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ABSTRACT

Given a factor code 7 from a shift of finite type X onto an irreducible sofic shift
Y, and a fully supported ergodic measure v on Y, we give an explicit upper bound on
the number of ergodic measures on X which project to v and have maximal entropy
among all measures in the fiber 77'{r}. This bound is invariant under conjugacy.

We relate this to an important construction for finite-to-one symbolic factor maps.
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Chapter 1
Introduction

All of our work deals with special dynamical systems. A dynamical system is specified
by a set X together with a map from X to X (which we shall call T'). Intuitively
we think of the points of X as describing the “state” of a physical system. If the
physical system is in state x at some time n, then T'(z) describes the state of the
system at time n 4+ 1. Note that it is crucial that the same map 7' is applied at every
stage (this assumption ensures that we are dealing with a homogeneous dynamical
system). In ergodic theory, the dynamical systems have additional structure, namely
a measure. A measure is a function mapping subsets of X to [0, 1] which we think of
as measuring the size of the subset. Of crucial importance are the invariant measures:
those for which T'(A) and A always have the same measure.

Symbolic dynamics is a rapidly growing part of dynamical systems which allows
us to study complex dynamical systems by means of discretizing space as well as
time. Shift spaces are basic notions in symbolic dynamics. Each point in a shift
space represents a bi-infinite walk on a directed graph and the passage of time T
corresponds to shifting a sequence one place to the left.

One of the major concepts which is sensitive to the measure defined on X is the
entropy of 7. Entropy is a non-negative number measuring the average amount of
information provided by the knowledge of the “present state” given the knowledge of
an arbitrary long past. Thus, a system with zero entropy can be viewed as strongly

deterministic in the sense that the knowledge of the entire past precisely determines



the future behavior of the system.

In symbolic dynamics measures of maximal entropy have been thoroughly studied
and many of their properties are known. It is a well-known result of Parry [21],
generalizing an earlier result of Shannon [27], that every irreducible shift of finite
type has a unique measure of maximal entropy which is given by an explicit formula.
In contrast, we consider the relative case in which one is given a factor code 7 : X — Y
from a shift of finite type X to a sofic shift Y, and a measure v on Y. In this case
measures on X in the fibre 77'{v} having maximal entropy in the fibre, so-called
measures of relative maximal entropy, are not well understood.

Measures of relative maximal entropy appear frequently in different areas of Math-
ematics. One of the applications is providing some techniques to compute Hausdorff
dimension. This reveals the connections of measures of relative maximal entropy with
functions of Markov chains [3, 4, 5, 20], measures that maximize a weighted entropy
functional [8, 28], the theory of pressure and equilibrium states [10, 13, 26], rela-
tive pressure and relative equilibrium states [17, 18, 30], and compensation functions
[4, 30]. Other uses of such measures arise from their application in the mathematics
of information transfer [23] and information-compressing channels [20].

The main goal of this thesis is finding an upper bound on the number of ergodic
measures of relative maximal entropy. In 2003, Petersen, Quas, and Shin [24] found

the following upper bound on the number of such measures.

Theorem 1.0.1. Let m: X — Y be a I-block factor code from a 1-step SFT X to a

sofic shift Y. Let v be an ergodic measure on'Y and
N, (1) = min{|7*(w)|: w in the alphabet of Y, v[w] > 0}.

The number of ergodic measures of mazimal entropy over v is at most N, ().

This bound suffers from not being invariant under conjugacy and becomes arbi-
trarily large simply by recoding to a higher block presentation. A simple example
is the map 7 : X — Y where X is the full 2-shift {0,1}%2, Y = {0}? and v is the
trivial measure on the full 1-shift. Then N, (7) = |77!(0)| = 2. The 2nd-higher block
presentation of X, X2 is conjugate to X. However, N(7) = 4 where 7 : X2 — {0}Z.



To avoid this issue one possibility is to take the minimum of this bound over all
shifts of finite type X which are conjugate to X. However, no algorithm for computing
this minimum has been found. On the other hand, in this thesis we find a simpler
conjugacy-invariant upper bound which can be strictly better and is never worse than
the minimum bound mentioned above over the conjugates.

When a factor code is finite-to-one, there is a well-known quantity assigned to
the code called the “degree” of the code. The degree of a code is invariant under
conjugacy and can be easily computed. We show there is a quantity assigned to a
general factor code, called the “class degree” of the code, analogous to the degree of
a finite-to-one code. By defining a “transition equivalence relation” on X the class
degree of the code is defined to be the number of transition classes in the preimage of
a “typical” point of Y. It is shown that the class degree of a code is invariant under
conjugacy. Given an ergodic measure v on Y, we show that the number of transition
classes above a typical point of v is an upper bound on the number of measures of
relative maximal entropy. This bound is equal to the class degree of the code when
v is ergodic and fully supported.

One of the ingredients we use to prove the above statement is a key property of
measures of relative maximal entropy. Given a finite set G C 7Z, the boundary of
the complement of G is 0G® = {i € G°: 3j € G with |i — j| = 1}. We prove if p is
a measure of maximal entropy in the fibre 771{v} then the conditional distribution
of p on any finite set G C Z given the configuration on G¢ is p-a.s. uniform over
all configurations on GG which extend the configuration on 0G¢ and map to the same
configuration in Y under the factor code 7. The proof of this result follows techniques
developed by Burton and Steif [6] where they show that if i is a measure of maximal
entropy for a d-dimensional shift of finite type then the conditional distribution of
i on any finite set G C Z? given the configuration on G¢ is p-a.s. uniform over all
configurations on G which extend the configuration on 0G¢ (this result is related to
an earlier work of Lanford and Ruelle [16]).

The content of the thesis is as follows. We have divided the material into four
main parts (Chapters 2, 3, 4, and 5) where the main goal is achieved in Chapter 5.

In Chapter 2 we discuss the background material from dynamical systems. In this



chapter we follow [29] and chapters 1, 2, 9 of [19]. If the reader is familiar with the
topics of these two references, they may skip the second chapter and refer back to it
for the statement of theorems as needed.

We start the third chapter with an introduction to conditional expectation and
its properties which are needed later in the thesis. We prove the uniform conditional
distribution property of measures of relative maximal entropy in Section 3.2. This
property is used in Chapter 5.

The degree of a finite-to-one code is reviewed in the beginning of Chapter 4. We
present an efficient algorithm for the computation of the degree in Section 4.1.2. A
major result of this thesis is discussed in Section 4.2. Given a factor code 7 : X — Y,
we introduce an equivalence relation on X, called the transition equivalence relation.
The minimum number of transition classes above points of Y is called the class degree
of the code. Then in Section 4.3 we show that the number of transition classes above
each typical point is the same and equal to the class degree.

Chapter 5 starts with reviewing the old upper bound on the number of ergodic
measures of relative maximal entropy and finishes with presenting a new upper bound

on such measures.



Chapter 2
Background

In this chapter we review some background materials from ergodic theory and sym-
bolic dynamics. In many cases we refer the reader to other resources for further
details. However, we do provide examples and proofs as well as giving an interpreta-
tion for topics which are key ingredients in a future chapter. To reach this goal, we
describe the standard ideas of ergodic theory in the special case of shift spaces that
is the principal context for our study.

The chapter starts with introducing shift spaces, in particular shifts of finite type
and their connection with finite directed graphs. We develop methods and tools
that are useful in the study of these spaces and measures supported on them in
Sections 2.1.1 and 2.1.2. Entropy is defined in Section 2.2. We discuss this important
topic from a few viewpoints and compute it in some cases. Section 2.3 studies sofic

shifts which are factors of shifts of finite type.

2.1 Shift Spaces

Definition 2.1.1. Let A be a finite set, called the alphabet. The full A-shift, denoted

by
A? = {r = (2))iez : 2 € A}



is the collection of all bi-infinite sequences of symbols from A equipped with the shift
map T : AL — A% where T(x),, = 2,41 for each n € Z.

Each bi-infinite sequence x € A” is called a point of the full shift. We sometimes
use the notation ...x_gx_lioxlxg ... for a point in A%*. The * indicates the 0O-th

position (or time 0) in the sequence. T' can be written as
* *
T( XXXl T2 . .. ) = ... X 21 XoX1T....

For example {0, 1}Z is the set of all binary sequences. The point .. .OOiOl ... maps
to .. .00161 ... under the shift map 7.

The full n-shift is the full shift over the alphabet {0,1,...,n—1}. If A has size n,
then there is a natural correspondence between the full n-shift and the full A-shift.
For example it is convenient to refer to the full shift over {0, 1} or the full shift over
{a, b} as the full 2-shift.

A metric on AZ is given by d(x,y) = 27%, where k is the smallest integer so
that x4 # Y-k In other words, the distance between x and y is 27k if k is
the number of positions away from the Oth coordinate where the first disagreement
between z and y occurs (with the convention that if no disagreement occurs, then
d(z,y) = 27> = 0). So two points are “close” if they have many initial symbols in

common. It is not hard to verify that d defines a metric on X.

Definition 2.1.2. If X is a non-empty shift-invariant closed subset of A% for some
alphabet A, then the system (X, Tx) is called a shift space where Ty is the restriction
to X of the shift map T" on the full shift.

It is worth mentioning that some authors prefer to use the term “subshift” rather

than “shift space”.

Definition 2.1.3. Let A be an alphabet. A block over A is a finite sequence of

symbols from A including the sequence of no symbols, called the empty block.

A Z-interval is a finite contiguous subset of Z. If there is a point x in X and a

Z-interval G such that x¢ = B, then we say B is a block of X or B occurs in x.



Definition 2.1.4. A shift space (X, Tx) is called a shift of finite type (SFT) if there
exists a finite set of (forbidden) blocks F defining X as

X =Xz ={xe€ A% no block W € F occurs in x}.

If B is a block of X, we sometimes refer to B as an “allowable block” of X.
Let A be an alphabet. The length of a block B over A is the number of symbols
it contains, and is denoted by |B|. A n-block is a block of length n.

Definition 2.1.5. We say X is a SF'T of step size at most N if there is a forbidden
block set consisting of blocks of length at most N + 1, and say X is an N-step SFT if

it 1s of step size at most N but not of step size at most N — 1.

One can think of a 1-step SF'T as being given by a collection of symbols together
with a description of which symbols can follow which others. The following example
describes a 1-step SFT.

Example 2.1.6. Let X be the set of binary sequences with no two consecutive 1°s.
Then X = Xz, where F = {11}. The 1-step shift of finite type X is called the golden
mean shift.

Most of the time we denote a SFT (X, Tx) by only X, the shift map being under-
stood implicitly. When dealing with several SF'Ts, their possibly different alphabets
will be denoted by A(X), A(Y).

Here we show an alternative description of 1-step shifts of finite type using directed

graphs.

Definition 2.1.7. A finite directed graph G consists of a finite set of vertices V
together with a finite set of edges £. Fach edge & in & starts at an initial vertex of V
denoted by i(§), and terminates at a terminal vertex of V denoted by t(§). Note that
loops are allowed in a graph, meaning that there might be an edge & where t(€) is the

same as i(§).

Through this work we only consider graphs in which there is no more than one

edge from a vertex to another.



Let G be a finite directed graph with vertex set V (where there is no more than
one edge from a vertex to another). For vertices I and J in V, let M;; denote the
number of edges in G with initial vertex [ and terminal vertex J. Note that My is
1 if there is an edge from I to J and it is 0 otherwise. The adjacency matrix of G is

Mg = [M;;]. A walk is a sequence of graph vertices v; ... v; such that M, is 1 for

kVk+1
each i < k < j. The vertex shift X, is the shift space over the alphabet V specified
by

Xy ={veV:: M, =1 for each i € Z}.

iVi4+1

Note that the vertex shift X, is a 1-step SF'T defined by the list
f = {'Uﬂ)ji Mvivj = 0}

of forbidden 2-blocks. Conversely, every 1-step SFT is a vertex shift. Because if
X = X7 where F consists of 2-blocks, then X may be regarded as the vertex shift
X, where M is the 0-1 matrix indexed by the alphabet of X and M;; = 0 if and
only if i € F. Later we show that any shift of finite type can be viewed as a vertex
shift.

Example 2.1.8. Let G be a finite directed graph with vertex setV = {0,1} and

o (10
G_10>

shown in Figure 2.1. The vertex shift Xy, is the golden mean shift described in
Ezample 2.1.6.

S

Figure 2.1: Graph for Example 2.1.8 representing the golden mean shift

1



2.1.1 Invariant Measures

Let X be a set. A o-algebra %x is a collection of subsets of X that is closed under

countable unions and complements and also contains the set X itself. By a measure on

n=1
(By),~, is a sequence of pairwise disjoint members of #x. A probability measure is

X we mean a function p : ZBx — |0, 1] satisfying p (U Bn> = Z i (B,,) whenever
n=1

a measure p with the added assumption that p(X) is 1. For our purpose, measures
will always be probability measures.

Let X be a shift space and x in X. The block of coordinates in = from time 7 to
time j is denoted by x}; ;) = 7741 ... x;. We denote the set of points in X in which

a block B = By ... B,_; occurs starting at position k by
Ck(B) = k[BO . -Bn—l] = {SL’ e X: Tk, k+n—1] = B}

The set Ci(B) is called the cylinder set defined by B with starting position k. The
collection of all cylinder sets of X is denoted by .Z (X ), and Zx denotes the smallest
o-algebra which contains the cylinder sets. It is worth noting that a subset of a shift
space is both open and closed if and only if it is a finite union of cylinder sets.

To define a measure on X, one can assign probabilities to cylinder sets and then
use standard measure theory to extend these assignment to all members of Zyx. We
need the following definitions before stating Theorem 2.1.11 which allows us to extend

a measure in this way:.

Definition 2.1.9. Let £ be a collection of sets that contains the empty set. A
function 7 : £ — R™ is called a pre-measure if

1. 7(0) = 0.

2. If {A;} is a countable collection of disjoint sets of £ and UAZ' € .2, then

T (U A,-) = 7(A).

)
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Definition 2.1.10. Let X be a set. A semi-algebra £ is a collection of subsets of X
such that

1. e L.

2. L is closed under finite intersections.
3. If A € L then A° may be written as a finite union of disjoint elements of £ .

The usefulness of semi-algebras comes from the following theorem. Note that
when X is a shift space then Z(X), the collection of all cylinder sets of X, forms a

semi-algebra.

Theorem 2.1.11. Let X be a shift space. Let 7 : Z(X) — [0,1] be a probability

pre-measure on £ (X). Then T uniquely extends to a probability measure on X.
A proof of Theorem 2.1.11 can be found in [15]

Example 2.1.12. Let X = {0,1,...,k — 1} and let P = (po,p1,---,Pr_1) be a
probability vector (i.e., p; > 0 for each i and Zfz_ol pi = 1). Define the function T on
the set of cylinder sets by

T(r[a0>a1> cee aa'n]) - Hpai-
i=0

Then one can extend T to a measure p on X (for more details, see Theorem 0.2 and

0.4 of [15]). The measure p on X is called the Bernoulli-(py, p1, - .., prk—1) measure.

We shall denote by M (X) the collection of all (probability) measures defined on
X.

Definition 2.1.13. Let X be a shift space. A measure u on X s called T-invariant
if for each B € Bx we have (T~ B) = u(B).

We most of the time refer to p as an invariant measure rather than a 7T-invariant

measure when 7' is being understood implicitly.
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Theorem 2.1.14. [19, Theorem 1.1] Let X be a shift space and p be a measure on
X. If for each cylinder set C we have u(T~*C) = u(C) then p is invariant.

In simple words g is invariant if and only if the starting position of any cylinder
set does not affect its measure.

The subset of M (X) consisting of the invariant measures is denoted by M (X, T).
By the above Theorem, it is clear that the Bernoulli-(pg, p1, . . ., pr—1) measure defined
in Example 2.1.12 is invariant and therefore belongs to M (X, 7).

To investigate the topological properties of M (X) we need to define continuous
and integrable functions on X. Let X be a shift space and p be a measure on X. A
function f: X — R is $Bx-measurable if f~!(c,00) € By for all ¢ € R. A function
f: X — R is called continuous if f~!(c,00) is open for all ¢ € R. The set of all
continuous functions f: X — R is denoted by C(X). If f isin C(X), we define the

uniform norm ! of f to be

[fllw = sup{|f(2)|: = € X}.

Note that the shift space X is a compact space and since any continuous function
on a compact space is bounded we have ||f||, < oo for every f in C'(X). (To see a
justification that shift spaces are compact see [19] page 177.) The function d(f,g) =
|f — gl|u is easily seen to be a metric on C'(X). We say f: X — R is p-integrable if
[ is Bx-measurable and [ fdp < oo (a full description of integration may be found
in [7]). Wesay [ = g prae. if u({z € X: f(z) # g(x)}) = 0. The space of all
p-integrable functions f: X — R where two such functions are identical if they are
equal p-a.e. is denoted by L'(X, %x,u). In speaking of %Bx-measurable functions
or p-integrable functions we shall usually omit the Zx and the u, and simply write
measurable functions or integrable functions. We may also write L' rather than
LY X, Px, i) or a.e. rather than p-a.e. if the o-algebra and the measure defined on

X is understood from the context.

LA norm on a real vector space V (for example the vector space C(X)) is a function v — ||v]|
from V to [0, 00) such that (a)||v + w|| < ||v|| + ||Jw|| for all v,w in V., (b)||Av]| = |A|||v]| for all v in
V and X in R, and (c)||v]| = 0 only when v = 0.
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We need the following theorem to describe a topology on the set of invariant

measure on a shift space X.

Theorem 2.1.15. [29] Let X be a compact metric space. The set C(X) of continuous

functions on X has a countable dense subset.

There is a standard topology on the set of invariant measures on X, M (X)), called
the weak* topology ! which is generated by the following metric on M(X). Fix a
countable dense subset of C(X), (f,)r",. For p and v in M(X) define

_ - ‘ffnd,u_ffndy‘
W) =2

It is straightforward to see d: M(X) x M(X) — R is a metric.
Theorem 2.1.16. [29, Theorem 6.5] Let X be a shift space. The space M(X) is

compact in the weak™ topology.

Theorem 2.1.17. [29, Theorem 6.9] Let X be a shift space and x in X. Form a
N-1

sequence (un)N—, of measures on X by puy = N Z 8y o T~" where 8, stands for the
i=0
point mass measure at x. Then any limit point  of (1in)3X—q S an invariant measure;

i.e., pis a member of M(X,T). (Note that such limit points exist by the compactness
of M(X).)

Definition 2.1.18. Let X be a shift space. A measure p € M(X,T) is called ergodic
if the only members B € Bx with T™*B = B satisfy u(B) =0 or u(B) = 1.

The idea is working with spaces in which there are no portion that remains isolated
from the rest if we allow the system to evolve long enough.

Theorem 2.1.17 shows that M (X, T') is non-empty. We, moreover, have the follow-
ing properties of M (X, T) which immediately implies that the set of ergodic measures

of X is also non-empty.

!The most common way to define this topology on M(X) is by applying Riesz Representation
Theorem to relate elements of M(X) to linear functionals on C'(X) and get a topology on M (X)
from the weak* topology on C'(X)*. For a detailed discussion on Riesz Representation Theorem and
weak* topology see [7] Chapter 5 and [29] page 148.
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Theorem 2.1.19. [29, Theorem 6.10] Let X be a shift space. Then
(a) M(X,T) is convex and is a compact subset of M(X).
(b) w is an ergodic measure if and only if v is an extreme point of M(X,T).

The Ergodic Decomposition theorem shows that any invariant measure on X can

be decomposed to ergodic measures as follows.

Theorem 2.1.20. (Ergodic Decomposition Theorem) Let £(X,T') denote the set of
all ergodic measures on X. Then for each p in M (X, T) there is a unique measure 7
on M(X,T) such that 7(F(X,T)) = 1 and for each f in C'(X),

J @ autn - [ - ([ s dote)) arto)

We write p = / pdr(p) and call it the ergodic decomposition of p. From
E(X,T)
Theorem 2.1.20 we see that 7 represents the “weights” of the ergodic measures that

make up p. A proof of the Ergodic Decomposition Theorem may be found in [25]
Determining if a measure g on X is ergodic is not always straightforward by
only using Definition 2.1.18. There are several other ways of stating the ergodicity
condition. We state two of them in the following theorem. The first criterion gives a
way of checking the ergodicity by reducing the computations to a class of sets we can
manipulate, and the second result expresses the ergodicity in functional form. We

apply (b) to check ergodicity in Example 2.1.22 and use (c¢) in Theorem 2.1.26.

Theorem 2.1.21. Let p be an invariant measure on a shift space X. Then the

following are equivalent:
(a) w is ergodic.
(b) For any cylinder sets U and V of X,

N-1
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(c) For any continuous function f and for any integrable function g,
| Nl '
]}%N;/ﬂfﬁﬁ)g(fﬂ)dﬂz/fdu/gdu-

A proof of this Theorem may be found in [29]. In particular, the reader is referred
to Theorem 1.17 and Lemma 6.11 of [29].

Example 2.1.22. The Bernoulli-(po, . . ., pr—1) measure is ergodic.

Proof. To see this, let U = ,[iy...43,] and V = ,[jo...Js] be two cylinder sets of X.

For n > b+ s — a we have

w(T"UNV) = pjy - --0juPio - - Pip = p(U) (V).

Therefore,
N-1 N-1
]\}lm — g w(T7'UNV) = lim — g (T UNV) = puU)u(V)
—00 —00
i=0 1=b+s—a+1

The orbit of a point x in X is the sequence (T%z)2__.. The Birkhoff Ergodic
Theorem shows that if a function f has a finite integral with respect to an ergodic
measure 4 then the integral of the function is its average value along the orbit of

p-almost every point.

Theorem 2.1.23. (Birkhoff Ergodic Theorem) Let X be a shift space. Let p be an

ergodic measure on X and f be an integrable function. Then

Jim Sxf(e) = [ Fau
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for p-almost every point x in X, where

2

Su1) = 3 O (')

7

I
=)

A short proof of the Birkhoff Ergodic Theorem may be found in [12]. For a proof

based on nonstandard-analysis see [2].

Definition 2.1.24. Let u be an invariant measure on a shift space X. A point x in
X is called generic for p if hm Snf(x /fdu for every f in C(X).

Theorem 2.1.26 shows that given the ergodicity property, almost every point of a
shift space is generic. To prove this, we need the following basic theorem on integrat-

ing a sequence of functions.

Theorem 2.1.25. (Dominated Convergence Theorem) Let g : X — R be p-integrable
and (f,)22, be a sequence of measurable real-valued functions with |f,| < g p-almost

everywhere. Suppose that for p-almost every z the sequence f, () is convergent, and

let f(z) = lim f,(x) p-a.e. Then f is integrable and lim /fn dp = /fdu.
n—oo n—o0
For a proof of the dominated convergence theorem see [7, Theorem 2.24].

Theorem 2.1.26. Let p be an invariant measure on a shift space X. Then p is

ergodic if and only if p-almost all points of X are generic.

Proof. Suppose p is ergodic. Let (f;)5°, be a dense subset of C' ( ). By the Birkhoff
Ergodic Theorem for any function f; we have limy_,o, Sy fi(z f fidp for p-almost

every point x in X. Let

E,={reX: hm Sy fi(x /fzd,u}

Since each F; has full y-measure, their countable intersection

E = ﬂE ={reX: hm Sy filz /fzd,u, for each i}
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has full p-measure as well. Now let f be in C'(X). There is a subsequence (f;;)32,

which converges uniformly to f; i.e, for a given € > 0 there is J such that for any
j > J we have || f;, — fllu = sup{|fi,(z) — f(2)]: € X} < e. Since for each N we

have

||SNfij - SNfHu < Hfzj - f”u <€

and for each integer j and each z in F
N—oo

it follows that for z € £

Thus E consists of generic points.
Conversely, suppose p-almost all points of X are generic; i.e, there is £ C X, with
p(E) = 1 such that for each 2 € E, and f € C(X) we have limy_,o0 Sn f(x) = [ fdp.
Let x be a point in E, f be a function in C'(X), and g be an integrable function.
Then

lim Sy f(2)g(x) = g(2) / fdu.

Since Sy f(z)g(z) < ||f|lug(x), then applying the dominated convergence theorem
implies the ergodicity condition of Theorem 2.1.21(c). O

2.1.2 Typical Points

In this section we show certain points of a shift space X may be more “typical” than
others, meaning that the set consisting of these points is the complement of a set

which is negligible in a probabilistic sense.

Definition 2.1.27. Let X be a shift space. A point x in X is right transitive if the
right orbit of x = {x, T (x),T?*(x), ...} is dense in X. In other words for any cylinder
set Cx(U) of X there is n in N such that T™(x) N Cx(U) is nonempty. A point x in
X is transitive if both the right orbit and the left orbit of x are dense in X.
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Definition 2.1.28. A shift space X 1is irreducible if for every ordered pair of blocks
U,V of X there exists a block W of X so that UWV is an allowable block of X .

A directed graph G is irreducible (strongly connected) if for every ordered pair of
vertices I and J there is a path in G starting at I and terminating at J. It is clear
that G is irreducible if and only if the vertex shift X, where M is the adjacency

matrix of G is irreducible.
Example 2.1.29. The full 2-shift and the golden mean shift are irreducible.

If X has a transitive point, it is not hard to see that X is irreducible. Below in
Theorem 2.1.31, we show that the converse is also true. To prove this we need the

following theorem.

Theorem 2.1.30. (Baire Category Theorem) Let X be a shift space, and suppose
that A;, As, ... are each open and dense in X. Then m A, is dense in X.
n=1
A proof of the Baire Category Theorem in the general case (when X is a complete

metric space) may be found in [7].
Theorem 2.1.31. Any irreducible shift space possesses a transitive point.

Proof. Let X be an irreducible shift space. Recall that .Z(X) is a countable set
containing cylinder sets of X. For a cylinder set Cy(U), the set A = U T (Co(U))

n>0
is open by continuity of 7". This set is also dense in X. To see this, let B be an open

nonempty set. Then B contains a cylinder set
Cr(V) =T7(Co(V))

of X. Since X is irreducible there are blocks W@ so that VW @OU are allowable
blocks of X and lim [W®| = co. Let n; = |[VIW®|. Then

1—00

T (Co(V)) N Co(U) # 0,
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or equivalently

Co(V) NI (Co(U)) # 0.

It follows that T7"% (Cy(U)) N B is nonempty which confirms the density of A by
noting that for large enough ¢ we have n; + k > 0.
By the Baire Category Theorem, the set

D= () UTr@),
(U)eZ(X)

Co(U n>0

which is a Gs-set (a countable intersection of open sets) is dense in X. The left orbit

of any point x € D, is dense. Since T is invertible we deduce that the Gs-set

D= () U1 ()

Co(U)eL(X) n>0

is also dense in X. The right orbit of any point in D, is dense. Let D = Dy N Ds.
Then D which is the intersection of two Gs-sets is dense in X and every point of D

18 transitive. [l

Remark 2.1.32. The proof of Theorem 2.1.31 implies that not only there is a tran-

sitive point in an irreducible shift space, but such points are dense.

Theorem 2.1.34 shows that transitive points are actually typical points of a shift

space.

Definition 2.1.33. Let X be a shift space. A measure p on X is called fully supported

if it assigns positive measure to each nonempty open set of X.

Theorem 2.1.34. Let X be a shift space and p be a fully supported ergodic measure

on X. Then the set of transitive points has p-measure 1.

Proof. Let k be a finite positive integer and let B be a block of X. Define

My (B) = {z: B does not occur in z more than k times}.
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Then My (B) is a T-invariant member of (X ). Since p is ergodic we have u(My(B)) =
0 or u(My(B)) = 1. Moreover, we show My (B) is a proper closed subset of X. Then
from the assumption that u is a fully supported measure it follows that the y-measure
of My(B) must be zero.

To see My (B) is closed, let o be a point in the X-complement of My(B). Then
B occurs in = at least k 4+ 1 times. Suppose ig,..., 7, are some starting positions
where B occurs in z. Let |i;| = max{|i;]: 0 <t < k}. Then any point y with the
distance less than 271%/=18] from 2 lies in the complement of M (B). It follows that
the complement of M (B) is open, or equivalently, M (B) is closed.

Let

E = {x : there is a block of X occurring finitely many times in x}.

We have

E=JJ Mmu(B),

B keN
where B is a block of X. Since for each block B of X and each k£ in N we have
w(Mi(B)) = 0 it follows that u(FE) = 0.

The X-complement of E is a subset of the set of transitive points of X with

p-measure 1. It follows that the set of transitive points of X has p-measure 1. !

2.2 Entropy

Entropy is an important quantity which, in some sense, measures the complexity of
a system. In this section we formally define entropy for shift spaces and compute
it for a Bernoulli measure. In order to define entropy of a measure on a shift space
we take three steps. First, the entropy of a partition is defined, then the entropy of
a measure with respect to a partition is discussed for taking the final step which is
defining the entropy of a measure. We present an important characteristic of entropy

which results in an equivalent definition of it due to Katok [11].

Definition 2.2.1. A finite partition of a shift space X 1is a finite pairwise disjoint
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collection of elements of Bx whose union is X. Let & = {Ay,...,An} and ( =
{By,...,B.} be two partitions of X. Their join is the partition

EVC={ANB;:1<i<m, 1<j<r},

omitting the terms A;NB; when A;NB; = 0. If n € Z then T~"¢ denotes the partition
{T~Ay,...., T"A,}.

Example 2.2.2. Let X be the golden mean shift and & = {,[00] , ¢[01] , ¢[10]} be a
partition of X. Then T—*¢ = {1[00] , 1[01] , 1[10]} and

EVTHe = {,[000] , [001] , 4[010] , 4[100] , o[101]}.

As in probability theory we can consider a partition £ = {Ay,..., A,,} as a list of
the possible outcomes of an experiment, where the probability of the outcome A; is
1t(A;). Then the entropy of the partition &, denoted by H, (&), is a number assigned
to & which measures the knowledge gained by performing the experiment represented
by €. Requiring H,,(€) to satisfy a handful of reasonable properties may be shown to
force H,(&) to be as in Definition 2.2.3. These properties can be found in [14].

Definition 2.2.3. Let X be a shift space and ju be a measure on X. Let & =
{Ay,..., A} be a finite partition of X. The entropy of & is the number

m

H,(§) = — Z (A;) log p(A;),

with 0log 0 defined to be 0.

Example 2.2.4. Let p be the Bernoulli-(1/2,1/2) measure on full 2-shift X =
{0,1}2. Let € = {,[00] , [01] , o[10] , o[11]} be a partition of X. Then

4
1.1
H,(&) ==Y ;log 7 =log4.
=1
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Let ¢ = {0[0] , 0[10] , o[11] } be another partition of X. Then we have

1

H, () = — ( log 5 + 5 kgi)<f@@y

If i is the Bernoulli-(1/3,2/3) measure on X then

1 1 4 2 4 4 4
Hz (&) = — (§log§+§log§+§log§) = 2log3 — glogZ < H,(&).

If we think of the shift 7" as an evolution by one unit of time, then \/]_, ' ig
represents the combined experiment of performing the original experiment £ on n
consecutive units of time. Therefore %H (\/" ! pig ) measures the average informa-
tion per unit of time that we get from performing the experiment £ on n consecutive

units of time.

Definition 2.2.5. Let p be an invariant measure on a shift space X. If £ is a finite

partition of X then
1 7
(TQ_££HH<VT*Q

is called the entropy of p with respect to £. (See [29, Theorem 4.9.1] for a justification

that the above limit always exists.)

Now by taking the supremum of h,, (7, £) over all finite partitions of X we get the
entropy of the measure 1, denoted by h,, (7).

Definition 2.2.6. Let p be an invariant measure on a shift space X. Then
h,(T) = sup{h,(T,€): £ is a finite partition of X}.

The definition of entropy is more readily computed than it seems. The Kolmogorov-
Sinai theorem shows that in many cases h,(T") = h,(T’,€) for an appropriately chosen
€.

Before stating the Kolmogorov-Sinai theorem, we need to know the following facts

about partitions and o-algebras. If ¢ is a finite partition of X then the collection of
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all elements of #x which are unions of elements of ¢ is a finite sub-o-algebra of %x.
We denote it by o(§) and call it the o-algebra generated by partition . Conversely
if C = {C4,...,C,} is a finite sub-o-algebra of X, then the non-empty sets of the
form By N---N B,,, where B; = C; or X — (}, form a finite partition of X. We
denote it by P(C). We have o(P(C)) = C and P(c(§)) = £ which gives a one-to-one
correspondence between finite partitions and finite sub-o-algebras of %x.

If (A,), is a sequence of o-algebras of By then \/ A, denotes the sub-o-algebra
of Bx generated by (A, ),; i.e., V, A, is the intersection of all sub-o-algebras of Zx
that contain every A,,. A countable partition £ of X is called a generator of Ay if

\/ Tro(¢) = %x.

n=—oo

Theorem 2.2.7. (Kolmogorov-Sinai Theorem) Let & be a finite partition of a shift
space X. Suppose £ is a generator of the g-algebra Zx. Then

WT) = n(T,§).

For a proof of the Kolmogorov-Sinai Theorem see [29, Theorem 4.17].

Example 2.2.8. Let u be the Bernoulli-(po, p1) measure on the full 2-shift {0,1}2.
Then h,(T') = —(polog po + p1 log p1).

Proof. Let £ be the partition {([0] , o[1]} of X. By the definition of o-algebra Zx,

we have .
\/ T'o(¢) = Bx.
By the Kolmogorov-Sinai Theorem,

hu(T) = h,(T,€) = lim lH(g VERRAVA/ o}

n—oo N,
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Note that £ V-V T="D¢ = {[ig, iy, ..., in1] : 3 € {0,1}} where

w(olioy i1y -« yin-1]) = PigDiy - - - Dip,_, -
It follows that

H(EV---v T~ Dg)

- - Zpio cPipg log(pio . -pinﬂ)
1

=— D i Pin s (10gpig - +logpi, )

=-n Z Dig - - - Pin_, 108 Piy

205--esbn—1=0

= —n(po log po + p1 logp1).

Therefore, h,(T) = —(polog po + p1logp1). =

Example 2.2.9. Let p be the Bernoulli-(1/2,1/2) measure on the full 2-shift. Then
h,(T) =log2. The Bernoulli-(1/3,2/3) measure on the full 2-shift has entropy log 3—
2log2 < hy(T).

Definition 2.2.10. Let X be a shift space. A measure p € M(X,T) is called a

measure of maximal entropy if
h,(T) = sup{h,(T): p € M(X,T)}.

There is a well-known result of Parry which shows that every irreducible shift of

finite type has a unique measure of maximal entropy.

Theorem 2.2.11. [29, Theorem 8.10] Every irreducible shift of finite type has a

unique measure of mazximal entropy. Moreover, such a measure is ergodic.

It is worth mentioning that there is an explicit formula for computing the measure
of maximal entropy on an irreducible SFT. A full description of such measure may
be found in [29, page 194].
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Example 2.2.12. [29, Theorem 8.9] The Bernoulli-(1/2,1/2) measure is the unique

measure of maximal entropy on the full 2-shift.

One of the important theorems about entropy is the Shannon-McMillan-Breiman

theorem stated below.

Theorem 2.2.13. (Shannon-McMillan-Breiman Theorem) Let 1 be an ergodic mea-

sure on a shift space X. Then

1
o log pu((1,n) = —hyu(T)
for p-almost every z in X.

A proof of the Shannon-McMillan-Breiman theorem may be found in [22].
Here we discuss the application of this theorem in counting the number of “typical”
cylinder sets of X. Since almost everywhere convergence in Theorem 2.2.13 implies

convergence in measure, given € > 0, there is N(¢) > 0 such that if n > N(e), then

1
pllz: [~ log p(wpm) +hu(T)] <€}) > 1 ¢
or equivalently
p({z: e @) <z ) < e}y S 1 — e,

It follows that, given € > 0 there is an integer N(e) such that for any n > N(e) one

can separate the set of n-cylinder sets of X into two disjoint subsets %, and ¥,

u( U B) <e,
Be%n

e D) < (g ) < e (D=0,

where

and for any B € 4,
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For any n-cylinder set B in ¥, we have
1/nlogu(B) = —h,(T) L e

Such cylinder sets are called “good” cylinder sets. The remaining cylinder sets (those
in A,,) are called “bad” cylinders sets, but their total measure is small. An immediate
consequence is that ¢, has at least e™=(T) elements. Using this idea, an alternative

description of entropy is given in the following theorem.

Theorem 2.2.14. Let p be an ergodic measure on a shift space X with h,(T) >
0. For a given € € (0,1) let r,(e, ) be the minimum number of n-cylinder sets

1[i1, ..+, in) which their union has p-measure more than or equal to 1 —e. Then

1
h,(T) = lim —logr,(e, ).

n—oo N,

A detailed proof of Theorem 2.2.14 in a more general case (X a compact metric
space), due to A. B. Katok, can be found in [11].

Recall that the entropy of the Bernoulli (1/3,2/3)-measure is —1/3log1/3 —
2/31log2/3 (Example 2.2.8). We re-compute the entropy of this measure by counting
the number of typical cylinder sets in {0, 1} and using Theorem 2.2.14.

Example 2.2.15. Let p be the Bernoulli-(1/3, 2/3) measure on the full 2-shift. Then
h,(T)=—1/3log1/3 —2/3log2/3.

Proof. Let e = 1/2. We use Theorem 2.2.14 to show that

1
lim —logr,(1/2,4) = —1/3log1/3 —2/31log2/3.

n—oo N,

Let D be the set of all n-cylinder sets in X starting at position 1. Then D is the
union of n pairwise disjoint subsets D; where D; contains cylinder sets of D in which

1 occurs exactly ¢ times within coordinates 1 and n. It follows that

pi=(7)
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and each cylinder set C' of D; has measure

p(C) = (2/3)'(1/3)"".

For convenience, we introduce the following notation. When A = {4;,...,4;} is a

set of pairwise disjoint cylinder sets, we denote p*(A) to be

p(A) = p ( U Ai) = > ul(A).

AiEA Ai cA

Let A be a set containing the minimum number of n-cylinder sets of D such that
w(A) >1/2; e, |A]l = rp(1/2,p). Let k = M, and let £ = (J;_, D;. First
we show that

p(E) >1/2.

Then since for each C'in £ and C" in D — E we have u(C') > pu(C") it follows that A

is a subset of F.

Claim. Using above notations, we have pu*(E) > 1/2.

Proof. Define the collection (f;)$°; of functions f; : X — {0, 1} where f;(z) = z;. For
a given n € N form the function S,, = f; + -+ + f,. Then S,(z) counts the number

of 1’s occurring in the n-block 1y, ..., z,. We show

m <U D,-) =1 ({x: Sn(z) < M}) <1/2, (2.2.1)

which directly leads to the result p*(F) > 1/2.
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To show Equation (2.2.1) note that

i ({: 1Su(a) — 20/3] = 2/0/3}) = ({: (Sulx) — 20/3)° > 4n/9})
S, — 2n 2
< fX( 4n2/9/3) dp (2.2.9)
9

. (Sn)2d,u—|—n—3/5nd,u.
X

dn [y

For each 7 we have

[ = [ 2 dn = (i) = 23

[ ity [ g [ fyn

Moreover, / Spdp = 2n/3. It follows that
X

Jsrdu= [ (it £ d
:n/( du+2( )/fldeu

=2n/3+n(n—1)4/9
= 4n*/9 + 2n/9.

and for each j # 1

Recall Equation(2.2.2) to obtain

i ({x: |Sa(x) — 2n/3] > 2v/n/3}) < 1/2. (2.2.3)

Consequently we have

i ({x: Sa(x) < M}) <1/2.



28

Proof of Example 2.2.15 (continued). Let r = M Note that Equation (2.2.3),
above, implies
p{: Sp(x) =2 r}) <1/2,

which means

S (D) <1/2
Since |D,| = ("), it follows that

|Al > (n) (2.2.4)

r

Recall that A is a subset of E. Moreover,

o-50)

i=k

Since n > | . " for every ¢ > ﬁ, it follows that
1 141 2

n
< < .
Al <18l <n(})

From this and Equation (2.2.4) we conclude that

() smes(s)

1 1 1
lim — log (n) < lim —log|A| < lim —logn<n). (2.2.5)
n—oo N k

Therefore

n—oo N, T n—oo 1

Note that from Stirling’s approximation,

logm! = mlogm —m + o(m),
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for any integer s in (n/4,3n/4) we have

log (n) = logn! — log s! — log(n — s)!
s

=nlogn —n —slogs+s— (n—s)log(n —s)+ (n —s) + o(n)

=nlogn — s (logn—i—log (%)) —(n—s) (logn+10g (n;s))

+ o(n)

n—s

= —slog(%) — (n — s) log( )+ o(n).

It follows that

1 2 2 2 2
lim — log (n) = — lim nt \/ﬁlog n+2yn
n—oo 1M, r n—00 n 3an
-2 -2
— lim 2 \/ﬁlog r vn
n—00 n 3n

= —2/3log2/3 —1/31log1/3.

Similarly we have

1
lim — log (Z) = —2/310g2/3 —1/3log1/3.

n—oo N,
Thus, by Equation (2.2.5), we have
.1
lim —log|A| = —2/3log2/3 —1/3log1/3.
n—oo M,
Then theorem 2.2.14 implies that

h,(T) =—1/3log1/3 —2/3log2/3.
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2.3 Sofic Shifts

In this section we present a method to construct new shift spaces from old ones by a
special class of mapping called sliding block codes. It is worth mentioning that sofic
shifts and regular languages in automata theory are closely related. See [9] to read
on automata theory and for more details on the connection between sofic shifts and
regular languages see [1].

Recall that a n-block is a block of length n. The set of all n-blocks of a shift space
X is denoted by B, (X).

Definition 2.3.1. Let X be a shift space and A be an alphabet. For fized integers m
and n with —m < n a map 7y : Bpini1(X) — A is called a block map. The map
m: X — A defined by 7(x); = Tp(T[—m,i+n]), and denoted by |m + n + 1|-block code,

15 called the sliding block code with memory m and anticipation n induced by my,.

Example 2.3.2. Let X be the full 2-shift {0,1}2. Define the block map , : Bo(X) —
{0,1} by mp([ziwis1]) = 25 + 2541 mod 2. Then the sliding block code w: X — {0,1}?
where m(x); = x; + x4 mod 2 is a 2-block code with memory 0 and anticipation 1.
Figure 2.2 illustrates the action of m on the point . .. 01IOO cee

YR
.0 1L 1.0, 0 ...
N NS

T

Figure 2.2: .. .01100 ... projects to ... 1OIO ... under the sliding block code defined
in Example 2.3.2

S -

1

The simplest sliding block codes are those with no memory or anticipation; i.e.,
with m = n = 0. Such sliding block codes are called 1-block codes. Using standard
tools which we shall describe later, it will be sufficient to establish most of theorems

in this work in the case of 1-block codes. When 7 is a 1-block code, then 7, is acting
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on the alphabet of X. We can naturally extend this map to act on any block of X.
For our purpose in this work, whenever 7 : X — Y is a 1-block code then the block
code m, is considered to be a function from the set of blocks of X to the set of blocks
of Y.

Proposition 2.3.3. [19, Proposition 1.5.8] Let X and Y be shift spaces. A map
m: X =Y is a sliding block code if and only if m oI’y = Ty o7 and there exists
N >0 such that w(z)y is a function of x_n, N

A homomorphism from a shift space X to a shift space Y is a continuous function
¢ X — Y satisfying Ty o ¢ = ¢ o Tx (the shift-commuting property). In other

words ¢ is a continuous function so that the diagram in Figure 2.3 commutes. The

Tx

S
\
S

Y Ty Y
Y Y

Y

Figure 2.3: ¢ is a continuous shift-commuting map

Curtis-Lyndon-Hedlund Theorem characterizes the homomorphisms from one shift

space to another as being exactly the sliding block codes.

Theorem 2.3.4. (Curtis-Lyndon-Hedlund Theorem) Let X and Y be shift spaces.
A map m: X =Y is a sliding block code if and only if it is a homomorphism.

A proof of the Curtis-Lyndon-Hedlund Theorem may be found in [19, Theorem
6.2.9].

Definition 2.3.5. A sliding block code m: X — Y is a conjugacy from X to'Y, if it
1s invertible. Two shift spaces X and Y are conjugate, written by X =Y, if there is
a conjugacy from X to Y.
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Let X be a shift space over the alphabet A. Let A_[)J(V] = Bn(X) be the collection of
all allowed N-blocks of X. Form the full shift over the new alphabet .A[)](V} and define

zZ
the Nth higher block code vy : X — (AEZ(V}) by (yw(x)); = @ii4n—1)- This code

becomes more clear if we imagine the symbols in AEZ(V} as written vertically. Then, for

example, the image of x = (z;);cz under s is

i B A I e

Definition 2.3.6. Let X be a shift space. The Nth higher block presentation of X,
denoted by XN is the image of X under vy in the full shift over AEJ(V}.

Notice that every point in X? has to be of the form shown in (2.3.1). If u = ujus

and v = vy, are 2-blocks of X, then wv is a block of XZ if and only if us = v;.

Proposition 2.3.7. The higher block presentations of a shift space X are shift spaces
conjugate to X .

A proof of this proposition may be found in [19]. In particular, the reader is
referred to Proposition 1.4.3 and Example 1.5.10 of [19].

Recall that a SF'T is a shift space with a finite set of forbidden blocks, and we
call it a N-step SFT if it is a SFT of step size at most N but not of step size at
most N —1. Any N-step SF'T is conjugate to a 1-step SF'T according to the following

result.

Proposition 2.3.8. [19, Proposition 2.5.9] If X is a N-step SFT, then XV is a
1-step SFT, equivalently a vertex shift.

Example 2.3.9. Let A = {0,1} and F = {00,111}. The SFT X is a 2-step SFT
which can not be described by a directed graph. Below, we construct X2 which is a
1-step SE'T conjugate to X and furthermore, it can be described by a directed graph.
Form the collection of all allowed 2-blocks of X.

AZ = fa=01,b=11, c=10}.
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Then X2 is described by the set of forbidden blocks {bb, aa,ba, cc,cb}y. Note that the
block bb is a forbidden block of X2 since 111 is a forbidden block of the original
shift X. The rest of the forbidden blocks of X' come from the construction of a
2nd-higher block presentation as they fail to overlap progressively. For example, the
second symbol of a = 01 does not match the first symbol of a = 01, so aa is forbidden.
Figure 2.4 represents the vertex shift X!2. Note that if u = ujus and v = vivy are
2-blocks of X then uwv € XP if and only if uy = v;.

a

Figure 2.4: Graph for Example 2.3.9

C

Given a sliding block code 7 : X — Y, next proposition shows that there is a shift
space X conjugate to X so that the corresponding sliding block code 7 : X — Y is a
1-block code.

Proposition 2.3.10. [19, Proposition 1.5.12] Let m : X — Y be a sliding block code.
There exists a higher block shift space X conjugate to X, a conjugacy ¢ : X — X,
and a 1-block code 7@ : X =Y so that # o = 7.

Combining Proposition 2.3.8 and Proposition 2.3.10 imply the following corollary.

Corollary 2.3.11. Let 7 : X — Y be a sliding block code from a SFT X to a shift
space Y. There exists a 1-step SFT X conjugate to X under a conjugacy ¥ : X — X,
and a 1-block code 7@ : X =Y so that T o = 7.

The process in Corollary 2.3.11, called “recoding”, is often starting point in proofs,
since 1-step SF'Ts and 1-block codes are much easier to work with.
Images of shifts of finite type under sliding block codes form an important class

of shift spaces, called sofic shifts.
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Definition 2.3.12. A subset Y of a full shift is called a sofic shift if there exists a
SFT X and a block code m: X — Y such that Y = n(X). In this case m : X — Y 1is
called a factor code and the triple (X,Y, ) is called a factor triple.

When 7 : X — Y is a 1-block factor code from a 1-step SF'T X to a sofic shift Y,
then Y can be presented by a finite directed graph where several vertices may carry

the same label.

Definition 2.3.13. Let G be a directed graph with vertex set V. Let A be an alphabet.
A labeling of G is a function L :V — A. For each vertex v € V the element L(v) is
called the label of v. A labeled graph G is a pair (G, L), where G is a directed graph,
and L is a labeling of G.

If G = (G, L) is a labeled graph, then the labeling £ : V — A can be extended to
a map from Xg to AZ. The set of all bi-infinite walks on G is denoted by Yg = {y €
ALy = L(x) for some z € Xg}. A graph presentation of a sofic shift Y is a labeled
graph G for which Yg =Y.

Example 2.3.14. The labeled graph shown in Figure 2.5 represents a factor code m
from the golden mean shift to the sofic shift {0}2 where each vertex maps to 0.

-

0 0

Figure 2.5: Graph for Example 2.3.14

The following theorem shows that entropy is a conjugacy invariant. However,
it is worth mentioning that entropy is not a complete invariant, meaning that two
spaces which are not conjugate may have equal entropy. For an example, the reader

is referred to see [29, page 104].
Theorem 2.3.15. [29, Theorem 4.11] Let X be a shift space conjugate to' Y and

be an invariant measure on X. Then

hu(Tx) = hyor—1(Ty ).
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The following Proposition shows that when 7 : X — Y is a factor code then the
entropy of the SF'T can not be less than the entropy of the sofic shift.

Proposition 2.3.16. Given a factor triple (X,Y,7) and an invariant measure p on

X, we have
hy(Tx) > hyor—1(Ty).

For a proof of Proposition 2.3.16, see [29, page 89].

Definition 2.3.17. A factor code w : X — Y is called finite-to-one if for every y in
Y, the preimage 7= 1(y) is finite. 7 is called bounded-to-one if there is an integer M

such for everyy in' Y, 77 (y) contains at most M elements .

We need to develop the following definition and theorems to prove Theorem 2.3.20,

below, which shows that a finite-to-one factor code preserves entropy.

Definition 2.3.18. Let 7 : X — Y be a factor code from a shift space X to a sofic
shift Y. A diamond for w is a pair of distinct points in X differing in only finitely

many coordinates, with the same image under .

Theorem 2.3.19. [19, Theorem 8.1.16] Let m : X — Y be a factor code from an
wrreducible SF'T X to a sofic shift Y. Then the following are equivalent.

(a) 7 is finite-to-one.
(b) 7 is bounded-to-one.
(¢) 7 has no diamonds.

Theorem 2.3.20. Let m: X — Y be a finite-to-one factor code from an irreducible
SFT X to a sofic shift Y. Let p be an invariant measure on X. Then

hy(Tx) = hyor—1(Ty).
Proof. Denote the measure g o7~ ! on Y by v. Proposition 2.3.16 shows that

h,(Tx) > hy,(Ty).
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Here we show h,(Tx) < h,(Ty), by using the alternative definition of entropy given
in Theorem 2.2.14: .
h,(Ty) = lim —logr,(e, v),

n—oo 1
where 7, (€, v) is the minimum number of n-cylinder sets [, ..., 4,| in Y which their
union has v-measure more than or equal to 1 — € for each € > 0.
By theorem 2.3.19, a finite-to-one factor code does not have any diamonds. Thus,
for any a and o’ in the alphabet of X, and each block W of Y there is at most one
block of X which maps to W under 7, begins at a, and ends at a’. Let

B={B1,....B ()}

be a set of n-cylinder sets of Y whose union has v-measure more than or equal to

1 — €. Consider the set A containing the preimages of each B; in B. Then we have
|A] < JA(X)|Pra(e, v). (2.3.2)

Moreover, A is a set of some m-cylinder sets in X, for some m > n (if 7 is a 1-block
code then m = n), which their union has p-measure more than or equal to 1 —e. It
follows that

(€ 1) < rmle, ) < [A].

From this and Equation (2.3.2) we conclude that

1
h(Tx) = lim —logr,(e, p)

n—oo N,

1
< lim —logr, (€, v)
n—oo N,

- h’l/(TY)
]

Definition 2.3.21. Let (X,Y, ) be a factor triple. Let v be an invariant measure
on'Y. The fibre of v, denoted by 7=*{v}, is the set of all invariant measures p on X
such that for each B € By we have v(B) = pon '(B).
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Given an ergodic measure v on Y there can be many measures in the fibre of
v. For example given 7 : {0,1}%2 — {0} and the trivial measure v on {0}Z, any
Bernoulli-(p, 1 — p) measure on the full-2 shift is in the fibre 7='{v}. The following

result shows that the fibre of any fully supported ergodic measure is non-empty.

Proposition 2.3.22. Let (X,Y,7) be a factor triple and v be an ergodic measure on

Y. Then 7= {v} contains at least one ergodic measure.

Proof. Let y € Y be a generic point of v; i.e., hm Snfly /f dv for all f in
C(Y). Let N in N, z in 7~ !(y), and

N-1
py =1/NY 0, 0T,
i=0
where J, stands for the point mass measure at x. Then puy is a measure on X.

Moreover,
N—-1

pyom = 1/N25yoT;i,

i=0
is a measure on Y. Choose a subsequence (N;) so that (py,) converges (such a
subsequence exists by the compactness of M(X)). Let py, — p. Measure pu is

T'x-invariant by Theorem 2.1.17. Moreover, for each cylinder set C' of Y we have

N;—1
pon Y(C) = Nljiinool/Nj > 6,0 T (C)
-
- ]\[1131001/N Z 1o(T (y
=v(C).

Theorem 2.1.11 implies that p o 77 '(B) = v(B) for each B in %y, or equiva-
lently p € 7~ '{v}. We now use Theorem 2.1.20 to show there is such a measure

which is also ergodic. Suppose the measure u, obtained above, is not ergodic. Let
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= / pdr(p) be the ergodic decomposition of x. Then
E(X,T)

v=mp= / wpdT(p).
E(X,T)

Since v is ergodic, mp = v for T-almost every measure p in E(X,T'), which implies

7 1{v} contains at least one ergodic measure. O

Definition 2.3.23. Let (X,Y,7) be a factor triple and v be an ergodic measure on
Y. An ergodic measure on X that projects under m to v and has maximal entropy in

the fibre 7=1{v} is called a measure of relative maximal entropy.

The following example shows that there can be more than one such ergodic rela-

tively maximal measure over a given v.

Example 2.3.24. Let X =Y be the full 2-shift {0,1}%, and 7 be a 2-block factor
code defined by w(x)o = xo+x1 mod 2. Let p # 1/2. Let iy be the Bernoulli-(p, 1 —p)
measure and iy be the Bernoulli-(1 — p, p) measure on X. Both measures py and o
map to the same measure v on Y. Moreover, measure v inherits the ergodicity and
being fully supported from ;. Since above every point of y € Y there are only finitely
many (two) points in X which are mapped to y by m we have h,(Ty) = h,, (Tx) =
hyu,(T'x) by Theorem 2.3.20.
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Chapter 3
Uniform Conditional Distribution

It is a well-known result of Parry (Theorem 2.2.11), generalizing an earlier result
of Shannon [27], that in one dimension every irreducible shift of finite type has a
unique measure of maximal entropy. Burton and Steif [6] give a counterexample to
this statement in higher dimensions. However, they show that such measures all
have the uniform conditional distribution property stated in Theorem 3.0.25 (which
is related to an earlier work of Lanford and Ruelle [16]). Given a finite set G C Z,
the boundary of the complement of G is 0G® = {i € G°: 3j € G with ||i — j|| = 1}.

Theorem 3.0.25. /6, Proposition 1.19] Let j be a measure of mazimal entropy for a
SFT in d dimensions. Then the conditional distribution of u on any finite set G C Z4
given the configuration on G¢ is p-a.s. uniform over all configurations on G which

extend the configuration on 0G°.

At the end of Chapter 2 we showed that given a factor triple (X,Y,7) and an
ergodic measure v on Y, there can exist more than one ergodic measure of relative
maximal entropy; i.e., there can be more than one ergodic measure on X which
projects to v and has maximal entropy among all measures in the fibre 7=1{v}.
In this chapter we show the uniform conditional distribution property for measures
of relative maximal entropy. In the first section we define conditional entropy and
develop some of its properties which are used later in the chapter. In Section 3.2 we

follow techniques developed by Burton and Steif in the proof of Theorem 3.0.25 to
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show the uniform conditional distribution property for measures of relative maximal

entropy.

3.1 Conditional Entropy

Let o be an invariant measure on a shift space X. Let £ = {A;,...,A4,,} and { =
{By,...,B,} be two partitions of X. If we think of { and ( as lists of possible
outcomes of two experiments, then the entropy of £ given ( measures the information

gained by performing the experiment & given that we will be told the outcome of (.

Definition 3.1.1. Let pu be a measure on a shift space X. Let £ = {Aq,..., Ay} and
¢ ={By,...,B,} be two partitions of X. The entropy of & given ( is the number

(A N B;)
H(E[¢) = ZuAmB =B

omitting the j-terms when p(B;) = 0.

Note that if ( = {X} is the trivial partition of X, then H({|() = H() for any
partition & of X.

Theorem 3.1.2. Let i be a measure on a shift space X. Let C be a sub-o-algebra
of Bx. For each f € LY X, PBx) there is a unique function E(f|C) € L'(X,C) such
that [, B(f|C)du = [, fdp for each C € C.

Theorem 3.1.2 is a direct corollary of the Radon-Nikodym Theorem which may
be found in [29].
The operator E(.|C) : L*(X, Bx) — L'(X,C) is called the conditional expectation

operator. The following property of this operator will be used in a future chapter.

Proposition 3.1.3. (Law of Iterated Expectations) If C and D are sub-o algebras of
A then

E(E(f|C Vv D)|C) = E(fIC).
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A proof of Proposition 3.1.3 may be found in [15].
If C is a finite sub-o-algebra of Zx with P(C) = {C1, ..., C,,} then one can verify
that

m

(106 =1 éj) /C Fn

=1

If A also is a finite sub-o-algebra of Zy with P(A) = {A4,..., A,,} then

(A NC;)
H(A|C) = ZMA NC;) =0

_ .y [ a 08B0 du
i=1
- [ B og B j0) du
i=1
This leads us to define conditional entropy H (A|C) when A is a finite sub-o-algebra

of #x and C is an arbitrary sub-c-algebra of Ay.

Definition 3.1.4. Let X be a shift space. Let A be a finite sub-o-algebra of Bx with
P(A) ={A1,..., A} and let C be an arbitrary sub-o-algebra of Bx. The entropy of
A given C is the quantity

H(A|C) = /ZE 14,]C)logE(14,|C) dp

The following Theorem provides an applicable tool in computing conditional en-

tropy of a finite sub-o-algebra given an arbitrary sub-o-algebra.

Theorem 3.1.5. [29, Theorem 4.7] Let i be a measure on a shift space X. Let A be
a finite sub-algebra of Bx and let (C,)2, be an increasing sequence of sub-o-algebras
of Bx with \/,_,C, =C. Then H(A|C,) — H(A|C).

Here we state some well-known properties of entropy which will be used later in
this chapter. See [29] for justifications.
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Proposition 3.1.6. Let X be a shift space and J be a finite sub-o-algebra of Bx
then:

(a) If Bx = \/;o_ T"T then h,(T) = H(J|\/ T"7).
n=1
(b) Fork >0, h,(T) = kh,(T*)
Proposition 3.1.7. Let X be a shift space. Let p, i’ € M(X,T) andp € [0,1]. Then

hpu-l—(l—p)u’ (T) = phu(T) + (1 - p)h,/(T).

Proposition 3.1.8. Let X be a shift space. Let A and J be finite sub-o-algebras of
Bx and D be an arbitrary sub-o-algebra of Bx. Then

H(J|D)=H(AD)+ H(J|DV A).

3.2 Uniform Conditional Distribution

Given a l-step SF'T, a point z in X may be regarded as a function z: Z — A(X)
such that z(i)xz(i + 1) is an allowable block. For G C Z, let x¢ denote the restriction
of x to G. A function a: G — A(X) is called a configuration on G if there is a point
x in X with ¢ = a; i.e., z(i) = a(i) for each i in G. Let a be a configuration on G.
We identify o with the set {x € X: 2¢ = a}. Then given a measure p on X, u(«)
denote pu({z € X: zg = a}). Let n be a configuration on dG¢. We say a extends 7

if there is z in X with x¢ = a and xyg. = 7.

Theorem 3.2.1. Let m: X — Y be a I-block factor code from a 1-step SFT X to a
sofic shift Y, v an invariant measure on Y, and p an invariant measure of relative
maximal entropy over v. Then the conditional distribution of u on any finite set
G C Z given the configuration on G¢ is j-a.s. uniform over all configurations on G
which extend the configuration on OG¢ and map to the same configuration in'Y under

the factor code .
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Proof. Let GG be a finite subset of Z. Let A be a configuration of Y on G. Pick a
configuration 1 of X on 0G¢ such that u(nNa~1(A)) > 0. Starting from pu, we define
a measure 7 on X by uniformizing over preimages of A that have n on the boundary.
We then show that if p does not have the required uniform conditional distribution
property then 7 has greater entropy than p, but still is an element of the fibre 7= {v/}.
This is a contradiction and will therefore establish the required uniform conditional
distribution property of .

Let D = {ay,...,ar} be the set of all configurations on G which extend 7 and
map to A under the factor code 7. Let R = {—m, ..., m— 1} be large enough so that
G UOJG® C R. Let (Ry),c; be the partition of Z by translates of R (Ry = R), i.e.

R,={2n—-1)m,...,(2n+ 1)m — 1}.

Let G,, and 0G¢ be the corresponding translates of G and 0G¢ in R,,.
We obtain the measure 7 from p and 7 as follows. Define ® : X x D — X by

Cn if rpge =n and 2¢, € D
(I)(ZL', C)Gn =

g,  otherwise,

and ®(z,()genr, = Taenr, for each n € Z. In simple words what ® does to a pair
(x, () is to check R,’s one by one: if zpge = n and z¢, in D then ® replaces z¢, by
(n- Since (, € D and each element of D extends 7, the assumption that X is a 1-step
SFT implies ®(z,¢) € X. For each ¢ € D? we have

m(x) = 7(®(x, ),

since ®(z,() and x are the same except maybe having alternative a;’s in the same
positions. Let A € #Bx. Define

T(A) = (i x N)@14,

where ) is the Bernoulli-(1/L,...,1/L) measure on D% The measure v is not nec-
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essarily invariant under 7. However, we claim that v is 7?™-invariant; i.e., for each
A € Bx we have
Y(A) = (T2 A).

Proof. By the definition of 7, since u and A are T-invariant it suffices to show that,
given ®'A = F x K for some E in Bx and K in 8,z we have
o T PMA=T""Ex T 'K.
This is equivalent to showing that for each z in X and every ¢ in D? we have
O(z,() =T*"0® (T*"z, T"'(). (3.2.1)
Let z be in X and ¢ be a point in D?. Then for every integer n we have

%o ® (T2, T7(), =@ (T7*"z, T7I(),, (3.2.2)

n+1 :

Moreover, by the definition of ®,

o (T*"x, T7C) .

n+1

(T )i if (T72"2)gge  =n, (T72"x)

n+1 G"+1

eD

(T—*"x)g,,, otherwise

Cn if Toge =1, Ta, eD

g,  otherwise

From this and Equation (3.2.2) it follows that for each integer n,

"o ® (T™*"z, T7(), = ®(z,{)g,- (3.2.3)
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Furthermore, we have

T2m @) @ (T_2ml', T_1C) - @ (T_Zmza T_1C)Gc

G¢NRy, 1N Bnt1

= (T%"x) (3.2.4)

GC

n+1 mR"+1

= TGenRy,-

Equation (3.2.1) follows from the combination of Equation (3.2.3) and Equation (3.2.4).

O
Define a new measure 7 on X by
X 1 - —2m —2m
Y(C) = 5 (NO) +ATTIC) 4+ ATTC) +/(T77HC))
Then
X — 1 - - —2m —2m
Y(T~'C) = 5 (VT'C)+ AT 2C) + -+ A(T2HC) +y(T7C))
1 — — —2m
= 5- (VT C) +4(T7C) + - +7/(T77C) +1(0))
=3(C).
Thus 7 is a T-invariant measure on X.
Claim. Both measures v and 7 map to v under .
Proof. Let E € By. To show o n }(F) = v(FE), it is enough to show that
o' (r'E) =7 'E x D", (3.2.5)

Then we have
A B) = (1 x N0~ (17 B) = (u x N (7' x D) = u(n~'E) = v(E).

To show Equation (3.2.5) recall that for each z € X and ¢ € D% we have 7(z) =
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7w (®(x,()). It follows that

(z,() e @' (7 'E) < ®(z,() e 'E
— 7(x) =7 (P(x,()) €EFE
— ven 'k

— (1,¢) e 7 'E x D~
Now we show 7 also maps to v under 7. For each i € Z,
Y (T4 (7 B)) = 7 (7 \(T{E)) = v(T4E) = v(E).

Therefore for each E € %Ay we have

G B) = 5 (v (T E) 4+ (T (7 E)))
= o ((E) - u(E))
=v(FE).

O

We aim to show that hs(7") > h,(T"). First we need to introduce some notations
and o-algebras. If S is a subset of Z then P(Xg) is the partition of X generated
by the configurations of X on S, and o(Xg) is the o-algebra generated by P(Xg).
When S = {a,...,b} is a Z-interval, we sometimes denote Xg by X’. Considering
R = {-m,...,m — 1} as before, o (X"") is the finite o-algebra generated by the

partition

P (Xinrgl) = {_m[x_mx_m+1 c. xm—l] m—1 - Lem@—m41 -+ Tm—1 c Bm(X)}

Denote

—5m

o (X7 =0 (XY Vo (XTI v

Define an equivalence relation on X as follows; suppose z,2’ € X, say x ~g 2’ if



47

either g = o', or else Trrge = Tpnge, Toge = Thae =, and zg, ¥ in D. Denote the
equivalence class containing x by Cy(z). Such equivalence classes form a sub-partition

of P(X™ ). Let A be the o-algebra generated by these equivalence classes. We show
h5(T) = hu(T)

as follows, using Lemma 3.2.2 which appears below; In the following equation, “Prop”

stands for “by Proposition”, and “Lem” stands for “by Lemma”.

hs (T) (3.2.6)
= %h@ (7°™) Prop 3.1.6(b)
==§%5hw(7ﬁ"ﬁ Prop 3.1.7
= o (o (X7 o (X2 7) Prop 3.1.6(a)
- %HV (Ao (X=m1)) + %HV (0 (X" o (X=m ') v.A)  Prop 3.8
= % Y (Ale (XZ27h) + %HW (o (X721 [A) Lem 3.2.2(a)
> %HV (Alo (XZ279) + iHM (o (Xm.1) | A) Lem 3.2.2(b)
> %Hu (Alo (XZ271) + %HM (o (X721 [A) Lem 3.2.2(c)
zimmwxgﬁ+%m@mﬁwwgﬂwa Prop 3.1.8
= o (o (X0 o (X22)

= gt (7°7)

= h, (T).

Lemma 3.2.2. Reusing previous notations, we have

(a) H, (o(X™ ) ]o(XZ07 ) v A) = H, (o(X71)]A).



48

(b) Hy (o(X" | A) > H, (o(X", 1] A). Equality occurs if and only if

1(A)
for each o in D and A in P(A) such that for each x in A we have Toge = 1 and

ra i D.
(¢) H, (Alo(X=27)) > H, (Ale(X=27).
Proof. Notice that by definition, for p € {u, v} we have

p(O; N Ay)

H, (7(X7,)IA) = = 3 p(0: 01 A log =S

ik

where O; is in the partition P (X™") and Ay in the partition P(A); with the con-
vention that if p(O; N Ax) = 0 then p(O; N A) log (Oim;’“) = 0. Let = be a point in the
cylinder set Ay. If zgge # 1 or xg is not a configuration in D then for every cylinder
set O; in P (Xm_l) we have either O; N A, = 0 or O; N A, = A, which both imply

p(0: N Ay) log 2904) O ﬂA" =0. Let {Ay,..., Ay} be the set consisting of elements of the

partition P(A) for Whlch for any point x in Aj, we have z5ge = n and z¢ in D. Then

p(O; N A)

H,(o(X™ 1)) A Zp O; N Ak)log )

i,k

There are exactly L pairwise disjoint cylinder sets O; in the partition P (XT,;l)
defined by blocks which agree everywhere except on G, and form a partition of Ay.
Let these cylinder sets be denoted by Oy 1, ..., O where Op; = o; N A, for each
1 <4< L. It follows that

Hy(o (X7, OA) = = > (0w Ap) log %
ki '
(3.2.7)
- pla; N Ay)
== o a,ﬂAk)logW

ki
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Let n > 1. By definition of ~, for each configuration « in D, each cylinder set P in
the partition P (X (’gnil)m) and 1 < k < M we have

vanPNA) Alendy) 1

(PN Ag) v(Ax) L

It follows that

’)/(Oéi N Pj N Ak)
Y(P; N Ag)

i, <o— (X™1) |o (X o ) v A) =3 " y(ain B0 Ay log
1,5,k
=log LY ~(a; N Ay)
ik

= H, (o (X77") |A)

(use the same argument we had before Equation (3.2.7) to get the first equality

above). Then (a) follows from Theorem 3.1.5 and the fact that ( (X ~om- il) ))OO
n=1

is an increasing sequence of g-algebras with

v (X ftim) =0 (X227,

To show (b) note that

H, (o (X" |A Z,u alﬂAk)log

where ¥(z) = —zlogz ((0) = 0) on the interval [0,1]. Since ¥ (z) is a strictly

concave function it follows that H,(o(X™,")|.A) attains its maximum if and only if



50

for each 1 <k < M and « in D we have

Therefore

H, (o (X™ 1) |A) < logLZ,u(ai N Ag)
ko i

= logLZv(ai N Ag)
ki
= H, (o (X7,1) |A4)

with equality if and only if %;f)k) =1/L for each « € D and 1 < k < M.

We prove (c) by showing that

H, (Ao (X727) = H,(AJAZZ) (325)
where AZZ 1 = \/°2 T=2"™ A (the choice of notation is intended to remind the reader
that A7 ! is a sub-c-algebra of o(X_-""")). The fact that A-7""" is a sub-o-algebra

of o(XZ27") implies
H,(AJAZ) > Hy(Alo(XZ27)

which will complete the proof.
Define an equivalence relation ~,, on X as follows; say x ~,, 2’ provided that for all
—n < i < —1 we either have xg, = 27 or else Tp,qge = x}zingg, Toge = xgcg =7, and

rg,, Tg, in D. Denote the equivalence class containing x by C, (). Such equivalence

m—1

(on +1)m) and these equivalence classes generate

classes form a sub-partition of P (X -
the o-algebra

Aty = T2AV - VT A
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Let 2z in X. Then z is in E for some E in P (.A_"an}rl ) Set

Ko ={=n< k< —1: a5 =0, 76, € D},

There are exactly Ll pairwise disjoint cylinder sets Py, ..., Pk, in the partition

P (X g‘n il ) which are the same except having alternative «;’s in the same positions

and they form a partition of E. Let A in A. By definition of 7 for each 1 < j < L%l

we have

WANP) _ LWh(ANE) _4(ANE) _ u(AnE)

WP) L (E) (B u(E)
It follows that
Ey (Lalo (Xtin)) = Bu (L4l A5, (3.2.9)

Let = be a point in X, F be in the o-algebra A~™"! and ¢ be a point in D?. Then

the two sided implication
O(x,() e F < z€F,

implies that
1po®(x,() =1p(x).

Let g be a bounded A~ '-measurable function. Since there is a sequence of A~7"!-

measurable simple functions converging uniformly to g we deduce that

go®(x,() = g(x).

Moreover,

/ngfy:/ng(,uxA)(@‘l):/FXDZgocbd(ux)\):/Fg di, (3.2.10)

where the second equality follows from Equation (3.2.11) and recalling that there is
a sequence of A~ '-measurable simple functions converging uniformly to g. Given

a characteristic A~"'-measurable function 1g, we have
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/F Lo d(x A)(@1) = (1 x \)(® (S 1 F))
=/ e d(p x A)
b (3.2.11)
= / 1g0 (IDd(u X )\)
“1(F)
:/ lgo®d(p x A).

Let g =E, (14]AZ%") for some A in P(A) in Equation (3.2.10). Then we have

i (a(50) - [, 5 (0 e (55
Ae
/ IE (1A|A i )) dy by (3.2.9)
XAEP(A
/ 0 (B (144750, de by (32.10)
XAGP(A
H, (AAZG L) -

Then Lemma 3.2.2(c) follows directly from Theorem 3.1.5 and the fact that (0 (X el

and (A:g;}rl)m> are both increasing sequences with
n=1

and

O

Proof of Theorem 3.2.1 (continued). Since y is an invariant measure of relative max-
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imal entropy it follows that all of the inequalities in Equation (3.2.6) are forced to be

equalities. In particular, we have
Hy (o (X207) [A) = Hy (0 (X257) JA)
Then Lemma 3.2.2(b) implies that

(N A)

A (3.2.12)
p(A)

for each configuration o in D and A in the partition P(A) in which for each x in

A we have zygc = n and z¢ in D. Note that given a finite subset G C Z, both

configurations A € By on G and n € Bx on G with u(nN 7' (A)) > 0 are chosen

arbitrarily. By choosing different configurations and noting that

AP (ro(a) V o(XKuner)) = P (7o (Va) V (X))

Equation (3.2.12) implies that for any configuration o on G we have

1
E (101‘7T_I<O-(YR)) V O-(XRHGC)) (:(j‘) = L(xaG)
0 otherwise.

if @ extends zoge, T € T (mp(r))

where L, ) is the number of configurations of X occurring at G which extend zage

and project to m,(z¢g). Now for t € N let
RO ={—(m+1t),...,m+t—1},
and (Rﬁf))nez be the partition of Z by translates of R®") where R(()t) =RW® ie.

RY ={(2n—1)(m+1t),...,2n+ 1)(m +1t) — 1}.
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Let R© = R. Since (o (Ygn))iep and (0 (X gunge)) i are increasing sequences with

o(Ypw) = By,
=0
and .
\/ 0(Xronae) = 0(Xae),
=0

it follows from Proposition 3.1.5 that

1
E(lo|m  (By) V o(Xge)) (z) = { H=®
0 otherwise.

if o extends zpge, T € ™, (M ()
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Chapter 4
Class Degree

When 7 is a finite-to-one factor code from a SFT X to a sofic shift Y, there is
a uniform upper bound on the number of preimages of points in Y. The minimal
number of w-preimages of points in Y is called the degree of the code. In this chapter
we find a quantity analogous to the degree when 7 is an infinite-to-one factor code.
This will be done by introducing an equivalence relation on X. We start the chapter
by discussing some well-known properties of the degree of a finite-to-one code. In
Section 4.1.2 we present an algorithm to compute the degree of a finite-to-one code.
Section 4.2 describes an equivalence relation on X where the minimum number of
equivalence classes over points of Y is called the class degree of a code. We show
that this number agrees with the degree of a code in the case of having a finite-to-one
code. In section 4.3 we justify that there are the same number of such equivalence

classes over each typical point of an irreducible sofic shift.

4.1 Degree and an Algorithm for Computation of
the Degree

We divide this section into two parts. The first part is devoted to the description of
the degree of a finite-to-one factor code which is mainly adapted from [19, Chapter

9]. Then we present an algorithm in the second part of this section which computes
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the degree of a code.

4.1.1 Degree

Let 7 : X — Y be a 1-block factor code. Above every Y-block W of length n there
is a set of X-blocks W’ of length n which are sent to W by my; ie., m(W') = W.
Given 0 <i<n—1, set

dW,i) = [{a € A(X): IV’ with m,(W') = W, W/ = a}|,
and let
dr = min{d(W,7) : W a block of Y, 0 <i < |W|—1}.

A magic block is a block W such that d(W,i) = d* for some 0 < i < |[IW| — 1. Such
an index ¢ is called a magic coordinate of W. A factor code 7 has a magic symbol if

there is a magic block of 7 of length 1.

Example 4.1.1. Figure 4.1 illustrates an example where d: = 2. {a,b,c,d} is the
alphabet of the original SFT and {0, 1} is the alphabet of the sofic shift.

0 1
S

R

Figure 4.1: Graph for Example 4.1.1
Above each binary block starting with 0 there is a unique block starting with a or c.

Similarly iof a binary block starts with 1 then it is presented by a unique block starting
with b or d.
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Example 4.1.2. Figure 4.2 represents an example where di. = 1. The alphabet of the
SFT is {a,b,c,d} and the alphabet of the sofic shift is {0,1}. Note that the shortest

magic block has length two: 00 is such a magic block.

0 0
1)

Ca=-——c
1 1

Figure 4.2: Graph for Example 4.1.2

Definition 4.1.3. Let (X, Y, ) be a factor triple. The minimal number of m-preimages
of points in'Y is called the degree of the code and denoted by d.

Theorem 4.1.4. Let m : X — Y be a finite-to-one factor code from a SFT X to
an 1rreducible sofic shift Y. Then every doubly transitive point of Y has exactly d

preimages.

Theorem 9.1.11 in [19] shows this result when X is irreducible. However, the proof
only depends on the irreducibility of Y.

We say two factor triples (X,Y,7) and (X, Y, %) are conjugate, and denote it by
(X,Y, ) = (5(, Y, 7), if X is conjugate to X under a conjugacy ¢, Y is conjugate to
Y under a conjugacy 1, and 7o ¢~ =)L o 7. See Figure 4.3.

Theorem 4.1.5. Let (X,Y,n) and (X,Y,7) be conjugate factor triples. Then we
have d, = d;.

A proof of this Corollary can be found in [19]. In particular, the reader is referred
to Theorem 9.1.16 of [19].

Let (X,Y,7) be a factor triple. Since d, is invariant under conjugacy it would be
ideal to work with the simplest possible factor triples. The following result which is

adapted from a theorem in [19] allows us to do this.
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¢ i

X > X
T T

\ b Y

Y -y

Figure 4.3: Conjugate factor triples, (X,Y,7) = (X,Y,7)

Theorem 4.1.6. Let (X,Y,n) be a factor triple. There is a factor triple (XY, 7)
conjugate to (X,Y,n) such that X is a I-step SFT and 7 is a 1-block code with a

magic symbol.

Proof. By recoding, without loss of generality, we may assume X is a 1-step SFT
and 7 is a 1-block factor code (see Corollary 2.3.11). Let W be a magic block of
7 of length n with a magic coordinate ¢t. Define two n-blocks U and V' in X to be
equivalent if 7(U) = (V') and U, = V;. This obviously defines an equivalence relation
on B,(X). Denote the equivalence class containing U by C(U). Let X be the new
1-step SFT whose alphabet consists of equivalence classes of blocks in B,(X), and
the legal transitions between the equivalence classes be defined by saying C'(U) can
be followed by C(V') if and only if there are U' € C'(U) and V' € C(V) such that
Uy, =V/fori=0,...,n—2. Let ¢ : X — X be the 1-block code induced by
the map ¢, which takes C(U) to U,. Then ¢ does map X into X, since whenever
C(U)C(V) is a 2-block in X, then U,V; is a 2-block in X. Moreover, ¢ is a conjugacy
with the inverse n-block code induced by the map which takes U to C'(U). Therefore,
X is a 1-step SFT conjugate to X.

Let Y be the nth higher block presentation of Y and let ¢ : ¥ — Y be the n-block
code induced by the map 1, which takes yq...y,_1 to y;. Define

ﬁ:w_loﬂo¢:)2—>}~/.
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Observe that 7 is a 1-block code induced by the well-defined map which projects a
symbol C(U) in A(X) to m,(U) (regarding m,(U) as a symbol of ).
Note that if B is a m-block of Y then it is of the form EQFE® . Em=1) where
E® is a n-block of Y. Then B corresponds to the (n -+ m — 1)-block
EVE® O EV E® g

n—1
of Y. For each 0 < i <m — 1 we have

d+(B,i) = dx(EQEW  EMm=1 )
= |{C(U) € A(X): 3 block F of X with 7,(F) = B, F; = C(U)}|
= |{a € A(X): 3 block K of X with m,(K) = B, K;1; = a}|
—d (B EY . ED ED EP L EMY itt).

Hence d: > df. Since dz(W,0) = d,(W,t) it follows that W is a magic symbol of
. U

k)

Definition 4.1.7. Bi-infinite sequences V), ... ") are mutually separated if, for

(1) x(k) are all distinct.

g ey

each integer i, x

Proposition 4.1.8. Let 7 : X — Y be a finite-to-one 1-block factor code from a
SFT to an wrreducible sofic shift Y. The preimages of a transitive point are mutually

separated. If m has a magic symbol w then d, = |7, ' (w)].

A proof of this result may be found in [19]. In particular the reader is referred to
Proposition 9.1.9 and Exercise 9.1.3 of [19].

4.1.2 Degree Algorithm

Let X be a shift of finite type with alphabet A(X) = {a,...,a;} and adjacency
matrix I. Let 7 : X — Y be a finite factor code from X to a sofic shift Y with the
alphabet A(Y) = {b1,...,b;}. Let d be the degree of the factor code m. Make
two graphs G and G’ as follows. Let G and G’ both have the same vertex set
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V= U P{r (b)) = {Ay,..., Ay} where 2{m '(b)} stands for the power set
bEA(Y)
of {m 1(b)}. For what we need later, divide the vertex set V into two parts U and

V — U where U = {m,'(b): b € A(Y)}. Form the adjacency matrix M of G and
the adjacency matrix M’ of G’ as follows. Let A, A’ € V, then A C 7 '(b) and
A" C (V) for some b, b in A(Y). Say Maa = 1 if the following conditions hold.

1. bb' is a block of Y,

2. A’ is exactly the set of all symbols a’ in 7, '(¥) such that ad’ is a block of X

for some a in A.
Otherwise M 44 = 0. Say M/, ,, = 1 if we have
1. bb' is a block of Y,

2. A is exactly the set of all symbols a in 7, '(b) such that aa’ is a block of X for

some a’ in A’
Otherwise M/, ,, = 0. Consider the following subsets of the vertex set V,

S ={A€V: thereis a finite path in G from B to A for some B € U},
and

S"={A € V: there is a finite path in G’ from A to B for some B € U}.
Claim. Using above notations, we have

i 3 /. /
dy = IjlelglﬂAﬂ/H. AN A #0}.
Aes’
Proof. Note that G and G’ are finite directed graphs. Let X and X be the shift

spaces represented by G and G’ accordingly. Let m, be the map from V to Y taking
A €V to w(a) for some a € A (note that 7,(A) is independent of a € A). Then m,



induces a 1-block code 7 : X — Y and a 1-block code 7 : Xgv — Y.

The key feature of these two graphs is the following. For any block
W=Wy... W

of Y there is a unique walk
U=Uy... Uy

in G with the following properties.

1. Uy =m, (W) = 7, (Wh).

2. 7q(U) =W.

3. Uy={aec AX): 3B € 7= }(W) and By = a}.
Similarly there is a unique walk

V=V..V

in G’ with the following properties.

L Vi = (Wy) = 7 (Wh).

2. (V) =W.

3. o={ae AX): 3B en (W) and By = a}.

61

Let Ac S, A eSS and ANA #(. Let U="Uy...U, be awalk in G where Uy € U
and U, = A. Let V =V} ...V, be a walk in G’ where V; = A’ and V,, € U. Since
ANA’ # () we have Tg(A) = T (A”), and consequently 7g(U)7a (V) = Wy .. . Weyg =

W is a block of Y. By the key feature discussed in the above paragraph, we have

ANA ={ac AX): W € r, (W), and W/ = a}.



62

Since by definition

_ - : e 1 r_
dﬂ—Wb{ggglofy\{aeA(X).EIW en (W), W, =a}l,
0<i<|W|

we have
. /. /
dr < I/{leuél{|AﬂA|. AN A #£0}.
Ales’
Let W = W,... W} be a magic block of m with a magic coordinate 0 < ¢ < k. Let
D={ac AX): W en (W), W = a}.

Consider U = Wy... Woand V = W,...W,. Let U = U, ... U, be the unique path
in G which maps to U and Uy = 7, '(Wp). Then

Uc={ac AX): Fen(U), F.=a}.
Let V =V, ...V, be a unique path in G’ which maps to V and V}, = 7Tb_1(Wk). Then
Vo={ac AX): Genmn'(V), Gy = a}.

It follows that

UnV.={ac AX): W em ' (W), W/ =a} =D,

and therefore
. . /
d> I/{leuél{|AﬂA|. An A" £ 0}
AleS’



63

4.2 Class Degree

We will find a quantity analogous to the degree when 7 is an infinite-to-one fac-
tor code. This will be done by developing the following equivalence relation on X.
Figure 4.4 illustrates Definition 4.2.1.

Definition 4.2.1. Suppose (X,Y,7) is a factor triple and x, ¥’ be two points in X.
We say there is a transition from x to x’ and denote it by x — x' if, for each integer

n, there exists a point v in X so that
1. w(v) = w(x) = 7w(2’), and

v = x> for some i > n.

Yy n 1

Figure 4.4: Transition from point x to z’

Write 2 - 2/ if the above conditions do not hold. We write x ~ 2/, and say x and
2’ are in the same transition class if z — 2/ and 2/ — x.
To see that the relation ~ is, indeed, an equivalence relation notice that reflexivity

and symmetry are immediate from the definition. Here we show the transitivity

property.
Claim. The relation ~, defined above, is transitive.

Proof. Let a, b, c € X. Suppose a ~ b and b ~ ¢. To show a ~ ¢ we should show for

a given integer n there is a point w in X so that m(w) = 7(a) = 7(c), and moreover

w' o =a’, wi® = ¢ for some j > n.
Since a ~ b, we have 7(a) = 7(b). Furthermore there is a point u in 7~ (a) so that
u” = a” ., u® = b for some i > n. Having b ~ ¢ implies 7(b) = m(c) in addition
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to the existence of a point v in 77'(c) so that v = b" , v3° = ¢° for some j > i.

By now we have 7(a) = 7(b) = m(c). Define the new point w as follows;

wy =
(% tZ’L

Note that since u; = v; = b;, the point w lies in X. The fact that w is a concatenation
of u and v and having 7(u) = 7w(a) = 7w(c) = w(v) imply that 7(w) = 7(a) = 7(c).
Moreover, since n < i < j we have w” = u”" = a” . Also, w® = v5° = ¢ (see
Figure 4.5). It follows that a ~ ¢ and consequently ~ is an equivalence relation on

a
u
b
\
c
n 1 J
|
Yy
Figure 4.5: a ~ b and b ~ ¢ imply a ~ ¢
X. O

Denote the set of transition classes in X over y € Y by %,(y). Sometimes we
denote %, (y) by only € (y) when there is no ambiguity in understanding =. We say
[z] — [2'] if © — 2’ (note that the relation is well-defined); use the notation [x] - [2/]
otherwise.

The following fact is derived from Definition 4.2.1 immediately.

Fact 4.2.2. Let m: X — Y be a 1-block factor code from a 1-step SFT X to a sofic
shift Y. Let x,x" project to the same piont in Y, and x,, = x|, where (a;)ien is a

strictly increasing sequence in Z. Then we have x ~ 2.
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We mention that Fact 4.2.2 gives an obvious case when two points lie in the same
transition class. Example 4.2.3 illustrates a more complicated case when two points

are equivalent without having a common symbol at the same time.

Example 4.2.3. Let Xz C {a,b}? be a SFT with F = {bb}. Let 7 : X7 — {0},
as shown by the labeled graph in Figure 4.6.

— T
v
0 0
Figure 4.6: Graph for Example 4.2.3

*

Observe that points © = . ..abababa ... and x' = ... bababab... (where* indicates the
0-th position) have no common symbol at the same time but are equivalent. To see

there is a transition from x to ', let n in 7 and consider the point v where

Tz, 1<n
vi=4b i=n-+1

x, i>n+1.

It is clear that v holds the conditions in Definition 4.2.1. That ' — x is shown

simalarly.

The following two theorems give an upper bound on the number of transition
classes over points of Y. Later in Theorem 4.3.12 we find the exact number of such

classes over transitive points of Y.

Theorem 4.2.4. Let 7 : X — Y be a 1-block factor code from a 1-step SFT X to
a sofic shift Y. Let y in'Y and let w be a symbol in Y occurring infinitely often in
positive coordinates of y. Then |€(y)| < |7, ' (w)].

Proof. Let (a;)jen be a strictly increasing sequence of integers such that y,; = w for
each j € N. Let |m, '(w)| = d and suppose 7~ 1(y) contains d + 1 distinct transition

classes C1,...,Cqy1. Form a set A = {xy,..., 24,1} where z; is an arbitrary point
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of C;. Since m, "(w) contains exactly d symbols, it follows that for each j € N there
are at least two points in A with the same a;th coordinate. The Pigeonhole Principle
implies that there is a subsequence (by)ren of (a;);en and at least two points z and 2’
in A with x,, = x;, for each k € N. Fact 4.2.2 implies that x ~ 2. This contradicts

the assumption that x and 2’ are in different transition classes. O

A similar proof to the above implies the following theorem.

Theorem 4.2.5. Let m: X — Y be a 1-block factor code from a 1-step SFT X to a
sofic shift Y. Then |€(y)| < oo for each y € Y. Moreover, min,eax{|m, " (w)|} is
the uniform upper bound on the number transition classes over each right transitive
point of Y.

Definition 4.2.6. Let (X,Y, ) be a factor triple. The minimal number of transition

classes over points of Y is called the class degree of ™ and denoted by c.
Theorem 4.2.7 shows that conjugate factor triples have the same class degree.

Theorem 4.2.7. Let (X,Y,n) and (X,Y,7) be conjugate factor triples. Then we

have ¢; = cx.
We prove a more general theorem below.

Theorem 4.2.8. Let (X,Y,7) and (X, Y, 7) be conjugate factor triples under conju-
gacies p: X — X and .Y =Y. Lety in Y. Then we have

Proof. For now assume X is a 1-step SF'T and 7 is a 1-block factor code. Let ¢ :
X — X be a conjugacy induced by ¢y, so that ¢(z); = Ob(Z[i—m,i+s) for some m,t in
N. Let y in Y and u,v in 7= !(y). Since 7o¢ = 1o then ¢(u), p(v) are in 71 (h(y)).
We show that there is a transition from u to v if and only if there is a transition from

é(u) to ¢(v). Let n be an integer, then v — v implies that there is z in 771(y) where

Zlﬁ'j:
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for some ¢ >t + n. Clearly ¢(z) is in 7 (¢)(y)). Moreover, we have

P(z); = . ‘
p(v); fi+m<j<oo.

Since n is arbitrary it follows that ¢(u) — ¢(v), and since ¢ is invertible the other
implication follows similarly. This shows that C' is a transition class over y if and
only if ¢(C) is a transition class over ¥ (y). It also shows that for any classes C; and
Cy in €, (y) we have Cy — Cy if and only if ¢(Cy) — ¢(Cy) which implies the equality
of |%x(y)| and |€;(¢(y))|. This completes the proof of the result when X is a 1-step
SFT and 7 is a 1-block factor code.

Now let (X, Y, 7) be a general factor triple. By recoding, let (X,Y,7) be a factor
triple conjugate to (X, Y, 7), such that X is a l-step SFT and 7 is a 1-block factor

code. Since conjugacy has the transitive property
(X,Y,m) = (X,Y,7) = (X,Y,7),

the result follows immediately from the discussion above. O

4.3 Typical Points and Class Degree

In this section we show when 7 : X — Y is a factor code from a SFT X to an
irreducible sofic shift Y, there are exactly ¢, transition classes over a transitive point
of Y. In order to show this, we introduce another quantity c:, defined concretely in
terms of blocks. Since the class degree is invariant under conjugacy of factor triples,

by recoding we may focus only on 1-step SF'Ts and 1-block factor codes.

Definition 4.3.1. Let 7 : X — Y be a 1-block factor code from a 1-step SFT X to a
sofic shift Y. Let W be a Y -block of length p+ 1. Let n be an integer in [0, p|, and M
be a subset of m, '(W,,). We say U € m, (W) is routable through a € M at time n if
there is a block U’ € m, (W) with Uy = Uy, U} = a, and U, = U,. A triple (W,n, M)
1s called a transition block of 7 if every block in 7rb_1(W) 1s routable through a symbol
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of M at time n. The cardinality of the set M 1s called the depth of the transition
block (W,n, M).

While Definition 4.3.1 seems complicated, Figure 4.7 illustrates it more clearly.

U

Figure 4.7: (W,n, M) is a transition block with M = {aj,as}. The blocks
U, V, K € m (W) are routable through members of M at time n via blocks
U, vV, K enm'(W).

Definition 4.3.2. Let
cr =min{|M|: (W,n, M) is a transition block of 7}.

A minimal transition block of m is a transition block of depth c.

Example 4.3.3. In figure 4.8, we display an example of a labeled graph which defines
an infinite-to-one 1-block factor code m. We see that (001, 1, {b}) is a minimal
transition block of m of depth 1. For example, observe that block U = aac is routable

through b at time 1 by considering U' = abc.

We need to develop some definitions and lemmas before proving Theorem 4.3.12
below. Given a factor triple (X,Y, ), a point y in Y and a block V' occuring in y,

not always all preimages of V' can be extended to a point in X which projects to y
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Figure 4.8: Graph for Example 4.3.3

under 7. Here we show that in order to recognize those non-extendable blocks we do
not need to deal with a bi-infinite sequence. A finite extension of a block is sufficient

to determine if the block can be extended to a point above y.

Definition 4.3.4. Let (X,Y, ) be a factor triple and y in Y. Let V' be a block of
Y occuring in y at a Z-interval [m,n]. A Block W of Y is called a y-synchronizing

extension of V' if W occurs in y at [m —,n+1] for some integer | > 0 and

{Uem'(V): Jo €' (y), wpmm = U}
={Uen, (V): 3B e, " (W), Bpisn-m = U}.

Lemma 4.3.5. Let (X, Y, ) be a factor triple and y in'Y. Let V' be a block occuring

iny at a Z-interval [m,n|. There is a y-synchronizing extension of V.

Proof. Let
S={Uemn'(V): 3z € y), Tpmn = U}

For [ > 0 let

Sl = {U < ng(V)l 3 Bl < ﬂ-gl(y[m—l,n—l-l})? Bfl,l—l—n—m} = U}

We show for some [ we have S = S

Then it will imply that y,—;,4q is a
y-synchronizing extension of V.

Clearly for all [ > 0 we have S C S!. We show S! C S for some [ as follows. First
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note that since 7 is a factor code, S is not empty. It follows that the sequence (S'),
is a non-increasing sequence of non-empty finite sets. Thus there is [ such that for
each r > [ we have S' = S”. We show S! C §S.

Let U € S'. Then U is in S” for each r > [. It follows that for each r > [
there is B" in 7 1(y[m_r,n+r}) with Bfm tnem] = U. For each » > [ consider the
cylinder set C,—.(B,). The sequence (Cy,—,(B,)),>; is a non-increasing sequence of
non-empty compact subsets of X. It follows that (., Cpr(B;) is not empty. Let

z € () Om—r(B;). Then z,,,) = U and 7(z) = y which implies that U is in 5. O
Here we introduce a relation between symbols and transition classes.

Definition 4.3.6. Let 7 : X — Y be a 1-block factor code from a 1-step SFT X to
a sofic shift Y. Lety be inY. Let n be in Z, i a symbol in m;, ' (y,), and C be a
transition class in € (y). Say i belongs to C' at time n, and denote it by i € S, (C), if

{D € € (y): there is x in D with x, =i} ={D € €(y) : C — D}.

In other words, the set of transition classes in € (y) containing a point with nth
coordinate being i, is the same as the set of transition classes to which there is a
transition from the class C' (including C' itself).

Say i is transient at time n if there is no transition class C' in €(y) for which
i€ S,(0).

Example 4.3.7 illustrates the definition above.

Example 4.3.7. Consider the directed labeled graph in Figure 4.9 which presents a
1-block factor code m: X — Y where X C {a, b, ¢, d, e, f, g}% andY C {0, 1}2. Let
y be the point - -- 0101010 - -- in Y. By Definition 4.2.1, there are 3 distinct transition

classes in € (y) as follows:
1. Transition Class Cy = [x1] = {x1} where 1 = - - -bagabab- ..

2. Transition Class Cy = [z5] where x4 is a point in 7~ (y) which does not contain
symbols e or g but contains only d’s and f’s from some time onwards, for

example: xo = - -babedfd - - - .
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Figure 4.9: Graph for Example 4.3.7

3. Transition Class Cy = [x3] where x3 is a point in m ' (y) which does not contain
symbols d or f but contains only e’s and g’s from some time onwards, for

example: x5 = - - - egegege - - -

Clearly Cy — Cy and Cy — C, but not vice versa. Cy - C3, C3 - Cy, and symbol ¢

18 transient at any time.

Lemma 4.3.8. Let 7 : X — Y be a 1-block factor code from a 1-step SF'T X to a
sofic shift Y. Let x be a point in X. There is m < oo such that for each n > m
the symbol x,, is not transient. In fact, m can be found in such a way that for each

n > m, x, belongs to the class [x] at time n; i.e., x,, € Sy[z].

Proof. Let m(z) = y. Suppose that the transition class C' in % (y) satisfies [x] - C.
Then there exists i < oo such that for any z in 7=!(y) with z; = x; we have z ¢ C.
Denote the smallest such i by i“. Note that i may be —oo (but not +oc). Let
m = max{i® : C € €(y), [x] » C}. Let n > m. We show

{Ce€y): |z] - C}={C € €(y): there is z € C with z, = z,}, (4.3.1)

which will imply the result z,, € S, [z].
Let C be a transition class in € (y) with [z] — C. It follows that x — 2z for some

z in C. Therefore, there is a point u in 7! (y) as follows.

r, f—oco<t<n
Uy =
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for some [ > n. Since u; = z; from time [ onwards, it follows that w is in the class C'.
Moreover, we have u,, = x,, by the construction. It follows that C' belongs to the set
in the right hand side of Equation (4.3.1).

Now let C' be an transition class in € (y) with [x] - C. Suppose, for a contradic-

tion, C' contains a point z with z, = z,,. Form the point u as follows.

v, i —oco<t<n
U =
z  fn<t<oo.

Note that since X is a 1-step SF'T and z,, = x,,, the point u is in X. Moreover u maps
to y by the construction. Noticing that u; = z; from the time n onwards, shows that
u lies in the class C. Recall that n > i“. By the argument in the first paragraph of
the proof, any point in 7=*(y) with i“th coordinate equal to z,c does not belong to
C. This contradicts that u is a point in C. O

Lemma 4.3.9. Let 7 : X — Y be a 1-block factor code from a 1-step SFT X to a
sofic shift Y. Let y € Y. There is an integer m < oo such that for each n > m and

C in € (y) there is a symbol i in 7, (yn) which belongs to the class C at time n; i.e.,

i€ S,(0).

Proof. Let €(y) = {C4,...,Cy} for some finite d. Let A = {2® ... 2@} be a set
containing an arbitrary point 2 of C; for each C;. By Lemma 4.3.8 there is a finite
integer n¢, such that for each n > n¢, the symbol ) belongs to C;) at time n. Let
m = sup{n¢,: 1 < i < d}. Note that m < co. Moreover, for each n > m and C; the

symbol z belongs to the class C; at time n. O

Proposition 4.3.10. Let 7 : X — Y be a 1-block factor code from a 1-step SFT X

to a sofic shift Y. Let v be an invariant measure on'Y . Then
v({y € Y:VC € €(y),Vn € Z there is i € m, ' (yn) with i € S,(C)}) = 1.

Proof. Let y in Y and let m(y) be the infimum of the set of m’s with the properties
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given in the statement of Lemma 4.3.9. We show

v({y €Y:m(y) = —oo}) =1

which will imply the result immediately. Note that C' € € (y) if and only if T'(C) €
€ (T (y)). This shows m(T(y)) = m(y) — 1. For an integer k < oo let A, ={y €Y :
m(y) = k}. We have T'(Ay) = Ax_1. Since v is T-invariant it follows that v(Ay) = 0.
Therefore m(y) = —oo for v-a.e. yin Y. O

Definition 4.3.11. Let X be a shift space. We say the point x in X is measure
recurrent if for each block B which occurs in x, B occurs infinitely often in the positive

coordinates of x.

Note that the set of measure recurrent point of X has measure one with respect

to any ergodic measure on X.

Theorem 4.3.12. Let w be a 1-block factor code from a 1-step SFT X to a sofic
shift Y. Let y be a measure recurrent point of Y. Let d be the minimal depth of a

transition block which occurs infinitely often in the positive coordinates of y. Then

€(y)| = d.

Proof. First we apply the same method we used in the proof of Theorem 4.2.4 to
show that |€'(y)| < d. Let (W,n, M) with |W| = p 4+ 1 be a transition block of
depth d occuring infinitely often in the positive coordinates of y. Let (t,,)men with

tmi1 > P+t be a sequence of integers such that

ytm R yp"l‘tm - W

Suppose € (y) contains more than d transition classes. Let A be a set containing one
point from each of these transition classes. By the definition of a transition block,
for each u in A there exists a point 2(“™ € 7=1(, [W]) with z;,, = w,,, Ty, € M,
and X4, = Upte,,. Construct a new point «’ which agrees with u everywhere except

at positions t,, ..., S+t where it agrees with 2(*™ for each m in N. In other words
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we have
u; if —co<i<ty, s+t, <i<tn

2™ << s 4t

2

The assumption that X is a 1l-step SFT guarantees that u' belongs to X, and
Fact 4.2.2 implies that «' ~ wu. For each element u of A construct such a point
v’ and collect them in a set denoted by A’. Since we assumed d < |A’|, for each m
in N there must be at least two points in A’ that agree in the (n + ¢,,)th position.
It follows that there exists a subsequence (k;)jen Of (£ )men and two distinct points
u',v" € A’ such that for each [ in N we have u;, ., = v),, . Then by Fact 4.2.2 we
have u' ~ v’ and consequently u ~ v, contrary to the fact that the points v and v are
chosen from distinct transition classes.

Now we show that |’ (y)| > d by finding a transition block of depth |%’(y)| occuring
in y. We construct such a transition block in the following 4 stages. Let h = |€'(y)|
and suppose € (y) = {C1, ..., Cy}. Choose a finite integer ng satisfying the properties
given in the statement of Lemma 4.3.9.

Stage 1. We claim there is ny € [ng,00) such that for each # € 7 '(y), there is

no < t < ny so that z; is not transient.

Proof. Suppose there is no such n;. It follows that for each ;7 > n( there is a point
) in 77! (y) such that xl(j ) is transient for all ng < | < j. Consider the sequence
(29) ez, and let x be the limit of a convergent subsequence of it. Clearly z € 7 (y).

However, z; is transient for each [ > ng, contradicting Lemma 4.3.8. O

Stage 2. We claim there is ny € [n1,00) and a set of symbols
M ={ay,...,an}
with a. € S,,(C.) such that for each i in S,,,(C,) there is a block

Ue ﬂ-lgl(ynlynl-l-l s yng—lyn2>

which begins with ¢ and ends with a.. See Figure 4.10.
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o ny Ny

Figure 4.10: An example illustrating Stage 2. € (y) = {C1, Cy, Cs}, iy, i9, i3 €
Snl (Cl), iy € Snl(og), i5, i € Snl(og), and M' = {al, ao, 0,3}.

Proof. Let C, be a transition class in 4’(y) and x¢ be a point in C,. For each symbol
iin S,,(C.) (non-empty by the choice of ng), there is a bi-infinite sequence z* in the
class C, with z, =i such that 2" matches z° from some time &' € [n, 00) onwards.
Let

k¢ = max{k' :i € S, (C.)},

and
ne = max{k®: C, € €(y)}.

Note that ny < oo. Rename zj,, for each C, € €(y) as a., and let M’ = {ay, ..., as}.
]

Stage 8. We claim there is ng € [ny, 00) such that for each point = in 7! (y) there is
a point 2’ in 7~ *(y) so that z, = z, for every r € (—oo,n¢] U [n3,00), and z], € M’
See Figure 4.11.

Proof. Let x be a point in 771(y). By stage 1, there is ng < t < n; such that z; is not

transient; i.e., x; belong to some transition class C, at time t. It follows that there is
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Figure 4.11: Graph for Stage 3. M’ = {ay, as, az}. x,2' € 7~ (y), 2/ = x, for each
r € (—00,no] U [n3,00), and x;,, € M'. Same for z, 2’ and u, u'.

a point u in the class C, with u; = x;. The new block

Ty e TpUps] - Upy, (4.3.2)

is an allowable block of X (because X is a 1-step SF'T). Moreover, this block maps
to the block

Y Yng -
Note that the symbol w,, belongs to the class C. at time ny. Then by Stage 2, there

is a block starting at u,, ending at a. which maps to

Ynq -+ - YUns-

Denote this block by

Upy Uny+1 - - - Ung—10e- (4.3.3)

Connect blocks in Equations (4.3.2) and (4.3.3) at u,, to get the following allowable
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block of X

o Tpg oo Lglgg1 oo - Up Upg+1 -+ - Upo—1Qe

Observe that having x; in S;(C,) implies that « must belong to a transition class C
with C, — C}. On the other hand having a. in S,,,(C.) implies that there is a point
b in C, with

D(—oo,na] = - Tng + - - Tyl -+ Upy VUpyg -+ - Upy—10e

which matches z from some time j onwards for some ny < j < 0o. Let

Ny = min {j: 32 € 77! (y) with 2}, = 2,Vr € (—o0,ng) U [j, 0), ), = ac}.
na<j)<oo
We claim that there is n® < oo such that for each z € 7~ !(y) with x; € S;(C,)
for some nyg < t < ny, there exists a point @’ € 7~ !(y) with 2/ = =z, for each

r € (00,n9] U [n 00), and = a.. Then letting
n3 = max{n®: C, € €(y)} <

will complete the proof of Stage 3.

Suppose, for a contradiction, that there does not exist such an n°. It follows
that there is a sequence z with :)sg) € Sy, (C.) for some nyg < t; < nq, such that
limy oo .00 = 00. Let z* be the limit of a convergent subsequence of (). Clearly
r* is in 77 (y). Assume n, = g < oo then for every point k in the chosen subse-
quence of () with d(z*, k) < 1/29 we have n; = g. This contradicts the assumption
lim; o, n,0) = co. Therefore we must have n,~ = oo which is a contradiction of the

fact that for each z in 77 (y), n, < co. O
Stage 4. Let W be a y-synchronizing extension of the block
V =Yng - Yns-

We claim W is a transition block of depth d.

Proof. Let U € m, ' (W). By the definition of y-synchronizing extension, there is z in
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71 (y) with zp,, ;) = U. Then by Stages 1, 2, and 3 there is a point 2’ in 7~ (y) with

r;, = x, for each r € (—o00,n0) U [n3,00), and x;,, € M'. Having x|, = xp,, x,, € M,
/

T, = Tny and my (), 1) =V simply means that U is routable through a symbol of
M’ at time ny + [. Since U in m, '(W) is arbitrary it follows that W is a transition
block. Because M’ has h elements it follows that 1 is a transition block of depth

h. 0
0

Corollary 4.3.13. Let m: X — Y be a factor code from a SFT X to an irreducible
sofic shift Y. Then

1. ¢, =ck.

™

2. There are exactly c, transition classes over every right transitive point of Y .

3. Given an ergodic measure v on'Y , the number of transition classes over every

v-generic point of Y is the same.

We now show that for a finite-to-one factor code, the degree and the class degree

of the code are the same.

Theorem 4.3.14. Let 7 : X — Y be a finite-to-one factor code from a SFT to an
wrreducible sofic shift Y. Then ¢, = d.

Proof. Theorem 4.1.5 and Theorem 4.2.7 imply that the degree of a code and the class
degree of a code are both invariant under conjugacy of factor triples. So by recoding,
without loss of generality, we may assume X is a 1-step SF'T and 7 is a 1-block factor
code. Let y be a transitive point of Y. By Proposition 4.1.8 the preimages of y are
mutually seperated. It follows that each transition class above y has only one point.
Therefore, ¢, = |77 (y)| = d,. O
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Chapter 5

Bounding the Number of Ergodic
Measures of relative maximal

entropy

In Chapter 2 we showed that although every 1-dimensional irreducible SFT has a
unique ergodic measure of maximal entropy (Parry measure), there can be more than
one ergodic measure of relative maximal entropy over an ergodic measure; i.e., given
a factor triple (X, Y, 7) and a fully supported ergodic measure v on Y, there can exist
more than one ergodic measure on X that projects to v under m and has maximal
entropy among measures in the fibre 771{v}. In this chapter we show that the number
of such measures can be no more than the class degree of 7. In the first section we
review a known bound for the number of measures of relative maximal entropy and
discuss an unsatisfactory fact about it which is improved by the new bound. In
section 5.2 we prove the main theorem which is showing that ¢, is an upper bound

on the number of such measures.
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5.1 Old Bound on the Number of Ergodic Mea-

sures of Relative Maximal Entropy

In 2003, Petersen, Quas, and Shin [24] found an upper bound on the number of

measures of relative maximal entropy.

Theorem 5.1.1. [24, Corollary 1] Let 7 : X — Y be a 1-block code from a 1-
step SFT X to a sofic shift Y. Let v be an ergodic measure on Y and N,(7w) =
min [{m, (w): w € A(Y), v[w] > 0}|. The number of ergodic measures of mazimal

entropy over v is at most N ().

We need the following theorem and Corollary to explain why we are not fully
satisfied with this bound.

Theorem 5.1.2. [29, Theorem 4.11] Let X and X be conjugate shift spaces under a
conjugacy ¢ : X — X. Let i be an invariant measure on X. Then i = po¢~t is an

movariant measure on X and

hu(Tx) = ha(Tk)
Corollary 5.1.3 follows from Theorem 5.1.2 immediately.

Corollary 5.1.3. Let (X,Y,n) and (X,Y,7) be conjugate factor triples. Let v be an
ergodic measure on'Y and U be the corresponding ergodic measure on'Y . The number
of ergodic measures of relative mazimal entropy over v is the same as the number of

ergodic measures of relative mazimal entropy over v.

This bound suffers from not being invariant under conjugacy. For example, the
full 2-shift and any higher block presentation of it give different bounds on the number
of ergodic measures of maximal entropy which map to the trivial measure on the full
1-shift.

One possibility to avoid having a non-invariant upper bound is to take the mini-
mum of the bound in [24] over all conjugate factor triples with 1-block factor codes.
This even improves the original bound. However, there is no known algorithm for

computing this minimum.
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Here we show that given an ergodic measure v on Y, the number of transition
classes over a v-generic point of Y is an upper bound on the number of measures of
relative maximal entropy over v. Theorem 4.2.8 verifies that this bound is invariant
under conjugacy of factor triples and Proposition 5.1.4 shows that it beats the bound
mentioned above obtained by minimizing the bound in [24] over conjugate factor

triples.

Proposition 5.1.4. Let 7 : X — Y be a 1-block factor code from a SFT X to
a sofic shift Y. Let v be an ergodic measure on Y. Then we have |€,(y)| <
min{ N, (7): (X,Y,n) = (X,Y,7), 7 is 1-block} where y is a v-generic point of Y.
Equality holds if 7 is finite-to-one and v s fully supported.

Proof. Let min{N,(7): (X,Y,7) = (X,Y,#), 7 is 1-block} occur at a factor triple
(5( Y, 7) where X is conjugate to X under a conjugacy ¢ : X — X, Y is conjugate
to Y under a conjugacy ¢ : Y — Y, and 7o = ¢yom. Denote the measure votp—! by
. Let Ny(7) = min{|7;  (w)|: w € A(Y),7[w] > 0} occur at a symbol @ in A(Y).
Let § be a v-generic point of Y. There is a strictly increasing sequence of integers
(a;)ien With y,, = w. Theorem 4.2.5 implies that | % (7)| < |7, ' (w)]. Let y = ¥~(y).
Then by Theorem 4.2.8 we have |€;(y)| = |6x(9)| < |7, '(w)| which completes the
proof of the first part of the result.

Now suppose 7 is finite-to-one and v is fully supported. Since v is fully supported

we have

N, (7) = min{|7; (w)|: w € A(Y)}.

Therefore min{ N, (7): (X,Y,7) = (X,Y,7), 7 is 1-block} occurs at a factor triple
(X,Y,7) where 7 has a magic symbol @ (such factor triple exists by Theorem 4.1.6).

By Proposition 4.1.8 we have |7, ()| = dz which implies
min{ N, (7): (X,Y,n) = (X,Y,7), 7 is 1-block} = d;.

Since the degree of a code is invariant under conjugacy of factor triples we deduce
that
min{ N, (7): (X,Y,n) = (X,Y,7), 7 is 1-block} = d,.
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Recalling the agreement of the degree and the class degree of  when 7 is finite-to-one,

completes the proof. O

Note that equality in Proposition 5.1.4 does not always hold. For example, con-
sider the trivial factor code 7 : {0,1}% — {0}%. Then ¢, = 1; however, if (f(, {0}7, 7~r>
is a factor triple conjugate to ({0,1}% {0}*, 7) then A(X) must be strictly greater

than 1 and therefore N, (7) > 1 for any ergodic measure v on Y.

5.2 New Bound on the Number of Ergodic Mea-

sures of Relative Maximal Entropy

5.2.1 Relatively Independent Joining

Definition 5.2.1. Let 7 : X — Y be a 1-block factor code from a SFT X to a sofic
shift Y and v be an ergodic measure on'Y. Let iy, ..., 1, be invariant measures in
the fibre m={v}. The relatively independent joining of ji1, ..., ji, over v, denoted by
=1 Q-+ Qy by, 15 defined as follows; If Ay, ..., A, are measurable subsets of X
then

7 By)omdv.

/:L(Al X X An) = / HEM<1A1
Yzt
Claim. Writing p; for the projection X™ — X onto the i’th coordinate, for [i-almost

every & € X", w(p;(2)) is the same for each i.

Proof. Let
A= Jr,. o wn) € X7 w(y) # ()}

i#]

We show for different ¢ and j we have

p{(xy,...,x,) € X" w(x;) # m(x;)}) =0.

Then it follows that fi(A) = 0.
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Without loss of generality assume ¢ = 1 and 7 = 2. We have

{(z1,...,x,) € X™: (xl)%ﬁ(:vg)}
= Uy - 1) x 77 ([0]) x X x - x X,

reZ a,be A(Y)
a#b

Therefore, it suffices to show that for a # b
i (7 (la]) x 771 [b]) x X x - x X) = 0.
Let a # b. The characteristic function 1,-1( ) is zero on the set
X—n(fa]) =7 (Y = ,[a]),

which is denoted by

7 (o[a]).

By the definition of conditional expectation, since 7! (,.[a]®) belongs to the o-algebra

1%y we have

/ Em(lﬂfl(r[a}ﬂﬂ'_l@y) dul = / 17T71(T[a})d,ul
7= 1(r[a]¢) 7= 1(r[a]¢) (5.2.1)

=0.

On the other hand, we have
L/j Eudﬂ«wrmn\ﬂ_133Y)O7f_ldV2=t/m1([])IEm(lnurmn\ﬂ_133y)duy
rla]® 7 1(|al¢

The combination of Equation (5.2.1) and the above equation implies that for v-almost
every y in ,[a]®,
Eﬂl (17r*1(7-[a] ) ‘W_lg%y) @] W_l(y) = O
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A similar argument shows that for v-almost every y in ,[a],
By (Lo, p)|m ' By) om ™ (y) = 0.
It follows that for r-almost y € Y we have
Em(lﬂq(r[a])\ﬁ_l%y) o (y) x Em(lﬂq(r[b])\ﬂ_l%y) or (y) =0.
Thus we have,

A ({fr (la)) x 7 ([b]) x X x - x XY)
= / Eul(lw—l(r[a]ﬂﬂ'_lﬂy) o 71'_1 X Euz(lw—l(r[a}ﬂﬂ'_l@y) o 7T_1 dv.
Y

=0.

5.2.2 New Bound

In this section we want to present a proof of the following theorem.

Theorem 5.2.2. Let (X,Y, ) be a factor triple and v be a fully supported ergodic
measure on Y. The number of ergodic measures of relative maximal entropy over v

18 at most c,.

We will use Theorem 5.2.3 below which is the main theorem from [24] to prove a

stronger theorem (Theorem 5.2.4).

Theorem 5.2.3. [2/, Theorem 1] Let m : X — Y be a 1-block factor code from a
1-step SFT X to a sofic shift Y. Let v be an ergodic measure on'Y , and two distinct
ergodic measures 1 and oy be measures of relative maximal entropy over v. Then
(1 @ po){(u,v) € X x X:ug=uwvp} =0.

Theorem 5.2.4. Let (X, Y, ) be a factor triple. Let v be an ergodic measure on'Y,
and two distinct measures py and po be ergodic measures of relative maximal entropy
over v. Then (u; @ po){(u,v) € X x X:u~ v} =0.
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Proof. First we show that, without loss of generality, we may assume X is a 1-step
SFT and 7 is a 1-block factor code with a magic symbol. Suppose (5( ,Y/,fr) is a
factor triple conjugate to (X,Y,7) and ¢ : X — X is a conjugacy from X to X. By

Theorem 4.2.7 we have

(¢ x O){(u,v) € X x X:un~ v} ={(¢(u),d(v)) € X x X: ¢(u) ~ ¢(v)}.
Moreover, the corresponding measure to j; ® po under the conjugacy
Pxp: X xX = XxX,

is ji; ® fiz where [i; and fis are corresponding measures to g and po under ¢. It
follows that

(11 @ pp){(u,v) € X x X u~ v} = (i @ fio){(d(u), p(v)) € X x X: ¢(u) ~ ¢(v)}.

Therefore by recoding, without loss of generality, we may assume X is a 1-step SFT
and 7 is a 1-block factor code.
Let u, v be in X, m be in Z, and a be a symbol in A(X). Write u ~, v if u~ v

and there are integers m < n and p > n such that

U —oo<i<m,p<i<oo
V; =
a 1=n

It is worth mentioning that the relation ~, is not in general an equivalence relation
on X. We have

{(u,v) :u ~v} = U U {(u,v):u’gnv}.

a€A(X) neZ

Now suppose, for a contradiction, that (pu; ® ps){(u,v) : u ~ v} > 0. There must be
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an integer n and a symbol a in A(X) such that

(11 ® ) { (1, 0): w5 0} > 0,

By applying (7" x T')~", without loss of generality, we may assume n = 0. Since we

have

U,V): U ;élo V= U, V) U g% v, u® ,vli are routable through a at time 0 },
ks YUk
kez

it follows that there is an integer k£ so that

a

(111 ® o) {(u,v): u =g v, u¥,,v", are routable through a at time 0 } > 0.

Considering only blocks of length 2k + 1, there must be blocks A, B in X such that

a

(11 @ p2){(u,v): wmp v, u_pp = A, Vg5 = B} > 0. (5.2.2)

Both A and B are routable through a at time n; i.e., there are blocks A’, B’ € 7, ' (W)
with Al_k = A_k, B/—k = B_k, A6 = B(/) = a, A% = Ak, and Bll€ = Bk Let G - Z be
the set {—k, ..., k}. Basic properties of conditional expectation imply that

Eu (Ll (By) =E(E, (1l (By) Vo(Xee)) [~ (%By))
B (B, (1,7 () V o(Xe) () (523)
=E,, (Lalm ' (%By)),

where the second equality follows from Theorem 3.2.1. Similarly we have

E., (1 |n " By) = E,,(Lip|7m ' By). (5.2.4)
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Let D = {(u,v): u ~o U, Uk 1) = A, vp,i) = B}. Since D C _4[A] x _[B] we have

(D) < (1 @ p2)([A] x [B])

:/Em(l[A]|7T_1@y)EM2(1[B}|7T_1<@y)O7T_1dl/

Y

:/Eul(1[A/]|7T_1,%y)EH2(1[B/]|7T_1@y)O7T_1 dv using(5.2.3) and (5.2.4)
Y

= (11 ® p2) ([A'] x [B])
=0

where the last equality follows from Theorem 5.2.3 since A, = B = a. This contra-
dicts Equation (5.2.2). O

The following theorem is a more general case of Theorem 5.2.2.

Theorem 5.2.5. Let (X,Y,m) be a factor triple and v be an ergodic measure on Y .
The number of ergodic measures of relative maximal entropy over v is at most |€ (y)|

for a v-generic pointy in'Y .

Proof. Let (X,Y,n) be a factor triple conjugate to (X,Y,n) under conjugacies ¢ :
X — X and ¢ : Y — Y. By Corollary 5.1.3, the number of ergodic measures of rela-
tive maximal entropy over v and vot~! is the same. Moreover, by Corollary 4.3.13(c),
for each y in Y we have |€:(y)| = |%x(¢(y))|. Therefore by recoding, without loss of
generality, we may assume X is a 1-step SF'T and 7 is a 1-block factor code.

Let y be a v-generic point of Y. Suppose, for a contradiction, that there are
n > %, (y) ergodic measures fiq, . .., i, on X of relative maximal entropy over v. Form
the relatively independent joining £ on X™ of the measures pq, ..., u,. Note that for
j-a.e. & € X™ 7(p;(2)) is a v-generic point of Y with the same number of transition
classes. The assumption n > %,(y) implies that for j-a.e. T = (z1,...,2,) € X"
there are distinct 7, j such that p;(2) ~ p;(2); i.e.,

,1( U {i’:(xl,...,xn):xifwxj}> =1

1<i<j<n
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At least one of the sets S; ; = {(x1,...,2,): x; ~ z;} must have positive i-measure.
It follows that

This contradicts Theorem 5.2.4. [l
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Chapter 6

Outlook

Let (X,T) be a one-sided topologically mixing shift of finite type. An invariant
measure g on X is a Gibbs measure corresponding to a function f in C(X) if there
are constants Cy, Cy > 0 and P > 0 such that

,U([l'ol'l .. .xn_l])
Cr= exp (—=Pn + (S,.f)(z)) =

for every point  in X and n > 1, where (S,f)(x) = 37— f(T"(x)).
Walters [31, 32] introduces a class Bow(X, T") of functions that contains the func-

tions with summable variation, all of which have unique equilibrium states. Let
var, (f) =sup{|f(x) = f(y)|: z, y€ X, x; =y; forall 0 <i <n—1}.

Then Bow(X,T) = {f € C(X): sup,>; var, (S, f) < oo}.

Theorem 6.0.6. [31, Theorem 2.16] Let f € Bow(X,T). Then f has a unique

equilibrium state p which is a Gibbs measure.

The relative version of this result is an open question. We make the following

conjecture;

Conjecture 6.0.7. Let (X,Y,m) be a factor triple and v be a fully supported ergodic

measure on Y. The number of ergodic measures of maximal pressure in the fibre
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7 v} is at most c;.

It would be desirable to develop a structural theory of transition classes. Finding
a systematic way to have an order on a set of transition classes and understanding
whether there is a transition between them is an interesting problem. In Section 4.1.2,
we presented an algorithm to compute the degree of a finite-to-one code. It should be
possible to generalize this algorithm to computing the class degree. We expect that

knowing better the structure of transition classes can help in finding such algorithm.
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