + /) = evew M‘f‘eﬁ ev
m = e, — Meg
Note that the sum over & is now restricted to those

values consistent with the triangle rule and the parity

selection rule; and that the total M = m 3 * Wi ®

m + m if conserved.
ef 'nf




Therefore

' <“P,,5 (%) lﬁ& (%)

%) % (5)

L
12|

e ¥ b £
& Z Z (_,)”“V"s Mrs [(Zﬁq4/)(2/4-5*/)(2/4-*/)(2%;*’7} (3.16)

'&; ) m’J_ .I;M

e X

(2 2 2 \2 £ L\[7 2, H)Z & 4 g

(0 ; o&)(-n( n:f» m?)(o o’} o,; {m ”;5 —3 ‘l)’f’ 5(’Qk)
[4 3 2 5 d

;5‘ Rfe () Rﬁ% (Pl) RW; (Q) R% () (\Q,;ol (;ZY‘ZZ‘ a((‘l O{V‘a

12 g

which eventually leads to

WS A ¢ /ez Y (2h: +1)7!
“’1-'5 (27)* % —E;) K (2/@ +7) ( /r, +7)
(3.17)

S § <8l ] e P an.

MQ m«s Q *
(a8

L Loy s W) (1 b )
T (ef K ﬂo) gj (24+1) L2 o o (3.18)
JI

& Z
(24D (4 Ly _ﬂo&) | Ra ,]
(zp+1) \ 0 0 0O g’
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3.3 Integration Over the Radial Variables

33«1 Preliminaries

IN,

, - ffﬁ(-x)“"fe”% Gy, (0 K55

gl
e, b~/
e s 22'-‘ £ ts
(55 m»,’S_Z e Y m,q.)
/ﬁ_fr)% ZMZ"r)” =T
Qd LR '(f ql)
/i?r)*’Z | 2Mzr 1y
q, o il [t’é._qo (3.19)
- - (”:-'—%a) (;
r Yo R B PR Bk Ve T
oYz
. 2z M
g livs o ety - (i ) et
of
’ ( /F>I") n? ¥ - dr, de,
_{ }j Io(s, F,j) == I,(é‘, ‘o,?) + Ia (S, e ?)]

where I; and I, now represent the penetration terms.

By defining

Ae = (n;ii) v ik e = A S 542
R 2, _Z_‘_r_r)_.".'f_ (3.20)
A Ky 27) Lﬂ-=/;5+_ﬂ.v;+p4?+2_
the simplified versions are now
oo oo
S f‘er 4 e Ar V2 0 ko —-J’—/e — Ae V) (3.21)
: 6% o

'lﬁ(jf’g"'/— 2.'? ) 2]95 rZ; 2""”") dv, 0“‘&
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S " = — Ae
S pzlr *—fe Az V2 p,LC J/e e

| (3.22)
B (g #0-ing 5 20e 25 25Kke) dhr, dr,

Ly--! — Agr $F = Ae %
pzﬂ’ e fznl.e 8 LARY

spk; (j"s H/-ep s 2l +2; 2:kn) dv, dy (3.23)
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3.3.2 Introduction to the Evaluation of Integrals Involving

Coulomb Wave Functions

The integral to be considered is

cQ

g ‘i\m-je— % A (_”y"d) X (3.24)
o

where m is an integer greater than or equal to -1, and B
and y are positive real numbers.

The most efficient method of evaluating these inte-
grals is to first determine the value of the integral when
m = ZQ, and then use a three-term recurrence relation to
calculate the integrals for the remaining values of m.

"When m = 2%,

g %IB_BS 6(;&%)3%

"

0,¢-1) S %zh/e_m 9)‘1'5(}+/+zb’)-2/f2;2)1d)ol.j

e Sk, o e
= (, (-2) (‘:ﬁf*;*)ilz LG (01429, 2002520025 55 g )
I . 2\ - Cps40¥)
- C, (-%) Fezes2) (i 8) - ¢ 2) (/__ 2,;—3 (3.25)

— (2R _z2¥cet-' B
g Cp(—a’) Fcze+2) (7+ 82) 4 )e e

The recurrence relation, which is easily derived using

integration by parts and the differential equation



satisfied by the Coulomb Wayve Function, is

2 e [ T mes 15 Ny
; 2 (m-r) 2¥}§ 9 € .tP s (3.26)

3 0(pe 1) = (u- D)o -4~ /)IOS g Fe T F, o) ay

+ (20+0) Cp, S

v, 0

A similar recurrence relation can be derived from
the properties of the ,F; function.

M(m+z)
(/+ B? )( gy +2 blme2, Prrra¥ 2f+e; u@)

: r'(m+l)
- j 2(m-1) B —ZYZ liv 81" F(me g Pr/veY;, 2002, “e)(3 27)

W(m*-l) s
+ (20e1-w) irgye oF (o, sy 2002 5% )

However, caution should be used since for m < 0

o0
; ‘jm-l—Ze._ Bg B(—B},%) o{'j

(3.28)
F(M)
74 Cp (e )™ = (m L /r2¥ 5 2A+ 7 )_HB

The question should now arise as to how a three term
recurrence relation can be used when only one integral

has been eyaluated. Normally two integrals would be

required.
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For simplicity, denote

o - ¢ ”'“De“g‘j F, (=Y, )ohj
. og«s 4

by G(m), then (3.26) can be written as

(/v 82) Gm) = 2[(m-0B-¥] G(m-1)

3.29
+ m (2F +/-m) G (mi-2 ) ( )
+ (240""/) SM,O
For m = 0, 22 + 1 (3.29) has only two terms.
(1+ 82) G(0) = 2[-s8-¥] GC=1) + (20+7)
(3.30)

(1+ 82) G (20+1) = 2[48-%1G(22)

These two (two-term) equations are sufficient to insure

that all values of G(m) can be eyaluated from G(2%).
Suppose M is the highest value of m for which it is

desired to calculate G(m), then the M + 2 simultaneous

equations

(/v 82)G(M) = 2[(M-018-¥] G(M-1) + M(2lr/-M) G (M-2)

(7+ B2) G M-1) =

!

{3.31)

(1+ 82) 6(0) = 2[-2e-¥)6C-1) + (20+1)

G(Z,ﬁ) = Cezdi 2) €1+ 62)"/—’*’7 ™ 2¥eol~! B



W
(N

can be set up as a matrix equation (Chattarji 1976, p.45)

) [a] : 1 el e e 2
(+g?)  -2l(M-018-7] o & (M)
o (1+82) G (M-1)
(13 82)  2(06+) G (o) (24+1)
L O o o / o o | LG6¢1) | LGGWL
(3.32)

where the unit element in the last row of [A] is in the
AM+1, M+1-2% position,

This system of simultaneous equations can be solved
directly on a computer by Gaussian elimination methods,
which insure a high degree of accuracy by avoiding the
truncation errors involved in series summation methods.

The fact that such simple techniques are available
for the calculation of matrix elements may directly be
ascribed to the symmetry properties of the Coulomb field.

There are complications, however, which arise when
dealing with mesic atoms. When m < zzef,

G(m) ~ BZQGf-m'l, while for m 2 2% _;, G(m) ~ e

20ef+1

For mesic atoms, B ~ mﬂ/me and B may be as large

as (273)7 =~ 10'®(for octopole transitions in pionic helium).
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One might bé tempted to think that these terms dominate

the final answer, but it turns out that all higher powers

of B cancel identically when the sums over m are performed!!
It is necessary then to transform the usual expres

sions for these integrals so as to eliminate these terms.

It should also be noted that G(m<2%&) is of the form

e-ZYcot-lB -2ycot- !B

aq + a,, while G(m=22) is of the form Be
By separating the G(m<22) into their component parts, like

terms can be grouped and evaluated.
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3.3.3 Evaluation of (Io - TIa). First Method

oo o0
T . bzt Lailg 0 _
-Lo - S ga Y;Lc [ X ,E(j%+/—z7;iﬂq;*z;23kn)
geo  GF
kv ad s "
pz o e A’ 7 dV‘Z dfl
(3.33)

UM(lpttrr) T(he-4) . k
i A Ly + £+ Ae ke z_FC/q_;*/z'z;/se j Z/e *-2 ZAe)

The method for evaluation of the Gauss' hypergeo-
metric function is dependent on the relative values of
(Le - %) and (22,ef #oBX. 7018 (Le anll) 12 (2zef ¥.2) s then,
using the transformation (A.20)

I/ = r(LT *j"’/) r'(l-c ‘j) Ae“)— (jeé +/—”l)
o A”_ Lo+ 4+ Ae Le-4 __Ae

A X 34
_Zek
z_['; (qu t/-2 , (Zle;*z)— (Le=P); ?—p"s*zé ’/f{')

where the Gauss' hypergeometric function is now a poly-

nomial, and all terms contain the factor

)( = e»,z»(u%‘) (o d L7 (Aev/Ae)e;(

On the other hand, if (ZJLef ¥ 2% » (Le - 2), the

transformation (A.24) is used to obtain



g R 6 O Pl +/-2) T(le-P)

R (*:’_¢+/+( “f‘ "‘) -J-Z-p "2
(A ) e T s e, )™ *

T " - r(a./ rzg"/) (L" —j) [ (Zj@g "'/) r’[ap(‘s‘/"l‘z +Le j)

X
oy b A
7_’; (ch’; V2 he v 0= | g *j)' Ao vl +ep ~he +4 —Efk )

o F(L,—+,€+/) C(le=t) T( 200 +2) [l + /4 g = o +2) (3.35)
A”_Lrb/i/ /Q Le-F r'(,ﬂcs +/ *4‘1) F(L/P§ ¥r2 ke +j)

'(2z'l< //Jc)k E (ke he-t- “Rhy~1 5 M2y + e <A Aek )

2 ”
&2
oo + Ia/

where I,,'" contains the factor x and I,," does not.

Now (Le % = zzef - 1) is always a negative integer
as i§ (1 = Le Lo g SRR | zei - Zef) - (s + 1). Therefore
both hypergeometric functions are reduced to polynomials.

The second hypergeometric function will cancel with
terms arising from the evaluation of I; and therefore no

attempt will be made to simplify it further. 1I,," can be

simplified by using the transformation (A.25).

1 Mdeg [" (1 + .04 7) F(Uq_g £2) P(?/e_g +7) Ff—]eg—é;z)
60 ArLrLAt/ P(Z]e‘; $ 7= ke f.j) F(jeé. +/—2’Z)

" (_,)Lc"-f" ,.X
(Zik)fﬂél”

jg- #/-le+p ¥ je"é.

Ae Ae

(3.36)

,_F; (/- Lc*‘.ﬂ' “.,pis—é‘? A —-Z,peé-) —21k )
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L S e AT (At s 28 42 5 2ikn)

c
Ly tf — Ar 2
S g TR T dv, dn

(3:37)

i £ &Y Dt
A”_L;"JA{W#/ P _c)..l (AT’_AE)Lc-—P*é"

22k
CEUCIRAALL Lot i Plet 2 e )

Again if (Le - £) 2 (Zzef + 2), transformation (A.20) is

used to evaluate I,

Lr the~ (Zleg+2) Fi o fab #e LeAd
I’ = Ly +2+ 1) e Fo T
7 - - %
.A”_L7+J /i'=L9=ﬁ-(2ﬂg*Z) (A”-*ﬁe)?js 12+
— (Mo +/ =2
. Tt v 2 v 27) o ey ) A ) (3.38)
P (2 s 2P #3-Le +2) \ Ar + Ae

' L2k
“oF (tog +1-0 , =275 Pl t2; Ay * A’ )

where all terms contain the factor
l// Ay +/4cv) %
= Ar + He

However, if (zzef *, 2) = (Le -%2), the series must be

divided into two subseries, one with t < (zzef + 1) - (Le

and the other where t = (ZSLef + 2y - (Le - 2). Hence

37
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(2fps 4/)- CLe~4)

I” = f’(lwi’”? 2— Arrz F(Le‘—p*'?)

AI;‘ Lyr+ bt/ L > (”’,‘ ”c)Le-J"-i‘

Zak
’ZJH(J%*Wﬂf,L¢=f+2;21§-*2; A,;ne)

& F(L”b?”) b +le= (245 ¥2) y 2+ (2bes +2) = (Le~P) (3.39)
A,TLrp\N-I o e (,'10'*/46)2‘/ 42_,%_12

P2+ 2l 42)
g = P 2: k
WZ'*?/?,; +3-le+4) 2 F (jg Ve, 7’*2/@;‘ v 2l 425 A+ He )

Ui -
i ;[/o ¥aeky

where all the terms of I,," contain the factor x, but
where the terms of I;," are mixed.

For the second set of terms, the transformation
(A.20) can be used to reduce each hypergeometric function
to a polynomial.

At this point if all terms of I, and I, were evalu-
ated and arranged in descending powers of ATr (which 1is
proportional to M = mﬂ/me), the highest power of ATr il
would be ( - LTT - & - 1). For I;," it would be
(-LTr - Le * zzef), while for I,," and I;', it would be
(-LTT % Ligs 1] 4

Now ( —Lﬂ = e A) (—Lﬂ - Le - 1) since

% + 2%

h + s+ 2 = 1L . Therefore it might be
ei e

ef
expected that I, > I;;" or I;'.

However, when (zzef ] 23 P (Le k),

(-LTT - Le + Zlef) > (—LTr - %= 1) or I " =2 1.




For example, if (nei’ zei) = (1,0), Ref = 2, then

I34" -4 M+2,—-2
T4 A M-l—l
I,1" ~ M—Q,-,-.S

It would be most unusual indeed if the major contri-

bution to the total integral came from the penetration

terms. The author therefore suspected (and confirmed)

that upon summation over t , all higher orders of ATr in

I.0" vanished identically.

As in the evaluation of I,", transformation (A.24)

is used to seperate the terms which contain the factor ¥

from those which do not.

: I o, r“—rb?*/) C(he-4) r(?fe;*Z) r‘(/e‘; +/ean - e +4)
/0 A Lrsbes Le-F )
Ar (27k) C(2peg + 2 ~Le +.) U(feg +/ +2¢

H+H-le+P
_zg" (__/lr)t (Le'])t (—249(;-/ +le -j)z-
] Zlk ("—pe:s —gtz + Le —,P)t 2.’

Ar+ A
‘,,,E (he ~A+2) he=d-Cleg—/ +3; ~fog - +le-br2; o~ C)

-2k
(3.40)
P“—;r*,(”/) F(Ej( *2)\”7‘*'48'2(19‘./ —le+-2) L’J
B T TRy ss-ig) (23k) 245 42 +474e
" 2
‘;m;u L.w[ i ] [(~fog-r-27 +Le-d+2)
2>=0 l"h‘"n?,z 'Z.'
Apr*f-ﬂe
c E Clespr2boy v2-2, 1-he -2 by +2rip ~he +P-2; 305

Laa" ™ Lgpe™ * 142"
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Ii100" is merely a Taylor series and reduces to

F(L,-+j+/) F([,p@_‘+2) [(Le-P) r(ﬁ; v/ 4oy —Le +.0)

By AT T (o 47 +0q) [(Zhesr2- Le +4) (3.41)

l *
'zE (Lc‘j: Le‘-f'ffes‘/,' "-jé;"?"? +Le‘jj Ac/?fk)

which is identically I,1'". Therefore I;1¢4" and Io1"
do not appear in the final answer.

At this point all remaining terms contain either the
factor X or the factor Y.

To evaluate Ii101", first reverse the order of sum-

mation, then use the identity

- N

WDl e E Gy per a2
e ()

N (3.42)
e (—2) 21, (/*2-, -2"#2[ J ld
z2=0 (d)z
which can be proved by expanding the hypergeometric
function in a Taylor series and rearranging terms.
This rearrangement successfully eliminates the

higher powers of A such that
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2fog 1 ~Le +0
T Haigs I'(lyib+7) ['(2feg+2) FUPV—Z‘Z) A ¥
10/

Ay br L P(?Je\;”f Le +.2) F(feé.+/ z7)(23k)’/’37r* ﬁel

g/ () +4-le )x | Ay + AGIZ] K (3.43)
K=o (/~besteog)y -2:k hxr

Ae (Amr+ /49“} )

OV K, 20 vk g rrvmp sk TS5

with the highest order of Aﬂ being (-L1T - & - 1) and no

longer (-L1T - Le + leef).
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3.3.4 Evaluation of (Io":rIi”).‘Second Method.

At this point it is appropriate to ask whether there
is an alternate way of evaluating (I," - I:") which avoids
both those terms lacking in the factors x and ¥ , and
those terms containing the higher powers of Aﬂ.

Usually when the integral

b~/ — S%
S % e olx
(-]

where b is an integer, is evaluated, the form
F(b) b-/ ( )i
- s
ot B LT i o R } (3.44)
8 t;—a i.

is used.

However, there is an alternate form, which, while

first appearing more complicated, simplifies the evalu-

ation of Iy "- I,V
gl - 5K Z (s:d)t ["(b)
Sx e dx = =Y b (3.45)
o % =0 r(b+z+/)
Hence
oo A ¢ r(‘-e‘)—i"/*'?)

n 7

(Io" I,) = 'lx +j*/)i§ Py +be2 +7) (3.46)

P (A o )—(Aeuﬂ/*z‘)
L @

2ik
Wb (Pt iy e tlmtrvr; 246425 pA,




Now since L+ L_ - 2% - 1> 0, define
e m ef
t' =t + (Le Aol * Zzef - 1) and hence
Ple; +1- Le -l
ot g
/
(hx+ Ae)FP912 2= Ve tLr -2~/ Ayt Ae
(3.47)
. F(Z—ﬂ;ﬁ‘f"?) £tk

(2R + 302 ci-le) =b (Rs t/=2g, 2B 32+2; 20502, i osie

or, by adding Ii.," to both sides of the above and using
(A.20) to reduce each hypergeometric function to a

polynomial

7/

(Io"'r/)” + I”

j 4/- Le-Lrm a9 2;-
s M0 000 A, 1% Z ( Ao )
% A

Rdes + 2 = wthe
| A + He | 5755 3 (3.48)
CLlep v 242) _ 2:k
F(ng+3+J—Le+2)‘E(’%'/"'(' TR A
Now use Vandermonde's theorem to expand
he=P-/ )
C(Rheg 12+ 2) (he-#-D!  (2pe k) ! (k+1),
(3.49)

F(ZI%+3 ]\cfﬁ) K=0 (he -8/~ k)‘ (Z»p(3~ he "/P"/)!

and the sum formula (A.30), to obtain

Y

(ra"' Il)” - 7

-lr c‘.ﬁ-/
= Vys041) Ar‘?jg”-h g LIJ /J;,-hq L /471'*4:* (3 50)
‘A;r‘ AC lZ—Pe_‘;*E’

. et (2o k) Pikhy

(he —p-/-k])" (z,pp —Le +041)!

b (ket, degrrag s 2042, Ae O +He¥)
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Now the transformation (A.22) is used to seperate the

terms containing x from those containing Y.

(Io_ I/)” * In”

= Ty et ) W T(2de5+2) Tlheg =) Ay
| A7 + Ae ’Ejgfz F(?Je& + 2~ Le +.0) r(je& */-2()

‘fm’ [ |A1r*/4e'z] " (144~ Le )
~2ik An (/-deg +i7)k

2bey +1— he=Lr

Ll

K=0

- Ao (An + A ¥)
2P ek, 2l sk 5 1-bs v sk 5 Taiea )

{3.51)
g TCrs e U020 v 2) T(2pg 41) Tty 0i) &

r(?ﬁe‘; +72 = Le +.7) r’(ﬁg +/+zz) 1Ay + Ae lz"og*z

2o +/=~te-lr [ —2ik Ay )—jg_/ *q
. A”_

Ae (/4# + e 4‘)

S‘. (/ +0-Le) ¥ ("‘—«065 +e;()k ( Air + Ae
) (—20e5)1 K! Ae

He (ﬁ;r*ﬂc*))
K (bosr-2p, s~ 5 Lo +/-7 -k 2:k Ar

where the first set of terms is easily recognized as
-I101", and Iy1" can be retrieved from the second set by
using the summation formula (A31) and taking the complex

conjugate of the result.
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3.3.5 Summary

I, is easily evaluated and is simply

I, -

-Ly-Le etlr-2fes-2
VR I P sdbeseit ¢ LZ 3 (A,, )Z
Ar + /e

2
VA + Ae| 255" 2= Lo d-2bey 1
(3.52)

[ (2des 42 +2) “ ok
P(2tg +2-1eFre) 2 e tlun, 2 2l + 2; Awﬂe*)

Gathering I,, I,, and I, together, the total integral

I can be written as

I/ & r’(!-h' *-p*/) r’(Le ‘j) Ae“ T (‘pq +/ -‘"Z)
Aptre il pgote? 4,

-2k
‘o Fi e +/-0p, 20y ¢ 2= vt 20542, 72?’)

20 +1-he-Ly V7itle~245-7 2
- quW N \ (/ Ar ) lvGN%42+?)C3'53)
| Ar + Ac [#%532 325 Arthe
- 2F B
: [ Plyagen  _ Tllpad) }Lm%ww,-z; 20592 Jiote?
V(Lo +3-he 14+2) T (2 42-Le~P42)

when (Le - 2) 2 (Zlef + 2); and as

I A o F(L;,— +ﬁ+/) F(Z,Peé *2) r(Zfes i-l) F("jes").'Z) ("/) Le EJ-/X (ﬂe")‘ﬂ“’:F
AR T2y 42 - ke vh) Tlteg 47-21) (2ek)2He H g et

: -2k
“2F (=l v d, ~bes-ip , - 24 ; ‘72;

A~
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la 1/ -Lc""
_ Tlrspon) ¥ T@tegr2) T -2) An =58

Ay br L+ I"(E!g; +2-he +4) [les +/7-24) (26k) | Ay *ﬂelzﬁ@

"2“—_'3'" (7 40-ke)g [ | By +4e 12 ] d Ae(Ar"ﬂe?

L (13d, 24 4d 5 By +/v0g 4 d;

‘d =0 (/—_Pes +e‘()o{ 2:kAn 2ikAx
/-Le =Llr lrtle-chy~2 2 (3.54)
. q/AIZﬂgf _Ar (24 42 42)
‘Av*ﬂelzjejfz v T A”*ﬂe) i
: [ (YY) ), ]z.fr' (‘@4/"(/ -2 2h 12; ~2ek )
F(Zﬁg+3~Letﬁf2) PG&&;;ZLLe:/42) A +4e

when (Zﬁef € 2) » (Le -2).

Now the terms (I,; - I,) appear in both I' and I" and

can be simplified for mesic atoms in the following manner.

First define

H(t)

Ar )1 F (& Hl-20 ) =2, 2hs +2; ﬂ)(3-55)
Ar + Ae TS 1 4 ? Byl

2hec +/ = ke -Lr L’T‘Lc-["jg- -2
7 1P A/,—

|4”+/4e121‘3'2"

ook
-~
|
—
N
]

['2teg +2+2)

z<o

. [ Cgear)  TGrep) ]H 2
((Zh +3-he +442) U2l +2-be-p+2) 3.56)

Now by using one of the relations among contiguous
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hypergeometric functions, a recurrence relation for the

H(t)'s is obtained.

(Pdeg +2+2) 1 Ap + A1t Hexsn)
~2[ oty e Ar® v Gotes) 22 4,1 HE) (3.57)
+?/47r2 H(Z'—-/) = 0

The first few values of H(t) are

H(0) = 1

H(1) = (25+2)Ax + (205) Ar -
(25 +2) MArshel?

H(2)

T (Zses12) (2455 +3) An” + Y s (2 +3) 17 E

b U120 (20051 AR EE)T + Cote 02) Ap? K
(205 +2) (246, +3) | Az s Ael”

(3.58)

The expressions for H(t) become increasingly more com-
plicated, however since ATr is proportional to M, which is
usually a large number, an approximate value for H(t) may
be found by keeping only the highest power of Aﬂ. If this
is done then H(t) is approximately 1 for all t. While

this is usually an excellent approximation (within 1% for
most transitions), its inaccuracy increases as L1T increases.
Therefore it would be wise to include the next lower power

of A_, hence
m



2 | (2destd) (3.59)
PR 2 gy = (a;‘iir) (25 + 2) £

Now by writing

/ " (__Z:‘_C_) (E—PPS'FV)Z'
@ Ar] (20 +2)

as

Ze ]_ [ Zo . (Pdes +9)
+ = 3.60
l_/ ao Ar 0EAy + 9 0p AT (2fes+ 2) (ztg v242) | ( )
and using the sum formula (A.28), the sums can be evalu-
ated and hence

ng +I—Le‘Lr
A, ¥

lA’r "AQIEJPJ#Z

Iu'" Ié a

oA Tllgrhe + ¥ o e _______'__(Z,PH)
{ (L +4 /)[H‘70‘”(213'W)J(kc'i’)(l.eumz)

_ TOy+her?) Ze (Zles+¥) (240+1)
aolr (2be5+2)  (he~tt1)(Le +042)
(

3.61)

_ Wlypess)) F(zj,§+z)[(Le-J+/) + (q:z—i'fﬁ)(ﬁg H’)]
((2heg+2=Lesl) (he-d)(Le-P+1)

+ Tlty-0) UC2tegr2) [ v2) ¥ (557) (205 + 1] }
V(2pe +/—he-p) (Letd+7) (Le+042)
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3.3.6 Simplification in the Case of Helium

Fortunately, the actual evaluation of these terms is
easier than may first appear. In the case of mesic helium,

2. =0, %

= 2 and L_ = ¢ + 2, therefore
ei e

ef

L7« K2Trrten Tti2) w2 ¢og?)?”
a

'3.62)
Artm 020 0t) (02 + ). (1997) 227 ;

or by defining B = 1+ 1/n?

1,0k (_g_,,_)z C(Lrets) U(2p42) (4% B2 (3.63)
Ze/ Attt T (g g7 47)... (B) 227
where again ¥y E e+2nCOt-1(rn)'
To evaluate I;4,", first define
(d) - | | | [ IAr*ﬂelZ]d
(2) (beg-2) (1-Les vy )y -2¢khx

Ay (Ars A >+ 04

’zF/' (/{'d’ “2—?(’5 "d) "j(’é"/*lz +d} Blkﬂn‘

then use the hypergeometric differential equation (A.19)

to obtain the recurrence relation

| Ae |Z (d+2)(/- 2les td) P(d+2)

Ze
= Z[A” s (d-,ﬂcs) + \Ae‘z(/*d—ﬁg)] P(d+/) (3.65)

A 'Alr" Aelz P(d)
Now P(-1) and P(Zzef) are easily calculated, yielding



P(-1) = KA

| A + Ae
(3.66)
P2t ) = [IA”*Aelzlgjq |
s 2y 2KAr (' +q%) .. (15¢%)

By using the recurrence relation Zzef times, and the
two above values of P(-1) and P(Zzef), a system of zzef
linear equations in Zzef unknowns -- P(0) through
P(ZSLef - 1), is obtained. Consequently for all values of
d, P(d) can be calculated quickly on an electronic com-
puter by Gaussian elimination.

Alternately, when the Auger electron is in the ground
state Le - % -1 = 1 and only P(0) and P(1) are needed.

In this case I,¢1" is simply

I/a;’ = = KP2TUreoen Y T2o+2) T) (3.67)
Ae T [z ger) |7+ A% |2 (10n2)

where

J(&) = / ¥ U+/)('Z) Ae (Ar I‘/lp'))

(izeq) =020, 1, <4+ 1000 ;=507

By using the relations for contiguous hypergeometric
functions, a two-term recurrence relation can be found

foxr J(&).
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2[p+0)2B -p2- 2p 1 T(#+))

(2r+1)(4+2) B 1 iem

= () - [4’ v (22)(4+2)D + (24+72442) BD?] /(2f+/)£ﬂf2)4“'”
where B =1 + 1/n2
Ze/(aoA“)

1°+°2D % Bp*

D
Q

The first few values of J(&) are

J) = 0
J(1) = -BD2Q? (3.69)
J(2) = -B(1 + 6D + 18BD* + 18BD® + 9B?D")

Z2(4B - 3) Q°

I101" can then be concisely written as

I ¥ __(_@)2 ClLrs40) Y T(224+2) Tlo)
i el T vt B

(3470)

Similarly for helium, I.,3" - I, simplifies to

I- T, = % [ @) TVgerrd) _ @oen)c2d) Uiy stil)
: @t | 20203 AT 245 AT

: (_z_'g ¥ {(zwy)(aﬂw) ['(Ly +043)
Qo Q-I*’ 2 (a‘)*3) A’l_ ArL)rIA“j
(3.71)
= orn Trrbry)  _ pe9)(20+0(20) U (L £0+1)
(2—?*2)3'4//"_”.‘]*? ¢ /4,,—3 A,’_brsu’u
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CHAPTER 4

THE PRESENT WORK. FORMULAE

4.1 The General Formula

The most general version of the transition rate

formula 1is

- (Gl 3 1) (2 A7 J’f.:,)z'
W, =
i-§ (Zy‘)Z 'tf (ay) ,j (Zj+/) 7] a (4 1)

=
. (2lesv1) [P e .ﬂ%) R 2
ze+Dlo o o | “"'6'“”'

where

I

-i0} 2
yo = Ir et e Gl k%

Viey ~dey= /

( e\% i Z— R [ Gre, v #e)! (e, -0, — ) 1% )#«'*5
7 (”" b, -/-9)! 5! (24e,+14%)! Vg G

”&_
( )P [(”f; *%) (V?r," —,ﬂr /)’] Zi”-f” -%’-}P
Ve =o (i ~ti -0 ! 2ty e i’ \ Wi,
(f‘ﬁr) ( 08 r(nr +-45)! Gi 0 /)’] (22,,/14 %17
Mﬂ; Z:d (mr —,Pr-/—j)’?' (2,,0)3'9/4?)' ”@Qa

I (f’lip 5)

(4.2)



and

1/ = F(L,H,p+/) Fhe-P) [ AeT -(-’(31»/—22)
Af,""”"“AcLe“p .

.Z-FI. (jf’g+/"1‘? , 244_:;"2'143’))' 2}3*2,‘ £ Ae”

( ) M (zagize2) (4:3)

Rfes 1~ he=LF b the- 200 -2

® 5

| Ao+ Ae |fes 42 oo

2k
[_F_(_L_r_ﬁ_’:_ﬁ_ lly=h ]ZF,/J H-m, -t 225 o %)
P(2fo+3-kers2)  U(2hye2-he-btd)

when (L - ) w28 of + 2); and as

1*. ' (Lyt40) T2 e, +2) (2t + 1) T (y-3y) (/)‘f‘j"xéq ») A
A Li +4%1 r(ng‘*Z H +J’) r(fg- */“‘”Z) (21‘:) 2!34//4 he~# ~fg- =/

- tesp g2y 5 20 298

= r(l;ul,?i /)\Y r(Z.pp 12) P(jﬁ_ Z!])A 2/3‘*/ ~Let

Ar Lor 4.8+1 F(Eﬁ%HZ Lehﬁ) r’(_ﬂ.éih/-y() (sz) Iﬁzrl/’el -pﬁ

he-b-/ 3 d
(/+ 8- le)d [ V4 + Ael ] 4.4)
dzo (/1-dy si)d | -2ik Ay

Ae (4 fﬁe’)
e g ~ 2 +d ,/L t/vearvd; ez:[ﬂ;r )

Pl t! —he—Ly Lrthe-2d5-2 >

| Ar + Ae 'Z‘%{Z 20 +Ae
Tlozes, - TOrp ] Flhyoa, -5 245925 G5
U213 +012) T (2hyt 2-Losbs?)

when (Z,Qef + 2) > (Le - £).

R R R R RS




Fortunately, this formula can be greatly simplified
for the case in hand. First, only & = llni - lﬂfl need
be kept, as the higher terms are considerably smaller.
Secondly, in helium, the ground state or 1s electron is
the only one available to be ejected, hence & _. = 0. The

el

general formula then reduces to

Wss = £ r/ b (2 D) (2hm-28)] (xm)
/= 2T (204" (20w +1)
T (g 2t 1) (22)) T ®
F(ew/) ) X Bt Y T(2)
- y
T) <r >5 77_ Lt +’)2” + __QJB
. 202 Y ea2)D?® b
Q’“/ QJ*/\? v

— etz Y (L Ze ) [ /+ (20+9)1D]
o'\ 22, M3 2(2443)

5 Zc.
+<plf3> 7 )
R | 22, M*/ a3czrs2)

J:'-pz,"jgl D = M(Zp’, ")

jM = plax (—e,jd)

X —Zb’w"x
7)’2 = 2%&12 = &g
3 ._I) __zx W‘/Y(l"’ //D)
B = /+ /A

8 = (£+20 .+ BD?)

54



Vi3
CotPWy = (ﬁ)(ﬁ){ "i"&)h
an n; n, + Vlg

Y
of Gt ol D G N Ll o L

Ho=tbo =/ S+
: Z (__/)S( 2 5 )‘& S I

n, + Ng (H,-@-/-S)! S.’ (24 +/+S)_'

Ny-&-1
y Z% E9)® ( 2y )6 o |
> o Ny + g (”j"g'—/'?).’ 2' (2—% +/+ 2)’

“(svrz+ L+ N4 ij).'

The energies and effective Zei and Zni for the
higher n_s values have been taken from calculations
done by Mausner (1975) and Russell (1970,B ). For the
calculations performed in this work, averages of the two

values were taken. The values supplied by Mausner and

Russell can be found in Appendix B.
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4.2 Monopole Transition Rate Formula

The present work extends the formula given by BurBidge
and de Borde to include all possible transitions. Further-
more it replaces the constant C; in their formula with an
accurate but simple expression.

The monopole formula can be simply written as

R i _LP_Z( Zey )
L 32 Ficn ) _—2w¥ QZ Zgn./v‘)"-

2
-[<r2> (1+%D) - <r3 )/‘ }
ZZ:?,M

This formula is easily reduced to either the Burbidge and

(4.6)

de Borde formula or the Eisenberg and Kessler one.
To obtain the Burbidge and de Borde formula merely

replace ¥2Q ? by C3 and

{<r2> (1+4D) - {3 >(2;;‘QM2) }Z

by

gi/ua(u_/)zm—s’ngu t¢

(zn-)) ™ =
To obtain the Eisenberg and Kessler formula let

](n-/, n-2 |r2|n, y(..2>lz 4

27

B i
Y Q 2 1 and /—'_—‘—_c_z'y

X =

This latter holds only when ys< 1.
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For the lower energy transitions, y= 1, the error

introduced is substantial as

27
Jeex W 6.2% while

Even for y= %,

i while

The error introduced by allowing ¥2Q

% = 1

%= 2

=1 4& not as

great and has the opposite effect of the first error.
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4.3 Dipole Transition Rate Formulae

The dipole transition formula offered here is similar
to the Burbidge and de Borde formula but is applicable to
all possible transitions and, unlike the Eisenberg and
Kessler formula, contains the penetration terms.

For Lo o L i.e. A2 = -1
Ti nf T

w,, = ——- _.,.. j” ZQ' ) —’-
. )(/ e-zn’) 3 (24 +1) Zg M? B
(4.7)
2
J<eslt I)( _ 4B [ 2 ) e }
204" \ 224 M/ <9
where for 2 . > &
mi nf
<L3_> = ,2__. ;‘i AR z2) = j/ o2
<elD (n2 - ng?) [ i Ly (n? m:;l)_} (4.8)
For ,Q, A Q, i 5 A'Q'IT = +]
z#§ (’ ) _ZIX _L £ ZQ'z) l
i\a)(-e2) 3 (z4g+1) | 20, M*/ B
(4.9)

)<n>\2j i B ol @}2
/0R° \ 2, 2M°) <077

where for 2 . > & .
mf mi

<,(\3> 2lel’152 (4.10)
p 1) g L 2 ¢ (n2 svs)+ T+ (nz - ng)
e (m’—ws’)[ (n2 +vs +) (2 - ng ]
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In general, for dipole transitions

@rng = ”'(‘e“z) 2n. L mex (4, 4) L
g/ ()- %7%) 3 (20n + 1) )

= it Zey (4.11)
I<e2l {X /0 }° (ZZ‘r,'MZ)

2

A V'.sz) [4(,,22+n52) + Slagnt (aby) max (4, ) (n2-ng )]}
("17"’"82 ‘

By employing the same approximations as before,
these formulae can easily be reduced to either the
Burbidge and de Borde formula or the Eisenberg and

Kessler one.
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CHAPTER 5

THE PRESENT WORK. NUMERICAL RESULTS

5.1. The Total Transition Rate

The Auger transition rates. (in pionic helium) for
transitions from all states hayving initial principal
quantum number, n., equal to 2 through 12, 14 and 17 have
been calculated.

Tables III and IV, which follow immediately , high-
light the main features of these results.

Table III gives the total transition rate from a
given state to all states such that [Z;, - 2| < 3 and
where ne ranges over the three highest allowed values.
For n, = 2 through 12, transitions to the next lower state
are allowed, i.e. Be * Wy hn 1, and for these initial
states, wT(ni,zi) increases with n. . For n, = 13 and 14
however, transitions must be to the ng = 11 and 12 states
respectively and for ng = 15, 16 and 17, ne = 12, 13, and
14. Because of this the transition rates from these
states are considerably reduced.

Also the transitions from the s = 15 and 16 states
are repressed as the pion must undergo a quadrupole or

octopole transition in order to reach the first allowed

SiEA el



Genefally the majority of transitions are dipole
transitions to the highest allowed orbit. Denoting the

sum of these two transitions as w Table IV charts

0’
several values of wo/wT. It is most evident that this
is not a good approximation, expecially for the higher
n_. orbits where the Auger Effect is most likely to

OECUuY .
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TABLE III

The Total Auger Transition Rate, W 8S a Function of n_.

and zwi'
wp = [entryl X 103
Rwi 0 3 6 9 12 15 16
ks .
Ti
11 .776 .886 1412 1.23 .860 < 15 .047
14 .607 My i 4 [T 5 § R +6:30

11 3.31 4.61 8.63 14.8
8 1.17 1.86 3.87
) .081 .276
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TABLE IV

wo/wT , Where w is the Sum of the Two Dipole Transitions

into the Highest Allowed Orbit as a Function of n_. and zﬂi.

ol 0 3 6 9 12 15 16
Tl
! )
i
17 BB s a2 T by B8k el T w63k £ DD )
14 Bhaw ke ik BRI ST L6
11 AR o v BB, Eabbtad £84
8 41 .60 85
5 ) 92




Sae Monopole Transition Rates

Table V shows the percentage contribution of the
monopole rates to the total rate. From these it can be
seen that monopole transitions are dominant when the
initial value of n is high, but initial & is low. For
example, when (nj,%;) = (17,3) the contribution of the
monopole rates to the total rate is 59%. Even when the
initial value of n is low, monopole transitions still
contribute a considerable portion of the total rate -
30% for (ni, zi) = (5,0).

The mistaken concept that monopole transitions arc
not significant is due to the original calculation done
by Bﬁrbidge and de Borde. They considered only monopole
transitions into circular orbits, which when compared
to the dipole transition into the same orbit are indeed
inconsequential (see Table VI).

The Eisenberg and Kessler formula did not contain
this restriction; and, in fact, when viewing their version
of a muon cascade in carbon, the high degree of stability
ih the population of the high nj, low % states indicates

a high monopole rate between these states.



TABLE V

Contribution of the Monopole Transitions [w,,_,1 to the

Total Transition Rate [wT] as a Function of n_ s and Rni‘
Los 0 3 6 9 12 15
Mri
17 .68 « 39 .43 27 o =
14 .47 e 44 '.10 =
11 .29 .24 .15 .05
8 47 i27 06
5 .30 04

(Sa]



TABLE VI

MONOPOLE TRANSITIONS INTO CIRCULAR ORBITS AS COMPARED

TO DIPOLE TRANSITIONS INTO THE SAME ORBIT

TRANSITION

(2,1)~(1,0)
(2,0)~(1,0)

(3,2)>(2,1)
(3,1)~(2,1)

(4,3)>(3,2)
(4,2)~>(3,2)

(5,4)~>(4,3)
(5,3)>(4,3)

(6,5)>(5,4)
(6,4)~>(5,4)

TRANSITION RATE

.49817 x 10'?
.89392 x 10°

.16280 x 10?3
.30488 x 10?2

.11560 x 10"

25755 x 106**4

.43896 x 10"
.12026 x 10*?

11777 % 10* %
.29709 x 1013

03187

.0223

.0274

0337
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.3 Dipole Transition Rates

Tables VII and VIII show the relative percentages of
the two dipole rates. The dipole transitions where the
pion loses one unit of angular momentum (A&;= -1) are much
more probable than those where the pion gains one unit,
the latter being significant only when the initial .{ value
is zero (L43= 0). The dipole transitions are usually
dominant, especially for low initial n values, and , of
course, for transitions between circular orbits.

The combined prominence of the monopole and dipole
(ALg= -1) rates tend to keep the pions away from the
circular orbits (see Figure 3). However once a pion
enters a circular orbit, it will cascade to the lower
states through the other circular orbits. In particular
if the pions are initially distributed statistically’in
the nyj= 17 state, then 32% of all pions are initially in
the 241= 14, 15 and 16 states. 75% of these pions will
descend to the (ng, L¢) = (14,13) state after the first

transition, thereby placing 25% of all pions into a

circular orbit early in the cascade.

1By a statistical distribution, it is meant that a
state with angular momentum eigenvalue 2, will have

29 + 1 states, one for each azimuthal eigenvalue m.



TABLE VII

Contribution of the Dipole [Af =-1] Transition Rate [w,,__4

to the Total Transition Rate [wT] as a Function of n

Ti
and L. ..
mi
L 0 3 6 9 12
Ti
N
Ti
17 - 35 .56 72 78
14 - .54 .76 .88 .86
14 - .60 475 .88
8 - 2G5 89
5 - .93




TABLE VIII

Contribution of the Dipole [A% = +1] Transition Rate
[wpg-4q] to the Total Transition Rate [wp] as a Function of

4 and &1 ..
Nori mi

i 0 3 6 9 12
nl.

mi

17 .28 .04 x| .00 .00
14 .50 .08 .01 .00 -
11 55 .06 .00 -

8 46 03 -

5 .67




EXAMPLES OF BRANCHING RATIOS OF AUGER TRANSITIONS

INDICATING THE TENDENCY AWAY FROM THE CIRCULAR ORBITS

il ol 1|2l3lals|e|7]8]9]w0|nliz|i3n
|7 {,00
6] i
i AL
4 01133].33
/3 161,08
12 08,02
/1 /.00
/0 .05 ,8% .0
9 011].05
8 |2
7 Las[ 4] o
6 §.07| .04
5l .0
4
5
2
L
FIGURE 3
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5.4 Higher Multipole Rates

Generally higher multipole transitions are not con-
sidered in cascade programs. As can be seen from Tables
IX and X, the quadrupole and octopole transitipns play
minor roles compared to the monopole and dipole transi-
tions. Nonetheless, these transitions are not entirely
insignificant, with their percentage contribution to the

total rate ranging as high as 15%.

The most important aspect of these higher multipole

rates 1is in determining the existence of a trapping

effect. As would be expected, the lowest total transition

rate is for the (nj,%;) = (17,16) state, since a pion must

make an octopole transition to escape via an Auger

transition. The transition rate for the (17,16) - (14,13)

transition is
w = 4.78 x 10%'?/sec.
The pion has a mean life of

= -8
T 2.0 x 10 Ssec.

therefore the portion of pions which would decay in orbit
rather than de-excite to the (14,13) state through an
Auger transition 1is

-5
i T, 0 10
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It can then be concluded that, as long as there is an
electron in the atom, there is no trapping effect.

If both electrons have already been ejected, then
external effects, such as the External Auger or the Stark
Effect, would have to be considered in determining

whether or not the trapping effect exists.

12



TABLE IX

Contribution of the Quadrupole [A% = + 2] Transition Rate

1 to the Total Transition Rate [wT] as a Function of

Lwpg
e and zﬂi.
Lo 0 3 6 9 12 15
T
17 .03 03 55 .00 .10 91
14 .02 .01 .01 .00 a5
11 b .09 .08 .06
8 07 J06 04
5 A5 03




TABLE X

Contribution of the Octopole [AR1T = +3] Transition Rate

[wAQJ to the Total Transition Rate [wTJ as a Function of

Land L .n
Nopi mi

zﬂi 0 > 6 9 42 15
¢
mi
= .00 .00 .00 .00 .01 09
14 .00 .00 .00 .00 Al
11 .01 .01 .00 .00
8 00 .00 00
5 .00




5.5 The Dipole, Quadrupole and Octopole Transition Rates

as a Function of n . and 2.

Tables XI, XII, and XIII chart the transition rates
for several transitions where AnTr = Azﬂ are equal to
-1, -2, and -3 respectively. The transition rates of
all three types of transitions, dipole quadrupole and
octopole, show a definite increase with 2ﬂi° Only for
the dipole transitions, however, do the rates increase
with n.. For the quadrupole and octopole transitions
the ratés for a particular value of zi tend to remain
(roughly) constant as n; increases.

The general increase as zi increases is unmistakable
and J. E. Russell's values for the (17,16) » (14,13)
and the (16,15) - (13,12) transition rates, 9 x 10%/sec.
and 6 x 10°/sec. respectively, are completely inconsistent
with these results.

Figures 4, 5, 6 and 7 show the general dependence of
the transition rate on multipolarity. It is interesting
to note that the monopole rate and both dipole rates are
roughly equivalent for low yvalues of Ri, but diverge as zi

increases. A similar relation is often true for the two

octopole or two quadrupole transition rates.



Function of n

Ti

11

Ti

TABLE XI

The Transition Rate for An1T = Akﬂ = »1 . Transitions as a
ri and zﬂi.
1 4 7 10
11k Rk 3239 W ks .16
L RSAY ol o .5548
. 2RAN T
664

B

A means A X 10B
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TABLE XII

The Transition Rate for AnTT Azﬂ = =2 Transitions as a

Function.of me.and 2.7, .
ml m1

N 2 5 8 k> 1 13
T e &
b 1% 1§
14 .5612 L9612 .26%2 .1813 36"
11 X612 .99 .89312
8 2734 1433
5 TG

AB means A X 10B



TABLE XIII

The Transition Rate for An1T =,A£ﬂ = -3 Transitions as a

Function of¥n % and £ ;.
Ti Ti

L 3 6 9 13 16
n. .
Trll

17 2210 L3221 g2 57re AR
14 .48° .45310 .3311 .1612
11 .238 .6611 .1531

8 .15° .6210

5 .298

AB means A X 10B
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(9}

.6 Transition Rates as a Function of (n_; - n_ g)

Auger transition rates are inversely proportional to
the energy difference of the initial and final pion states.
Because of this, the majority of transitions will be to
the highest allowed final state. However, this energy
dependence is not so strong as to exclude transitions to
other final states, especially for the higher orbits when
the cnergy differences between successive states is small.

Calculations were performed for Auger transitions to
the three highest allowed states. In general, the majority
of transitions were to the highest allowed state with a
portion, ofter 20% - 30%, to the next highest allowed

state. Some transitions were made to the third highest

allowed state expecially in the case of dipole (M,TT = -1)
transitions. For example
Lo = 0 1 2 3
n_ . = 14 .39 +13 .02 .00
mf
13 «11 .06 .01 .00
12 03 .03 .00 .00
Figure 8

Branching Ratios

For Auger Transitions From the n.; = 37, zni = (0 State



A general pattern emerged from the rates for all

transitions. For the lower n_. states almost all transi-
tions (90% - 100%) were made to the highest allowed state.
However, as n_. increased so did the portion of pions
making the transition to the lower final orbits.

" Table XIV gives, as a function of n_s and Qﬂi, the
portion of pions which would descend to the highest poss-

ible state,



TABLE XTIV

The Contribution to the Total Transition Rate from the

Transitions into the Highest Allowed Orbit.

e 0 3 6 9 12 15
1
m1
17 .69 .68 .67 .69 .79 .94
14 .78 .77 .76 .81 .96
11 .83 .83 .86 .94
8 92 .91 95
5 PES g0 ®An=min
w
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5.7 1hke Role of the Penetration Terms for Dipole

Transition Rates
So far, only approximate Auger transition rates,
evaluated in the "no penetration' approximation have been
used to calculate x-ray intensity ratios in the piomic
(or muonic) cascade. However, even when 7 > T, the

pion and electron charge densities are still strongly
overlapping in the region between the nucleus and the
K-shell electron. Because of this, penetration effects
have been found to be rather important.

In figure 9, the penetration factor P = (w/wN) N
where Wy is the transition rate calculated without the
penetraion terms, is investigated for dipole transitions.
The factor P has been graphed for three values of n_.
as a function of Ri; only Aﬁﬂ = -1 has been considered.

The significance of penetrations effects is immediate-
ly seen from the magnitude of P. The sign of P (i.e.

P 0) indicates that inclusion of the penetration terms
depresses the transition rate. Also the magnitude of

P increases with Rﬂi but decreases with n .; a reflection,
no doubt, of the relation <r> ~ 3n? - (L + 1).

In 1974, Raff, Viollier, and Alder (Alder, 1974) did
a calculation of the penetration factor for muonic
thallium. ELEven though their calculations were more

sophisticated, taking current-current and retardation

effects into consideration in their matrix elements (i.e.



a relativistic approach) the general dependence of the
penetration factor P on B and zﬂi . 1s strikingly

similar.



THE PENETRATION FACTOR P = @/ -1 /S A FUic™l

2. FOR DIPOLE TRANSITIONS

P 1 Ty SR S L -

FIGURE 9



Conclusions and Recommendation with Regard to the

5.8

Calculation of the Internal Mesic Auger Rates

Finally, by cxamining all orbits, it can be concluded
that when the initial value of the pionic principal quan-
tum number (ng;;) is small, that only dipole transitions
need be considered and that even for these,the penetration
terms are negligible. However as ngj increases, the situ-
ation becomes more complex. For these states, monopole
and higher multipole transitions can contribute signifi-
cantly to the total transition rate, as well as transi-
tions to final states of lower energy. The role of the
penetration terms also becomes significant as n;; increases
due to the increased overlap of the pion and electron
wave functions. |

The usual approximations to the Auger transitions
are then only appropriate when, in fact, the emission of
x-rays is the dominant de-excitation mechanism. For
transitions where the Auger Effect is most likely to
occur, a more complete treatment is recommended. This

should include

1) monopole and higher multipole rates,
2) transition to final states other than the
highest allowed orbit,

3) penetration terms.

89



Although numerical calculations have been carried out
only for helium, the results are applicable to all mesic
atoms. This follows directly from the form of the general
formula for Auger transition rates. The factors Ze and
ZTr never appear by themselves but always as (Ze/Z"), a
slowly varying function of the nuclear charge Z. No great
deviation from the results obtained for helium is expected

for the other elements.
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APPENDIX A

HYPERGEOMETRIC FUNCTIONS

The following is a brief and by no means complete

introduction to hypergeometric functions. -

A.1 Definition of Hypergeometric Functions

The gamma function can be defined by Euler's integral

C -t 2~/
Nz) = §e t®¥ g R > © o

Partial integration of (A.1) shows that T (z) satisfies the

difference equation

P(z+/1) = =T(=z) (A.2)
and since ['(1) = ["(2) = 1
Pint/) = /2° e = = nl (A.3)

It is convenient at this point to introduce

Pochhammer's Symbol (a)k

(a) =l&@A0...&uk—/) (h% = 1
(A.4)
(Q){, = M @ # negative integer

[(a)

ook 1 f77~a) ositive integer
_.Gddﬁarztg)afp t teg



Then the formulae

(a.)n-»K ¥ (a-‘*n-)K (:d)n (A.5)
K
) PR —((/—5_)2—_(—%“'4 (A.6)

are easily proved for integer values of n and k. Noting
that‘(—n)k is zero whenever k>n, the binomial coefficient
can be defined as
(0) = G Cnh )
K K| ; .
Other properties of the gamma function which will be

usefel are

T M-2) = oz

N o B

(A.8)
Mzz) = 2%7'P@r(z+%)/ %)
Using (A.®) with z = 1 +4¥, it can be shown that
| Mot /¢20)|% = g 5 (7+32) (¥ +¥%)... (#2+%2) A

A hypergeometric function of one variable is defined

by

L (@i .. (ap)y 2
Fo (aly (q)q - (cg)g 4}

(A.10)

PFZ (a/) QZ,.-,Q'O) e&)"c

The a's and c's are called numerator and denominator
parameters, respectively, and z is called the variable.

The qu series terminates and, therefore, is a polynomial

if a numerator parameter is a negative integer or zero.
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— m . C . Z — ;.i_ ",\ = \3 ;o (A .1
2” ) j-*2 Lo (c)n n
¢ = -k, then the hypergeometric function is still de-
ned provided k> m

: ; M Cmn (b)n. e AL TZS
ZE(—m, lc;—m-/sz) T & Cmadin, nl &

If none of the numerator or denominator parameters

a negative integer or zero, then application of the

ratio test shows that the series

converges for all finite z if p=q
converges for |z[< 1 if p=q + 1 (A.13)
diverges for all z, z # 0, if p»q + 1

Furthermofe i

th

ar

P J A.
7=Zan—ZCn e

n=/ n=/
en the series q+1Fq is

absolutely convergent for |z| = 1 if R(g) 0

-4

conditionally convergent for |[z[ = 1, z # 1 if 0°R(g)=1

divergent for |z| = 1 if 1’:11(7) (A.15)

The hypergeometric function most commonly encountered

e the confluent hypergeometric function (aj;c;z) and

1P1

Al



the Gauss hypergeometric function ZFl(a,b;c;z) and are,

in fact, the two of concern in the present study.

A.2 Examples of Hypergeometric Functions

‘Many elementary and special functions arec expressible
as hypergeometric functions. For example,there are the

elementary functions

2% = ZE(-Q, b= lo; /- 2)

e® = (e a; z)

’
e -z

sihz = =Ze G (25 —2iz)

M (1-7) = - FH (125 2)
the Laguerre and Legendre Polynomials

L) = M6 Cryxsrsx)
. /—c«n@)

!
E(’m(c"o 9) o [‘ 3—’216 m(ﬁ_(:)jfi;! zE(-j*M, maf+ /5 mal, . &

and the spherical Bessel functions and the Coulomb Wave

Functions

io(a) = s e e (1115 2025 2iz)

Beloy) = GO)pt'e ™ f5 (Pl—aq; 20025 2p)

Yc = 6’_%”’( F(/*?/() eak-r' ,F; (—-27.}' /Y sk .z'.T<-\F)

A



A.3 Derivatives and Differential Equations

For the Confluent hypergeometric function , the

derivative is simply

b kﬂn
diz_;l {/F?(a-}b)'z)} i (b) IF(‘Z'”LJ b+n}2)

(A.16)
and the differential equation is
2
7 :Téa’i 3 (L,-z):—iz" - aw = 0O (A.17)

‘For the Gauss hypergeometric function, they are given by

{ f (an ) Z)} (Q)n (b)n L, F (a+n, biny c+n;z)

(A.18)

z(/—z) + [c- (a+ b+/)£] dw —abw = O
(A.19)

A.4 Recurrence relations for the Gauss Hypergeometric

Function.

The six functions F (afl,b;c;z), ’ 1(a, bxizeiey,
2 1(a b;ctl;z) are called contiguous to 2Fl(a b;ciz).
Relations between 2 l(a b;c;z) and any two contiguous
functions have been given by Gauss. By repeated applica-
tion of these relations the function 2Fl(a+m, b+nc+lyz)

with integer m,n,1 can be expressed as a linear combination

<5



of 2Fl(a,b;c;z) and one of its contiguous functions with

coefficients which are rational functions of a, b, c, z.

AdS5 ) Tiinear Transformations

- The simplest and perhaps most useful transformation

of the Gauss hypergeometric function is

- ' &
ZE(Q)bBCﬁ}) = (/- 2) QzF/ (a,c—-lo; ¢, ;’) (A.20)

others are
(e) l'(e-a-})

zf:,(a, lO;C}E) * fesa) F(C._b)zﬁ(a,b;a%\aucw/; 1-2)

-a-b () (asb- h o il 1o
3 (-2)01 f‘?a) ks ) F (c-a,c-b; c-a b(w.;z’l)‘—‘)

I

P(C) \"(b-a) o -2 ™ sl v @ A
e T (-2) "LF(a, /I-cra; + ;‘z)

() ["(a-b) 2)

Y T T(e-b)

e T (b-a) )
= -8 Ty Fre-a=fi (@ e-byasbss; i)

L, Ierew (A.23)
* (1-2)™ Ty vy 1 (bc-ajb-ats; i3 )

3 N
270 (b, /=cabj/~ask; Yz)

_ T U(c-a-b)
P(c-a) M(c-b)
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I"(a) T'(b) v

zﬂqzﬁ (a,a-u/; arb-c+/; /- ;zl') ;
(A.24)
za'c,b—(o—a, /-a z o—a-b+l; /—é)

These transformations may also be used (with extreme care)

when a = -m, i.e.

(A.25)
2h(ne, bse;2)

= ((el;)':‘“ ("2)'“"2F/("M«, /-—w\—cl'/__m_L,,; //%)



A.6 Summation Formula

For z = 1, the Gauss summation theorem states

_ T(@) F(c-a-b)
25/&),05‘3}/) " J(ce-a) ['e-b) (A.26)

c not a negative integer or zero; R(c-a-b) 0

If a or bk is a negative integer, we have the result

known as Vandermonde's theorem

-b)
2FCwn, bo;cy7) = L%a)‘;—"' (A.27)

¢ not a negative integer or zero

If ¢ is & negdtive integer or zero, say ¢ = -m, and myn,
then
B Cn)x (bk (m-n)t (m+ b+ /- R)n ‘
Z - b s , (A.28)
b5 i) k- m!

While theorems like this last may seem distant to the
uninitiated, when written in the more familiar notation
of binomial coefficients, they become more comprehensible.

For example ( A.28 ) becomes

i
b+ /+m ) = b+k)[m"k (A.29)
(B vt e

While many sum formulae exist, only two will be given here

since only these are used in the text.

v &



Ms

(dly 322}7’[_z,105 A,

2=0 ]
e % (A.30)
(/- ‘j) gf‘;(d, b/' c; (T:'-T)
(b) |
Z gj))'{ K,K ¥ b (=g c=a s f-a=k; x)
K =0 ('A.Sl)

+b- -b :
¢ (e TS o b e )

These and most other sum formulae for hypergeometric

functions can be derived by using three basic techniques;

1) rearrangement of terms
. 2) expansion in Taylor series, and

3) Vandermonde's theorem.

A.7 Integration of Confluent Hypergeometric Functions

Of immediate concern is the integral

co b)
S)tb"e‘sxlﬁ(a.)cykx)dx = g( (a,b ¢; /S)

[1sl2 k] Re b > o] (A.32)

When the convergence conditions are not met (i.e.ISI<lk|)

2 1
for those values when'it converges, transforming it to a

then an answer can be obtained by using the ,F. function

function which does converge for all values of the para-
meters, then using analytic continuation to extend the

solution for all values of the parameters.

.8



For example '
S xt-! o (”X)X’F/(a+aéf; c; 2ix)Ax

= ["(b) 2F;(&+4X, b 3 €3 :?? ~ (A.33)

(?+87b

which converges only for |d+?[ 7> |2:] Pesy V3.

Now there is no possible physical explanation why the
integral, which is related to theltransition rate calculation,
should diverge when the energy of the final electron is

less than 1.5 ev. Therefore, since b and ¢ are integers,

and b >c, then

—EQQ 5'621é¥, b ; C/ef§

TR e
(b ~ (a+é¥) . .,
(é‘:'y)b (/ ),+bl ZF/ (an)y, C—-b; C/' ?:%J)
— M) Sy V=2 =S st (o- b "
T, (et s G G

5\

(A.34)
which converges for all values of 4 »



APPENDIX B

ENERGIES AND SCREENING FACTORS‘FOR SOME CIRCULAR ORBITS

OF PIONIC HELIUM !

N, E® B O Z, Rz, 00 Z (R)  Z (W

12 -8.4 ~8.42 1.14 1.16 i g 1.57
14 =0.575 -6.559 1.26 K P 5. 1.92 1.94
15 -5ﬂ954 © -5.940 1.358 1.42 1.86 1.83
16 -5.487 o T ¥ 52 Y. 49 Y. Ta 1.78

1.a5 1.56

17 =5.149 2.4 30 1,71 5 i |

Energies are in Rydbergs ( 1 Rydberg = 13.6 ev.)

1 This table is taken from Mausner (1975) p.57.
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