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ABSTRACT: We present the equations of relativistic hydrodynamics coupled to dynamical
electromagnetic fields, including the effects of polarization, electric fields, and the deriva-
tive expansion. We enumerate the transport coefficients at leading order in derivatives,
including electrical conductivities, viscosities, and thermodynamic coefficients. We find
the constraints on transport coefficients due to the positivity of entropy production, and
derive the corresponding Kubo formulas. For the neutral state in a magnetic field, small
fluctuations include Alfvén waves, magnetosonic waves, and the dissipative modes. For
the state with a non-zero dynamical charge density in a magnetic field, plasma oscillations
gap out all propagating modes, except for Alfvén-like waves with a quadratic dispersion
relation. We relate the transport coefficients in the “conventional” magnetohydrodynam-
ics (formulated using Maxwell’s equations in matter) to those in the “dual” version of
magnetohydrodynamics (formulated using the conserved magnetic flux).
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1 Introduction

In a macroscopic system, near-equilibrium phenomena can often be described by classical
hydrodynamics. When the microscopic theory contains weakly coupled U(1) gauge fields,
long-range correlations mediated by those fields are possible. Maxwell’s equations in matter
give an effective description of such correlations in terms of classical gauge fields. These
equations are useful when the coupling between electromagnetic and thermal/mechanical
degrees of freedom can be neglected. We would like to understand the effective description



of relativistic systems in which macroscopic electromagnetic degrees of freedom are coupled
to the macroscopic thermal and mechanical degrees of freedom. This amounts to coupling
Maxwell’s equations in matter to hydrodynamic equations. When the matter is electrically
conducting and electric fields are neglected, such classical effective theory is usually called
magneto-hydrodynamics (MHD).

Our motivation it two-fold. From a fundamental point of view, a number of recent de-
velopments in relativistic hydrodynamics have pushed the boundaries of the “traditional”
theory, as described for example in the classic textbook [1]. These include: a system-
atic derivative expansion in hydrodynamics [2], an equivalence between hydrodynamics
and black hole dynamics [3], the manifestation of chiral anomalies in hydrodynamic equa-
tions [4], the relevance of partition functions [5, 6], elucidation of the role of the entropy
current [7, 8], new insights into relativistic hydrodynamic turbulence [9], convergence prop-
erties of the hydrodynamic expansion [10], and a classification of hydrodynamic transport
coefficients [11]. Tt is reasonable to expect that the above insights will also lead to an
improved understanding of the “traditional” MHD. For example, there does not appear to
be an agreement in the current literature on such basic question as the number of transport
coefficients in MHD.

From an applied point of view, recent years have seen relativistic hydrodynamics ex-
pand from its traditional areas of astrophysical plasmas and hot subnuclear matter into the
domain of condensed matter physics. Examples include transport near relativistic quan-
tum critical points [12], in graphene [13, 14] and in Weyl semi-metals [15]. For conducting
matter, MHD is a natural extension of such hydrodynamic models.

In what follows, we will outline the construction of classical relativistic hydrodynam-
ics with dynamical electromagnetic fields, starting from equilibrium thermodynamics. In
order to write down the hydrodynamic equations, we will assume that the system is locally
in thermal equilibrium. We will further assume that the departures from local equilib-
rium may be implemented through a derivative expansion such that the parameters which
characterize the equilibrium (temperature, chemical potential, magnetic field, fluid veloc-
ity) vary slowly in space and time. At one-derivative order, transport coefficients such
as viscosity and electrical conductivity appear in the constitutive relations. We are not
aware of previous treatments that list all one-derivative terms in the constitutive relations
of magnetohydrodynamics.

For parity-preserving conducting fluids in magnetic field, we find eleven transport
coeflicients at one-derivative order. One transport coefficient is thermodynamic, and de-
termines the angular momentum of charged fluid induced by the magnetic field. Three
transport coefficients are non-equilibrium and non-dissipative: these are the two Hall vis-
cosities (transverse and longitudinal), and one Hall conductivity. There are also seven non-
equilibrium dissipative transport coefficients: two electrical conductivities (transverse and
longitudinal), two shear viscosities (transverse and longitudinal), and three bulk viscosities.
The constitutive relations for the energy-momentum tensor are given in egs. (3.1), (3.11),
and for the current in egs. (3.2), (3.12). The dissipative coefficients have to satisfy the
inequalities in eq. (3.19) imposed by the positivity of entropy production, or alternatively
by the positivity of the spectral function. As a simple application of the hydrodynamic



equations, we study eigenmodes of small oscillations near thermal equilibrium in constant
magnetic field.

We start in section 2 with a discussion of equilibrium thermodynamics in the presence
of external electromagnetic and gravitational fields. In section 3, we will discuss hydrody-
namics, again when electromagnetic and gravitational fields are external. The magnetic
fields are taken as “large” and electric fields as “small” in the sense of the derivative ex-
pansion. The smallness of the electric field is due to electric screening. Our procedure will
improve on existing studies by taking into account the effects of polarization (magnetic,
electric, or both), electric fields, and by enumerating all transport coefficients at leading or-
der in derivatives. In section 4 we discuss hydrodynamics with dynamical electromagnetic
fields, as an extension of hydrodynamics with fixed electromagnetic fields. As a simple
example, one can study Alfvén and magnetosonic waves in a neutral state (including their
damping and polarization), and waves in a dynamically charged (but overall electrically
neutral) state. We compare our results with the recent “dual” formulation of MHD in
section 5, and with some of the previous studies of transport coefficients of relativistic
fluids in magnetic field in the appendix.

2 Thermodynamics

Let us start with equilibrium thermodynamics. For a system in equilibrium subject to an
external non-dynamical gauge field A, and an external non-dynamical metric g,,,, we write
the logarithm of the partition function Wy = —iln Z as

Wlg, A] = /dd“x\/fgf, (2.1)

and we will call F the free energy density. [Conventions: metric is mostly plus,
e"123=1/,/=g.] For a system with short-range correlations in equilibrium and for exter-
nal sources A and g which only vary on scales much longer than the correlation length,
F is a local function of the external sources, and W; is extensive in the thermodynamic
limit. The density F may then be written as an expansion in derivatives of the external
sources [5, 6]. The current J* (defined by varying Wy with respect to the gauge field)
and the energy-momentum tensor T"" (defined by varying Wy with respect to the metric)
automatically satisfy

VT = F )y, (2.2a)
V. Jh =0, (2.2b)

owing to gauge- and diffeomorphism-invariance of Wj[g, A]. The object W[g, 4] is the
generating functional of static (zero frequency) correlation functions of T* and J* in
equilibrium. Of course, the conservation laws (2.2) are also true out of equilibrium, being
a consequence of gauge- and diffeomorphism-invariance in the microscopic theory.

Being in equilibrium means that there exists a timelike Killing vector V such that the
Lie derivative of the sources with respect to V vanishes. The equilibrium temperature T,



velocity u® and the chemical potential p are functions of the Killing vector and the external

sources [5, 6]
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Here [ is a constant setting the normalization of temperature, and Ay is a gauge parameter

(2.3)

which ensures that p is gauge-invariant [16]. The electromagnetic field strength tensor
Fu = 0,A, — 0,A, can be decomposed in 3+1 dimensions as

Fo =u,E, —u,E, — €u,,0u’ B’ , (2.4)

where E,, = F,,,u” is the electric field, and B* = %e“”o‘ﬁ uy, Fop is the magnetic field, satisfy-
ing u-E = u-B = 0. The decomposition (2.4) is just an identity, true for any antisymmetric
F,, and any timelike unit u*. Electric and magnetic fields are not independent, but are
related by the “Bianchi identity” e*®? V. Fop = 0, which in equilibrium becomes

V-B = B-a— EQ, (2.5a)

U €PN, By = 1, Eya, . (2.5b)

Here QH = e“”"‘ﬁuyv(ﬂw is the vorticity and a* = u*Vyu# is the acceleration. In equi-
librium, the acceleration is related to temperature by O\T = —Tay. Relations (2.5)
are curved-space versions of the familiar flat-space equilibrium identities V-B = 0 and
VXE = 0.

In order to write down the density F in the derivative expansion, we need to specify
the derivative counting of the external sources A and g. The natural derivative counting for
the metric is g ~ O(1) (assuming we are interested in transport phenomena in flat space),
while the derivative counting for A depends on the physical system under consideration.

As an example, consider an insulator, such as a system made out of particles which
carry electric/magnetic dipole moments, but no electric charges. In such a system, there
is no conserved electric charge, and the above u is not a relevant thermodynamic variable.
If we are interested in thermodynamics of such a system subject to external electric and
magnetic fields, we are free to choose B ~ O(1) and E ~ O(1) in the derivative expansion.
The free energy density is then

F =p(T,E* E-B,B?) + 0(d). (2.6)

The leading-order term is the pressure, whose dependence on E and B encodes the electric,
magnetic, and mixed susceptibilities. For the list of O(9) contributions to F, see ref. [17].

As another example, consider a system that has electrically charged degrees of freedom
(a conductor), such that p gives a non-negligible contribution to thermodynamics. In
equilibrium, dyp = E) — pay is satisfied identically, which suggests that counting p ~ O(1)
leads to E ~ O(0). This is a manifestation of electric screening. The magnetic field, on
the other hand, may still be counted as O(1). The counting B ~ O(1) and E ~ O(9) is
the relevant derivative counting for MHD. The free energy density is then

5
F=p(T, 1, B+ My(T, i, B*)s{) + 0(8%), (2.7)

n=1



n 1 2 3] 4 5
si) | BrOL(BY) | "7 u,B,V,B, | B-a | BQ | B-E

C - + o T
P - - - |+ | -
T - + -+ | -
w 3 5 njfa| 3 | 4

Table 1. Independent non-zero O(9) invariants in equilibrium in 3+1 dimensions.

(1)

where s, are O(0) gauge- and diffeomorphism-invariants, and the coefficients M,, need
to be determined by the microscopic theory, just like the pressure p. Following ref. [17],
we list the invariants 5511) in table 1. The rows labeled C, P, T indicate the eigenvalue
of the invariant under charge conjugation, parity, and time reversal. The last row shows
the weight w of the invariant under a local rescaling of the metric: g,, — gu = e’QV’gW7
and s, — 3, = e“¥s,. The invariant sél) does not transform homogeneously under the
rescaling, and can not appear in a conformally invariant generating functional. Hence,
we expect that in a conformal theory M3 = 0. The coefficient Mj is the usual magneto-
electric (or electro-magnetic) susceptibility; similarly My may be termed magneto-vortical
susceptibility. For the rest of the paper, we will adopt the derivative counting B ~ O(1)
and E ~ O(9), as is appropriate for MHD.

As an example, consider a parity-invariant theory in magnetic field. The only O(9)
thermodynamic coefficient is the magneto-vortical susceptibility M, = My, which affects
(TH) and (J*) when there is non-zero vorticity, and higher-point equilibrium correlation
functions of T* and J* when there is no vorticity. We define static (zero frequency)
correlation functions of T and J* by varying the generating functional (2.1) with respect
to g, and A, in the standard fashion. For example, in flat space at constant temperature
Ty, constant chemical potential ug, and constant magnetic field By in the z-direction, one
finds the following static correlation functions at small momentum

(T J?) = —kyk, Mg, (T"™TY?) = —iBok, M, . (2.8)

The first expression may be used to evaluate the magneto-vortical susceptibility M in a
system that is not subject to magnetic field, and is not rotating.

3 Hydrodynamics with external electromagnetic fields

3.1 Constitutive relations

Hydrodynamics is conventionally formulated as an extension of thermodynamics, in the
sense that hydrodynamic variables are inherited from the thermodynamic parameters. This
is a strong assumption, and we expect the hydrodynamic description only to be valid for
B < T?, otherwise new non-hydrodynamic degrees of freedom (such as those associated
with Landau levels) must be taken into account. Let us start by taking E and B fields



as external and non-dynamical. In hydrodynamics, the thermodynamic variables T, u®,
and g are promoted to time-dependent quantities. Out of equilibrium, they no longer
have a microscopic definition, but are merely auxiliary variables used to build the non-
equilibrium energy-momentum tensor and the current. The expressions of TH” and J* in
terms of the auxiliary variables T, u®, and u are called constitutive relations; they contain
both thermodynamic contributions (coming from the variation of F), and non-equilibrium
contributions (such as the viscosity). It is worth noting that thermodynamic contributions
and non-equilibrium contributions to the constitutive relations may appear at the same
order in the derivative expansion. The constitutive relations are then used together with
the conservation laws (2.2) to find the energy-momentum tensor and the current. While
in thermodynamics egs. (2.2) are mere identities reflecting the symmetries of W, solving
egs. (2.2) in hydrodynamics can be a challenging endeavour leading to rich physics.

We will write the energy-momentum tensor using the decomposition with respect to
the timelike velocity vector u#,

TH = Eutu’ + PA™ + Q¥ + QUut + TH (3.1)

where A* = gM + w#u” is the transverse projector, Q! is transverse to u,, and TH is
transverse to w,, symmetric, and traceless. Explicitly, the coefficients are & = u,u,T"",
P = %AWTW, Q, = —AIMUgTO‘B and T, = %(AMQA,,g + Avalyp — %AWAQQ)TO"H.
Similarly, we will write the current as

Jh = Nub + J*, (3.2)

where the charge density is N' = —u,J*, and the spatial current is 7, = AMJ)‘.
Using the equilibrium free energy (2.7), one can isolate O(1) and O(9) contributions
to the energy-momentum tensor and the current:

&= G(T,IU,,BQ) +f€7
P = H(Taﬂsz) +f737
N =n(T,p, B?) + fn .

1
THV - OZBB(T, M, B2> (BHBV — 3AHVBQ> + f,LLV 5

where e = —p + T(9p/IT) + p(0p/0p), Il = p — %aBBBQ, n = Op/du, and the magnetic
susceptibility is app = 20p/0B?. The terms fe, fp, far, [, QF, and J* are all O(9), and
contain both equilibrium and non-equilibrium contributions, fe = fe + fe”" " etc, where

the bar denotes O(9) contributions coming from the variation of Wj.

3.2 Field redefinitions

Out of equilibrium, the variables T, u®, and p may be redefined. Such a redefinition is often
referred to as a choice of “frame”, see e.g. ref. [18] for a discussion. Consider changing the
hydrodynamic variables to T/ = T+T, v'® = u®+du®, y' = u+dop, where 5T, fu®, and o
are O(0). The same energy-momentum tensor and the current may be expressed either in



terms of T, u®, y, or in terms of T, w/®, ji' (note that B? = B"24+-0(9?)). Physical transport
coefficients must be derived from O(9) quantities which are invariant under such changes
of hydrodynamic variables. A direct evaluation shows that the following combinations are
invariant under “frame” transformations:

_ ol ol
f=rr- <8e>n fe— <8n>€ g (3.3a)
_ B® n
(== <ja - €+an> : (3.3b)
B — ppe _ n
¢ =B+ (ja PR Qa> , (3.3¢)

= Y — (BuBV — ;A“”BQ> Kagf) fe + <8SZB> f,\/] : (3.3d)

Here B* = A® — BFBY/B? is the projector onto a plane orthogonal to both u* and
B*, all thermodynamic derivatives are evaluated at fixed B?, and B = vV B2. When the
magnetic susceptibility app is T- and p-independent, the stress ff;” is frame-invariant.

As an example, one can choose 6T and &y such that &' =e(T", i/, B?), N' =n(T", i/', B'?),
and further choose du® such that Q) = 0. This corresponds to the Landau-Lifshitz
frame [1]. The components of energy-momentum tensor and the current take the following
form in the Landau-Lifshitz frame:

P = (T 4/, B?) + f (3.42)
g 14 BIH
JH =t + 2t (3.4b)
1
T = (T, i, B”) (B’”B”’ - 3A’“”B’2> e (3.4¢)

where the frame invariants are given by eq. (3.3). In the Landau-Lifshitz frame, a non-zero
value of the pseudoscalar frame-invariant ¢ indicates a current flowing along the magnetic
field. In a constant external magnetic field such currents arise as consequences of chiral
anomalies [4]; in an inhomogeneous external field, an electric current flowing along the mag-
netic field can arise without chiral anomalies, owing to a non-zero magnetic susceptibility.

3.3 Thermodynamic frame

The energy-momentum tensor and the current derived from the static generating functional
W correspond to a different frame, termed in [6] the thermodynamic frame. Taking the
variation of the free energy (2.7), one finds the following equilibrium O(9) contributions in
the thermodynamic frame:

5 5 5
f8:Z€n5;Ll); fP:ZWnS%U, fN:Zq&nSS)a
n=1 n=1 n=1
4 4 10
O = "y, T =S, =0t (3.5)
n=1 n=1 n=1



n 1 2 3 4

o | P, 0, B, | P u, B,0,T/T | ¢*7u,B,0,B% | ¢"fu,E,B,

n 1-5 6 7 8 9 10
tre | ) ple gr) va‘B”) U(21)<MBV> Uél)WBV) Ufll)<HBV> Qlepy)

Table 2. Top: non-zero transverse O(J) vectors that appear in the equilibrium energy flux Q* and
in the equilibrium spatial current J#. The vector v§"’" is the Poynting vector. Bottom: non-zero
symmetric transverse traceless O(9) tensors that appear in the equilibrium stress 7+¥. For any two

transverse vectors X* and Y*, the angular brackets stand for X #Y") = X+rYV 4 XY+ — %A“”X-Y.

where the bar signifies equilibrium contributions, and the coefficients €,,, 7, ¢n, Vn, On, On
are all O(1) functions of the five thermodynamic coefficients M, (T, i1, B?) and of the mag-
netic susceptibility app = 20p/0B?. The explicit expressions are given in appendix A. The
one-derivative scalars sl are given in table 1. The one-derivative vectors v;’* and tensors
ty " are listed in table 2. The table does not list all O(d) vectors and tensors, but only

those that appear in the equilibrium Q* and 7. The frame invariants (3.3) then become

5 5
f - Z (I)nsgll) + fnon—eq. 5 (= Z An8§L1> + Enon—eq. P (363)
n=1 n=1
5 10
OF =TT 0 =) Ot (3.6b)
n=1 n=1
In the vector invariant, we have defined vél)“ = S(QUB”. The subscript “non-eq” denotes

non-equilibrium contributions which by definition vanish in equilibrium. The functions
(T, u, B%), A(T, 1, B), T (T, i1, B?), ©,,(T, i1, B?) are non-dissipative thermodynamic
transport coefficients. Explicitly,

oIl oIl 1 n
vo=mo=an (o) o0 (). M =00 da= g (0 )
n 1 n
Fn :671_7713 5=—-—% (01— ———55 )
<4 e—l—p—OzBBBQ,y 5 B2 ( 1 E-‘—p—aBBBQ’}/l)
1 Oagp 1 Oagp
Oncs =0, — =€, ——0n|—5—] s Onze=0,.
@ =5 ( e > 2 <8n > #0

We see that the constitutive relations for energy-momentum tensor and the current con-
tain twenty-one thermodynamic transport coefficients ®,,, Ao, I';;, ©,. These twenty-one
coeflicients are not independent, but can all be expressed in terms of only five parameters
M, of the equilibrium generating functional.

Let us now write down the constitutive relations in the thermodynamic frame that is
a natural generalization of the Landau-Lifshitz frame. We will define the thermodynamic



n 1 2 3 4 5 6
Shnoneeq. | WOAT | wrorp | Veou | B0V, | BAEx — TV o\ (u/T) | bay + 0 O\T/T

P + + + + - -
n 1 2 3
Uﬁzl)nuon-eq. EF — TA/JV@U(/'L/T) at 4 A“"&,T/T ovb,
P - - +

Table 3. Non-equilibrium scalars and transverse non-equilibrium vectors at O(9), written in terms
of b* = B*/B. In addition to the vectors listed in the table, there are corresponding transverse

non-equilibrium vectors 90k o, = €*P7u,b,vil) oq ,- The table also shows the parity of non-

equilibrium scalars and vectors. Under time-reversal, the scalars si’,,, o, are T-odd, the vectors

(Lp _ ~(1) _
Uy hon-eq. are T-even, and the vectors 0. 5, ., are T-odd.

frame (primed variables) by redefinitions of T', u, and u® that give

E =eT, 1, B?) + fe, (3.7a)
N'=n(T', i/, B + fa, (3.7b)
Qla = Qa- (370)

In other words, in this thermodynamic frame the coefficients £, A/, and Q,, in the decom-
positions (3.1), (3.2) take their equilibrium values, derived from the equilibrium generating
functional Ws. The other coefficients take the following form in the thermodynamic frame:

Pl = H(T,7 ,U,/, B/Q) + f_P + fnon—eq. 5 (37d)
_ B//L
JH=TF+ gﬁ.non—eq. + ?Enon—eq. , (37e)
1 v
T = aua(T sl B%) (BVBY ~ LAB) 4 e (BT

3.4 Non-equilibrium contributions

With the equilibrium contributions out of the way, the next task is to find the non-
equilibrium terms in the constitutive relations (3.6). This amounts to finding one-derivative
scalars, vectors (orthogonal both to B, and to u,), and transverse traceless symmetric ten-
sors that vanish in equilibrium. Note that non-equilibrium contributions (those that vanish
in equilibrium) are not the same as dissipative contributions (those that contribute to hy-
drodynamic entropy production). Every dissipative contribution is non-equilibrium, but
not every non-equilibrium contribution is dissipative.

The six independent non-equilibrium one-derivative scalars are given in table 3. The
scalar u*d, B? is not independent as a consequence of the electromagnetic Bianchi identity,
and can be expressed as a combination of V-u and B¥B"V,u,. Three scalar equations of

motion V,J* =0, u,V,T" + E,J* =0, and B,V,T* 4 (E-B)(u-J) = 0 taken at zeroth
(1) (1)

order provide three relations among the scalars. We choose to eliminate s35,,, oq» 52 non-eq.®



and sgl)non_eq. and write the scalar and pseudo-scalar constitutive relations as

_ (1) (1) (1)
fnon-eq. = C153 non-eq. + €254 non-eq. + €355 non-eq. ’

_ (1) (1) (1)
gnon—eq. = €453 non-eq. + €554 non-eq. + C655 non-eq. ’

with some undetermined transport coefficients c,.

The independent non-equilibrium transverse one-derivative vectors are given in table 3,
where the shear tensor is 0" = AP*AY#(Voug + Vgua — 3A,5V-u). We use the vector
equation of motion (2.2a) projected with B*” at zeroth order to eliminate one of the
vectors,! and write the vector constitutive relation as

o =c7BY, (v + cg BH, (v + c9 pihe + c10 Pk

1 non-eq. U1 non-eq. Us non-eq. 1 non-eq. 3 non-eq. ’
The tilded vectors are defined as o" = 7w, B,v,/B.

There is a number of symmetric transverse traceless non-equilibrium one-derivative
tensors besides the shear tensor ¢#”. One such tensor is

- 1
ot = 2B (GﬂAaﬁUABaO’ﬁ Y+ e”)‘o‘ﬁu,\Baoﬂ “) . (3.8)

Other tensors can be formed by B {upr) s%l >non_eq,, or by symmetrizing B* with a transverse
non-equilibrium vector. Again, we eliminate three scalars and one vector by the zeroth or-
der equations of motion and write the tensor constitutive relation in terms of b# = B* /B as

v — v v (1) (1) (1)
tﬁon-eq_ - cllo"u + b<#b ) <61253 non-eq. + C1354 non-eq. + C1485 non—eq.)

(V)
3 non-eq.

W)
1 non-eq.

(V)
3 non-eq.

(Mv)

+ C15b<“111 non-eq. + 016b<”v + Cl7b<“1~1 + C18b<”f} + c19 MY,

with some undetermined transport coefficients ¢,. Thus there are five equilibrium func-
tions M, (T, u, B?), and nineteen non-equilibrium functions ¢, (7T, 1, B?) that determine
one-derivative contributions to the energy-momentum tensor and the current in strong
magnetic field. If the microscopic system is parity-invariant, all thermodynamic coeffi-
cients M,, vanish except for M. In addition, the dynamical coefficients cs, ¢4, c5, cg, c10,
C14, €15, c17 must vanish by parity invariance. Thus a conducting parity-invariant system
in magnetic field has one thermodynamic coefficient My, three “electrical conductivities”
cg, 7, and c¢g, and eight “viscosities” c1, co, ¢11, €12, €13, C16, C18, and c1g. We will see
later that the Onsager relations impose a relation between cg, c12, and c13, plus four more
relations among the parity-violating coefficients. This leaves eleven transport coefficients
(one thermodynamic and ten non-equilibrium) for a conducting parity-invariant system in
magnetic field in 341 dimensions. In a conformal theory, the tracelessness condition? will
in addition impose ¢; = ¢ = 0.

'Namely, using the equation of motion (2.2a) with the constitutive relations for T#* and J* derived
from the generating functional W = [/=gp(T, 1, B*) + O(9). The relation among the vectors that one
finds is 0§, o = v oo /(€ +) + O(D).

2In a conformal theory subject to external fields g,, and A,, the trace of the energy-momentum tensor
receives an anomalous contribution T%, = KF' 2+ 0(d%), where & is a theory-dependent constant that counts
the number of charged degrees of freedom, and the terms O(9*) are due to curvature invariants. It was
shown in ref. [19] that the conformal anomaly may be captured by a certain local term in the hydrostatic

generating functional, which for our purposes amounts to a term in p(T, i, B%) proportional to .

— 10 —



The constitutive relations may be simplified further if we note that the shear tensor
can be decomposed with respect to the magnetic field as

1
oM = HV 4 (B 4 BVSH) + 5b<ﬂb”> (394 — S3). (3.9)
Here o' = 1 (B**B"F + B“BH’ — B*B) 0,4 is traceless, 5# = B*0,,b°, and both are
orthogonal to the magnetic field B,,. The scalars are S3 = V-u and Sy = b0V, u,. The
tensor (3.8) then becomes

1 . -
o =y (b“E” + b”Z“) , (3.10)

where &iy is transverse to both u, and B, symmetric, and traceless.

For completeness, let us summarize the constitutive relations for a parity-invariant
theory in the thermodynamic frame. Defining M, = My, the energy-momentum tensor is
given by eq. (3.1) with the following coefficients:

E=—p+Tpr+upu+ (TMor+ pMg , —2Mgy) B, (3.11a)
4 1
P=p— §p73232 — g(MQ +4M¢, g2 B*)B-Q — (1V-u — (b b Vu, (3.11b)

QM = — Mo u,0,B, + (2Mq — TMq 1 — pM, ) """ u, B,0,T/T
— Mg p2€"*u, B0, B* + (—2p g2 + M, ,, — 2Mg p2 B-Q)e"*u, E, B,
+ Mo Q,Eyug , (3.11c)

1
TH = 2p pa (B”B” —~ SN‘”BQ> + M, g2 B“BY) B-Q + M,B"Q"
— et = (B B — bUY) (mV~u n nQbabﬁvauﬂ)
— ALt — i (R + S (3.11d)
and the current is given by eq. (3.2) with the following coefficients:

N =pu+ Mg, BQ—mQ, (3.12a)
L BY
BQ

TH = e"P7u,Nyme + P uya,me + <ULBMV + o ) V,+5VH. (3.12Db)

The current is written in terms of the magnetic polarization vector
mt = (2p p2 + 2Mg g2 B-Q) B + MoQ* (3.13)

while the electric polarization vector vanishes at leading order in a parity-invariant sys-
tem. The comma subscript denotes the derivative with respect to the argument that
follows. Note that we are keeping O(9?) thermodynamic terms in the constitutive rela-
tions (coming from the variation of Mys|”) that are needed to ensure that the conservation
laws (2.2) are satisfied identically for time-independent background fields. In writing down
the constitutive relations (3.11), (3.12), we have relabeled the non-equilibrium transport
coefficients as (1 = —c¢q, (o = —c9, o =c6, 0L =7, 0 =9, L = —C11, N = —C11 — C16,
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m = —ci2+ 5c11+ 2ci6, N2 = —c13 — Sc11 — 2c16, il = —c18 — 3C19, 7. = —c19, and defined
VI = EF—TAM0,(u/T). The coefficients o, o) are the transverse and longitudinal con-
ductivities, and 77, 77 are the transverse and longitudinal shear viscosities. The coefficients
(1, C2, m and 72 may all be called “bulk viscosities”, of which only three are independent
due to the Onsager relation. The coefficients 7, , 7 are the two Hall viscosities, and ¢ is
the Hall conductivity.?

When the external electromagnetic field vanishes, the system becomes isotropic, and
we expect to recover the constitutive relations of the standard isotropic hydrodynamics,
with shear viscosity n, bulk viscosity ¢, and electrical conductivity ¢. Thus as B — 0 we

expect ny = =—2m=3m =00 =7=0,{=¢{=0,0.=0,=0,5=0.

3.5 Eigenmodes

As a simple application of the hydrodynamic equations (2.2) together with the constitutive
relations (3.11), (3.12), one can study the eigenmodes of small oscillations about the thermal
equilibrium state. We set the external sources to zero, and linearize the hydrodynamic
equations near the flat-space equilibrium state with constant T = Tp, p = po, u® = (1,0),
and B® = (0,0,0,By). Taking the fluctuating hydrodynamic variables proportional to
exp(—iwt+ik-x), the source-free system admits five eigenmodes, two gapped (w(k—0) # 0),
and three gapless (w(k—0) = 0). The frequencies of the gapped eigenmodes are

Bono ZBg

=0 (¢, +i5) — iDK?, 3.14
o o (oL +ic) —i (3.14)

==

where wg = €9 + pg is the equilibrium enthalpy density, and we have taken aBBBg < wy,
MQ,HB[Q) < wp in the hydrodynamic regime By < Tg. As the imaginary part of the
eigenfrequency must be negative for stability, this implies o, > 0. The mode has a circular
polarization (at k = 0), with du, and du, oscillating with a 7/2 phase difference. The anal-
ogous mode in 241 dimensional hydrodynamics was christened the hydrodynamic cyclotron
mode in ref. [12], which also explored its implications for transport near two-dimensional
quantum critical points.

For momenta k || By, the three gapless eigenmodes are the two sound waves, and one
diffusive mode. The eigenfrequencies in the small momentum limit are

_ _ M 2
w=tkvs —1 5 k-, (3.15a)
w=—iDyk?*, (3.15b)
where vg is the speed of sound. As in ref. [18], we can write the coefficients in terms of

the elements of the susceptibility matrix in the grand canonical ensemble. The non-zero
elements of the 3 x 3 susceptibility matrix are x11 = T(9¢/9T') /7, x13 = x31 = (F¢/Op)T,

3The actual Hall conductivity, measured as a response to external electric field, must be obtained after
the hydrodynamic equations with the constitutive relations (3.11), (3.12) have been solved. Doing so in a
state with constant charge density no and magnetic field By gives the Hall conductivity no/Bo, as expected
from elementary considerations of boosting the state in the plane transverse to Bg. See eq. (3.24c) below.
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X33 = (On/Ou)r, and Y20 = wp, with derivatives evaluated at constant B? in equilibrium.
The longitudinal diffusion constant is

2
0'” Wy

Dy = .
I n3x11 + wixss — 2nowox1s

The positivity of the diffusion constant implies o > 0. The speed of sound squared

expressed in terms of the elements of the susceptibility matrix is given by

02— ndxi1 + wixss — 2nowoX13
5 det(x) ’

and the damping coefficient is

1 /4 || wo (nox11 — woxi3)?
Tj=—(= '
sl = <3(771 t)+ G CQ) * det(x) ndx11 + wixss — 2nowox13

The expression for vs and D in terms of the thermodynamic functions formally look the
same as in hydrodynamics without external O(1) magnetic fields [18]. All of vg, I'; |, and
D) depend on By through p = p(T, i1, B?) and the transport coefficients.

For momenta k | By, the three gapless eigenmodes include two diffusive modes, and
one “subdiffusive” mode with a quartic dispersion relation,

w=—iDk?, (3.16a)
k.2
S (3.16b)
wo
ok
= —i : 3.16¢
B3 x33 ( )

The transverse diffusion constant is determined by the transverse resistivity. We define the
2 x 2 conductivity matrix in the plane transverse to Bg as o4 = 0194 + (Il%)l + 5) €ab)

and the corresponding resistivity matrix as pu = (07 1)ap = pLdap + L €ap, Which defines
p1 and p. The transverse diffusion constant is then
3
WpX33
Dy =—02"p,
L7 den()B3
again using nguBg < wp. Stability of the equilibrium state now implies 7, > 0, n; > 0.
For modes propagating at an angle § with respect to By, the gapless modes include
sound waves (unless § = 7/2), and a diffusive mode. For a fixed value of 6, the small-
momentum eigenfrequencies are w = +kv, cos ) — LI'5(0)k?, and w = —iD(0)k?, where
2

D(0) = Dy cos® 0 + LDL sin?4,

V2w X33
[s(0) =T, cos?0 + i} + (nox13 = wOX33)2D sin’ 6
s sl Wy X33 vZ det(x) - .

The coefficient D, in the cyclotron mode eigenfrequency (3.14) at small By is

ivlwy  (ndxi—wdxss)wo 3¢+ n
D,= |+ 0 0 in?0 4+ — cos® 0 + O(By) .
¢ ( 2ng By * 2n2 det(y) 7t 6wo > e wo cos” 0+ O(Bo)

Note that the limits § — 7/2 and k& — 0 in the eigenfrequencies do not commute.
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3.6 Entropy production

The simple flat-space eigenfrequency analysis in the previous subsection imposes certain
constraints on non-equilibrium transport coefficients. In order to find more general con-
straints, one method is to impose a local version of the second law of thermodynamics:
the existence of a local entropy current with positive semi-definite divergence for every
non-equilibrium configuration consistent with the hydrodynamic equations. We will not
attempt to construct the most general entropy current from scratch. Rather, we will use
the result of [7, 8] saying that the constraints on transport coefficients derived from the
entropy current are the same as those derived from the equilibrium generating functional,
plus the inequality constraints on dissipative transport coefficients. We take the entropy
current to be

S = St on + St

canon eq.

where the canonical part of the entropy current is

1

Stanon = 75 (pu* =T uy — pJ"), (3.17)
and Sk, is found from the equilibrium partition function, as described in [7, 8]. The
constraints on transport coefficients follow by demanding V,5* > 0. Using conservation
laws (2.2), the divergence of the canonical entropy current is

VSt :V(&M—WW%%W‘ﬂ—aﬁ.
MM~ canon H T 1 T T ,LLT

The Sk part of the entropy current is explicitly built to cancel out the part of V,Snon
that arises from the equilibrium terms in the constitutive relations, i.e. the terms in TH
and J* derived from the equilibrium generating functional. In fact, ref. [8] has already
found Sk in the case when the generating functional contains a contribution proportional
to B-Q. We thus focus on non-equilibrium terms, and write the thermodynamic frame
constitutive relations (3.7) as TH = Tl + Thon-eq. and J* = J&, + Jhon-eq.. The divergence

of the entropy current is then

1 " Uy
VS = Zlbonca, (B = TOu%: ) = Thttc, Vi o
1 BH 1 1
= T <£inon—eq. + Bgnon.eq_) V,u - ffnon-eq.v'u - ﬁtﬁgn—eq.glﬂ/ '

Using the constitutive relations (3.11), (3.12), this leads to

B-V)? Y 1 v

TWﬁ“=ﬂﬁ£p)+0MW‘%V+§nMﬁU2+WEQ
2 2

+ <C1 — 3771> S5 + 2m257 + (2771 + G2 — 3772> 5354 , (3.18)

where again S3 = V-u and Sy = b0V, u,. Demanding V,5* > 0 now gives

O-H >0a O—L>07 77L>07 77” 207 (3193)
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together with the condition that the quadratic form made out of S3, Sy in the second line
of eq. (3.18) is non-negative, which implies

2
n2 20, G—3m=0, (3.19b)

2 1 2 \?
Zp\Gmgm )z (2ntG-gm) . (3.19¢)

The coefficients 7., 7, and ¢ do not contribute to entropy production, and are not con-
strained by the above analysis. Thus, 7., 7, and ¢ are non-equilibrium non-dissipative
coefficients.

3.7 Kubo formulas

When the microscopic system is time-reversal invariant (i.e. the only source of time-reversal
breaking is due to the external magnetic field), transport coefficients can be further con-
strained by the Onsager relations. The retarded two-point functions of operators O, and
Oy in a time-reversal invariant theory in equilibrium obey

Gab(w; k; B) = €a€p Gba(wa _ka _B) ) (320)

where €, and €, are time-reversal eigenvalues of the operators O, and O,. We take our
operators to be various components of T#” and J*, and evaluate the retarded two-point
functions by varying one-point functions in the presence of the external source with respect
to the source. Namely, we solve the hydrodynamic equations in the presence of fluctuat-
ing external sources §A4,dg (proportional to exp(—iwt + ik-x)) to find 0T[A,g], ou[A, g],
du“[A, g], and then vary the resulting hydrodynamic expressions T#[A,g] and J"[A, ¢]
with respect to gag, Ao to find the retarded functions. Specifically,

5 ) 5

GT[JJ/TQ/B = 2@ (\/ —q T:n—shell[A’g]) s GJ;J.Taﬁ = 269043 (\/ —g Jélln—shell[A%g]) s (3213)
é v 1)

GT,u.uJa = mijn_sheu[A, g] 5 G_]u]a = EJKH—SheH[A7 g} 5 (321b)

where the subscript “on-shell” signifies that the corresponding hydrodynamic T#¥[A, g] and
JH[A, g] are evaluated on the solutions to (2.2), and the sources 6 A, dg are set to zero after
the variation is taken. The expressions (3.21) are to be understood as

" 1
6(v—y T:n—shell) = §GTWTaﬁ (w, k) 59&6 (w, k),

etc. This provides a direct method to evaluate the retarded functions, and allows both to
check the Onsager relations and to derive Kubo formulas for transport coefficients.* The
constraint on transport coefficients we find by demanding that eq. (3.20) holds is®

3C2 — 67]1 — 2772 =0. (3.22)

“Taken at face value, hydrodynamic correlation functions violate Onsager relations at non-zero w and
non-zero k. However these violations do not affect the Kubo formulas and disappear in the limit B < T2,
which corresponds to the validity regime of hydrodynamics.

2

5For parity-violating coefficients, we find ¢3 = §(c14+c15)—04, ¢s = —2(c1a+cis), cg = —c15, €10 = —C17.
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For the rest of the paper, we will assume that (3.22) holds, which leaves us with ten
non-equilibrium transport coefficients for a parity-invariant microscopic system. Using
eq. (3.22) to eliminate (2, the inequality constraint in eq. (3.19¢) turns into

2
2m(Cr = 3m) = ng . (3.23)

We next list the expressions for transport coefficients in terms of retarded functions eval-
uated in flat-space equilibrium with external magnetic field in the z direction, as in
section 3.5. In the limit k — 0 first, w — 0 second we find the following Kubo formulas.
The two-point function of the longitudinal current J* gives the longitudinal conductivity,

1
alm GJsz (w, kZO) = O'H 5 (324&)
while the two-point functions of the transverse currents J®, JY give the transverse
resistivities,
L i G e o (0, k=0) = o g (3.24b)
w Jr e (W, K=U) = PJ_BSU .
L i G (w0, k=0) = 0 _ 25 wh (Bo) (3.24c)
—Im G je jv(w, k=0) = — — w”p — sign .
w JrJy\W, By pL Bé g 0)>

where the resistivities p, and 5, were defined below eq. (3.16). Alternatively, the resistiv-
ities can be found from correlation functions of momentum density,

1 wi
EIIII GTOmTO:c (w, k:O) = pJ_Big s (3253)
1 2
~ . Wy
—Im G, 1, (W, k=0) = —p1sign(Bo) =3 , (3.25b)
w By
assuming Bf < wg. The shear viscosities are given by
1
—Im GszTIy ((JJ7 kIO) =N, (3263)
w
1
;Im GTacmic (UJ, kZO) = 771_ Sign(B()) s (326b)
1
—Im GTszwz (w, kZO) = ?7H N (3.260)
w
1
;Im GTszwz (w7 kZO) = T~]H Sign(Bo) s (326d)
while the “bulk” viscosities may be expressed as
1
—5ijIm GTiij (w, kZO) = 3C1 y (3.266)
w
1
37‘)(52']‘(516[ Im GTikal (UJ, kZO) =3( + (2, (3.26f)
1 2
E:[m G0101 = Cl - gnl ’ (326g)
1
—Im G0202 = 2772 5 (3.26h)
w
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where O = %(T” + T%), and Oy = T%* — %(T” + T%). Correlation functions at non-
zero momentum may be obtained in a straightforward way from the variational procedure
described earlier.

3.8 Inequality constraints on transport coefficients

Finally, let us show that the inequality constraints on transport coefficients derived from
demanding that the entropy production is non-negative can also be obtained from hydro-
dynamic correlation functions, without using the entropy current. The argument is based
on the fact that the imaginary part of the retarded function Gpo(w,k) must be positive
for any Hermitean operator O and w > 0,

Im Goo(w, k)>0. (3.27)

Now consider the operator O = aO1 + bOs, with real coefficients ¢ and b, and Hermitean
operators O1, Oy. The inequality (3.27) implies

Im [a2G0101 + abGo,0, + abGo,0, + b2G0202] >0,
for w > 0. This quadratic form in a, b must be non-negative for all a,b which implies
ImGo,0, =2 0, ImGp,0, > 0 together with
1
(ImGo,0,) ImGo,0,) = 1 (ImGo,0, + ImGo,0, )2 . (3.28)

The two terms in the right-hand side of (3.28) can be related by the Onsager relation (3.20).
As an example, take Oy = (7% + T%), and Oy = T — L(T** 4+ T%). Evaluating the
correlation functions at k = 0 and w — 0, the inequalities (3.27), (3.28) immediately imply
the entropy current constraint (3.19c). The constraints (3.19a), (3.19b) follow directly from
the Kubo formulas given in the previous subsection.

4 Hydrodynamics with dynamical electromagnetic fields

4.1 Dynamical gauge field

We now move on to systems where the gauge field A, is dynamical rather than external,
which will lead us to MHD. In external metric g, the (microscopic) generating functional is

= /DA eSloAl

where S is the action. Let us couple the gauge field to an external conserved current J% ;.

We do this so that the new generating functional is
Z[g, Jext] /DA Dy e5lo: A+ [V=9 (Au=0u) Jese. (4.1)

and W = —ilnZ. The new field ¢ is a Lagrange multiplier which shifts under gauge
transformations and ensures that the external current is conserved. We define the energy-
momentum tensor and the current by the variation of the action:

9459, A /\/ T*0gu,, 04S[g, A /\/ JHOA,
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Diffeomorphism invariance of Wg, Jext| implies V,(T*") = (F MY Jextx - In what follows,
we will omit the angular brackets, writing the (non)-conservation of the energy-momentum
tensor simply as

Vo TH = FN Joix - (4.2)

In the standard hydrodynamic approach, T#" and Fj,, will then be taken as dynamical
variables in the classical hydrodynamic theory. Note that the sign in the right-hand side of
eq. (4.2) is opposite compared to eq. (2.2a), owing to the fact that the current, rather than
the gauge field, is now external. In order to proceed with hydrodynamics, we need to spec-
ify a) the constitutive relations for the energy-momentum tensor to be used in eq. (4.2),
and b) the equations which determine the evolution of the dynamical gauge field Fj,,.

4.2 Maxwell’s equations in matter

Classical equations specifying the dynamics of electric and magnetic fields are usually
referred to as Maxwell’s equations in matter. While we don’t have a recipe of deriving them
in a most general form in a model-independent way, a useful starting point is provided
by matter in thermal equilibrium. Maxwell’s equations for equilibrium matter may be
then amended to include the non-equilibrium and dissipative effects, such as the electrical
conductivity. To this end, as advocated in [20], we take the static generating functional
Wilg, A] to be the effective action for gauge fields in equilibrium,

Selg, A] = /d4x Nt (4.3)

where F is a local gauge-invariant function of the sources g, and A, and we have ignored
the surface terms. To leading order in the derivative expansion, F is simply the pressure.
We can always write F = —%FWF“” + F., where the vacuum action is —%FWF”” =
3(E? — B?), and F, is the “matter” contribution. The isolation of the vacuum term is
arbitrary, but it will allow us to make contact with the textbook form of Maxwell’s equations
in matter. Our (equilibrium) effective theory is then given by the partition function (4.1),
with S replaced by Seg, and the total action is

StotlAs ] = Wilg, A] + / V=5 (Au—0,0) T,

The current derived by varying the total action with respect to A, is Jio, = JF* + JL, or

Jeo = =V, (F* — M™) + nut + JE

ext

where the polarization tensor M is defined by 6p [d*x \/—g F,. = 3 [d*x /=g MI" 6F,
and the density of “free” charges is n = 0F,,/0u. The equation of motion for the gauge
field follows from d4St0t = 0, or equivalently Jf, = 0, and becomes

V, H*¥ = nut + J*

ext

(4.4)

where H* = F* — M# . This is the desired equation that must be satisfied by electromag-
netic fields in equilibrium. Following the standard hydrodynamic lore and assuming that
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eq. (4.4) also holds for small departures away from equilibrium, one obtains hydrodynamics
of “perfect fluids”, now with dynamical electric and magnetic fields. For these perfect fluids,
equations (4.4) have to be solved together with the stress tensor (non)-conservation (4.2),
where TH is derived from the effective action (4.3).

In fact, eq. (4.4) is nothing but the standard Maxwell’s equations in matter. The
polarization tensor M# defines electric and magnetic polarization vectors P* and M*
through the decomposition

ME = PPy — PYul — e""PPu, M, . (4.5)

m

The antisymmetric tensor H,,, can be decomposed in the same way as the field strength F),,,,
Hy =u,Dy —u,Dy — €pppou’ H
which defines D,, = H,,u” and H" = %GNVO‘ﬁuVHag, so that

D# = EF + PH |

HY' = B — M*.
It is then clear that eq. (4.4) is the covariant form of Maxwell’s equations in matter: the
currents of ‘free charges’ are in the right-hand side, while the effects of polarization ap-
pear in the left-hand side through the substitution E# — D, B* — H* in the vacuum
Maxwell’s equations. Action (4.3) is the action for Maxwell’s equations in matter.

As an example, consider the following “matter” contribution: F,, =p. (T, u, E2 B> E-B),

where p,, is the “matter” pressure. The polarization tensor is then M = 20p,,/0F,,, and
the polarization vectors are

P! = xgg E" + g B", (4.6a)
M" = xgg E* + xss B*, (4.6b)
where the susceptibilities Xpr = 20pm/0E?, Xes = Opn/O(E-B), and xps = 20p,,/0B?
all depend on T, u, E?, B%, and E-B. This gives the standard constitutive relations,
expressing D and B in terms of ¥ and H,
D! =¢ E* + B, H",
B = B, E" + i, H",
where ¢,, = 1+ xgr + X25/(1—xss) is the electric permittivity, p, = 1/(1—xgps) is the

magnetic permeability, and S, = xes/(1—xse). We will also use &, = 14xgg, which
coincides with the electric permittivity if xgg = 0.

4.3 Hydrodynamics
We take the MHD equations to be as follows:

VT = FY Jon s (4.7a)
JH+ JE, =0, (4.7b)
P, g = 0. (4.7¢)
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The last equation is the electromagnetic “Bianchi identity”, expressing the fact that the
electric and magnetic fields are derived from the vector potential A,. The second equation
+ JE . which
the current of “free charges”. While egs. (4.7a) and (4.7¢) are true microscop-

(Maxwell’s equations in matter) can be rewritten as V, (F*—MH) = JI

free
L
defines J¢ .,

ically, the Maxwell’s equations in matter (4.7b) are written based on the above intuition
of the equilibrium effective action. Note that V,Jf. = 0 is a consequence of (4.7b), and
is not an independent equation. The hydrodynamic variables are T', u®, pu, as well as the
electric and magnetic fields which satisfy u,E¢ = 0, uo,B* = 0. Hydrodynamic equa-
tions (4.7) must be supplemented by constitutive relations, which express T, J* (or Jf
and MH) in terms of the hydrodynamic variables. These constitutive relations will contain
equilibrium contributions coming from the equilibrium effective action (4.3). In addition,
the constitutive relations will contain non-equilibrium contributions, such as the electrical
conductivity and the shear viscosity.

Taking the divergence of eq. (4.7b) and using J%, = —J# gives

ext T

VT = F2 5,
VIt =0,

which shows that the variables T, u®, and p satisfy exactly the same equations (2.2) as they
did in the theory with a non-dynamical, external A,. Thus in order to “solve” the MHD
theory (4.7) one can i) solve the hydrodynamic equations with an external gauge field (4.7)
to find T'[A, g], u“[4, g], p[A, g], and i) solve JH[T'[A, g],u[A4, g], u[A, g], A, g] + Jy = 0in
order to find A, [Jext, g], and iii) use the constitutive relations to find the energy-momentum
tensor T* [Jexta g] :T#U[T[A[Jexta g]a g]v ua[A[Jexta g]a g]v M[A[Jextv 9]79]7 A[Jex‘w g]’ g]' MHD
correlation functions may then be obtained through variations with respect to the external
sources J2 and g,

An equivalent way to understand the classical effective theory (4.7) is to promote the
real-time generating functional to the non-equilibrium effective action [20], i.e. to write

St A o] = Wi[A, g] + / Vg (A 00) T

where W[4, g] is low-energy, real-time generating functional for retarded correlation func-
tions in the theory with a non-dynamical A,. The functional W,[g, A] is non-local due to
the gapless low-energy degrees of freedom (sound waves etc). However, for the purposes of
MHD we do not need the actual generating functional, but only the equations of motion
for the effective action Siot. These equations of motion are JH[A,g] + JL . = 0, where
JH[A, g] is the on-shell current in the theory with a non-dynamical A,. One can then solve
the theory as described in the previous paragraph.

We will thus adopt the simplest hydrodynamic effective theory (4.7) where the con-
stitutive relations for T and J* are the same as in the case of external non-dynamical
electromagnetic fields. Under this “mean-field” assumption, transport coefficients which
are naively independent would still be related by the conditions originating from the static
generating functional.
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Further, any solution T[A4, g], u®[4, g, 1[4, g] to the MHD equations is also a solution
to the hydrodynamic equations (2.2) in the theory with a non-dynamical A,. Thus the
entropy current with a non-negative divergence on the solutions to (2.2) will also have non-
negative divergence when evaluated on the solutions to the MHD equations (4.7). This
means that the entropy current in MHD may be taken the same as the entropy current in
the theory with a non-dynamical gauge field [20], and we do not need to perform a separate
entropy current analysis beyond what was already done in section 3.

To sum up, with the MHD scaling B ~ O(1), E ~ O(9), the equilibrium effective
action is given by eq. (2.7),

5
St = [V=3 (—;BQ + pu(T,p, B) + 3 Ma(T, 1, B)s () +o<62>> L @)

n=1

For a parity-invariant theory, only the My term in the sum contributes. The constitu-
tive relations for the energy-momentum tensor and the current were already found in the
previous section, where now we have p(T,u, B?) = —%B2 + (T, 1, B?). The energy-
momentum tensor appearing in eq. (4.7) and the current J* satisfying J* + JL, = 0 take
the form (3.1), (3.2), and the constitutive relations for a parity-invariant theory in the
thermodynamic frame are given by egs. (3.11), (3.12).

We will find it useful to modify the above effective theory by giving dynamics to
the electric field. To do so, we add an O(9?) term 3e.E? to the effective action (4.8),
where ¢, is the electric permittivity which we take constant. This term is one of the many
0(0?) terms, and we add it as a “ultraviolet regulator” which improves the high-frequency
behaviour of the theory. When studying the near-equilibrium eigenmodes of the system,
this term will affect the frequency gaps, but not the leading-order dispersion relations of
the gapless modes. With this new term, the following contributions have to be added to
the constitutive relations (3.11), (3.12):

1
TE =e. <2E29W + E*ufu? — E“E”) ,
JE = —e.V) (E)‘u“ — E“u)‘) )

The current ng. contains the kinetic term for the electric field in Maxwell’s equations, as
well as the “bound” current due to electric polarization.

4.4 Eigenmodes

As a simple application of the above MHD theory, one can study the eigenmodes of small
oscillations about the thermal equilibrium state. As we did earlier, we set the external
sources to zero, and linearize the hydrodynamic equations near the flat-space equilibrium
state with constant T' = Tp, u = po, uv® = (1,0), and B* = (0,0,0, By). For simplicity, we
will take the magnetic permeability u,, constant, though it is straightforward to find how
the eigenfrequencies below are modified for non-constant fi, = p. (T, 1, B2).
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Neutral state. We begin with the neutral state at pp = 0 and ng = 0. The system
admits nine eigenmodes, three gapped, and six gapless.

Let us start with the familiar case of vanishing magnetic field in equilibrium. The sys-
tem is then isotropic, with shear viscosity 7, bulk viscosity ¢, and conductivity o = o) = 0.
The fluctuations of 67T, du; decouple from the fluctuations of du, d F;, § B;. The eigenmodes
include two transverse shear modes with eigenfrequency w = —ink?/(eg+po), and longitu-
dinal sound waves with v2 = dp/de and I's = (31 + ¢)/(éo + po). In addition, there is a
longitudinal charge diffusion mode which becomes gapped because of non-zero electrical

AN AN T
w = . Z(@n/@;L)k'

Thus, charge fluctuations in a neutral conducting medium do not diffuse. Instead, what

conductivity,

diffuses are the transverse magnetic and electric fields: there are two sets of transverse
conductor modes whose eigenfrequencies are determined by

( io) k2
wlw+— ) =——:.
68 8e/‘l‘m

Recall that e, is the electric permittivity and p, = 1/(1-20p,,/0B?) is the magnetic
permeability, so \/E.fi, is the elementary index of refraction. The conductor modes have
the following frequencies at small momenta:
io | ik? ik?
w=—-——4+—), -
Ee Oy O [,

The gapless conductor mode is responsible for the skin effect in metals.

w =

We now turn on non-zero magnetic field and consider modes propagating at an angle
with respect to Bg. Thermal and mechanical fluctuations now no longer decouple from
electromagnetic fluctuations. There is one longitudinal gapped mode, and two transverse
gapped modes, ‘

W= —f—C”+O(k2), W= —%ju()(k?).
In writing down the transverse eigenfrequencies, we have assumed Bg < €y + po-

All six gapless modes have linear dispersion relation at small momenta. Two of the
gapless modes are the Alfvén waves,

w = tvpkcost — ZFTAkQ , (4.92)

whose speed and damping are determined by
Bg 1 .92 2 1 2 : 2
, Ia= L sin“ 6 + my cos“ 0 —1——( L cos® B+ p) sin 9),
i (€0+p0) + B2 —_y mees”6) + o (e i
(4.9b)

wihere = aj||, all 1 was denne €lowW €q. . . In writin own the amping coetil-
here p| = 1/0y, and p, was defined bel 3.16). In writing down the damping coeffi

v =

cient, we have taken BZ < ep+po, the corrections of order B3/(eo+po) are straightforward
to write down. The other four gapless modes are the two branches of magnetosonic waves,
1ms

2

w = topsk — K, (4.10a)
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whose speed is determined by the quadratic equation

(v2)? —v2 (V4 + 02 — viv?sin? 0) + v4v2 cos? 0 = 0, (4.10b)

where v? = (s/T)/(0s/0T) = Op/Oe is the speed of sound at ng = 0. The two solutions
of (4.10b) correspond to the sound-type (or “fast”) branch, and the Alfvén-type (or “slow”)
branch. At 8 = 0, the slow branch turns into a second set of Alfvén waves, while the fast
branch becomes the sound wave. See e.g. ref. [21] for an early derivation of va and vy in
relativistic MHD. The damping coefficients of the magnetosonic waves are straightforward
to evaluate, but are quite lengthy to write down in general, and we will only present them
in the limits of small By and small . As By — 0, the damping coefficients become

n 1

low: Tps= —1— + ——, 4.10
oW " etpo O hm ( °
fast: T Y (A (4.10d)
ast: Ips= —— [ = ) )
* eotpo 3"

On the other hand, as § — 0, the damping coefficients become

‘H PL
slow: T = +—, 4.10e
ms €0 0 ( )
ast: + + . .
ms €0 0 3 m T2 1

We have again taken B3 < €y + po, the corrections of order B2/(eo+po) are straightforward
to write down. At € = 0, both polarizations of Alfvén waves have the same damping.

Let us now consider gapless modes propagating perpendicularly to the magnetic field,
i.e. taking § — 7/2 first, k — 0 second. These include sound waves

iTr /o

w = tkv, o — K%, (4.11a)

where v /o is the non-zero solution of eq. (4.10b) at § = 7/2. In the limit of small By it
reduces to v2 2= v2 = (s/T)/(0s/0T) = dp/de, in equilibrium. The damping coefficient is

1 2
T - 4.11b
/2 = co-+0 <§1 3771 + Tu) ) ( )

assuming Bg < €g+po. The other four gapless modes at § = 7/2 are purely diffusive,

i

w = —%/& , (4.12a)
€01 Po
i

— Pl (4.12b)

w=— ZZL k2, (4.12¢)
€01 Po

w=—LLg2. (4.12d)
Mrn

In writing down (4.12c) and (4.12d) we have again taken B3 < eo+po.

— 23 —



Charged state offset by background charge. We now consider a state with a non-zero
value of pg, which gives rise to a constant non-zero charge density ng. In order to ensure
that the equilibrium state is stable, we will offset this equilibrium value of the dynamical
charge density by a constant non-dynamical external background charge density —ng. This
can be achieved by choosing the external current in the hydrodynamic equations (4.7) as
Jhy = (—n0,0). In the particle language, this would correspond to a state where the
excess of electrically charged particles over antiparticles (or vice versa) is compensated by
a constant charge density of immobile background “ions”. Even though the system is overall
electrically neutral, its dynamics is not equivalent to that of the system with o = 0, ng = 0:
for example, the fluctuation of the spatial electric current has a convective contribution
ng du;. More formally, when analyzing hydrodynamic modes, the limits ng — 0 and k — 0
do not commute. We now find six gapped modes and three gapless modes.

To get some intuition about the gapped modes, let us set all transport coefficients to
zero, as well as set Bp = 0. Then at small momenta there are two longitudinal gapped
modes whose frequencies are determined by

2 _ 024,232
w® =, +vik”,

where Q2 = nj/[(eo+po)e.], and vy is the speed of sound that the charged fluid would have,
if the electromagnetic fields were not dynamical, see section 3.5. These modes are the
relativistic analogues of Langmuir oscillations, and €, is the relativistic “plasma frequency”
which gaps out the sound waves. In addition, there are four transverse gapped modes whose
frequencies are determined by

k‘2
Eoblm

These are electromagnetic waves in the fluid, gapped by the same plasma frequency €2, as

wQZQZ—O—

the sound waves. If we now turn on the transport coefficients, the gaps are determined by

w(w—kwl):Q;Zm w(w—l—z(gLiw)):an

e e

indicating the damping of plasma oscillations. At non-zero Bg < €y + po, the gaps will
receive dependence on the magnetic field.

At By = 0 the system is isotropic. The gapless modes (By — 0 first, & — 0 second)
include two transverse shear modes with quartic dispersion relation, and one longitudinal
diffusive mode,

ink4 B iaxggwg 9
— w=——l
nO/'Lm n() det(X)

)

where again wy = Tpso+ om0, and the susceptibility matrix y was defined below eq. (3.15).
At non-zero By, the three gapless modes all have quadratic dispersion relation at small
momenta. There are two propagating waves with real frequencies

iBocosﬁ K2,

413
10/ (4.13)
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where 6 is the angle between k and B, and one diffusive mode. For BgMQVM < €9 + po,
the diffusive frequency is

3 (o cos?6 in20
w=— X80 (T2 7 PLEE T g2, (4.14)
det(x) ny By

For gapless modes propagating at § = 7/2 at small momenta (§ — x/2 first, &k — 0
second), we again find the diffusive mode w = —iD, k?, with the same coefficient D as
in section 3.5. In addition, at § = 7/2 there are two “subdiffusive” modes with quartic
dispersion relation,
k! 77|\’€4

w =
nop‘m ’I’LO/JJm

The eigenfrequencies are noticeably different from the ones in a theory with fixed, non-

dynamical electromagnetic field discussed in section 3.5. Compared to the case of ng =0
earlier in this section, one can say that non-vanishing dynamical charge density gaps out
the magnetosonic waves, and turns Alfvén waves into waves whose frequency is quadratic
in momentum.

4.5 Kubo formulas

We can find MHD correlation functions following the same variational procedure outlined
in section 3.7. As the total current vanishes by the equations of motion, the objects whose
correlation functions it makes sense to evaluate in MHD are the energy-momentum tensor
TH” and the electromagnetic field strength tensor F),,. It is straightforward to evaluate
retarded functions in flat space, in an equilibrium state with constant T' = Ty, p = po, u* =
(1,0), and constant magnetic field. We solve the hydrodynamic equations in the presence of
fluctuating external sources dJext, g (proportional to exp(—iwt +ik-x)) to find 67 [Jext, 9],
S Jext, 9], 0u[Jext, 9], 0Fpuw[Jext, g and then vary the resulting hydrodynamic expressions
TH [Jext, 9] and F,,[Jext, g] with respect to gag, J&; to find the retarded functions. The
metric variations are performed as usual,

B (V=9T5 wenlJext: 1)+ Crres =

(FFOH shell eng _

The subscript “on-shell” signifies that T and F),, are evaluated on the solutions to (4.7)
with the constitutive relations (3.11), (3.12). Further, recall that the external current must
be conserved, which can be implemented by choosing 6J0 = k; 6J% /w + 4nedg,”. The

coupling A, J!; then implies that iw /6 ext( ) produces an insertion of Fy(—k), while

ext
ik e™™§ /5 Jl (k) produces an insertion of $e"™ Fy,,(—k). For example, for electric field

correlation functions we have

Fon- shell
5} Jl pv

ext

) .
6Jl T’(fll'llj-shel][‘]ext7 g] ) GF;LVFOL = w [JeXta g] )

ext

GTWFOL =w

and similarly for the magnetic field.®

6 Alternatively, one can introduce an antisymmetric “polarization source” ML, by taking the conserved
current as JY, = V, M4

ext ext*

The coupling A, JY, then becomes MCXtFW upon integration by parts, and
correlation functions of F),, may be obtained as variations with respect to M

ext*
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Choosing the external magnetic field in the z-direction, we find the same Kubo formu-
las (3.25) and (3.26). The electrical resistivities may also be expressed in terms of correla-
tion functions of the electric field. In the zero-density state with pop = 0, ng = 0 we find

1
I Gy (0, k=0) = (4.153)

at small frequency, where p| =1 /oy Similarly, for the transverse resistivities we find

1

—Im GFoFy0 (W, k=0) = p_, (4.15b)
w

1 ~ .

;Im G FyoFyo (W, k=0) = —p sign(Bo) , (4.15¢)

where again wg = €y+po, and pi, p; were defined below eq. (3.16). We have taken
B3 < wy, otherwise there is a multiplicative factor of wo(wo—B3 M, ,)p2/(wopn+B3)? in
the right-hand side of (4.15b), (4.15¢). In a charged state (offset by non-dynamical —nyg),
the correlation functions change, for example Gr,,r,,(w,k=0) = z'w%’, while o) can be

found from
1
aIm GTOzTOz (w,k:()) = O’H . (4.16)

Retarded functions at non-zero momentum may be found from the above variational pro-
cedure. For example, the function Gp,,r,,(w, k) in a state with ngp = 0 and with k || By
has singularities at the eigenfrequencies of Alfvén waves for small momenta.

5 A dual formulation

As this paper was being completed, an interesting article [22] (abbreviated below as GHI)
came out which approached magnetohydrodynamics from a different perspective. The dual
electromagnetic field strength tensor J* = %e“”aﬁFag was taken as a conserved current,
and the constitutive relations were written down for J*¥, rather than for the electric current
J# as was done in MHD historically. This “dual” construction follows the earlier work of
ref. [23] which studied a similar MHD-like setup for “string fluids”. The paper [22] identifies
six transport coefficients in MHD, compared to eleven transport coefficients (in a parity-
preserving system) found here. In this section we revisit the analysis of GHI, and show
that the dual formulation allows for the same eleven transport coefficients we described
earlier in sections 3 and 4.

5.1 Constitutive relations

The conservation laws are taken as follows:
v, " = HVPUJ”‘T7 V., J" =0. (5.1)

These are the same equations (4.7a), (4.7¢) we had earlier. The conserved external current

is taken as J&, = %ewwayngﬁt, where Hff,‘f may be viewed as the dual of the external

polarization tensor M/, The coupling A,J% then becomes JIIFJ# upon integration
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by parts, and correlation functions of J#¥ may be obtained as variations with respect to
15, The tensor H in (5.1) is H = 2dII®*, or in components Hyg, = i@aﬂeﬂxj + (signed
permutations).

In order to relate the GHI thermodynamic parameters to ours, we can compare equi-

librium currents. The currents at zeroth order in derivatives are given by

TH = (eq + pa)uu” + pa g — pa pa H'h” + 0(09), (5.2a)
JH = pa(uth? — u’h*) + O(9) . (5.2b)
The subscript “d” for “dual” is used to differentiate the parameters from those used earlier

in the paper. The currents can be compared with our eq. (3.11) and the dual of eq. (2.4)
at zeroth order:

B? 1 B? B+ BY
T = (wm + > ubu? + (—232 + Pm + M) g - I +0(9), (5.3a)

JH =yt BY —y’ BH 4 0(9) (5.3b)

m m

where w,, = TP 7+ 1P, = T's+pn is the enthalpy density, and p,, = 1/(1—20p,./ 0B?)is
the magnetic permeability. Using h% = 1, we can identify py = B, jq = B/jtm, h* = B*/B,
Dy = —%BQ + P + B2/ i, up to O(9) terms. Out of equilibrium, h* and py, are auxiliary
dynamical variables (without a unique microscopic definition) designed to capture the
dynamics of the magnetic field. The entropy density is 84 = P, + %Py, as follows from
€4+ pa = T'sq + papa. The energy densities coincide, ¢4 = —p + T's + un = €, again with
p=—3B*+p.(T, 1, B?).

At order O(0), our constitutive relations can not be directly compared to those of
GHI because of different hydrodynamic variables. However, we can compare the number of
transport coeflicients. The comparison may be done based on the entropy current argument
which we review below.

In a particular hydrodynamic “frame”, the one-derivative contributions to the GHI
constitutive relations are given in eq. (3.4), (3.5) of ref. [22],

T(’f)' = §fa ALY + 61y BB + CKRY + ORF + 1Y, (5.4a)

J(”f; =mhh” —mYh* + sh", (5.4b)

where ALY = g + ulu¥ — h*hY, and the coefficients dfy, o1, €4, th, ml, s are all
O(9). The quantities ¢4, th”, ml4, s4” are all transverse to both u, and h,, the tensor
th" is symmetric and traceless, and the tensor s/ is anti-symmetric. We do not write the
subscript on the temperature and fluid velocity, even though the GHI’s T and u* differ from

ours at O(0). Further, GHI impose charge conjugation as a constraint on the dynamics.

5.2 Entropy production
The “canonical” entropy current in the GHI formulation is analogous to eq. (3.17),

1
Sh = T (paut — TH uy, — pgJ* hy) . (5.5)
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This does not take into account the O(9) contributions to thermodynamics: as we have seen
earlier, the only non-trivial thermodynamic susceptibility in a parity-invariant theory is odd
under charge charge conjugation C, and gets eliminated if C is imposed as a symmetry of
hydrodynamics.

Upon using the conservation equations (5.1) together with the zeroth-order constitutive
relations (5.2), the divergence of the entropy current (5.5) is

b v Uy v pahy ua ',
v, ——T(I)VM(T) — [vﬂ( - ) +

Substituting the first-order constitutive relations (5.4), we find

1 1
TV, S = ~0fs (S — 54) = 6aSa — iS — St 0" —mi Y™ = 28, 2. (5.6)

Using the notation similar to section 3.6, we have the scalars S3 = V-u, Sy = h*h"V,u,,
as well as o/ = 1 (AQWAZ'B + A ARE Ag”Ag"3> oop and T = Aff)‘a,\php. We have
further defined

YA = ALY [T0,(11a/T) + 2ua Ho%h" — pah®Vahy) |
299 = AV AL [114(Vohg — Viohy) + 2ua HY,,] -

In order to ensure that the entropy production in eq. (5.6) is non-negative, GHI demand

0fa=—Cu(S3—S4), 074 = —2() S, b = —m 2", (5.7)
tff” = —nLO'T/, mda = 7lea, s/d)a = 77,HZPO'7 .

with six non-negative coefficients (i, ¢, nL, ny, 71, 7). This clearly gives V.SE > 0.

Note however that while demanding eq. (5.7) is sufficient to ensure non-negative en-
tropy production, there are more ways besides eq. (5.7) to make the right-hand side of
eq. (5.6) non-negative. These other options will give rise to extra transport coefficients.
Indeed, consider the following coefficients of the O(9) constitutive relations:

0fa = —f1.83 — f254, (5.8a)
014 = —1183 — 1254, (5.8b)
0 = —npSH — o, (5.8¢)
th = —not” — o’ (5.8d)
me = —r YO -7 Y, (5.8¢)
sh0 = -1 2" . (5.8f)

The tilded vectors are defined as V# = e“"aﬁul,haVﬁ, and the tilded shear tensor is

1
5_T/ 5 (eu)\aﬁu)\hao_fl/ + €V)\aﬁu)\hao—iu) ,
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as in eq. (3.8). The tensor s7” has only one degree of freedom, hence it contains only one
transport coefficient. The divergence of the entropy current (5.6) is then

TV,.SY = {155 + (11+f2—f1)S354 + (12— f2) S}

1 1
+7]||EHE + 771_( ) +TJ_YHY”+ TH(ZPU) (5.9)

The three tilded coefficients do not contribute to entropy production in eq. (5.6) due to
V“VN =0and oy, Ef’f’ = 0, and can take any real values,

ﬁHERv ﬁJ_e]Ry fJ_E]R~ (510)
Demanding that V,S% in eq. (5.9) is non-negative now implies
77L>0, 77H>0, TL>0, THZO, (5.11&)

together with the condition that the quadratic form in the first line of eq. (5.9) is positive
semi-definite. The latter gives

—_

f1 =20, T2 — f220, fi(ra—fo) = = (11 — f1 + f2)?. (5.11b)

W

Thus there are eleven apriori independent non-equilibrium transport coefficients listed in
egs. (5.8) that are consistent with non-negative entropy production, provided the con-
straints (5.11) are satisfied. The coefficients 7, 771, 7 are odd under charge conjuga-
tion C, and can be eliminated if one demands C-invariance of hydrodynamics. An implicit
assumption of ref. [22] amounts to choosing f1 = —fo = (1, 1 =0, 72 = 2(.

5.3 Kubo formulas

Assuming time-reversal covariance, the above transport coefficients can be further con-
strained by the Onsager relation (3.20). In order to find the retarded functions, we can use
exactly the same variational procedure as in section 4.5:

26 ox 20 — ox
GT#VTQ'B - 59a,3 (V gTon shell[H t ]) ’ GJ#VT&H - 5gaﬂ ( - Jgn_SheH[H t7g]) ’
(5.12a)
as well as
X 6 X
Gruw jop = 2—=oa SIS T et gl G ges =2—— B JE ™ gl (5.12b)

Again, the subscript “on-shell” signifies that T*” and J** are evaluated on the solutions
to the conservation equations (5.1) with the constitutive relations (5.8). We use the above
prescription to evaluate correlation functions at zero spatial momentum, which gives rise
to Kubo formulas. Demanding that the correlation functions satisfy (3.20) now gives the
Onsager relation

n=f1+f2. (5.13)
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We further find the following Kubo formulas for transport coefficients in the constitutive
relations (5.8). The resistivities are given by

1
;Im GmeJ:cy (Cu’, kZO) = 7'“ y (514&)
1
w
1
;Im G ju= je=(w, k=0) = 7 sign(By) , (5.14c¢)

the “shear viscosities” are given by

1 1
;Im GTszxz (w, k=0) = 'I’]H s ;Im GT:cyTxy (W, kZO) =1L, (514d)

1 1
;Im Gry=re: (W, k=0) = 7 sign(By) , ;Im Greypes (w, k=0) = 77, sign(Byp), (5.14e)

and the “bulk viscosities” are given by

1
a:[m GTa:meac (OJ7 kZO) == f1 + ne, (514f)
1
Elm Graer=:(w, k=0) = f1 + fa, (5.14g)
1
—Im GTZZTZZ (w7 kZO) =71+ To. (514h)
w

Correlation functions at non-zero momentum may also be found by using the above varia-
tional procedure.

5.4 Mapping of transport coefficients

We can compare the correlation functions of T# and J*¥ evaluated using (5.12) with the
correlation functions found in section 4.5. If the two approaches to MHD (section 4 and
section 5) compute the same physical objects Gruvas etc, the results should agree. Com-
paring correlation functions at zero spatial momentum allows one to relate the transport
coefficients in the constitutive relations (5.8) to transport coefficients introduced in sec-
tion 3, see eq. (3.11), (3.12). Doing so in the (dynamically) neutral state with ng = 0 gives
the following relations. The resistivities are related by

1 oL - o

T'H:—7 ’I“J_:—igi_._&z’

— § 5.15
0_” rL o_i + 52 ) ( a‘)

the “shear viscosities” 7y, 7., 7, 7 agree, and the “bulk viscosities” are related by

2 2

f1:C1—§771, f2:C2—§772, (5.15b)
4 4

=G+ 3> T = (2 + - (5.15¢)

The Onsager relation (3.22) maps to the Onsager relation (5.13), as expected. The entropy
current constraints (3.19) map to the entropy current constraints (5.11), as expected.
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Finally, the mapping of transport coefficients (5.15) can be used to compare the eigen-
frequencies of small oscillations of the (dynamically) neutral state found in eq. (4.9), (4.10)
to those found in ref. [22]. Using the map of thermodynamic parameters spelled out below
eq. (5.3), the speed of Alfvén waves agrees with ref. [22]. The damping coefficient of Alfvén
waves in eq. (4.9) agrees with ref. [22] when B2/u,, < e+ p. The speed of magnetosonic
waves in eq. (4.10b) agrees with ref. [22]: in order to see this, note that the assumption
of constant magnetic permeability amounts to assuming that the equation of state takes
the form pq = Sp.p2 + F(T), or p = _2;+mB2 + F(T), with some F(T). In general, the
speed of magnetosonic waves derived from the formalisms of section 4 and section 5 will
not agree, except when B?/u,, < (€ +p). One reason is that the chemical potential for
the electric charge is treated as a thermodynamic variable in section 4, hence the magne-
tosonic wave speed will in general depend on the charge susceptibility (On/du),—o. This
thermodynamic derivative is not present in the formalism of section 5. Finally, note that
the transport coefficient 7 contributes to damping of fast magnetosonic waves, for example
at § = 0 we have 'y = (71 + 72)/(T's4), in agreement with eq. (4.10f).

6 Discussion

In this paper we have presented the equations of relativistic magnetohydrodynamics, by
which we mean the hydrodynamics of a conducting fluid in local thermal equilibrium,
with dynamical electromagnetic fields. MHD is naturally formulated in a derivative ex-
pansion with magnetic field B ~ O(1). Electric screening does not imply that the electric
field vanishes: rather, it implies E ~ O(9) is subleading in the derivative expansion. We
have adopted the simplest “mean-field” formulation in which the constitutive relations
in the theory with dynamical electromagnetic fields are inherited from the theory with
external electromagnetic fields. Our main focus was on transport coefficients. For a parity-
symmetric microscopic system, we find eleven transport coefficients at one-derivative order.
One transport coefficient is thermodynamic: it is a part of the equation of state in curved
space, and contributes to flat-space correlations. Transport coefficients of this type in rel-
ativistic hydrodynamics were first identified in [2] where they appeared at second order in
derivatives. In 241 dimensional hydrodynamics, thermodynamic transport coefficients can
already appear at first order in derivatives [24]. Of the remaining ten transport coeflicients,
three are non-equilibrium and non-dissipative, and seven are non-equilibrium and dissipa-
tive. There are more transport coefficients for parity-violating fluids, as listed in section 3.
We now comment on questions not discussed in detail in the main body of the paper.

Angular momentum generated by the magnetic field. The thermodynamic transport
coefficient M, determines the response of equilibrium magnetic polarization to vor-
ticity, as can be seen from eq. (3.13). One way to view M, is to note that a system
of charged particles in external magnetic field will develop angular momentum. One
can see this in the thermodynamic framework of section 2. For a bounded system,
the equilibrium energy-momentum tensor obtained by varying the equilibrium free
energy (2.1), (2.7) with respect to the metric will have a boundary contribution after
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the variation M,B-0,() is integrated by parts [17]. The surface momentum density
Qg = Mae*"Pu, B,n, (where n# is the unit spacelike normal vector to the bound-
ary) will give rise to angular momentum induced by the magnetic field. Consider a
system at rest in flat space at constant temperature, charge density, and constant
magnetic field B. The angular momentum L derived from the energy-momentum
tensor only receives a boundary contribution, and one finds

% =2M,B,

where V' is the spatial volume. In this sense M, determines “angular momentum
density”. As the coefficient M, is odd under charge conjugation C, this generation of
angular momentum only happens in a C-invariant theory if the equilibrium state has
non-zero charge density. Similarly, for a system not subject to the magnetic field, in
flat space, which rotates uniformly with small (namely |w|R < 1 where R is the size
of the system) angular velocity w, the magnetization density is m = 2M, w. More
generally, the susceptibility M, provides a macroscopic parametrization of gyromag-
netic phenomena such as the Barnett and Einstein-de Haas effects.

Previous work on transport coefficients. Papers [25, 26] studied transport coefficients
for relativistic fluids subject to an external magnetic field. While this does not
correspond to MHD in the sense described in this paper (we define MHD as a theory
in which magnetic field or its auxiliary is a dynamical degree of freedom), a fluid in
external field is a fundamental building block for MHD. Parts of refs. [25, 26] overlap
with our section 3. Some of our results differ from those in refs. [25, 26]: the analysis
of thermodynamics, the number of transport coefficients, constraints on transport
coefficients imposed by the positivity of entropy production, and some of the Kubo
formulas. The details are given in appendix B.

Dual formulation of magneto-hydrodynamics. In section 5 we compared our results
with the recent “dual” formulation of MHD in ref. [22]. We found the same number
of transport coefficients in the two approaches, provided the bulk viscosity missed in
ref. [22] is restored, and the constraint of C-invariance imposed in ref. [22] is lifted. It
would be interesting to investigate the relation between the “dual” and “conventional”
formulations of MHD further, in particular with regard to the description of electric
charge fluctuations.

Applicability regime. The MHD described in this paper treats electromagnetic fields
classically. This means that the electromagnetic coupling constant must be small so
that quantum fluctuations of the electromagnetic field can be ignored. The applica-
bility regime of MHD also includes B < T? (or restoring the fundamental constants
heeB < (kgT)?), as is necessary to restrict the hydrodynamic degrees of freedom to
those inherited from thermodynamics. We do not have a method to systematically
incorporate the effects of larger magnetic fields within the MHD description of sec-
tion 4. The classical hydrodynamic theory also ignores statistical fluctuations, which
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are known to invalidate classical second-order hydrodynamics in 3+1 dimensions (and
classical first-order hydrodynamics in 2+1 dimensions). Understanding the effects of
statistical fluctuations in magnetic field requires further work.

Transport coefficients at strong coupling. While the small electromagnetic coupling
allows one to treat magnetic fields classically, other interactions in the theory do not
have to be small. For strongly interacting non-abelian gauge theories in external
U(1) magnetic field, methods of gauge-gravity duality provide a window into non-
equilibrium physics, both within and outside the hydrodynamic regime. Some of
the hydrodynamic transport coefficients discussed in this paper were evaluated in
holographic models in refs. [26, 27]. The full set of transport coefficients for fluids in
external magnetic field has not yet been explored holographically.

Higher-order terms. We have not taken into account the terms beyond first order
in the derivative expansion. In conventional hydrodynamics, higher-order terms are
required to render the theory causal [28] (see e.g. [2, 29] for more recent discussions).
We expect that a causal formulation of MHD will involve higher-order relaxation
times as well as the electric field dynamics.

Note added. We have communicated with the authors of ref. [22], and it is our under-
standing that the missing bulk viscosity will be added in an updated version of ref. [22],
and that the Kubo formulas for bulk viscosities will agree with ours. We have also commu-
nicated with the authors of ref. [26], and it is our understanding that the Kubo formulas
for viscosities in an updated version of ref. [26] will agree with ours.
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A Equilibrium T" and J*

The coefficients €, T, On, Yn, On, 0y in the equilibrium energy-momentum tensor and the
current (3.5) have the following expressions in terms of the five parameters M,, (T, u, B?) of
the generating functional (2.7). The O(9) correction to the energy density is determined by
€1 = =My +TM 7+ pMi, +4B* M, g2 + T*Ms g,
€3 = —My+TMy7 + pMs,,,

4B
8= 71 (My = TMyp — pMyy, — AB*M, p2) — AB*M; o
€4 = —2My +TMyr + ppMy
4B?
es = TMs 1+ pMs,,, + WMLH + Mg, ,

- 33 —



where the comma denotes the partial derivative: M; r = (0M;/0T) evaluated at fixed p
and B2, etc. The O(9) correction to the pressure is determined by

T = 07
2 4

M= —3M2 - §BQM2,B2 ;
4 5 4B? 2

Ty = —gB MS,B2 —+ ﬁ (Ml - TMLT - IJ/ML;/, —4B MLB2) ’
1 4

— __M,— -B*M

Ty 3 4 3 4,B2
4, 4B?

Ty = —gB M5’B2 + @ML}L .

The O(9) correction to the charge density is determined by

o1 = My, — T4M5,BZ ;

¢2 = Mz, ,

¢3 = M3, + TMs 1+ pMs, + 4B*M; pe
¢4 = —app + My,

¢5=0.

The O(0) correction to the energy flux is determined by

m =—My,
Yo =2My — TMyp — My, ,
V3 = _M4 B?,

)

Y4 = —Opp + M4,H .

The O(9) correction to the spatial current is determined by the magnetic susceptibility,

51 = —0Qpgg,
02 = app — TaBB,T — MOABB,u
53 = _aBB,BQ 5

64 - aBB,M .
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The O(9) correction to the stress is determined by

0 =0,

by = M; g2,

O3 = M3 > — % (My — TMyr — pbhyy, — AB* M, p2)
0y = My g2,

05 = My g2 — %Ml,;u

06 = 2M>

07 = —Mo +TMop + pubMs, ,

0s = M g2,

Oy = =M,

o= My.

B Comparison with previous work

B.1 Comparison with Huang et al.

In this appendix we will comment on how our work relates to some earlier studies of
transport coefficients, for the benefit of the reader who might want to compare different
approaches. Ref. [25], abbreviated below as HSR, studied relativistic hydrodynamics of
parity-invariant fluids in external non-dynamical magnetic field. HSR enumerated the
transport coefficients, giving a relativistic version of the classification in the book [30], §13,
and derived the Kubo formulas for transport coefficients in an operator formalism. Parts
of the HSR paper overlap with our section 3.

Our counting of non-equilibrium transport coefficients for parity-invariant systems
agrees with HSR. Denoting the transport coefficients in ref. [25] with the subscript HSR,
the relations to our transport coefficients are as follows:

7L = 7]0,HSR » N1 = —213usr M = Nousk + M2usr s 7| = 4,5k 5
1 3 3
m= _in(),HSR - §771,HSR - ECJ_,HSR J C1 = CLusn s

3 9 3 3
e = §U0,HSR + gnl,HSR + ECL,HSR + §C||,HSR7 42 = CH,HSR - CL,HSR7

01 =K1 usk O|| = K| sk » 0 = —Rx,HSR (B.1)

0123 — 1. This lists eleven transport coefficients compared to

assuming the convention €
ten HSR coefficients, hence under this mapping the eleven transport coefficients are not
independent. Indeed, the comparison (B.1) implies (a3 = 21; + %772, which is precisely our
Onsager constraint (3.22). Thus our counting of non-equilibrium transport coeflicients in
section 3 agrees with that of HSR.

There are also some differences between our section 3 and HSR. In terms of the setup,
the HSR treatment neglects electric fields, while we include them and explain how to do so
systematically. Related to that, the treatment of polarization effects in HSR was incom-

plete. A direct way to obtain the equilibrium energy-momentum tensor and the current in
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the presence of external fields is by varying the corresponding generating functional with
respect to the metric and the gauge field, as was done for example in ref. [17]. As a result,
HSR did not include the thermodynamic transport coefficient, denoted in section 3 as Mg,
and did not distinguish between the Landau-Lifshitz and thermodynamic frames. In the
Landau-Lifshitz frame, M, would contribute to all frame invariants in eq. (3.6) inducing
O(9) contributions to pressure, electric current, and spatial stress.

We also find that our constraints on transport coefficients imposed by the positiv-
ity of entropy production differ somewhat from those presented in HSR. Rewriting our
constraints (3.19) in terms of the HSR coefficients, we find

1 1 3
710,1SR >0, 10,usr + 12,HsR >0, gnO,HSR + an,HSR + §<L,HSR >0,
9 3
310,usr + 1771,HSR + §CL,HSR +3()msr = 0, (B.2)

18CH,HSRCL,HSR + 4CH,HSR770,HSR + 3CH,HSR771,HSR + 8C 1 nusrn0,usr + 6C1 msr?iusr = 0,

K1insr = 0, K| usr = 0.

On the other hand, the constraints coming from the second law in ref. [25] state that all the
dissipative HSR transport coefficients must be positive. We find that the constraints on
dissipative transport coefficients (B.2) are in fact weaker. In other words, the constraints
of ref. [25] are too restrictive: some of the dissipative transport coefficients in the HSR
notation can be negative, while still satisfying (B.2), and therefore still leading to positive
entropy production.

Finally, there are differences between our Kubo formulas and those of HSR. In par-
ticular our Kubo formulas for conductivities transverse to the external magnetic field are
markedly different. Comparing the correlation functions in the neutral state (ny = 0), the
HSR Kubo formulas give the conductivities x| usr and kx pysr in terms of the iw coefficient
of the retarded current-current correlation functions at zero momentum. On the other
hand, our Kubo formulas (3.24b), (3.24c) show that the coefficient of iw vanishes, while
the subleading coefficient in the small-w expansion is determined by the resistivity rather
than the conductivity. In the charged state, the term ng/By in our eq. (3.24c) describes the
standard Hall effect in the plane transverse to the magnetic field. The Hall effect appears
to be missing from correlation functions in ref. [25].

B.2 Comparison with Finazzo et al.

In ref. [26] (abbreviated below as FCRN), the authors considered hydrodynamics with
fixed non-dynamical magnetic field, and derived Kubo formulas for transport coefficients
that appear in the energy-momentum tensor in the Landau-Lifshitz frame. FCRN use
a variational approach to find the retarded functions of the energy-momentum tensor,
and appendix B of FCRN overlaps with our section 3. FCRN follow ref. [25] in their
constitutive relations for the energy-momentum tensor, so the comments in section B.1
apply to FCRN as well, where FCRN agree with ref. [25]. In particular, FCRN did not
include the thermodynamic transport coefficient M, that appears in the equilibrium free
energy at one-derivative order.
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FCRN wuse mostly the same convention for transport coefficients as HSR:
70,rcrRN = 7)0,usrs 7)1,FcRN = 7"1,uSrR; T4, FcRN = T7)4,HSR; CL,FCRN = CL,HSR? CH,FCRN = CH,HSRv
while 72 pcrny = —M2,usr; M3, rcrRN = —273,usr, assuming the convention V123 — 1. The
translation to our convention for transport coefficients can be done through eq. (B.1). The
convention for the variational retarded correlation functions used by FCRN differs from
ours by an overall minus sign.

We agree with FCRN’s Kubo formulas for 7o rerx, (1 rern, and () pery. Our Kubo
formulas for 72 rern and 73 pern differ from those in ref. [26] by a minus sign. Our Kubo
formula for 14 pern differs from that in ref. [26] by a factor of 1/4. Our Kubo formula
for M1 porn + %T]OVFCRN differs from that in ref. [26] by a factor of 2. Ref. [26] does not
derive Kubo formulas for electrical conductivities in external magnetic field, so we can not
compare those.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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