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Abstract

In many emerging applications, data streams are monitored in a network envi-

ronment. Due to limited communication bandwidth and other resource constraints,

a critical and practical demand is to online compress data streams continuously with

quality guarantee. Although many data compression and digital signal processing

methods have been developed to reduce data volume, their super-linear time and

more-than-constant space complexity prevents them from being applied directly on

data streams, particularly over resource-constrained sensor networks. In this thesis,

we tackle the problem of online quality guaranteed compression of data streams us-

ing fast linear approximation (i.e., using line segments to approximate a time series).

Technically, we address two versions of the problem which explore quality guarantees

in different forms. We develop online algorithms with linear time complexity and con-

stant cost in space. Our algorithms are optimal in the sense that they generate the

minimum number of segments that approximate a time series with the required qual-

ity guarantee. To meet the resource constraints in sensor networks, we also develop

a fast algorithm which creates connecting segments with very simple computation.
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The low cost nature of our methods leads to a unique edge on the applications of

massive and high speed streaming environment, low bandwidth networks, and heavily

constrained nodes in computational power (e.g., tiny sensor nodes). We implement

and evaluate our methods in the application of an acoustic wireless sensor network.
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Chapter 1

Introduction

1.1 Motivation

Massive data streams are the large quantities of data that arrive in a continuous

manner. The application of massive date streams is becoming increasingly common

in many fields of science and technology. For example, large sensor networks are

extensively used in wildlife monitoring, road traffic monitoring, and environment

surveillance. Each sensor generates a data stream where new data items keep arriving

in a continuous manner. Large sensor networks usually consist of tiny devices with

very limited resources in computation and storage. In order to aggregate and analyze

the massive streaming data under monitoring, it is often required to store them in

a node with high computational and storage capability called base station. As a

result, massive streaming data has to be transmitted from tiny sensor nodes to the

base station. Due to often limited communication bandwidth and other resource

constraints, online compressing data streams continuously with quality guarantee

comes as a natural, critical, and practical demand in those applications.

We use several concrete examples to emphasize the importance of this problem:

An acoustic monitoring system has many applications. An appealing scenario is

towards “smart conference hall.” By analyzing the data collected from an acoustic

monitoring system deployed in a large conference place, we can identify and locate
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speakers as well as some of their activities. The information can be used to adjust

the equipment such as the light system, the microphone system, the video monitoring

system, and the air conditioning system.

The other potential application is bird surveillance in wildness. By analyzing

the bird sound collected using such a sensor network, ornithologists can study the

distribution of birds and their behavior patterns.

Also acoustic monitoring system can be used in air control system. Sensors can

be installed on the aircraft and provide wide area detection of acoustic sources (heavy

vehicles, other aircrafts, etc.). Underwater monitoring is another interesting appli-

cation of acoustic monitoring systems [3]. Sensor nodes customized for ocean envi-

ronment can be used for oceanographic data collection, pollution monitoring, offshore

exploration, and disaster prevention. Autonomous underwater vehicles equipped with

underwater sensors can explore very deep part of the ocean and gather scientific data

for monitoring missions. The traditional approach for underwater monitoring is to

deploy custom-built sensors that record data during the monitoring mission, and

then recover the data after the mission. This approach has many disadvantages and

is inapplicable in many emerging situations: First, real-time monitoring that is of

great importance in surveillance becomes impossible. The data needs to be recorded

and recovered at a later time because it is usually hard to access the offshore ve-

hicles after deployment. Second, there is no interaction between onshore control

systems and the monitoring instruments, impeding any interactive reconfiguration

after specific events. Also the amount of data that can be recorded by the sen-

sors is limited by their storage capacity. To build real-time interactive underwater

monitoring systems, there is a need to enable underwater communications among

underwater devices. Underwater sensor nodes and vehicles must be able to coordi-

nate their operation by exchanging configuration, location, and movement data, and

to relay monitored information to an onshore station. In many cases, we use acous-



3

tic wireless communication for underwater sensor networks, which suffers from very

limited bandwidth.

We are building an acoustic monitoring system using wireless sensor networks.

Sensor nodes are deployed in a target area, while each node contains an acoustic

sensor that samples sound signals continuously. Wireless sensor nodes that integrate

sensors, processors, memory, and wireless transceivers are small and have only very

limited computational power and communication bandwidth [33]. For instance, we

select the Chipcon radio chip in the broadly-used MICA2 motes [16] from Crossbow

Technology Inc 1 that has the maximum transmission power of 27 mA and the maxi-

mum bandwidth of 38 kbps. The model of the motes that we use is MPR400CB with

the CC1000 900 Mhz data radio. The sensor board, MTS300CA, enables the mote

to measure temperature, sound, and light in addition to the voltage of the batteries

in the node. The base station interface unit, MIB510CA, is based on RS232.

One technical challenge is that the acoustic data stream cannot be sent out in

time due to the low bandwidth radio channel. Specifically, in order to make the data

analysis useful, we need to sample human voice with the normal sampling rate of 8

kHZ and 16 bits per sample. This sampling mode requires a bandwidth of 128 kbps

for 1 channel (mono) voice, which greatly exceeds the maximum bandwidth of 38

kbps that a MICA2 mote can support (In underwater wireless sensor networks, no

matter using sound or radio waves for communication, the challenge still exists). In

addition, we cannot temporarily store a large number of samples since the memory

size of MICA2 motes is only 512 kb. The only technical solution to the bottleneck

is to compress data streams on the fly with the minimum required quality, and then

send out the compressed streams instead of the original streams through the network.

Sending compressed streams can also reduce the power consumption of sensors on

communication, and thus extend the lifetime of sensors. In large environmental

1Crossbow Technology Inc is a manufacturer of RF Sensor Network hardware and software WEB:

www.xbox.com
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surveillance sensor networks, recharging or replacing batteries of sensor nodes is often

very difficult or even impossible after the sensors are deployed.

Many data compression and digital signal processing methods have been devel-

oped to reduce data volume, such as Fourier transform [1, 12, 18, 34], discrete cosine

transform [29], Wavelets [5, 7, 30, 13, 25], linear predictive coding (LPC) [2], etc.

However, these methods cannot be applied to data stream compression in sensor net-

works due to the high cost of those methods in time and space. Moreover, sensor

nodes like MICA2 motes only have very limited computational power. For example,

only simple arithmetic operations are supported by TinyOS [6], the operating system

for MICA2 motes. Although it is possible to implement a mathematical module to

calculate essential functions like sinusoid and exponential functions or use dedicated

DSP chips for audio processing and compression, such complex modules are highly

undesirable due to the limited memory size and computational capacity of MICA2

motes as well as the extra energy cost of dedicated DSP chips.

1.2 Contribution

In this thesis, we tackle the problem of online compression of data streams in the

application context of sensor networks. Particularly, we aim at the fast linear ap-

proximation methods (i.e., using line segments to approximate a time series) with

quality guarantee. We make the following contributions.

1. We model the piecewise linear approximation problem properly for data streams.

Different from the conventional situations where the whole time series to be

compressed and the required compression rate can be specified, a data stream

is potentially unlimited, and the distribution is often unpredictable. We pro-

pose the error-bounded piecewise linear approximation problem to tackle those

challenges.

2. We present fast online solutions with linear time complexity and constant cost
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in space. Our algorithms are optimal in the number of segments used to ap-

proximate a (potentially unlimited) time series. Moreover, our algorithms have

an approximation factor of 2 to the maximum compression ratio using piecewise

linear approximation.

3. To address the computational challenges in sensor nodes, we develop another

online approximation algorithm that is particularly tailored for tiny sensor de-

vices by requiring only very simple computation. The low cost nature of our

methods leads to a unique edge on the applications of massive and high speed

streaming environment, low bandwidth networks, and heavily constrained nodes

in computational power (e.g., tiny sensor nodes).

4. We implement and evaluate our methods in the application of an acoustic wire-

less sensor network. Our empirical evaluation clearly shows that our methods

are highly feasible for resource-constrained wireless sensor networks.

The rest of the thesis is organized as follows. In Chapter 2, we formulate and

analyze the problem and review the related work. Two online algorithms are devel-

oped in Chapter 3, and their optimality is studied in Chapter 4. In Chapter 5, we

design an online approximation algorithm which is more economic in computation for

tiny sensors. Multidimensional PLA problems are studied in Chapter 6. We report

our implementation and evaluation of the proposed methods in an acoustic wireless

sensor network in Chapter 7. The thesis is concluded in Chapter 8.
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Chapter 2

Problem Definition and Related Work

In this chapter, we propose the error-bounded piecewise linear approximation problem

for data streams. We also review the related work.

2.1 Problem Formulation

A very popular method for approximation of a time-series is by combination of poly-

nomials. The simplest approach is to use first degree polynomials, i.e. linear approx-

imation. Piecewise linear approximation (PLA) is an effective method to compress

a time series. A numeric data stream can be treated as a potentially unlimited

time series. Thus, it is natural to explore whether we can compress a numeric data

stream using the piecewise linear approximation method. PLA algorithms can also

be classified as static or online algorithms. In the static or conventional PLA algo-

rithm, the entire time series (numeric data stream) is accessible at the beginning,

but in the online PLA problem data stream is treated as an infinite time series. This

is an important distinction because many data mining algorithms are required to

work with infinite stream [31, 21]. PLA for static time series has been well studied

(e.g., [10, 14, 20, 26]), But there is not substantial effort in the literature to cover

online PLA problem [31, 21, 19].

Let X = x1 · · ·xn be a time series of n points, and xi (1 ≤ i ≤ n) be the value of

the i-th point of X. A (line) segment is a tuple s = ((i, yi), (j, yj)) where i < j and
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Figure 2.1: Piecewise linear approximation.

(i, yi) and (j, yj) are two endpoints. [i, j] is called the range of s.

Given a time series X, PLA uses a set of line segments as the approximation of

the time series. Figure 2.1 elaborates the general idea, where three line segments,

AA′, BB′, and CC ′, are used to approximate a time series. A line segment s =

((i, yi), (j, yj)) approximates the k-th point (i ≤ k ≤ j) of the time series by value

x̃k = yi +
k − i

j − i
yj

The compression comes from that the number of line segments used for approximation

can be much smaller than the number of points in the time series. In the figure, the

time series has 18 points. 3 segments are used to approximate the time series, and

each segments has 2 endpoints. Thus, the 3 line segments only need 6 points to

represent. A compression ratio of 3 is achieved.

Regarding the endpoints in the segments, there are at least two ways to classify

the PLA algorithms. In the first way, the endpoint of each segment must belong to

the original time series. In the second way, the endpoints in the segments are not

necessarily from the original points. In the first way, we tend to closely align the

endpoint of consecutive segments, and give the piecewise approximation a smooth
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look. In contrast, the selection of the second way can produce a very disconnected

look on some datasets. The aesthetic superiority of the connected segments , together

with its low computational complexity has made it a suitable technique in computer

graphic applications [15]. However, the quality of the approximating line while they

are required to be connected is generally inferior to the second approach. Here we

assume that the endpoints in the segments are not necessarily positioned at some

points in the time series (e.g., B, B′, and C ′ in the figure).

Formally, a set of segments X̃ = {s1, . . . , sm} is a piecewise linear approximation

of X if (1) s1, . . . , sm are segments; and (2) for each index i (1 ≤ i ≤ n), i is either

in the range of exactly one segment in X̃, or there exist two segments s, s′ ∈ X̃ such

that s and s′ share the same endpoint at index i. Clearly, using the segments, for

every index i, X̃ can give a value x̃i to approximate xi.

Most of the previous studies on static time series address an optimization problem

as follows.

Problem 1 (Conventional PLA problem) Given a time series X of n points

and a number m < n, find a set of m segments as a piecewise linear approxima-

tion of X such that the approximation error is minimized.

Unfortunately, solutions to the conventional PLA problem are not applicable to

data streams. A data stream is potentially unlimited. It is impossible to know in

advance the number of points in the stream or to specify the number of segments to

be used for approximation. To tackle the stream compression problem we turn to the

error-bounded PLA problem.

Problem 2 (Error-bounded PLA problem) Given an error measurement func-

tion err() such that err(X, X̃) gives the error that a PLA X̃ approximates X. Let

ǫ be a user-specified error bound. X̃ is called an ǫ-PLA of X if err(X, X̃) ≤ ǫ. An
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ǫ-PLA X̃ of X is optimal if |X̃| (i.e., the number of segments in X̃) is minimized.

We propose two error measurement functions meaningful for data streams.

First, the max-err function captures the maximal error between X and X̃ at any

index. That is,

maxerr(X, X̃) =
n

max
i=1

{|xi − x̃i|}

With potentially unlimited streams, using the max-err function, we can make sure

the approximation quality is consistently bounded at every point.

Second, the seg-err function checks the error introduced by each segment, and

captures the maximal error. That is,

segerr(X, X̃) = max
s∈X̃

{
∑

i∈range(s)

(xi − x̃i)
2}

Using the seg-err function, we can make sure that the error introduced by every

segment is bounded.

Using the two error measurement functions, we have two versions of the error-

bounded PLA problem.

Problem 3 (PLA-PointBound problem) Given an error-bound ǫ, the PLA-PointBound

problem is to find an ǫ-PLA X̃ such that maxerr(X, X̃) ≤ ǫ and |X̃| is minimized.

Problem 4 (PLA-SegmentBound problem) Given an error-bound ǫ, the PLA-

SegmentBound problem is to find an ǫ-PLA X̃ such that segerr(X, X̃) ≤ ǫ and |X̃|

is minimized.

It is worth noting that different versions of the ǫ-PLA problem require differ-

ent solutions. Generally, the PLA-PointBound problem composes a stronger quality
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requirement than the PLA-SegmentBound problem, and thus the PLA-PointBound

problem is more challenging.

A good solution to one problem does not necessarily result in a good solution to

the other. For instance, suppose that we have an effective algorithm to solve the

PLA-PointBound problem. One may wonder whether we can translate the PLA-

SegmentBound problem to the PLA-PointBound problem by setting the error-bound

(of each point) to
√

ǫ
n
, where n is the number of points approximated by a line

segment.

Unfortunately, it is hard to obtain the number of points in a segment. The

segments may have different lengths. Moreover, a segment in the PLA-SegmentBound

problem might approximate most points well, but permits several exceptional points

to have large errors. A näıve translation of the PLA-SegmentBound problem to the

PLA-PointBound problem using a uniform error-bound on all points excludes such

segments. Similarly, we cannot easily reduce the PLA-PointBound problem to the

PLA-SegmentBound problem.

2.2 Related Work

Piecewise linear approximation (PLA) is a well-investigated research area [9, 19, 20,

26, 27, 32]. The idea is to use a sequence of line segments to represent the time series

with a low approximation error. Since a line segment can be determined by only

two endpoints, PLA can make the storage, transmission and computation of time

series more efficient. In data mining, most existing piecewise linear approximation

algorithms use standard linear regression techniques to calculate a line segment fitting

the original data with the minimum mean squared error. Many of them target at

solving the conventional PLA problem and are not applicable to streaming data [10,

14, 20, 26].

Besides data mining, PLA algorithms are also used in other fields like cartogra-
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phy [8] and computer graphics [15]. In [8], the authors use 2D linear segments in

order to approximate map contours. In [15], the authors use linear segments for the

simplification of polygonal surfaces. In both applications, the aesthetic feature of the

approximation is the objective, and linear interpolation (connected segments) has

been utilized.

Despite the substantial research efforts in PLA techniques [10, 14, 19, 23, 20, 26],

existing solutions are not tailored for data streams over resource-constrained sensor

networks. They either require complex computation or have high cost in space. To

the best of my knowledge, there has no implementation of these algorithms in realistic

sensor devices.

In [19], Keogh et al. give a comprehensive review of existing techniques for seg-

menting time series. They categorize the solutions into three different groups, namely

sliding window methods, top-down methods, and bottom-up methods. In sliding

window, a segment is extending as large as possible until it exceeds some previously

defined error bound. Sliding window is a broadly used algorithm in different areas.

That is mainly because of its simplicity to implement and online characteristic of

the algorithm. Top-down and bottom-up approaches are both working with static

dataset. Top-down approach recursively partitions the segments until it exceeds some

threshold. So an initial segmentation is required to start the algorithm. Note that

the first segmentation can be the whole time series. In bottom-up, we start with the

finest possible approximation and then segments are merged until it exceeds some

threshold. In [19], they take advantage of both sliding window and bottom-up meth-

ods and design a Sliding-Window-And-Bottom-up (SWAB) algorithm. The SWAB

algorithm uses a moving window to constrain a time period in consideration.

Sliding window has been broadly used in different areas especially with medical

applications [21, 31, 17]. The main reason of using this type of PLA algorithm

backs to its simplicity and online characteristic of the algorithm. Although different
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variations of sliding window are proposed in the literature [21, 24, 32], none covers

a large range of dataset with different characteristics, and it is shown that sliding

window can give poor results under some circumstances [28].

In [23], an amnesic function is introduced to give weights to different points in

the time series. The PLA-SegmentBound problem is discussed in the context of

Unrestricted Window with Absolute Amnesic (UAA) problem, but complete solutions

to this problem are not provided in [23].

A solution to the PLA-PointBound problem is addressed in [22] with a different

definition of point error bound. The algorithm is claimed to be optimal, but the time

complexity is O(n3) where n is the number of points in the time series. Moreover, no

performance evaluation of the solution is presented in the paper.

In [4], a solution is introduced for the PLA-PointBound problem. The proposed

algorithm extends the sliding window model without an asymptotic increase in mem-

ory space. The memory space complexity of this algorithm is linear in the size of the

bucket histogram

In summary, although the error-bounded PLA problem has been touched slightly

in several very recent studies, the problem has not been studied systematically. No so-

lution applicable to data streams has been developed, let alone solutions for resource-

constrained sensor networks.
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Chapter 3

Online Algorithms

In this chapter, we develop two online algorithms for the PLA-PointBound and the

PLA-SegmentBound problems, respectively. The two algorithms share the same

framework.

3.1 The Framework

The framework of our algorithms works in a greedy manner. When x1, the first point

in the stream, arrives, we store x1. When x2 arrives, we also store x2 since x1 and x2

can be compressed by a segment exactly. When x3 arrives, we check whether x3 can

be compressed together with x1 and x2 by a line segment satisfying the error-bound

requirement. If so, we store x3. Otherwise, we output a line segment compressing x1

and x2, remove x1 and x2 from the main memory, and store x3.

Generally, imagine we have a buffer in main memory storing points xi, xi+1, . . . , xj

such that the points in the buffer can be compressed by a line segment satisfying the

error-bound requirement. When a new point xj+1 arrives, we check whether xj+1

can be compressed together with xi, . . . , xj by a line segment satisfying the error-

bound requirement. If so, we add xj+1 to the buffer and move on to the next point.

Otherwise, we output a segment compressing x1, . . . , xj satisfying the error-bound

requirement, and remove them from the buffer. xj+1 is then stored in the buffer.

Although the framework is simple, there are two critical issues that need to be
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solved carefully in order to make sure that the runtime of the algorithms is linear

with respect to the number of points in the streams, and the space size needed by

the algorithms is bounded by a constant.

First, how can we store the information about the points we have seen but have

not compressed? In the worst case, there can be an unlimited number of such points

(e.g., a times series where all points take the same value). How can we summarize

them using only constant size memory?

Second, how can we determine whether a newly arrived point can be compressed

together with the points already in the buffer that have been seen but have not been

compressed? Revisiting those points one by one leads to the runtime quadratic with

respect to the number of such points. As explained before, there can be an unlimited

number of such points. The overall time complexity is quadratic if those points are

revisited one by one.

Our central idea to tackle the above two challenges is the following. Instead of

storing the points explicitly, we monitor the range of all possible line segments that

can be used to compress the points that have been seen but have not been compressed

in a concise way. When a new point arrives, we can check whether the point can be

compressed using some line segment in the range. If so, it means that the new point

can be compressed together with the points accumulated. We only need to adjust the

range of the possible line segments to make sure the new point is also compressed.

If not, it means that the new point cannot be compressed together with the points

accumulated. A segment should be output.

In the rest of this chapter, we develop the techniques to implement the above idea

for the PLA-PointBound problem and the PLA-SegmentBound problem.
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Figure 3.1: Ranges of possible line segments.

3.2 Solving the PLA-PointBound Problem

A segment s = ((i, yi), (j, yj)) can also be represented by the left endpoint (i, yi), the

slope m =
yj−yi

j−i
, and the index of the right endpoint j.

For two points xi and xj in a data stream, if a line segment s = ((i, yi), (j, yj))

with slope m =
yj−yi

j−i
can approximate xi and xj , i.e., |xi − x̃i| ≤ ǫ and |xj − x̃j | ≤ ǫ

where ǫ is the error-bound, s must satisfy the following two conditions.

(xi − ǫ) ≤ yi ≤ (xi + ǫ) (3.1)

m2 ≤ m ≤ m1 (3.2)

Where m1 =
(xj+ǫ)−yi

j−i
and m2 =

(xj−ǫ)−yi

j−i
. Figure 3.1 illustrates the conditions

and their relations. Particularly, m1 and m2 are the slopes of the two lines shown in

the figure.

Since the line segments are determined by the value of the left endpoint yi and

slope m, we examine the distribution of points (yi, m) that satisfy Equations 3.1

to 3.2. As illustrated in Figure 3.2, the possible line segments form a polygon

poly(i, j). We have the following important result.

Lemma 1 (PLA-PointBound) A line segment of left endpoint yi and slope m can
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Figure 3.2: Polygon poly(i, j).

approximate points xi, . . . , xj with max-err at most ǫ if and only if (yi, m) is in polygon

poly(i, i + 1) ∩ poly(i, i + 2) ∩ · · · ∩ poly(i, j).

Proof. The necessity follows with the definition of poly(i, j). For any line segment

s 6∈ poly(i, i + 1) ∩ poly(i, i + 2) ∩ · · · ∩ poly(i, j), there exists an index k (i ≤ k ≤ j)

such that s 6∈ poly(i, k), i.e., s cannot approximate either xi or xk.

We prove the sufficiency by contradiction. Suppose a segment s ∈ poly(i, i + 1)∩

poly(i, i+2)∩· · ·∩poly(i, j) but s cannot approximate xk (i ≤ k ≤ j). Two situations

may arise. First, k = i. Then, s 6∈ poly(i, i + 1) since |xi − yi| > ǫ where yi is the

value of s on index i. Second, k 6= i. Then, s 6∈ poly(i, k). In both cases, we have

contradictions.

Using Lemma 1, we have algorithm PointBound, an online algorithm as shown

in Figure 3.3. We maintain the intersection of polygons poly(i, i + 1), . . . , poly(i, j),

where xi is the first point that has not been compressed yet in the data stream, and

xj is the last point arrived such that poly(i, i + 1) ∩ . . . ∩ poly(i, j) 6= ∅.

When a new point xj+1 arrives, we compute poly(i, j + 1) and poly(i, i + 1) ∩

. . .∩ poly(i, j)∩ poly(i, j + 1). If it is ∅, then a line segment s is randomly chosen to
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Input: a data stream X = x1, x2, . . . and error-bound ǫ;

Output: a list of line segments X̃ approximating X

such that maxerr(X, X̃)) ≤ ǫ;
Method:
1: P = poly(1, 2); i = 1; j = 3;
2: WHILE (1) DO{
3: P ′ = P ∩ poly(i, j);
4: IF P ′ 6= ∅ THENP = P ′, j = j + 1;
5: ELSE {
6: randomly choose a point (y, m) in P ;
7: output a line segment

((i, y), (j − 1, y + (j − 1 − i) ∗ m));
8: P = poly(j, j + 1); i = j; j = j + 2;

}
}

Figure 3.3: PointBound, an online algorithm for the PLA-
PointBound problem.

approximate xi, . . . , xj such that (yi, m) is in poly(i, i + 1)∩ . . .∩ poly(i, j), where yi

is the value of s on index i, and m is the slope of s. s is output, and the intersection

of polygon is removed. xj+1 and xj+2 are used to generate a new polygon poly(j +

1, j + 2).

If poly(i, i + 1) ∩ . . .∩ poly(i, j)∩ poly(i, j + 1) 6= ∅, then the intersection is kept,

and the algorithm moves on to the next point in the stream.

For any i and j, poly(i, j) is a parallelogram where there are two edges parallel

to the slope axis. It is easy to show that for any i and j, ∩j
k=ipoly(i, k) is a convex

polygon. In the worst case, the edges of the intersection of parallelograms could be up

to 2(j− i+1), i.e., twice the number of parallelograms intersected. A straightforward

method keeping all edges of the intersection area still has quadratic time complexity

and linear space complexity, which are not applicable to data streams.

Fortunately, we do not need to record all edges of the intersection polygon. In-

stead, we need to record only up to 4 edges to determine whether a new point can

be compressed together with the points seen but not compressed.
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Figure 3.4: Using up to 4 edges to represent the intersection polygon.

Using Equations 3.1 to 3.2, it is easy to see that each parallelogram has two

properties.

First, each parallelogram has two vertical edges and two sloping edges with a

negative slope value, as shown in Figure 3.2. The range of yi is the same for all

parallelograms (i.e., xi − ǫ ≤ yi ≤ xi + ǫ).

Second, for j2 > j1 > i, the absolute slope value of the two sloping edges in

poly(i, j2) is strictly smaller than the absolute slope value of the two sloping edges in

poly(i, j1).

To keep our discussion simple, let us focus on the intersection points of the upper

sloping edge of parallelograms. The case for the lower sloping edges can be analyzed

similarly.

The situations are illustrated in Figure 3.4. Suppose that the first parallelogram

gives the upper sloping edge AB with slope value mAB as in Figure 3.4(a). When

a new data point arrives, a new parallelogram is formed. In the worst case, the

upper sloping edge of the parallelogram CD cuts AB into two parts. Let E be the

intersection point between AB and CD, as shown in Figure 3.4(b).

By the second property, we have |mCD| < |mAB|. Moreover, the upper sloping

edge FG of any future parallelogram cannot cut both CE and EB due to the smaller

absolute slope value of FG than mCD. In other words, if a future parallelogram

intersects with the current intersection polygon, the upper sloping edge of the paral-
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lelogram can only cut either CE, EB or the right vertical edge. Instead of keeping

CE and EB, we can keep line segment CB. Then, a future parallelogram intersects

with the current intersection polygon if and only if it cuts CB.

Generally, we only need to keep the line segment connecting the left-most upper

corner and the right-most upper corner for the upper sloping edges. Similarly, we

only need to keep the line segment connecting the left-most lower corner and the

right-most lower corner for the lower sloping edges.

In addition to this two line segments, we need to keep the two vertical edges in

the intersection polygon. The reason is that the intersection of two parallelograms

may shrink the range of the intersection, as illustrated in Figure 3.4(c), where par-

allelogram ABCD intersects with parallelogram EFGH . The left vertical edge is

shrunk into a point I right to the original edge.

In summary, we need to record only up to 4 edges to determine whether a new

point can be compressed together with the points seen but not compressed. This

immediately leads to the following result.

Theorem 1 (Complexity – PointBound) The algorithm PointBound for the PLA-

PointBound problem has time complexity O(n) and space complexity O(1), where n

is the number of points in a time series to be compressed.

Since algorithm PointBound only looks ahead for one point in the data stream to

output a line segment whenever necessary in the piecewise linear approximation, it

is an online algorithm and can be applied to data streams.

3.3 Solving the PLA-SegmentBound Problem

To tackle the PLA-SegmentBound problem, we first obtain the following useful ob-

servation.
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Lemma 2 Suppose that a line segment s approximates a fragment X of n points

x1, . . . , xn in a time series. Then, s minimizes segerr(s, X) if the slope of s is

m =
(2

∑n

i=1 ixi) −
2
n

∑n

i=1 i
∑n

i=1 xi

(2
∑n

i=1 i2) − 2
n
(
∑n

i=1 i)2
(3.3)

and the left endpoint of s has value

m +

∑n

i=1(xi − i · m)

n

Proof. Consider a line segment s approximating fragment X. Let the left endpoint

of s be (1, y1) and the slope be m.

For each point xi (1 ≤ i ≤ n), the error is |xi − x̃i| = |xi − y1 − m(i − 1)|. Thus,

segerr =

n
∑

i=1

(xi − y1 − m(i − 1))2 (3.4)

Clearly, when

y1 = m +

∑n

i=1(xi − i · m)

n

segerr reaches the minimum value

segerr =

n
∑

i=1

x2
i + m2

n
∑

i=1

i2 − 2m

n
∑

i=1

xii −
(
∑n

i=1(xi − i ∗ m))2

n
(3.5)

From Equation (3.5), when

m =
(
∑n

i=1 ixi) −
1
n

∑n

i=1 i
∑n

i=1 xi

(
∑n

i=1 i2) − 1
n
(
∑n

i=1 i)2

segerr is minimized.

Lemma 2 leads to algorithm SegmentBound, an online algorithm for the PLA-

SegmentBound problem as shown in Figure 3.5. Suppose x1, . . . , xn are the points
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Input: a data stream X = x1, x2, . . . and error-bound ǫ;

Output: a list of line segments X̃ approximating X

such that maxerr(X, X̃)) ≤ ǫ;
Method:
1: i = 1; j = 3
2: s = the line segment ((1, x1), (2, x2));
3: WHILE (1) DO{
4: s′ = the line segment identified in Lemma 2 to

compress xi, . . . , xj ;
5: IF segerr(s′, xi · · ·xj) ≤ ǫ THEN
6: s = s′; j = j + 1;
7: ELSE {
8: output s;
9: i = j; j = j + 2;
10: s = the line segment ((i, xi), (i + 1, xi+1));

}
}

Figure 3.5: SegmentBound, an online algorithm for the PLA-

SegmentBound problem.

that have not been compressed yet. When a new point xn+1 arrives, we check whether

the line segment identified by Lemma 2 can achieve the segment error bound. If so,

then xn+1 is added into the buffer, and the algorithm moves on to the next point in

the stream. Otherwise, the line segment suggested by Lemma 2 for points x1, . . . , xn

is output, and x1, . . . , xn are considered compressed. xi+n is added into the buffer.

The time cost is constant to apply Lemma 2 to check whether a newly arrived

point can be compressed together with the points that have been seen but have not

been compressed. When a new data point xn+1 arrives, the left endpoint and the slope

of the line segment suggested by Lemma 2 can be calculated quickly. Technically,

Equation (3.3) indicates that we need to calculate
∑n+1

i=1 i,
∑n+1

i=1 xi,
∑n+1

i=1 xii, and
∑n+1

i=1 i2. Since we already have
∑n

i=1 i,
∑n

i=1 xi,
∑n

i=1 xii, and
∑n

i=1 i2, the addition

of the new point only incurs a constant cost to update the values of m and the left

endpoint.
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Since each point in the data stream is processed in constant time, and we only

maintain the values of
∑n+1

i=1 i,
∑n+1

i=1 xi,
∑n+1

i=1 xii, and
∑n+1

i=1 i2, we have the following

claim.

Theorem 2 (Complexity – SegmentBound) The algorithm SegmentBound for

the PLA-SegmentBound problem has the time complexity O(n) and space complexity

O(1), where n is the number of points in a time series to be compressed.

Similar to algorithm PointBound, algorithm SegmentBound only looks ahead for

one point in the data stream to output a line segment whenever necessary in the

piecewise linear approximation. Thus, it is an online algorithm and can be applied

on data streams.
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Chapter 4

Optimality

In this chapter, we address the quality of algorithms PointBound and SegmentBound.

Recall that, as defined in Chapter 2, in the error-bounded PLA problem, we want to

minimize the number of segments used to compress a time series.

Theorem 3 (PLA-PointBound quality) The PointBound algorithm in Section 3.2

produces a minimum number of segments to compress a time series.

Proof. For a time series X = x1, . . . , xn, let l = min{|X̃|}, where X̃ is an ǫ-PLA

approximating X (i.e., maxerr(X, X̃) ≤ ǫ). We conduct an induction on l to show

that algorithm PointBound outputs an ǫ-PLA of l line segments.

(Base case) Consider l = 1, i.e., there exists a line segment that approximates

the whole time series. According to Lemma 1, poly(1, 2) ∩ · · · ∩ poly(1, n) 6= ∅.

Thus, algorithm PointBound finds a line segment s approximating x1, . . . , xn and

maxerr(s, X) ≤ ǫ.

(Induction) Assume that, when l ≤ k, algorithm PointBound finds an ǫ-PLA X̃

of l line segments to approximate X. Now, consider the case of l = (k +1), i.e., there

exists an optimal ǫ-PLA Ỹ = {s1, . . . , sk+1} that approximates X.

Suppose that s1 approximates x1, . . . , xm. Let us assume that s′1 output by algo-

rithm PointBound approximates points x1, . . . , xm′ . Due to Lemma 1, poly(1, 2)∩· · ·∩

poly(1, m) 6= ∅. Thus, s′1 must approximate x1, . . . , xm with the quality guarantee,
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i.e., maxerr(s′1, x1 · · ·xm) ≤ ǫ. In other words, m′ ≥ m.

If m = m′, then points xm+1, . . . , xn in X can be approximated by an ǫ-PLA of

(l− 1) = k line segments. According to the assumption, algorithm PointBound finds

an ǫ-PLA of (l − 1) line segments approximating xm+1, . . . , xn.

Suppose that m′ > m. Since xm+1, . . . , xn can be approximated by an ǫ-PLA of

(l − 1) line segments, a proper subset xm′+1, . . . , xn must also be approximated by

an ǫ-PLA of at most (l − 1) = k line segments. We only need to drop the segments

approximating xm+1, . . . , xm′ . According to the assumption, algorithm PointBound

finds an ǫ-PLA of the minimum number of line segments to approximate points

xm′+1, . . . , xn.

In summary, algorithm PointBound finds an ǫ-PLA of l = (k + 1) line segments

approximating X.

Similarly, we can also show the optimality of the SegmentBound algorithm.

Theorem 4 (PLA-SegmentBound quality) The SegmentBound algorithm in Sec-

tion 3.3 produces a minimum number of segments to compress a time series.

Although the number of line segments used to approximate a time series is a

good measure on the compression quality, it is not directly translated to compression

ratio. For example, in our methods, the endpoints of segments are not constrained.

Thus, two points are needed to represent a segment. On the other hand, a PLA

using connecting segments (i.e., two consecutive segments share the same endpoint)

may use more segments but achieve a better compression ratio since only one point

is needed to represent a segment except for the first segment.

How good compression can algorithms PointBound and SegmentBound achieve?

We have the following result.

Theorem 5 (Approximation factor) Algorithms PointBound and SegmentBound
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have an approximation factor of 2 to the optimum compression factor that an ǫ-PLA

can achieve.

Proof. We only show the case for the PointBound algorithm. The same argument

applies to the SegmentBound algorithm.

For any time series X of m points, suppose that the PointBound algorithm ap-

proximates X using n line segments. Then, according to Theorem 3, any PLA cannot

have less than n line segments. To represent n line segments, at least (n + 1) points

are needed. Thus, the optimum compression ratio using PLA is at most αopt = m
n+1

.

The line segments generated by the PointBound algorithm may not be connecting.

Thus, at most 2n points are needed to represent the n line segments. The worst case

compression ratio of the PointBound algorithm is αPointBound = m
2n

.

Clearly, αopt

αPointBound
= 2n

n+1
< 2.
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Chapter 5

PLAZA for Tiny Sensors

Although algorithm PointBound is optimal for the PLA-PointBound problem, it still

may be too computation intensive for tiny, resource-constrained sensors due to two

reasons.

First, algorithm PointBound may generate non-connecting segments such that

each segment requires the transmission of two endpoints. As analyzed before, con-

necting line segments reduce the data transmission volume since each segment (ex-

cept the first one) requires the transmission of only one endpoint. Second, algorithm

PointBound has to calculate intersection of parallelograms. The computation may

be too heavy for tiny, resource-constrained sensor nodes.

In this chapter, we design a simple, fast online algorithm PLAZA (Piecewise

Linear Approximation with Zoning Angle) for the PLA-PointBound problem. PLAZA

generates connecting line segments. Although PLAZA is not optimal in the number

of line segments used for approximation, it is light in computation and very effective

in compression ratio, as will be verified by our experiments.

5.1 PLAZA

PLAZA builds on the concept of zoning angle. Given an error bound ǫ and two points

(i, xi) and (k, xk) (i < k), the zoning angle from (i, xi) to (k, xk), denoted by θǫ
(i,k), is

defined as the angle that has (i, xi) as the endpoint, ((i, xi), (k, xk)) as the bisector,
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Figure 5.1: An example of zoning angle

and has a degree of 2 arctan ǫ
|xixk| , where |xixk| =

√

(k − i)2 + (xk − xi)2.

Figure 5.1(a) shows an example of zoning angle θǫ
(i,k). The zoning angle defines a

zone to include any potential line segments that can be used to compress xi and xk.

We observe the following important results.

Lemma 3 For three points xi, xk, xj(i < k < j) in a time series, the line segment

((i, xi), (j, xj)) approximates xk with error up to ǫ if and only if the line segment

((i, xi), (j, xj)) falls in the zoning angle θǫ
(i,k).

Proof: (Necessity) Without loss of generality, we assume that (j, xj) is above the

line ((i, xi), (k, xk)), as shown in Figure 5.1. If ((i, xi), (j, xj)) approximates xk with

error up to ǫ, the vertical distance between point (k, xk) and line ((i, xi), (j, xj)) must

be smaller than ǫ. That is, the line segment ((i, xi), (j, xj)) must fall in the zoning

angle θǫ
(i,k).

(Sufficiency) If the line segment ((i, xi), (j, xj)) falls in the zoning angle θǫ
(i,k), the

degree of angle ∠xjxixk is smaller than arctan ǫ
|xixk| . Therefore, the vertical distance

between point (k, xk) and line ((i, xi), (j, xj)) is smaller than ǫ, which means, line

segment ((i, xi), (j, xj)) approximates xk with error up to ǫ.
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Input: a data stream X = x1, x2, . . . and error-bound ǫ;

Output: an ǫ-PLA X̃ of a list of connecting line

segments, i.e., maxerr(X, X̃)) ≤ ǫ;
Method:
1: i = 1; angle = θǫ

(1,2);

2: s = line segment ((1, x1), (2, x2)); j = 3;
3: WHILE (1) DO{
4: angle = angle ∩ θǫ

(i,j);

5: IF angle 6= 0 THEN{
6: IF segment ((i, xi), (j, xj)) falls in angle

7: THENs = line segment ((i, xi), (j, xj));
8: ELSE {
9: x

′

j = the value of the bisector line of
angle at index j as shown in Figure 5.1(b);

10: s = the line segment ((i, xi), (j, x
′

j));

11: xj = x
′

j ;
12: }
13: j = j + 1;
14: }
15: ELSE {
16: output s;
17: i = j − 1; xi = xj−1; j = j + 1;
18: angle = θǫ

(i,i+1);

19: s = line segment ((i, xi), (i + 1, xi+1));
20: }
21: }

Figure 5.2: Algorithm PLAZA.

Lemma 4 For three points xi, xk, xj(i < k < j) in a time series, if zoning angle

θǫ
(i,j) has no overlap with zoning angle θǫ

(i,k), there does not exist a line segment s with

(i, xi) as the left endpoint such that maxerr(s, xi · · ·xk · · ·xj) ≤ ǫ.

Proof: We prove by contradiction. Assume that there is a line segment s with (i, xi)

as the left endpoint such that s approximates both xk and xj with an error up to ǫ.

Based on Lemma 3, this line segment must fall in both θǫ
(i,k) and θǫ

(i,j), which means

θǫ
(i,k) and θǫ

(i,j) overlap. Contradiction. .

Algorithm PLAZA works as follows. Starting from a point xi, Lemma 3 is used to
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check if there is a line segment approximating points between indexes i and j(i < j).

Moreover, Lemma 4 is used to check if searching further in the time series is futile.

The pseudocode of PLAZA is shown in Figure 5.2.

Algorithm PLAZA scans each point in a data stream only once and stores only the

zoning angle and the current approximating segment in main memory, the algorithm

clearly has linear time complexity and constant space complexity.

Compared to algorithm PointBound, PLAZA requires much simpler computation.

The major operation is to construct the zoning angle and to calculate the intersection

of zoning angles. The exact degree of each angle is not required. Instead, we only

need to record the endpoint and the two edges of the angle. Similar to algorithm

PointBound, PLAZA returns endpoints of segments that may not necessarily belong

to the original time series (i.e., the value of xj may be changed as shown in line 11

in the pseudo code).

5.2 Benchmarking PLAZA

PLAZA creates connecting line segments. Only transmission of one point is needed for

each line segment except for the first line segment. This feature distinguishes PLAZA

from algorithms PointBound and SegmentBound. What is the optimal compression

that can be achieved by an ǫ-PLA consisting of only connecting line segments? In

this subsection, we give such an optimal algorithm, optimal PLAZA benchmark.

The idea behind the optimal PLAZA benchmark algorithm is similar to that of

algorithm PointBound. The main difference is that, unlike the PointBound algorithm,

we do not start the new segment with the initial condition xi− ǫ ≤ yi ≤ xi + ǫ, where

yi is the value of the left endpoint of the new segment. Instead we set a smaller range

on yi to guarantee the connectivity of two consecutive segments. Specifically, to

decide the range of yi, we use the last non-empty polygon intersection in the previous

point.
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Suppose points x1, . . . , xj−1 are checked but have not been compressed yet, i.e.,

poly(1, 2) ∩ · · · ∩ poly(1, j − 1) 6= ∅. We keep the exact intersection of the paral-

lelograms. The intersection is used to confine the range of yj. Apparently, as the

intersection is a convex polygon, only the corners of the polygon need to be checked

when looking for the minimum and maximum values. This fact helps the search of

yj.

We find the optimal solution by a exhaustive search. Starting from x1, we try

all values of j such that x1, . . . , xj can be approximated by a line segment with

maximal error ǫ. For each such a subset x1, . . . , xj, we compute the intersection of

parallelograms poly(1, 2) ∩ · · · ∩ poly(1, j), and try to find a line segment with left

endpoint (j, yj) that can approximate some points xj+1, . . . , xi where j + 1 < i and

yj is in the range confined by poly(1, 2) ∩ · · · ∩ poly(1, j). By doing so, the first and

the second line segments are connecting. We conduct a depth-first search to find an

ǫ-PLA consisting of the minimum number of connecting line segments.

We search for the optimal solution as follows. Starting from x1, we add new

points step by step until the intersection of polygons becomes empty. We then use

the last non-empty intersection polygon to define the initial range of yi and start a

new search. The above procedure continues until all points are covered. Since a new

search depends on the previous endpoint, we need to test all possible segmentation

scenarios to obtain the optimal solution. To do so, we perform back-tracking search

(i.e., we perform the above search from all intermediate points along a segment.). The

segmentation scenario with the minimum number of connecting segments is returned

as the optimal solution. The back-tracking search is done with the recursive function

defined in Figure 5.3. To obtain the optimal solution for the whole time series, we

execute the recursive function with the start point as x1.

The optimal PLAZA benchmark is an offline algorithm: it assumes the time series

is given and can be scanned multiple times. Its complexity is far above linear due to



31

Input: a data stream X = x1, x2, . . . , xn and error-bound ǫ;
Output: the minimum number of connecting segments

approximating X within point error-bound ǫ;
Function: PLAZABenchmark() {
1: return recursiveBacktracking(1, x1 + ǫ, x1 − ǫ);
}

Function: recursiveBacktracking(index, ymax
i , ymin

i ) {
2: minSegments = ∞;
3: IF (index == n) THENreturn 1;
4: end = index; P = ∞;
5: WHILE (P 6= ∅) DO{
6: IF (end − index > 0) THEN{
7: update ymax

i and ymin
i based on P ;

8: segNum = 1 + recursiveBacktracking(end, ymax
i , ymin

i );
9: miniSegments = min(miniSegments, segNum);

}
10: end = end + 1;
11: P ′ = polygon defined by ymax

i , ymin
i

and slopes calculated with Equations ?? to 3.2;
12: P = P ∩ P ′;

}
13: return miniSegments;
}

Figure 5.3: Optimal PLAZA benchmark algorithm

the exhaustive search. This algorithm is obviously not suitable for online compression

of data streams. It is for comparison purpose only.
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Chapter 6

Multidimensional PLA Problems

6.1 Problem Formulation

In this section, we take a step forward to investigate the PLA problems in multidi-

mensional space, where each point of the time series consists of an array of values.

One example application of multidimensional PLA problem is to use line segments

to approximate the trace of a moving object in the three-dimensional space. In this

case, the endpoints of line segments are points in the three-dimensional space.

Let X be a time series of n points and xi(1 ≤ i ≤ n) be the value of the i-th

point of X in a multidimensional space. Assume that the dimension of the space is

M . We denote each point xi as (x1
i , x

2
i , . . . , x

M
i ). Let X̃ be a PLA of X. We revise

the error measurements maxerr and segerr in Chapter 2 to the M-dimensional case

and denote them as Mmaxerr and Msegerr, respectively.

Mmaxerr(X, X̃) =
n

max
i=1

{|xi − x̃i|} (6.1)

where |xi − x̃i| =
√

∑M

j=1(x
j
i − x̃

j
i )

2.

Msegerr(X, X̃) = max
s∈X̃

{
∑

i∈range(s)

(xi − x̃i)
2} (6.2)
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where (xi − x̃i)
2 =

∑M

j=1(x
j
i − x̃

j
i )

2.

Similar to the PLA-PointBound problem and the PLA-SegmentBound problem,

the multidimensional PLA problems could be defined as follows.

Problem 5 (Multidimensional PLA-PointBound problem) Given an error-bound

ǫ, the Multidimensional PLA-PointBound problem is to find an ǫ-PLA X̃ such that

Mmaxerr(X, X̃) ≤ ǫ and |X̃| is minimized.

Problem 6 (Multidimensional PLA-SegmentBound problem) Given an error-

bound ǫ, the Multidimensional PLA-SegmentBound problem is to find an ǫ-PLA X̃

such that Msegerr(X, X̃) ≤ ǫ and |X̃| is minimized.

6.2 Multidimensional PLA-SegmentBound Problem

We have shown in Lemma 2 that in one-dimensional case we can easily find a line

segment s that minimizes segerr(s, X) for a time series X of n points. With this

Lemma, we can solve an M-dimensional PLA-SegmentBound problem by breaking

it to M one-dimensional problems.

Problem 7 (k-th PLA-SegmentBound problem) Given M-dimensional PLA-

SegmentBound problem with Msegerr of ǫ, the k-th PLA-SegmentBound problem

(1 ≤ k ≤ M) is defined as the one-dimensional PLA-SegmentBound problem in the

k-th dimension with segerr of ǫk, where ǫ =
∑M

k=1 ǫ2
k.

Algorithm M-SegmentBound to solve the multidimensional PLA-SegmentBound

problem is shown in Figure 6.1. The basic idea of this algorithm is to calculate the

minimum segerr in each individual dimension based on Lemma 2, and then check if

Msegerr calculated with the segerr values is within the given bound. If it is, we can

move ahead to check the next point without starting a new line segment. Otherwise,

we output the current segment and start a new line segment. According to Lemma 2,
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Input: a data stream X = x1, x2, . . . in an M-dimensional
space and error-bound ǫ;

Output: a list of line segments X̃ approximating X in the

M-dimensional space such that Msegerr(X, X̃)) ≤ ǫ;
Method:
1: i = 1; j = 3
2: s = the line segment ((1, x1), (2, x2));
3: WHILE (1) DO{
4: FOR(d = 1; d + +; d ≤ M) DO
5: s′d = the line segment in the d-th dimension

identified in Lemma 2 to compress xd
i , . . . , x

d
j ;

6: IF
∑M

d=1 segerr(s′d, x
d
i · · ·x

d
j ) ≤ ǫ THEN

7: Construct line segment s′ in the M-dimensional
space with s′1, . . . , s

′
M ;

8: s = s′; j = j + 1;
9: ELSE {
10: output s;
11: i = j; j = j + 2;
12: s = the line segment ((i, xi), (i + 1, xi+1));

}
}

Figure 6.1: M-SegmentBound, an online algorithm for the multidi-

mensional PLA-SegmentBound problem.

segerr is minimized at each dimension. Hence the Msegerr obtained with the segerr

values is also minimized.

We should explain the operation in Line (7) of the algorithm. A line segment in

an M-dimensional space is determined by the two endpoints in the M-dimensional

space. For the first (start) point, the value of its k-th dimension is the value of the

start point of (one-dimensional) line segment s′k; and similarly the value of the second

(end) point’s k-th dimension is the value of the end point of (one-dimensional) line

segment s′k, where k = 1, . . . , M . It is easy to see that

Theorem 6 (Complexity – M-SegmentBound) The M-SegmentBound algorithm

for the M-dimensional PLA-SegmentBound problem has the time complexity O(Mn)

and space complexity O(1), where n is the number of points in a time series to be
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compressed.

Theorem 7 (Optimality – M-SegmentBound) The M-SegmentBound algorithm

for the M-dimensional PLA-SegmentBound problem produces a minimum number of

segments to compress a time series in the M-dimensional space .

The optimality comes from the fact that the M-SegmentBound algorithm works

in the same way of the SegmentBound algorithm. More specifically, we can calculate

the exact value of the smallest MSegerr with Equation 6.2 and check if it is within

the given bound (Line (6) of the algorithm).

6.3 Multidimensional PLA-PointBound Problem

Unfortunately, the above idea cannot be used to extend the PointBound algorithm

(3.2) to solve the multidimensional PLA-PointBound problem. The main difference

is that the PointBound algorithm checks the existence of approximating line segment

in one-dimensional space, and as long as such line segments exist, the PointBound

algorithm will be able to find one but does not guarantee the approximating error is

minimum. Due to this reason, we cannot use Equation 6.1 to obtain the minimum

Mmaxerr and thus we cannot simply check whether we should output current line

segments or move ahead to another new point in the multidimensional case. Designing

optimal algorithm for the multidimensional PLA-PointBound problem is left open for

our future work.

In this section, we extend algorithm PLAZA to obtain approximate solution for

the multidimensional PLA-PointBound problem. The main idea is to adjust the error

bound of each individual dimension as long as the error Mmaxerr calculated with

Equation 6.1 is within the given bound. Initially, we equally assign the allowed error

bound to each dimension.

With the initial error bound of each dimension, we perform algorithm PLAZA

on each dimension. Assume that at some point, algorithm PLAZA needs to stop
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and output the current segment on the k-th dimension (1 ≤ k ≤ M). We adjust

the error bounds of each dimension within the constraint of Mmaxerr ≤ ǫ to see

if further search ahead is possible. Specifically, we increase the error bound of k-

th dimension and reduce the error bounds on other dimension so that algorithm

PLAZA can move forward on all dimensions. If the adjustment of error bounds

among different dimensions is impossible, we output current segment and start a

new segment with initial error bound on each dimension equally assigned. It is worth

noting that the error bound adjustment at a point only impacts on the current point,

because we only consider the overlapping area of zoning angles. That is, all previous

points still fall within Mmaxerror bounds if approximated using a line segment

chosen based on the overlapping angle in each dimension.

There are certainly many ways to adjust error bounds among different dimen-

sions. We have explored different strategies for the error bound adjustment and find

the adjustment method presented in Figure 6.2 is very easy to implement. That

method can effectively prevent early output of a line segment whenever error bound

adjustment is still feasible.
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Input: Error bound on each dimension ǫ1, . . . , ǫM ;
Current point;

Output: TRUE(adjustment successful) or FALSE (otherwise)
Method:
1: Sort the bounds ǫ1, . . . , ǫM in increasing order;
2: FOR(i = 1; i + +; i ≤ M − 1) DO{
3: IF (the i-th dimension of current point cannot be

approximated with error bound ǫi) {
4: Increase ǫi by ǫδ, where ǫδ is the minimum value

so that on i-th dimension, the current point can be
compressed together with previously uncompressed
points with the increased error bound.

5: Decrease ǫi+1 by ǫδ so that Mmaxerr remains
unchanged;

}
}

6: IF (ǫM > 0) return TRUE; else return FALSE;

Figure 6.2: ErrorBoundAdjustment, the algorithm to adjust error

bound among different dimensions for the PLA-PointBound problem.
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Chapter 7

Experimental Evaluation

In this chapter, we evaluate the performance of our online algorithms by simulation

in Matlab and by real implementation with MICA2 motes [16].

7.1 Existing Work

The work in [19, 23] is related to our online algorithms. After much deliberation,

however, we find it is impossible to get fair comparison between our online algorithms

and those methods due to the following reasons.

First, the SWAB algorithm in [19] uses a moving window to constrain the time

period under consideration. Its performance largely depends on the size of the moving

window. As such, SWAB is largely different from our methods that do not maintain

any window. Furthermore, it is hard to allocate enough space for the moving window

in space-limited tiny sensors.

Second, the algorithms in [23] use an amnesic function to give weights to different

points in the time series. The focus and the application context are different from

ours.

Due to the above consideration, in the rest of this section, we focus on the imple-

mentation and the evaluation of our online algorithms.
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7.2 Experimental Setting

We generated two audio files for test. The first file includes human voice with the

sampling rate of 8 khz in mono channel. The second file includes piano music with

the sampling rate of 44 khz in mono channel. Each file includes 1, 000, 000 samples,

and the size of each sample is 16 bits. Figures 7.1 and 7.2 show the waveform of the

human voice data and the waveform of the piano music, respectively.

Figure 7.1: The waveform of the human voice data (the lower
part is in a smaller time scale).

Figure 7.2: The waveform of the piano music data (the lower

part is in a smaller time scale).

We use the files to test the performance of our online algorithms in bandwidth

saving. We measure two metrics:

1. Sample reduction ratio (inverted compression ratio). It is defined as the total
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Figure 7.3: The sample reduction ratio of PointBound
with respect to error bounds.
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Figure 7.4: The sample reduction ratio of Segment-
Bound with respect to error bounds.
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number of points to represent the ǫ-PLA divided by the total number of points

in the original time series.

2. Distortion. It is defined as
∑n

i=1
(xi−x̃i)2

n
, where n is the total number of points

in time series, xi is the original value, and x̃i is the approximated value of xi.

In simulation, we apply the online algorithms on the audio files and measure the

sample reduction ratio. Simulation results are reported in Section 7.3 and Section 7.4.

In the test using MICA2 motes, the original audio files are played on a desktop

computer and are monitored and transmitted with a MICA2 mote over a wireless

channel to a laptop computer. More details are provided in Section 7.5.

7.3 Results on Quality

In this section, we test the sample reduction ratio and distortion using the two audio

data sets.

7.3.1 Results on Sample Reduction Ratio

Figures 7.3 and 7.4 show the results of algorithms PointBound and SegmentBound,

respectively, with respect to various error bound values. As shown in the figures,

we can obtain a higher bandwidth saving on piano music than on human voice. By

replaying the audio files recovered from the samples by our algorithms, we perceive

that the human voice recovered from the samples by our algorithms is fully recog-

nizable with the segment error bound up to 0.4, or with the point error bound up to

0.2. The quality of recovered piano music is acceptable to us with the segment error

bound up to 0.2, or with the point error bound up to 0.1.

Figures 7.3 and 7.4 clearly demonstrate significant bandwidth saving. With the

online algorithms, we only need to transmit around 5% of the original sample size for

piano music and around 20% of the original sample size for human voice. As such,

both sound files can be transmitted with the current sensor nodes.
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Figure 7.5: The sample reduction ratio of PLAZA with respect to
error bounds.

Figure 7.5 shows the sample reduction ratio of algorithm PLAZA with respect to

various point error bounds. We observe similar phenomenon as in Figures 7.3 and

7.4. With PLAZA, we perceive that the recovered human voice is fully recognizable

with an (point) error bound up to 0.2, and the quality of recovered piano music is

acceptable to us with the (point) error bound up to 0.1. From Figure 7.5, the above

qualities correspond to a bandwidth reduction of nearly 3% of the original data size

for piano music and about 15% of the original data size for human voice.

One interesting phenomenon is that the SegmentBound algorithm can reduce sam-

ple transmission volume even if the error bound is set to zero, as shown in Figure 7.4.

This is because in the audio files, there are some silent periods where the sample val-

ues are all zeros. The SegmentBound algorithm finds a line segment to approximate

those situations. This nice feature, however, does not exist in the algorithms for the

PLA-PointBound problem. If the error bound is zero, the initial polygon is empty

in the PointBound algorithm, and the degree of the initial feasible angle is zero in
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PLAZA, resulting in no sample reduction.
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Figure 7.6: Comparison of the three algorithms on the human voice
data set.

Figure 7.6 compares algorithms PLAZA, PointBound, and SegmentBound on the

human voice data set. The gap between algorithms PLAZA and PointBound is very

small when the error bound is less than 0.5. Algorithm PointBound leads to more

samples than algorithm PLAZA when the error bound is less than 0.3. The gap

between algorithm SegmentBound and the two algorithms for the PLA-PoinBound

problem comes from the fact that, using the same error bound value, the PLA-

SegmentBound problem puts a tighter error constraint than the PLA-PointBound

problem. We observe the similar performance comparison of the three algorithms on

the piano data set.

7.3.2 Results on Distortion

In Figures 7.7 and 7.8, we quantitatively show the distortion of our algorithms on

the human voice data set and the piano music data set, respectively. The overall

distortion on human voice is larger than that on piano music. With the same error
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bound, algorithm PLAZA has the largest distortion. Algorithm PointBound is the

next. Algorithm SegmentBound has the smallest distortion because the same error

bound on the PLA-SegmentBound problem and the PLA-PointBound problem poses

a tighter error constraint on the PLA-SegmentBound problem. The smaller distor-

tion, however, comes with the cost of lower bandwidth saving as analyzed before.

This is the tradeoff between bandwidth saving and quality of recovery.

7.4 Benchmarking PLAZA

We test the performance of PLAZA comparing to the optimal solution of its kind

(i.e., using connecting line segments to tackle the PLA-PointBound problem). Due

to the high complexity of the PLAZA Benchmark method, the audio files are too big

to obtain the optimal results within reasonable time. We have to use a small portion

of the audio files for this test.

Interestingly, the PLAZA method and the optimal PLAZA benchmark algorithm

generate very similar PLA line segments. The audio files have many silent gaps where

sample values are close to 0. Thus, algorithm PLAZA can obtain line segments very

similar to those computed by the benchmark algorithm.

To further test algorithm PLAZA with more difficult scenarios, we artificially

generated some data sets containing Gaussian noise with the mean equal to 0 and

the variance equal to 1. We generate 5 Gaussian noise data sets. Each data set has

1, 000 samples. We run the simulation on the 5 data sets and calculate the average

sample reduction ratio as the final result.

Figure 7.9 compares algorithms PLAZA, PointBound, and the PLAZA bench-

mark. Since algorithm PointBound may generate disconnected line segments, it has

to send two endpoints for each line segments. In contrast, algorithm PLAZA and

the PLAZA benchmark method always generate connecting segments, where every

segment, except for the first one, requires the transmission of only one endpoint. The
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Figure 7.9: The comparison between algorithm PLAZA and the
PLAZA benchmark method.

figure shows that algorithm PointBound actually needs more endpoints than algo-

rithm PLAZA when the error bound is small, even though algorithm PointBound is

optimal in terms of the number of segments. Compared to the PLAZA benchmark

algorithm, algorithm PLAZA always generates more samples. The gap between algo-

rithm PLAZA and the PLAZA benchmark method, however, is not significant when

the error bound is small.

7.5 Results on Real Sensors

We implemented our online algorithms using MICA2 motes [16] from Crossbow Tech-

nology Inc. The test bed is illustrated in Figure 7.10.

A MICA2 mote includes a radio/processor board and a sensor board. The ra-

dio/processor board uses 900 Mhz radio. The sensor board includes a microphone

that can be used for sampling sound. The interface of the base station is based on

RS232. It is used to program the mote and in the mean time acts as a gateway to

connect the laptop and the radio wireless sensor network. Our laptop does not have
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Figure 7.10: The test bed using real sensors.

an RS232 port and thus we use a USB/RS232 adaptor to connect to the base station

interface. The original audio files are played on a desktop computer, monitored by

a MICA2 mote, and transmitted over wireless channel from the MICA2 mote to the

base station.

The sample reduction ratio on the real sensor test bed is close to the simulation

results using Matlab. But the audio quality obtained using the real test bed is worse

than that obtained in the Matlab simulation. The deterioration in audio quality is

caused by the major restriction of TinyOS [6], the current operating system in MICA2

motes. The OS does not support multiple threads and thus it cannot perform radio

transmission and sound sampling concurrently. Due to this limit, when we transmit

data to the base station, the sensor board stops sampling and the sound during this

period is missed, resulting in small silent gaps in the recovered audio.

The same task can be carried out with the most recent, more advanced sensor

device, MICAz from the same company. With a higher price, MICAz sensors support

up to 250 Kbps wireless transmission. This task, however, has never been fulfilled
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with low-end devices like MICA2. To this end, we break the limit of scarce radio

bandwidth and carry out a task that is hard to achieve without the mentioned fast

online compression methods.

7.6 Evaluation in Other Applications

Although we only implemented the online algorithms in an acoustic sensor monitor-

ing system, our algorithms are actually applicable to many other application domains

such as electrocardiogram (ECG) monitoring for patients. We test our algorithm on

an ECG data set obtained from http://www.cs.ucr.edu/˜ Eeamonn/TSDMA/datasets.html.

The maximum value on the data set is 2, 490 and the minimum value is −8, 190.

We test our online algorithms with error bound varying from 1 to 100.
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Figure 7.11: Results on an ECG data set.

Figure 7.11 compares the sample reduction ratio of algorithms PLAZA, Point-

Bound, and SegmentBound on the ECG data set. The performance of algorithms

PLAZA and PointBound is very similar. When the error bound is set to over 35, both

algorithms can compress the data up to 10% of the original size. The gap between
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Max Min Average Variance
Dim1 0.983 -0.916 0.280 0.020
Dim2 0.643 -0.661 0.016 0.0177
Dim3 -0.168 -2 -0.942 0.0165

Table 7.1: 3-dimensional accelerometer data from a sony ERS-210

aibo robot

algorithms SegmentBound and PointBound comes from the fact that the same error

bound on the PLA-SegmentBound problem and the PLA-PointBound problem puts

a tighter error constraint on the former Problem.

7.7 Experimental Results of Multidimensional PLA

Problems

We test the performance of the multidimensional PLA problems on a three dimen-

sional accelerometer data from a Sony ERS-210 Aibo Robot [11]. The Sony Aibo is

a small, quadruped robot that comes equipped with a tri-axial accelerometer. This

accelerometer returns data at a rate of 125 hertz. We test our algorithm on Aibo

dataset obtained from the UCR time series collection. This dataset consists of the

track of a robot playing soccer, including chasing after a moving ball, capturing the

moving ball, kicking the moving ball, spinning in place searching for the ball, and

standing stationary for a brief time period. The attributes of the multidimensional

dataset are shown in Table 7.1. The table shows that the second dimension (Dim2)

is harder to approximate due to the high variation in data.

The experimental results are shown in Figure 7.12. Note that the error bound

on the X-axis is the whole error bound (i.e., Mmaxerr or Msegerr) that has to be

satisfied. The error bound allocated to each dimension is smaller than this value.

For instance, if the specified bound in multidimensional PLA-PointBound problem,

Mmaxerr, is ǫ, then the initial error bound on each dimension should be ǫ√
M

, where
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Figure 7.12: Multi-Dimensional PLA Problem

M is the size of dimension. As discussed in Chapter 6, the M-SegmentBound al-

gorithm for the M-dimensional PLA-SegmentBound problem produces a minimum

number of segments to compress a time series in the M-dimensional space. So the

result in Figure 7.12 shows the minimum segmentation that is possible for the multi-

dimensional PLA-SegmentBound problem. The multidimentional PLA-PointBound

problem is, however, much harder to solve. When Mmaxerr is equal to 1, we only

obtain 60% bandwidth reduction ratio in this experiment. It is still unclear of the

optimum result for the multidimentional PLA-PointBound problem, and we leave it

as an open challenge.
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Chapter 8

Conclusion

In this thesis, we tackle the problem of online compression of data streams in the

resource-constrained network environment, where the traditional data compression

techniques cannot apply. Particularly, we aim at simple, fast piecewise linear approx-

imation (PLA) methods with quality guarantee for streaming data. Different from

conventional PLA methods where the whole time series to be compressed is given

in advance, our methods are particularly designed to compress data stream that is

potentially unlimited, and the distribution of which is often unpredictable. We study

two versions of the error-bounded PLA problems, namely the PLA-PointBound prob-

lem and the PLA-SegmentBound problem, which explore quality guarantees in dif-

ferent forms. In the PLA-PointBound problem, quality is guaranteed by specifying

the maximal error that is permitted between real points and the approximated points

at any time index. In the PLA-SegmentBound problem, the quality is specified by

the maximal error that is permitted in each line segment.

For the above error-bounded PLA problems, we design fast online algorithms

running in linear time complexity and requiring a constant space cost. To recap the

key idea of our methods, we do not store the points explicitly, but instead monitor

the range of all possible line segments that can be used to compress the points that

have been seen but have not been compressed in a concise way. When a new point
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arrives, we can check whether the point can be compressed using some line segments

in the range. If so, it means that the new point can be compressed together with the

points accumulated. We only need to adjust the range of the possible line segments

to make sure the new point is also compressed. If not, it means that the new point

cannot be compressed together with the points accumulated. A segment should then

be output.

The online algorithms presented in this thesis for the error bounded PLA problems

are optimal in terms of the number of generated segments. Moreover, our algorithms

have an approximation factor of less than 2 to the optimum compression factor.

To meet the needs from tiny, resource-constrained sensors, we develop another online

algorithm, called PLAZA, which requires only very simple computation and generates

connecting line segments. Furthermore, we design an optimal algorithm to tackle

the multidimensional PLA-SegmentBound problem, and an approximate algorithm

for the multidimensional PLA-PointBound problem. Our simulation results with

Matlab and the test results using a real sensor test bed demonstrate that our fast

online linear approximation methods are very effective for data stream compression

and transmission over low bandwidth networks with nodes heavily constrained in

computational power.

Equipped with the insights gained in this study, we see a lot of application op-

portunities for our methods. An appealing scenario is to build a “smart conference

hall.” By analyzing the data collected from an acoustic monitoring system deployed

in a large conference place, we can identify and locate speakers as well as some of

their activities. With this help, “smart conference hall” can automatically adjust

audio devices to provide high-quality sound even if the speaker moves. This feature

is especially important when the talk is recorded and broadcast on line. Further

applications include acoustic monitoring systems in a surveillance area, for instance,

bird surveillance in wildness and underwater monitoring system.
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Meanwhile, there are some interesting open challenges for future work. For ex-

ample, an interesting question is to design an online algorithm that can compute an

ǫ-PLA consisting of connected line segments that has an approximation factor to the

optimum.
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