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A B ST R A C T

R a te  1 /2  s y s te m a t ic  recurs ive  c o n v o lu t io n a l  codes over in teger  rings m o d u lo -g  a re  

in v es t ig a ted  for th e i r  pe rfo rm an ce .  T h e  inves tiga tion  ex a m in es  t h e  p e r fo rm a n c e  in 

severe  fad ing  a n d  a d d i t iv e  w h ite  G a u s s ia n  noise for codes w ith  various c o n s t r a in t  

leng ths . T h e  a r i th m e t ic  for th e  codes is m o d u lo -ç .  where th e  value o f  q is w i th in  th e  

ran g e  of 2  to  16. . \ n  e x h a u s t iv e  s e a rc h  is c a r r ie d  out for codes w ith  sho rt  c o n s t r a in t  

leng ths . .A. r e d u c e d  search  is d e v e lo p e d  for larger  co n s tra in t  leng ths  w h ich  re s t r ic ts  

th e  ta p  p o ly n o m ia ls  to  i rreduc ib le  p o ly n o m ia ls  over Z , .  T h e  irreduc ib le  p o ly n o m ia ls  

a re  g e n e ra te d  a n d  th e  ones not found  in  th e  l i te ra tu re  a re  p resen ted  in ta b le s .  T h e  

search  a lg o r i th m s  a re  o u t l in ed  an d  t h e  r e su l ts  for the  codes a re  ta b u la te d .

T h e  p e r fo rm a n c e  of se lec ted  codes a re  verified by M o n te -C a r lo  s im u la t io n  te c h ­

n iques. Severa l codes have  b e t t e r  p e r fo rm a n c e  th a n  c o m p a ra b le  codes p r e s e n te d  in 

th e  l i t e r a tu re  for th e  R ayle igh  fad ing  c h a n n e l .  In sme o f  cases, th e  codes fo u n d  have  

b e t t e r  p e r fo rm a n c e  on  th e  .WVG.X c h a n n e l  t h a n  th e  best know n r ing  codes.

T h e  c h a ra c te r is t ic s  o f  ro ta t io n a l ly  in v a r ia n t  (RI) ring codes p re se n ted  in t h e  l i t ­

e r a tu re  a re  used  in an  e x h a u s t iv e  s e a rc h  for codes over Z,, which a re  in v a r ia n t  to 

phase  sh ifts  o f  '2~/q.  Tables o f  RI co d es  o p t im iz e d  for th e  R ay le igh  fad ing  c h a n n e l  

a re  p resen ted  a long  w ith  codes w hich  a r e  o p t im iz e d  for th e  .AW G X channel .



ai

Examiners:

Dr. \  . K. B hargava . S up e rv iso r .  D ep t,  of E lect. & C o m p . Eng.

Dr. Q. W ang . M e m b e r .  D ep t ,  o f  Elect. & C o m p . Eng.

Dr. P. . \ g a t h ^ I i s .  M e m b e r .  D ep t,  of E lect. & C o m p . E ng .

Dr. . \ .  Horsp ide  M em b er .  Dept, of  C o m p u te r  Sc ience

D rC T . G u ll ive r .  E x te rna l  E x a m in e r  
l ’n iv e rs i tv  o f  C a n te rb u rv



IV

Table o f C ontents

Abstract ii

Table of Contents iv

List of Figures vii

List of Tables ix

N otation xi

Acknowledgement xii

Dedication xiii

1 Introduction 1
1.1 R ela ted  R e s u l t s ................................................................................................................  3

1.2 C o n t r ib u t io n s ....................................................................................................................  ô

1.3 Thesis O u t l i n e ................................................................................................................  6

2 Fundamentals 7
2.1 I n t r o d u c t i o n ....................................................................................................................  7

2.2 R i n g s ...................................................................................................................................  7

2.3 System  D e s c r i p t i o n ........................................................................................................  8

2.4 Convolu tional c o d in g  on  Z , ..................................................................................... 9

2.5 M PSK  signal s e t ............................................................................................................  I I

2.6 Perfo rm ance  E s t im a te s  ............................................................................................. 14

2.6.1 E n c o d e d  P e r f o r m a n c e .................................................................................  14

2.6.2 P e r fo rm a n c e  in .WVGX .............................................................................  15

2.6.3 P e r fo rm a n c e  E s t im a te  for the  R ician C h a n n e l ................................  15



Table o f  C on ten ts  v

2.7 S u m m a r y .............................................................................................................................  IS

3 Some Rate 1 /2  Convolutional Ring Codes 19
3.1 I n t r o d u c t i o n ......................................................................................................................  19

3.2 E x h a u s t iv e  S e a r c h ..........................................................................................................  20

3.2.1 Search  .A lgorithm  .......................................................................................... 21

3.2.2 Unit M e m o ry  C o d e s ......................................................................................  24

3.2.3 C o n s tra in t  L e n g th  T w o  C odes  .................................................................  29

3.3 R educed  Search  ..............................................................................................................  29

3.3.1 B ounds  on l^g  .................................................................................................. 30

3.3.2 Search  D e f i n i t i o n .............................................................................................. 33

3.3.3 Search  R e s u l t s .................................................................................................. 34

3.4 G auss ian  C odes ..............................................................................................................  39

3.5 S u m m a r y .............................................................................................................................  43

4 Performance Results for Selected Codes 44
4.1 S y s tem  S i m u l a t i o n .......................................................................................................... 44

4.2 C odes over Z 3  ................................................................................................................. 46

4.3 C odes over  Z 4 ................................................................................................................. 46

4.4 C odes over Ze  ................................................................................................................. 55

4.5 C odes over  Zg ................................................................................................................. 61

4.6 Codes over  Zg an d  Z i  > ...................................................................................................  61

4.7 C odes over  Z i s ................................................................................................................. 63

4.8 S u m m a r y ............................................................................................................................  67

4.9 C o n c l u s i o n ......................................................................................................................... 73

5 Rotational Invariance 74
5.1 B a c k g r o u n d ......................................................................................................................... 74

5.2 Search R e s u l t s .................................................................................................................  77

5.3 S u m m a r y ............................................................................................................................  85

6 Summary of Results and Suggestions for Future Work 88
6.1 F u tu re  W o r k .....................................................................................................................  89



Table o f  C on ten ts  v i

Bibliography 92

A ppendix A Tables of Polynom ials 97



v u

List o f  Figures

Figure  2.1 S y s tem  M o d e l ....................................................................................................  10

F igure  2.2 Block D iag ram  o f  th e  e n c o d e r  defined by G (D )  of E q . 2.4 . . I I

F igure  2.3 E x a m p le  of th e  I I / 2 I  e n c o d e r  over Z 3  ................................................  12

F igure  2.4 M P S K  C o n s t e l l a t i o n .....................................................................................  13

F igure  4.1 Block d ia g ra m  for fading s im u la to r  used  in s im u la t io n s  . . . .  45

F igure  4.2 P e r fo rm a n c e  resu lts  for codes  over Z 3 ...........................................  47

F igure  4.3 S im u la t io n  resu lts  for 4 -s ta te  4 P S K  ra te  1 /2  codes w i th  I b i t / s y m ­

bol efficiency.................................................................................................................  -50

F igure  4.4 S im u la tio n  resu lts  for 16 -s ta te  4 P S K  r a te  1/2 codes  w ith  I

b i t / s y m b o l  efficiency................................................................................................  53

Figure  4.5 S im u la t io n  resu lts  for 6 4 -s ta te  4 P S K  r a te  1/2 codes  w ith  1

b i t / s y m b o l  efficiency................................................................................................  54

F igure  4.6 P e rfo rm a n c e  com parison  on  th e  Rayle igh  fading c h a n n e l  b e ­

tw een  th e  6 - s t a te  Ze  codes over 6 P S K  w ith  m a x im u m  cfj^^ (1 2 /3 1 )

a n d  m a x im u m  ( 1 1 /2 1 ) ......................................................................................... 56

F igure  4.7 S im u la t io n  resu lts  for th e  3 6 -s ta te  code over  Zg. C o m p a r is o n

b e tw e en  2 I 4 / I 3 I  and  115/541 codes on th e  R ayle igh  fading ch a n n e l .  . 58

F igure  4.8 S im u la t io n  resu lts  for th e  2 1 6 -s ta te  code over  Zg. C o m p a r is o n

b e tw e en  I I 5 4 / I 4 3 I  an d  1252/3121 codes on th e  Rayleigh  fad ing  ch a n n e l .  59 

F igu re  4.9 S im u la t io n  a n d  a s y m p to t ic  e s t im a te s  for codes over Zg  w ith  6 .

36. a n d  216 s ta t e s .......................................................................................................  60

F igure  4.10 S im u la t io n  a n d  t ru n c a te d  u p p e r  bounds  for codes o v e r  Zg w i th

8  a n d  64 s t a t e s .............................................................................................................  62

F igure  4.11 S im u la t io n  a n d  t ru n c a te d  u p p e r  bounds  for codes o v e r  Zg w i th

9 s t a t e s .............................................................................................................................  64



List o f  Figures v iii

F ig u re  4.12 S im u la t io n  a n d  t ru n c a te d  u p p e r  bounds for codes over  Z 1 2  w i th

1 2  s t a t e s ....................................................................................................................................  t>5

F ig u re  4.13 S im u la t io n  a n d  t ru n c a te d  u p p e r  bounds for codes over  w ith

144 s t a t e s .................................................................................................................................. 6 6

F ig u re  4.14 S im u la t io n  a n d  t ru n c a te d  u p p e r  bounds for codes over  Z ib w ith

16 s ta te s .  3 9 /1 4  1 has  m a x im u m  a n d  3 6 /14  1 has  m a x im u m  6 8

F ig u re  5.1 Block d ia g ra m  o f t r a n s p a re n t  e n c o d e r / d e c o d e r .....................................  75

F ig u re  5.2 Trellis defin ition  for 12/21 code over Z 4 .................................................... 79

F ig u re  5.3 P e r fo rm a n c e  c o m p a r iso n  for th e  16-state Z 4  codes 212 /131  a n d

311/211 on th e  R ay le igh  a n d  .WVGX c h a n n e l .......................................................  84

F ig u re  6.1 S t ru c tu re  o f  a  r a te  2 / 3 .....................................................................................  91

F ig u re  6.2 .Vn e x a m p le  o f  a  r a te  1/4 T u rb o  code s t ru c tu re  ................................  91



IX

List o f  Tables

T ab le  2.1 S t a te  desc r ip tio n  o f  th e  11/21 e n c o d e r  over Z 3 ...............................  1 2

T ab le  3.1 P ro d u c t  d is ta n c e  profiles for u n i t  m em o ry  codes for Z> to  Z n  . 25

Tab le  3.2 P ro d u c t  d is ta n c e  profiles for u n i t  m em o ry  codes for Z ^  to  Z i 6  26

T ab le  3.3 T ru n c a te d  t ran sfe r  func t ions  for u n i t  m em ory  co d e  for codes

p re se n te d  in T ab le  3.1 for Z> to  Z n .......................................................  27

T ab le  3.4 T ru n c a te d  tran sfe r  func t ions  for un it  m em ory  code  for codes

p re se n te d  in T ab le  3.1 for Z 1 2  to  Z ie  .................................................  28

T ab le  3.5 P ro d u c t  d is ta n c e  profiles codes w ith  cons tra in t  le n g th  tw o for

Z  > to  Z s ..............................................................................................................................  29

T ab le  3.6 T ru n c a te d  tran s fe r  func t ions  codes w ith  c o n s tra in t  len g th  tw o

for Z ;5 to  Z s .......................................................................................................................  30

T ab le  3.7 C odes  over  Z,, for w i th  c o n s tra in t  leng th  2 .........................................  36

T ab le  3.8 C odes  ove r  Z3 to Zg w ith  c o n s tra in t  length  3 .................................  37

Table  3.9 C odes  over  Z 3  and  Z 4  w i th  c o n s tra in t  length  g r e a te r  t h a n  3 . . 38

T ab le  3.10 G a u ss ia n  un it  m em o ry  codes over  Z 3  to  Z n .....................................  40

T ab le  3.11 G a u ss ia n  un it  m em o ry  codes ove r  Z 1 2 to  Z i « .................................  41

T ab le  3.12 G a u ss ia n  codes w ith  c o n s tra in t  leng th  over Z 3  to  Z g ..................... 41

T ab le  3.13 G a u ss ia n  codes w ith  c o n s tra in t  len g th  th ree  over  Z 3  to  Zg . . . 42

T ab le  4.1 T ransfe r  functions  for th e  0221/2231 code and  1 1 / 2 1 ...................  49

T ab le  4.2 C o m p a r iso n  o f  r = l / 2  r ing  codes w i th  o th e r  codes w ith  th e  s a m e

n u m b e r  o f  s ta te s  a n d  efficiency..................................................................................  52

Table  4.3 T e rm s  from  tran s fe r  func t ion  o f  th e  115/541 a n d  214 /131  code  57

T ab le  4.4 Fad ing  a n d  .-WVGX c o m p a r iso n  for Z 2  to  Zg codes ........................  71

T ab le  4.5 Fad ing  a n d  .AVVGX c o m p a r iso n  for Zg to  Zig c o d e s ........................  72

T ab le  5.1 E x a m p le  o f  decod ing  w ith  a  p h a se  sh ift  for 12/21 c o d e  on  Z 4  . 78



L is t o f  Tables

T ab le  5.2 RI codes w ith  c o n s t r a in t  length  1 for Rayleigh f a d i n g ...................  SI

T ab le  5.3 RI codes w ith  c o n s t r a in t  length  2 for Rayleigh f a d i n g ...................  S2

T ab le  5.4 RI codes w ith  c o n s t r a in t  length  2 for th e  .WVGX c h a n n e l  . . .  S3

T ab le  5.5 RI codes w ith  c o n s tra in t  length  3 for Ravleigh fad ing S3

T ab le  5.6 T ransfe r  func t ions  for th e  212/131 and  3 I I / 2 2 I  c o d e .................... S5

T ab le  5.7 RI c o m p a r iso n  w i th  n o n -R I  ring c o d e s ................................................... S6

T ab le  .\ .  I P o ly n o m ia ls  over

2 to 4 .......................................

T ab le  .\ .2  P o ly n o m ia ls  over  X.i[x 

T ab le  .A..3 P o lynom ia ls  over

2 and  3 .......................................

T ab le  .\ .4  P o lynom ia ls  o f  de g re e  

T ab le  .A.5 P o lynom ia ls  over Z s [ x

2 and  3 .......................................

T ab le  .A. 6  P o lynom ia ls  over Zg[x 

for degree  2 ...........................

w i th  no factors of lesser de g re e  for degrees

w ith  no factors o f  lesser d e g re e  5 . . . . 

w i th  no factors of lesser deg ree  for degrees

!)S 

99

  100

4 over Zg[z] w ith  no fac tors  o f  lesser  deg ree  101 

w ith  no factors of lesser d eg ree  for deg rees

a n d  Zio[xj  w ith  no factors  o f  lesse r  deg ree

104

105

T ab le  .A.7 P o lynom ia ls  over Z u f x ]  w ith  no factors of  lesser d e g re e  for deg ree  2106

T ab le  .A.8 Po lynom ia ls  over Z ^ f j ’] w ith  no factors o f  lesser d eg ree  for deg ree  2107

T ab le  .A.9 Po lynom ia ls  over Z isfx] w i th  no factors o f  lesser d e g re e  for deg ree  2108

fa b le  .A. 10 Po lynom ia ls  over Zie[x \  w ith  no factors of lesser d e g re e  for deg ree  2109



X I

N otation

^prod sq u a re d  p ro d u c t  d is ta n c e .

m in im u m  s q u a re d  free d istance.

H/rec n u m b e r  o f  p a th s  w i th  d is ta n c e  dj^^^

riprod n u m b e r  o f  p a th s  w i th  d is tance

Mg average  n u m b e r  o f  e rro rs  p a th s  with

rip average  n u m b e r  o f  e rro rs  p a th s  w ith

Ifjff effective leng th  o f  a  code

R.; code ra te

n  p roduc t

Z  sum

Z ,  ring of in tegers  m o d u lo -ç

~  ad d it io n  m odu lo -q

su b tra c t io n  m o d u lo -ç  

I m u lt ip l ica t io n  m o d u lo -q

g x  a sy m to tic  cod ing  ga in

7  ̂ not equa l to

|(#) | Euc lidean  m a g n i tu d e

g c d (x .y )  g rea tes t  c o m m o n  d iv iso r  o f  x  and  y  

l c m ( j . i / )  least co m m o n  m u l t ip le  of x  and y

d e g ( / )  degree  o f  f { x )

f ( D )  po lynom ial in D f s D ^  +  + . . .  +  fo

V for all

€  e lem en t  of

El, Energy  pe r  bit

Eg Energy  pe r  c h a n n e l  sy m b o l

p  fading a m p l i tu d e  o f  th e  channel



X II

A ck n o w led g em en t

I would  like to  th a n k  th e  following peop le :

•  M y superv isor  Dr. \ ' .K .  B h a rg a v a .  for th e  research in f r a s t r u c tu re ,  fu nd ing , 

fr iendship , encou ragem en t  a n d  g u id a n c e .

•  Dr. T . . \ .  Gulliver for his a dv ice  a n d  m a n y  valuable d iscussions t h r o u g h o u t  m y  

p rog ram .

•  Dr. Ivan Fair for m an y  th ings , b u t  espec ially  for his c^uestion a b o u t  non-fie ld  

l inear  feedback shift registers.

•  Dr. Q. W ang for his m an y  he lp fu l  discussions.

•  th e  s tu d e n ts  in th e  te le c o m m u n ic a t io n  lab for th e ir  f r iendsh ip  a n d  v a luab le  

d iscussions. I would especially  like  to  t h a n k  .Joe M ueller  for a l lo w in g  m e  to  use 

a n d  m odify  some of his channel m o d e l  softw are  for m y work a n d  R o m a n  P ic h n a  

for w riting  m iscellaneous sc r ip ts  t h a t  m a d e  my search easier.

•  Dr. Ian Blake a n d  T h o m a s  M it te lh o lz e r  for providing m e w ith  cop ies  o f  so m e  of 

th e i r  papers  and  m an u sc r ip ts  t h a t  w ere difficult to o b ta in  th ro u g h  o t h e r  sources .

•  m ost o f  all \ d k o  for her p a t ien ce ,  e n c o u ra g e m e n t  and  aisaibento.



XUl

D e d ic a t io n

To Yoko



C hapter 1

Introduction

In I94S. C laude  S h a n n o n  p u b l is h e d  "A M a th e m a t ic a l  T h e o ry  o f  C o m m u n ic a t io n s"  

[1 ] in which he d e m o n s t r a te d  t h a t  re l iab le  c o m m u n ica t io n  cou ld  b e  achieved  over a 

no isy  channel. P ro p e r  e n c o d in g  o f  t h e  in fo rm ation  and  a  t ra n s m is s io n  ra te  less th a n  

th e  channel ca p ac i ty  a re  req u ired  to  ach ieve  reliable c o m m u n ic a t io n  o f  in fo rm ation . 

.Absent from his work was a  m e th o d  for co n s tru c tin g  good  codes. T h is  s ta r te d  an 

a re a  o f  research to  find good codes  a n d  m ethods  to  c o n s tru c t  th e se  codes. T he  

p ro b le m  is to find an  e n c o d in g /d e c o d in g  s tra te g y  which a dds  th e  m in im u m  am oun t  

o f  redundancy , a n d  can m ee t  t h e  e r ro r  pe rfo rm ance  a n d  de lay  re q u i re m e n ts  of th e  

sy s te m .

T raditionally , cod ing  th e o r is t s  have  developed  Forw ard  E r ro r  C o rrec t in g  (E E C ) 

codes w ith  a lot of s t ru c tu re ,  w h ich  lends itself to  efficient d e c o d in g  s tra teg ies . In 

m a n y  cases, th e  a r i th m e t ic  for th e s e  codes is over an  a lgeb ra ic  s t r u c tu r e  known as 

a  G alo is  field [50]. Galois  field is th e  basis for several w ell-know n codes such as 

t h e  b in a ry  BCH codes [.38] a n d  R eed-So lom on  codes [36]. In th e s e  cases, a  num b er  

o f  in fo rm ation  sym bols  e n te r  t h e  e n c o d e r  and  r e d u n d a n t  sym b o ls  a re  ad d e d  to form 

a  codew ord. T h e  codew ord  is t r a n s m i t t e d  and  th e  receiver  d eco d es  th e  codeword 

in d ep e n d e n t  of prev ious or f u tu r e  codew ords. This  ty p e  of c o d in g  is called block 

cod ing .

.A. no t her ty p e  o f  cod ing  is co n v o lu t io n a l  coding. T h is  ty p e  uses a  finite s ta te  

m a c h in e  which a dds  m e m o ry  in to  t h e  in fo rm ation  sequence  to  fo rm  a  coded  o u tp u t  

sequence . Each s ta t e  has  a  de f in ed  o u tp u t  for a specific in p u t  sy m b o l.  T he  cur­

re n t  s ta t e  is d e p e n d e n t  on  all p re v io u s  in p u ts  a n d  th e  s ta r t in g  s t a t e  of th e  encoder. 

T h e  coded  o u tp u t  sequence  is t r a n s m i t t e d  and  th e  receiver  obse rves  th e  noisy coded 

se q u en c e  and uses th e  i n p u t - o u tp u t  re la t ionsh ip  of th e  e n c o d e r  to  e s t im a te  th e  infor­
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m a t  ion sequence .

In b o th  cases, th e  d is ta n c e  s p e c t r u m  be tw een  codewords for block codes, o r  coded  

sequences for convo lu t iona l  codes ,  will define th e  perfo rm ance  of th e  code . Here, 

d is tance  s p e c t r u m  m eans  th e  se t  o f  all possible d istances  be tw een  c o d ew o rd s  o r  se­

quences. T h e  choice o f  th e  d i s ta n c e  m e tr ic  d e p e n d s  on th e  channel t h a t  th e  s y s te m  is 

t r a n s m i t t in g  on a n d  th e  code  used . For block codes, a  c om m on  d is ta n c e  m e t r ic  is th e  

H am m in g  d is ta n c e  be tw een  codew ords .  For convolu tional codes o p e ra t in g  ove r  th e  

add it ive  w h i te  G au ss ian  noise (.WVGX) channel a n d  util iz ing a soft-decision  d e c o d e r ,  

th e  m etr ic  is th e  E uc lidean  d i s ta n c e  be tw een  th e  code sequences. If a  ha rd -dec is ion  

decoder is used  th e n  th e  H a m m in g  d is ta n c e  is used. T h e  sym bol or b it  e r r o r  pe rfo r­

m an ce  of t h e  codes a t h igh s igna l- to -no ise  ra t io s  (SX R ) is d e te rm in e d  m a in ly  by th e  

m in im u m  d is tance .  However, a t  lower SX R  o th e r  te rm s  in th e  d is ta n c e  s p e c t r u m  will 

c o n tr ib u te  to  th e  e rro r  r a te  o f  t h e  sy s tem .

O n a m ob ile  rad io  ch an n e l ,  t h e  u se r 's  signal is affected by m u l t i -p a th  fad ing  w here  

th e  received signal power f lu c tu a te s  d u e  to  a d d i t iv e  and  d e s tru c t iv e  in te r fe re n c e  from 

m ultip le  de layed  copies o f  th e  t r a n s m i t t e d  signal. In severe fading, it has b e e n  shown 

for trellis coded  m o d u la t io n  (T C M )  th a t  th e  p roduc t  d is tance  is th e  co rrec t  m e tr ic  

to  m ax im ize  a long w ith  th e  s y m b o l  d is ta n c e  [20]. In T C M  sy s te m s ,  th e  s igna l  set 

is expanded . T h e  signal set e x p a n s io n  provides th e  re d u n d a n c y  necessary  for cod ing  

[17]. The sy m b o l d is ta n c e  is th e  n u m b e r  of sym bols  along an  e rro r  p a th  w h ich  differ 

from  the co rrec t  sym bols .

Ring codes u til ize  a r i th m e t ic  over an  in teger  ring. T h is  can be a p p lie d  to  bo th  

b lock and convo lu tiona l codes. T h is  research  seeks to find good co n v o lu t io n a l  ring 

codes which can  o p e ra te  in th e  fad ing  e n v iro n m en ts  of b o th  th e  m ob ile  s a te l l i te  an d  

m obile  te r re s t r ia l  channels .  T h e  te r re s t r ia l  ce llu la r  channel is s u b je c te d  to  R ay le igh  

fad ing  since no d irec t  p a th  b e tw e en  th e  m obile  a n d  the  base s ta t io n  u su a lly  ex is ts .  

T h e  m obile sa te l l i te  c hannel  is s u b je c te d  to  shadow ing  and  fading [55]. For Low E a r th  

O rb i t  (L E O ) a n d  M ed iu m  E a r th  O rb i t  (M E O ) sate lli tes , th e  channel  s ta t i s t ic s  can 

change  rap id ly  as the  s a te l l i te  m oves  w ith  respec t  to th e  user [52]. . \ s  th e  c hanne l  

can  change quickly, it is necessa ry  for th e  codes to  perform  well in severe  f a d in g  as 

well as on th e  .WVGX channel .  To sa tis fy  th ese  req u irem en ts ,  we first m a x im iz e  th e  

effective len g th  a n d  th e  sq u a re d  p ro d u c t  d is tan ces  of th e  codes a n d  th e n  f ro m  th is
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set of codes we find th e  codes  w i th  m a x im u m  sq u a red  E u c l id e a n  d is ta n c e .

1.1 R e la ted  R e su lts

Bozta§ et ai. [40] in t ro d u c e d  tw o  families o f  4-phase  sp re a d in g  sequences .  (O n e  of 

t h e  families h a d  first been  d isc o v e red  by P. Sole [41] u n b e k n o w n s t  to  B ozta§  et al.). 

T hese  fam ilies  have  lower c ro ss -co rre la t io n  value th a n  b in a ry  s e q u en c e s .  T h is  fact is 

in te res t in g  because: th e  s e q u en c e s  w ere  designed using rings r a t h e r  t h a n  G alo is  Fields, 

a n d  they  a re  fo rm ed  w ith  a  l in e a r  feedback shift reg is te r  u s ing  m o d u lo -4  a r i th m e t ic  

[43]. T h e  sequences  p rio r  to  m a p p in g  on to  a  Q F S K  m o d u la t io n  fo rm s a  l inea r  cyclic 

q u a te rn a ry  code. . \ s  th e  s e q u en c e s  have  low co rre la tion  values t h e y  also have  large 

m in im u m  E uc lidean  d i s ta n c e  in d ic a t in g  a po ten t ia l  for use in e r ro r -c o r re c t io n  coding 

[45].

H am m ons  et al. [44] sh o w ed  t h a t  several non-linear  cyclic b in a r y  codes, such as 

N o rd s tro m -R o b in so n .  K erd o ck .  a n d  P ré p a râ t  a  codes, a re  l in e a r  in  Z 4  ( th e  integers 

m od4). T h e  m od if ica tion  f ro m  th e  classical theo ry  is to  view t h e  codes as ideals in 

po lynom ial rings over a r ing  o f  in tege rs  m odulo  4 r a th e r  t h a n  o v e r  fin ite  fields. This  

is of in terest  as l inear codes a re  ea s ie r  to  decode th a n  n o n - l in e a r  codes.

Given H a m m o n s  e t  al. [44] resu l ts  in cyclic cod ing , a n d  w o rk in g  in rings, the  

ques tion  n a tu ra l ly  arises if g o o d  codes can be found by w o rk in g  in in teger  rings 

m odulo-q  for an  a rb i t r a ry  q a n d  m a p p in g  the  q-ary  sym bols  n a tu r a l l y  o n to  a  q -PSK  

m o d u la t io n  set. T h e re  a re  s e v e ra l  benefits  in using th ese  codes.  O n e  benefit  is th a t  

no special c irc u i t ry  is r e q u i re d  in m o d ern  co m p u te rs  an d  d ig i t a l  s ignal processors 

as they  are  well su i te d  to  m o d u lo -q  a r i th m e tic .  . \ lso . a r ing  c o d e  requ ires  no set 

p a r t i t io n in g  as does tre llis  c o d e d  m o d u la t io n  [3]. R ing  codes c a n  b e  m a d e  sy s te m a t ic ,  

i .e.. se p a ra t in g  th e  in fo rm a t io n  sy m b o ls  from th e  p a r i ty  sy m b o ls  w h ich  is im possib le  

w hen  using tre llis  coded  m o d u la t i o n  [17].

.Although th is  d i s s e r ta t io n  is concerned  w ith  convo lu t iona l  co d es ,  th e r e  a re  sev­

e ra l  papers  o f  in te res t  for b lo ck  r ing  codes. Shankar  [46] p re s e n te d  B C H  codes over 

a rb i t r a ry  in tege r  rings. In p a p e r s  by  Blake [51. 13] ring ana logs  o f  H a m m in g .  Reed- 

Solom on a n d  B C H  codes w ere  p re s e n te d  for ce r ta in  rings. He su g g e s te d  th a t  a  q-ary 

c o m m u n ic a t io n  channel  m ig h t  b e  b e t t e r  for co m p u te rs  to  c o m m u n ic a t e  t h a n  a  b inary
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one. W h e n  c o m p u te rs  a re  c ap ab le  o f  g -a ry  logic, u til iz ing  a  <?-ary code w ould  seem  

to  be a  n a tu r a l  choice. .A. good in t r o d u c t io n  on  block co d ed  m o d u la t io n  over in teg e r  

rings is p re se n ted  in B ald in i  a n d  F arre ll  [2]. T h e  rings p re se n ted  were Z 4 . Zg a n d  Zig. 

In C hen  [2S], 6  PSK  r ing  codes a re  m a d e  up  from  a  l inear  b in a ry  a n d  a linear t e r n a r y  

code.

For convo lu tiona l codes, th e re  h av e  b een  m a n y  recen t p a p e rs  using c o n vo lu t iona l  

coding  over in teger  rings. R ing coded  C o n t in u o u s  P h a se  M o d u la t io n  (C P M ) was con ­

sidered  in R im old i a n d  Li [14] a n d  \  a n g  a n d  T ay lo r  [I5j. T h e y  b o th  used an e n c o d e r  

a n d  a co n tin u o u s  phase  m o d u la to r  w i th  th e  s a m e  a r i th m e t ic ,  th u s  e l im in a t in g  a  bi­

n a ry  to  M -ary  m ap p in g .  \ a n g  a n d  T a y lo r  w orked  w ith  C o n t in u o u s  Phase  F re q u en c y  

Shift Keying  (C P F S K )  a n d  o b ta in e d  s ignif icant cod ing  ga ins  over  previous w ork  in 

coded  C P F S K .  R im old i a n d  Li c o m p a re d  th e i r  resu l ts  w i th  b in a ry  codes w ith  th e  

sam e  c o m p le x ity  and  found th a t  us ing  codes over  r ings can  im p ro v e  the  p e r fo rm a n c e  

o f  m any  coded  C P M  sy s te m s  [14]. T h e y  also found it was beneficial to  feedback  th e  

s ta t e  in fo rm a t io n  from  th e  m o d u la to r  to  th e  e n c o d e r  [14]. B y  u til iz ing  th is  feedback , 

th e y  were ab le  to  ach ieve  a sm all  c o d in g  ga in  over a non-feedback  coded s y s te m . 

K a ra m  et al. [16] used  trellis coded  C P F S K  over rings for q u a te rn a ry  and  o c ta r y  

m o d u la t io n s  a n d  showed th a t  r ing -coded  C P F S K  tec h n iq u es  o u tp e r fo rm  p rev ious ly  

know n cod ing  approaches .

In B ald in i an d  Farre l [2 ] coded  m o d u la t io n  using convo lu t iona l  codes was p re ­

sen ted . T h e y  searched  for s y s te m a t ic  r a t e  1 /2 . 2 /3  a n d  3 /4  codes for 4. S. a n d  16 

P S K . respectively . M assey  et al. [S] a lso  cons ide red  s y s te m a t ic  convolu tiona l codes 

over Z , .  In fact b o th  o f  these  pap e rs  choose  q to  be  a pow er o f  2. T he  choice o f  a 

power o f  2  allows for an  easy  m a p p in g  from  a  b ina ry  in fo rm a t io n  source o n to  a r ing  

(i.e.. an  in teger  n u m b e r  o f  b its  define th e  r ing  sym bol) .  M assey  e t  al. p resen ted  [S] 

convo lu tiona l codes for Zg a n d  Zig.

Baldini a n d  Farrel [3] an d  M it te lh o lz e r  [6 ]. searched  for ro ta t io n a l ly  in v ar ian t  

codes. T h e se  a re  beneficial as no a b s o lu te  p h ase  reference  is necessary  at th e  rece iver  

allowing for a less co m p lex  receiver a n d  a  large  n u m b e r  o f  e rro rs  a re  avoided if th e  

channel has  slow phase  ro ta t ions .

Baldini a n d  Farrel in [2. 3] w orked  on  co d ed  m o d u la t io n  using  ring codes. Trellis  

C oded  M o d u la t io n  ( T C M ) .  p roposed  by  L n gerboeck  [17]. showed th a t  th e  s y s te m
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co u ld  achieve a significant coding gain  by e x p a n d in g  th e  num ber  of m o d u la t io n  s ignals  

a n d  des ign ing  th e  code considering  th e  a c tu a l  c h a n n e l  a n d  m odu la tion  to  be used . T h e  

d e v e lo p m e n t  of T C M  in 117. IS. 19] c o n s id e red  th e  G aussian  channel. D ivsa la r  a n d  

S im o n  [20. 21] showed th a t  th e  p e rfo rm a n c e  c r i t e r ia  for the  code design are  d ifferen t 

on  fad ing  channels . In fading channels ,  t h e  p r o d u c t  trellis  and th e  m in im u m  effective 

le n g th  [20] d o m in a te  th e  a sy m p to t ic  p e r fo rm a n c e  o f  th e  code. Using these  c r i te r ia .  

T C M  codes for fading channels  have been fo u n d  o r  cons truc ted .  . \  good overv iew  o f  

th e  w ork  done on coded  m o d u la tio n  for fad in g  channels  can be found in .Jamali a n d  

Le-Xgoc [32].

1.2 C ontributions

In th is  d isse r ta t ion , we present th e  resu l ts  o f  an  exhaust ive  and  reduced  search  for 

r ing  codes su itab le  for severe fading e n v iro n m e n ts .  T h e  codes and  the ir  c h a ra c te r is t ic s  

a re  p resen ted .

B ased  on previous work from Baldini a n d  Farrell  [3] and works from M assey a n d  

M it te lh o lz e r  et al. [5]-[II]. for good codes on  th e  .WVG.X channel, we search  for 

s y s te m a t ic  recursive convolu tiona l codes w h ich  pe rfo rm  well in a fading e n v iro n m e n t .  

T h e  codes with m a x im u m  effective leng th  a n d  sq u a re d  product d is tance  to  ach ieve  

good  p e rfo rm ance  in Rayleigh fading a re  fo u n d .  F rom  this set. we th en  search  for 

codes  w ith  m ax im u m  squared  Euclidean  d is ta n c e ,  as th is  affects th e  p e rfo rm an ce  on  

th e  . \ \ \ 'G X  channel a n d  is a fac to r  a t low s igna l- to -no ise  ratios.

.Also, codes o p t im iz e d  for th e  .AW G X  c h a n n e l  a re  included  for m eans of c o m p a r iso n  

w ith  th e  pe rfo rm ance  of th e  codes designed  for fading. The .AW’GX codes p e rfo rm  

well on  th e  .AW G X channel a n d  in som e cases  b e t t e r  th a n  the  fading codes a t  slow 

s igna l-to -no ise  ratio .

.An ex h au s t iv e  search is ca rr ied  ou t ove r  codes w ith  short c o ns tra in t  leng th .  .A 

red u c e d  search is th e n  carr ied  o u t  over longer  co n s tra in t  lengths. I rreducib le  p o ly ­

n o m ia ls  over Z., w here  q is a n o n -p r im e  n u m b e r  were found an d  used in th e  red u ced  

sea rch  for codes su i ta b le  for fading.

T h e  polynom ials  m ay  be useful for th e  d e v e lo p m e n t  of cyclic codes over Z ,  a n d  

a re  p re se n ted  in .Appendix A.
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1.3 T h esis  O u tlin e

In C h a p te r  2 , fu n d a m e n ta ls  of r ings an d  an  in tro d u c tio n  to  the  d ig ita l  c o m m u n ic a t io n  

sy s te m  a re  p resen ted .

C h a p te r  3 p resen ts  th e  e x h au s t iv e  search  a lg o r i th m  an d  tab les  o f  th e  codes found 

a n d  th e ir  c h a ra c te r is t ic s .  .A. reduced  search is necessary  as th e  t im e  req u ired  for an  

e x h a u s t iv e  search  becom es  quickly  im p rac t ica l  for longer co n s tra in t  leng ths  a n d  larger 

values o f  q. T h e  d ev e lo p m en t  of th e  reduced  search is descr ibed  a n d  th e  codes found 

a re  p resen ted .  T h e  e x h a u s t iv e  a n d  reduced  search a lg o r i th m s  were designed  to  search  

for codes s u i ta b le  for fad ing  e n v ironm en ts :  however, th e y  were a lso  des igned  to  find 

codes w hich were o p t im a l  on th e  .AVVG.V channel. T h e se  codes a re  also p re se n ted  in 

C h a p te r  3.

In C h a p te r  4. th e  s im u la t io n  m odel for th e  sy s te m  is p resen ted . T h e  co d ed  sys­

te m  is s im u la te d  to  verify th e  p e rfo rm an ce  on th e  Rayleigh fad ing  channe l .  T h e  

pe rfo rm a n c e  o f  th e  codes found here  a re  c om pared  w ith  known codes from  th e  l i te r­

a tu re .  .Also, we c o m p a re  th e  p e rfo rm ance  difference be tw een  th e  codes des igned  for 

th e  fad ing  c hanne l  a n d  codes designed  for th e  AW G X  channel.

In C h a p te r  ô. th e  resu l ts  of a  search  for ro ta t io n a l ly  invarian t codes are  p resen ted .  

T h e  codes a re  c o m p a re d  w ith  codes from l i te ra tu re  as well as codes found in C h a p te r  3.

C h a p te r  6  co n ta in s  concluding  rem ark s  and  suggestions  for fu tu re  inves t iga t ions  

based  on th e  resu l ts  p resen ted  in th is  d isse r ta t ion .
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Fundam entals

2.1 In tro d u ctio n

T h is  c h a p te r  will i n t ro d u c e  convolu tional r ing  cod ing , t h e  sy s te m  d iag ram  of th e  

d ig ita l  c o m m u n ic a t io n  sy s te m  an d  some of th e  d i s ta n c e  m e a su re s .  In Section 2.2. we 

in t ro d u c e  so m e  basic  defin itions  and p roper t ie s  o f  rings w h ich  will be used in la te r  

c h a p te rs .  In Sec tion  2.3. a  sy s tem  descr ip tion  a n d  a n  overv iew  o f  how the  ring codes 

will fit in to  th e  s y s te m  is given. In Section 2.4 we in t ro d u c e  convo lu tiona l ring codes 

for M P S K  m o d u la t io n .  T h e  d is tance  m easu res  w hich  de fine  th e  perfo rm ance  over  

G a u ss ia n  a n d  F ad ing  channe ls  a re  p resen ted  in S ec tion  2.6.

2.2 R in gs

A ring  is a n  a lg eb ra ic  s t r u c tu r e  consisting o f  a set o f  e le m e n ts  R  and  two b in a ry  

o p e ra t io n s :  a d d i t io n  a n d  m ult ip l ica t ion , such  th a t  for all e le m e n ts  a .  6  and  c in /?

•  a d d i t io n  is a ssoc ia tive ,  i.e. (a +  b) +  c =  a -r {b -r c).

•  a d d i t io n  is c o m m u n i ta t iv e .  i.e. a +  6  =  6  +  a .

•  th e re  is an  e le m e n t  cq in R.  called th e  a d d i t iv e  id en t i ty ,  w i th  th e  p roper ty  t h a t  

ro +  a =  a +  ro =  a for all u in R.

•  each  e le m e n t  a in R  has  a n  a dd it ive  inverse, —a.  such  t h a t  a +  ( —a)  =  —a +  a =  cq.

•  m u l t ip l ic a t io n  is a ssoc ia tive .

•  m u l t ip l ic a t io n  is d i s t r ib u t iv e  over ad d it io n ,  i.e. a(b  +  c) =  ab +  ac  and (a +  b)c =  

ac  +  be.
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A d d i t io n  of a n  ad d it iv e  inverse  is called s u b t r a c t io n .

. \ n  e le m e n t ,  a.  in an  a rb i t r a ry  ring R.  is ca lled  a  unit  if th e re  ex is ts  a n o th e r  

e le m en t  6 . such  t h a t  ab = ba =  1. T h e  e le m e n t  b is ca lled  the  m u lt ip l ic a t iv e  inverse  

of a a n d  c a n  be w r i t te n  « “ *. .An e lem en t  a Ç /? is ca lled  a :ero dicisor  if th e re  ex is ts  

a n o th e r  non-zero  e lem en t 6  0 such th a t  « 6  =  0 o r  6 a  =  0 [34].

In Zg. a n  e le m en t  is a  un<Yonly if it is re la t iv e ly  p r im e  to  the  m o d u lu s  q. W h e n  q is 

a  p r im e  n u m b e r ,  all e lem en ts  a re  u n i ts  a n d  h a v e  m u lt ip l ic a t iv e  inverses a n d  th e re fo re  

d iv is ion  is defined . T h en  Zg is a  f ie ld  [34].

.As an  e x a m p le  of rings . cons ide r  th e  r in g  o f  in tegers  Z .  For any  tw o e lem en ts :  a 

a n d  6 . we see t h a t  a 6 . a - I -  6  G Z .  . \ow  let u s  d e n o te  Zg as th e  integer  residue ring.

It consis ts  o f  th e  set {0. I  q — 1} an d  a l l  a d d i t io n  an d  m u lt ip l ic a t io n  is c a rr ie d

o u t  m odu lo -q .  A ny  in teger c can  be r e p re s e n te d  by r  4 - tq. an d  as th e  a r i th m e t ic  is 

m odu lo -q .  it is sa id  th a t  c is congruent  to  r .  o r

c =  r  m o d  q. ( 2 . 1  )

We now conside r  th e  ring o f  po lynom ia ls  d e n o te d  as  R[x] w ith  coefficients in R.  

/? is a fin ite  c o m m u ta t iv e  ring w ith  m u lt ip l ic a t iv e  id en t i ty  I. T h e  leading coeff ic ient  

( trai ling coef f ic ient ) of a non-zero  po lynom ia l  is th e  coefficient o f  th e  largest (sm alles t  ) 

pow er of X whose coefficient is non-zero . If a ( x )  a n d  b(.x) are  po lynom ia ls  a n d  if th e  

lead ing  coefficient o f  b(x) is a  un it  in R. th e n  t h e r e  ex ist  un ique  po lynom ials  q (x )  a n d  

r(x )  such  th a t  a (x )= q (x )b (x )- ( - r (x )  a n d  d e g [ r ( j ) |  <  deg [ 6 (x)j [9].

For th e  ra t io  o f  po lynom ials  a { x ) / b ( x )  to  b e  a  ra t io n a l  function, th e  t ra i l in g  coef­

ficient of b( x)  m u s t  be a un it  in R  [9].

2.3 S y ste m  D escr ip tio n

T h e  s y s te m  block d iag ram  is show n in F ig . 2.1. T h e  inpu t to  th e  convo lu t iona l  

e n c o d e r  is a  sequence  o f  ç -a ry  sym bols . T h e  e n c o d e r  convolu tiona lly  encodes  a t a 

r a t e  o f  k / n  w here  k  and  n a re  th e  n u m b e r  o f  i n p u t  a n d  o u tp u t  sym bols ,  respective ly , 

p e r  e n c o d in g  in terval .  T h e  n en co d ed  sy m b o ls  a re  m a p p e d  onto  an  M P S K  signal set. 

Here , th e re  is a  n a tu ra l  labelling  o f  th e  s ig n a l  p o in ts  o f  M P S K  by e le m en ts  o f  th e  

r ing. 0 . 1 . 2  g — 1 . In o th e r  words, th e  g -a ry  sy m b o l  / co rresponds  to  th e  M P S K
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w here  i =  \ / —I. Note , th a t  q m u s t  be equa l to  the  n u m b e r  o f  s ignal p o in ts  in th e  

conste lla tion  (i.e.. q =  M) .  T h e  se q u en ce  o f  coded sym bols  can  be re p re s e n te d  by

T h e  encoded  sequence  x is th e n  in te r le a v ed  an d  t r a n s m i t t e d  over  a  c h a n n e l .  In th e  

c h a n n e l ,  the  sequence  is s u b je c te d  to  fad ing  an d  .A.WGX. T h e  rece iver  d e in te r le av e s  

th e  encoded  sym bol sequence  a n d  decodes  th e  in fo rm ation  by a p p ly in g  a  so ft-dec is ion  

V ite rb i  decoding a lg o r i th m  [3-5].

T h e  \ ' i te rb i  a lg o r i th m  c o m b in e d  w ith  convolu tional codes works well on ly  w hen 

th e  channel errors  a re  in d e p e n d e n t .  However, on a m obile  fad ing  c h a n n e l ,  a m p l i tu d e  

fades will p roduce  b u rs ts  of ch a n n e l  e rro rs .  In terleaving  is used  to  s c ra m b le  th e  o rd e r  

o f  t h e  coded sequence  before t r a n s m i t t i n g  it over th e  channel .  .After d e in te r le a v in g  

(descram bling ) a b u rs t  of channel  e rro rs  is b roken  into several s m a l le r  b u r s t s  or ideally  

in d ep e n d e n t  errors. T h e re  a re  severa l  m e th o d s  of in te r leav ing : block, co n v o lu t io n a l  

a n d  p seudo-random  [3S. 39]. T h ro u g h o u t  th is  do cu m en t,  we will c o n s id e r  th e  case 

th a t  th e  in terleaving is ideal a n d  t h a t  th e  channel is m em ory less .  T h is  re su l ts  in th e  

fad ing  a m p litudes  being  in d e p e n d e n t  be tw een  sym bol in tervals .  We a s s u m e  th a t  th e  

fad ing  is slow enough  to  be co n s id e red  c o n s ta n t  over one  ch an n e l  sy m b o l  in te rval .

2 .4  C onvolu tional co d in g  on

T his  section in troduces  th e  r a t e  1 /2  convo lu tiona l encoder  over  Z , .  t h a t  is s tu d ie d  in 

th is  d isserta t ion .

Following th e  n o m e n c la tu re  p re se n te d  in [3]. the  codes a re  defined  as G ( D )  w here .

G '(D ) =  [ 1 g { D ) / f ( D ) ] .  (2.4)

H e r e g ( D )  =  + . . . g i D  + go a n d  f { D )  =  -h /^ _ i  - \ - . . . f i D  + fo

define th e  feedforward a n d  feedback  tap s  as shown in F ig u re  2.2. T h e  boxes a re  

de lay  e lem ents  t h a t  de lay  a ç -a ry  sy m bo l by one clock cycle. T h e  c irc les  w ith  a  

coefficient inside d e n o te  m o d u lo -ç  m u lt ip l ic a t io n  and th e  -T e le m e n ts  d e n o te  m odu lo -g
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A W G N

D ata
Sink

D ata
Source

M PSK
M odulator

F ad ing
C hannel

Viterfai
A lgorithm

D em odulator

C hannel
E stim ator

D ein terleaver

C onvolutional
Encoder In terleaver

F i g u r e  2 .1 .  Sys tem Model
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s-1

F i g u r e  2 .2 .  Block Diagram o f  the encoder  defined by G ( D )  o f  Eq.  J. j

a d d i t io n .  T h e  codes will be defined th ro u g h o u t  th is  d isse r ta t ion  by th e  t a p  p o ly n o m ia l  

coefficients from G (D ) .  (i.e.. gsQs-i ■ ■ - g o / f s f s - i  ■ ■ ■ fo  )•

. \ s  an  ex am p le ,  consider  th e  code d e fined  by g( D)  = D I a n d  f ( D )  = 2 D  4- 1 

over  Z 3  (11/21 code). T h e  g e n e ra to r  m a t r ix  is defined  as:

G ( D )  =  [ 1 
2̂ D + 1 (2.Ô)

a n d  th e  encoder  is shown in F igure  2.3. T h e  in p u t ,  o u tp u t  a n d  s t a t e  t r a n s i t io n  

in fo rm a t io n  for th is  encoder  a re  p re s e n te d  in T ab le  2.1.

T h e  codes e x a m in e d  here  a re  s y s te m a t ic ,  w hich  m ean s  th a t  th e  in fo rm a t io n  s y m b o l  

a p p e a r s  un a lte red  in th e  o u tp u t  o f  th e  e n c o d e r .  S y s tem a tic  codes a re  c o n s id e re d  to  

e l im in a te  th e  possib ili ty  of finding a  ca tas t roph ic  code. . \  catastrophic  code  h a s  e r r o r  

p a th s  t h a t  a re  a  finite d is ta n c e  from  th e  c o rre c t  p a th  bu t have a n  in fin ite  n u m b e r  of 

e rro rs .  W ith  th is  ch a ra c te r is t ic  a sm all  a m o u n t  o f  noise can cause  th e  d e c o d e r  t o  lose 

th e  co rrec t  p a th  a n d  never recover a n d  th u s ,  c o n t in u e  to o u tp u t  in co rrec t  s y m b o ls .

2.5 M P S K  signal set

T h e  M P S K  signal cons te l la t ion  is show n in F ig . 2.4. A benefit in t h e  code  des ig n  u s in g  

th is  m o d u la t io n  schem e is th e  conven ien t  m a p p in g  betw een th e  sq u a re d  E u c l id e a n



2. F undam entals  12

F i g u r e  2 .3 .  Example  o f  the 11/31 encoder  o r e r  Z 3

T a b l e  2 .1 .  State  descr ip t ion o f  the 11/31 encoder o c e r Z ^

Inpu t S t a t e , S t a t e ,+1
-----------------

0 u tp u t ( x i  - X2 )

0 0 0 0  0

I 0 1 I I

2 0 2 2  2

0 I 1 0  1

I I 2 L 2

2 1 0 2  0

0 2 2 0  2

I 2 0 1 0

2 2 1 2  1
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M -1

M -2

M -3

Figure 2.4. M P S K  Constel lation

d is tance  a n d  th e  m o du lo -ç  d ifference of the ir  squared  E uc lidean  w eigh t [6 |.  Consider 

two q-ary sym bols  a and  6 . w hich  a re  m ap p e d  on to  an  M P S K  signal se t  by E quation  

2.2. T h e  sq u a re d  E uc lidean  d is ta n c e  betw een the  two signal po in ts  is g iven  by d-(a .b )  

where

2~ia
d ; (a .h )  =  |exp{--------) -  exp(

2~ib

—2 - ia  2~ ib
I — e x p (  ) e x p ( ------

Q 9

' 2 - { b C a ]
= 1 — exp(

! 9
=  d^(O.bC-a)

=  i L ' l ; ( b  C  a ) .

Here, ic^(-) is th e  sq u a re d  E uc lidean  weight of a sym bol.

( 2 .6 )
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2.6 P erform ance E stim a tes

In th is  section , we use p e rfo rm an ce  e s t im a te s  from  th e  l i te ra tu re  to  in t ro d u c e  th e  

p a ra m e te rs  th a t  affect a  code 's  p e r fo rm a n c e  on th e  AWG.V and  fad ing  c hanne ls .  In 

Section  2.6.1. th e  uncoded  p e rfo rm an ce  o f  th e  m o d u la t io n  is given for th e  . \ \ \  G X  a n d  

Rayleigh fading channel.  T hese  fo rm u las  will be  used to  d e te rm in e  th e  c o d ing  ga in  

achieved by th e  coded  sy s te m  over th e  u n c o d e d  sy s tem . In Sec tion  2.6.2. sq u a re d  free 

d is tan ce  a n d  th e  a s y m p to t ic  ga in  o f  th e  coded  sy s tem  over an  u n c o d e d  s y s te m ,

a re  in troduced . In Section  2.6.3. th e  d e v e lo p m e n t  o f  th e  p e rfo rm an ce  e s t im a te  o f  th e  

coded  system  on  th e  R ic ian  fading c h a n n e l  is show n. T h e  defin ition  o f  th e  p a ra m e te r s  

w hich affect th e  p e rfo rm an ce  on th e  fad ing  c h a n n e l  are  p resen ted .

2.6.1 U ncoded Perform ance

T h e  sym bol e rro r  ra te  of M P S K  on th e  .AW G X  channel w ith  a a m p l i tu d e  ga in  o f  p  is 

a p p ro x im a te d  for high signal-to-noise  ra t io s  by [32]

■2Q
I2 E ,  -  

sm( —  J (•2.
I .Vo .1/

w here  the  energy  per  sym bo l is Eg =  log., M R c E f , .  Ei, is th e  energy  p e r  b i t .  M is th e  

n u m b e r  of m o d u la t io n  signals in an  M -a ry  P S K  m o d u la t io n .  /?.- is th e  r a t e  o f  th e  

encoder  used, and

Q ( x ) =  ^ £  e x p ( ^ — ^ d t .  ( 2 . 8 )

E q ua tion  2.7 can  be w r i t te n  in te rm s  o f  E b/Xo  as

Ps m Ip ) % 2Q 12.9)

w here  m  =  log, M  an d  * 6  =  E^/ Vq. In R ay le igh  fading, th e  u n co d ed  sy m b o l e r ro r  

r a te  can be ca lcu la ted  by averag ing  th e  co n d it io n a l  p robab il i ty  w ith  respec t  to  th e  

fad ing  a m p l i tu d e  p  [32] over th e  R ay le igh  d e n s i ty  function .

T h e  density  function  o f  R ayleigh fad in g  is

p , (p )  =  ^ e . x p ( - ^ )  (2 .10)
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here ,  for th e  n o rm a lized  c a se  we set E[p~] =  1. which resu l ts  in =  1 /2 .

.After averaging  E q u a t io n  2.9 o v e r  th e  norm alized  R ay le igh  fad ing , th e  sym bol 

e r r o r  r a te  is given by [32].

PsM =  1 -
sin‘ ( r r / . \ / )

\  I - f - s i n ' ( - / . V / )

T h is  e q u a t io n  was used  to  c a lc u la te  th e  uncoded  p e rfo rm a n c e  for M P S K  m o d u la t io n  

to  o b ta in  th e  cod ing  g a in  o f  t h e  c o d e d  sy s tem . T he  cod ing  g a in  is t h e  t h e  d ifference 

in Ei , / \o~  be tw een  th e  c o d e d  a n d  u n c o d e d  (or reference) s y s te m s ,  r e q u i r e d  to  achieve 

a  g iven  sym bol e r ro r  r a t e  ( S E R )  o r  b it  e rro r  ra te  ( B E R ).

2 .6 .2  Perform ance in  A W G N

.An e r ro r  event occu rs  w h e n  th e  t r a n s m i t t e r  sends th e  sy m b o l  s e q u e n c e ,  x  a n d  the  

rece ive r  decides i  w h e re  r  7 = f .  T h e  m in im u m  erro r  even t is de f in ed  as t h e  e rro r  

ev e n t  w ith  the  sm a lle s t  d is ta n c e .  .At high SX R . th e  p e r fo rm a n c e  o f  th e  co d e  can  be 

a p p ro x im a te d  by th e  d i s t a n c e  o f  t h e  m in im u m  error even t.  In AW G X .  th e  a p p ro p r ia t e  

d i s ta n c e  m easu re  to m a x im iz e  is t h e  E uclidean  d is tance .  T h e  s q u a re d  E uc lidean  

d i s ta n c e  o f  the  m in im u m  e r r o r  ev e n t  is defined as

4 - e  =  H  k -  -  J-a|‘ (2.12)
n . € n

w h ere  th e  set 7  is th e  set o f  all n a lo n g  th e  m in im u m  e r ro r  p a th  such  t h a t  7 = Xr, . 

T h e  a sy m p to t ic  ga in  in d B  on  a n  AW G X channel is g iven by [.3]

=  1 0  log 1 0
^free.c

.log -Vf.. '
(2.13)

w h e re  /?.- is the  cod ing  r a te .  .\T- V/  ̂ a n d  d’̂ r^e.c-^/ree.u ^ re  th e  n u m b e r  o f  m o d u la t io n  

s igna ls  a n d  the  o f  t h e  c o d e d  a n d  reference  sys tem , respec tive ly .

2.6 .3  Perform ance E stim ate  for the Rician C hannel

M a x im iz in g  dj^^^ is e ffec tive  o n  th e  .AW G X  channel. However, in fad ing , th e  p ro d u c t  

d i s t a n c e  a n d  th e  effec tive  le n g th  o f  t h e  code  (also know n as t h e  m in im u m  sym bol
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d is ta n c e )  a re  im p o r ta n t  p a ra m e te rs  [20]. Here, we inc lude  sec tions  o f  th e  deve lopm en t 

in [20]. to  develop th e  code search  c r i te r ia  for codes over  fad ing  channels .

C o n s id e r  th e  M -ary  convolu tiona l encoder  shown in F ig . 2.1. T h e  signal received 

a t  t h e  decoder  is

r , = f i x S , ^ q , .  (2.14)

w h e re  s, is th e  M P S K  signal, p, is th e  a m p l i tu d e  of t h e  fading process a n d  q, is 

a d d i t iv e  w hite  G auss ian  noise w ith  sp ec tra l  d e n s i ty  of .Vo/2.

For R ic ian  channels ,  th e  dens ity  function  o f  p  is d e n o te d  by

Pp(p) =  2p( 1 -r K ')exp — ( l \  -r p~{ I +  [ \ ) ) [ q( \ J h  ( 1 4- A )) 12.1.5)

w h e re  K is the  ra t io  of energy  of th e  d irec t  c o m p o n e n t  to  th e  e ne rgy  in the  d iffused 

m u l t i p a t h  co m p o n en t ,  /o(-) is th e  ze ro - th  o rd er  m odified  Bessel function  of th e  first 

k in d .  i.e..

/q(x ) =  —-  /  e x p (x  COS Gdf. (2.16)
2 rr Jo

T h e  d e c o d e r ’s m e tr ic  a fte r  observ ing  I coded  sym bols  is

I
m [ r i . s i : p i )  =  ^  In p .\( r, js,. p, ). (2.17)

i = l

w h ere  p, is the  e s t im a te  of th e  fading a m p l i tu d e  a t  t im e  i. T h e  decoder  will m ak e

an  e r ro r  if it decides S/ =  I .S i . s j . . . . i / ) when S/ =  (.si..s>.......... -■•/) was sent. T h e

p ro b a b i l i ty  of th is  occu rr ing  is known as the  th e  pa irw ise  e r ro r  p robab il i ty  and  th is  

is d e n o te d  as Pi(si.si).

For th e  case w ith  ideal CSI w here  th e  fad ing  a m p l i t u d e  e s t im a te s  are  a lw ays 

co rre c t  (i.e ..  p/ =  p/). th e  m e tr ic  can  be  expressed  as

m ( r , . s . : p , )  =  -  jr. -  p , s , | '  ( 2 . IS)

T h e  d e c o d e r  incorrec tly  decides s; if

m ( r i . s i :  pi) > m{r i .  sp  pi). (2.19)

T h e  pa irw ise  e rro r  p robab il i ty  is g iven by

P2(si.si) =  ( 2 .20 )
Pi
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w here

Pi i^ i-^ i lp i)  =  P [ m {r i . s i :  pi) > m ( r , . s , :  p,)]. ( 2 .2 1 )

is th e  cond it iona l  pa irw ise  e rro r  p ro b ab i l i ty  co n d it io n e d  on th e  fading a m p l i tu d e  p,.

Using th e  C hernoff  b ound  techn ique  th e  c o nd it ioned  pairwise e rro r  p ro b a b i l i ty  

averaged  over th e  R ic ian  dens ity  function  is g iven  by  [20]

( 2 . 2 2 )
+  P + 1^1-^' ~  - '̂1'

A t  h igh S . \R .  E q u a t io n  2.22 can be s im plif ied  to

w here  dp =  n , t r ,  ~  L is Pff.  t] is th e  e r ro r  even t  with th e  m in im u m  n u m b e r  of 

sym bols  which differ from  th e  correc t p a th .  L =  l^g is the  effective length  of t h e  code  

and  is defined as th e  m in im u m  n u m b e r  o f  d iffering sym bols  along any  e rro r  p a th .

We in tro d u ce  th e  n o ta t io n  o f  squared  p ro d u c t  d is ta n c e  a n d  define it for two s y m b o l  

sequences  as

=  H  k : :  -  (2.24)
n^n

w here  th e  set // is th e  set of all n where  ^  i „ .

Using th e  pairw ise  e rro r  p robab il i ty  d ev e lo p ed  in E quation  2.23. we can  u p p e r  

bo und  th e  error p robab il i ty  on th e  Rician fad ing  channel for high SX R as

p , < z  n  I - - - ’ '

w here  a((lr,). dp^^,d^n)) th e  average  n u m b e r  o f  code sequences hav ing  effective len g th

Ir, an d  squared  p ro d u c t  d is tan ce  dp^^j and  K  is th e  ra t io  of power in th e  d ire c t  p a th  

to th e  power in th e  m u l t ip a th  [32]. T h e  a s y m p to t i c  perfo rm ance  of th e  co d e  is 

a p p ro x im a te d  by th e  t e r m  w ith  th e  sm a lle s t  djrod a^nd

((1 +
P . ^ c . ( { L ) . d l , , , ( L ) Ÿ  (2.26)

' 4.Vo 1 ^ p r o d ^ ^ '
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N ote  th a t  e r ro r  r a te  is p ro p o r t io n a l  to

1

F./.Vo
(2.27

w here È s/ \ q is th e  a v e rag e  signal-to-noise ra t io  (S X R ).  a n d  L =  is th e  m in im u m  

n u m b er  of d iffering sy m b o ls  a long  an erro r  p a th .  In a n  u n c o d e d  s y s te m , =  I 

is typical. T h u s ,  large ga ins  could  be achieved by m a x im iz in g  th e  o f  th e  code. 

T h is  being th e  case, we seek to  m axim ize  a n d  l^g for t h e  c lass o f  codes u n d e r

investiga tion .

2.7  Su m m ary

In this c h a p te r ,  we in t ro d u c e d  som e o f  the  f u n d a m e n ta l  d e f in i t io n s  a n d  pe rfo rm ance  

c r i te r ia  th a t  will be  used  in la te r  chap ters .  In Sec tion  2.2. d e f in i t io n s  for rings an d  

a r i th m e t ic  on  rings w ere g iven. T he  overall d ig ita l  c o m m u n ic a t io n  sy s te m  was pre­

sen ted  in Sec tion  2.3. D efin it ion  an d  an in t ro d u c t io n  to  t h e  c lass  o f  codes to  be 

considered  w ere p re se n ted  in Section  2.4. In Section  2.6. th e  d i s t a n c e  m easu res ,  pe r ­

fo rm ance  e s t im a te s  a n d  t h e  p a ra m e te rs  th a t  affect th e  c odes ' p e r fo rm a n c e  on fading 

a n d  .A.VVGX channels  w ere  p resen ted .
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C hapter 3 

Som e R ate 1 /2  C onvolutional R ing  
C odes

3.1 In trod u ction

In th is  c h a p te r ,  the  search  a lg o r i th m s  a re  d esc r ib ed  a n d  results  a re  p resen ted . . \ n  

e x h a u s t iv e  search was ca rr ied  ou t for sh o r t  codes. H ow ever, this search  tec h n iq u e  is 

in t r a c ta b le  for large rings a n d  longer c o n s t r a in t  len g th s  as th e  n u m b e r  of s ta te s  a n d  

p a th s ,  t h a t  m u s t  be considered , increase  e x p o nen tia l ly .  .A. reduced  search  a lg o r i th m  

searches  over  a  subset of th e  possible codes. T h e  re d u c e d  search c r i te r ia  were devel­

o p e d  from  th eo ry  as well as em p ir ica l  d a t a  from  th e  p a r t ia l  results  o f  th e  e x h a u s t iv e  

search .

R a te  1 /2  sy s tem atic  codes a re  cons ide red  here  to  e l im in a te  the  possib ili ty  of find­

ing c a ta s t r o p h ic  codes as well as to  red u ce  th e  n u m b e r  o f  c a n d id a te  codes. C odes  

w ith  /o  =  1 in the  feedback  po lynom ia l  f ( x )  a re  con s id e red .  This  cond it ion  ensu res  

th a t  th e  e n c o d e r  is ra t io n a l  a n d  form al long d iv ision  o f  g ( D )  by f ( D )  is allowed [3. S]. 

C o n s id e ra t io n  is also re s t r ic te d  to  codes w ith  a  fully reachab le  trellis a n d  no para lle l  

t r a n s i t io n s .  Fully reachab le  trellis m ean s  t h a t  it is poss ib le  to  reach all possib le  s ta te s  

in th e  tre l lis .  T he  fully reachab le  c o n d it io n  was chosen  as it was felt t h a t  w hen  t ry in g  

to  m a x im iz e  th e  l^g or sym bo l d is tan ce  a  tre llis  w i th  m o re  s ta te s  would have  a  longer 

effective p a th .  Parallel t ra n s i t io n s  w i th in  th e  tre llis  l im it  th e  effective leng th  of th e  

co d e  [2 0 . 2 2 ] a n d  thus  th e  search  was r e s t r ic te d  to  codes w i th o u t  para lle l  t ran s it io n s .

T h e  se a rc h  was carr ied  ou t  to  find codes w ith  t h e  m a x im u m  a n d  leg- F rom  

th is  set o f  codes, the  codes w ith  m in im u m  n u m b e r  o f  p a th s  a n d  th e  m in im u m  n u m ­

b e r  o f  e r ro rs  along those  p a th s  were se lec ted .  W h e n  m u lt ip le  codes w ith  iden tica l
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l^ff ex is ted  th e n  a d d it io n a l  t e r m s  in the  product t ra n s fe r  fu n c t io n  w ere used  in th e  

selection process. Following th a t  selection, codes w ith  m a x im u m  sq u a re d  E uc lidean  

d is tance ,  were chosen w i th  a m in im um  num b er  of p a th s  w i th  t h a t  d is ta n c e ,  n/rcf 

a re  selected.

.As p reviously  s ta t e d ,  we w ere looking for codes th a t  would w ork  well in a varie ty  

o f  fading e n v iro n m en ts .  .As such , we chose to  m ax im ize  th e  c o d e s '  p e r fo rm a n c e  for 

Rayleigh fading a n d  th e n  se lec t  th e  best codes for th e  .AWGX c h a n n e l  from  these  

codes. .At low SX R . th e  p e rfo rm a n c e  is do m in a ted  by noise r a t h e r  t h a n  by fading, 

th u s  it is im p o r ta n t  to  have  good  perfo rm ance in .AWGX as well as  in fading.

3.2 E x h a u stiv e  Search

It should  be no ted  th a t  th e  search  space was reduced  by ha lf  as t h e  code  defined  by 

g ( x ) l  f ( x )  had  th e  sa m e  c h a ra c te r is t ic s  as —g ( x ) l  f i x ) .  Unless o th e rw is e  specified, th e  

tab les  p resen t only  g { x ) / f ( x )  as th e  calculation of —g { x ) l f i x )  g iven  th is  in fo rm a t io n  

is triv ia l.  For ex am p le ,  in t h e  first line of Table 3.1 in Z 3  th e  code  1 1/21 is p re se n ted .  

T hus ,  ^(.r)  =  X +  I a n d  —g{ x )  =  —x  — 1 =  2x +  2. so 22 /21  is a lso  a  good code.

In th e  tab les  th e  p o ly n o m ia ls  g( x )  and  f i x )  are d e n o te d  as g^Çs-i - . -goj f s f s - \ - - - f o -  

T h e  a sy m p to t ic  gain  on an  .AWGX channel in dB is g iven  by E q u a t io n  2.13.

T he  pseudocode  in S ec tion  3.2.1 is included to  show th e  ge n e ra l  o u t l in e  o f  th e  

search  a lg o r i th m . T h e  code  is w r i t te n  to i l lu s tra te  th e  fu n c t io n in g  o f  th e  a lg o r i th m  

only. T h e  o u tp u t  of th e  search  a lg o r i th m  is th e  t ru n c a te d  E u c l id ean  t ra n s fe r  function  

an d  the  t ru n c a te d  p ro d u c t  t ra n s fe r  function. Both t ra n s fe r  fu n c t io n s  c o n ta in  up  to 

2 0  te rm s  a n d  c on ta in  th e  following inform ation: th e  sq u a re d  d i s t a n c e  m ea su re ,  th e  

n u m b er  of p a th s  and  th e  n u m b e r  o f  in form ation  sym bol erro rs  a lo n g  th a t  p a th ,  a n d  

for the  p ro d u c t  t ran sfe r  fu n c t io n ,  th e  num ber of coded  sym bols  t h a t  differ from  th e  

correct pa th .

T he  search  was ca rr ied  o u t  in th is  way because th e  t ra n s fe r  fu n c t io n  was desired . 

Th is  in fo rm ation  can  th e n  b e  used  to  select th e  best codes based  on  th e  p e rfo rm a n c e  

e s t im a te .  .As th e  codes a re  l inear,  we assum e, w ith o u t  loss o f  g e n e ra l i ty  t h a t  th e  

all-zero sequence  is t r a n s m i t t e d .

In th e  following sec t ions ,  th e  pseudo-code of th e  search  a lg o r i th m  is p re se n ted



3. Som e Rate 1/2 Convolutional R ing Codes 21

a n d  th e  search  resu lts  a re  t a b u la te d .  T h e  tab les  present th e  first th r e e  t e r m s  o f  th e  

p ro d u c t  a n d  Euclidean  tran s fe r  function  for the  resu lting  codes. T h e  a s y m p to t ic  

co d ing  ga in  over B P S K  on th e  .AWGX is presen ted  in th e  tab les  w i th  th e  E uc lidean  

t ra n s fe r  function  to  enab le  a  c om par ison  be tw een  the  various codes.

3.2.1 Search A lgorithm

.A brie f  e x p la n a t io n  of th e  search  a lg o r i th m  is presented  here. For each  en c o d e r  

co n s id e red ,  th e  a lg o r i th m  in it ia l ly  advances  in the  trellis a long th e  p a th  from  inpu t

( 1 . 0 . 0 ___ ) un til  e i th e r  it m erges  w ith  th e  all-zero p a th  or th e  m a x i m u m  d e p th  of

th e  search . T h e  d e p th - to -sea rch  is an  in p u t  p a ra m e te r  in to  th e  a lg o r i th m  a n d  is set 

to  e n su re  th a t  th e  first te rm s  o f  th e  t ra n s fe r  function are  inc luded  in th e  t r u n c a te d  

t ra n s fe r  functions.

For each  advance , th e  Euclidean  d is ta n c e  an d  the  p roduct d i s ta n c e  a re  c a lc u la te d  

for each  node in th e  trellis a long  th e  search  pa th .  W hen  a m e rg e r  w i th  th e  all-zero 

p a th  occurs , th e  d is tance  cha rac te r is t ic s  a re  recorded and  the  n u m b e r  o f  p a th s  for the  

d is ta n c es  is u p d a te d .  .After a m erger  (or going to the  m a x im u m  se a rc h  d e p th )  th e  

a lg o r i th m  back tracks  a long th e  p a th  by one  node. T he  input s y m b o l  is in c re m e n te d  

from  th e  previous p a th  th a t  was considered . If it is equal to  q t h e n  th e  a lg o r i th m  

se ts  it to  zero an d  back tracks  one  m ore  node. The a lgo r ithm  a g a in  a d v a n ce s  using 

t h e  c u rre n t  node 's  d is tance  cha rac te r is t ic s .

If th e  a lgo r i thm  hits  th e  m a x im u m  d e p th  to be searched w i th o u t  m erg in g ,  it will 

b a c k tra c k  along th e  search p a th  by one  node  and  con tinue  th e  sea rch .  It does not 

reco rd  th e  d is tance  in fo rm ation  in th is  case.

T h e  search  te rm in a te s  w hen a f te r  th e  search  pa th  [ q — 1 .g — 1 .g — I . . . . )  as it will 

back  t ra c k  to  th e  beg inn ing  of th e  tre llis  a n d  then  increm ent th e  s y m b o l  to  q which 

is an  invalid  inpu t w hen w orking w ith  e le m en ts  from Z , .

T h e  de ta i ls  o f  th e  search a re  o u t l in ed  in th e  pseudo-code below:
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begin;
input p a ra m e te rs  of search: 

initialize m em o ry :

C oder :  Is th e re  a n o th e r  encoder  to  t e s t?

if  XO {
goto Finish:

}else {
set n e x t  en c o d e r  taps :

}
c re a te  trellis:

Is trellis fully reachab le?

if XO {
goto Coder:

}

In it:  set m ax .d e p th  from inpu t:

set po in te r  to  0 :

set sym bols for first e rro r  p a th  to  1 0 0 0 0 0 .
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Search: Is pointer between 0 and max_depth? 

i f  YES {

Move forward to next s ta te :

if  pointer =  m ax .dep th -l  and no merge next s ta te  { 

move pointer back one node along path: 

g e t  next symbol on path: 

g o to  Search:

}
Update  distance measures a t  trellis node:

Is there a merger with the correct pa th?  

if  YES {

Is pointer less than  max_depth? 

if  YES {

r e c o r d  the d istances for the error event: 

m o v e  pointer back one node along path: 

g e t  next symbol on path: 

g o to  Check:

} e lse  {

Is pointer equal to  max_depth? 

if YES {

r e c o r d  the d istances for the error event: 

m o v e  pointer back two nodes along path: 

g e t  next symbol on path: 

g o to  Check:

}

}
} e ls e  {

Is pointer equal to m ax .dep th?  

if  \ 'E S  {

m o v e  pointer back one node along path: 

g e t  next symbol on path: 

g o to  Search:

}
}
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Check; Are distances worse than  the best code on record? 

if Y ES{

term inate  search on this code: 

goto Coder:

} e lse  {

goto Search:

}

Finish: s a v e  to disk sum m ary  results and truncated transfer function: 

e n d :

3.2.2 U nit M em ory Codes

In the  tab les, t r u n c a te d  t ra n s fe r  functions  are  g iven for th e  codes t h a t  were found. In 

Tables 3.1 an d  3.2. th e  first th re e  te rm s  in th e  p ro d u c t  t ra n s fe r  fu n c t io n  a re  p resen ted . 

T he  te rm s  n . d ' . e . l  a re  th e  n u m b e r  o f  p a th s  w ith  th e  sq u a re d  p ro d u c t  d is ta n c e  of 

(P. the  n u m b er  of e rro rs  w ith  th a t  d is tan ce  an d  th e  len g th  ( n u m b e r  o f  non-zero 

sym bols) for those  p a th s ,  respectively. T h e  E uclidean  t ra n s fe r  fu nc t ion  is p resen ted  

in Tables 3.3 a n d  3.4. T h e  search  d e p th  th rough  th e  tre llis  for th e  c o n s tra in t  length  

one codes is 7 in fo rm a t io n  sym bols .

In som e cases, th e re  a re  m u lt ip le  codes p resen ted  for a  g iven  r ing . T h e  first code 

has th e  best a s y m p to t ic  p e r fo rm a n c e  as th e  pe rfo rm ance  is d o m in a te d  by th e  and  

th e  squared  p ro d u c t  d is ta n c e  o f  pa th s  w ith  P f .  (i.e .. dlro.pleff))-  However, a t  low 

SXR. o th e r  te rm s  in th e  t ra n s fe r  function  will c o n tr ib u te  to  th e  e r ro r  pe rfo rm ance . 

The  second code, w hich is m a rk e d  w ith  an  as ter isk , takes  in to  c o n s id e ra t io n  up to  ten 

te rm s in th e  p ro d u c t  t ra n s fe r  function. .As these  codes are  c o n s id e red  for low SXR 

perform ance, m ax im iz in g  P g  a n d  is less im p o r ta n t  t h a n  m in im iz ing  the

su m m a tio n  in E q u a t io n  2.25.  T hese  codes have b e t t e r  E u c l id e a n  d is ta n c e  p roper tie s  

th a n  th e  fading codes. T h is  is beneficial when o p e ra t in g  in low S X R  cond it ions ,  as 

th e  noise will affect th e  p e rfo rm a n c e  o f  th e  code [32].
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T a b le  3 .1 .  Product d is tance  profiles f o r  unit m e m o ry  codes f o r  Z  ) to  "Lu
Codes

01/ 11.10/11

11/ 21.12/11

11/21.13/21

12/21.13/31

22/41 .23/11

11/21.1.5/41

12/31.14/31

12/31.15/41

23/11 .24/61

32/11 .32/21

35/51 .35/61

10

11

13/21.15/61

12/31.16/51

23/51 .25/31

12/41.17/51

42/71 .47/21

24/31 .25/61

14/31.16/71

23/71 .27/31

53/41..58/71

Til ei

1 64 2

2 81

1 64 1

I d I

1 64 1

1 64 1

1 256 2.0 4

4 243 2.5 5

32 1.5 4

4 34.549 2Z..3 O

2 4

1 64 2 3

2 17.12 2 4

2 2.343 2 4

2 1.404 2

2 27 1

1 64 1

2 4.958 2 4

2 2.-548 1 4

1.38 2 4

2 2.807 2 2 3.324 2 4

n.3
1 1024 2.0 5

729 3 6

1 256 2 4

4 90.451 2' .o o

81 2 4

12 2 4

2 26.61 2 4

2 13.656 2 4

2 11.64 2 4

2 3.83 1 4

2 3.618 2 4

2 4.814 2 4



■3. Som e Rate 1 /2  C oncolutional R ing  Codes 26

T a b l e  3 .2 .  Product  di s tance profiles f o r  unit  m e m o r y  codes f o r X y i  to Z i 6

Z , Codes h f f ni d \  ei n , d\ e i /o «3 < 3  ^3 h
1 2 2 5 /11 1.2 7/11 1 

5 2 /11  1. 5 5 /2  1 

5 7 /lO  1. 5 10/1 1

3 1 64 1 2 .268 2 4 2 3 2 4

1 2 * 2 5 /3  1.2 5 /9  1 

2 7 /3  1.2 7/91

3 2 27 1 1 64 2 3 4 2.00 2 4

13 24/51 .63 /81  

23 /71 .64/21  

29/81.6 10/5 1 

6  9 /11 1.2 10/6 1

4 2 1.372 2 2 1.875 2 4 2 2.114 2 4

13* 3 5 /2  1.4 5 /7  1

2 8 /3  1.2 5 /10  1 

6  5 /4  1.6 8 /9  1

3 8 /11 1.4 8 / 6  1

4 4 1.217 2 4 8.556 2 4 4 16.227 2 4

14 3 5 /12  1.3 9 /2  1

5 4 /11 1.5 10/3 1

6  3 /5  1.6 11/9 1

3 1 64 2 2 0.753 2 4 2 2.445 2 4

15 2 11/8 1.7 4 /2  1 

2 4 /7  1 7 11/13 1

4 8  1 . 0  2 4 25 2 4 2 81 2 4

15* 2 9 /9  1 2 2 9.0 2 2 1.307 2 4 2 1.49 2 4

16 3 9 /14  1.37/21 3 1 64 1 2 0.4237 2 4 2 0.9489 2 4

16* 3 6 /2  1. 3 6 /14  1 2 1 16.0 2 2 0.376 2 4 2 0.842 2 4
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T a b l e  3 .3 .  Truncated trans fer  f u n c t i o n s  f o r  uni t m e m o r y  code f o r  codes p r e se n te d  

in Table 3.1 f o r  Z  > to Z n

z . C odes |n i  d\ rZ2  dl  6 2  1^3 d\  63 d B

2 0 1 / 1 1 . 1 0 / 1 1 1 1 2 . 0 0  2 1 16.00 2 1 2 0 . 0 0  2 1.76

3 1 1 / 2 1 . 1 2 / 1 1 2  1 2 . 0 0  2 4 15.00 2.5 8  18.00 3 3.76

4 11/21 .13/21 4 10.00 1.5 5 12.00 2.2 6  14.00 3 3.98

5 12/21 .13 /31

22 /41 .23 /11

4 10.00 2 4 11.38 2.5 8  12.76 3 4.63

6 11/21 .15/41 2  6 . 0 0  2 2 7.00 3 2 8.00 4 2 . 8 8

6 * 12/31 .14/31 S 9.00 1.75 4 10.00 2 21 12.00 3.62 4.64

1 12/31 .15/41

23 /11 .24 /61

32 /11 .32 /21

3 5 /51 .35 /61

2 7.75 2 2 7.90 3 2 8.51 2 4.35

S 13/21.15/61 2 6.59 2 4 9.17 3 2 9.41 2 3.93

9 12/41 .17/51

42 /71 .47 /21

2 5.18 3 2 6.36 2 2 6.47 2 3.12

9* 24 /31 .25 /61 2 6.77 1 4 7.71 2.5 2 7.82 1 4.29

1 0 14/31 .16/71

23 /71 .27 /31

4 7.00 2 2 7.38 2 2 7.53 3 4.63

1 1 53 /41 .58 /71 4 6.69 3 2 7.01 3 2 7.08 2 4.61
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T a b l e  3 .4 .  Truncated trans fer  f u n c t io n s  f o r  unit m e m o ry  code f o r  codes presented  

in Table S. I f o r  Z u  to Z ia

z . Codes nx d \  Cl 0 2 di  € 2 «3 < 3  C3 5 rc dB

1 2 2 5 /11  1.2 7/11 1 

5 2 /11 1. 5 5 /2  1 

5 7 / lO  1. 5 10/1 1

2 5.27 2 4 5.54 3 2  6 . 0 0  2 3.73

1 2 ' 2 5 /3  1.2 5 /9  1 

2 7 /3  1.2 7 /9  1

2  6 . 0 0  2 6  6.54 3.3 6  7.00 2 4.30

13

13

2 3 /7  1.6 4 /2  1 

2 4 /5  1.6 3 /S  1 

2 9 /S  1.6 10/5 1 

6  9 /11  1.2 10/6 1

2 5.96 3 4 6.4S 4 2 6.57 5 4.40

13 ' 3 5 /2  1.4 5 /7  1

2 S /3  1.2 5 /10  1 

6  5 /4  1.6 S /9  1

3 S / l l  1. 4 S 6  1

4 6.34 4 4 6.35 2 4 6.5S 2.5 4.67

14 3 5 /1 2  1.3 9 /2  1

5 4 /11  1.5 10/3 1

6  3 /5  1.6 11/9 1

2 5.74 4 2 5.75 2 4 5.96 4 4.37

15 2  l l / s  1 . 7 4 /2  1 

7 11/13 1. 2 4 / 7 1

4 4.94 2.5 4 5.77 3.5 2 6.22 4 4

16 3 9 /1 4  1 .37/21 2 4.21 3 4 4.34 5 2 4.3S 3 3.23

16 ' 3 6 /2  1. 3 6 /14  1 4 5.33 4 2 5.39 2 2 5.4S 3 4.25
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Table 3.5. Product  distance profi les  codes with cons traint  length two f o r  Z ,  to

C odes n i 4 ei 4 ^ 2 iz «3 <3 (̂ 3 I3
2 l O I / I l l . 111/101 5 1 1024 2 2 4096 2 6 4 16384 3.5 t

3 1 1 1 / 1 2 1 . 1 1 2 / 2 1 1 G 6 729 3 4 2187 3.5 26 6561 4 8

1 2 1 / 1 1 1 . 1 2 2 / 2 2 1

4 113/321 .133 /321

123/311 .123 /331

5 1 1024 2 - 128 3 2 2 4096 3 6

5 213/431 .

243/421

6

6

1 2 125 3 84 625 4 8

6 115/541.1.5.5/521 5 1 1024 2 2 3 3 6 6 729 3 6

I 14.5/531.123/351

1.53/321.135/541

6 6 49.00 3 8 7.31 3.5 i 4 36.90 3.5 1

' 144/221.1.52/431 6 4 15.09 3 4 31.51 3 6 6 49.00 3 6

S 355 /761 .325 /711 5 1 1024 3 2 4.69 3 6 2 27.31 3 6

335 /761 .355 /721

3.2.3  Constraint L ength  T w o Codes

T ables  3.5 a n d  3.6 p resen t r e s u l ts  for codes th a t  m ax im iz e  th e  P g  a n d  The

e x h a u s t iv e  search  was c a r r ie d  o u t  for codes over Z , .  w here  q =  { 2 .3 .........S}. The

search  th rough  th e  tre llis  was se t  to  a t  least seven sym bols .  .As th e  n u m b e r  o f  p a th s  

increases  ex p o n en tia l ly  w ith  t h e  d e p th  o f  th e  search , th e  search  is t r u n c a te d  betw een  

seven  and  n ine  sym bols . It is poss ib le  t h a t  som e long p a th s  w i th  sm a l l  E u c l id e a n  or 

p ro d u c t  d is tances  a re  m issed  d u e  to  t h e  t ru n c a te d  search . H ow ever, th e  search  pa th  

was set to a  reasonab le  len g th  to  find th e  p a th s  t h a t  d o m in a te  t h e  p e r fo rm a n c e  of 

th e  codes.

3.3  R ed u ced  S earch

.As th e  e xhaust ive  search  t im e  grow s ex p o n e n tia l ly  w ith  t h e  n u m b e r  o f  e le m e n ts  in 

th e  r ing and  th e  c o n s tra in t  l e n g th  o f  th e  code, th is  search  m e th o d  soon becom es 

im p rac t ica l  d u e  to  th e  r e q u ire d  c o m p u ta t io n a l  t im e . In o rd e r  to  find good codes in
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Table 3.6. Truncated t rans fe r  f u n c t i o n s  codes with constraint  length two f o r  Z 3  to 

Z s
z , C odes Hi d\  ei n2 4 e.’ «3 4 f3 9rc

2 1 0 1 / 1 1 1 . 1 1 1 / 1 0 1 1 20.00 3 2 24.00 3 4 28.00 3.25 3.97

3 1 1 1 / 1 2 1 . 1 1 2 / 2 1 1

1 2 1 / 1 1 1 . 1 2 2 / 2 2 1

6 IS.OO 3 4 2 1 . 0 0 3.5 26 24.00 4 5.52

4 123 /311 .123 /331 4 14.00 3 8 16.00 3.8 14 18.00 3.9 5.44

4 113 /321 .133 /321 4 14.00 3.5 8 16.00 3.2 14 18.00 4 5.44

5 2 1 3 /4 3 1 .2 4 3 /4 2 1 1 2 15.00 3 32 16.91 4.5 84 20.00 4 6.39

6 115 /541 .150 /521 2 8.00 3 2 9.00 2 . 0 4 1 0 . 0 0 4 4.12

< 145 /531 .123 /351

153 /321 .135 /541

4 11.70 3.5 2 12.42 6 4 12.79 4 6.13

S 325 /7 1 1 .3 6 5 /7 7 1

33 5 /7 6 1 .3 5 5 /7 2 1

2 10.59 3 4 11.76 3 4 1 2 . 1 0 5 5.98

a  reasonab le  a m o u n t  o f  t im e ,  it is im p e ra t iv e  t h a t  th e  n u m b e r  o f  c a n d id a te  c o d e s  be  

red u c e d .  In th e  following sec t ion , we deve lop  b o u n d s  on th e  effective leng th  o f  t h e  r a te  

1 / 2  sy s te m a t ic  recu rs ive  co n v o lu t io n a l  codes. L’sing this resu lt  a n d  som e  p r o p e r t ie s  

o f  good  fading codes from  th e  e x h a u s t iv e  search  in Section 3.2. we p laced  c o n s t r a in t s  

on  th e  tap  p o lynom ia ls  f { D )  a n d  g ( D) .  T h e  reasoning an d  th e  res t r ic t io n s  will be 

p resen ted  in S ec tion  3.3.2. R e d u c in g  th e  n u m b e r  of codes to  be searched  a llow s  us 

to  search  for longer  c o n s tra in t  le n g th  codes. T h e  results  o f  th e  red u ced  s e a rc h  a re  

p re se n ted  in Sec tion  3.3.3.

3.3 .1  B ounds on

In th is  section, we in v es t ig a te  th e  m a x im u m  T g  possible for th e  e n c o d e r  s h o w n  in 

F ig u re  2.2.

T h e  m essage p o ly n o m ia l  in p u t  in to  th e  e n c o d e r  is defined as

(3.1 :

w h e re  m, G Z , .
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W ith  a  convolu tional encoder, th e  m essage  po lynom ials  can have  infin ite  len g th .  

W e follow th e  convention  th a t  th e  sy m b o ls  a re  t r a n s m i t t e d  in ascend ing  o rd e r .  In 

o th e r  w ords, if the  m essage begins to  e n te r  th e  en co d er  a t t im e  0 . th e  sym bo l e n te r in g  

t h e  e n c o d e r  a t  t im e  i will be  m, w here  i can  range  from  0 to infinity. We a lso  follow 

th e  conven tion  th a t  an y  zero t e rm  is left ou t  o f  th e  expression a n d  if m ,  is non -ze ro  

a n d  m, =  0. Vi >  .s th e  degree  o f  m { x )  is s  o r  d e g (m (x ) )  =  s an d  th e  m essage  len g th  

will be considered  to be s.

Recall t h a t  the  encoder  pe rfo rm s s im u l ta n e o u s  m u lt ip l ica t ion  by  g{ x )  a n d  d iv is ion  

by  f i x ) .  W h e n  working over a field, t h e  d ivision a lg o r i th m  s ta te s  t h a t  if f ( x )  0.  

t h e n  th e re  exist po lynom ials  q(x)  a n d  r(x )  such  th a t  for any a rb i t r a ry  p o ly n o m ia l  

g{j^)

g ( x )  =  q { x ) f ( x )  + r i x ) .  (3.2)

w here  deg[r[x]]  < d e g ( f ( x } ) .  T h e  po lynom ia ls  q{x)  and  r(j-) a re  know n as th e  

c iuotient a n d  rem a in d e r  po lynom ials  defined  as

q{x)  =  . . .  -r qs-^^ +  * T  • • • +  ÇiJ’i -r <7o- ( 3.-1 )

r{x] - r.i^ix'^~^ -f + . . .  +  r^xi  +  cq. (3.4)

w ith  d  = d e g i f i x ) )  and  q, .r ,  t  Z , .

W hen  Z,j is not a field, th e  ex is te n ce  of c|(x) a n d  r(x )  is not g u a ra n te e d .  W e will 

dea l  w ith  th is  case in th e  following sec tion .

W ith  respect to  th e  en co d er  show n in F igu re  2.2. q{x)  is th e  o u tp u t  z ,  o f  th e  

e n c o d e r  a n d  r{x)  defines th e  s ta t e  o f  t h e  encoder .  T h e  o u tp u t  sym bols  of th e  e n c o d e r  

a t  t im e  i a re  rn, and  (gom, +qi  ) m o d  q. N o te  th a t  q is th e  size of th e  sym bol a lp h a b e t  

a n d  q, is th e  coefficient o f  th e  q u o t ie n t  po lynom ial.

We w an t to  find th e  sho rte s t  m essage . m (x ) .  th a t  leaves a n d  reen te rs  th e  zero  

s t a t e  as <  2 (d eg (m (x )  4 - I )) . S ta te d  a n o th e r  way. we wish to  find th e  m { x )  w ith  

sm a l le s t  deg ree  such th a t

m ( x ) g { x )  =  0 m od  f i x ) .  (3.5)

o r  e q u iv a len t ly

m i x ) g i x )  =  q i x ) f i x ) .  (3.6)

w h ere  r (x )  =  0 .
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C o n s id e r  in Equation  3.6 we a re  looking  for the  smallest m u l t ip le  o f  g (x )  w hich  is 

d iv is ib le  by f(x). solution sa tis fy ing  th is  res tric tion  is

m (x )^ (  j*) =  c * lcm ( /( j - ) .^ ( j - ) )  (3.7)

w here  c is an  a rb i t ra ry  c o n s ta n t  in Z,, a n d  lcm (f.g)  is th e  least c o m m o n  m u lt ip le  of 

f(x) a n d  g(x).

For n o t â t ional convenience we will refer to  m (x). f(x) a n d  g (x )  as m . /  a n d  g. 

respective ly .

C ons ide r  th a t  a~^ f g  =  \ c m ( f . g ) g c d { f . g )  [.50]. where a is th e  lead ing  coefficient

o f  f g .  Using this result, we can define  t h a t  th e  degree of l c m ( / .

d e g ( lc m ( / .g ) )  =  d e g ( / )  +  deg(g) -  d e g (g c d ( / .^ ? ) ) (3.8)

F rom  Ecjuation 3.7 the  degree o f  m { x )  is defined  by

deg (m )  =  d e g ( l c m ( / .g ) )  -  deg(g) . (3.9)

=  c le g ( /)  -  d e g (g c d ( / .^ ) ) .  (3.10)

T he refo re  the  m ax im u m  for a  code  is bounded  by

l,ff < 2 ( d e g ( / )  -  d e g ( g c d ( / . ^ ) )  +  1). ( 3 . I I )

T h is  also gives an insight in to  how to  find codes w ith  m a x im u m  l ^g.  W h en

g ^ à i f . g )  --- I th en  < 2 ( d e g ( / )  +  I).

For th e  case when Z ,  is a field a n d  g c d ( / . ^ )  =  I. we conclude  th a t  for th e  code.

g { x ) j f i x ) ,  th e  m ax im u m  effective len g th  is bounded  by < 2 ( d e g ( / )  +  I) a n d  th e  

s h o r te s t  p a th  is defined by a  m u l t ip le  o f  f { x ) .

In th e  case  when Z^ is not a  field, we need  to set res tr ic tions  on  th e  d iv iso r  such 

th a t  d iv is ion  is defined. Recall f rom  S ec tion  2.2 th a t  if th e  lead ing  coefficient o f  th e  

d iv iso r  is a  un it  in the  ring, th e n  th e  d iv is ion  a lgorithm  can be a p p lie d .  T h u s ,  th e  

b o u n d  in E q ua tion  3.11 holds as well in th is  case.

However, we can bound  t ig h te r  if we look a t  the  case w hen th e  d iv iso r  c on ta in s  

zero  d ivisors. We assum e th a t  g c d ( f . g )  =  1 thus m( x )  =  c f { x )  is th e  sm alles t  

m essage  which can set th e  r e m a in d e r  to  zero. We choose c such t h a t  we ach ieve  th e
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m a x im u m  n u m b er  of zero  coefficients in t h e  m essage . T h e n  we can  lower th e  b o u n d  

on  Ifff by  th e  n u m b er  of zero d ivisors  t h a t  p ro d u c e  zero  w hen  m u lt ip l ie d  by c.

T h u s ,  if  th e  d iv isor. f(x). con ta in s  ze ro  d iv iso rs , it is possib le  to  red u c e  th e  b o u n d

to

<  2 ( d e g ( / ) - r  1 ) — (3.12)

w here  n . j  is the  m a x im u m  n u m b e r  o f  zero -d iv iso rs  in f(x) w hich  a re  set to  zero  by 

m u lt ip l ic a t io n  by an  a rb i t r a ry  c o n s ta n t  c.

To i l lu s t r a te  th is ,  cons ider  t h e  r ing  Zg a n d  f i x )  =  x^  + ' Ix-  +  4j- -|- 1 gcd( f . g )  =  1 

so m ( x )  =  c f { x ) .  If c =  4. th e n  m { x )  =  4j*^ -t- 4 a n d  two zero  d iv iso rs  becom e zero. 

T h u s ,  t h e  m a x im u m /e ^  is b o u n d e d  by 6  f rom  E q u a t io n  3.12 a n d  no t S as in E q u a t io n  

3.11.

F rom  th is  section we can conc lude  f ro m  E q u a t io n  3.12 th a t  t h e  b o u n d  on l^ff is 

m a x im iz e d  when f(x) a n d  g(x) have  no c o m m o n  fac to rs , a n d  E q u a t io n  3.12 p rovides  

a  b o u n d  on  Igff.

3.3.2  Search D efinition

E x a m in in g  th e  resu lts  from th e  e x h a u s t iv e  search  in S ec tion  3.2 for codes w ith  co n ­

s t r a in t  le n g th  two, p resen ted  in Tables 3.-5 a n d  3.6. one  finds th a t  for t h e  tap  po lyno ­

m ia ls  defin ing  the  codes, m an y  o f  th e  p o ly n o m ia ls  a re  irreducib le .  In Section  3.3.1. it 

was show n th a t  f f f  was m ax im ized  w hen  th e  g re a te s t  c o m m o n  d iv iso r  o f  the  n u m e r ­

a to r  a n d  d e n o m in a to r  po lynom ials  was one . T h is  c o n d it io n  is g u a ra n te e d  w hen b o th  

p o ly n o m ia ls  are i rreducib le  as th e  p o ly n o m ia ls  have  no d iv isors  o f  lesser degree.

R e s t r ic t in g  the  search  to  i rreduc ib le  p o ly n o m ia ls  for f { D )  a n d  g( D)  is m ore  re s t r ic ­

t iv e  th a n  requ ir ing  g c d { f ( D ) . g ( D ) )  =  I . how ever, resu lts  from  S ec tion  3.2 in d ic a te  

t h a t  ir red u c ib le  po lynom ials  a re  a  good  choice  to  search  for good  codes.

.A nother reason for th is  re s t r ic t io n  is th e  c o n n e c t io n  to  shift  reg is te r  sequences . 

Leaving  a  non-zero  s ta t e  will cycle  th ro u g h  a  n u m b e r  o f  s ta te s  before  r e tu rn in g  to  th e  

o r ig ina l  s ta t e .  If th e  po lynom ia l  is p r im it iv e  t h a n  th e  leng th  o f  th e  cyc le  is m ax im ized .

F rom  th e  results  in Section 3.2. t h e  g o o d  codes w ere  no t necessa ri ly  p r im it iv e  a n d  

th u s  th e  p rob lem  here  is to  find i r re d u c ib le  p o ly n o m ia ls  over  Z , .  T h e r e  a re  severa l  

tab le s  o f  i rreducib le  po lynom ials  in Zp =  G F ( p )  w h e re  p  is p r im e  t h a t  a re  p re se n ted  

in [.50]. However, th e  tab les  d id  not p ro v id e  all o f  t h e  po ly n o m ia ls  t h a t  w ere req u ired .



s. Som e Rate 1/2 Convolutional R ing  Codes 34

To o b ta in  th e  necessary  p o ly n o m ia ls ,  we used  the  E ra to s th e n e s  sieve m e t h o d  to  find 

th em . To find th e  i r re d u c ib le  p o ly n o m ia ls  o f  degree n u s ing  th is  m e t h o d ,  one  first 

c rea tes  a  list o f  all possib le  p o ly n o m ia ls  o f  d egree  n.  T h e n  all p o ly n o m ia l  fac to rs  th a t  

form  a  degree  n po ly n o m ia l  a re  m u l t ip l ie d  toge the r ,  a n d  th e  re s u l t in g  p o ly n o m ia l  is 

rem oved from  th e  list. T h is  is r e p e a te d  u n t i l  a ll possible c o m b in a t io n s  o f  fac to rs  have 

been used. .After th is  process th e  p o ly n o m ia ls  rem ain ing  in th e  list h a v e  no factors 

w ith  degree less th a n  n.

This m e th o d  is inefficient to  find po lynom ia ls  w ith  a h igh degree , d u e  to  th e  large 

n u m b er  o f  m u lt ip l ic a t io n s  o f  p o ly n o m ia ls  requ ired . T h e  E r a to s th e n e s  s ieve  m e th o d  

was a c c e p tab le  for finding th e  p o ly n o m ia ls  used  in th is  d is s e r ta t io n  as  t h e y  d id  not 

requ ire  po lynom ia ls  w i th  large degree . T ab les  o f  the  po lynom ia ls  can  b e  found  in [50] 

w hen q is p r im e  a n d  in .Appendix  .A for se lec ted  degrees a n d  values o f  q w h e n  q is not 

prim e.

.As th e  n u m b e r  o f  s ta te s  increases ,  so does  the  search  t im e ,  we will r e s t r ic t  our 

search to codes w ith  256 s ta te s  o r  less.

T he  search  was ca rr ied  o u t  in t h e  s a m e  m an n e r  as th e  e x h a u s t iv e  se a rc h ,  except 

for the  a d d it io n a l  co n d it io n  th a t  / (  D ) . g ( D )  were forced to  be i r r e d u c ib le  in th e  ring. 

T h is  is in a d d i t io n  to  th e  c o n d it io n s  a l r e a d y  used for th e  e x h a u s t iv e  s e a rc h ,  i.e.. fully 

reachab le  tre llis .  / (O )  =  I. d e g ( / ( D ) )  =  d e g (^ ( D ) |

3.3.3 Search R esults

T h e  resu lts  a re  p re se n ted  in th e  following tab les . T h e  tab le s  p resen t  t h e  c o d e  c h a r ­

ac te r is tics  n/rce- w hich  a re  th e  n u m b e r  of p a th s  w ith  th e  free  d is ta n c e ,  the

square  of th e  free d is ta n c e  a n d  th e  ave rage  n u m b er  o f  e rro rs  for p a th s  w i th  th e  free 

d is tance ,  respective ly . T h e  p a r a m e te r s  Uprod- (fl„d -^p-« ^re  t h e  n u m b e r  o f  pa th s  

w ith  th e  m in im u m  sq u a re d  p ro d u c t  d is ta n c e ,  the  sq u a re d  p ro d u c t  d i s t a n c e  a n d  the  

average  n u m b e r  o f  erro rs  a long  p a th s  w i th  th e  squared  p ro d u c t  d is ta n c e ,  respectively . 

T h e  effective m in im u m  len g th  o f  t h e  code  l^ff is also p resen ted .

In Tab le  3.7. codes w ith  c o n s t r a in t  len g th  two for Zg a n d  Z io  a re  p re s e n te d .  The 

codes w ith  m a x im u m  a re  m a rk e d  w ith  a  *. T h ey  do no t  have  th e  m a x im u m  1^^ 

as shown by th e  o th e r  codes also  in c lu d e d  in th e  tab le .  H ere. is t h e  a s y m p to t ic  

ga in  over B P S K . T h e  ta b le  does  no t  inc lude  m any  codes a bove  Z io  as t h e  search
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t im e  was proh ib itive . T h e  resu l ts  for a re  from a  p a r t ia l  search  o f  t h e  codes. T he  

codes over  p re se n ted  have t h e  best d is tance  p roper t ie s  for th e  p a r t i a l  search . T he

search  was te r m in a te d  early  because  o f  t im e  res tr ic tions , thus ,  th e r e  m a y  be  b e t te r  

codes available in Z ^ .

T h e  res tr ic tion  th a t  th e  codes m ust  have a fully reachab le  t re l lis  forces th e  code 

for c o ns tra in t  leng th  tw o to h av e  q~ s ta te s  in •:he trellis. Each  s t a t e  has  q b ranches  

ex i t in g  and  e n te r in g  th e  s ta te .  T h u s  a search  of d e p th  m  has (q — I) * g™"' possible 

p a th s  to  search. . \ s  an  e x a m p le ,  consider  <7 = 1 1  a n d  a  search  d e p th  m =  7. has 

1.77 X 10' branches to  consider , w hen  g =  16 the  a lg o r i th m  m ust  c o n s id e r  2.51 x 10* 

pa th s .  T h e  a lg o r i th m  e l im in a te s  a  large n u m b er  of these  p a th s  as it d o e s  not con tinue  

to search  pa ths  t h a t  have m erg ed  w ith  th e  all-zero pa th .

In Table 3.S codes from  th e  reduced  search of c o n s tra in t  len g th  th r e e  codes are 

p resen ted . It shou ld  be  no ted  from  th e  tab le  th a t  w hen  q is p r im e  is less th a n  

or equa l  to S. E q u a li ty  occurs in th is  tab le  when q is 5 a n d  7. e x c e p t ,  for q — 3 the  

codes have =  7. W h en  q is n o n -p r im e  th e  m ax im u m  l^ff =  6 . T h e  codes also had

m a x im u m  for th e  reduced  se t  o f  codes except for th e  <7 =  7 case.

T ab le  3.9 p resen ts  co n s tra in t  leng th  4 codes for Z 3  an d  Z^ an d  c o n s t r a in t  leng th  5 

codes for Z3. T h e  encoders  for Z3 have SI . and  243 s ta te s  for defin ing  po ly n o m ia ls  of 

degrees 4 and 5. respectively . T h e  Z^ codes have 256 s ta te s .  Eor th e  256 s ta t e  codes 

in Z 4  th e re  are  a  large n u m b e r  o f  p a th s  w ith  an d  th e  l^ff does no t increase  as 

th e  n u m b e r  of s ta te s  increases f rom  64 (see Table 3.S) to  256 s ta te s .  .Also, th e  256 

s ta t e  codes have four t im es  th e  n u m b e r  of branches as th e  64 s t a t e  co d e  as well as 

a  c o m m on ly  used b in a ry  convo lu t iona l  code. .As it provides no g a in  in a s y m p to t ic  

fad ing  perfo rm ance  over th e  6 4 -s ta te  code, it is highly un like ly  t h a t  t h e  1.2 d B  gain 

on th e  .AWG.N channel  is w or th  th e  ad d ed  com plex ity  to  im p le m e n t  th e  256 -s ta te  

code r a th e r  th a n  th e  6 4 -s ta te  code.
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T a b le  3 .7 .  Codes over  Z ,  f o r  with constraint length 2

Ring polynom ials ^/rte g->z dB ^prod (̂ ~prr)d ^  P e Itff

9 17 5 /5 7 1 .12 5 / 5 2 1 

152/251.142/241

2 8.48 4 6.79 6  9.00 3 6

9* 262/551 .232 /541

434/211 .472 /161

272/161 .422 /131

224/131 .274 /161

2 10.24 3 7.60 2 243 3 5

1 0 367/991 .337 /981  

377/921..347/911 

183/771.123/771 

193/761.113/761 

193/741.113/741 

183/731.123/731 

167/391.147/391 

177/381.137/381 

177/321.137/321 

167/311.147/311

2 9.91 5 7.92 1 1024 3 5

1 0 " 4 7 6 /  9 8  1

4 3 6 /  9 1 1

4 10.06 6  

8  10.06 5

7.98 1 64 2 

1 256 2

3

4

1 2 5 10 11/1 7 1 t 

1 2  7 / 1 7 1 1

2  6  2 1 1024 3 5

t  Search  no t c o m p le te
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T a b l e  3 .8 .  Codes over  Z 3  to  Zg with constraint length ■]

R ing polynom ials ^/ree ^free -^3.e g>z dB fiprod ^prod ^  p.e 1^3
3 1 0 2 1 / 2 2 1 1 . 1 0 2 2 / 1 2 2 1  

1 1 0 2 / 1 2 2 1 . 1 2 0 1 / 2 2 1 1

4 21 3.0 6.19 4 2187 3.0 i

4 1311/3321.1131/3211

1113/1321.1333/1231

2 IS 4 6.54 1 4096 4 6

•5 1223/2131.1213/2231

1143/2421.1343/2441

1322/3121.1312/3221

1312/3221.1242/3411

1442/3431

2 17.76 4 7.12 2 238.729 4 8

6 1154/5231. 1154/5341 6  15.00 4 6.85 4 4096 3 6

1 1325/3621.1263/5231

1422/4651.1564/2241

4 14.90 4.5 7.19 6  90.2172 4.33 8

1 * 1654/5521.1552/3511 2 15.51 4 7.36 2 27.7849 8 4

8 3655/7761. 3253/1721 

3523/1271

4 15.51 5.5 7.65 2 4096 3 6
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T a b l e  3 .9 .  Codes over  Z 3  and  with constraint length g re a te r  than  S

Z 3

degree po lynom ials ^/ree ^]rte Qyz dB riprod ^prod p.e

4 1 0 1 1 1 / 2 1 1 2 1

1 1 1 0 1 / 2 2 1 1 1

1 0 1 2 1 / 2 2 1 1 1

1 2 1 0 1 / 2 2 2 1 1

S 27 4.3 7.28 8  19683 3.8 9

0 1 1 2 1 1 1 / 1 0 2 1 0 1

1 2 1 1 1 2 / 2 0 2 2 0 1

4 30 4.5 7.74 4 59049 4.5 1 0

Z 4

degree po lynom ials ^/ree <̂ ree f ifrc dB ftprod -^p.e

4 12213/11021

13021/32211

12031/33221

12011/31221

12233/13021

11223/12031

13223/12011

73 24 5.44 7.78 1 4096 3 6
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3.4 G au ssian  C od es

A lthough  th e  m a in  th ru s t  o f  th is  d i s s e r ta t io n  was to  find codes for u se  on  th e  fading 

channels , th e  search  ro u tin es  also looked  for codes w ith  m a x im u m  d j^^ .  In some 

cases, th e  best codes found  for fad ing  also  have m a x im u m  d}^^. In th e  following 

tables, th e  ch a ra c te r is t ic s  a re  p re s e n te d  for th e  codes, a n d  is in c lu d e d  to  allow for 

a  com parison  w ith  th e  codes found  for th e  fading channel.  In m a n y  cases  th e  best 

code for th e  G au ss ian  code  has  a  sm a l le r  lf,g for th e  sam e  ring a n d  c o n s t r a in t  length 

th an  th e  code for fading. T h is  is to  b e  e x p e c te d  as l^g is not be ing  o p t im iz e d  in the  

search.

In th e  reduced  search , th e  p o ly n o m ia ls  were chosen to m a x im iz e  th e  effective 

length  o f  th e  code. B ecause  o f  th is  t h e  G auss ian  codes found in t h “ r e d u c e d  search 

m ay not be th e  o p t im a l  code  for th e  .AW G X  channel for th e  given r in g  a n d  cons tan t  

length . Here, o p t im a l  m ea n s  h a v ing  t h e  m a x im u m  over th e  set o f  a ll  codes with 

the  g iven c o n s tra in t  leng th  a n d  g iven  ring. T h e  codes do  have th e  m a x i m u m  d~f^  ̂ in 

the  search  space. T h e  .AW G X  codes found  by the  reduced  search  for codes  over Z., 

where g >  9 for deg ree  2 a n d  for <7 >  4 for co n s tra in t  length  3 codes a re  p re se n ted  in 

Tables 3.12 a n d  3.13.
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Table 3.10. G aussian  unit m e m o ry  codes over  Z 3  to  Z 11

Ring po lynom ials ^ /r e c d jr r e “ ’ :/.e n p ro d ^ p r o d
\- ’ p . t

2 I I /O I I 12.00 I I 64.00 3 0

3 1 1 /2 1 .1 2 /11 2 12.00 2 2 81.00 4 2

4 11/21 .13 /21 4 10.00 1 . 5 I 64.00 3 I

•5 12 / 2 1.13 / 3 1 

2 2 / 4 1 .2 3 / 11

4 10.00 ) 4 25.00 4 2

6 1 2 /3 1 .1 4 / 3 1 S 9.00 1.25 2 27.00 3 I

12 /31 .13 /21  

I4 /Ô I .IÔ /4 I  

2 2 / 3 1 .2 3 / 11 

2 3 /4 1 .2 4 /6 1  

2 5 / 4 1 .3 2 / 11 

3 2 /2 1 .3 3 /5 1  

34 /2 1 .3 5 /5 1  

35/61

2 7.75 2 2 5 .2 7 1 1 4 2

S 32/41 4 7.17 ) I 16.00 2 I

9 2 4 /3 1 .2 5 /6 1 2 6.77 I 2 27.00 3 I

10 1 3 /4 1.17 / 6 1 

14 /31 .16 /71  

2 3 /7 1 .2 7 /3 1  

3 3 / S I . 3 4 / I I  

3 6 /9 1 .3 7 /2 1  

4 3 / I I . 4 7 / 9 I

4 7.00 2 I 64.00 3 I

I I 24 /S  1 .2 7 /3 1 

5 3 / 4 1.5 8 / 7 1

4 6.69 3 2 2.8068 4 2
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Table 3.11. G a u ss ia n  unit m e m o ry  codes o v e r  Z i>  to Z i 6

R ing p o ly n o m ia ls d U \ j.e n prod ^prod \
-  '  p.f

12 2 5 / 3  1.2 5 / 9  I

2 7 /3  1.2 7 /9  I

3 5 /2  1.3 5 /1 0  1 

3 7 /2  1.3 5 /1 0  1

2 6.00 2 ■-> 27 .00 1 3

i;3 3 5 /2 1 .4 5 /7 1 4 6.34 4 4 1.2173 2 4

u 1 S /1 0  1 2 6.06 2 1 16. 1 2

1 . 5 2 9 / 9 1 2 5.63 2 2 9 1 2

16 3 6 / 2  1 4 5.33 4 1 16 2 2

Table 3.12. G a u s s ia n  codes with constra in t  length  o v e r  Z 3  to Zÿ

R ing p o ly n o m ia ls n/rte d L . \ n prod ^prod - '  p.f
2 111/101 1 20.00 2 1 1024.00 2 5

3 112 /2 1 1 .1 1 1 /1 2 1

121 /1 1 1 .1 2 2 /2 2 1

6 18.00 3 6 729 .00 3 6

4 2 1 2 /1 1 1 .2 1 2 /1 3 1

2 3 2 /3 3 1 .2 3 2 /1 3 1

14 16.00 3 . 5 2 256 .00 2.5 4

5 2 1 3 /4 3 1 .2 4 3 /4 2 1

2 3 3 /4 4 1 .2 2 3 /4 1 1

4 15.00 0 12 125.00 3 6

6 2 1 4 /1 3 1 .2 5 4 /1 3 1 10 13.00 3 . 4 2 2 56 .00 2.5 4

1 2 3 5 /6 5 1 .2 4 5 /6 2 1

3 1 4 /6 5 1 .3 6 4 /6 2 1

2 12.31 3 2 15.0909 3 6

S 2 3 2 /7 4 1 8 11.51 6 1 64 2 3

9 2 6 2 /5 5 1 .4 6 4 /2 8 1

4 3 4 /2 1 1 .2 3 2 /5 4 1

2 10.24 3 2 243 3 5

10 3 5 7 /9 8 1 .3 5 7 /9 2 1

3 6 7 /9 5 1 .3 4 7 /9 5 1

2 10.53 4 2 3 4 .549 3 5

12 3 11 7 /1  8 I t 2 9.07 4 2 81 4 2

T P a r t ia l  Search
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T a b l e  3 .1 3 .  G aussian  codes with constra in t length three over  Z 3  to  Zg

Ring po lynom ia ls
4 . , ^^proj l . f f

3 1 0 2 1 /2 2 I I .1 0 2 2 /2 1 1 1 

1022/2221.1102/1221 

1201/2211

4 21.00 3 4 2167 3 I

4 1123/1311 2 16.00 4 1 4096 2 6

Ô 1213/2231 .1343/2441

1312/3221 .1242/3411

2 17.76 4 2 239 4 6

6 1252/3121 30 17.00 4 . 4 7 1 1024 .3 5
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3.5  Sum m ary

In th is  chap te r ,  de ta ils  o f  th e  e x h a u s t iv e  search  were given in Section 3.2. C odes  found  

u s ing  th e  exhaustive  search  were p re s e n te d  in Sections 3.2.2 an d  3.2.3. T h e  re su l ts  

from  th e  e.xhaustive search  showed t h a t  des irab le  codes shared  s im ila r  c h a ra c te r is t ic s .  

In Sec tion  3.3. a  reduced  search  using  th ese  resu lts  an d  a bound  on w as d e v e lo p e d .  

T h e  code  genera to r  po lynom ials  w ere  r e s t r ic te d  to  irreducib le  po ly n o m ia ls  as  it was 

show n  in Section 3.3.1 th a t  cou ld  be  m ax im ized  if the  feedforw ard  a n d  feedback  

po ly n o m ia ls  had  no co m m o n  d iv isors . T h e  reduced  search was used to  search  for 

codes  w ith  higher co n s tra in t  leng ths  a n d  values of q which were im p ra c t ic a l  for an  

e x h a u s t iv e  search.

C odes  which have m a x im u m  w ere p resen ted  in Section 3.4. T h e s e  were in ­

c lu d e d  for two reasons: first, a t  low S X R  values, plays a s ignificant ro le  in th e  

e r ro r  probability , and  second, to  be a b le  to  c o m p a re  th e  codes found w i th  m a x im u m  

Cg  a n d  th e  codes found w ith  m a x im u m  dj^^ on th e  Rayleigh fading c h a n n e l .

T h e  codes found in th e  reduced  search  a re  not necessarily  o p t im u m .  H ow ever, 

m o s t  o f  th e  best codes found in th is  c h a p te r  have th e  m ax im u m  effective le n g th  for th e  

c o n s tra in t  length. This  ind ica tes  t h a t  th e y  will have a  good a s y m p to t ic  p e r fo rm a n c e  

in severe  fading.

T h e  observation  was m a d e  th a t  t h e  codes over Z ,  when q is p r im e  h av e  a la rge r  

leff t h a n  when q is non-p rim e . .Also th e  b o und  in E quation  3.12 is loose w hen  q is 

n o n -p r im e  and  for larger co n s tra in t  leng th s .  For exam ple ,  for c o n s tra in t  len g th  3 th e  

codes found have one zero  divisor in t h e  d e n o m in a to r  and  E q u a t io n  3.12 p re d ic ts  t h e  

m a x im u m  of 7. T he  m a x im u m  n u m b e r  found was 6. .Also, th e  only  n o n -p r im e  q code  

w ith  cons tra in t  length  4 th a t  was in v es t ig a ted  had  =  6 while th e  b o u n d  for th is  

c o d e  was S.

T h e  search rou tine  s to red  th e  first 20 te rm s  o f  th e  t ransfer  func t ion , a n d  se lec ted  

th e  codes based on dj^^ an d  T hese  te rm s  can be used to  e s t i m a t e  th e

a s y m p to t ic  perfo rm ance, however, t h e r e  a re  o th e r  te rm s  th a t  m ay  affect t h e  pe rfo r­

m a n c e  a t  low SX R values. T hus ,  we s im u la te  th e  pe rfo rm ance  o f  of  se le c te d  codes in 

t h e  nex t  chap ter.
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C hapter 4 

Perform ance R esu lts for Selected  
C odes

In th is  c h a p te r ,  we present s im u la t io n  resu lts  o f  se lec ted  codes a n d  com parisons  w ith  

p rev ious ly  found  codes in th e  l i te ra tu re ,  w here  app licab le .

.A.S t h e  b o u n d s  or e s t im a te s  a p p ro x im a te  th e  p e rfo rm a n c e  o f  the  codes, we s im ­

u la te d  th e  coded  sy s te m  to  verify th e  e x p e c te d  p e rfo rm a n c e  o f  the  various coded  

s y s te m s .  S om e  o f  th e  resu lts  for codes from  th e  l i t e r a tu re  a re  included. In som e cases 

t h e  o r ig ina l  a u th o r s '  s im u la t io n  resu lts  a re  used o r  a  b o und  was c o m p u te d  us ing  th e i r  

resu lts .

In th e  following section , th e  s im u la t io n s  a re  described . T h e  block d ia g ra m  o f 

th e  fad ing  c h a n n e l  s im u la to r  is inc luded . T h e  s im u la to r  was designed to  h a n d le  m a n y  

d ifferen t c h a n n e l  cond it ions ,  inc lud ing  c o rre la ted  fad ing  and  shadow ing  for R ic ian  a n d  

R ayle igh  channels .  T h e  following sec t ions  p resen t th e  s im u la t ion  resu lts  for severa l 

codes  over  d ifferen t rings. T h e  resu lts  a re  c o m p a re d  w ith  o th e r  codes in th e  l i t e r a tu re ,  

th e  bes t  .AW’G X  codes o f  th e  sam e  r ing  o r  th e  u n c o d e d  m o d u la tio n .

4.1 S y stem  S im u lation

T h e  s im u la t io n  resu l ts  a re  from  M o n te -C a r lo  s im u la t io n s  of th e  sys tem . In th ese  s im ­

u la t io n s .  a  r a n d o m  sym bol en te rs  th e  e n c o d e r  a n d  th e  coded sym bols  a re  seq u en t ia l ly  

m a p p e d  o n to  an  M P S K  signal. T h e  sy m b o l  is m u l t ip l ie d  by th e  channel ga in  w hich  

is su p p lie d  by  th e  fading channel  s im u la to r .  G a u ss ia n  noise is added  to  th e  r e s u l ta n t  

s ignal before  e n te r in g  th e  receiver. \  i te rb i  d e c o d in g  a lg o r i th m  is used  to  d eco d e  

th e  in fo rm a t io n  sym bols . T h e  decoder  observes  a p p ro x im a te ly  6 tim es th e  c o n s tra in t
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V2K

2(K+1)
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F i g u r e  4 .1 .  Block diagram f o r  fa d in g  s im u la to r  used in s im u la t io n s

le n g th  o f  t h e  code before  m ak in g  a  d ec is io n  on  an  in form ation  sym bo l [3ô]. A n  e r ­

ro r  c o u n te r  is inc rem en ted , if th e  s y m b o l  decis ion  is in error. T h e  e n t i r e  p ro c e s s  is 

r e p e a te d  u n t i l  one o f  th e  te r m in a t io n  c r i t e r ia  is m et.

T h e  p r o g ra m  s tops  w hen  300 in d e p e n d e n t  e rro r  burs ts  a re  obse rved . .An e r ro r  

b u rs t  is de fined  as on e  or m ore  s y m b o l  e rro rs  preceded and  followed by a  n u m b e r  o f  

co rre c t  s y m b o l  decisions. T h is  n u m b e r  o f  co rrec t  sym bols is referred  to  as  a  g u a rd  

in te rv a l  [22] a n d  in th e  s im u la t io n s  th is  in te rv a l  was set to  12 sym bols . T h e  p r o g ra m  

also  s to p s  if  an  u p p e r  l im it on th e  n u m b e r  o f  s im ula tion  intervals  is r e a c h e d .  T h is  

u su a l ly  o c c u r r e d  at th e  lower e r ro r  r a t e s .  In th is  case, th e  point was in c lu d e d  in th e  

p lot if t h e r e  were a t least 100 s y m b o l  e r ro rs  observed

T h e  fad in g  channel s im u la to r  is c a p a b le  o f  s im u la t ing  th e  R ician c h a n n e l ,  lo g n o r­

m al  s h a d o w e d  Rician a n d  lognorm al s h a d o w e d  Rayleigh channels  [60]. T h e  m o d e l  

o r ig in a te d  in [ôô] and  has been  used  in  sev era l  s tud ie s  for fading channels  for s a te l l i t e  

a n d  t e r r e s t r i a l  d ig ital  c o m m u n ic a t io n s  su c h  as [59. 58. 57. 60]. .A basic s y s te m  b lock  

d ia g r a m  is show n in F igu re  4.1.

VVe u se d  a  K = 0  dB  R ic ian  s e t t in g  fo r  th is  m ode l  to s im u la te  R ayle igh  f a d in g .  For 

t h e  s im u la t io n s ,  ideal in te r leav ing  was e m p lo y e d  th a t  ad jacen t sym bols  a re  a f fe c te d  by
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i n d e p e n d e n t  R ay le igh  fading. .-\s in [-59]. we m ake  th e  slow fad in g  a ssu m p tio n ,  th a t  is. 

t h a t  th e  fad ing  is c o n s ta n t  over  a t  least one sym bol in te rval  a n d  can  be a p p ro x im a te d  

by  a  s ing le  fad ing  sa m p le  pe r  channel symbol in terval.

T h e  ideal c hanne l  s ta t e  in fo rm ation  (CSI) of th e  c h a n n e l  ( i.e ..  th e  fading am p li ­

tu d e )  is p ro v id e d  to  th e  decoder. T h e  decoder uses th e  C S I in fo rm a t io n  to c o m p u te  

th e  m e t r ic  using  E q u a t io n  2.18. In practical im p le m e n ta t io n ,  th e  CSI in form ation  

m ust  be  e s t im a te d  a n d  th e  e s t im a te  is noisy or im p erfec t .  W h e n  th e  CSI is im p e r ­

fect. th e  c o d e  pe rfo rm s  worse t h a n  in the case of perfect C S I .  T h e  a m o u n t  of loss is 

d e p e n d e n t  on  th e  channel  a n d  th e  m ethod  used to  e s t im a te  t h e  CSI. T h e  ideal CSI 

case will lower b o u n d  th e  p e rfo rm an ce  of an  ac tua l  sy s tem .

4.2 C od es over Z 3

S im u la t io n  resu l ts  for th e  3. 9. an d  27 s ta te  codes over Z 3  a re  p re se n te d  in Figure 4.2. 

T h e  codes  a re  11/21. 111/211 a n d  1102/1221. T h e  codes h a v e  th e  best and  l^jj. 

w hich m e a n s  t h a t  th e y  a re  th e  best codes found for R ayle igh  fad ing  a n d  . \W G .\ .  T h e  

gains over  u n c o d e d  3 P S K  at th e  Sym bol E rro r  R a te  (S E R )  o f  10“ '̂  on the  Rayleigh 

fad ing  c h a n n e l  a re  21.4 dB . 22.7 dB . and 23.9 dB . respec tive ly . T h e  efficiency of the  

code is 0.7925 b i t / s y m b o l ,  w here  efficiency is defined as th e  n u m b e r  o f  b its  t ra n s m i t te d  

d u r in g  each  c hanne l  use.

4.3 C od es over Zq

T h e  r a te  1 /2  r ing  codes for Z 4  p resented  in Section  3.2 h a v e  a n  efficiency of 1 

b i t / s y m b o l .  In R hee  et al. [26]. a  four s ta te  b inary  t re l lis  c o d e  is p resented  w ith  

t h e  sa m e  efficiency. T h is  code is a ra te  1/2 b inary  code w h ich  was designed for th e  

R ay le igh  fad ing  channel .  T h e i r  (5. 2)g has a  1^^ =  3 a n d  d^ =  32 [26]. T h e  code was 

d es igned  for th e  R ayle igh  channel  as was ou r  11/21 code. T h e  o c ta l  rep resen ta tion  

o f  th e  code  m e a n s  t h a t  th e  to p  ta p  polynom ial is 1 0 1  a n d  t h e  b o t to m  polynom ial is 

010. X o te  t h a t  th e re  is no feedback  in their  trellis codes. F ro m  T ab le  3.1 the  11/21 

code  has a  =  3 a n d  =  64.

T h e  a s y m p to t i c  cod ing  ga in  difference in th e  Rayle igh  c h a n n e l  associa ted  w ith  a
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11/21 
111/211 
1102/1221 
Uncoded 3PSK

0)
5
2
0)
Ë
E>»

CO

Avg. Eb/No (dB)

F i g u r e  4 . 2 .  P erform ance results f o r  codes o v e r  Z 3
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different (f*. bu t  th e  s a m e  l^ff is g iven  by [32]

=  '  '

w here  L is th e  leng th  of th e  m in im u m  e r ro r  event and  o ,  is th e  a v e ra g e  n u m b e r  of 

code  sequences hav ing  th e  e ffec tive  len g th  an d  squa red  p ro d u c t  d i s t a n c e  From  

E q u a t io n  4.1 we would  e x p ec t  a  p e r fo rm a n c e  difference of 3.3 * log(2) =  1 d B . T h e  

sy s tem  was s im u la te d  to  verify t h e  p e rfo rm a n c e  o f  th e  sy s te m  on th e  R ay le ig h  fad ing  

channel.  In F igure  4.3. th e  re su l ts  o f  o u r  s im u la t io n  a re  show n. T h e  s im u la t io n  resu l ts  

for th e  trellis code a re  tak e n  f rom  [26]. .As seen in th e  figure a t  10“ 'T th e  d ifference  

in pe rfo rm ance  is s ligh t ly  above  1 d B .  Here, we assum ed  in o u r  s y s te m  t h e  b in a ry  bit 

s t r e a m  is m ap p e d  to  Z 4  to  ach iev e  a  G ra y  m ap p in g  on th e  4 P S K  m o d u la t i o n . '

W ith  a G ray  m a p p in g ,  we a p p r o x im a te  the  bit e rro r  r a te  a s s u m in g  I bit e r ro r  

p e r  sym bol. ( If  we a s su m e  a n a tu r a l  m apping* . then  we would  a p p r o x im a te  l.-ô bit 

e rro rs  per  sym bol e r ro r  an d  th e  ga in  w ould  be reduced  to  a p p ro x im a te ly  0.7 dB  a t 

10“ ^). Regardless o f  th e  m a p p in g ,  th e  Z 4  code is still b e t t e r  th a n  t h e  o p t im a l  ra te  

1/2 4P S K  b inary  tre llis  code  f ro m  [26] designed  for th e  s a m e  c h a n n e l  c o n d i t io n s  as 

th e  1 1 / 2 1  code.

.A four s ta te  feedback co n v o lu t io n a l  code  for Z 4  using 4 P S K  is p re s e n te d  in [3]. 

T h e  search was for good ring c o d e s  over  th e  .AW G X channel .  H ow ever, th e  11/21 

code  over Z 4  p resen ted  here  h a s  t h e  s a m e  free d is tan ce  as th e i r  0221 /2231  code. 

W e com pare  th e  first th re e  t e r m s  in th e  Euclidean  an d  p ro d u c t  t r a n s fe r  func t ions  

in Table  4.1. T he  e r ro r  c o lu m n s  in th e  tab le  a re  sym bol e rro rs . T h e  ta b le  shows 

t h a t  w hen the  n u m b e r  o f  e rro rs  a re  considered  th e  1 1 / 2 1  code  s h o u ld  have  b e t t e r  

pe rfo rm ance  th a n  th e  0221/2231 for b o th  th e  AW GX a n d  R ayle igh  fad in g  channels .  

T h e  reason is th e  0221/2231 [2] a n d  th e  11/21 code have th e  s a m e  n u m b e r  o f  p a th s  for 

t h e  first four te rm s ,  b u t  th e  0221 /2231  code  has m ore  sym bo l e rro rs  a s so c ia te d  w ith  

t h e  p a th s  with th e  ex c ep t io n  of o n e  p a th .  In th e  code search  p re s e n te d  c i t e B a ld in i l .  

th e y  m axim ized  th e  <fj^  ̂ a n d  m in im iz e d  th e  n u m b e r  of p a th s  w i th  t h e  s q u a re d  free

'.A. G ray  m ap p in g  en su res  th a t  th e  n e a re s t s ig n a ls  in a  m o d u la tio n  differ by o n ly  on e  b it. To 

ach ieve th is  for th is  sy s tem , th e re  is a  m a p p e r  befo re  th e  encoder w hich m a p s  a  b in a ry  in p u t s tre a m  

o n to  4 -ary  sym bols by: 00 0 .0 1  '-)• I. I I  ’—>• 2. 10 *->■ .3
-T h e  n a tu ra l m a p p in g  uses th e  b in a ry  re p re se n ta tio n  o f th e  sy m b o l. T h a t  is. 00 i—)• 0 . 0 1 »-? 

1. 10 *—> 2 .11  .3
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T a b l e  4 .1 .  Trans fer  f u n c t io n s  f o r  the 0-221/22SI code and  11/21

0221/2231 from  [3]

E u c l id e a n P ro d u c t

He erro rs Up 4 erro rs

4 1 0 2.5 1 64 2 3

5 1 2 2.4 4 32 2.5 4

6 14 2.7 1 256 2 4

19 16 3.6 4 64 2.5 5

11/21 code

E u c l id e a n P ro d u c t

n . e rro rs Up 4 errors 1

4 1 0 1.5 1 64 1 3

5 1 2 2.2 4 32 1.5 4

6 14 3 1 256 2 4

19 16 2.9 4 64 2.5 5

d is tance .  T h e y  did  not co n s id e r  m u l t ip le  t e rm s  in th e  t ra n s fe r  function or th e  n u m b e r  

o f  errors  assoc ia ted  w ith  th e  p a th s  w ith  B o th  th e  11/21 an d  th e  0 2 21 /223 I[2 ]

w ere  s im ula ted  a n d  th e  resu l ts  a re  show n in F igu re  4.3. O n  the  .\V \'G .\ c h a n n e l  th e  

11/21 code is a b o u t  0.2 dB  b e t t e r  th a n  th e  0221/2231 code and  on th e  R ay le igh  

fad ing  channel th e  p e rfo rm a n c e  is a b o u t  0.5 d B  b e t t e r  a t  a BER of 10~^. T h e  ga in s  

a re  also ach ieved  with  a  less c o m p le x  e ncoder .  For e x a m p le ,  the  11/21 e n c o d e r  h as  1 

de lay  e lem en t .  1 m ult ip l ie r ,  a n d  2 a d d e rs  while  th e  0221/2231 has 3 de lay  e le m e n ts .  

4 m ultip lie rs  a n d  3 adders .

We c o m p are  th e  p e r fo rm a n c e  o f  th e  16 s t a t e  code over  Z^. 123/331 p re s e n te d  in 

T a b le  3.5 w ith  th e  codes in l i t e r a tu re .  H ere , we c o m p a re  the  16 s ta t e  b in a ry  code  

for 4 -PSK . nam ely, th e  (6 4 .5 2 )s  code  [26]. w i th  th e  =  128.0 and  =  5. For 

t h e  123/331 from  Table  3.5. </p =  1024 a n d  =  5. C o m p arin g  th e  two codes u s ing  

E q u a t io n  4.1 we expect a b o u t  1.8 d B  cod ing  ga in  by using  the  Z^ code. F ig u re  4.4 

show s th e  b it  e rro r  p e r fo rm a n c e  on  th e  . \W G X  a n d  R ayleigh channels .  T h e  figure  

show s th a t  th e  Z 4  16-sta te  codes  o u tp e r fo rm s  th e  16-sta te  T C M  code (64 .52)g  [26] by
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*—  * 4-state tC M  
o- -  - o  0221/2231 code 
X X 11/21 code

Rayleigh

2 10 AWGN

Avg. Eb/No (dB)

F ig u r e  4 .3 .  S im u la tion  results f o r  4 'State 4 P S l \  rate 1 /2  codes with 1 b i t / s y m b o l

efficiency.
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1.8 dB a t  a  bit e r ro r  r a te  o f  10“ ^. T h e  232/331 Z 4  code  from  T a b le  3.12 is also shown 

in the  figure. T h is  code was se lec ted  for its p e rfo rm a n c e  on t h e  .WVGN’ channel.  In 

th e  figure, th is  code  pe rfo rm s  b e t t e r  th an  th e  123/331 code  on  th e  .WVGX. but worse 

on the  R ay le igh  channel .  T h e  p e rfo rm ance  difference will b e  m o re  p ronounced  a t  

higher S X R  as th e  232/331 c o d e 's  pe rfo rm ance  will be  p ro p o r t io n a l  to  S X R “  ̂ while 

th e  123/331 codes p e rfo rm a n c e  is p ropo rt iona l  to  S X R " ’ .

T he  sq u a re d  free d i s ta n c e  o f  th e  123/331 code is 16 w hich  is b e t t e r  th a n  th e  

I  ngerboeck  16 -s ta te  T C M  c o d e  [3] =  12) b u t  has a h ig h e r  n u m b e r  of p a th s

with  th e  sq u a re d  free d is ta n c e .  . \ s  found in [2 ]. th e  n u m b e r  o f  n ea re s t  ne ighbours  for 

th e  ring code  is 14 t im es  g r e a t e r  th a n  th e  4 -s ta te  T C M  code.

T he  c o m p a r iso n  is p re s e n te d  in Table 4.2. For th e  .WVGX c h a n n e l ,  we use C nger­

boeck s code  as th e  refe rence , a n d  for th e  Rayleigh fading c h a n n e l  we use R hee 's  

16-state T C M  [26] as th e  re fe rence  as it was designed  for R ay le igh  fading. Xote th a t  

Rhee et al. c la im e d  th is  c o d e  to  be the  o p t im a l  r a te  1/2 b in a ry  T C M  schem e for 

4PSK . W e have achieved  a 1 . 8  dB  gain over th e i r  code  using  th e  ring code  working 

over Z4. We have achieve  s im u la t io n  results  for th e  16 -s ta te  T C M  code are  from 

Figure 1 in [26].

For th e  c o m p a r iso n  of codes  w ith  64 s ta te s ,  th e  64 s ta t e  code  (77 .224)s  [26] is 

b e t te r  a s y m p to t ic a l ly  w ith  l^ff = 8  and  =  256. T h e  codes  in T ab le  3.9 have

al/p^ =  6 . th u s  have  worse p e rfo rm a n c e  a t high SX R . How ever, th e  64 -s ta te  codes, 

p resen ted  in Tab le  3.9. have  o th e r  pa ths  th a t  a re  d o m in a n t  a t  low SX R . T he  first 

th ree  te rm s  of th e  t ra n s fe r  fu n c t io n s  are  used to  a p p ro x im a te  t h e  p e rfo rm an ce  of th e  

Z 4  1311/3321 code (4096. 196-54. 512 with sym bol d is tan ces  o f  6 . 7. an d  8 ) and  th e  

first te rm  for th e  ( 7 7 .224)s code. .Vs shown in F igu re  4.5. t h e  codes pe rfo rm  very 

sim ilarly  on th e  Rayleigh c h a n n e l  in the  bit e rro r  range  of 10~^ to  10“ '*. T h e  gain o f  

bo th  codes a t 10~^ over u n c o d e d  B P S K  is a b o u t  18.5 dB . T h e  1311/3221 code  ap p ears  

to be s ligh tly  b e t t e r  in p e r fo rm a n c e  at th e  e rro r  ra te s  show n. T h e  co m p lex ity  of th e  

ring code is g r e a te r  th a n  th e  tre llis  code, so th e  sligh tly  b e t t e r  p e r fo rm a n c e  is offset 

by the  a d d i t io n a l  c o m p le x ity  req u ired  to  achieve it. For e x a m p le ,  th e  decoder  for th e  

T C M  code from  [26] requ ires  2 ad d it io n s  and  2 com parisons  p e r  s t a t e  per  bit an d  for 

th e  ring code  th e re  a re  4 a d d i t io n s  and  2 com parisons  pe r  s t a t e  p e r  b it.
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i
code He (f;

g .  clB 

over B P S K

U ngerboeck  T C M  

16-sta te  4 -PSK

1 12 4.77

232/331 14 16 6.02

123/331 4 14 5.44

R ayle igh  fading

code  ̂ dp rod

gain dB  

over B P S K  1 

B E R =  1 0 - '  1

(64.52)8  [26] 

feedforw ard  T C M 5 128 16

232/331 4 256 17.3

123/331 5 1024 17.8

T a b l e  4 .2 .  C om parison  o f  r = l / 2  ring codes with o ther  codes with the sa m e  n u m b e r  

o f  s ta tes  and  efficiency.
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X— —* 16-State TCM

Q- -  -o 232/331 code

123/331 code

0)
05
Ô Rayleigh
o
m

AWGN10

Avg. Eb/No (dB)

F ig u r e  4 .4 .  S im u la tion  results f o r  l6 -s ta te  4 P S f \  rate 1 /2  codes with I b i t / s y m b o l

effic iency .
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—  64-State TCM code
  1131/3321 approx.
* 1131/3321 simulation

2 10

Avg. Eb/No (dB)

F ig u r e  4 .5 . S im u la t io n  results  f o r  64-state 4 P S K  rate 1 /2  codes with I b i t / s y m b o l

efficiency.
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4 .4  C odes over Ze

In [27]. Z e t te rb e rg  found tw o  linear  6 -s ta te  codes for 6 -P S K  w ith  =  9 a n d

rze =  6. Th is  com pares  well w i th  th e  6 -P S K  6 -s ta te  codes found  here . In T a b le  3.10. 

t h e  .AW'GX codes have th e  s a m e  dj^^ b u t  have m ore  p a th s  w i th  t h e  s q u a re d  free 

d is ta n c e ,  (i.e.. =  S). T h e  codes have  th e  s a m e  ra te  of 1.29 b i ts  p e r  s y m b o l  a n d  a n

a s y m p to t ic  coding gain  of 4 .64 dB  over B P S K  on  the  .WVGX ch an n e l .

T h e  codes designed  for t h e  Rayle igh  fad ing  channel,  w hich a re  p re s e n te d  in T a ­

ble  3.1. have dj^^ =  6 b u t  a  g re a te r  d^^^^ =  64. C o m p arin g  th e  fad ing  code  w ith  

t h e  code for th e  .WVGX c h a n n e l ,  w hich is p resen ted  in T ab le  3.10 w i th  dj^^ =  9 

a n d  =  27. we would e x p e c t  a  1.79 dB  a sy m p to t ic  loss on  th e  .WVGX c h a n n e l  

b u t  shou ld  achieve an  a s y m p to t i c  ga in  of 1.2.5 d B  on the  R ay le igh  c h a n n e l .  How ever, 

f rom  s im ula tions  of th e  11/21 a n d  th e  12/31 codes on th e  Rayle igh  fad ing  c h a n n e l  th e  

12/31 perform s b e t t e r  on  th e  R ay le igh  fad ing  channel a t  low S X R . T h e  s im u la t io n  re­

su l ts  an d  the  u p p e r  bo u n d  c a lc u la te d  from  th e  t ru n c a te d  t ra n s fe r  fu n c t io n  a re  show n  

in F igu re  4.6. T h e  u p p e r  b o u n d s  show t h a t  th e re  is a cross-over in p e r fo rm a n c e  o f  th e  

tw o codes a ro u n d  12.5 dB . T h u s ,  th e  11/21 code  is ex p e c te d  to  do  b e t t e r  a t  h igher  

SX R . T h e  s im ula tions  show th e  11/21 code 's  p e rfo rm ance  descen d in g  a t  a  h ig h e r  r a te  

th a n  th e  12/31 code a n d  th e  p e rfo rm a n c e  is very  sim ilar a t  t h e  12-13 d B  range .

T h e  m ain  reason for th is  is th a t  o th e r  e r ro r  events  c o n t r ib u te  to  th e  e r r o r  pe rfo r­

m a n c e  and  there  are  even ts  w i th  sm all  d^ in th e  transfer  func t ion . .Also a t  low S X R . 

noise affects the  p e rfo rm a n c e  m o re  th a n  th e  fad ing  and  th u s  th e  free d i s t a n c e  o f  th e  

code  will be a  fac to r  in th e  t h e  e rro r  p e r fo rm a n c e  of the  code. For t h e  codes  p re s e n te d  

in t h e  tab les , w hen th e re  was a  t ie  on  th e  first t e r m  of th e  p ro d u c t  t r a n s fe r  fu n c t io n ,  

m u l t ip le  te rm s  were cons ide red  for th e  se lec tion  of the  codes. T h e  m a in  se lec tion  

process m axim ized  th e  a s y m p to t i c  e rro r  p e rfo rm a n c e  on fad ing  (i.e ..  by  f ind ing  th e  

code w ith  the  m a x im u m  a n d  Igff. H ow ever o th e r  codes w ere  in c lu d e d  w hen  th e  

se lec ted  code had  o th e r  t e rm s  w hich d o m in a te d  th e  p e rfo rm an ce  a t  low S X R .

In th e  case o f  th e  115/541 code  over Zg. th e  code w ith  th e  m a x i m u m  l^g does  

not have  b e t te r  p e rfo rm a n c e  th a n  th e  code  for th e  .WVGX ch an n e l .  T h is  is b e c a u se  

in W VGX the  pe rfo rm an ce  is in fluenced  by o th e r  te rm s in th e  t r a n s fe r  fu n c t io n .  In 

T ab le  4.3. for sym bol d is ta n c es  be tw een  4 a n d  S. th e  m in im u m  d^rodi^) a re  sh o w n  for 

th e  115/541 an d  214/131 codes. W h e n  / =  6. 7. 8 the  d^rodH) for th e  115 /541  code
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X 11/21 simulation
o  12/31 simulation

—  11/21 Tame, upper bound
 12/31 Trunc. upper bound

m 10

14
Avg. Eb/No (dB)

F ig u r e  4 .6 .  P er fo rm ance  com par ison  on the Rayleigh fa d in g  c h a n n e l  between the 6-

sta te  Zg codes over  6 P S K  with m a x im u m  (1 2 /3 1 )  a n d  m a x im u m  (1 1 /2 1 ) .
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T a b l e  4 .3 .  Term s f r o m  tra n s fe r  fu n c t io n  o f  the 115 /541  a n d  2 1 4 /1 5 1  code

115/541

E uc lidean P roduc t

Ue d: e rro rs np 4 erro rs 1

2 s 3 1 1024 2 5

2 9 2 4 3 3 6

4 10 4 1 3 2

2 11 6 4 3 4 S

214/131 code

E uc lidean P ro d u c t

He dl e rro rs Hp dl erro rs 1

10 13 3.4 2 256 2.5 4

2 14 6 2 243 3 5

22 15 4.1 6 36 3.7 6

6 16 3.5 4 27 3 i

S 36 4

a re  less th a n  those  o f  th e  214/131 code. . \ t  low S X R  th ese  te r m s  will c o n t r ib u te  to 

th e  e r ro r  perfo rm ance. .Although th e  115/Ô41 code will p e rfo rm  b e t t e r  a s y m p to t ic a l ly  

in R ay le igh  fading, th e  214/131 c o d e  is a b o u t  0.5 dB  b e t t e r  in th e  S E R  range  o f  10“  ̂

to  10“ '*. O n th e  .WVGX channel th e  214/131 has a  2.1 dB  gain  over  th e  115/541 

code . T h e  s im u la t ion  resu lts  a n d  p e rfo rm a n c e  e s t im a te s  a re  show n in F igu re  4.7. .As 

show n in th e  figure, th e re  is a  cross-over in th e  p e rfo rm a n c e  on  th e  R ay le igh  channel 

a ro u n d  13 dB . T h us ,  th e  115/541 co d e  is b e t t e r  in fad ing  a sy m p to t ic a l ly ,  how ever in 

a  p ra c t ic a l  range o f  in te res t  th e  214 /131  code is b e t te r .

For th e  c o ns tra in t  leng th  3 Z e  codes shown in F ig u re  4.7. th e  G a u ss ia n  code 

p e rfo rm s  only  s ligh tly  worse in th e  sy m b o l e rro r  r a te  ran g e  10“  ̂ to  lO""*. T h e  codes 

co u ld  be  considered  iden tica l  in th is  e rro r  range on  th e  R ay le igh  fad ing  channel.  

S im i la r  to  th e  prev ious case, th e  u p p e r  b o u n d  ind ica tes  t h a t  th e r e  will be a  cross­

o v e r  a n d  th e  fading code  (1154 /1431)  will perfo rm  b e t t e r  t h a n  th e  G a u ss ia n  code 

(1252 /3121) .  However, th e  G a u ss ia n  code has  a  0.5 d B  p e r fo rm a n c e  ga in  over  th e
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X 115/541 
o 214/131 

Estimate 
Simulation

Rayleigh

AWGN

8 10 
Avg. Eb/No (dB)

F i g u r e  4 .7 . S im u la t io n  results f o r  the 36-state code over  Zg. C o m p a r iso n  between  

214 /131  and 115 /541  codes on the Rayleigh fad ing  channel.

fading code on the  G auss ian  ch an n e l .  .As th e  two codes pe rfo rm  s im i la r ly  in Rayle igh  

fading, th e  G auss ian  code is r e c o m m e n d e d  a t  an E ^jX o  below 8 d B  as th e  code  will 

have  b e t t e r  p e rfo rm a n c e  in less severe  fading since is g rea te r .

In F igure  4.9. t h e  s im u la te d  sym bol erro r  p e rfo rm ance  on th e  R ay le igh  fading 

channel  is shown for th re e  codes  over  Zg. T he  codes a re  th e  11 /21 . 11Ô/Ô41 an d  

1154/.5341 and  have 6. 36 an d  216 s ta te s ,  respectively. T h e  figure a lso  shows th e  

a sy m p to t ic  e s t im a te  o f  th e  p e rfo rm a n c e  which was o b ta in e d  us ing  tw o  te rm s  o f  th e  

p ro d u c t  t ransfe r  function . T h e  figure shows th a t  th e  p e rfo rm a n c e  o f  th e  code  ap ­

proaches th e  th eo re t ic a l  e s t im a te .  T h e  coding gains achieved by th e s e  codes a t  a 

sym bol erro r  r a te  of 10“  ̂ over u n c o d e d  6-PSK  are  19.6. 21.8. a n d  23.6 d B  respec-
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X 1154/1431 
o 1252/3121

Trunc. Upper bound
—  Simulation

6 7 8
Avg. Eb/No (dB)

F i g u r e  4 .8 . S im u la t io n  resu lts  f o r  the 216-state code O v e r ’L l .  C o m p a r iso n  between 

1154/1421 and  1252 /3121  codes on the Rayleigh fa d in g  channel.
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X 11/21
* 115/541
o 1154/5341 
 Asymptotic Estim ate

m
tS
o
(D
o
E>»

CO

14
Avg. Eb/No (dB)

F ig u r e  4 .9 .  S im u la tion  and  a s y m p to t i c  es t im a tes  f o r  codes over with 6. 36. and

2 1 6  s ta tes .
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tivelv. For a  svm bo l e rro r  r a t e  o f  10"^ th e  2 ;ains a re  26.-5. 29.7 a n d  31.9 dB  overo '

u ncoded  6 -PSK .

4.5  C od es over Zs

In Figure  4.10. th e  s im u la t io n  resu l ts  over the  Rayleigh fading c h a n n e l  a re  p resen ted  

for an  8 -s ta te  code. 13/21. a n d  a  6 4 -s ta te  code 323/711. T h e  first tw o  te rm s  o f  the  

p ro d u c t  t ran s fe r  func t ion  a re  used  to  form  a t ru n c a te d  u p p e r  b o u n d  for th e  sym bol 

e rro r  perfo rm ance. In th is  case , we find th e  second te r m  of th e  t r a n s fe r  func t ion  is 

d o m in a n t  in th e  range  of in te re s t  for b o th  codes. T h e  d o m in a n t  p a th s  in th e  range 

o f  in terest have a leng th  o f  4 a n d  6 for th e  8 and  64 s ta t e  codes, respec tive ly .  .At a 

sym bol e rro r  r a te  o f  10“  ̂ th e  g a in s  over uncoded  8 -F S K  on  th e  R ay le ig h  ch a n n e l  are 

24.4 dB  an d  26.4 dB  for th e  8 a n d  64 s ta t e  code. C onsidering  t h a t  3 b i t s / in f o rm a t io n  

sym bol a re  sen t,  a n d  a ssu m in g  t h a t  ha lf  the  b its  a re  in e rro r  ( i .e . .  1.3 bit e rro rs  /  

sym bo l erro r)  th e  ga in  of th is  sy s te m  over uncoded B P S K  is 11.3 a n d  29 dB  a t  bit 

e rro r  ra tes  o f  10“ '̂  a n d  10"'^. re spec tive ly  for the  8 -s ta te  code. For t h e  64 s t a t e  code 

th e  gains a t  th e  respec tive  th re s h o ld s  a re  13.2 and  31.7 dB .

4.6  C odes over Zg and  Z 12

.A few 9 -s ta te  9 P S K  codes w ere  p re se n ted  in [27] w ith  =  6.97. T h e  ring codes 

(for .AW G X ) p resen ted  in T a b le  3.11 have d]^^ — 6.77. o r  a p e r fo rm a n c e  difference 

o f  0.06 dB  on th e  AW G X  c h a n n e l .  T h e  ac tu a l  code was not specif ied  in [27]. so the  

p e rfo rm ance  in fad ing  could  n o t  b e  ca lcu la ted .

For the  fad ing  case, th e  fad in g  code ( 12/41) p resen ted  in Tab le  3.1 has  =  4 and  

=  1.404. T h e  p a ra m e te r s  for th e  AW G X  ring code 24/41 p re s e n te d  in T ab le  3.11 

a re  3 and  27. respectively . F ig u re  4.11 shows the  s im u la t ion  resu l ts  for th e  12/41 and  

24/41 code. T h e  t ru n c a te d  u p p e r  b o u n d  shows a cross-over in p e rfo rm a n c e  a t  13 dB. 

T h e  s im u la t ion  resu lts  in d ic a te  t h a t  th e  .AW’GX code perfo rm s a b o u t  0.4 dB  b e t t e r  

th a n  the  12/41 code a t  an  S E R  o f  10“ ^.

These  codes have th e  s a m e  r a t e  as uncoded  3 -PSK  or 1.383 b i t s / s y m b o l  a n d  th e  

a sy m p to t ic  gain  over 3 -P S K  is 3 .33 dB  (4.28 dB over B P S K )  on t h e  .AWGX channel.
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X 13/21 
* 325/711
 Tnjnc. Upper bound

œ 10

CO

Avg. Eb/No (dB)

F i g u r e  4 .1 0 .  S im u la t io n  a n d  truncated upper bounds f o r  codes over  Z s  n'ith 8 and  

64 states.
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At a n  SE R  o f 10“ ^. th e  12/41 co d e  has a  19.5 dB  gain  over  u n c o d e d  3 -P S K .

F igure  4.12 shows th e  t r u n c a te d  u p p e r  b ound  a n d  th e  s im u la t io n  resu l ts  for th e  

2 5 /3  1 and  th e  2 5 /11  1 codes. T h e  2 5 /  11 1 code has m a x im u m  ) b u t  th e

2 5 /  3 1 code pe rfo rm s  b e t t e r  a t  low SX R . T h e re  a re  tw o  poss ib le  reasons: one . th e  

2 5 /3  1 code does have  a  larger  t h a n  th e  2 5 / I I  1 code. tw o. t h e  2 5 /  11 1 code 

has m uch  sm a lle r  t e rm  for th e  first t e rm  of th e  e rro r  ev e n t  w i th  e ffec tive  len g th  o f  4 

t h a n  th e  2 5 /3  1 code. T h e  t e r m s  a re  0.268 for th e  2 5 /1 1  1 c o d e  a n d  2 for th e  2 5 

/  3 1 code a n d  a t  low S X R  th e se  te rm s  a re  d o m in a n t  r a th e r  t h a n  t h e  te rm s  w i th  th e  

effective length  o f  3. T h e  2 5 /  11 1 code  will perfo rm  b e t t e r  a t  h igh  S X R . how ever, th e  

2 5 /3  1 code is b e t t e r  a t  low S X R  values. T h e  s im u la t ion  resu l ts  sh o w n  in F ig u re  4.12 

in d ic a te  th a t  th e  codes p e rfo rm  s im ila r ly  on th e  R ay le igh  fad ing  c h a n n e l ,  w i th  th e  2 

5 /3  1 perfo rm ing  s ligh tly  b e t t e r  in th e  ran g e  s im u la ted .

T h e  144-state  codes 3 11 7 /1  8  1 a n d  5 10 11/ 1 7 1 w e re  found  from  a  

p a r t ia l  reduced  search . T h e  se a rc h  a lg o r i th m  did  not search  over  all o f  th e  i r red u c ib le  

po lynom ials  du e  to  t im e  c o n s tra in ts ,  however, a large n u m b e r  w ere  se a rc h e d  a n d  th e  

bes t  o f  the  p a r t ia l  search  a re  in c lu d ed  here. T h e  p e r fo rm a n c e  e s t im a te s  for b o th  

codes ind ica te  t h a t  th e  3 11 7 /1  8  1 has a  1.76 dB  gain  over  th e  5 10 11/ 1 7  1 code 

on th e  .WVG.X channe l .  T h e  s im u la t io n  resu lts  and  th e  t r u n c a te d  u p p e r  b o u n d  a re  

show n in F igure  4.13

. \ s  seen in th e  figure, th e  tw o  codes perfo rm  s im ila r ly  on th e  R ay le igh  fad ing  

c h a n n e l  until a b o u t  Ei,fXo =  15 d B .  For SX R  g rea te r  t h a n  15 d B  th e  5 10 11/1 7 1 

code  perfo rm s b e t t e r  th a n  th e  3 1 1  7 / 1 8  1 code. However, th is  is a ro u n d  a n  S F R  of 

1 0 ' ' .  T hus , for p e r fo rm a n c e  a ro u n d  1 0 '^  th e  3 1 1 7 / 1 8 1  code  is r e c o m m e n d e d .  

T h e  s im u la t ion  resu l ts  do  not show  th e  cross-over in p e r fo rm a n c e  as  th e  lower e rro r  

ra te s  a re  im p ra c t ic a l  to  s im u la te .

4 .7  C odes over Z 16

T h e  3 9 /14  1 code  from  Table  3.2 has  a  Eg  =  3 a n d  a  dj^^ =  4 .21. In c o n t r a s t ,  th e  

3 6 /1 4  1 code p re se n te d  in T ab le  3.11 has  a leg =  2 a n d  dj^^  =  5 .33. H ere  it w ould  be  

e x p e c te d  th a t  th e  3 6 /1 4  1 code  w ould  p e rfo rm  b e t te r  a t  low S X R . b u t  worse a t  high 

SX R . F igure  4.14 shows s im u la t io n  resu l ts  a n d  a  t r u n c a te d  u p p e r  b o u n d  ( inc ludes  3
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o 24/31
 Trunc. Upper bound
—  Simulation

 ̂ \ AWGN Rayleigh

Avg. Eb/No (dB)

F ig u r e  4 .1 1 .  S im u la t io n  a n d  trunca ted  upper bounds f o r  codes over  Zg with 9 s ta te s .
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o 2 5/3 1 
X 2 5/11 1

 Trunc. Upper bound
—  Simulation

(D

2
œ lo^L

I  i

Avg. Eb/No (dB)

F ig u r e  4 .1 2 . S im u la tio n  and  tru n ca ted  upper bounds f o r  codes over  Z 1 2 with 12

s tates.
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o 3 117 / 181  
X 5 10 11/17 1
 Trunc. Upper bound
—  Simulation

20
Avg. Eb/No (dB)

F ig u r e  4 .1 3 . S im u la tion  and  tru n c a te d  upper bounds fo r  codes over  Zt? with l f 4

sta tes.
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t e r m s  f rom  t ra n s fe r  function) for b o th  codes. T h e  figure shows th a t  th e  3 6 /1 4  I c o d e  

a n d  th e  3 9 /1 4  I code perform  s im ila r ly  a t  low S X R . how ever a ro u n d  E^/.Vq =  10 d B .  

th e  3 9 /1 4  I code  performs b e t te r  as t h e  o t h e r  code  begins to  d iverge . T h is  w ou ld  

in d ic a te  t h a t  h igher  SXR th e  3 9 /1 4  1 co d e  w ou ld  p e rfo rm  m uch  b e t t e r  on  R ay le igh  

fading.

. \ s  u n c o d e d  Q P S K  has th e  sa m e  efficiency o f  2  b i t s / s y m b o l ,  we c o m p a r e  t h e  

p e r fo rm a n c e  o f  th e  above codes w ith  t h a t  o f  u n c o d e d  Q P S K .  B o th  codes h av e  a g a in  

o f  IS .2 d B  a t  10~^ and the  5 7 /14  1 a n d  3 6 /1 4  1 codes have  gains o f  2-5.7 d B  a n d  

25 d B  a t  10"^. respectively.

C o m p a r in g  th ese  codes w ith  know n codes,  t h e  3 6 /1 4  1 code  has th e  s a m e  d is ta n c e  

p ro p e r t ie s  as th e  13 6 /2  1 found in [9|. T h e  full sea rch  a lg o r i th m  d id  not find th e  

13 6 / 2  1 as it on ly  searched ha lf  of all po ss ib le  codes  as th e  o th e r  h a lf  w ou ld  b e  

e q u iv a len t  to  a  code th a t  had  been  sea rch ed .  H ere . 3 6 /1 4  1 a n d  13 6 / 2  1 a re  

e q u iv a len t  codes. T he  la t te r  code has t h e  a d v a n ta g e  o f  be ing  ro ta t io n a l ly  in v a r ia n t .  

T h is  will be  d iscussed in C h a p te r  5.

4.8  Sum m ary

T ab les  4.4 a n d  4.5. results a re  p resen t  a  c o m p a r is o n  a n d  s u m m a ry  o f  t h e  r e su l ts  

for th e  fad ing  a n d  .\WG.X codes found. In t h e  tab le s ,  one  or tw o codes h a v e  been  

chosen  to  rep re sen t  the  perfo rm ance  o f  th e  fad ing  codes which have  m a x im u m  

a n d  rfprgj a n d  th e  .WVGX codes which have  m a x im u m  T h e  n u m b e r  o f  d e la y

e le m e n ts ,  v a n d  th e  num ber  of s ta te s  a re  show n  a n d  th e  fading a n d  .A.WGX c o d e  

p o ly n o m ia ls  a re  given. T he  effective len g th  is show n  for b o th  codes. .Also sh o w n  for 

b o th  codes  is th e  a sym pto tic  ga in . A ^oc . for .WVGX a n d  w here  a p p l ic a b le  on  th e  

R ay le igh  fad ing  channel. A^oc is defined  as t h e  a s y m p to t ic  gain  o f  th e  fad in g  c o d e  

over  th e  .WVGX code on the  .WVGX ch a n n e l .  .As can  be  seen w hen th e  codes  differ, 

th e  ga ins  a re  nega tive  which ind ica tes  t h a t  t h e  .AWGX codes pe rfo rm  b e t t e r  on  th e  

G a u s s ia n  c h an n e l .  This is an  e x p e c te d  resu l t  s ince  codes designed  for fad ing  c h a n n e ls  

sh o u ld  b e  su b -o p t im a l  on th e  AWGX c h a n n e l .  In m o s t  cases, th e  fad ing  c o d e  loses 

less t h a n  1 d B  in perform ance, bu t  has a  g r e a te r  l^ff- In th e  case w here  A ^oc  is show n  

for th e  R ay le ig h  case, the  code w ith  th e  m a x i m u m  has th e  sa m e  as t h e  fad ing
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 Trunc. Upper bound
—  Simulation

14
Avg. Eb/No (dB)

F ig u r e  4 .1 4 .  S im u la t io n  and  truncated upper bounds f o r  codes over  Zig with 16

s ta tes .  S  9 / I f  I has m a x im u m  and 3 d / l f  1 has m a x im u m
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code b u t  has  a  sm a l le r  T h e  gain is defined by E q u a t io n  4.1 a n d  is on ly  defined

w hen th e  codes have t h e  s a m e  effective leng th . W hen  t h e  fad ing  code has a  g re a te r  

effective leng th  th a n  t h e  .A.VVGN code, th e  a s y m p to t ic  e r ro r  pe rfo rm ance  in fad ing  

will dec rease  fas te r  w i th  respec t  to SX R th a n  th e  .\W 'GX code. T h is  is a  resu lt  of  

th e  a s y m p to t ic  e r ro r  p e r fo rm a n c e  being p ro p o rt io n a l  to  SX R~^ '^ . Therefore, a code 

w ith  a  la rger  l^ff is e x p e c te d  to  perform  b e t te r  a s y m p to t ic a l ly  on  th e  fading channel.

Looking at several e x a m p le s  from th e  tab les , th e  p e r fo rm a n c e  losses assoc ia ted  

with  using a  fading c o d e  on  th e  .AW GX channel a re  g en e ra l ly  less t h a n  1 dB . However, 

in th e  case o f  Zg th e r e  is a  loss of 1.76 an d  2.1 dB  for th e  6  a n d  36 s ta te  codes, 

respectively . In F igu re  4.6 . th e  code w ith  th e  m a x im u m  (fp^od P erfo rm s slightly  worse 

at a S E R =  10~’ bu t  is e x p e c te d  to  peform  b e t te r  a t  h ig h e r  S X R  levels as th e  first t e rm  

in th e  p ro d u c t  t ra n s fe r  fu n c t io n  becomes d o m in a n t .  .At lower S X R  levels. G auss ian  

noise and  o th e r  te rm s  in th e  p roduct function  c o n t r ib u te  to  th e  e r ro r  perfo rm ance. 

In th e  case o f  th e  36 s t a t e  code, the code w ith  th e  m a x im u m  l^ff a n d  perfo rm s 

ab o u t  0.5 dB  worse t h a n  th e  .AWGX code a t  an  S E R  o f  10“ ^. T h e re  is a cross-over 

a ro u n d  th e  10“ '’ S E R  level. However, th e  code does no t m a k e  up for the  loss on  th e  

.AWGX channel  a n d  d oes  not approach  th e  a s y m p to t ic  p e r fo rm a n c e  quickly. T h us ,  

it is r ec o m m e n d e d  t h a t  th e  214/131 code be used if th e  des ired  e r ro r  ra te  is above  

10“^

T h e  9 s ta t e  Zg co d e  for th e  .AW'GX code also p e rfo rm s  b e t t e r  th a n  th e  fad ing  

code at low SX R . T h e  s im u la t io n  results show th a t  th e  tw o  codes pe rfo rm  iden tica lly  

for th e  12 to  14 dB  ra n g e  on  th e  Rayleigh fading ch a n n e l .  T h is  agrees well w ith  th e  

t ru n c a te d  u p p e r  b o u n d  for th e  codes.

T h e  codes p re se n ted  over  Z 1 2  show th a t  th e  m a x im u m  effective leng th  a n d  do 

not g u a ra n te e  th e  bes t  p e r fo rm a n c e  at low SX R. T h ese  t e r m s  d o m in a te  the  a s y m p to t ic  

fading p e rfo rm an ce ,  b u t  o th e r  te rm s  will d o m in a te  a t  low er S X R  values. T hus ,  it is 

im p o r ta n t  to  consider  m a n y  te rm s  in th e  d is tan ce  s p e c t r u m  a n d  th e  p e rfo rm ance  of 

the  codes a t  th e  S E R  o r  B E R  o f  interest.

T h e  16 s ta t e  Z ie  fad ing  code  perform ed b e t t e r  t h a n  th e  AW'GX code in fading. 

T he  p e rfo rm a n c e  d iffe rence  is m ore  p ronounced  a t  h igher  S X R  levels. This  is a  good 

code as it loses only  0.1 d B  on  the  .AW'GX channel  a n d  p e rfo rm s  b e t te r  t h a n  th e  

.AW'GX code found w i th  t h e  m a x im u m  .
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From  Tables 4.4 a n d  4.5. it is c le a r  th a t  in m a n y  cases th e  code w ith  th e  m a x im u m  

^/ree ^.Iso has th e  m a x im u m  a n d  W h e n  th ese  codes a re  not th e  s a m e ,  we 

find th a t  in most cases, th e  effective len g th  of th e  . \W G X  code is less t h a n  th e  code  

for fading. .A.s a  resu lt ,  we have fo u n d  codes which a re  e x p e c te d  to  p e rfo rm  b e t t e r  

on a  fading channel t h a n  th e  codes o p t im iz e d  for th e  .WVGX c hanne l .  T h e  codes  

for fading will o u tp e r fo rm  th e  W VG X codes a t  h igh S X R  on th e  fad ing  c h a n n e l  a n d  

pe rfo rm  only s lightly  worse on  th e  .WVGX channel .  In th e  case o f  Zg codes t h e  loss 

on  th e  .WVG.X channel is above  I d B  a n d  th e  .WVGX code pe rfo rm s  b e t t e r  t h a n  th e  

fad ing  code at low S X R  on th e  fad ing  channel.
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T a b l e  4 .4 .  Fading  a n d  .411 G S  com parison  f o r  Z  > to Z s  codes

Ring \ s ta te s F a d in g

codes

A W G X

codes dB

.AWGX

dB

R ay le igh

2 1 2 0 1 / 1 1 3 1 1 / 0 1 3
2 4 1 0 1 / 1 1 1 5 S am e

3 I 3 1 1 / 2 1 4 S am e
2 9 1 1 1 / 1 2 1 6 S am e

3 27 1 0 2 1 / 2 2 1 1 S am e

4 SI 1 0 1 1 1 / 2 1 1 2 1 9 X.A.

4 I 4 1 1 / 2 1 3 S am e
2 16 123/331 5 232/331 4 -0.58

3 64 1311/3321 6 S am e

4 256 12214/11021 6 X.A.

•5 1 5 1 2 / 2 1 4 S am e

2 25 2 1 3 /4 3 1 6 S am e

3 125 1213/2231 S S am e

6 I 6 1 1 / 2 1 3 12/31 3 -1.76 1.25 '
2 36 115/541 5 214/131 4 - 2 . 1 0

3 216 1154/5231 6 1252/3121 5 -0.54

1 1 12/31 4 S am e

2 49 145/531 6 235/651 6 - . 2 2 0.85

3 343 1325/2621 S 1654/5521 S - . 1 0.63

S I S 13/21 3 32/41 2 -.36

2 64 3 5 6 /761 5 232/741 3 -.36

3 256 3 6 55 /7761 6 X.A.

t  A W G X  code  m a y  p e r fo rm  b e t te r  a t  low S X R  

* d id  not ach ieve  th is  g a in  

X .A. Xot A v a i lab le
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T a b le  4 .5 . Fading and  .A ti'C .V  com parison  f o r  Zg to Z^6 codes
Ring V s ta tes Fading

codes

Icff A W G X

codes (dB)

AW GX

(dB )

R ayle igh

9 1 9 12/41 4 24/31 3 - 1 . 1

2 SI 145/211 6 262/551 5 _ 2

2 SI 142/241 6 262/551 5 -.S

1 0 1 1 0 14/31 3 S am e

2 1 0 0 367/991 5 257/9S1 4 -.26 .151^

1 1 1 1 1 53/41 4 S am e

1 2 1 1 2 2 5/11 1 3 25/31 3 -.5 .124^
2 144 5 1 0  1 1 / 1  7 r 5 3 11 7/1  S 1 4 -1.76

13 1 13 2 4 /5  1 4 35/21 4 -.27 .014f

14 1 14 3 5 /  12 1 3 l S / 1 0  1 2 -.23

l o 1 15 2 11/ S I 4 2 9 / 9 1 2 -0.57

16 1 16 3 9 / 1 4  1 3 3 6  14 1 3 - 1 . 0 2

3 6 / 2  1 2 3 6  14 1 3 0 0

T A W G X  code m ay  perfo rm  b e t t e r  a t  low SX R  

★ P a r t ia l  search result
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4.9  C on clusion

At a  high SX R . several of th e  codes designed  for th e  R ay le igh  fad ing  channel o u t ­

pe rfo rm  th e  codes designed  for th e  .WVGX channel.  . \ t  low S X R . o th e r  te rm s  in th e  

E uc lidean  a n d  p ro d u c t  t ran sfe r  func tions  affect th e  p e rfo rm a n c e  o f  th e  code an d  in 

som e  cases th e  code designed for t h e  .WVGX channel will p e rfo rm  s ligh tly  b e t te r  th a n  

th e  fading code at low SXR.

T h e  codes p resen ted  o u tp e r fo rm  c o m p a rab le  b in a ry  tre l lis  codes designed  for 

R ayleigh fading. .Also, a 4 -s ta te  c o d e  was found w hich im proves  on  th e  pe rfo rm ance  

o f  th e  4 -s ta te  code p resen ted  in B ald in i  a n d  Farrell [3] in b o th  .WVGX a n d  Rayleigh 

fading. T h e  16-sta te  Z 4  fading code  is also b e t te r  in fad ing  th a n  th e  16-sta te  Z 4 code  

designed  for .WVGX. This  .WVGX code had  th e  sa m e  as t h e  16-sta te  Z 4  code  

p resen ted  in [3].

T h e  s im ula t ions  showed th a t  for Z^ a n d  Zg. th e  .WVGX code  p e rfo rm s  b e t te r  th a n  

th e  fading code at low SX R. T h e  t ru n c a te d  u p p e r  bounds  show t h a t  th e re  is a  cross­

over  in pe rfo rm ance  a t  higher S X R . For th e  cases of th e  6 - s t a t e  Zg and  9 -s ta te  Zg 

codes, the  s im u la t ion  results  behave  s im ila r  to  th e  bounds  a n d  th e  fad ing  a n d  .W\ G X  

codes perform  iden tica lly  a t th e  high S X R  levels s im u la te d .  .A lthough th e  .AW G X  

code has an  l^ff =  5 and  th e  fad ing  code has an  1^^ =  6 . th e  2 1 6 -s ta te  Zg fading an d  

.AW'GX codes pe rfo rm  iden tica lly  on th e  Rayleigh fad ing  c h a n n e l  a t  th e  e rro r  ra tes  

s im u la ted .  In th is  case, as well as in o th e r  cases w hen q is n o n -p r im e ,  th e re  is on ly  

one  p a th  w ith  a n d  o th e r  p a th s  w ith  longer leng ths  will d o m in a te  in th e  e rro r  

p e rfo rm an ce  a t  low SX R.

S im ila r  resu lts  were found in a  p a r t ia l  search  for codes w ith  c o n s tra in t  length  2  

over Z i 2- For an  S E R  of lO""* th e  code with  th e  m a x im u m  d^^^ is rec o m m en d ed  and  

th e  fading code  shou ld  be used a t  w hen  th e  SX R  g re a te r  t h a n  15 dB .

T h e  16-sta te  Z ig  fading code found  in the  search  pe rfo rm s b e t t e r  in fading th a n  

th e  best known ra te  1/2 16-state  code  over  Z ig  [S].
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C hapter 5

R otational Invariance

Codes w hich a re  ro ta t io n a l ly  invarian t (RI )  a re  o f  g rea t  p rac t ica l  in te re s t  as a  p h a se  

slip in th e  d e m o d u la to r  does not cause a la rge  n u m b e r  o f  e rro rs  [2]. T h e y  a re  a lso  

p rac tica l  b ecause  t h e y  e l im in a te  th e  need to  d e te r m in e  th e  a b so lu te  phase  a t th e  

receiver [Sj. For th ese  reasons, it is beneficial to  find codes over Z ,  which a re  in v ar ian t  

to  m ult ip les  o f  2 ~ / q  p h a se  ro ta t ions .  T hese  codes  a re  refe rred  to  as transparen t codes  

[2. 3. 25. 10] a n d  can  be used in c on junc t ion  w i th  a  d ifferen tia l e n c o d e r  to  e l im in a te  

errors caused  by phase  ro ta t io n s  [3|.

In th is  c h a p te r ,  we con tinue  th e  search  for codes  which a re  good over fad ing  

channels  w ith  th e  a d d i t io n a l  c r i te r ia  of ro ta t io n a l ly  invariance .

5.1 B ack grou n d

In [2. 3] th e  defin i t ion  o f  ro ta t io n a l  invar iance  j u s t  a  r e q u ire m e n t  t h a t  th e  a ll-one  

codew ord  ex is t  w i th in  th e  code. T he  reason  for th is  co n d it io n  is a  phase  ro ta t io n  

o f  2 ~ r / g  is eq u iv a len t  to  ad d in g  r  t im es  t h e  a ll-one  codew ord  to  th e  t r a n s m i t t e d  

codew ord. If th e  a ll-one  codew ord  is a  codew ord , th e n  by linearity , th e  su m  of t h e  

t r a n s m i t t e d  codew ord  an d  m u lt ip le  of th e  a ll-one  codew ord  is a  valid codew ord .

T h e  a ll-one  codew ord  can  be defined as follows.

=  F T d

— I D -l- D~ . (Ô.1)

If x { D)  a n d  u { D)  a re  a  codew ords, th e n  (z( D ) -h r u { D) )  m o d  q is also a  codew ord .

In F igu re  5.1. a  convo lu t iona l  encoder  w i th  a d d i t io n a l  d ifferen tia l e n c o d e r  a n d  

decoder processes  is show n. To i l lu s tra te  how t h e  d ifferen tia l e n co d in g  e l im in a te s
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a(D)x(D)

x(D) a(D)
Decoder

Encoder

F i g u r e  5 .1 .  Block d iagram  o f  transparent encoder /decoder

t h e  phase ro ta t io n ,  cons ider  th e  t r a n s m i t t e d  codew ord . x ( D) .  T h e  se q u e n c e .  a{ D) .  

is form ed by a ( D)  = x { D )  -r a { D ) D  m o d  q a n d  th en  encoded  a n d  t r a n s m i t t e d .  T h e  

c h a n n e l  in troduces  a  p h ase  ro ta t io n  o f  '2~ r /q  a n d  we o b ta in  a t  th e  o u t p u t  o f  th e

d ec o d e r  «( D ). If all of th e  errors  d u e  to  noise have  been co rre c te d  th e n  à ( D )  is ju s t

a  ro ta te d  version of a( D) .  i.e.. à{ D)  =  { a{ D)  r u ( D) )  m od  q.

T h e  o u tp u t  of th e  e n c o d e r  is

x ( D)  =  {I — D ) a ( D)  m o d  q

=  {a( D)  r u ( D ) )  — { a ( D)  + r u ( D ) ) D  m o d  q

=  a( D)  — a( D)  D  +  r(u{ D)  — u{ D)  D)  m o d  q

=  x { D)  +  r ( u ( D)  — u ( D ) D )  m o d  q.  (5.2)

. \ s  u{D)  is th e  all-one sequence  a n d  s u b t r a c t in g  a  de layed  version o f  it r e su l ts  in 

t h e  zero  sequence. T h is  rem oves t h e  p h a s e  ro ta t io n  from th e  c hanne l  a n d  re su l ts  in 

x ( D)  = x{D)

F rom  [S] th e  defin ition  for r o ta t io n a l ly  in v ar ian t  (RI)  is tak e n  from  tre l l is -c o d in g  

for phase  m o d u la t io n .  T h a t  is. th e  m in im u m  p h ase  shift w hen  a p p lie d  to  a ll  c o m p o ­

n e n ts  s ta r t in g  a t  t im e  0 o r  la te r ,  y ields a  w ord  th a t  differs in a t m ost  a  f in i te  n u m b e r  

o f  positions  from  a n o th e r  codew ord.

F rom  [S]. a  code  is R I if for every  co d e w o rd  x { D)  th e re  ex is ts  a  p o ly n o m ia l  pi (D)
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w here  i =  1 . 2  n such  th a t

y , {D)  =  x , ( D)
I -  D

-'r P t ( D ] 10.31

a re  com ponen ts  o f  a n o th e r  codew ord  y( D) .

Lemma [8]
.A. ra t ional  function  r { D)  G R { D )  differs from  by a po lynom ia l  iff

r(d)  -
P ( D )

( 5 . 4 )
I -  D

w here  p(D)  is a  po lynom ial w ith  p( I ) =  I.

Here we m odify  T h e o rem  I from  [S] to  th e  ra te  1/2 case on ly  by c h a n g in g  th e  

n o ta t io n  to  m a in ta in  consistency.

Theorem  [8 ] Suppose  th e  coefficients o f  th e  (n — 1 ) x n s y s te m a t ic  e n c o d in g  m a t r ix

G{ D)  -

1 n fi(D)
^  3 { D )

0 . . .  I / n - l ( g )

3 ( D )

0.0

sa tis fy  th e  two condit ions  th a t

^  / d  U =  5( 1)
j= i

(5.6)

a n d  th a t  th e re  is a t least one u n it  a m o n g  th e  e lem ents g ( I ) . / i ( l ) ..............................For

ra te  I / 2  codes th is  gives us co n d it io n s  on f { D )  and  g[ D).  i.e.. / (  I ) == I) a n d  req u ire

it to  be a unit th e n  th e  code is RI.

We can “a lm os t"  g e n e ra te  th e  a ll-one  codew ord  by choosing th e  in p u t  to  be

c7(I)"‘g(D)
u ( D)  =

1 -  D
(5.

T h e n

x ( D )  =  u{ D) / ( O )
4 (D )

4(1)~7(D)  
1 -  D 

p j p )
1 -  D'

(5.8)
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T h e  n u m e ra to r  po lynom ial p{ D)  satisfies p ( l )  =  1 s ince  p ( D)  =  f {  D)  a n d

<7( 1 ) =  JF(1 ).

Since x ( D )  in E qua tion  ô.S differs from  th e  a ll-one  seq u en ce  in finitely  m a n y  

p laces , th e  code is said to  be RI.

T h u s ,  in searching for th e  codes, we res tr ic t  t h e  search  to  codes where / (  I ) =  ^( 1 ) 

a n d  g( I ) is a unit in Z , .  R a th e r  t h a n  search ing  for th e  all-one codew ord , th e  a bove  

c o n d it io n s  on the code polynom ials  a re  used. T h e s e  co n d it io n s  allow th e  search  

ro u t in e  to  quickly e lim in a te  codes which do  not m e e t  th ese  c r i te r ia .  . \s  a  resu l t ,  t h e  

sea rch  ro u tin e  can perform  an  ex h au s t iv e  search  th ro u g h  all possib le  codes.

. \ s  an  exam ple, we consider  th e  convo lu tiona l co d e  G ( D)  =  [I ( lD -t-2 )/(2D  -1- 1 )] 

over  Z 4 . F rom  Equation  5.7 th e  in pu t  sequence  for th is  code  is

= :l + D  +  D - +  . . .  . (5.9)

W h e n  th e  input is encoded , th e  encoded  se q u en c e  differs from  th e  all-one sequence  

o n ly  in th e  first two positions. .As an  e x a m p le  o f  how th e  e n c o d e r  works w ith  a  

p h ase  shift on the  channel, we will consider  an  a r b i t r a r y  sym bo l sequence  as an  in p u t  

to  th e  en co d er  as shown in F igure  5.1. In T ab le  5.1 th e  en co d in g ,  phase  ro ta t io n  

a n d  decod ing  process is shown. T h e  inpu t  sequence . x { D) .  is d ifferen tia lly  e n c o d ed  

to  form  a ( D) .  This sequence is inpu t  in to  th e  co n v o lu t io n a l  encoder  to  fo rm  th e  

e n c o d ed  sequence. A phase shift of ” /4  is a d d e d  to  th e  sym bo ls  a t  the  beg inn ing  o f  

t h e  sequence . In F igure  5.1. th e  trellis  d ia g ra m  for th e  code  is shown. Using th is  

d ia g ra m  we can decode th e  m ost likely sequence . T h e  decoded  s ta t e  p a th  is show n 

a long  w ith  th e  e s t im a te  of a( D) .  T h e  e s t im a te  a ( D )  is th e n  d ifferentia lly  d eco d ed  

to  form  x { D) .  which is th e  e s t im a te  of th e  o r ig ina l  sy m b o l  sequence . .As seen in th e  

ta b le ,  th e  x ( D )  and i { D )  differ by only  one  sy m b o l .

5.2 Search R esu lts

T h e  tre l lis  search a lgo r i thm  was carr ied  ou t  as t h e  e x h a u s t iv e  search  p re se n ted  in

S ec tion  3.2. T he  differences be tw een  th e  searches  w ere  t h a t  for th is  one. th e  search

sp a ce  was not reduced by ha lf  a n d  th e  t a p  p o ly n o m ia ls  were req u ired  to have  / ( I )  =
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T a b l e  5 .1 .  E xam ple  o f  decoding with a phase sh i f t  f o r  12 /21  code on

■r(D) I 2 3 2 2 0 I 2

a ( D) I 3 2 0 2 2 3 I

E n co d ed 12 33 21 00 20 22 30 11

t / 4 

ph ase  shift

23 00 32 11 31 33 01 22

D ecoded  s t a t e  

p a th

3 0 0 3 3 1 1 2

à{ D) 2 0 3 I 3 3 0 2

2 2 3 2 2 0 I 2

E r r o r I 0 0 0 0 0 0 0

g{ 1 ) a n d  / (  1 ) a  u n i t .  T h e  t a p  polynom ials  were checked  for th is  c o n d it io n  before th e  

se a rc h  o f  t h e  tre llis  s ta r te d .  If th e  code d id  no t m e e t  th e s e  co n d it io n s ,  t h e  code was 

d isc a rd e d  a n d  th e  a lg o r i th m  tes ted  the  th e  nex t  code.

R e su l ts  for th e  ro ta t io n a l  invariant (RI )  u n i t  m e m o r y  codes a re  p re se n ted  in T a­

ble Ô.2. T h e  effective leng th  o f  the  RI codes is e q u a l  to  or less t h a n  non-R I uni t  

m e m o r y  codes p re se n ted  in C h a p te r  3. W h e n  q is p r im e ,  th e  effective leng th  o f  th e  

codes is e q u a l  to  len g th  of t h e  non-RI codes a n d  in so m e  cases th e y  a re  th e  sam e  

code. T h e  on ly  e x c e p t io n  is for q =  3. In th is  case, th e  R I code  has  an  one  less 

t h a n  th e  n o n -R I  code. T h is  is sim ilar to  th e  case w h en  q is n o n -p r im e .  T h e  effective 

len g th  o f  th e  code  is on e  less th a n  the  m a x im u m  effec tive  leng th  o f  th e  non-R I code.

In so m e  cases, th e  R I code  has a g rea te r  t h a n  th e  fad ing  codes. However, th e  

s q u a re d  free d is ta n c e  is u p p e r  bounded  by  th e  sq u a re d  free d i s ta n c e  o f  th e  non-R I 

.AWGX codes  t h a t  w ere p resen ted  in Tables 3.10 a n d  3.11.

T h e  ab o v e  resu l ts  a re  to  be expec ted  as th e  R I c o d e  search  h a d  a d d it io n a l  con­

s t r a in t s  p laced  on  th e  t a p  polynom ials  from  th e  n o n -R I  code  search . T h e  codes in 

th e  n o n -R I  search  w ere m ax im iz e d  for e i th e r  th e  effec tive  len g th  a n d  s q u a re d  p ro d u c t  

d i s ta n c e  for fad ing  o r  th e  sq u a re d  free d is ta n c e  for t h e  .AWGX ch an n e l .  .As such, th e  

s q u a re d  free d i s ta n c e  o f  th e  R l-codes is u p p e r  b o u n d e d  by  th e  sq u a re d  free  d is tan ce  

o f  th e  n o n -R I  .AWGX codes a n d  the  effective len g th  is s im ila r ly  u p p e r  b o u n d e d  by
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0

7

3

F i g u r e  5 .2 .  Trellis definition f o r  12 /2 1  code over

the  non-R I fad ing  codes  effec tive  length.

T h e  resu lts  for th e  c o n s t r a in t  length  2 R l-codes a re  s im i la r  to  th e  unit  m e m o ry  

code case. W h en  q is p r im e ,  th e  effective leng th  is e q u a l  to  th e  non-RI codes, b u t  

when n o n -p r im e  th e  e ffec tive  leng th  of th e  code is one  less t h a n  th e  m ax im u m  effective 

length for non-R I codes.  T h e se  codes are  p re se n ted  in T a b le  5.3.

T h e  R I codes wi t h  m a x im u m  squared  free d i s ta n c e  a re  p resen ted  in T ab le  5.4. 

For q < T th e  codes in T a b le  5.3 also had  m a x im u m  For q = 7 the  .A.WGX code  

has an  a s y m p to t ic  c o d in g  ga in  o f  0.28 dB and  a n  a s y m p to t i c  loss o f  0.19 d B  on th e  

Rayleigh fad ing  c h a n n e l  by  E q ua tion  4.1. . \ s  can  be  seen , th e  pe rfo rm ance  difference  

betw een th e  fad ing  a n d  th e  .WVGX codes is very sm all .  S im ila r ly ,  for th e  case  w hen  

q = 9 th e  .WVGX c o d in g  g a in  is 0.81 dB . However, t h e  Tff  is 4 w here  as t h e  o f  

the  fad ing  code is 6 . T h u s ,  th e  fading code is e x p e c te d  to  p e r fo rm  b e t te r  in fading.

T T a b le  5.5 p re se n ts  t h e  resu lts  for ro ta t io n a l ly  in v a r ia n t  codes with c o n s tra in t  

length 3. T h ese  codes h a v e  th e  sam e effective leng th  a n d  as th e  n on -R I codes. 

.Also, th e  codes for Z 3  a n d  Zg have th e  sa m e  c h a ra c te r is t ic s  as th e  n on -R I codes 

presen ted  in Tab le  3.8. T h e  dj^^ over Z 4  an d  Z 5  is less t h a n  th a t  for th e  n o n -R I  

codes. T h is  d ifference re su l ts  in 0.51 dB a n d  a  0.21 d B  loss, respectively , on  th e  

.WVGX channel.



-5. Rotational Invariance 80

In Table  5.7 we show th e  com parison  be tw een  th e  n o n -R I  codes from  C h a p te r  -3 

a n d  th e  RI codes p resen ted  in th is  c h a p te r .  W e c o m p a re  t h e  effective leng th  a n d  the  

a s y m p to t ic  g a in  over B P S K  on th e  . \ W G . \  channel .  T h e  tab le  p resen ts  th e  codes 

for co n s tra in t  leng ths  o f  I. 2. a n d  3. a n d  codes over  Z 3  to  Zig. .A.s can be seen the  

effective leng th ,  l^g o f  th e  R I codes a re  u p p e r  b o u n d e d  by  th e  effective leng ths  of the  

no n -R I  codes. In th e  case w hen th e  effective leng ths  a re  iden tica l  th e  non-R I code 

has  a  g rea te r  th a n  th e  RI code. For those  cases w h e n  th e  effective leng th  of the  

RI code  is less t h a n  th a t  o f  th e  non-R I code, th e  dj^^ o f  th e  RI co d e  is g re a te r  th an  

th e  RI code. For e x a m p le ,  for th e  Zg code w ith  c o n s t r a in t  leng th  I. th e  a sy m p to t ic  

ga in  over B P S K  is 0.37 d B  g rea te r  for th e  RI code t h a n  th e  n o n -R I  code  a lthough  

th e  effective le n g th  is one  less th a n  th e  non-R I code.

In c o m p a rso n  wi th  th e  l i te ra tu re ,  th is  search  fo u n d  several codes which were 

prev ious ly  p resen ted .  For ex am p le ,  th e  Z ig  16-sta te  co d e  136/21 was also found 

in M assey  et al. [S]. For Z 4  codes w ith  4 an d  16 s ta te s .  12/21 an d  311 /221 . p resented  

in Tab les  5.2 a n d  5.3 are  prev iously  known from  B ald in i  e t  al. [3]. We also present 

tw o ad d it io n a l  16-sta te  Z 4  codes, nam ely . 113/221 a n d  122/311 w hich  have  th e  sam e 

ch a ra c te r is t ic s  as th e  311/211 code.

T h e  code 311/211  has dj^^ =  12 a n d  th e  first four t e r m s  are  show n  in Table  5.6. 

.Also shown in th e  tab le  is a  code  th a t  has  dj^^ =  16 a n d  th e  sam e  dj^^^ as th e  3 1 1/22I 

code. T h e  2 1 2 /3 1 1 code does  not have a n  e rro r  p a th  o f  len g th  5 in th e  p ro d u c t  transfer  

func t ion  like t h e  311/221 code , thus  it is e x p e c te d  th a t  it would  p e rfo rm  b e t t e r  th an  

th e  311/221 code. However, th e  n u m b e r  of erro rs  a s so c ia te d  w ith  each  e rro r  p a th  is 

g r e a te r  th a n  th e  311/221 code  an d  th u s  m ay  pe rfo rm  worse.

M on te -C arlo  s im u la t io n s  were used to confirm  th e  re la t iv e  p e rfo rm ances  of the  

codes. In F igu re  5.2. s im u la t io n  resu lts  a re  shown for t h e  212/131 a n d  311/221 codes. 

T h e  first two p a th s  o f  th e  t ran sfe r  function  were used  to  g e n e ra te  an  u p p e r  bound 

on  th e  p e rfo rm a n c e  on th e  Rayleigh fad ing  channel.  F ro m  th e  b o u n d  th e  311/221 

code  shou ld  p e rfo rm  sligh tly  b e t te r  t h a n  th e  212/131 code , a n d  th e  s im u la t io n  results  

th e  confirm  th a t  th e  difference be tw een  these  two codes is e x tr e m e ly  sm all.  For the  

.AWGX channel ,  t h e  212/131 code pe rfo rm s s ligh tly  b e t t e r  th a n  th e  311/221 code, 

as e x p e c te d .  For th e  sym bo l e rro r  range  p resen ted  in t h e  figure, t h e  codes perform  

p rac t ic a l ly  th e  sam e .
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T a b l e  5 .2 .  R I  codes with constra in t  length I f o r  Rayleigh fa d in g

Ring po lynom ia ls ^/rec *̂ frte <̂ prod *̂prr>d dB

3 0 2 / 11 .2 0 /11 2 9.00 2 2 27 2 3 2.51

4 12/21 I 8.00 I I 16 I 2 3.01

Ô 1 2 /2 1.1 3 / 3 1 4 10.00 2 4 25 2 4 4.63

6 32 /41 2 8.00 2 I 16 I 2 4.12

1 2 3 /4 1 .3 3 /5 1

64 /21

2 7.75 2 2 5 .2711 2 4 4.35

S 3 2 /4 1 .7 4 /2 1 2 7.17 2 I 16 I 2 4.30

9 25/61 2 6.77 I 2 27 I 3 4.29

10 3 4 / 6 1  

7 2 /  S I 

9 4 /  2 I (g)

2 5.76 2 I 16 I 2 3.79

II 3 4 / 6  I 

8 6 / 2  I

2 6.37 2 2 2.8068 2 4 4.40

12 3 8 /1 0  I I 5.54 3 I 16 I 2 3.95

13 2 4 /  5 I 

6:% ' 8 1

1 5.96 3 2 1.3722 2 4 4.27

14 13 6 /  4 I 2 6.06 2 I 16 I 2 4.60

15 11 8 /  3 I 

13 9 /  6 I

2 4.43 2 

2 5.63 2

2 27 I 

2 9 I

3

2

3.35

16 13 6 /  2 I 

5 10/14  I (g)

I 5.33 4 I 16 I 2 4.26
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T a b l e  5 .3 .  R I  codes with cons tra in t  length 2 f o r  Rayleigh fa d in g

Ring polynom ials ^/ree ^free ^prod *̂~prod dB

2 001/111 

010/111 

100/111

1 16.00 2 1 256 2 4 3.01

3 112/211.122/221 6 18.00 3 6 729 3 6 5.52

4 113/221.122/311

311/221

2 12.00 1 2 256 1.5 4 4.77

5 133/241.142/331 

432/211. 443/321

4 14.15 3.5 4 125 3 6 6.14

6 232/511 .434 /051  

452/131. 254/131

10 13.00 3.4 2 256 2.5 4 6.23

1 453/651. 423/621 

125/341. 435/561 

453/651

2 11.10 3 18 49 3 6 5.91

S 335/641. 533/641 

342/711 .472 /751  

546/771 .614 /731  

614/731 .645 /771  

243/771

2 11.17 3.25 2 256 1.5 4 6.22

9 125/521. 142/241 

415 /271 .452 /841  

152/251.175/571 

745 /871.752/381

2 8.48 4 6 9 3 6 5.26
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T a b l e  5 .4 .  R I  codes with constra in t  length J  f o r  the channe l
Ring polynom ials ^/ree ^Jrte l^prod ^prod dB

134/251.254/461 

152/431.335/211 

553 /411 .633 /221  

432/261 .655 /441

2 11.85 4 4 15.09 3 6 6.19

S 335/641 .533 /641 8 11.17 3.2 2 256 1.5 4 6.22

9 154/361.163/451 

164/371.173/461 

346 /481.347/761 

367/781. 373/841 

613/721

2 10.24 1 1 81 3 4 6.08

T a b l e  5 .5 .  R I  codes ivith constra in t length 3 f o r  R ayle igh  fa d in g
Ring polynom ials ^/ree d U He ^prod "̂prod Hp dB

3 1112/1211

1121/2111

2111/1121

2122/2221

4 21 3.5 4 2187 3.5 7 6.19

4 1121/3231

1323/1211

3231/1121

3233/3121

2 16.00 4 2 4096 6 6 6.02

5 4142/3431 4 16.91 4.5 8 238.7 3.7 8 6.91

6 1145/2351 6 15.00 4.2 5 4096 3 6 6.85
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I  X 212/131 
* 311/221

 Upper bound
—  Simulations

m 10

AWGN

Rayleigh

Avg. Eb/No (dB)

F ig u r e  5 .3 . P erform ance  com par ison  f o r  the Iti-state codes 212 /131  and  3 1 1 / 2 1 1

on the Rayleigh and  .4irC .V  channel.
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T a b l e  5 .6 .  Trans fer  fu n c t io n s  f o r  the 2 1 2 /1 3 1  a n d  3 1 1 /2 2 1  code 

" 212/131 I
E uclidean P ro d u c t

d: erro rs Up 4 erro rs 1

14 16 3.5 2 256 2.5 4

46 20 4.3 12 256 3.7 6

267 24 5.1 5 4096 3 6

S4S 28 5.6 20 1024 4 1

311/221 code
1...........  .............

E uc l idean P ro d u c t

n . d; erro rs Up 4 erro rs 1

2 1 2 1 2 256 1.5 4

IS 16 2.S 2 64 1

SO 20 3.3 10 256 2.8 6

317 24 4.5 5 4096 3 6

5.3 S u m m ary

T h e  res tr ic t ions  on  th e  t a p  po ly n o m ia ls  for th e  r o ta t io n a l ly  invar ian t  codes were 

described. T h e  resu lts  o f  an  e x h a u s t iv e  search for R1 codes  were p resen ted . T h e  

search found a tw o codes which have  a p p eared  in th e  l i t e r a tu r e ,  nam ely . 12/21 over 

Z 4  [3] and  13 6 /  2 1 over  Z 1 6  [S]. .As we used th e  resu lts  from  IS] to  res t r ic t  th e  ta p  

polynom ials ,  we would e x p e c t  to  find th e  sam e ra te  1/2 c o d e  over  Z te  as th ey  did  in 

th e ir  search.

In a few cases, th e  R I  code has  th e  best and  for th e  r ing. For exam p le ,

th e  c o ns tra in t  leng th  2 a n d  3 codes for Z 3  have th e  sa m e  c h a ra c te r is t ic s  as th e  best 

codes found in C h a p te r  3.

T he  effective leng th s  o f  th e  R I codes are  u p p e r  b o u n d e d  by  th e  effective lengths  

o f  the  non -R I  codes. H ow ever, th e r e  were a few cases w h e re  th e  was g rea te r  

th a n  th e  non -R I  code  w h e n  th e  effective leng th  was less t h a n  th e  n o n -R I  code. For 

exam p le ,  for th e  c o n s tra in t  leng th  1 codes, the  codes for Z^ w h ere  q is 6. S. 9. 12. 14 

a n d  16 all have  b e t t e r  dj^^  a n d  th e  T g  is one less t h a n  th e  n o n -R I  codes. T h is  m eans
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T a b l e  5 .7 .  R I  comparison with n o n - R I  ring codes

R ing

L' := I f  == 2 V := 3

X o n -R I RI X on-RI RI X on-R I RI

9 ^ gcc 9 ^ gcc Itff 9 = i

3 3.76 4 2.51 3 5.52 6 5.52 6 6.19 6.19 1

4 3.98 3 3.01 2 5.44 5 4. / 1 4 6.54 6 6.02 6

•5 4.63 4 4.63 4 6.39 6 6.14 6 7.12 8 6.91 8

6 2.88 3 4.12 2 4.12 5 6.23 4 6.85 6 6.85 6

6* 4.64 3 4.12 2 1

I 4.35 4 4.35 4 6.13 6 5.91 6

S 3.93 3 4.30 2 1 5.98 5 6.22 4

9 3.12 4 4.29 3 6.79 4 5.29 3

10 4.63 3 3.79 2 7.92 5

II 4.61 4 4.40 4

12 3.73 3 3.95 2 4.29 5

13 4.40 4 4.27 4

14 4.37 3 4.60 2

15 4.0 4 3.35 3

16 3.23 3 4.26 2 1 1
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t h a t  th e  codes will pe rfo rm  w orse  a sy m p to t ic a l ly  in fad ing  t h a n  th e  non -R I  codes, 

b u t  a re  b e t t e r  on th e  .WVGX ch an n e l .

In m ost cases th e  RI code  w i t h  th e  ad d e d  res tr ic t ions  a re  w o rse  on  th e  Rayleigh 

fad ing  channel a n d  th e  .WVGX channel .  However, th ese  codes a r e  s ti l l  o f  in te res t  due 

to  th e  ro ta t io n a l  invariance  p ro p e r ty .  If th e  channel has  slow p h a s e  ro ta t io n s  then 

th e  RI codes will pe rfo rm  m u c h  b e t t e r  th a n  th e  non-R I codes.
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C hapter 6 

Sum m ary o f R esults and  
Suggestions for Future Work

C h a p te r  1 p re se n ted  a  h is to r ica l  b ackg round  of r ing  codes a n d  som e of th e  e a r ly  work 

which led up  to  th is  d isse r ta t io n .

In C h a p te r  2. f u n d a m e n ta l s  of the  d ig ita l  c o m m u n ic a t io n  sys tem s  were p resen ted . 

T h e  basic s t r u c tu r e  o f  th e  convolu tional codes a long  wi t h  th e  P S K  m o d u la t io n  were 

p resen ted . . \ s  well, t h e  a s y m p to t ic  e s t im a te  o f  t h e  c o d e s ’ pe rfo rm ance  was in tro d u c ed  

an d  defined th e  c h a ra c te r is t ic s  to be used in th e  search  for good  codes.

C h a p te r  3 d e s c r ib e d  th e  e x haust ive  search  r o u t in e  a n d  th e  results  of th e  search. 

T h e  res tr ic t ions  on t h e  t a p  polynom ial w hich led to  th e  reduced  search a lg o r i th m  were 

developed. T h e  codes  found  by th e  reduced  search  w ere also p resen ted . A lth o u g h  

th is  d isse r ta t io n  w as m a in ly  concerned  w ith  m ax im iz in g  th e  fading p e rfo rm a n c e  by 

m ax im iz ing  th e  e ffec tive  len g th  and  sq u a red  p ro d u c t  d is ta n c e ,  codes which m ax im iz e d  

only th e  squa red  free d i s ta n c e  were also inc luded . T h e se  codes a re  called .WVGX codes 

as the ir  p e r fo rm a n c e  is o p t im iz e d  for th e  .AW G X  channel .  .As th e  pe rfo rm ance  of th e  

codes on  the  R ay le igh  fad ing  channel a t  low S X R  is affected  by  th e  dfree- th ese  codes 

a re  ex p e c te d  to  p e r fo rm  well a t  low SX R . as well as. on th e  AW G X  channel.

S im u la tion  resu l ts  for several codes were p re se n ted  in C h a p te r  4. T h e  codes were 

s im u la te d  over a  R ay le ig h  channel w ith  ideal in te r le a v in g  a n d  ideal ch an n e l  s ta te  

in fo rm ation . Th is  w as to  confirm  th e  e x p e c te d  p e rfo rm a n c e  a n d  c o m p are  t h e  codes 

w ith  known codes f ro m  th e  l i te ra tu re .  In th is  c h a p te r ,  we found  th a t  severa l  codes 

have b e t t e r  p e r fo rm a n c e  on  th e  Rayleigh fad ing  c h a n n e l  th a n  known codes. .Also, in 

one case th e  code h a d  b e t t e r  perfo rm ance  on  th e  .AVVGX ch an n e l  th a n  codes in th e  

l i te ra tu re .  Several c o m p a r is o n s  were done  be tw e en  th e  code  op t im iz e d  for fad ing  an d
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th e  codes o p tim iz e d  for th e  AVVGX ch a n n e l. In m any  cases, it was fo u n d  th a t  a t  low 

SX R . th e  .AVVGX codes p e rfo rm e d  s lig h tly  b e tte r  th a n  th e  fad ing  co d es. T h e  fad ing  

codes w ere b e t te r  a s y m p to tic a lly  on  th e  fad ing  channel, how ever, in so m e  cases th e  

e rro r  ra te  was too  low to  s im u la te  th e  sy s te m  p erfo rm an ce  a c c u ra te ly  in  a  rea so n a b le  

am o u n t o f tim e .

R o ta tio n a lly  in v arian t codes w ere in tro d u c e d  in C h a p te r  5. M assey  e t a l. [S] 

d eveloped  re s tr ic tio n s  on th e  ta p  p o ly n o m ia ls  w hich could  be  used  to  find  ro ta t io n a lly  

invarian t (R I) codes. T h ese  codes a re  \"aluable as a phase  ro ta tio n  w h ich  is a  m u ltip le  

o f 2 ~ /q  w hen  using  ç -P S K  will p ro d u ce  a  sm all n u m b er o f e rro rs . A n o n -R I code  

w ould p ro d u ce  e rro rs  a t th e  o u tp u t  o f th e  receiver u n til th e  ro ta tio n  w as c o rre c te d . 

.As th e  re s tr ic tio n s  on  th e  co d e  p o ly n o m ia ls  allow ed th e  search  a lg o r ith m  to  e l im in a te  

codes qu ick ly , an  e x h a u s tiv e  search  was c a rr ie d  o u t. T h e  re su lts  o f  th e  se a rch  for

codes over Z , .  q Ç. {3.......... 16}. w ere p re se n ted  in C h a p te r  5. In th e  ca se  o f  th e  4 -s ta te

Z 4  and  1 6 -sta te  Z ie  codes, th e  search  found  codes also found  by e x h a u s t iv e  search  

by B ald in i a n d  Farrell [2] a n d  M assey  e t al. [Si. respective ly . .As in C h a p te r  2. th e  

fad ing  codes as well as .AVVGX codes a re  in c lu d ed  in th e  re su lts  o f th is  c h a p te r .

6.1 F uture W ork

T h e  c o n tin u a tio n  of th is  re se a rc h  w ould in c lu d e  a c o n tin u a tio n  o f th e  se a rc h  for good  

ring  codes. R a te  1 /2  codes w ith  h igher c o n s tra in t leng ths w ould  be o f  in te r e s t .  .Also, 

h igher r a te  codes such  as r a t e = 2 /3  codes an d  r a te = 3 /4  codes w ould  b e  o f  in te re s t 

d u e  to  th e  increased  efficiency. T h e  g en e ra l s tru c tu re  o f a  r a te  2 /3  e n c o d e r  is show n 

in F igure 6 . 1 . B a ld in i a n d  F arre ll [3] e x a m in ed  codes o f b o th  ra te  2 /3  o v e r Z§. a n d  

ra te  3 /4  over Z ie  an d  M assey  e t al. [S] have  exam in ed  codes o f  r a t e = 2 /3  over Z§. 

In th e  case o f  codes th a t  m u s t w ork in fad ing  en v iro n m en ts , th e se  co d es sh o u ld  no t 

have para lle l tra n s itio n s . T h u s , all in p u t b its  m ust affect th e  s ta te  o f  th e  e n c o d e r  to  

en su re  th e  code  does not h av e  p a ra lle l tra n s itio n s  in th e  tre llis .

O ne o f  th e  top ics in c o d in g  th e o ry  th a t  has recen tly  received  m u c h  in te re s t  is 

T urbo-codes. T hese  codes w ere in tro d u c e d  in B errou  e t al. [47] a n d  a re  a lso  ca lled  

P ara lle l C o n c a te n a te d  C odes (P C C ) [49]. .A com m on  s tru c tu re  for th e  T u rb o -c o d e s  

uses m u ltip le  R ecursive  S y s te m a tic  C o n v o lu tio n a l (R SC ) codes as c o m p o n e n t codes.
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O n e  s tru c tu re  is p re se n te d  in F ig u re  6.2 a lth o u g h  se v e ra l \ 'a r ia tio n s  a p p e a r  in  th e  

l i te ra tu re . E x am p les  o f  th e  s tru c tu re s  o f tu rb o  en c o d e rs  a re  p re se n ted  in [47. 48 . 49]. 

.A nother com m on  s t r u c tu r e  d e le te s  th e  b it x '  from  th e  o u tp u t  to  o b ta in e d  a r a te  1 / 3  

code . S ignificant co d in g  g a in s  have  been o b ta in e d  u til iz in g  th is  s tru c tu re .

-A c o n tin u a tio n  o f  th is  resea rch  w ould be to  use so m e  o f  th e  codes found in  th is  

d is se r ta tio n  as th e  c o m p o n e n t codes in a  T u rbo-code. It is likely  th a t  th e  ring  codes 

w h ich  show ed gains o v e r b in a ry  tre llis  codes w ith  th e  s a m e  n u m b e r  o f s ta te s  w ould  

a lso  achieve gains w h en  used  in  a  T urbo-code s tr u c tu r e .  O n e  o f th e  goals w hen  

th is  research  s ta r te d  w as to  d eve lop  a  tu rb o -rin g -co d e r o v e r  an  a rb i t r a ry  in teg e r ring  

m o d u lo -ç . H ow ever, su ffic ien t in fo rm a tio n  on good  codes for fad ing  an d  over sev era l 

o f  th e  in teg er rings w as no t av a ilab le . It is hoped  th a t  th is  resea rch  will lead to  th e  

use  o f som e o f  th e  codes h e re in  as co m ponen t codes in a  T u rb o -c o d e d  sy stem .

T h e  4 -phase s p re a d in g  seq u en ces  p resen ted  in B ozta§  e t a l. [40] an d  H am m o n s 

e t a l. [4-5] a re  a p p lic a b le  to  C o d e  D ivision .M ultiple .Access (CD M .A ) S pread  S p e c tru m  

sy s te m s. .An in te re s tin g  s tu d y  w ould  be  to  com bine  th e  co d es  over Z 4  an d  th e  4 -p h a se  

sp re a d in g  sequences in a  CDM .A sy s te m . .A nother s tu d y  o f  in te re s t is to  use codes 

o v e r Z.J and  ç -a ry  s p re a d in g  seq u en ces  sim ila r to  th o se  in B ozta§  e t al. [40] to  form  

a  <?-ary c o d in g /g -a ry  sp re a d in g  co m m u n ic a tio n  sy s te m . For e x a m p le , th e  12/31 code 

o v e r Z e had  gain  over B P S K  o f  4.64 dB  could  be s p re a d  using  a 6 -a ry  sp re a d in g  

secjuence. .A 6 -a ry  s p re a d in g  se q u en ce  could be g e n e ra te d  by  a sh ift reg is te r u tiliz in g  

a n  irred u c ib le  p o ly n o m ia l from  .A ppendix  .A. .An in v e s tig a tio n  to  find th e  po lynom ials  

w hich  g e n e ra te  seq u en ces  w ith  low cro ss-co rre la tion  w ou ld  be  req u ired .
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s i . i §0,2§0.1

F i g u r e  6 .1 .  S truc tu re  o f  a rate 2 / 3

Interleaver

RSC 
code I

RSC 
code 2

F ig u r e  6 .2 .  A n  example o f  a rate 1 /4  Turbo code s truc ture
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A ppendix  A  

Tables o f  P olynom ials

In o rd e r  to red u ce  th e  se a rc h  for good  codes over Z , .  we r e s t r ic te d  th e  po lynom ials  

g{ x )  an d  f ( x ) .  w hich  define  th e  code, to have no  fac to rs  o f  lesse r deg ree  in Z^[x]. 

W h en  q is p rim e , th is  is e q u iv a le n t to  req u irin g  g ( x )  a n d  f { x )  to  be  irred u c ib le . .-\s 

irred u c ib le  p o ly n o m ia ls  over fields a re  well know n a n d  a re  ta b u la te d  in th e  l i te ra tu re  

(cf. [50]). we w ill n o t list th e m  here . How ever, we w an t ir re d u c ib le  p o ly n o m ia ls  over 

Z ,  w hen q is not p r im e  as w ell. .A. po lynom ial p  t  R[x] is ir re d u c ib le  over R  if p 

has a positive  deg ree  a n d  p =  be w ith  b .c  E im p lies  th a t  6 o r  c is a co n s ta n t

po lynom ial [50]. In o th e r  w o rd s , it is irred u c ib le  if it a llow s o n ly  t r iv ia l  fac to riz a tio n . 

H ow ever, th e re  is th e  case w h en  w orking  in Z.,[x]. th a t  th e re  m a y  ex is t a fac to r o f 

eq u a l or g re a te r  deg ree . For e x a m p le , let / ( x )  =  2x  -h 3 a n d  ^ (x )  =  3x" +  2x +  I in 

Ze. th en  / ( x ) g ( x )  = x - - h 2 x  +  3. .A nother ex a m p le  is / ( x l  =  3x  +  3 a n d ^ ( x )  = 2 x - i - 2  

w here  th e  p ro d u c t is eq u a l 0.

T h e  p o lynom ials  g iven  in th e  T ab les .A.I-.A.IO a re  over Z ,  a n d  have  no fac to rs o f 

lesser degree. By fo rm al d e fin itio n  th e y  are  n o t n ecessa rily  ir re d u c ib le  as th e re  m ay  

ex is t fac to rs o f  h ig h er d eg rees . H ow ever, the  p u rp o se  o f u sin g  th e s e  p o ly n o m ia ls  was 

to  en su re  th a t  tw o p o ly n o m ia ls  d id  no t have fac to rs  o f lesser d eg ree . In th e  tab le s , 

th e  po lynom ial Onx'^ +  +  . . .  -I- «o is a b b re v ia te d  as . . .  Qo-

T h e  p o lynom ials  in th e  ta b le s  w ere co m p u te d  u s in g  th e  E ra s to th e n e s  sieve m e th o d . 

In th is  m e th o d , to  find all th e  p o ly n o m ia ls  o f d e g ree  n th a t  h av e  no  fac to rs  less th a n  

deg ree  n. all o f  th e  red u c ib le  p o ly n o m ia ls  of d e g ree  n a re  c a lc u la te d . T h e  ca lcu la tio n  

is d one  by m u ltip ly in g  all p o ss ib le  fac to rs  (less th a n  d e g ree  n ) w h ich  p ro d u c e  a deg ree  

n p o ly nom ial a n d  rem o v in g  it from  th e  set o f a ll p o ly n o m ia ls  o f  d e g re e  n.  .After all o f 

th e  c o m p u ta tio n  is c o m p le te d  th e  p o lynom ials  re m a in in g  in  th e  se t h a v e  no fac to rs  less 

th a n  degree n. W h en  q is p r im e  th e  po lynom ials  a re  c a lled  ir re d u c ib le . T h is  m e th o d
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T a b le  A . I .  Polynom ia ls  ot-er Z 4 [xj with no fa c to r s  o f  lesser degree f o r  degrees 2  to

4

7,,i = 4 Degree 2

101 102 111 113 122 123 131 133 201 221

Z.J =  4 Degree 3

1002 1011 1013 1022 1031 1033 1101 1103 1113 1121

1123 1131 1202 1211 1213 1222 1231 1233 1301 1303

1311 1321 1323 1333 2001 2021 2201 2221

Z.J =  4 Degree 4

10001 10002 10011 10013 10022 10023 10031 10033 10101 10103

10121 10122 10123 10202 10203 10211 10213 10221 10222 10231

10233 10301 10302 10.303 10321 10323 11001 11003 11013 11021

11023 11031 11102 11111 11113 11122 11131 11133 11201 11203

11211 11221 11223 11233 11302 11311 11313 11322 11331 11333

12002 12003 12011 12013 12021 12022 12031 12033 12101 12102

12103 12121 12123 12201 12202 12211 12213 12222 12223 12231

12233 12301 12303 12321 12322 12323 13001 13003 13011 13021

13023 13033 13102 13111 13113 13122 13131 13133 13201 13203

13213 13221 13223 13231 13302 13311 13313 13322 13331 13333

20001 20021 20201 20221 22001 22021 22201 22221

fo u n d  th e  irred u c ib le  p o ly n o m ia ls  th a t  a re  p re se n te d  [50]. T h ese  ta b le s  a re  o m it te d  

h e re  as th e y  are p rese n ted  e lsew here . T h e  sieve m e th o d  is im p ra c tic a l for la rg e  d eg ree  

p o ly n o m ia ls , how ever on ly  p o ly n o m ia ls  w ith  sm a ll degrees w ere o f in te re s t .

T h e  tab le s  p resen t th e  resu lts  o f  th e  sieve m e th o d . T hey  a re  no t th e  p ro d u c t of 

an y  po lynom ial of lesser degree . C o n s ta n t  m u ltip le s  o f the  p o ly n o m ia ls  p re s e n te d  in 

th e  fo llow ing tab les w ere o m itte d .
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T a b le  A .2 . P olynom ia ls  over  h^[x] with no fac tors  o f  lesser  degree -5

Z,j =  4 Degree 5

100002 100022 100101 100103 100121 100123 100202 100222

100301 100303 100321 100323 101001 101003 101021 101023

101111 101113 101131 101133 101201 101203 101221 101223

101311 101313 101331 101333 102002 102022 102101 102103

102121 102123 102202 102222 102301 102303 102321 102323

103001 103003 103021 103023 103111 103113 103131 103133

103201 103203 103221 103223 103311 103313 103331 103333

110013 110031 110111 110113 110131 110133 110211 110233

110311 110313 110331 110333 111011 111013 111031 111033

111101 111103 111121 111123 111211 111213 111231 111233

111301 111303 111321 111323 112011 112033 112111 112113

112131 112133 112213 112231 112311 112313 112331 112333

113011 113013 113031 113033 113101 113103 113121 113123

113211 113213 113231 113233 113301 113303 113321 113323

120002 120022 120101 120103 120121 120123 120202 120222

120301 120303 120321 120323 121001 121003 121021 121023

121111 121113 121131 121133 121201 121203 121221 121223

121311 121313 121331 121333 122002 122022 122101 122103

122121 122123 122202 122222 122301 122303 122321 122323

123001 123003 123021 123023 123111 123113 123131 123133

123201 123203 123221 123223 123311 123313 123331 123333

130011 130033 130111 130113 130131 130133 130213 130231

130311 130313 130331 130333 131011 131013 131031 131033

131101 131103 131121 131123 131211 131213 131231 131233

131301 131303 131321 131323 132013 132031 132111 132113

132131 132133 132211 132233 132311 132313 132331 132333

133011 133013 133031 133033 133101 133103 133121 133123

133211 133213 133231 133233 133301 133303 133321 133323

200001 200021 200201 200221 202001 202021 202201 202221

220001 220021 220201 220221 222001 222021 222201 222221
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T a b l e  A  3 . Polynom ials  ot-er Ze[x] with no fa c to r s  o f  lesser degree f o r  degrees 2 a n d  

3

hrj - 6 Degree 2

101 104 111 112 113 115 122 125 131 133 134 135

142 145 151 152 153 155 205 211 214 221 232 235

241 251 254 311 313 315 331

Zg : 6 Degree 3

1011 1013 1015 1021 1022 1024 1025 1031 1033 1035 1051 1052

1053 1054 1055 1101 1102 1103 1105 1112 1115 1121 1123 1124

1125 1132 1135 1141 1142 1143 1145 1151 1154 1201 1204 1211

1213 1214 1215 1222 1225 1231 1233 1234 1235 1241 1244 1251

1252 1253 1255 1301 1303 1305 1321 1322 1323 1324 1325 1341

1343 1345 1351 1352 1354 1355 1402 1405 1411 1412 1413 1415

1421 1424 1431 1432 1433 1435 1442 1445 1451 1453 1454 1455

1501 1503 1504 1505 1511 1514 1521 1522 1523 1525 1531 1534

1541 1543 1544 1545 1552 1555 2011 2012 2014 2015 2041 2045

2102 2105 2111 2114 2122 2125 2132 2135 2141 2144 2152 2155

2201 2212 2215 2221 2231 2234 2245 2251 2254 2311 2312 2314

2315 2341 2342 2344 2345 2405 2411 2414 2425 2432 2435 2441

2452 2455 2501 2504 2512 2515 2521 2524 2531 2534 2542 2545

2551 2554 3011 3013 3015 3031 3101 3103 3105 3121 3123 3125

3141 3143 3145 3211 3213 3215 3231 3233 3235 3251 3253 3255

3301 3321 3323 3325
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T a b le  A  4 . P o ly n o m ia ls  o f  degree 4 ocer lie[x] icith no fa c to r s  o f  lesser  degree

=  6 Degree 4

10011 10012 10013 10015 10022 10025 10031 10033 10035 10042

10045 10051 10052 10053 10055 10102 10105 10111 10114 10121

10124 10125 10132 10135 10141 10144 10145 10151 10154 10202

10205 10211 10213 10215 10231 10232 10233 10235 10251 10253

10255 10312 10315 10321 10322 10325 10331 10334 10341 10342

10345 10352 10355 10402 10405 10411 10413 10414 10415 10421

10424 10431 10432 10433 10435 10441 10444 10451 10453 10454

10455 10502 10505 10521 10523 10531 10532 10534 10535 10541

10543 11001 11002 11003 11005 11012 11021 11023 11024 11025

11032 11035 11041 11043 11045 11051 11054 11101 11104 11111

11113 11114 11115 11122 11125 11131 11133 11134 11135 11141

11144 11151 11152 11153 11155 11201 11203 11205 11221 11222

11223 11225 11241 11243 11245 11252 11254 11255 11302 11305

11311 11313 11315 11321 11324 11331 11332 11333 11335 11345

11351 11353 11354 11355 11401 11403 11404 11405 11411 11414

11421 11422 11423 11425 11431 11434 11441 11443 11444 11445

11452 11455 11511 11513 11515 11521 11522 11525 11531 11533

11535 11551 11552 11553 11555 12002 12005 12011 12013 12014

12015 12031 12032 12033 12035 12041 12044 12051 12053 12055

12101 12104 12112 12115 12121 12124 12125 12131 12134 12142

12143 12145 12151 12154 12211 12212 12213 12215 12231 12233

12235 12242 12245 12251 12253 12255 12301 12302 12305 12311

12314 12332 12335 12341 12343 12344 12352 12355 12401 12404

12411 12412 12413 12415 12421 12424 12431 12433 12434 12435

12442 12445 12451 12453 12454 12455 12501 12505 12511 12512

12514 12515 12523 12525 12542 12545 13001 13003 13005 13012

13015 13021 13022 13023 13025 13034 13041 13042 13043 13045

13052 13055 13102 13105 13111 13113 13114 13115 13121 13124

13131 13132 13133 13135 13141 13144 13151 13153 13154 13155

13201 13202 13203 13205 13221 13223 13225 13232 13234 13235

continued on next page
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=  6 Degree 4 Table A .4 (continued)

13241 13243 13245 13301 13311 13312 13313 13315 13322 13325

13331 13333 13335 13342 13345 13351 13352 13353 13355 13401

13402 13403 13405 13411 13414 13421 13423 13424 13425 13432

13435 13441 13443 13444 13445 13451 13454 13501 13502 13505

13511 13513 13515 13531 13532 13533 13535 13551 13553 13555

14002 14005 14011 14013 14015 14021 14024 14031 14032 14033

14035 14051 14053 14054 14055 14101 14104 14111 14114 14122

14123 14125 14131 14134 14141 14144 14145 14152 14155 14211

14213 14215 14222 14225 14231 14233 14235 14251 14252 14253

14255 14301 14302 14305 14312 14315 14321 14323 14324 14332

14335 14351 14354 14401 14404 14411 14413 14414 14415 14422

14425 14431 14433 14434 14435 14441 14444 14451 14452 14453

14455 14501 14505 14522 14525 14543 14545 14551 14552 14554

14555 15001 15002 15003 15005 15011 15014 15021 15023 15025

15032 15035 15041 15043 15044 15045 15052 15101 15104 15111

15112 15113 15115 15121 15124 15131 15133 15134 15135 15142

15145 15151 15153 15154 15155 15201 15203 15205 15212 15214

15215 15221 15223 15225 15241 15242 15243 15245 15302 15305

15311 15313 15314 15315 15325 15331 15332 15333 15335 15341

15344 15351 15353 15355 15401 15403 15404 15405 15412 15415

15421 15423 15424 15425 15431 15434 15441 15442 15443 15445

15451 15454 15511 15512 15513 15515 15531 15533 15535 15541

15542 15545 15551 15553 15555 20011 20014 20021 20041 20051

20054 20101 20104 20131 20134 20201 20212 20215 20225 20231

20234 20245 20252 20255 20311 20314 20321 20324 20341 20344

20351 20354 20401 20431 20434 20501 20504 20512 20515 20522

20525 20531 20534 20542 20545 20552 20555 21001 21004 21011

21022 21025 21031 21034 21052 21055 21121 21124 21125 21151
21154 21202 21205 21212 21215 21221 21224 21232 21235 21242

21245 21251 21254 21301 21304 21322 21325 21331 21334 21341
21352 21355 21421 21424 21451 21454 21455 21502 21505 21512

continued on next page
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Z , =  6 Degree 4 Table .4.^ (continued)

2151.5 21521 21524 21535 21542 21545 21.551 21554 22001

22012 22015 22031 22034 22045 22111 22114 22141 22144 22205

22211 22225 22235 22241 22252 22255 22301 22304

22312 22331 22334 22342 22345 22411 22414 22441 22502

22505 22514 22525 22532 22535 22.541 22544 22552

22555 23011 23014 23021 23024 23035 23041 23044 23051 23054

23101 23105 23134 23201 23204 23212 23215 23222

23225 23231 23234 23242 23245 23252 23255 23305 23311 23314

23321 23341 23344 23351 23354 23401 23404 23431 23434

23435 23504 23515 23522 23525 23.531 23534 23542

23545 23555 24001 24025 24031 24034 24052 24055 24121

24124 24154 24205 24212 24215 24221 24232 24235 24245

24251 24301 24304 24322 24325 24331 24334 24352 24355

24421 24454 24502 24505 24512 24515 24521 24524 24532

24535 24542 24545 24554 2.5001 25004 25012 2.5015 25031

25034 25045 25111 25114 25141 25144 25145 25202

25205 25211 2.5214 25222 25225 25232 25235 25241 25244 25252

25255 25304 2.5315 25321 25331 25334 25342 25345

2.5411 2.5415 2.5444 25502 25505 25511 25514 25522

25525 25535 25.544 25.552 25555 30011 30013 30015

30031 30211 30213 30215 30231 30233 30235 30251 30253 30255

31001 31003 31005 31023 31025 31041 31043 31045 31111

31113 31115 31131 31135 31151 31153 31155 31201 31203

31205 31223 31225 31241 31243 31245 31311 31313 31315

31331 31335 31351 31353 31355 31401 31403 31405 31421

31423 31425 31441 31445 31511 31513 31515 31531 31533

31535 31553 31.555 32011 32013 32015 32031 32033 32035

32051 32055 32105 32125 32141 32211 32213 32215 32231

32233 32235 32251 32255 32341 32345 32411 32413 32415

32431 32433 32435 32451 32453 32455 32.501 32521 32545 33001

33021 33023 33025 33111 33113 33115 33131 33133 33135 33151

33153 33201 33203 33205 33221 33223 33225 33241 33243

33245 33311 33313 33315 33331
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T a b le  A .5 . Polynom ials  over  Zg[x] with no fa c to r s  o f  lesser degree f o r  degrees 2  and  

3
z ,  = 8 Degree 2

101 102 103 105 106 111 113 115 117 122 123 124

126 127 131 133 135 137 141 142 145 146 147 151

153 155 157 162 163 164 166 167 171 173 175 177

201 203 221 223 241 243 261 263 421 423

Z , = 8 Degree 3

1002 1004 1006 1011 1013 1015 1017 1022 1026 1031 1033 1035

1037 1042 1044 1046 1051 1053 1055 1057 1062 1066 1071 1073

1075 1077 1101 1103 1105 1107 1113 1117 1121 1123 1125 1127

1131 1135 1137 1141 1143 1145 1147 1153 1157 1161 1163 1165

1167 1171 1173 1175 1202 1204 1206 1211 1213 1215 1217 1222

1226 1231 1233 1235 1237 1242 1244 1246 1251 1253 1255 1257

1262 1266 1271 1273 1275 1277 1301 1303 1305 1307 1311 1315

1321 1323 1325 1327 1333 1335 1337 1341 1343 1345 1347 1351

1355 1361 1363 1365 1367 1371 1373 1377 1402 1404 1406 1411

1413 1415 1417 1422 1426 1431 1433 1435 1437 1442 1444 1446

1451 1453 1455 1457 1462 1466 1471 1473 1475 1477 1501 1503

1505 1507 1513 1517 1521 1523 1525 1527 1531 1533 1535 1541

1543 1545 1547 1553 1557 1561 1563 1565 1567 1571 1575 1577

1602 1604 1606 1611 1613 1615 1617 1622 1626 1631 1633 1635

1637 1642 1644 1646 1651 1653 1655 1657 1662 1666 1671 1673

1675 1677 1701 1703 1705 1707 1711 1715 1721 1723 1725 1727

1731 1733 1737 1741 1743 1745 1747 1751 1755 1761 1763 1765

1767 1773 1775 1 1 f 1 2001 2003 2021 2023 2041 2043 2061 2063

2201 2203 2221 2223 2241 2243 2261 2263 2401 2403 2421 2423

2441 2443 2461 2463 2601 2603 2621 2623 2641 2643 2661 2663

4001 4021 4023 4041 4101 4102 4105 4106 4107 4111 4113 4115

4117 4122 4123 4124 4126 4127 4131 4133 4135 4137 4141 4142

4143 4145 4146 4151 4153 4155 4157 4162 4163 4164 4166 4167

4171 4173 4175 4177 4401 4421 4423 4441
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T a b le  A .6 . P olynom ia ls  o v e r  Zg[x] and  Z iq[x ] with no fa c to r s  o f  lesser  degree f o r  

degree ^

- 9 Degree 2

101 103 104 106 107 111 112 114 115 118 122 124

125 127 128 131 133 134 136 137 141 142 145 147

148 151 152 155 157 158 161 163 164 166 167 172

174 175 177 178 181 182 184 185 188 301 302 331

332 361 362 1

Zg = 10 Degree 2

102 103 107 108 111 112 113 115 116 117 119 123

124 128 129 131 133 134 135 137 138 139 141 142

140 147 151 152 153 155 157 158 159 161 162 166

167 171 173 174 175 177 178 179 183 184 188 189

191 192 193 195 196 197 199 201 209 211 213 216

218 227 229 232 234 237 239 241 243 251 254 256

259 261 263 272 274 277 279 287 289 291 293 296

298 511 513 515 517 519 551
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b l e  A . 7 . P olynom ia ls over  Z i 2 [xj  with no fa c to rs o f  lesser degree f o r  degrt
=  12 D e g r e e  2

I 0 1 1 0 2 1 0 4 1 0 5 1 0 6 1 0 7 1 0 9 1 0 10 1 1 1

1 I 2 1 1 3 1 1 5 1 1 7 1 1 8 I 1 9 1 1 11 1 2 2 1 2 3

1 2 5 1 2 6 1 2 7 1 2 8 1 2 10 1 2  11 1 3 1 1 3 3 1 3 4

1 3 5 1 3 7 1 3 9 1 3 10 1 3  11 I 4 1 1 4 2 1 4 5 I 4 6

I 4 8 1 4 9 1 4 10 1 4 11 1 5 1 I 5 2 1 5 3 1 5 5 1 5 7

I 5 8 1 5 9 1 5  11 1 6 1 1 6 2 1 6 3 1 6  4 1 6 6 I 6 7

I 6 10 1 6  11 1 7 1 1 7 2 1 7 3 I 7 5 1 7 7 1 7 8 1 7 9

1 7  11 1 8 1 1 8 2 1 8 5 I 8 6 1 8 8 1 8 9 1 8 10 I 8 LI

1 9 1 I 9 3 1 9 4 1 9 5 1 9 7 I 9 9 1 9 10 1 9  11 1 10 2

1 10 3 1 10 5 1 10 6 1 10 7 1 10 8 1 10 10 1 10 11 1 11 1 1 1 1 2

1 1 1 3 1 1 1 5 I 11 7 1 1 1 8 1 11 9 1 11 11 2 0  1 2 0 3 2 0 5

2 1 1 2 1 4 2 1 7 2 1 10 2 2 1 2 2 3 2 2 5 2 3 2 2 3 5

2 3 8 2 3 11 2 4 1 2 4 3 2 4 5 2 5 1 2 5 4 2 5 7 2 5 10

2 6 1 2 6 3 2 6 5 2 8 1 2 8 3 2 8 5 2 10 1 2  10 3 2 10 5

3 0 2 3 0 7 3 1 1 3 1 3 3 1 5 3 1 7 3 1 9 3 1 11 3 2 1

3 2 2 3 2 5 3 2 6 3 2 9 3 2 10 3 3 1 3 3 7 3 4 2 3 4 3

3 4 6 3 4 7 3 4 10 3 4 11 3 6 1 3 6 2 3 7 1 3 7 3 3 7 5

3 7 7 3 7 9 3 7 11 3 9 1 3 9 7 4 0 1 4 1 2 4 1 5 4 1 8

4 1 11 4 2 5 4 3 1 4 3 4 4 3 7 4 3 10 4 4 5 4 5 2 4 5 5

4 5 8 4 5 11 4 6 1 4 8 5 4 10 5 6 0  1 6 2  1 6 2 3 6 2 5

6 4 1 6 4 3 6 4 5 6 6 1
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T a b le  A .8 . Polynom ia ls  o re r  Z,n[x] with no fac to rs  o f  lesser degree f o r  degree J

=  14 D e g r e e  2

I 0 I 1 0 2 1 0 4 1 0 8 1 0 9 1 0 11 1 1 1 I 1 3 1 1 4

I 1 5 1 1 6 1 1 7 1 1 9 1 1 10 1 1 11 1 1 13 1 2 2 1 2 3

1 2 5 1 2 9 1 2 10 1 2 12 1 3 1 1 3 3 1 3 5 1 3 6 1 3 7

I 3 8 1 3 9 1 3 11 1 3 12 1 3 13 1 4 1 1 4 5 I 4 6 1 4 8

I 4 12 1 4 13 1 5 1 1 5 2 1 5 3 1 5 5 1 5 7 I 5 9 1 5 10

1 5  11 1 5 12 1 5 13 1 6 3 1 6 4 1 6 6 1 6 10 1 6  11 1 6 13

1 7 1 1 7 2 1 7 3 1 7 4 1 7 5 1 7 7 1 7 8 1 7 9 1 7 11

1 7 13 1 8 3 1 8 4 1 8 6 1 8 10 18  11 1 8 13 1 9 1 1 9 2

1 9 3 1 9 5 I 9 7 1 9 9 1 9 10 1 9  11 1 9 12 1 9 13 1 10 1

1 10 5 1 10 6 1 10 8 1 10 12 1 10 13 1 11 1 I II 3 1 1 1 5 1 1 1 6

1 1 1 7 1 1 1 8 1 11 9 1 11 11 1 11 12 1 11 13 I 12 2 1 12 3 I 12 5

1 12 9 1 12 10 I 12 12 1 13 1 1 13 3 1 13 4 I 13 5 I 13 6 I 13 7

1 13 9 1 13 10 1 13 11 1 13 13 2 0 1 2 0 9 2 0 II 2 I 2 2 1 3

2 1 5 2 1 9 2 1 10 2 1 12 2 2 1 2 2 5 2 2 13 2 3 3 2 3 4

2 3 6 2 3 10 2 3 11 2 3 13 2 4 3 2 4 11 2 4 13 2 5 1 2 5 5

2 5 6 2 5 8 2 5 12 2 5 13 2 6 3 2 6 5 2 6 9 2 7 1 2 7 2

2 7 4 2 7 8 2 7 9 2 7 11 2 8 3 2 8 .5 2 8 9 2 9 1 2 9 5

2 9 6 2 9 8 2 9 12 2 9 13 2 10 3 2 10 11 2 10 13 2 11 3 2 114

2 116 2 11 10 2 11 11 2 11 13 2 12 1 2 12 5 2 12 13 2 13 2 2 13 3

2 13 5 2 13 9 2 13 10 2 13 12 7 1 1 7 1 3 7 1 5 7 1 7 7 1 9

7 1 11 7 1 13 7 7 1



Appendix  .4 1 0 8

T a b l e  A .9 .  P olynom ia ls  o r e r  Z i 5 [xj  ivith no  fa c to r s  o f  lesser degree f o r  degree
J,  =  15 D e g r e e  2

I 0 I I 0 2 I 0 3 I 0 4 I 0 7 I 0  8 I 0 10 I 0 12 I 0 13

1 1 1 I I 2 I I 5 I I 6 I I 7 I I 8 I I I I I I 12 I I 14

1 2 2 I 2 3 I 2 4 I 2 5 I 2 8 I 2 9 I 2 I I I 2 13 I 2 14

1 3  1 I 3 3 I 3 4 I 3 7 I 3 8 I 3 9 I 3 10 I 3 13 I 3  14

I 4 1 I 4 2 I 4 5 I 4 6 I 4 7 I 4 8 I 4 I I I 4 12 I 4 14

1 5 2 I 5 3 I 5 5 I 5 7 I 5 8 I 5 I I I 5 12 I 5 13 I 5 14

1 6 I I 6 2 I 6 4 I 6 6 I 6 7 I 6 10 I 6 I I I 6 12 I 6  13

1 7 2 I 7 3 I 7 4 I 7 5 I 7 8 I 7 9 I 7 I I I 7 13 I 7 14

1 8 2 I 8 3 I 8 4 I 8 5 I 8 8 I 8 9 I 8 I I I 8 13 I 8 14

1 9 1 I 9 2 I 9 4 I 9 6 I 9 7 I 9 10 I 9 I I I 9 12 I 9 13

1 10 2 I 10 3 I 10 5 I 10 7 I 10 8 I 10 I I I 10 12 I 10 13 I 10 14

I I I  I I I I  2 I I I  5 I I I  6 I I I  7 I I I  8 I I I  I I I I I  12 I I I  14

I 12 I I 12 3 I 12 4 I 12 7 I 12 8 I 12 9 I 12 10 I 12 13 I 12 14

I 13 2 I 13 3 I 13 4 I 13 5 I 13 8 I 13 9 I 13 I I I 13 13 I 13 14

I 14 I I 14 2 I 14 5 I 14 6 I 14 7 I 14 8 I 14 I I I 14 12 I 14 14

3 0 I 3 0 4 3 I 2 3 I 4 3 I 7 3 I 9 3 I 12 3 I 14 3 2 I

3 2 3 3 2 6 3 2 8 3 2 11 3 2 13 3 3  I 3 3 8 3 4 2 3 4 4

3 4 7 3 4 9 3 4 12 3 4 14 3 5 I 3 5 4 3 5 6 3 5 9 3 5 I I

3  5 14 3 6 2 3 6 4 3 8 I 3 8 3 3 8  6 3 8 8 3 8 I I 3 8 13

3 9 2 3 9 4 3 12 I 3 12 8 5 0 2 5 I I 5 I 4 5 I 7 5 I 10

5  I 13 5 2 I 5 2 4 5 2 7 5 2 10 5  2 13 5 3 2 5 3 5 5 3 8

5 3 I I 5 3 14 5 5 I 5 10 I
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T a b l e  A . 1 0 . Polynom ials  over  h i^ lx]  with no fa c to rs  o f  lesser  degree f o r  degree 2
= 16 Degree 2

I 0 I 1 0 2 1 0 3 1 0 4 1 0 5 1 0 6 1 0 8 1 0 9 1 0 10

1 0 11 1 0 13 1 0 14 1 1 1 1 1 3 1 1 5 1 1 7 1 1 9 1 1 11

1 1 13 1 1 15 1 2 2 1 2 3 1 2 4 1 2 5 1 2 6 1 2 7 1 2 9

1 2 10 1 2  11 1 2 12 1 2 14 I 2 15 1 3 1 1 3 3 1 3 5 1 3 7

1 3 9 1 3  11 1 3 13 1 3 15 1 4 1 1 4 2 1 4 5 1 4 6 1 4 7

1 4 8 1 4 9 1 4 10 1 4 12 1 4 13 1 4 14 1 4 15 1 5 1 1 5 3

1 5 5 1 5 7 1 5 9 1 5  11 1 5 13 1 5 15 1 6 1 1 6 2 1 6 3

1 6 4 1 6 6 1 6 7 1 6 10 1 6 11 1 6 12 1 6 13 1 6 14 1 6 15

1 7 1 1 7 3 1 7 5 1 7 7 1 7 9 1 7 11 1 7 13 1 7 15 1 8 I

1 8 2 1 8 3 1 8 4 1 8 5 1 8 6 1 8 8 1 8 9 1 8 10 1 8  11

1 8 13 1 8 14 1 9 1 1 9 3 1 9 5 1 9 7 1 9 9 1 9  11 1 9 13

1 9 15 1 10 1 1 10 2 1 10 3 1 10 4 1 10 6 1 10 7 1 10 10 1 10 11

1 10 12 1 10 13 1 10 14 1 10 15 1 11 1 1 113 1 1 1 5 1 1 1 7 1 1 1 9

1 11 11 1 11 13 1 11 15 1 12 1 1 12 2 1 12 5 1 12 6 1 12 7 1 12 8
1 12 9 1 12 10 1 12 12 1 12 13 1 12 14 1 12 15 1 13 1 1 13 3 1 13 5

1 13 7 1 13 9 1 13 11 1 13 13 1 13 15 1 14 2 1 14 3 1 14 4 1 14 5

1 14 6 1 14 7 1 14 9 1 14 10 1 14 11 1 14 12 1 14 14 1 14 15 1 15 1

1 15 3 1 15 5 1 15 7 1 15 9 1 15 11 1 15 13 1 15 15 2 0 I 2 0 3

2 0 5 2 0 7 2 2 1 2 2 3 2 2 5 2 2 7 2 4 1 2 4 3 2 4 5

2 4 7 2 6 1 2 6 3 2 6 5 2 6 7 2 8 1 2 8 3 2 8 5 2 8 7

2 10 1 2 10 3 2 10 5 2 10 7 2 12 1 2 12 3 2 12 5 2 12 7 2 14 1
2 14 3 2 14 5 2 14 7 4 0 1 4 2 1 4 2 3 4 2 5 4 2 7 4 4 3
4 6 1 

8 8 1

4 6 3 4 6 5 4 6 7 4 8 1 4 12 3 8 0 1 8 4 1 8 4 3



IMAGE EVALUATION 
TEST TARGET ( Q A - 3 )

/

A

✓

/ r

A

1.0

l.l

1.25

m

m
. 0  m i l  2 . 0

1.8

1.4 1.6

150mm

>1PPUED A  ilVUGE . Inc
1653 East Main Street 

- ^ = *- Rochester. NY 14609 USA 
Phone: 716/482-0300 
Fax: 716/288-5989

O 1993. Applied Image. Inc.. Ail Rights Reserved




