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ABSTRACT

This dissertation is concerned with performance analysis of diversity combining 

schemes in frequency-hop spread spectrum communications under the worst case 

partial-band noise and m ultitone jamming.

Performance of a ratio-threshold diversity combining scheme in fast frequency 

hop spread spectrum systems with M -ary frequency shift keying modulation 

(FFH/A/FSK ) under partial-band noise (PBN) and band m ultitone jam m ing with­

out and with the additive white Gaussian noise (AWGN) is analyzed. The analysis 

is based on exact bit error probabilities, instead of bounds on the  bit error probabil­

ities. A method to compute the bit error probability for ratio-threshold combining 

on jam m ing channel is developed. Relationship between the system performance 

and the system param eters, such as ratio-threshold, diversity order, and therm al 

noise level, is illustrated. The performances under band m ultitone jam m ing and 

under partial-band noise jamming are compared. For binary FSK modulation, the 

performance under the two types of jam m ing is almost the same, bu t for 8-ary 

FSK modulation, tone jamming is more effective against communications. The 

structure of the combiner is very simple and easy to implement. Another m erit of 

this combiner is th a t its output can be directly fed to a  soft-decision FEC decoder.

Maximum-likelihood diversity combining for an FFH /A fFSK  spread spectrum 

system on a  PBN interference channel is investigated. The structure of maximum-
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likelihood diversity reception on a PBN channel with AWGN is derived. It is 

shown tha t signai-to-noise ratio and the noise variance at each hop have to be 

known to implement this optimum diversity combining. Several sub-optimum di­

versity combining schemes, which require the information on noise variance of each 

hop to  operate, are also considered. The performance of the maximuin-likelihood 

combining can be used as a standard in judging the performance of other sub­

optimum, bu t more practical diversity combining schemes. The performance of 

the optim um  combining scheme is evaluated by simulations. It is shown that the 

Adaptive Gain Control (AGC) diversity combining actually achieves the optimum 

performance when interference is not very weak. But the performance difference 

between some of the known diversity combining schemes, which do not require 

channel information to operate, and the optimum scheme is not small when the 

diversity order is low.

An error-correction scheme is proposed for an M -ary symmetric channel char­

acterized by a  large error probability pe. Performance of the scheme is analyzed. 

The value of pe can be close to, but smaller than, 1 — 1/A/ for which the channel 

capacity is zero. Such a large pe may occur, for example, in a jamming envi­

ronment. T he coding scheme considered consists of an outer convolutional code 

and an inner repetition code of length m which is used for each convolutional 

code symbol. At the receiving end, the vn inner code symbols are used to form 

a soft-decision metric, which is subsequently passed to a soft-decision decoder for 

the convolutional code. Emphasis is placed on using a binary convolutional code 

due to  the consideration that there exist commercial codecs for such a code. New 

methods to  generate binary metrics from M -ary (M  > 2) inner code symbols 

are developed. For the binary symmetric channel, it is shown tha t the overall 

code rate is larger than  O.6R0, where Rq is the cutoff rate of the channel. New 

union bounds on the b it error probability for systems with a binary convolutional 

code on 4-ary and 8-ary orthogonal channels are presented. Owing to the variable 

m  which has no effect on the decoding procedure, this scheme has a clear opera­



tional advantage over some other schemes. For a BSC and a large m,  a method 

presented for BER approximation based on the central limit theorem.
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C hapter 1 

Introduction

In many communication systems, in addition to background thermal noise, there 

are some other forms of disturbance to the transm itted signals. The disturbance is 

called interference to the communications. One type of interference is intentional, 

and this type of interference is called jamming. In order to provide adequate perfor­

mance of the communication link in an environment with interference or jamming, 

communication systems have to be designed with the capability of working prop­

erly in such a severe environment. Spread spectrum is a technique which can be 

used to  increase the anti-jam capability of communication systems. One of two 

major classes of spread spectrum  techniques is frequency hopping. This disserta­

tion is concerned with the anti-jam capability of frequency-hop spread spectrum 

commun ications.

1.1 Frequency-H op Com m unications

A diagram  of frequency hopped frequency shift keying spread spectrum (FH /FSK  

SS) communication system is depicted in Figure 1.1. The FII/FSK  SS system 

is basically an ordinary FSK system with the carrier frequency hopping over the 

spread spectrum  communication bandwidth, denoted as W,s, under the control of 

a psuedonoise (PN) code. The FSK modulated signal is called data  symbol, or 

for short, symbol. The bandwidth of the FSK modulated signal is much smaller

1
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M Non-coherent 
Mtfched Fill > i

Received
Binary
Data

PN

PN
JAMMER

FH
DEMOD

Figure 1.1: The FH noncoherent FSK spread spectrum  system

than W aa. But by averaging over man) hops, the spectrum  of FH /FSK  signal 

has a bandwidth of W„. The carrier frequency changing ra te  is called hop rate. 

For a  FH system, if the hop rate is greater than symbol rate, the FH system 

is called a fast frequency hopping (FFH) system. Otherwise, it is called a slow 

frequency hopping (SFH) system. In a FFH system, one symbol is transm itted 

over more than one hop. In this case, one hop is also called one chip. Let the 

duration of one symbol be Ta, and the duration of one hop, oi chip, Tc. Suppose 

one symbol is transm itted over m (m > 1) hops, then Ta =  m T c. Since one symbol 

is transm itted over different time intervals, the transmission is a tim e diversity 

transmission. The transmission is also a frequency diversity transmission since 

one symbol is transm itted o"er different frequency by carrier frequency hopping. 

The param eter m is called diversity order. The unit of m  is chips/symbol. When 

the energy of a symbol is fixed, there is usually an optimum diversity order, in the 

sense tha t there is a value of m  which requires the least signal-to-noise ratio to 

achieve a given final bit error probability, Ph.
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1.2 Intelligent Jam m ing

An intelligent jam m er is a jam m er which can adjust its jamming power distribution 

over the entire spread spectrum signal bandwidth 1F„ to maximize its jamming 

effect based on the certain amount of information about the structure of the com­

munication system to be jammed. In other words, the jam m er can find and use 

the best strategy to  maximize its jam m ing effect. From the com municator’s point 

of view, this kind of jam m ing is the worst case jamming. In this dissertation, we 

are concerned with the performance of FII communication systems under worst 

case jamming. We assume that the jam m er knows everything about the system 

except the PN code which controls the carrier frequency hopping sequence. We 

also assume tha t the total jam m ing power of the jam m er is finite and fixed.

Two types of intelligent jam m ing are considered, partial-band noise (PBN) and 

multitone jamming. Partial-band noise jamming concentrates the total jamming 

power in a fraction of the spread spectrum  signal bandwidth, and injects jamming 

power into a receiver in the form of additive Gaussian noise. M ultitone jamming 

injects the total jamming power into a finite number of tones, which coincide 

with some of the FSK signal tones used by the communicator. According to 

the distribution of the jam m ing tones, m ultitone jamming can be divided into two 

classes: band m ultitone jam m ing and independent multi tone jamming. It is known 

that the worst case multitone jamming usually occurs when there is only one tone 

in a jam m ed frequency hop slot (or a M -ary FSK symbol bandwidth) [1, 2].

1.3 D iversity  R eception  in FH  Com m unications 
under Jam m ing

Since the  jam m ing power distribution in the spread spectrum bandwidth is non- 

uniform, tim e variant, and unknown to the receiver, then after FH demodulation, 

the channel is stationary only in every hop interval Tc, and the channel is nonsta­



Chapter I. Introduction 4

tion<iry for the symbol duration Ts. Several diversity receiver structures for this 

kind of channel have been proposed [3, 4, 5, 6] in last decade.

The information on the channel condition for a hop, whether jam m ing is present 

or not, is called side information. Some diversity combining schemes require side 

information, or some other channel information. Soft decision linear energy com­

bining (or soft decision square-law envelope combining) needs side information to 

work well in strong jamming. If no side information is available, the performance 

is very poor [7]. Clipped-linear combining needs information on the signal ampli­

tude [5]. Adaptive Gain Control (AGC) combining requires the noise variance of 

each hop [8]. Providing side information or other information increases the system 

complexity, and the imperfection of the information may cause some performance 

loss. Therefore, diversity combining schemes which do not require side informa­

tion or information other than outputs of M  non-coherent matched filters are more 

attractive.
In most of the previous works on analysis of diversity receivers, the influence 

of the background therm al noise is ignored. This approximation is accurate when 

the jam m ing is so strong tha t the worst case jam m ing is simply full band jamming 

(distributing jam m ing power uniformly over the  full spread spectrum  bandwidth 

kP„). But when the jam m ing is not very strong, this approximation is no longer 

valid, due to the noncoherent combining loss in background noise, which is modeled 

as additive white Gaussian noise (AWGN), and lower signal-to-noise ratio at the 

chip level. The influence of these two factors increases as the diversity order 

increases. Another reason to consider background noise is tha t it is the existence of 

background noise tha t makes the extraction of accurate side information difficult. 

Thus, performance of diversity combining schemes without the requirement of 

side information should be analyzed in an environment where the influence of 

the background noise is not small. Therefore, in a complete analysis for strong, 

moderate, and weak jam m ing or interference, background therm al noise should be 

considered.
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1.3.1 Diversity Combining Using Ratio-Threshold Test 
Technique

Viterbi [9] first proposed to use ratio-threshold test technique to combat jamming 

in FH /FSK  spread spectrum communication .systems. By using a ratio-threshold 

test, an estim ation of channel condition can be obtained. This estimation can then 

be used to form a  soft decision decoding metric. Viterbi analyzed the performance 

of this technique in a FH /FSK  system with coding but without diversity under 

m ultitone and PBN jamming, using the computational cutoff rate technique [9, 10]. 

The results indicated that certain performance improven ent is possible.

Since then, there have been further works in this dilection. Chang analyzed 

the ratio-threshold (R-T) anti-jam technique from the information theory point 

of view and used game theory approach in the analysis [11]. She showed the 

performance improvement by R-T technique over a hard decision receiver. Clifford 

and Schonhoff analyzed the performance of R-T anti-jam technique in multitone 

jam m ing channel with background noise [12]. Their analysis is also based on cutoff 

rate. The above analyses concentrated on systems without diversity. There are 

several ways to use the R-T technique in diversity combining [13, 14]. The scheme 

proposed in [14] is further studied in this dissertation.

Since the R-T diversity combining scheme has a very simple structure, it is 

quite easy to implement. This type of diversity combining does not require side 

information but with an adjustable parameter. The purpose of our research is to 

investigate the performance of ratio-threshold test technique when used in diversity 

combining and the influence of the param eter of threshold to the system perfor­

mance. This dissertation analyzed the performance of the R-T diversity combining 

scheme under partial-band noise jamming and multitone jam m ing with the influ­

ence of background therm al noise taken into account. The analysis is based on 

the exact bit error probability instead of bounds on bit error probability or cutoff 

rate. Thus more accurate and direct results on system performance are obtained
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in this dissertation. The performance comparison of the various diversity combin­

ing schemes is more accurate when it is based on the exact bit error probabilities 

rather than bounds.

1.3.2 Optimum Diversity Reception in PBN with AWGN

According to signal detection theory, the optimum diversity receiver structure can 

be derived given the properties of the transmission channel. Although many pro­

found works have been done in design and analysis of diversity receivers in jam m ed 

channels, the optimum structures of diversity receiver on partial-band noise and 

m ultitone jam m ing channel with background therm al noise are unknown. Keller 

considered optim um  diversity reception on PBN channel with perfect side infor­

mation and no background thermal noise [13]. In this case, the optim um  diversity 

reception in PBN can be treated as the problem of the optimum diversity reception 

in additive white Gaussian noise. The optimum diversity reception on PBN chan­

nel with therm al noise is investigated in this dissertation. Although the optimum 

structure may require even more channel information, and thus is impractical, 

the performance of optimum diversity reception can provide a upper bound on 

the performance of a non-optimum diversity receiver on PBN channel. And the 

upper bound can be used to  judge non-optimum but practical diversity receivers. 

The impractical structure may provide guidance when designing practical diversity 

receiver.

1.4 C oncatenated Coding for H igh-Error-Rate 
Channels

F.’om a channel coding theory point of view, since one symbol is independently 

transm itted several times in a fast frequency hop system, there is repetition cod­

ing inherently in the system. If the transm itted data  are encoded with an error 

correction code, then the entire system is equivalent to a concatenated coding
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cheme with a repetition code as the inner code.

The inner most transmission channel, i.e., the channel in which the data with 

repetition coding are transm itted, can be quite different depending on, such as, the 

modulation, the presence or absence of interference, and the types of interference. 

For different inner channel models, differ nt analysis methods have to  be used to 

analyze the system performance.

If the channel is modeled as a soft decision non-coherent A/FSK channel, then 

decoding of repetition code is a form of diversity combining. However, if the 

inner m ost transmission channel is modeled as hard decision non-coherent A/FSK 
channel, or Af-ary orthogonal channel, then the channel belongs to  the A/-ary 

symmetrical channel (A/SC). The case where the error rate of the communication 

channel is very high (as high as in the order of 0.1) is considered. This high error 

rate may be due to  strong interference and/or a relatively low signal-to-jamming 

ratio at the chip level (i.e., chip energy-to-jamming power spectral density ratio). 

Since the  jam m ing is assumed to be very strong, the worst case jam m ing is full- 

band jamming. Thus, the channel is assumed to be stationary. Low rate coding has 

to be employed in a  channel with such high error rate. Concatenated coding with 

a repetition code as the inner code provides a way to implement low rate coding. 

As we mentioned before, this coding structure is inherent in coded FF?I/A/FSK 

systems. On M -ary symmetric channel, the maximum-likelihood decoding (MLI)) 

of repetition code is by a simple m ajority vote [15, page 60]. But in order to 

implement soft decision decoding of the concatenated code, a method must be 

found for the decoder of inner repetition code to generate soft decision metrics 

for the  soft decision decoder of outer code. Furthermore, the outer code and the 

inner code are ro t  necessarily in the same domain. For example, the outer code 

may be a binary code, and the inner code may be an A/-ary repetition code. 

Thus, it is interesting to investigate the performance of a code with decoding 

metrics generated from a different domain. A convolutional code concatenated 

with repetition code as the inner code is called repeated convolutional code. In
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this dissertation, a new coding scheme with a binary convolutional code as the 

outer code and an M -ary repetition code as the inner code is proposed. Methods 

of generating the decoding metrics for this coding scheme are developed, and new 

generating functions of a binary convolutional code are found. The performance 

of the new scheme is analyzed in various conditions.

1.5 D issertation  Outline

In C hapter 2 and 3, the performance of a FFH /M FSK  system with R-T diversity 

combining scheme is analyzed under partial-band noise jamming and band multi- 

tone jamming, respectively. By using an average com putation model developed in 

Chapter 2, the exac! bit error probability of the FFH /M FSK  system under worst 

case PBN and m ultitone jamming including therm al noise influence is computed. 

Effects on the system performance of different system param eters, such ac diversity 

order, ratio-threshold, and signal-to-thermal-noise ratio, and jam m ing param eters 

are also analyzed.

Chapter 4 discusses maximum-likelihood diversity combining on a PBN chan­

nel. The structure of maximum-likelihood diversity combining in PBN, and some 

sub-optimum combining schemes are investigated. The optimum performance is 

obtained by Monte Carlo simulation. The results show tha t the AGC diversity 

combining scheme is actually optimum with regard to the system performance 

under worst case jamming when the PBN jamming is noc too weak.

In Chapter 5, a repeated convolutional code for an M -ary symmetric channel 

(MSC) characterized by a large error probability pe is considered. Emphasis is 

placed on using a  binary convolutional code. The effect of finite quantization and 

methods to generate binary metrics for M  > 2 are investigated. New union bounds 

on the b it error probability for systems with a binary convolutional code on i-ary 

and 8-ary orthogonal channels are presented.

Conclusions and suggestions for future research are given in Chapter 6.



Chapter 2

Perform ance o f R atio-Threshold  
D iversity Combining Scheme in 
F F H /F S K  System s under 
Partial-Band N oise Jam m ing

2.1 Introduction

The Ratio-threshold technique, proposed by Viterbi [9], can be used in fast fre­

quency hop M -ary frequency shift keying (FFH /M FSK ) spread spectrum com­

munication systems to  combat jamming. Viterbi analyzed the performance of this 

scheme in coded FFH /M FSK  systems under m ultitone and partial-band noise jam ­

ming using the com putational cutoff rate technique [9] [10]. His results hidicated 

tha t certain performance improvement is possible.

W hen diversity is used in a frequency hop system, with or without an outer 

error correction code, the ratio-threshold technique can be used in d>versit,y com­

bining. This, in fact, is equivalent to  implementing soft decision decoding of a 

repetition code. Laufer and Reichman [14] discussed this scheme, and analyzed 

the performance of the scheme in worst case partial-band noise (PBN) jamming. 

However, their emphasis is on the effects of non-ideal :nterleaving.

In this chapter, we first give a brief description of the ratio-threshold (R-T) di­

9
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versity combining scheme. Then a method for computation of the bit error prob­

ability of a FFH /M FSK  system with ratio-threshold diversity combining under 

jamming is introduced. Next the bit error probabilities of the FFH /M FSK  system 

with ratio-threshold diversity combining under worst case partial band noise are 

computed. Some results are compared with the performance of the FFH /M FSK  

systems with diversity utilizing the soft decision m etric with side information. Ef­

fects on the system performance of different system param eters, such as diversity 

order, ratio-threshold, and signal-to-thermal-noise ratio, and jam m ing param eters 

are also analyzed.

2.2 R atio-Threshold D iversity Com bining

The structure of ratio-threshold diversity combining scheme is quite simple and is

described as follows.
The ratio-threshold test is made on every matched filter output at each hop, 

and a  hard decision is made with a quality bit. The hard decision of each M -ary 

symbol is mapped back to  A =  log2 M  bit binary symbols. The outputs of all 

hops (in the form of binary symbols) aie accumulated with good quality bits and 

with poor quality bits, respectively. If there is at least one hop decision with a 

good quality bit and there is a m ajority decision without a tie, then the output of 

the combiner is the m ajority decision with a  good output quality bit attached. If 

there is a tie between 0 and 1 (or “space” and “m ark”) with good quality bits, or 

there is no hop decision with a good quality bit, a decision is made based on hop 

decisions with poor quality bits (if there is a tie, flip a coin), and this output of 

the combiner is attached with a poor output quality bit.

If there is no outer error correction code, the outputs of diversity combiner are 

also the output of the receiver, and the output quality bit has no use and can be 

discarded. However, if there is an outer error correction code, the soft decision 

decoding can be carried out based on the outputs of the diversity combiner.
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2.3 Average C om putation M odel for B it Error 
Probability

Consider a FFH /M FSK  spread spectrum system (Figure 1.1) with a R-T diversity 

combiner. Assume th a t the diversity order, the number of chips or hops per data 

symbol, is m. Let the output of the non-coherent matched filter for the ith  symbol 

at the fcth hop be Xik,  where i = 0,1, • • •, M , and k =  1,2, ■ • •, m. Let the ratio 

threshold be 9 , which is a param eter chosen by the communicator. At first we 

assume th a t there is only system therm al noise, but no jamming.

First we consider a binary FFH /FSK  system. The hop decision is made based 

on which non-coherent matched filter output is larger, and the quality bit q is set 

according to

=  (  0 (good) if f e p  > *,
( 1 (poor) otherwise,

where

X max(k) — max{Xofc, Xi*;},

Â m,'n(^') — min{ Xok, .Xi/j}.

and k  =  1,2, • • • ,m . This results in a channel with binary inputs and quaternary 

outputs, as shown in Figure 2.1. The transition probabilities of the channel are 

known to  be [10]:

Pc  =  Fc (0),

P cx  = F c ( l ) ~ F c ( 0 ) ,

P e x  =  Fe (1) — F e (0),

P e  =  Fe (0),

where

Fc {9) =  Pr { X Qk > 9 X n \ “0” sent} ,

Fe (0) =  P r {Xik  > 9Xok\ “0” sent} .
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Figure 2.1: The Channel Model

Fc{0) and Fe (&) can be derived from the distribution of the two m atched filter 

outputs, Xok and Xik- The bit error probability at the output of R-T combiner 

can be derived from P c ,  P c x , P e x  and P e  accordingly.

Let I be the output of the diversity combiner before flipping the  two-sided coin. 

There are five possible values for /:

I =

00 decision is 0, good quality,
01 decision is 0, poor quality,
x  tie
11 decision is 1, poor quality,
10 decision is 1, good quality.

y  Q h  ,fc2,fei,fc4 p k i  p k 2 p k ? x P g x  

SK,ki>h

The conditional distribution of 1 given tha t “0” is sent is 

P r(/ =  00|0 sent) =

P r(/ =  0110 sent) =

P r(l =  1110 sent) =

(2 .1)

y  Q k t l k 2 , k 3 ,k4 p k j  p k 2 p ^ P g X  (2  2)

Sh-,k2=ki ,k3>ki

£  C t k2'k3MPcl P kE2Pc3x P t x  (2-3)
SjC,fc2=fcl ,k3<k\
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P r ( / =  10|0 sent) =  £  C%'k M t P # Pj?P& P& x  (2-4)
Sk M <k2

P r(/ =  x|0 sent) =  £  C%’k M * Pfr P k> P &  P kE'x  (2.5)
Sh-,k2=ki ,k3=kt

where

S k  =  {^i, k2, k3, fc4|0 <  h ,  k2, k3, k4 <  m, ki +  k2 +  k3 +  k4 = m )  

and C ^ ’k2'k3,k* is multinomial number, which is given by

ml(Jki,k2,k3,ki _
h \ k 2\k3\k4l

Suppose tha t the two symbols are equiprobable, then the bit error probability 

at the diversity combiner output is

Pb =  P r(/ =  1110 sent) +  P r(/ =  10|0 sent) +  ^ P r(/ =  x|0 sent). (2.6)

For M -ary FFH /FSK  systems, the hop decision is made by choosing the largest 

output of M  m atched filters. Suppose tha t, for the fcth hop,

JCjf* — max NikJ 0<t<M—1

then the quality b it can be assigned as:

, , .  _  f 0 good if ^  >  0 for all i j ,
\  1 poor otherwise.

Assume th a t the K  =  log2 M  binary information bits associated with each trans­

m itted M -ary symbol are ideally interleaved. Then the channel model is the same 

as the binary case shown in Figure 2.1. But the transition probabilities are changed 

into [10]:

Pc =  Fc ( 0 ) + ( y - l  ) f e (0), (2.7)
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where

Fc (0) =  Pr{X jfc >  6X ik for all i ^  j \ j  sent},

Fe (&) = Pr{X„A; >  OXik for a specific n ^  j  and all i ^  n \ j  sent }.

Similar to the binary case, Fc{0) and F e (0)  can be derived from the distributions 

of M  matched filter outputs Xok,Xik,  • • • ,X(m-i)k-  Then bit error probability at

Note that the above results are for channels without jamming. The statistics 

of these channels are stationary. A channel with jam m ing present, however, is 

nonstationary. For one hop, the signal is either jam m ed or not jam m ed. Therefore 

the channel has two states. One is tha t a hop is being jammed; and the other one 

is tha t a hop is free of jamming.

Let Qc,  Qei Q cX i and Qec be the transition probabilities of the channel state 

w ithout jamming. They can be computed by

the output of the combiner can be computed by using (2 .6).

Qc

Q c x  = [ F c o i V - F c o m  + ^ Y - ^ l F E o M - F E o m ,  

Qe x  =  y [ ^ o ( l ) - F £oW ],

Qe  =  f F EO(0),

where

Fco{0) =  Pr{A'jfc > 6 X tk for all i. ^  j \ j  sent, without jamming},



Chapter 2. R -T  Combining in PBN Jamming 15

Feq(9) =  P r{X njt >  OXik for a  specific n ^  j  and all i n |j  sent,

without jamming}.

Similarly, let R c ,  R e , R c x , and R e x  be the transition probabilities of the channel 

state with jamming. And they can be computed in the similar way as Qc,  etc. by 

using

Fci(6) — Pr{Ajfc >  OXik for all i ^  j \ j  sent, with jamming},

Fe i (9) — Pr{A"njt >  OXik f°r a specific j  and all i ^  n\j  sent, 

with jam m ing}.

Assume the probability of a hop being jammed is p, then the conditional prob­

ability distribution of I given tha t “0” is sent is

Pr(Z =  00|0 sent) =  f 2( k i , k 2,k3, k 4, Q c ,Q E ,Q cx ,Q E X ,

(2 . 11)

S k  , k ,  = k 2 , k z  > k i

R c ,  R e , R e x ,  R e x -p) 1

P r(/ =  1110 sent) =  ^  f 2{k i ,k2, k 3,k 4, Q c ,Q E ,Q c x ,Q E X ,

( 2 . 12)

SKM=k2,kz<ki

R c , R e , R c x , R e x , p)

P r(/ =  10|0 sent) =  ^  f 2( k i , k 2, h ,  k4, Qc , Qe,  Q cx ,  Q e x ,

(2.13)

<A.'2

R c , R e , R c x , R e x , p ) I

P r(/ =  ®|0 sent) =  f 2{ h , k 2, h ,  k4, Q G, Qe,  Q c x ,  Q ex ,

(2.14)

R c , R e , R c x , R e x , p) (2.15)

where

f 2^ki, k2, k3, k4, (fa, q2, (fa, q4, T\, v2, r^, r4, p)
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k i  k j  k 3 k 4 
_  ^  y  '  £ i l i , h , h , U < k i —l i , k 2 —l 2 , k 3 —l3 , k 4 —U

h = 0 l 2 = 0 1 3 = 0 U = 0

x (1 -  p)il +'2+'3+'4pm~h $ ql*ql*ql*rf1 ~h ~h r*3 -'3r ki~u .

In order to simplify the computation, it can be shown th a t equations ( 2.11) 

- (2.15) can be computed with (2.1) - (2.5) by substituting P c , P e , P c x , and P e x  

with the average transition probabilities (see Section 2.7 for detail) :

Pc =  (1 — p)Qc + pRc  (2.16)

P e  =  (1 •• p ) Q e  +  p R e  (2-17)

Pcx = (1 — p)Qcx  + pR c x  (2.18)

P e x  =  (1 — p ) Q e x  +  p R e x  (2.19)

Further, the average transition probabilities Pc,  etc. can be com puted with (2.7) - 

(2.10) by substituting F c ( 0 )  and Fe (0)  with averaged version of F c { 0 )  and Fe {0)  

which are given by:

Fc (0) =  (1 -  p)Fco(0) + pFci(0) (2.20)

Fe (0)  =  ( 1 - p )Feo(0) +  p F e i (0)  (2 .21)

Thus, even the jam m ing channel considered here is a two state channel, the

bit error probability can be computed by using an equivalent single sta te  channel 

which is characterized by «ne average of statistical properties of the two channel 

states. To simplify the notations, Fc  and Fe  will be just w ritten as Fc  and F e  

respectively in the following part of this chapter and the next chapter.

2.4 Perform ance in A dditive W hite G aussian  
N oise

We first analyze the performance of the R-T diversity combiner in additive white 

Gaussian noise (AWGN) only. This is the simplest case, and it also represents the
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asymptotic situation when jam m ing is very weak.

Let Eb be the energy per information bit, No the power spectral density of 

AWGN. Then the  energy per hop to noise spectral density ratio is I\Eb/rnNo. 

F c ( 0 )  and Fe {0)  are:

A-/-1
POO t x f V

Fc{0) =  /  Ps+n{x)  /  p n( y ) d y  
Jo Jo

roo f x/& txiv
Fe {0) =  p n{x)  J  ̂ p1+n( y ) d y  J  ̂ p n{ z )d z

dx ,

rx/0 M- 2
d x ,

where

*2 +  2£ & \
p ,+„(x) =  xexp I j  / .  ( * \ [ ^ )  .

Pn(x) =  Ie x p

and I o ( x ) is the modified zeroth order Bessel function. Carrying out the integrals, 

we can obtain

M -i /
F o W  =  i +  E ( - ! ) M

*=1 \

m  - 1 \  e2
k + o2

exp , 2 2 2 >
\  k + 02 m N 0) '

and

Fe {6) =
M- 1

'*+' (  M k  ‘ )
e2 k

M - 1 ’ V k j  k +  e2 k +  o2 -  l

k + e2 -  i K E b\  
x e x p { — T T ¥ - ^ N o ) -

(2.23)

Eqs. (2.22) and (2.23) can also be obtained from equations (3.9) and (3.10) in [10] 

by substituting p =  1 and changing E,  into Eb/m,  and N j  into N0, respectively.

Figure 2.2, Figure 2.3 and Figure 2.4 show the bit error rates of the binary 

systems with m  =  4,5, and 9, respectively. Bit error rates of the binary systems
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without diversity are also plotted in these figures for reference ( it is known tha t 

time diversity can not generate any gains in AWGN, and in contrast, there are 

some diversity combining losses). It can be seen th a t 0 =  2 is roughly optim um  in 

all three cases. The performance of a system with very large 0 (0 > 10) is almost 

the same as the performance of a system with hard decision only (0 =  1). To 

see the performance dependence on 0, the Eb/No required to  achieve BER =  10-5 

versus reciprocal of 0 is plotted in Figure 2.5. For a fixed m, it can be seen tha t 

the left end (0 —> oo) and right end (0 =  1) of the  curve have the same height. 

This means tha t the performance of a system with sufficiently large 0 is the same 

as tha t of a system with 0 =  1. This is because large 0 causes the decision output 

for a hop to be almost always with bad quality bit, forming a two quantization 

level, instead of four. Thus it is equivalent to hard decision system. It also can 

be seen tha t the optim um  0 which requires the least Eb/No to achieve BER=10-5 

is less than 2 and the exact optimum 0 depends on diversity order m. For m  =  2 

with optim um  0, the minimum Eb/No required to have a BER of 10-5 is about 1.5 

dB more than tha t for the system without diversity.

The bit error rate  of 8-ary system with m =4,5, and 9 are plotted in Figure 2.6 

to Figure 2.S. The required Eb/No to achieve BER=10-5 versus the reciprocal of 

0 for 4-ary, 8 -ary and 16-ary systems are plotted in Figure 2.9, Figure 2.10, and 

Figure 2.11, respectively. Similarly, the performance of a  M -ary system (M  > 4) 

with large enough 0 is almost the same as the performance of the system with hard 

decision in each hop (0 =  1). When m is small, 0 = 1  and very large 0 gives worse 

performance. But when m  is large, the performance is quite sensitive to  0. The 

optimum 0 is also less than 2, and the specific optimum point depends on m.
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Figure 2.9: Eb/No required to achieve BER=10 5 versus 1/0 for FH /4FSK  systems
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2.5 Perform ance under Partial-Band N  lise  Jam ­
m ing

W hen a partial-band noise jammer jams a fraction p of the transmission band with 

noise power density N j / p ,  F c ( 0 )  and Fe {0)  cab be computed according to (2.20) 

and (2.21):

Fc (0) = ( l - p ) F co(0) + pFcx(0)

FE (0) =  ( l - p ) F Eo(O) +  p F E l (O)

and

/•OO t x /Q

Fco(6 )  =  /  P s+ n ( z )  /  P n ( y ) d y  
J o  J o

=  /„'

M - l

dx

X

a: exp

rx/Q
[  y e x p ( - y 2/ 2 ) d y  
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2 I \  V m N c J
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k- 0 \
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exp
k K E b\

02 +  k m N 0)  ’

yoo
jFci(^) =  /  p ,+j+„(x) /  p j+ n ( y ) d y

JO J o

M - l

dx

x  exp-  j C

x / 0 I X

x 2 + 2 K E b/[m{N0 + N j /p ) ] \

2 K E b
m (N 0 +  N j / p )

rx/0
/  e x p { - y 2/ 2 ) d y  
Jo

M - l

dx

K E b

too rx/0 fx/8
Feo(0 )  =  /  P n ( x )  /  p s+n( y ) d y  /  p n{z)d.

Jo Jo Jo

02 + k  V 02 +  k m (N 0 + N j / p ) )  ’

M —2

dx
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The worst p, denoted as pwc, and the corresponding worst case performance, 

can be easily computed numerically using the above equation. The bit error rate 

(BER) of the binary system under PBN jamming with the worst p verses E b/N j  

with 9 as param eter and Eb/N0 =  17 dB for m  =  4,5 and 9 are plotted in upper 

figures of Figure 2.12, Figure 2.13, and Figure 2.14, respectively. The worst p verses 

E b / N j  for m =  4,5, and 9 are depicted in lower figures of Figure 2.12, Figure 2.13, 

and Figure 2 14, respectively.

From these figures, it can be seen tha t 0 =  2 is the best. However, when Eb/Nj  

is small, i.e., jam m ing is dominant, the differences in BER for different 0 are not 

large. At the high end of E b /N j ,  where AWGN becomes dominant, noise floors 

form in BER curves. The height of the floor is determined by 6. The results in 

last section can be used here to determine the floor level from 0.

The worst jam m ing param eter pwc is almost a linear inverse function of E b/N j ,  

when E b / N j  exceeds a certain threshold. For E b /N j  less than the threshold, 

Pwc =  1- For m  = 4 and 5, pwc for different 0 are almost the same. But for rn =  9, 

pwc is different for different 9.

The worst case BER of 4-ary, 8-ary and 16-ary systems and the corresponding 

pwc are plotted in Figure 2.15 to  Figure 2.23. 0 = 2 is the best in E b/N j  region 

of interest for m  =  4. The behavior of BER and pwc are similar to those for the 

binary case. However as M  increases, the differences in BER for different 0 become 

small.

To see the  influence of 9 and m on the system performance clearly, E b/N j  

required to achieve a fixed BER =  10~5 versus j  with m as param eter are plotted 

in Figure 2.24, Figure 2.25 and Figure 2.26 for binary, 4-ary and 8-ary system, 

respectively. First, it can be seen th a t all curves have a property: the values 

of left end (0 —> oo) and right end (0 =  1) are identical. This means tha t the 

performances for 0 =  1 and very large 9 are the same. The reason, as discussed 

in last section, is tha t sufficiently large 0 will cause almost all decisions to be of
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bad quality and in fact form two level outputs instead of four levels. Secondly, 

the optimum 0 which requires the least E b / N j  to achieve certain BER, are located 

in the range of 1 <  6 < 3. The maximum points are located either 3 <  0 < oo 

(if there is a peak in the curves), or at 0 =  1 or 0 —► oo. Finally, some curves 

are rela'ively flat, which indicate tha t the choice of 0 is not very critical to the 

performance. O thers have a deep valley and high peak shape, meaning th a t the 

performance differences among different 0 are quite large. Thus, the performance 

is very sensitive to 0 for some diversity order m, but not for others. Therefore, 

the proper choice of diversity order m  should be the one which makes the system 

sustain certain BER with the m inb'ium  E b /N j  while not being very sensitive to  0.

In the binary FSK system, Figure 2.24, the curve for m =  2 is the most flat 

one. But the minimum point is quite high. It requires more than 40 dB in E b / N j  

to have BER=10-5 . Curves for m  =  5,9, and 10 have much lower minimum points 

(about 23 dB). But m =  9 and 10 have very high peaks. Therefore, there may be 

a trade-off between the sensitivity to 0 and the minimum E b / N j  required.

In 4-ary and 8-ary systems, m  =  5 requires lower E b / N j  to  achieve BER= 

10-5 , and is also insensitive to 0.

In order to evaluate th e  performance of R-T diversity combiner, the worst case 

BER of soft linear diversity combiner with perfect side information (SLC with PSI) 

aud without AWGN for m = 4 is also plotted in Figure 2.12, Figure 2.15, Figure 

2.18 and Figure 2.21. The worst case BER for the soft linear diversity combiner 

with perfect side information for large E b / N j  is given by [1]:

(
Tn Ai * \  ^

when E b / N j  > 7 (2.24)

where K  =  1 in the  binary case, and K  =  log2 M  for M -ary modulation; /? and 7 

are constants given in Table 2.4 in [1]. In the region of E b / N j  < 7 , simulation re­

sults are plotted. The BER performance of the soft diversity combiner with perfect 

side information without AWGN can be viewed as the best possible performance
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Figure 2.12: Performance of FH/BFSK with diversity m =  4 chips/bit and R-T
diversity combiner with threshold 0 in worst case partial-band noise jamming.
Eb/No — 17 dB. Upper: BER. Lower: the worst jam m ing param eter pwc.
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Figure 2.13: Performance of FH /B FSK  with diversity m  — 5 chips/bit and R-T
diversity combiner with threshold 0 in worst case partial-band noise jamming.
Eb/No =  17 dB. Upper: BER. Lower: the worst jam m ing param eter pwc.
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Figure 2.15: Performance of FH/4FSK  with diversity m =  4 chips/bit and R-T
diversity combiner with threshold 0 in worst case partial-band noise jamming.
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Figure 2.16: Performance of FH /4FSK  with diversity m =  5 chips/bit and R-T
diversity combiner with threshold 0 in worst case partial-band noise jamming.
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diversity combiner w ith threshold 0 in worst case partial-band noise jamming.
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Figure 2.18: Performance of FH/8FSK with diversity m =  4 chips/bit and R-T
diversity combiner with threshold 0 in worst case partial-band noise jamming.
E b/N 0 =  13 dB. Upper: BER. Lower: the worst jamming param eter pwc.
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Figure 2.19: Performance of FH /8FSK  with diversity m  =  5 chips/bit and R-T
diversity combiner with threshold 0 in worst case partial-band noise jamming.
Eb/No = 13 dB. Upper: BER. Lower: the worst jamming param eter pwc.
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Figure 2.20: Performance of FH /8FSK  with diversity m  =  9 chips/bit and R-T
diversity combiner with threshold 0 in worst case partial-band noise jamming.
Eb/N 0 =  13 dB. Upper: BER. Lower: the worst jamming param eter pwc.
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for a diversity combiner without side information. The BER of R-T combining 

scheme without AWGN (or with a very large Eb/N0, e.g., 100 dB) for m =  4 and 

0 = 2 is also plotted in Figure 2.12, Figure 2.15, Figure 2.18 and Figure 2.21. It 

can be seen tha t the difference in E b /N j  at BER =  10-5 between R-T combiner 

with 0 = 2 and soft linear combiner with perfect side information is about 2 dB 

for 4-ary, 8-ary and 16-ary systems (excluding the effect of AWGN). B ut in binary 

systems, the difference is as large as 5 dB.

2.6 Conclusion

The performance of FFH /FSK  spread spectrum system with ratio-threshold diver­

sity combining has been analyzed. The exact bit error probabilities in worst case 

partial-band noise jam m ing and additive white Gaussian noise are computed.

In partial-band noise jamming, for a given M,  th e  optimum BER performance 

with an optimum ratio-threshold 0 is almost the same for diversity order m =  

4 - 1 0 .  However, only when m  is around 5, the system performance is not very 

sensitive to the choice of 0. For large m (m =9, or 10), the performance can be 

very poor for some 0 which may not be far away from the optim um  0. It is also 

observed that for m around 5, higher the M  for M FSK  modulation, less sensitive 

to 0 is the system performance. The difference in required E b / N j  to  achieve BER 

=  10~5 between the ratio-threshold combining with m =  4 and optim um  0 and 

soft lineai combining with perfect side information is about 2 dB in 4-ary, 8-ary, 

16-ary systems, and 5 dB in binary systems (without AWGN).

2.7 P roof o f Equivalence betw een Two States  
M odel and the Average Single S tate M odel

We only need to show tha t the summation terms in  (2.1) - (2.5) using average 

transition probabilities Pc , Pe ,P c x , Pe x  and those in (2.11) - (2.15) are equal.
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Figure 2.21: Performance of FH/16FSK with diversity m =  4 chips/bit and R-T
diversity combiner with threshold 6 in worst case partial-band noise jamming.
Eb/No =  12 dB. Upper: BER. Lower: the worst jam m ing param eter pwc.
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Figure 2.22: Performance of FH/16FSK with diversity m =  5 chips/bit and R-T
diversity combiner with threshold 0 in worst case partial-band noise jamming.
h'b/N0 =  12 dB. Upper: BER. Lower: the worst jam m ing param eter pwc.
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Figure 2.23: Performance of FH/16FSK with diversity m = 9 chips/bit and R-T
diversity combiner with threshold 9 in worst case partial-band noise jamming.
Eb/No =  12 dB. Upper: BER. Lower: the worst jamming param eter pwr.



E
b!

Nj
 

(d
B)

Chapter 2. R -T  Combining in PBN  Jam ming 46

60

m = 2 
m = 4 
m = 5 
m = 9 
m = 10

50

40

r

30

20
0.0 0.2 0.4 0.6 0.8 1.0

U 8

Figure 2.24: E b / N j  required to achieve BER =  10 5 versus I/O for the binary
system in worst case partial-band noise jam m ing. Eb/N0 =  17 dB.
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Figure 2.25: B b/N j  required to achieve BER =  10 5 versus 1 /0  for the 4-ary system
in worst case partial-band noise jamming. Eb/N0 = 15 dB.
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Chapter 3

Perform ance of R atio-Threshold  
D iversity Combining Schem e in
F F H /F S K  System s under
M ultitone Jam m ing

3.1 Introduction

In this chapter, the b it error probabilities of the FFH /A /FSK  system with ratio- 

threshold diversity combining under worst case m ultitone jam m ing with and with­

out background therm al noise are computed by using the average computation 

model developed in the previous chapter. Results are compared with the perfor­

mance of the FFH /A /FSK  systems with diversity utilizing the soft decision metric 

with perfect side information. The effect on the system performance of different 

system parameters, such as diversity order, ratio-threshold, and signal-to-thermal- 

noise ratio, and jamming parameters are also analyzed. Finally, the performance 

of the system with ratio-threshold diversity combining under partial-band noise 

and band lone jam m ing are compared.

50
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3.2 Perform ance under Band M ultitone Jam ­
m ing w ithout Therm al N oise

under band tone jam m ing without therm al noise at first. Some interesting behavior 

of the worst jam m ing param eter a  has been found. In next section, we analyze the 

performance of R-T diversity combiner under band tone jam m ing with thermal 

background noise which is modeled by AWGN.

The analysis for n = 1 band multitone jamming is relatively simple, because 

the random jam m ing phase has no effect on the system performance in this case. 

This type of band m ultitone jamming seems to  be the most effective in almost all 

cases [1].

3.2.1 Binary Case

It can be shown tha t Fc{0) and FE(0) are (see Section 3.6 for detail derivation):

the jam m er on the range 0 <  a  < +oo. p is the probability of one binary band 

being jam m ed, and in our case is given by [1]:

Then Pc , P o x , Pe x , and PE are given by:

We consider band m ultitone jamming with the number of jamming tones in each 

M -ary FSK band n =  1. We illustrate the performance of R-T diversity combiner

j  1 if a  > 62\ 
[ 1 — 2 otherwise,

^ if 0 <  a  < 
0 otherwise.

Here a  is the power ratio of signal to one jamming tone, and can be optimized by

1 if a  > 0*\
1 — £ otherwise.
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c |  0 otherwise.

=  I  2 if £  <  a  < !;
EX[ ’ \  0 otherwise.

PE{0) = |  2 , f 0 < a <  h
0 otherwise.

We can see th a t when a  > 1, PE and PEx  are always zero, and therefore, there 

are no errors in transmission, i.e., Pj, =  0.

When jz < a  < 1, PE = 0, PEx  = f , Pcx =  0, and Pc  =  1 — §. According 

to the combining rule, the hop decisions with good quality have priority. So an 

incorrect decision can be made only when all m  hop decisions are bad. Hence,

A  =  PjEX

When a  < p-, both Pcx  and PEx  are zero. So the final decision is based on 

those hop decisions with good quality bits. Therefore,

?m—k
C

where

,. . _  f 1 if x =  0;
|  0 otherwise.

Thus the bit error rate under band tone jam m ing with n =  1 is:
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We can now analyze the worst case, in which the jam m er optimizes a  to cause 

the worst transmission performance. First we note that Pb given in (3.2) is a 

piecewise monoto lically increasing function of p wh'm p <  1. And from (3.1) we 

know th a t p is a monotonically increasing function of a.  When p =  1, it means 

tha t there is one jamming tone in every binary FSK band. Thus, a  cannot be 

further increased to  provide more jam m ing tones under the assumption tha t there 

is at m ost one jamming tone per binary FSK band. Therefore,

_  E b/ N j
Q _  ^mar — a2 m

W hen a maI < ^ ,  or ^  because Pb is a monotonically increasing function

of a , the  only choice for a  is

_  Eb/N.i
Q-vjc — O'mai — n2m

This a  causes Pb to  be 0.5.

W hen ^  < a max < 1. or ^  ^  < 2m, a  has two possible choices:

_  E b/ N j
Ot — &maT — 02m

and the corresponding

Pt(1) = 0.5Tn;

or

where (A )-  =  limr<>i,x_ >i x , and the  corresponding

i-k
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The worst a  should be the one which gives larger Pb- 

W hen a max > 1, a  also has two possible choices:

and the  corresponding

a = l '

p(D =  (  m  V . 
6 \ E b/ N j )  ’

or

~ ( i ) '
and the  corresponding

» - r ? i

m —k

And the  worst a  should be the one which gives larger Pb.

In order to determine what the worst a  is, we have to know the behavior of the 

following two functions

M * )  =  ( f )  ,

where

C{m,  k) 1 - 0
• «  (* -? )]

m
k

We are only interested in the regions 0 <  x  < 1 for hi(x)  and 0 <  x  < O2 with 

0 > 1 for h>2{x,d).

First, we note that hi(x)  equals 0.5m at x  =  1, and that h\(x)  decreases as x  

decreases. W hen x  =  0, /ii(.r) =  0. Secondly, it can be seen tha t /i2(x, 6) equals



Chapter 3. R -T  Combining in M ultitone Jam m ing 55

m l /po
1 1.000
2 2.000
3 2.262
4 3.284
5 3.144
6 4.039
7 3.762
8 4.541
9 4.216
10 4.902

Table 3.1: The cross point of /i2(.x, 1) with 0.5m, po-

0.5 at x  =  1 and 0 =  1, and tha t h2(x, 0) decreases as x  decreases with a fixed 0 

or as 0 increases with a fixed x. Also there is /i2(0 ,0) =  h2(x, oo) =  0.

Now we compare h2(x,  1) with 0.5m. Because /t2( l ,  I) =  0.5, /t2(0 ,1) =  0, and 

h2(x, 1) is a monotonic function of x, there is one, and only one point of x such 

that h2( x , \ )  =  0.5m. We call this point as po- And po is solution of the following 

equation:

±  C ( m , ^ ( f ) fc( l - | ) m“" =  0.5™. (3.3)

It can be seen later th a t l /po  is a very useful parameter. 1 / pu for m  =1 to 10 

are given in Table 3.1.

h \(x )  and h2( x , 0) versus l / x  with 0 as param eter for rn =  4 are plotted in 

Figure 3.1. Because when 0 = 1 ,  h\{x)  is one term in the summation of k 2(x,0),  

and all terms in the summation of h2(x,0)  are nonnegative, h2( x , \ )  is always 

greater than or equal to h\{x).  Now we focus on the region for 0 < x < 1. The 

figure shows th a t as 0 increases, the curve of h2(x, 0) moves lower. There is a 0O so 

that when 0 <  0o, h2{x, 0) is always greater than hi(x) ,  and there is no cross point 

between them. And when 0 > 0q, we can show that there is one and only one cross



Chapter 3. R -T  Combining in M ultitone Jamm ing 56

point between hi(x)  and h2(x,0).  At the left side of cross point, ki{x) > h2{x,0). 

While at the right side of cross point h2(x,0)  > hi(x) .

0O is such tha t h\{x)  equals h2(x,0)  at x =  1. 0O always exists. Because when 

x =  1, A i(l) =  0.5m, and /*2(1, 1) =  0.5, h2( l ,o o )  =  0, and k2{l ,0)  is a monotonic 

function of 0 , there m ust be one and only one 0 such that

M M )  =  M  1).

0o can be determined by solving the following equation:

£*<»•*>  ( * ) * ( > - £

m —k

= 0.5m-> - 1 ' \ on* i \ oh* >
fc=r

Comparing with Eq. (3.3), it is easy to find tha t

102 -  uo — Ho

Consider in the region of 0 <  x  < 1.

( \ k  /  \m —k

4>) U ~ w )

w  = w

x  \  m —kC ( m , k ) /  1 - j g r V

^2m V 2̂  /2

A  C (m ,k )  /20* \ m~k

k h i  ° 2m V* )

It is easy to see tha t every term  in the summation is positive and increases with x  

decreasing. Thus is a monotonic function of x  in the specified region. Also note 

tha t ^  > 1 when x  is small enough. Furthermore, when 0 > 0o, h i( l)  >  h2(l ,0) ,
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Figure 3.1: h\(x)  and h2(x ,0 ) with 0 as param eter versus 1/x. rn -  4;
0 =  1 ,1 .5 ,2 ,4 , and 10.
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i.e., ^  < 1 at x = 1. Therefore, there is one and only one cross point between 

hi{x)  and /i2(x,<?) when 0 > 0o.

W ith the knowledge of h l (x) and /i2(x ,0), now we can continue the work to 

determine the worst a.

When ^  <  a max < 1, or ^  <  2m,

2m I

According to ' he analysis of h\{x)  and /i2(x ,0), we can see that if > 0o, or

> w k  ~  ( ^ j ) Tp  Pb2) <  Pbl) =  0 .5 -. So a wc = a max, and the corresponding 

Pb =  P6(1). On the other hand, if < ( ^ ) Tl, Pb2) > Pfc(1)- So a wc -  ( | )  , and 

the corresponding P& =  P6*2*. In summary, the worst a  is

^wc = I y  if Mb. <  •
) 11 Nj <; U J n ’ (3.4)

otherwise.

The corresponding Pb is

Pb =  { £*W ?1 C (m i k ) I 1 W ^ /N j )  lf ^  <  ( f e ) n ’ (3.5)
( 0.5m otherwise.

When a max > 1, or E b/ N j  > 2m, there are

1 "  ■ * ' ( s f e ) '

« *  ■ * • ( « £ / ’)■

If 02 <  01 — P /2) is always no less than PblK When 02 > 0%, there is a

cross point between P6(1) and Pt(2). Define the cross point as Then for
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f t  <  ( f t ) „ .  P l "  >  >»<i f "  f t  >  ( f t ) „ .  P i”  >  I f ' -  Therefore, the

worst q is

OC-njr *“  *

(£)
i -  i f* I > i « " < > f t < ( f t ) n i 

(* ) '  if ^  > i and f t  >

where the crossing point ( ^ ) T is the solution of the following equation:

in,
1 -0.5$(Jfc -  —)

m—k

(  rn \  (  in 
{ t  I  \ I P E t l N j j

V

m Y
02E b / N j  )

The corresponding Pb is

Pb =

1 C’(m ? *) { w f i jW jY

x  ( l  ~  <p e Z / N j )

lf ° 2 > ^  and 7$j < ( ^ ) T2;

I X f f l  C (m ,* )

. X ( 1 9i £ / N J )
m —k

if 02 > J- and .

(3.6)

(3-7)

The bit error rate  of a R-T combiner under band multitone jamming with n = 1 

for m  =  2,4, and 9 in worst case are plotted in upper figures of Figs. 3.2, 3.3, and 

3.4, respectively. The worst case performances are obtained by using (3.2) with 

a numerical search for the worst a . The numerical results verify our analytical 

results in (3.4), (3.5), (3.6), and (3.7).

These figures show th a t unlike the PBN case, choice of the param eter 0 is 

very im portant. Larger 0 gives much better performance. The lowest curve in the 

family of curves is the bit error probability of the R-T combiner with the largest 0 

and this is the best performance. This curve also forms the lower envelope of the
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family of c urves. In fact, the lower envelope of the BER curves with sufficiently

under the worst case band multitone jamming with n =  1, given by [1, Eq. (2.76)]. 

So, when 0 is large enough, the performance of a R-T combiner can achieve the 

optimum performance without side information.

The worst a  for m =  2,4 and 9 are plotted in lower figures of Figs. 3.2, 3.3, 

and 3.4, respectively. Here we can see why a larger 0 provides better performance. 

First, a  Hrge 0 forces a wc to  be small, which means tha t the jam m er m ust increase 

the power at each tone and jam  fewer BFSK bands. Secondly, a large $ makes

the crossing point ( ^ ) r  high. When jjfc < the BER curve coincides

with the lower envelope, which is the optimum performance. So larger the (jv ))r2?

larger the region in which the performance achieves optim um .

However, the conclusion tha t a  larger 0 is better is made under the assumption 

that there is no therm al noise. W hen noise is considered, too large a 6 could cause 

performance degradation. Thus there should be a finite optim um  6 when the effect

of thermal noise can not be ignored.

3.2.2 M-ary Case

Under band m ultitone jam m ing with n =  1, and ignoring the background noise, 

Fc{0) and F e {& )  are (see Section 3.6 for details):

large 0 is the BER of a soft linear diversity combiner with perfect side information

f 1
otherwise.

otherwise.
if 0 <  a  <

Here p  is given by [1]:

a m M
K E hf N j ‘



Chapter 3. R -T  Combining in M ultitone Jamming 61

o
1 0

1  0 - 20
0 - 4

2
1 0

31 0

41 0

51 0

6
1 0

0 1 0 20 30 40

0.01
0 1 0 20 30 40

Eb /  N j (dB)

Figure 3.2: Performance of FH /BFSK  with diversity m  =  2 chips/b it and R-T
diversity combiner with threshold 0 in worst case n =  1 band multitone jamming
w ithout noise. Upper: BER. Lower: the worst jam m ing param eter n wr.
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Figure 3.3: Performance of FH/BFSK  with diversity m  =  4 chips/bit and R-T
diversity combiner with threshold 9 in worst case n — 1 band m ultitone jam m ing
without noise. Upper: BER. Lower: the worst jamming param eter a wc.
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Figure 3.4: Performance of FH /BFSK  with diversity m =  9 chips/hit and R-T
diversity combiner with threshold 0 in worst case n =  1 band multitone jamming
w ithout noise. Upper: BER. Lower: the worst jamming param eter a wc.
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Fc and are plotted in Figure 3.5 as functions of a  for fixed 0. Then, Pc, Pcx ,  

Pe x , and P& can be easily derived,

Pc(0) =

P c x ( 0 )  =

P e x (O)

P e {0)
- {

1 if a  > 02\
1 Mm V if fa < a  < 02;

otherwise.

if 1 <  a  < 02;

1 & ■fc if <  o  <  1;
0 otherwise.

£2 if j[ < a  < 1;
0 otherwise.

2 if 0 <  a  < p-;
0 otherwise.

When 0 is fixed, the relation of these transition probabilities with jam m ing param ­

eter o  is also plotted in Figure 3.5.

When a  >  1, since P& and P e x  ere always zero, no erroneous decision can be 

made a t the receiver. Therefore, Pb =  0.

W hen ^  < ct < 1, Pe = 0. This means good quality decisions are always 

correct ones. Erroneous decision is possible only when no good quality decision 

exists, which occurs with probability (1 — Pc)m. So the conditional bit error 

probability is

Pr(bit error | no good quality decision exists)

£  1 - 0 .5  S ( k - ~ )
k= r f i  -  J

So the bit error rate is

m
a  =  ( i - p c r  E

‘■ rfi
I — 0.5S(k —) m

k
P c x  _ y ~ h

P c )

G ) - ,



1

Fc

0

1

FE

0

1

?c

0

1

Pcx

0

1

?ex

0

1

Pe

0

e 3.5:
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±  »
Af ̂  I

1

l ~ 2 »  ' 1 M-=l
M ^

a

a

A

M - l  
M  ^

2*1

a

1

a

'7 0

a

Relationship between F c, F c , P c , P c x ,  P e x , P e  and a  for a fixed 0.
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where

7 = £ [ > - • * < * - ? > ]  ( T ) ( v r
fc=r?i

Note tha t 7 is a  constant when M  and m are given.

When 0 < n  < p ,  Pcx  =  Pex  =  0. So there is no bad quality decisions. The 

bit error rate is

Pb E
m

E
M ?  1

1 — 0.5S(k — — ) ( 1) nfc p m - k  
*Er 0

m
k )(!)'(

—A:

In summary, the bit error rate under band tone jamming with n = 1 is:

0
( f ) m7

Pb [1 -  0.5 s{k -  «>] (
m
k

, m—k

if a  > 1; 
if j t  < <* < 1;

if 0 <  a  <  js-

(3.8)

The worst case analysis is almost the same as tha t in the binary modulation. 

Again p  <  1, so a  < a max, and

a„
K E b jN j  

m M

Following the same way as we did for the binary case, we can find the worst a.  

Here we just need to change the definition of h \ ( x ) into
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Because

h i(.r) =

I 2 I

comparing with Ii2( x , 0), it is easy to see th a t ht(x)  < Ii2{z, I) for 0 < x  ^  1. 'I'hen 

by using the same approach as in the binary case, we find that

a■tuc

Otmax if <*max < W ( >l' < 7$ ) ’

w if ^  < ormax < 1 (or ^  < ~ir )  an<*

&max if ^  <  Qmai <  1 (or ) a»d ^

GW if amax > 1 (or ^  and 02 <
l - if < W  >  1 (or f  >  aM ) and 02 >

l w if amax > 1 (or and O'1 > jfc >

> m :

where po is the solution of the following equation:

fc=rfl

( f t ) n  is given by

/  Eb \  M m  
VN j ) Ti = I<0*po

and the  crossing point is the solution of the following equation:

(
1 -  0.5 6{k

m
>]
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Z m
V k )  \2 0 2K E b / N j )  \

m M
202K E b/N,>)'

i —k

'I’he corresponding Pb in worst jamming case is

0.5 
0.5m7

(  m M  \ m  
\ 2 K  E b/ N j )  I

S X r t i  [i -  o - W  -  f )]
mM

(>
m M

0i KEb/Nj) 
m —k

29*KEb/ N j ,

if amax < js  (°r -§j <  
if -p < <*max <  1 (or m¥

a n d  $  >  ( M ) t i ’

if «mar > 1  (or ^  >  Ŝ )
and 62 > —, # -  < (#■) ;l*o ’ Nj \N j /T2

otherwise.

 E l  <
KB* <  N j  <  K

(3.10)

The bit error rate of FFH/4FSK system with E -T  combiner under the worst 

hand m ultitone jam m ing with n  =  1 for m =  2,4 and 9 are given in upper figures of 

Figure 3.6, 3.7 and Figure 3.8, respectively. BER for 8-ary modulation system with 

same other param eter are plotted in upper figures of Figure 3.9, 3.10 and Figure 

3.11. The worst case performances are obtained by using (3.8) with a numerical 

search for the worst a.  The numerical results also verify the analytic results in

(3.10). For comparison, the BER of M FSK systems with linear soft combining 

and perfect side information under the worst case m ultitone jam m ing (discussed 

in [1, pp. 118-121]) are also plotted in these figures.

It can be observed tha t when m  is smah (m — 2), the lower envelope of BER 

curves for variant 0 is about 2 dB worse than  the worst case performance of soft 

combining with perfect side information. However, when m is large (m =  9), the 

differe ce between the lower envelope of 3 E R  curves of R-T combining and the 

worst case performance of soft combining w ith side information is about 3 dL for 

4-ary modulation and 4 dB for 8-ary modulation.

In general, the R-T combining scheme can not provide good combining when
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both M  and m  are large, especially under band tone jamming. However, when 

either M  or m is not large, the performance of R-T combining is quite close to 

that of soft linear combining with side information.

The worst a  for 4-ary and 8-ary modulation with m =  2,4 and m =  9 are 

plotted in lower figures of Figure 3.6 - Figure 3.11. The behavior of a wc is similar 

to the one in the binary case.

3.3 Perform ance under Band M ultitone Jam ­
m ing w ith  Therm al N oise

We model the therm al noise as additive white Gaussian noise (AWGN). According 

to the average model discussed in Section 2.3, Fc(0) and (0 ) can be computed 

with (2 .20) and (2.21),

Fc (0) (I -  ti)Fco(O) + pFc l (0),

FE(0) = { l - i i )F E o(0 )  + pFKl(0),

where p. is the probability of an Af-ary band being hit by a jam m ing tone, and the 

definitions of functions Fco, Fci ,  F’eo, and Fei are given in Section 2.3. Under 

n =  1 band tone jamming, they are given by

Fco

FCi

Jroo f x/Q
' P s + n ( x )  /  P n ( y ) d y  
0 Jo

too T tx/Q
J0 P .+ ; + n ( s )  \Jq P n { y ) d y

M  — 1 r rx/8

M- 1

dx

[• oo I r

m  L  p‘*A x y [ h

fx/B
/  pn(z)dz
Jo

M - 2

dx,

FE0 =
/•CO r rx/0 1 r rx/0

Jo Pr,^ \ J o  P3+n^ d y \ \ J 0 P’J z )dz

M - 2

dx,
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Pn(x )

Pa+n{x )

Pj+n(x )
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xexp
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and

£,(<£) =  Jv£6(l + 4 = cos <£ +  - ) .

Carrying out these integrals (see Section 3 7 for detail), we obtain,

02 I  k K E b\  
0* + k e X p [  62 + k m N o )

1 M -  1 
F°1 -  — 9c la +  —^f~9cib

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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and

x
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w T k 4“ 2

2 X ,
2Y

(w  -f k +  1 )(w +  k -f 2)

1
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2 Y
w + k + 2 I Y (w -f k +  l)(u> +  k +  2) ’ V w +  k  +  2 

w + k y

2X

x e x p  , -
w  +  k +  1

By using expressions derived above, Fc(0) and Fp;(0) can be evaluated numeri­

cally. A method discussed in [16] is used to compute the Marcum Q-function which 

is used extensively in computations of these F()  functions.

The bit error probabilities of the binary system under the worst case band tone 

jam m ing versus E b/ N j  for m = 4, E b/ N 0=]  1,13 and 15,17 dB are plotted in Figure 

3.12 and 3.13, respectively. The corresponding worst a  versus E b/ N j  for m =  4, 

E b/ N o =  11,13,15,17 dB are plotted in Figure 3.14 - 3.15, respectively. The worst a
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is found by searching in the interval [a0, QWk] numerically. a 0, the lower searching 

bound, should be small enough so tha t the lowest point of the worst a  is higher 

than it, and is deteim ined by trial and error. a max is such a a  tha t causes p = l  

and it is given by

I< E b 
Q W ~  m M N j

for n =  1 band tone jamming. The physical meaning of a max is the power ratio 

of signal tone to one jamming tone when jam m er puts one jam m ing tone in every 

(frequency hop) M -ary band.

It can be seen tha t 0 = 2 is the best when E b/ N j  is not very low (>  8 dB for 

all cases). When signal to noise ratio Eb/ N 0 is high, the worst a  versus E b/ N j  

approaches to tha t without noise. Furthermore, the worst a  can be greater than 

1 when noise exists. This means th a t the am plitude of the jam m ing tone does not 

need to be greater than the am plitude of the signal tone to achieve the maximum 

interference effect.

In these figures, there is a region of E b/ N j  where a  is piecewise linear. In this 

region, the worst a  is a max. Thus in this case, the optimum strategy of the jam m er 

is to put jamming tone in every frequency hop M -ary band.

It can also be seen tha t when jamming is strong, the jam m ing may even help 

the communication due to random cancellation. In other words, lower E b/ N j  

may have a lower bit error rate and BER is no longer necessarily a monotonically 

decreasing function of Eb/ N j  as might be expected.

The bit error probabilities of the 8-ary system under worst case band m ultitone 

jamming versus E b/ N j  for m  =  4, and Eb/ N 0 =  10,12,14 dB are plotted in Figure 

3.16. The corresponding worst a  versus E b/ N j  are plotted in Figure 3.17.

To see the influence of 0 and m  on the system performance clearly, E b/ N j  

required to sustain BER=10-5 versus 1/0 with m as a param eter is plotted in 

F'igure 3.18 for the binary system with Eb/No=17  dB, and in Figure 3.19 for the
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Figure 3.’2: The bit error ra te  of FH /BFSK  system with diversity rn = 4 chips/bit
and R-T diversity combiner with threshold 0 in the worst band m ultitone jamming
with n = 1. Eb/N o= ll,13  dB; 0 =2,4,6,10.
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Figure 3.13: The bit error rate of FH /BFSK  system with diversity m  =  4 chips/bit
and R-T diversity combiner with threshold 0 in the worst band m ultitcue jam m ing
with n — 1. Et/iVo=15,17 dB; 0 =2,4,6,10.
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Figure 3.14: The worst a  for FH /BFSK  system with diversity rri = 4 chips/bit, and 
R-T diversity combiner with threshold 0 in band m ultitone jamming with n — 1. 
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R-T diversity combiner with threshold 0 in band m ultitone jam m ing with n =  1.
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8-ary system with dB.

From these figures, we can see that m = 5 with 6 = 2 gives the minimum 

required E b / Nj  for binary system and m = 9 with 6 around 1.2 1.4 gives the 

minimum required Eb/Nj  for 8-ary system. It can be seen tha t the optimum 0 

is around 2 for binary system, but less than 2 for 8-ary system. !n 8-ary system, 

when m  is large (m  >  5), the performance of ratio-threshold diversity combiner is 

close to tha t of the hard decision diversity combiner in tone' jamming.

The worst ease sensitivity

All performances that we have analyzed have been under worst case jamming. 

In other words, we assume that the jam m er has all necessary information to choose 

certain p for partial-band noise jamming or at for band multitone jamming to 

maximize the jamming effects.

If a communication system makes the jamming effects very sensitive to the 

jam m ing param eters, the jam m er may have difficulty to choose appropriate jam ­

ming param eters since not all necessary information is available to the jam m er in 

practice.

E b / N j  required for the binary and the 8-ary systems to sustain BKR = 1()-5 

versus a  in m ultitone jam m ing with 0 = 2, rn =  4, and Eb/No =  17 dB and 12 dB, 

respectively, are plotted in Figure 3.20 to illustrate the worst case sensitivity.

Comparing two figures, it can be seen that the worst case performance of the 

binary system is not very sensitive to at. Specifically, o=0.1 1 can result in the 

performance which is at most 3 dB away from the worst case performance. How 

ever, the performance of 8-ary system is more sensitive to a. The corresponding 

region is about a = 0 .08-0.4.
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Figure 3.19: E b / Nj  required to achieve BER =  10-5 versus 1/0 for the 8-ary system
in worst case band tone jamming. Eb/N0= 14 dB.
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Figure 3.20: The E b / N j  required to sustain BER=10~5 for FH /FSK  with diversity 
m  =  4 ch ips/b it and R-T diversity combiner with threshc'.d 0 — 2 in n =  1 band 
m ultitone jamming. Binary system: Eb/No=\7  dB. 8-ary system: Eb/Nq—12 dB.
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3.4 Com parison of Perform ances in Partial-Band  
N oise Jam m ing and M ultitone Jam m ing

In order to see which type of jamming is mme effective for the ratio-threshold 

diversity combiner, the performance of the binary and 8-ary systems under worst 

case partial-band noise and m ultitone jam m ing with Eb/No—i l  dI3 and 14 dB an . 

with 6 as param eter are plotted in Figure 3.21 and Figure 3.22, respectively. It 

is interesting to see tha t the effects of two types of jamming are almost the same 

as in the binary system. However in the 8-ary system, the ‘one jam m ing is more 

effective than  partial-band jamming. Specifically, it requires about 10 dB more 

in E b / N j  to  achieve BER =  10-5 under tone jamming in the 8-ary system with 

6 = 2.

For comparison, the minimum E b j N j  required to sustain BER — 10-5 under 

partial-band noise jamming for the binaiy and the 8-ary system are depicted in 

Figs. 2.24 and 2.26, respectively. Then we can compare Figs. 3.18 and 3.19 with 

Figs. 2.24 and 2.26 respectively. In the binary system, the curves of required 

Eb/Nj  versus 1/6 «,re quite similar for partial-band noise and tone jammings. This 

confirms the  results in Figure 3.21. In partial-band noise jam m ing (Figure 2.24), 

the minimum required E b / N j  to sustain BER =  10~5 is about 23 dB for rn=!i and 

9 and 6 = 1.4-2. In tone jam m ing (Figure 3.18), the minimum required E i, / N j  is 

about 23-24 dB for for m = 5 and 9 and 6=1.4-2.

However, in the 8-ary system, the curves of required Eb / Nj  versus 1/6 are. 

quite different for par tial-band noise and tone jammings, it appears that the 

performance is much more sensitive to 6 under tone jamming. In Figure 2.26, the 

variation for m =5, which is the smallest one on the figure, is within 5 dB. While 

in Figure 3.19, the variation for m =5, which also is the smallest one on the figure, 

is more than  20 dB. Furthermore, in partial-band noise jamming, the minimum 

required E b / N j  to sustain BER=10~5 is about 18 dB for m  = 5 and 6 around 1.6. 

And in tone jamming, the minimum required Ei,/Nj  is about 24 dB for rn = 9 and
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chips/bit and R-T diversity combiner with threshold B in the  worst partial band 
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Figure 3.22: The bit error probability of FH /8FSK  system with diversity m  — \
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0=1.2-1.4. There is a 6 dB difference in the best performances on the two figures.

3.5 Conclusion

The performance of FFH /FSK  spread spectrum system with ratio-threshold diver­

sify combii ing has been analyzed. The exact bit error probabilities in worst case 

n =  1 band tone jamming with additive white Gaussian noise are computed.

Under n =  1 band tone jamming, for a given M ,  the optim um  BER performance 

with an optimum ratio-threshold 6 is almost the same for diversity order m =  4 - 9. 

However the performance is quite sensitive to the choice of 0. For 8-ary modulation, 

the optimum performance is close to the one of hard decision combining, especially 

when m  is large.

The performances of ratio-threshold combining under partial-band noise and 

band tone jam m ing is almost the same for the binary system, but not for the 8-ary 

system. In general, tone jamming is more effective to the system with the  ratio- 

threshold combining than partial-band jamming. Furthermore, in contrast to the 

binary FSK systems, the bit error probability is much more sensitive to  0 under 

tone jam m ing in the 8-ary systems than under partial-band noise jamming. For 

optimum performance with the optimum 6 under tone jamming, there is a 6 d 3  

difference in the required E b / N j  to achieve BER =  10-5 between the two types of 

jamming against 8-ary FSK systems.

3.6 D erivation of F c { 0 )  and F e {G ) under Band  
M ultitone Jam m ing

Because n =  1, there is at most one jam m ing tone in an M -ary orthogonal band. 

An erroneous decision can possibly be made only when the jam m ing tone falls in 

an em pty frequency bin th a t does not contain a signal tone, and in this case, the 

ratio of the output of the signal tone envelope matched filter X s  and the output
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of ihe jam m ed tone envelope matched filter X j  is (see [1] for detail)

So, when yja > 0, Fc(0) =  1. Otherwise, >  0 only happens when either the 

M -ary band is not hit by the jamming or the jamming tone hits the signal tone 

(where X n s  is the output of a  matched filter corresponding to  an em pty frequency 

bin), so we have

Only when an M - ary band is hit by the jam m ing and the jamming tone falls 

in an em pty bin, the ratio of the output of the matched filter corresponding to 

the em pty frequency bin to the  output of the matched filter corresponding to the 

signal tone is possibly greater than threshold 0. In this case, the ratio is

* L  = —
X s y/a

If ^  <  0, ^  is always less than  0. So F e {0 )  =  0. However, the probability that 

the jam m ing tone falls in an empty frequency bin is p /M ,  so P'e (0 )  = when 

s /a  <  | .  In summary, we get

Fc(0) =

Fe(Q) = I  m if 0 < a  <
'  ( 0  otherwise.

In binary case, M  = 2, then we have

™  =  { 1 -  f  o t h e ^ .  

«»> - {I

1 if a  > 02;
1 — otherwise.
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3,7 Derivation of F  Functions

We are concerned with following functions.

j-oo rx /0
Fco -  /  P s+ n( x )  /  P n ( y ) d y

Jo Jo

M - l

d x

+ -

Pi+j+n(a;)

M  — 1 Z'00 
~M

rx /0
/  Pn(Z/)dl/
Jo

M - l

dx

roo f x /& f x /&
/  P n - n ( z )  /  p j + n ( y ) d y  /  p„(z)d.
JO Jo Jo

M —2

roo I" /-x/0 /■x/0
^ b o  =  J o P n { x )  | y o  p s+TL( y ) d y  p n (z )d .

M  - 2
dx

f'B1
/«

P *+ j+ n(y )dy  

f r*/®

r x /0
/  Pn(z)<k Jo

A f-2

dx

1 yoo r r x / 0  ' ’ yx/0
+  M  do Pi+n^  Ido p,+n^ ^ y do

M - 2
dx

+ -
M - 2  r°°

M

rx/0

roo I" rx /0

Jo Jo P,+n^y '>dy

rx /V
/  pn(w)dw 
Jo

Jo

M —3

rx /0
/  Pj+n(z)dz 

Jo

d x

and pn, p4+n,pJ+n, and pa+j+„ are given in (3.11) - (3.14).

3.7.1 Computation of Fco

roo r x /0
F co=  /  ps+n(z) /  P n ( y ) d y  

Jo Jo

M - l

dx

Since

r x /0  rx /0  (  V 2 \  (
Jo P n { y ) d y  = Jo yexp I I d y  =  1 - e x p  I -

x

20*.
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so

r  (  *2 I<Eb\  T (  j2KEb
0 =  y„

1 — exp

M - l

=  E ( - o *
k=0

M - l
k x  exp -  1 +

20*)

: \  .r2 I<Eb
2 /  2 m/V0

M - l

x /o  a;
, [ 2 K E b 
V m/V0

(/a-.

Changing variable x  into y by substituting

0
x  =

into above equation. Then there is

„  . k (  M  -  1 \  02 y00
= ’ I * J*+*/o *exp

,  (  I O2 2 K E , \  ,
X/° +  k mN„ )  dy

y 2 K E b 
2 m/V()

M - l_
k

£ l, o j M - l ' l  «2 /  * A 'M
a * - 1'  (, *

roo

/ 2Jo 2 02 +  A: m/V0 02 +  k m/V0

=i

= | W ( My ‘ ) ( ^ ) e x p (O2 \  (  k K E b\
CXP* 02 +  k rriNo J

3.7.2 Computation of Fci
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gcla and grib can be computed as following.

rrxi fxl& ^  ^
gcla = /  p,+]+n{x) /  Pn(y)dy dx

Jo Jo

-  £<-*('-* H ^ ) - -

-  ^ l w ( V )
02 

02 + k

k I<Eb 2

 k KE.(<t>)
02 +  A; mNo

V a /  mNo02 + k

X Jo GXP( 02 + k mNo y/o

= 02 
fc=o \

cos <f>) d<f>

x /0

fc ;  02 + k

k K E b 2 
02 -r A; miVo y/a

02 + k 0 4 )
1 \  A  A,

m N 0

In the last step, we have used the following relationship

1 r 2lr1 [**
Io{x) =  —  / exp(x cos <f>)d<f> 

2tt Jo

9clb
M —2

2 miV0

M —2

A£?fc\  /  l 2 K E b
m N 0 i  - Q

roo /•ar/t/
=  /  Ps+n(®) /  Pj+„(y)d?/ /  p„(^)d.

Jo Jo Jo

y00 /  a;
=  X  * exP ( - -

^ 2. [  M  -  2 \  [°° A k \  x 2
= £ (_1 ) (  * M  * eT - ( 1 + ^ h -

12 K E b 
a m N o ’

A £ 6
mNo

i - Q
j2KEb x 

mNo ' 0
dx
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= X - Y

where

l<Kh
mNo

Changing variable x  into y by substituting

0
V W T J -

y

into above equation. Then there is

v  V V  * \ k (  M - 2  \  0* /  - 2
=  £ ( 1 I  * ) p  + k i  y "x "

y1 KEb
2 mNo

r , j m  21<Eh\  J
x , 0 \ y ' l»— k ~ ^ ) dy

(  M  ~  2 1 J — _____ I _k K t * \
* {  k  j  IP +  k  '' \  l)‘ +  k  m:V(J

r  (  7J2 O'1 , (  I 01 2 K t k \  ,
X /o  * * * »  { -  2 ~  ¥ T k ^ N a)  [ I P  +  k  i n N 0 )  'l y

  v -
=  1

^ 2, , . k ( M -  2 \  02 (  k K E b \
£  V k )  02 + k CXP {  02 +  k mNo J

and

j .  k \ x 2 K  ICb
1 0*1 2 mNo
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Changing variable x  into y by substituting

e
x ■ . -------- y

into above equation. Then there is

v  _  ^  ^ k (  M -  2 \  02 (  k K E b\
£  v k j ^2 +  ^ eXP\  02 + k m N o)

r ° ( I i
2I<Eb y \  (  y 2 02 K E b
amNo  ’ yO2 +  k )  ^ GXP V 2 02 +  k m N 0 J

_ 02 2 K E b\
x i o \ y \ l ¥ T k - N ; J d y

By using an integral discussed in [17],

=  T T 1  [l -  Q i S t ,  vG)] +  S i )  (3.19)
u \ ’T ('2 a \ y ~2

where

al . ai
<t2 +  a\  ’ a \  +  a\

we obtain

* \  k j 02 +  fceX p(  P  + k m N o )k=0

where

{«5+T+T !' “ Q (A  + **+t + i <3cVS’V5)}

02 + k 2 K E b L &2 2 K E b
b =

02 +  +  1 a m N o ' {Q2 +  k)(62 -f k +  1) mNo
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hen

9clb X  -  Y

£  \ k  J 02 + k exp V 02 + k  m N o j
{ ^ T T T  [> -  M  + w T k  + i ^ '

3.7.3 Computation of Fe•;o

where

and

Jroo rx/0 rx/0
' P n { x )  /  P s + n { y ) d y  /  Pn(~)<i
0 Jo Jo

M -2
dx

1 ^  (  M  -  2 \  r
= S M) I t M tcxp

x 1 - 0
l'2KEb x 

m N 0 ' 0
dx

= U - V

dx

M —2

= E ( - i )
k=0

k (  M - 2 \  02
A: ) +  Jfc

M —2

E«
fc=o ( v ) f » 4 K ) f

Changing variable x into y by substituting

x  =
 0_ _
\ / 02 +  A:

y
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into above equation. Then there is

M - 2  (
v =  £ ( - i ) ‘

k—0 \

M - 2  \  02
k } 02 + k

2 I<Eb y 
m N 0 ’ \ /02 + k

dy

Hy using Eq. (3.19) once more, we have

V = Z W f  M ~ 2 )
h o  } I  k j 02 + k

02

1
1 - 0 0 ,

02 +  k 2 I<Eb 
62 i  k +  1 mNo

02 + k (  I 02 + k 2I i E b > 
02 + k + l ^ [ \ d 2 + k + \ m N 0 i

=  |W (  V )M - 2  \  e2 
k I 02 + k

1 -
1

02 +  k +  1
exp -

02 +  k I<Eb 
02 -f k  +  1 m N 0

In the last step, the following Marcum Q function properties have been used: 

<^(0, x) = exp Y  j  i Q(x i 0) =  1-

Therefore,

Feo = U - V

M - 2

=  £ ( - i )
k—0

k (  m - 2 \  e2
V k )  (e2 +  k){02 + k + 1)

exp
( -

02 +  k K E b
02 +  k -f 1 mNi9

3.7.4 Computation of Fe \

r  1 1 M - 2
E1 ~  M 9' la + M 9elb + ~ M ~ 9elc

<7rio< geib- and ge\c are computed as follows.
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Note the similarity between ge\tl and Feo-

Qe la  —
roo f x /6 f x /&

/  Pn(x) /  p3+j+n{y)dy /  pn{z)d
Jo Jo Jo

. ( « - ■ '  -

02 +  k K E b(4>)'

rx/e M - 2

dx

k J [02 -\-k){02 + k + 1)

x exp
02 -f k +  1 mNo

M - 2

= E ( - i )
k=0

x exp

d(f>

02k ( M -  2
fc I (02 + k )(62 + k + I)

02 + k- J l { 1 + L ) ! ± 3 l
c +  1 \  a /  m N 002 + k

M - 2  /

=  £ ( - ! ) *  
*= o  \

fl2 +  k 2 A7>:b 
02 +  k +  1 y/a m N 0

02

cos (f> J d<f>

k (  M - 2
k I (02 +  k)(02 + k + 1)

x exp
02 + k 

' 02 + k +  1 K )
1 \  K E b

mNo
(  02 +  k  2 K E h 

0 \ 02 + /;-}- 1 , /c imNo

roo f x /0 f T/0
ge\b =  /  P n + j ( x )  /  p3+Tl(y)dy /  pn {z)dz

Jo Jo Jo

M - 2

dr

It can be seen th a t the integral in above equation is the same as the one in gr\b 

with exchange positions of p3+n and pj+n . So, ge\b can be obtained by exchanging 

the positions of E b and E b/ a  in gcib, i.e.,

V V  * \ k (  M  ~  29elb —  (  1 )  I i
k=0 V

02
02 + k

exp -
k K E b

02 ' r kam N o
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where

Sfrlc

where

c -
02 + k 2 K E b 

02 + k + 1 mNo 1
d  =

02 2I<Eb
(02 -f k)(02 4- k +  1) amNo

roo rw /9  rw/O r w /v
=  /  P n ( w )  /  p a+n{ x ) d x  /  Pj+n ( y ) d y  /  p n {z ) d .

Jo Jo Jo Jo

roo  j  roo r,
= / pJ+n(w) < p n { x )  /

Jo I JOw Jo

roo
=  /  p j + n ( w ) h ( w ) d w

Jo

M - 3

P*+n(y)dy
r x /B

/  P n ( z ) d z  
Jo

d w

d x  > d w

h ( w )  is

h(w)
roo rxftl

=  /  P n { x )  /  P * + n {y ) d y  /  P n ( z ) d
jQ w  J o j  o

roo 'j[2
=  x e x p ( - — )

J  0w £

dx

i - Q
2/v X

mA^o ’ 0

M - 3
K - ' '  '  1 \ f c  ( ^  ^ \ t ^  ®  \  j

x S ; ' “ ) v *

JVf-3

= E (-D *
k=0

k M -  3
(J  -  / o

f ° x e x p  [ -  ( l  +
./0u/ \

k \  x 2
02 2

dx =
02

02 + k
exp ( o 2 +  k )

w

21

02 2

x = B y  /j2 Z 00=  0 ‘ y exp
J XV

-  (o! + 1)
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e2 (  (W W b
Q \  ^ " ' 2/ exP02 +  k'* W  fnNo '

92 roo
J2 + k j w 

02

rcxp
K +*) f  j !“  

> ( & *

02 + k 0 ( v l ^ ) exp H * ’ +  ̂T +  A'

Since

so

then

t qdy
l2K E b

mNo , y dy

“(Mr  77- dt
mNo  /

dy
l 2K E b \  (  y2 A A „\ , '  l'2K E b\

Q = J p \ ~ 2 ~  ^ j r „ )

02 y00
A  =  -  , I yexpJ  2/exp - ( 02 +  fc +  l ) y -

y2 AAfc 
mNo

Changing variable y into 2 by substituting

\ / 02 -f k +  1

into above equation, then

K  = -
e2

(92 + k){02 + k +  1) JwVoS+k+i

roo /  ^2
/   2 exp - - - -  -

2 I\ Iib \  
2 rnNoj

V l° [ Z\ j 9 2 + k + 1 miVo )  ^
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02 02 + k K E b
(02 +  k)(02 +  F + 1) exp { 02 + k + 1 mNo

then

K
e2

- Q
2 KEb

w l exp
02 +  k  '* ^ V mNo  ’

02 + k K E b' 
02 +  k  +  1 m N o ,

-  (<92 +  k)
21 e2

x exp I - Q
l 2I<Eb

02 +  k +  1 mNo

(.92 +  k)(02 +  k + 1) 

, wVO2 + k +  1

Therefore

M - 3 /

S (_1) V * + *

x |  exp — (92 +

-  (02 +  k)

h ( w )  =
vfe /  M  -  3 \  02

in
T

x exp
in
T

+
l

+ ifc + 1 exp -
fl2 +  fe K E b 

02 +  k +  1 miVo

Then we have

too
/  P j+ » (to )A (u > )rf  
JO

/Jo
I w2 KEi, \  , /  2K E b \  t , , ,

" ,exp ( ~ t  ■ /o r v ^ J (u,)
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where

D r  (  w2 K E h \  T (  [ 2l m \  , A «’2
R  = k  WeXp V 2 r V ^ V a J  eXP '  + ) t dw.

Substituting

w
VO2 + k  +  1 

into above equation, then

i r  !  *2 \ , (  I i 'i K ‘A \  ,
R  =  W V k V l L  X6XP [ ~ T  ~  ^ N o )  '°  { l V  +  t  +  1 m n A fJ  *

1 (  62 + k I<Eb
02 + k + 1 GXP I 02 +  fc +  1 a m  No

r  (  x 2 1 \  r f  I • ,
X 7o X6XPV 2 02 + k + l a m N o)  ° [ X\ j 0 2 + k + l a m N o )

=x

1 /  e2 + k K E b
exp

02 + k + 1 \  02 +  k +  1 amNo

-  rJo
in exp

w
2 am N o

K E b \  T (  l ‘2K E b
20 ( w\l  I exp

a m N o (»’ +  *) y

x Q U ' ^ K ' w ] d w

Do the  same variable change as we did in the computation of R, then

1 f
k +  1 Jo02 + k +

a: exp
x 2 K E b
2 amNo

Io x
1 1 2 K E b
02 -f k +  1 amNo

xQ
2 K E b
mNo  ’ V 02 + k + t) dx
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1 /  02 +  k KEb \
02 + k + 1 GXPV 02 + k +  1 amN0 )

/ “ xex  p ( -/ I 1 I<Eb \  T (  I 1 2I<Eb\
x l  xexp 2 02 + k + i a m N o )  ° [ Xy 0i + k + l a m N o )

Using (3.19), we have

<? =  1 /  e2 + k KEb \
02 + k + 1 \  02 + k + 1 amNo)

where

{ w T F T - 2 11 -  Q { V ~6' ^  +

02 + k + 12KEb 1 2 KEb
1~02 + k + 2 mN0 ’ ~  (02 +  k +  1)(02 +  k +  2) amN0'

02 + k + 1 

x /0 (w

1 /-°° /  u'2 KEb \
ITT Jo wexp{ - T-^No)

( [2KK\ ( 02 + k KEb\
V V amNo ) GXP (  02 + k + 1 miV0 J

( ^ + U l m % ’"’V,̂  + *: + 1) i W

1 /  fl2 +  fc KEb\
02 + k + 1 02 +  A: +  1 miVo /

/  tn 2 \  _ ( [2KEb\
C o  ^ C - T - ^ N o j ’C C ^ N o )  

x Q  { ' l < p + \  +  i  l K, N o '  " - v ^ T T h )  * »
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Using (3.19), we have

T  02 +  k  +  1 GXP (  02 + k + l in N0)

x

1 (  02 + it K E b\
T + I exp 

f 02 +  fc + 1
\0 2  + k + 2 

where

[i -  Q ( - A ,  \/c )] +  v^)}

1 2 K E b 02 + k + l 2 K E b
C “  (02 +  k +  1)(02 +  A; +  2) m N 0 ’ V ~  02 + k + 2 a m N o ’

Comparing R  — S  w ith T, we found th a t R  — S  +  T can be written as

K E b K E b \  (  2 /  A'Eb I<Eb\]
R  S  + T  02 + k + l 

where

f ( w , k , X , Y )

( re +  k  +  1

r  ^2 i, 2V E b K E b \  /  2 A Aj, A A(,\ l
/  V ’ ’ mAT0’ w n A V  '  V ’ ’ amAT0 ’ m N 0) \

w  +  k +  2 i - q U F - P P ™ , 1 2 Yw +  k  -f 2 ’ y (te +  A: -fi 1 )(‘u> +  k + 2)

, 1 0  f /  2F  w + k + l  '
w + k + 2 \]j (w + k + l){w + k +  2) , \] w + k + 2 '

x e x p l ~ ^ H f c + T y

Then finally, we have

_  T V  n i /  M — 3 \  02 1
fl,elc ”  \  / 02 +  A:02 +  /b +  l

[/■ (V2 ^ K E b K E b \  /  2 I<Eb A Afc\1
[;  V ’ ’ miVo’ a m N o )  +  H  ’ ’ a m N o ’ m A /J ]



Chapter 4

M axim um -Likelihood D iversity  
Combining in Partial-Band N oise

4.1 Introduction

There have been several diversity combining methods proposed in th e  last decade 

for fast frequency hopped FSK spread spectrum systems working in a channel with 

partial-band noise interference [3, 5, 6, 9]. Their performances in various conditions 

(with or without channel information, with or without background therm al noise, 

etc.) have been analyzed and compared.

Although much profound work has been done in this area, there is still lack of 

a general theoretic framework in this subject, which may provide some theoretical, 

if not practical, insight and guidance. For example, the  structure of th e  optimum 

diversity combining on a channel with both PBN interference and background 

noise modeled as additive white Gaussian noise is unknown. How far away the 

performances of those proposed combining schemes are from the optim al perfor­

mance is also unknown. It is also not clear on what type of channel information is 

required to implement certain optimum diversity combining on the PBN  channel 

with AWGN.

In this chapter, we consider maximum-likelihood diversity combining in a par­

tial-band noise. In Section 4.2, the assumptions, on which our analysis is based, are

109
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presented. In Section 4.3, the structure of optimum diversity combining is discussed 

and performance of the  optimum diversity combiner is illustrated. In Section 

4.4, some sub-optimum combining schemes are analyzed. The performance of the 

optim um  combining scheme is compared with that of some well-known diversity 

combining schemes in Section 4.5. Summary is given in Section 4.6.

4.2 A ssum ptions

We consider an FFH M -ary FSK receiver, as shown in Figure 4.1. Suppose the 

diversity order is m chips/symbol. The samples of the enve! pe detection output 

of all hops corresponding to one symbol are combined together in the diversity 

combiner. The background therm al noise is assumed to be additive white Gaussian 

noise (AWGN) with two-sided spectral density No/2.

The channel model is the PBN interference channel with param eter p  and the 

equivalent two-sided spectral density N j / 2 .  For this channel, the total interference 

power is distributed uniformly over a fraction p  of the total spread spectrum system 

bandwidth.
W ith  above assumptions, the decision of which A/-ary symbol was transm itted 

after dehopping can be formulated as the following hypothesis:

#i(o<«<M-i) : r ( t )  =  S i ( t )  +  n(t) 0 < t < T „

where T„ is the duration of a symbol, r(t)  is the received signal contaminated with 

interference and noise, s ,(i) is dehopped FH /M FSK  modulated signal and n(t)  is 

the sum  of interference and AWGN. s;(t) and n(t)  are given by

m
a*’(0  =  J 2 3M S k ( t )

k~\

m
= cos(2n M  +  9ik]gk(t)

k=i
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Figure 4.1: The FFH  noncoherent M FSK spread spectrum  receiver

n ( t )  =
k=i

and

9k( t ) {!
(k — 1 )TC < t <  kTc; 

0 otherwise.

In the definition of gk{t), Tc is the chip interval, and Ta = m T c. We assume the  

signal am plitude does not change for the different hops corresponding to  one M -ary 

symbol, so

A k = A = y j ^
2 E r. 1 < k < m,

where E,  is the M -ary symbol energy and E c =  E s/ m  is the chip energy. /,- is the  

M-ary FSK modulation tone. 0,/t is the phase of the signal in the fcth hop and is 

assumed uniformly distributed in [0, 27t). The phases in each hop are mutually 

statistically independent. njt(<) is additive white Gaussian noise (AWGN) with
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spectral density Nk/2.  Nk  is given by

if the kth  hop has no interference;
N k

_  f  No 
~ \ N 1 = No +  if the kth  hop has interference.

n.k(t) are m utually independent. It can be shown that the outputs of the integra­

tors Xik and yik are random variable with distributions N ( \fTTc cos 0,k, Nk/ 2) and 

N(y/Elsin0ik,  Nk/2) , respectively, if the zth symbol is sent. Otherwise, both x,k 

and yik have distribution N(0,  Nk/2)  [18, pages 300 -  305].

4.3 M axim um -Likelihood D iversity Com bining

The observation space is the outputs of A/ noncoherent matched filters. A non­

coherent matched filter consists of a matched filter followed by an envelope detec­

tor. Let the output of the filter matched to the zth symbol in Arth hop be A';*,

*«•* = f i i T W k

all samples:

X  =

- 1 and k == 1 , 2 ,  • • •, m. Let X  be the

' * 0 1 * 0 2 * 0 m

* 1 1 * 1 2  • • * l m

. * ( A / - 1 ) 1 * ( A f —1)2 - * ( A f —1 )m .

(4.1)

T he conditional probability density function (PDF) of Xik conditional on the 

zth symbol being sent and the fcth hop being without interference is given by

p f £ \ x )  =  Pxj*(*|*th symbol sent, no interference in Ath hop)

2x
N~o

exp
r x 2 + e c

No
( 2x V K \

/o r«rj ■ (4.2)
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The conditional PDF of Xik conditional on the zth symbol being sent and the 

fcth hop having interference is

P-k \x )  =  symbol sent, interference in &th hop)

2x
n ;

exp
x2 +  Ec 1

Ni
. ( 2x s /W A  
h [ — )

(4.3)

The conditional PDF of Xik conditional on the ith  symbol not being sent and 

the fcth hop having no interference is

Q \ l \ x )  =  P^,*(x |ith  symbol not sent, no interference in fcth hop)

2x
~No

exp
( - * ) ■

(4.4)

and the conditional PDF of Xik conditional on the zth symbol not being sent and 

the fcth hop having interference is

=  Px,*(x|*th symbol not sent, interference in fcth hop) 

2x
~Ni GXP \ Ni

(4.5)

Suppose PBN interference are present in j  out of m hops, where 0 <  j  < m.  

W ithout loss of generality, it is assumed tha t first j  hops of to tal m  hops suffer 

PBN interference. Then, the joint PDF of the samples X  conditional on / f th  

symbol being sent is

P{X\I<) = P r(X |A Th symbol sent)

j  M - l

IT'S n 08*
m M—1
n p (kI n

_fc=j+l t=0, i ^Kfc=l i=0, i£K

Comparing P ( X \ K ) and P ( X \ J ) ,  where J  ^  K ,  is equivalent to compare:

j  M - l

n 4‘i n <j8'
k=1 i=0,i^A

m M —1

n p fi n oi?
_fc=j+l i=0,i^A '



r
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and

n pii Aff qS}
k=1

Removing the common factors from both expressions, the comparison becomes

mJ
r
fc=l k=j+ 1 *.=1

where ~  means versus. The above comparison is equivalent to

n n n w f i  ~ n n p&v'si
k=j+ 1 *.'=1 k=j+ 1

n j  p (i) n m p l°) r p  p i 1) n m pl°)
Jt=l M ffc lU s j+ l r AJfc llfc=l / 7Jt iU = j+ l ‘  Jk

ra=. <?*! n?=J+, on itu nr.)+, OS’
Substitute Eqs. (4.2)-(4.5) into the above expression, it can be shown tha t the 

comparison becomes

l ( 0 ) (i) i >(«»

f  .  ( 2 X K t s / K \  i  ( 2 X K i ,
H H - « T -  J J L H - %

v ^ \  A  , ( ‘2Xjky/TTc\ a  , ( ' i X j k V K~ n
*=1

n ^
t=j+ifc—1 \  ’A /  A:=j4*l

Therefore, the  maximum-likelihood diversity combining is to  compute

No

k= i V Ni J
(4.6)

k=j+ 1

for i =  0 ,1, • • •, M  — 1, and choose the index of the largest A, as the decision. Note 

th a t it requires the knowledge of E c, No, N j ,  p and side information to compute A*. 

It is easy to see that knowledge of N j ,  p and side information is used to determine 

Ni.  So equivalently, Eq. (4.6) can be rewritten as:

, A ,  r [ 2 X iky/Ec\  A ,  , /  P E  X ik \
x<= S 1,1/0 = £ ln,° ,4-7)

where N k/2  is the noise variance (power) at each hop. Thus the required infor­

m ation to compute A, is equivalent to the information on signal-to-noise ratio and 

noise variance at each hop.
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4.3.1 Performance of the Optimum Diversity Combining

The worst case bit error rate for optimum diversity combining versus E b / N j  is ob­

tained by Monte Carlo simulation. Figure 4.2 shows the BER of a binary FSK /FFH  

spread spectrum  system with diversity order m  =2, 3, 4, and 7. The Eb/No is 13.35 

dB, which is the signal-to-thermal noise ratio required to maintain a BER of 10-5 

for the same system without diversity and interference. Also shown in the figure 

are the BER of the same system without diversity under full-band noise interfer­

ence (p =  1), and the BER of the same system without diversity under worst case 

PBN interference, which is given by [19, page 574]

Pb = max {pP fsk(Eb/ N , )  + (1 -  p)Pfsk(Eb/N0)} 0<p<\

where

n M / 2  **= ?{-l)k+1 (  M - l \  (  k ,
=  m T T  g  T T T  {  k  ) e x p b t T T

The BER for full-band interference represents the damage a  jam m er with fixed 

average power can do to the system, when all other jam m ing strategies fail to 

provide better effects. In other words, this ii the least effect tha t a fixed average 

power interference can have on the system.

It can be observed in the figure tha t at low E b / N j  and high E b / N j  regions, 

the optim um  diversity order is 2, and for E b / N j  between 15 dB and 28 dB, the 

optimum diversity order is 3. For a BER around 0.1, or for Ebj^ ' j  less than 8 

dB, in fact, there is no need to  employ diversity reception, as the no diversity case 

gives the best results. This phenomenon is due to  the noncoherent combination 

loss in AWGN. When E b /N j  is small, the interference or jam m ing is so strong tha t 

the worst case interference is full-band interference, which is seen by the system as 

AWGN. So in this case, there is no advantage using diversity reception. Actually 

there is a  disadvantage due to the noncoherent combination loss in AWGN. Thus,
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Figure 4.2: BER of FH /BFSK  maximum-likelihood diversity receiver with different
diversity order in worst case partial band noise interference. Eb/No =  13.35 dB.
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the effects of using diversity reception in full-band interference is negative with 

regard to the system performance. When E b / N j  is high, the interference is very 

weak, and the most effective interference strategy is to concentrate the limited 

average power in a small portion of the transmission band. Diversity reception 

is an effective way to combat this type of interference, but due to the existence 

of background therm al noise, a high order of diversity is not desirable because of 

noncoherent combination loss. Thus, for Eb /N 0 =  13.35 dB, the  highest optimum 

diversity order is 3. For higher Eb/No, more curves corresponding to  different 

diversity orders may crossover each other, and the highest optim um  diversity order 

can be higher.

The performance of the optimum diversity reception under the  worst case PBN 

interference is not as good as th a t of the system without diversity under full-

band interference. The difference is about 3 dB a t a BER of 10-3 . This means 
that an intentional interference source, or jam m er, can still use PBN to  increase 

its interference effects. Therefore, other measures have to be taken to  force the 

jam m er to  go back to full-band jamming. Error correction coding is a very efficient 

way to achieve this. From the error correction coding theory point of view, the 

diversity transmission used here, is just a repetition code, and a repetition code 

is a very simple error correction code. Therefore, if further improvement of the 

system’s anti-jam capability is required, a sophisticated form of error correction 

coding m ust be employed.

It can be seen that the requirement of signal-to-thermal noise Eb/No in diversity 

transmission system is higher than a system without diversity. For example, we can 

see from Figure 4.2 that it is not possible for the system with diversity to  achieve 

a BER of 10“5 when Eb/No '« 13.35 dB, no m atter how weak the interference is. 

The solution to this problem is either increasing Eb/No or using a concatenation 

of diversity and error correction coding.

Now consider an 8-ary FSK /FFH  system as an example for M -ary system. 

The BER of the 8-ary FSK /FFH  spread spectrum  system under worst case PBN
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is shown in Figure 4 ". The Eb/No is 9.09 dB, which is the signal-to-thcrmal noise 

ratio required to m aintain a BER of iO-5 for the same system without diversity 

and interference. The performance is similar to tha t in binary case. The optimum 

diversity order is m  = 2 except in the region of E b /N j  from 10 dB to 20 dB, where 

a = 3 is the optimum diversity order.

4.4 Som e Sub-optim um  Com bining Schem es

It has been shown tha t in maximum-likelihood combining, the decision variable is 

a sum of the nonlinear function In / q(x)s . It is well-known tha t when x is small, 

the following approximation can be used [20, pages 243-244] [21, page 339]:

J0(x) s l |
4

and

and when x  is large,

l n i j ( x )  m  ln(l -f  -jx2) «  j x 2,

In /o(x) ~  x — ~ ln(27rx) «  x.

Figure 4.4 shows three functions lnfo(x),  | x 2, and x. It can be seen that x2 is a 

good approxim ation of ln /o (x) for x < 1. The relative difference between x and 

In Jo(x) becomes small when x become large. Nevertheless, x and In Iq{x ) can be 

viewed as parallel. In our application, tha t all elements in the summation shift a 

constant does not influence the final results. Therefore, for small x, the square sum 

of x should used, and for large x, a linear sum of x should be used. Considering 

both ends, we can use the following piecewise function to approxim ate In /o(x):

f ( x )  =  |  4x2 lf 0 -  x  <  4;
if x > 4.
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Figure 1.3: BER of FH /8FSK  maximum-likelihood diversity receiver with different
diversity order in worst case partial band noise interference. Eb/No =  9.09 dB.
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The BER of a system using In I0(x) and a system using f ( x )  under worst 

case interference are shown in Figure 4.5. It can be seen th a t the difference of 

performance of two system is almost indistinguishable for both m =  4 and m  — 2 
cases.

If we can afford some performance loss in high signal-to-noise ratio region, 

then we can ju s t use the square sum as the approximation. Therefore A,- can be 

computed by

£
IP 3 IP m

= § E r t  + §  E  n
iyi k=i vvo

l ( E e * X?k , E c ™ Xf k

■■3+1

2 "■ /«  N " N«/2 )

So A,- is simply the sum of normalized samples of matched filters outputs squared 

with signal-to-noise ratio as weights.

It is easy to  see that A,- can be computed equivalently by

i  j  i m

= iv2 E xl  + -m E  (4-8)
-vi fc=i t=j+i

Thus, the information required to implement optimum diversity combining is the 

noise variance (power) at each hop.

W hen No is very small, or No —> 0, the weight for a hop free of interference 

can be much larger than the jam m ed hop. If all hops corresponding to  one symbol 

contain interference, then A; is simply the square sum of Xik s. This leads to  the 

well-known soft linear combining with perfect side information (PSI).

S o ft L in e a r  C o m b in in g  w ith  PSI[22]:linearly combining the energy detector 

outputs of all hops free of jamming corresponding to one symbol. If all hops corre­

sponding to one symbol have interference, linearly combining the energy detector 

output from these hops.
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Figure 4.5: BER of FH /BFSK  maximum-like'ihood diversity receiver and
sub-optim um diversity receiver in worst case partial band noise interference. Eb/No
=  13.35 dB. m =  2 and 4.
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Therefore, if the background noise is negligible, the performance of Soft Linear 

Combining with PSI is very close to the optimum performance. Otherwise the 

performance is poor. This has been confirmed by our simulation results, presented 

in the following section, and from results given in [23]. The reason for this is that 

only the outputs of hops without interference are used, and some portion of the 

signal energy is not used, resulting in a lower effective signal-to-thermal noise ratio. 

For example, if L  out of m hops are used, then it is equivalent to having a signal- 

to-therm al noise ratio of ^ Eb/No. If half of m hops are used, then signal-to-noise 

ratio is reduced by 3 dB.

Note that the weights of two summations in Eq. (4.8) are 1 /N q and 1 / N f .  It is 

quite interesting to find by simulation tha t the BER of a system with A,- computed

by Eq. (4.8) is almost the same as tha t of a system with A,- com puted by

1 j  1 m
* = W  E  x *  + TF E  Xik- <4-9)

" i  k=i k=j+i

Note tha t Eq. (4.9) is just Adaptive Gain Control (AGC) combining analyzed in 

[8].

A G C  C om bin ing : Linear sum of the energy detector outputs which are nor­

malized by the noise variance of each hop.

The BER of three binary FSK /FFH  spread spectrum  systems with A,- computed 

with Eqs. (4.6), (4.8) and (4.9), respectively, are shown in Figure 4.6. It can be 

seen th a t results for A,- from (4.8) and (4.9) are the same, and they are almost 

the same as the optimum performance when E b / N j  <20 dB. Therefore, AGC 

combining can be viewed as the optimum diversity combining under PBN when 

the interference is not very weak.
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Figure 4.6: Comparison of BER of FH/BFSK  with different diversity receivers in
worst case partia l band noise interference, m  = 2 chips/bit. Eb/No =  13.35 dB.
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4.5 Com parison o f Several D iversity Com bining  
Schem es

In this section, performance of several diversity combining schemes are compared. 

Note th a t the BER for maximum-likelihood diversity combining can serve as the 

lower bound, or the best achievable performance for other schemes, which require 

less information to  operate.

In Figure 4.7, the BER of the maximum-likelihood diversity receiver and th a t 

of the ratio-threshold, the AGC, and the self-normalizing [3] diversity combining 

under worst case PBN interference are plotted. The system param eters are: bi­

nary FSK, diversity order =  4 chips/bit, Eb/No =  13.35 dB. It can be seen that a t 

BER=10“ 3, the optim um  performance is about 3 dB better than  the performance 

of self-normalizing combining, and 5 dB better than  tha t of ratio-threshold com­

bining. The performance of the equal weight square sum combining receiver (Soft 

Linear Energy Combining) with perfect side information is also depicted in Figure 

4.7. It can be seen that when E b / N is small, the performance of the equal weight 

square sum combining is optimum. However, when E b / N j  is high, the performance 

is very poor.

Note tha t the  noise floors for all diversity combining schemes are more than  

one order higher than tha t without diversity. This is due to  the noncoherent 

combination loss when the jamming is weak. It can be seen th a t the noise floor 

for the linear square sum scheme is the highest, and of course, the noise floor for 

the optim um  combining is the lowest.

In Figure 4.8, the BERs for the same group of systems with m =  2 are plotted. 

The difference between optimum diversity combining and sub-optimum diversity 

combining becomes large. This is because m  =  2 chips/sym bol is the optim um  

diversity order for optimum diversity combining while the performance of sub­

optimum diversity combining for m  = 2 is worse than that for m =  4 (Compare 

Figure 4.8 and Figure 4.7). Also note for all of the schemes noise floors are lower
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Figure 4.7: BER of FH /B FSK  maximum-likelihood diversity receivers and
self-normalizing diversity receiver in worst case partial band noise interference,
m =  4 chips/bit. Eb/No =  13.35 dB.
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than th a t for m =  4. Since the largest difference between the optim um  combining 

and the self-normalizing combining, which does not require any noise variance 

information, is about 7 dB, there is still some room left for possible improvement, 

especially for low diversity order, with a new diversity combining scheme tha t does 

not rely on channel parameters, such as N i  and N 0-

4.6 Summary

Maximum likelihood diversity combining in PBN channel is investigated. The 

corresponding performance is evaluated by Monte Carlo simulation. It is shown 

that AGC combining can be viewed as maximum-likelihood diversity combining in 

PBN channel with AWGN. The performance of AGC combining can be computed 

numerically and is known, as shown in [8]. Therefore, the performance of AGC 

can be used as the optimum performance of diversity reception in PBN channel. It 

also has been shown that to  implement maximum-likelihood diversity combining, 

information on noise variance at each hop is required. It is illustrated tha t for 

optimum diversity reception, the worst case PBN interference is not full-band 

interference for the value of E b /N j  in the region of interest. Thus the use of 

diversity only is not adequate to defeat the interference completely. To restore 

full-band interference as the worst case interference error correction coding must 

be used.

Since the knowledge of the noise variance for each hop is used to normalize the 

data in the optimum diversity combining, some diversity combining schemes with­

out requirement of knowing noise variance have certain autom atic normalization 

function. For example, the self-normalizing diversity combining uses the nonco­

herent matched filter outputs in one hop to  estim ate the noise variance and then 

using this estim ate to normalize the corresponding data. Consider clipped linear 

combining and product combining schemes as other examples. The clipper func­

tion and the logarithm function are soft lim it functions and the effect of the soft
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Figure 4.8: B ER of FH/BFSK  maximum-likelihood diversity receivers and
self-normalizing diversity receiver in worst case partial band noise interference,
m =  2 chips/bit. E b/No  =  13.35 dB.
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limit function is actually imperfect normalization. The ratio-threshold combining 

analyzed in the previous two chapters, however, does not belong to  this category. 

It is in fact a  scheme which implements hard decision combining with estim ated 

side information.



Chapter 5 

R epeated  Convolutional Codes 
for H igh-Error-Rate Channels

5.1 Introduction

In this chapter, we consider error-correction schemes tha t can correct errors at 

the output of a high-error-rate channel. Such a l«,rge channel error rate may 

result from the presense of strong interference or jamming. Conventional error- 

correction schemes, such as the widely used constraint-length-7, ra te -1/2 binary 

convolutional code due to Odenwalder[24], which is an international standard[25], 

may fail in such situations, ft is clear tha t a low-rate code must be used for such 

a channel by considering the channel capacity or cutoff rate.

Kasami, et al have considered a cascaded coding scheme for a binary symmetric 

channel (BSC) with a large error probability pe [26]. Their scheme consists of two 

linear block codes. The inner code (closer to the channel) is a binary code and the 

outer code is a  Reed-Solomon (RS) code. The param eters of the inner and outer 

codes have to be properly chosen to match each other in order to obtain good 

performance. It turns out tha t for a large pe whether a coding scheme works or 

not is very sensitive to pe. For example, in [26], a scheme tha t consists of a (63,31) 

RS outer code and a (32, 6) biorthogonal inner code works well a t pe =  0.2 but will 

not work at pe =  0.3. The sensitivity to the values of pe and the somewhat rigid

130
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structure of the cascaded scheme implies th a t we should know pe before designing 

a coding scheme. Also, two encoder/decoder systems are needed for a cascaded 

scheme. In a jamming environment, however, it is hardly possible to  predict pe. 

Thus, a system th a t can easily adapt to the actual pe would be desirable.

In 1977, Shaft searched low-rate convolutional codes and considered their use 

to combat burst interference[27]. Use of repeated convolutional codes seemed to 

be favored. In 1985, Chase proposed the scheme again for the BSC with well- 

made arguments[28]. To show tha t repeated binary convolutional codes are near 

optimum, both Shaft and Chase compared their free distances with Heller’s bound 

for binary convolutional codes[29]. Chase also made a comparison of code rates 

with the channel capacity of the BSC.

Nevertheless, there are still some practical problems tha t need to be addressed. 

For instance, for the BSC, if each code symbol is repeated m  times, maximum 

likelihood decoding requires m  +  1 levels of quantization. Since m can be very 

large for a high channel error rate  and practical convolutional decoders have a 

finite, and likely a  smaller number of quantization levels, what is the corresponding 

performance degradation? Further, can we use a repeated binary convolutional 

code for an M -ary symmetric channel (M SC), and what is the best way to  generate 

a binary decoding metric for use in the binary decoder? This question is motivated 

by the fact tha t there are commercially available high speed binary codecs, and 

considerable efforts are being made to further improve the speed and reduce the 

cost of such codecs.

In this chapter, we consider repeated convolutional codes for an M SC (with 

the BSC as a special case) with a large error probability pe. The value of pe can 

be near, but smaller than, 1 — 1/M  for which the channel capacity is zero. In 

Section 5.2, we focus on the BSC and begin with a conventional analysis based on 

the union bound for the BSC. For large m , the central limit theorem is applied to 

provide another analytical tool. In Section 5.3, Monte Carlo simulation results for 

the BSC are provided and compared with theoretical analyses. The quantization
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effect is shown. Based on these results, we compare the code rates of repeated 

convolutional code with the channel cutoff rate. In Section 5.4 we consider the use 
of a binary code over an M SC. The emphasis is placed on the methods to generate 

binary decoding metrics and on their performances.

5.2 Theoretical A nalysis for the BSC

We are particularly interested in the above mentioned Odenwalder ra te -1 /2 , cons- 

traint-length-7 convolutional code. The single-chip encoder/Viterbi decoder is 

commercially available at a low price from several sources. The decoder normally 

has up to eight levels of quantization. We consider Viteibi decoding, which is 

maximum likelihood decoding when infinite quantization is assumed. Elach M -ary 

channel symbol L repeated m  times. We call m the repetition order.

For the BSC case, each encoded symbol is repeated m  times over a BSC. The 

BSC is assumed to  have a large error probability (transition probability) pe which 

is in the neighborhood of 0.1 or higher, but of course, smaller than 0.5. The BSC 

is a good channel model for some anti-jam communication systems with complex 

demultiplexing between the demodulator and the decoder. In such a situation, 

the decoder has to cope with a hard-decision channel, and explicit and /or implicit 

interleaving/deinterleaving makes the errors random. One example of possible 

implicit interleaving/deinterleaving is a mu • i xed multi-user system where lach 

user has a decoder after demultiplexing.

It is clear tha t for two trellis paths at Hamming distance d, the repetition 

of order m increases the distance to  d x  m . It is well known that the decoder 

output bit error ra te  (BER) Pb can be upperbounded by an exponentially tight 

union bound. Specifically, suppose Pd is the pairwise error probability of two trellis 

paths, with Hamming distance d, then

00
A <  £  c dpdm

d = dJrcc

(5.1)
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where d;ree is the free distance of the convolutional code and Cd is the total num­

ber of information bit errors when pairwise errors between paths with Hamming 

distance d occur. For the Odenwalder code, Cd is aoizero only for even d and 

d > 10, since d free =  10. Over the  BSC, for an even d,

1( ? ) ' i ( i - ^ -  <s-2)

Cd can be found by expanding the transfer function of the convolutional code 

or using computer search through the trellis of the code. For the Odenwalder 

code, the first nine term s are[l, page 148]: Cw — 36, C i2 =  211, C\a — 1,404, 

Cie =  i 1,633, Jus =  77,433, C2o =  502,690, C22 =  3,322,763, C24 =  21,292,910,

and C26 =  134,365,911.

Using Equations (5.1) and (5.2) for m  =  3, 7, and 15, respectively, Pb is plotted 

versus p, for the Odenwalder code in Figure 5.1 using the first term , the first four 

term s, and the first nine terms of Cd, respectively. It can be seen from the figure 

that nine term s of the transfer function provide a sufficiently accurate bound, 

especially at a low Pb. The results using the  first nine term s are used in the  rest of 

the paper, la  fact, it has been known th a t the union bound provides an accurate 

approximation for a low Pb provided enough quantization levels are available to 

facilitate the maximum likelihood decoding (MLD). For MLD it is well known tha t 

the decoding metric should be

771
= (5.3)

1 = 1

where r ki is the received *-th repeated symbol (0 or 1) over the BSC for the fc-th 

convolutional encoded symbol. Here mt* =  0 means tha t the k-th  encoded symool 

is most likely a 0 and m tk =  m means tha t the fc-th encoded symbol is m ost likely 

a 1. For eight levels of quantization from 0 to 7 (where 0 represents the  most 

reliable logic 0 and 7 represents the most reliable logic 1), uniform quantization is
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Figure 5 1: Union bounds for the repeated Odenwalder c.,«'e over the BSC using 
the first term , the first four term s, and the first nine terms of the transfer function, 
respectively, for m  =  3, 7, and 15.
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natural and reasonable. Then, the above m etric is modified as

m tk =  l ^ s L —  X 7 +  0.51 (5.4)
m

where |x j is the largest integer not exceeding x.

As mentioned earlier, the repetition order m  m ust be large in order to  correct 

the errors with a large probability pe. For a large m  we may apply the central limit 

theorem or the Gaussian approximation of the binomial probability distribution. 

Consider the following m etric which is equivalent to  Equation (5.3)

a fc =  IJ ■ (5.5)
m

Note tha t (—l) r*‘ has a mean of E  =  1 — 2pe (=  (1 — pe) x 1 +  pe x  (—1)) if the 

k-th encoded symbol is a 0, and a mean of E  =  — (1 — 2pe) if the &-th encoded 

symbol is a 1. The variance is

cr2 = [1 -  (1 -  2pe)]2( l -  pe) + [-1  -  (1 -  2pe)]2pe = 4pe(l -  pe). (5.6)

By use of the central limit theorem (see, e.g. [19, page 667]), we know tha t

a  =  Z Z T ! B M  (5.7,
y/m

is a zero-mean Gaussian random variable with variance a 2 when m  —» oo (or m  is 

very large). Since

i rH ™ (-i)r“ , 1 rE& r[(-i)r*'-£ )] + ">£, A . p
^ 1 =  ^ [----------------V S ----------------1 =  V S  +  E  (5-8)

then, for a large m, a is also a Gaussian random variable with a  mec.n of E  and 

a variance of
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Thus, for a sufficiently large m ,  the variance can be reduced to an arbitrarily 

small number. Compared with coherently demodulated BPSK in AWGN with 

noise spectral density iVo[30], the asymptotical Gaussian distribution of implies 

an effective symbol energy (half of the bit energy for the rate-1/2 code) of E'a = 

(1 — 2pe)2 and an effective noise spectral density of N^/2  =  cr2, i.e.,

K M  =  (1 773 ^ ™- (5-10)
°Pe (1 Pe)

Note tha t the effective signal-to-noise ratio is proportional to the diversity order 

m.  Since the simulated or measured BER curve for the Odenwalder code is well 

known (see, e.g. [31]), for a large m and a given p e , we can use Equation (5.10) 

to  determine the required E'3/Nq, and thus the m required to sustain a required 

Pb. Even for a small m , the Gaussian approximation can be used to estim ate the 

required m, and then it can be adjusted from there.

Since the si’ mlated or measured BER curves for the Odenwalder code take 
into account the finite levels of quantization and other practical constraints such 

as a finite trellis length, these factors are also included in the BER curves of 

the repeated convolutional code if the Gaussian approximation is used. In other 

words, for a large m  performance degradations due to finite quantization, etc., will 

be about the same as what we have known for convolutional-coded coherent BPSK 

in AWGN.

In Figure 5.2, Pb, obtained from the Gaussian approximation, versus p e is given 

for m  = 3, 7, 15, and 31, respectively. For m > 7, eight levels of quantization and 

trellis length 84 are assumed. This trellis length is considered instead of five or 

six times the constraint length because 84 or so has been used in commercial 

realizations in order to accommodate the punctured rate 3/4 code[25]. For rn < 

7, MLD decoding is assumed since it can be implemented with eight levels of 

quantization. In this case, the interest is to see the approximation error of the 

Gaussian approximation. For comparison, the results based on the union bound 

are also given in Figure 5.2.
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Figure 5.2: BER based on the Gaussian approximation and the  union bound for 
the repeated Odenwalder code over the BSC. m  — 3, 7, 15, and 31.
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It can be seen from the figure that for a small m  the Gaussian approximation 

results in a lower BER. For a reasonably large m (e.g., m >  15) the Gaussian ap­

proximation seems to be fairly accurate, which needs to be verified by simulation. 

It is also noted th a t for m =  31, the BER obtained from the Gaussian approxima­

tion is slightly higher than the union bound. The basic reason for this difference 

is tha t for the union bound, ideal maximum likelihood decoding is assumed, i.e., 

no quantization and infinite trellis length, while for the Gaussian approximation 

curve, practical constraints have been taken into account.

5.3 C om putational R esults for the BSC

In order to  verify the BER performance, Monte Carlo simulations have been per­

formed. A trellis length of 84 and eight levels of quantization are assumed and 

Equation (5.4) is used to generate the metrics for various value of w  Figure

5.3 shows the simulated Pb versus pe performances for rn = 3, 5, 7, 15, and 31, 

respectively. Union bounds and the Gaussian approximation are also shown for 

comparison.

It can be seen from the figure tha t for rn < 8 the union bound, which assumes 

the MLD, is almost exact. Note tha t for m  — 3, we have metrics of 0, 2, 5, and 

7, which means th a t we are no* doing exactly MLD. This applies to the rn =  5 

case as well. But the performance degradation is insignificant. For a large rn, 

the Gaussian approxim ation is fairly close to the simulation results. Note that 

finite quantization results in a higher BER tha t is not upperbounded by the union 

bound, and in fact, the Gaussian approximation is more accurate than the union 

bound a t a high BER.

For m  =  5, th e  overall code rate is 0.1, which is slightly higher than the rate,

0.092, of the coding scheme considered in [26] with comparable BER performance. 

In consideration of its simplicity, the repeated Odenwalder code is favored.

Figure 5.4 shows the cutoff rate Rq for the BSC[19, pages 632 633] and the
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Figure 5.3: BER based on simulation, the union bound, and the  Gaussian approx­
im ation for the repeated Odenwalder code over the BSC. m =  3, 5, 7, 15, and 
31.
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overall code rate  r  =  ^  to  sustain Pb =  10~4 (based on the simulated BER), 

which was also used in [28]. From this figure, it seems that r  moves closer to /?0 as 

pe increases. But from the r /Ro  versus pe curve shown in Figure 5. 5, r decreases 

faster than Ro as pe increases. Nevertheless, it is interesting to note tha t the 

deviation between r  and Ro is bounded: as pe approaches 0.5, r approaches 0.6/?o. 

If compared to  the channel capacity, r  is near 30 percent of channel capacity. In 

conclusion, the repeated Odenwalder code can achieve more than one half of what 

is promised by the cutoff ra te  even for very large pe, say, 0.3 to 0.5.

5.4 M -ary Sym m etric Channel

In this section, we consider the M -ary symmetric channel (A/SO) with high symbol 

error probability, which is illustrated in Figure 5.6. Here pr is the symbol error 

probability, which is near 1 — j j , but smaller than it. Again, the coding scheme 

consists of an outer convolutional code and an inner repetition code where each M- 

ary channel symbol is repeated m  times. This A/SC model directly reflects a hard- 

decision demodulated fast frequency hopped A/-ary FSK (FFH /A /FSK ) system 

where the repetition is inherent in the system. Here we are especially interested in 

M  =  4 and 8. Previous work has shown tha t under certain conditions this type* of 

a system represents a good compromise in order to combat both partial-hand noise 

jam m ing and m ultitone jam m ing [1]. As mentioned earlier, the hard decisions may 

be due to complex demultiplexing between the demodulator and decoder. We first 

consider a Trumpis code[32] as the outer code, since it is optimum for an Af-ary 

orthogonal channel. The 4-ary and 8-ary R  — 1 bit/channel symbol Trumpis codes 

with constraint length 7 are considered. These codes have the same implementation 

complexity as the Odenwalder code because they have the same constraint length. 

In view of commercially available binary codecs, we then consider the possible use 

of the  constraint length K  — 7, rate R  = \  Odenwalder code for the A/SO. The 

emphasis is placed on how to generate binary decoding metrics.
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Figure 5.4: Comparison of the cutoff ra te  Rq of the BSC and the overall code ra.te 
r cf the repeated Odenwalder code over the BSC to sustain Pb =  10-4 .
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Figure 5.5: Ratio of the overall code rate r  of the repeated Odenwalder code over 
the BSC to  sustain Pb =  10-4 to the cutoff rate Ro of the BSC.
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Figure 5.6: Model of M -ary Symmetric Channel

5.4.1 M-ary Metric

For the Trumpis codes, it is known tha t the union bound of the decoder output 

BER, Pb, is [32]

Pb < 7P7m+39P8m +  104Pgm+352Plo,n +  llB 7P iimH for 4-ary channels (5.11)

and

Pb < P 7m + 4P8m +  8P9m +  49P10m +  92P„m +  • • • for 8-ary channels (5.12)

where Pd is the pairwise error probability between two trellis paths with Hamming 

distance d.

To consider the use of the Odenwalder code over a  4-ary symmetric channel 

(4SC), the most natural way is as follows. Recall th a t the encoder of the rate 

1 /2  code generates a pair of encoded bits at the encoder output for each incoming 

information bit. This pair of encoded bits can be considered as a 4-ary symbol 

and transm itted m  times over the 4SC. In decoding, ideally, two encoded bits 

corresponding to one trellis branch are assigned a 4-ary metric. This assumes that 

the decoder can accommodate 4-ary metrics. Using a trellis search algorithm, we



Chapter 5. Repeated Convolutional Codes 144

found the union bound of the decoder output BER, Pb, as

Pb <  P 3m +  10-iD7m +  3 8Pgm +  92P q,„ +  355PlOm +  1440P|im

+4684P12m +  16(k3P13m +  52240PUm + 170679P15m +  • • • (5.13)

Note tha t the Trumpis codes are optimum over the M SC in the sense that they 

have the largest M -ary free Hamming distance (7 for the 4-ary code) and fewest 

number of information bit error., due to  path errors a t the free distance. The 

Odenwalder code is not optim um  for the 4SC. Its free 4-ary Hamming distance is 6 , 

which is one less than  the optim um  Trumpis code. But the number of information 

bit errors due to an incorrect trellis path at the free distance is only one. Thus, we 

may expect tha t the Odenwalder code will have near-optimum BER performance.

The use of the Odenwalder code over 8-ary symmetric channels (8S(') is similar. 

The encoder of the rate-1/2 code generates three pairs of encoded bits for every 

three incoming information bits. Then, the first pair of encoded bits and one bit 

of the  second pair of encoded bits are considered as an 8-ary symbol. Tin; other 

bit of the second pair and the third pair are considered as another 8-ary symbol. 

Each of these 8-ary symbols is transm itted over the 8SC m  times. At the decoder, 

an 8-ary m etric is assigned to the three encoded bits corresponding to one and a 

half trellis branches. Of course, it is assumed tha t the decoder can accommodate 

an 8-ary metrics. We found the union bound of this kind of decoder output BER 
as

Pb < 3P 5m +  28P6m +  83Prm +  649P8m +  2419P9m +  10295P1Om

+45175Pllm +  193378Pi2m +  • • • (5.14)

By comparing with (5.12), we find the Odenwalder code is not bad over the 

8SC. The 8-ary free Hamming distance is 7 for the rate-1/3 Trumpis code and 5 

for the rate-1/2 Odenwalder code.

For the M SC with a repeated Af-ary code, the maximum likelihood decoding 

m etric for each M -ary symbol is the Hamming distance between the sequence of
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rn repeated symbols and the corresponding received symbol sequence of length m. 

Here it is implied that for an A/-ary symbol, a smaller m etric is more favorable 

in tha t the Af-ary symbol is more likely to  be transm itted. This MLD metric is 

an M -ary metric in the sense tha t there are a total of Af metrics for all Af Af-ary 

symbols.

For the MLD, we can find the pairwise error probability between two paths 

with Hamming distance </, Pd. Recall that Pj is the probability of a specific trellis 

path at Hamming distance d having a more favorable path  m etric than the correct 

path, given a correct transm itted trellis path. Consider one symbol period where 

there is a symbol difference in the two paths. The correct symbol is called c, and 

the symbol from the incorrect path  is called e. Because Af > 2, the AfSC output 

can be neither e nor e. In fact, the probability of the channel output being c or e, 

denoted as pce, is given by

Then, over d symbol periods where two paths have different symbols, there can 

be j  (0 <  j  < d) periods where the channel output is neither c nor e and hence 

no contribution can be made to the  metrics for either c or e. We can calculate a 

conditional pairwise error probability Pd(j)  over the remaining d —j  symbols where 

the channel output must be either c or e with probabilities (which are conditional 

probabilities under the condition th a t the channel output must be either c or e) of 

and , respectively. Specifically, we have

P
d—j —i

(5.15)

where [Y| is the smallest integer greater than or equal to  x, and

1 if x  =  0;
0 otherwise.
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In fact, the 6 function is equal to 1 (so tha t 1 — 0.56 =  0.5) only if d — j  is even 

and i =  Otherwise the 6 function is 0 and 1 — 0.56 =  1. The probability that 

j  of d channel output symbols are neither c nor e is

■p(j,«o =  f y  W ' ( i - p « y .  ( M o

Therefore, the pairwise error probability is

Pi = 'hp(j ,d)Pl(j)
j=0

-  5  (  dj  ~ P " Y  x

d~3 ■■ d -  j  (  d -  j  \  (  pe V  /1  ~  p. x i ~3~'
x £  (1 — 0.56(i — )) (

i=r ^ i  “ v pce( M - l ) J  \  pCl

There is a factor pfe J in the inner summation and it can be canceled with the one 

outside. So finally we get

-  §  ( " )

x y ; (' -  0-M(; -  ( d 7 1 )  (IU7>

Using Equations (5.11), (5.13) and (5.17) for m =  3,7,15, arid 31, the bound 

of Pb versus pe is plotted for the Trumpis and Odenwalder codes with M -ary 

MLD m etric and - 4-ary channel in Figure 5.7. From this figure, we can see 

tha t the  Trumpis code is indeed better. However, it is interesting to note that the 

performance of the Odenwalder code is only slightly inferior to tha t of the Trumpis 

code. This is the basis for considering the use of the Odenwalder code over the 

4-ary channel.
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Figure 5.7: Union bounds for the repeated Trumpis and Odenwalder codes with 
three kinds of metrics over 4-ary symmetric channels. m=3,7,15, and 31.
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Using Equations (5.12), (5.14) and (5.17) for vi = 3,7,15, and 31, the bound of 

Pb for an 8-ary channel is plotted in Figure 5.8. It appears tha t the performance 

of the Trumpis code is much better than th a t of the Odenwalder code in the 8-ary 

case. But recall tha t the 8-ary Trumpis code is a rate-1/3 code. So the code rate 

of this Trumpis code is only two thirds of the code rate of the Odenwalder code. 

So the direct comparison in Figure 5.8 is not fair.

Since the to tal code rates of the  repeated Trumpis and Odenwalder codes are 

^  and 2~ , respectively, if the repetition order for the Odenwalder code is chosen 

to be 50 percent larger than tha t for the Trumpis code, the code rates for both 

repeated codes are the same. Then comparison can be made. So the union bounds 

of Pb for the Odenwalder code with m  =  5, 11, 23, and 17 and with m — 4, 10, 

22, and 46 are plotted in Figure 5.9. The bounds of Pb lor the Trumpis code with 

m  =  3,7,15, and 31 are also plotted in Figure 5.9. The corresponding code rates 

of the three groups are almost the  same, but code rates of the Odenwalder code 

with m  =  5,11,23, and 47 are a little  bit lower than tha t of the Trumpis code, and 

code rates of the  Odenwalder code with m=4,10, 22 and 46 are a little bii higher.

From Figure 5.9, we can see tha t for a BER less than 10~‘\  the curve for the 

Trumpis code is between the two curves for the Odenwalder code. Considering 

the two curves corresponding to the Odenwalder code with a higher and a lower 

code rate, respectively, we can see that the repeated Odenwalder code has almost 

the same performance as the repeated Trumpis code at the same overall code 

rate. Therefore, the same conclusion as in 4-ary channel can be drawn that the 

performance of the Odenwalder code is only slightly inferior to that of the Trumpis 

code. Because the  comparison is based on the union bounds, which are quite loose 

at high BERs, and the number of terms used in computing those union bounds 

are different, our comparisons are only made at low BERs.

Note tha t the union bound for the Odenwalder code is based on the assumption 

tha t the  decoder can accommodate M -ary metrics for the M Lb. This is generally 

not the case if we want to  use commercially available decoding chips directly. In
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Figure 5.8: Union bounds for the repeated Trumpis and Odenwalder codes with 
two kinds of metrics over 8-ary symmetric channels. m=3,7,15, and 31.
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this case, the decoder is designed to only accommodate binary metrics. W ith this 

constraint, the above union bound should be understood as an upper bound on 

the BER performance of the decoder using binary metrics. But the  free Af-ary 

Hamming distance of the binary code shown in the union bound of Equations (5.13) 

and (5.14) and the corresponding error coefficient provide a basic indicator on how 

well the binary code can work over the Af-ary channel.

Since the performance degradation of the Odenwalder code is small relative to 

the optimum Trumpis code using Af-ary metrics, the code is a good candidate for 

the Af-ary system from a  practical point of view. The practicality is th a t we can 

use commercially available codec chips provided we can properly generate binary 

decoding metrics. Further performance degradation will be introduced by using 

binary metrics because a  binary metric is not a MLD decoding metric in an Af-ary 

channel. IIow much the degradation will be depends on how the binary metrics 

are generated. In the following sections, we consider several possible methods of 

generating binary decoding metrics and their performances.

Binary M etric Approxim ation of the Af-ary M etrics

Since the use of a binary decoder requires binary metrics, Af-ary metrics can 

not be used directly in a binary decoder. The most natural a ttem p t would be 

to approxim ate Af-ary metrics with log2 Af binary metrics. This m ethod avoids 

interleaving.

Since the trellis decoding is based on comparing the metrics of different trellis 

patho, adding a  number to all Af metrics in one symbol period does not affect the 

decoding performance. Therefore, we only need to be concerned about differences 

between metrics for different Af-ary symbols. There are Af — 1 Af-ary m etric 

differences.

Let moo,Tn0i , n i 10, and m n  be the 4-ary metrics, respectively. T he maximum 

likelihood decis'on decoding requires tha t the branch m etric for symbol i j  is m,j 

and th a t the survivor has the smallest path  metric. Thus, MLD can be imple-
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mented by considering three differences between four m,jS. Unfortunately, they 

cannot be exactly represented by two binary metrics.

Assume the metric range is [0,7]. W ithout loss of generality, we assume moo 

to be the smallest Suppose the branch metric is Boo =  +  b corresponds to two

binary metrics (a and b) for symbol 00. Then for symbol 01, the branch metric is 

B0i = a + 7 -  6. And we have

Boo ~  Boy — 'lb — 7.

Because moo <  moi, it is natural to require Boo — Boy < 0, i.e., b <  3.5. If we 

require

Boo ~  Boy =  moo ~  may

then

2 b  —  1  —  m o o  -  m o i

hence

7 -  (m0i -  moo) 
t = ---------- 2-----------'

For symbol 10, the branch metric Byo =  7 — a + b. Similarly, because m lM < rnm, 

a < 3.5. And if we let

Boo ~  Byo =  nioo — m-io

then

7 -  (m 10 -  moo) 
a = ----------2----------- •

For symbol 11, the branch metric Byy is

Byy — 7 — (1 -f" 7 — b.

Because a < 3.5 and b < 3.5,

Byy -  Boy =  7 -  2a > 0
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and
B n  -  Bio =  7 — 26 >  0.

This means that no m atter what m n  — Woo is, the term  B n  always gives the 

least favorable metric. This problem is inevitable as long as there are only two 

binary metrics used. This is simply because if 00 is the most favorable symbol, 

11, which is the farthest symbol to 00 in binary Hamming distance, should be 

the least favorable in binary m etric representation. Thus, the 4-ary m etric m n  

is not always preserved depending on its value, but the metrics m \o and moi are 

r nuinely preserved.

In summary, the proposed method to generate binary metrics to approximate 

4-ary metrics is as follows:

?. Find m,j =  min(m oo,m oi,m i0,m n ) , where i , j  £  (0,1). Denote the l ’s 

complement of i as i and j  as j .

2. Then compute

7 -  {m-ij -  m tJ)
U ~  2

b  -  7  ~  ~  m , j )
2

3. The actual two binary metrics sent to the decoder, bi and 62 are

61 =  a (l — i) +  (7 — a)i, 

b2 = b{l -  j )  +  (7 -  b)j.

For a larger M, for example, M  = 8, there are seven 8-ary m etric differences but 

only three binary metrics. The method given above can only accurately represent

three out of seven differences. Thus it does not appear to be proper to extend

the method to a larger M .  In the following sections, we consider more general 

methods. The basic principle of these methods is to generate “sensible ” binary 

metrics directly from A/-ary metrics without attem pting to approximate them.
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5.4.2 Binary Metric Generation

W hen a binary code is used over an Af-ary channel, the log2 M  encoded bits 

at the output of encoder are mapped into Af-ary symbols through a one-to-one 

mapping. At the receiver, the received A/-ary symbol is mapped back to the 

group of binary bits, and the corresponding metric for each binary bit is generated 

accordingly. The optimum binary metric generation method is the one that has 

the BER performance closest to that of the Odenwalder code with Af ary metrics. 

Here we propose a binary metric generation method called the direct binary metric 

generation.

The D irect Binary M etric Generation M ethod

At the receiver, after receiving m  Af-ary symbols, we can generate the binary 

m etric in the following way:

1. Map the m  received Af-ary symbols back to rn binary bit groups, respectively.

2. For each of the log2 Af bits, accumulate over rn repetitions the number of 0 

or 1 bits received and form a binary metric like the one discussed in Section 

5.2 for the BSC.

3. Feed these binary metrics to the decoder in a certain order.

For example, for 4-ary symbols 0,1,2, and 3, we can map them to four groups 

of two binary bits, say, 00, 01,10, and 11, respectively. If rn — 3 and the three 

received symbols are 0, 1, i i d  3, the corresponding two binary metrics are 1 and 

2 .

“Certain order” in step 3 depends on whether interleaving is used or not. Here 

we analyze two extreme cases: ideal interleaving and no interleaving at all.



Chapter 5. Repeated Convolutional Codes 155

The Direct Binary M etric Generation w ith Ideal Interleaving

Obviously, the binary metrics generated using this direct method bear some depen­

dence. Ideal interleaving makes the decoder input metrics statistically independent 

of each other over one decoder trellis length. This requires a block interleaver with 

an interleaving depth of log2 M  and a  span of at least 5 to 6 times the constraint 

length. In this case, the M -ary symmetric channel can be simplified to the BSC 

model with the BSC transition probability of

<5J8)

Then analysis can be carried out easily in the same way as for the BSC model. 

Specifically, the analytical results for the binary channel given in Equations (5.1) 

and (5.2) can be applied directly by substituting the transition probability pe with 

2(M_X)P f  The bounds of Pb versus pe are plotted for the Odenwalder code, with

the direct binary metrics with ideal interleaving for the 4-ary channel in Figure 5.7 

and for the 8-ary channel in Figure 5.8, respectively.

The D irect Binary M etric Generation without Interleaving

No interleaving means that log2 M  consecutive binary decoding metrics are gener­

ated from one M -ary symbol. Here we consider the 4-ary case. Generalization for 

a larger M  involves a  higher level of sophistication but no more ingenuity.

For the 4SC , the prob ab ility  of receiving one of three wrong 4-ary symbols is 

pf /8. However, two of the three wrong symbols result in only one binary bit error, 

and the other one leads to two binary bit errors.

Consider two trellis paths tha t differ in d bit positions. One path is considered 

as the correct path, while the other one is considered as the incorrect path. Assume 

there arc d bits different positions in Z  branches in the incorrect path. Among 

the Z  branches, there are two kinds of branches. One kind of branch only has one
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bit different from the corresponding branch in the correct path. The other kind 

has both bits different from the branch in the correct path. We call the lust kind 

one-bit-error branches and the second kind two-bit-error branches. For a received 
symbol, the metrics are different for these two kinds of branches.

Suppose the branch in the correct path is 00. Then, the one-bit-error branch is 

either 01 or 10 and the two-bit-error branch is 11. We consider 01 as an example of 

the one-bit-error branch. W ith the binary Hamming distance used as the metric, 

we have:

metric for metric for
symbol received probability correct branch (00) error branch (01)

00 l-pe 0 1
01 Pe/3 1 0
10 pe/3  1 2
11 Pe/3 2 1

For a two-bit-error branch, similarly, we have:

metric for metric for
symbol received probability correct branch (00) error branch (11)

00 1 -p, 0 2
01 pe/3  1 1
10 pe/3 1 1
11 pe/3  2 0

Here we can see tha t the metrics are different for the two kinds of error branches, 

and therefore, for different combinations of the two kinds of branches the pairwise 

error probabilities are different even for the same d, the total number of different 

bits.
To com pute the union bound on the BER at the output of a decoder, we need 

to know the number of one-bit-error and two-bit-error branches exist for each d 

and the corresponding contributions of each combination to information bit errors.

Suppose there are X  one-bit-error branches, Y  two-bit-error branches, and
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d A' Y Cd{ X , Y )
10 2 4 1

4 3 10
6 2 25

12 4 4 13
6 3 61
8 2 137

14 4 5 29
6 4 176
8 3 792
10 2 407

16 2 7 2
4 6 42
6 5 597
8 4 3019
10 3 5177
12 2 2796 ]

Table 5.1: C d ( X , Y )  for the constraint-length-7 Odenwalder code.

X  + Y  = Z.  Then the union bound on the BER at the output of the decoder is

^  £  £  Cd( X , Y ) P d( X , Y )  (5.19)
d=dfT" x.rer d

where I1,/ is the set of all possible X  and Y  combinations, which are determ ined by 

the code. Y )  is the  information bit error contribution for a trellis path with

-Y one-bit-error branches, Y  two-bit-error branches, and to tal of d bits different 

from the correct path. P d ( X , Y )  is the pairwise probability of having two trellis 

paths with the binary Hamming distance d , X  one-bit-error branches, and Y  two- 

bit-error branches.

C d ( X , Y )  can be obtained by computer search. We found C d ( X , Y )  for tne 

Odenwalder code, and the values for small d’s are given in Table 5.1.

Now we compute the pairwise error probability P d ( X , Y ) .  Suppose tha t the 

correct path is the all-zero path. If during Z  = X  + Y  transmissions, symbol 00
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is received ko times, symbol 01 ki times, symbol 10 k2 times, and symbol 11 k3 

times, then the metric for the correct path corresponding the Z  branches is

m c = ki + k2 + 2k3. (5.20)

To compute the metric of the error path, we have to consider how received symbols 

m atch the branches in the error path.

Let kox be the number of 00 symbols received corresponding one-bit-error 

branches in the incorrect path, and k0y be the number of 00 symbols received

corresponding two-bit-error branches in the incorrect path, and so on. Obviously,

kQ   loT "f" k()y

k\--- ki X +  k\y

k2   k2x T k2y

k3 = k3x + k3y

and

kox T k\x T k2x -I- k3x — .V

koy +  kly -f- k2y -f k3y — Y.

As discussed in Section 5.6, we can assume, without loss of generality, tha t all one- 

bit-error branches are 01. Then the metric for the incorrect path corresponding to 

the Z  branches is

m e =  k0x +  2k2x +  k3x +  2koy +  k\y -(- k2y. (5.21)

The pairwise error probability is

X \  Y\
P d (X ,Y )  = T  u (m c — m e)-—- —r.—77— —77— ^ — - 

n k0x\kixlk2x\k3xl k )y\kUy\k2y\k3y\

x ( | J  (1 - P ' ) ko (r>.2 2)
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where

ft =  {kis,k iy, i  =  0 ,1 ,2 ,3  | 0 <  kix , 0 <  kiy, i  =  0 ,1 ,2 ,3 ,

3 3
£ t kix = x , i r l kiy = Y }
i=0 1=0

and

0 X < 0;
0.5 X = 0;
1 X > 0.

The union bound of (5.19) is plotted in Figure 5.7 for the Odenwalder code on a 

4-ary channel with direct metric generation without interleaving.

Binary M etric Generation Based on M-ary M etrics w ithout Interleaving

In order to generate binary metrics, Gong proposed a conversion scheme which 

converts M -ary metrics into binary metrics [4]. For the i-th  bit in log2 M  bits 

corresponding to an M -ary symbol, the binary m etric is given by

b{ =  max{M -ary metrics for symbols with i-th  bit equal to “1” }
— max {AT-ary metrics for symbols with i-th  bit equal to “0” }
* =  1 ,2 , . . . ,  log 2M.

Here we use Gong’s conversion scheme in the following way: first we find M -ary 

MLD metrics; then binary metrics are generated using the above equation. Since 

interleaving can cause a substantial delay in addition to its im plementation cost, 

which sometimes is not desirable or tolerable, it is always interesting to know 

the trade-off between interleaving and the BER performance. Thus, we consider 

both Gong’s conversion scheme and our direct m etric generation scheme without 

interleaving. It is interesting to compare; the performances of these two schemes. 

Further, we note tha t the use of Trumpis codes does not require interleaving. Thus, 

comparison based on no interleaving is fair to all cases.
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5.4.3 Simulation Results

A Monte Carlo simulation is carried out to obtain the bit error rate at the decoder 
output for the Odenwalder code on a 4-ary symmetric channel with three metrics, 

our approximation of JVf-ary metrics, directly generated metrics and Gong’s con­

version metrics, and for the Odenwalder code on an 8-ary symmetric channel with 

two metrics, our directly generated metrics and Gong’s conversion metrics, both 

w ithout interleaving. T he results are plotted in Figure 5.10 for the 4-ary case and 

in Figure 5.11 for the 8-ary case. For comparison, the union bound for the Oden­

walder code w ith the M-ary metrics and with the directly generated binary metrics 

with ideal interleaving are also depicted in Figure 5.10 and Figure 5.11. The union 

bounds for the Odenwalder code on a 4-ary channel with the direet-generation 

metrics w ithout interleaving are also plotted in Figure 5.10.

From the simulation results on a 4-ary channel (Figure 5.10), we ' ’an see that 

the directly generated metric gives the best performance among three metrics. 

For small m (m  < 7), the approximation m etric and the conversion metric have 

almost the same performance. But for large m , the conversion metric has a bet­

ter performance. In Figure 5.11, the simulation results on an 8-ary channel are 

similar. The direct-generation metric has better performance. All three; metrics 

work without interleaving. Therefore, the direct binary metric generation method 

is recommended when no interleaving is preferred.

It is also noted tha t the union bound for the direct-generation metrics without 

interleaving is quite tight for BERs less than 10~3. Comparing the union bounds 

and simulation results with ideal interleaving and those for the direct-generation 

m etric without interleaving, we can see tha t the difference between the two cases 

gets smaller when m  becomes larger. So when m is large (m > 15), interleaving 

may not improve the performance significant!y, and therefore may not be necessary.
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—  Union bound for 4-ary metric
Union bound for direct metric without interleaving

 Union bound for direct metric with ideal interleaving
O Simulation, direct metric 
A Simulation, approximation metric 
O Simulation, conversion metric
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Figure 5.10: Monte Carlo simulation BER performance for a 4-ary symmetric chan­
nel using a repeated Odenwalder code without interleaving and direct-generation, 
approxim ation, and conversion metrics.
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 Union bound for 8-ary metric
 Union bound for direct metric and ideal interleaving
O  Simulation, direct metric 
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Figure 5.11: Monte Carlo simulation B ER performance for an 8-ary symmet­
ric channel using a repeated Odenwalder code without interleaving and di­
rect-generation and conversion metrics.
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5.5 Concluding Rem arks

We have considered a repeated convolutional coding scheme for the M SC with a 

large pr in this chapter. BER performance has been analyzed and simulated. We 

first considered a  BSC. A BER approximation method is proposed for a large m  

based on the central limit theorem. The overall code rate r  is considered relative to 
the channel cutoff rate, Rq. It is shown tha t r  is larger than 0.6-fto. In comparison 

with a cascaded coding scheme proposed in [26], the repeated coding scheme has 

some clear advantages. One of them  is tha t we can vary m  to  match the unknown 

pe without changing the decoding procedure.

We then extended the repeated convolutional coding scheme to the M -ary 

symmetric channel. We have investigated the influence of various decoding metrics 

for the M SC model. If ideal interleaving is available, and m  is not very large, 

then the repeated Odenwalder code with binary metrics is almost as good as the 

one with M -ary metrics. Further, the performance of the Odenwalder code over 

4-ary and 8-ary channels is quite close to tha t of the optim um  Trumpis codes. 

When interleaving is not available, three methods of generating binary metrics from 

the Af-ary channel are proposed. The first is based on an approximation 'T the 

differences of A/-ary metrics with binary metrics. In the second, binary metrics are 

generated directly from A/-ary metrics. The third method is a conversion method. 

Simulation results indicate tha t the direct binary generation method is the best 

for our coding scheme among these binary metric generation methods. Therefore, 

the direct binary metric generation method is recommended if no interleaving is 

preferred. Union bound and simulation results also indicate th a t there is not much 

improvement from interleaving when m  is large.

5.6 Further A nalysis o f One-bit-error Branch

In this section, we will show tha t no m atter what one-bit-error branches actually 

are (all 01 or all 10 or combinations of 01 and 10), the pairwise probability can be
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obtained by assuming a convenient form, e.g. they are all 01.

Suppose the incorrect trellis path is A and tha t there are A'| 01 branches and 

X 2 10 branches in path A. Suppose that there are k0xt 00 symbols, Aru., 01 symbols, 

k2xi 10 symbols, and k3xi 11 symbols received corresponding to 01 branches, and 

koX2 00 symbols, k lX2 01 symbols, k2x2 10 symbols, and k3x2 11 symbols received 

corresponding to  10 branches, respectively. Obviously,

lii] ”1“ ljx2 — kix for ?. =  0,1, 2, ,1

and

X > x ,  = * i ,
t=0

;=o

Then the m etric for path  A is

ê(k2xi +  k\x2) — 2(k2xi + ktr-j) + C  (5.2.‘l)

where C  =  kQx -f k3x +  2k0y -f k \y +  k2y. The pairwise error probability is

PdA)(X , Y )  = ^ u { m c -  m e{k2xi +  k lX2)) 
nA

X i\ X 2\
x-

x rkr

V I / f t

J k J k J k J .  VJ J  0  0 (5'24 }

k()xi * ^ l x i  * ^ 2 x i  ! ^ 0 x 2  * ^ 1 x 2  * ' ^ 2 x 2  *

Y \  (  p e \  + 2̂ +̂ 3

V0ylKlylk2y\k3y\

where

$7̂ 4 — {k{Xl ? k{x2, k{y f i — 0 ,1 ,2 ,3  | 0 fC k{Xl 5 0 k{X2 ?

0 <  kiy, i  =  0 ,1 ,2 ,3 ,

E kixi = * , e  hX2 = x 2i e  fcv - y}•
t=0 t=0 *=0
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Note that in the above equation, the summation constraint on k\X2 and k2x2 

is identical. In other words, k\X2 can assume the same range of values as k2x2. 

Thus, v/e can exchange these two variables in (5.24) without affecting the value of

PjA\ X , Y ) .  The only change the equation is tha t the argument of m e becomes 

k2xi -f k2xi — k2x. By definition of multinomial coefficients, it is not difficult to

see tha t P jA\ X ,  Y )  is equal to the right-hand side of P d (X ,Y )  in (5.22), which 

is based on the assumption that all one-bit-error branches have 01. It is worth 

mentioning that the advantage of using Equation (5.22) is tha t the summation 

involves many fewer terms, thus much less computing time, than tha t in Equation 

(5.24).
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Conclusions

A brief summary of the results described in previous chapters is given in Section 

6.1. Suggestions for future research are addressed in Section 6.2.

6.1 Sum m ary o f the Thesis

In Chapter 2, a m ethod for computation of exact bit error probability of the* ratio- 

threshold diversity combining system under jamming is proposed. The amount of 

numerical com putation required can be dramatically reduced by using an average 

com putation model. Next, the exact bit error probability of FFH/FSK  spread 

spectrum  system with ratio-threshold diversity combining in an environment with 

worst case partial-band noise jamming and AWCN are computed. The results from 

exact b it error probability analysis, rather than results from an analysis of bounds 

on error probability, are especially useful in comparing performance of diversity 

combining schemes. It is found that there is an optimum diversity order. With 

this diversity older, the system performance is optimum in the sense; of requiring 

the least amount of signal energy to achieve certain bit error probability, and the 

performance is not sensitive to  the choice of ratio threshold. The; performance of 

ratio-threshold combining is about 2 dB worse than that of soft linear combining 

with perfect side information without AWGN for the diversity order of 4 in 4-ary, 

8-ary and 16-ary systems.

166
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The performance of ratio-threshold diversity combining under n  =  1 band tone 

jamming is analyzed in Chapter 3. The analysis under tone jam m ing is usually 

more difficult than the analysis under partial-band noise jam m ing, especially when 

AWGN is included, because of the complexity of probability distribution functions 

involved. Nevertheless, the exact bit error probability under the worst case band 

tone jam m ing including the influence of AWGN is computed by the method we 

developed in Chanter 2. The anti-jam capability of the ratio-threshold diversity 

combining under tone jamming is well dem onstrated by our results. By comparing 

results obtained in Chapter 2, we fou:. ' that the performance of ratio-threshold 

com. .ling under partial-band noise and band tone jam m ing is almost the same in 

a binary system. But in an 8-ary system, tone jam m ing is much more effective.

In Chapter 4, the maximum-likelihood diversity combining in partial-band noise 

channel is addressed. Performance of the maximum-likelihood diversity reception 

can be used as a standard in performance comparison. It is shown tha t AGC 

combining is actually the optimum v'hen interference is not very weak. But to 

implement the optimum combining, the noise variance in a hop has to  be known. 

The performance difference between the maximum-likelihood combining and the 

self-normalizing combining, which does not require hop noise variance and is more 

practical, can be more than 6 dB. Thus there might be better practical dive :ty 

combining methods which we need to find. Since the worst case interference for 

optimum combining is not full-band noise interference, the utilization of diversity 

alone is not enough to defeat the interference completely.

A repeated convolutional coding scheme for the  MSC with a high error prob­

ability was considered in Chapter 5. For the BSC. a special case of the M SC, an 

analysis method based on the central lim it theorem is proposed. The advantages 

of the  repeated coding scheme are illustrated. One advantage is the flexibility 

to adjust coding rate to adapt to channel error rate  w ithout the need to change 

coding structure. For the MSC, when the repetition coding rate is not very low, 

interleaving is necessary. If ideal interleaving is available, the  optim um  binary con­
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volutional code can be used in the M SC  w>th a resulting performance close to that 

of the optim um  M -ary convolutional codes. The direct binary metric generation 

m ethod developed in Chapter 5 is recommended when a binary convolutional code 

is used in an M -ary channel without interleaving. Results show that there :s not 

much improvement with the addition of interleaving when the repetition coding 

rate is low.

6.2 Future Research

Since some multiple-access interference can be modeled as partial-band interfer­

ence, it would be interesting to extend the analysis conducted in Chapter 2 to the 

performance analysis of ratio-threshold diversity combining (and other diversity 

reception schemes) in a multiple-access system. In the multiple-access system, the 

interference is usually not hostile, so the communication system is not forced to 

operate in the worst case interference environment often. The worst case only 

happens with small probability. The system performance is characterized by the 

average of performance under all possible duty factors of partial-band noise inter­

ference. However, the worst case performance still might be useful for the following 

two reasons. The first reason is that the worst case performance contributes to 

the average performance, thus the system average performance may not be good if 

worst case performance is poor. The second reason is that a poor worst case per­

formance may indicate „he system ’s instantaneous performance varies too much, 

or performance is not stable.

Another type of m ultitone interference is independent m ultitone interference [1, 

page 801. Since some multiple-access interference can be modeled as independent 

m ultitone interference, it is meaningful to analyze the performance of diversity 

combining schemes under this kind of interference. Previous analysis of diversity 

combining schemes concentrated mainly on partial-band noise interference. As a 

result, the performance of some diversity combining schemes which work well in a
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partial-band noise channel are unknown under m ultitone interference. Thus it is 

necessary to investigate the performance of both optimum and sub-optimum (or 

practical) diversity combining in m ultitone interference.

A natural extension of the work on repeated convolutional codes is to consider 

vising a block code as the outer code. It is interesting to search the m ethod to gen­

erate soft decision metrics from the decoder of inner repetition code and evaluate 

the performance of this error correction coding scheme.



A ppendix A  

List o f Sym bols

E b energy per information bit
E c energy per chip (energy per hop in FFII)
E s energy per channel symbol
No AWGN power spectral density
N j jam m ing power spectral density
m diversity order (repetition order in Chapter 5)
M size of channel alphabfA
Pe error probability in MSC
A bit error rate
Pc transition probability in binary-input-quaternary-output channel
P c x transition probability in binary-input-quaternary-output channel
P e transition orobability in binary-input-quaternary-output channel
P e x transition probability in binary-input-quaternary-output channel
Pa pairwise error probability between two trellis paths with 

distance d
Hamming

Ro cutoff ra te
Tc chip interval
Ts channel symbol interval
w ss spread spectrum  bandwidth
x ik output of non-coherent matched filter corresponding to the ith  symbol

in the &th hop
a ratio of signal power to one jamming tone power
&max upper lim it of a
Gtwc worst case a
0 threshold in ratio-threshold test
A,- decision variable for the ith  symbol in diversity combining
P probability of an M -ary band hit by a jamming tone
P duty factor of PBN jamming
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A ppendix B  

List o f A bbreviations

AGC adaptive gain control
AWGN additive white Gaussian noise
BER bit error rate
BSC binary symmetric channel
FH frequency-hop
FFH fast frequency-hop
M FSK M -ary frequency shift keying
MLD maximum-likelihood decoding
MSC M -ary symmetric channel
PBN partial band noise
PN pseudonoise
PSI perfect side information
R-T ratio-threshold
SFH slow frequency-hop
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