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Supervisor: Dr. J.B. Haddow ii

A bstract

Il is well known that physiological problems occur when p ilo ts  are sub­

jected to  m oderate-to-high + ( r z accelerations. The goal o f th is  research is to  

develop a q ua n tita tive  model tha t provides add itiona l ins ight in to  the adverse 

effects o f - f ( ! -  accelerations 011 a p ilo t ’s cardiovascular system. T he  m ethod 

o f investiga tion  is in contrast to  previous studies, which have m a in ly  re lied on 

experim enta l techniques.

Th is  work focuses on the development o f a three-dim ensional f in ite  clement 

model to analyse + (7 . induced stresses in the hum an le ft and rig h t ventric les. 

The com puta tiona l model is based on non-linear continuum  theory, where the 

effects o f f in ite  deform ation, irregu la r shape o f the heart, and (nearly ) incom ­

pressible behaviour o f m yocard ium  tissue are taken in to  account. The f in ite  

element form ula t ion is developed using the G alerkin  weight ed residual m ethod 

w ith  a ]>( nalty trea tm en t o f the incom pressib ility  condition. In  th is  study, an 

exponentia l type  stra in energy function  is used to  model the cardiac tissue.

Th is  technique provides a new perspective for the mechanical s tudy  o f +(7~ 

acceleration 011 the human heart. Results presented dem onstrate the  a b ility  o f 

tin* fin ite  element model to provide q ua n tita tive  data on the  effects o f g rav­

ita tio n a l loading 011 the cardiovascular system. The analysis p redicts gross 

d is to rtion  and stress data  for the human heart under sustained exposure to  

ine rtia  loading up to + 5  (7,.
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C hapter 1 

In trod u ction

The ongoing development o f high performance a ircra ft capable o f p rn id in g  

s iilis tau ti« l positive accelerations ( + ( / - )  has created the  need fo r a b e tte r 

understanding o f the physiological responses that can affect, a p ilo t's  ju d g ­

m ent. The term  (positive* (1) com m only used to denote in e rtia  forces 

that act along the vertica l axis u f an uprigh t body. E ffective ly, these* feirces 

cause the* heart and either beiely parts to elisplace elowmvarels, inelucing an 

elevnled stress state*.

Kxpe’r im en la l inve*stigatiem has he*e*n the* p iin c ip a l nie*thoel use*el to s tudy  

the* physieilogical c!iange-s asse>ciate*el w ith  a p ilo t's  e*xpe>sure> te) mode'rate* to  

higl f t / ,  aece'h'rations. The*se* expe'rime’ids a.*e designed in  part to  s im ula te  

in High! acce*le*rat ie>n cemditieuis that can occur during  aerial cennbat ma- 

neie'uvre's or e*me*rgency situatienis. Frenn e*xpe*riine uts eonduete'el in a .safe 

enviremment using a e*e*nt rifuge, the ave*rage blackout le*ve*l eihserveel fo r an 

unpro'.t cUd  ineli vielnal is betwe'on T o  to  1.0 (7- . W hen litte'el w ith  an a n ti-G  

suit and using s tra in ing  manenuivre's (muscle teasing w ith  e*emtredle*el b rea th ­

ing) a pile>t ran often a tta in  f ! )  ( / .  few a slmrt duratiem [n, 10, l l j .  In fu tu re , 

w ith  impreive'd pre*ve*ntie)ii ed’ pathological e'lfe*cts elite* te> +GF ae*oele*rat ion



1. Jntnuiurijon ‘2

am i inzioased performance ol newer lighter a in i'a h , combat m anoeuvring in 

excess i)l’ + 9  ( j - may he atta inab le  w ithout (1 .Ol (loss o f > a ■nsciousuees i

fT, ■)!). 971.
Physiological responses 1o i ' r .  a c v lc t . i t ion range from tin* less sever'' 

tem pora ry  loss of peripheral vision to unconsciousness and. in very severe 

cases, possible damage to  heart tissue. For safely reasons, there is pa rticu la r 

interest in the effects o f fd b  inertia  forces on the cardiovas; ular sy  t<mi (see 

[ti, 17, ho]). Consequently, e i.vated s* r< ss le v  Is in I lie vascular due to high 

+ ( > -  loading have a ttrac ted  the a tten tion  o f researchers (eg. j "> 1. no .  S i j ) .

In such research, high -K /,  loading has Pi en associated it h a lm orm a lit tes 

o f the electrocard iogram  in  man [o l],  as well as suh endocardial haemorrhage 

and pathologica l changes o f the myocardial tissue in animals l"> [. Though 

most researchers have assumed that iscuemia is the cause ol tissue damage 

in anim als sul ject to high +Cb loading conditions js7|. detailed onthological 

exam ina tion  o f swine has indicated tearing o f the heart libres m l her tlnm  

damage consistent, w ith  a hypoxic or ischemic insu lt. It r probable that 

the observed damage is due to the high stresses and st rains resu lting  bom  

a com bina tion  of i) high +Cb loading acting  dire l ly  on the heart libres, 

ii)  elevated hydros1 a i ic pressures in I lie vasculature, and i i i j  stresses from 

norm a l contraction  o f 1 lie heart.

N a tu ra lly , t hese leports  of endocardial haem orrhaging and inyo lib r illa t 

degradation in  swine undergoing high sustained } (!,. accelerations raise .-pies 

lio n s  regarding the poss ib ility  o f cardiac tissue damage in humans subjected 

to  s im ila r +  Ch forces. Nommvasive cardiological technbjues used during  

experim ents on humans seem too insensil i ve to  provide sullicieni Pat  a t o  de 

te rm ine  t he presence o f any localized cardiac damage. ( 'on.sequenl I y. there is



I hit  Ull l l l l  l lull

;i < 1 for a ( om putat ional model to predict stress levels in the human heart 

under high \ ( i  accelerations. In 1 his study. such a model capable ol p rov id ­

ing add itiona l insight in to  the effects of -f-.'V. induced stresses on the h ijinan  

heart is developed. I lie com puta tiona l modei hased on the fin ite  element 

m ethod where the effects of fin ite  deform ation for an incom pressible elastic 

m ateria l are accounted for.

Ih e  study details the development o f a fin ite  clement model to  riel erm ine 

the stress/stra in  state of the human left ventric le  (IA  ) and right ventric le  

(R Y ) m yocardium  during  sustained - K b  acceleration. Whereas in previous 

studies, fin ite  element models o f the heart have considered on ly tin* passive 

diastole and act ive systole cyclic  responses o f the left vent rich* in a norm al 

( f 1 K . ) environm ent (eg. [S. 22. '2-1. 25. 2N. 50. .‘11. In, IN, (i l, (in, 07. !)X. 101)]). 

The fle x ib ility  o f the fin ite  element m ethod to  deal w ith  com plica ted shapes 

and account for the effects o f m ateria l and geom etrical non -liir*a ritie s  makes 

it an ioeal teehni<|Ue to  study the s tress/stra in  behaviour of the heart. In 

add ition , w ith  the advent o f com puter-aided tom ography ami data  im aging, 

an accurate geom etric reconstruction o f the heart, is possible [1. 15. 70].

I lie heart wall is compost'd of continuous in te rtw in in g  m ytx—vdial fibre's 

fo llow ing a helical path through the wall thickness [MS], The arrangement o f 

the m yocardia l fibres, which form  sp ira ling  bands o f muscle resu lting  in  an 

in trica te  webbed s tructure  across tin ' ventric le  w all, is dep ic t(><1 in  F igure 1.1. 

l'hest* complex lib ie  bundles form  the left and right ventricles. In essence, the* 

heart wall behaves as a non linear anF irop ic  composite m ateria l [till]. In the 

lite ra tu re  some data on the properties o f heart tissue is available' [50, 0!), 72]. 

In add ition , there exists a num ber o f prom ising co ns titu tive  re la tionsh ips, 

re la ting  stiess to s tra in , for passive m yocard ium  (see [11. 55. 12, 15. I f .
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F igure 1.1: A  Schematic draw ing dep ic ting  an excised through thickness sec 
tio n  o f the  hum an ventric le : (a) Showing the d is tr ib i: ' ' : r j l . ■ endocard ium ,
m yocard ium , and epicard ium  o f the ventric le  wall w ith  supporting  pcrica r 
d ia l sac. (b ) The arrangement o f the m yocardial fibre 1 "es, where the 
angle o f o rie n ta tio n , n . gives the smooth trans ition  o f tin* fibre d irection  ami 
is measured counterclockwise from v in the local axis system j.
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ofi. fi'J jj. These ndat ionships arc based cm a pxt udo-strain energy function , 

w h ir}; represents a Ix.si Jit for e-vpeudment a lly  collected mat ('ria l data. It 

is. therefore, bot.h feasible' and desirable to incorporate1 such a constitu tive1 

re la tion in to  the1 finite1 cleanout, model. Furl her, to ensure a rea lis tic  moded 

for the analysis o f \ (!~ induced stresses in the human ''(M ilrich ' m yocard ium , 

consideration o f the s truc tu ra l in teraction  o f the surround ing ana tom y is 

desirable. Since under se've're +  (7- loading conditions the ventric les undergo 

s ign ilic  nt deform ations, it is expected tha t load transfer occurs betwe'eui the 

heart and supporting  pericard ia l membrane [95].

In ('hapten 2, the theore'tical foundation on which a com puta tiona l moded 

for t lie dot or m i nnt ion o f t he stress and stra in state in t lie1 ventricle1 m yoca rd i­

um during  sustained + (7 ; accederation is pre'sented. The1 model u tilizes  the 

lin i.e  element teediniepie (C hapter 3) when1 t i l .1 effects o f fin ite  de fo rm ation , 

non linear m ateria l behaviour, and the1 irregu la r shape1 o f tlie1 heuirf are- ac­

count e'd for. Kmphasis is placenl on the1 ine’o rporatiou  o f a rendistie- e'onstitu- 

live- ndation in to  the1 fin ite  element fo rm u la tion . A furthe'r eh'scription eT the 

geom etric ivconstruction  and m odelling considerations o f the1 hum an he'art is 

given in ( 'liapteT 1.

In this work, a spevial purpose1 emmputeT program  is elevedeipe'el in haunt 

for the1 nem line'ar analysis e>f the1 human ventricle's subjected te> + C k  ine'rtia 

force's. This approaedi lends itse lf to an e'asier process o f moded redinennent as 

improve'd analysis te'ediiiiejne's are1 dewedeipe-el am i nenv m a te ria l/phys io log ica l 

data be'cemie's available1. A eliscussiem eif the1 non-line'ar finite1 eleuiK'nt soft­

ware1 package- devedope'd for the analy.-.is o f sustaine'el + (7 . ineluevel stross in 

the1 human 1A’ and PA’ myeicardium is given in  C hapter 5. The  fin ite1 ede- 

me'iit software1 package is ele'signe'el anel implemente'el using C , a nfructur td
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program m ing  language' [19]. Also, the convergence- e liaraeturist ies and p ie 

diet ive capab ilit ies o f t lie model are1 discussed, and com pnt at io iia l verilicat i .»n 

o f t in ' software' is asse'sse'el num t-rica lly using a se’rie's o f f is t  problems. I'hest- 

prohle'ins conta in both line'ar and non-linear gt'omet r"n■ (tin ite  elisplae e'uie'iits 

/  ro ta tions) anel mate-rial ( ine-eJinpre'ssihle') e-flects. ( 'eunparison eif numeri 

ca lly  gen'-rate-d re'sults w ith  clost-el form  solutions a n d /o r e*x|>e'iinu'iilal data 

o f o ther re'searehe'rs is ineluele'el wlie'ii available'. In aeIdit it>i 1, an inlt-r.ie I ive 

thn 'e '-d im ensional ( id ))  graphical m od-'ller w ritte n  in C1 using I ’ l l  HIS graph 

ie lib ra ry  routine's [<S9] is also disi usse-d in C hapter a. The graph-cal m odeller 

w ith  colour capab ilities is eeuisiele'red im pera tive  lor I lie visua lization o f I lie­

' l l )  heart model during  construction anel. nmst impendanlly. for the- post pro 

cessing o f the vast cjuant.it,y  o f stre-ss ami displaceine'iit data hi a p ic to ria l 

h <rmat.

In t he* fnt in i',  it shouhi also be- possible- to  compare' num erica lly generated 

ge oi -trie- re-sponse-s w it h those- me-asuri-d experim ent a l'y  using ult ra sound 

im aging te'chni pies in a centrifuge- [11], Howe-ve-r, whe-n e-xpermients < anim t 

be ju s tiln  d due- to  safety consiele-rations, the- com puta tiona l nioeh-l tan pro 

v ide valuable ejuant it at ive (gross d is to rtion  anel pre-ilieti-el st ress) data <ui t lit* 

e'ffe'cts o f r(r'~ induct'd stresses in humans (se-e Chapter ti).

Though the task o f perfo rm ing  a realistic s im u la tion  o f the cardiac re 

sjjonse- under suslained f ( ! .  acceleration is an enortm m sly d ib it nil tnie. 

jrrogress over the- past t wo decaele-s in both com jm ter and medical technology 

has reached the stage wlie-re a su flic ien tly  accurate- com pulatiem al model of 

the  heart can ntnv be- developeel. d he com jm ta tioua l model eh-ve mped t an 

be used to  fac ilita te  the  ■••ollectiem ami analysis of experim enta l data. pe>s 

s ib ly  aid in the design o f new e-xjrerime-nts. and provide useful inhum a tion



I. h i tnx i iK ' t ion    7

unfit I ain.-dde experim enta lly. W h ile  many questions rem ain unanswered, the 

progress in . ih ’i!ed w ill hopefuhy provide the stim u lus fo r fu tu re  num erica l 

st udies.
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C hapter 2 

T h eoretica l Form ulation and  
D  e velop m en t

2.1 In trod u ction

T he  non-linear geom etric and m ateria l behaviour of the human heart, de 

fo rm ing  under sustained + (7 , acceleration requires careful study from both 

a theore tica l and com puta tiona l s tandpoint. In th is chapter, theoretical as 

poets o f the  problem  are presented which subsequently provide the founda 

tio n  for the  fin ite  ('lenient com puta tiona l model. Further, a statement, o f the 

linearized walk  or variat ional form  of the governing Ixi lai ia o f  irionn nluni  

equations is presented. In add ition , the rate form  o f these equations are 

given for comparison purposes w ith  th e ir linear counterpart. Furtherm ore, 

special a tte n tio n  is given to the incorporation o f a realistic incompressible 

hypere lastic co ns titu tive  re lation in to  the cardiac m ateria l model.

In order to  develop an effective solution procedure lo  solve th is com 

p lex problem , many state-of-the-art com puta tiona l techniques are employed. 

From  a theore tica l s tandpoint, it is essential tha t the fo llow ing issues are 

incorpora ted  in the com puta tiona l model:
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( i) .  Il is necessary tha t any systematic lineariza tion  o f the weak o r va ri­

a tional form  o f the bale rr o f  mom en turn equations agrees w ith  the? 

corresponding rate hum ,

( ii) .  The* use o f an objectirt measure* of stre*ss-rate? and de fo rm ation  to  en­

sure- that certain physical quantities are independent o f the choice o f 

observer [.‘I 1, ( i l ] .

( i i i) .  A valid me-thod for stre-ss inte-gration o f rate expiations (ie. increm en- 

ta l upda ting  o f stre-sse*s) tha t m ain ta ins incremental  o b je c t iv ity  in  the 

presene-e* o f fin ite  stretches and ro ta tions [41, 68].

( i v ). Incorpora tion  o f a realistic increnu-nta l hyperelastic c o n s titu tive  re la­

tion  to model the incompn-ssihh* Ix-haviour o f passive* m yocard ium  and 

pe*rie*arelium.

(v ). I’he* a b ility  to handle* non-conservative or d(*form ation dependent load­

ing. In pa rticu la r, the blooel-volume in  the le ft and rig h t ven tric le  

e-hamhe-rs of the he*art exerts a hydrost a tic  surface pressure on the ven­

tricle* e*nelocarelium, which is a non-conse*rvative exte rna l force.
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2.2  K in em a tics  o f D eform ation

10

Consider a sim ple deform able body, B . occupying a region B in F.uclidean 

space 8 , where B  C 8  w ith  a body particle given by \  t B . The body is 

in it ia l ly  unstressed in  *he na tu ra l couliguration at tim e  / t), and is denoted

by B°.  Let B r represent the referentia l cou ligura tion  w ith  X denoting the 

pos ition  vector o f the partic le  A". A fte r ihe body undergoes a de fo rm u 'ion , it 

occupies the  current cou ligura tion  denoted by B 1, where the particle' A now 

has a spa tia l position vector x . One may note that the referentia l coid igura 

t io n  may o r may not correspond to  the natura l configura tion  o f the bod, at 

t =  0 (see F igure 2.1),

M a them a tica lly , the deform ation process can be represented by the one 

to  one and onto ( in ve rtib le ) m apping x : B  ' — > o ',  such tha t

x  =  X (X , / ) .  (2.1)

Assum ing t he same orig in  for X  and x , the mot ion o f a partic le  can be w ritte n  

as

x  =- X ( X ,0  =  I X  +  u (X ,  /) , (2.2)

where u  is the vector displacement o f the partic le  an<l the id e n tity  tensor, 

I ,  is used to  denote a tw o-po in t s h i f h r  re la ting  vectors in two rectangular 

coord ina te  systems [18], A lte rna tive ly , in component form

Xi -  \ , ( X ,  /)  =  (2.:{)

where / , a  €  {1 ,2 ,3 }  and <*>,„ is the Kronecker delta . The lower case Lat.iii 

and Creek character indices are used for the Cartesian coordinate system 

com ponents in the spatia l and referentia l configurations, respectively.
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N,

5 ?  ( N )B

Figure *2.1: A sketch dep ic ting  the nat ural B ‘\  re ferentia l B r , and spatia l B 1 
configurations o f a body undergoing a deform ation. A lso, e lem ental surfaces 
d V  and </r w ith  surface tractions T ‘ ‘v ’ -  T r N  and t (,,) =  a 1 n  arc shown in  
the referentia l and spatia l configurations, respectively. The  o rig in  O  is used 
to  define the global frame o f reference.
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The deformat ion g radua l  o f the body. b~, is a second order (tw o  po in t) 

tensor given by

F  =  v> c-: x*  /•<.. "

where V x denotes the gradient operator w ith  respect tc. the reference coulig 

u ra tion  and e,, jE iV an* base vectors in the spatial and re lerentia l conligura 

lions, respectively. In add ition , the displan mt nt u ra d i tn l . denoted by 1), is 

given by

D  =  v x -  F -  I,

where I is the u n it  tensor.

In  the  analysis, the suit cardiac tissue is modelled as an iucom pre sible 

solid caoable o f f in ite  deform ation. For an isoehorie deform ation process 

the to ta l rare o f change (or m ateria l deriva tive ) of density is subject to  the 

constra in t

I ) p { x , t )

- i n -  -  “ • ' - ' i)

N o ting  th a t F  is non-singular, a volum e element hi the deformed spatia l 

configura tion , du, is given by

du =  dot F d l l \  (2.7)

where d i l T is the element in  the reference configura tion . Also, from mass 

conservation

f)r =  def F  (>, I'l.H)

where p is the density in the spatial configuration, and

J  H rid  F  > 0  V I c [.). oo). (2.?))
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(The  superscript /■ is used to denote the referentia l con figu ra tion .) For the

isorhoric behaviour of the soft b iological tissue,

del F  =  1. (2.10)

In add ition , i t  is convenient to  define the velocity, v ,  am ve loc ity  g rad ient,

L , o f a partic le  as

v(x,/) =  ^ ( x , / )  = *(X./), and L =  V r > v. (2.11)

where V , dem.tes the gradient operator w ith  respect to  the cu rren t configu­

ra tion . Further, ihe  velocity gradient can be decomposed in to  a sym m etrica l 

and anti-sym m et ric pa rt, respectively as

L  =  d +  co. (2.12)

In part icu la r, the sym m etric pari corresponds t o the spatia l rate o f  deforma­

t ion tensor

d = l- ( L  +  L r ), (2.13)

and the an ti sym m etric  part :s the spatia l spin tensor

«  =  ^ ( L -  L r ), (2.14)

where superscript r  (hmotes transpose. A lso, a useful re la tion  fo r the tim e - 

rate o f the deform ation gradient. F , is given by

F  =  L F .  (2.15)

In order to  develop a fin ite  element m ethodology fo r the problem  con­

sidered, t'it her a Lagrangian (m ate ria l /  re ferentia l) o r Eulerian  (spa tia l /
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c u rr-n it) approach is adopted. The case whore all variables are referred to 

the  unstressed natu ra l eonliguration at t 0. say F , is termed the lo la l  

Lagrangian m ethod. In th is work, the reference eonligurat ion is chosen to 

move' w ith  the change of geometry of the body. F \  and corresponds to 1 lit* 

most recently known eonligurat ion. This approach has been termed the I p  

dat fd  Lagrangian m ethod. Both o f these approaches can be shown to be 

m a the m a tica lly  equ iva lent; however, e ither may possess some com puta tiona l 

advantage's over the o ther depending on the problem under consideration.

2.3  S train  M easures

T he  deform ation gradient , lx  i:ig  inve rtib le , possesses a polar decom position, 

w h ich  is unique and defined by

F -  V R  -  R IJ ,  C h ib ;

where R  is a proper orthogonal tensor, and V  ( I J ) an* the sym m etric  positive

de fin ite  !< ft {r ight) stretch measure's. A lte rna tive ly , in component form

F  =  Fi„e ; (•) E „  =  I  ■,/<„,«,■ E.. I U  . . .e ,  E„.

It is also useful to represent some common deform ation t ensues in term s o f 

the  deform ation  gradient, that is, the l i f t  (r ight) ( 'auchg ( i n i  n deform ation 

measures A  (C ) defined by

A  -  V 2 -  F F 7 , and 0  -  U 2 F 7 F. (2 ,i7 )

A ssoc ia t'd  w ith  these tensors are tlie  pnncipa l invariants. /,, for i < { I.2C 5}.

/, =  //• A  =  Ir C,
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/ ,  l \ ( l r A ) 2 - t r A 2] = l7)\ ( t r C ) 2 - i r C 2}. (2.1N)

/5  det A  del C . ( Incoit iprc ss ib i l i t y  : / :j — 1)

w li'T *1 l r  denotes the trace.

Oik* can express (Lagrangian) ( I ra n 's  strain.  E , in term s o f the r ig h t 

Cauchy (Jreen defonnation measure as

E =  ^ ( C - I ) .  (2.19)

A lte rn a tive ly , the (H u lerian) Alnnnisi 's strain tensor. e. expressed in term s 

o f the inverse* left Cauchy (Jreen deform ation measure is defined by

c -  ^ (1  -  A - 1 ). (2.20)

From equations (2.19) and (2.20) the  re la tionsh ip  between the Lagrangian 

and Kulerian s tia in  tensors i.; g i\(*n, respectively, by

E  - F 7 e. F . and e =  F ^ ' E F ' 1. (2.21)

2.4  B a lan ce Laws

2.4 .1  C on servation  o f M ass

From the* consei ra tion  of mass flow

/ x t ' , ( x - ' )' ' "  =  "• ( 2 - 2 2 )

A pp ly in g  the Reynold's transport theorem and the  divergence theorem  to  

('([nation (2.22) yie lds

L
Op ..
—  + div(pv) i iu =  0. (2.23)
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and since the dom ain f i l is a rb itra ry , the integrand must he /eroeveryw hc ro. 

T h is  in tegrand is often referred to  as t in ' con tinu ity  equation, and can he 

re w ritte n  as

or in terms o f tin ' m ateria l derivative  of the density. /•>/>( x, / ) / / ’/. as

Feu- an incompressible m ateria l, as is the case w ith  soft c ardiac tissue, equa 

tio n  (2.0) im plies th a t the divergence o f the' veiociH  lield is zero. ir.

w h ich  e ffective ly becomes the con tinu ity  condition f o r  an i n c o m p r e s s i b l e  m . i  

te r ia l.

2 .4 .2  C on servation  o f  M o m en tu m

Spatia l Form

T he  balance equation for the linear m om entum  of  a bodv is equaled to J la ­

ve d  or sum o f the external forces a c t i n g  o n  t h a t  body

w hen ' b ( x . / )  is the  body force per unit mass, and t,,n)( x . / )  is the surface 

tra c tio n  on part o f the boundary, denoted by ( f f i / .  such that

l iv v  \ / - v  0,

(T1 11 t  f e -  X ' HlFj. 12.2K]
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w l n ' i  c  c r is t l i e  ( ' i n i '  h y  ( 1 MU') s1 r r s s  t I ' l isu r ,  I h r  p o s i t  i o n .  x .  r a n  h r  p r e s c r i b e d  

• >: i l l i r  p a r i  . i f  I h r  b o u n d a r y .  d e n o t e d  b y  i ) B [ .  as

X X ft;*' X M ()B'U. (2 .2 !) j

w ith  the fo llow ing in it iid  rond itions

u(X.O) ti (X ) .  and v(X.O)  v"(X) .  (‘JdlO)

1' III t I l l ' l l  I |i )1 r.

i>B[ni )LVr  i ) B \  am i ()

M> in ' iD ilu rinu  i^ ryno ld 's  transporl theorem and app ly ing  th i' divergence 

■Dirni to t l i r  linear moment uni equation. equation (2.27) becomes

P\
/)- - - iib  -  d i\  <t 

/<■ L Di '
<hi -  0. (2.21)

whrM ' div <t h { \ \  - V ’i 'fT- N oting  that th r  inttyiyral must vanish for

<m a11>i11a i\  region o f B'  iiin l. replacing P v / P t  hy v. 1 h r F.ultviau (qutilion 

r/' motion  ran hr w rit ten

HfT,,
div cr t /»b /iv. + />/», =  /n \.  (2.22)

(Jj-j

lo r  tin- special r.is r o f ,i ho-q at rest or undergoing u n ild r in  trans la tiona l 

m o tion , r ip ia tio n  12.22) is r r f r r r r d  to  as t l i r  nju i l ibr i i in i  K/ iui l ion  w ith  the 

right hand s id r b ring  /r ro .

c u r t  l ie run  re. f r o m  t h r  la w  o f  c o n s e rv a t io n  o f  a n g u la r  m o m e n t u m ,  th e  

< ’n u r h \  stress t r n s o r  is s v n im '* t r i c  in  the* a h s rn c r  o f  h o d v  i n o m r n t s .  a 1 — <r.
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M a te r ia l  Form

I * sin u, equation (2.7) and not ini* the k inem atic  re la tionship  between a eurrent 

and reference eiemeutal surface's

m/1 . / (F  l ) N d V r . r.1 F il

the m a te ria l form o f the linear m om entum  equation can he w ritte n  as

() [  / m x )v i x . /)</(>' [  i>r( X ) h ( X j ) t n r  \ [  T '  (X. / i</ r .  p.’a d
d i  .n>' J i t ’ .1 ‘ i f ,

where T  denotes the (non sym m etric ) nom inal stress tensor (and its lrans 

pose is the.//Vs/ 1’iola I \ / r rh l io j j  si less tensor) as

T  ./ F 1 <r

A p p ly in g  the divergence tlieorem  to equation (L’ .d !)  ainl pro< -ceding in a 

s im ila r fashion to the  derivation o f the spatia l linear m om entum  equations 

one obta ins the Ltujvdiuji i i i i  i i / i int ion o f  motion

i ) l
D iv T  - f p 'b  / / V ,  ) f i l l ,  / / I .  r.’ .dti)

D A , ,

where V ( X .  /) — \  ( X ,  t ) and Div (w ith  uppercase' |J ) denotes t he d i\  e igerne 

operator w ith  respect to X  and it is assumed that I) does not depend on the 

defo rm ation . I lie boundary conditions in the reference Iruine are given by

X  X  for X *  i W ‘n.

T '  N  '[ •' lor X< i)B'r

A lte rn a tive ly , the m ateria l lo rm  oi the bahmce equation- can be obta ined 

using tlie  appropria t e transform at ions from t he spat ini to m atei ini re le ie iu  e 

Iranu .

^
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'I he fn con (I (sym m etric) I ’ lolo Ki rchhoj f  slress tensor S is given by

S T  (F  1 )r  o r T  -  S F 7 . (2.37)

and is conjugate to ( Ireen's stra in  ra le  tensor ( i(*.. tlie  stress power per un it 

volume in the reference eonligurat ion is given hy /c {S E } ) .  'This stress mea­

sure does not have a direct physical in te rp re ta tion , hu t. its im portance  w ill 

become evident when fo rm u la ting  a fin ite  clement m ethodology. F u rthe r, 

one may note that the second Piola K irc lih o lf stress is related to  the Cauchy 

st ress tensor by

a  -  ./ 1 F S F 7 or S =  ./ F 1 <r (F ~ ‘ )r . (2.3S)

2.5 V ariational (W eak) Form  o f  Linear  
M om en tu m  B alance

Consider the s front/ form  o f the boundary-value problem  of m om entum  b a l­

ance (where <T1 (r)

d iv  a  4 pb =  p x  in B 1,

<r 1 n =  t " ' 1 on

x  =  x  on <)B‘U.

From calculus of variations, an equivalent wtak or va ria tiona l form  o f the

boundary value’ problem  of m om entum  balance can be constructed from

f  (d iv  a  +  pb -  px)-t'-x<lu -  0. (2.39)
Jiv

whore Cy is an a rb itra ry  k inem atica lly  adm issible displacement fie ld. A p p ly ­

ing the divergence theorem to  equation (2.39), the weak form  o f the va ria ­

tiona l (’qua! ion is given by

i7(x,Cv) =  9. (2.-10)
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wh(>n‘ Q { x , b x )  >s d e l ine d  as

/ / ; - {<r (y <vy)}</w-+ /  /M v  h)-i ' \ ihi  f  V"' -b\ ,h
J i r  Jiv J u<’r

for a ll
U  --  | x  | x  t  ( '  ( B 1), x  x  on H B 1.,

and
V  ~ j V y  | ^ v  o ( '  ( B 1). (s y  0 on i ) F ln j - .

T h e  sot o f  t r i a l  s o ln t io n s ,  deno ted  h y  M .  a rc k in e m a t  ic a l ly  a d m is s ib le  I' iii ic 

l io n s  o f  y f X , / )  t h a l  sa t is fy  th e  essentia l b o u n d a ry  c o n d i t io n s .  In  a d d i t io n ,  

th e  set. o f  v a r ia t io n s ,  d e n o te d  by V .  are the  hom ogeneous  c o u n te rp a r t  o f  the  

t r i a l  fu n c t io n s .

F o r  th e  spec ia l ease w h e re  the  V  is taken  as a v i r t u a l  t l t s / i la r t  t in u l  l ie ld .

((‘n i  =  b \ )  o v e r D B 1 and  us ing  th e  p ro p e r ty  th a t cr is s y m m e t r ic ,  one

o b ta in s  th e  v i r t u a l  s t ra in  ene rg y  ba lance  lb r  a h y p e re la s t ic  so l id  as

[  t r { ( r  b e ] ( h i  — f  n ( b  - v ) - b u i h i  1 /  t .""
J i r  > nr,

b X . s tra in  energy X , \ X . body and inert ia l forces y . \ Y .  snrfare  t ia i  t io ic
o

w lu ' re  be. is th e  v i r t u a l  r l r a / n  tenso r  1 and is de f ined  as the  s y m m e t r ic  part 

o f  th e  v i r t u a l  d is p la c e m e n t g ra d ie n t

1
be. ( V, ^u) I (V, • b.k l'dj

F o r  c o m p le te ne ss  o f  th e  w eak fo rm  o f  the  b o u n d a ry  v a lu e  p ro b le m  an a p p ro  

p r ia te  c o n s t i t u t i v e  re la t io n  between (T and be. needs to  be p ro v id e d .  1 his is 

d iscussed in  th e  fo l lo w in g  section .

1 I he tensor be should not be confused with the linear ud im li  simal si rain tensor, bt is 
t lie variational si rain tensor conjugate to the Can liy stress
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2.6  C on sisten t L inearization  o f th e  B a lan ce  
o f  M om entum

In order to  solve the strong form o f the governing boundary-value problem , 

a linear approxim ation  to an equivalent weak form  is sought. The  linear 

approx im ation  which provides a basis for the fin ite  element technique is d is­

cussed in some deta il in th is section. This approach is equivalent to  the su­

perim posing of increm ental displacements on a fin ite ly  deformed body [2(i]. 

'The term  consist< til is used to ind icate  that tlie* systemat ic linea riza tion  of 

the weak form  o f the varia tiona l equations is consistent w ith  the correspond­

ing rate form  [10]. Consistent linearizat ion allows fo r the opt imal  increm enta l 

linear approx im ation  to the set o f non linear equations w it h in  a sm all ne igh­

bourhood o f some known reference state. The increm enta l (linearized) equa­

tions are on ly a first order approx im ation , whereas the corresponding ra te  

equations are exact in form . Before commencing lineariza tion  o f tho govern­

ing equations, the fo llow ing te rm ino logy is in troduced to  assist in defin ing  

the deform ation process.

( 'onsider t lie orig ina l undeformed body occupying B°  at t im e / =  0. under­

going a deform ation and now occupying the reference configura tion  denoted 

by B 1. N ext, consider a superimposed deform ation from the B r configura­

tion  such that the body occupies the spatia l configura tion , B {. R eferring  to 

F igure 2.1, the body m otion can be expressed as

x  -  ,v (X .O  =  I X ( X , „ / )  +  u ( X , / ) ,  (2.-13)

where u is a superimposed m otion from  the re ferentia l configura tion .

To linearize the weak form  o f the boundarv-value problem  (2.10), it is
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m ore convenient to work w ith  the m ateria l rathe.- tliau  the spatia l form 

o f these equations. For the reference eonligurat ion tin* integral dom ain is 

independent, o f body m otion , which somewhat s im plilies the lineariza tion  

process. Further, it is assumed that b and Tv "  are independent o f the 

k inem atics. Then, equation (2.10) can he expressed in m ateria l form  .is

G(x.'  f i x )  =  F-’ . i n

f  t r { T b ¥ } d n r +  [  />r ( V  b)-^x< IDr I  T ' 1 y d l 1 0.
.18' .18' j;>8’r

where AF =  \JX Isy . In order to  find a solution to equation (2.11) it is 

desirable to  obta in  a local approxim ation to t/ about some reference p o in t, A . 

(H enceforth , A’ is replaced by X .)  One such local approxim ation  is obtained 

using a consistt id approach to lineariza tion  of the balance of m om entum  

equation [10], and is based on Taylor's Formula (see Appendix A).

A local linear approxim ation  can be obtained by app ly ing  a linear oper 

a to r L (as delined in ('([nation (A d i)) to a lensor held, say f ,  as follows

/ , [ f .a ] j.  =  f( .r )  + ( v f ( - i ' ) ) - a  f( .r)  I <!,[f(./-)]. (2.1b)

where ( [  =  a - V , defines the scalar d iffe rentia l operator for any a rb itra ry  

vecto r a in Euclidean vector space.

A p p ly in g  the linear operator /. to the weak form o f the m om entum  bal 

ance equations O( x . ^ X )  — 0. about some fixed point X  • yields

L[Q. u]jj- -- t / ( X )  f ('-A A / ( X ) ju  (2. Ki)

-  C?(X) f C ,[fv (X )]

=  0.
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( I lf iK  efort h. 1 he superscript ( ) is o m itted .) Now, considering the gradient

of t / ( X )  in t lie  d irection u. as defined in equation (A .2), one may w rite

C iv f^ fX )] /  ( h [ / r { T * F } ] d n '+  /  >r ( ix [ ( V - b )]-fix<KV
J P ’ J p r

- (2.47)

where b \  is an a rb itra ry  k inem atica lly  adm issible displacement fie ld. A s­

sum ing that b  and T ' V) are independent o f the deform ation, then equation 

(2.17) reduces to

U [t7 (X ) ]  -  [  t r { D x [ T ]b F } < in r +  f  Pr u -b x< in r . (2.48)
J P ’ J p r

where (>v[V] — i i  from  equation (A .2). Hy su bs titu ting  the corresponding 

expressions for f7 (X ) and (;x [t /(X ) ] in to  (2.-Hi), a local linear approx im ation  

to the weak form  o f tin* m om entum  balance equation about some1 fixed point 

X is obta ined as

/  / / • { ( ;x [T]<s>F}</Sr +  [  P r  i i - b x d W  =  (2.49)
J p ’ J p ’

I  i r {TbF\<nr  -  f  Pr( v - b ) - b x< i n r + [  T v,- < ^ / r \
J P ’ J P ’ J : iP ’r

A lte rna tive ly , the spatia l form  o f (2.-19) can be w ritte n  using the transfo rm a­

tion equations (2.7), (2.S), (2.22), and (2.5S) as follows

I  . / * / / • { (  !X[T]  <^F}(/u +  l ^ p u - b x < l u  =  (2.50)

f  ./ 1 l r {TbF} (h i  --- f  p(v -  b)-bx<hi +  f  V n)-bx<h\
,lp< J p ‘ JoP'j

r it im a te ly ,  t in ' term  / r { ( ! x [T ] (''F} defined for the re ferentia l configura tion  

w ill require an equivalent spatial form  for com puta tiona l im p lem en ta tion , 

which is obta ined by substitu tion  o f the constitu tive  re la tion . In th is  study, 

a hyperelastie constitu tive  re lation capable o f m odelling  the (nearly) incom ­

pressible behaviour o f soft m yocardial tissue' is used.
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2 .7  A  C o n stitu tiv e  R ela tion sh ip  for 
C ardiac T issue

In th is  study, the- cardiac tissue is assumed to  behave as an incom pressible 

hypere lastic solid 2. Kve-n though cardiac (issue exh ib its  anisotropic and vis 

coelastic behaviour, successful predictions o f m ateria l response have' be-e-n re1 

ported  by re’searchers whe-n iele-alizing the- careliac tissue' as hennoge-ne-eius .uiel 

iseitropic 1 [Id , 2d], 'F lic  assnmptieins e>f mate'rial he>me>ge-ne-ity and ise>tle>|>\ 

are' adopte-d in th is the-sis. In additiem, the* tissue- is eemsidei e-d le> unde-ny> 

o n ly  isothe'rmal defen'inatiem pmce-sse-s anel te> 1 >e* e-he-mie ally ine-rl.

For a hvpere'lastic mate'rial the-re- e’xists a potentia l e-ne-rgy function , eh- 

noted by IF ,  which is takeui as the* stem’d e-ne-rgy pe>r unit ie-fereu<<- volum e 

fo r iso therm al de-format iem. Ile-ne-e-ldrth, IF  e-an he- e-xpie-sseel as

IF  -  l f ( F ) .  (2..r»|)

In  th is  se-clieui, it is implie-d that the- re-le-re-nev slate eone-spouds to the o

rig in a l unelefeirmed eemliguralieni where- stress and stra in  vanish. Further,

invariane-e- iinde-r rigiel bexly nieition (ie>. ej|»je-ctivity [ t i l ] )  ree|iiiie-s the stra in  

energy fune-tiexi te> eibey

IF  -  IF (Q F ) ,  (2.52)

fo r a ll prope-r eirthogonal t<*iise»rs Q . In partieu la r, i f  Q  is ehose-n to he R /  

and using (2.1(i) eme- obtains

l-F (F) IF (U ) .  f2.dd)

"A  m a te r ia l is de-scri bed as //.?//« n l a s t i c  i f  a si in d  energy fun< lio n  < xisls l o r  isof lir r iu a l  
o r a d ia b a tic  d e fo rm a tio n .

•JA  c o n s titu tiv e  re-Iation £ ( C )  is di-fine-il its i s o h n j m  i f  and o n ly  if tlx - pr<>p» r ty  o f 

£ ( Q C Q 7 ) =  C ( C )  ho lds, w hore Q  is a p roper orl hogonal tensor
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Since there exists a one-to-one correspondence between the tensors U  and C  

fie . O U ^). equation (2.55) can be rew ritten  as

W = l i ’ (C ). (2.54)

M ore conveniently, for an isotropic m ateria l (2.54) can be expressed as

W =  W { I x J 2, h ) ,  C2.55)

where ( / i . I-a) are the princ ipa l invariants o f C . as defined previously.

fo r  a (7m  » dasi ic  or hyperelastic m ateria l the (nom ina l) stress defor­

m ation  re la tion  is given by

T .  i t ' M .  7:„ _  f l .
( ) l  0 l u,

and from equations (2.16) and (2.54) th is  becomes, for an iso trop ic m a te ria l

t  .

I ’sing (2.17) and (2J i7 ) the above1 can be expressed in  term s o f the second 

Piola KirchholF stress and right ( ’auehy (freen deform ation  tensors as

<riv(C)
S =  (2.58)

A n  a lte rna tive  expression in terms o f the invariants o f C  can be obta ined by 

using of the chain ru le for d iffe ren tia tion  and no ting  the iden tities
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I f  tlu> reference configuration coincides w ith  the natu ra l eonligurat ion (ie. 

C  =  I ) ,  fo r which the stress vanishes, then

lc=I
m v  m r  m y i o   f -----
<)lx <)12 DI.,

0.
c  i

In the  special case o f soft b iological m ateria ls, such as cardiac tissue, 

the  incom press ib ility  constraint given in equation (2 .IS) is imposed. Th is 

constra in t in h ib its  any stress measure from being solely determ ined from  the 

defo rm ation . In fact, the deform ation determ ines the Cauchy stress only to 

some add itive  hydrosta tic  value. Hy in troduc ing  an a rb itra ry  Lagrangian 

m u lt ip lie r  —~p and rew riting  IT  in the form

IT II (Cl) - \  l> (dot. C (2.(i I )

an a lte rna tive  form  o f ('([nation (2.ml) results. Therefore, for an incompress 

ib le  m a te ria l, ('([nation (2.5S) becomes

( 2 . ( 12)

or in te rm s o f t in ' invariants o f C,

i )M ’ ( M V  , M Y '

ur1c + U +' I /'< (2.(id)

Due to  the lack o f a re liab le const it ut i ve re la tionsh ip  to  model t he anisol rop 

ic pom -viscoelastic mat(*rial behaviour o f the human heart, a s im pler ap 

proa eh is taken where the cardiac tissue is cotisid* red to be a non linear 

homogeneous iso trop ic elastic m ateria l. In th is  work, an exponentia l stra in 

energy func tion  proposed for soft biological m ateria ls (21J and subsequently 

used to  m odel cardiac tissue (1 1. !)?)] o f the form

\V( 11) = (/[(M/l () -  1J. I2 .fi 1)
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is usffl, where a find h arc* m ateria l constants derived from  experim enta l 

dat a. The const ant s a and b represent, the best j i t  param eters for passive* 

cardiac tissue data obtained experim enta lly. Inco rpora ting  equation (2.64) 

in to  (2.fid) yields

S =  ‘lab  ( hdi - 'A) I  _  p C ~ l . (2.65)

hor e q u a t i o n  (2.60) at I =  I) to  hold true* when the* s tra in  energy fun c tio n  is 

given hy <*quation (2.61), one* obtains

p |f=» =  Pd =  2ab. (2.66)

T he* stress deform ation re la tion  given in  equation (2.65) gives r i e to  a 

Unite element fo rm u la tion , that is, bo th  displacement and pressure 

(;/,/>) arc* lake'll as independent unknowns [27]. However, the e lim in a tio n  

o f p from she system of equations can be accomplished by re lax ing  the in- 

com press ib ility  constra in t, / ;J — 1, using a pena lty  function . In  the* pena lty  

fo rm u la tion  o f the incompressible problem  the* constra in t given by (2.26) is 

relaxed using

V-r'V  +  ^  =  0, (2.67)

where A is a penalty param eter. Assum ing the* pressure to  be a funct ion o f the 

d ila ta tio n , the* solution o f (2.67) can be expressed in  term s o f the in va rian t 

/;i OK

/» =  /> ..- h ) .  (2.68)

KH'eetively, the problem  becomes one o f m odelling  a nearly incom pressible 

m a te ria l, when* the p roperty  o f incom press ib ilitv  is recovered as A tends
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to  in iin ity . This approach allows the num ber o f system equations to  be 

d ras tica lly  reduced w h ile  m ain ta in ing  (near) incom pressibility. In add ition , 

due to  the f in ite  d ig ita l accuracy of com puta tion , the' m agnitude o f \  is 

res tric ted  so tha t the problem is not il l conditioned [.'iV].

2.8 S tress and Strain R ates

Relationships in  terms (if stress and strain raies should be independent o f an 

observer transform  given by (x . /) - > ( x * , / * )  wit h

x* =  c (/)  + Q ( /)x ,  /* I (/. (2.(i!))

w hen ’ c is a trans la tion  and Q  is a proper orthogonal tensor.

The te rm  o b j t d i r t  is used to  describe a tensor which is independent of 

an observer transfo rm  as defined in Ref. j f i l j .  One such frame invariant 

ra te  used for the  constitu tive  law in the reference configuration is the rate 

o f tht* second Piola K irchho ff stress and (Ireen s stra in rate tensors. For 

equation (2.58) the rate form is s im ply expressed as

()2W • • i)2\Y
S =  : C - S‘d  =  “ r,T7 V, , < r j .7(h

c C  ( ) (  ,vr

wh(*re the sym bol : is used to denote the inner product o f a fourt h and s e c o n d  

order tensor. A lte rn a tive ly , the rate form o f S given in terms of ( b e e n ' s  strain 

tensor E  for an incompressible m ateria l governed by equal ion (2.(i2j b e c o m e s

However, for the  fin ite  element im plem enta tion  one may consider a more 

useful form  o f (2.71), in terms o f (Ireen ’s stra in rate, that is

S -  C : E , (2.72)
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where (’  is a fourth  order m ateria l response tensor in the reference configu­

ra tion . Also, (Jreen's stra in rate is related to  the rate of de fo rm ation  tensor 

by

E  =  =  F r r iF .  (2.73)

An a lte rna tive  form  of (2.71) can be w ritte n  in com ponent fo rm  as

A V , (2.74),s' -

w h e re  the  te rm  inside the square brackets is equivalent to t ’  in equation (2.72). 

Further, the incom pressib ility  constraint (2.2(i) must also hold from  mass 

conservat ion.

For the fin ite  element fo rm u la tion  the spatia l form  o f the  ra te  equa­

tion  (2.72) is required. A dop ting  the Truesdell stress rate which is a su itab le  

objective1 stress rate1 [91], the corresponding ra te-type  co ns titu tive  equation 

is given by

o <1 / )>
(T -  £  \ d, (2.75)

where £  is the fou rth  order instantaneous m ate'ria l response tensor, and d  is 

the (spa tia l) deform ation  rate tensor defined in equation (2.13). In a dd itio n ,

<r can be relat ed t o t he i at e o f change' of t lie' see'onel Pierla KirchherfF stre*ss

tensor by

< T r " =  , r l F S F r . (2.7(5)

Now, tak ing  the' time' ele'rivative erf eepiation (2.38) anel su b s titu tin g  in to  

c'epiation (2.7(5) for S yiedels

=  a  -  L < r -  < rL 7 +  ( r t r { d } ,  (2.77)
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where L  is the ve locity  uradient as delined in equation [2.1 1 Also, t in ' trace 

o f ( i, which is 1 lit* di lutut ionnl  part o f the rate of defo rm ation, is zero lor an 

incom pressible mate'rial. S ubs titu ting  (2.77) in to  fJ.75) ami decomposing the 

ve loc ity  gradient in term s o f the deform ation rate and spin tensors vields

&  =  £  : d  +  [ d  +  u>) i t  |  <r ( d  oj) c r t r { ( l } .  f ’ . -i

Hearrauging.

i t  =  { £  +  £ )  : d  \  S  : u> ( 2.7! * )

where £  and an1 fourth  ordered stress dependent tensors delined in com 

ponent no ta tion  as

1
£ i j k l  — — fTi j t ' k l  +  d ■CT. ,kd, i  d 'TU < V  ( e y u b r )

S i j k l  — 7) ( rTi l ' ' j k  d - ( T j l b i k  -■ " i k b j l  - ( T j k l ' i l ) *

and b  denotes the' K ionecker delta, The lirst term . ( £  I £ ) ,o i i  the right hand

side' o f (’([nation (2.7!)) represents the m ateria l response due to de form ation

and ty p ic a lly  depends on the deform ation gradient . stress, and m ateria l pa 

ra.neters. The second term , <S, winch is uniquely specified by o b je c tiv ity  

accounts fo r ro ta tiona l effects.

(using ('([nations (2.21). (2.7-1). and (2.7b), the instantaneous m ateria l 

response tensor for the current configuration in component form becomes

£ t J k i  - -  . / '

bf2U '(E " )
(2.SO;

where the sym bol o  is used to  emphasize that the stra in  energy density lunc 

tio n . H ’ . is referred to the natura l (undeform ed) configuration. hoi com 

pleteness, the re la tionsh ip  between the instantaneous spatia l and m ateria l
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response tensors . de f ined  in e q u a t io n s  (2.7b) and  (2.72) resp ee t ive ly .  can In ' 

- led  in ( o rnpo r ien t fo rm  as

£ u u -  . /  1 o  (2.81)

N ow . a p p ly in g  l i  e s l ra in  energy  fu n c t io n  fo r  soft b io lo g ic a l  t issue , as 

g iven  in ( l i . f i  1) wit h ./  .. y ie ld s

C „ u  l « / / r  + 1> ( < \ A ,  +  +  V y A / .  ( 2 . 8 2 )

D n e to  t lie svnm iet ry of t lie  energy conjugate pairs (S .F )  and (cr >,</) 

the m ateria l and spatia l response tensors, C and £  respectively, both  have 

m inor symm el t ies

■ t ’ w  =  £..e-, =  C w - ,.

C,,ki £j,ki =  £ i jik =  Cj. ’k.

2.9 Increm ental C on stitu tive  R ela tio n  
for C ardiac T issu e

In th is section, the increm enta l form o f the hyperelastic co ns titu tive  re la tion

foi soft cardiac tissue is derived. In p a rticu la r, the ob jective  is to provide a

liuen ri/ed  expression for the term  / / ’ { T ^ F }  appearing in equation (2.11). 

However, th is term  expressed as (he (s y m m e ti’ •) second P io la K irc h h o if 

stress tensoi is desuable from  a com puta tiona l standpo in t. Therefore, us­

ing equation (2.37) the1 increm ental form  of the v ir tu a l stra in  energy te rm  in

(2. I t t ) heonnes

f  / r { ( h [T ] ^ F } ( /S r  =  f  / / • { ( l x [S F 7> F } < / s r .
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Since th t ' —alar d iffe ren tia l operator (A is linear, the integrand eau he r< w rit 

I t ' l l  as

I r { (K - [S F r ]/> F } -  /;• { (( ix [S] F y t S ( :x [K '] ')  t',F (•.’ .sin

-  //• {((JX[S ])^ E }  1 I r  { ( S ( ix |I,w |) tsF }  , 

using the sym m etry  property of S. Also, the v ir tu a l s tra in  tensor is given h\

t>E - (f'> F  MF' f )  .

and is correct to  lirst order.

T h t' term  lo r subsequent linearization in  (2.S3) are ( Jx114' / ] and ( Jv jS] 

'I 'lie  first te rm  t h f F 7] is given by

I ) ' C.l.sr,)( h [F 7] =  (7( [vv (X  ! f 11)

N e x t. th t' te rm  ( ix [S] is obtained by substitu tion  o f the coust.it u tive  re lation 

given in equation (2.(i2) for an iiicom pressib lo livpere lasl.it m ateria l. There 

fore.

( iv fS(C) ]
th

d_

*7<

m \ ' { C ) r < ) C  - p  c  1 

' \ / f-- r > i 'r ( C ) /T c [  _  p v- c C  • . P

F t il iz in g  tin* chain ru le for d iffe ren tia tion , the first term  on the right hand 

side o f equation (2.N(>) becomes

. / /  f )\V(C)  
~<h <)C ‘ <KV

D r  F  ) F Y 1)1 . (2.K 7)
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f i n a l l y .  by u t i l i z in g  t lm  lo g a n th m ic  p e n a l ty  fu n c t io n  fo r  p ( C )  de f in ed  in  

e q u a t io n  (2 .ON). th e  t h i r d  te rm  o f  (2.8(i) heconu's

C 1 . P
A
- C T ' / r  { [ D r F  +  F r D ]  C - 1} . (2.89)

<l<' i'= ‘)

Now, com bining equations (2.87), (2 88), and (2.89) an expression fo r the 

deriva tive  of the second Piola K irehhoff stress is given by

<Jv[S(E)l (2.90)

eA lL (E)
J / 1 :< iv [E] +  2 p C r 1( ( ; v [ E ] ) C r 1 + A C - 1/ r { ( ( i A[ E ] ) C - 1} .

vv

0  E

,'here the derivative  of tin- Lagrangian stra in  tensor, CiA[E ]. is

<Jv D r  F  +  F 1 D (2.91)

In component form , the mate'rial form  o f the increm ental second Piola 

K irch h o lf stress tensor is

cPH ’(E )
a n ,,,

w here

77TT-  +  P( ( 'Z l ( 7 l  +  ( '~J ( )7-t) +  AC ' " j  (
O K . J W ■a'

a  i-:..
i <)(A;/),,, _ ,, 0{Au), 

~  I'it* +  t 'n

A  £ * ,(2 .9 2 )

(2.93)
OX,, " "  OX,

and A n , is an increm<*ntal displaceinent. Com paring the* increm enta l m a te ­

ria l response tensor, C, givem in (2.92) w ith  its corresponding ra te -type  form  

in (2.71). reveals that the terms inside' the' sepiare brackets are idemtical.

In.r the- spe'cial case' whe'ii the' Lagrangian anel K n lc ia n  e-onfigurations 

coiiie-ieh'. 8 '  8 \  the' eledbrmatiem graelie'iit reeluees to  the' ielemtity map

(F I). The'relore, the stre'ss incre'me'nt given by (2.93) transform s to  the 

spatia l increm ental e'onstitutive relatiem anel is given in e'ompone'nt form  as

. . . . . .  ... ... ^ i r ( E “ ) , . '

I ' L  I ’ k t  I ’ i t  0 F ,. i ) F o '  + / ' ( <sAi(So +es,;eS k.) + A c , (2.9-1)
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w hen ' ('((uatiun ( ‘2.75) enables the stra in increment to bo w ritte n  as

A e
< | ( A 4  <>(A i/)(

T h , ~  i).v,
(2 .95)

(T he  sym bol o in ('([nation (2.9-1) is list'd to emphasize that tho stra in  energy 

density function , IF , is referred to  the natura l undeformed eonligurat ion.) 

S im ila rly , the increm enta l (2.91) and instantaiK'ous ra te  typo (2.SO) consti 

t-ut-ivo re la tions aro equivalent in form .

In sum m ary, tho linearized form  o f the stress increment can he w ritte n , 

in  the reference configuration as

AS -  C : A E ,  (2.9(i)

and in the current, configura tion  as

A (T<r> C :  Ac, (2.97)

\vh('i'(' the increm enta l incompressible hyperelastic response m oduli t ’ and L' 

an* defined in ('([nations (22)2) and (2.9-1), respectively.

F ina lly , the first in tegra l te rm  in equation (2.1!)) becomes

[  t r{C,x [T } l>F }< l i r  =  (2 .OS)
./P’

J  t r  {[C : (k[E]]AE}f / ! !r + [  I r  { [S ( ^ [F r ]]/>F}f/Ur.

The  corn 'sponding finite* increm ental deform ation equation is given by

/  l r { A T b F } < n V  =  (2.99J
Jfi’

J  t r  {{C : A E ]*E } ( / fT  4 I  I r  {[S D r ]/>F} r/Ur.

A lte rn a tive ly , by assuming 1 hat the reference and spatia l configura tions ro

incide and are fixed in tim e . B r ~  B ' . the increm ental form  of (2.99) for
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th e  c u r re n t  c o n f ig u ra t io n  can he o b ta in e d  w i t h  tin* a id  o f  (2 .7 ) ,  (2 .8 ) ,  (2 .21 ) , 

(2 .3 8 ) ,  and  (2 .07) as

I  / r { A T A F } f i f ! r -  (2.100)

/ / • { [£  : A e ] be.) <hi +  1^  / / • { [< r ( v i :- u ) r ] ( v r : :

w here  \ / ,  - F  ‘ y x,

2.10 Sum m ary o f th e  Increm ental E quations

By replacing the firs t integral te rm  in (2.50) w ith  (2.100), a statem ent for 

the linearized governing equations for current configuration fixed at tim e  t 

can be concluded as

I r  {[£’ : A e ] dc} <lu‘ +  t r  {[<r ( y ,  d) u ) 7] ( y c y  ^ X ) }  +  J  P

^ | r r  (V_ - Ay)} dst'-  ^ / ) (v  -  b)A^f/</+ ( t ,n,A^/i '.

( 2 .

w ln 're a  T  and ./ -- 1 when tin* reference and spatia l configurations 

coincide*. Further, from  tin* incom pressib ility  cond ition , p [ p r =  1. Th is 

completes the consistent, lineariza tion  o f the weak form  o f the boundary- 

value problem presented in section 2.5.

By in troducing  a more* compact sym bolic no ta tion  and replacing t ) \  w ith  

d ll, equation (2.101) can In* rew ritten  as

K'(u) + M ( u )  -  - P nt + T xt -  X(x). (2 .102)
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A.'(u) =  f  / / • { [ £:  A s - ] tin* f  /  //■ |[<r ( \ ' i ■ u ) /
J ./IV '*■ ‘

.Vl(ii) =  /  /> u T u J n 1,
Js<

f ( x ) mt =  [  t r  { a  be} tin1,
Jlv

2r ( x ) ,rl =  f  nh-budu1 f  f  t t’,)-(sn »/r\
Jn< .l;i lVr

M ( x )  =  /  p x - b u th i1.
JU‘

30

] ( \ ;  ■ <sn )}  </«',
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C hapter 3 

N on -L in ear F in ite  E lem ent 
Form ulation

3.1 In troduction

In th is  study, the fin ite  element, method is used to  obta in  an approx im ate  so­

lu tio n  of a system of pa rtia l different ia l ('([nations subject to  known boundary 

conditions. This com puta tiona l approach is based on the weak fo rm  o f the 

balance o f  moan nhini  ('([nations. In general, t he weak form  may be based 

on a varia tiona l or weighted residual method. In th is  study, the ( lalevkin  

in i i / h l t d  r t t i idual mt lhod  is used in conjunction w ith  a penally func tion  to  

model the near incom pressib ility  o f soft cardiac tissue. In a dd ition , a pro­

cess o f consistent lineariza tion  enables the non-linear problem  to  be solved 

ite ra tive ly  as a sequence of linear problems. Tho generated system of l in ­

ear ('([nations is constructed and solved repeatedly using a Newton Raphson 

type  solution procedure to obta in  a complete tim e  h is tory  response to  the 

boundary - value problem.

In this study, the transient behaviour of the problem is not considered; 

hence, tho ine rtia  term s an* neglected. This assum ption reduces the com plex­
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i t y  of the’ problem  to  erne’ of a non linear quasi statie deform ation. Further, 

the  eifeets o f + ( f .  acceleration on the* human ventric le  m yocard ium  are ae 

count('d for in the body fenre1 term , F ' vl . of ecpiation (2.102). The- body force 

density, b , s im p ly  oecomes the  g rav ita tiona l acceleration due to t ( I  load 

ing. For fu rthe r de ta il 011 the fin ite  element m ethod for non linear problems 

the  reader may refer to  [2, 33, 3(5, 37. 57, (it)].

3.2 Space — T im e D iscretiza tion

The space dom ain, S2. can bo d iv ided in to  subregions or <lnm n l s ,  W , which 

are interconnected by a series o f points or nodes on the element boundary. 

'The independent, fie ld variable, <\ is approxim ated by a set o f basis funet ions, 

A '/, and nodal fie ld variable’s, 0 /( / ) .  as follows

o ( i i ' j )  -  £  ,V /( ir  >, (3 , i)
1 -1

fo r element e over the sum m ation o f /?,„ edenne-nt nodes. The basis functions 

are continuous across an element interface; however, th e ir derivatives need 

not be. Generally, these1 fune'tiems are1 sede’e'teel as senne- k 11' oreler in ie rpo la l ie>11 

])olytH)inials anel assumeel ( ' "  e-enit inuenis threnighemt the- dom ain. Furl hen 

more, the1 graelieuit e>f the1 approxim ated fiedel variable-. 0 , ean be- obta ined 

through diffe ientiatieH i o f (3.1), as fed lows

( ) c p { i V J )  " ' 4  U S ,

Cemsiele’r the1 time* inte’rva l 1  ----- [0 ,7 ] w ith  the* tim e’ p a rtition s  0 / „  •

/ l  <  t 2 <  • '  • <  l \  <  /,v + 1 =  T.  Wlieue1 the1 n " ‘ time- in terval is elenoted 

by 1 n — [ / „ ,  / „ + i] fe>r n — 0 ,1 ,2  V. l ’ urthe-r. ê iie• may eonsieb-r the-
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spare tim e  domain o f the problem as

« » £ < £ - £ ( » ' * £ . )  < =  i  (»•:>)
71=0 71=0

As mentioned previously, the fin ite  element approach is based on the 

G alerkin  weighted residual m ethod, where the t r ia l  solutions, 14' C  14, and 

wii i / l iHni) functions, V C  V, for an element can bo approx im ated  by the 

in te rpo la tion  polynom ials, denoted by I )k. Therefore, the fin it e element space 

dom ain is defined as 

t r i a l  solut ions:

14\ -  {u" I u'1 G ("\  u f lQ,nel>k, uh = u h on

an ifihli i i f/ functions:

V!; = {buh I t>uh G ( " \  (Suf Ig.G  P k , 6nh =  0 on tf(tf')*}.

3.3  G overning F in ite  E lem en t E q u ation s

In form ulat ing the governing fin ite  element, equations, the  G a le rk in  func tion  

>‘s approxim ated as the to ta l accum ulation o f each elem ent as

»ri

G{x,l>x) = ^ G ' { x ' ^ x ' ) -  (3.4)
(=1

where u,i  is the num ber o f elements. For num erica l im p lem en ta tion  o f the 

d iscretized form  o f the G alerk in  function, it is m ore convenient to  consider 

the m a tr ix  representation o f the stress and s tra in  term s, as

"1 "11
/ \ 

f i t i l

<T-l "22 <■2 t 22

" a , =  < "33
e.=  < > =  < 133 

2*12"■i "12 u

"5 "23 f5 2(23

, . . " i n  . . , 2 t : i i
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£1111 T i l  22 T l l . l i T i l l . ’ T h -.m Tu:u
£*2222 tL-i' iX i F > 2 \2  £-222:1 F-22M

S i / m .

C:vsx\ F's m 2 Ta-iaa 
T i j i j  T i ' w a  

L ' ix i 'A

I. s .M !  

C l 2 M  

Tj: i;u 
T.ut l

In  add itio n , the instantaneous response m odu li becomes

£ =

by tak ing  in to  account both  m inor and m a jo r sym m etries. The underscored 

sym bol, ( ), is used to  d istingu ish m a trix  representation from (lie  correspond
/V

ing tensor form .

F u rthe r, from  equation (4.1) a description o f the elemental geomet ry in 

the  current configura tion  in term s o f the nodal point s. \ h  is given by

* '( $ r . / )  =  £
i=i

(4.5)

S im ila rly , the increm enta l displacement, field for an element, u ' , can be ap 

p rox im a ted  in  term s o f the nodal displacement s, u ), as

u ' ( f r , o  =  £  A W f r )«/ ( / ) .
i=\

(4.5)

In  a dd itio n , from  equations (2.42) and (2.14) the varia tiona l quan tities , he 

and in  tensor nota tion  become

U r n

• i = i

(4.7
H e n

M  =  £  [A'/Au/J.
i=i

'I'he corresponding vector representation for (4.7) is denoted by he '( ft1' ' 1

and hu ' G x 1, where n is the num ber o f degrees o f freedom at an element, 

node.
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Since 1.1k* ine rtia  term s ran he neglected, equation (2 .102 ) reduces to

X ' iV =  -  r Unt) +  F {rjrl). (3.8)

for the element Using m a trix  representation, the approx im ate  expres­

sions be and /iu ' can he substitu ted  in to  (2.102) y ie ld ing

M  /  B « B ' du' +  I  (B  - )T [o -](B  c )dn'
~  [ U ' W  ~ L  ~  ~ L  - F lv ~ N L  ~  ~ A 7 ,

/  BZ<r <hi - I p  N /b  (In' + f  N j  t"‘V/r' 
. / ' ~ /, ~ . / ' i i ' ~ ~ J r r l fL  ~ ~

=  0 ,  

(3.9)

where B „  is the linear stra in displacement transfo rm ation  m a tr ix  fo r node a
~ I.

o f element <, such t hat be! =  I I /L ’i B „  f^u,/ • I f  o n ly  trans la tiona l degrees of
~ i. ~

freedom are present at each node*, B „  has the form
~  L

B a =

ld irt her, one may write* B  „ as
~  ,v I.

B  „
~ XI.

A„,l 0 0 ‘
0 Ah,2 0
0 0 A «,3

Ah ,2 Ah,i 0
0 a ;,,. Ah,2

A ’.,a 0 A1 ,i,i .

1 Ah -2 I 1 Ar

Then, the stress m a trix . [<r] t  appearing in  (3.9) takes on the corre­

sponding form

If]

0*11 I  ^1 2  I  a \a I
■*W /Vrf <«w

^22 I  0*2:1 I

Spm. 0*33 I
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where I  t  is t lio  id e n tity  m a trix .

In  this study, tw o  typos o f tliree dimensional continuum  hased elements 

are used to  model the human heart undergoing loading. The lirst is a 

20-node isoparam etric solid element. [2], which is used to model the left and 

righ t vent rich's. The second is an S-nodo degenerate 21) continuum  hast'd 

shell element [2], lis t'd  to model the conical librous membrane surround ing the 

heart called the pericard ia l sac. For the exp lic it form of B  . 11 , and N  see

A ppend ix  B. Also, for a discussion o f t he geometric m odelling considerations 

see C hapte r 1.

Since in equation (2.9) is a rb itra ry , the linearized e qu ilib r ium  equa
rs/

tio n  for a singh' element becomes

K  +  K '
~ „i.

i i  =  -  J . (2.10)

Element Tangent Stiffness Mat rices 

M a te ria l stiffness:

K ' =  /  B 7 [C] B  du' \
~/  J '  lV ~ i .  ~

wh<>r('

B  =  [ B ,  | B ,  I ••• I B  

(Jeoinet ric stiffness:

K ' =  /  B 7 [ <r] B  <lu' ,
~ n l  - F l V  ~ X l .  ~  ~ N I .

where

B
~ XL

B i  | B ,  | ••• | Br.,„
~  X  /. ~  X  L  ~  X  I,

Element Load Vectors
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I ill ("in;i ] nodal forces:

=  f  b  1 <r chi'
J ' W ~ L ~

Externa l body and surface loads:

[  f) N 7 b  (hi' +  f  N 7 t " ‘V/r'j'-lV ~ ~ lit ~ ~

f '
~  «l i  r f

where

N -  [ A'i I  I Ar2 I  I • • • | I

Element (Increm enta l) D isplacement Vector 

Nodal displacements:

u = {(» , c, ic)i |(;/, i \  d’ l i l  • • • |(», (\ »’ )/;,„ } 7 -

where ( i / , i \ i e ) j  is the increm enta l nodal displacement in the  corresponding 

(.(•,,(/.;) d irection  at nodi' /.

The elem ental con tribu tions of (3.10) can now be assembled to fo rm  the 

( i  system o f discretized equations in  terms o f the generalized variable  u 

by

K  = A  K ' K  =  A  K '~ „i < - i  ~7>i
(3 .11 )

F ina lly , the global system of linear equations in  compact fo rm  is given by

p(<»0 _|_ p t 'J ’O

K =  A K ' 11 K '
~ ; f = 1 ~ i ~ id ~ at

7 i , f ' O l

p O ' i d  -

<
11 p < ( i r i f ) p ( « . r / )  _  A  

'N* r =  1

p f  ( f  j ( )

K  + K
~ n/.

U

84
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3.4  A n  Increm ental Solution  P roced u re

It is apparent from  the weak statement i . I ho m om entum  balance, iq x * .  <s\  1 

0. that the oqua lity  sign holds when x* is an exact so lu tion, However, for a 

loca lly  linear approx im ation  to  the non linear equation, equa lity  is no longer 

guaranteed, and in general C?(X  -f 11. 1s\ )  /  0. Assuming lh .it lJ is s iillic ien l 

ly  sm ooth w ith in  the  neighhourhood of x*, such th,d |x* x| <* where 

(* is a sm all q uan tity , a Newton Kaphson ite ra tive  so lu tion procedure can 

he adopted (eg. [nO]). The iucrem eutal equation used for the num erical 

scheme is based 011 the linearized spatial form  of equation (11. h i), given as 

A [£? (x ,/> x ),u ]*  =  0. A basic out line  of t hi' Newton Kaphson a lgo rithm  is 

given as follows

( i)  Evaluate P 1 --= Q ( x \  K ' I K U x ' . t ' x )

( i i )  Com pute u'f! =  - (K ')  1 P ‘

( i i i )  U pdate  x '+1 x' f  u 'fl

( iv )  Convergence i f  ||P 11j2 < ( * '| |P " | |2 , *t<>p else </o to ( 1).

Convergence occurs when the residual load norm, |[P'H,>- hi any so lu tion 

step is re la tive ly  smal l  compared to  the load norm for the increm ent. || P " || ̂ .. 

where C* ((**  <C 1) is the tolerance fo r convergence. For the above a lgorithm  

it is assumed tha t the ite ra tion  does converge. In practice, it may be more 

co m p u ta tion a lly  e flic ient in m ild ly  non linear problems to adopt a m odified 

Newton Kaphson technique where K '  is computed once only at I he beginning 

o f each increm ent.

One m ay note tha t even 1 hough a linearized increm ental solution < heme 

is used, it s t i l l  includes all 11011 linear effects due to fin ite  displacements, 

large stra ins and m ateria l non-linearities. In fact, these increm efda! equa
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lions form  the basis for ihe displacement-based fin ite  (’lenient fo rm u la tion .

1 be system of equations generated by the lineariza tion  o f the  weak form

o f t l r  balance of m om entum , given by (0.12). for the f ’ pdated Lagrangian 

lo l l  1111 la i ion becomes

K  + K u' = - F '  (" " ) + F ‘ (0.10)
. ~  /  ~  71/ J  ~ / l  ~ I I

where the subscript i) refers to  the increment and superscript i denotes d - 

eration. Now. the element in tegra tion  in ('<* 10) is carried out over B ! and 

B'j instead o f B '  and B'r . respectively, w liere t in ’ superscript bar denotes the 

most recently known configuration is adopted as the reference’ state for ca l­

cu la tion  purposes. Also, updating  o f the configuration and displacem ents is 

perform ed by

x;+‘ -  x' fu ; ,.  u ,;H =  u„;, + u ;;. ( : u i )

where the snbscri|)t o refers to  the orig ina l configuration.
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C hapter 4 

H u m an  H eart: M odelling  
A sp ec ts

4.1 S tages o f  D evelop m en t

The development, o f the heart, model can be d iv ided  in to  lour stages. (The  

fo llow ing  perta ins on ly to the heart, model and is independent, of t he the­

o re tica l developm ent, im p lem enta tion  and ve rifica tion  o f the fin ite  element 

software.) These stages an ' summarized as follows:

(i). C o llection  o f M agnetic Resonance Im aging data for various cross sec 

tio n a l p lain's from  a healthy human heart. From these images a three 

d im ensional surface reconstruction o f the heart, is perform ed (section (1.1.1 J ) .

( ii) . N ex t, using the geometi • surface data collected, a fin ite  element dis 

cret.izat.ion o f the left and right ventricles is carried out (sec t ion ( ',.1.2)).

( i i i) .  To ensure an accurate1 model for cardiac tissue, a realistic hyperelasl.ir 

constitu tive ' re la tionsh ip  given by equation (2.t i l )  is iueorporateel in to  

the FK analysis, w ith  constants a and b determ ined from  available 

e'Xpe'rhne'ntal data ( >ect:on (1.2)).
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( iv ) . The dete rm ina tion  and post-processing o f + f» , acceleration induced 

stresses in the left and right ventricles is obta ined from  a non-linear 

fin ite  element analysis.

4.1 .1  M R I im agin g

In th is study, the M agnetic Resonance Im aging (M R I)  is used as a noil- 

invasive v isua liza tion  technique for the de te rm ina tion  o f anatom ic size and 

o rien ta tion  o f the human heart. [1, In]. The M R I images provide q u a n tita ­

tive  (and q u a lita tive ) in fo rm ation  from  which a three-d im ensional com puter 

i, age o f the heart can be constructed (see Figure 1.1). A lterna te ' m ethods 

n <1 by investigators for com puter reconstruction e>f the' lie'art incluele in vivo 

leclmi(|u«'s using cine-angieie-areliejgraphy, echeicarelieigraphy, [H i. 7b. #2] and 

in vilvo tc'clmicjiic's fiom  peistmeirtemi exam inations [88]. A com puter moelel 

was re'constructe'd using a eolle'ctiein o f eoional, sag itta l anel transverse' M R I 

images of  the* lie'art obtaine'd eluring eliastole' (see F igure 4.2). Them, these 

image s we're* eligitize-el intei a se'rie's eif twei-elimemsiemal sect ienial contemrs g iv ­

ing the inner anel outermeist surface' of the* ve'ntricle's. Onee obtaine'el. these 

contemrs were' assemble'el te> form  a thre'e'-elimensional silhoue'tte' o f the le'ft 

and right ve'ntricle's anel chambers.

4 .1 .2  F E  D iscre t iz a t io n  o f  th e  V en tr ic le  M y o c a rd iu m

An accurate de'seriptiem o f the human lie'art reepiire's the use e>f elements 

capable* o f eamforming to  the irre'gular geennetrv. Feir th is  p a rticu la r p roblem , 

such elements are* be’st eleve'lope’el based on a 21) e’emtinuum fe irm ulation. 

Further, the’se' e'le'ments must be abh’ tei hanelle a rb itra ry  large elisplaecments 

am i ro ta tions w hile  m a in ta in ing  k inem atiea 'ly  aelmissible elisplaecme-ni fie'iels
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F igu re  4.1: M agnetic Resonance Im aging (M R I) of the human upper torso, 
o u tlin in g  the  (a) coronal and (b) sagitta l profiles of the heart at the end of 
a d ias to lic  phase [15].

CORONAL

TRANSVERSE

F igure  4.2: A  depiction o f the coronal, transverse and sagitta l im aging planes 
used to  construct a three-dim ensional model o f the left and righ t ventricles.
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al dem erit interfaces. Two such element types sa tisfying these conditions 

were selected for use. (see F ig u re -1.3).

In th is  study, the bV and RV are discretized using 20 node isoparam etric 

solid dem ents [2, 27]. The' a b ility  of the element to  model curved boundaries, 

non linear m ateria l and geom etric behaviour is ideal for the p rob lem  at hand 

(see f  igure 1.2). The FK matrices, generated for th is  element, are detailed 

in A ppend ix  R.2.

A no ther element used is a degenerate 21) continuum  based shell to  model 

the conical fibrous membrane surrounding the heart and p rox im a l portions 

o f t he cardiac vessel, com m only referred to  as the pericard ia l sac. O rig ina l 

development o f the 21) degenerate solid element to  model a general doub ly  

curved shell for linear analysis is found in [1]. Extension to  the  non-linear 

regime, when' both geometric [2. 27] and m ateria l [79] non linearities are ac­

counted for. has generated considerable interest, and a tte n tion  ever since. 

The shell element used is a non-linear type  shell model th a t accounts for 

large membrane deform ation. These non-linearities include both  m a te ria l 

(hyperelastic) and geometric (fin ite  displacements /  ro ta tions) elFects. The 

element displacement lield is expressed in term s o f three global displacements 

( f / . r . i r )  and two local ro tations [Oi.Oi)  (see Figure' 1.2). The  FK m atrices 

generated for th is ('lenient are detailed in A ppend ix B.2. F u rthe r, it  is as­

sumed that the heart model has a plane o f sym m etry  corresponding to  the 

center coronal cross-section. By exp lo iting  the p rope rty  o f sym m etry , the 

lin ite  element dom ain needs on ly involve h a lf o f the heart m odel.
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(a)

R eference
surface

( b )(c)

F igure  ld l: F in ite  element, model o f (ft) th e 'e ft  and right vent ii< |c mvor nrdi 
am w ith  supporting  pericard ium  membrane. The iefi and r ig h t  vent ru  les are 
discretized using (l>) h i) eontinuun i based solid elements and a« com panying 
perieard ia l sac using (c) s lie ll elements.
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4.2  A  C on stitu tive  M odel for M yocard ium  
and Pericardium

4.2 .1  M yocard iu m

M yocard ium  o f the ventric le  is m ostly composed o f pap illa ry  muscles, P ark ­

in je  iibres, collagen, coronary arteries and blood flu id  [83]. As w ith  most 

biological tissue, the m yocardium  is assumed to  be an incom pressible m a­

teria l [20]. In add ition , experim ents reveal tha t the m yocard ium  exh ib its  

some degree o f anisotropic, non-homogencous, poro-viscoelastic behaviour 

[20, 50, 71, 88]. However, examples o f successful models fo r m yocard ium  

tissue that assume isotropic, homogeneous, elastic m ateria l behaviour have 

been given (eg. [13, 23]). Measurement o f cardiac properties (such as pres­

sure, geometry, and flu id  flow) is d iffic u lt and is generally obta ined in vivo, 

whereas most o f t he knowledge associated w ith  the mechanical properties o f 

cardiac muscle is obtained from  in vitro investigations. The in v itro  investi­

gations include several un iax ia l and a few b iax ia l studies of excised cardiac 

tissue taken from animals [12, fib, 71, 85, 99],

Various constitu tive  relations have been proposed to model the deform a­

tion  of soft tissue and cardiac muscle [13, 14, 21, 35, 11, C2, 63]. These 

stress/stra in  re lationships an ' phenomenologieally form ed using experim en­

ta l data to  iden tify  the macroscopic characteristics o f the tissue. These rela­

tionships are usually exponentia l in form  w ith  unknown m ateria l param eters 

determ ined using a leant nquann Jit to  available experim enta l data. However, 

a general cons titu tive  re la tion capable o f describing a ll types o f deform ation  

behaviour is s t il l not available. Therefore, it is desirable to  em ploy a consti­

tu tiv e  re la tionship  that w ill fit the h igh ly  non-linear experim enta l data  over
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a wide range o f strains.

Recently, a prom ising anisotropic co ns titu tive  re la tionship  for passive car 

d iac tissue undergoing fin ite  stra in has been proposed [12, 12], Therein, a 

s tra in  energy function  which represents the' overall tissue behaviour as the 

sum of the put (/de-strain energies describing tin* (homogeneous) m a teria l inn 

1ri.r, f r , „ ( C ) ,  and (an isotrop ic) Jibrt\ U ’/ ( n ) .  parts is given as

H ’ (C ,o )  -  i r , „ ( C )  f  U > (o )

where n is the stiete'h ra tio  associatetl w ith  muscle lib re  d ins  tion.

Absence o f a re liab le constitu tive ' re lationship to model the anisotropic 

viscoelastic m ateria l behaviour o f the human heart has led to the adoption 

o f a s im p le r approach, wherein the cardiac t issue' is e-eu)siele>red to be- a homo 

gene'ous ise>tre>pie- nem linear elastic m ateria l. In this study, the* expeuie'iilial 

s tra in  energy fune'tiem proposed for serf! biedogie-al mate*rials [21 j anel sitbse* 

epiemtly use'el ferr careliac tissue [11, !)!)] of the form

tV ( / i )  -  r/[e',(/l :,) 1],

is useel. The- eenistants a anel h are* se»l(*e-t.e*el fremi e*xpe*rinie*ntal data given in 

[41] for un iax ia ! anel b iax ia l te'sts on e>xe-ise'el mye>rarelium tissue-, as a 191.1 

Pa  (1.951 ( j /eni2) anel b =  1 1.29.

4 .2 .2  P er ica rd iu m

S tru c tu ra l interactiem ed the- he-art w ith  its surremnding anatennv is aeeount 

eel ferr in the- analysis, by ine-lueling the- pint eel ive pe-rie arelial rne>mbrane‘ sur 

rouneling the- hum an heart [95]. Furthe-r, it is knenvn that unelei high )(!,.
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loading conditions the ventricles undergo significant defo rm ation. which re­

sults in load transfer between the heart and supporting  pericard ia l m em ­

brane. From experim enta l studies o f canine, researchers have found tha t 

the pericard ium  s ign ifican tly  influences the pressure-volume re la tionsh ip  o f 

the heart [21, 22, (it)]. Th is gives evidence to suggest tha t the perica rd ium  

provides a restra in ing action during diastole, which lim its  cardiac d ila tion .

Experim enta l data from  excised human pericard ia l tissue indicate' tha t it 

is reasonable to model the pericard ium  as an incom pressible isot rop ic elastic 

membrane' [51]. A lthough experim ents ind icate  some' degree o f anisotropy 

and viscoelasticity, the human pericard ium  is nearly iso trop ic  [9, 52, 52, 70]. 

This may be due to the even d is trib u tio n  o f layers o f in terwoven collagen 

fibres. A lso, measurements o f pericard ium  thickness in five hum an subjects 

rang*' from 0.52 to  0.58 m m , w ith  mean 0.55 ±  0.02 m m  [51].

Further, the deform ation  behaviour o f hum an perica rd ium  is capable o f 

developing large strains. Under b iax ia l loading the  perica rd ium  in it ia l ly  ex­

tend s w ith  l i t t le  resistance fo r a stretch ra tio  A under 1.09, and then becomes 

almost inextensib le when the tension roaches about 1902 Pa  (20 ( / / c m 2) w ith  

A 1.12. Since the hyperelastic constitu tive  re la tionsh ip  given in [11] can 

app ly  to soft b io logical tissue, it is also used to  m odel the  perica rd ium . The  

lust j i l  m a te ria l constants fo r equation (2.01) are determ ined a n a ly tic a lly  to  

be a 2.9 1 Pa (0.02 ( / /cm2) and h =  10 using b iax ia l experim en ta l da ta  for 

hum an pericard ium  [51].
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C hapter 5 

A n alysis Softw are and  
V erification

5.1 Softw are M odules

A  special-purpose in house software package, which integrates If I) graphics 

capab ilities  w ith  the Unite element program , is developed lo r the analysis of 

+ (7 , acceleration induct'd  stress in the ventricles. In essence, the package 

consists o f three modules, namely:

a) D IG IT : M R I Data D ig itiza tion  and V entric le  Reconstruction.

b) IIH A R T : N on-linear FK Analysis Program.

c) FE G P R O : .'ED FK Graphical Pre/Post-Processor.

T he  software developed is m odular in nature since each app lica tion  is self 

conta ined, w ith  data generated from one stage used as the input for the 

subsequent stage.

The f in ite  element software package has been im plem ented using the C  

p rogram m ing  language [•]!)]. The C  language was chosen dm- to its inher­

ent a b ility  to  handle data structures. Also, its “ standard" callable dynam ic
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m em ory a llocation routines fac ilita te  op tim a l use o f com puter resources. The 

C  language allows for a set o f variables to he t reated as a group under a com ­

mon name using si met tins. These structures provide the means for effective 

data organization, where nit mines w ith in  a s truc tu re  can he o f any clata-type* 

or even other struct ures.

A pre/post processor w ith  5-1) colour ca pab ility  is w ritte n  to reduce the 

tedious and often error-prone task o f preparing detailed input files and to  

aid in the in te rp re ta tion  of volum inous output from  a fin ite  element analysis. 

The p ie processor w ith  a graphical interface assists in the construction  o f the 

finite* element model o f tin* ventricles, whereas the post-processor is used to  

provide a clearer in te rp re ta tion  of the finite* element results.

The graphics processor is in te ractive  w ith  screen-driven menus fo r ease 

of use (see Figure 5.1). The h ighly interactive ' program allows for rea l-tim e  

contro l o f geom etric m anipu la tions by scaling, ro ta tio n , trans la tion , c lip ­

p ing. m u ltip le  views, Gouvand shading, and hidden surface removal. Furt her, 

ih e  software is w ritte n  to exploit the graphics lib ra ry  routines supported by 

1MIKJK : Protj rommt r's Hit rarchical I n l tm c t i v t  Graphics System [Sbj.

As m entioned, flu* m a jo r function o f the post-processor is to  give* a clear­

er understanding o f the FK results. This is best doin' in a p ic to r ia l fo rm a t, 

in which the vast q u a n tity  o f output data from  the FE A  is reduced to  a 

manageable level o f in form ation . The FEA results can be displayed v isua lly  

using displaced shape's a nd /o r colour contours. Displaced shape's are* ty p ­

ica lly  vector ceunpone'nts such as displacome'i .s, which e'an be* oinphasize'd 

by e'xagge'ration o r the* de'forme'd mc'sh. ( ’o lour contours are* use'd to  elis- 

play scalars or one' component of a ve’ctor lie'lel (e'g. pre'ssure or p rin c ip a l 

stre'ss). Alse', the' e'ontinuous colour display e'nable's epiick location o f c r it ic a l



T O P I S O M E T R I C

FRONT SIDE

> N u m e r i c  D a t a  F i e l d  W i n d o w

MainMenu 
View^Se^ect 
View Cntrl 
Solid Mode: 
Elem Num. 
Node Num. 
D isp ^^^^  
Stress 
Refresh 
Quit_____
Legend

M a x . (+ )

Min . ! - )

Rotate X
Rotate Y
Rotate Z
Trans. X
Trans. Y
Trans. Z

Sub-Menus

I .S i d e  |

V ie w s

Front

££.
Isometric
All

Return

View Cntrl.I
:entre Vie*
Text Size
E^^Shrln> 
Reset

Return

Stress
Siama X X

Sigma yy
Sigma zz
Shear X V

St .ar yz
Shear xz
Sigma 11
Sigma 22
Sigma 33
Data Set

I Return |

D l s P 1.
Scale
Data Set

Return



d. A n a ly s is  S o f tw a re  a n d  V e r i f ic a t io n 57

s t r e s s  areas. Herein, colour contouring is combined w ith  (Jourand shading 

and hidden surface removal for a clear de fin ition  o f shape and surface' st ress 

patte rn .

5.2 C om p u tation a l V erification and T estin g

Several num erical s im ulations are perform ed to  dem onstrate the p red ic tive  

capab ilities and convergence characteristics o f the non-linear FK  software 

developed. These sim ulations contain both  linear and non-linear geom et­

ric (fin ite  displacements /  ro ta tions) and m a te ria l (incom pressible) effects. 

Comparisons o f num erica lly  generated results w ith  dosed form  solutions, and 

experim enta l data from  other researchers, are included i f  available. V e r if i­

cation o f the fin ite  element program  d e v c ! 1 is achieved by using a series 

o f test cases invo lv ing  p late, cy lin d rica l, and spherical shell s tructures sub­

ject. to  various loadings. In the order o f increasing com p lex ity , the soft wan* 

verifica tion  consists o f tost eases invo lv ing:

•  Inextensional D eform ation

( 'onvergenee characteristics 

Mesh sens itiv ity  tests

•  NonTniear (Jeom etric Behaviour

Non-conservative loading 

F in ite  ro tations w ith  small  strains 

Configura tion  (stress) updating

•  N on-linear M a teria l and G eom etric Behaviour

^
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Hyperelastic (incompressible) materials,

(ie. M ooney-R iv lin  and biological constitu l iv<* models!

For problem s invo lv ing  linear-elastic isotropic behaviour. I In* m a teria l re 

spouse tensor in component lb rm  is given by

C - i jk i =  b <\/<V) 1 (5.1)

where // and A are Lame's constants and is the Kronecker de lla . In terms 

o f Young's m odulus, L’, and Poisson's ra tio , / \  Lame's constants are

— ’ —  \  " /< ;

11 ~  2 ( 1 + / / ) '  ' ( l  t / ' ) d  2 /-)'

A  shear correction factor o f 5 /(i has bee/! applied to  the (lam ina ) in plain* 

shear m odu li for the case o f the degenerate shell element.

Due to  the lim ite d  ava ilab ility  o f ana lytica l and num erical results for hi 

ologieal m ateria ls , add itiona l verification of the a lgorithm  is perform ed by 

im plem ent mg an incompressible hyperelast ic Mooney K iv lin  model for rub 

her and rubbe r-like  solids (ie. elastomers) [AS. 7<Sj, for which ana ly tica l soiu 

tions and standardized benchmark tests exist [2(5, 77]. For these problems, 

the  p a rtic u la r form  o f tin* stra in-energy density function Ibr incompressible 

iso trop ic  m a te ria l is assumed to be

IF  =  £ [ r ( / ,  - d )  +  (1 - r ) ( l 2 d ) ]. for 0 * c • 1. (7.2)

where l \  and 12 are the stra in  invariants and r  is a m ateria l param eter. 

For the cast* c =  1, tin* stra in  energy fund  ion for m n-hooki mi m ateria ls is 

obta ined. The  increm ental co ns titu tive  re lation lor the fin ite  element im p le  

m en ta tion  is derived using (5.2) in accordance w ith  the theory presented m 

section (2.S).
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F ig m e  5.2: A n  e n g in e e r in g  pate h 1 <-st fo r  (A ) p ia n o  stress and  (B ) b e n d in g .

5.2.1 Line ar E x a m p les  

A .i Engineering Patch Test

('unsider ii 1st an engineering Pulrh  test o f the plane siress and pure bending 

problems as shown in F igure 5.2. It. pract ice. the patch test is considered as a 

/a 11 s,s(/; / / (o n d it ion for fin ite  element convergence [ l( i,  !)2], "bests are carried 

om on the quadratic shell and solid elements using Full (F I) .  Reduced ( I I I ) ,  

and Select i vo I SR I) (iaussian quadrat ure. see A ppend ix  B. The results for 

the  pure bending case g iv ing  horizonta l n and vertica l r  displacements at 

points a and h are given in lab le  5.1. Both elements are found to  satisfy 

the  patch test, except when using a reduced (2 ■ 2 - 2 ) quadra tu re  ru le  to  

liite g ia le  'he  solid element, a .spurious zero-energy mode is produced. The 

results for the plane stress case are found to be in exact agreement w ith  

t lieorv.

5 .2 .2  N o n -lin ea r  G e o m etr ic  E x a m p les  

Bending o f a C’antilevev Beam

A slender cantilever beam subjected to a concent rated end moment is anal­

yst d. I bis cast' demonstrates the a b ility  of tlit* program  to handle large



t a b l e . ">.1: N o r m a l i z e d  P a t c h  le s t  R e s u l ts  U>r R e n d in g  { i  11)1)1),/' I ) . i l l

fllem en Quadrat tire < i n, i ' , i'i,

Solid 2 • 2  • 2 0 1.000 1.000 1.000
2  '  2  \  2  * l ) . ! ) ! )7 1.000 0 . 0 0 S

1 ! pt.** 1.000 1.000 l.titto
Shell 2  - 2  s. 2 0 1.000 1.000 1.000

2  • 2  ' 2 1.000 1.000 1.000
Solid 2  ■ 2  ■ 2 1 O.Oti!) 0.000 0 . 0 1 7

2  s 2  s 2  * 1 . 0 7 K 0 . 0 S 7 1 . 0 2 2

11 pt. 0 . 0 0 7 0 . 0 0 0 0 . 0 1 b

Shell 2  • 2  ■ 2 1 0 . 0 0 2 0 . 0 0 2 0 . 0 0 1

2  s 2  ■ 2 1 . 0 0 0 1 . 0 0 0 0 . 0 0 S

Kxact * * w
1 . 0 0 0 1 . 0 0 0 1 . 0 0 0

Spurious zero energy mode suppressed.
* * For 11 p t . rule see [20).

Kxact vHues to, -  0 . 1 a l l ,  t\, 0 . 7 7 0 . and

displacement s and ro tations wit Ii small  strains. M ateria l and geom etric da 

ta used in  the calculations are as follows: 'tonne 's M odulus /*.' lit) ■ It)1’ 

lbs /in ." '. length I. ■= 12 in., w id th  h 1 in ., and thickness h t).l in.. 

The cantihw er beam is modelled using six shell type elements w ith  (2 .2x2) 

reduce/I In tegra tion . Converged solution results are obtained using 70 load 

increm ents o f size A  M / M „  0.0 (M,, ' in  I ' l l  j  L). A comparison o f the

predicted response w ith  the ana lytica l so lution [l!)| is given in f  igure 7.2. In 

add ition , a plot o f t lie deformed conligurat ions at several load si ages is shown 

in F igure 7.2. From fig u re  7.2. it is evident that the p reda ted  icspoiise is 

in close agreement w ith  t lie ana ly tica l souO ion up to  c r. j ' i  radians. w ith  

a noticeable but small deviation thereafter.
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Figure 5.3: A cantilever beam under a pure m om ent. P lots o f (a) norm alized 
displacement versus applied moment w ith  (b) deformed configurations for 
various applied moments.
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S n ap-th rou gh  B uckling of a C ircu lar Arch St ruct lire

A shallow cy lin d rica l she'll s tructure  subjected to  a concentrated load at 

the center, is hinged at tlie' long itud ina l edge’s and five along the curved 

boundaries (Figure' 5.1). Fnde’r loading the structure' event uallv ivae lies a 

c r it ic a l point vvhe’re add itiona l loading can not be’ sustaine'el. Ih 'yo iid  this 

l im i t  point o f b ifu rca tion  the' load de'flection curve' exh ib its  a “ sol'leuiing" 

effect, which correspoiuls te» a m 'g a tiw  ele'linite’ stilfne’ss m a trix . Id  e>\e*re ome 

th is  num erica l d ifiieu ilty  a displaevment controlle’d sejie'ine' is adopted. A 

tee'hnique o rig in a lly  propose'el by K iks /  W i'inpne’r [75, 71, !)(>] using are 

If nyth-control  and subse’ejue'ntly inoelilieel by Ram in [75] is imple-ine-nte'd in 

the’ f in ite  elem i’iit program for problems e xh ib itin g  epiasi si at i< s truc tu ra l 

in s ta b ility . The’ elisplaevme’iit control prejce’dure' is usually applies! ne'ar and 

ahing the c ritica l path , hemvve’r, it can be applies! over the* e*i11ir<• re-spouse’.

15)1' th is e’xample’, only one' epiarteir e»f the she'll structure ' is m odelled w ith 

Hi she’ll type’ ele'ine'nts. The’ load-eh’lle’ct ion re's|)e)tise' fe>r t he' center anel edge 

[jo in ts  is obtained using a to ta l o f 11 increine'nts (sev Figure- 5.1). Moreover, 

the* nume’rica lly  ge’iie’rated lvsponse' is cejinpare'd w ith  that ol Ramm [75| an<l 

is found to  agree'. It is inte're'sting that the1 structure ’ exh ib its  both stiap- 

throuyh as we'll as snap-hack bue'kling phe-muiiena.

5 .2 .3  N on -lin ea r  G eo m etr ic  and M a ter ia l E x a m p les  

A n  E q u i-b iax ia l S tudy of Passive M yocard ium

' id  s tudy the myocareliuni e-ejnstituti\v re’laliejn proposed for the- heart mejdel, 

an eoni b iax ia l s im u la tion  ejf a th in  e-x< ised m yocardial s t i ip  is performed. 

Furthe'r, a comparison ejf e'xpe'rimenlally obta ined eepii b iaxia l m yocardial
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Figure 5.-1: Post buckling  o f a c ircu la r arch s tructure .
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data w ith  theore tica l and num erical predictions is used to dem onstrate the 

accuracy o f the model. The b iaxia l data is obta ined from [99] where a th in  

slice (1 ‘2 m m )  o f m yocard ium  (2 \  2 cm)  was subjected to an equi b iaxia l 

tension. For reasons of sym m etry, it is only necessary to solve for one quarter 

o f the specimen by app ly ing  the appropria te  boundary conditions. The FK 

meshes used consist of (a) a solid type  eh ment w ith  a 1 1 point in teg ra tion  

ru le, and (b) a she'll typo  element w ith  selected reduced in tegra tion .

For the cross-fibre d irection , the constants n and l> defined in equa 

lio n  (2.( it )  art' chosen from  the btst Jit parameters for stress stra in  data shown 

in  [11], as a -- 191.1 I ’ d (1.951 / / / c u r )  and b 1 1.29 (fo r specimen II w ith  

E n / l ' f n  ~  1).

For the fib re  d irection  the m ateria l constants are determ ined a na ly tica lly  

to  bo a — 276.6 Pa  (2.82 u /c i tP )  and b — 1 1.86. Kesults o f the FK predicted 

and experim enta l Cauchy stresses are given in F igure 5.5, In add ition , the 

theore tica l response is derived for the fibre and cross fibre stresses using 

equation  (2.62) as

fT j-r =  nr,,y = 2( t b ( M h  j \ 2 A '] (5.2)

w hen1 A is defined as the p rinc ipa l stretch ra tio . The m ateria ! constants 

a and b an' selected to  predict the behaviour o f the fibre and cross fibre 

experim en ta l data and, as expected, these results are in good agreement wit h 

bo th  the experim enta l data and theoretical curves. However, the anisotrop ic 

and viscoelastic behaviour o f passive m yocardium  plays an im p o rta n t role 

in  the in te rac tion  o f stress and deform ation and can s ign ifican tly  effec t t In ­

constant s a and b.
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data w ith  theore tica l and computed FK predicted response's. Results ob­
ta ined using best lit parameters for the fibre d irec tion  [a =  276.fi Pa (2.82 
// /c m *), b - l 1.86] and cross-fibre d irection  [« =  191.1 Pa  (1.951 g / n n 2), 
h - 11.29]. K xperim enta l data taken from  Y in  et al. [99].
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F igure 5.6: FK mesh o f a th ick  walled cy linder w ith  in it ia l inner radius 
r, — 7.0 in. and oute r radius /•„ =  IS.625 in..

A  T h ick  C y lin d e r U n d er In te rn a l Pressure

Consider the problem  o f a th ick  cy linder subjected to  an in terna l pressure. 

The  cy lin d e r is assumed to he in fin ite  in length (p lane stra in  cond ition ) 

w ith  an in te rna l radius r, — 7.0 in. and oute r radius r „  I S.625 in .. The 

m a te ria l is assumed to  be rubber and obeys Mooney R iv lin 's  equation (5.2) 

w ith  p /2  =  100 psi and c =  O.S. Further, the theoretica l so lu tion for an 

incom pressible m ateria l given in [77] is used to ve rify  the com puta tiona l 

a lg o rith m  developed.

One quarte r o f the cy linder is modelled using a to ta l o f 72 solid type 

elements (6 in the c ircum ferentia l and 12 in the radial d irection  o f unit 

thickness) w ith  appropria te  boundary conditions applied (see F igure 5.6). 

In te rna l pressure increm ents o f 10 psi are applied u n til a m axim um  of 150 

psi is reached. B oth  com puted and analytica l solutions of pressure versus dis
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placement response for the inner wall (at node A ) arc1 shown in F igure 5.7. 

A lso, the corresponding hoop stress versus inner displacement is included. 

I t  is evident from these findings tha t there is good agreement between the 

com puta tiona l and ana ly tica l sohnions.

In fla tio n  Response of a T h in  Sphere

A hollow th in  sphere of in it ia l inner radius /', =  100 nnn  and ou te r radius 

/•„ - 102 m m  is subjected to  a (non-dim ensionalized) in te rna l pressure, pQfp -  

T he  m ateria l is assumed to be neo-hookean, where c — 1 in  equation (5.2). 

The  theore tica l solut ion for the in fla tion  o f a sphere given in [26] is used to  

ve rify  tin* com puta tiona l a lgorithm .

Due to  symmet ry, only one eighth o f the sphere is m odelled using a to ta l 

o f 1 OS elements w ith  appropriate boundary conditions applied ( f ig u re  5.K). 

C om puted and ana ly tica l solutions o f pressure versus s tre tch  ra tio  ( r / r t ) fo r 

the  inner wall (at node A) are shown in Figure 5.1). Also, the corresponding' 

c ircum fe ren tia l stress versus stretch ra tio  is included. It is evident from  

these findings that there is good agreement between tin* com pu ta tiona l and 

ana ly tica l solut ions.
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Figure .r>.S: FF incsli o f a th in  sphere w ith  in it ia l inner radius r t =  100 nun  
and oute r radius /■„ =  102 nun.
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C hapter 6 

H um an H eart: A n alysis and  
D iscu ssion

In I his study, a quasi stat ic fin ite  element analysis is perform ed for the  (pas­

sive) d ia s lo lir  phase of the  cardiac cycle under + (7 ; loading conditions. This 

research work is regarded as a p re lim ina ry  study o f the effects of +  (bb in ­

duced stresses iu the hum an m yocardium . The  results obta ined dem onstrate 

t lie a b ility  o f the non-linear finite* element m odel developed to  provide quan­

t ita t iv e  data of gross d is to rtion  and stress in the heart undergoing sustained 

inertia  loading. However, since experim enta l data for the lie-art under + (7 . 

acceleration is not presently available, a comparison o f num erica lly  generated 

deform ation  profiles w ith  that obta ined experim en ta lly  is not possible-.

I’lie- finite- e-le-me-nt meiele-l of the he-art exmsists o f the- le-ft anel right ve-ntri- 

e'le-s w ith  se-parating inte-r ve-nfriemlar se-ptum. In aehlition, the- surrounding 

pe-rie a n lia l me-mbrane is incluele-d in the- analysis. 'Hie- ve-ntricle-s anel se-ptum 

are- eliscre-t i/e-el using S I sei’ iel elenu-iits, anel acexnnpanying pe-ricarelial sac is 

elise'i'e-t i/e-el using oti she'll e-le-nu-nts fse-e> F igure ( i. l) .  Th is  leads te) a syste-m 

eif e-epiatieuis w ith  nppreiximate-ly ‘inOU unknown elisplaex-ments te> be- solve-el
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F igure  6 .1: M u lt ip le  views o f  t.h*- h um an  heart m od e l .  <li j -•<! n I 

P R O  graphics preproet— or package w i th  so lid  m ode l and  };..d i i . 
selected.
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l o t  il l  (' i l l  ll s t e p .

I In- .1 ria l\s is  is performed rising an acceleration load increment o f / / / I .  

where n is I lie accelerat ioi >luo to  g rav ity  (!).N0(i(>5 m / s 2 at sea level and 151' 

la titu d e ), un til a m axim um  acceleration level of -4-a ( ! .  is acliievi'd . T he  cav i­

ty  pressure act ing on the epicardia l surface, due to  t in 1 to ta l blood vo lum e o f 

200 m l  in the IA ’ and RY. is accounted fo r in the analysis (where the specific 

g ra v ity  o f blood is taken as 1.057 [01]). F n l’ort unately, experim ent a lly  ob­

ta ined ventric le  ca v ily  and externa l surrounding hydrosta tic  pressure' versus 

( /  loading is not available for im p lem enta tion  in the fin ite  element model. 

However, it is possible to  use existing data obtained from  experim ents on 

m in ia tu re  swine [17. S7] to  deduce tne corresponding response pal terns to  

t hat in man.

Results d isp laying gross d is to rtion  o f the coronal m id-p lane section o f the 

heart .it te s i. 2.5 ( and 5.1) ( ! .  acceleration levels are shown in F igure (>.2. In 

a dd ition , p rinc ipa l stress levels. c t u . at various points along the left ven tric le  

endocardium  wall versus )■(/, acceleration are shown in F igure (i.3. Further, 

predicted stress levels and gross d is to rtion  in the  human heart at 4-5 (7- 

loading are displayed in Figure ( i. l.  It is evident from F ig im  (i. 1 tha t w ith  

increase o f ( I .  load the heart tends to elongate,

l he presence o f the stout pap illa ry  muscles and inelastic tendons called 

t hon lm  l in t l in t i i t  which forms a tree like  s truc tu re  in the ventric les is not 

accounted tor at present. The degree to  which they affect tin* gross d is to r­

tio n  and stress d is tr ib u tio n  near the endocardia l surface o f the heart wall 

undergoing \ ( i -  loading is st i l l unknown. IIow e ve r.it is ex peeved tha t these 

muscle lihres would become h igh ly  stressed under such conditions due to 

th e ir in trica te  tree like s truc tu re  which e ffective ly bridge's across the  ventri-



(a)

(b)

(c)

Kigim* (>.“2:  D e f o n n a l i o n  p r o l i l e s  o f  t I n -  c o i o n a l  m i d  p l a n e  v-< t i o n  o |  i l i i - l j c . n l  

s h o w i n g  p r e d i r l e d  g ro s s  d i s p l a c e m e n t s  o f  11n- I n -a r t  w a l l  a l  I n )  i c s l .  ( l , j  | 2.~> 

( and (< ) -fD.O ( A  acceleration levels.

^
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8-,

Gravitational Load (+Gz)

Figure (i.d: P rinc ipa l stress i t u , variat ion along the left vent r id e  endocard i­
um wall versus g rav ita tiona l load + ( D  (at locations denoted in F ig ­
ure (i.LM.
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<■]<• Willis.

It. is v i l. i l  1 licit com puta tiona l models developed use reliable' data fo r the 

mechanical properties o f heart tissue'. U nfortunate ly, most o f the  available 

elat.a is lim iteel lei the* norm al (-t-KV.) environmeih ddi; t, is, there' is l i t t le  

elata iivailable* tin t he* properties o f human myeicarelial t issue- unelergoing fin ite  

eh'form ation. Th is  evielently builels in to  the' finite' ele'inent moeled a me'asure 

o f tine e-rt ainty. A lte rna tive ly . a heuristic appreiach wemlel be to  co in ju ite  

1 he- elelorme-el sh;ij>e' o f the* he*art using pro jectt'd  mate-rial preipe-rt ies, anel 

t lie-ii com part' these results w ith  nit ra-sountl image-s a n d /o r Dopple-r o f the 

heart under high ( f f A )  loiieling [11]. do bring  about an o p tim um  agm -m ent 

be'twevn the till ra stmnel images anel the response o f the com puta tiona l m odel, 

the  moele'l properties may be* reaeljuste'd. By using the  outline'el preice'dure', 

tdie possib ility  o f m yocardia l ehmiage- title- to exce-ssive' st rains in 1 he ventric les, 

t a used by exposure* to a com bination o f high +( i~  loaeling ac ting  d ire c tly  on 

I lie heart fibres anel ele-vateel hvdros la tic  pressures in  the vasculative*, may 

even tua lly  be determ ined.
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C onclusions and Future W ork

Conclusions

In th is  study, a com puta tiona l model lor the analysis <>l sustained | ( / .  i.i 

duced stress in  the human left and right ventric le  m yocard ium  is presented. 

The  fin ite  element model is developed using the (la le rk in  w e ighed residual 

m ethod w ith  a puu i lh j  treatm ent o f the incompressible behaviour o f heart 

muscle. The model includes the effects of liu ite  displacements, large stra in , 

and incompressible m ateria l behaviour. Further, an exponentia l law lor t lu ­

st ra in  energy density function is usi d to  derive the increm ental co ns titu tive  

re la tion  for passive- m yocard ium  and pericard ium  m aterials.

The results obtained demonstrate the- a b ility  eif the- non linear finite- e-Ie 

HK-nt moth-1 eh-V'-lope-d to pren iele- eptant it at ive* data on the e-lh-e I s e»f moele-rale- 

to -h igh  +17- aeee-le-ration em the- e-ardiovase-ular system. Also, this appruae h 

offers a new pe-rspective leir the me-ehanieal study e>| | (,' a> e-e-le-rat ion on I lie- 

hum an lie-art. I he- analysis provide-s preelicle-ti greiss elistoi tion  w ith  st te ss anel 

s tra in  data o f the- human heart uneh-r sustaineel rxp iiM irc  te> | ( !  heading m il 

elitions. In cemjune-1 ion w ith  expe-rime-nlal data ejbtaine-el using u ltra  sejund
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im aging technique's a greater understaneling o f the mechanism o f + (7 , loads 

eui the cardiovascular system should prove possible.

Suggested Future  W ork

•  Va lida tion  o f the fin ite  element, model by com paring predicted gross 

d is to rtion  profiles o f the heart undergoing +( fa  loading w ith  results 

obtained using u ltra-sound imaging a n d /o r Doppler measurements. In 

add ition , the lack o f any measurements associated w ith  the in te rna l 

vent rich* cav ity  and surrounding body pressure's under + ( r -  load ing 

conditions needs to  be addressed. Th is  would require the fu rth e r s tudy 

and measurement o f the fillin g  and expulsion o f b lood flu id  from  the 

ventricles under -K o  loading conditions.

•  Perform  a dynam ic s im ula tion  of the cardiac cycle ( in c lud ing  the  pas­

sive d iasto lic and active' systolic phases) to  study the effects o f t im e  

dependency ol f t / ,  acceleration on the cardiovascular system. In  ad­

d itio n , an alternat ive'approach to the reduced-in tegration pena lty  teeh- 

niepu whe'ii ha in lling  the- ineom pre'ssibility exmstraint would be to  con- 

sielew a mt.r(d anel/or hybrid  fin ite  edeunent. me'thoel [37. 79]. The m ixed  

me'thod has provevi sueressful for problems w ith  in o m p rr's s ib le  m edia, 

w 'D iout the- elidicultie’:, as.-oe-iate'd w ith  a pena lly  param eter.

•  P\te'tiel the1 hype're'lastie- e 'onstitutive re'lation te> accommoelat.e the anisotrop- 

ie’ behaviour of the* ln'art muscle, hurt her, it is evident th a t the  p ro ­

pose'el linite* e-le nie'iit analysis is limite*el, in p a rt, by the available ma- 

te'nal elata te>r euireiiac tissue'. There1 is, the're'fore'. a nevel for fu r th e r 

b iax ia l ami tr ia x ia l te-sting o f isolates! human myoe-arelium.
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A p p en d ix  A  

L inearization T heory
The fo llow ing is a n v :mv o f the lin e rn za tio n  theory fo r a scalar function  

using Taylo r's  form ula in Euclidean spare.

Consider the m apping /  : •‘f t3 —> 5R1. Assum ing /  to  be d iffe ren tiab le  at a

pond x, one may expand /  as a Falyor's serf ■>

,/ (X +  u ) =  / ( x )  +  / J / ( x )  • U + (){ilU I!2 ) ( A . l )

where u  is an a rb itra ry  vect -r in In  Euclidean space, u  denotes a vector

emanat ing from  the po in t x  in  1?!, and D f  ;s the gradient, vector given by

7)/(x) • u  = ~  / ( x  +  c u )jf_0 (A .2)

where ( is a scalar parameter. I f  u  is a u n it vector, then D / ( x ) - u  is sometimes

called the d in c t iona l  dt r ivat ivc  of / .  A lte rna tive ly , D f  • u  can be expressed 

in term s o f t he scalar d iffe ren tia l operator, denoted by Ct ■= u  • V *' as C i/ ( x ) .

In th. context o f linearization, the firs t order linear app rox im a tion  o f /  

in l lit ' neighborhood o f x can be w rit ten as

M / ’ u ]x =  / ( x )  +  / ; / ( * )  • u  (A .3)

provided ||n||.j =  u • u  is suffic iently small.
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A p p en d ix  B  

E lem ent M atrices

B . l  In trod u ction

Th is  section details the developim 'nt o f the elemented stiffness, geom etric ma 

trices and load vector used in  the' construction o f the fin ite  element system 

of equations. In the  fin ite  element analysis o f + (7 . induced stresses in the 

hum an heart, two different- three dimensional continuum  based dem ents are 

employed. One is a tw enty node isoparam etric solid ('lenient, used to de 

scribe the non-linear geometric and m ateria l behaviour o f the left and right 

ventricle m yocard ium . The o th v ,  a degenerate isoparam etric shell element- 

capable o f f in ite  membrane strains, is used to model the surround ing protec 

tive  perica rd ia l sac.

N um erica l in tegra tion  for the element is perform ed using f r  /  .s /  I ) ( laus 

sian - Legendre quadrature, as follows

[ [  I /(£d/,e)̂ 'Vc ^ YYYwiwJw>>-f(&»vj*<k), (ibij
i - i  J=i k—i

where (iet , ittj, Wk) is the in tegration weight for the corresponding Oauss point, 

locat ion (£i,7/j,Cfc)- (The adopted integrat ion tecl nique is exact for polyno 

ir i ia ls , / j ( x ) ,  o f order <  (2n — 1), where n is the num ber o f (lauss points [47].)
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In pa rticu la r in tegra tion  is carried out using e ither reduced (2x2x2) or selec­

tive1 (3x3x2) Gaussian quadrature (H i). However, for exact or fu ll in teg ra tion  

(I'd’ ), (3x3x3) is required for a s tia ig h t sided paralle lepiped and (4x4x4) fo r a 

general curved sided isoparam etric (quadra tic) type  solid element. A lthough  

HI is I-‘ss accurate' than F I, the error incurred is considered re la tive ly  small. 

In general, the* drawbacks associated w ith  H I are usually outweighed by the 

com pnta  ional savings and im proved element, perform ance [101].

B .2  A  3—D Isoparam etric Solid  E lem en t  

B .2 .1  In tro d u ctio n

In th is  study, the le ft anel righ t hum an ventricles are discretized using 20- 

node isoparam etric solid elements [2, 37]. The a b ility  o f the element to  model 

curved boundaries, non-linear m ateria l arid geom etric behaviour is ideal for 

the problem  considered (set* F igure B . l) .  The Idiosyncrasies o f th is  element 

are discussed in deta il in [81]. W hen a num erical in teg ra tion  is perform ed 

over the ('lenient to ob ta in  the fin ite  element stiffness and geom etric m atrices, 

both reduced and fu ll in tegra tion  techniques can be used. However, fo r cases 

invo lv ing  incompressible m ateria ls, such as rubber and b io log ica l tissue, in ­

tegration o f the m atrices is perform ed w ith  a reduced Gaussian quadra ture  

rule.

B .2 .2 G e o m e tr y  /  K in em a tic  D esc r ip t io n

bet t lu ' parent dom ain be denoted by the b i-un it cube □ , denned by

□  : {(£>?/- 0  t  [—1,1] x  [ — 1 1 ] x  [—1 ,1 ]}. (B .2)
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(2x2x2) Gaussian Quadrature Nodal points i = 1,2,...20

F igure  H.1: A three-dim ensional solid element, showing the hi u n it m he  
(£, r / , 0  m apping in to  the physical (.r, ?y, *•) dom ain.
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fo r  an isoparainel ric 1 ransfonnat ion, one can define

x'- : □ -> .tf{ uf : □ -» Jft3, (13.3)

w h e r e  x ■ {,/• ,//,:;} and u =  {» . ( '.« ’ }. In troducing  the basis func tion  ap­

p rox im a tion , then

x' -  ] T  A '/ ( ^ / / .O x ; ( / ) .  ana u ' =  ;/, C)u'/(0-
/  i /  l

(B .4)

where x'j e f?,! and iV; 6 ■£'* for n ,n =  20. The standard quadra tic  isopara­

m e tric  basis functions. Ar/(£ . //. C)< <d the  corner nodes are

A/(^.//.C) - ! /*( l + £/£)(l + '//'/)(1 + C/CK6C + m v  + C/C -  0

for 7 = 1 . 2 , . . . .  8,

and at the n iids ide  node's

.V/(sc,r/,C) = 1/1(1 - ^ ) ( 1 + r / / / / ) ( l  + C /0  ^  / =  9,11,13,1?,

Ar/(C,//,C) -  1 / Id  + 6 0 d  ~ //2)(1 + 0 0  for 7=10,12,14,16,

•V/(C.//.0 = 1/4(1 + 6 0 ( 1  + / / / r / ) ( l - C a) for 7=17,18,19,20,

where (£/, ///, 0  =  ±1 )•
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B .2 .3 F in ite  E lem en t M atrices

Strain-D isplacem ent. M atrices: B and B
~  \7

The' m a tr ix  representation o f the linear stra in tenser is given by

A  C :

A c , , r

A c , , r  <1

A c : , , i r  .

‘2  A  c , 2

2  A  c , . <’ • +  I t ' , ; ,

. 2  A c , , I I , w  +

Furthe r, the  derivatives of the displacement, lie ld w ith  respect to  the 

dinates in  m a trix  form  is given by

M,.r I \ r  H \ r F t 'F t

I ' . U =  J  * I ' . , a ' ,  „

I I . : l \ :  ' I ' , : F t a ' . .

w hen' t he .lacobian o f transform ation mat rix  is defined by

•Ft ?/,t Ft

Ml If*1! "Ml

■A //,<

and the dete rm inan t o f J  is denoted by ./. A dop ting  the elemental.
'V

functions to  approxim ate the linear stra in  increment in terms ol t he 

displacem ents yie lds

A c  =  X  B /  u ,
* *  /V r "v /

/=1 1

where u 'E  w ith  n =  //,„  • n,/„/, is of the form

u f =  { u f }  =  {(« . r .  m)i |( a. i% w )2\ . . .  |(u , »/>)„,„ } ‘ ,

(  < X  ) | ‘

( H-r>)

basis

nodal

(H .b j 

f H.7 j
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w ith  ( i i . i ' . i h ) i  denoting the increm ental nodal displacement in the corre­

sponding d irection  at node / .  For the solid element, the num ber o f

nodes per e lem ent. i>f 7l =  ‘20, and degrees o f freedom per node. n,i0]  =  3, gives

n 00 The linear si rain-di.spiacement transform ation  mat r ix . B  € iR(>xn, is
~  L

leliiK (1 In'

h’a,r 0 0
0 hL 0
0 0

K .r 0
0 K , hi y

C 0 bi.T

w hen1

+  ' h : s w ith  x i €  { x , y , z } .

for /  1 ,2.........n , n.

Next., consider the non-linear stra in-d isplacem ent trans fo rm a tion  m a tr ix  

lo r the solid dem ent. 'I hen. re w riting  tin* derivatives o f the displacement, 

fie ld given in (H .h) in vector form as

" ~

"o-

> \r
i

"\.r

r -!l
_

C  I
<

«/
i ' i

»’.!/ i rr

bI^  I

i

w hen' B v as previously delined, and I  is the (0x3) id e n tity

mat rix .
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M a te r ia l  S tiffn e s s  M a t r ix :  K '
^  i

W ith  B  defined 111 sect inn (H .lf.ii) (he element m ateria l stillness m a trix  of 
~L

expiation (3.10) be'come*s

K ' =  [K ', ]  -  /  B r [ C ] l i  .
~ / *—v—' ,/n ~ /. ~ ~ /.

/( / I ( H .si

hixso

G e o m e tr ic  S tiffn e s s  M a t r ix :  K '

d’lie  eh'm ental geom etric stiffness m a trix  o f (3.10) expressed in terms o f B
\  l

is give*n as follows

K r =  fK',J =  [  B r {<r]B .
~  i l l  v — '  J a ~ M ,  ~  ~ . v / .

/ « / [ ( . ( B . O )

fiOxliO

Then, Tie stress m a tr ix , [er], in (3.10) has the form of a (Ox!)) m a trix  as

"h i I  " n i l  "ha I

tr| =  a 22 I  <722 I

s  i fm. "as I

B .2 .4 E x tern a l Force V ector

Consider the' externa l force* vex'teir to e-onsist o f the- ne*t eout rihut ions of the 

body anel surface* forees, then

F ' (" m -  f '  f  f '  . (M .IO j
~ h , „ l i /  ~ s i i r j
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B o d y  fo rce

I l i e  e l e m e n t  b o d y  Force v e d u > '  l o r  t h e  t h r o e - d i m e n s i o n a l  c o n t i n u u m  b a s e d  

e l e i n e r i l  is  l O V e l l  b y

-  1 / < N 'b  • / '/□ ,S i
lii) >■ 1

where 1) { b, . /.*.}1 are llie  components oi the acceleration vector. In

add ition . N  is a m a trix  o f basis functions erf the  form

N • • • A'/ I

For / 1 .2.........it,

S u r f a c e  F o r c e

The element surface Force vector for the three-dim ensional continuum  based 

element is riven bv

f ' iSi
.;o\ 1

1 \  fin >'J /  N Th , •/, d n . 
Jn ** ~

(B.13)

when is the determ inant o f the surface Jeeobian m a tr ix  and h.s is the 

surlace load vector (per u n it area in the current reference con figu ra tion ). 

Also. N  is the m a trix  o f basis functions as defined above. 'I le subscrip t .s 

refers to  the b i-un it cube face for which the applied load corresponds (ie., 

i  1 1 . / /  ■ d: I , or C -= : t l ) .  The determ inant o f t he surface Jacobian 

unit f ix .  , /s. is (hdined as

| | x . „  x X . J I 2 i f  £ =  ± 1

■Is x. , -  X  X  , i f  // =  ±  I >

x . J I j  i f  C =  ± l

when' 11 • | b  denotes the F.uclidean norm.
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S u r f a c e  P r e s s u r e

f o r  i h e  rase ' ’ l ien a surface is su b jec ted  to  a pressure load,  the  s u r l a r e  load 

v e c to r ,  h , . lx■comes

l i ,  p  i i .

w h e re  p  is t h e  e x te r n a l  p ress me exer ted  on a iace in th e  cu r ren t  reference 

c o n f i g u r a t i o n ,  hur t  her ,  t he co r r esp on d in g  out  w a rd  uni t  i i o n u a l . i l .  is i con 

by

w h e re  (£ , / / .  C) denote  i he  or t  hogona l  un i t  bases o f  t l ie c urv i l in e a r  sys tem.

B .3  A  3 -B  C ontinuum  B ased  Shell E lem en t  

B .3 .1  In tro d u ctio n

O r i g i n a l  d e v e lo p m e n t  o f  a l i ne a r  d l )  degeneral  e solicl e lement  to m o d e l  d o i i b b  

c u r v e d  shel ls is c re d i t e d  to  A h m a d  et al. [1], K x ie n s io n  to  t ie* non l i near  

regime*, w h e n *  I toth  g e o m e t r i c  and  m a t e r i a l  n o n l i n e a r i t i e s  are aceo i i n le d  for .  

has g e n e r a t e d  cons ide rab le  interes t a m i  a t t e n t i o n  ever  s ince ( (m e x a m p le ,  

[d. dS. 7!). 81 .  80. ('()]).

T h e  d l )  d egenera te  sol id e lement used in th e  ana lys is  is a non l i near  C "  

t y p e  shel l  m o d e l  w h i c h  accounts  for la rge m e m b r a n e  s t ra ins .  T h e s e  noth in  

e a r i t ie s  i n c l u d e  b o th  m a t e r i a l  (eg. h vpc- idas l  ic J and  g e o m e t r i c  ( f i n i t e  dh, 

p la c e m e n ts  /  rot ar ions)  ef feels.  1 he e lement  d isp lace mr  nt f ield is expressed
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in tc im s o f 1 hree global displacements ( a .  r .  i r ) arid 1 wo local ro ta tions ( 0 1 , 0 - 2) 

(sen Figure B.2). However, the inclusion o f fin ite  ro ta tions in troduces add i­

tiona l com p lex ity  since, unlike displacements, ro ta tions can not s im p ly  be 

added veeforia lly. In fact, ro ta tiona l increm ents are non-eom m ula tive  and 

tlie re io re  require special al tent ion.

B .3 .2  G eo m etry  /  K in em a tic  D escr ip tio n  

Shell Assum ptions

The underly ing  assumptions associated w ith  the statement o f geom etric and 

kin<" la tic  descriptions o f the (degenerate) shell e lement are:

( i) . The Jibrt s in the thickness d irection  an ' s tra ight and inextensib le.

( ii) .  Stresses associated w ith  the thickness d irec tion  arc* zero.

( i i i) .  The transverse shear strains an1 assumed st al l  (ie. no (h ill in g  degrees 

ol freedom are present).

The assumptions given in ( i)  and ( ii)  are consistent w ith  the classical 

M m dlm  /  Reissner shear f le x ib ility  theory for plates [93]. F u rthe r, assump­

tion  (i) seems to im p ly  that any change in  the shell thickness is not p e rm it­

ted, however, a com puta tiona lly  iner-‘m ental update procedure enables large 

m embrane strains to be accounted for [39]. Aiso, assum ption ( i i i)  does not 

exclude the m odelling of large membrane' behaviour in  the element io rm u la - 

t ion.

Before proceeding, it is useful to  define some common te rm ino logy associ­

ated w ith  the degenerate shell type  fo rm u la tion . Consider the parent element
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lie

(2x2x2) Gaussian Quadrature
(a)

Nodal points I = 1,2,...,8

/
(b)

Figure B.2: (a) A three-dim ensional degenerate shell element showing the 
b i-u n it cube (£, r/,C) m apping in to the physical ( , r , // ,: ;)  dom ain. (\>) He 
la tionsh ip  between shell o rienta tion  arid global coordinate system (at node
k).
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dom ain given by the b i-tind rube

n  : ^  [ - 1 , 1] x  [ - 1 , 1] x  [ - 1 , 1] } ,

which is mapped in to  the physical shell dom ain, see F igure B2. The  surface 

(£, //) for a fixed (  is called the lamina.  For the special case when (  =  0, the 

(dement m id-.surfact is given. Further, the shell element thickness is given 

by constructing  a position vector em anating from  the m id-surface. Th is  

vector if called the Jibn d irection  (or sometimes is .eferred to  as the  pscudo- 

norrnal  vector), and is iu t  in general perpendicu lar to  the lam ina . The 

above defin ition  of a pseudo-normal vector ensures th a t the  in tersection  o f 

shell elements cont ains no gaps or overlaps.

Shell C oord inate Systems

There  are three d is tin c t Cartesian coordinate systems adopted fo r the shell 

e lem ent, namely,

( i) . ( llo b a l system i. the fixed ('artes ian  reference system com m on to  a ll 

'dements defined at t =  0 , w ith  orthonorm a l basis ( e i , 6 2 , 6 3 ).

( ii) .  Nodal fibre system is a coordinate system constructed using the  fib re  

d irec tion  base' vector, given at each node I .  The o rthono rm a l

bases for the 1th node are defined by eJJ'1'*), see F igure  B2.

The t ransform ation between t he global and nodal fib re  coord inate  sys­

tem is given by

T in : ef  -»• e3.

( i i i ) .  Lam ina system is a local coordinate system constructed at each in te ­

g ra tion  point w ith  o rthonorm a l basis [e [ ,e i2, e l3), where e[ and e l2 are
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taken loca lly  tangent to  the curv ilinear lam ina surface o f the  physical 

shell (w hich corresponds to the (£ ,//) plane in the global coordinate 

system ). Further, <‘JA is taken normal to the lam ina surface, such that

4  =  K  x  /  I K -  x  K 4

where /  ||x^||-2 , and a,, - x,,, /  | | x , J j  .

A ls . the defin ition  o f a':1 is used la ter to invoke' the plane stress condi 

tio n  given in  assum ption ( ii) .  It is evident that (<i(r <‘.n) are not neces 

sa rily  orthogonal, therefore, in order to construct a unique o rthonorm a l 

lam ina  basis, ( e [ , ef,) ar(' ehoseui to  be- as cl<»t as possible' to  ( e , , e,,) 

respectively, as follows [39]

4  =  { ( ! „ - ( ■  a ) /  | | « „ - f t , , | | 2 ,

4  =  (e „ d • /  ||f i„  + c’p ||j ■

wliere ea and et) are de'fine'el as

ef, = (fi4 + cj„) / |K+c\,| |2,

e fi  =  ( 4  x « „ )  /  | | 4  /  e „ | | 2 .

T ransfo rm ation  o f vec lo r/tenso i quantities from  the* gleebal, e/, te> Ioca.1, /, 

coord ina te  system is perform ed using the ortJmgonal preserving transform ;* 

tio n ,

T " ' : c !l —> a 1. ( B . M )

G e o m e try

Consider the  quadra tic  shell element w ith  thee reference surface taken, at miel 

surface (ie. (  =  0). Then, m apping the bi-unit, square in to  the rniel surface-
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o f the physical dom ain as follows

S  =  j o  : -»• ift* | =  jC  A h ^ .tO  A / j  ,

where the b i-unit square is given by

□„:{(£,//) G [ - l . l ] x  [ - 1, 1]}.

The standard cpiadral.ic isoparam etric basis functions. A"/(£ ,//), are define-.1 

at the corner nodes as

NA^n)  =  i / H i  + 6 0 ( 1  + n i ,n (ZIt  + TWi -  l )

for /  =  1 ,2 ,. . . .1 .

and at the m idside nodes as

A’/(£<>/) =  i / 2 ( l  - f ' 2) ( l  + V i v )  for 7 =  5,6,

N A ^ r i )  =  1/2(1 + M ) ( \ - V2) for 7 = 7 , 8 ,

where (£ /,///  =  ± 1 ). By re ferring to  the three-d im ensional so lid  element, 

given in section (B .2), the nodal coordinates corresponding to the top  (£ =  1) 

and bo ttom  (',' =- — 1) surfaces may be denoted by x (/ p and x b/ ?t, respectively. 

Then, one may w rite  the geom etric representation for the  shell e lement in  

term s o f t he m id-surface and coordinates ( x / 'p,X ;o() as

A lte rn a tive ly , the above equation can be expressed in  term s o f the  pseudo­

norm al base' vector em anating from the I th node w h ich  defines the fib re  

d irec tion , as
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where « / is the shell thickness in t i e fibre d irection . For t in ' k inem a 'ic  de 

serip tion  of the shell, it is useful to introduce' a nodal (lib re ) coordinate' sys 

tern w ith  an o rthonorn ia l basis delineei w ith  respect to the' global eeiDintinat<> 

system as

<4m  = e*',"'' -  x'; ') / 5c'; ' | | , . os.no

j  i ' iC1

For the case when is paralle’ l to e2 (ie. eo), the global base

vector e>, is replaced w ith  C\.

K inem atics

For each nodal coordinate, then ' are' five de'grees o f fre'edom (1)01*'): tlire'e 

(g loba l) translations { u , v , i r }  at, the mid-surface' and two (loca l) ro tations 

{ 0 i , 02) about the fib re  base' ve'ctors and respect,ive'ly. Therefore,

the ineremenital displacenie'nt ve'ctor for t his eleme'iit. can be writ,ten as

u f =  {u(;} =  ,

(15.17)

where n t:n =  8 is the nuinbe'r o f node-s per ('lenient.

In  add ition , the to ta l and increm ental displace'tnent field can be repre 

sented as the  difference between (i) the orig inal and current configurations 

( t c, —> /), and ( ii)  the current and updated configurations (/ > I. I /■./),

respectively, th a t is
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Then, t he respective displacement field for the element using ('([nation (B . lo )  

becomes

In (‘([nation (B .19) the thickness param eter, W, is held constant tor the 

durat ion o f the load stop to  avoid in troduc ing  any num erica l in s tab ilities . 

Hence, the corresponding nodal thickness updating  is perform ed at, the end o f 

each load step [.’58] and is consistent w ith  assum ption ( i)  m entioned previous­

ly. Whereas, for equation (H. 18) the Ihinning effect due to f in ite  membrane 

stra ins is accounted for by considering the net change in shell thickness at 

each node.

For num erical im p lem enta tion  purposes, the term s in  parenthesis in  equa­

tions (B .L r>) and (B .19) invo lv ing  the pseudo-normal vectors w ill eventua lly  

need to l>e expressed in  terms o f nodal rotat ions. Therefore, an appropria te  

d irec to r (ro ta tion ) vector updating  scheme for f in ite  ro ta tions is exam ined.

B .3 .3  F in ite -r o ta t io n s

As m entioned, fin ite  ro ta tiona l increm ents cannot s im p ly  be added vectori- 

ally. Hence, to account for fin ite  ro tations due to  bending, i t  is convenient 

to  consider the m otion  o f the d irec to r (ro ta tion ) fie ld as a vector t  w ith  one 

end point at the o rig in  and the o ther point m oving along the u n it  sphere S ’2, 

such that

£  (tV/(£,7/) uo/ +  £ ( ;a 
/ —I I L

;= i I L “

f + A l  . / ( / )  _  1 J [ I )
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I t  is also useful to define the corresponding tangent space as

T S 2 -  { A t 1." | t • At. ()} .

For a geom etric description of the m otion of the d irec to r field see F igure B .T

In  general, the  fin ite  rig id  body ro ta tion  of a first order tensor, /, about an

axis is given by

t '  =  Q t„

where Q  is a proper orthogonal (PO) second order tensor, such t hat

PO =  { Q  : -+  >#’ | Q 7 =  Q - 1 and del. Q  l }  .

T he  orthogonal transfo rm ation , Q , may be represented as the exponentia l 

m apping [81], given by

Q  =  ( .rp[C-)} -  Y > :> ) 7 / 'K  
/ !  =  ()

where the tangent space to PO, denoted by T P O , contains the set o f skew 

sym m etric  tensors defined by

TP O  =  > R:i | 0  | e ' 0

where t: .rp [0 ]: TP O  —» PO. A lte rna tive ly , the exponential map may be ex 

pressed as [81]

rA ,   T . sin | [ A 0 ||2 - l -  '-os I IA 0 IIa - 2

rJ?p[ ] | |A 0 | |2 | |A 0 j|.j
f 11.20]

and || A  0 | | ‘2 =  yfOj +  i)\ +  02 is the angle between f t , t 'J  w ith  an axis o f 

ro ta tio n  para lle l to  ( t  /  A t ) .  In add ition , the in fin ites im a l skew ro ta tion
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TS

Figure B.3: A geom etric description o f the orthogonal trans fo rm a tion  fo r 
lin ite  ro ta tions in 3-1) space about an a rb itra ry  axis para lle l to  ( t  x  A t ) .
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m a tr ix  has the form

0 - f h
(h t) - lh 11F21)
O, (h 0

6

The  im portance  o f the above exponentia l map is tha t it enabh s t in ' m apping 

o f tangent vectors A t  £ 7’ s'2 onto jo in ts  in S2.

For the  case when t  corresponds to the pseudo-normal vector o f the 

nodal fib re  tr ia d , the (local) increm ental ro ta tiona l degrees of freedom are 

given by

A  0

Therefore, using t in 1 exponential m apping form ula to update tin ' nodal lib re  

tr ia d  i £ {1 ,2 ,3 }  for the local D O F ’s o f configurat ion n at t he l " 1 node

yields

K '> }
3x1

i+ 1
1 — <)2 02 2 (J'2 0102 (J 1 02

<h0i02 1 --<J20X2 -r/,0!
— U\V\ 1 <h T !" 1 ()■/)

(11.22)

where

91
s in | |A 0 | |2 

i|A6>||2 ’
01

II A 0 | | 2 =  - / ( h 2 +  0 2 2 .

cos | | A 0 | | i  

| | A 6 ) | | 2

As | |A 0 | |2 tends to  zero, the in fin ites im a l re la tionsh ip  yields <j\ 1 a iu l

g2 — 1/2. Therefore, for small  increm ental angles (ie. | | A ( 9 | | 2 0 .0 l j  the

firs t and second order !,pproxim ations for the orthogonal ro ta tion  u a.trix
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become*

Q 1+0

Q =.- I + 0  +  i ( ^

B .3 .4  L am ina S tress and S train

l'^o rde r,

2 "Jorder.

Referring to the shell assumption ( ii) ,  which states that the norm al stress 

is zero, rr!, =  0 , it  is convenient to express the s tress/stra in  components in  

term s o f the local lam ina  coordinate system as

A  <rl =  C l A  e l , 

when* the linear part, o f the lam ina stress and s tra in  vector a’-e given as

A  (T

w h e re  ( i/ , ,e ', ;c ; ) are the displacements in the local ( x l , y l , z l ) d irections, 

respectively. The above defin ition  o f the increm enta l s tra in  neglects the ca l­

cu la tion  of the norm al st rain component Ac.33 . However, i t  can be recovered 

by u tiliz in g  the  cond ition  th a t =  0  as follows

Arr'n A q i  1 f 4
A 4 A -2 2 4
A rr{2 > , and A  c l =  < 2 A 4 ► =  < +  i i
A 4 i 2 A  , i,L  +  «’{„

. A ^ u  , s--
- tc 0 -r-!
U

A i MS ( £ 4 , , ,  a  4 /

V+l

w
•'3333 • (B .25)

The const it ut ive equation employed is expressed in  term s o f the local (lam ina ) 

coordinate system to  enforce the zero norm al stress hypothesis.
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The local derivatives are obtained from the global derivatives o f displace 

m er.ts (», c, w) using

r  m - " 's  “ ’I r l

ii

,H
i

».j- r ..r 1

"!.v u \ , ,

i i  “ i  \

rjv/i ^ ( H . *.’ (>)

where T ';i is the transform ation  m a trix  delined in equation (11.11). The 

derivatives o f the displacements w ith  respect, to the global coordinate- system, 

are obta ined in the same manner as the solid ('lenient- using equation (11.5). 

To obta in  the  lam ina quantities, the global to lam ina orthogonal translor 

m a tio n , T " (, is u tilized  as follows

J(T, 7 \'/i 
M k 1 j l ^ k h

f l    rt ' ! l l  rn ! l l ri ' ! l l - i  ’>1 r
^ i j k l  im * j , i  * Ip 1

B .3 .5  F in ite  E lem en t M atrices

" / * *

(11.27)

(11.2*)

S t ra in -D is p la c e m e n t  M a tr ic e s :  B  a nd  B
~ N 1 ,

A linearizc'd d isplacem ent field used to calculate- the  st iffness m atrices is given 

by

u ' = £  w e o
i= i  I

where the pseudo-normal vector is approxim ated by

}>. (11.2!))
J

l + A t  1(1)  t S B )
( - : i  ~ 0 - / c { (' > - 0 Y a r .

Proceeding w ith  (11.29), the derivatives o f the displacement field w ith  respect  

to  the  local cu rv ilinea r coordinate system (£ //,£ ) are

,(H.:50)
ji

t

- y e n c - i " ’ ( -I  ]

^i.r/ =  £ Xl,’l - " - t w A l ' 1 1  » (  ■

1=1
0 %N,',{!'> 1 H .
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whe re  (‘ { I ! 1 refers to llie  i >h component o f fibre base vector i n  at node / ,  

and u, <; {//,<%//>}. ( d tim a le ]y , the derivatives o f the displacement fie ld are 

expressed in term s o f the global coordinate system ( x , »/, ~), and are obta ined 

by pre■ m u lt ip ly in g  (lb.‘50) by the inverse of the Jacobian m a trix .

A dop ting  the element al basis functions to  approxim ate the (g loba l) linear 

stra in  increment in terms o f the nodal displacements yields

Htn
A  e =  Y  B / uf 

/=,

= t  K i b ' ] ,
7=1

U

01

The linear strain-displacem ent transfo rm ation  m a tr ix . B  € w ith  n =
~ L

i i ,  „ ■ i:,i,,f. is [)a rtitioned  in to  its trans la tiona l and ro ta tiona l con tribu tions  as 

follows:

T rans la tiona l component

bY 0 0

0 0

0 0 bL

bL j bL r 0

0 bL

K , 0 c

where

K,.v, ~  -A i'A /g  +  •f,2 l l ° r  .r, G {.r. //.
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R ota tiona l component

K k

nl r»/lM'V . ,r C 2 -

-hl <>/{,)  
j i  (j t n

b‘ e fU)'V.J ( l r

< A n
>4 M {,)

where

=  e /  [C(<A'il iV /.C +  ■ft2l ^I .n)  +  l ‘ >'- A  * {•'■.//. ' !'

For the  shell ('len ient, t in ' num ber of nodes |x*r e lem ent, S, and decrees

of freedom per node, n,i0j  — r>, gives n — 10.

N ext, consider non-linear stra in-d isplacem ent transfo rm ation  m a trix  for 

the  shell element. Then, re w riting  the derivatives o f I lie displacement held 

given in (B .30) in term s of global coordinate's yields

"a - ' 0 0 - / /  e ; ( , ) lyl
,/(0 
' 1 I'

fV 0 0 - / /  e / ( , ) ,/(<)
' 1.7

0 0 - h 1 e / ( l )  ' h i , , * ‘ 2 ' 1, / -1 » /

n,:n h L 0 0 - b ‘  c / ( ! )l i .i l  2.v -1 - 'V

Ay =  E 0 0 _f j  ( J ^ ) ,7(0
1.7

/ / ip

"A ,
7=1

0 0 - b 1 e / ( , )O0 2.7 -I •

U ,Z f 'L 0 0 -T<d
°t l .  2 r ■i.r , H

r . 0 0 - b 1 r f U ) J ( i )
- \  7

H U 0 0 - b ‘  <‘ J U ) -I /

b t f 4 v ,

where B  £ A lso, b[ and hi are as previously defined.
~ . V L  ’

I » /!
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M a te r ia l  S tiffn e s s  M a t r ix :  K '

W ith  B  defined in section (B .3.3), the (‘lenient mat (‘ria l stiffness m a tr ix  of

quation (.‘5.10] Becomes

K '
-1 0 / 1 0

B r [/:]B  .J<K<lns. 
/ □ .  J - l  ~  I, ~  ~  L

(B .32)

G e o m e tr ic  S tiffn e s s  M a t r ix :  K '
■ nl

The elemental geom etric stiffness m a trix  o f (3.10) expressed in term s o f B  

is giva n as follows

k ' .  =  [k ;,,j

- NL

' „ l
B  O f f jB  JdCr/D .
~  N L  ~  ~ X L

10 x ID

Then, the stress m a trix , [<r], in (3.10) has the form  o f a (9x9) m a tr ix  as

<r\

,Tn  I  ^12  I  I  <■**

T2 2 I  VX\ I  

Si/ni. "̂.aa I

where I  is the (3x3) id e n tity  m a trix

B .3 .6  E xtern a l Force V ector

Consider the external force vector to consist o f the net con tribu tions  o f the 

bodv and surface' forces, then

y (u't) f' + f' + f'
^bih i y  s a r f  ^ ( d(}f:

B .3dv

B o d y  fo rc e
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The element body foree vector for the continuum  bast'd shell element is 

g iven by

f  -  = f  / '  p N r h ./</<,*</! 1.,, (Ibdr,)
~IK„{V ./□, ./- I ~ ~

10 x  1

where b =  { b a rr the* e’omponent.s o f th<' acevlorat ion vector. In 

a dd itio n . N  is a m a tr ix  o f basis functions, in the form

A7  0  0 - w W J n '■j C eV| ( { j 11

N  = 0  iV/ 0 - W i 4 l n i f C A > r

0 0  N, nK ^ i e \ U) i

fo r I  =  1 , ‘2 , and bntJ-, as defined in section (B .ibb).

S u rfa c e  F o rce

The ('lenient surface force' vector for the continuum  based shell element 

is give'll by

f '  =  {f: V “rJ =  I  N 71i.s ./, e/U_ . ( IU T )
^sur j   ̂ ~ ~

K J x  1

wlierre ./, is the' determ inant o f the1 surface .Jacobian m a trix  anel h , is the 

surface load vector (per u n it area in the cum -nt reference configurationJ. 

A lso, N  ’ the m a tr ix  o f basis functions as dedine'd above'. The subscript. ,s 

refers to  the face' feu which the applied load corre'sponds (ie., (( { I, \ 1 }).

T he  de te rm inan t o f the surface' .Jacobian m a tr ix , J„,  is give-n bv

./, =  I)xg X x ,rJ |2 for C d 1.

where |j • H2 denotes the Ivuclielean nenin.
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S u rfa c e  P re ssu re

For the  case when a surface is subjected to  a pressure' load, the  surface 

loarl vector, h .,, becomes

h , =  -  V

where p is the external pressure exerted on the lace £ =  ± 1 . Further, the  

corresponding outward u n it norma.], n , is given by

where (£ ,//,£ )  denotes the orthogonal un it bases o f the  cu rv iline a r system. 

E dg e  F o rce

■10X1

w hen' ,/, is the determ inant o f the edge Jacobian m a tr ix  and h t is the edge 

load vector (per u n it area in the current reference con figu ra tion ). A lso, N

is t ht' mat r ix  of basis functions as defined previously. The  subscript c refers 

to the edge o f the b i-u n it square for which the applied load corresponds (ie ., 

£ — { — 1,4-1} or // =  { - 1 ,4 -1 } ) .  The determ inant o f the edge Jacobian 

m a tr ix , J , , is given by

j  =  |  l|x .„ x  x ,f ||2 i f  £ =  ± 1

I  j|x,* X  x ,c 11-2 i f  r/ =  ±1

where || • ||2 denotes the Euclidean norm.

l i  = ±(c?€ x e„ )  /  ||c€ x fo r £ =  ± 1 ,

The element ('dg(> force vector for the shell element is given by


