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Abstract

Multidisciplinary Design Optimization (MDO) is an area in engineering design which

has been growing rapidly in terms of applications in the last few decades, aircraft

design being no exception to that. The application of MDO to aircraft and more

specifically, wing design, presents many challenges, since disciplines like aerodynam-

ics and structures have to be combined and interact. The level to which this inter-

action is implemented depends only on how much one is willing to pay in terms of

computational cost.

The objective of the current work is therefore to develop a simplified MDO tool,

suitable for the preliminary design of aircraft wings. At the same time, versatility

in the definition of optimization problems (in terms of design variables, constraints

and objective function) is given great attention. At the same time, modularity will

ensure that this framework is upgradeable with higher-fidelity and/or more capable

modules.
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The disciplines that were chosen for interaction were aerodynamics and struc-

tures/aeroelasticity, though more data can be extracted from their results in order to

perform other types of analyses. The aerodynamics module employs a Vortex Lattice

code developed specifically for the current implementation of the tool. The structural

module is based on Equivalent Plate model theory. The fluid structure interaction

is simply one-way, wherein the aerodynamics loads are passed on to the structural

analyzer for computation of the static deformation. Semi-empirical relations are then

used to estimate the flutter speed. The optimizer, which controls the activity of

the other modules, makes use of a gradient based algorithm (Sequential Quadratic

Programming) to search for a local minimum of a user defined objective function.

Among the myriad of MDO strategies available, two are chosen to exemplify the

modularity of the tool developed: Multidiscipline Feasible (MDF) and Sequential

Optimization (SO), and their results are compared. Several case studies are analyzed

to cover a broad spectrum of the capabilities of the framework.

Because user interaction is of prime concern in design optimization, a graphical

interface (GUI) of the tool is presented. Its advantages in terms of the set up of

optimization problems and post-processing of results are made clear.

In conclusion, some topics for future work regarding the expansion and improve-

ment of the features of the application are noted.
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Chapter 1

Introduction

1.1 Background

1.1.1 Multidisciplinary Optimization

The main reason behind design optimization in engineering in general, and aerospace

engineering in particular, is to bring about the ability to realize a design’s full po-

tential, by balancing conflicting requirements in a harmonious fashion. The benefits

are twofold: older designs can be optimized in order to keep competitiveness, while

newer, usually immature, designs, can be realized closer to their full potential, from

the moment of inception. This helps in clearing whatever obstacles the introduction

of a new technology might present.

Typically, in aerospace applications, synergy is required between different dis-

ciplines such as aerodynamics, structures, aeroelasticity and cost, to name a few.

Though these are the most common, almost every aspect of aircraft design may be

introduced into the optimization process, such as environmental performance (An-

toine and Kroo [1], [2]), which has become a growing concern over the last few years



CHAPTER 1. INTRODUCTION 2

given increasingly stringent regulations. The concept of Multidisciplinary Design Op-

timization (MDO) arises from this need to incorporate such different types of analy-

ses. Beyond dwelling into numerical optimization techniques, MDO also involves the

efficient combination of the different disciplines in a way that minimizes computa-

tional cost and increases the chances of finding a design point that brings significant

improvement.

The past 30 years have been prolific for the MDO area, mainly due to the com-

pounding power of digital computers. General approaches to MDO, in an attempt to

unify the various strategies, were the object of various papers: [3], [4], [5].

Rather than the other way around, MDO has actually expedited or led to the

development of new, advanced optimization techniques, such as the adjoint method

and its numerous derivations ([6], [7], just to cite a few) and Distributed optimization

(clinging at the borders of Artificial Intelligence with Probability Collectives [8]).

An example of previous work on an MDO framework is the Bi-Level Integrated

System Synthesis (BLISS)-based application, developed by Sobieski et al. [9], [10], us-

ing a Collaborative Optimization (CO) implementation in MATLAB® and iSIGHT®.

Other MDO tools worthy of mention are Wakayama’s WingMOD [11], specialized for

the optimization of Blended Wing Body (BWB) aircraft, and the application devel-

oped by Ko also intended for BWB optimization but with provisions for a Distributed

Propulsion concept [12]. WingOpt [13] is another example, one that actually uses the

same type of solvers as the MDO tool developed in this thesis. Standalone, deployable

MDO applications are, however, scarce.

Another area of concern in MDO is the fact that for increasingly complex prob-

lems, the problem set up itself, as well as the post processing, can become too cumber-

some for the regular user. Therefore, the introduction of a Graphical User Interface

(GUI) is always welcome. An example of the use of off-the-shelf CAD tools for visu-
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alization of the design optimization process is presented in [14]. Another interesting

approach in the use of graphical interfaces in optimization tools is the real-time con-

straint visualization implemented by Deremaux [15].

Lastly, the modular nature of an MDO framework ensures that it is adaptable

to other types of problems in aerospace optimization (and, with additional effort to

other engineering design problems). More importantly, it allows the analyzer modules

to be updated in order to increase the level of fidelity of the analyses they produce.

The same holds true of course for the optimizer module(s). An example of an MDO

implementation capable of using two levels of fidelity for the analyses is detailed

in [16].

1.1.2 Aircraft wing design

Wing design is a critical stage in aircraft development, as it determines most of the

performance and flight qualities of the final aircraft. It is also the component that

sustains the greatest loads as it is providing the required lift for flight. Hence it is

the main focus in the scope of the current work.

Though wing geometry and construction underwent a series of changes throughout

the history of aircraft, it has been a long time since the planform for commercial

airliners has undergone significant changes. The general shape proposed by Boeing in

the 1950’s in the form of the B707 (see Figure 1.1) has served as a baseline for almost

every subsonic airliner design since (an example is the Airbus A380, represented in

Figure 1.2).

This is partially due to the high costs involved in developing new, unproven,

designs, rather than relying on what one knows that works. On the other hand, this

configuration may already be close to the optimum, given the flight conditions and
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Figure 1.1: Boeing 707

Figure 1.2: Airbus A380

constraints it was designed for. Therefore, improving upon such a design may be

challenging, given the low sensitivities observed around this design point.

In terms of wing internal structure, the evolution has been mostly in terms of

material technology and fabrication techniques. The major evolution in this field

probably came with the introduction of composite materials. The conventional wing

structure design with spars, ribs, stringers and skin, dates back to the times of World

War II and is still widely used (and exemplified in Fig. 1.3). Recent advances in smart

structures have led to radically different structural arrangements, such as aeroelasti-
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cally tailored and morphing wings. These are, however, still research topics that have

yet to see widespread use in the world of aviation.

Figure 1.3: F-16 wing structure

1.2 Thesis Objective

One of the main deficiencies of most MDO tools developed thus far is that they

lack the versatility to adapt to a wide array of scenarios and are usually bound to

solving for a predetermined set of design variables. The main objective of this work

is therefore to create an MDO tool where modularity, ease of use and relatively low

computational cost combine harmoniously. To that end, the fidelity of each of the

modules that comprise such a tool (analyzer modules and optimizer, as we shall see)

is somewhat reduced, since more development time was devoted to creating a docking

point for all of them.

It is also understood that while the interface of the tool itself should remain as

general as possible, the modules are to be limited to analyzing a fraction of the flight
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envelope (aerodynamics) and only consider conventional wing construction (struc-

tures), in order to keep development phase within a reasonable time frame. To that

end, the subsonic regime was chosen for the aerodynamics analysis, as fast and proven

methods for the prediction of aerodynamic loads for air speeds fall within this range.

With such limitations in mind, the tool is primarily intended for the design of com-

mercial aircraft wings, from airliners to small business jets and utility aircraft. It is

also to these that the case studies presented in Chapter 5 are dedicated to.

1.3 Thesis Outline

This thesis is divided into six chapters.

In Chapter 2, the aerodynamics modeling of the wing is defined and most aerody-

namic and geometric variables of interest are introduced. The aerodynamic perfor-

mance is estimated through a computational application based on the Vortex Lattice

Method (VLM) and a semi-empirical boundary layer calculation. The module devel-

oped, called Zephyr, is then benchmarked against cases found in the literature and

other VLM codes.

Chapter 3 details the development of the structural/aeroelasticity module. The

module employs a third party program, Awing, based on Equivalent Plate Model the-

ory. This allows the determination of both static deformation under the aerodynamic

loads computed in the aerodynamics module and computation of the eigen modes of

the wing structure. A validation case is also presented. As an add-on to this module,

semi-empirical expressions that allow the determination of aeroelastic instabilities are

introduced.

The objective of Chapter 4 is to give an overview of the capabilities of the tool

developed and its graphical user interface (GUI), which is believed to increase its
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productivity significantly, especially in terms of post-processing.

In Chapter 5, the wing design optimization problem is posed, emphasizing the

versatility of the tool in terms of the customization of the set of design variables

(DV’s), constraints and objective function. Several case studies are considered in or-

der to showcase the capabilities of the tool. These comprise single and multi-objective

optimization, standalone disciplinary analysis and also two different MDO strategies

that were implemented in the code (Multi-Discipline Feasible and Sequential Opti-

mization).

Finally, in Chapter 6, conclusions are drawn from the results presented and the

satisfactory fulfillment of the objectives is discussed. Additionally, some suggestions

are hinted at on how to improve the MDO framework developed, as basis for future

work.

1.4 Coordinate system

The reference coordinate system attached to the wing and used throughout the course

of this work is sketched in Figure 1.4. The origin is located at the leading edge of the

root chord, which is aligned with the x-axis.
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Figure 1.4: Coordinate system for wing geometry
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Chapter 2

Aerodynamics Solver

As mentioned in the previous chapter, a fast aerodynamics solver is required. We

are interested in characterizing a three dimensional wing in a way that the load

distribution across the planform is solved for (for subsequent use in the structural

module). Simple empirical formulas for the evaluation of non-dimensional coefficients

would not provide sufficient accuracy or resolution since the final output required is

the load distribution on a three dimensional wing. The remaining option is to employ

CFD techniques to compute the flow around the wing up to the high subsonic regime.

2.1 The Vortex Lattice Method

Computational cost and simplicity are a major concern since, after all, each of the

modules may be required to perform hundreds of evaluations depending on the num-

ber of design variables taken into consideration during optimization. Also, a com-

putationally costly finite difference/volume approach to either the Euler or Navier

Stokes equations for fluid flow in three dimensions is undesirable. Instead, the Vortex
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Lattice Method (VLM) has been employed, as it is relatively simple to implement,

the price paid in terms of fidelity of the model is more than outweighed in terms of

its versatility, and there are significant savings in solution time. It was formulated

as early as the 1930’s though, like many others, it did not see widespread use until

digital computers were introduced. It shares most of its limitations with panel meth-

ods. Along with these, the VLM is part of a family of techniques which employ the

incompressible, inviscid and irrotational form of the Navier Stokes equations, simpli-

fying to the Laplace equation for potential flow. Solving the Laplace equation is a

reasonable alternative that provides adequate results for moderate angles of attack

and streamlined geometries. According to Margason et al. [17]:

The VLM predicts the experimental data very well, due to the fact that

vortex lattice methods neglect both thickness and viscosity effects. For

most cases, the effect of viscosity offsets the effect of thickness, fortuitously

yielding good agreement between the VLM and experiment.

These methods, though more than adequate to describe low-speed, subsonic flows

about aircraft wings, require some corrections for high-speed subsonic flow due to

compressibility effects. A separate estimation of skin friction drag is also required.

2.1.1 Theory

The derivation of the theory behind the vortex lattice method presented here fol-

lows [18], [19], [20] and [21] very closely. Toward the end, some simplifications are

dropped in favor of a more complex, yet still computationally efficient model. These

simplifications were originally introduced as many VLM codes were developed at a

time when the processing prowess of regular desktop computers was several orders of
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magnitude below what it is today. One of the first assumptions to be made is that

the geometry is assumed to be symmetric - only the right wing is represented.

Figure 2.1: The horseshoe vortex element

We start by defining the horseshoe vortex (see Figure 2.1), which is basically

composed of a finite vortex filament coupled with two semi-infinite filaments. Many

other formulations for the horseshoe vortex exist, although only the classical one is

presented here. A complete derivation of the mathematics of the horseshoe element

is present in Appendix A. From this derivation, we obtain the velocity imparted at

an arbitrary control point by a single horseshoe vortex (Eqs. (A.15), (A.16), (A.17),

(A.18), (A.19)). In order to build a vortex lattice, however, an array of these vortices

must be placed on the wing. This yields the following expression for the velocity

induced at the mth control point by all the 2N other vortices (each of them denoted

by the index n):

Vmind
= umind

i + vmind
j + wmind

k =
2N∑
n=1

CmnΓn (2.1)

The influence coefficients can be readily extracted from the result of the derivation

in Appendix A. They depend solely on the geometry and therefore, if we knew the

strength of the vortices, we could compute the induced velocities.
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One of the major differences between the VLM and panel methods is that in the

former the singularities are placed on the mean surface of the wing, rather than on

the actual surface. This distribution of vorticity seeks to emulate the changes in

velocity induced on the flow as it traverses the upper and lower surfaces of a wing.

The actual laying down of the vortices on the mean surface is seldom used (though

the code that was developed supports that feature, as we shall see further ahead).

Even for cambered airfoils, a simple planar surface is usually enough to obtain good

results [19]. This surface is then divided into elemental panels where the spanwise

vortex (AB) is bound to the line at quarter chord of the panel. The control point is

placed midspan of each panel, at three quarter panel chord. In the present case there

is a need for multiple spanwise and chordwise elements so as to better characterize

the load distribution.

Figure 2.2: Vortex lattice

The boundary condition for the velocity is such that the flow never crosses the

mean surface, i.e., an impermeability condition. Therefore, summing the freestream
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velocity with the induced velocity should yield, at each control point:

V · n = 0 (2.2)

If the surface is defined explicitly as z = f(x, y), then the surface normal:

n =

(
−∂f

∂x
,−∂f

∂y
, 1

)
(2.3)

which combined with the definition of the freestream velocity:

V∞ = V∞ cos α i + V∞ sin α j (2.4)

gives:
2N∑
n=1

[
Cmnk

− Cmni

∂f

∂x
− Cmnj

∂f

∂y

]
Γn = V∞

(
cos α

∂f

∂x
− sin α

)
(2.5)

Because symmetry is invoked (the distribution of circulation, Γ, is symmetric),

the system only has N equations rather than 2N . The influence coefficients of the

opposite side are calculated at the same time as those for the nth horseshoe, so that:

Cmni,j,k
= Cmni,j,k left

+ Cmni,j,k right
(2.6)

where Cmni,j,k
means the procedure is repeated individually for each of the three

directions.

Vortex line extensions have to be handled carefully as they may go through (or

pass very close to) control points, effectively making the equations singular. When

this happens, those coefficients may be set to zero (otherwise the induced velocity

would tend to infinity in the vicinity of the vortex core). Upon solving the system of

equations and obtaining each panel’s vortex strength, the circulations on the trailing
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vortices should be updated since they are superimposed along a chordline. After-

wards, the computation of lifting and induced drag forces may take place by using

the Kutta-Joukowski theorem (for each panel):

F = ρV × Γ` (2.7)

where ` is a vector that represents the bound vortex filament on each elemental panel.

These forces, once calculated, may be decomposed into the wind axes thus originating

the lift and induced drag forces. Another way to estimate these forces would be to do

a Trefftz plane analysis, where induced velocities are evaluated at the wake, at some

distance downstream of the wing [20]. Such a procedure should be more accurate,

especially when the bending of the wake is modeled. The downside is, of course,

added complexity to the code.

In order to assemble the system of equations, the actual definition of the surface

where the vortices lie is required. This is the main topic of the next section.

2.1.2 Geometric design variables and panel layup

A specific wing planform, driven by a restricted set of design variables, has been

chosen to define the design space, as shown in Figure 2.3. This approach provides

coverage of a wide trade space, while remaining tractable. It is believed that this

description is sufficient for subsonic aircraft wings.

At this point, it is not yet clear how to compute points across the mean surface

in order to both lay down the mesh (if the conformal option is chosen) and esti-

mate the derivatives in Eq. (2.5) through finite differencing. The answer comes from

nondimensionalized arrays of points (sorted according to the order set in Figure 2.4)

describing each of the three airfoils that forms the wing. These can be stored into



CHAPTER 2. AERODYNAMICS SOLVER 15

Figure 2.3: Geometry design variables
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files and are easily obtainable from online databases [22]. The camberline (the line

Figure 2.4: Sorting airfoil data

that rests exactly halfway between the upper and lower surfaces) of these airfoils is

then interpolated by means of cubic splines. It is then a matter of linearly extruding

these three lines in order to create two different surfaces. In general, this is bound to

cause a discontinuity in the y-derivative at the breakstation, though that never poses

as a problem since no control point - which is where the derivatives are computed -

ever lies there.

Figure 2.5: Example of mean surface creation

As mentioned before, there are several methods for the construction of the mesh for

this problem. Though the derivatives require the evaluation of z for the mean surface
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at the x and y coordinates of a certain control point, the actual z coordinate of that

particular control point depends on the location of the elemental panel it belongs to.

The code developed allows three distinct ways of placing them (Figure 2.6). The first

Figure 2.6: Elemental panel layup options

option forces all the panels to lie on a flat surface, which means all of the z coordinates

of the control points will be zero. In the second option the surface follows the dihedral

and twist of the wing. In the third one, it goes beyond that and effectively coincides

with the mean surface of the wing, which, in general, is cambered. The latter, though

obviously more accurate, specially for highly cambered airfoils, comes of course at an

additional computational cost.
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2.2 Compressibility correction

Due to the assumption of incompressible flow, in order to simplify the solution, it

is required that we apply a compressibility correction according to the freestream

Mach number (M∞) [18], otherwise the accuracy of the solution will suffer. Usually,

compressibility effects come into play beyond M∞ = 0.3. The simplest correction to

apply is the Prandtl-Glauert rule, which consists of applying a transformation to the

geometry along the x-axis. More specifically, the equivalent wing in incompressible

flow is a lengthened version of the original one, stretched by a factor β =
√

1−M2
∞

[18]. This rule allows the expansion of the envelope within which it is reasonable to

analyze a straight untapered wing with VLM codes up to M∞ ≈ 0.7. After this point,

the appearance of supersonic flow regions across the wing is almost certain (i.e., the

critical Mach number is reached). For swept wings, however, this envelope may be

further extended, since it is the effective Mach number (Meff ) that characterizes the

flow, rather than M∞ (Figure 2.7) [23].

Figure 2.7: Sweep and effective Mach number
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2.3 Friction and form drag

As noted earlier, the vortex lattice method does not account for skin friction, nor form

drag. Therefore, an empirical approach implemented by Mason [24] is employed,

albeit with some modifications. The procedure for skin friction drag estimation is

detailed in Appendix B, but the basic relation is:

CDf
= CfFF

Swet

Sref

(2.8)

where Cf is the coefficient of friction, accounting for a laminar/turbulent boundary

layer flow developing across the wing 1, and FF is the form factor, which is essentially

an empirical correction to take into consideration the airfoil shape and possible flow

separation [25] (again, both computed as in Appendix B). The computation of the

friction coefficient also takes compressibility into account. One of the main assump-

tions is that this base drag does not vary significantly for small angles of attack.

2.4 Prediction of maximum lift coefficient

The maximum coefficient of lift of a wing is crucial to have an idea of the take-off

and landing performance of an aircraft. It may be estimated by evaluating the local

Cl of several wing sections at two different angles of attack in order to extrapolate

their (assumed linear) behavior until stall (to that end, the user supplied maximum

sectional lift coefficients for the three different airfoils that compose the wing are

interpolated). The section that stalls at the lowest angle of attack dictates the stall

angle of attack of the wing and thus its CLmax . It is then just a matter of correlating

1The value of the expected transition Reynolds number - Retrans - should be provided. Typical
values range between 5× 105 and 1× 106.
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Figure 2.8: Determination of wing CLmax

the sectional lift distribution with the overall CL of the wing.

Other effects of the complex three dimensional flow over a wing at high angles

of attack might of course come into play but this is usually a decent alternative to

complex CFD in order to get a first order approximation [26].
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2.5 Validation

In order to validate this analyzer module, which was named Zephyr, comparison with

other already validated codes and/or experimental data is required. To that end,

a series of cases will be presented, spanning very different configurations and flight

conditions.

2.5.1 Test Case 1: Warren 12 planform

The Warren 12 planform (shown in Figure 2.9) is presented in [19] as a benchmark

for VLM codes, which is why it is an obvious first choice. The dimensions are as

follows (in meters):

Figure 2.9: Warren 12 planform

The results are obtained with a 17×24 panels mesh (chordwise×spanwise), total-

ing 408 panels (computation time is under 4 seconds in a Pentium 4 desktop computer

at 3.4Ghz):
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Table 2.1: Comparison of results for the Warren 12 planform

Warren 12 Zephyr Error[%]
CLα [rad-1] 2.743 2.755 0.4
CMα [rad-1] -3.100 -3.116 0.5

These results1 reveal a very good agreement between the benchmark standard and

the code developed, both in terms of the evaluation of the lifting effects and their

distribution across the wing. The latter can be inferred from the fact that the error

in the coefficient of moment is also very low, which means the loads are bound to be

correctly distributed across the wing.

Because this wing has a flat surface, inputting any symmetrical airfoil will yield the

same values (remember that the vortex lattice method ignores thickness, Sec. 2.1.1).

The values presented above are calculated for a run at a 5 deg angle of attack (the

code actually executes another run at α = 4 deg to compute the derivatives, assuming

a locally linear behavior of the wing).

2.5.2 Test Case 2: Comparison with TORNADO

Developed as a MATLAB program, TORNADO (version 1.30b) is a vortex lattice

code which displays advanced features such as the bending of the vortex wake aft of

the wing and the computation of both longitudinal and lateral stability derivatives,

including those with respect to angular rates [27]. It is also versatile in the way that

it allows configurations of multiple complex surfaces. Major downsides though, are

the unavailability of any kind of compressibility corrections, thus preventing its use

but at the low subsonic regime, as well as being computationally very slow when

1The results for CMα
were obtained using the mean geometric chord rather than the MAC, that

Zephyr uses by default. Also, in Zephyr, CM is always computed with respect to the apex of the
wing.
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compared to Zephyr.

Because of TORNADO’s versatility, a more intricate wing configuration was cho-

sen to perform the comparison. Figure 2.10 depicts the planform used in the cal-

culations. The airfoils used were NACA 5405, 5506 and 4607 for the root, break

station and tip, respectively (Tornado only allows NACA airfoils to be loaded auto-

matically). The twist at the tip is 10 deg whereas at the break station no twist is

applied. Dihedral angle is positive by 4 deg.

Figure 2.10: Planform for Test Case 2

Flight conditions were set as α = 5 deg, V∞ = 60 m/s (of course, M∞ = 0,

for comparison purposes), at sea level conditions. Because TORNADO uses a mesh

without camber, the results here presented are for a Type II (see Sec. 2.1.2) mesh in

Zephyr (18x24).



CHAPTER 2. AERODYNAMICS SOLVER 24

Table 2.2: Comparison with TORNADO

TORNADO Zephyr Error[%]
CL 0.6907 0.6898 0.1
CDi 0.0201 0.0197 2.0
CM -0.9150 -0.9196 0.5

Again, a good correlation is obtained between the codes. Some of the differences

may be explained through the fact that TORNADO computes the normals in Eq. 2.2

using the geometry of the panels directly (by means of a cross product [27]), i.e.,

without ever resorting to computing the gradient. This method, though expedient,

is certainly less accurate, since the curvature of the surface is not being accurately

captured. The spline interpolation and differentiation as in the current approach

has a higher fidelity. Further comparison is possible since both codes are capable of

outputting both the pressure distribution across the surface as well as the sectional

coefficient of lift along the span (Figure 2.11).

Figure 2.11: Section Cl vs. semispanwise nondimensional coordinate
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Though the results are very similar, the small discrepancy on the outboard portion

of the wing (noticeable in Figure 2.11) may reveal yet another difference in imple-

mentation between Zephyr and TORNADO, in the way the twist is applied to the

wing. In Zephyr, twist is applied so that a section rotates about the trailing edge

of the wing [28] (so that, for instance, a rectangular wing with twist would keep a

straight trailing edge). The approach followed by TORNADO is unknown.

2.5.3 Test Case 3: Comparison with OVERFLOW

This last test case was run with the aim to validate both the compressibility correction

and viscous/form drag computation. Experimental data with both a clear definition

of the geometry and sufficiently detailed results to allow a comparison to be made was

found to be scarce. This lead to a computational work developed by Chao and Dam

[29] being used as a benchmark. The aforementioned paper describes the analysis of

the flow over a wing using OVERFLOW, a RANS (Reynolds Averaged Navier-Stokes)

CFD solver. The geometry of the test wing is presented in Figure 2.12, the NACA

0012 being the airfoil used for all sections.

Figure 2.12: Planform for Test Case 3

Two distinct flight conditions were run: one at M∞ = 0.25 and another one at
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M∞ = 0.73, both sharing the same angle of attack (α = 4 deg) and Reynolds number

(106, with the root chord as the reference length, according to [29]). In order to

maintain Re at this value, flight altitude had to be set at 14950 m and 21730 m for

the first and second runs, respectively. Full turbulent flow is specified and therefore

Retrans is arbitrarily set at a low value such as 1 (a value of zero would make some of

the expressions in Appendix B singular).

Table 2.3: Comparison with OVERFLOW

M∞ = 0.25 M∞ = 0.73
Chao/Dam Zephyr Error[%] Chao/Dam Zephyr Error[%]

CL 0.3240 0.3266 0.8 0.4160 0.4097 1.5
CDi 0.0046 0.0047 2.2 0.0075 0.0071 5.3
CDf

0.0107 0.0119 11.2 0.0116 0.0116 0.0
CDwave - - - 0.0055 - -

A good agreement is obtained in terms of lift and induced drag, even for the higher

Mach number, which is at the limit of the validity for the Prandtl-Glauert correction.

Nevertheless, for friction and form drag, somewhat expectedly given the empirical

nature of the method employed, the results at M∞ = 0.25 differ by over 10%. The

coincidence observed for M∞ = 0.73 for CDf
is surprising. Zephyr does not account

for wave drag, (CDwave), so a comparison in this area cannot be made. In spite of

all this, the accuracy of the aerodynamic solver may be deemed acceptable at the

preliminary design stage.



27

Chapter 3

Structural/Aeroelasticity Solver

In this chapter, we discuss the implementation of a structural analyzer module based

on the Equivalent Plate Model (EPM) Theory for aircraft wings. Several implementa-

tions in this area have lead to expedited ways of evaluating the aerolelastic behavior of

complex wing structures, without resorting to more cumbersome finite element mod-

els [30], [31], [32], [33], [34], including a nonlinear approach by Livne et al. [35].

These are generally based either on the Classical Plate Theory (CPT) or the First-

order Shear Deformation Theory (FSDT). A review of these theories, among others, is

presented in [36]. One of the major downsides of the EPM approach, especially when

compared with FEM, is that all information concerning the distribution of stresses

is lost when simplifying the geometry to create the equivalent plate. Therefore it is

very difficult to come up with an estimate for the safety factor (e.g., based on the

material’s yield stress) for a certain configuration.

In this section, along with a brief description of the theory, the focus will be set

upon describing the various design variables associated with the structure as well as

how this module will interact with the rest of the tool.
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3.1 Equivalent Plate Theory and Implementation

The implementation of this theory by R. Gabriel [37] is mainly based on the work

of Kapania and Liu [30], in which FSDT was applied to create an EPM of a wing.

A computer code (Awing) was then developed in FORTRAN to evaluate the perfor-

mance of the structure according to such a model.

The current work was then about creating the means for this code to interact with

the remaining modules of the MDO framework.

3.1.1 Mathematical formulation

While full details on the formulation of these equivalent models are available in [37]

and [30], an outline of the methodology will be presented next. There are two main

assumptions to this formulation: a line normal to the non-deformed mid-surface re-

mains straight after deformation, and the transverse normal stress may be neglected

in the constitutive equations. Therefore, the displacement field has the following form

(recalling the coordinate system presented in Figure 1.1):

u(x, y, z, t) = u0(x, y, t) + zφx(x, y, t)

v(x, y, z, t) = v0(x, y, t) + zφy(x, y, t) (3.1)

w(x, y, z, t) = w0(x, y, t)
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u, v and w are displacements, and φx and φy are rotations about the x and y axis,

respectively. The strains are given by:

ε1 = εxx =
∂u

∂x
=

∂u0

∂x
+ z

∂φx

∂x

ε2 = εyy =
∂v

∂y
=

∂v0

∂y
+ z

∂φy

∂y

ε3 = εzz =
∂w

∂z
= 0

ε4 = γxy = 2εxy =
∂u

∂y
+

∂v

∂x
=

∂u0

∂y
+

∂v0

∂x
+ z

(
∂φx

∂y
+

∂φy

∂x

)
(3.2)

ε5 = γyz = 2εyz =
∂v

∂z
+

∂w

∂y
= φy +

∂w0

∂y

ε6 = γzx = 2εzx =
∂w

∂x
+

∂u

∂z
= φx +

∂w0

∂x

The internal energy of the system is:

U =
1

2

∫∫∫
V

σijεjdV =
1

2

∫∫∫
V

εiDijεjdV (3.3)

where the constitutive relations for the material (Hooke’s Law, establishing the rela-

tion between the stress state σij and the strains εi) were applied in the form of the

tensor Dij (taken as symmetrical).

On the other hand, for the kinetic energy of the equivalent plate we have:

T =
1

2

∫∫∫
V

ρv.vdV (3.4)

v being the velocity vector:

v =

(
∂u0

∂t
+ z

∂φx

∂t
,
∂v0

∂t
+ z

∂φy

∂t
,
∂w0

∂t

)
(3.5)
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In order to perform the calculations, however, the general wing geometry needs

to be transformed into the square domain defined by ξ, η:

Figure 3.1: Domain transformation

The application of such transformation and subsequent discretization of Eqs. (3.3)

and (3.4) leads to a rather lengthy derivation which goes beyond the scope of the

current work (but is again duly explained in [37] and [30]). In order to evaluate

the integrals in the aforementioned equations, Gaussian quadrature is used. The

integrands and limits of integration are defined by the geometry of the wing and the

properties of its structural elements (which are the topic of Sec. 3.2).

Static deformation

To compute the static deformation of the structure, the work done by external forces

must be calculated:

Q =

∫∫
P (x, y, t) . (u, v, w) dxdy (3.6)

The displacement and rotation functions are then approximated by Ritz weighting

functions and the integrals in Eqs. (3.3) and (3.4) are evaluated so that the following
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system of equations is obtained:

Kijqj = Pi (3.7)

Where Kij is the stiffness matrix obtained through integration of Eq. (3.3), qj is the

generalized displacement vector (weighting the Ritz functions) and Pi is the general-

ized load vector.

In Awing, the loading input is actually the output from the aerodynamics module

(Zephyr), which generates a distribution of point loads across the wing surface.

Natural vibration

Solving the generalized eigen-value problem:

(
Kij − ω2Mij

)
xj = 0 (3.8)

allows the computation of natural vibration frequencies and modes, Mij is the mass

matrix resulting from the evaluation of the integral in Eq. (3.4), ω2 is the eigen value

(natural frequency squared), and finally, xj is the eigen vector representing the mode

shape.

3.2 Definition of structural design variables

The assembly of the stiffness and mass matrices for the equivalent plate requires

information from four major groups of structural components: spars, rib, stringers

and skins. The set of material properties taken into consideration allows the definition

a wide array of material types, both isotropic and orthotropic, including most types

of composite layups.
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The current version of Awing has two major limitations: only one airfoil section is

allowed and only trapezoidal, untwisted wings without dihedral are supported. The

main consequence is that not all of the geometric parameters can be taken as design

variables in an aero-structural optimization.

The following sections aim to describe what information on the geometric and ma-

terial properties of these elements is carried through to the structural/aeroelasticity

module and to the optimizer. Note that in the current approach, the material type

itself, and hence its properties, are not taken into consideration as design variables

(though this might change in a future revision).

3.2.1 Spars

Spars usually present the greatest contribution to a wing’s bending stiffness. In

the present case, they extend from root to tip, their placement at those locations

being defined as a fraction of the respective chord (Figure 3.2). For the current

Figure 3.2: Spars positioning
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implementation, spars are taken as I-beams, their sections being defined as seen in

Figure 3.3. These dimensions are allowed to vary linearly from root to tip.

Figure 3.3: Spar section dimensions

Different materials may be specified for the cap and web of the spar. The mate-

rial properties taken into consideration are defined by the parameters portrayed on

Table 3.1.

Table 3.1: Material properties definition for spars

Material property Units Obs.
Web

Longitudinal elastic modulus, Eweb Pa
Shear Modulus, Gweb Pa

Poisson ratio, νez e means the longitudinal direction
Poisson ratio, νze e means the longitudinal direction

Density, ρweb kg.m-3

Cap
Longitudinal elastic modulus, Ecap Pa

Poisson ratio, νez e means the longitudinal direction
Poisson ratio, νze e means the longitudinal direction

Density, ρcap kg.m-3
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3.2.2 Ribs

Ribs, being placed transversally in the wing, are responsible for a substantial contri-

bution to a wing’s torsional stiffness but they exist primarily to support the skin and

prevent it from buckling. The rib section properties are sketched in Figure 3.4 and

they are specified both at the leading and trailing edges.

Figure 3.4: Ribs positioning

Figure 3.5: Rib section dimensions

Much like what happens for spars, different materials can be specified for cap and
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web.

Table 3.2: Material properties definition for ribs

Material property Units Obs.
Web

Longitudinal elastic modulus, Eweb Pa
Shear Modulus, Gweb Pa

Poisson ratio, νez e means the longitudinal direction
Poisson ratio, νze e means the longitudinal direction

Density, ρweb kg.m-3

Cap
Longitudinal elastic modulus, Ecap Pa

Poisson ratio, νez e means the longitudinal direction
Poisson ratio, νze e means the longitudinal direction

Density, ρcap kg.m-3

3.2.3 Stringers

Stringers are reinforcements placed on the skin that further add to the bending stiff-

ness of the wing and also help in preventing the buckling of the skin. Their effective-

ness is due to their relatively high sectional moment of inertia since their placement

is by nature far away from the wing section centroid.

Placement of stringers on the wing is defined in Figure 3.6 and they are defined

in pairs (sharing the same chord fraction, one at the upper surface and another at

the lower one). Each stringer’s section is defined by its height and width as seen in

Figure 3.7. A single material type is defined for stringers.
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Figure 3.6: Stringers positioning

Figure 3.7: Stringer section dimensions

Table 3.3: Material properties definition for stringers

Material property Units Obs.
Longitudinal elastic modulus, E Pa

Shear Modulus, G Pa
Poisson ratio, νez e means the longitudinal direction
Poisson ratio, νze e means the longitudinal direction

Density, ρ kg.m-3

3.2.4 Skin panels

The skin not only gives the wing its aerodynamic shape but may also contribute

significantly to both its bending and torsional stiffness. As a matter of fact, some
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wing designs rely solely on the skin as their structural element.

The skin panels placement on the wing is defined by the front and aft chord

fractions at root and tip (Figure 3.8). Much like stringers, they are defined in pairs,

which share the same properties except that one is placed at the upper surface and

another one at the lower surface of the wing. As to the assignment of thicknesses and

material properties, these are explained through Figure 3.9 and Table 3.4.

Figure 3.8: Placement of skin panels

Figure 3.9: Definition of skin thickness
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Table 3.4: Material properties definition for skin panels

Material property Units Obs.
In-plane elastic modulus, EX Pa in global coord. system
In-plane elastic modulus, EY Pa “
In-plane shear modulus, GXY Pa “
Normal shear modulus, GXZ Pa “
Normal shear modulus, GY Z Pa “

Poisson ratio, νxy “
Poisson ratio, νyx “

Density, ρ kg.m-3

3.3 Validation

A validation of the structural code was performed in [37], by comparing it with similar

codes as well as with finite element models. The results from the latter are presented

here since they are the most meaningful to the current work.

Tables 3.5 and 3.6 contain the details of the wing used for this analysis. The

internal structure is composed of 4 spars and 11 ribs made of aluminum. The skin

is also made of aluminum and is defined by two skin panels covering its upper and

lower parts.

The airfoil presented is obtained through a Karman-Treftz conformal transforma-

tion [37].

For the analysis under static loads, a pair of loads, equal in magnitude (10000 N)

and opposite in direction was applied at the wing tip (at the locations of the first and

last spars). The results when compared to the corresponding finite element model

in ANSYS® are presented in Figure 3.10. Though the computed solution seems to

capture the general tendency of the displacement field, it is also apparent that this

approach suffers from a lack of fidelity for increasingly complex structures (simpler
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Table 3.5: Description of wing for structural test case (planform)

Planform dimension Value

Semispan, b
2 4.88 m

Break station, bs 2.44 m
LE Sweep, ΛLE 30 deg

Tip twist 0 deg
Break station twist 0 deg

Dihedral, ϕ 0 deg
Root chord, cr 1.83 m

Break station chord, cbs 1.37 m
Tip chord, ct 0.91 m

Airfoil

Table 3.6: Description of wing for structural test case (structure)

Structural variable Value Obs.
Spar chord fraction 0.2/0.4/0.6/0.8 root and tip
Spar web thickness 1.47 mm root and tip

Spar cap height 5.00 mm root and tip
Spar cap width 9.47 mm root and tip

0.0909/0.1818/0.2727/0.3636/
Rib semispan fraction 0.4545/0.5455/0.6364/0.7273/ LE and TE

0.8182/0.9091/1.0
Rib web thickness 1.47 mm LE and TE

Rib cap height 5.00 mm LE and TE
Rib cap width 9.47 mm LE and TE

Skin thickness 3.0 mm
Skin thickness ratio 1.0

cases discussed in [37] yielded better results). On the other hand, the modal analysis

presented a much better agreement with the finite element model, as evidenced by

Table 3.7.
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Figure 3.10: Displacement field evaluated at the leading edge [37]

Table 3.7: Comparison of natural vibration frequencies

Mode Awing [rad.s-1] FEM [rad.s-1] Error [%]
1st 46.451 46.639 0.40
2nd 203.408 200.068 1.67
3rd 280.541 284.249 1.30
4th 371.215 358.933 3.42
5th 496.568 458.022 8.42
6th 744.267 726.960 2.38

All in all, the price paid in terms of accuracy of the solution, especially in terms

of static deformation, is more than outweighed by the simplicity in parameterizing

the structure and the computational cost of such an implementation when compared

with a equivalently detailed finite element model. There is no doubt, however, that

these accuracy issues should be the object of future work on this module.
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3.4 Aeroelasticity

Aeroelasticity is the study of the interaction of an elastic structure with it’s fluid

surroundings. This interaction may lead to disastrous results if it is not adequately

predicted and no steps are taken to control it.

Static Aeroelasticity

The static deformation of a wing in flight under the aerodynamic loads may be con-

sidered as an aeroelastic phenomenon. For a constant CL, there will be a divergence

speed, Vd, at which the twisting caused by the moment of the lift forces (essentially)

about the centre of twist of the wing will overcome the torsional stiffness of the

structure, causing it to fail. In aft-swept wings, the bending of the wing is usually

beneficial in terms of divergence, by alleviating the torsion at a certain section (the

wing incidence is actually reduced as the wing twists). Conversely, in forward swept

wings the effect is the opposite [38], hence the lower divergence speeds observed for

this type of wings.

Dynamic Aeroelasticity

On the other hand, a phenomenon known as flutter consists of the dynamic interaction

between the structure itself and the aerodynamic loads imposed by the surrounding

air stream. Although types of flutter based on excitation of pure bending or pure

torsion modes are stable and hence harmless, the same does not hold true for cases

where these types of motion coexist, but with a certain phase difference - classical

flutter. A common example is presented in Figure 3.11, bestowing a 90 degree phase

difference between bending and torsion modes.
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Figure 3.11: Classical flutter

It is immediately apparent that while crossing the equilibrium position in bending,

the wing suffers both maximum and minimum lift loads due to the twist-increased/

decreased angle of attack. The fact that these loads are synchronous with the motion

of the wing means that at a given speed, Vf (flutter speed), the aerodynamic loads

surpass the admissible values and the oscillations quickly diverge, eventually leading

to structural collapse. Other types of flutter, often referred to as non-classical flutter,

include aileron buzz, buffeting and stalling flutter.

3.4.1 Implementation

Based on the knowledge of natural frequencies of the wing structure, such as those

obtained through Awing, it is possible to derive semi-empirical expressions to predict

flutter speed. The MDO tool developed makes use of the relations introduced in [39]

and [40], in order to estimate the flutter speed.

Vf =
ωα rα√

4πρ ε
b
2

mwing

(3.9)
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Vf =
ωα rα√

2 CLα ρ ε
b
2

mwing

(3.10)

In the above, ωα is the first uncoupled torsional frequency of the wing structure, rα

is the radius of gyration of the wing expressed as a fraction of the average semi-chord,

ρ is the freestream air density, and ε is the distance from the wing section center of

mass to the aerodynamic center (1/4 chord) as a fraction of the chord. The values

of rα and ε are difficult to obtain for more general wing structures such as the ones

being treated here. To that end, the user has control over these parameters, which

are by default estimated to be rα = 0.5 and ε = 0.25 [40].

Eqs. 3.9 and 3.10 are essentially equivalent, save for the fact that the latter ac-

counts for the actual lift curve slope of the wing, rather than using the crude approx-

imation of Eq. 3.9, in which the value of 2π is used (2π being the lift curve slope of an

infinite flat plate in potential flow). This approximation, however, has the advantage

of requiring a single aerodynamics evaluation in comparison the two needed for the

computation of CLα .

The validity of these expressions is constrained to trapezoidal wings, furthermore

since the uncoupled torsional frequency and wing mass are calculated using Awing

which in itself is limited to that type of planform.



44

Chapter 4

Graphical User Interface

In this work, there is also an interest in how the user should interact and easily

formulate wing optimization problems. Therefore, an interface was created to assist

in the operation of this application. The GUI was developed using the C# object-

oriented language as it facilitates the process of setting up the various elements of

a graphical interface (windows, menus, buttons...) as compared to Visual C++, for

example. One of the requirements of such an interface was, however, to make it mod-

ular, so that the various analyser/optimizer modules could be easily interchanged.

To that end, provisions were made so that these modules can be accompanied by a

suitable interface which serves as a bridge between the user interface itself and the

underlying analyser module. Furthermore, if the module in question is compiled as

an application extension (dynamic-link library, .dll), input and output procedures are

performed much faster since all data is exchanged through system memory (RAM)

rather than through files (and therefore using the much slower hard drives). To ex-

emplify this procedure, the aerodynamics module (Zephyr, which was coded in C++)

was converted to such an extension and the respective interface was created to allow

communication with the main application. The optimizer developed in MATLAB
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is also compiled as a dynamic-link library, though it requires the installation of the

MATLAB® Component Runtime (MCR) in order to function properly.

The interface is divided into 7 main tabs, each of them dedicated to a specific

task. These are: Geometry, Aerodynamics, Structure, Aeroelasticity, Cost (not yet

implemented, which will allow for the development of a future cost estimation mod-

ule), Optimization and Other results. Most of these sections are equipped with a 3D

viewer for which a DirectX® graphics engine was developed. This viewer presents

the ubiquitous zoom, pan and rotate capabilities.

Figure 4.1: Geometry screen

Figure 4.1 displays the Geometry tab, where the values for the parameters that

define the shape of the baseline wing may be entered (Sec 2.1.2). There are also
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buttons that call dialog boxes allowing three distinct airfoils to be loaded. In this

case the 3D viewer window will display the current baseline configuration.

The Aerodynamics tab (Figure 4.2) is prepared for the analysis of the wing at user

specified flight conditions. Other controls include the specification of the maximum

Cl for each of the three airfoil sections previously defined and the mesh settings.

Figure 4.2: Aerodynamics screen

Upon execution of the VLM, the 3D viewer displays the pressure distribution over

the wing. At the bottom, the main non dimensional coefficients of interest are shown.

The structure tab (Figure 4.3) allows the definition of the internal structure of the

wing for later analysis. It requires the geometry to be defined in advance. Structural

elements and their respective properties are defined by means of pop-up menus such as
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the one on Figure 4.4. A tree-view control on the left hand side was also implemented

to define and keep track of all the structural elements. In this screen the 3D viewer

will display a three-dimensional mock up of the wing structure including spars, ribs,

stringers and skins. In order to reduce clutter, four buttons on the top of the window

Figure 4.3: Structure screen

toggle on or off the visualization of the different types of elements.

The popup menus check the values of the user input and no changes are made

unless they all fall within acceptable values (for instance, dimensions are required to

be positive, real numbers).

The next tab controls Awing ’s operation with options for boundary conditions. It

employs the loading calculated in the aerodynamics section through Zephyr in order
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Figure 4.4: Ribs popup menu

to compute the respective static deformation. The user may then choose to view an

animated plot of one of the first six vibration modes.

Other on screen information includes the estimated weight of the structure, the

maximum static deformation for the current loading case and the values for the first

six natural frequencies.
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Figure 4.5: Aeroelasticity screen

Even though the application also serves as an analysis tool, it is the optimization

tab that justifies its existence (Figure 4.6). The optimization options in this tab may

be accessed after all the fields in the geometry and structure tabs (which define the

baseline design and thus the starting point for the optimization procedure) have been

filled in. By using the values that each of the variables takes for the baseline design

as a reference, the user is asked to input the range for which an optimal value will be

sought after. Structural variables are given ranges in terms of percentages in order

to reduce user inputs to a minimum (e.g.: only one setting for the range of the web

thickness of all spars).

The maximum and minimum values for a given variable are updated as the user
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Figure 4.6: Optimization screen

fills in the respective ∆<variable name> field. Also, this section is provided with its

own Flight Conditions group box so that the standalone aerodynamics module need

not be used.

Finally, the optimization settings that mimic those available for the fmincon func-

tion (finite differencing settings, objective function, constraints and convergence tol-

erances) may be configured on the group box to the right, with the constraints for

the physical problem (e.g.: Sref , CL) being defined below.

The final screen serves as a repository for additional information concerning the

current design such as the listing and decomposition of the force totals in vehicle and

wind axes, value of L
D

, aspect ratio (A) and computed flutter speed, among others.
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Figure 4.7: Other results screen

Owing to the modular nature of the interface and its intrinsic advanced graphics

capabilities, it is also suited to serve as a docking point for future, higher-fidelity

modules. Also, by designing the application to be more intuitive and by giving the

user direct control over all the variables in play, the task of obtaining relevant results

may be accomplished much faster even for someone unfamiliar with the program.
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Chapter 5

Wing Design Optimization

In this chapter, the interactions between the modules are detailed, as is their link-

age with the system level optimizer. Before presenting any meaningful optimization

results though, the choice of design variables and the basis for the selection of con-

straints and objective function needs to be justified.

5.1 Formulation of the MDO problem

A typical engineering optimization problem is defined as the minimization of some

objective function f(x) (x being the vector of design variables, discussed in Sec. 5.1.1).

In this case, where there are both equality and inequality constraints involved, the

problem may be defined as ([41]):

Minimize : f(x) (5.1)
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subject to : Aequality.x = bequality (5.2)

cequality (x) = 0 (5.3)

A.x ≤ b (5.4)

c (x) ≤ 0 (5.5)

LB ≤ x ≤ UB (5.6)

Eqs. 5.2 and 5.3 refer to the linear and nonlinear equality constraints, respectively,

whereas Eqs. 5.4 and 5.5 are the linear and nonlinear inequality constraints, in that

order. Eq. 5.6 establishes the lower and upper bounds for the design variables.

5.1.1 Design variables

Most of the design variables available for optimization have already been hinted at

the previous two chapters, when parameterizing both the geometry and the internal

structure of the wing. Nevertheless, tables 5.1 and 5.2 are presented in order to

summarize all that information:

Table 5.1: List of design variables (aerodynamics and geometry)

Design variable Units No. of instances Obs.

AOA, α [deg] 1 readily converted to rad

Semispan, b
2

[m] 1

Break station, bs [m] 1

LE Sweep, ΛLE [deg] 1

Tip twist [deg] 1

Break station twist [deg] 1

Dihedral, ϕ [deg] 1

Root chord, cr [m] 1

Break station chord, cbs [m] 1

Tip chord, ct [m] 1
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Table 5.2: List of design variables (structure)

Design variable Units No. of instances Obs.

root position no. of spars as fraction of cr

tip position no. of spars as fraction of ct

web thickness at root [m] no. of spars

web thickness at tip [m] no. of spars

cap height at root [m] no. of spars

cap height at tip [m] no. of spars

cap width at root [m] no. of spars

cap width at tip [m] no. of spars

LE position no. of ribs as fraction of b
2

TE position no. of ribs as fraction of b
2

web thickness at LE [m] no. of ribs

web thickness at TE [m] no. of ribs

cap height at LE [m] no. of ribs

cap height at TE [m] no. of ribs

cap width at LE [m] no. of ribs

cap width at TE [m] no. of ribs

root position no. of stringers as fraction of cr

tip position no. of stringers as fraction of ct

height at root [m] no. of stringers

height at tip [m] no. of stringers

width at root [m] no. of stringers

width at tip [m] no. of stringers

thickness [m] no. of skins

thickness ratio no. of skins between tip and root

Along with the variables previously introduced in each of the two analyzer mod-

ules, the angle of attack is now also considered as a variable, rather than simply a

flight condition parameter as suggested in Chapter 2. This is because in order to

obey some of the nonlinear constraints which can be imposed upon the system (e.g.,
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CL, L = n W . See (Sec. 5.1.3)), this additional degree of freedom may be required to

avoid over constraining the problem and eliminating all feasible solutions.

The maximum number of variables that may be selected for an optimization run

is dependent on the limits of the structural solver (see Sec. 3.2). Given the infor-

mation on tables 5.1 and 5.2, the maximum number of design variables that can be

accommodated for a given baseline design is:

Max.no.ofdesignvariables = 4 +

+ No.ofspars× 8 +

+ No.ofribs× 8 +

+ No.ofstringers× 6 +

+ No.ofskinpanels× 2 (5.7)

The value of 4 corresponds to the angle of attack plus the geometric variables that do

not have to do with quantities evaluated at the break station nor twists or dihedral

angles. This due to the fact that the structural solver will only accept untwisted

trapezoidal wings with no dihedral (Sec. 3.2). The total gives an absolute maximum

of 314 design variables, if both the aerodynamics and structural solvers are used at

their full capacity.

Because the design variables in play are likely to have values that differ by several

orders of magnitude, they should be scaled. To achieve this, a mapping is established

for each variable chosen for optimization, so that the optimizer will only be assigning

them values within the interval [−1, 1]. This mapping is based, of course, on the lower

and upper bounds for the actual values of the design variables (for variable i):

xi = yi

(
upperi − loweri

2

)
+ baselinei (5.8)
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where yi ∈ [−1, 1]. In an effort to reduce the workload during the definition of the

lower and upper bounds for each variable, the maximum deviation from the baseline

design (∆i) is used instead. This effectively cuts down the amount of required inputs

by half. Then:

xi = baselinei + yi ∆i (5.9)

Special cases exist where a value for ∆i is specified such that the lower bound would be

negative, when that would not have any physical meaning (e.g. all linear dimensions).

In those situations, the lower bound is forcibly set to zero by using ∆i as a pseudo-

baseline value:

xi = ∆i + yi ∆i (5.10)

In these cases the mapped value for baselinei → yi(baselinei), will no longer be zero

as it usually would, but higher.

5.1.2 Dynamic linear constraints

The linear constraints are mostly to keep the design physically feasible, i.e., preventing

spars, ribs and stringers from overlapping, as well as keeping the semispan larger than

the location of the breakstation. Also, the position of the structural elements should

not exceed the limits of the planform and therefore all chord and semispan fractions

are limited between 0 and 1. Because of the versatile nature of the combination of

interface and optimizer, these constraints need to be heuristically created.

A certain structural element has to be constrained by the ones adjacent to it (as

seen on Figures 5.1 and 5.2). This is why the array containing the data pertaining to



CHAPTER 5. WING DESIGN OPTIMIZATION 57

Figure 5.1: Improperly constrained rib

Figure 5.2: Properly constrained rib

each structural element needs to be sorted in a way that geometrically adjacent ele-

ments are also adjacent in terms of indexing (indexing criterion is root chord fraction

or LE semispan fraction, whichever is applicable). The procedure to enforce these

constraints is straightforward but tedious, especially since the parameters in question
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may be either fixed or considered as design variables. Both equality and inequality

linear constraints are specified as a linear system of equations/inequalities (Eqs. (5.2)

and (5.4)) in which each line has to be reworked should one variable become fixed:

1)If the constraint involved only one former variable, that line is simply removed;

2)If the constraint includes variables other than the one being fixed, the latter’s

value is moved to the right side of the equation/inequality and subtracted to vector

b or bequality, whatever the case (for all the case studies covered in this work, only

linear inequalities were used).

To simplify the implementation of this dynamic creation of constraints, the second

case only applies to the relation between semispan and break station location (when

the wing is not constrained to have a trapezoidal planform as seen on Sec. 5.1.1), since

all the variables concerning the placement of a certain type of structural elements are

enabled or disabled through a single switch. Therefore, all relationships between

them disappear simultaneously from the set of linear constraints (e.g., all leading

edge positions of ribs becoming fixed parameters). Underlaying all of this is of course

the need to also embed the mappings of the design variables (Eqs. (5.9) and (5.10))

into Eqs. (5.2) and (5.4).

5.1.3 Nonlinear constraints

Nonlinear constraints are usually based on the results of the analyzer modules, though

they might also result from the nonlinear combination of two or more design variables.

The application developed allows virtually any of the outputs from either analyses

or a combination thereof to be used as a nonlinear constraint. Though in the cur-

rent version only a handful of these saw actual implementation in the user interface

(Chapter 4), others may be easily accessed through the source code.
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The nonlinear constraints also come in terms of equalities or inequalities (Eqs. (5.3)

and (5.5)), but in this case the RHS is always zero. Some examples of nonlinear con-

straints that are applicable to this type of problem (aerostructural optimization) are

presented in Table 5.3:

Table 5.3: Examples of nonlinear constraints

Constraint Obs.

CLlb
− CL ≤ 0 lower bound for design CL

CL − CLub
≤ 0 upper bound for design CL

Sreflb
− Sref ≤ 0 lower bound for planform reference area

Sref − Srefub
≤ 0 upper bound for planform reference area

ωispecified
− ωi ≤ 0 vibration mode constraint

L− n(2Wwing + Wother) = 0 1 maneuver at load factor n (e.g. for cruise, n = 1)

Table 5.4: Numerical implementation of nonlinear constraints exemplified in Table 5.3

Constraint Obs.

CLlb
− CL ≤ 0 lower bound for design CL

CL − CLub
≤ 0 upper bound for design CL

Sreflb

Sref
− 1 ≤ 0 lower bound for planform reference area

Sref

Srefub

− 1 ≤ 0 upper bound for planform reference area
ωispecified

ωi
− 1 ≤ 0 vibration mode constraint

L
n(2Wwing+Wother)

− 1 = 0 1 maneuver at load factor n (e.g. for cruise, n = 1)

Because numerical methods used for optimization are not indifferent to the way

the constraints are specified, these nonlinear constrains are actual implemented as

in Table 5.4 (note that the coefficient of lift is already nondimensional and its order

of magnitude is 1) [4]. In this way, all the output variables are nondimensional and

1Wother means the weight of the whole vehicle, discounting the wing structure. For a real life
scenario, this might constitute a preliminary estimate.
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within the same order of magnitude, which will surely benefit numerical convergence

by preventing some of the constraints from dominating the others. Care must be

taken when employing these constraints, however, since if a point very close (less

than the constraint tolerance specified - Sec. 5.2) to or within the feasible region of

the design space is not supplied as a baseline, the method is unlikely to be successful

and optimization is aborted.

5.1.4 Objective function

Objective, cost or merit functions are some of the various names for the same entity.

The objective function can be classified as being single or multi-objective, depending

on whether it is weighting one or multiple outputs simultaneously.

The current approach toward the definition of an objective function is twofold.

The first is the classical weighted sum method. The second involves the definition of

a single performance measure, which, in actuality, is an ensemble of several output

variables but has physical meaning.

Weighted sum approach

The most common way of defining a function for minimization of several objectives

is to form a weighted sum of them. More often than not, the choice of the weights

is arbitrary and thus controversial, as it will have a significant impact on the results.

These weights must, however, be corrected according to the magnitude of the various

objectives involved. An example:

f (x) = −K
L
D(

L
D

)
magnitude

+ (1−K)
W

Wmagnitude

(5.11)
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In Eq. (5.11), K represents a (positive) weighting factor so that the sum of all the

weights adds up to 1. The first term is multiplied by -1 since we would be interested

in maximizing the lift to drag ratio in this example. Though this gives this approach

some structure, the choice of factor K must still be justified, based on Pareto front

plots, for instance.

Breguet range equation

To avoid the ambiguity of the choice of weights mentioned above, a single performance

measure with a more practical meaning is also introduced. Hence, the ubiquitous

Breguet range equation is taken as an example. It is defined as:

R =
Vcruise

g SFC

L

D
log

Wi

Wf

(5.12)

where Vcruise is the design cruise speed and SFC stands for the Specific Fuel Con-

sumption (units: Kg.s-1.N-1) which depends solely on the propulsion system. Wi and

Wf are the initial and final weights for the cruise flight phase, respectively. An objec-

tive function based on this equation dispenses with a weighted approach using output

variables such as L
D

or CD, for instance. The weighting between competing objectives

is instead implicitly defined in a meaningful and physical manner.

5.2 Optimizer implementation

To expedite the development, the optimizer uses the capabilities of the MATLAB®

Optimization Toolbox. This toolbox implements gradient based and non-gradient

based methods for both medium and large scale problems. The non-gradient based

methods are further complemented by the Genetic Algorithm and Direct Search Tool-
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box, which, as the name implies, employs evolutionary algorithms. Evolutionary

algorithms are particularly robust and can tackle functions where gradient based al-

gorithms struggle to converge. Their main disadvantage is that they usually require

a large number of function evaluations in order to obtain satisfactory results. The

application of evolutionary algorithms to maximize wing efficiency through shape

optimization was actually the main topic of papers by Kroo [42] and Gonzalez et

al. [43].

The usage of the large scale algorithms implemented in the Optimization Toolbox,

though certainly tempting (should a large number of design variables be chosen for

optimization - Sec. 5.1.1), is precluded since the ones available are not able to take

all types of constraints into consideration simultaneously. Therefore, a medium scale

algorithm, SQP - Sequential Quadratic Programming - is used instead, as it allows

the greatest versatility in defining the design optimization problems.

SQP methods have been thoroughly tested and are among the most capable gra-

dient based methods, being credited with a high percentage of successful solutions.

They have also seen some use in aerostructural optimization [28], [44]. These algo-

rithms assume a second order approximation of the objective and constraints func-

tions, therefore leading to a higher convergence rate when compared with their linear

counterparts.

Being a gradient-based method, SQP requires information on the gradient of the

objective function at each iteration. This means that, at each iteration, either the an-

alyzer modules provide the gradients themselves, along with the value of the objective

function, or the optimizer will be required to call the analyzers once for each design

variable, in order to estimate the derivatives through finite-differencing. The latter

approach had to be selected since access to the source code of the structural module

was limited, effectively precluding the use of automatic differentiation. The future
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Figure 5.3: Optimizer flowchart

implementation of an automatic differentiation capability in the analyzer codes, by

operator overloading in C++ and FORTRAN, for instance, would greatly increase

the performance of the whole package. Figure 5.3 portrays the process in which the

optimizer (using the fmincon function) is included.

This procedure makes it easier to integrate different instances of the optimizer,

either it be implementing different methods or simply a revised version of the current

one (provided they accept the same type of inputs).

Also evidenced in Figure 5.3 is the ability to customize the algorithm according

to the settings available for the fmincon function. These include the stopping toler-

ances for changes in the value of either the objective function or the design variables,
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the maximum allowable for constraint violation, the maximum number of function

evaluations and iterations for the algorithm and finally, the minimum and maximum

finite differencing step. The latter is a setting of paramount importance, as it has

a big impact on the computation of sensitivities. Its value should be tuned for each

specific problem, bearing in mind that it refers to the mapped values of the variables

(Eqs. (5.9) and (5.10)). The values chosen should then be such that within its opti-

mization range (∆i), the minimum change in a certain DV will produce a measurable

change in the objective function. Too great a value for the maximum change for

finite differencing is not desirable either since the computed derivatives will then lack

precision (truncation error vs. round off error).

5.3 MDO Strategies

The modules in an MDO framework may be arranged in several ways, more often

than not due to performance concerns. MDO techniques may be classified as single

or multilevel. Multilevel means that besides a system optimizer having control over

general, system wide design variables, there are also disciplinary optimizers coupled

with each of the analyzer modules, which exert a more local control over a subset of

DV’s. Also, some design variables, particularly the ones to which the disciplines are

the most sensitive, might require more changing than others. The reason for doing

this is that it is not unusual for one of the analyzer modules to be computationally

more expensive than all the others, which means that steps should be taken in order

to avoid the calls to that more expensive function. Also, other distinctions can be

made with respect to whether the state variables (e.g. displacements) are recomputed

at each iteration.

The following strategies that were implemented to date, are intended to function
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as examples of the modularity of the framework developed.

5.3.1 MDF formulation

Among the various multidisciplinary design optimization techniques available, one

that has seen much use is called MDF which stands for Multidiscipline Feasible (also

called Single-NAND-NAND [28]). In this arrangement (Figure 5.4), the optimizer

has control over all the design variables, feeding new values for the DV’s directly to

the analyzer modules, while receiving information on the respective values for the

objective function and the sensitivities. The interaction between disciplines is, in

Figure 5.4: MDF strategy

the general case, a two-way track. Due to limitations in the implementation of both

modules, however, there is no real fluid-structure interaction capability in the current
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approach. This means there is no loop when computing an equilibrium between static

displacements and aerodynamics load distribution, thus simplifying and reducing the

computational cost of the problem at the expense of accuracy.

5.3.2 Sequential optimization

So as to compare the more common MDF to a multilevel approach, the following

sequential arrangement was implemented (Figure 5.5). This type of approach is de-

scribed in [45], [46] and [47].

Figure 5.5: Sequential optimization strategy

This formulation effectively divides the problem into two distinct subproblems and
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is not necessarily equivalent to MDF. There is no global optimizer, and the process

is carried out only once (i.e., no aerodynamic re-optimization after the structural

optimization). The process itself mimics the classical approach in aircraft design

- aerodynamics then structures. Although the solution to this problem stated will

generally be different than MDF, overall, the computational cost will be lower.

5.4 Case study 1 - Aerodynamic optimization

In this first case study, a problem of pure aerodynamic performance optimization will

be solved. This will be done with both a single and multi-objective cost functions.

For this wing design optimization problem, the planform of the Boeing 787 airliner

(Figure 5.6) was chosen as the baseline configuration. Some of the baseline values

Figure 5.6: Boeing 787 Dreamliner, Boeing Co.©

for DV’s are estimates (see Table 5.5), since most of the details are proprietary data
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from Boeing [48], especially the airfoils. It is assumed that these are supercritical 1,

since the aircraft is designed to cruise at transonic speeds, so a supercritical airfoil

was chosen arbitrarily from [22] and used for all sections.

Table 5.5: Baseline configuration details for Case Study 1

Baseline dimensions Value Obs.

Semispan, b
2

29.34 m [49]

Break station, bs 11.60 m [49]

LE Sweep, ΛLE 30 deg estimate

Tip twist 0 deg estimate

Break station twist 0 deg estimate

Dihedral, ϕ 5 deg estimate

Root chord, cr 11.86 m estimate

Break station chord, cbs 6.42 m [49]

Tip chord, ct 1.69 m [49]

Airfoil

NASA/Langley Whitcomb integral supercritical airfoil

5.4.1 Single Objective, Single Discipline

In this section, the baseline configuration detailed in Table 5.5 will be optimized

according to a single performance criterion, L
D

- the lift to drag ratio. Hence:

f(x) = −L

D
(5.13)

1Supercritical airfoils are designed to delay the appearance of areas of supersonic flow over a wing
(Mcrit) as this will also delay drag divergence (occurring at the drag divergence Mach number Mdd),
a consequence of the sudden drag rise observed at transonic speeds when a zone of supersonic flow
over an airfoil ends abruptly at a shockwave.
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is the function to be minimized. The bounds and constraints chosen to be imposed are:

Flight conditions are set to be M∞ = 0.8, which means V∞ = 236.14 m.s-1@11000m.

Table 5.6: Bounds and constraints for Case Study 1: Single objective

Design variable Minimum Value Maximum Value

Semispan, b
2

28.34 m 30.34 m

Break station, bs 6.60 m 16.60 m

LE Sweep, ΛLE 20 deg 40 deg

Tip twist -2 deg 2 deg

Break station twist -2 deg 2 deg

Root chord, cr 8.86 m 14.86 m

Break station chord, cbs 3.42 m 9.42 m

Tip chord, ct 0.69 m 2.69 m

0.31 ≤ CL ≤ 0.34

340 ≤ Sref ≤ 360

The angle of attack is 0 deg and Retrans = 5× 105.

Table 5.7 highlights the main performance gains from this purely aerodynamic op-

timization of the wing geometry. A view of the baseline and optimized configurations

is presented in Figure 5.7, along with the convergence plot for the objective function

(multiplied by a factor of -1). Though it is not guaranteed to be the global optimum,

the final design was attained within a 1× 10−4 tolerance for change in the objective

function.
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Table 5.7: Comparison between baseline and optimized designs - Case study 1: Single
objective

Design/Output variable Baseline Value Optimized Value Difference

Semispan, b
2

29.34 m 30.34 m +3.4%

Break station, bs 11.60 m 16.32 m +40.7%

LE Sweep, ΛLE 30 deg 40 deg +33.3%

Tip twist 0 deg -2 deg -

Break station twist 0 deg -1.2 deg -

Root chord, cr 11.86 m 12.41 m +4.6%

Break station chord, cbs 6.42 m 4.52 m -29.6%

Tip chord, ct 1.69 m 0.72 m -57.4%

CL 0.3215 0.3400 +5.8%

CDi
0.0029 0.0023 -20.7%

CDf
0.0055 0.0056 +1.8%

CD 0.0055 0.0056 +1.8%

Sref 355.9 m2 349.9 m2 -1.7%

L 1.164× 106 N 1.210× 106 N +4.0%

D 3.027× 104 N 2.796× 104 N -7.6%
L
D

38.45 43.29 +12.6%

The improvement in the lift over drag ratio was 12.6%, mainly due to a significant

decrease in the induced drag, at the cost of a slight increase in friction drag. We

must be reminded, though, that this is a purely aerodynamic optimization with no

concern whatsoever for the behavior of the structure itself. A greater aspect ratio,

no matter how beneficial in terms of performance, will always conflict with strength

requirements, as we shall see in the subsequent sections. It can be observed in Fig-

ure 5.7, that in one of the earlier iterations a design which outperforms the final one

is attained. This occurs at the expense of a violation in the constraints for CL and

Sref which turns out to be surpass the respective tolerance.
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Figure 5.7: Objective function convergence plot with baseline and optimized designs
in the background

5.4.2 Multiobjective, Single Discipline

For the multiobjective optimization problem, the same planform will be used, albeit

with no dihedral (ϕ) and a different airfoil section, a symmetrical one (NACA0009 -

9% thickness ratio), in order to expedite the computations. This is beneficial since

now we are aiming at plotting the Pareto front for the multiobjective problem and as

such several distinct optimization runs will be required. Also, the twists were removed

from the design variable set and the bounds and constraints for the design variables

were readjusted:

The constraint for CL was relieved since in this case we will be employing a cost

function of the form:

f (x) = 10 (−K CL + 100(1−K) CD) (5.14)
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Table 5.8: Bounds and constraints for Case Study 1: Multi objective

Design variable Minimum Value Maximum Value

Semispan, b
2

28.34 m 30.34 m

Break station, bs 6.60 m 16.60 m

LE Sweep, ΛLE 20 deg 40 deg

Root chord, cr 8.86 m 14.86 m

Break station chord, cbs 3.42 m 9.42 m

Tip chord, ct 0.69 m 2.69 m

0 ≤ CL ≤ 2

340 ≤ Sref ≤ 360

The factor of 100 multiplying CD is to account for the expected magnitude of that

quantity, whereas the inclusion of the overall factor of 10 was observed to lead to

better numerical results. The values of K range from 0 to 1 in order to cover an array

of possibilities for the definition of the objective function.

Flight conditions are the same as in the previous case except for the angle of attack,

which is now set at 2 deg. The results obtained while varying the value of K in the

aforementioned interval are plotted in Figure 5.8 to determine an approximation of

the Pareto front.

Designs which are the most efficient in terms of the combination of CL and CD

should be at the Pareto front. It is also immediately apparent that the baseline design

is no such point, resting well within the feasible zone. Also worthy of note is the fact

that an optimization run to find the maximum lift to drag ratio produced a point closer

to the CL dominated area of the Pareto front. Though likely to occur in optimization

scenarios where the ratio L
D

is high, this situation cannot be generalized. It is actually

reasonable to assume that the lower the aspect ratio (and, by extension L
D

), the further

away from the CL dominated area of the Pareto front will the optimized maximum

L
D

point move.
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Figure 5.8: Pareto front and optimized designs for the Case 1 multiobjective problem

5.5 Case study 2 - Structural optimization

In this second single discipline optimization set-up, the structural module will be

given emphasis by allowing the analysis of different arrangements for the structural

components in the wing. The outer mold line of the wing will remain untouched, as

that would change the distribution of the aerodynamic loads and therefore it would

be required to run the aerodynamics module (effectively making it a multidisciplinary

problem).
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The baseline structure as shown in Figure 5.9 (which, due to the lack of detailed

data on actual aircraft wings is but an estimate), is composed of 2 spars, 11 ribs,

12 stringers (6 pairs) and 10 skin panels (5 pairs), their dimensions being defined in

Table 5.9. Since the current version of the structural module does not support non-

trapezoidal wings, the planform used in Sec. 5.4.2 is corrected to become trapezoidal

by adjusting the break station chord to 6.775 m. All structural elements are made

of aluminum, except the skin, which is composed of carbon fiber composite, whose

properties are defined in Appendix C. This brings the total mass to 4637.6 Kg (for

one wing).

Figure 5.9: Baseline wing structure

To ensure a purely structural optimization1, no external geometry parameters

will be chosen as design variables. For this example, the variables and constraints in

1Nevertheless, since Awing needs a loading condition as input, an initial run of the aerodynamics
module is required, using the same flight conditions as in Sec. 5.4.2
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Table 5.9: Baseline structure - Case Study 2

Structural parameter Baseline value Obs.

Spar root position 0.25/0.6 as fraction of cr

Spar tip position 0.25/0.6 as fraction of ct

Spar web thickness at root 0.0060 m

Spar web thickness at tip 0.0050 m

Spar cap height at root 0.010 m

Spar cap height at tip 0.00500 m

Spar cap width at root 0.3000 m

Spar cap width at tip 0.1000 m

0.005/0.105/0.205/0.305

Rib LE position 0.405/0.505/0.605/0.705 as fraction of b
2

0.805/0.905/1.000

0.000/0.100/0.200/0.300

Rib TE position 0.400/0.500/0.600/0.700 as fraction of b
2

0.800/0.900/1.000

Rib web thickness at LE 0.0040 m

Rib web thickness at TE 0.0040 m

Rib cap height at LE 0.0030 m

Rib cap height at TE 0.0030 m

Rib cap width at LE 0.1500 m

Rib cap width at TE 0.1500 m

Stringer root position 0.15/0.30/0.45/0.60/0.75/0.90 as fraction of cr

Stringer tip position 0.15/0.30/0.45/0.60/0.75/0.90 as fraction of ct

Stringer height at root 0.0200 m

Stringer height at tip 0.0200 m

Stringer width at root 0.0200 m

Stringer width at tip 0.0200 m

Skin thickness 0.0050 m

Skin thickness ratio 1.0 from root to tip
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Table 5.10 are driving the optimization.

Table 5.10: Bounds and constraints for Case study 2

Design variable Minimum Value Maximum Value

Spar cap height at root 0.0040 m (-60%) 0.0160 m (+60%)

Spar cap height at tip 0.0020 m (-60%) 0.0080 m (+60%)

Rib semispan fraction at LE baseline - 0.1 1 baseline + 0.1 2

Rib semispan fraction at TE baseline - 0.1 1 baseline + 0.1 2

0.90 ωibaseline

ωi
− 1 ≤ 0, i = 1, 2, 3

δtip

0.075 b
2

− 1 ≤ 0

The total number of design variables is then 26 - 4 related to spars and 22 related

to ribs.

It is important to note that, in order to maintain a certain level of structural stiff-

ness the maximum displacement at the tip was constrained when the wing is subject

to the computed load (to 7.5% of the semispan), and so were the first three natural

vibration frequencies in a way that they cannot drop below 90% of their respective

baseline values. Though it would preferable to also have some sort of constraint on

the structural safety factor, this cannot be for reasons that were explained at the

beginning of Chapter 3. Additionaly, the ribs are constrained in the way explained

in Sec. 5.1.2.

For this optimization run, the objective function will be simply defined as:

f (x) = W (5.15)

1If the lower bound becomes negative, it is set to 0.
2If the upper bound becomes greater than 1, it is set to 1.
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so that the mass of the structure will be minimized (applies to starboard wing).

The results are presented in Table 5.11 and Figure 5.10. From inspection of Ta-

Figure 5.10: Baseline wing vs. weight optimized wing

ble 5.11, it is clear that the constraints established are preventing further optimization

of the structure. Furthermore, the stiffness threshold based on the tip displacement

is still far from being attained (0.075 × 29.34 m = 2.201 m) and there was even a

marginal increase in the constrained natural vibration frequencies. More importantly,

there was a relevant change in structural weight which was the objective.
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Table 5.11: Comparison between baseline and optimized designs - Case Study 2

Design/Output variable Baseline Value Optimized Value Difference

Spar 1 cap height at root 0.0100 m 0.0040 m -60%

Spar 1 cap height at tip 0.0050 m 0.0020 m -60%

Spar 2 cap height at root 0.0100 m 0.0040 m -60%

Spar 2 cap height at tip 0.0050 m 0.0020 m -60%

0.005/0.105/0.205/ 0.105/0.205/0.305/

Ribs semispan fraction 0.305/0.405/0.505/ 0.405/0.505/0.605/

at LE 0.605/0.705/0.805/ 0.705/0.805/0.900/

0.905/1.000 0.950/1.000

0.000/0.100/0.200/ 0.100/0.200/0.300/

Ribs semispan fraction 0.300/0.400/0.500/ 0.400/0.500/0.600/

at TE 0.600/0.700/0.800/ 0.700/0.800/0.900/

0.900/1.000 0.950/1.000

W 4.548×104 N 4.239×104 N -6.8%

ω1 11.20 rad.s-1 11.22 rad.s-1 +0.2%

ω2 39.03 rad.s-1 39.22 rad.s-1 +0.5%

ω3 88.56 rad.s-1 89.27 rad.s-1 +0.8%

δtip 1.585 m 1.656 m +4.5%

5.6 Case study 3 - Aero-structural optimization

Finally, using the same baseline wing as in the previous case study, an aero-structural

optimization, employing all types of design variables, was performed. The two distinct

MDO strategies discussed in Sec. 5.3.1 and Sec. 5.3.2 are then compared.

The set of design variables chosen for this case is presented in Table 5.12.

Again, the wing is also constrained to present a simply trapezoidal planform and,

in addition to the above, the spars are again linearly constrained as specified in

Sec. 5.1.2.
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Table 5.12: Bounds and constraints for Case study 3

Design variable Minimum Value Maximum Value

AOA, α 0 4

Semispan, b
2

28.34 m 30.34 m

LE Sweep, ΛLE 15 deg 45 deg

Spar chord fraction at root baseline - 0.2 1 baseline + 0.2 2

Spar chord fraction at tip baseline - 0.2 1 baseline + 0.2 2

Rib web thickness at LE 0.0012 m (-70%) 0.0068 m (+70%)

Rib web thickness at TE 0.0012 m (-70%) 0.0068 m (+70%)

Skin thickness 0.0015 m (-70%) 0.0085 m (+70%)

0.2 ≤ CL ≤ 0.23

390 ≤ Sref ≤ 410
0.90 ωibaseline

ωi
− 1 ≤ 0, i = 1, 2, 3

δtip

0.075 b
2

− 1 ≤ 0

The objective function is defined as:

f (x) = −K
L

D
+ (1−K)

W

100
(5.16)

where L
D

is the lift to drag ratio and W is the mass of the wing (starboard side),

measured in Kg. This objective function, however, only applies to the MDF formula-

tion since for Sequential optimization it has to be partitioned in two: first f (x) = − L
D

for the aerodynamics subproblem, followed by simply f (x) = W for the structural

subproblem. The results obtained are compared in Figure 5.11 for several values of

K. Flight conditions are as before (Case study 2) except for the angle of attack which

is now a design variable.

1If the lower bound becomes negative, it is set to 0.
2If the upper bound becomes greater than 1, it is set to 1.
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Figure 5.11: Pareto front for Case Study 3

Moreover, a single run of MDF based on the Breguet range equation is also dis-

played to again prove that such an objective function will also lead to a p-optimal

design point. The range equation in this case was defined with the following values:

R =
V∞

9.80665× 20× 10−6

L

1.2D
log

(
2WWing + 16WWing + 10000

2WWing + 16WWing

)
(5.17)

Contrasting with Eq. 5.12, one may easily find that g = 9.80665 m.s-2, SFC =

20 × 10−6 Kg.N-1.s-1 [50] were the values used. The 20% increase in drag in the L
D

ratio is to account for the drag of the rest of the aircraft, which in turn is considered

not to produce any appreciable lifting force. On another note, the values for the



CHAPTER 5. WING DESIGN OPTIMIZATION 81

initial and final weights accomodate a 10000 Kg total fuel consumption, while also

assuming the empty weight plus non-deployable payload to be 18 times the weight of

a single wing. The optimized design presented in the Pareto front plot of Figure 5.11

represents a 115% increase in range over the baseline design (7894 Km vs. 3668 Km).

This apparently surreal figure is of course explained through the fact that the baseline

wing was made up somewhat arbitrarily, strictly for academic purposes due to the

lack of data on real wing structures. A real world scenario would certainly yield a

substantially lower improvement.

Regarding the Sequential Optimization strategy, the constraints imposed on the

structure (displacements, natural vibration modes - referred to the baseline wing) are

only applied on the second subproblem since there is no way to verify them in the

first part of the optimization (dominated by the aerodynamics solver). This explains

in part why the result for Sequential Optimization dominates some of the points

obtained for the MDF problem. In addition, the constraints of the problem work in

a way so that the maximum value of L
D

attainable is 33.69, which also explains the

straight line in the Pareto front (which is then actually a constraint) even as the value

of K in Eq. 5.16 increases.

In terms of computational cost, it was found that though the Sequential Opti-

mization implementation was faster than MDF, this was only by a small margin since

a single optimization run might take up to 12 hours (with the proposed number of

DV’s) and is completely dominated by the structural module (which is the one that

is called more often in SO due to the number of structural DV’s). This is mainly

because every call to the structural module takes between 20 and 30 seconds (de-

pending on the complexity of the wing structure, i.e., number of components) and

the sensitivities are evaluated independently.
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Chapter 6

Conclusions

First and foremost, as is, the tool has been proven to allow the optimization of wing

designs with respect to a set of around 40 variables. Notwithstanding, several short-

comings are recognized in the current implementation. Though more design variables

could be chosen for optimization, the practicality of the application quickly diminishes

since the optimizer employs a gradient based method and sensitivities are obtained

through additional function evaluations. This requires additional computation time

which rises quickly as the number of DV’s increases. The future implementation of

an adjoint or automatic differencing method for the analyzer modules would greatly

help in ameliorating this issue. In order to increase the number of variables beyond

the above mentioned figure and keep the problems tractable, large-scale, direct search

methods could be employed. Alternatively, a hybrid approach using both one of these

methods to narrow down the search area, followed by a gradient based method, could

be used instead.

An apparent limitation of the MCR precludes the simultaneous existence of two

distinct instances of the optimizer, which in turn prevents the immediate implemen-

tation of MDO strategies such as Collaborative Optimization, among others. One
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of the priorities of future work on this tool will therefore be the implementation of

a more versatile optimizer module, that can handle other, possibly more complex,

optimization methods and MDO strategies.

It is understood that in the current work not all of the capabilities of the MDO tool

developed were explored, given the wide range of possibilities. From the case studies

presented, and given that the individual modules were validated (though some issues

with the static deformation remain regarding the structural module), it has been

observed that this tool is flexible enough to allow single and multidisciplinary wing

optimization with substantial improvements over the baseline designs. One important

aspect is that the resulting optimized design, especially in terms of internal structure,

directly represents a realistic final wing design, rather than simplified structural el-

ements. This is an advantage for an industry where purely academic results are of

little consequence.

Also, the interface/framework developed should be understood as an open archi-

tecture, since they are intended to serve as a docking point for other, possibly more

capable, versions of the analyzer modules here presented. Additionally, other modules

may be added in the future (provisions have been made for the inclusion of a cost esti-

mation module, for instance). Extensions to the current modules could, for instance,

consist of the extension of the flight envelope of the aerodynamics module into the

supersonic regime, along with the capability of analyzing more complex planforms

and maneuver conditions. With regard to the structural module, one of the major

downsides that has been recognized is the lack of knowledge of the state of stress of

the wing structure. To solve this, a higher fidelity methodology must be employed,

such as resorting to a dedicated finite element model of the wing. These higher fi-

delity solutions may require additional computational power, though, especially if the

sensitivities are to be computed in a classical fashion.
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On a final note, the graphical user interface has proved its usefulness, as it not

only makes it easier to formulate the optimization problems, but also to analyze and

debug the results, leading to a reformulation of the constraints, for instance.
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Appendix A

The horseshoe vortex

As a solution of the Laplace equation, the velocity field due to the presence of a vortex

is defined in polar coordinates as (point vortex located at the origin of the coordinate

system):

V =
Γ

2πr
eθ (A.1)

Expanding this definition into the three dimensional realm [19] (Figure A.1):

dV =
Γ

4π

dl× rQP

|rQP|3
(A.2)

In order to obtain the velocity induced by a finite length of vortex filament at

point P, Eq. (A.2) is integrated:

V =
Γ

4π

∫
dl× rQP

|rQP|3
(A.3)
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Figure A.1: Straight vortex filament [19]

Since V is orthogonal to both dl and rQP:

dl× rQP = |dl| |rQP| sin θ
V

|V|
(A.4)

θ being the angle between rQP and dl (Figure A.2).

So that Eq. (A.2) may be rewritten as:

dV =
Γ

4π

V

|V|
sin θ

|dl|
|rQP|2

(A.5)

From inspection of Figure A.1:

|dl| = h csc2 θdθ (A.6)

|rQP| =
h

sin θ
(A.7)

Combining these with Eq. (A.5) and then proceeding with the integration as in
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Eq. (A.3):

|V| = Γ

4πh

∫ θ=θ2

θ=θ1

sin θ dθ (A.8)

Figure A.2: Angles θ1 and θ2 [19]

Eq. (A.8) now allows the evaluation of the magnitude of the induced velocity due

to any type of straight vortex filament (the direction of the induced velocity is set,

of course, by the cross product between dl and rQP). In the classical vortex lattice

method, two important cases arise: the finite vortex and the semi-infinite vortex.

|V| = Γ

4πh
(cos θ1 − cos θ2) (A.9)

|V| = Γ

4πh
(1 + cos θ1) (A.10)

Now we may start constructing expressions for the velocity induced by a horseshoe

vortex element, which, as already mentioned in Chapter 2 is composed of one (bound)

finite vortex filament and two (trailing) semi infinite vortices. It is the useful to

relate the aforementioned angles with the distances between points of interest. From

Figure A.3 we extract the following:

h = rP =
|r1 × r2|
|r0|

(A.11)
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Figure A.3: Nomenclature for the straight vortex filament [19]

cos θ1 =
r0 · r1

|r0| |r1|
(A.12)

cos θ2 =
r0 · r2

|r0| |r2|
(A.13)

So that:

V =
Γ

4π

|r0|
|r1 × r2|

(
r0 · r1

|r0| |r1|
− r0 · r2

|r0| |r2|

)
r1 × r2

|r1 × r2|
=

Γ

4π

r1 × r2

|r1 × r2|2

[
r0 ·
(

r1

|r1|
− r2

|r2|

)]
(A.14)

Figure A.4: Horseshoe vortex

We may now superimpose the contributions from the three different filaments that

form a horseshoe vortex (see Figure A.4) in order to obtain the final expression for the

induced velocity at an arbitrary point. From the above, and using A (x1n, y1n, z1n),
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B (x2n, y2n, z2n) and P (x, y, z):

VAB =
Γ

4π
{Fac1AB} {Fac2AB} (A.15)

{Fac1AB} =

{[(y − y1n) (z − z2n)− (y − y2n) (z − z1n)] i

− [(x− x1n) (z − z2n)− (x− x2n) (z − z1n)] j

+ [(x− x1n) (y − y2n)− (x− x2n) (y − y1n)]k}{
[(y − y1n) (z − z2n)− (y − y2n) (z − z1n)]2

+ [(x− x1n) (z − z2n)− (x− x2n) (z − z1n)]2

+ [(x− x1n) (y − y2n)− (x− x2n) (y − y1n)]2
}

(A.16)

{Fac2AB} = (x2n−x1n)(x−x1n)+(y2n−y1n)(y−y1n)+(z2n−z1n)(z−z1n)√
(x−x1n)2+(y−y1n)2+(z−z1n)2

−
(x2n−x1n)(x−x2n)+(y2n−y1n)(y−y2n)+(z2n−z1n)(z−z2n)√

(x−x2n)2+(y−y2n)2+(z−z2n)2

(A.17)

VA∞ =
Γn

4π

{
(z − z1n) j + (y1n − y)k

(z − z1n)2 + (y1n − y)2

}1.0 +
x− x1n√

(x− x1n)2 + (y − y1n)2 + (z − z1n)2


(A.18)

VB∞ =
Γn

4π

{
(z − z2n) j + (y2n − y)k

(z − z2n)2 + (y2n − y)2

}1.0 +
x− x2n√

(x− x2n)2 + (y − y2n)2 + (z − z2n)2


(A.19)

The total induced velocity will then be:

Vind = VAB + VA∞ + VB∞ (A.20)
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Appendix B

Skin friction and form drag

calculation

The method as described in [19], uses the Eckert Reference Temperature method

for laminar flow and the van Driest II formula for turbulent flow to compute skin

friction. For each of these, some assumptions are made, the most relevant of which

being that Tw

Taw
= 1, i.e., the surface (wall) temperature is such that it is equal to

the adiabatic wall temperature (hence, no heat transfer). The form factor (FF ) to

be used in Eq. (2.8) is taken from [25]. All air data (T , ρ) is computed from user

supplied information of the flight altitude and is based on the International Standard

Atmosphere (ISA) charts.

In the current approach, the wing is divided into spanwise strips. At each of those,

the values of the chord (c (y)), maximum thickness to chord ratio (
(

t
c

)
max

(y)) and

chordwise location of the maximum thickness to chord ratio (
(

x
c

)
( t

c)max

(y)). A local

Re is then computed:

ReL =
ρV∞ cos (ΛLE) c (y)

µ
(B.1)
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in which the dynamic viscosity (µ), is computed according to Sutherland’s law:

µ = 1.458× 10−6

√
T

1 + 110.4T
(B.2)

Based on the supplied Retrans (see footnote in Sec. 2.3), the chordwise location of the

laminar-turbulent boundary layer transition is calculated as:

xtrans

c
=

Retrans

ReL

(B.3)

in case that Retrans > ReL then Retrans = ReL.

In order to compute the laminar friction coefficient Cflam
, the following values are

assumed for compressible flow: γ = 1.4, Pr = 0.72, r =
√

Pr =
√

0.72 and the edge

temperature, Te = T . The procedure for a given value of Re is then:

Tw

Te

=
Tw

Taw

(
1 + r (γ − 1) M2

2

)
(B.4)

T ∗

Te

= 0.5 + 0.039M2 + 0.5
Tw

Te

(B.5)

C∗ =

√
T ∗

Te

(
1 + Tk

Te

T ∗

Te
+ Tk

Te

)
(B.6)

So that:

Cflam
= 0.664

√
C∗

Re
(B.7)

For the turbulent friction coefficient: γ = 1.4, r = 0.88 and again Te = T .

xm = (γ − 1)
M2

2
(B.8)

F =
Tw

Te

=
Tw

Taw

Taw

Te

(B.9)
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Taw

Te

= 1 + rxm (B.10)

Tw = F Te (B.11)

A =

√
rxm

F
(B.12)

B =
1 + rxm − F

F
(B.13)

α =
2A2 −B

(4A2 + B2)
1
2

(B.14)

β =
B

(4A2 + B2)
1
2

(B.15)

Fc =


rxm

(csc(α)+csc(β))2
, M∞ > 0.1(

1+
√

F
2

)2

, M∞ ≤ 0.1
(B.16)

Fθ =
µe

µw

=

√
1

F

(
1 + 122

Tw
× 10−

5
Tw

1 + 122
Te
× 10−

5
Te

)
(B.17)

Fx =
Fθ

FC

(B.18)

For a specified value of Re we define:

Re = Fx Re (B.19)

0.242√
Cf

= log10

(
Re Cf

)
(B.20)

To solve Eq. B.20, the Newton method is employed:

Cf (initial guess) =
0.074(
Re
)0.2 (B.21)
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(
Cf

)i+1
=
(
Cf

)i1 +
0.242−

√(
Cf

)i
log10

(
Re
(
Cf

)i)
0.121 +

√
(Cf)

i

log(10)

 (B.22)

Cfturb
=

Cf

Fc

(B.23)

Using Eqs. B.7 and B.23 we can compute (N is the spanwise number of strips):

CDf
=

N∑
i=1

FF
Swet

Sref

(
Cfturb

(ReL)− xtrans

c
(Cfturb

(Retrans)− Cflam
(Retrans))

)
(B.24)

Where the form factor is [25] (for each strip):

FF = 1 +
0.6(

x
c

)
( t

c)max

(
t

c

)
max

+ 100

((
t

c

)
max

)4

(B.25)

And the wetted area, Swet is defined as:

Swet =


2.003 Sref

cos ϕ

(
t
c

)
max

< 0.05(
1.977 + 0.52 t

c

) Sref

cos ϕ

(
t
c

)
max

≥ 0.05
(B.26)
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Appendix C

Material properties

C.1 Aluminum

Table C.1: Material properties for aluminum

Property Value

Young’s Modulus, E 70 GPa

Shear Modulus, G 20 GPa

Poisson ratio, ν 0.33

Density 2700 Kg.m-3
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C.2 Carbon fiber composite

Table C.2: Material properties for carbon fiber composite skin

Property Value

Young’s Modulus, EX 230 GPa

Young’s Modulus, EY 230 GPa

Shear Modulus, GXY 20 GPa

Shear Modulus, GXZ 10 GPa

Shear Modulus, GY Z 10 GPa

Poisson ratio, νxy 0.30

Poisson ratio, νyx 0.30

Density 1800 Kg.m-3


