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Supervisor: Dr. J.B. Haddow b

Abstract

It is well known that physiclogicai problems occur when pilots are sub-
jected to moderate-to-high +(7, accelerations. The goal of this research is to
develop a quantitative model that provides additional insight into the adverse
effects of (7. accelerations on a pilot’s cardiovascular system. The method
of investigation is in contrast to previous studies, which have mainly relied on
experimental techniques,

This work focuses on the development of a three-dimensional finite clement
model to analyse +(7, induced stresses in the human left and right veuntricles.
The computational model is based on non-iinear continuum theory, where the
effects of finite deformation, irregular shape of the heart, and (nearly) incom-
pressible hehaviour of myocardium tissue are taken into account. The finite
clement formulation is developed using the Galerkin weighted residual method
with a penalty treatment of the incompressibility condition. In this study, an
exponential type strain energy function is used to model the cardiac tissue.

This technique provides a new perspective for the mechanical study of 4.
acceleration on the human heart. Results presented demonstrate the ability of
the finite element model to provide quantitative data on the effects of grav-
itational loading on the cardiovascular system. The analysis predicts gross
distortion and stress data for the human heart under sustained exposure to

inertia loading up to 45 (7,.
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Chapter 1

Introduction

The ongoing development of high porformance aireralt capable of providing
substantial positive accelerations (4(67.) has created the need for a hetter
understanding of the physiological responses that can affect a pilot’s judg-
ment. The term 7. (positive () commonly used to denote inertia {forces
thai act along the vertical axis of an upright body. Effectively, these forces
cause the heart and other body parts to displase downwards, inducing an
clevated stress state.

Fxperimental investigation has Leen the principal mmethod used to study
the physiological changes associated with a pilot’s exposure to moderate to
el 17 aceelerations. These experiments ace designed in part to simulate
i light aceeleration conditions that can occur during aerial combat ma-
nocuvres or cmergeney situations.,  From experiments conducted in a safe
environment using a centrifuge, the average blackout level observed for an
unprolected individual is between 3.5 to 1.0 (7. . When fitted with an anti-G
suit and using straining manocuvres (muscle wosing with controlled breath-
ing) a pilot can often attain +9 (7, for a short daration [5, 10, 11]. In future,

with improved prevention of pathological effects due to +(7. acceleration
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and increased perfortiance of power finhtes atvcraft, combat manocuveing in
excess of 49 (0 may be attainable without G OU (Joss of conscionsness)
[7, 59, 971

Physiological responses to 407 accleration range from the less severe
tenporary loss of peripheral vision to waconscionsness and. in very soevere
cases, possible damage to heart tissiue, For safety reasons, there iz particnlar
interest in the effects of 67 inertia forces on the vardiovas: alar sy fem (sec
[6. 17, 55]). Consequently, envated stress levels i the vasenlar die to high
407 loading have attracted the attention of researchers {eg. {51000, 8.

I such research, high - loading has boen associated =ith abnormalivies
of the electrocardiogram in man {51}, as well as sub endocardial haemorrhage
and pathological changes of the myocardial tissue in animals 75)0 Thougl
most researchers have assumed that isenemia is the cause of tissne damape
in animals sul jeet to high 467 loading conditions {87, detaded nathological
examination of swine has indicated teanng of the heart libres rather than
damage consistent with a hypoxie or ischerie insult. 1t = probable that
the observed damage is due to the high stresses and strains cesniting Do
a combination of 1) high 4/, loading acting dire-tly on the heart fibres,
i1) elevated hydrostaiic pressures in the vasenlature, and i) stresses from
normal contraction ol the heart.

Naturally, these 1eports of endocardial hacmorrhaging and mvo librilla
degradation in swine undergoing high sustained ¢/, acecelerations raise qgues
tions regarding the possibility of cardiace tissue damage in i subjected
to similar +¢/. forces.  Non-mvasive cardiological techniques nsed during
experiiments on hnmans seem too insensitive to provide saflicient data to de

termine the presence of any localized cardiac damape. Consequently, there s
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tneed Tor a compntational model to prediet stress levels in the human heart
ander high + (7 accelerations. In this study, such a model capable of provid-
ing additional wmsight into the effects of +&7, induced stresses on the haman
heart is developed. The compitational moder . based on the finite element
method where the effeets of finite deformation for an incompressible elastic
material are accounted for.

The study details the developrent of a finite clement model to detevmine
the stress/strain state of the human left ventricle (LV) and right ventricle
(RV) wivocardinm during, sustained +¢/. acceleration. Whereas in previous
studies, linite element models of the heart have considered only the passive
diastole and active systole evelie responses of the left ventricle in a normal
(4G ) envivonment (ep. [S022,0230250 28,30, 31045, 48, 64 65,67, 98, 16GY]).
The flexibility of the finite element method to deal with complicated shapes
and account for the effeets of materiai and geometrical non-lin-arities makes
it an iveal technique to study the stress/strain behaviour of the heart. In
addition. with the advent of computer-aided tomography ava data imaging.
an aceurate geometrie reconstruetion of the heart is possible [1. 15, 76].

The heart wall is composed of continuous intertwining myoc-rdial fibres
foHowing a helical path through the wall thickness [88]. The arrangement of
the myvocardial libres, which form spiraling baads of musele resulting in an
intricate webbed structure across the ventricle wall, is depicted in Figure 1.1,
I'hese complex fibie bundles form the left and right ventricles, In essence, the
heart wall behaves as a non-linear anis ropic composite material [63]. In the
literature sotme data on the properties of heart tissue is available [56. 69, 72].
In addition, there exists a number of promising constitutive rvelationships.

relating stress to strain, for passive myocardium (see [Lio 35,0 120 13, 11,
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Figure 1.1: A Schematic drawing depicting an excised throngh thickness see
tion of the human ventricle: (a) Showing the distrilittion of the endocardinm,
myocardium, and epicardinm of the ventricle wall with supporting pericar
dial sac. (b) The arrangement of the myocavdial fibre bundles, where the
angle of orientation, a. gives the smooth transition of the fibre direction and
is measured counterclockwise from » in the local axis system (u, 0, w),
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56, 62]). 1These relationships are based on a pscudo-strain energy function,
which represents a best fit for experimentally collected material data, Tt
is. therefore, hoth feasible and desirable to incorporate such a constitutive
relation into the finite element model, Further, to ensure a realistic model
for the analysis of 4(7. indured stresses in the human ventricle myocardium,
consideration of the structural interaction of the surronnding anatomy is
desirable. Since under severe 467, loading conditions the ventricles undergo
signific i deformations, it is expected that lead transfer occurs between the
heart and supporting pericardial membrane [95].

In Chapter 20 the theoretical foundation on which a computaticual model
for the determination of the stress and strain state in the ventricle myocardi-
um during sustained 4+, acceleration is presented. The model utilizes the
finive element technique (Chapter 3) where the effects of finite deformation,
non-lincar material behaviour, ana the irregular shape of the heart are ac-
counted for. Fmphasis is placed on the incorporation of a realistic constitu-
tive relation into the finite element formulation, A further deseription of the
geometric reconstruction and modelling considerations of the human Leart is
given in Chapter 1,

In this work, a special purpose computer progran. is developed in- house
for the non-linear analysis of the human ventricles subjected to 467 inertia
forces. This approach lends itself to an casier process of model refinement as
improved analysis techniques are developed and new material /physiologica!
data becomes available. A discussion of the non-linear finite element soft-
ware package developed for the analyv:is of sustained 4. induced stress in
the human LV and RV myocardium is given in Chapter 5. The finite ele-

ment soltware package is designed and implemented using C. a structured
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programming language [19]. Alse. the convergence characteristios and pre
dictive capabilities of the model are discussed, and computational verilication
of the software is assessed numerically using a series of Lest probletas. Phese
problems contain both linear and non-iinear geometrie (finite displacements
/ rotations) and material (incompressible) effects, Comparison of muneri
cally genorated results with closed form solutions and/or experimental data
of other rescarchers is included when available, In addition, an interactive
three-dimensional (3D) graphical mod-Her written in C using PHIGS graph
ic library routines [89] is also disenssed in Chapter 5. The graphieal modeller
with colour capabilities is considered unperative for the visualization ol the
3D heart model during construction and, most importantly, for the post pro
cessing of the vast quantity of stress and displacement data fnoa pictorial
format.

In the futnre. it should also be possible to compare numerically generated
geor ofrie responses with those measnred experimentally using, ultra sound
unaging technijques in a centrifuge [11]. However, when experiments cannot
be justilicd due to safety considerations, the computational model can pro
vide valuable quantitative (gross distortion and predicted stress) data on the
effects of +(7, induced stresses in humans (see Chapter 6),

Though the task of performing a realistic simulation of the cardiac re
sponse under sustained +(7. acceleration is an enormonsly difficnlt one,
progress over the past two decades in both cornputer and medical technology
has reached the stage where a sufliciently accurate computational model of
the heart can now be developed. The computational model deveioped can
be nsed to facilitate the ~ollection and analysis of experimental data, pos

sibly aid in the design of new experiments. and provide useful information




/. Iulmrim'tiuuﬂ - 7

unattainsble experimentally. While many questions remain unanswered, the
progress intcited will hopehuiy provide the stimulus for future numerical

stidies,




Chapter 2

Theoretical Formulaticn and
Development

2.1 Introduction

The non-linear geometric and material behaviour ol the human heart de
forming under sustained (7, acceleration requires careful study rom both
a theoretical and computational standpoint. In this chapter, theoretical as
pects of the problem are presented which subsequently provide the founda
tion for the finite element computational model, Further, a statement of the
linearized weak or variational form of the governing balance of momentum
equations is presented. In addition, the rate form of these equations are
given for comparison purposes with their lincar counterpart. Furthermore,
special attention is given to the incorporation of a realistic incompressible
hyperelastic constitutive relation into the cardiac material maodel.

In order to develop an effective solution procedure to solve this com
plex problem, many state-of-the-art computational techniques are employed.
From a theoretical standpoint, it is essential that the following issues are

incorporated in the computational model:




2. Theoretical Formmulation and Development 9

(i),

It is necessary that any systematic linearization of the weak or vari-
ational form of the bale o of momentum equations agrees with the

corresponding rate form,

The use of an objective measure of stress-rate and deformation te en-
sure that certain physical quantities are independent of the choice of

obscroer 31, 61].

A valid method for stress integration of rate equations (ie. incremen-
tal updating of stresses) that maintains ineremental objectivity in the

presence of finite stretelios and rotations [41, 68).

Incorporation of a realistic incremental hyperelastic constitutive rela-
tion to model the incompressible behaviour of passive myocardium and

pericardium.

The ability to handle non-conservative or deformation dependent load-
ing. In particular, the blood-volume in the left and right ventricle
chambers of the heart exerts a hydrostatic surface pressure on the ven-

tricle endocardium, which is a non-conservative external force.
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2.2 Kinematics of Deformation

Consider a simple deformable body, B. occupyving o region B in Fuclidean
space £, where B C & with a body particle given by X ¢ B. The body is
initially unstressed in the natural couligaration at time ¢ - 0, and is denoted
by B°. Let B" represent the referential contiguration with X denoting the
position vector of the particle X. After the body undergoes o deformation, it
occupies the current configuration denoted by BY, where the particle X now
has a spatial position vector x. One may note that the referential confignra
tion may or may not correspond to the natural configrration of the bod, at
t = 0 (see Figure 2.1,
Mathematically, the deformation process can be represented by the one

to-one and onto (invectible) mapping x: B —- 13, such that
x = x(X.,{). (2.0

Assuming the same origin for X and x, the motion of a particle can he written

as
x = x(X,) = IX +u{X,1), (2.2)

where u is the vector displacement of the particle and the identity tensor,
I, is used to denote a two-point. shiftor relating vectors in two rectangnlar

coordinate systems [18]. Alternatively, in component form
ro o= Xty = 6, X, + (X, 1), (2.3)

where i, € {1,2,3} and é,, is the Kronecker delta. 'The lower case Latin
and Greek character indices are used for the Cartesian coordinate system

components in the spatial and referential configurations. respectively.
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Figure 2.1: A sketeh depicting the natural B, referential BT, and spatial B!
conligurations of a body undergoing a Jeformation. Also, elemental surfaces
dU" and dv with surface tractions TN = TT N and t* = o7 n are shown in
the referential and spatial configurations, respectively. The origin O is ased
to define the global frame of reference.
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The deformation gradient of the body, b7, is a second order (two point)
tensor given by

N

= X S O e, ), v
F Vi X ot O\ (€ E) (=.h

where 7, denotes the gradient operator with respect te the reference conlig
uration and e;, E,, are base vectors in the spatial and relerential conligura
tions, respectively. In addition, the displacement gradicul, lenoted by D, s

given by
D = \VARSER P -1 (2.h)

where I is the unit tensor.

In the analysis, the soft cardiac tissue is modelled as an incompre sible
solid canable of fiuite deformation. For an isochoric deformation process
the total rave of change (or material derivative) of density is subject to the
‘onstraint

1)/)(};;1)

—— = . 2.6
Di (=.6)

Noting that F is non-singular, a volume element in the deformed spatial

configuration, da, is given by

de = detF Y, {

g4
-1

where d§2" is the element in the reference configuration.  Also. [rom mass

conservation
p= detFop, (2.8)
where p is the density in the spatial configuration, and

J = dF > 0 Y oir o). (2.9)
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("The superseript r is used to denote the referential corfiguration.) For the

isochorie hehaviour of the soft biological tissue,
detF = L (2.11)

In addition, it is convenient to deiine the velocity, v, anc velocity gradient,
L. of a particle as

()
vix.) = SNXD) = %X, end L= gov, (211

where (7 denctes the gradient operator with respect to the current configu-
T
ration. urther, the velocity gradient can be decomposed into a symmetrical

and anti-symmetric part, respectively as
L=d+w. (2.12)

In particular, the symmetrie part corresponds to the spatial rate of deforma-
lion tensor

1 "
d = S(L+L"), (2.13)

<

and the anti symmetrie part *s the spatial spin ten<or

w=~(L-LT"), (2.14)

N} o—

where superseript 1 denotes transpose. Also, a useful relation for the time-

rate of the deformation gradient, F, is given by
¥ =LF. (2.15)

In order to develop a finite element methodology for the problem con-

sidered, either a Lagrasgian (material / referential) or Eulerian (spatial /
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current) approach is adopted. The case where all variables are referred o
the unstressed natural conliguration at + = 0, say B, is termed the [otal
Lagrangian method. In this work, the reference confignration is chosen to
move with the change of geometry of the body, B, and correspouds to the
most recently known configuration. This approach has been termed the Up
dated Lagrangian method. Both of these approaches can be shown (o be
mathematically equivalent; however, either may possess some computational

advantages over the other depending on the problem under consideration.

2.3 Strain Measures

The deformation gradient, being invertible, possesses a polar decomposition,

which is unique and defined by
F == VR = RU, (2.16)

where R is a proper orthogonal tensor, and V (U) are the symmetric positive

definite [« ft (right) streteh measures. Alternatively, in component form
F — I'Viuc{ ) En - "’,”,1".1”(!, o E'! l')ut{”m.(ﬁ Evn'

It is also useful to represent some common deformation tensors in terms of
the deformation gradient. that is, the left (vight) Caucliy Groen delormation

measures A (C) defined by
A=V =FF', aad C = U F'F (2.i7)
Associated with these tensors are the principal invariants, [, for i {1.2.3).

L = rA = IrC,
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I

*)

~

[,  det A = det C, (Incompressibility : Iy = 1)

[(1r A)2 —1r A*] = 1{(/;- Cy—tr C%. (2.1%)

S

I,

where [ denotes the trace,
One can express (Lagrangian) Green's strain, E. 1o terms of the right

Canchy Green deformation measure as

E = Sc-1) (2.19)

9
Alternatively, the (Kulerian) Almansi's strain tensor. €, expressed in terms
of the inverse left (fauchy Green deformation measure is defined by
I -1 g
e = S(I-A7Y) (2.20)
Irom equations (2.19) and (2.20) the relationship between the Lagrangian

and Fualerian stiain tensors i given, respectively, by

E - FleF. and ¢ = FFTEF !, (2.2

2.4 Balance Laws
2.4.1 Conservation of Mass

I'rom the conset vation of mass flow

D

e — 9 99
D7 s p(x, t)da 0. (2.22)

Applyving the Reyvnoid’s transport theorem and the divergence theorem to

cquation (2.22) vields

» )
/ [(_p + (li\'(pv)} doe = 0. (2.23)
Jue | Ot
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and since the domain B is arbitrary, the integrand must be zero evervwhe e,
This integrand is often referred to as the continuity equation, and can he

rewritten as

p
otV bpvey (.2
{

or in terms of the material derivative of the density, Dpgx 0/ 1 as

1 - 9 v o)
e N AV ' : . (:...;)
DI v,

For an incomipressible meatertal, as is the case with solt cardiac tiseae, equa

tion (2.6) imphes that the divergence of the veloeity field is zero. ic.

divv == 7-v 0, (12.26)

which eflectively becomes the continuity condition lor an incompressible ta

terial.

2.4.2 Conservation of Momentuin
Spatial Form
The balance equation for tie linear momentum of a bodv is equated to the

vector sum of the external forces acting on that body

DY ./,« pbilu | /'“', Ui, ()

where b(x.1) is the hody force per unit mass, and t™(x. /) 15 the sorface

traction on part of the boundary. denoted by a8, such that

oln ~ t"ix) for x ¢ OB, (2.25)
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where a s the Canchy (1re) stress tensor, The position, x. can be preseribed

o the pirt of the boundary, denoted by 9B as
X X lur x € OB, (2,29,
with the following initial conditions
ul X.0) u(X)., and v(iX.h = vi(X). 2.30)
Furthermone,
OB OB IR’ and B! a 3 = O,

By irtroducing fevnold’s transport theorem and applying the divergence
theorem to the lincar nomentum equation. equation (2.27) bhecomes

[ Dv . X
/I [’)l)lv ~pb - divel du o= 0, 2.31)

wheredive {7 - ol - o Noting that the integral must vanish for

an arhitrary region of B awd. veplacing Dv/ Dt by v the Eulerian cquation

ef motion can be written

e,

dive t pb = pv. + ph, = pr.. (2.32)

‘('l.z'_,
For the spectal case of a hoay at rest or undergoing uniform translational
motion, equation (2.32) is referred {0 as the equidibrivm cqualion with the
rieht hand side hetvg, zero,

vurtherne reg from the law of conservation of angular momentum, the
I

Cauchy stress tensor is symmetrie in the absence of body moments. o' = o,
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Material Form

Using equation (2.7) and noting the Kinematic relationship hetween a current

atd reference ciemental surfaces
ndi o JF TYNdL. (233)
the material form of the lincar momentum equation can be written as

----- PR XL )Y = /t PN [ 2

At Jw 3 L
where T denotes the (non svimmetric) nominal stress tensor Gaind s trans

posc is the first Piola Kirehholl siress tensor) as
T JF e (2.35)

Applying the divergence theorem to equation (2.31) and proceeding in a
sttnilar fashion to the derivation of the spatial linear momcentung equations
one obtains the Lagrangian cquation of motion

- , X Jal,, , . -
Div'T + p'b AR e topth, T {2.36)
AN,
where V(XL 7) = ((X. /) and Div (with nppercase D) denotes the diverpence

operaior with respect to X and it is assumed that b does not depend on the

deformation. The boundary conditions in the reference frame are piven by
X - X for X« OB,
TIN 1™ for X« OBy,
Alternativelv, the material form of 1the balance equations can bhe obtained

using the appropriate transformations lrom the spatial to matenal referenee

frame.
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The sceond (syimmetric) Piola Kirehhoff stress tensor S is given by

S - T or T = SF', (2.37)

and is conjugate to Green's strain rate tensor (ie., the stress power per unit
volume in the referenee configuration is given by Ir{SE}). This stress mea-
sure does not have a direet physical interpretation, but, its importance will
hecome evident when formlating a finite element methodology,  Further.
one may note that the second Piola Kirchhofl stress is related to the Cauchy

stress tensor by

o - J'FSF' o S = JF'g(F ") (2.38)

2.5 Variational (Weak) Form of Linear
Momentum Balance

Corsider the sfrong form of the boundary-value problem of momentum bal-

ance (where ¢! - o)
dive+pb = pv in BY,
ocln = ¢ on JB4.
X = X on B!,

From caleulus of variations, an equivalent weak or variational form of the

boundary value problem of momentuwm halance can be constructed from
/ (div o + pb — pv)-éxdu = 0. (2.39)
J B3

where 8y is an arbitrary kinematically admissible displacement field. Apply-
ing the divergence theorem to equation (2.39). the weak form of the varia-

tional equation is given by

G(x.ox) = O (2.10)
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where G(x. d0x) is defined as

£

/ trio (7 - ox)}hdu 4 / p (v - Db)-dydu /
JIst JI3t Jo

:
by

t oy
g

for all
U = {x]xc B x x o aB'}.

and
V = {h‘,\’ oy € (BN, oy b on UB,’I}.

The set of frial solutions, denoted by 4. are Kinematically admissible fune
tions of y(X. /) that satisfy the essential boundary conditions, In addition,
the set of rariations, denoted by V., are the homogencons counterpart of the
trial functions.

For the special case where the Vois taken as a wertaal desplace nie nl fickd,
ou. (du = o) over B and using the property that o is svinmetric, one

obtains the virtual strain energy bhalance for a hyperelastic solid s

/ ir{ote}du = p (b -v)-oudu f / £ oudy
% ne , J R B . }h"l
. . ’ v . . . —
OV strain energy VLWL body and inertial forees v oW anrface trartions

(2.11)

where é€ is the sivtual strain tensor U and is defined as the syommetric part

of the virtual displacement gradient

be= = |57 - ou)t (v o)t (2.12)

|
2
For completeness of the weak form of the boundary value problem an appro

priate consiitutive relation between o and b€ necds to e provided. T his is

discussed in the following section,

FI'he tensor de should not be confused with the linear infinstesimal strain tensor, de s
the variational strain tensor conjugate to the Canchy stress,
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2.6 Consistent Linearization of the Balance
of Momentum

In order to solve the strong form of the governing boundary-value problem,
a lincar approximation to an equivalent weak form is sought. The linear
approximation which provides a basis for the finite element technique is dis-
cussed in some detail in this section. This approach is equivalent to the su-
perimposing of incremental displacements on a finitely deformed body [26].
The term consistent is nsed to indicate that the systematice linearization of
the weak form of the variational equations is consistent with the correspond-
ing rate form [10]. Consistent linearization allows for the optimal incremental
linear approximation to the set of non linear equations within a small neigh-
hourhood of some known reference state. The incremental (linearized) equa-
tions are only a first order approximation, whereas the corresponding rate
equations are exact in form. Before commencing linearization of the govern-
ing equations, the following terminology is introduced to assist in defining
the deformation process.

Consider the original undeformed body occupying B at time { = 0, under-
going a deformation and now occupying the reference configuration denoted
by B, Next, consider a superimposed deformation from the B configura-
tion such that the body occupies the spatial configuration, B'. Referring to

Figure 2.1, the body motion can be expressed as
x = x(X.) = IX(X..t) + u(X,t), (2.13)

where wis a superimposed motion from the referential configuration.

Po lincarize the weak form of the boundary-value problem (2.10), it is
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more convenient to work with the material rathes than the spatial Torm
of these equations. For the reference confignration the intepral domain is
independent of body motion, which somewhat simplifies the lineari ation
process,  Further, it is assumed that b oand T are independent ol the

kinematics, Then, equation (2.10) can be expressed in material form as

Glx.0x) = .10
/ II'{T (‘3F}(/Qr + / /)r' ( \./ - l)).(\ \/(/SZ/ . / lln ,\i.‘\\(ll1/’ “‘
S8 B Jogy,

where 0F = 70 ox. In order to find a solution to equation (2.11) it is
desirable to obtain a local approximation to G about some reference point, \.
(Heneeforth, X is replaced by X.) One such local approximation is obtained
using a consistenl approach to linearization of the balance of momentum
cquation [10]. and is based on Tavlor’s Formula (see Appendix A).

’ . . . . . .

A local linear approximation can be obtained hy applying a lincar oper

ator L (as defined in equation (A.3)) to a tensor field, say £, as follows
Lif.al; = f(&)+(vf(i)-a f() 1 GIEC)]. (2.15)

where = a-y, defines the sealar differential operator for any arbitrary
vector a in Fuclidean vector space,
Applying the lincar operator L to the weak form of the momentam hal

ance equations G(x.éx) = 0. abont some fixed point X o B vields
LG.ulg = G(X)t(y, - G(X)u (2.16)
— G(X) + G]G(X))]

= Q.
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(Henceforth, the superseript (') is omitted.) Now, considering the gradient
of G(X ) in the direction u. as defined in equation (A.2), one may write
G|G(X)] = / Ge[tr{T oF }}dQ" +/ -)’(:X[(V — b)]-éxdQ"
JR B
/ G [T bxdD™ (2.17)
. .'IB,’I,
where dy is an arbitrary kinematically admissible displacement field.,  As-
suming that b and T are independent of the deformation, then equation
(2.17) reduces to
W [G(X)] = / Ir{G[T] 0F }dQ" + / Pl uoxdf). (2.18)
JRB JRr
where Gy[V] = @ from equation (A.2). By substituting the corresponding
expressions for Q(X) and Gy [Q(X)] into (2.16), a local lincar approximation
to the weak form of the momentum balance equation about some fixed point
X is obtained as
[t erya + [ dexd = (2.19)
JB Jr
, / I {T8F}dY — / P (V = b)-bxdQ + / T oyl
Ji Ja Jony,

Alternatively, the spatial form of (2.19) can be written using the transforma-

tion equations (2.7), (2.8), (2.33), and (2.38) as follows

.1"11'{(;‘[T]<\,F}(lsz+/ pi-dyde = (2.50)
Jp3t J 13t
J VT e Jda / ,;(v_b).ax(m+/ £ oxdr
JRt J a3t o UB.'I

Ultimately, the term 10{Gy[T]6F} defined for the referential configuration
will require an equivalent spatial form for computational implementation.
which is obtained by substitution of the constitutive relation, In this study.
a hyperelastic constitutive relation capable of modelling the (nearly) incom-

pressible behaviour of soft myocardial tissue is used.
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2.7 A Constitutive Relationship for
Cardiac Tissue

In this study, the cardiac tissue is assumed (o behave as an incompressible
hyperelastic solid 2, Fven though cardiae tissue exhibits anisotropic and vis

coelastic behaviour, successful predictions of material responsc have been re

ported by rescarchers when idealizing the cardiac tissue as homogencous and
isotropic * [13, 23]. The assumptions of material homogeneity and isotropy
are adopted in this thesis. In addition, the tissue is considered to underpo
only isothermal deformation processes and to be chemically inert.

For a hyperelastic material there exists a potential energy lunction, de
noted by W, which is taken as the stored energy per unit reference volume

for isothermal deformation. Henceforth, o can be expressed as

W= W(F). (2.01)
In this section, it is implied that the reference state corresponds to the o
riginal undeformed configuration where stress and strain vanish.  Further,

invariance under rigid body motion (ie. objectivity [61]) requires the strain

energy function to obey

L
t

W= W(QF). (

~
-1
A
Y
~—

for all proper orthogonal tensors Q. Tn particular, if ¢ is chosen to he RT
and using (2.16) one obtains

»

W(F) - U (2.53)

*A material is deseribed as Hyperelaste if a siored energy function exists for isotherngal
or adiabatic deformation.

3A constitutive relation £(C) is defined as sotropee if and only if the property of
L(QCQT) = L£(C) holds, where Q is a proper arthogonal tensor.
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Since there exists a one-to-one correspondence hetween the tensors U and C

(ie. C - U#). equation (2.53) can be rewritten as

More conveniently, for an isotropic material (2.51) can be expressed as
W= WL L,l13). (2.55)

where (4. 1, I3) are the principal invariants of C. as defined previously.
or a (freen clastic or hyperelastic material the (nominal) stress - defor-
mation relation is given by
oW (F) on

= Toaya e ’1'” = . y Y
T JF ‘ aly,

t

—_
~
fa |

and from equations (2.16) and (2.53) this becomes, for an isotropic material

dW(U) 4 oy K
—R". (2.57)
ou
Using (2.17) and (2.37) the above can be expressed in terms of the second
Piola Kirchhofl stress and right Cauchy Green deformation tensors as
LW (C)
oo
An alternative expression in terms of the invariants of C can be obtained by

using of the chain rule for differentiation and noting the identities

il il als

~ = 1, -— = LI- C. : — = [,C!.

‘.)(1, ()C [1 C 111(1 (‘)C ];C
I'herefore,

oW o oW P
SR BN EAURRI AL B S CALEPCEY B
[ o, O 1 (1)11 + ‘mz) LT ] (2.59)
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If the reference configuration coincides with the natural conlipguration (ie.
C = 1. for which the stress vanishes, then
aw )('?H' a

s| = |2

SHAMITRALS 0. .60
C=1 (‘)I‘ (‘)1: } (}1{ - ( ’ )

I

In the special case of soft biological materials, such as cardiac tissue,
the incompressibility constraint given in equation (2.18) is imposed. This
constraint inhibits any stress measure from being solely determined from the
deformation. In fact, the deformation determines the Cauchy stress only to
some additive hivdrostatic value. By introducing an arbitrary Laprangian
multiplier ——%p and rewriting W in the form

W= H(C) -1 pdet C 1), (L61)

an alternative form of equation (2.51) results. Therelore, for an incompress

ible material, equation (2.58) becomes
(e ,
= 2—~_~-—2 -~ pC1, (2.62

iC
or in terms of the invariants of C,

oW 1 A
SN AT I (NAMENTY R
S ar, =~ ot Yol

I pCcl {2.63)
Due to the lack of a reliable constitutive relationship to model the anisotrop
ic poro-viscoelastic material hehaviour of the human heart. a simpler ap
proach is taken where the cardiac tissue is considered to he o non linear
homogeneous isotropic elastic material. In this work, an exponential strain
energy function proposed for soft biological materials [21] and subsequently

used to model cardiac tissue {11 99] of the form

Wil = aldth ). (2.61)
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is nsed, where ¢ and b are material constants derived from experimental
data. 'The constants a and b represent the best fit parameters for passive
cardiac tissne data obtained experimentally. Incorporating equation (2.61)

mto (2.63) vields
S = 2ab M T - pCt, (2.65)

Ior equation (2.60) at 1 = 0 to hold true when the strain energy function is

given by equation (2.61), one obtains
Pli=n = py = 20ab. (2.66)

The stress deformation relation given in equation (2.65) gives rie to a
mired finite element formulation, that is, hoth displacement and pressure
(u, p) are taken as independent unknowns [37]. However, the elimination
of p from the system of equations can be accomplished by relaxing the in-
compressibility constraint, Iy = 1, using a penalty function. In the penalty
formulation of the incompressikle problem the constraint given by (2.26) is

relaxed using

vr-v#\i = 0, (2.67)

where N is a penalty parameter. Assuming the pressure to be a function of the
dilatation, the solution of (2.67) can be expressed in terms of the invariant

1_‘{ as
A .
p=p,— 3111(13). (2.68)

Etfectively, the problem hecomes one of modelling a nearly incompressible

material, where the property of incompressibility is recovered as A tends
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to infinity.  This approach allows the number of system equations to be
drastically reduced while maintaining (near) incompressibility, In addition,
due to the finite digital accuracy of computation, the mapnitude of \ s

restricted so that the problem is not ill conditioned [37].

2.8 Stress and Strain Rates

Relationships in terms of stress and strain raves should be independent of an

observer transform given by (x.f) —> (x*./*) with
x*=c)+Qhx. "1 . (2.69)

where ¢ is a translation and Q is a proper orthogonal tensor.

The term objective is used to deseribe a tensor which is independent of
an observer transform as defined in Ref. [61]. One such frame invariant
rate used for the constitutive law in the reference configuration is the rate

of the second Piola Kirchhofl stress and Green's strain rate tensors. For

equation (2.55) the rate form is simply expressed as
g ‘)(')ZW G R Y W [ (270
= L D = S U, P
ace 0D, ’

where the symbol ¢ is used to denote the inner product of a fourth and second
order tensor. Alternatively, the rate form of S given in terms of Green™s strain
tensor E for an incompressible material governed by equation (2.62) hecomes

JW(E) - . .
= e E - p(Cl)y - pC 2.71
JEJE pet) = (21

However, for the finite element implementation one may consider a more

useful form of (2.71). in terms of Green's strain rate. that is

S - C:E, (2.72)
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where Cis a fourth order material response tensor in the reference configu-
ration. Also, Green's strain rate is related to the rate of deformetion tensor

by
E = ié = FIdF. (2.73)

An alternative form of (2.71) can be written in component form as

. i1 (E) et L et et S
,\.n e ()1":,—‘1—('}“1;:: + ])(( ,»”( 5, + ( eh ( 1in ) + ,\( ”J( NS VIO (._.. 11)

where the term inside the square brackets is equivalent to C in equation (2.72).
Further, the incompressibility constraint (2.26) must also hold from mass
conservation.

For the finite element formulation the spatial form of the rate equa-
tion (2.72) s required. Adopting the Truesdell stress rate which is a suitable
objective stress rate [91], the corresponding rate-type constitutive equation

is given by

= L :d. (

o
-1
<t
[

where £ s the fourth order instantancous material response tensor, and d is
the (spatial) delormation rate tensor defined in equation (2.13). In addition,
o<l . 9 . v
o can be related to the rate of change of the second Piola Kirchhoff stress
tensor by
o< I'> _ . . —
o = J'FSF. (2.76)
Now, taking the time derivative of equation (2.38) and substituting into

equation (2.76) for S yields

o< I'>

o = 6-Lo-aL' +0otr{d). (

o
-1
~1
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where Liis the velocity eradient as delined in equation (2110, Also, the trace
of d, which is the dilatational part of the rate of deformation, is sero lor an
incompressible material. Substituting (2.77) into (2.75) and decomposing the

velocity gradient in terms of the deformation rate and spin tensors vields

o = L:d+(d+woto(d w) air{d} (R

Rearranging.

-

o = (L+0):dt S:w (2.79)

A

where £ and § are fourth ordered stress dependent tensors delined in com

ponent notation as

N I

Lijg = =0yt + 5(@adie + o by 4 aud e udy)
R L

S = Slautyt aubp — andy - apby),

and & denotes the Kronecker delta. The first term (£ 1 £). on the vight hand
side of equation (2.79) represents the material response due to deformation
and typically depends on the deformation gradient | stress, and material pa
raaeters. The second term, S, which is uniquely spectlied by objectivity
accounts for rotational effects.
Using equations (2.21). (2.71). and (2.75), the mmstantancous material
response tensor for the current contiguration in component {orm hecomes
S Y /1 § A O
Lo = T BT e e,

Fplog, b, 4o, ) 4 N, by ] (280

where the svimmbol o is used to emphasize that the strain enerpy depsity hine
tion. W is referred to the natural (undeformed) confignration. Lo com

pleteness, the relationship between the instantancous spatial and material
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-

respotse tensors, defined in equations (2.75) and (2.72) respectively, can be

soted In cotrponerit form as

SV

Lop = J7F b sl Fin Cose. (2.81)

Now. applving tie strain energy function for soft hiological tissue, as

eiven i (2.6 with /L vields

Copr Aabfes e e Jor Fy B p (S, 4 dub i) + Ay, by (2.82)

txt ger

. . . - <r>
D to the svinnetry of the energy conjugate pairs (S.F) and (6~ .d)

the material and spatial response tensors, C and £ respectively, both have

minor svinmelries

> k] ] -
( adns C Hoanh = ( TR AT (- derdmy s

Lo = Lo = Lo = L.

2.9 Iacremental Constitutive Relation
for Cardiac Tissue

In this section. the ineremental ferm of the hyperelastic constitutive relation
for soft cardiae tissue is derived. In particular. the objective is to provide a
linearized expression for the term (r{T éF} appearing in equation (2.11).
However, this ferm expressed as the (svmmetr ) second Piola Kirchholf
stress tensor 1s desirable from a computational standpoint. Therefore, us-
e equation (2.37) the ineremental form of the virtual strain energy term in

(2.19) becomes

[rtadertar = [ o {GISFaF .
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Since the -alar ditferential operator Gy s lincar, the integrand can be reowrit

fen as

r{GISFIeF}Y = i {(GISIF 1 SGIR'T) oF) (2.82)
= I"{((;\[S])(\P:} * I"{(S(;\[l"]‘l](\l"}.

using the symmetey property of §. Also. the virtual strain tensor is given by

0B .1) (F7oF + oF'F). (2.51)

and is correct to first order,
The term for subsequent linearization in (2.83) are Gy and G]S)
The first term G[FT) is given by
X 8 .

VAR & «u)]ll D’ (2.55)

de ;

[F1] =

Next, the term G [S] 1 obtained by substitution of the constitutive relation

given in equation (2.62) for an incompressible hyperelastic material, There

fore,
/ .
GISIC)] = - [ 2007 (C)[0C - p ¢! ]] (.56
de -
d j d d
= e § ’ : . ; } _ ! | ! 1 )
2= W(C)IC| | p - C |« Wl

Utilizing the chain rule for differentiation. the first term on the right hand

side of equation (2.86) hecomes

d OW(C) PWC) ,
P = ) e LD R M . I N7
de ~ OC ‘ ) ' [D7F B D] (251)

From (2.17). the second term of (2.86) can be expressed as

= pCUDTF L FT D] C s
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Finally. by utilizing the logarithmic penalty function for p(C) defined in
cquation (2.685). the third term of (2.86) becomes

d

-1
-
(l(l r=()

C = --§c~'r7-{[D”'F+F"D] c ', (2.89)

I

Now. combining equations (2.87), (2 88). and (2.89) an expression for the

derivative of the second Piola Kirehholf stress is given by

GS(E)] (2.90)
(WK
PN GE 20 C (GIE) G 4 AC {(GE)CY.

()PJ“
where the derivative of the Lagrangian strain tensor, Gy [E]. is

d
(x[B] = - E(C)|

de e={)

| - "
= [D’ F+F! D] . (2.91)
In component form., the material form of the incremental second Piola-

Kirchholl stress tensor is

| P*1(E)
A ad T [(')v]-";‘:{(.)l':-,.‘v

5 il

+ o Cn OO + AT ';3] A ELe (2.92)

where
I [a(Au), M Au);
\I'J').\ = - |7 I"‘.‘» ["l N 2.9
‘ 3{ ax, TN, (24%)

and Aw, is an incremental displacement. Comparing the incremental mate-
rial response tensor, C, given in (2.92) with its corresponding rate-type form
in (2.7 1), reveals that the terms inside the square brackets are identical.
For the spectal case when the Lagrangian and Fuledan configurations
coincide, 87 - B'_ the deformation gradient reduces to the identity map
(F - D). Therefore, the stress increment given by (2.93) transforms to the
spatial incremertal constitutive relation and is given in component form as

. e OFH(EY) .
A\(T,'.*,’ : [',“\["’,Jl'k‘.ﬁl‘fﬁ('_)'}*—-—‘——*',“ (,”"“’+p((“;\.,-(\(_,—{-(\,'1(5.1.)-{-,\(\,",'(\“ Ac‘,“,‘. (2.94)
a0
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where equation (2.75) enables the strain increment to be written as

"
Ae o L[AAW OA,

: o 2.050)
20 dr A, (

(The symbol o in equation (2.91) is used to emphasize that the strain cuerpy
density function, W, is referred to the natural undeformed contiguration.)
Similarly, the incremental (2.91) and instantancous vate type (2.80) consti
tutive relations are equivalent in form,

In summary, the linearized form of the stress increment can be written,

in the reference configuration as
AS = (:AE, (2.96)
and in the current configuration as
ANo<” = [ : e, (2.97)

where the incremental incompressible hyperelastic response modnli C and £

are defined in equations (2.92) and (2.91), respectively.
Finally, the first integral term in equation (2.19) becomes
/ tr{Ge[T] OF QY = (2.9%)
JBY
/ tr{[C: K[E)]OE} Q" + / Ir {[S(;X[F"']] hl"}:l(l".
aid JBR
The corresponding finite incremental deformation equation is given by
/ r{AToF}dQ) = (2.99)
B
[oirdle: AEJEYQ + [ 1 {[SD!]er}aer.
nr J B3
Alternatively, by assuming that the reference and spatial confignrations co

incide and are fixed in time, B* = B'. the ineremental form ol (2.99) for




2. Theoretical Formulation and Development 35

the current confignration can be obtained with the aid of (2.7), (2.8). (2.21).

(2.35), and (2.97) as
/B I {AT ORI = 2.100)
./w 1 {[L: DNe]be} da' + ./Bt ir {[(r (7, u)T] (V. bx)} da',

where = F- 'Y/X.

2.10 Summary of the Incremental Equations

By replacing the first integral term in (2.50) with (2.100). a statement for
the linearized governing equations for current configuration fixed at tine ¢

can be concluded as

. LI { . o T - t . t

./Bt h {[L : /_\e]bc}dsz +./Bt i {[(T(V, u) ](VI\ bx)}dn + /B' pu-oyde’ =
. ‘. R RYPOUN . g
./N 5 {U'(V, o bx)}dsz /Bf pv —b)-dyda +/’Bl]‘t oydr?,

(2.101)
where ¢ = T and J = 1 when the reference and spatial configurations
coincide.  Further, from the incompressibility condition, p/p" = 1. This

completes the consistent linearization of the weak form of the boundary-
value problem presented in section 2.5,
By introducing a more compact symbolic notation and replacing oy with

ou. equation (2.101) can be rewritten as
K(u) + M) = —F™ 4 Fo M(X). (2.102)

where
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A(u) = /;<‘ Il Ae)oe} do' . tr {[0’(\," SRR Nau)} diat,

M) = p w-duda,
J R

f’(x)i"’ - /: tr {0’(56} da',
Ji

f(x)t.x’l —_ /r /)b'(hu([\lf A.+_ l t,“”'(\ll (['btq
JB . ”BI‘

M%) = /Bt pRedudal
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Chapter 3

Non—Linear Finite Element
Formulation

3.1 Introduction

I this study, the finite element method is used to obtain an approximate so-
lution of a system of partial differential equations subject to known boundary
conditions. This computational appreach is based on the weak form of the
balance of momentwm equations. In general, the weak form may be hased
on a variational or weighted residual method. In this study. the Galerkin
weightad residual method is used in conjunction with a penalty function to
model the near incompressibility of soft cardiac tissue, In addition, a pro-
cess of consistent linearization enables the non- linear problem to be solved
iteratively as a sequence of lincar problems. The generated system of lin-
car equations is constructed and solved repeatedly using a Newton Raphson
type solution procedure to obtain a complete time -history response to the
boundary value problem,

In this study, the transient behaviour of the problem is not considered;

hence, the inertia terms are neglected. This assumption reduces the complex-
2 I
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ity of the problem to one of a non linear quasi static deformation. Further,
the effects of +(7. aceeleration on the human ventricle myocardinm are ac
counted for in the body force term, F* of equation (2.102). The hady foree
density, b, simply vecomes the gravitational acceleration due to ¢ load
ing. For further detail on the finite element method for non lincar problems

the reader may refer to [2, 33, 36, 37, 57, 60].

3.2 Space — Time Discretization

The space domain, €2, can be divided into subregions or clements, QL which
are interconnected by a series of points or nodes on the element houndary.,
The independent field variable, ¢, is approximated by a set of hasis funetions,

N7, and nodal field varialiles, of(f). as follows

GV 1) = 30 N (1), (3.1)
1=1

for element ¢ over the summation of n,, clement nodes. The hasis functions
are continuous across an element interface; however. their derivatives need
not he. Generally, these functions are selected as some B order interpolation

v e e nag o, 1 s N “r N . .
polynomials and assumed (" continuous throughout the domain. Furthe
more, the gradient of the approximated field variable, ¢, can he obtained

through differentiation of (3.1), as follows

do(S¥. ) ws ON

o () (1), (3.2)
1=}

ox
Clonsider the time interval 7 = [0.7T] with the time partitions 0/, -
Iy <ty < o0 <y < Inp =T Wheye the p™ time interval is denoted

by T, = [tuatnyr] for no= 0.1,20... 0N, Further, one ay consider the
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space time domain of the problem as

N N

Q=D 0, =>(xT,) c=1..ng, (3.3)

n=0 n=»0

As mentioned previously, the finite element approach is based on the
. . . . . €
Gialerkin weighted residual method, where the trial solutions, (4° c U, and
. . . f .
weighting fanctions, V' C V, for an element can be approximated by the
interpolation polynomials, denoted by PX. Therefore, the finite element space
domain is defined as

{rial solutions:
h h h I h ok h _ .h . tyvh
U, = {u [u" e (™ u/g.€ P u"=u" on 9B, .
we lghting functions:

V. = {huh | ou* € (, du} |g.€ P*, su" =0 on (.)(Bft):ll}'

3.3 Governing Finite Element Equations

In formulating the governing finite element equations, the Galerkin function

G(x,0x) is approximated as the total accumulation of each clement as

Tel

Glx.0x) = > G(x',6x) (3.4)

e=1

where n,g is the number of elements. For numerical implementation of the
discretized form of the Galerkin function, it is more convenient to consider

the matrix representation of the stress and strain terms, as

) (o) (€1 ) [ e )
T, Tz €2 €22

o— T3 = 033 €= €3 _ €33 !
~ T4 712 ~ €y 2(12
a5 T23 €5 2e93

\ T ) . T3t ) L (6 ) L 2eg y
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In addition, the instantaneous response moduli becomes

[ Lo Loz Lams Lo Loy Lo

Loy Loz Loy Loz Lo
Loz Loz Lanan Lo

Liaz Loz Lyam |

L"'.fi('.!:‘ L"'}I(:”

(1 v
| Sym. Lt |

)
i

by taking into account both minor and major symumetries, The underscored
symbol, (), is used to distinguish matrix representation from the correspoud
ing tenscr form.
Further, from equation (3.1) a description of the elemental geometry in
the current configuration in terms of the nodal points, x ;. ix siven by
e
X (L) = D NQ)¥. (3.5)
=1
Similarly, the ineremental displacement field for an clement, u', can he ap

proximated in terms of the nodal displacements, 1y, as

-

ten
)

u' (1) = N (Qyay(t). (3.6)

\

—
—

In addition, from equations (2.42) and (2.13) the variational quantitics, de
and dy = éu, in tensor notation become

Nen

be = =Y [ Nibiy) + (v, Naviy)'].

“ =1

Neny

ou' = Y [N
I=1

The corresponding vector representation for (3.7) is denoted by éc ¢ RV

~

and éu’ € R, where n is the number of degrees of freedom at an element,

node,
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Since the inertia terms can be neglected, equation (2.102) reduces to

il

k" o . ]_-l(int) +f’(f~"t). (3.8)

~ ~
for the ' element Using matrix representation, the approximate expres-
sions o€ and du” can be substituted into (2.102) yielding

Hep Hep

XX((‘)&,,' ) [/ B! [£] B, du + / B . ) [e](B . )dao' | 0
~ NN N Jop N P NURNL ~

bl ‘
T I3 T ¢ T ¢(n) g e
4 B.o do — p N, b do" + N, t"di =0,
Jopt o~ Jeptt o~ o~ aeBt o~
(3.9)
where B, s the linear strain displacement transformation matrix for node «a
~1.
of element ¢, such that é€"= 372 B, 04,". If only translational degrees of
~ ~r ~
freedom are present at cach node, B, has the form
~
L
[ Nya 0 0 7
0 N, O

0 0 Ava..'i
Bi= v N 0

J Nu 3 Nu \2
L "\'11‘3 0 Nu.l A

Further, one may write B, as
~NI

B. = [ Nt 1 | N""zl | Naa l ]I

Then, the stress matrix. [g] € R, appearing in (3.9) takes on the corre-
sponding form
ol o1 opl
(o] = ol ounl |,

Sym. o33 I
~
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where T € R*% is the identity matrix.

In this study, two types of three-dimensional continuum hased elements
are used to model the human heart undergoing 1 (/. loading. The first ix a
20-node isoparametric solid element 2], which is used to model the left and
right ventricles. The second is an S-node degenerate 31D continnum hased
shell element [3], used to model the conical fibrous membrane surrounding the
heart called the pericardial sac. For the explicit form ol B, B\I cand N see

~ ~ ! ~
Appendix B. Also, for a discussion of the geometrie modelling considerations
see Chapter -4,
Since &,° in equation (3.9) is arbitrary, the linearized equilibrinm equa

tion for a single clement becomes

[K; + Kf ] fl’ - Fu(lul) | l“v(r.l'l) . (:{“))

~nll ™

Element Tangent Stiffness Matrices

Material stiflness:

i Jogt <, L
where
B = [ Bl | B2 | I I;u:u ]
> ~7, ~1, 1.
Geometric stiffness:
K = / B’ [¢] B du',
~ nl Jept ~NL T~ NN

where

=[By, I By T By |

~NL

Element Load Vectors
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Internal nodal forees:

F‘:(ull) — BI o do )
~ ‘Bt ~L™

Fxternal body and surface loads:

I“\I(l‘l'l) — p Nlb (l”! + NI tlﬂ)(lrl .
~ Jene ~ o~ o Jae Brl' ~ o~

b f?r

~ ey

where
~

Ne [ MDD N | | N T

Element (Incremental) Displacement Vector

Nodal displacements:

u' = {(aoeae) (e to),) |0, zi‘),,,"}r .

~

where (i, 0,@); is the ineremental nodal displacement in the corresponding
(. y. ) direction at node [,
The elemental contributions of (3.10) can now be assembled to form the

Global system of diseretized equations in terms of the generalized variable 0

by
Ny Hel
K - Ax K = Ak,
(3.11)
Ty ey
I‘ﬁ(ml) - A Fc(inl) F(u'f) — A Ff(f.rf)
~ e=1 ~ ~ =1 ~

Finally, the global system of linear equations in compact form is given by

[ISI + K .‘ u = - F(int) + F(f.l'i) . (3'12)

~ala ™Y
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3.4 An Incremental Solution Procedure

it is apparent from the weak statement oo the momentum balancee, Gex®. o y)
0. that the equality sign holds when x* is an exact soluiion, However, for a
locally linear approximation to the non-lincar eqration. equality is no longer
guaranteed, and in general Q(X +uoy) £ 00 Assuming that ¢ s sallicient

*

Iy smooth within the neighbourhood of x*, such tl.d |x* x| ¢ where
¢* is a small quantity, a Newton Raphson iterative solution procedure can
he adopted (eg. [50]). The incremental equation used for the numerieal
scheme is based on the linearized spatial form of equation (2.16), given as

LG(x,0x),u]x = 0. A basic outline of the Newton Ruephson alporithn is

given as follows

(1) svaluate P! = G(x'. éy), K' Dyix'.oy)
(i)  Compute u't! = —(K) ! p

(ili) Update xH = x! o utt!

(iv)  Convergence il ||P|y < =||PY||,, stop else go to (1),

Convergence occurs when the residual load norm, ||P']l.. in any solution
step is relatively small compared to the load norm for the increment. P},
where ¢** (¢** < 1) is the tolerance for convergence, For the above alporithim
it is assumed that the iterati-n does converge. In practice, it may be more
computationally eflicient in mildly non-linear problems to adopt a modified
Newton Raphson technigue where K' is computed once only at the heginning,
of each increment.

One may note that even though a linearized incremental solution .<heme
is used, it still includes all non-lincar effeets due to finite displacements,

large strains and material non-linearities. In fact, these incremental equa
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tions form the basis for the displacement-hased finite element formulation.
The system ol equations generated by the linearization of the weak form
of the halance of momentum, given by (3.12). for the Updated Lagrangian

formmlacion bhecomes

u = —I"' (1n1) + F‘ (,_,-t). (3.13)

~n ~n ~n

[K 1+ K

~| ~ul

where the subseript norefers to the inerement and superseript @ denotes -
cration.  Now, the element integration in (22 10) is carried out over B and
Ry instead of B and BY. respeetively, where the superseript bar denotes the
mosi recently Avown configuration is adopted as the reference state for cal-
culation purposes. Also, updating of the configuration and displacements is

perfarmed by

41 t 1 1 i 1 .
X = X, tu,, u = u,, +u,. (3.1.4)

n L 7]

where the subseript o refers to the original configuration.




Chapter 4

Human Heart: Modelling
Aspects

4.1 Stages of Development

The development of the heart model can be divided into {our stages. (The
following pertains only to the heart model and is independent of the the
oretical development, implementation and verification of the finite element

software.) These stages are summarized as follows:

(1). Collection of Magnetic Resonance Imaging data for various cross see
tional planes from a healthy human heart. From these imnages a three

dimensional surface reconstruction of the heart is performed (section (1.1.1)).

(ii). Next, using the geomett - surface data collected, a finite element Jis

cretization of the left and right ventricles is carried ont (section (4.1.2)).

(1ii). To ensare an accurate model for cardiac tissue, a realistic hyperelastic
constitutive relationship given by equation (2.61) is incorporated into
the FE analysis, with constants « and b determined from available

experunental data (ection (1.2)).
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(iv). The determination and post-processing of +07, acceleration induced
stresses in the left and right ventricles is obtained from a non-linear

finite element analysis.

4.1.1 MRI imaging

In this study, the Magnetic Resonance Imaging (MRI) is used as a non-
invasive visnalization technique for the determination of anatomic size and
orientation of the human heart [4, 15]. The MRI images provide quantita-
tive (and qualitative) information from which a three-dimensional computer
i. age of the heart can be constructed (see Figure 4.1). Alternate methods
u o by investigators for computer reconstruction of the heart include in vivo
techniques nsing cine-angiocardiography. echocardiography, [16. 76. 8Z] and
in vilro techniques from postmortem examinations [88]. A computer model
was reconstriucted using a collection of coronal, sagitial and transverse MRI
images of the heart obtained during diastole (sce IMisure 1.2). Then, these
images were digitized into a series of {two-dimensional sectional contours giv-
ing the inner and outermost surface of the ventricles. Once obtained. these
contours were assembled to form a three-dimensional silhouette of the left

and right ventricles and chambers.

4.1.2 FE Discretization of the Ventricle Myocardium

An aceurate deseription of the human heart requires the use of elements
capable of conforming to the irregular geometry. For this particular problem,
such elements are best developed based on a 31 continuum formulation.
Further. these elements must be able to handle arbitrary large displacements

and rotations while maintaining kinematica'ly admissible displaceme.a fieids
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Figure 4.1: Magnetic Resonance Imaging (MRI) of the human upper torso,
outlining the (a) coronal and (b) sagittal profiles of the heart at the end of
a diastolic phase [13].
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),

TRANSVERSE

"
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b

Figure 1.2: A depiction of the coronal. transverse and sapittal imaging planes
used to construct a three-dimensional model of the left and right ventricles,
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at clement interfaces. Two such clement types satisfving these conditions
were selected for use. (see Figure 1.3).

In this study, the LV and RV are diseretized using 20 node isoparametric
solid elements [2, 37]. The ability of the element to model curved boundaries,
non linear material and geometrie hbenaviour is ideal for the problem at hand
(see Figure 1.3). The FE matrices. generated for this element, are detailed
in Appendix B.2,

Another element used is a degenerate 31 continuum based shell to model
the conical fibrous membrane surrounding the heart and proximal portions
of the cardiac vessel, commonly referred to as the pericardial sac. Original
development of the 31> degenerate solid element to model a general doubly
curved shell for linear analysis is found in [1]. Extension to the non-linear
regime, where both geometrie [2, 37] and material [79] nonlinearities are ac-
counted for, has generated considerable interest and attention ever since.
The shell element used is a non-linear (" type shell model that accounts for
large membrane deformation.  These non-linearities include both material
(hyperelastic) and geometrie (finite displacements / rotations) effects. The
clement displacement field is expressed in terms of three global displacements
(e vow) and two local rotations (0. 0,) (see Figure 1.3). The FII matrices
generated for this element are detailed in Appendix B.3. Further, it is as-
sumed that the heéart model has a plane of symmetry corresponding to the
center coronal cross-section. By exploiting the property of symmetry, the

finite element domain needs only involve half of the heart model.
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pesmr@esmnaay
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Figure 1.3: Finite element model of (a) the feft and right veatricle myocardi
am with supporting pericardinunn membrane. "The fefi and right ventricles are
discretized using (h) 3D contimnun based solid elements and accompanving,
pericardial sac using (¢) shell elements.
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4.2 A Constitutive Model for Myocardium
and Pericardium

4.2.1 Myocardium

Myocardinm of the ventricle is mostly composed of papillary muscles, Purk-
inje libres, collagen, coronary arteries and blood fluid [83]. As with most
biological tissue, the myocardirun is assumed to be an incompressible ma-
terial [20). In addition, experiments reveal that the myocardium exhibits
some degree ol anisotropic, non-homogencous, poro-viscoelastic behaviour
[20, 56, 71, 88]. However, examples of successful models for myocardium
tissne that assume isotropic, homogeneous, elastic material behaviour have
heen given (eg. [13, 23]). Measurement of cardiac properties (such as pres-
sure, geometry, and fluid flow) is difficult and is generally obtained in vivo,
whercas most of the knowledge associated with the mechanical properties of
cardiac musele is obtained from in vitro investigations. The in vitro investi-
gations include several uniaxial and a few blaxial studies of excised cardiac
tissue taken from animals [12, 69, 71, 85, 99].

Various constitutive relations have been proposed to model the deforma-
tion of soft tissue and cardiac muscle [13, 14, 21, 35, 44, €2, 63]. These
stress/strain relationships are phenomenologically formed using experimen-
tal data to identify the macroscopie characteristics of the tissue. These rela-
tionships are usually exponential in form with unknown material parameters
determined using a least squares fit to available experimental data. However,
a general constitutive relation capable of describing all types of deformation
behaviour is still not available. Therefore, it is desirable to employ a consti-

tutive relationship that will fit the highly non-linear experimental data over
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o1 4
&

a wide range of strains,

Recently, a promising anisotropic constitutive relationship for passive car
diac tissue undergoing finite strain Las been proposed [120 18], Pherein, a
strain energy function which represents the overall tissue behaviour as the
sum of the pscudo-strain energies desceribing the (homogencous) material ma-

trie, W, (C), and (anisotropic) fibre, Wea). parts is given as
H(C ) = ,.(C) + Hya)

where a is the streteh ratio associated with musele fibre direction.

Absence of a reliable constitutive relationship to model the anisotropic
viscoelastic material behaviour of the human heart has led to the adoption
of a simpler approach, wherein the cardiac tissue is considered to be a homo
geneous isotropic non- linear clastic material. In this study, the exponential
strain energy function proposed for soft bhiological materials [21] and subse

quently used for cardiac tissue [14, 99] of the form
i Wy
W) = aldth?
is used. The constants a and b are selected from experimental data given in
[44] for uniaxial and biaxial tests on excised myocardinm tissne, as o 1914

Pa (1951 g/em?) and b= 11.39.

4.2.2 Pericardium

Structural interaction of the heart with its surrounding anatomy is account
ed for in the analysis, by inclnding the protective pericardial membrane sur

rounding the human heart [95]. Further, it is known that under high (/.
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loading conditions the ventricles undergo significant deformation. which re-
sults in load transfer between the heart and supporting pericardial mem-
brane. From experimental studies of canine, researchers have found that
the pericardium significantly influences the pressure-volume relationship of
the heart |24, 32, 66]. This gives evidence to suggest that the pericardium
provides a restraining action during diastole, which limits cardiac dilation.

Fxperimental data from excised human pericardial tissue indicate that it
is reasonable to model the pericardium as an incompressible isotropic elastic
membrane (H1]. Although experiments indicate some degree of anisotropy
and viscoelasticity, the human pericardium is nearly isotropic [9, 52, 53, 70].
This may be due to the even distribution of layers of interwoven collagen
fibres. Also, measurements of pericardium thickness in five human subjects
range from 0.52 to 0.58 mm, with mean 0.55 £ 0.03 mm [51].

Further, the deformation behaviour of human pericardium is capable of
developing large strains. Under biaxial loading the pericardium initially ex-
tends with little resistance for a streteh ratio A under 1.09, and then becomes
almost inextensible when the tension reaches about 1962 Pa (20 g/em?) with
A = LI20 Sinee the hyperelastic constitutive relationship given in [1] can
apply to soft biological tissue, it is also used to model the pericardium. The
best fit material constants for equation (2.61) are determined analytically to
be a = 2910 Pa (0.03 g/emn?) and b = 10 using biaxial experimental data for

human pericardium [51].




Chapter 5

Analysis Software and
Verification

5.1 Software Modules

A special-purpose in house software package, which integrates 3 1) graphies
capabilities with the finite element program, is developed for the analysis of
+(, acceleration induced stress in the ventricles. In essencel the package

consists of three modules, namely:

a) DIGIT: MRT Data Digitization and Ventricle Reconstruetion,
b) HEART:  Non-linear I'E, Analysis Program.
¢) FEGPRO: 3-D FE Graphical Pre/Post Processor.

The software developed is modular in nature since cach application is self
contained, with data generated from one stage nsed as the input for the
subsequent stage,

The finite element software package has been nnplemented using the ©
programming language [19]. The C language was chosen due to its inher

ent ability to handle data structures. Also. its *standard™ callable dynamic
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mermory allocation routines facilitate optimal use of computer resources, The
C language allows for a set of variables to be treated as a group under a com-
mon name using sftructures, These structures provide the means for effective
data organization. where members within a structure can be of any data-type
or even other structures,

A pre/post processor with 3-1) colour capability is written to reduce the
tedions and often error-prone task of preparing detailed input files and to
aid in the interpretation of voluminous output {rom a {inite element analysis.
The pre processor with a graphical interface assists in the construction of the
finiie clement model of the ventricles, whereas the post-processor is used to
provide a clearer interpretation of the finite element results,

The graphies processor is interactive with screen-driven menus for ease
ol use {see Figure 5.1). The highly interactive program allows for real-time
control of geometric manipulations by scaling. rotation, translation. clip-
ping. multiple views, Gourand shading, and hidden surface removal. Further,
the software is written to exploit the graphies library routines supported by
PHIGS: Programmer’s Hicrarchical Interactive Graphics System [39].

As mentioned, the major funetion of the post-processor is to give a clear-
er understanding of the FIS results, This is best done in a pictorial format,
in which the vast quantity of output data from the FEA is reduced to a
manageable level of information. The FEA results can be displayed visually
using displaced shapes and/or colour contours. Displaced shapes are typ-
ically vector components sach as displacemer (s, which can be emphasized
by exaggeration of the deformed mesh. Colour contours are used to dis-
play scalars or one component of a vector field (eg. pressure or principal

stress). Also, the continuous colour display enables quick location of critical
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stress areas,  erein, colonr contonring is combined with Gourand shading
and hidden surface removal for a clear definition of shape and surface stress

pattern,

5.2 Computational Verification and Testing

Several numerical simulations are performed to demonstrate the predictive
capabilities and convergence characteristies of the non-lincar FE software
developed. These simulations contain both linear and non-linecar geomet-
ric (linite displacements / rotations) and material (incompressible) effects,
Comparisons of nnmerically generated results with closed form solutions, and
experimeital data from other researchers, are included if available. Verifi-
cation of the finite element program developed is achieved by using a series
ol test cases involving plate, eylindrical, and spherical shell structures sub-
jeet to various loadings. In the order of increasing complexity, the software

verification consists of test cases involving:

e Inextensional Deformation
Convergence characteristics

Mesh sensitivity tests

e Non-linear Geometric Behaviour
Non-conservative loading
I'inite rotations with small strains

Configuration (stress) updating

e Non-lincar Material and Geometrie Behaviour
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Hyperelastic (incompressible) materials,

(ie. Moonev-Rivlin and biological constitutive models)

For problems involving lincar-clastic isotropic behaviour, the material e

sponse tensor in component form is given hy
, —
(-‘ijkl - ,“((\lkb‘[l } (\lf(\ﬂc) + ’\(\u‘\/\‘la {0 )

where jand A are Lame's constants and 8, is the Kronecker delta. In terms
of Young's modulus, ££, and Poisson’s ratio, 11, Lame's constants are

I vl

=y (L4 2

A shear correction factor of 5/6 has been applied to the (lamina) in plane
shear moduli for the case of the degenerate shell element.,

Due to the limited availability of analytical and mumnerical vesults for bi
ological materials, additional verification of the algorithin s performed hy
itnplementing an incompressible hyperelastic Mooney Riviin model for rub
ber and rubber-like solids (ie. elastomers) (58, 78], for which analytical soiu
tions and standardized benehmark tests exist {26, 77]. For these problems,
the parcticular form of the strain-energy density function for incompressible
isotropic material is assumed to be

Wo= Sl =3+ 0= a3, for 0- e 1 (52

where [} and [, are the strain invariants and ¢ is a waterial parameter,
For the case ¢ = 1, the strain energy hinction for neo-lioohean materials is
obtained. The ineremental constitutive relation for the finite element imple
mentation is derived using (5.2) in accordance with the theory presented in

section (2.8).
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Figure 5,20 An engincering pateh test for (A) plane stress and (B) bending.

5.2.1 Lincar Examples
A Engineering Patch Test

Consider first an engineering Pafel test of the plane stress and pure bending
problems as shown in Figure 5.2, i practice, the pateh test is considered as a
necessary condition for finite element convergenee [16, 92). Tests are carried
ota on the gquadratic shell and solid elements using Iull (FI). Reduced (R1),
and Selective (SR Gaussian quadrature, see Appendix B, The results for
the pure hending case giving horizontal « and vertical ¢ displacements at
poits « and b are given in Table 5,10 Both elements are found to satisfy
the pateh test, except when using a redueed (2 - 2+ 2) quadrature rule to
mtegrate the solid element  a spurious zero-energy mode is produced. The
results for the plane stress case are found to be in exact agreement with

theory.
5.2.2 Non-linear Geometric Examples

Bending of a Cantilever Beam

\ slender cantilever heam subjected to a concentrated end moment is anal-

vecd, Phis case demonstrates the ability of the program to handle large
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Table 5.1: Normalized Paleh Test Results for Bendine (17 1ooo, + 0.3)

demen. Guadrature e tw, r, ",

“Solid 33 <3 0 LO00 LoD 1000
U N 0997 1.OD0 0,998

FEopt. LO00 1000 1000

Shell 332 0 Loon  [.oou 1000
LIRS ENEY LOO0 OO0 1.000

CSolid 333 10969 0006 0917
AR FLODK 0957 1.0

L opt. 0LO67 0906 0.916

Shell 33,02 [ 0,993 0993 0991
202 LODD OO0 1.99%

Exact™ OO0 1000 1000

Sptrious zero energy mode suppressed.
For 11 pt. rule see [29).
Fxact vilues uy = 00150, v, 0700, and v, 0.7H0220

*x %

’”

displacements and rotations with small strains. Material and peometric da
ta used in the calculations are as follows: Young's Modulus [ 30 - 1o©
Ihs/in 4, length L= 12 ine width & - 1 ine, and thickness b 0.1 in.
The cantilever beam is modelled using six shell type elements with (2 .2+2)
reduced ‘ntegration. Converged solution results are obtained usine H0 load
increments of size AM/M, 0.0 (M, - 2zxF1]L). A comparison of the
predicted response with the analvtical solution [19] is given in Figure 530 In
addition. a plot of the deformed configurations at several load stapes s shown
in Fignre 53, From Figure 53001 is evident that the predicted response is
in close agreement with the analvtical somtion up ta ¢ 272 radians. with

a noticeable but siall deviation thereafter.
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Figure 5.3: A cantilever beam under a pure moment. Plots of (a) normalized
displacement versus applied moment with (b) deformed configurations for
various applied moments.
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Snap-through Buckling of a Circular Arch Structure

A shallow cylindrical shell structure subjected to a concentrated load at
the center, is hinged at the longitudinal edges and free along the curved
houndaries (Figure H.1). Under loading the structure eventually reaches a
critical point where additional loading can not be sustained. Bevond this
limit point of bifurcation the load deflection curve exhibits a “soltening”
effect, which corresponds to a negative definite stillness matrix. To overcome
this numerical difficulty a displacement controlled scheme is adopted. A
technique originally proposed by Riks / Wempner {75, 710 96] using, are
length-control and subsequently modified by Ramm [73] is implemented in
the finite olement program for problems exhibiting quasi static viructural
instability. The displacement control procedure is nsually applied near and
along the critical path, however, it can be applied over the entire response,

For this example, only one quarter of the shell strueture is modelled with
16 shell type elements. The load-deflection response for the center and edge
points is oblained using a total of 11 increments (see Figure 5.1), Moreover,
the numerically generated response is compared with that of Ramm {73] and
is found to agree. It is interesting that the structure exhibits both siap-

through as well as snap-back huckling phenomena,

5.2.3 Non-linear Geometric and Material Examples
An Equi-biaxial Study of Passive Myocardium

1o study the myocardiuny constitutive relation proposed for the heart maodel,
an ccui-biaxial simulation of a thin excised myocardial strip is performed.

Further, a comparison of experimentally obtained equi biaxial yvocardial
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Figure 5.1: Post buckling of a circular arch structure,
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data with theoretical and numerical predictions is used to demonstrate the
accuracy of the model. The biaxial data is obtained from [99) where a thin
slice (1 2 mm) of myocardium (3 x 3 em) was subjected to an equi biaxial
tension. For reasons of symmetry, it is only necessary to solve for one quarter
of the specimen by applying the appropriate boundavy conditions. The I
meshes used consist of (a) a solid type elcment with a 11 point integration
rule, and (b) a shell type element with selected reduced integration,

For the cross-fibre direction, the constants ¢ and b defined in equa
tion (2.61) are chosen from the best fit parameters for stress strain data shown
in [41]. as @ = 1910 Pa (1951 g/em®) and b 1139 (for specimen 1 witly
[’.‘11/1’)22 ~ 1).

For the fibre direction the material constants are determined analy tically
to be @ = 276.6 Pa (2.82 g/em?) and b = 1186, Results of the FI predicted
and experimental Cauchy stresses are giver in Figure 5.5, In addition, the
theoretical response is derived for the fibre and cross libre stresses using,

equation (2.63) as
Trr = Oyy = Dehetth =) [)\“Z - A ‘J (5.3)

where A is defined as the principal streteh ratio. The material constants
a and b are selected to predict the behaviour of the fibre and cross fibre
experimental data and, as expected, these results are in good agreement with
hoth the experimental data and theoretical curves. However, the anisotropic
and viscoelastic behaviour of passive myocardium plays an important role
in the interaction of stress and deformation and can significantly effect the

constants a and b,




<
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Figure 5.5: Comparison of experimentally obtained equi-biaxial myocardial
data with theoretical and computed FE predicted responses.  Results ob-
tained using best fit parameters for the fibre direction [a¢ = 276.6 Pa (2.82
g/em®). b o= LLS6] and cross-fibre direction [a@ = 191.1 Pa (1.951 g/em?),
b= 11.39]. Experimental data taken from Yin et al. [99)].
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Figure 5.6: FE mesh of a thick walled eyvlinder with iuitial inner radins
r; = 7.0 in. and outer radius r, = 18,625 in..

A Thick Cylinder Under Internal Pressure

Consider the problem of a thick eylinder subjected to an internal pressure.
The cylinder is assumed to be infinite in leugth (plane strain condition)
with an internal radius r; = 7.0 in. and outer radius r, - 18625 in.. The
material is assumed to be rubber and obeys Mooney Rivlin's equation (5.2)
with p/2 = 100 psi and ¢ = 0.8, Further, the theoretical solution for an
incompressible material given in [77] is used to verify the computational
algorithm developed.

One quarter of the cylinder is modelled using a total of 72 solid type
clements (6 in the circumferential and 12 in the radial direction of unit
thickness) with appropriate boundary conditions applied (see Figure 5.6).
Internal pressure increments of 10 psi are applied until o maxinum of 150

psi is reached. Both computed and analytical soliutions of pressure versus dis
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placement response for the inner wall (at node A) are shown in Figure 5.7.
Also, the corresponding hoop stress versus inner displacement is included.
It is evident from these findings that there is good agreement between the

computational and analytical solutions.

Inflation Response of a Thin Sphere

A hollow thin sphere of initial inner radius »; = 100 1 and outer radius
r., = 102 noncis subjected to a (non-dimensionalized) internal pressure, p, /.
The material is assumed to be neo-hookean, where ¢ = 1 in equation (5.2).
The theoretical solution for the inflation of a sphere given in [26] is nsed to
verify the computational algorithm.

Due to symmetry, only one eighth of the sphere is modelled using a total
of 108 elements with appropriate boundary conditions applied (I igure H.8).
Computed and analytical solutions of pressure versus stretcel ratio (r/r;) for
the inner wall (at node A) are shown in Figure 5.9. Also, the corresponding
circumferential stress versus streteh ratio is included. It is evident from
these findings that there is good agreement between the computational and

analytical solutions.
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Figure 5.7: Plots of (a) internal pressure versus imner displacemnent and (h)
hoop stress versus inner displacement of a thick wall evlinder comparing the
I'IC predicted and theoretical solutions.
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Iigure 5.8: FE mesh of a thin sphere with initial inner radius r; = 100 mm
and outer radius r, = 102 nan.




3. Analvsis Software and Veritication 70

0.03
© FE
—_ Theory
S 0024
o)
5
g
(@) T
g o014
Q
=
0.00 , : ,
1.0 1.1 1.2 1.3 1.4
Stretch Ratio, (r/ri)
1.5
o =
= —  Theory
% 1.04
[72]
L
n
(b) ot
=
o
(3]
€ 0.54
=3
2
5
0.0 I T T
1.0 11 1.2 1.3 14

Stretch Ratio, (t/ri)
Figure 5.9: Ploos of non-dimensionalized (a) inflation pressure versus stretch
ratio and (b) circumferential stress versns streteh ratio of a thick wall eyvlinder
comparing the FIS predicted and theoretical solntions.
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Chapter 6

Human Heart: Analysis and
Discussion

In this study, a quasi-static finite element analysis is performed for the (pas-
sive) diastolic phase of the cardiac evele under +¢, loading conditions, This
rescarch work is regarded as a preliminary study of the effects of +¢4/, in-
duced stresses in the human myocardium. The results obtained demonstrate
the ability of the non linear finite element model developed to provide quan-
titative data of gross distortion and stress in the heart undergoing sustained
inertia loading, However, since experimental data for the heart under +(.
acceleration is not presently available, a comparison of numerically generated
deformation profiles with that obtained experimentally is not possible.

The finite element model of the heart consists of the left and right ventri-
cles with separating inter-ventricular septum. In addition, the surrounding
pericardial membrane is included in the analysis. The ventricles and septum
are discretized using 81 so'id elements, and accompanying pericardial sac is
diseretized using 56 shell elements (see Figure 6.1). This leads to a system

ol equations with approximately 2500 unknown displacements to be solved
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Figure 6.1: Multiple views of the inman heart maodelodi oo
PRO graphics preprocessor package with <olid model o d adine

selected.,

ISR
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for at cach step,

The analvsis is performed using an aceeleration load inerement of ¢/4.
where ¢ is the aceeleration due to gravity (9.80665 m/s* at sea level and 45"
latitude), nutil a maximum acceleration level of +5 (71 is achieved. The cavi-
(v pressure acting on the epicardial surface, due to the total blood volume of
200 el o the LV and RV, is accounted for in the analysis (where the specific
gravity ol blood is taken as LOAT [91]). Unfortunately, experimentally ob-
tained ventricle cavity and external surroo:sding hyvdrostatic pressure versus
(¢ loading is not available for implementation in the finite element madel.
However, it is possible 1o use existing data obtained from experiments on
miniature swine [17, 87] to dednee the corresponding response patterns to
that in man.

Results displaying gross distortion of the coronal mid-plane seetion of the
Lieart at resi, 2.0 G and 5.0 G aceeleration levels ave shown in Figure 6.2, In
addition, principal stress levels, e at varions points along the left ventricle
endocardinm wall versus H(7. aceeleration are shhov 1 in Figure 6.3, Ifurther,
predicted stress levers and gross distortion in the humea heart at 45 (4.
loading arve displaved in Figure 6.1, It is evident from Figure 6.1 that with
increase of (70 load the heart tends to crongate,

The presence of the stout papillary museles and inelastic tendons called
chordac lendineae which forms a tree like straeture in the ventricles is not
acconnted tor at present. The degree to which they affect the gross distor-
tion and stress distribvtion near the endocardial surlace of the heart wall
undersoing (0 loading ix still inknown. However, it is expecied that these
nuiscle fibres would become highly stressed under sueh conditions due to

their intricate tree like structure which effectively bridges across the ventri-
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(c)
Figure 6.2: Deformation profiles of the coronal mid plane section of the Leart
showing predicted gross displacements of the heart wall ot Goy rest thy (2.5
(i, and (¢) +5.0 (/. acceleration Jevels,
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Figure 6.1: Predicted stress distribution o, and gros. diztortion of

)

human heart at +5 (/.. Stress levels are colonr cododd and wiven o, L
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cle walls,

It is vital that compnutational models developed use reliable data for the
mechanical properties of heart tissne. Unfortunately, most of the available
data is limited to the normal (+1¢7;) environment  Thit 1s, there 1s little
data available on the properties of human myocardial tissue undergoing finite
deformation, This evidently builds into the finite element model a measure
ol uncertainty.  Alternatively, a heuristic approach would be to compute
the deformed shape of the heart using projected material properties, and
then compare these results with ultra-sound images and/or Doppler of the
heart under high (+¢7,) loading [11]. To bring about an optimum agreement
between the ultra-sound images and the response of the computational model,
the mmodel properties may be readjusted. By using the outlined procedure,
the possibility of myocardial camage due to excessive strains in the ventricles,
caused by exposure to a combination of high +¢7. loading acting directly on
the heart fibres and elevated hydrostatic pressures in the vasculative, may

eventnally he determined.
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Chapter 7

Conclusions and Future Work

Conclusions

In this study, a computational model for the analysis of sustained 17 i
duced stress in the human left and right ventricle myvocardinm is presented.
The finite element model is developed using the Galerkin weishtod residual
method with a penalty treatment of the mcompressible hehaviour of heart
muscle, The model includes the eflects of finite displacements, farpe strain,
and incompressible material behaviour, Further, an exponential Taw for the
strain energy density function is uscd to derive the incremental constitutive
rejation for passive myocardinm and nericardinm materials.

The results obtained demonstrate the ability of the non lincar tinite ele
ment model developed to provide quantitative data on the effects of imoderate
to-high +(/. acceleration on the cardiovasenlar system. Also, this approach
offers a new perspective for the mechanical study of {7 acceleration on the
human heart, The analysis provides predicted gross distortion with stress and
strain data of the human heart under snstained exposnre to ¢4 loading con

ditions. In conjunction with experimental data obtained using ultva sound
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imaging techniques a greater understanding of the mechanisim of +(7, loads

on the cardiovascular system should prove possible,
Suggested Future Work

o Validation of the finite element model by comparing predicted gross
distortion profiles of the heart undergoing +(7. loading with results
obtained nsing ultra-sound imaging and/or Doppler measurements. In
addition, the lack of any measurements associated with the internal
ventricle cavity and surrounding body pressures under 4. Joading
conditions needs to be addressed. This would require the further study
and measurement of the filling and expulsion of blood fluid from the

ventricles under 47 loading conditions,

e Perform a dynamic simulation of the cardiac cyele (including the pas-
sive diastolic and active systolic phases) to study the eflects ol time
dependeney of /. acceleration on the cardiovascular system. In ad-
dition, an alternative approach to the reduced-integration penalty tech-
nique when handling the incompressibility constraint would be to con-

ique when handling tl bilit; traint 1d be t
sidev a mercd and/or hybr/d finite element method (37, 79]. The mixed
method has proven suceessful for problems with incompressible media,

withont the difliculties assoctated with a penalty parameter,

o xtend the hyperelastic constitutive relation to accomirodate the anisotrop-
ic behaviour of the heart muscle. Further, it is evident that the pro-
posed finite element analysis is limited, in part, by the available ma-
tertal data for cardiac tissue. There is, therefore, a need for further

biaxial and triaxial testing of isolated human myocardium.
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Appendix A

Linearization Theory

The following is a review of the lineerization theory for a scalar function
neing Taylor’s formula in Euclidean space.
C'onsider the mapping f : 2 — R!. Assuming f to be differentiable at a

pori-t X, one may expand [ as a Talyor’s seri 3
S(X +u) = f(X)+ Df(X) u+ o{|jul2) (A.1)

where u is an arbitrary veet ir in ®2. In Euclilean space, u denotes a vector
emanating from the point X in ®?, and 2 f is the gradienic vector given by

D) -u = el (A.2)

de€
where ¢ is a scalar parameter. If uis a univ vector, then D f(X)-u is sometimes
called the direetional derivative of f. Alternatively, Df - u can be expressed
in terms of the sealar differential operator, denoted by G = u- ., as G f(%).
In th. context of linearization, the first order linear approximation of f

in the neighborhood of X can be written as
Lifulx = f(X) + Df(%)-u (A.3)

provi:led [Ju]j3 = u - u is sufficiently small.
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Appendix B

Element Matrices

B.1 Introduction

This section details the developunt of the elemental stiffness, geometric ma

trices and load vector used in the construction of the finite element system
of equations. Ip the finite element. analysis of +¢/. induced stresses in the
human heart, two different three dimensional continuum based “lements are
employed. One is a twenty node isoparametrie solid element, used to de

scribe the non-linear geometric and material behaviour of the left and right
ventricle myocardium. The otne -, a degenerate isopzrametrie shell element,
capable of finite membrane strains, is used to model the sterronnding protece

tive pericardial sac.

1

Numerica! integration for the element is performed using (1~ s« 1) Gaus

sian - Legendre quadrature, as tollows
TS S I LA S .
[ [ e cdeandc = 3250 ST w6y G, ()

where (w;, w;, wi) is the integration weight for the corresponding, Ganss point
location (&, 7;,Ck). (The adopted integration tect nigue is cract for polyno

mials, p(z), of order < (2n — 1), where n is the number of Gauss points [47].)
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In particular integration is carried out using either reduced (2x2x2) or selec-
tive (3x3x2) Gaussiaa quadrature (R1). However, for exact or full integration
(I'1), (3x3x3) is required for a straight sided parallelepiped and (1x4x4) for a
general curved sided isoparametric {quadratic) type solid element. Although
R is I»ss accurate than FI, the error incurred s considered relatively small.
In general, the drawbacks associated with RI are usually outweighed by the

compittasional savings and improved element performance [101].

B.2 A 3-D Isoparametric Solid Element
B.2.1 Introduction

In this study, the left and right human ventricles are discretized using 20—
node isoparametric solid elements [2, 37]. The ability of the element to model
curved boundaries, non-linear material and geometric behaviour is ideal for
the problem considercd (see Figure B.1). The idiosyncrasies of this element
are discussed in detail in [84]. When a numerical integration is performed
over the element to obtain the finite element stiffucss and geometric matrices,
both reduced and full integration techniques can be used. However, for cases
involving incompressible materials, such as rubber and biological tissue, in-
tegration of the matrices is performed with a reduced Gaussian quadrature

rule.
B.2.2 Geometry / Kinematic Description

Let the parent domain be denoted by the bi-unit cube O, defined by

0 {(6n.Q) € [-11] x [-1 1] x [-1.1]}. (B.2)
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Figure B.1: A three-dimensional solid element showing the bi unit enbe
(£,m,C) mapping into the physical (&, y, z) domain.
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I'or an isoparametric transformation, one can define
X0 — R u' O — R (B.3)

where x = {roy. 2} and u = {u, v w}. Introducing the basis function ap-

proximation, then

X = Y NEa QX)) and u' o= ) N(Eap O)ay(t).
11 I=1

(B.4)

where x5 ¢ R? and 07 € R? for n,, = 20. The standard quadratic isopara-

metric basis functions, Np(€.y.C). at the corner nodes are

Ni(&on. ) = IRIE+EE + )L+ GOErE A+ nm + ¢ — 2)

for 1 =1.2...., 3,
and at the midside nodes

Ni(E, ) = 1 =T+ (L +¢¢) for T= 9.11,13,15,
Ni(&on.¢)

Nitdon.¢) = KT+ &E(+ il — C*) fecr [ =17,18,19,20,

H

Y+ 6O =p*) (A +G¢) for T=10,12,14,76,

where (&.0n7.¢p = £1).
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B.2.3 Finite Element Matrices
Strain-Displacement Matrices: B and B

The matrix representation of the linear strain tensor is given hy

AS]; i,
L\Sg») Uy
VAR w.
A £ = . =
~ 2N 12 U, + v,
2 A SER AN w,
[ 2D SRR

Further, the derivatives of the displacement ficld with respect to the coor

dinates in matrix form is given by

Up Dy W,y e Vg 10y

-1
Uy Uy Wy = :I oy U, w, 1. (B.H)
T L T we vgow

where the Jacobian of iranslormation matrix is defined by

Te Ye ~e ]

Lo W Za b

T Yo <

and the determinant of J is denoted by J. Adopting the clemental basis
~

functions to approximate the linear strain increment i terms of the nodal

displacements yields

He = Y B, 0, (B.6)
~ I=1 ~L ~1

where "€ R**! with n = n,, - 14y, is of the form

~

o= i} = {(Gr bty (i b)) (i, Biio), ) (13.7)
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with (i, 000); <denating the ineremental nodal displacement in the corre-
sponding (. y, =) direction at node [, For the solid element. the number of
nodes per element, n,, = 20, and degrees of freedom per node, ng,; = 3, gives
n - 60 The lincar strain-dispiacement transformation matrix., Bl € REx7 s

lefined by

] M. 0 ]
() [’II,,_,, ()
0 0 b,
E.1,; /)I’l'y biJ 0 BE
0 b,{_t I),Iw
] II““, 0 [’11,.1‘ ; |

where

/)I = ./Jl ;‘\"1'5 + '/i‘—llf\rl‘" -+ ./i:—,l.“\"]‘c with Ir€ {.I'. Y, L’}.

Uy

for [ = 1,2.....n,,.
Next, consider the noa-linear strain-displacement transformation matrix
for the solid element. Then, rewriting the derivatives of the displacement

field given in (B.5) in vector form as

r 1 7 3
",
' I
. b, T
., o
Uy uy
I ~ A
Uy R bu.y I * vy =B u,
’ ~NL™
n ‘
W,y W
..
1 :
U [)u.: 1
w.,
- - L 1 1\ J

where B € R, bl », as previously defined, and T is the (3x3) identity
~NL ' ~

matrix.
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Material! Stiffness Matrix: K’

~
With B defined in secticn {13.2.3) the element material stiliness matrix of
~ L

equation (3.10) becomes

K = [K,] = /B"' Ll Jdo (3.5
~ ] N Jo o~ T~ ~
60 x 00

Geomnretric Stiffness Matrix: K*

nl

The elemental geometrie stiffness matrix of (3.10) expressed in terms ol B

NI
iv given as follows
K = Ky, = [B "[oB Ja. (3.9)
~ nl ~—— Ja -~ N[ TN
60 x 60

Then, he stress matrix, [ o], in {3.10) has the form of a (959) matrix as

ol ol ol
lo] = aa I om ]
SNym. (T334 I

B.2.4 External Force Vector

Consider the external force vector to consist of the net contributions of the

body and surface forces, then

Ff(l.l'” — f' -+ f' . {li.l“}

~ ~hody ~surf
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Body force

The eleinent body force vector for the three-dimensional continunm based

clement is given by

f' o {f;}""’l.’/ — / Iy Nlb .I(/xr]. (Bll)
~hidy R J ~ o~
60 1

where b b, b, b} are the components of the aceeleration vector. In

addition. N is a matrix of basis funetions of the form

N = P“IAyIL.HL (B.12)

for [ L2 .

Surface Force

The element surface foree vector for the three-dimensional contimuun based

clement is piven by

£ = (= / N'h, J, d0, (13.13)
~surf S~ JOo~ ~
G0x 1

where . is the determinant of the surface Jacobian matrix and L, is the
surface load veetor (per unit area in the current reference configuration).
Also. N s the matrix of basis furctions as defined above. T 1e subsceript s
refers to the bi-unit cube face for which the applied load corresponds (ie.,

§ +1). The determinant of the surface Jacobian

fr
~
=
,

-

A

.
c
=
~
i
i

matrix, J.. is defined as
D lix, woxgle i &=l
I = [lx¢ xxeflz i p==0 .
Ixe Xyl i ¢ =+l

where || - |l: denotes the Fuelidean norus.
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Surface Pressure
For chie case wher a surface 15 subjected to a pressure load, the curlace Toad
vector, h,. becomes

h. p .

where pis the external pressuie exerted onoa face in the carrent relerence
configuration. Further, the corresponding outward wait normal, u, s iven

by

+(e, - e:) /]

n = e e /|

e,

e, el

eo ey b i

tee <e) /) leo el i ¢

where (£.7.¢) denote the orthogonal unit bases of the curvilinear system.

B.3 A 3-DI Continuum Based Shell Element
B.3.1 Introduction

Original development ol a linear 31D degenerate solid element to model doubl
curved shells is eredited to Abmad ot al. [1]. Extension to the nor linear
regime, where both geometrie and material nonlincarities are aceonnted for,
has generated considerabie interest and attention ever since (for example.
[3. 38, 79, 81. 86. 90)).

The 3D degenerate solid element nsed in the analyvsis is a non locar ¢
type shell model which accounts for farge membrane strains. These noniin
carities inchide both material (eg. hvperelastic) and geometrie (finite dis

placements / rotations) effects. The element displacemaont field i cxpronied
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in terns of three global displacements (a. row) and two local rotations (61, 0;)
(scee Figure B.2). However, the inelusion of finite rotations introduces addi-
tional complexity since, unlike displacements, rotations can not simply be
added vectorially, In fact. rotational merements are non-commutative and

therelore require special attention.

B.3.2 Geometry / Kinematic Description
Shell Assumptions

The underlying assumptions associated with the statement of geometric and

Y

kinenatic deseriptions ¢f the (degenerate) shell element are:
(1). The fibres in the thickness direction are straight and inextensible.
(11). Stresses associated with the thickness direction are zero.

(iii). The transverse shear strains are assumed s1 all (ie. no diilling degrees

of freedom are present).

The assumptions given in (1) and (i) are consistent with the classical
Mindlin / Reissner sinear flexibility theory for plates [93]. Further, assump-
tion (1) seems to imply that any chaunge in the shell thickness is not permit-
ted, however, a computationall» incrsmental update procedure enables large
membrane strains to be accounted for [39]. Also. assumption (iii) does not
exclude the modelling of large membrane behaviour in the element formula-
tion.

Before proceeding, it is useful to define some common terminology associ-

ated with the devenerate shell type formulation. Consider the parent element
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Figure B.2: (a) A three-dimensional degenerate shell element showing, the

bi-unit cube (€,7,¢) mapping into the physical (r,y, =

) domain. (h) Re

lationship between shell orientation and global coordinate system (at node

k).
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domain given by the bi-un't cube

O:{(6,9.¢) € [=1.1] = [=1, 1] > [=1, 1]},

which is mapped into the physical shell domain, see Figure B2, The surface
t6.n) for a fixed ¢ is called the lamina. For the special case when ¢ = 0, the
clement mid-surface is given. Further, the shell element thickness 1s given
by constructing a position vector emanating from the mid-surface. This
vector s called the fibre direction (or sometimes is . eferred to as the pseudo-
normal vector), and is not in general perpendicular to the lamina. The

above definition of a pscudo-normal vector ensures that the intersection of

shell elements contains no gaps or overlaps.

Shell Coordinate Systems

There are three distinet (lartesian coordinate systems adopted for the shell

clement, namely,

(1). Global system i the fixed Clartesian reference system common to all

olements defined at t = 0, with orthonormal basis (ey, e;, e3).

(i1). Nodal fibre system - is a coordinate system constructed using the fibre

. . 1 .
direction base vector, ej”), given at each node I. The orthonormal

bases for the ™ node are defined by (e{(l). eé“), eg(l))

, see Figure B2.
The transformation between the global and nodal fibre coordinate sys-
tem is given by

T/ :ef - e,

(1i1). Lamina system  is a local coordinate system constructed at each inte-

gration point with orthonormal basis (e}, b, €}), where e} and &), are
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taken locally tangent to the curvilinear lamina surface of the physicai
shell (which correspouds to the (£.1) plane in the global coordinate
system). Further, ¢} is taken normal to the lamina surface, such that

ey = (e % ey) [ lles x el

where e = Xg [ [|xell2 s and e, = Xy /Il -
Als . the definition of e is used laier to invoke the plane stress condi
tien given in assumption (it). It is evident that (eq. e,) are not neees
sarily orthogonal, therefore, in order to construct a unique orthonormal
lamina basis, (€}, eh) are chosen to be as e¢losc as possible to (e, e,)
respectively, as foliows [39]

A= (e ) ] flew — ez,

3'12 = (et o)/ |leat esl:.

where e, and ey are defined as
/ N
ee = (eet+ey) /e +ell,

ey = (ehxel)/lleh ~ e

Transformation of vector/tensor quantities from the global, ¢, to local, [,
ccordinate system is performed usiug the orthogonal preserving transforn

tion,

T . e' — ¢ (B.11)

Geometry

Consider the quadratic shell element with the reference surface taker at mid

surface (ie. ¢ = 00). Then, mapping the bi-unit square into the mid surface
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of the physieal domain as follows

Tiym N
S = {o 0, — R I D, = ZNI(f-Tl)/’}} ;

I=

where the bi-unit square is given by

Og: {(&y) € [—1. 1] < [-1, 1]}

The standard quadratic isoparametric basis functions, Nj(€, 1), are define

al the corner nodes as

Ni(&on) = 110+ &6 + pmp&é +nm — 1)

for f=1,2,....1,
and al the midside nodes as

Nit&ong) = 1/2(1 J(L+nm)  for I =056,

Ni&y) = 1200 660 -n%)  for I =13,

where (&7, = +1). By referring to the three-dimensional solid element

given in section (B.2), the nodal coordinates corresponding to the top (¢ = 1)

top bot

and bottom (£ = —1) surfaces may be denoted by x;7 and xJ, respectively.

Then, one aay write the geometric representation for the shell element in

terms of the mid-surface and coordinates (x}”, x5) as

Nen 1-¢
xen0 = 35 {men S+ mien 5 D).

I=1

Alternatively, the above equation can be expressed in terms of the pseudo-

normal base vector emanating from the 7** node which defines the fibre

direction, (’f( ) as

X(En. Q) = > {;\»’1(5.71) [( )"”d—{—c(uef(”]} (B.15)

=1
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where «a; is the shell thickness in t)e fibre direction. For the kinemarie de
scription of the shell. it is useful to introduce a nodal (Hibre) coordinate sys
term with an orthonormal basis defined with respect to the global coordinate

system as

1 A fop A h Aty A b . .
A P N YL Sl (13.16)
3{(1) = (ey X (3;{(”), and ci(” = ((;{‘” . (.*,j”)).
For the case when (3;];(1) is parallel to e, (ie. (3;{(” = ¢y), the global hase

vector e, is replaced with e;.

Kinematics

I'or each nodal coordinate, there are five degrees of freedom (DO three
(global) translations (u,v,w) at the mid-surface and two (local) rotations

11y S
]

0y, 0,) about the fibre base vectors e and , respectively. Therefore,
1. 02 1 .

the incremental displacement vector for this element can be written as

N N A a A A A r
“= {05} = {(u,'u,w,()l,()2)1](11,,u,m,()l,(),_)zl...|(u.,n,m,(),,()z),,,"} ,

e

(13.17)

where n., = 8 is the number of nodes per clement.

In addition, the total and ineremental displacement field can be vepre
sented as the difference between (i) the original and carrent configurations
(t, — t), and (i1) the current and updated configurations (1 » 1 /.0),

respectively, that is

t “ [EYaX !
u, = ‘x-"X, and u = Ty Ix.
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Then, the respective displacement field for the element using equation (B.15)

bhecornes

) Ten . N . I R . I .
u, = Ni(&m) |0, 1 + %( (zlte;f,( ) o toedl )) . (BA®
1= <
u = /V[(.f,)/) uy 4 %1(11(1+At(3‘7§(” - 1(:’:};(1)) } . (B.]?H
I=1 -

ta, is held constant tor the

In equation (B.19) the thickness parameter,
duration of the load step to avoid introducing any numerical instabilities.
Hence, the corresponding nodal thickness updating is performed at the end of
cach load step [38] and 1s consistent with assumption (i) mentioned previous-
lv. Whereas, for equation (13.18) the thinning effect due to finite membrane
strains is accounted for by considering the net change in shell thickness at
cach node.

For numerical implementation purposes, the terms in parentliesis in equa-
tlons (B.153) and (3.19) involving the psendo-normal vectors will eventually
need to be expressed in terms of nodal rotations. Therefore, an appropriate

director (rotation) vector updating scheme for finite rotations is examined.

B.3.3 Finite-rotations

As mentioned, finite rotational increments cannot simply be added vectori-
allv. Hence, to account for finite rotations due to bending, it is convenient
to consider the motion of the director (rotation) field as a vector t with one
end point at the origin and the other point moving along the unit sphere S2,

such that

§ = {teR| =1} .
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[t is also useful to define the corresponding tangent space as
st = {AteRt] t-At =0}

For a geometric deseription of the motion of the director field see Figure 13.3.
In general, the finite rigid body rotation of a first order tensor, {1, about an

axis is given by
t = Qt,

where Q is a proper orthogonal {PQ) second order tensor, such that
PO = {Q:®W R Q" =Q " and dtQ 1} .

The orthogonal transformation, Q. may be represented as the exponential
mapping [81], given by

Q = wp®] = (@) /ul.

n=()
where the tangent space to PO, denoted by TPO, contains the set of skew

symmetric tensors defined by
TPO :{@uw-w¥|@+e ~@,

where exp{@]: TPO — PO. Alternatively, the exponential map may be ex
pressed as [81]

Sn[lAO, g 1= cot || 2.0,
e, ©F re

(:1'[)[(:)] = I+ (;)z‘

(13.20)

and || A @y = /0% + 02+ 0% is the angle between (t,t') with an axis of

rotation parallel to (t » At). In addition, the infinitesimal skew rotation
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Figure B.3: A geometric description of the orthogonal transformation for
finite rotations in 3-1) space about an arbitrary axis parallel to (t x At).
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matrix has the form

0 =0 0,
@ = 0y 0 =0 |. (.21
-0, 0 0

The importance of the above exponential map is that it enables the mapping
of tangent vectors At € T'S? onto Loints in S

For the case when t corresponds to the pseudo-normal veetor ef of the
nodal fibre triad, the (local) incremental rotational degrees of freedom are

given by

NG = [0,.0,0]".

~

Therefore, using the exponential mapping formul- to update the nodal fibre

triad €/, 7 € {1,2,3} for the local DOF’s of conlizuration n at the ['" node

yields
] 1 “.’/2022 20,0, g1l ]
{6{(1)} = !120102 1 M‘(/z()lz ——(]](}1 {(f{(“} N
T —gly g0 L gl 105
(13.22)
where
sin||A@|, I cos||2@)],
g = : Go =
1567, | 140l
18O, = /0% + 0,2
As ||A®||; tends to zero, the infinitesimal relationship yields g, I and

g2 = 1/2. Therefore, for small incremental angles (ie. [|£.@]], < 0.01) the

first and second order spproximations for the orthogonal rotation n atrix
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become

Q = I+6 1**order,
. ..
Q = I+6+ ;(~)"' 2 order.

B.3.4 Lamina Stress and Strain

Referring to the shell assumption (i), which states that the nornal stress
I ZCT0, rr,’, = 0, il is convenient to express the stress/strain components in

terms of the local lamina coordinate system as
Ag' = [ Aé, (.23)

where the linear part of the lamina stress and strain vector are given as

i 3\ ’ N \ 1 N

[&U]l Acll u"r
! ) ol

Doy, A Uy

ANa'={ Adt, b, and Ae'=4 20E, 1 = ul 4ol b (13.24)

! 9 A N !

Ay REAR U T W,
! . N 1 !

| An‘."] y, \ "?' A £31 J \ u u + u T )

where (uf 0% i0f) are the displacements in the local (2!, 3!, 2Y) directions,
I, '."l"l‘} l .l"' ‘1'.. . lv\' 1 ,} 1
respectively. The above definition of the incremental strain negiects the cal-
culation of the normal strain component Aggs. However, it can be recovered
by utilizing the condition that of = 0 as follows
{ / ! \ l
d i :
Degy = ~ kz ‘Ca:xi,j A Sij Laeqs- (B.25)
i#i
The constitutive equation etuployed is expressed in terms of the local (lamina)

coordinate system to enforee the zero normal stress hypothesis.
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The local derivatives are obtained frony the global derivatives of displace

ments (u, v.w) using

{ ! g . .
u, v W [ Uy U W0, 1 .
o ! ! _ aql s al BYR
Uy Uy W, - rg Uy Uy Wy, T . (H.. 6)
|. “12 1,1: ”'l: ne . .

where T9 is the t.ansformation matrix delined in equation (B.11). The
derivatives of the displacements with respe-t to the global coordinate system,
are obtained in the same manner as the solid element using equation (B.5).

To obtain the lamina quantities, the global to lamina orthogonal transfor
| g 4

mation, T, is utilized as follows

L palpgl o
Oy = [ikl,,zf’kb (3.2
~l . r ;yl - '!l[’ '.'ll' ‘."’l - e
Li_ikl - [ilnl./,)lkl,llp L’i”lh‘[i' (H‘)a\\)

B.3.5 Finite Element Matrices

Strain-Displacen.ent Matrices: B and B
~1 ~NL

A linearized displacement field used to calculate the stiflness matrices is given
by
S Co il orny g0y
u" = Z Nilé gy lu; + JI””V)Z e 0y e ) Yoo (B.2Y)
I=1 - J
where the pseudo-normal vector is approximated by

- ~ 7
SN (I () Ry A ()

Proceeding with (B.29), the derivatives of the displacement. field with respeet,

to the local curvilinear ~oordinate system (€ 5, () are

r g sy . ‘ [t ol
¢ - Nig — izig Niges, ’;‘LCJ’V,"{ ey, J i,
_ : ay e, Iy ay - ( 1 .
Uiy ¢ = O | Niy =Nl tengell! O 3 (13.30)

X/ [
[=1 ag e U . It l ;
Ui 0 — LN ey ) LN e ) 7
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oI

where ¢!/ refers to the " component of fibre base vector m at node [,
and u, « {u, o}, Ultimately, the derivatives of the displacement field are
expressed in terms of the global coordinate system (&, y, =), and are obtained
by pre-multiplying (13.30) by the inverse of the Jacobian matrix.

Adopting the elemental basis functions to approximate the (global) linear

strain increment in terms of the nodal displacements yields

Hey
Ne = Z B; U
=1 "L ~1
1 ﬁI
n
3811 _ﬁ—-
. I 1 o
- b} | b(_)]l g, . (B.31)
I=1 ! ~ 1
9,

xn

The lincar strain-displacement transformation matrix, B € R°*" with n =

~L
New  Paoge s partitioned into its translational and rotational contributions as
follows:

Translational component

b,IM, 0 0
0 bﬂ‘y 0
0 0 bl
[b§'111 - I I . K
[)u'y bu‘l 0
0 b{lv: b,{‘y
1)5 .0 bﬂ
V2 o 4o

where

bl = J N+ 5N, for aie {r.y. =}

uWy
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Rotational componeut
[ NIt qn
-0y, €, b‘, L
i) '(1)
~b:? z/ “dy b!? t/(,ll,
B oD i
[bI ]I - A ["U‘»"l'
OiL = »
1(1) f(l) D 1l
(bc?: + b(’ ) ([II) T lr/ 1 be* u‘,lé‘ )
1) 1 1 f(1
-((i(, U(’{S + 1)01'“ )) (b,, ('“ ) %I , l,l/ )
S} e
([’d~" 0oy b ean ) (Iea“’h [,u “h 1,
where .
ay 1. _ . o _ 1 .
bép),‘ == [g(./illi\‘[‘g + '/,gl"\l.u) -+ ./”lA\I] for e {oy, !
For the shell element, the number of nodes per element, 1, S, and deprees

of freedom per node, ny,p = 5, gives n = 10,

Next, consider non-linear strain-displacement transformation matrix for

the shell element. Then, rewriting the derivatives of the displacement field

given in (B.30) in terms or global coordinates yields

[ T ] i bL. 0 0 | by, Ledtd /)'1)‘_’,(,'{_{,')
v, 0 1),1“,. 0 - b(, . (f,(/ ) 1),’,_,, (3{},(/‘l
w 0 0 b, —b edt /),’,',‘(,'{(.')
.,y . bfhy 0 0] — b,’,‘"(:if.l) b,’,v,/ (:{f")
vy = 0 b L0 ~b) ,I(,ﬁ,(l J I’tlz,,,"{;(,’,
w,, = 0 0 1),’[’” b ,/('f( I),’,',I(:{,(,')
. M. 0 ~ b ;:ff,’) b . el
v, 0 b0 by ('f,(/') b, ,(:{,(I’)
| w | 0 a 1){“: m/,’/,v‘_:(,ii” b,f_(:,ﬂ.” .

[b,ﬂb(_,] N

where B & R"". Also, b, and b)  are as previonsly defined,
~NL "

1y

Ii‘/
0!
0!
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Material Stiffuess Matrix: Kz

With B defined in section (BB.3.5), the element material stiffness matrix of
eequation (3.10) becomes
K- [Ku) / / B! [£]B JddO,. (B.22)

~ 1 ~L
mxm

Geometric Stiffness Miatrix: K°

~nl

The elemental geometrie stiffness matrix of (3.10) expressed in terms of B

~NIL
is givin as follows
~nl "’ NL ~T~NIL

40 x- l()

Then, the stress matrix, [ o], in (3.10) has the form of a (9x9) matrix as

~

o 1 -|
~
epy ol |.
Sylll. (T:‘;R I
~

where T s the (3x3) identty matrix

B.3.6 External Force Vector

(Consiier Lhe external foree vector to consist of the net contributions of the

body and surface {orces, then

Ft((.l‘l) — f‘ + f‘ + f‘ . (33‘1)

~ ~baly ~surf ~edge

Body force
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The element body force vector for the continuum based shell element is

given by

1 -
R | / pNb JdCdn, (13.37)
~hody \-1-(?:-1/ Jo.d-1 o~ o~

where b= {b,,b,.b.}7 are the components of the acceleration vector.  lu
~

addition, N is a matrix of basis functions, it the form

)
<

N = || 0 N 0| -%cNel wenel™ | .
] 0 0 Np|=%cNen) ueNel )

(13.36)

for [ = 1,2,....n.,, and by, as defined o section (B.3.5).
Surface Force
The element surface force vector for the continmum based shell element

is given by

£ = {f = / N'h, J, d1,. (13.37)
~surf ;)\:—1/ Ja. ~ ~

where J, 1s the determinant of the surface Jacobian matrix and h, is the
surface load vector (per unit area in the current reference configuration).
Also, N 1. the matrix of basis functions as defined above, The subseript s

refers to the face for which the applied load corresponds (e ¢ - {1, +1}).

The determinant of the surface Jacobian matrix, J,. is given by
Joo= lIxe 2 %, for (=11,

where || - || denotes the Euclidean norm.
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Surface Pressure
FFor the case when a surface is subjected to a pressure load, the surface

load vector, hy,, becomes
hy, = - pn,

where pis the external pressure exerted on the face ¢ = £1. Further, the

corresponding ontward unit normal, n, is given by
n = t(e xe,) /[ |lee x el for (= =%I1.

where (£,7, () denotes the orthogonal unit bases of the curvilinear system.
Edge Force

The element edge foree vector for the shell element is given by

£ = {1} = [ NTh J do,, (13.38)
~edpe N~ o, ~ ~
40x 1

where J, is the determinant of the edge Jacobian matrix and h, is the edge
load veetor (per unit arca in the current reference configuration). Also, N
is the matrix of basis functions as defined previously. The subscript ¢ refers
to the edge of the bi-unit square for which the applied load corresponds (ie.,
£ = {—1,+1} or p = {=1,+1}). The determinant of the edge Jacobian

matrix, J, . i given by

] - ”X‘,) X X‘(”z if f =41

Ixe xxXellz i ==l

where || - ]| denotes the Euclidean norm.




