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ABSTRACT

In this thesis we describe a  m eth o d  of m ap p in g  one-d im ensional a n d  m u ltid im en ­

sional filte r a lgo rithm s on to  systo lic a rch itec tu re s  using  th e  z -d o m ain  approach . 

In this approach  th e  filter a lg o rith m  is first tran sfo rm ed  in to  its  co rrespond ing  

dom ain equ ivalen t and  recursive expressions sim ilar to  single ass ig n m en t codes 

are derived  using H o rn e r’s ru le  o r o th e r po lynom ial ev a lu a tio n  tech n iq u es. B y ob­

ta in ing  d ifferent recursive  expressions, d ifferent systo lic s tru c tu re s  can be  derived. 

T h e  ch a rac te ris tic s  of these  s tru c tu re s  can easily  be deduced  from  th e  recursive 

expressions. T h e  m ultid im ensional filters derived  are m o d u la r a n d  h ierarch ica l,

i.e ., th e  th ree-d im en sio n al s tru c tu re s  are  o b ta in ed  from  th e  tw o-d im ensional ones 

which a re  in tu rn  o b ta in ed  from one-d im ensional s tru c tu re s .

In considering  th e  design of any  a rray  processor, i t  is im p o rta n t to  consider 

th e  design of th e  p rocessing  elem en ts involved. T h e  m ost im p o rta n t and  d em an d ­

ing o p era tio n  in these  elem en ts is th e  m u ltip lica tio n . Four d ifferen t m u ltip lie rs  

a re  designed in w hich th e  n u m b er of o p era tio n s  req u ired  to  p ro d u ce  th e  desired  

resu lt is reduced . T h e  reduced  n u m b er of o p era tio n s  along  w ith  th e  advan tages 

of very-large-scale in teg ra tio n  technology in  te rm s  of increased  dev ice  d en s ity  and  

faste r sw itch ing  m ak e  th ese  m u ltip liers  p o ten tia l can d id a te s  in  h igh -speed  signal 

processing  app lica tions. T h e  first m u ltip lie r is an  area-crficient m u ltip lie r  th a t  

uses ap p ro x im a te ly  50% of th e  a rea  of a  full paralle l m u ltip lie r. In th is  m u lti­

p lier only  th e  u n iis  y ield ing  th e  m ost significant p a r t  of th e  p ro d u c t are used . In 

ad d itio n , a correc tion  un:c is in co rp o ra ted  to  m in im ize  th e  e rro r re su ltin g  from  

circum venting  th e  use of u n its  y ield ing  th e  lea s t significant p a r t o f th e  p ro d u c t. 

T h e  second m u ltip lie r is based  on th e  m odified  o c ta l B o o th  a lg o rith m  in  w hich 

four-bit segm ents of th e  m u ltip lie r a re  scanned  an d  co rrespond ing  o p era tio n s  ef­

fected on th e  m u ltip lican d . T h e  th ird  m u ltip lie r is a  d im inished-1  m u ltip lie r  th a t  

finds ap p lica tio n  in th e  F erm at n u m b er-th eo re tic  tran sfo rm . In th is  m u ltip lie r  th e



use of a  tra n s la to r  is c ircum vented  and  a  novel tech n iq u e  for tran s la tio n  is incor­

p o ra ted  in  th e  m u ltip lie r s tru c tu re . T h e  fou rth  m u ltip lie r is one th a t  perform s an 

in n er-p ro d u c t o p e ra tio n  w ith o u t th e  use of an  accu m u la to r thereby  resu ltin g  in 

increased  speed  a n d  reduced  area.

F inally , we d iscuss th e  VLSI im p lem en ta tio n s of th ree  of th e  m u ltip liers  m en ­

tioned  above, a  second-o rder d ig ita l filter, and  a  single processing elem ent that 

can be  u sed  as a  basic  u n it in designing one-d im ensional and  m ultid im ensional 

d ig ita l filters . Som e assoc ia ted  p rob lem s in d ig ita l-filte r s tru c tu re s , viz., th e  q u an ­

tization  an d  overflow lim it-cycle  oscillations, have been taken  in to  consideration  

an d  w ays have b een  suggested  for th e ir  e lim ination .
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C hapter 1 

In trod u ction

T h e  increasing  d em an d  for processing speed and  overall system  perfo rm ance in 

m o d ern  signal and  im age processing ap p lica tio n s necessita tes  a specialized com ­

p u tin g  technology. T h e  availab ility  of low -cost, h igh-density , h igh-speed very- 

large-sca le  in teg ra tio n  (V LSI) devices and  em erging  co m p u te r-a id ed  design (C A D ) 

facilities p resage a  m a jo r b reak th ro u g h  in th e  design an d  app lica tion  of m assively 

p ara lle l p rocessors. In  p a rtic u la r , VLSI m icroe lectron ics technology has inspired 

m an y  innovative  designs in  a rray  processor a rch itec tu re s . 'I'his tren d  has now 

becom e a  m a jo r focus of a tte n tio n  in governm ents, in d u stries , and universities. 

In th e  la s t decade, th e re  has been a  d ra m a tic  w orldw ide grow th in research  and  

d ev e lo p m en t on th e  sy s tem a tic  m ap p in g  of various signal and  image* processing 

ap p lica tio n s  on to  V LSI arch itec tu res .

M o d ern  signal an d  im age processing technology depends critica lly  on the d e ­

vice an d  a rc h ite c tu ra l innovations of th e  co m p u tin g  hardw are . Sequen tial system s 

are  in a d eq u a te  for rea l-tim e  processing system s; th e  ad d itio n a l co m p u ta tio n a l c a ­

p ab ility  availab le th ro u g h  V LSI concurren t a rray  processors will becom e a  n e ­

cessity. In  m ost re a l-tim e  d ig ita l signal processing ap p lica tio n s, general-purpose 

para lle l co m p u te rs  can n o t offer sa tisfac to ry  processing speed due* to  severe d e ­

m an d s  im posed  by system  overhead . T herefo re , spec ia l-purpose a rray  processors 

will b eco m e th e  only  appealing  a lte rn a tiv e . L et us consider a  re a l-tim e ap p lica tio n  

in o rd e r to  su b s ta n tia te  th e  above claim . In d ig ita l video processing, it is usual to



carry  o u t o p era tio n s  like filtering of im ages th a t  have 512 x  512 oixels p e r fram e. 

A ssum ing  th a t  th e re  are 24 fram es a rriv in g  p e r second and  th a t  10 o p era tio n s 

per p ixel a re  ca rried  o u t, th e  n u m b er of o p era tio n s  p e r second to  b e  ca rried  o u t 

would be ap p ro x im a te ly  107. W ith  th e  p resen t technology for th e  g eneral-pu rpose  

processors, it is difficult to  achieve th is  speed  due to  th e  classic m em o ry  access 

b o ttlen eck  p rob lem s and  system  overhead.

C u rre n t para lle l co m p u ters can  be  p u t in to  th ree  s tru c tu ra l classes: vec to r 

processors, shared  m em ory  system s, an d  a rray  processors [ 1 ]-[2]. T h e  first tw o 

classes belong to  th e  general-purpose co m p u te r dom ain . T h e  d eve lopm en t of th ese  

system s requires a com plicated  design of con tro l u n its  an d  o p tim ized  schem es 

for a lloca tion  of m ach ine resources. T h e  th ird  class, how ever, belongs to  th e  

dom ain  of specia l-purpose com pu ters. T h e  design of such system s requ ires a  

broad know ledge of th e  re la tio n sh ip  betw een  p ara lle l-co m p u tin g  h ard w are  an d  

softw are s tru c tu re s . It is th is  class of a rray s th a t  offers a  p rom ising  so lu tion  to  

m eet rea l-tim e processing requ irem en ts.

1.1 V L SI array p rocessors

A so lu tion  to  m eet rea l-tim e  signal processing req u irem en ts  is to  use special- 

purpose  a rray  processors an d  to  m ax im ize  th e  processing concurrency  by  e ith e r 

p ipeline  or parallel processing or b o th . A n efficient sy stem  can  be achieved  if th e  

a rray  en ta ils  a balanced  d is tr ib u tio n  of processor w ork load w hile observ ing  th e  

req u irem en t of d a ta  locality, i.e ., sh o rt co m m u n ica tio n  p a th s . T h ese  p ro p e rtie s  of 

load d is tr ib u tio n  and  in fo rm ation  flow serve as gu idelines to  th e  designer of V LSI 

array s. O ne such spec ia l-purpose V LSI a rray  is th e  systo lic a rray  w hich en ta ils  

a m assive am oun t of concurrency. In th e  following section  we shall discuss th e  

concept of systo lic arrays and  th e ir  su ita b ility  as spec ia l-pu rpose co m p u te rs  for 

d ig ita l signal processing app lica tions.



1.2 S y sto lic  arrays

A systo lic  system  consists of a  set of regu larly  in terconnected  processors, each 

capab le  of perfo rm ing  a  set of op era tio n s [3]. In a systolic array , dat a  flows betw een 

processors in a  rh y th m ic  fashion, passing th ro u g h  m any  processing elem en ts ( P Fs) 

before i t  re tu rn s  to  m em ory, m uch  as blood circu la tes from  th e  h ea rt th ro u g h  the  

vascu lar system s an d  back to  th e  h e a rt. In  th is  fashion d a ta  ex trac ted  from 

m em o ry  is used by m an y  processors in  a  paralle l a n d /o r  p ipelined  fashion thereby  

im prov ing  memo* ' u tiliza tio n . T h e  m a jo r facto rs for ad o p tin g  systolic a rray s for 

spec ia l-purpose  processors are:

1. S im ple  and  reg u la r design

2. C oncu rren cy  an d  local co m m unica tion

3. S u ita b ility  for co m p u te -b o u n d  ap p lica tio n s

In in te g ra te d -c irc u it technology, th e  cost of com ponen ts is d ropp ing  d ra m a ti­

cally w hereas th e  cost of design grows w ith  th e  com plex ity  of th e  system . Special- 

pu rpose  system s a re  seldom  p ro d u ced  in large q u an titie s  an d  in such cases p art 

costs a re  less im p o rta n t th a n  design costs. As a  consequence, th e  design cost of 

spec ia l-pu rpose sy stem s m u st b e  re la tiv e ly  sm all for th em  to  be m ore a ttrac tiv e ' 

th an  g en e ra l-p u rp o se  system s. M oreover, if a  special-purpose' sy stem  ele*sign is 

com posed  of a  few ty p es  of sim ple  P E s th a t  a re  used rep e titiv e ly  w ith  simple' 

in terfaces, g rea t savings in te rm s  of cost can  be  achieved. F urtherm ore ', simple' 

and re g u la r system s a re  likely to  be m o d u la r and  therefo re  a d a p ta b le  to  various 

perfo rm an ce  goals.

A n im p o rta n t fa c to r in th e  speed of a  co m p u tin g  system  is th e  use- of con­

currency. For spec ia l-pu rpose  system s, concurrency  depends on th e  unelerlying 

a lg o rith m s em ployed . M assive paralle lism  can  be achiever! if th e  a lg o rith m  is 

fo rm u la ted  such th a t  high degrees of p ip e lin in g  and  m u ltip rocessing  can be in tro ­

duced.
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Systolic a rray s  a rc  designed for co m p u te-b o u n d  p rob lem s th a t  a re  based  on 

regu lar recu rrence  eq u a tio n s [4]-[10j. C onsequently , th ey  have been  used in  th e  

areas of d ig ita l filtering, im age and  speech processing, and  m a tr ix  a lg eb ra  to  n am e 

a  few ap p lica tio n s [4]-[14]. Several types of systo lic a rrays have been  proposed  

d epend ing  on th e  ty p e  of s tru c tu re  em ployed , e.g., linear, tr ian g u la r o r hexagonal.

In an  effort to  o b ta in  systo lic s tru c tu re s  for co m p u te-b o u n d  prob lem s, sev­

eral m ap p in g  m ethodologies have been  proposed  to  m ap  a lg o rith m s d irec tly  on to  

systolic a rray s to  o b ta in  m ax im u m  concurrency  by  using p ipelin ing  an d  para lle l 

processing. In th e  following section  we shall review  som e of th e  top ics th a t  a re  

re levan t to  th is  thesis.

1.3 R e v ie w  o f  p rev iou s w ork

1.3.1 M apping m ethodologies

M any signal processing  a lgo rithm s can be expressed  as a  se t of ite ra tiv e  s ta te ­

m en ts and  such a lg o rith m s are  called regu lar ite ra tiv e  a lg o rith m s (R IA ) [5]. T h e  

com m on ch a rac te ris tic  of m an y  of th e  proposed m ethodo log ies for m ap p in g  R IA s 

on to  ite ra tiv e  a rrays is th e  use of a  tran sfo rm a tio n a l app roach  th a t  involves t r a n s ­

form ing th e  a lgo rithm  d escrip tions to  ite ra tiv e  s ta te m e n ts  th a t  a re  am en ab le  to  

VLSI im p lem en ta tio n . D istin c t tran sfo rm a tio n a l system s for systo lic  design can  

be ch a rac te rized  by th e  m an n er in w hich th e  a lg o rith m s a re  d esc ribed , th e  ty p e  

of form al m odels used, and  th e  ty p e  of tran sfo rm atio n s  used.

In th e  m ethodo logy  proposed by Lam  and  M ostow  [15], an  a lg o rith m  o b ta in ed  

by softw are tran sfo rm atio n s from  a high-level specification , w hich re su lts  in seg­

m en ts  of code ex ecu ted  rep ea ted ly  w ith  a  reg u la r p a tte rn  of d a ta  accesses, is 

m ap p ed  o n to  a systo lic design described  by a  s tru c tu re  and  a  d river. T h e  s tru c ­

tu re  describes th e  h ard w are  P E s (w hich are  fu n c tio n a lly  equ ivalen t to  th e  code 

segm en ts), in te rco n n ectio n s, and  in p u t-o u tp u t p o rts . T h e  d riv er defines d a ta  

s tream s in te rm s of th e  orig inal variables in  th e  a lg o rith m .



In [16], ail algebraic  rep resen ta tio n  is derived from  th e  m a th e m a tic a l rep re­

sen ta tio n  of th e  a lg o rith m . T h e  canonical a lgebraic re p resen ta tio n  consists of two 

expressions of th e  types (a) v  =  A v  +  b .r, and  (b) // =  c 7'v , w here x  rep resen ts 

th e  in p u t, y  rep resen ts  th e  o u tp u t , and v  rep resen ts  in te rm e d ia te  variables. T h e  

m a trix  A  and th e  co lum n vectors b  and  c represent th e  delays betw een the  in ­

te rm e d ia te  variab les an d  each e n try  is e ith e r 0 or z ~k, w here '  is th e  com plex 

variab le  in  the  0 tran sfo rm  dom ain , which in th e  tim e  d o m ain  rep resen ts  a un it 

delay a n d  k  co rresponds to  th e  nu m b er of delays. A lgebraic tran sfo rm a tio n s  are 

th en  ap p lied  to  th is  rep resen ta tio n . T h ere  are two m a jo r types of tran sfo rm atio n s, 

nam ely , re tim in g  and  A’-sIowing [16], th a t  d e te rm in e  th e  d is trib u t ion of delays and  

th e  la ten c y  periods of th e  systolic array. In th is  m eth o d , vec to r v  is transfo rm ed  

to  a  v ec to r u  =  D v ,  w here th e  m a trix  D  is alw ays a d iagonal m a trix  whose diag­

onal e lem en ts a re  th e  delays. B ecause of th is, th e  nu m b er of possible st ru c tu res  

th a t  can  be  o b ta in ed  is lim ited .

In th e  m eth o d  p roposed  by M oldovan [6]-[7], an algebraic  m odel of i,iie algo­

rith m  is derived from  a set of recu rrence  re la tions, s im ilar to  those  used in softw are 

com pilers. T his m odel consists of a  s tru c tu re d  se t of indexed co m p u ta tio n a l space 

w here each  node rep resen ts  a  set of co m p u ta tio n s. T h e  algebraic  rep resen ta tio n  

of th e  a lg o rith m  is th en  tran sfo rm ed  by local and  global tran sfo rm a tio n s , bo­

cal tran sfo rm a tio n s  are used to  rew rite  co m p u ta tio n s  th a t are m apped  in to  th e  

fu n c tio n a l and s tru c tu ra l  specifications of th e  P E s of th e  systo lic  a rch itec tu re . 

G lobal tran sfo rm a tio n s , com posed  of tim e  and  space tran sfo rm a tio n s , a re  used 

to  re s tru c tu re  th e  a lg o rith m . T h ey  are chosen in such a  way th a t  the* new  algo­

rith m  h as  a  set of dependencies th a t  are am enab le  to  V LSI im p lem en ta tio n . T im e 

tran sfo rm atio n s d e te rm in e  th e  execu tion  tim e  of th e  a lg o rith m  an d  th e  tim in g  for 

d a ta  co m m u n ica tio n s . S pace tran sfo rm atio n s d e te rm in e  th e  in terco n n ectio n s and 

th e  d irec tio n s of d a ta  flow.

An ex tension  to  th e  w ork by M oldovan was carried  o u t by M iranker and  W in­

kler [8]. In th is  m e th o d  an  a lgo rithm  is rep resen ted  as e ith e r  a  m a th em atica l
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expression  or a  cyclic-loop program . T h e  m a th em a tica l expressions a re  rew rit­

ten  using  th e  p ro p e rtie s  of th e  o p era to rs  in  an  ad  hoc m an n er . T h eo re tica lly  

th is  m e th o d  can  be app lied  to  any  a lg o rith m  although  a  sy s tem a tic  design  seem s 

possib le only for those a lg o rith m s described  by p rogram s w ith  loops.

In th e  m e th o d  described  by C apello  and  S te ig litz  [9], s ta r t in g  from  a  set of 

recu rrence  eq u a tio n s  describ ing  th e  a lg o rith m , a  canonical rep re sen ta tio n  is o b ­

ta in ed  by ad jo in in g  an index  rep resen tin g  tim e  to  th e  defin ition  of recu rrence. 

Each index  is asso c ia ted  w ith  a  d im ension  of a  geom etric  space, w here each  p o in t 

co rresponds to  a  tup le  of indices on which a  set recurrences is defined. To each 

such p o in t, a se t of co m p u ta tio n s  is assoc ia ted , and  its  im p lem en ta tio n  is left u n ­

specified. T hose co m p u ta tio n s a re  m ap p ed  d irec tly  in to  fu n c tio n a l specifications 

of th e  P E s in th e  systolic a rch itec tu re . From  th e  geom etric  re p re sen ta tio n  in con­

ju n c tio n  w it! an  o rdering  rule, th e  topology, th e  size of th e  a rch ite c tu re , and th e  

tim in g  a re  derived  system atically . By selec ting  d ifferent geom etric  tran sfo rm a­

tions, d is tin c t rep resen ta tio n s  and th e ir  co rrespond ing  a rch itec tu re s  a re  derived.

In [4], a signal flow g rap h  (S F G ) rep resen tin g  an  a lg o rith m  is first derived. 

T h e  nodes of th e  SFG correspond  to  th e  fu n c tio n a l d esc rip tio n  of th e  P E s  of th e  

a rch itec tu re . L ocalization  rules are  th en  ap p lied  to  derive a reg u la r and  tem p o ra lly  

localized SFG . T h e  localiza tion  p ro ced u re  consists of se lec ting  cu t-se ts  of th e  

SFG an d  reallocating  sca led  delays to  edges leaving an d  en te r in g  each cu t-se t in  

such a way th a t a t  least one u n it of tim e  is allow ed for co m m u n ica tin g  a  signal 

betw een two nodes. D elays are com bined  w ith  o p era tio n a l m odu les to  o b ta in  a  

full d esc rip tio n  of the  o p era tio n  of a  basic systo lic m odule. T h e  re su ltin g  SFG  

can be m apped  d irec tly  o n to  a systo lic a rray  by m ap p in g  basic  m odu les in to  P E s 

and  edges in to  in terconnections. T im in g  an d  d a ta  m ovem en ts a re  derived  from  

th e  basic m odules due to  th e  localized sp a tia l and  tem p o ra l ch a rac te ris tic s  of th e  

SFG .

Q u in to n  [10] proposed a m eth o d  based on expressing  a  p ro b lem  as a  set of 

uniform  recu rren ce  eq u a tio n s  over a dom ain  consisting  of a  se t of in d ex  poin ts.



In th is  m e th o d , given a  system  of n  un ifo rm  recu rrence  equa tions defined over 

some d o m ain  D  €  Z M and  w ith  som e ch a rac te ris tic  dependency  vectors, a tim in g  

function  th a t  m ap s po in ts  of D  on to  tim e  is found. T h is  requires th e  identification  

of a  convex space of feasible so lu tions from  w hich one can  be chosen heurist ically. 

Such a  space can  be  found from  th e  know ledge of th e  dependency  vectors and  I) 

(D  can  b e  th o u g h t of as th e  index se t of th e  recu rrences). N ex t, an allocation  

fu n c tio n  is chosen, w hich p ro jec ts  D  along som e chosen d irec tion  such that, two 

po in ts in  D  w ith  th e  sam e im age u n d er th e  tim in g  func tion  do  no t m ap  onto  th e  

sam e p o in t in space. O nce th e  tim in g  and  a llo ca tio n  func tions are know n, the  

systolic a rray  can  b e  sy s tem atica lly  g en era ted .

In  th e  m e th o d  advanced  by C ohen [17], s ta r t in g  from  a  m a th em a tica l exp res­

sion involv ing  su b scrip ted  variables, a  new expression , w here a  well-defined sh ift 

o p e ra to r is used to  m odel d isp lacem en ts in tim e  or sh ifts  in space, is derived. 

S ym bolic m an ip u la tio n  is used to  tran sfo rm  th e  derived  m a th e m a tic a l expression 

in to  eq u iv a len t ones by using th e  p ro p e rtie s  of th e  sh ift and  functional o p era to rs  

in  th e  expression.

In  m an y  of th e  approaches using m a tr ix  tran sfo rm a tio n s , th e  n u m b er of s tru c ­

tu res possib le  is lim ited  because of th e  re s tr ic tio n s  in th e  n u m b er of feasible tra n s ­

fo rm ations. M oreover, especially  in d ig ita l filtering , th e  com plex ity  of th e  tra n s ­

fo rm a tio n a l app roach  increases as th e  d im ension  of th e  filter increases. T h e  index 

space fo r a  one-d im ensional (1-D) filte r is tw o-d im ensional (2-D ) and  th a t  of a 

2-D filte r is four-d im ensional (4-D) and  so on. As th e  d im ension  of th e  filter in ­

creases, firstly , it m ay  be difficult to  o b ta in  a  m a tr ix  rep resen ta tio n  of th e  problem  

and , secondly, th e  scheduling  and  p ro jec tio n  vec to rs using th e  SFG  m eth o d , for 

in stan ce , becom e com plicated .

In th is  thesis, we describe a  m e th o d  for m ap p in g  1-D and  m ultid im ensional 

(M -D ) d ig ita l filter a lgo rithm s onto  systo lic a rch ite c tu re s  using th e  z-dom ain  ap ­

proach. T h is m e th o d  is m ore general th a n  th e  one m en tioned  in [17] and  easier 

th a n  m an y  of th e  m eth o d s h a t use th e  tran sfo rm a tio n a l approach  m entioned



8

above. Any filter a lg o rith m  is first transfo rm ed  in to  its  co rrespond ing  2 -dom ain  

equivalen t. D ifferent s tru c tu re s  are ob ta in ed  by reo rdering  th e  su m m atio n s  an d  

delays involved in  th e  filtei algorithm  thereby  c ircum ven ting  th e  use of m a tr ix  

tran sfo rm atio n . T h e  m e th o d  m en tioned  in th is  thesis  can  be  app lied  to  o b ta in  

m any advan tageous s tru c tu re s  th a t  can satisfy  a  set of desirab le  or p rese t c r ite ria  

such as latency, locality , an d  m odularity .

1.3.2 M ultip lier design

In considering th e  design of any a rray  processor, i t  is im p o rta n t to  consider th e  

design of the  P E s involved. T h e  m ost im p o rta n t o p era tio n  in  any  P E  is m u ltip li­

cation . C urren tly , th e  m u ltip lie r a rea  and  tim e  a re  still th e  d o m in an t factors in  

d e term in in g  th e  size and speed of o p era tio n  of th e  system . In th e  design of m u lti­

pliers discussed in th e  l i t e r a t u r e  [18]-[25], a  lot of effort has been  d irec ted  tow ards 

increasing  th e  speed  of o p era tio n  and  decreasing  th e  a rea  by using  th e  advan tages 

of VLSI technology in te rm s  of increased  device d en sity  an d  fa s te r sw itching. 

However, ii m u ltip lica tio n  a lgo rithm s are  designed such th a t  th e  n u m b er of o p er­

ations requ ired  to  p roduce th e  desired  resu lt is led u ced  th en , to g e th e r w;th  th e  

advant ages of V LSI technology a  g rea t red u c tio n  in  a rea  an d  increase  in  speed of 

operat ion can be  achieved sim ultaneously . In th is  th esis  we describe , in  ad d itio n , 

m u ltip lie r schem es th a t  a re  su itab le  no t only in  th e  a rch itec tu re s  proposed  here  

bu t also  in m any  o th e r a rch itec tu re s  used in signal processing  app lica tio n s.

1.3.3 D igita l-filter im plem entation

As was m en tioned  earlier, th e  resid f of advances in  V LSI fab rica tio n  technology  

has brought abou t a d ra m a tic  red u ctio n  in th e  cost of in fo rm atio n  processing. 

O ne area  in w hich th is  effect is m ost p ronounced  is th e  field of re a l-tim e  signal 

processing. In th is  a rea  th e  continuous flow of d a ta  in  co n ju n ctio n  w ith  th e  

com plex ity  of m an y  of th e  a lgo rithm s im poses severe co m p u ta tio n a l d em an d s th a t  

often can n o t be satisfied  by general-purpose m ach ines or com p o n en ts. S am ple
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ra tes dep en d  on th e  ap p lica tio n , rang ing  from  aro u n d  8 kHz for speech system s 

to  ten s  an d  h u ndreds of M H z for re a l-tim e ra d a r processors.

T h ese  d em an d s can be  m et in p rinc ip le  by new  system  a rch itec tu res  which 

explo it som e of th e  p o ten tia l concurrency  th a t  is in h eren t in th e  underly ing  al­

go rithm s. VLSI technology  offers th e  p o ten tia l to  im p lem en t such arch itec tu res. 

T hro u g h  th is  technology  we ex p ect to  see th e  im p lem en ta tio n  of powerful rea l-tim e 

signal processing  a lg o rith m s th a t  p rev iously  have been  only of theo re tica l in te rest. 

However, th e  very  advances in  device technology th a t  caused th is  revolu tion  also 

b ring  a  new  challenge to  p ro d u c t developm ent of VLSI system s. W ith o u t ad ­

vances in  design m eth o d o lo g y  and  tools, m an u fac tu rin g  cap ab ility  and algo rithm  

developm ent will fa r exceed our cap acity  for system  design [26].

D esign of high sam ple  ra te  nonrecursive filters has received considerab le in te r­

est in  th e  las t tw o decades, b o th  in th e  co n tex t of b it-p ara lle l [27]-[28] as well as 

b it-seria l im p lem en ta tio n s  [29]-[31]. T h ro u g h  b it-p ara lle l designs, im plem entation  

of high sa np le  ra te  nonrecursive  filte r chips ru n n in g  up  to  300 M Hz has becom e 

possible. O n th e  o th e r h an d , high sam p le  ra te  recursive  filters have not received 

m uch a tte n tio n  d u e  to  in te rn a l recursion  o r looping th a t  negates th e  possib il­

ity  of p ipelin ing . P a s t efforts on h igh-speed  recursive  filter s tru c tu re s  have been 

based on block filte r s tru c tu re s , w here a  b lock of in p u ts  is processed to  g en e ra te  

a  block of o u tp u ts , and  th e  signals a re  processed in  non-overlapp ing  blocks [32]. 

A lthough  m any  b lock recursive filter s tru c tu re s  ex is ted  for a  long tim e, th ey  were 

q u ite  com plex  to  im p lem en t. W ave d ig ita l filters (W D F s), a  class of recursive 

d ig ita l filters th a t  a re  closely re la ted  to  classical filte r netw orks, have received 

considerable in te re s t since th ese  s tru c tu re s  ex h ib it a  desirab le  p ro p e rty  th a t  th e  

frequency  response of th ese  filters is less sensitive to  coefficient varia tion  [33] and 

consequently  various approaches to  d irec t VLSI im p lem en ta tio n  of W D F s have 

been le p o rte d  [34]-[36]. T hough  th e  W D Fs are very  easily  am enab le  to  VLSI 

im p lem en ta tio n , th e y  can n o t be  decom posed  in to  m o d u la r P F s  th a t  can be  used 

for any  ty p e  of filtering , v iz ., low pass, h ighpass, e tc . In o th e r words a  iowpass
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W I)F  s tru c tu re  canno t be used for o th e r ty p es  of filtering  unless specia l k inds of 

ad a p to rs  are used.

In th e  p a s t, th e  effect of lim it-cycle  oscillations due to  q u an tiz a tio n  has n o t 

been tak en  in to  consideration  in th e  im p lem en ta tio n  of recursive , d irec t-fo rm , 

d ig ita l-filte r s tru c tu re s . As a  consequence, th e  ap p lica tio n  of such  recu rsive  filters 

has b een  lim ited . In th is  thesis we also d iscuss th e  im p lem en ta tio n  o f systo lic  

d ig ita l-filte r s tru c tu re s  o b ta in ed  in  d irec t-fo rm  th a t  is efficient in  a rea  an d  in  w hich 

c ircu its  to  c ircum vent q u an tiza tio n  an d  overflow lim it cycles a re  in co rp o ra ted .

1.4 O u tlin e o f  th esis

This thesis is o rganized  in  th ree  p a r ts . T h e  first p a r t,  com prising  C h ap te rs  2 

and 3, deals w ith  the  m ap p in g  of 1-D an d  M -D d ig ita l-filte r a lg o rith m s on to  

systolic arrays. T h e  second p a r t, C h a p te r  4, deals w ith  four d ifferen t m u ltip lie r  

s tru c tu re s  th a t  can  be  used  in th e  systo lic a rray s p roposed  here , in  p a r tic u la r , 

and in  a rch itec tu re s  used  in  d ig ita l signal p rocessing , in  general. T h e  la s t p a r t ,  

com prising  C h ap te rs  5 an d  6, dea ls  w ith  th e  V LSI im p lem en ta tio n  of som e of 

the  m u ltip lie rs  discussed in  C h ap te r 4 and  som e of th e  second-order d ig ita l filte r 

s tru c tu re s  d iscussed  in C h a p te r  2.

In C h a p te r  2, two approaches for th e  m ap p in g  of d ig ita l filte r a lg o rith m s on to  

h ard w are  are d iscussed. O ne is based  on th e  SFG  an d  th e  o th e r  on th e  2 -dom ain  

ch a rac te riza tio n  o f th e  filter a lg o rith m . In  th e  2 -dom ain  ap p ro ach , an y  filte r 

a lg o rith m  is first tran sfo rm ed  in to  its  co rrespond ing  2 -d o m ain  equ ivalen t an d  

by reo rd erin g  th e  su m m atio n  an d  delays in  th e  tran sfo rm ed  eq u a tio n , several 

s tru c tu re s  are o b ta in ed  th a t  satisfy  th e  design c r ite ria , such as latency , locality , 

and m o d u larity . T h e  in co n v en ien ceo f using th e  S FG  to  o b ta in  1-D recu rsive  filte r 

s tru c tu re s  and  th e  efficacy of using th e  2 -dom ain  m e th o d  a re  also d iscussed. W e 

la te r use  only th e  2 -dom ain  approach  to  derive  systo lic  s tru c tu re s  for d ig ita l filters 

th a t  a re  m o d u la r w ith local d a ta  com m unications.

In C h ap te r 3, th e  2 -dom ain  approach  is ex ten d ed  to  th e  rea liza tio n  of systo lic
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s tru c tu re s  for 2-D , 3-D, and  M -D  d ig ita l filters. All th e  filter s tru c tu re s  ob ta ined  

are m o d u la r an d  h ierarch ica l. T echniques to  c ircum vent som e in h eren t problem s 

in ra s te r-scan n ed  im ages, like line an d  fram e w rap-around  p rob lem s, are also 

considered . T h e  c h a p te r concludes w ith  a  com parison  of th e  various s tru c tu re s .

In  C h a p te r  4, four d ifferent m u ltip lie rs  are described . T h e  first m u ltip lie r is 

an  area-efficient m u ltip lie r th a t  uses on ly  ab o u t 50% of the  a rea  of a conventional 

full p a ra lle l m u ltip lie r. In  m ost signal processing  app lica tio n s, ootli th e  in p u t and  

th e  o u tp u t  word len g th s of a  sy stem  are  th e  sam e. A n N  x  N  m u ltip lie r produces 

a  p ro d u c t of 2 N  b its , of w hich only  N  b its  are  used. T h e  m u ltip lie r designed here 

avoids th e  use of all th e  re d u n d a n t cells w hich yield th e  N  b its  th a t  are tru n ca ted . 

A co rrec tion  u n it is in co rp o ra ted  th a t  reduces th e  co n co m itan t error.

T h e  second m u ltip lie r  is b ased  on th e  m odified o c ta l B ooth  a lg o rith m . hi th is  

a lg o rith m , four b it-seg m en ts  o f th e  m u ltip lie r are scanned  an d  th e  corresponding  

o p era tio n s  effected on th e  m u ltip lican d . In th is  m e th o d , how ever, a  noil-triv ial 

m u ltip lica tio n  of a  n u m b er by th ree  is p resen t w hich is effected as an ad d itio n  of 

th e  n u m b er in q u estio n  w ith  a  le ft-sh ifted  version of th e  n u m b er. This involves an 

e x tra  d e lay  as a  re su lt of th is  ad d itio n . In  o rd e r to  im prove th e  speed o f operation  

we ad v an ce  a m u ltip lie r  based  on th e  o c ta l m odified  B ooth  a lg o rith m  in which 

the  re su lts  of th e  n o n -triv ia l o p e ra tio n  are  p reco m p u ted  using  an ex te rn a l carry  

look-ahead  ad d e r th u s  avoid ing  th e  e x tra  delay.

T h e  th ird  m u ltip lie r  finds ap p lica tio n  in th e  F erm at n u m b er-th eo re tic  tra n s ­

form . H ere, th e  n u m b ers , w hich  are in tegers, a re  rep resen ted  in d im in ish ed -1 

rep resen ta tio n . H ith e rto  d im inished-1 m u ltip lie rs  have used tra n s la to rs  to  con­

vert n u m b ers  from  th e ir  d im in ish ed - 1 rep resen ta tio n  to  th e  co rrespond ing  b inary  

value. In  th e  m u ltip lie r  p roposed , th e  use of a  tra n s la to r  is c ircum ven ted  and  

a  novel tech n iq u e  to  in co rp o ra te  th is o p e ra tio n  of tran s la tio n  in th e  m u ltip lie r 

s tru c tu re  is described . As a  consequence, th e  a rea  is reduced  and th e  speed of 

o p e ra tio n  of th e  m u ltip lie r is increased .

T h e  conven tional way to  o b ta in  an  in n e r p ro d u c t is to  use a  m u ltip lie r in coil-
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ju n c tio n  w ith  an  accu m u la to r w here each m u ltip lica tio n  is followed by an ad d itio n  

of th e  nu m b er sto red  in  th e  accum ula to r. T h e  o u tp u t is o b ta in ed  w hen th e  final 

pair of num b ers are m u ltip lied  an d  added  to  th e  re su lt s to red  in  th e  ac cu m u la­

tor. In C h a p te r  4, we propose a  s tru c tu re  th a t  perfo rm s an  in n e r p ro d u c t th a t  

c ircum vents th e  use of an  accu m u la to r th e reb y  re su ltin g  in  increased  speed  and  

reduced  area.

In C h ap te r 5, we describe  th e  VLSI im p lem en ta tio n  o f th ree  of th e  m u ltip lie r  

s tru c tu re s  d iscussed in C h ap te r 4. T hese chips have been  s im u la ted  using SILO S 

and  im p lem en ted  in 1 .2 /i C M 0S 4S  technology.

In C h ap te r  6 , we deal w ith  th e  V LSI im p lem en ta tio n  of a  second-o rder re­

cursive filter and  a single P E  proposed in  C h ap te r 2. In  th e  im p le m e n ta tio n  of 

th e  second-order d ig ita l filter, an  ite ra tiv e  m u ltip lie r s tru c tu re  h as  been  in co rp o ­

ra ted  which sign ifican tly  reduces th e  silicon a rea  of th e  chip. In  b o th  designs, 

viz., th e  second-order d ig ita l filter and  th e  systo lic  P E , u n its  to  e lim in a te  b o th  

q u an tiza tio n  and  overflow lim it cycles have been  in co rp o ra ted . A com parison  of 

th e  second-order filter b u ilt as a  single u n it an d  th e  second-order filter b u ilt using

a  cascade of th e  P E s has also been carried  o u t in  te rm s of roundoff noise a n d  area  

x tim e  com plexity .

C onclusions an d  suggestions for fu r th e r research  are  given in  C h a p te r 7.



C hapter 2

M apping m eth od o logy  for 
one-d im en sion al d ig ita l filters

2.1 In tro d u ctio n

As has been  m en tio n ed  ea rlie r, th e re  a re  several m ap p in g  m ethodologies for th e  

m ap p in g  of d ig ita l-filte r a lgo rithm s on to  hardw are . How ever, we have chosen 

th e  signal flow g raph  (S F G ) approach  to  com pare  o u r approach  w ith since it 

involves m a tr ix  tran sfo rm a tio n s  th a t  a re  typ ical of m ost o f th e  o th e r approaches. 

In  ad d itio n , th e  SFG  serves as a  too l for d a ta  flow analysis of th e  underly ing  

a lg o rith m .

In  th is  ch a p te r, several systo lic  a rch itec tu res  for 1-D non recursive and recursive* 

d ig ita l filters u sing  th e  SFG  an d  2 -dom ain  approaches a re  derived . It is shown th a t  

th e  S FG  app ro ach  is n o t effective in th e  sense th a t  it lacks th e  v ersa tility  of th e  2 - 

d o m ain  app roach . As a  p a r tic u la r  app lica tion  of th e  2 -dom ain  approach , systo lic 

s tru c tu re s  su itab le  for second-order d ig ita l filters, d ec im ato rs , and  in te rp o la to rs  

a re  derived.

2.2  S ign a l flow  graph  approach

P ara lle l im p lem en ta tio n s  of an  a lg o rith m  can b e  o b ta in ed  using tw o approaches 

v iz., vec to riz ing  a  sequen tia l a lg o rith m  and using  recursive  eq u a tio n s  and s in ­
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gle assignm ent codes. V ectorizing com pilers process a  source code w ritte n  as a  

sequen tia l code to  g en e ra te  m ach ine in s tru c tio n s  th a t  can  be ex ecu ted  in  p a ra l­

lel. However, a  vec to rizing  com piler does no t rew rite  th e  source code to  u tilize  

th e  in h eren t co ncurren t parallelism . T h ere  are languages like O C C A M  [4] devel­

oped for paralle l m achines th a t  describe a  co ncu rren t co m p u tin g  system  as a  set 

o f in d ep en d en t processes th a t  use locally  defined variab les and  co m m u n ica te  v ia  

predefined channels. However, tools are needed  to  define th e  concurrency  an d  p a r­

allelism  w ith in  an  a lg o rith m  before coding it using  languages designed  for para lle l 

m achines.

D ependence g raphs (D C s) and  SFG s a re  too ls th a t  d esc ribe  th e  d a ta  flow in an  

a lg o rith m  w hich allow th e  h ard w are  designer to  s tu d y  an y  underly in g  para lle lism . 

A DC ex h ib its  th e  paralle lism  in an  a lg o rith m  in th e  fo rm  of a  reg u la rly  re p ea tin g  

p a tte rn  of d a ta  flow. T h ro u g h  clever m an ip u la tio n  of th e  data-flow  d irec tions, 

an SFG  is derived  th a t  can  be  used to  o b ta in  a  p a ra lle l h a rd w are  s tru c tu re  to  

im p lem en t th e  a lgo rithm .

B efore we discuss D G s and  SFG s, le t us ex am in e  th e  concep t of sing le assign­

m en t code [4]. C onsider th e  F O R T R A N  code for a  m a tr ix -v e c to r  m u ltip lica tio n  

c =  A b  given by

DO 10 N =  1,4 
C (N ) =  0.0 
DO 10 K =  1,4
C (N ) =  C (N ) +  A(.N,K) * B(I<)

10 C O N T IN U E

It can  be  seen th a t  C (N ) is o v erw ritten  m an y  tim e s  to  save s to rag e  space. 

M oreover, C (N ) is eva lua ted  a f te r  C (N -l)  is ev a lu a ted . If such a  code w ere to  be 

im p lem en ted  in  hardw are , it w ould re su lt in a  design th a t  is inefficient in  speed. 

A lgorithm s can  b e  described  in such a  way th a t  each v ariab le  is assigned  only  one 

value d u rin g  th e  execu tion . T h is d esc rip tion  is said  to  b e  in  single assignm en t 

code form . T h e  above F O R T R A N  code can be  w ritte n  in th e  single assignm en t 

code form  as
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D O 10 N =  1,4 
C (N ,1 ) =  0.0 
D O 10 K =  1,4
C (N ,K + 1 ) =  C (N ,K ) +  A (N ,K ) * B (K )

10 C O N T IN U E

E ach  e lem en t in C is assigned only one value. T h e  a lg o rith m  is now described 

in  a 2-D index  space and  a t each index  point in th e  space th e  th ree  variables A, 

B, and  C are  defined w ith o u t any am biguity .

A D G is a  g rap h  G  -- [N , A } w here AMs a  set consisting  of nodes and  A  is 

a  set com prising  arcs or edges. A DG has one node for each of th e  variables in 

th e  a lg o rith m  an d  a d irec ted  arc from  node i £  N  to  node j  £  N  if and  only 

if th e  variab le  assoc ia ted  w ith  node j  is com pu ted  using th e  variab le  associa ted  

w ith  no d e  i in th e  a lg o rith m . Since a  single assignm ent code specific's an o rdering  

am ong  th e  co m p u ta tio n s  in th e  a lgo rithm , a DG can be th o u g h t of as a  g raph  

th a t  shows such an o rdering  am ong th e  co m p u ta tio n s [4]. In o th e r w ords, a DG is 

a  g rap h ica l rep resen ta tio n  of th e  single assignm ent code. A valid processor a rray  

s tru c tu re  for im p lem en ting  th e  a lg o rith m  is o b ta in ed  by desig n atin g  one P E  for 

each p o in t in  th e  D G . T h is, however, leads to  inefficient u tiliza tio n  of th e  P E s, 

since each P E  is ac tiv e  only once du rin g  th e  course of execu tion  of th e  a lgo rithm . 

In o rd e r to  im prove th e  u tiliza tio n  of P E s, it is often  desirab le  to  m ap  th e  node's 

of th e  D G  on to  a  sm alle r n u m b er of P E s. To achieve th is  it  is useful to  m ap  th e  

DG  o n to  an  in te rm e d ia te  form  which is th e  SFG . An SFG  is a  g rap h  th a t  shows 

th e  d ep en d en ce  of th e  co m p u ta tio n s  th a t  occur in an  a lg o rith m  an d  consists of 

p rocessing  nodes, co m m u n ica tin g  edges, and  delays. In general a  node* is often 

d en o ted  by a  circle rep resen tin g  an a r ith m e tic  o r logic o p e ra tio n  perfo rm ed  w ith 

a  zero  delay  such as m u ltip lica tio n  or add ition . A n edge den o tes  a  d ependence re­

la tio n  an d  possib ly  a  delay. A com plete  SFG d escrip tio n  includes b o th  functional 

an d  s tru c tu ra l  p a r ts . T h e  fu n c tio n a l d esc rip tio n  defines th e  b ehav iou r w ith in  a  

node, w hereas th e  s tru c tu ra l d esc rip tion  specifies th e  in te rco n n ectio n  betw een th e  

nodes. Since an  SFG  com prises nodes and  edges, it is reasonab le  to  th in k  th a t
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all th e  nodes a re  connected  by edges in som e o rd erly  m an n er. If th e  DG  of th e  

a lg o rith m  a t han d  has an  inheren t reg u la rity  th en  th e  nodes and  th e  edges a re  

also connected  in a regu lar fashion. W e shall use th e  SFG  app ro ach  an d  th e  z-  

dom ain  approach  for th e  design o f d ig ita l-filte r s tru c tu re s  an d  show how th e  SFG  

approach  becom es u n su itab le  as th e  d im ensionality  of th e  filte r increases.

2.3 O n e-d im en sion a l n on recu rsive  d ig ita l filters

A nonrecursive  filter is a  d isc re te -tim e  system  in w hich any  sam ple  y ( n )  of th e  

out,put sequence {?/(n)} iK exp lic itly  d e te rm in ed  as a w eighted  sum  o f a  fin ite  

n u m b er of sam ples of th e  in p u t sequence (x (n )} . M ath em atica lly , a n o nrecu rsive  

filter can  be rep resen ted  as [37]

N - 1
2/(?0  =  -  k)  n >  0  (2 . 1 )

A r = 0

w here N  is th e  leng th  of th e  filter. In o rd e r to  fa c ilita te  th e  d eriva tion  of a rch i­

te c tu re s  in w hich all P E s  are followed by  a  sto rage u n it, (2.1) is m odified to

V(n ) = h ( k ) x ( n - l - k )  (2 .2 )
A.— 0

or equivalen tly ,

,v -i
//(»  +  !) =  ^ 2  h(k) .v(n  — k)  (2.3)

k=0

T h e  D G of (2.3) is show n in F ig. 2.1 w here b o th  th e  in p u ts  an d  th e  w eights of

th e  filte r a re  tra n s m itte d  or b ro ad cast th ro u g h o u t th e  index space (n , k) .

All d ig ita l-filte r a lgo rithm s have  an in h eren t reg u la rity  an d  p ara lle lism  w ith in  

th em  an d  it is know n th a t  a  reg u la r i te ra tiv e  a lg o rith m  can  alw ays b e  expressed  

in a single assignm ent code form  [5].



17

y ( l )  J ( 2 ) y(3)  y (4 )> (5 )  j ( 6 )  y(7)

jc( 0 ) jc(1 ) x ( 2 ) jc( 3 )  x ( 4 )  jc( 5 ) jc( 6 )

--------------- -— ^
n

Figure 2.1: Dependence graph of (2.3).

The first step in the systolic implementation of (2.3) is to conver

assignment code as

N - l

Vn = E  f a n
fc=0

X k = ̂n x n - \ i  *n =  *(«)> *0 =  0 f° r k  >  0

h K0 = h( k)

y ( n  +  1 ) = yn, y {0) =  o

(2 , 1)

for n,  k  =  0, I,  N  — 1 . T h e  SFG  of (2.4) is show n in Fig. 2 .2  for a  filter 

of len g th  four, w here ( n , k )  rep resen ts  th e  index  space.

F ig u re  2.2 also  shows th e  scheduling  vec to r s  and  th e  p ro jec tion  vector d. T h e  

choice of d  d e te rm in es  th e  a rray  configuration . All nodes lying along a  s tra ig h t

line para lle l to  d  a re  assigned  to  one P E . T h e  p ro jec tio n  vector is alw ays in 

th e  d irec tio n  of th e  e x tre m a l ray  w hich re su lts  in systo lic  a rch itec tu re s  of lower 

d im ension  th a n  th e  SFG  [10]. T h e  choice o f s is such th a t  th e  following two 

cond itions are satisfied  [4]
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y ( l ) y ( 2 ) y ( 3 )  y ( 4 ) y ( 5 ) y ( 6 )  y ( l )

A i  A A A A A

k

jc(0)jc(1) x (2 )x (3 )  x ( 4 )  x (5 ) ; t(6 )

 ►
n

F igure 2.2: Signal flow g raph  o f (2.4).

(2.5)

s r ■ (I ±  0 ( 2 .6 )

w here F re p re sen ts  an y  arc in  th e  SFG . E q u atio n  (2.5) s ta te s  th a t  a ll d ependence 

arcs flow in th e  sam e d irec tio n  across th e  h y p erp lan es w hich ensu res cau sa lity  in 

any scheduling  schem e. E q u atio n  (2.6) s ta te s  th a t  h y p erp lan es can n o t be paralle l 

to  th e  p ro jec tion  vec to r w hich ensures th a t  th e  nodes on a  h y p erp lan e  will not 

be p ro jec ted  onto  th e  sam e processor. However, i t  can  be  seen in  Fig. 2.2 th a t  

s l • F =  0 for th e  vertica l arcs a re  involved in th e  g en e ra tio n  of y{n) .  T hus 

m apping  th is  SFG o n to  an  a rray  will lead to  th e  sem i-systo lic  s tru c tu re  of Fig. 

2.3(a) w here each block rep resen ts  a  P E  of th e  ty p e  d ep ic ted  in F ig. 2 .3 (b ). It is 

ev iden t from  th e  SFG  th a t all th e  p a r tia l sum s for each o u tp u t have to  b e  added  

sim ultaneously .

A different systo lic  s tru c tu re  is o b ta in ed  if (2.3) is converted  in to  th e  single 

assignm ent code

(2.7)
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h ( N - i )

(a)

(b)

F igure  2.3: M app ing  of th e  signal flow g rap h  of (2.3) on to  a systo lic array , (a) 
T he systo lic  s tru c tu re , (b ) D eta ils of P E  involved.

=  x { n - k )  

h ,* =  h{k)  

y ( n  + 1 ) =  y°,  2/ ^  =  0

for n,  k  — 0, 1, • • •, N  — I. T h e  SFG of (2.7) is shown in Fig. 2.4.

E v iden tly , th e  in p u t d a ta  x ( n )  as well as th e  filter w eights h{n)  are b roadcast. 

C hoosing the  p ro jec tio n  vector d =  [1 0]r  an d  the  scheduling  vec to r .s =  [1 -  l lT,

we o b ta in  th e  systolic a rc h ite c tu re  of Fig. 2.5. F igure 2 .5(a) shows th e  m app ing

of th e  above eq u a tio n  o n to  a systo lic  a rch itec tu re  w hile Fig. 2 .5(b) show s th e  

d e ta ils  o f each P E . T h e  z ~ x block in  the  figure rep resen ts  a  u n it delay.

B y  in tro d u c in g  a  delay  of N  sam pling  periods, (2.1) can  be w ritten  as

AT-l
y ( n  + N )  =  h ( k ) x ( n  -  k)  (2.8)

k=0

A d ifferen t systo lic  s tru c tu re  is o b ta in ed  if (2.8) is converted  in to  the* single as-



y ( l ) y ( 2 ) y ( 3 ) y ( 4 ) y ( 5 ) y ( 6 )  y ( 7)
—  ►

n

F igure  2.4: Signal flow graph  of (2.7) in  w hich filter in p u ts  a re  b ro ad cast an d  
o u tp u ts  a re  p ro p ag ated .

signm en t code

Vn = f t '  +  ho*i  (2-9)

w here

x n =  -r n - l ’ -Vn =  X(n )’ X0 =  for k  > 0

A* =  h(k)  

y ( n  + N )  =  y * - \  y ~ l =  0

T h e  m odified S FG  is show n in F ig. 2.6 for a filter of len g th  four. W e see th a t  all

signal com m unications a re  re s tr ic ted  to  n ea res t neighbours. T h e  figure also shows

th e  scheduling  vector s an d  th e  p ro jec tio n  v ec to r d, w here th e  h y p erp lan es (d o tte d  

lines) rep resen t different tim e  in s tan ts . C hoosing a  p ro jec tio n  vec to r d  — [1 0 ]T 

and  th e  scheduling  vec to r s =  [1 I]7", we o b ta in  th e  systo lic  s tru c tu re  shown in 

Fig. 2.7.

Som e systo lic  a rray s  and p ipelined  co m p u tin g  s tru c tu re s  have local m em ory  

to  s to re  d a ta  for use in su b seq u en t o pera tions. T h e  local m em ory  is u sually  in
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h ( N - 1)

(a) 

X

(b)

F igure  2.5: M apping  of th e  signal flow g rap h  of (2.4) on to  a  systo lic a rray  (a) T h e  
systo lic s tru c tu re , (b) D eta ils of P E  involved.
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y (4 )y (5 )y (6 )y (7 )  y ( 8) y ( 9 ) y (  10)

k
t

x(0)jc(1) jc(2 ) jc(3) * (4 )  x( 5)  x ( 6 )

 ►
n

Figure 2.6: S ignal flow graph  of (2.9) in  w hich filter in p u ts  and  o u tp u ts  a re  
p ropagated .

the  form  of firs t-in -h rs t-o u t (F IF O ) e lem ents of linearly  or g eo m etrica lly  in creas­

ing sizes [38]. I t would be in te restin g  to  see if such a rch itec tu re s  can  su p p o rt 

nonrecun.ive filtering. Below we show th a t  th is  indeed  is th e  case [39].

E q u atio n  (2.8) can b e  expressed  as

2 .8  an d  th e  p a r tia l p ro d u c ts  for a  p a r tic u la r  o u tp u t a re  eva lua ted  a t  th e  sam e 

in s tan t. 'Phis can  be seen by exam in ing  th e  node ac tiv itie s  a t  each h y p erp lan e .

get th e  systolic a rray  illu s tra ted  in Fig. 2.9 for a filter of leng th  four. T h e  ze ro th  

P E  in F ig. 2.9 can  be rep resen ted  by

(2 . 10)

w here

for all it, k  >  0. T he in p u t sam ples are p ro p ag a ted  vertically  as show n in F ig .

C hoosing the  p ro jec tio n  vec to r d  =  [1 0]T and  a  scheduling  v ec to r s =  [1 1]T , we
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X —►
m

— ►

K  i)
--- ------------------- -

h(N - 1)
0 —► — ► — • » - ------------------------------------------* >

(a)

- 2
in

in

(b)

F ig u re  2.7: M apping  of (2.9) on to  a  systo lic  a rch itec tu re , (a) T h e  systolic array, 
(b) D e ta ils  of th e  P E  involved.
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y ( l ) y ( 2 ) y ( 3 )  y (4 )y (5 )y (6 )y (7 )

hi  3)

MO)
jc(0 ) >c(l) x ( 2 ) jc(3) x (4 )  jc(5) jc(6)

->
d

n

F ig u re  2.8: S ignal flow g rap h  of th e  m odified form  of Fig. 2.6 show ing red irec tio n  
of th e  filter in p u ts  an d  th e  fo rm a tio n  of p a r tia l  p ro d u c ts  a t  th e  hyperp lan es.

Vn =  V n ' + P n - 1 , Un' =  0,

Pn- 1 =  h( 0 ).ron_ n  x'n =x°n

On th e  o th er h an d , th e  Arth P E  for /; — 1 ,2 , • • •, N  — 1, can b e  rep resen ted  by

Vn V n ' + p t - k i  Pkn - k = P n - k +H

v k -  v k Pn- 2 “  P n- 1 )Pn-k+1 Pn—k+2 ’ •••

h { k ) Zn- l ,  4 + 1 = 4/ n—1

A t any tim e  in s tan t, th e  P E s of th e  a rray  p ro d u ce  all th e  p a r tia l p ro d u c ts  for 

a p a r tic u la r  o u tp u t sam p le  and  each P E  s to res  one o f th e  filter w eights. In each 

PE , th e re  is a F IFO  m em ory  w hose size increases lin early  w ith  th e  p o sition  of 

the  P E . T hus th e  to p m o st P E  will be associa ted  w ith  a  F IF O  m em o ry  of len g th  

N  — 1 . A trian g u la r systo lic a rch itec tu re  based  on F ig . 2.8 is show n in Fig. 2.10 

for a  filter of leng th  four. As can  b e  seen from  th e  figure, th e  systo lic  a rray  has 

th ree  different types of cells.

In th e  follow ing sec tio n  we shall describe th e  ^ -dom ain  ap p ro ach  an d  exp lain



P E  3

h (  2 ) P E  2

h (  1) P E  1

M O ) P E  0

=  0

Pn-3,Pn-bPn-2> X

F ig u re  ‘2.9: Systo lic rea liza tion  of th e  signal flow graph  of Fig. 2 .8

how th e  filte r s tru c tu re s  derived  using th e  SFG  m eth o d  can be  o b ta in ed  using th e  

^ -dom ain  approach .

2.4 z-d om ain  approach

For any  m a th e m a tic a l expression  or a lg o rith m  involving su b scrip ted  variables, 

w hich co n cep tu a lly  rep resen t d a ta  sequenced  in tim e o r space, a  new expression 

in te rm s  of a  w ell-defined sh ift o p e ra to r can  be used to  m odel d isp lacem en ts in 

tim e  o r sh ifts  in  space. S ym bolic m an ip u la tio n s  can th en  be used to  transfo rm  

th e  d eriv ed  a lg o rith m  in to  equ ivalen t ones by using th e  p ro p e rtie s  of th e  sh ift and  

th e  fu n c tio n a l o p e ra to rs  in  th e  expression. T h e  2 -dom ain  approach  for m app ing  

d ig ita l filte r a lg o rith m s on to  systo lic  h a rd w are  can be  described  as follows:

1. A ny  given filter a lg o rith m  is first tran sfo rm ed  in to  its 2 -dom ain  equ ivalen t.
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m h{2 )

(a)

Type A cell Type B cell Type C cell

(b)

Figure 2.10: Systolic rea liza tion  of th e  signal flow g rap h  of F ig. 2.8.



2. B y  using H o rn e r’s ru le  or o th er po lynom ial eva lua tion  techn iques, a set of 

recursive expressions is derived.

3. F rom  th e  recursive  expressions, th e  s tru c tu re s  of th e  processing element, and  

th e  systo lic a rray  a re  o b ta in ed .

4. B y  reo rd erin g  th e  sh ift and  func tiona l o p era to rs  in  th e  filter eq u a tio n s, dif­

fe ren t recursive  expressions an d , consequently , d ifferen t systo lic s tru c tu re s  

can  be  derived .

To i l lu s tra te  th e  ap p ro ach , (2.2) can be  w ritten  in th e  c -dom ain  as 

N - 1
Y  =  h ( k ) z - l k+l)X

k=0

=  h { Q ) X z ~ l +  h ( l ) X z ~ 2 + . . .  +  h ( N ~  l ) X z ~ N 

=  h( 0 ) Xo  +  h ( l ) X 1 + --- + h ( N - l ) X N ^  (2.11)

w here

X k = z - ' X k - i  I < k  < N  -  I ( 2 . 12)

X 0 =  z ~ ' X

w ith  Y  =  Y ( z )  an d  X  =  X ( z ) .

A lte rn a tiv e ly  (2.11) can  be  rew ritten  as a  se t o f recursions

Yi =  h i X i  + Y{+1 0 <  i <  T V - 1  (2.13)

Y n  =  0 

Y  =  Y'o

E q u a tio n  (2.11) shows th e  tran sfo rm ed  filter eq u a tio n  and  (2.13) shows th e  

recursive  expression  derived  from  (2.11). T h e  m ap p in g  of (2.11) on to  a linear 

systo lic  s tru c tu re  is th e  sam e as th a t  of F ig. 2.3 an d  th e  PEI s tru c tu re  can easily  be 

o b ta in ed  from  (2.13). I t can  be  seen from  (2.12) th a t  th e  in p u t d a ta  is p ropagated
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from one P E  to  th e  n ex t. T h e  ad d itio n  o f all th e  p a r tia l  p ro d u c ts  is perfo rm ed  

sim ultaneously .

T h e  ch a rac te ris tic s  o f th e  systo lic  s tru c tu re  o b ta in ed  using th e  2 -d o m ain  ap ­

proach can  easily  be deduced  from  th e  recursive expressions by  n o tin g  th e  follow­

ing aspects:

1. E ach  ite ra tio n  is assigned a  P E  to  perfo rm  it.

2. T h e  n u m b er of P E s  is d e te rm in ed  by th e  n u m b er of ite ra tio n s  requ ired  to  

p ro d u ce  th e  final o u tp u t.

3. P E  com plex ity  an d  co m p u ta tio n a l load is d ic ta te d  by th e  n a tu re  of th e  

recursive  expressions.

4. C h ip  a rea  is d e te rm in ed  by th e  n u m b er and  com plex ity  of each  of th e  P E s.

5. C o m m u n ica tio n  req u irem en ts  are d e te rm in e d  by  s tu d y in g  th e  source of th e  

d a ta  used on th e  r ig h t-h an d  side of each recu rsive  expression.

6 . B uffer size is d e te rm in ed  by th e  sum  of all th e  pow ers o f 2 _1 in  each te rm  

on th e  rig h t-h an d  side of each  recursi ve expression.

7. T h e  processing ra te  is d e te rm in ed  from  th e  c o m p u ta tio n a l load an d  com ­

p lex ity  of th e  P E s.

8 . S ystem  la ten cy  is d e te rm in e d  by th e  h ighest pow er of z ~ l in  th e  recursive 

expression  th a t  dea ls  w ith  th e  desired  o u tp u t.

P rocessing  ra te  is defined as th e  ra te  a t w hich d a ta  a re  processed  by each P E  and  

m ay be equal to  th e  recip rocal of th e  m u ltip ly  tim e  a n d /o r  th e  ad d  tim e  in  each P E  

depend ing  on th e  ac tu a l im p lem en ta tio n . L atency  is defined as th e  tim e  elapsed  

betw een th e  ap p lica tio n  of th e  firs t sam ple  of th e  in p u t an d  th e  ap p ea ran ce  of 

th e  first sam p le  of th e  o u tp u t. In  a  systo lic s tru c tu re , it is n o t possib le  to  feed an
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in f  i t  an d  o b ta in  th e  correspond ing  o u tp u t du ring  th e  sam e cycle. As a resu lt, 

th e  m in im u m  la ten cy  in these  s tru c tu re s  is one sam pling  period.

W e could a rriv e  a t  th e  systo lic a rc h ite c tu re  of F ig. 2.5 using th e  r-dom ain  

ap p ro ach  by rew ritin g  (2 .2 ) as

Y  =  z - ' i h ^ X +  z ~ 1( h ( l ) X +  --- +  z ~ 1( h ( N  ~  1)A  ) • • • ) )  (2.1-1)

T h e  above eq u a tio n  can  be  exp ressed  as a  recursive  re la t ion of th e  form

Yi =  z ~ l [ h { i ) X +  Yi+l] for i =  N  -  1, N - 2  , • • • ,  0 (2.15)

w here

Yn  =  0 

Y  = Y0

T h e  m ap p in g  of (2.14) on to  a  systo lic a rc h ite c tu re  re su lts  in th e  sam e s tru c tu re  

as th a t  show n in  F ig. 2.5. P rocessor i receives X  an d  }'i+1 as in p u ts  and  evaluates 

Y{ a f te r  one sam p lin g  period . It can b e  seen from  (2.15) th a t  the com ponen ts of 

th e  P E  w hich effect th e  o p era tio n s  in (2.15) com prise a  m u ltip li -r, an  adder, and 

a  de lay  e lem en t.

U sing  th e  2 -d o m ain  app roach , th e  systo lic s tru c tu re  of F ig. 2.7 can  be ob ta ined  

by w ritin g  th e  filte r eq u a tio n  as

Z - ( N - D y  =

k=0

= z ~ l { h { N  -  l)AV-i + z ~ l ( h ( N  -  ' 2)XN - 2

+  --- +  z ~ 1( h { 0 ) X „) • • • ) )  (2.16)

w here X u  =  z ~ 2X k - i , for A; =  1 , 2, • • • ,  N  — 1 and  Ao =  X .  E quation  (2.16) 

can  b e  exp ressed  using  recursive re la tio n s as

Yi =  z - l [h{i )Xi  + Yi_ j] 0 <  i < N - \  (2.17)

=  o

g - [ N - ! ) y  =  Y n _ x
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T he m ap p in g  of (2.16) on to  a  systo lic a rc h ite c tu re  is show n in  F ig. 2 .7(a) w hile 

th e  d e ta ils  of th e  P E  is show n in Fig. 2 .7 (b ).

T h e  s tru c tu re  of Fig. 2.10 can  also b e  o b ta in ed  by w ritin g  (2.16) as

z - ( N - i ) Y  =  z - i  ( s - 1 ^ 0 ) X )  + Z - 1 ( h ( l ) X z - 1) )  +  ■■■

+ z - {N~l) ( h { N  -  1 ) X 2 - (yv- 1}) )  (2.18)

A se t of recursive  re la tio n s can sim ilarly  b e  o b ta in ed  for th e  above eq u a tio n .

2.5 O n e-d im en sion a l recu rsive  d ig ita l filters

In [4] i t  is m en tioned  th a t  m any  R IA s can b e  rep resen ted  in  te rm s  of SFG s. For a  

nonrecursive filter, th is is easily accom plished . A recursive filte r can  be  th o u g h t of 

as a  co m b in a tio n  of two nonrecursive filters in  w hich th e  o u tp u t of one filte r is fed 

to  th e  o th er. T h u s, a  recursive filter eq u a tio n  is rep resen ted  as an  overlap  of tw o 

SFG s, each rep resen ting  one nonrecursive filte r eq u a tio n . T herefo re , th e  re su ltin g  

SFG is com plex and  it is difficult to  o b ta in  th e  p ro jec tio n  and  schedu ling  vectors. 

In ad d itio n , as will be show n m  th e  following ch ap te r, th e  com plex ity  of th e  SFG  

approach  increases as th e  d im ension  of th e  filte r increases an d  i t  becom es very  

difficult to  o b ta in  systolic s tru c tu re s . As a  re su lt, th e  SFG  is n o t an  effective too l 

in th e  m ap p in g  of recursive d ig ita l filter a lg o rith m s on to  hardw are .

In th is  sec tion , we use th e  rr-dom ain app ro ach  for o b ta in in g  several systo lic  

arrays for recursive filters th a t  a re  m o d u la r w ith  reg u la r in te rco n n ectio n s. L et us 

consider a tw o -in p u t nonrecursive d ig ita l filte r ch a rac te rized  by th e  eq u a tio n

Y  =  £  a(A*).YlS -<fe+1) -  b(lc)X2z - (k+1) (2.19)
A.—0 k=0

w h e r e ! ' =  V’(~), Ah =  Ah(~), Ah =  Ah (2 ) an d  N  is th e  len g th  of th e  filter. 

A gain, th e  filte r o u tp u t is delayed d e lib e ra te ly  by one sam ple  to  fa c ilita te  th e  

d eriva tion  of s tru c tu re s  in which all th e  P E s are  followed by a  s to rag e  u n it. T h e
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reason  for choosing a tw o -in p u t nonrecursive filter will becom e clear in th e  nex t 

ch a p te r in  th e  co n tex t of 2-D recursive filter im p lem en ta tio n s. A recursive  filter 

can b e  o b ta in ed  by  su itab ly  real-ranging th e  coefficients and  m aking  V' =  X 2. 

E q u a tio n  (2.19) can b e  w ritten  as

Y  =  £ 1 ^ + 1)[a(A:)A'1 - 6(A:)X2] (2.20)
k—0

If each  te rm  inside  th e  sq u are  b rackets  is reah zed  by a  P E , th en  a  s tru c tu re  is 

o b ta in ed  in w hich th e  in p u t signals .i-i(n )  and  .r2(n)  a re  b ro ad cast to  all th e  PE s, 

and  th e  o u tp u t o f each P E  is delayed by a  d ifferent am o u n t. T h e  filter s tru c tu re  

re su ltin g  from  (2 .2 0 ) is n o t systolic.

To overcom e th e  use of unequal delays s ta n d a rd  algebraic  techn iques are  used. 

A pp ly ing  H o rn er’s ru le  to  (2.20) yields

Y  =  5- 1 [(a (0 )X 1 - 6 ( 0 ) X 2) +  - 1 [(a(l)-V 1 - 6 ( l ) X 2)

+  . . .  + . - i [ ( G( / v _ i ) X 1 - 6( A f _ l ) X 2)] - - . ] ]  (2 .2 1 )

T h e  ab o v e  eq u a tio n  can be  w ritten  as

Yi = z - 1 [a(f)A 'i -  b ( i ) X 2 +  Yi+l] 0 <  i <  N - \  (2 .2 2 )

Y n  =  0 

V' -  To

T h e  zth  P E  co m p u tes  Yi in (2.22) using tw o m u ltip lica tio n s an d  tw o ad d itio n s. 

F ig u re  2 .11(a) show s th e  m ap p in g  of (2.21) on to  a  systo lic  s tru c tu re  w hile Fig. 

2 .11(b) describes th e  d e ta ils  of th e  P E  involved. It can  b e  seen th a t  th e  s tru c tu re  

is m o d u la r  and  th e  ad d er in  each P E  adds only th re e  in p u ts  a t  any tim e  [37].

T h e  in p u t signals in  th e  p rev ious im p lem en ta tio n  are b ro ad cast to  all th e  PEs. 

W e can  o b ta in  an  im p lem en ta tio n  in w hich th e  in p u t signals are p ro p ag a ted  from
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O - *
a ( N- l ) a(l) a(0)

- b( N~ 1) ~b(l) ~b(0)

(a)

• i n

Xj

1OUT

X2

£ )

F igu re  2.11: M apping  of (2.21) o n to  a  systo lic a rch itec tu re , (a) T h e  systolic array , 
(b ) D eta ils of P E  involved.
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one P E  to  th e  nex t by w riting  (2.19) as

y  =  £  [ < k ) { X l S - ^ ) - b { k ) { X 2z - ^ +l))\ (2.23)
fc=o

If each  te rm  inside th e  square  b rackets  is assigned to  a  P E , th en  th e  in p u ts  to  each 

P E  a re  delayed  by d ifferent am o u n ts  and  th e  P E  o u tp u ts  a re  added  sim ultaneously . 

T h e  s tru c tu re  of th e  filte r will con ta in  unequal delay e lem en ts an d  th e  ad d er will 

be req u ired  to  add  m ore th an  tw o in p u ts  a t  any tim e.

If we in tro d u ce  in te rm ed ia te  variables A'u- and  X 2k given by

X u  =  ~

X 2k =  -

for k  — 1, 2, • • •, N  — 1 and  Ajo =  ~-1 A i and  A^o =  z ~ l X 2, th en  (2.23) becom es

Y  =  [ « ( 0 ) ( - 1A 1) - 6 ( 0 ) ( c - ‘A 2)]

+  [ ^ l ) - ^ - 1^ )  -  b ( l ) z - l ( z - ' X 2)}

+  • • • +  [ a { N - V z - H z - W - ^ X i )  -  b{N -  ^ z - ' i z - ^ - ' K X i ) ]

=  [« (0 )A lo -  b ( 0 ) Xm ] +  [«(1)A U -  6( 1 )X 2I]

H +  [a ( X  — l)A i(jV -i) — b ( N  -  1)A 2(n - i) ]  (2.24)

If each  P E  perfo rm s th e  o p era tio n s inside each p a ir of sq u are  b rack ets , th en  from 

(2.24) it can  b e  seen th a t  th e  in p u ts  a re  p ro p ag ated  from  one P E  to th e  next. 

T h u s  th e  delay  reg isters a re  all of th e  sam e length . A lthough  th e  delays in (2.24) 

are  all equal, th e  filter o u tp u t is p ro d u ced  a fte r all tin* p a r tia l p ro d u c ts  have been 

ad d ed . F igu re  2.12(a) shows th e  m ap p in g  of (2.24) w hile Fig. 2 .12(b) shows th e  

d e ta ils  of th e  P E  involved. It can be seen from  Fig. 2 .12(b) th a t  each P E  has two 

ad d ers  an d  th u s  th e  o u tp u t  of th e  filter, for a  length  of N ,  will incur  a  delay of 

2 N T a, w here Ta is th e  ad d e r delay.
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x r
Y -
X j ~

— ►
a(0)

m —
a(l)

~b(0)
— ► ~b(l)

i 
i 

i 
i 

I 
I

w a ( N - l ) —

--------------------- > - b ( N - l ) —

(a)

lirt 1 out

- b

2 in 2oui

(b)

Figure 2.1*2: M app ing  of (2.24) on to  a systo lic a rch ite c tu re , (a) T h e  systo lic  array , 
(b) D eta ils  of P E  involved.
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W e can  o b ta in  im p lem en ta tio n s  in which b o th  th e  in p u t and  o u tp u t signals 

a re  p ipe lined . T h is  schem e involves th e  use of m ore com plex P E s. For th e  case 

w hen N  is even, (2.19) can b e  w ritten  as

7  =  z " 1 { [a (0 )A lo -  6(0) A 20 +  a ( l ) X n  -  b ( l ) X „ ]

+ z  1 { [a (2 )A n  — b( 2)X'2i +  a ( 3 )A i2 — 6(3) A^a]

+ --- +  z ~ l { [a (A  -  2 )A lp -  b ( N  -  2 )A 2p

+ a ( N  -  l ) X lq -  b ( N  -  l ) X 2q}} • • •}} (2.25)

w here

X lk =  z - 1 A 1(fc_ 1}

X 2k =  -  1A,2(fc-i)

for k =  1 , 2, • • •, p, q , w here p  =  { N  — 2 ) /2  and  q =  N / 2, and  Am  =  A '|, and

A 2o =  A 2. E q u a tio n  (2.25) can  be w ritten  as

Y i  —  z  1 J a (2 i )A j i  — 6(2 i)A 2{ +  a(2z +  1 ) A j( i+ i)

—b(2i +  l ) A 2(t+1) +  V f+i] , 0 <  i <  N / 2 - 1  (2.26)

Y q =  0 

7  =  Ko

T h e  zth  P E  is assigned to  com p u te  7  in (2 .26). E ac' E is requ ired  to  perform  

four m u ltip lica tio n s  an d  four add itions, and  has th re  i nput s  and  th ree  o u tp u ts . 

T h e  th re e  in p u ts  a re  th e  tw o signal in p u ts  an d  th e  p a r tia l sum  from  th e  ad jacen t 

P E . T h e  o u tp u ts  a re  th e  tw o delayed signal in p u ts  and  th e  p a rtia l sum.  T h e

m ap p in g  of (2.26) on to  a  systo lic s tru c tu re  is shown in Pig. 2 .13(a) w hile Fig.

2.13(b) d ep ic ts  th e  d e ta ils  of th e  P E  involved.

S im ilarly  v e  can  derive systolic s tru c tu re  for th e  case w hen N  is odd . T he 

recursive  re la tio n  can  b e  w ritten  as

Y {  — a ( 2 i ) X n i +i) — 6(2z)A 2(,+x) +  2  1 \a{2i  +  l )A i( ,+ i)
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- 6 ( 2 i  +  l ) X 2(f+1) +  >'-+1] 0 <  i < [ N  — 3 ) /2  (2.27)

Yr = n ( N - l ) X la - b ( N - l ) X 2s 

Y  = Yo

k

A ik =

X'2k — X-2(k~l)

for A' •= 0, 1, • • • ,  r, s, w here r =  (Ar — 1 ) /2  and  s =  (Ar +  l ) /2 .  T h e  m ap p in g  

of (2.27) onto  a P E  is show n in Fig. 2.13(c).

Several systo lic  s tru c tu re s  can be o b ta in ed  by m an ip u la tin g  su m m atio n s an d  

delays in th e  filter eq u a tio n . Below som e systolic s tru c tu re s  for second-order 

recursive1 filters, d ec im a to rs , and in te rp o la to rs  are p resen ted .

2.6 E xam p les

2.6.1 Second-order recursive filters

T he t rad itio n a l m et hod o f reducing  roundoff noise in d ig ita l filters is to  decom pose

an /V th-order in to  a cascade or paralle l connections o f second-order (an d  possib ly

first-o rder) sections. T h e  idea is to  sep a ra te  closely spaced poles and  zeros in to

different, sections of the? filter. T h ese  second-order sec tions a re  m ost o ften  realized  

in th e  d irect form .

The1 tran sfe r function  of a second-order recursive filter is given by

=  . .  +  « ■ --■ ± * j f 2  (2  28)
1 + 6 i : - ‘ +  ^ - 2

T he above eq u a tio n  can b e  w ritten  in te rm s of th e  z  tran sfo rm s of th e  in p u t an d  

output  as

1 =  eiyAc 1 +  « i A c  2 +  (Z2A z — b\Y z  1 — b^Y z  2 (2.29)
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Y«

Xo

a(0) a(2) a ( N - 2 )

- b ( 0 ) <4------ ~b(2) M_____ n 1-5"I

a(J) a(3) a ( N - l )
- b ( l ) ~b(3) - b ( N - l )

(a)

I in 1 out

a(k) a ( k +  I)

-  b ( k  + l.

**x.lou t2 in

(b)

1 out

out

- b ( k  + J

! l _T lou tlift

(C)

F ig u re  ‘2.13: M app ing  of (2.26) an d  (2.27) onto  systo lic  a rch itec tu re s , (a) T he 
systo lic  array , (b) D eta ils o f P E  involved in m ap p in g  (2.26). (c) Detail.; of P E  
involved in m ap p in g  (2.27).
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-b, ~br

F igure  2.14: M apping  o f (2.30) o n to  a  systo lic array.

-b- -b.

F ig u re  2.15: M apping  of (2.31) on to  a  systo lic array .

w here th e  o u tp u t is delayed  by one sam ple . B y expressing  (2.29) in  a  n u m b er of 

ways, several systo lic  filter s tru c tu re s  can  b e  o b ta in ed .

E q u a tio n  (2.29) can also be w ritten  as

V  =  « o A o  +  o \ X i  +  0,2X2 ~  b}Yo —  6 2 V j

=  («qA'o — /qVo) +  (ai.Y i — 62 i i )  +  {0 2 X 2 ) (2.30)

w here th e  .Y, 's, V t s are defined as before. If th e  expression  in  each se t of b rackets  

is realized  by a  P E , th e  m ap p in g  of (2.30) y ields th e  s tru c tu re  show n in F ig. 2.14 

w here all th e  PE., a re  of th e  sam e type.

B y rew riting  (2.29) as

V  =  r - 1((« 0A ' - 6 1r )  +  c - 1( ( a 1A - 62F )  +  ~“ 1(« 2^ ) ) )  (2.31)

a systo lic  s tru c tu re  of Fig. 2.15 is o b ta in ed  in w hich th ree  P E s are  used.

'Pile recursive filter eq u a tio n  (2.29) can be  w ritte n  as

V =  c {(noA" — /qV ) +  (ojA'q — 62}q) +  v«2A'j)} (2.32)
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i
ab*-®

|
«2-<X)

~ u  ' r t r r  

-A -<x) - v ~<x) ° - 0
*■ z

(«)

I-*
h * ai -<X) «2-<X) 

- . -

V
z '

vr/"
-<x)

z *• W *
-A -(x )

z 1 *

(b)

F ig u re  2.16: (a) M apping  of (2.32) o n to  a  systo lic array , (b) Mappi ng  of (2.33) 
on to  a  systo lic array.

and  can  b e  realized  a.' show n in Fig. 2 .16(a). As can be seen, a  s tru c tu re  with two 

types o f P E s is o b ta in ed . In th e  first P E , th e  signals x ( n )  and  y(n)  a re  b roadcast 

and  th e  p a rtia l p ro d u c t is p ipelined . In th e  o th e r P E s, th e  signals . r(n)  and y( n)  

are  p ip e lin ed  an d  th e  p a r tia l p ro d u c ts  a re  ad d ed  asynchronously .

B y rew ritin g  (2.29) as

Y  =  (a 0X o - / > l r 0) +  ^ 1 { ( a 1A o - / )2>o) +  ~“ 1( ^ V „ ) }  (2.33)

th e  ty p e s  of P E s used in  th e  s tru c tu re  of Fig. 2 .16(a) can be in terchanged  as 

d ep ic ted  in  Fig. 2 .16(b).

In  all th e  above second-order filter s tru c tu re s , e ith e r  th e  i nput  signal or the  

o u tp u t signal is p ipelined , bu t n o t b o th . In w hat follows wo o b ta in  s tru c tu re s  

in  w hich b o th  th e  in p u t and  o u tp u t signals a re  p ipelined . By mul t i plying the
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n u m era to r and d en o m in a to r of th e  tran sfe r func tion  given by  (2.28) w ith  a  first- 

o rder po lynom ial of th e  ty p e  [40]

C ( z )  =  1 +  C i z ' 1

we get

=  f t . + P - - - 1 + P 2---i + P 3^- (2 M )
1 +  f t z - 1 +  q2z ~ 2 + q3z ~ 3

w here

Po =  a Q 

Pi =  « i  +

P'2 =  a 2 +  f‘i« i

Pa =  « 2 <“i

q-i = (h +  <'i

q-i =  h  - f  l>ici 

q:i =  t>2 e j

To assu re  realizab ility , q2 has to  be equal to  zero. T h u s we req u ire  cj =  —b2fb\  

and 6 ] ^  0. To assure  s tab ility  we requ ire  | b2/bi  |<  1.

We can now w rite  (2.34) as

Y  =  po-Yc- 1 +  PlX s ~ 2 +  p2X z - :i +  p3X z ~ 4 -  q1Y z - 1 -  q3Y z ~ 3

— ~ 1 {(/>o-Yo +  Pi-Yi — qiYg) z  1 [(P2A 1 +  p3X 2 — ^3^ 1)]]' (2.35)

w here t h e  out p u t is delayed by o n e  sam ple . T h e  m ap p in g  o f (2.35) re su lts  in  th e  

s tru c tu re  shown in Fig. 2.17 w here all th e  signals, includ ing  p a r tia l p ro d u c ts , a re  

p ipelined .

S ince there  are  four coefficients in th e  n u m era to r o f (2.34) we can  in tro d u ce  a  

la tency  of four sam pling  periods in o rder to  p ipe line  all th e  signals in  each P E .
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Y

Figure  2.17: M app ing  of (2.35) onto  a  systolic array.

We can  write

Y  =  p o X z ~ 4 +  p i X z ~ 5 +  p t X z - *  +  p z X z - 7

- q i Y s - 1 -  q3Y z ~ 3 (2.30)

—  z  1 (7J3A 3 —  <ll V o  +  ~  1(P2 % 2  ~  qa?l

+ z  x( p i X i  +  2- 1 (p0X o)))) (2.37)

where

X k =  z ~ 2X k - i ,  k  =  1, 2, 3 

X 0 =  X  

I f  =  z - ' Y o  

Y  — Y0

T h e  m ap p in g  of (2.37) resu lts  in th e  s t ru c tu re  reported  in [40]. This  s t ru c tu re  has 

only one  ty p e  of P E  a n d  all th e  signals as well as th e  partia l  p ro d u c ts  a re  pipelined. 

Each P E  inco rpora tes  two multipliers , two adders, an d  three' u n it  delays.

A varie ty  of systolic s tru c tu re s  o b ta in ed  by m an ip u la t in g  the  second-order 

filter eq u a tio n  are  described  in [41].

2.6.2 D ecim ators and Interpolators

In th e  following we ap p ly  th e  ^-dom ain  m e th o d  to  o b ta in  systolic s tru c tu re s  for 

m u l t i ra te  system s. In various applica tions, i t  is necessary or desirable to  change!
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th e  effective sam pling  ra te  of a  d iscre te - t im e signal. T h e  process of increasing 

th e  sam pling  ra te  by an in teger factor is called in te rpo la t ion  and  red u c tio n  of the 

sam pling  ra te  by an  integer factor is called dec im ation . T h ese  two opera t ions  m ay 

be com bined  to  effect the  change in sam pling  r a te  by a  ra tiona l fac to r  [42].

T h e  transfer function of a  general d ec im a to r  is given by

H { z ~ l ) =  y !  z ~ ^ H i { z - N ) (2.38)
;=o

T h e  above eq u a tio n  is slightly different from th a t  m en tio n ed  in [43] since we have 

assum ed  th a t  each P E  has a  storage elem ent.  Since th e  tran sfe r  function  H i ( z ~ N ) 

represents  an allpass filter, it can be  expressed as a  cascade of e lem en ta ry  allpass 

transfer  functions A i tk( z~N ), i.e.,

-  f l  Ai,k ( s - N ) (2.39)
k=i

* *  = I T ^  <2-40>

For th e  case where N  =  3 and  A', =  3, th e  transfer  func tion  for th e  d ec im a to r  

becomes

H ( z ~ l ) =  z ~ l { Ho ( z - 3) +  z - ' i H i i z - 3) +  z - ' i H i i z - 3))))  (2.41)

where

■ ( r o )  (n S S ) (r S S )
for i =  0, L, 2.

T h e  above allpass transfer  functions can be  realized using one of th e  several

s tru c tu re s  described  earlier. Two such s t ru c tu re s  for d ec im a to rs  a re  show n in 

Figs. 2.18 and  2.19.
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X(z~')

X(z~ )

out

(b)

Figure  2.18: Systolic s t ru c tu re  for a  dec im ator .  (a) T h e  systolic array. (I>) Details 
of P E  involved.
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-i
1 in 1 out

► C

in

( b )

Figure' 2.19: An a l te rn a t iv e  systolic s t ru c tu re  for a dec im a to r .  (a) T h e  systolic 
array, (b) Deta ils  of P E  involved.
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In te rp o la to r  s t ru c tu re s  can be  o b ta in ed  by transposing  the d ec im a to r  s t ru c ­

tu res  [37]. Hence th e  above techniques can also b e  used to  ob ta in  systolic s t ru c ­

tu res  for in terpola tors .

2 .7  C on clu sion s

In th is  ch ap te r  we have discussed two approaches for th e  derivation of systolic 

s t ru c tu re s  for d ig ita l  filters. T h e  SFG approach  has been used to  o b ta in  1-1) 

nonrecursive  filters, while th e  ^-dom ain  app roach  has been  used to  o b ta in  both  

nonrecursive  and  recursive filters. T h e  inconvenience of using th e  SFG approach 

for recursive filters has also been discussed. B y reordering the  filter equations 

in different ways, several s tru c tu re s  can be ob ta ined  th a t  art1 systolic. It m ust,  

however, b e  po in ted  out th a t  th e  designer must eva lua te  th e  m erits  and dem erits  

of th e  s tru c tu re s  in  te rm s  of design constra in ts .  It m ust be  m entioned  here th a t  

th e  s t ru c tu re s  developed in this ch ap te r  are  su i tab le  for bit-para lle l realizations. 

However, th e  c-dom ain  approach  could also be used  to ob ta in  bit-serial realizations 

by re w ri t in g  th e  filter equa tions  in te rm s  of the  b i t  rep resen ta tions  of th e  signals 

involved.

In th e  nex t ch a p te r  we shall ex ten d  the  c-dom ain  approach  to  include the 

deriva tion  of M-D digital filters. We also com pare  th e  various s tru c tu re s  ob ta ined  

on th e  basis of th e  speed, area, cycle period, an d  latency.
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M apping m eth od o logy  for 
m ultid im ensional d ig ita l filters

3.1 In tro d u ctio n

In th is  chap te r ,  we ex ten d  th e  rr-domain approach  described  in th e  previous chap­

te r  to  th e  m ap p in g  of m u ltid im ensional (M-D) digital-fil ter a lgorithm s o n to  sys­

tolic arrays.

It is well known th a t  an  M-D convolution can b e  eva lua ted  as a  series of

1-1) convolutions. T h is  fact  has been  used by K ung  et al. in th e ir  design of

2-1) convolvers [44]. O th e r  M-D digital-filter rea lizations have been proposed  

in [12], and  [45]-[47]. W hile  the  s t ru c tu re s  in [12] are  systolic, those in  [45]- 

[47] are irregular an d  are n o t ,  as a  consequence, im m ed ia te ly  su i tab le  for VLSI 

im p lem enta tion .  In [12], th e  realizations have been  o b ta in ed  on th e  basis of a  

tim e-dom ain  data-flow analysis  and ,  consequently, on ly  a  few s t ru c tu re s  have 

been explored. Such a m e th o d  of ob ta in in g  systolic s t ru c tu re s  does no t allow the  

designer to  o b ta in  s t ru c tu re s  th a t  m ee t  desirable or p rese t  c r i te r ia  such as sys tem  

latency, locality, m odular ity ,  and  P E  complexity. Below, we use  th e  ^ -dom ain  

approach  to  system atically  derive  systolic s tru c tu re s  for 2-D an d  3-D digita l filters 

th a t  are  m o d u la r  and hierarchical a n d  explain  m e th o d s  to  ex ten d  th e  app roach  

to  o b ta in  M-I) d ig ita l  filters.
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3.2 T w o -d im en sio n a l recu rsive filters

A firs t-q u ad ran t  2-D recursive filter can  be represen ted  bv th e  equa tion  (18]

h —l  ut— 1

i" =  E E  “ f t -  =-rb
lc2 —0 k\ ~0 

h — 1 w — 1

- E  E K * » .  «**• (3 .D
*2=0 k\=0

where X  =  X(.zi,  ?2), V =  F 'fiq , ~2 ), and  i.{0,0) =  0. T h is  equa tion  can also be 

w ri t ten  as

F ro m  (3.1) and  (3.2) it  can  be seen th a t  a  2-D recursive filter can be trea ted  

as e i th e r  a  com bina tion  of 2-D nonrecursive filters or 1-D recursive filters. In

in t h e  recursive filter equations.

In  th e  following sections we derive different 2-D recursive s tru c tu re s  in te rm s 

of 1-D recursive  s tru c tu re s  [49]. T h e  2-D s tru c tu re s  to  be  o b ta in ed  realize (3.2) 

excep t  th a t  th e  o u tp u t  is delayed by one sam pling  period. In effect, the s tru c tu re s  

realize th e  modified eq u a tio n

Y  =  £  a ( k u  0 ) z ^ X  -  J 2  M u  0 ) c r fclV
*1=0

h —l  w — 1 w — 1w—1

add it ion ,  nonrecursive  filters can be obta ined  by se t t in g  the  b coefficients to  zero

w - l

Y  =  Y ,  M u  0) (fci+D

ki=0 * , =  1

( * l  + 1 )  „ -k -i
h —l u —1

*2=1 Lfci=°

w—1

-  E  M u  h ) z ; {kl+l)Zlz M Y
*1 = 0
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Schem e 1

E q u atio n  (3.3) can  be w ritten  as

Y  =
w-l UJ—1

E  { a ( k u  0)^r(fcl+1)) x  -  E  o ) z ; k ' ) Y
k\ =0

h- 1
+  E  2l“2

k'2 = 1

' w - \

k \ = l

h
w—1
E  a{ku  - , , - l ,

. \ ki= °  /

-  E  b( h ,  k2) z ^ hi+1) Y
=0

h-1
= [F(0)x -  r;(0)r] +  E  ^  [ ^ W i- r1*) -  G ( k 2 ) Y }

&2 = 1

where

t X » —  1

=  E  «('■!, fca)cr (fel+1) for h  =  0, 1, • • •, h  -  1
ki  =0

and

e j ; ; = \  6 ( f c i ,  o ) c r " ] f o r  * 2 =  o

E r J o ^ >  * 2 )^ r(fel+1) for A-2 =  l ,  ‘2, ■ ■ •, // — 1

R ew riting  (3.4), we get

y  --  [ F ( 0 ) . Y - r I’( 0 ) y ' ]  +  c 1^ - 1 ( [ F ( i ) . r - G ( i ) y ]

+ c 2- 1 ([/<’( 2 ) . Y ' - G ( 2 ) y ]

+ (---~~2- I([F(/i - l ) r - G ( / ! - l)F]) •••)))

w hen ' A '  =  Cj_1 A". T h e  above equa tion  can be w ri t ten  as

Yi =  z ^ ( F ( i ) X ' - G { i ) Y  + Y}+1) ,  1 <  i <  h - l

Y  =  F (0 )A  -  <7(0)V +  z l Yl 

Yh =  0

(3.4)

(3.5)
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T h e  m ap p in g  of (3.5) onto a  systolic a rch itec tu re  for a  window of size 3 x 3 is 

shown in Fig. 3.1 w here  each of th e  parallel s tru c tu re s  represents  a  1-D filter of 

th e  ty p e  dep ic ted  in Fig. 2.11. N onrecursive 2-D s tru c tu re s  can easily be ob ta ined  

from  recursive s tru c tu re s  by s im ply se t t ing  th e  feedback coefficients to  zero, i.e., 

b(ki ,  k2) =  0 for 0 <  k\  <  w  — 1 an d  0 <  k2 <  h — l.

T h ere  are  some inheren t  problem s to  processing ras te r-scanned  images, viz., 

line an d  f ram e  w rap-around  problem s. Let us assum e a p ic tu re  of w id th  IF  and 

he igh t H ,  an d  a  filter window of w id th  w  and  height h.  T h e  last pixel of a line in a 

f ram e  of im age  is followed by th e  first pixel of th e  nex t line. T h e  first w -  1 pixels 

of each line will con ta in  con tribu tions  from th e  last w  -  1 pixels of the previous 

line. T h is  p h en o m en o n  is known as line w rap-around . Because of this problem , 

th e  s t ru c tu re  in [44] will p roduce  H ( w  — 1) erroneous pixels.

T h e  first h — l  lines of each fram e will con ta in  con tribu tions  from the  last h — 1 

lines of th e  previous frame. This  phenom enon  is known as fram e w rap-around. 

Again , in th e  design proposed in [44], W ( h  -  1) incorrect pixels are produced 

a t  th e  s ta r t  of a  new  fram e before th e  first correc t  resu lts  appear.  T h u s  for a 

con tinuous processing of ras te r-scanned  images, th e  to ta l  n u m b er  of erroneous 

pixels p ro duced  per ra s te r  is equal to  H ( w  — l )  +  J F ( / i — 1) — (w  — l)(/>, — 1).

Line w rap -a round  for th e  s t ru c tu re  shown in Fig. 3.1 can be  e l im in a ted  by 

clearing all th e  storage e lem ents w ith in  the  P E s  of each 1-D filter s t ru c tu re .  How­

ever, th is  should  be  done af te r  th e  reception of th e  last pixel of a  given line and 

before th e  reception  of the  first pixel of th e  n ex t  line by an y  1-D filter s t ru c tu re .  

In Fig. 3.1 th e  b o t to m  1-D filter s t ru c tu re  has to  be  cleared prior to  th e  clearing of 

th e  1-D filter s tru c tu re s  above it. T h is  is due to  th e  delay of the in p u t  to  th e  1-D 

filter s t ru c tu re s  above the  b o t to m m o s t  1-D filter s t ru c tu re .  F ram e w rap-around  

can  b e  e l im in a ted  by  clearing all th e  s to rage e lem en ts  w ith in  th e  PE s of each 1-D 

filter as well as all th e  delay e lem ents  betw een ad jacen t 1-D filters. This  should 

b e  done a f te r  th e  reception  of the  las t  pixel in th e  last line of a given fram e and 

before th e  reception  of th e  first pixel of th e  following fram e.
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a( 2,2) a( 1,2} o(0,2)
-* (1,2 )*(2,2 ) - * ( 0, 2 )

a(2,l) 0(1,1) o(0,l)
"*(2,1) -*(1,D "*(0,1)

o-*-

HD

o(2,0) o(l,0) o(0,0)
-*(1,0)0 ~*(2,0)

Z]Z2

W r

Figure 3.1: Systolic array  for a 2-D recursive filter using Schem e 1 for a window 
of size 3 x 3.



Schem e 2

E q u a tio n  (3.3) can he w ritten  as
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Y £  (« (* ! ’ °)~~1
“ (fcl +1)

w— i

) x - E  («*■- 0>-'r‘ ' ) y
k i  = 0 ki = l

(* i  + 1 )

(* i+ l)

h-\

A*2 = 1

E x p an d in g  th e  su m m atio n s  in the above equa tion  and m an ip u la t in g ,  we get

for k  =  ‘2 ,3 , . . . .  h — 1 an d  A'i =  z 2 ‘A’, V) — z xz2 1V. T he  m ap p in g  of (3.7) on to  a 

systolic a rch itec tu re  for a window of size 3 x 3 is shown in Fig. 3.2. 1 Line and  

fram e w rap-avoand p rob lem s can he avoided by using the techn iques  discussed in 

Schem e 1.

'T h is  systolic architecture has been derived in [12], however, som e e,rors in regard to the 
sizes o f  the registers have been corrected in th is figure.

Y  =  [F{0)A' -  <7(0)V] +  [/•’( 1 )A'i -  G{ 1 )Vi] +  [/-’(2 )X 2 -  ( 7 ( 2 )^ ]  

+ ■■■{!■ (h — lJA /,-!  — (!(h — 1 )A /j_ i ] (3.7)

where

A',
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fl(O.l)

fl(l,0)

Figure 5.2: Systolic a r ray  for a 2-1) recursive f ilter using Schem e 2 for a window 
of sh:e 5 \  5.



Schem e 3

E q u atio n  (3 .3), can  be w r i 'te n  as
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Y  =
w - l W— 1
£  ( a ( k u  0)z;{hi+1)) x  -  £  {b{k 1,

k 1 = 0  

h — l

E ^ 2 + l ) ^ - k 2 
"1 "2

kr> —  1

(
W - l

E  MA-1, A-2 ) r j  
1̂ “ 0

fcl=l

lit-I

-(fei+i)

/i-i

h h Y )

=  [F(0).Y -  G(0)Y] +  Y ,  [ W v )  ' Y i )
A.*2 = l

-G(fc) (_-rfe>')]
R ew rit ing  th e  above equa tion ,  we get

y  =  [ f ( o ) , y  -  G'(o)y] +  ( [ F ( i ) x ,  -  r ; ( i ) v , ]

+ Sl z ? ( [ F ( 2 ) X 2 - G ( 2 ) Y 2}

+ (■■■ z xz ^  {{F(h -  l ) A V i  ~( r ( h  -  1 )>',,_,]) ■ • •)))

where

(3.9)

X k = z ~ xX ^ x 

Yk =

for k  =  2, 3, • • • , / ;  — 1 an d  A’i =  z x l ( z x l X ) ,  Vj =  Equation  (3.9) can be

w ri t ten  as

Si =  z xz Y  { F { i ) X t - a ( i ) Y ,  + S l+l ) 1 < i < h ~  1 

5 a =  0

Y  = F ( 0 ) X  -  ( J (0 )Y  + z xS x

(3.10)
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Figure  3.3 shows a m ap p in g  of th e  (3.9) onto  a  systolic s t ru c tu re  for a w indow of 

size 3 x  3. Line and  fram e w rap-around  p rob lem s are c ircum ven ted  by using the  

techniques discussed in Schem e 1.

In a  way s im ilar  to th a t  used for 2-D filters, we can derive s t ru c tu re s  for 3-D 

recursive filters. A 3-D recursive filter whose o u tp u t  is delayed by one sam ple  in 

th e  n i d irection is charac te rized  by th e  equa tion

Using the m e th o d  described  earlier, several m o d u la r  s tru c tu re s  for 3-D recursive

using a schem e s im ilar to  th a t  of Schem e 1, for a  window of size of 3 x  3 X 3.

It can bo seen tha t  th e  realization  schemes a re  hierarchical. T h a t  is. th e  3-D 

filter s tru c tu re s  are o b ta in ed  from th e  2-D ones, which are  in tu rn  o b ta in ed  from  

the  I D filter s truc tu res .  T h e  approach  can be ex ten d ed  to  th e  deriva tion  of M-D 

systolic s truc t  ures.

3 .3  T h ree-d im en sio n a l recu rsive  filters

iVj — l — 1
Y  =  Y I  0 ’ 0 ) c r (fcl+1)) .Y  -  ( b i h ,  0, 0 ) r f fc>) Y

k} =o fci=i

£  «*(*„ k 2, o ) r r (fcl+1) ( - r 1* )

;V* — 1 Ar2 — 1

1 A*2—0

A'j-1
Y I  a ( ’̂l. k-2 , k i ) z 1 

fc, =0

,-(*i+U j (~-i Y)

(3.11)

filters can be derived. Fig. 3.4 shows th e  im p lem en ta t ion  of a  3-D recursive filter



0 *
o ( 2 , 2 ) a(l,2) fl(0,2)
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Figure  3.3: Systolic a r ray  for a 2-D recursive filter using Schem e 3 for a window 
of size 3 x  3.
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( b )

F ig u re  3.4: Systolic a rray  for a 3-D recursive filter vising scheme s im ilar to  th a t  
of S chem e 1 for a window of size 3 x 3 x 3. 'a )  T h e  systolic array. ( 1») Details of 
th e  P E  involved.

i
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3.4  C onclu sion s

A m ap p in g  m ethodology  for th e  derivation  of systolic s tru c tu re s  based  on th e  z- 

dornain represen ta tion  described in C h a p te r  2 has been ex tended  to  th e  derivation 

of systolic s tru c tu re s  for M-I) digital filters. All th e  systolic s t ru c tu re s  derived 

produce a new o u tp u t  for each inpu t  sam ple  th e reb y  m ak ing  th e  in p u t /o u tp u t  

d a ta  ra tes  equal to th e  processing ra te .  F u rth erm o re ,  th e  la tency  in these  s t ru c ­

tures is one sam pling  period, which is th e  lowest th a t  can be achieved in a systolic 

s t ru c tu re ,  as was s ta ted  above. E rror analysis of all th e  s t ru c tu re s  described  here 

can be carried ou t  using the  technique outl ined  in [50].

T h e  c-dom ain  approach  described leads to  h ierarchical designs, i.e. the  overall 

s t ru c tu re  of a  3-D filter is ob ta ined  in d ep en d en tly  of th e  underly ing  s t ru c tu re  of 

the 2-D filter em ployed , and  th e  2-D filter is o b ta in ed  in d ep en d en tly  of th e  1-D 

hit, ers. Consequently, th e  2-1) and 3-D s t ru c tu re s  possess tin charac te ris t ic s  of 

the 1-D s tru c tu re .

S om e associa ted p roblem s with ras te r-scanned  images, viz., line an d  fram e 

w rap-around, have been taken  into consideration  and  ways have been suggested 

for th e i r  elim ination.



C hapter 4 

D esign  o f  efficient m ultip liers

4.1 In tro d u ctio n

In considering th e  design of any array  processor, it is im p o rtan t  to  consider th e  

design of the  P E s  involved. T h e  m ost im p o r tan t  operation  in any P E  is m u l t i ­

plication. C urren tly , th e  m ultip lie r  area and  t im e are still th e  dom inan t factors 

in d e te rm in in g  th e  size and  speed of operation  of the  system  [51]. In th e  design 

of m u ltip l ie rs  developed in th e  pas t ,  a lot of effort has been directed  towards in ­

creasing the  speed  of opera tion  and  decreasing th e  a rea  by using the  advantages 

of V LSI technology in te rm s  of increased device density  and  faster switching. 

However, if m u ltip l ica t ion  a lgorithm s are designed such th a t  th e  n u m b er  of o p e r ­

ations requ ired  to  p roduce  the  desired result is reduced th en ,  to ge ther  with th e  

advan tages  of VLSI technology a  g rea t  reduction  in area  and  increase in speed of 

opera t io n  can be achieved sim ultaneously.

T h e  type  of m u ltip lica tion  schem e is d ic ta ted  by th e  needs of th e  app lica ­

t ion in  question. For instance , in digita l filters, m ag n i tu d e  tru n ca tio n  is a  very 

im p o r tan t  opera t ion  th a t  c ircum vents  quan tiza tion  limit-cycle oscillations. .Mag 

n i tu d e  t ru n ca t io n  is effected by t ru n c a t in g  a n u m b er  of th e  least significant bits 

(LSBs) of the  m ultip l ica t ion  result.  M ultip liers  used in such an applica tion  can 

be designed to  in c o r  o ra te  this opera tion  efficiently w ithout gene ra t ing  the bits 

th a t  a re  t ru n ca ted .  Convolutions an d  correlations perform ed using n u m b er  theo-
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re tie  transform s, such as the* Ferm at num ber- theo re t ic  tran sfo rm , m ake use of a  

d im in ish ed -1 m ultip lier  o p e ra t in g  under  m odulo  a r i th m et ic .  In th is  ch a p te r  sev­

eral efficient m ultip lier schemes are described th a t  are used  in d ig ita l  filters, and  

m ore  generally  in signal processing applications. In add ition ,  th ese  schemes are 

com pared  with th e  conventional ones in te rm s  of speed an d  area.

4 .2  A rea-effic ien t paralle l m u ltip lier

T w o  A'-bit num bers  to  b e  m ultip lied , A  and B , and th e ir  p ro d u c t  P,  can be 

represen ted  as

N - l

A  =  £
i=0 

i V- l
B  =  £ M ' - V

and

2A’-1

p  -  E  * * * "
1 = 0

respectively, where bt, p t £  {0,1}.

In a  s ta n d a rd  N  x N  parallel m u ltip lie r ,  the  N 2 p a r t ia l  p ro d u c ts  are gene ra ted  

s im u ltaneously  an d  then  added  by  an a rray  of full adders  as shown in Fig. 4.1 

for an 8 x  8 m ultip lier.  T h e  par tia l  sum s p ro p ag a te  d iagonally  in th e  so u th ­

east d irection  along lines of equal b inary  weight. T h e  ca rry  signals p ro p ag a te  

downwards along increasing b inary  weight d irections. T h e  delay  th ro u g h  th e  

parallel m u ltip lie r  is due to  th e  ca rry  p ropaga tion  th ro u g h  th e  ad d e r  a r ray  and  

th e  carry-r ipp le  adde r  at th e  b o t to m  of Fig. 4 .1(a). In p rac t ice  th e  carry-r ipp le  

adder  is replaced by a ca rry  look-ahead adder.

(4.1)

(4.2)

(4.3)
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F igure  4.1: An 8 x  8 m u ltip l ica t ion  using parallel m ultip lie r  where A, IIA and FA 
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N  N

2 N - 1 N N - I

Figure -1.2: R ep resen ta t io n  of / l ,  B ,  and  P  in te rm s  of th e i r  m ost an d  least 
significant p a r ts .

T h e  p ro d u c t  can h e  represented  by th e  su m  of tw o p ar ts ,  Ph and  Pi, rep re­

senting th e  most and  th e  least significant p a r ts ,  respectively, i.e.,

/ ; =  Ph +  Pi (4.4)

where Ph and  Pi a re  .V bits long each an d  N  is assum ed  to b e  even. F igure  4.2 

shows th e  rep resen ta tion  of th e  th ree  n u m b ers  .4, B ,  an d  P  in te rm s  of th e ir  m ost 

significant and  least significant parts .

T h e  most and  least significant pa r ts  of P  a re  given by

2 . Y - 1

E  * *
t=A’

—2.V (4.5)

and

1=0
(4.6)



respectively. T h e  p ro d u c t  can be  w ri t ten  in te rm s  of the  m ost and  least significant 

o a r ts  of A  and  B  as

P  =  Ah,Bh +  AjtBi  +  Ai Bh  +  A iB i (4.7)

F igure  4.3 shows the  m an n e r  in which th e  four te rm s  of (4.7) a re  genera ted  and  

Fig. 4.4 shows th e  various sections of a  m u ltip l ie r  generating  Ph and  P\. T h e  

shaded  region contains cells th a t  p roduce  Pi. If  the  N  LSBs of th e  p roduc t  arc  

t ru n c a te d  (or ro u n d ed ),  segm ent Pi is d iscarded  and , in effect, app rox im ate ly  

ab o u t  h a lf  of th e  adder  cells and, in tu rn ,  ab o u t  50% of th e  chip a rea  are not used 

effectively.

In th e  light of th e  above discussion, we now a t t e m p t  to  develop :* t ru n ca ted  

m u ltip l ie r  t h a t  genera tes  a p roduc t  whose value is ap p ro x im a te ly  equal to  /), 

w ith o u t  using th e  cells in th e  shaded  p a r t  of Fig. 4.4. F igure 4.5 shows th e  

deta ils  of an 8 x  8 t ru n c a te d  m ultip lier.

C om parison  of Figs. 4.1 and  4.5 reveals th a t  the  t ru n ca ted  m ultip lie r  yields a  

p ro d u c t  which is not exac tly  equal to  /) , .  To rem ed y  th is , we perform  a  p ro b a ­

bilistic analysis of the  resu lt ing  m ultip l ica t ion  e r ro r  an d  d e te rm in in g  the  expected  

value of th e  e r ro r  which can be used as a  bias te rm  to  im prove the  accuracy of 

th e  m ultip lier.

4.2.1 Error analysis

From  Fig. 4.1 it can be seen th a t  all the  p a r t ia l  p ro d u c ts  a re  generated  by 

perfo rm ing  an AND opera t ion  on th e  bits of th e  two operands.  Lot p m be th e  

p robab il i ty  th a t  any m ultip l icand  or m ultip l ie r  bit is 1. T h e  p robab ili ty  p [ i , j )  

t h a t  th e  p a r t ia l  p ro d u c t  at colum n i and  row j  is 1 is equal to  p*t . It m ust be  

m en tio n ed  th a t  i increases from right to  left an d  j  increases from top to  bo tto m  

as can b e  no ted  from Fig. 4.1.

Let Ps ( i . j )  denote  th e  probability  th a t  th e  sum  b it  of the ad d e r  a t  the  f th  

co lum n  an d  j t h  row is one and, similarly, let. p c( i , j )  den o te  the  p robab ili ty  th a t
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Figure 4.3: Deta ils  of genera tion  of P. T h e  p ar tia l  results  a re  placed horizonta lly  
according to th e ir  b inary  weights.



F igure  4.4: Sections in the parallel m ultip lie r  gene ra t ing  th e  four te rm s of / 
T h e  shaded  region represen ts  th e  cells th a t  g en e ra te  d iscarded results due I 
t ru n ca t io n .
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Figure 1.5: A t ru n ca ted  m ultip lie r  for an 8 X 8 bit m u ltip lica tion .
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th e  ca rry  b it  is one. For a parallel m ultip lier  we have

P c{ i J )  = p ( i , j )  p{i  +  1J  -  1) (1.8)

P « (F j)  =  P { i J )  </F +  F j  “  1) +  q ( i j )  Pi> +  F j  -  •)

for 0 <  i < N  -  2, j  = 1, w ith  q ( i j )  =  1 -  p { i j ) ,  and

P r ( F j )  =■ P ( F j )  P.(» +  F  j  ^  1) M F  j )  

+ P (F  j )  p A i  +  F  j  -  1) V.-(F j )  

+P(»\ j )  ft(* +  F  j  -  1) /v(), j )

+</(F j )  />,(/ +  F  j  -  1) ; v ( F j )  ('•!»)

P . ( F j )  =  P(F j )  P.(» +  F  j  -  1) / v ( F j )  

+ p ( F  j )  </»(» +  F j  -  1) q A i J )

+ 9 ( F j )  ?»(» +  F j  -  1) p .-(F j)

+ ? ( F j )  P*(* +  F j  -  1) </,•(/.j )  

for 0 <  / <  A' — 2, 2 <  j  <  iV -  1, w ith </,.(/,j )  = 1 />,.(/.j )  ami

?a(Fi) = 1 ~ P A i  J i ­

l t  can b e  seen from  Fig. -1.1 th a t  th e  ex p ec ted  erro r  in th e  product of the 

t ru n c a te d  m ultip l ie r  is equal to  th e  value of th e  o u tp u t  ca rry  bits from th e  cells 

a t  posit ion  (F  j )  where i -t- j  =  N  — 1, 0 <  i < N  — 2, and  1 <  j  <  N  — 1.

T h e  weight of  all th e  b its  a t th e  diagonal is equal to  2~J\  It is thus  evident th a t

the  ex p ec ted  erro r  t '  lies w ith in  th e  l im its  0 <  ( <  N  — 1, where < — If

we now ca lcu la te  th e  ex p ec ted  value of th e  error, we can bias the resub generated  

to  yield  a  p ro d u c t  w ith  m in im u m  error.

For b rev ity  we shall call th e  cells a t position (/ ,  j )  such th a t  i -f j  ~ N  — 1 as 

the  d iagonal cells. T h e  p robab ili ty  th a t  all th e  in p u t  ca rry  bits a t  the  diagonal 

cells a re  zero is

N - 2
Pd{  o) =  n  9c(F N - l -  i )  = P0 (4.10)

i=0
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The* p robab ili ty  that  o i k *  o f  tin* inpu t  ca rry  b i t s  a t  th e  d iagonal cells is one is

/ . i  - I  -  i )
= £  9.'(>. -'V -  1 “ 0 (4'n)

T he p robab ili ty  th a t  two of the  inpu t  ca rry  bits a t  the  d iagonal cells a re  one is

J\~ ' x ?  Pc(i, N  — I — i) pc(j ,  N  -  1 -  j )

M l )  =  £  * - i - " )  T ) p °

Similarly, we can derive* th e  probability  th a t  all the  in p u t  ca rry  b its  on th e  diagonal 

cells a re  one as

.V—2—(,V-2) .V—2—(JV—3) N - 2  n / : , y  t

» , ( * - ■ > =  E  E  -  E  t  v  i^  i . , ^ i  <k(;V,A -  1 -  0

P ( j -  -V -  1 ~ j )  A' -  1 -  -s)
ry, (y. .V -  1 - j )  ' '  ’ A’ -  1 -

and a f te r  some* m an ipu la t ion  

■V — 2

/>,,(.Y I) - -  n  / v ( / .  A ' ~  1 - > ' )
l-o

T he  expec ted  value and  the  variance of th e  error can  now be w ri t ten  as  

A ' - l

// =  /<;{<} =  J 2  > p.di)  (4.14)
1=0

and

a 2 =  K{( t  -  A'{<})2} =  ] T ( i  -  / 0 2 VdH) (4.15)
i=0

respectively. F igures 4.6 and  4.7 show th e  varia tion  of th e  expec ted  erro r  an d  

the s ta n d a rd  devia tion  w ith  the  size of th e  m ultip lier .  O n th e  basis of (4.14), an
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Figure  -1.6: Variation of th e  expected  value of the  error with .V.

error-correction  un it  can  he designed th a t  can  genera te  an ap p ro p r ia te  bias which 

can be  added  to  th e  o u tp u t .  Instead  of em ploying a sep a ra te  correction unit , the  

correction bits c t -  c7 in Fig. 1.5 can be added  to th e  adder  cells located at the 

diagonal of th e  m u ltip lie r .  T h e  ra tiona le  for this technique is that the  value of 

th e  correction b its  cannot exceed ( N  -  l)2~*v and th u s  a m ax im u m  of (.V 1}

bits  can be  ad d ed  to  th e  in p u t  of th e  m ultiplier.

4.2.2 Increase o f sp eed  in the truncated  m ultip lier

T h e  speed  of th e  t ru n c a te d  m ultip lie r  can be increased by using th e  concept, of 

non-add itive  m ultip l ica t ive  m odules  (N M M ) [5*2]. T he  t ru n c a te d  m ultip lier  can be 

p a r t i t io n ed  as shown in Fig. 4.8. It can be seem from th e  figure th a t  A hB h. A hBi  

an d  A i B h  are all gene ra ted  sim ultaneously. For an N  x  N  t ru n c a te d  multiplier, 

only  iV/2 ad d e r  stage delays a re  incurred  before the final addit ion  as opposed to  

N  ad d e r  s tage delays w hen th e  m ultip lie r  is im p lem en ted  w ithou t using th e  NMM 

technique .
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Figure  l.S: NM M  technique to  increase th e  speed of th e  t ru n c a te d  m ultip lier .
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4.2.3 R ed uction  of area in th e  truncated  m ultip lier

Let A a, Ah,  and  A j  he  th e  areas of an AND g ate , a h a lf ad d e r, and a full adder, 

respectively . T h e  area of a full parallel m u ltip lie r is given by

A j m =  A 2 .4a +  (A  — l )A h  +  (A — I )2--! /  ( l.l(i)

O n th e  o th e r  h an d , th e  m ax im um  area of a tru n ca ted  m u ltip lie r is given by

Aim = — A ( A — 1)(. Li +  .'i/ )  ( 1.17)

tf  we assume* th a t the* area of a half ad d er and  a full ad d er are, respectively , 

four and  eleven tim es th a t of an AND gate , th e  area of a tru n ca ted  m u ltip lie r 

(for A’ >  1) is ap p ro x im a te ly  52"A of tha t of th e  fi 11 m u ltip lie r (we mala* an 

a ssu m p tio n  th a t  th e  a rea  of th e  m u ltip ’iet is equal to  the sum  of th e  areas of 

in d iv id u a l co m p o n en ts). F igure I.!) shows th e  varia tion  of tin* ra tio  of th e  area of 

a tru n c a te d  m u ltip lie r to  that o f  a full m u ltip lie r w ith th e  size if the  m u ltip lie r. In 

C h a p te r  5, we shall design these m u ltip liers  to  co rro b o ra te  th e  th eo re tica l resu lts.

If we let An — £ A f  w here 0  <  £ < 0.5, then  th e  ra tio  of the  areas of the  

tru n c a te d  m u ltip lie r an d  the  full m u ltip lie r can be w ritten  as

Atm =  ().5.Y(.V — 1)(1 +  A j / A a )
A Jm A’2 +  [A 2 +  ( Z -  2 )A  +  £ + 1 ],ty /.A , ' ' }

T h u s a fam ily  of curves of \ tm/ A f m versus the  size of th e  m u ltip lie r for d iherent 

values of A j / A n can be o b ta in ed .

4.2 .4  T w o’s com plem ent mui d ication

T w o ’s com plem en t num bers can  be hand led  in a  way sim ila r to  th e  sign and  

m a g n itu d e  m u ltip lie rs  by  using th e  schem e m eniioned  in [55]. T h e  m ultip lica tion
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Figure 1.9: Variat ion of the  ra tio  of th e  area of a  tru n c a te d  m u ltip lie r to  th a t  of 
a lull m u ltip lie r w ith  .V.

of two num bers in tw o's com plem ent, rep resen ta tio n  is w ritte n  a«

p  =  +  g  ( - • » -  +  E  u . i » )

=  Y  Y  +J_2A+2«i/b +  a . v - i ^ - i
1=0 j=()

Y  2J" iV+1 hJ -  hN - i  Y  2 ,_Ar+1«. (4.20)
j =0 1=0

-  Y Y  *i+J~2N+2aibj + ajv-i&Ar-i
i= ( )  > = 0

+  ( ' y  +  x ; 2 2,' 5 ^ ' )  2 - (Ar- i}
\> = 0  !=0 /

+  2 -(A--2 ) _ 2

From  th e  above eq u a tio n  it can  be seen th a t  th e  m u ltip lica tio n  of tw o n u m b ers  can 

be writ ten  in a form  involving only p ositive  p a r tia l  p ro d u c ts . F ig u re  4.10 shows



the  p ara lle l m u ltip lie r a rray  for th e  tw o 's com plem ent m u ltip lica tion . Kvidently, 

a  tru n c a te d  tw o 's  com plem ent m u ltip lie r can he read ily  designed by a s tru c tu re  

sim ila r to  th a t  in  Fig. 1.5. An erro r analysis can he carried  o u t using th e  approach  

in  S ection  4.2.1.

4.2.5 P ip elin ed  truncated  m ultip lier

In ap p lica tio n s  w here a m u ltip lie r is o p e ra tin g  on a s tream  of input d a ta , p ip e lin ­

ing can  be used  to  increase th e  th ro u g h p u t.

It is read ily  observed from  Fig. 1.1 th a t th e  d a ta  How is vertical from  one row 

to th e  n ex t, an d  th e re  a re  no horizon ta l connections betw een the* cells except in 

th e  la s t row w here  th e  ca rry  signals p ro p ag a te  th rough  all th e  cells. Ignoring the  

last row  for th e  m o m en t, an a ttra c tiv e  p ipelin ing  s tra teg y  is to  place a reg ister at 

th e  o u tp u t  of each cell in  th e  m u ltip lie r. T h e  stage delay w ould be equal to  th e  

delay o f a 1-bit full ad d e r plus th e  delay in th e  reg ister. T h is , however, is not the  

case in  th e  las t row of th e  array , since th e  d a ta  flow is horizontal. O ne so lution 

is to  u se  a ca rry  look-ahead  ad d e r to  rep lace th e  last row of cells. However, th is  

ty p e  o f ad d e r does not offer a s tru c tu ra l reg u la rity  which is co m p atib le  w ith th e  

rest o f th e  a rra y  [18]. Besides, as th e  size of th e  m u ltip lie r increases, the  delay  

th ro u g h  th e  ca rry  look-ahead ad d er increases, m ak ing  it, th e  slowest s tage of t he 

p ip e lin ed  a rch itec tu re .

T h e  p ipeline  stages a fte r th e  last row of adders is shown in Fig. 1.11. In 

o rd e r to  u n d ers tan d  th e  p ipelin ing  in th e  tru n ca ted  m u ltip lie r we have shown in 

Fig. 4.12 th e  p a rtia l p ro d u c ts  g en e ra ted  in a 1 x 4 m u ltip lie r. O nly th e  p artia l 

p ro d u c ts  to  th e  left, of th e  vertica l line a re  re ta in ed . A pipelined  version of th e  

t ru n c a te d  m u ltip lie r n d u g  th e  above p ipelin ing  s tra teg y  is shown in Fig. 1.12 for 

an 8 x  8 m u ltip lica tio n .

T h e re  are th ree  m a jo . factors co n trib u tin g  to  th e  increase in th e  size of th e  

p ip e lin ed  m u ltip lie r over th e  nonp ipelined  one, viz., 1) th e  area used by th e  

p ip e lin e  reg isters , 2 ) th e  a rea  used by th e  clock buffers, and  2 ) th e  overhead
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Figur(‘ 1.12: P a rtia l p ro d u c ts  for a 4 x 1 m u ltip lica tio n .

area for clock and  contro l ro u tin g  and  d is trib u tio n . A ll these facto rs a re  d irec tly  

alfected  by th e  degree of pipelin ing.

4.2.6 A pp lication  o f the truncated  m ultip lier in  d ig ita l 

filters

In th is  section , we design a d ig ita l filter first u sing  the  tru n c a te d  tw o ’s com plem ent 

m u ltip lie r and th en  using th e  full parallel tw o ’s com plem ent m u ltip lie r assum ing 

that o u tp u t noise pow er-spectral density  (P S D ) is th e  sam e in th e  tw o cases. W e 

then com pare  th e  chip areas required . To th is  end . we design a  second-order 

H u tte rw o rth  wave d ig ita l filter based on th e  G IC  configuration , show n in Fig.

T h e  m u ltip lie r values m i and m 2 a re  found to  be —0.4142136 and  —0.4142136, 

respectively. T h e  o u tp u t PSD  of th e  filter is given by

(4.22)
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Figure 4.13: A n 8  x  8 fully p ipelined  tru n c a te d  m u ltip lie r. SR: 7-bit sliili reg ister, 
ASR: A set of A N D  gates followed by a reg ister.
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1711

1

F igure 4.14: A low pass GIC wave d ig ita l filter.

w here

H D( e n  =  

H E ( e n  =

(1 +  m i) ( s  +  1)I f2

z 2 +  ( n n  -  m 2)z  +  1 +  m i  + m 2

 (» +  l ) ( s  ~  1)________
z 2 +  (m i -  m 2)z  +  1 +  m i  +  rn2

are th e  tran sfe r func tions from  th e  filte r in p u t an d  p o in t E  to  th e  o u tp u t, respec­

tively, a n d  S e{e•7‘") is th e  P SD  of th e  e rro r of th e  m u ltip lie r used.

For a  tw o ’s com plem en t tru n c a te d  m u ltip lie r, th e  average value of th e  erro r 

in  a  12 x  12 m u ltip lie r is confined to  th e  tw o LSBs. T h u s a  12 x 12 tru n ca ted  

m u ltip lie r should  p roduce ap p ro x im a te ly  th e  sam e roundoff noise as a 10  X 10  

s ta n d a rd  m u ltip lie r. T h is , indeed , is th e  case as can he  seen in Fig. 4.15.

O n using  (4.161 and  (4.17) (in co rp o ra tin g  th e  areas of N A N D  g ates in stead  

of A N D  ga tes  for tw o’s com plem en t m u ltip lica tio n ) we o b ta in  th e  area  of th e  

tru n c a te d  m u ltip lie r to  b e  ab o u t 81 percen t o f th a t  of a  s ta n d a rd  m ultip lier. 

T h is rep resen ts  a  su b s tan tia l saving since in ty p ica l ap p lica tio n s th e  d ig ita l-filte r 

s tru c tu re  ccm prises m any  m u ltip lie rs .
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F igure 4.15: V ariation  of th e  o u tp u t noise PSD  of a  lowpass G IC  w ave d ig ita l 
filter using  s ta n d a rd  and  tru n c a te d  m ultip liers.
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4 .2 .7  Q u a s i - s e r i a l  t r u n c a t e d  m u l t i p l i e r

T h e quasi-serial m u ltip lie r [54] generates th e  b its  of the p ro d u c t sequen tia lly  from 

th e  LSB to  th e  M SB . E ach b it is co m p u ted  by coun ting  th e  n u m b er of ones in 

th e  co rrespond ing  colum n of th e  su m m an d  m a tr ix  an d  add ing  th e  previous carry  

b its . T h is  idea  can  be  ex ten d ed  to  o b ta in  quasi-serial tru n c a te d  m ultip lie r. Let 

th e  m u ltip lican d  A ,  and  th e  m u ltip lie r B ,  b e  expressed  as in (4.1) and  (4.2). T h e  

p ro d u c t of th e  tru n c a te d  m u ltip lie r can  be  w ritte n  as

P  =  (4.2:5)
i = N

w here

s i =  Y j d k b i - k  (4.24)
k=o

w ith  a t-, b{ - 0, fo r i <  1 or i > N  — 1. T h e  p ro d u c t of th e  tru n c a te d  m u ltip lie r 

can b e  o b ta in ed  from  a set of recursions g iven by

P i  =  (si  +  c,-_i) m od  2

Ci =  (Si +  ct—x -  p i ) 1 2

O v-i -  0 (4.25)

for i  =  N ,  • • •, 2 N  — 1.

T h e  above recursions sum  th e  s t- te rm  defined by (4.24), and  reduce th e  sum  

for each  co lum n o f th e  su m m an d  m a trix  to  a  p io d u c t b it p i  and  a  ca rry  value c,.

T h e  a lg o rith m  defined by (4.24) and  (4.25) can  b e  d irec tly  im p lem en ted  w ith  

tw o (N  — l ) -b i t  sh ift reg isters, an  ( N  — l ) -b i t  reg iste r, a  log2 N  add-sh ift reg ister,

an  ( N  — l ) -b i t  in p u t co u n te r and  ( N  — 1) tw o -in p u t A N D  gates, as shown in Fig.

4.16.

To in itia te  th e  m u ltip lica tio n , th e  m u ltip lican d  is en te red  in to  th e  ( N  — l) -b it  

sh ift reg is te r and  th e  m u ltip lie r is s to red  in th e  (N  — l) -b i t  reg ister an d  a fte r th e
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MSB M ultiplicand L W + ]

LSB+1 MSBM ultiplier

P ro d u c t reg ister

shift register

F igure  4.16: Q uasi-serial tru n c a te d  m u ltip lie r block d iag ram .

first, cycle a. zero is sh ifted  in to  th e  MSB o f th e  sh ift reg ister. D u rin g  every  cycle, 

s ta r tin g  from  th e  first, th e  nu m b er of ones o u tp u t by  th e  AND g a tes  a re  co u n ted  

using  th e  co u n te r, w hich are  th en  added  to  th e  co n ten ts  of th e  ad d -sh ift reg ister. 

T h e  co n ten ts  of th e  add -sh ift reg is te r are sh ifted  o u t as th e  b its  of th e  p ro d u c t 

in to  th e  p ro d u c t reg ister. A fter a  to ta l o f N  cycles th e  co m p le te  o p e ra tio n  of 

m u ltip lica tio n  is perform ed.

In o rd e r to  ca rry  o u t a  tw o’s com plem en t tru n c a te d  m u ltip lica tio n  using  th e  

quasi-serial m u ltip lie r th e  sam e s tru c tu re  m en tio n ed  above can  b e  used , ex cep t 

th a t  a fte r th e  first cycle th e  M SB is re ta in ed  in th e  m o st sign ifican t p o sitio n  of 

th e  shift reg is te r [55], th e  to p m o st AND g a te  in b ig . 4.16 has to  b e  rep laced  by a  

N A N I) g a te  and  a one has to  be s to red  in th e  add -sh ift reg iste r befo re  com m encing  

th e  m u ltip lica tio n .
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4 .3  M u ltip lier  b ased  on th e  m od ified  o c ta l B o o th  
algorithm

In  th e  conventional m odified B o o th  a lg o rith m  th ree -b it s trin g s  of th e  m u ltip lie r 

a re  scanned  an d  ap p ro p ria te  o p era tio n s  a re  carried  o u t 011 th e  m u ltip lican d  [56]. 

T h is  schem e genera tes ex ac tly  N / 2  rows of p a r tia l p ro d u c ts  w here N  is th e  num ber 

of b its  i r  th e  m u ltip lie r. C onven tional m u ltip lie rs  th a t  use th e  m odified B ooth  

a lg o rith m , w hich we shall hencefo rth  call th e  q u a te rn a ry  m odified B ooth  (Q M B ) 

a lg o rith m , ad d  th e  p a r tia l p ro d u c ts  in a  stage-by-stage fashion. In th e  m ethod  

advanced  in  [19], th e  p a r tia l  p ro d u c ts  g en e ra ted  by  th e  m u ltip lex e rs  are  added 

co n cu rren tly  th e reb y  increasing  th e  speed  of th e  m u ltip lie r.

In  an o th e r version of th e  m odified  B oo th  a lg o rith m  four-bit, s trin g s  instead  of 

th re e -b it s trin g s  of th e  m u ltip lie r  a re  scanned  th u s  p roduc ing  only  N / ‘.i rows of 

p a r tia l  p ro d u c ts . In  th is  way, th e  n u m b er o f = •' 1 ’r stages is reduced  an d  th e  speed 

of th e  m u ltip lie r is increased  co m p ared  to  th a t  of th e  m u ltip lie r using the  QM B 

alg o rith m . In  using th is  version of th e  m odified B ooth  a lg o rith m , w hich we shall 

h en cefo rth  call th e  o c ta l m odified  B ooth  (O M B ) a lg o rith m  , th e re  is a  non triv ia l 

o p e ra tio n , nam ely , a  m u ltip lic a tio n  of th e  m u ltip lican d  by th ree  [51]. T h is  can be 

p erfo rm ed  by  first sh iftin g  th e  m u ltip lican d  left by one b it  and  th en  adding  the  

re su lt to  th e  m u ltip lican d . W e will call m u ltip lie rs  based  011 th e  Q M B  and O M B 

a lg o rith m s as Q M B  an d  O M B  m u ltip lie rs , respectively , for b revity .

4.3.1 T h e Q M B m ultip lier

T h e  m u ltip lie r  can be  w ritte n  as

N  N/2
B  =  ^  ( — 26, + j  +  +  6.- . j ) 2 '  =  ^ 2  Q i4'  ( '1. 26)

i= even i—0

w here

Q i  =  — 262 t -(-i +  6 2 /  +  6 2 1 - 1
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w ith 6_i =  0 and  Q i  €  { - 2 , - l , 0 ,  +  l ,+ 2 } .  T h e  p ro d u c t of th e  m u ltip lica tio n  

can be w ritten  as

N /2

r  =  Y , A Q ^ '  <4 -27)
i = 0

where A  is th e  m u ltip lican d .

An encoder accep ts  th ree -b it strings of th e  m u ltip lie r  as in p u t and  o u tp u ts  

the  ap p ro p ria te  con tro l signal. T h e  contro l signals g en e ra ted  by  th e  en co d er are 

Z , A D D , 2A D D ,  2S U B ,  S U B , and  N E G .  Z  is th e  signal for w hich th e  m u lti­

plexer m odifies th e  m u ltip lican d  to  o u tp u t zero. A D D  an d  2A D D  a re  signals for 

which th e  m u ltip lex er p roduces th e  m u ltip lican d  an d  tw ice th e  m u ltip lican d , re ­

spectively. T he S U B  and  2 S U B  con tro l signals allow th e  m u ltip lex e r to  g en e ra te  

the com plem ent a n d  com plem ent of tw ice th e  m u ltip lican d , respectively . F inally , 

N E G  genera tes a  0 or a 1 d epend ing  up o n  w h e th e r th e  m u ltip lic an d  g en era tes  a  

positive o r a  com plem en ted  n um ber. T h e  t r u th  ta b le  of th e  en co d er along w ith  th e  

m ath em atica l o p era tio n s effected by each th ree -b it sequence of th e  m u ltip lican d  

is shown in T able 4.1.

S u b trac tio n  can  be  ca rried  o u t using 2 ’s com plem en t ad d itio n . T h is involves 

adding  one to  th e  com plem en t of th e  m u ltip lican d  gen e ra ted  by  th e  N E G  con tro l 

signal a t  th e  LSB for S U B  and  2 S U B  opera tio n s. T h e  e x tra  one is g en e ra ted  by 

the  encod ing  logic. F igure 4.17 shows th e  sch em atic  for an  unsigned  8 x 8  m u lti­

p lication . Each m u ltip lex e r is ten  b its  long; eight b its  a re  for th e  m u ltip lic a n d  and 

two e x tra  b its a t th e  m ost significant position  are  for th e  sign of th e  m u ltip lican d  

and to  acco m m o d ate  th e  left-sh ift op era tio n s 2A D D  an d  2 S U B .

T h e  o p era tio n  of th e  m u ltip lie r shown in Fig. 4.17 is i l lu s tra te d  in  F ig . 4.18. 

It m ust be noted th a t th e  in p u t to  all th e  m u ltip lex ers is th e  m u ltip lican d . O n 

the  basis c f th e  con tro l signal g en e ra 'e d  by th e  encoder, th e  m u ltip lic an d  is corre­

spondingly  m odified by th e  m ultip lexer. T h e  first th re e  b its  (in c lu d in g  th e  e x tra  

bit 6_ i)  a re  inpu t to  encoder 1. A co rresponding  con tro l signal is g iven  to  th e  

input of th e  m u ltip lex e r w hich, in tu rn , g en era tes  a  m odified  m u ltip lic an d  th a t
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M u ltip lie r b its E ncoder o u tp u t M ultip lexer 
opera! ion

f>2i+l ; &2i—1 z A D D 2 A D D 2  S U B S I  71 N  FA 1

0 0 0 1 0 0 0 0 0 +0
0 0 1 0 1 0 0 0 0 + A
0 1 0 0 1 0 0 0 0 + A
0 1 1 0 0 1 0 0 0 +2/1
1 0 0 0 0 0 1 0 1 - 2 .1
1 0 1 0 0 0 0 1 1 - A

1 1 0 0 0 0 0 1 1 - A

1 X 1 1 0 0 0 0 () - 0

T ab le  4.1: The t r u th  ta b le  of th e  encoder alo^g  w nli th e  m a th em atica l operations 
effected by th e  various th ree -b it s e q u e n c e  of th e  m ultip lier.

M
V
L
T
/
P
L
I
E
R

CSA

Encoder 2

Multiplexer 5•> Encoder 5

CSA

Encoder 3

Encoder 1

Multiplexer 4Encoder 4

CSA

Carry look-ahead adder

F ig u re  4.17: A n 8 x 8  conventional O M B  m u ltip lie r. (ISA: C arry -save adder.
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M ultiplicand °6 ,Js °s °2 ai
M ultiplier  bi be bj fat bj bj bi bp

I  C9 C9 C9 C9 C9 Cg C7 Cfi C5 ("4 C3 C2 Cl Co

Partial c&j d) tit) dg d i d  d$ d+ d$ dx d\ do neg 1
Products  , „

I «9 «8 «6 e5 e4 S3 C2 6] So neg 2

yyyyyyyyyyyyy ySu m -b it row  

C arry-bit row

P artial Product h  f t  f t  k  h  U  h  h  f t  fo

yyyyyyyyyyy : ySu m -b it row  

Carry-bit row  

Partia l Product S t  86 8s 8 4 83 82 81 80

C arry look-ahead-adder yyyyyyyyyy.:y.: *  •

F inal product Pis P u  P n  P12 P11 Pio P9 Ps P i P6 Ps P i  P% P i Pi Po

F igure 1.18: O p era tio n  of an  8 x 8  conven tional Q M B  m u ltip lie r.

forms th e  first row of p a r tia l p ro d u c ts , show n in F ig. 4.18 as c,. T h e  M SB of 

this row  of p a r tia l p ro d u c ts  is ex ten d ed  by four b its . T h e  n ex t th re e  b its  of th e  

m u ltip lie r are inpu t to  th e  encoder and  a con tro l signal causes th e  m u ltip lex e r 

to  g en e ra te  th e  second p a r tia l p ro d u c ts , d ,, th e  M SB of w hich is ex ten d ed  by 

two b its . T h e  th ird  encoder-m ultip lexer co m b in a tio n  g en era tes  th e  th ird  ten -b it 

p artia l p ro d u c t, f T h e  above th ree  p a rtia l p ro d u c ts  a re  ad d ed  to  p ro d u ce  a  row 

of sum  bits an d  a  row o f ca rry  b its . It m u s t be m en tio n ed  th a t  in F ig. 4.18 a  

diagonal line jo in in g  tw o d o ts  refers to  th e  su m  an d  ca rry  b its  g en e ra ted  by th e  

ad d itio n  of th re e  b its  at th a t  co lum n and a  h o rizo n ta l line jo in in g  tw o d o ts  refers 

to  th e  ex tension  of th e  b it from  rig h t to  left. As can  b e  seen from  th e  figure th e  

sum an d  the  ca rry  rows a re  sign ex ten d ed . T h e  su m  and  ca rry  rows a re  added  

to  th e  / ,  to  p roduce  tw o rows of b its  and  so on. In  th is  way, a s tage-by -stage 

add ition  of th e  p a r tia l p ro d u c ts  is ca rried  o u t. T h e  final tw o rows of sum  b its  and  

carry b its  are ad d ed  using a  carry  look-ahead  adder.

S ince th e  d u m m y  b it, 6_ i, at th e  least-sign ificant position  is alw ays zero, th e  

in p u t to  the  first encoder can only have sequences 0 0 0 , 0 1 0 , 1 0 0 , an d  110  of th e



Encoder 3-M* bs °J-

CSAt__

CSA

Encoder 4
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CSA

CSA

Carry look-ahead adder

Figure.* 1.19: An 8 x 8 para lle l Q M B  m ultip lier.

m u ltip lie r. T h u s only  th e  logic necessary  to  encode* these se'epiences is re*ejuire*d. 

Also since th e  m u ltip lie r is prefixed by tw o zc*-os. th e  input to  the* last e*nce>de*r 

can  only  have sequences 00G and  001 of th e  m u ltip lie r which corn 's, : 1 to  the* 

Z  and  A D D  o p era tio n s. Tw o AND gates will be sullicient to  im p lem en t these* 

sequences.

A para lle l im p lem en ta tio n  of a  QM B m u ltip lie r was developed in [19]. In th is  

im p lem en ta tio n  th e  o u tp u ts  of a  g roup of m ultip lexers  are* ad d ed  sim ultaneously . 

T h e  im p le m e n ta tio n  of an  unsigned  8 x 8 m u ltip lica tion  using th is  t,e*chniquo is 

show n in Fig. 4.19.

T h e  o p era tio n  of th is  m u ltip lie r  can be explainer! using Fig. 4.18. The* add ition  

o f th e  p a r tia l p ro d u c ts  e,, d;, and  c, can be carried  o u t at the- same* time* as th e  

ad d itio n  of th e  p a r tia l p ro d u c ts  / ,  and gl . Each adde*r produces two rows of b its 

to  be ad d ed , one for th e  sum  b its  and  th e  o th e r for th e  carry  b its . The* reeluetion 

from  a  four-row  su m m an d  m a tr ix  to  th e  final tw o rejws is achieve*d by using e ith e r

24
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th e  W allace [57] or the  D adda [58] tree*-reduction techn iques. T h u s th e re  are, in 

to ta l, th ree  stages of ad d e r and  one accelera ted  ca rry  ad d e r stage. It m ust be 

m en tioned  th a t th e re  is no difference betw een th e  conventional an d  paralle l QM B 

m ultip liers  in te rm s of speed  and  h ard w are  for an  8 x 8 m u ltip lica tio n .

4.3.2 T he OM B m ultip lier

In th e  previous section, we saw th a t  th e  Q M B m u ltip lie rs  req u ire  four ad d er 

stages. It is possible, however, to  reduce th e  ad d e r stag e  delays by using  techn iques 

th a t  reduce th e  su m m an d  m a trix  size. T h is can be achieved by using  th e  O M B 

algo rithm . T h e  m u ltip lie r can be w ritten  as [51]

V /.1  N/3

B  = 0 { 2 :u = Y .  Oi8 * (4.28)
i=0 ’=0

w here

Oi = —lki i+2 +  2 />!j f 1 +  b-M +

w ith  />_i = 0  and  O, G {—1, —5, —2, --1, 0, 1, 2 . 3, 4}. T h e  p ro d u c t can now 

be w ritten  as

,v/:i
P  =  Y A 0 <*‘ (4.29)

j=o

w here A  is th e  m u ltip lican d . T h e  con tro l signals g en e ra ted  by  th e  encoder using 

th e  O M B  alg o rith m  are Z , A D D ,  2 A D D ,  3A D D ,  4 A D D ,  4S U B ,  3 S U B ,  2S U B ,  

S l ' B , and  N E C .  T h e  con tro l signals are sim ilar to  those m en tio n ed  for th e  

Q M B  m u ltip lie r. T h e  t r u th  tab le  of th e  encoder along w ith  th e  th e  m a th e m a tic a l 

operat ions effected by each four-bit, sequence o f th e  m u ltip lican d  is show n in T able 

4.2.

F ig u re  4.20 shows an  8 x 8 O M B  m u ltip lie r an d  th e  o p e ra tio n  of th is  m u l­

tip lie r is i l lu s tra ted  in Fig. 4.21. H ere each m u ltip lex e r is 11 b its  long; 8 b its



M u ltip lie r b its E ncode r O u tp u t M ultip lexer
o peration

b-ji+2 &3t Z
A
D
D

2

A
D
D

.4
u
B

4
.4
I)
D

4
5  
V  
B

*7♦>
s
V
B

2
V
V  
B

.s'
V
B

N
E
a

0 0 0 0 1 0 0 0 0 0 0 0 0 0 + 0
0 0 0 1 0 1 0 0 0 0 0 0 0 0 +.4
0 0 1 0 0 1 0 0 0 0 0 0 0 0 + .4
0 0 1 1 0 0 1 0 0 0 0 0 0 0 4-2/1
0 1 0 0 0 0 1 0 0 0 0 0 0 0 + 2/1
0 1 0 1 0 0 0 1 0 0 0 0 0 0 +•'1/1
0 h 1 1 0 0 0 0 1 0 0 0 0 0 0 +HA
0 1 1 1 0 0 0 0 1 0 0 0 0 0 +4/1
1 0 0 0 0 0 0 0 0 1 0 0 0 1 ~ \ A
1 0 0 1 0 0 0 0 0 0 1 0 0 1 - H A
1 0 1 0 0 0 0 0 0 0 1 0 0 i - H A
1 0 1I 1 0 0 0 0 0 0 0 1 0 1 - 2/1
1 1 0 0 0 0 n 0 0 0 0 1 0 1 --2/1
1 1 0 1 0 0 0 0 0 0 0 0 1 1 - A
1 1 1 0 0 0 0 0 0 0 0 0 1 1J. - A
1 1 1 1 1 0 0 0 0 0 0 0 0 0 - 0

T ab le  4.2: T h e  t ru th  tab le  o f th e  encoder along w ith  the  m a th em a tica l o p era tio n s  
effected by th e  various four-bit sequences of the  m u ltip lie r.



89

Encoder 1
Negl 
9 s

Encoder 2
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Figure* 1.20. An 8 x 8 O M B  m ultip lie r.
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F ig u re  4.21: O p era tio n  of an  8  x  8 O M B  m ultip lie r.

are for th e  m u ltip lican d  and  th e  th ree  e x tra  b its  at th e  M SBs are  for th e  sign of 

th e  m u ltip lican d  and  to  acco m m o d ate  th e  left-sh ift for 2 A D D ,  2SU B. ,  3A D D ,  

\ A I ) I ) ,  3 > 7rIi ,  and  ' 1 S V B  o pera tions. T h e  op era tio n  of th ree  tim es th e  m u ltip li­

cand is not triv ia l and  is accom plished  by add ing  tw ice th e  m u ltip lic an d  w ith  th e  

m ultip licand .

S ince th e  encoder for th e  O M B  m u ltip lie r scans fou r-b it segm en ts of th e  m u lti­

plier w ith  one overlap  b it .  only th ree  encoders an d  th re e  m u ltip lex ers a re  req u iied  

to  perform  an 8 x 8 m u ltip lica tio n . T h e  o u tp u ts  from  th e  m u ltip lex e rs  a re  com ­

bined using an ad d e r stage. T h is ad d e r s tage g en era tes  a ca rry  w ord an d  a  sum
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vvurd w hich a re  th en  ad d ed  w ith a  carry  look-ahead adder.

T h e re  can b e  som e h ard w are  savings in  th e  encoders an d  the  m ultip lexers. 

Since th e  d u m m y  b it a t  th e  least-sign ifican t position  is alw ays zero, th e  i n p u t  

to  th e  firs t encoder can  only hav e  sequences 0 0 0 0 , 0 0 1 0 , 0 1 0 0 , 0 1 1 0 , 1 0 0 0 , 1010 , 

1100, a n d  1110. T h u s only  th e  logic necessary  to  encode th ese  sequences is re­

quired . Also since th e  m u ltip lie r is prefixed by a zero , th ere  can  be som e savings 

in  h ard w are . As can  be  seen from  Fig. 4 .20 , an 8 x  8  m u ltip lie r com prises three' 

m u ltip lex ers , th re e  encoders an d  one ad d e r stage before th e  final ad d itio n  stage'. 

It m u st b e  n o ted  th a t  th e  m u ltip lex e r in F ig . 4.20 h as  an ad d itio n a l o p era tio n  to  

g en e ra te  th ree  tim es th e  m u ltip lican d , th u s  tak in g  o n e  ad d e r-s tag e  delay. C onse­

quen tly , we could say th a t  th e  O M B  m u ltip lie r ta k e s  a t  m o st th ree  ad d er-s tag e  

delays to  produce th e  final o u tp u t. I t can  b e  recalled  th a t  th e  QM B m ultip liers 

req u ire  four ad d er-s tag e  delays to  p roduce th e  final resu lt.

T h e  n u m b er of ad d e r stages in  th e  O M B  m u ltip lie r can  fu r th e r b e  reduced  if 

th ree  tim es  th e  m u ltip lican d  is p reca lcu la ted  in s te a d  of g en e ra ted  in every  m ul­

tip lex e r. T h u s an  ex te rn a l ca rry  look-ahead  ad d e r can ad d  th e  m u ltip licand  to  

th e  m u ltip lic an d  sh ifted  left by one bit to  g en e ra te  th ree  tim e s  th e  m ultip lican d . 

T h e  s tru c tu re  of such an  O M B  m u ltip lie r is show n in Fig. 4.22. In th is  way ev­

ery  m u ltip lex e r can accep t th e  b its  co rrespond ing  o th ree  tim es  the  m u ltip lican d  

and  o u tp u t  th em  o r th e ir  com plem ent d ep en d in g  upon  th e  contro l signal issued 

by th e  encoder. T h e  o p era tio n  of g en e ra tin g  th re e  tim es th e  m ultip licand  takes 

ap p ro x im a te ly  th e  sam e tim e  as th e  encoder takes to  issue a  control signal. T hus 

it  can b e  said  th a t  th is  ty p e  of OM B m u ltip lie r req u ires  on ly  tw o ad d e r stages to  

p ro d u ce  th e  final re su lt.

F ro m  th e  o p e ra tio n  of th e  QM B an d  OM B m u ltip lie rs  we could g e t a  rough 

e s tim a te  a b o u t th e  speed  and  hardw are  req u irem en ts . H ow ever, a t  th is  s tage it 

m ay  b e  difficult to  o b ta in  an  an a ly tica l com parison  betw een  the  tw o m ultip liers 

since several facto rs like th e  size of th e  m u ltip lex e rs , encoders, n u m b er of adders, 

an d  th e  ro u tin g  stra teg ie s  a re  involved. In  th e  n e x t ch ap te r’ we will com pare  th e
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Figure 4.22: A fa s t 8 x 8 O M B m u ltip lie r.

two ty p es  of m ultip liers 011 th e  basis of speed, a rea , and  a rea  x  tim e  com plex ity  

using th e ir  ac tu a l h ardw are  im p lem en ta tions.

4.3.3 E xtension  to  tw o’s com plem ent m ultip lication

T he m u ltip lie rs  of th e  p receding  section  can be easily  ex ten d ed  to  m u ltip lica tio n  of 

num bers expressed  in tw o’s com plem ent. For a  tw o’s com plem en t Q M B  m u ltip lie r, 

only four m u ltip lex ers and th ree  ad d e r stages includ ing  th e  final one a re  requ ired . 

T he size of th e  m u ltip lex e r is 9 b its  in stead  of 10 b its  as in  th e  unsigned  case, 

since th e re  is no need for a lead ing  zero  in th e  m u ltip lican d . S tr ic tly  spc^King, th e  

MSB of th e  m u ltip lie r has to  be sign ex ten d ed  up  to  th e  full len g th  of th e  p ro d u c t 

and , consequently , th e  n u m b er of encoders lias to  b e  doub led . S ince th e  in p u ts  to  

these encoders a re  e ither 0 0 0  or 1 1 1 , it is clear th a t  these  e x tra  encoders w ould 

all be enab lin g  contro l signal Z.  T h e  O M B m u ltip lie r, how ever, incu rs only  tw o 

ad d er-s tag e  delays to  p roduce the  final resu lt.



4 .4  D im in ish ed -1 m u ltip lier  for F erm at num ­
b er tran sform

T h e m o st basic  o p era tio n  in d ig ita l filters is th e  convolu tion . A m ong th e  uilli* 

cu lties  arising  in th e  ca lcu la tions of convolutions a re  the  ro u n d in g  o r tru n ca tio n  

erro rs th a t  o ccu r due to  finite w ord  leng th  reg isters em ployed. T hese erro rs can l>e 

e lim in a ted  by using n u m b er-th eo re tic  tran sfo rm s (N T T s). V arious N T T s having  

s tru c tu re s  s im ila r to  th a t  of th e  D F T , b u t defined in  finite fields o r rings, have 

been  p roposed  for th e  efficient co m p u ta tio n  of convolutions. A m ong them , th e  

M ersenne [59] and  F erm at n u m b er transfo rm s [60] seem  p a r tic u la rly  a ttra c tiv e . 

T h e  ad v an tag e  of th ese  tran sfo rm s is th a t  th e  co m p u ta tio n s can  be ca rried  o u t by 

using  only ad d itio n s an d  shifts. A m a jo r draw back  of this g roup  of tran sfo rm s is 

th a t  th e  m ax im u m  sequence len g th  allowed is lim ited  by th e  choice of word length  

and  is often  n o t long enough for h igh-reso lu tion  convolution co m p u ta tio n

E ven  th o u g h  th e  N T T s m en tio n ed  above are carried  o u t by ju s t add itions 

and  d a ta  sh ifts , general m u ltip lica tio n s have to  carried  o u t in o rder to  perform  

convolu tions o r co rrelations of tw o sequences since m u ltip lica tio n  of th e  transfo rm s 

of th e  tw o sequences in  question  is involved. In th e  following sections we deal 

w ith  th e  m u ltip lica tio n  involved in th e  F erm at N T T . A b in ary  a r ith m e tic  th a t  

p e rm its  th e  ex ac t co m p u ta tio n  of th e  F N T  involves a r ith m e tic  in a  b inary  code 

co rrespond ing  to  th e  sim plest one of a  se t of code tran s la tio n s  from  th e  norm al 

b in a ry  rep resen ta tio n  of each in teg er in th e  ring  of in tegers m odulo  a F erm at 

n u m b er. T h e  tra n s la te d  rep resen ta tio n  is called  d im in ish ed -1 rep resen ta tio n  since 

th e  in tegers  in  th is  tran sfo rm  a re  equal to  one less th a n  th e ir b in ary  rep resen ta tio n  

[61]. T h e  n o rm al p rac tice  to  perfo rm  d im in ish ed -1 m ultip lica tio n  is to  tran s la te  

th e  d im in ish ed -1 n u m b er in to  a  reg u la r b in ary  nu m b er a n d  then  perform  th e  

b in a ry  m u ltip lica tio n  followed by residue red u ctio n . It will be  show n th a t  it is 

no t necessary  to  tra n s la te  th e  d im in ish ed - 1 n u m b er to  reg u la r b in a ry  nu m b er 

and  th a t  th e  m u ltip lica tio n  can  be  perfo rm ed  in th e  d im in ish ed - 1 rep resen ta tio n ,
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th e reb y  reducing  th e  a rea  of th e  m u ltip lier. T h is , even tua lly , has re su lted  in  a  

novel s tru c tu re  based on th e  conventional parallel m u ltip lie r s tru c tu re .

4.4.1 D im inished-1 m ultip lier using th e  parallel m ulti­
p lier

M u ltip lica tio n  of tw o dim inished-1 num oers is perfo rm ed  as follows

{ X - Y -  1) =  { X - Y ) - I

A d im in ish ed -1 m u ltip lic itio n  can  be accom plished  by ca rry in g  o u t th e  b in ary  

m u ltip lica tio n  of th e  tw o num bers followed by a  residue red u c tio n . R esidue re ­

d u ctio n  is accom plished  by su b trac tin g  th e  6 +  1 M SRs from  th e  6 LSBs of th e

p ro d u c t of th e  b inary  m u ltip lica tio n , w here 6 +  1 =  2 * +  1 an d  Ft — 2 2' +  1 is th e

atth F erm at num ber. In  th e  m u ltip lie r advanced  in  [20] th e  tw o n u m b ers , w hich 

are  rep resen ted  in th e ir  d im in ished -1 form s, have first to  b e  tra n s la te d  to  th e ir  

b in ary  rep resen ta tio n s  and th en  m u ltip lied . T h e  p ro d u c t is th e n  re sid u e  reduced  

by perfo rm ing  a  d im in ished  1 su b trac tio n .

W e now propose a  d im in ish ed -1 m u ltip lie r in  w hich th e  use of th e  tra n s la tio n  

blocks is c ircu m v en ted  and  th e  m u ltip lica tio n  of th e  tw o n u m b ers  is p erfo rm ed  

w ith  th e  n u m b ers  in th e ir  dim inished-1 form s. As a  consequence, th e  m u ltip lie r 

occupies less a rea  and  has th e  sam e speed  as th e  m u ltip lie r p roposed  in  [2 0 ].

L et us consider th e  case w here 6 =  4 an d  express th e  tw o d im in ish ed -1 num b ers

as

A — 1 =  .r323 +  +  3T 2 1 +  Xo2°

Y  — 1 =  j/323 +  V i ?  +  J/121 +  ?/o20

T h e  p ro d u c t o f X  an d  Y  can be  w ritten  as

P  =  X - Y

=  (.r32 3 +  li'2 '2 2 +  .r 121 +  .r02° +  1 ) • (j/323 +  tj2 '2 2 +  7/121 +  y Q2° +  1)
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=  ( x 3 2 3  +  . t 2 2 2  +  a ' i ’i 1  +  ; c o 2 ° )  • ( j / 3 2 3 +  ? / 2 2 2  +  y i ' 2 1 +  y o 2 ° )

+ ( ^ 3 2 3 +  .x-2 2 2 +  . r 1 2 1 +  xo‘2°)  +  {y323 +  y 2 '22 +  y i 2 *  +  yo'2°)

+ 1  (4.30)

It is ev id en t from  th e  above eq u a tio n  th a t  a  m u ltip lica tio n  of tw o num bers in th e ir 

d im in ish ed -1 fo rm s can b e  perform ed by m u ltip ly in g  'l ie  two num b ers d irec tly  in 

th e ir  d im in ish ed -1  fo rm , w ith o u t converting  th em  to  th e  reg u la r b in ary  form , and  

add ing  to  th e  re su lt th e  m u ltip lican d  an d  th e  m u ltip lie r  along w ith  a  1 . A t th e  

sam e tim e  as th e  m u ltip lica tio n  is perform ed by  th e  array , a  sep a ra te  carry -look­

ahead  ad d e r could  perfo rm  th e  ad d itio n  of th e  m u ltip lie r and  th e  m u ltip lican d  

w ith  th e  ca rry  in p u t equal to  1 .

I t is, how ever, possible to  c ircum ven t th e  use of a ca rry  look-ahead ad d e r th a t  

adds th e  m u ltip lie r and  th e  m u ltip lican d . T h is can  be achieved by m odify ing  th e  

onventional m u ltip lie r a rray  such th a t  ad d itio n  of b o th  th e  m u ltip lie r and  th e  

m u ltip lican d  is h an d led  by th e  m u ltip lie r array. In a  paralle l m u ltip lie r, th e  first 

row of co m ponen ts a re  th e  AND gates an d  th e  second row are  th e  A N D  ga tes  in 

con junction  w ith  h a lf adders. If th e  firs t and  : "ond rows are  rep laced  by AN D  

gated in  co n ju n ctio n  w ith  full adders, th e  m u ltip lican d  and  th e  m u ltip lie r can  be 

added  along w ith  th e  p a r tia l p ro d u c ts  g en e ra ted  by th e  m u ltip lie r a rray  a t those  

cells. A 1 can b e  ad d ed  sep a ra te ly  using a  co lum n of h a lf adders as show n in Fig. 

4.23 for a  4 x  4 m u ltip lica tio n  re su ltin g  in  a  9 -b it p ro d u c t. I t can be seen th a t  

th e  a rray  show n in F ig. 4.23 m akes b es t u tiliza tio n  of all th e  v t ils th a t  could be 

used in  a  m u ltip lie r array .

It m u s t be m en ti oned th a t  th e  above schem e of m u ltip lica tio n  p roduces correc t 

resu lts  w hen th e  O R  o p era tio n  of th e  M SBs of th e  m u ltip lican d  and  th e  m u ltip lie r 

is equal to  0. If, how ever, th e  above O R  o p era tio n  p roduces a  1 , th is m eans th a t  

e ith e r o r b o th  th e  o p eran d s to  th e  m u ltip lie r a re  zero. C onsequently , th e  p ro d u c t 

of th e  m u ltip lica tio n  of th e  tw o dim inished-1 n u m b ers  is zero. H ence, th e  M SB 

of th e  p ro d u c t is 1 an d  all th e  o th e r b its  of th e  p ro d u c t are zeros. In o rd e r to
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F ig u re  4.23: A m odified 4 x 4  para lle l m u ltip lie r th a t  y ields a  9 -b it p ro d u c t, (a) 
M u ltip lie r block d iag ram , (b) D eta ils  of A F A l cell, (c) D e ta ils  of A FA 2 cell, (d ) 
D eta ils  of A H A  cell.
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F ig u re  4.24: O u tp u t controller.

ta k e  in to  co n sid era tio n  th is  o p era tio n , we need a  un it th a t  o u tp u ts  tin* correc t 

d im in ish ed -1 p ro d u c t w hen  th e  O R  of th e  two M SBs of th e  o p eran d  is zero and 

o u tp u ts  a  zero w hen th e  O R  o p era tio n  yields a  1 . We shall call such a  u n it as 

th e  o u tp u t  co n tro lle r an d  th is  is shown in Fig. 4.24. T h e  b it in th e  figure 

co rresponds to  th e  O R  of th e  M SBs of th e  tw o operands.

4.4 .2  R esidu e reduction

T h e  final s tage in  th e  m u ltip lica tio n  of tw o dim inished-1 n u m b ers  is th e  residue 

red u c tio n . T h is is perfo rm ed  by n eg a tin g  th e  5 M SBs of th e  p ro d u c t and  p erfo rm ­

ing  a  d im inished-1  ad d itio n  w ith  th e  4 LSBs of th e  sam e p ro d u c t. As m entioned  

ea rlie r, th e  neg a tio n  is perfo rm ed  only  if th e  M SB is 0, in which case all th e  b its  

ex cep t th e  M SB a re  com plem en ted . If th e  M SB is equal to  1, th e  negation  is
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in h ib ited . T h e  sch em atic  d iag ram  of th e  n eg a to r is shown in F ig . 4.25.

T h e  d im in ish ed -1 ad d e r has four subblocks, v iz ., p ro p a g a te /g e n e ra te  block, 

m odified carry  b lock, th e  sum  block, and  th e  full ca rry -look-ahead  block. Such an 

adder schem e reduces th e  ad d itio n  tim e  an d  regularizes th e  design  an d  increases 

the  speed  of o p era tio n  [62]. T h e  block d iag ram  of a  p ip e lin ed  d im in ished-1  m u l­

tip lier is shown in Fig. 4.26. In th is  figure all R s  a re  4 -b it reg is te rs  ex cep t th e  

ones before and a f te r  th e  neg a to r w hich are  5-b it reg isters. D  in  th e  figure is a  

1-bit flip-flop.
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F igure  4.26: B lock d iag ram  of a  m odified  4 x 4  dim inished-1 p ipelined  m ultip lier. 
A ll th e  R  a re  4 -b it reg isters  excep t th e  ones before and  a fte r th e  n eg a to r which 
are 5 -b it reg isters . D  is a  1-bit flip-flop.
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4,4.3 C om parison

We shall now com p are  th e  dim inished-1 m u ltip lie r  p re sen ted  in [20] w ith  th a t  

proposed  here in te rm s of a rea  an d  speed w here th e  m o du lus involved is F^.  T h e  

choice of F4 is favourab le  since i t  offers long F N T  an d  th e  17-bit w ord len g th  

re su ltin g  from  th e  m o d u lo -F 4 a r ith m e tic  co n s titu te s  a  reasonab le  com prom ise  b e­

tw een d y n am ic  r ^ g e  an d  chip area.

4 .4 .3 .1  A rea

Let A j a, Aha, and A a deno te  th e  areas of a  full ad d e r, a  half ad d e r, an d  an  

AND g ate , respectively . In [20] th e  num bers rep resen ted  in  d im inished-1  form  are 

tra n s la te d  to  b in ary  form  before being  m u ltip lied . T h e  areas th a t  a re  of In terest 

are th o se  occupied  by th e  two tran s la tio n  u n its  an d  th e  17 x  17 m u ltip lie r in  [20] 

and th e  m odified 16 x  16 m u ltip lie r used here. If Ab is th e  a re a  of th e  m u ltip lie r 

plus th e  areas of th e  tw o tran s la tio n  u n its  d esc rib ed  i r  [2 0 ], th en

A b =  255A /0 +  b\Aha  +  321Aa (1.31)

T he a re a  of th e  dim inished-1 m u ltip lie r p roposed  h ere  is

A 0 =  256A f a +  32 Aha +  273A a (4.32)

w here th e  a rea  occupied  by th e  o u tp u t co n tro lle r is ap p ro x im a te ly  17Aa. T h e  

p ipelined  d im in ished -1 m u ltip lie r in [2 0 ] has tw o reg isters th a t  s to re  th e  o u tp u t 

of th e  tran s la tio n  u n its . Since th ese  are  n o t p re sen t in  th e  p roposed  m u ltip lie r, 

th e re  is an ad d itio n a l saving in  a rea  ii th e  p roposed  m u ltip lie r. A ssum ing  th a t  

th e  a re a  of a  full ad d e r is th ree  tim es  th a t  of a  h .J f  ad d e r an d  th e  a rea  of a  34-bit 

reg is te r is Ar , th e  savings in a rea  in  th e  proposed  m u ltip lie r, A s , is

A s — Ab — A a — 16A/„ +  48A a +  A r (4.33)
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4 .4 .3 .2  S p e e d

If T f c , Tka, and  Ta are th e  p ropagation  delays of a  full adder, a half raider and an 

AND g a te , respectively , th e  p rop ag atio n  delay  in th e  d im in ish ed -1 m u ltip lie r of 

[20] is given by,

T b =  30T/a  +  2 r /lo +  1 7 ra (1.3-1)

T h e p ro p ag a tio n  delay in  th e  p roposed  m u ltip lie r is given by

T 0 =  31 T/a + 2 7 ^  +  167; (1.35)

T h e  difference in  th e  p ro p ag atio n  delays of th e  tw o m u ltip lie rs  is

T s - T 0 — T b = T f a — T a (4.36)

T he value of Ts is negligible as com pared  to  th e  speed  of o p era tio n  of th e  m u lti­

plier. M oreover, since th e  a rea  of th e  m u ltip lie r of [20] is m uch m ore th an  th a t  

of th e  proposed  m u ltip lie r, m ore buffers m ay  be req u ired  to  drive th e  clock and 

in te rn a l signals th e reb y  reducing  th e  speed  of o p e ra tio n , an d  as a  consequence 

th e  sm all difference in th e  p ropagations delays of th e  two m u ltip lie rs  is m ore th an  

co m p en sa ted  for.

4.5 A ccm a la to r-m u ltip lier

T h e conven tional way to  o b ta in  an  inner p ro d u c t is to  use a  m u ltip lie r-aceu m u la to r 

(M A C ) w here each  m u ltip lica tio n  is followed by an  ad d itio n  of th e  n u m b er sto red

in th e  accu m u la to r In o th e r w ords, an  o p e ra tio n  of th e  k ind  y,- =  a x - f  y ,_ i, w here

a an d  x  a re  any  tw o n um bers, is p erfo rm ed . T h e  o u tp u t  is o b ta in ed  when th e  final 

p a ir o f n u m b ers  a re  m u ltip lied  an d  added  to  th e  re su lt s to red  in th e  accu m u la to r.

H ere  we nropose a  s tru c tu re  w hich p erfo rm s an  in n er p ro d u c t th a t  does n o t 

use an  accu m u la to r. In a  M AC, th e  n u m b er a t th e  o u tp u t of th e  m u ltip lie r is 

ad d ed  to  th e  n u m b er in th e  accu m u la to r a n d  s to red  back in th e  accu m u la to r. If
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Figure 4.27: A n 8 x 8 accu m u la te -m u ltip lie r.

how ever, th e  nu m b er to  b e  added  is p re sen t a t  th e  in p u t of th e  m u ltip lie r a t th e  

tim e  of m u ltip lica tio n , we could c ircu m v en t th e  use of th e  accu m u la to r. We call 

such a  m u ltip lie r as the  accu m u la to r-m u ltip lie r (A C M ) for obvious reasons. Such 

an 8 x 8  tw o’s com plem ent m u ltip lie r is shown in Fig. 4.27. In th is  figure th e  cell 

N il A is th e  sam e as th a t shown in Fig. 4 .10(b) ex cep t th a t  th e  full ad d e r FA is 

rep laced  by a half adder HA.

It can  be seen from th e  figure th a t  th e  to p  row of cells are com posed  of AN D  

gates in conjunct ion w ith  half ad d e rs  an d  th e  left co lum n of cells are  com posed  

of N A N I) gates in con junction  w ith  h a lf adders. T hese  g ates g en e ra te  th e  p a r tia l 

p ro d u c ts  th a t  a re  added  to  th e  b its  s to red  in th e  1-b it reg iste rs  p re sen t a t th e  

o u tp u t of the  m u ltip lie r. To in itia te  th e  co m p u ta tio n  of an  in n e r p ro d u c t, th e
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o u tp u t reg isters a re  reset and  th e  first m u ltip lica tio n  is perform ed and  th e  p roduct 

s to red  in th e  o u tp u t  reg isters. A t th e  nex t d o ck  cycle th e  b its  of the  tw o operands 

are in p u t to  th e  m u ltip lie r along w ith  th e  b its  from  th e  o u tp u t reg isters. Such a 

process is re p ea ted  till th e  resu lt of th e  inner p ro d u c t is obt ained.

I t  m u s t be  m en tio n ed  here  th a t  in  th e  A CM , th e  n u m b er sto red  in th e  registers 

will keep increasing  as th e  process of ad d itio n -m u ltip lica tio n  continues. Even if th e  

num b ers are rep resen ted  in fractional s ign -m agn itude form , th e  cu m b er s to red  in 

th e  reg iste rs  m ay  exceed 1. How ever, in  d ig ita l filter app lica tions w here th e  signals 

and coefficients a re  reo resen ted  in frac tio n a l tw o’s com plem en t rep resen ta t ion, th e  

overflow ca rry  in  th e  re su lt can be  neglected , ex cep t in th e  last m ultip lication - 

ad d itio n  process. In C h ap te r 6 , we shall m ake use of th is m u ltip lie r in th e  design 

of second-order d ig ita l filter by in co rp o ra tin g  a  overflow d e tec tio n  u n it.

4.5.1 C om parisons

Let us now co m p are  th e  a rea  and  speed  of th e  ACM  w ith  those  of th e  conventional 

M AC.

4 .5 .1 .1  A rea

T h e a re a  of th e  M A C is given by

A ma =  N 2 A a +  (N  — l ) A / j  +  ( N  — 1)( N  — 2) A /  -T A ciai +  2 A M ;  +  A r/ U2 ( 4 . 3 7 )

w here A ciai is th e  a rea  of an  [ N  — l) -b i t  ca rry  look-ahead  ad d e r, A cia2 is Urn area  

of a  (2N  — l ) -b i t  ca rry  look-ahead  adder, and  A; is th e  a rea  of a  1-bit la tch . T h e  

area  o f th e  A C M  is

A am =  N 2 A a +  ( 3 N  -  2 )Ah +  ( N  -  l ) ( N  -  2 )A f  +  A d a 2  + 2 N A ,  ( 4 . 3 8 )

w here A da3 is th e  a rea  of an  A -b it carry  look-ahead  ad d e r. T h e  savings in a rea  

can b e  w ritten  as

A ,  =  A d a 2 —  ( 2  N  — 1 ) A / ,  +  A da 1 — A da 3 ( 4 . 3 9 )
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If we assum e th a t  th e  area  of a N -b it ca rry  look-ahead  ad d e r is eq u a l to  th a t  of 

an ( N  — 1 )-b it ca rry  look-ahead  adder, we o b ta in  A s 0. T h is  m ean s th a t  th e  

a rea  occup ied  by th e  ACM  is m uch  sm alle r th an  th a t  by th e  M AC s tru c tu re .

4 .5 .1 .2  Speed

B ecause o f th e  p resence of an  e x tra  row o f half ad d e rs  in th e  ACM , th e  delay  is 

m ore th a n  th a t  in th e  M A C  by an am o u n t equal to  th e  delay th ro u g h  a  h a lf  adder. 

As can be  n o ted  from  above, th e  a rea  of th e  M AC is larger, an d  consequently , e x tra  

buffers m ay  be req u ired  to  d rive ce rta in  signals. T herefore, th is  sm all difference 

in speed  is m ore th an  co m p en sa ted  for.

4 .6  C on clu sion s

In th is  ch a p te r several m u ltip lie r schem es used in  d ig ita l signal p rocessing  have 

been discussed. T h e  tru n c a te d  m u ltip lie r finds ap p lica tio n s in  d ig ita l filters w here 

th e  in p u t and  th e  o u tp u t a re  of equal leng ths. I t h as  been show n by w ay of a  d e ­

sign ex am p le  th a t  th e  p erfo rm ance  of th e  tru n c a te d  m u ltip lie r in b e t te r  th a n  th e  

s tan d a rd  m u ltip lie r is te rm s  of a rea  an d  gives th e  sam e re su lts  as th e  s ta n d a rd  

m u ltip lie r. T his shows th a t  th e  tru n c a te d  m u ltip lie r can be  a  p re ferred  can d i­

d a te  in h igh-speed area-efficient d ig ita l filters. P ip e lin ed  tru n c a te d  m u ltip lie rs  for 

unsigned and  tw o 's com plem ent m u ltip lica tio n s  have  also been  discussed.

i 'h e  second m ultip lica tio n  schem e considered is based  on th e  Q M B  an d  O M B  

alg o rith m s. In th e  case of conventional an d  para lle l Q M B m u ltip lie rs , th e  to ta l 

delay to  p roduce th e  final p roduc t for th e  case of an  8 x 8  m u ltip lic a tio n  is equal 

to  four ad d e r-s tag e  delays. It has been shown th a t  for th e  O M B  m u ltip lie r  th e  

n u m b er of stages req u ired  is two. In ad d itio n , it h as  been  show n th a t  th e  a rea  X 

com plex ity  of th e  O M B  m u ltip lie r is less th a n  th a t  o f th e  Q M B  m u ltip lie r. T h u s 

such a  m ult ip lier could be used in h igh-speed signal p rocessing app lica tio n s.

T h e  th ird  m u ltip lica tio n  scl: m e dea ls w ith th e  m u ltip lica tio n  of tw o n u m ­



104

bers rep resen ted  in  th e ir  dim inished-1 form s. M u ltip lica tio n  of two d im in ished -1 

n um b ers involves th e  tran s la tio n s  of each of these  n u m b ers  to  th e ir regular b i­

n ary  form . I t  has been  shown th a t  th e  tran s la tio n  stag e  can be circum ven ted  

and  an  accum u! .te-m ultip ly  ty p e  m u ltip lie r can  perfo rm  th e  m ultip lica tio n  of tw o 

d im in ish ed -1 num b ers T h e  proposed dim inished-1  m u ltip lie r  occupies less area 

and  is as fast as th a t  p resen ted  in [2 0 ].

F inally , an  A C M  has been  designed th a t  perfo rm s an in n er p ro d u c t operation  

w ith o u t th e  use  of an  accum ula to r. T h e  ACM  s tru c tu re  occupies less area  and  is 

as fa s t as th e  conven tional M AC.



C hapter 5 

V LSI im p lem en tation  o f  
m ultip liers

5.1 In tro d u ctio n

A standard -ce ll lib rary  offers th e  designer a  n u m b er of logic g a tes  th a t  a re  suf­

ficient to  im plem ent any  d ig ita l system . T h e  cells a re  h an d c ra fted , designed , 

s im u la ted , laid m t , te s ted  and ch arac te rized . All th e  cells have equal heigh ts an d  

the  cell boundaries can b e  a b u tte d  w ith o u t conflict. T h e  cells can  be m an u a lly  

or au to m atica lly  rou ted . T im in g  verification of a  s tan d ard -ce ll design is usually  

carried o u t using a gate  level s im u la to r such as SILO S. T h e  s tan d a rd -ce ll based  

approach  strikes a  com prom ise betw een  full cu sto m  an d  g a te  a rray  approaches. 

T he design tim e  is in te rm ed ia te  betw een  those  of a  g a te  a rray  an d  a  full cu sto m  

design and  the p erfo rm an ce  is v ery  close to  th a t  of a fu ll cu sto m  approach . T h e  

standard -ce ll app roach  also  re su lts  in b e t te r  silicon u tiliz a tio n  as com pared  to  

gale  arrays.

T h e  CAD too l used in th is th esis  is th e  C adence package w hich is a  s ta n d a rd  

one ad o p ted  by th e  C an ad ian  M icroelectron ics C o rp o ra tio n  (C M C ). T h is  package 

has a m inim al cell lib ra ry  th a t  com prises all th e  basic g ates an d  ce rta in  m acros. 

CM C m akes availab le to  its  m em b er U niversities two C M O S processes nam ely,

1. T h e  3fi C M O S3D LM  doub le-m eta l process
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/M[14:0] 

/W2[14:0] 
T[ 2:0] 

VDD 

GND

— ------

Truncated
Multiplier OUT[ 15:0]

F igure  5.1: Icon for th e  tru n c a te d  m u ltip lie r.

2. T h e  1.2/r CM O S4S do u b le-m eta l process.

As a  p a r t  of th is  thesis we have used th e  CM O S4S process to  im p lem en t our chips.

In  th is  ch a p te r we shall discuss th e  V LSI im p lem en ta tio n  of th ree  m ultip liers 

viz., th e  tru n c a te d  m u ltip lie r, th e  O M B  m u ltip lie r, an d  th e  d im in ish ed -1 m u lti­

p lier th a t  are d esc ribed  in  C h ap te r 4.

5.2 Im p lem en ta tio n  o f  th e  tru n ca ted  m u ltip lier

5.2.1 Features

T his is a  16 x  16 tru n c a te d  m u ltip lie r  th a t  accep ts  parallel in p u t and  produces 

para lle l o u tp u t. In p u ts  an d  o u tp u ts  a re  assum ed  to  be  la tched  by ex te rn a l flip- 

flops. In  o th e r w ords, th e  tru n c a te d  m u ltip lie r is a  pu re ly  com binational c ircu it.

5.2.2 Icon and block diagram  o f th e truncated  m ultip lier

An icon for th e  tru n c a te d  m u ltip lie r is show n in Fig. 5.1. F igu re  5.2 shows the  

block d iag ram . T h e  various signals a re  as follows.

IN 1[14:0] M u ltip lie r in p u t bus of 15 lines.

IN 2[14:0] M u ltip lican d  in p u t bus of 15 lines.
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/M[14:0]

Correction
Unit

Multiplier OUT[15:0]

F ig u re  5.2: Block d iag ram  for th e  tru n c a te d  m u ltip lie r.

V D D  Power b u s line.

G N D  G round  bus line.

O UT[15:0] M u ltip lie r o u tp u t bus of 16 lines

5,2.3 Functional description  o f th e  b lock diagram

T h e  tw o un its  in  th e  block d iag ram  of th e  tru n c a te d  m u ltip lie r  are th e  m u ltip lie r 

an d  th e  co rrec tion  un it.

M u ltip lier A n 8 x 8  tru n c a te d  m u ltip lie r is show n in F ig . 4.5. B its  ci — c■? 

a re  th e  co rrec tion  b its th a t  a re  added  to  th e  ad d e r cells p laced  a t th e  d iagonal of 

th e  m u ltip lie r array . I t m ust be  m en tioned  here  th a t  th e  m u ltip lie r is p a r titio n e d  

using  th e  NM M  techn ique an d  th e  p a r tia l p ro d u c ts  a re  reduced  to  th e  final tw o 

rows of b its  by th e  D ad d a tree -red u c tio n  schem e [58]. T h e  final tw o rows of b its  

a re  ad d ed  using a  ca rry  look-ahead  adder.

C orrection  unit As has been  m en tio n ed  in  C h a p te r  4, th e  m ax im u m  erro r 

th a t  can  occur in  the  tru n c a te d  m u ltip lie r is equal to  ( N  — 1)2-Ar w here N  is th e  

size of th e  m u ltip lie r. H owever, from  th e  g rap h  of th e  v aria tio n  of th e  ex p ected
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T ,JJ ___ 3 c 7
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T, c,

T
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F ig u re  5.3: S ch em atic  d iag ram  of th e  co rrec tion  un it.

value of th e  e rro r it can  be  seen th a t  th e  e rro r in  a  16 x  16 tru n c a te d  m ultip lier 

is on ly  in  th e  tw o LSBs. W e have in co rp o ra ted  a  co rrec tion  un it th a t  o u tp u ts  

seven b its  ci — cj  th a t  can  be  ad d ed  to  th e  d iagonal cells. F igure 5.3 shows th e  

sch em atic  d iag ram  of th e  co rrec tion  u n it.

5.2.4 T im ing diagram

F ig u re  5.4 shows th e  tim in g  of th e  various signals in  th e  tru n c a te d  m ultip lier. T h e  

in p u ts  a re  supp lied  from  ex te rn a l reg isters.
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/M [14:0] X  X ~

/N2[14:0] X X
OUT[ 15:0] X

25.61 nT

F igure  5.4: T im in g  d iag ram  for th e  tru n c a te d  m u ltip lie r.

C h arac te ris tics T ru n ca ted  m u ltip lie r P ara lle l m u ltip lie r
Technology 
A rea  of th e  chip 
A rea  of th e  core 
No. of pins 
T ran sis to r count 
P ro p ag a tio n  delay 
A rea  x  tim e

l .2 f i  N T E  CM OS4S 
4818.95 x  4818.95 f im 2 

2251.83 x  2251.83 f im 2 
57

3164 
25.61 ns 

1 .2986e+08 f im 2ns

1.2(i N T E  CM O S4S 
7444.45 x  7444.45/xm2 
3132.0 3 x  3132.03 f im 2 

74
5966 

27.1 ns 
2 .6584e+08 f i m 2ns

T ab le  5.1: C hip  s ta tis tic s  of th e  tru n c a te d  and  para lle l m u ltip lie rs .

5 .2 .5  P h y s i c a l  c h a r a c t e r i s t i c s

T h e  tru n c a te d  m u ltip lie r is co m p ared  w ith  th e  conven tional p a ra lle l m u ltip lie r  

in T ables 5.1 an d  5.2. As can  be seen th e  speed  of th e  tru n c a te d  m u ltip lie r  is 

ap p ro x im a te ly  th e  sam e as th a t  of th e  para lle l m u ltip lie r. T h e  tru n c a te d  m u ltip lie r  

occupies only 51% of th e  a rea  of th e  para lle l m u ltip lie r. T h is  figure is in  very  close 

ag reem en t w ith  th e  th eo re tica l ca lcu la tion  ca rried  o u t in  C h a p te r  4.

5 .2 .6  L a y o u t  o f  t h e  t r u n c a t e d  m u l t i p l i e r

F igure  5.5 shows th e  co m p le te  p h o to m ic ro g rap h  of th e  1 6 x 1 6  tru n c a te d  m u ltip lie r.
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G ate G a te  co u n t for th e  
T ru n c a ted  m u ltip lie r

G a te  coun t for th e  
S tan d a rd  m u ltip lie r

In v e rte r 182 354
B uffer 117 212
N and2 488 979
N and3 21 27
N and4 8 10
N or 2 26 35
N or 3 9 12
N or 4 4 5
G a te  coun t 855 1634

T ab le  5.2: G ate-level s ta tis tic s  of th e  tru n c a te d  and para lle l m u ltip lie rs .

nuBBBBa

/iSiS'aaw swW ''

F ig u re  5.5: P h o to m ic ro g rap h  o f th e  16 x  16 tru n c a te d  m u ltip lie r.



I l l

IN\[1:0\
Octal

IN2[1:0]
Booth

Multiplier

OUT[ 15:0]

F ig u ie  5.6: Icon for th e  0 M B  m u ltip lie r.

5 .3  Im p lem en ta tio n  o f th e  O M B  m u ltip lier

5 .3 .1  F e a t u r e s

T h is is an  8 x  8 m u ltip lie r based  on th e  m odified o c ta l B o o th  a lg o rith m . I t accep ts  

paralle l in p u t and  produces parallel o u tp u t. In p u ts  an d  o u tp u ts  a re  assu m ed  to  

be la tch ed  by ex te rn a l registers. In  o th er w ords, th e  O M B  m u ltip lie r  is a  pu re ly  

co m b in atio n al c ircu it.

5 .3 .2  I c o n  a n d  b lo c k  d i a g r a m  o f  t h e  O M B  m u l t i p l i e r

An icon for th e  O M B  m u ltip lie r is show n in F ig. 5.6. See F ig. 4.22 for th e  d e ta iled  

block d iag ram . T h e  various signals a re  as follows.

I N I [7:0] M u ltip lie r in p u t bus of 8 lines.

IN2[7:0] M u ltip lican d  in p u t bus of 8 lines.

V D D  Pow er bus line.

G N D  G ro u n d  bus line.

O UT[15:0] M u ltip lie r o u tp u t bus of 16 lines.



5 .3 .3  F u n c t i o n a l  d e s c r i p t i o n  o f  t h e  b lo c k  d i a g r a m

T h e  tw o m a jo r  u n its  in  th e  block d iag ram  of th e  OM B m u ltip lie r a re  th e  encoder 

an d  th e  m u ltip lex er.

E n c o d e r  T h e  encoder accep ts four in p u ts  as shown in Fig. 4.22 and  o u tp u ts  

ten  co n tro l signals b ased  on th e  t ru th  tab le  show n in T ab le  4.2. T h e  schem atic  

d iag ram  o f a  ty p ica l encoder is shown in Fig. 5.7.

M u l t i p l e x e r  T h e  m u ltip lex e r accep ts th e  m u ltip lican d  as th e  in p u t and  o u t­

p u ts  th e  m odified  m u ltip lican d  accord ing  to  th e  contro l signal received from the  

encoder. B asically , th e  m u ltip lex e r com prises n ine  sets of tr i-s ta te  g a tes, each set 

consisting  of eleven tr i-s ta te s  gates. T h e  m u ltip lex e r genera tes one, two, th ree  

an d  four tim e (s )  th e  m u ltip lican d . T h ree  tim es th e  m u ltip lican d  is gen era ted  by 

th e  ca rry  lo o k -ah ead -ad d er and  fed to  th e  m u ltip lex e r as show n in Fig. 4.22. In 

a d d itio n , th e  m u ltip lex e r genera tes th e  com plem en t of all th e  b its  of one, two, 

th ree , an d  fou r tim es  th e  m u ltip lican d . T h u s if th e  con tro l signals ' .iSlUi and 

N E G  from  th e  en co d er are ac tiv e , th e  com plem en t of all th e  b its  of th roe tim es 

th e  m u ltip lican d  a re  o u tp u t by th e  m u ltip lex e r. T h e  N E G  signal is added  to  th e  

LSB of th e  co m p lem en t of th e  b its  of th re e  tim es th e  m u ltip lican d .

5 .3 .4  T i m i n g  d i a g r a m

F ig u re  5.8 shows th e  tim in g  of th e  various signals in  th e  O M B  m u ltip lie r. B oth  

th e  in p u t an d  o u tp u t  signals a re  assum ed  to  be  s to red  by ex te rn a l reg isters.

5 .3 .5  P h y s i c a l  c h a r a c t e r i s t i c s

T h e  O M B  m u ltip lie r  is co m p ared  w ith  th e  conven tional Q M B  m u ltip lie r in T ables 

5.3 an d  5.4. I t can be  seen th a t  th e  O M B  m u ltip lie r has a  low er a rea  x  com plexity  

co m p ared  to  th a t  of th e  Q M B  m ultip lie r.
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F ig u re  5.7: S chem atic  d iag ram  fo r th e  o c ta l encoder.



11-1

X 3C
/A/2[7:0] X X

0{/T[15:O] X
9.27  ns

f ig u re  5.8: T im in g  d iag ram  for th e  O M B  m ultip lier.

C h arac te ris tic s O M B  m u ltip lie r Q M B  m u ltip lie r
Technology 
A rea  of th e  chip 
A rea  of th e  core 
N o. of p ins 
Tre s is to r coun t 
P ro p ag a tio n  delay 
A rea  x  tim e

1.2n  N T E  C M 0S 4S  
3626.7 x  3626.7 /im 2 

2026.43 x  2026.43 f im 2 

38
4202 

9.27 ns 
3 .8066e+07 f im 2ns

1.2/z N T E  CM OS1S 
3626.7 x  3626.7 f im 2 

1920.91 x  1920.91 f im 2 

38
3492 

13.17 ns 
4 .8595e+07 f im 2ns

T ab le  5.3: C hip  s ta tis tic s  of th e  O M B  and  Q M B  m ultip liers .

G a te G a te  coun t for th e  
O M B  m u ltip lie r

G a te  coun t for th e  
Q M B  m u ltip lie r

Inver tc ; 191 157
B uffer 196 139
T ri-s ta te 237 206
N and2 121 152
N and3 30 18
N and4 15 6
N or 2 40 24
N or3 22 15
Nor4 8 3
G a te  coun t 860 720

T able  5.4: G ate-level s ta tis tic s  of th e  O M B  an d  QM B m ultip liers.



F ig u re  5.9: P h o to m icro g rap h  of th e  O M B  m u ltip lie r.

5.3.6 Layout o f  th e  O M B m ultip lier

F igure  5.9 shows th e  com plete  p h o to m ic ro g rap h  of th e  O M B  m u ltip lie r.

5 .4  Im p lem en ta tio n  o f  a  d im in ish ed -1 m u ltip lier

5.4.1 Features

T h is is a  m odified 16 x  16 d im inished-1 m u ltip lie r  th a t  perfo rm s th e  m u ltip lica tio n  

of tw o num b ers rep resen ted  in  th e ir  d im in ish ed -1 form s. I t accep ts  p a ra lle l in p u ts  

and  p roduces para lle l o u tp u ts . T h e  m u ltip lie r consists of four p ip e lin e  stages.
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/M [16:0]
//V2[16:0]

CLOCK
TMS

SCAN1N
RESET

VDD
GND

Diminished-1
Multiplier OUT[ 16:0]

F igure  5.10: Icon for th e  d im inisned-1 m ultip lier.

5.4 .2  Icon and block diagram  of th e  dim inished-1 m u lti­
p lier

A n icon for th e  d im inished-1 m u ltip lie r is shown in Fig. 5.10. See Fig. ■•1.26 for a

d e ta iled  b lock  d iag ram . T h e  d ifferent signals are as follows.

IN 1[16:0] M u ltip lie r in p u t bus of 17 lines.

IN 2[16:0] M u ltip lican d  in p u t b u s of 17 lines.

O U T[16:0] D im inished-1 m u ltip lie r o u tp u t  bus of 17 lines.

C LO C K  C lock signal line.

T M S  T est m o d e select pin. W h en  TM S is 1 all th e  reg isters a re  cascaded  end-to- 

end  in  a  scan -p a th  fashion. W hen  T M S  is 0 all th e  reg isters  a re  configured 

in  th e  no rm al way, i.e., th e  reg isters accep t d a ta  in para lle l and  o u tp u t d a ta  

in  para lle l.

S C A N IN  In  th e  te s t  m ode w hen T M S is 1, th e  scan -p a th  signals a re  in p u t 

th ro u g h  th is  p in .
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R E SE T  A 1 on th is  pin resets all th e  reg isters in th e  m u ltip lie r.

V D D  Pow er bus line.

G N D  Cl round  bus line.

5.4.3 Functional description  o f th e  block diagram

As can be  seen from  th e  d im in ish ed -1 m u ltip lie r of Fig. 4 .26, th e  m ain  u n its  a re  

th e  m odified m u ltip lie r, th e  nega to r, and  th e  d im in ish ed -1 adder. T h e  d e ta ils  of 

th e  dim inished-1 ad d e r can  be found in  [62]. F ig u re  4.23 shows th e  d im inished-1 

m u ltip lie r th a t  perfo rm s th e  m u ltip lica tio n  of tw o d im in ish ed -1 n u m b ers  m odulo  

F2. T h e  m u ltip lie r co n s tru c ted  here  perform s th e  m u ltip lica tio n  m o d u lo  F 4.

T h e  o u tp u t co n tro lle r o u tp u ts  th e  p ro d u c t of th e  m u ltip lica tio n  of tw o 

d im in ish ed -1 n u m b ers  if th e  O R  o p era tio n  of th e  M SBs of th e  two o p e ran d s  y ields 

a  0 and  o u tp u ts  zero  in d im inished-1 rep resen ta tio n  w hen th e  O R  o p e ra tio n  yields 

a  1. F igu re  4.25 shows th e  neg a to r block d iag ram . As can  b e  recalled  th e  n eg a to r 

com plem en ts th e  17 M SBs of th e  p ro d u c t if th e  M SB o f th e  p ro d u c t is 0 an d  

inh ib its  th e  com plem en t ac tion  w hen th e  M SB is 1.

5.4.4 T im ing diagram

F igure 5.11 shows th e  tim in g  of th e  various signals in  th e  d im inished-1  m u ltip lie r. 

T h e  m u ltip lie r is p ipelined  an d  has a  la tency  of four, w hich  is th e  d e p th  of th e  

pipeline.

5.4.5 P hysica l characteristics

T h e physical ch a rac te ris tic s  of th e  d im in ish ed -1 m u ltip lie r a re  given in  T ables 5.5 

and  5.6. As can b e  seen th e  m ax im u m  speed  of o p e ra tio n  of th is  m u ltip lie r is 

ap p ro x im a te ly  25 M Hz.



CLOCK- L

7N1[16:0] X  _______________________ X
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F ig u re  5.11: T im in g  d iag ram  of th e  dim inished-1 m u ltip lie r.

D im in ish ed -1 m u ltip lie r
Technology 
A rea  of th e  chip 
A rea  of th e  core 
No. of p ins 
No. of tran s is to rs  
S tage delay 
A rea  x  tim e

1.2/* N T E  C M 0S 4S  
6137.45x6137.45 fi2m  
4089.02x4089.02 

63 
13818 

40.2 ns 
6 .7214e+08 ns fi2m

T able 5.5: C hip  s ta tis tic s  of th e  dimim’shed-1 m ultip lie r.
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D im in ished -1 m u ltip lie r
G a te G a te  count

In v e rte r 498
Bufic. 383
D -Flipflop 248
N and2 1182
N and3 57
N and4 22
N or 2 89
Nor3 24
Nor 4 11
G ate  coun t 2514

T able 5.6: C ate-level s ta tis tic s  of th e  d im in ish ed -1 m u ltip lie r.

IN P U T ~  
SCANIN  —

TMS

CLOCK

2:1
MUX M S

FF

Figure 5 .1‘2: F lip-flop used  in th e  scan -p a th .

5.4.6 T esting strategy

In o rd e r to  check th e  p ipeline, all th e  reg isters used  are  of th e  ty p e  w hich accep t 

d a ta  d epend ing  on th e  signal of th e  TM S p in . W hen  th e  T M S is 1, all th e  reg isters 

are configured in a  scan -p a th  m ode. A ty p ica l flip-flop used in  th e  scan -p a th  m ode 

is show n in Fig. 5.12. T h e  scanin  pin  is used  to  in p u t th e  scan -p a th  signals and  

th e  o u tp u t  is o b ta in  from  th e  LSB of the  final o u tp u t. W hen  T M S is 0, all th e  

reg isters accep t d a ta  in para lle l a n d  o u tp u t d a ta  in  parallel.
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F ig u re  5.13: P h o to m icro g rap h  of th e  d im inished-1 m u ltip lie r.

5.4.7 Layout o f  th e d im inished-1 m ultip lier

F igure  5.13 show s th e  co m p le te  pho tom icrog raph  of th e  d im in ish ed -1 m ultip lier.

5.5 C on clu sion s

In th is  c h a p te r th e  im p lem en ta tio n s  of th ree  of th e  m u ltip lie rs  described  in C h a p ­

te r  4, nam ely , th e  tru n c a te d  m u ltip lie r, th e  O M B m u ltip lie r, an d  th e  d im in ish ed -1 

m u ltip lie r, have  been d iscussed . T h ese  chips have been  im p lem en ted  using th e  

1.2fi CM O S4S technology. T h e  o p e ra tio n  of th e  chips has been  verified using th e



1 2 1

SILOS s im u la to r. Thu tru n c a te d  m u ltip lie r has been  com pared  w ith  th e  full p a r­

allel m u ltip lie r in te rm s of speed an d  area. It has been  found th a t  th e  tru n c a te d  

m u ltip lie r occupies ab o u t 51% of th e  area  of a  full para lle l m u ltip lie r w hile oper­

a tin g  a t  th e  sam e speed. T h e  OM B m u ltip lie r has been  found  to  have a  lower area  

x ti. . '  com plex ity  th an  th e  conventional Q M B m u ltip lie r. T h is  suggests th a t  th e  

O M B  is a  good can d id a te  for use in high-speed signal p rocessing  app lica tio n s. 

A d im in ish ed -1 m u ltip lie r th a t  occupies less a rea  and  h av ing  lower la ten cy  th an  

those in [20] has also been im plem ented .



C hapter 6 

V L SI im p lem en tation  o f  filters

6.1  In tro d u ctio n

In th is  c h a p te r  we im p lem en t second-order filter of Fig. ‘2.14 by m aking  use of 

th e  A C M , d iscussed  in  Section 4.5, as an  ite ra tiv e  m u ltip lie r to  co m p u te  th e  inner 

p ro d u c t involved in  th e  filter o p era tio n . C ircu its  to  c ircum vent q u an tiza tio n  and 

overflow lim it cycles a re  in co rp o ra ted  in  th e  filter s tru c tu re . T h e  systolic PH  of 

Fig. 2 .11(b) th a t  can  be  used as a  basic  u n it in 1-1) and  M -I) d ig ita l filters has 

also been  im p lem en ted . C om parisons of th e  second-order filter of Fig. 2.14 and  

th a t  of F ig . 2.15 b u ilt using th e  P E  of F ig . 2 .11(b) are  m ade.

6 .2  B ack grou n d

Softw are as well as h a rd w are  d ig ita l-filte r im p lem en ta tio n s requ ire  d a ta  to  be 

s to red  in  fin ite -len g th  reg isters  [37]. C onsequen tly , coefficients and  signal values 

m u s t b e  q u an tized  by  ro und ing  or tru n c a tio n  before th ey  can be sto red . T h e  

effect of signal q u an tiza tio n  is to  add  an  erro r o r noise signal to  th e  o u tp u t of 

th e  d ig ita l filter. T h is  noise is a  com posite  of th e  errors from  one o r m ore of th e  

following sources.

1. T h e  q u an tiz a tio n  erro r of th e  an a log -to -d ig ita l converter a t th e  filter in p u t. 

T h is  is re ferred  to  as th e  input-quantization  error.
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2. T h e  tran sfe r function  coefficients a re  no rm ally  ev a lu a ted  to  a  h igh  degree 

of precision during  th e  ap p ro x im atio n  step . If th e y  are  q u an tized , th e  fre­

quency  response o f th e  re su ltin g  filter m ay  be d ifferen t from  th e  desired  

response. T h is  ty p e  of erro r is referred  to  as coefficient-qi.antization error.

3. T h e  accum ula ted  erro rs res’ i t  from  th e  ro und ing  o r tru n c a tio n  of in te rn a l 

a r ith m e tic  o p era tio n s  in th e  filter. T h is  ty p e  of e rro r is re ferred  to  as th e  

product-quantization error.

Source (1) is often ignored as it  does n o t fall in to  th e  core of d ig ita l filter 

design. C oeffic ien t-quan tization  erro rs in tro d u ce  p e r tu rb a tio n s  in  th e  zeros and  

poles of th e  tran sfe r function , w hich in tu rn  m an ifest as erro rs in  th e  frequency  

response. T his ty p e  of e rro r can b e  m ad e  insign ificant by  ca lcu la tin g  th e  w ord 

length  requ ired  for the  coefficients for a  given set of specifications [37].

If num b ers a re  rep resen ted  using  fixed-poin t fo rm a t th en , as a  consequence 

of p ro d u c t q u an tiza tio n , recursive filter s tru c tu re s  can  p ro d u ce  a  nonzero  o u t­

p u t for zero or co n stan t in p u t. Such o u tp u ts  a re  called  quantization limit-cycle  

oscillations.

T h ere  is yet an o th er ty p e  of lim it-cycle  oscillations called  overflow limit-cycle  

oscillations  w hich is due  to  th e  fac t th a t  th e  ad d itio n  o p e ra tio n  in fixed-po in t 

a r ith m e tic  can cause overflow, th e reb y  c rea tin g  a  severe non linearity . For a  s tab le  

d irec t-fo rm  filter, th e  o u tp u t  of th e  filter a fte r an  in te rn a l a r ith m e tic  overflow can  

(d epend ing  on th e  poles of th e  filte r) becom e in d ep en d en t of th e  in p u t sequence

[63].

Overflow oscillations can , to  a  large ex te n t, be  avoided  by ap p ly in g  s tr ic t  scal­

ing ru les [64]. T h e  p rob lem  w ith  th is  ap p ro ach  is th a t  signal levels th ro u g h o u t 

th e  filte r are low and , as a  re su lt, a  poor signal-to-noise ra tio  is o b ta in ed . T h e  

p referred  so lu tion  is to  allow oveillow  on occasions, b u t  p rev en t th e  lim it-cycle  

oscillations from  occurring . A so lu tion  of th is  ty p e  involves in co rp o ra tin g  a s a tu ­

ra tion  m echan ism  so as to  achieve a  tran sfe r ch a rac te ris tic  of th e  ty p e  show n in
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Q[x]

-M

Figure 6.1: S a tu ra tio n  ch arac te ristics .

F ig. 6.1 [65] w here 

Q[x] -
x
M

|x | <  M  
|a:| >  M

( 6 . 1 )

Q[x] is th e  q u an tized  value of x  and  M  is a  positive  co n stan t.

Q u a n tiza tio n  lim it-cycles can  be  e lim in a ted  by using ap p ro p ria te  signal q u an ­

tiz a tio n  schem es. I t  has been  show n in [66] th a t  if a  d ig ita l filter s tru c tu re  satisfies 

a  co n d itio n  such th a t  th e  pow er s to red  in th e  u n it delays can n o t increase for zero 

in p u t, th e n  ze ro -in p u t lim it-cycles can  be  e lim in a ted  by using m ag n itu d e  tru n c a ­

tio n  for q u an tiza tio n . B y pow er s to red  in th e  u n it delays we m ean squares of the  

values s to red  in  th e  delay  e lem en ts . T h e  m ag n itu d e  q u an tiza tio n  is such th a t  the  

s ta te s  of th e  filte r satisfy  th e  in eq u a lity

M n ) | ,  <  K ( n ) |  (6.2)

w here |ufc(n)|g is th e  q u an tized  version of |w*(n)|. L im it cycles can also be gen­

e ra te d  if th e  in p u t assum es a  co n s tan t value for a  c e rta in  period  of tim e. L im it
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cycles of th is  ty p e , w hich include zero -in p u t lim it cycles as a  specia l case, are  

referred  to  as c o n s tan t-in p u t lim it cycles. T hese  lim it-cycles can  be  e lim in a ted  by 

using th e  specia l s tru c tu re s  m en tio n ed  in  [67]. D irect-fo rm  im p le m e n ta tio n  is re­

s tr ic ted  in its  use in th a t  th e  coefficients a re  located  in  a  re s tr ic te d  reg ion  w ith in  

the  u n it-c irc le  in o rd e r to  avoid lim it-cycle  oscillation . H ow ever, its  s tru c tu ra l 

reg u la rity  an d  sim plicity  m akes it a t tra c tiv e  for V L SI im p lem en ta tio n .

6.3  Im p lem en ta tio n  o f  th e  secon d -ord er d ig ita l 
filter

In th is  section  we consider th e  im p lem en ta tio n  o f th e  d ig ita l-filte r s tru c tu re  of 

Fig. 2.14. The* second-order filter h as  an  in p u t-o u tp u t re la tio n  given by

y (n )  =  a0x ( n  — 1) +  a ix ( n  — 2) +  a2x ( n  — 3)

- b i y ( n  -  1) -  b2y ( n  -  2) (6.3)

6.3.1 Features

In o u r design th e  b its  of th e  in p u t signal a re  ap p lied  in p ara lle l an d  th o se  of 

the  o u tp u t a re  o b ta in ed  in parallel. S ince o u r in ten tio n  was to  b u ild  a  p ro to ­

type second-order filter, we chose a  w ord len g th  of 12 b its, in  tw o’s com plem en t 

fixed-point re p resen ta tio n , for b o th  th e  in p u t and  th e  filter coefficients. W e have 

assum ed th e  following ranges for th e  various signals and  coefficients in  th e  filter.

- 1  <  x  <  0.9995 

- 1  <  v  <  0.9995 

—2 <  a t < 1.9995 

—2 <  bi <  1.9995

It can  be seen th a t  th e  b in ary  p o in t for x  an d  y  is lo ca ted  to  th e  rig h t of th e  M SB 

and th a t  for th e  «, an d  5,- is lo ca ted  to  th e  righ t of tw o M SBs.
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F ig u re  6.2: Icon for th e  second-order recursive d ig ita l filter.

6.3.2 Icon and block diagram  o f  th e filter

Figure 6.2 shows th e  icon of th e  d ig ita l-filte r chip an d  Fig. 6.3 shows Hie block 

d iag ram . T h ere  are  five reg isters  to  s to re  th e  p as t values of in p u t and  o u tp u t 

signals, five reg is te rs  to  s to re  th e  five coefficients of th e  filter, i t  can also be seen 

th a t  th e  filter h as  a  m u ltip lie r u n it along w ith  a  correction  u n it.  T h e  correction  

u n it com prises a  m ag n itu d e  tru n c a to r , a  m ag n itu d e  d e tec to r and  a  sa tu ra tio n - 

a r ith m e tic  u n it. T h e  various signals a re  as follows.

In p u t signal bus of 12 lines.

C LO C K IN  C lock  line for th e  w hole d ig ita l filter.

T M SIN  Test m o d e  select p in . A 1 on th is  line configures all th e  reg isters in a 

s ca n -p a th  m o d e an d  0 will allow th e  no rm al o p era tio n  o f all tin 1 registers.

S C A N IN  T h is  p in  is used in th e  scan -p a th  te s tin g  o f th e  filter. W hen  th e  TM S 

p in  is 1, th e  in p u t to  th e  reg ister cha in  are th ro u g h  th e  scanin  pin. T h e

Second-order 

digital fd ter

■OUT [11:0]

-TMSOUT 

•CLOCKOUT

SCLOCKOUT
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Scanin 
Clockin 
Cont. —

XcoeJJbegController

Input I---------■► IRegister

B — busZINR
Z1NT Output

C -b u s

Ycoeffreg]
ZOUR

ATOB

Register

Tristate

Tristate

Yslgreg

Xsigreg

Clockin

Sclockln

Tmsln

Clockaut 

Sclockout 

Tmsout

Figure 6.3: B lock d iag ram  of th e  second-order recursive d ig ita l filter, 

coefficients of th e  filter a re  also loaded th ro u g h  th is  p in .

S C L O C K I N  T h is  is th e  clock line used w hen scan -p a th  te s tin g  is used. T h e  

d a ta  th ro u g h  th e  reg iste r chain  m oves w ith  th e  help  o f th is  clock. A lso th e  

coefficients of th e  filters is loaded  in to  th e  filte r w ith  th e  help  of th is  clock.

C O N T  T his p in  is used  to  p rese t a  p a t te rn  in  th e  co n tro lle r such th a t  any  p a r t  

of th e  filte r can b e  te s ted .

A T O B  T his line is used to  allow th e  co m m u n ica tio n  b etw een  th e  tw o buses A  

an d  B .  In  o rder to  te s t any sec tion  of th e  filte r, th e  signal p resen t in  th e  A  

bus has to  be o u tp u t and  th is  is done w hen A T O B  is 1.

V D D  Pow er bus line.

G N D  G round  bus line.

O U T [1 1 :0 ]  O u tp u t signal bus of 12 lines.

C L O C K O U T  T his line is used to  clock th e  n e x t chip w hen a  case ade of second- 

o rder filters is used.

S C L O C K O U T  T his clock line is used to  p erfo rm  th e  sam e fu n c tio n  as th e  

S C L O C K I N  for th e  n ex t ad jacen t chip.
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F igure  6.4: B lock d iag ram  of Xcoeffreg u n it.

T M S O U T  T h e  T M SIN  pin  is used to  configure th e  ad jacen t chip in th e  tes tin g  

m ode.

R E SE T  T h is  p ins resets all th e  in te rn a l reg isters of th e  filter.

6.3 .3  Functional description  o f  th e build ing blocks

X coeffreg  F ig u re  6.4 shows th e  block d iag ram  for th e  Xcoeffreg u n it. T h e re  a re  

th re e  reg iste rs  to  s to re  th e  a,- coefficients an d  th e  con tro l signals Z A O T ,  Z A I T ,  

an d  Z A 2 T  allow th e  coefficients a 0, a j ,  a n d  a2, respectively , to  be sen t to  th e  

m u ltip lie r  th ro u g h  th e  B  bus.

Y coeffreg  F ig u re  6.5 shows th e  block d iag ram  for th e  Ycoeffreg u n it. T h ere  

a re  tw o  reg isters  to  sto re  th e  b, coefficients and  th e  contro l signals Z B I T  and  

Z B 2 T  allow th e  coefficients —6i, an d  —b2, respectively , to  be sen t to  th e  m u ltip lie r 

th ro u g h  th e  B  bus.

X sigreg  F ig u re  6.6 shows th e  block d iag ram  for th e  X sigreg un it. T h e re  are  

th re e  reg isters  to  s to re  th e  past in p u t signals and  th e  con tro l signals Z A O T ,  Z A Y T ,



129

ZB2T

ZBIT

TRISTATE

TRISTATE
COEFFICIENT
REGISTER

COEFFICIENT
REGISTER

F ig u re  6.5: B lock d iag ram  of Ycoeffreg u n it.

and  Z A 2 T  allow x (n  — 1), x (n  — 2), and  x ( n  — 3), respectively , to  be  sen t to  th e  

m u ltip lie r th ro u g h  th e  A  bus. T h e  signal Z X S H  is u sed  to  sh ift th e  values of th e  

in p u t signals s to red  in th e  reg isters from  one to  the n ex t to  effect tim e  shift.

Y sigreg  F igure  6.7 shows th e  block d iag ram  for th e  Y sigreg u n it. T h ere  a re  

tw o reg isters  to  store th e  past o u tp u t  signals and th e  contro l signals Z B I T  an d  

Z B 2 T  allow y ( n  — 1) an d  y (n  — 2), respectively , to  be  sen t to  th e  m u ltip lie r 

th ro u g h  th e  A  bus. T h e  signal Z Y S H  is used  to  sh ift th e  values of th e  o u tp u t 

signals sto red  in  the  reg isters from  one to  th e  n ex t to  effect tim e  sh ift. T h is  signal, 

how ever, is th e  sam e as Z X S H  signal.

A ccum ulator-m ultip lier As was m en tio n ed  ea rlie r, th e  second-order filte r 

en ta ils  five add itions an d  five m u ltip lica tio n s  for each o u tp u t. If th e  speed  ra th e r  

th a n  th e  a rea  is th e  im p o rta n t c rite rio n , th e n  each m u ltip lic a tio n  an d  ad d itio n  is 

assigned its own hardw are . However, if silicon area  is im p o rta n t th en , som e k in d  

of m u ltip lex in g  should b e  em ployed.

To th is  end , we have used th e  ACM  discussed in  C h a p te r  4 as an  ite ra tiv e  

m u ltip lie r excep t th a t  th e re  is an  overflow d e tec tio n  u n it  th a t  d e tec ts  th e  overflow 

in th e  final ad d itio n  o f th e  in n er p ro d u c t. As has been  m en tio n ed  ea rlie r th e  

ACM  occupies less a rea  an d  is as fast as th e  conventional M A C  s tru c tu re . T h e  

m ultip lica tio n  o f a  coefficient an d  a  signal yields a  n u m b er th a t  h as  a  b in ary  

point to  th e  righ t of th re e  M SBs. S ince five m u ltip lica tio n s  a n d  ad d itio n s  a re  to
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Z A 2 T
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F igure  6.6: Block d iag ram  of X sigreg u n it.
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TRISTATE

I
Z B 2 T
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Z Y S H J
TRISTATE

I
Z B I T

F igure  6.7: Block d iag ram  of Y sigreg u n it.
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be carried  o u t, th e  b in ary  p o in t in  th e  final p ro d u c t is lo ca ted  to  th e  righ t of 

four M SBs. As is well know n in tw o ’s com plem ent a r ith m e tic , th e  overflow afte r 

each m u ltip lica tio n -ad d itio n  can b e  neglected , excep t a t th e  final m u ltip lica tio n - 

ad d itio n , p rov ided  th e  o u tp u t is re s tr ic ted  to  the  ran g e  -1 to  0.9995. A c ircu it is 

in co rp o ra ted  in  o rder to  d e tec t th e  overflow in th e  final ad d itio n . T h e  overflow 

d e tec to r perfo rm s an  O R  o p era tio n  of th e  M SBs of th e  p a r tia l p ro d u c ts  re su ltin g  

from  th e  fou rth  and  th e  fifth ite ra tio n s  of th e  ACM . T h u s , an  overflow is in d ica ted  

if th e  resu lt of th is  O R  o p era tio n  is 1. F ig u re  6.8 shows an 8 x  8 tw o ’s com plem en t 

ite ra tiv e  m u ltip lie r th a t  in co rp o ra tes  th is overflow d e tec tio n  u n it. T h e  overflow 

bit is used by th e  m ag n itu d e  tru n c a to r  to  selectively  tru n c a te  th e  n u m b er a t its  

o u tp u t. T h e  contro l signal ZM LR resets th e  m u ltip lie r before any  in n e r p ro d u c t 

ca lcu lation , w hile ZM LI allows th e  m u ltip lie r to  be  used  ite ra tiv e ly . In  a  to ta l  of 

five clock cycles th e  m u ltip lie r effects all th e  o p era tio n s  in (6.3).

M a g n i t u d e  T r u n c a t o r  As m en tio n ed  earlier, in  o rder to  e lim in a te  q u a n ti­

za tion  lim it-cycle  oscilla tions, th e  in te rn a l s ta te s  (values s to red  in  delay  e lem en ts 

located  a t th e  o u tp u t  of an  ad d e r o r a  m u ltip lie r) of th e  filter a re  tru n c a te d  using 

m ag n itu d e  tru n c a tio n . T h e  o u tp u t of th e  m u ltip lie r is 25 b its  long includ ing  th e  

overflow b it in w hich th e  b in ary  p o in t is to  th e  rig h t of four M SBs. T h e  m agn i­

tu d e  tru n c a to r  tru n c a te s  th e  o u tp u t of th e  m u ltip lie r to  15 M SBs w hen th e  signal 

is positive an d  a  one is added  to  th e  signal afte r tru n c a tio n  w hen th e  signal is 

negative so as to  satisfy  (6.2). T h e  sign of th e  o u tp u t of th e  m u ltip lie r is d e tec ted  

by th e  m ag n itu d e-d eco d er c ircu it m en tio n ed  below. T h e  block d iag ram  of th e  

m ag n itu d e  tru n c a to r  is show n in Fig. 6.9. T h e  X O R  gates a re  used to  p roduce  

th e  sum  b it an d  th e  A N D  g a te  is used to  g en e ra te  th e  ca rry  b it. T h e  value of th e  

o u tp u t of th e  m ag n itu d e  tru n c a to r  lies betw een  -8 an d  7.9995, since th e  b in ary  

po in t lies to  th e  rig h t of four M SBs.

M a g n i t u d e  d e c o d e r  T h e  signal from  th e  o u tp u t of th e  m a g n itu d e  tru n c a to r  

is 15 b its  long. B efore, it  is passed  to  th e  s a tu ra tio n -a rith m e tic  (d escrib ed  below ) 

th e  ty p e  of overflow, viz., positive , nega tive , or no  overflow, has to  b e  de ter-
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AFA AFA AFAAFAP\ 0
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Pis Pl2 PlO
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F ig u re  6.8: An 8 x  8 ite ra tiv e  m u ltip lie r th a t  includes th e  overflow detec tion  un it, 
(a ) T h e  m u ltip lie r u n it, (b ) Overflow d e tec tio n  un it.
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igure 6.9: S chem atic  d iag ram  o f th e  m ag n itu d e  tru n c a to r .
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F ig u re  6.10: B lock d iag ram  of th e  m ag n itu d e  decoder.

m in ed . D epend ing  on th e  ty p e  of overflow th a t  has occurred  in th e  final p roduct 

of th e  m u ltip lie r, th e  m ag n itu d e-d eco d er issues con tro l signals to  th e  sa tu ra tio n - 

a r ith m e tic  u n it  to  perfo rm  a  p ositive  sa tu ra tio n , a  negative  sa tu ra tio n  or allow 

th e  signal to  b e  passed  w ith o u t any  m odification . F igure 6.10 shows tin* block 

d iag ram  of th e  m ag n itu d e  decoder. In th is figure pov  co rresponds to  a positive 

overflow and  n o v  corresponds to  a  negative  overflow. 7-j — 7'0 correspond to  th e  4 

M SBs of th e  o u tp u t  of th e  m a g n itu d e  tru n ca to r.

S a t u r a t i o n - a r i t h m e t i c  u n i t  In  o rder to  avoid overflow lim it-c y d e  oscilla­

tions, a  sa tu ra tio n  m echan ism  is in co rp o ra ted  such th a t  th e  final o u tp u t before 

being  s to red  in  any sto rage  u n it has value betw een  -1 and  0.9995. T h e  m agni­

tu d e  decoder d e tec ts  th e  ty p e  of overflow an d  o u tp u ts  tw o signals for th e  two 

ty p es  of overflow, as m en tio n ed  above. F igu re  6.11 shows th e  block d iagram  of 

th e  s a tu ra tio n -a r ith m e tic  u n it. In th is  figure, if 7'o (w hich is connected  to  pov  of 

th e  m a g n itu d e  decoder) =  1, th e  sa tu ra tio n -a r ith m e tic  u n it o u tp u ts  0.9995 and 

if T\  (w hich is connected  to  nov  of th e  m ag n itu d e  decoder) =  1, th e  sa tu ra tio n - 

a r ith m e tic  u n it  o u tp u ts  -1. If b o th  To and  7 \  are ecpial to  zero, them no overflow 

has o ccu rred  an d  th e  in p u t to  th e  sa tu ra tio n -a rith m e tic  u n it is passed to  th e  o u t­

p u t w ith o u t any  m odification . W hen  Z O U T  =  1, th e  o u tp u t of th e  sa tu ra tio n
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F igure  6.11: Block d iag ram  of th e  sa tu ra tio n -a rith m e tic  u n it.



Z IN R E nab le  th e  in p u t reg iste r
Z IN T E nable th e  in p u t t r is ta te  buffer
ZXSH Shift th e  p as t in p u t signal values
Z M L R R eset th e  m u ltip lie r
ZAOT Load ao and  x (n  — 1) to  th e  bus
Z A 1T Load a\ and  x ( n  — 2) to  th e  bus
ZA 2T Load a 2 an d  x ( n  — 3) to  th e  bus
Z B 1T Load bi and  y ( n  — 1) to  th e  bus
Z B 2T Load &2 and  y ( n  — 2) to  th e  bus
ZM LI E nab le  th e  m u ltip lie r to  ite ra te
Z O U T E n ab le  th e  o u tp u t t r is ta te  buffer
Z O U R E nab le  th e  o u tp u t reg iste r

T ab le  6.1: C o n tro l signals for th e  second-order d ig ita l filter.

a r ith m e tic  u n it  is sen t to  th e  B  bus.

C ontroller T h e  co n tro lle r coo rd ina tes th e  o p e ra tio n  of th e  filter m odule. In 

o th e r w ords th e  co n tro lle r enables each block w ith in  th e  system  to  o p e ra te  a t a 

specified tim e . T h ere  a re  several ways to  im p lem en t any  con tro ller viz., using 

p ro g ram m ab le  logic a rray s (P L A s), m icro p ro g ram  sequencers, one-flip-flop-per- 

s ta te  m e th o d  e tc . In  th e  second-order filter, 12 contro l signals a re  genera ted . We 

have used th e  one-flip -flop-per-sta te  m e th o d  to  im p lem en t a  controller. F igure 

6.12 shows th e  block d iag ram  of th e  con tro lle r w hile T ab le 6.1 describes th e  various 

con tro l signals in th e  d ig ita l filter.

6.3.4 T im ing diagram

F ig u re  6.13 shows th e  tim in g  of th e  various signals in th e  second-order filter. T he 

in p u t signal is p resen t as long as Z I N T  is high an d  th e  o u tp u t of th e  filter is 

p ro d u ced  w hen Z O U R  goes low.
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F igure  6.12: Block d iag ram  of th e  contro ller.
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F igure 6.13: T im in g  d iag ram  for th e  second-order filter.

S econd-order d ig ita l filter
Technology 
A rea  of th e  chip 
A rea  of th e  core 
No. of p ins 
No. of tran s is to rs  
M ax im u m  frequency 
A rea  X  tim e

1.2/i N T E  C M 0S 4S  
5312.27x5312.27 /m i2 
4460.67x4460.67 /m i2 

40 
14288 

3.87 M Hz 
7.2745e+09 /m i2n.s

T able 6.2: C hip  s ta tis tic s  of th e  second-order d ig ita l filter.

6.3 .5  P h ysica l characteristics

T h e  d e ta iled  s ta tis tic s  of th e  chip a re  given in  Tables 6.2 an d  6.3. T h e  m axim um  

sam p lin g  frequency  of th e  filter was found to  be ap p ro x im a te ly  1 M Hz.

6.3 .6  T esting  strategy

To te s t th e  second-order filter, th e  scan-pat.li techn ique has been used. All the 

reg is te rs  u sed  in th e  design are  of th e  ty p e  shown in F ig . 5.12. U nder tes tin g  

co n d itio n s , th e  T M S  pin  is ra ised  high th u s  allowing th e  signal to  pass th rough  

th e  scan-in  pin to  th e  c ircu it. In th is  design, scan -p a th  is also  used to  load 

th e  coefficients and  75 clock cycles a re  requ ired  to  load th e  five filter coefficient
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Second-order d ig ita l filter
G a te G a te  count

In v e rte r 238
Buffer 388
Tri-B uffer 171
D -Flipflop 171
N and2 616
N and3 17
N and4 6
Nor2 33
N or 3 8
Nor4 3
G a te  count 1847

T able 6.3: G ate-level s ta tis tic s  of th e  second-order d ig ita l filter.

reg isters and  th e  con tro l signals in to  th e  contro ller. T h e  C O N T  p in  is used  to  

p a r titio n  th e  c ircu it by p re se ttin g  a  p a t te rn  in th e  co n tro lle r co u n ter. W hen  

C O N T  is 1 th e  connection  betw een th e  con tro ller an d  th e  re s t o f th e  c ircu it is 

t r is ta te d  and  a f te r  a  selected  p a tte rn  is p laced  in th e  co n tro lle r co u n te r, th e  C O N T  

is m ad e  0. S om etim es it m ay  be necessary  to  o u tp u t th e  signal p re sen t on th e  

A  bus an d  th is  is accom plished  by ra ising  th e  A TO B  signal w hich estab lish es a  

connection  betw een th e  A  an d  B  buses. In th is  way every  p a r t  of th e  c ircu it can  be 

ind iv idua lly  te s ted . In ad d itio n , th e  filte r can  be in itia lized  to  an y  know n s ta te . 

It m u st be m en tio n ed  here  th a t  d u e  to  th e  unava ilab ility  of an  a u to m a tic  te s t 

p a tte rn  g en e ra to r, a  p rog ram  was w ritten  to  g en e ra te  ap p ro x im a te ly  500 ran d o m  

test verification  vectors for th e  filter c ircu it. S im ulation  re su lts  for th ese  vectors 

have show n th e  correc tness of o p era tio n  of th e  circu it.

6 .3 .7  L a y o u t  o f  t h e  s e c o n d - o r d e r  d i g i t a l  f i l t e r

A pho to m icro g rap h  of th e  second-order d ig ita l filter is show n in F ig . 6.14.
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IN \[U :0 ]

/N2[ll:0]
/N 3 [ll:0 ]

TMSIN

CLOCKIN

SCANIN

RESETIN

VDD

GND

Systolic PE

O U T [11:0] 

TMSOUT  

CLOCKOUT  

RESETOUT

F igure  6.15: Icon for th e  systo lic  P E .

6.4  Im p lem en ta tio n  o f  a sy sto lic  P E

6 .4 .1  F e a t u r e s

A single P E  o f Fig. 2 .11(b) has been im p lem en ted . T h is  P E  can  b e  used as 

a  basic u n it for 1-D an d  M-D d ig ita l filters. T h e  co m p o n en ts of th is  P E  are 

two m u ltip lie rs , two ad d ers , a  co rrection  u n it and  a  se t of reg isters  to  s to re  the  

coefficients and  th e  o u tp u t. T h e  correc tion  u n it com prises, as was s ta te d  before, 

the  m ag n itu d e  tru n c a to r , th e  m ag n itu d e  decoder, an d  th e  sa tu ra tio n -a r ith m e tic  

un it. B y using th e  ACM  u n it, we can  reduce th e  n u m b er of ad d ers  to  one.

6 .4 .2  I c o n  a n d  b lo c k  d i a g r a m  o f  t h e  s y s to l i c  P E

An icon for th e  P E  is show n in Fig. 6.15 and  F ig. 6.16 show s th e  block d iag ram . 

T he various signals are as follows.
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UN

IN2 —

OUT

COEFFICIENT _ _  
REGISTER

COEFFICIENT
REGISTER

-  MAGNTWDE 
~ DECTECTOR

ADDER

F igure  6.16: B lock d iag ram  of th e  systolic P E .

IN 1 [1 1 :0 ]  In p u t signal bus of 12 lines.

IN 2 [1 1 :0 ]  P a rtia l p ro d u c t signal bus from  th e  ad jacen t P E  of 12 lines.

IN 3 [1 1 :0 ]  O u tp u t signal bus 12 lines from  th e  o u tp u t of th e  filter.

C L O C K I N  Clock line for th e  w hole P E .

T M S I N  T est m ode select pin. A 1 on th is  line configures all th e  reg isters in a 

scan -p a th  m ode an d  0 will allow th e  norm al o p era tio n  of all th e  reg isters.

S C A N I N  T h is  pin  is used in th e  scan -p a th  te s tin g  of th e  filter. W hen th e  TM S 

pin  is 1, th e  in p u t to  th e  reg iste r chain  is th ro u g h  th e  SC A N IN  pin.

C L O C K O U T ' T h is  line is used to  clock th e  next chip when a  cascade of P E  is 

used.

T M S O U T  T h e  T M S I N  pin is used to  configure th e  ad jacen t chip in th e  te s tin g  

m ode.
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CLOCK - - - - - - - - - - - -  - - - - - - - - - - - - - - - - - - - - - - - - -  - - - - - - - -

Will 1:0] X X ~

IN2[\  1:0] X X

IN3[U:Q] X~ X

OUT[  11:0] X X ~

Figure 6.17: T im in g  d iag ram  for th e  systolic P E .

R E SE T IN  T his pin resets all th e  in te rn a l reg isters  of th e  P E .

R E SE T O U T  T his signal is th e  sam e as R E S E T IN  and  is sent to  th e  ad jacen t 

PE .

V D D  Pow er bus line.

G N D  G ro u n d  bus line.

6 .4 .3  F u n c t i o n a l  d e s c r i p t i o n  o f  t h e  b lo c k  d i a g r a m

T h e systo lic  PR  basically  com prises th e  in p u t and  o u tp u t reg iste rs , tw o coefficient 

reg isters, tw o ACM  u n its , an  ad d e r, and  a  co rrec tion  u n it. T h e  fu n c tio n s of each 

of th ese  u n its  have been  m en tioned  earlier. It m u s t be m en tio n ed  th a t  since th e  

out p u t of each P E  is sto red  in a  reg ister, we need  to  use one co rrec tio n  u n it in  

each P E  to  e lim in a te  lim it-cycle oscillations.

6 .4 .4  T i m i n g  d i a g r a m

Figure 6.17 shows th e  tim in g  of th e  various signals in th e  systo lic  P E . Since th e  

PE  is systo lic , o u tp u t is o b ta in ed  at every  clock cycle.



Processing  elem ent
Technology 
A rea  of th e  chip 
A rea  of th e  core 
No. of pins 
No. of tran s is to rs  
M axim um  frequency  
A rea  x  tim e

1.2/i N T E  C M 0S 4S  
5387.07x5387.07 f th n  
4144.87x4144.87 fi2m  

63 
10466 

12.31 M Hz 
2.3572e+09 ns/i2m

T able 6.4: C hip  s ta tis tic s  of th e  systo lic P E .

P rocessing  elem ent
G a te Ga.te coun t

In v e rter 487
Buffer 350
D -Flipflop 84
N and2 1282
N and3 62
N and4 24
Nor2 73
Nor3 24
Nor4 12
G ate  coun t 2398

T able 6.5: G ate-level s ta tis tic s  of th e  systolic P E .

6 .4 .5  P h y s i c a l  c h a r a c t e r i s t i c s

T his P E  has 40 in p u t p ins and  15 o u tp u t pins. A 68-pin P G A  pad  fram e was 

used for th e  ch ip . As m any  as four pa irs  of pow er pads were in co rp o ra ted  in the* 

design to  acco u n t for m eta l m ig ra tio n  an d  noise spikes. O f these , tw o pairs of 

pow er pads w ere used for th e  core a re a  and  tw o pairs for th e  I /O  pads. M axim um  

sam pling  frequency  of th e  P E  was found to  be ap p ro x im a te ly  12 M Hz. T h e  

d e ta iled  s ta tis tic s  of th e  chip are  given in T ables 6.4 and 6.5.
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F ig u re  8.18: P h o to m icro g rap h  of th e  systo lic P E .

6 .4 .6  T e s t in g  s t r a t e g y

For th e  purpose of te s tab ility , th e  scan -p a th  tech n iq u e  has been  used . For th is 

design 24 clock cycles a re  requ ired  to  load th e  coefficients, since th e re  a re  tw o 

coefficient reg isters, each 12 b its  in leng th .

6 .4 .7  L a y o u t  o f  t h e  s y s to l i c  P E

A ph o to m icro g rap h  of th e  systo lic P E  is show n in F ig . 6.18.
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6 .5  C om parisons

For b rev ity , we shall call th e  second-order filter of Fig. 2.14 as th e  single second- 

o rd e r filter (SSF) an d  th a t  of F ig. 2.15 as cascaded second-order filter (O SF). It 

can  b e  seen from  T ables 6.2 and  6.4 th a t  th e  a rea  occupied by a  single P E  is ab o u t 

th e  sam e as th a t  of th e  SSF. It m ay  be n o ted  th a t  th ree  P E s  are  requ ired  to  build  

th e  C SF. In  th e  C SF, th e re  are th ree  sites w here p ro d u c t tru n c a tio n  is perform ed. 

O n  th e  o th e r  h an d , for th e  SSF , th e  p ro d u c t tru n c a tio n  is perfo rm ed  only  a t 

o ne  site  an d  full p recision  is m a in ta in ed  in  all th e  m u ltip lica tio n  and ad d itio n  

o p era tio n s. C onsequently , th e  roundoff noise g en e ra ted  in th e  C SF is ab o u t th ree  

tim e s  th a t  g en e ra ted  in  th e  SSF. M oreover, even th ough  th e  sam pling  frequency 

of th e  SSF is lower th a n  th a t  of th e  C SF, th e  a rea  x  tim e  com plex ity  of b o th  SSF 

an d  C SF a re  ap p ro x im a te ly  th e  sam e. In  o th e r w ords, for th e  sam e area  x  tim e 

com plex ity , th e  SSF has b e t te r  p erfo rm ance th a n  th e  C S F  in te rm s of roundoff 

noise.

6 .6  C on clu sion s

In  th is  ch a p te r , we have d iscussed th e  V LSI im p lem en ta tio n  of an  SSF and a  single 

systo lic  P E  m en tio n ed  in  C h a p te r  2. In  these  s tru c tu re s  u n its  to  c ircum vent the  

q u a n tiz a tio n  an d  overflow lim it-cycle  oscillations have been  in co rp o ra ted . T h e  two 

chips have been  im p lem en ted  in  1 .2/1 C M 0 S 4 S  technology. T h e  VLSI s ta tis tic s  

of th e  chips have been e s tim a te d  using th e  tools availab le  in  C adence. If has also 

b een  found th a t  for th e  sam e a rea  x  tim e  com plex ity  of b o th  SSF  and C SF , th e  

S SF  has a  b e t te r  perfo rm an ce  th a n  th e  C S F  in te rm s  o', roundoff errors.



C hapter 7 

C onclusions

T he ob jec tiv e  of th is thesis  lias been  to  develop m e th o d s  for m ap p in g  1-D an d  

M -I) d ig ita l-filte r a lgo rithm s on to  systolic a rrays th a t  a re  m o d u la r an d  h ierarch ica l 

using th e  ^-dom ain  approach , to  o b ta in  new  m u ltip lie r s tru c tu re s  th a t  can be used 

in th e  im p lem en ta tion  of d ig ita l filters, and  to  im p lem en t m u ltip lie r  and  d ig ita l- 

filter s tru c tu re s  using V LSI techniques.

In th is  c h a p te r the  co n trib u tio n s  described  in th is  thesis a re  su m m arized  and  

recom m endations for fu tu re  research  are p resen ted .

7.1 C on tr ib u tion

In C h a p te r  2, we have d iscussed tw o approaches for th e  m ap p in g  of th e  filter a l­

g o rith m s onto  systolic a rray s. O ne is based on th e  SFG  and  th e  o th e r is based  on 

the  c-dom ain  rep resen ta tio n  of th e  filter a lg o rith m . In th e  SFG  m eth o d , th e  filter 

a lgo rithm s a .e  converted  in to  a single-assignm ent code form  and  a re  th en  m ap p ed  

onto  an  index space. D ifferent scheduling  and  p ro jec tio n  vec to rs have been  d e­

te rm in ed  and list'd to  o b ta in  several systo lic arrays. It has been  shown th a t  th e  

nu m b er of st ruct ures t hat can be  o b ta in ed  by em ploy ing  th is  m e th o d  is lim ited  

because of th e  re s tr ic ted  n u m b er of feasible tran sfo rm atio n s . As th e  d im ension  

of th e  filter increases, it becom es difficult to  o b ta in  ap p ro p ria te  p ro jec tion  an d  

scheduling vectors for th e  SFG . In  th e  ^-dom ain  m e th o d , th e  filte r eq u a tio n s a re  

transfo rm ed  in to  th e ir c -dom ain  rep resen ta tio n s  an d  recursive expressions sim ila r
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to  sing le-assignm ent codes a re  derived using H orner's  ride or o th e r polynom ial 

eva lua tion  techn iques. B y o b ta in in g  different recursive expressions, different sys­

tolic s tru c tu re s  have been  derived. S ince no m a trix  tran sfo rm a tio n  is involved 

in th is  m eth o d , th e  question  o f d e term in ig  th e  scheduling an d  p ro jec tio n  vectors 

does n o t arise.

In  C h ap te r 3, the  c-dom ain  approach  has been  ex tended  to  include the  d eriv a­

tion o f systolic s tru c tu re s  for A /-I) d ig ita l filters th a t  are h iera rch ica l an d  m odu lar 

at every  level o f the  h ierarchy. It has been shown th a t  th e  n u m b er of possible 

s tru c tu re s  increases w ith  the  d im ension  of th e  filter.

Several m u ltip lie rs  th a t can  be used in d ig ita l filters have been described  in 

C h ap te r 4. A tru n c a te d  m u ltip lie r th a t occupies ap p ro x im a te ly  50% of th e  area 

of a conven tional parallel m u ltip lie r has been designed. It has also been shown 

by w ay of an ex am p le  th a t for ap p ro x im a te ly  th e  sam e varia tion  of th e  o u tp u t 

noise PSD  in a d ig ita l filter, th e  tru n c a te d  m u ltip lie r occupies less area  and is as 

fast as th e  p ara lle l m ultip lier. A pipelined  version of th e  tru n ca ted  m u ltip lie r for 

bo th  unsigned  an d  tw o 's com plem ent m u ltip lica tio n s  have been advanced . Q uasi- 

seria- m u ltip lie rs  for b o th  unsigned  and  tw o’s com plem ent m u ltip lica tio n s  have 

been discussed. T hese m u ltip lie rs  accept input in parallel and  p roduce o u tp u t in 

a b it-seria l fashion. M ultip liers  based on th e  m odified B ooth  a lg o rith m  have been 

proposed . In th is  algo rithm  four-b it segm ents of the  m u ltip lie r are scanned  and 

encoded  to  p erfo rm  a p p ro p ria te  op era tio n s on th e  m ult ip licand . As an illu s tra tio n , 

an 8 x  8 OM B m u ltip lie r  has been  designed and  com pared  w ith  tin* conventional 

QM B m u ltip lie r. It has been show n th a t  th e  area  x tim e  com plex ity  of th e  O M B  

m u ltip lie r is less th an  th a t  of th e  Q M B  m ultip lie r. A dim inished-1 m u ltip lie r th a t  

can b e  applied in  the  im p lem en ta tio n  of th e  F erm at N T T  has also been  described . 

T his m u ltip lie r c ircum vents th e  need to  tra n s la te  a n u m b er from  its d im in ish ed  1 

form to  its  b in a ry  form . T his fe a 'u re  leads to  reduced chip a rea  and la tency. An 

ACM  has been designed th a t occupies less a rea  and is as fast as the  conventional 

M AC.
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In C h ap te r 5, a l(i x  lfi tw o’s com plem ent tru n c a te d  m u ltip lie r, an  8 x  8 O M B 

m u ltip lie r, and  a  d im in ish ed -1 m u ltip lie r have been  im p lem en ted  in  1.2// CM O S4S 

technology and  s im u la ted  using SILOS. C om parisons of th e  tru n c a te d  m u ltip lie r 

w ith th e  full m u ltip lie r and  those of the  O M B m u ltip lie r w ith  th e  Q M B  m u ltip lie r 

have been m ad e  in te rm s  of som e VLSI p aram ete rs .

A second-order d ig ita l filter described  in C h ap te r  2 has been  im p lem en ted  

using in 1.2// C M 0 S 4 S  technology in C h a p te r  6. A n ACM  m u ltip lie r in con­

ju n c tio n  w ith  an  overflow detec tio n  u n it has been used  as an  ite ra tiv e  m u ltip lie r 

to  perform  th e  inner p ro d u c t o p era tio n  involved and  to  reduce th e  silicon area. 

H ardw are u n its  to  circumvent, b o th  q u an tiza tio n  and  overflow lim it cycles have 

been inco rpora ted .

A systolic P E  th a t  can be used as a basic u n it in th e  design of 1-D and  M -D 

d ig ita l filters has also been  im p lem en ted . It has been  show n th a t th e  SSF has 

a lower area x tim e com plex ity  th an  th e  CSF’. In ad d itio n , it has been  shown 

th a t  th e  signal-to-noise ra tio  in the  SSI’ is ab o u t a  th ird  of th a t  in  th e  C SF . 

C om parisons of th e  I wo filter s tru c tu re s  w ith  respect to  o th e r V LSI ch a rac te ris tic s  

have also been carried  out .

7.2 R eco m m en d a tio n s  for fu rth er research

T h e  c-dom ain  approach  has been exclusively used to  derive  d ig ita l-filte r s tru c tu re s  

sine/' d irec t-fo rm  s tru c tu re s  are easily  derived from  th e  filter eq u a tio n s. It w ould 

be ini c resting  to  see if th e  '-d o m a in  m ethod  o r som e d e lay -o p era to r m e th o d  can  

be used to m ap  m a trix  problem s like th e  SV D , Q R  deco m p o sitio n  or th e  so lu tion  

of lin ear eq u a tio n s  on to  systolic arrays.

In all th e  m ap p in g  techn iques discussed in  th e  l i te ra tu re  so far an d  in th e  

c-dom ain  approach  advanced  here, very l i tt le  has been said  ab o u t sy s tem a tic  con­

trol s tra teg ie s  for the  systo lic  a rray s . T h e  con tro l s tra teg ie s  used in all th e  systolic 

s tru c tu re s  derived  in th is  thesis have been heu ristic  an d  s tru c tu re  d ep en d en t. It 

would be w orthw hile devising a sy s tem a tic  m ethodology  by w hich systo lic s tru c ­
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tu re s  as well as contro l s tra teg ies  can he  derived.

T h ere  are  m any  d ig ita l filters th a t  can  he derived using  the  wave netw ork 

ch a rac te riza tio n  [33]. O ne such coi figuration is derived by using th e  wave ch a rac ­

te riz a tio n  in con ju n ctio n  w ith  th e  GIC an d  is, consequently , called th e  (IK 1-based 

w ave configuration [68]. T hese filters a re  know n to  exhibit a desirab le  fea tu re  of 

low sen sitiv ity  to  coefficient varia tions an d  in ce rta in  c ircum stances low roundoff 

noise. U n fo rtu n a te ly  in d iv id u a l second-order sections a re  not regu lar and cannot 

be designed as a  cascade  of sim p le  P E s. If m ay  lie possib le to  regularize these  

s tru c tu re s  by  in tro d u c in g  red u n d an t m u ltip liers  or delays and o b ta in  m o d u la r 

s tru c tu re s .

In  C h a p te r  4, we have designed a  tru n c a te d  m u ltip lie r for m u ltip ly in g  two 

real n u m b ers . A full m u ltip lie r which can m u ltip ly  two com plex num bers can  be 

designed  b ased  on th e  algo rithm  forw arded in [53]. In stead  of ca rry ing  out four 

m u ltip lica tio n s  and  th re e  ad d itions a parallel com plex  m u ltip lie r could be designed 

by tre a tin g  each  b it as a  com plex b it of th e  form  a +  jb , w hore a, b £  {(), 1}. T h en , 

from  th is design a tru n c a te d  m u ltip lie r could b e  designed that m ultip lies  two 

com plex  n um bers.

I t  w ould be  in te re stin g  to  com pare  th e  VLSI ch a rac te ris tic s  of larger size's of 

th e  Q M B  an d  O M B  m ultip liers . For in s tan ce , a  tho rough  analysis in te rm s of 

sp eed , a rea , and  a rea  x tim e com plex ity  of 16 x 16 Q M B  and O M B  m ultip liers 

cou ld  be ca rried  o u t. T h is  w ould give insight in to  the  use of O M B m u ltip lie rs  in 

rea l-tim e  signal processing requ iring  high processing  ra tes .

I t  w ould also be in te re stin g  to  investigate  B ooth-like a lg o rith m s for th e  m u l­

tip lic a tio n  of com plex num bers. Such m u ltip lie rs  find ap p lica tio n s in seism ic and  

ra d a r  signal processing.

In  C h a p te r  6, a  single systo lic P E  has been im p lem en ted . Using th is P E  as a 

b asic  u n it, a  VLSI (’h ip  for a 2-1) d ig ita l filter u sing  one of th e  s tru c tu re s  described  

in C h a p te r  3 can be  designed th a t  can be used in high-speed video processing.
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