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ABSTRACT

Numerical modelling of electromagnetic fields is an indispensable part in the
design of modern communications equipment. For this purpose a variety of numerical
techniques have been developed in recent years. The most attractive ones are those that
rely on the discretization of space. Two of them, the finite difference time domain
method (FDTD) and the method of lines (MoL) are selected in this thesis. Their algo-
rithms are refined and applied to analyze a variety of planar transmission line structures

and metal waveguide components.

The reason to focus on these two methods is the following:

The FDTD method is one of the most powerful time domain methods which,
compared with other time domain techniques, is most flexible and requires the least num-
ber of field variables. However, a commonly known problem in the application of the
FDTD method is the significant amount of computer memory and run-time required to
resolve fine circuit details with sufficient accuracy. To alleviate this problem, a variable
grading scheme with second order accuracy is developed. Furthermore, a new two dimen-
sional hybrid FDTD scheme with real variables is developed and tested in the analysis of
planar superconductor transmission lines with very thin conductor layer.

The FDTD method is a time domain method which carries substantial computa-
tional overhead when applied to the analysis problems over a narrow frequency range.
Pure frequency domain techniques are then more appropriate. The MoL has been chosen
here, because of its semi-analytical nature in one coordinate direction (i.e. planar trans-
mission line). Since also the MoL is a space discretization technique, discretization
errors are a problem. In this thesis, the inherent second order accuracy of the MoL is

improved to fourth order and the MoL scheme is extended to cylindrical structures.

The refinements to both methods are original and have been published in refereed

Journals and conference proceedings.
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Chapter 1

Intruduction

1.1 Numerical techniques for CAD of microwave circuits

1.1.1 Necessity of numerical modeling

The necessity of numerically modeling electromagnetic fields in microwave com-
ponents has become more and more evident in recent years. The progress in miniaturizing
microwave and millimeter wave integrated circuits has reduced circuit dim..nsions which
are in the order of the wavelength of the operating frequency. As a result, the radiaiing
interaction between circuit sections becomes an important design parameter which, if not
accounted for, will lead to discrepancies between theoretical and measured results. There-
fore, an accuraie CAD procedure is required and aimed at first-run success to maximize
circuit yield.

™

Commercialiy available software packages like Touchtone'™ and Supercom-

pactT M are largely based on curve-fitting or empirical formulas. Sonner™ is mainly

based on full-wave techniques and has set a trend for Touchtone™ and Supercompact™
to implement more accurate modeling techniques to make the design more flexible and
reliable. The objectives of numerical mc deling is the circuit analysis, i.e. determining the
characteristics of a specific structure versus frequency or dimension. From the analysis
data either synthesis procedures are derived to design a specific component to specifica-
tions or use optimization strategies until prescribed performance characteristics are met.
In either case the accuracy of the component design depends directly on the accuracy

with which the circuit characteristics are derived. Therefore, accurate numerical model-




2 d
S

ing is an integral and important part of modern microwave system design. With this goal
in mind, the purpose of this thesis is to examine and improve the two numerical tech-
niques that are considered to be very effective. In the time domain: the time domain
finite difference (FDTD) methods; and in the frequency domain: the method of lines
(MoL). Both techniques employ space discretization which makes them very flexible.

1.1.2 Efficiency versus versatility of numerical me(™ >ds

In the presence of dispersion, quasi-static approaches can not very well predict the
characteristics of the circuits. Therefore, full-wave numerical methods fcr modeling
microwave integrated circuits have been developed. The mode matching method (MMM),
boundary/finite element method (BEM/FEM), method of moment, spectral domain
approach (SDA), method of lines (MoL), transmission line matrix method (TLM). aad
finite difference time domain method (FDTD) are quite well known. These methods are
extensively documented in the literature [1].

Each method has its own advantages and disadvantages, and a compromise must
often be made between flexibility, CPU time and memory space required. Among these
methods, the TLM method and FDTD method are two popular time domain methods. In
parallel to the TLM method, the FDTD is one of the most universal techniques for tir.2
and frequency domain applications. However, in comparison to the TLM method, the
FDTD method needs less memory space and less CPU run time. Also, the FDTD method
is straightforward and easy to implement in program. That is why FDTD is chosen in this
work instead of TLM. On the other hand, the MoL, a semi-analytical finite difference
method, is one of the mos: efficient methods for frequency domain applications, because
as a space discretization method, it requires less computational resources compared to
other methods in this class (finitc difference method (FD) or FEM). The MoL is especially
suitable for layered microwave circuits like microstrip lines and coplanar waveguides
(CPW). Therefore, the MoL is another main topic in this thesis. Since the FDTD method
and the MoL belong to the class of space discretization techniques, which are the most
versatile analysis tools, they are still computationally very demanding for complex micro-

wave structures. To maintain their versatility but at the same time improve their computa-




tional efficiency is the main objective of this thesis.

1.2 FDTD method

1.2.1 Historic review of FDTD

The FDTD method has been widely used for many electromagnetic fieid prob-
lems. The popularity of the method is due to several reasons. Firstly, Maxwell’s equa-
tions are solved in a sequential mannvi which makes the algorithm simple and very
appropriste for parallel computer operations. Secondly, the method can be applied to
problems with complex structures which can be very difficult to solve with either analyti-
cal or other numerical methods. Thirdly, the FDTD provides a direc: solution for tran-
sient problems. Frequency domain methods are very limited for this kind of application,
because computations are needed at many frequencies before a Fourier trazisform can be
applied to obtain the transient response with sufficient accuracy. The impulse response
from the FDTD method contains the frequency domain information cver the entire spec-
trum, but only one computation run is needed. Fourthly, the F/TD can be applied to
solve such complex problems as inhomogeneous, lossy, noniinear, anisotropic, and ran-
dom time-varying media etc. Most other approaches can not treat such a variety of prob-
lems within the frame work of one method. Especially for nonlinear and time-varying

media, frequency domain methods are limited.

Although the many attractive features of the FDTD method have made this
numerical technique a subject of numerous research papers, the main disadvantage of the
FDTD method is still its requirement for large computer memory space and long CPU
time which both increase with the complexity of the problem. This can only be overcome
by either using supercomputers (or parallel processors) or improving the method itself.
The latter point is addressed in this wesis by introducing a two dimensional (2D) hybrid
FDTD method with a variable mesh size of second order accuracy, improving the absorb-
ing boundary conditions and using signal processing techniques to accelecate the FDTD
algorithm.

Since the first paper on the FDTD by Yee [2] in 1966, great efforts have been
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made to apply the method and improve its efficiency [3]-[41]. Recent research mainly
concentrates on reducing computational overhead. An outstanding topic is the accurate
termination of guided wave structures extending beyond the FDTD grid boundaries. The
key difficulty is that the propagation in a weveguide can be multimodal and dispersive,
and absorbing boundary conditions (ABC) utilized to te.minate the waveguide must be
able to absorb energy having widely varying transverse distributions and group velocities

Vg.

Typical FDTD ABC’s developed for frec space problems include the space-time
extrapolation method [3], the one-way wave equations [4], the impedance boundary con-
dition [5], Engquist & Majda’s [6], Liao et. al’s [7] and Higdon's method [8], and the
super-absorbing method [9]. However, when applied to terminate guided wave struc-
tures, such ABC’s perform best only for narrowband energy of propagation modes where

Vg is well defined. Some researchers have tried to account for variations of the
waveguide modal v, with frequency [16]. But these algorithms are global in time requir-

ing we evaluation of a convolution integral for each mode, thus resulting in inefficient

calculations.

One of the most recent contributions to the FDTD method which, in its impor-
tance could be rankad right after Yee’s original work, is presented by Berenger's per-
fectly matched layer (PML) technique which reduces reflections from the absorbing
boundary conditions [10]. This work was extended to 3D problems [12]. But, in applying
this technique, many layers (typically 10-20) are required to achieve a high resolution of
frequency domain parameters such as S-parameters and wave propagation constant. This
leads to a noticeable increase of CPU time. Previously used absorbing boundary condi-
tions fail when fields near outer boundaries are mcstly evanescent waves instead of out-
going waves. As a result, in FDTD modeling of microwave integrated circuits (taking an
open microstrip line or CPW as an example) outer boundaries parallel to the microstrip
line or CPW have to be placed far away from the metal strip in order to minimize the
influence of reflected waves from these boundaries. It has been observed that even a mod-
est amount of error in transient solutions, caused by the reflection from the outer bound-
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aues, can severely deteriorate the accuracy of frequency-dependent circuit parameters
obtained through a Fourier transform of the transient solution [13]. To ensure accurate
numerical results without requiring excessive computer resources, the absorbing bcund-
ary must absorb both outgoing propagating and evanescent waves. This topic will be dis-

cussed in Chapter 3.

1.2.2 Principle outline of the FDTD method

To illustrate the method a conductor-backed coplanar waveguide (CPW) disconti-
nuity (Figure 1.1), is used. The bottom plane and strip are made of perfect conductors,
and the structure is assumed to extend infinitely above the metal strip plane, as we!l as the

horizontal plane.

le— Ly —» le—— L, —

Figure 1.1 A 2-port CPW discontinuity.

Maxwell’s curl equations are

oF _ 1 o _ 1
ﬁ‘evxn"ﬁ‘“iv"‘?’ (1.1)

with € and { as material parameters. For uniqueness of the solution of Maxwell’s equa-
tions, the following conditions must be satisfied:
(a) The initial condition at ¢=¢, for the fields must be given over th: entire domain of

interest,

(b) The tangential field components at the boundary must be given for £>1. For the

boundary at infinity, Sommerfeld’s radiating condition must be satisfied, that is,
the wave at infinity must be of an outgoing type.
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There are many ways to solve the systern of Maxwell’s equation. The FDTD
arranges the discrete nodal points as in Figure 3 3 on page 46. The whole computation
domain is discretized by those cells. It follows from eq. (1.1) that every electric field
component can be obtained from the loop integral of four magnetic field components.
Similarly, the magnetic field is obtained from the electric fields. In this algorithm, tiot
only the placement of electric and magnetic nodes are offset in space by a 0.5 space step,
but also the time steps are offset by a 0.5 time step. To be more specific, if the compo-
nents of E are caiculated at nAt, where At is the discretization unit in time, or the time
step, and n is any non-negative integer, then the components of H are calculated at

(n+0.5)At. For this reason, this staggered process is also called leap-frog algorithm.

For a source-free and inhomogeneous region of space, Maxwell s equation leads
to the following expression (taking the E, component as an example, other field compo-

nents can be given in . similar form):

AI(H?+05 (i)j’ k) _H;I'Q'O.s (i'j" lv k)

Er+1(i,j, k) = Ef(i,j. k) + Ay

€

H’;,'*O-S(i,j, k) _H;+0.5 (i,j,k— 1) )
- Az ’

(1.2)

with Ax, Ay, and Az being the space discretization units in x, y, and z direction respec-
tively, and At is the time discretization interval. Knowing the initial and boundary condi-
tions, the time-dependent fields can be calculated in a leap-frog time-marching process

using the above equation.

1.2.3 Convergence and stability

The convergence and stability of the algorithm are a major concern. The FDTD
algorithm is based on the linear hyperbolic differential equations, o prove that the FDTD
algorithm converges is equivalent to the proof for simuitaneously satisfying the consis-
tency and stability conditions.

The consistency condition states that when the discretization interval approaches
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zero, also tlie local truncation error approaches zero on all the mesh points. The dis-
cretized system is said to be consistent with the original differential system. The stagger-

ing FDTD scheme satisfies thie consistency condition. The proof is easily shown in that

the local truncation error of the scheme is of a second order o( AR? ) and o(AtZ ). This is an
advantage of the FDTD because the central finite difference scheme in both time and
space ensures that the local truncation error is of second order in both domains, however,

only if a uniform mesh is used.

The stability condition requires that the numerical errors, which are generated in
one step of the calculation, do not increase from step to step as the computation goes on.
The stability criterion of the FDTD determines the choices of the time and space steps,
that is [3]

- - 21-1/2
vars(ar?eay?eaz?) (1.3)

For the special case of Ax = Ay = Az = Ah, the above equation becomes vA? < Ah/ /3,
which shows that the time step must be chosen much smaller than the space steps.

1.2.4 Choice of the excitation impulse

The selection of the excitation impulse is a practical issue and mainly depends on
the individual structure to be analyzed and the frequency band needed. An impulse propa-
gating along the structure must contain the spectrum of interest. The excitation impulse
used for microstrip lines and CPW has been chosen to be Gaussian in shape, because it
has a smooth waveform in time, and its Fourier transform is also a Gaussian distribution
centered at zero frequency. Appropriate choice of the Gaussian impulse width will give
the frequency-dependent parameters we want. An ideal Gaussian impulse which propa-

gates in the +z direction will have the following expression

g(z.1)) = exp[-(t-ty- (z-20) /W) /T7], (1.4)

where v is the velocity of the pulse in a specific media. The impulse has its maximum at
z=zy when t=t;. The Fourier transform of the above Gaussian impulse has the form
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2
G() = exp{-(nTf)}. (1.5)
The choice of the parameter T, t, and z are subject to the following requirements:

(A) After the space discretization step Az and the time interval At have been chosen
according to the stability criterion, the Gaussian impulse must contain enough space
divisions so as to be well represented by its discretized form. We define an impulse
width w as the width between the two symmetric points which have approximately

5% of the maximum values of the impulse. Therefore,

exp {-(w/2)2/ (vVDD?} = exp(-3) ~5%. (1.6)
When the width w is chosen around 20 space steps, T is determined by

T = 10Az/v.f3. 1.7
(B) For a chosen T, the maxirnum frequency (G{f,,,)=0.1) that can be calculated is

Frax = 17(2T) = 0.053v/Az. (1.8)

1.2.5 Solution process

The FDTD applications for various microwave integrated circuits can be summa-

rized as follows:
(A) Place the structure to be analyzed into a computation volume,
(B) Fill the computation space with FDTD meshes.

(C) Truncate the computation space with reflection-free walls to simulate an infinite

space.

(D) Excite the structure at one transversal plane over a period of time with an impulse

whose width is chosen to cover the frequency bandwidth of interest.

(B) Switch on the leap-frog FDTD explicit process and observe the transient wave form
in the time domain at a proper location.

(F) Extract the frequency parmnieters by using the Fourier transform.




1.3 Method of lines

Although the method of lines was proposed to solve partial differential equations
back in the 60s, the application of this method to the microwave area was first proposed
in the 80s. In this method, one or two space variables are discretized for numerical pro-
cessing while analytical expressions are sought for the remaining space variable. Consid-
ering a CPW transmission line as an exampie (Fig. 1.2), first, the x direction is discretized
by a family of N st-aight lines parallel to the y axis and separated by 7. When the partial

derivatives with respect to the x coordinate are replaced with finite differences, the elec-

tric and magnetic potentials, y® and W, satisfy the discretized wave equation

2
dy, 1 ( 2 2) .
—;+—2[\|I‘-_1—2\|Ii+\vi+1] +| kK -B y; = 0, 1=1,2,3,..,N’ (1.9)
dy" h
or in matrix form
2d_2_\7 2,2 .2
hd2—{[P]-h k-7 )1}y =0, (1.10)
y

where ’ is the identity matrix and [P] is & tridiagonal matrix determined by the lateral

boundary conditions at x=0 and x=a/2. The y* and " are shifted by half the discretiza-
tion distance, //2, so that the lateral boundary conditions are easily implemented and the

approximation of partie! derivatives by finite differences has a second order accuracy,

both for y* and \vh simultaneously. The main advantage of the method lies in the de-cou-
pling procedure of the above equation (1.10) through diagonalization of the matrix [P],

so that the equation for y* and y" can be solved independently and analytically for each
discretization point i. This is accomplished by an orthogonal transformation [T]‘\Tl:ﬁ,

where [T]' denotes the transpose of an orthogonal matrix [T] determined by the lateral
boundary conditions. Then the uncoupled equations take the following form

i
iy o, - hz(kz ) pz)} U, = 0,i=123,.N, (1.11)
dy
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with A; being the eigenvalue of [P). After the above equations are solved analytically,

boundary conditions and field continuity at the interfaces between different uniform
regions may be imposed. Finally, the condition that the tangential electric fields on a
metal strip or current density in a dielectric interface must vanish is imposed in the origi-

nal domain, and the following matrix equation is derived

[A] H = H, 1.12)
J, 0

where J, and J, are the current vectors. The non-trivial solution requires that the determi-

nant of eigenvalue matrix [A] vanish.
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Figure 1.2 Coplanar waveguide to be solved by MoL.

Then the transmission parameters can be determined and from these also the

fields and currents.

The method can be extended to three dimensional problems such as microstrip

resonators and antennas.

1.4 Overview of the thesis

FDTD is one of the most popular, powerful, and universal techniques. However,
the MoL, a semi-analytical technique, is one of the numerically most ¢fficient methods.
The common feature of FDTD and Mol is that both of them are space discretization tech-
niques. MoL is in the frequency domain. FDTD is in time domain. Chapter 1 reviews
these two techniques, which will be further developed in the following chapters.

Chapter 2 outlines new improvements to the FDTD algorithm developed in this
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thesis. First the 2D FDTD method which improves the computational efficiency of the
method significantly, especially for frequency-selective applications. The scheme is fur-
ther improved by introducing real-variables in the FOTD process.

In chapter 3, a variable grading scheme that preserves second order accuracy is
presented to further improve the efficiency and accuracy of the FDTD. Extending the vari-
able grading scheme to 3D and combining it with Prony’s spectrum estimation technique
and improved ABC, the efficiency and accuracy of the FDTD is further improved. To val-
idate the improvements, the method is applied to simulate waveguide discontinuities,
supercenductors, lossy structures considering lossy media and finite but thin metallization
thickness.

In Chapter 4, the MoL is modified to provide 4th order accuracy. The continuity
condition and edge condition are included in this new scheme to provide an overall error
reduction. As a result, the new MoL algnrithm has significantly improved accuracy and is
computationally much more efficient.

In chapter 5, the cylindrical MoL. (CMoL) is proposed for the general ;ase of
asymmetric cylindrical structures. It will be shown that the new algorithm is suitable to
analyze complex structures with mixed coordinate systems. The method can hanci¢ static
problems as well by solving Poisson’s equation.

In Chapter 6, the CMoL is extended to 3D analysis. A class of homogeneci:s i
inhomogeneous cavities and resonators with mixed coordinates are analyzed.

Chapter 7 briefly introduces the cavity model and discusses problems with inho-
mogeneous boundary conditions to calculate S-parameters of 3D circuits by the CMoL.

Chapter 8 concludes this thesis.




12

Chapter 2

Fuli-wave 2D FDTD Method

2.1 Introduction

When Yee in 1966 [2] introduced the FDTD method, he discretized Maxwell’s equa-
tions directly by the central finite differences in time and space. Since then the FDTD has
been further developed and is now well estabiishied as a versatile technique to solve elec-
tromagnetic field problems. The method is in particuiar attractive ror transmission line
problems with complicated circuit contours. Application examples have been reported in
i.e. [3-13]. Although tiie method has many attractive features for time domain problems,
one commonly known disadvantage of the FDTD method for frequency selective analysis
problems is that it requires large amounts of memory space and CPU time, in particular for
the full wave analysis of hybrid modes in quasi-planar circuits or in general in inhomoge-
neous waveguide structures. The large memory space and CPU time requirements in the
FDTD method are me'nly due to the fact that processing a time domain impulse involves
from the start much more frequency information than what is actually needed for the cir-
cuit analysis and that a full wave analysis requires a three-dimensional mesh. Only after
the impulse has reached stability in the three-dimensional mesh, a Fourier transform can
be applied to select the information of interest. Up to now a two-dimensional mesh could
only be used to czlculate the special case of TM or TE modes sepearately [2]. Although
several slightly different approaches for the FDTD have been repoited, all of them require
a three-dimension=l mesh '» determine hybrid modes. For example, one of those methods

uses a Gaussian pulse as excitation for a single shieided microstrip line [15]. Typically 160
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space meshes are required in propagation direction and about 5 to 7 time steps for any one
mesh to satisfy the stability condition. Another approach is to resonate a section of the
guided structure by placing two short-circuited planes along the z-axis a distance L apart.
The length L corresponds to half a guided wavelength of the mod~ of interest. The reso-
nance frequency of the cavity corresponds to the frequency at which this particular propa-
gation constant is valid. The relationship between the propagation constant and L is then

B=2n/L. By changing L also §§ changes. Repeating the calculation of the resonant fre-

quency of the resonator for each f the dispersion characteristic of the guided structure can
be obtained [14]. Since also this method involves a three dimensional mesh, there are eas-

ily thousands of iteration steps involved.

To alleviate these problems, this chapter introduces a novel approach for the FDTD
which uses only a two-dimensional mesh consisting of a three-dimensional space grid for
he analysis of hybrid modes. This two-dimensional mesh could also be regarded as one
slice out of a three-dimensional mesh, with the third dimension, the propagation direction,
being replaced by introducing a phase shift. The idea was first introduced for the TLM
method in [23,24]. This step even allows to reduce the size of the space grid to only half of
it's normal size. At a first glance, the introduction of a phase shift in the time domain algo-
rithm seems to be an odd approach. However, by choosing the propagation constant and
then exciting the system with a time domain pulse provides correct results (after a Forrrier
transform) only at the frequency at which this propagation constant is valid. This step
must then be repeated for different propagation constants to obtain the frequency behavior
for that particular mode. Since this approach requires only a two-dimensional mesh with a
half-size space grid and since the propagation constant is given as an input parameter, the
convergence rate is much faster than in the conventional approach. Also the memory

space is reduced significantly.

In this chapter, the principle steps for the frequency selective 2D FDTD method will
be discussed.
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2.2 Full-wave 2D FDTD method

2.2.1 Theory

The basic idea for the new 2D FDTD algorithm is to replace the space discretization
in propagation direction (z) by the phase shift. The new approach follows also the two-
step le-pfrog FDTD procedure initially developed for a full size three-dimensional grid
(eq.(A.3)-(A.8)). Due to the introGuction of the mode concept, the variables in the 2D
FDTD process becomies complex. However, it is found that the complex process can be
avoided if a simple functional transform is performed. Furthermore, a truly 2D grid can be

obtained if the mesh size in the propagation direction is approaching zero as shown in Fig.
2.1.

Assume the structures are homogeneous along the mode propagation direction (z-
axis). A phase delay is invclved along the line. Assume

E,E,H, = j{E, E,H,} exp{-jp) (2.1)

H,H.E, = {H,H,E,}exp{-jpz} 22)

the discretized Maxwell’s equations yield:

11 1,1

n -l e | - B - - -

Q(Ez(t+2,k+2) EZ(1+2,L 2)
m

Ao,
-pE;(i + % k) ) , 2.3)
H;+°-5(i, k+ %) = H;-O-S(i, k+ %) - %’(pEg(i, k+ %)

i+ l) ( 1 1)
nl g k4=|-En|i-= -
Ez(t 2,k 3 ER i 2,k+2

Ax ?

1) Y
H;’+°-5(l+§,k) = H" 0'5(l+§,k)—

(24)
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Ay ’

From the above equaiions, it is obvious that now only a two-dimensional real-variable
process is involved. In other words, only a 2-D iteration process along the x- and y-axis is
used lcading to much faster convergence than for the conventional 2-D one [2.14,15].
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Figure 2.1 A real variable 2D FDTD mesh cell

2.3 Stability criterion and numerical disyersion

Numerical dispersion and stability are two basic but very important issues for the
FDTD method because the FDTD involves finite difference approximaiions and the
scheme is explicit. Lack of a rigorous analysis of these two issues will limit the effective

application of the method due to the following reasons. First, the stability criterion deter-
mines a rule of selecting the time step size which must be small enough to guarantee that
the numerical errors do not arcumulate during the process. On the other hand, in practical
applications, the time step is desired as big as possible to speed up the process. Therefore,
a rigorous derivation of the stability criterion is important in choosing the time and space
discretization steps. The second issue in this regard is the numerical dispersion. The
numerical discretization of Maxwell’s equations produces numerical dispersion which
means that the phase velocity is a function of the mesh size. Therefore it is dﬁe@t from
the physical dispersion. This effect must be reduced as much as possible in simulation of
guided wave structures. The dispersion relation shows that the numerical dispersion is |
related to the stability factor. However any value satisfying the stability condition inequal-
ity can be used in the calculation. A stability factor of 0.5 (uniform discretization) is usu-
ally used for FDTD modeling without solid supporting reason. Kim & Hoefer [28-30]
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studied the relation between numerical dispersion and stability factor for the conventional
3D FDTD. For the full wave 2D FDTD methods, detailed discussion will be provided in
the Appendix B.

2.3.1 Stability criterion
Assume thai inv electric and magnetic field components vill have a form of

‘xx 0%, Y, 7™
where P =E or H; n (n=1,2,3,... M), i (i=1,2,3,..., M) and k (k=1,2,3,...,N) are, respectively,

the time and space discretization indexes; k, and k, are wave numbers, respectively, along
the x- and y-directions. At, Ax, and Ay are the tine and space discretization steps respec-
tively.

We normalize the electric and magnetic fields by using the wave impedance

n = Jwe

E->E/Jn;R->Rx.n, (2.10)
and the stability criterion is obtained as (Appendix B)
1

B0

For the 2D FDTD scheme with complex variables, we obtain the stability condition
that is exactly the same as that in (2.11).

(2.11)

As mentioned in Section 2.1 on page 25, the standard 2D FDTD for cutoff charac-
teristics for TE or TM modes [ 2] is different from the full wave 2D FDTD methods in this
thesis. The former one can solve only TE or TM modes separately, but the later one can
riso analyze hybrid modes in inhomogeneous guided waves. In comparison to the full
wave 2D FDTD methods in this thesis, the stability condition of the standard 2D FDTD
method in [ 2] is shown as follows




vAL< 1 . 2.12)
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Therefore, we found that the real-variable 2D FDTD scheme and the complex one

have the same stability condition which is different from the standard 2D FDTD method.
However, the real variable 2D FDTD process saves half computer memory space require-

ment and converges much faster than the complex one.

2.3.2 Numerical dispersion

The numerical dispersion relation for the real variable 2-D FDTD method is as fol-
lows (Appendix B)

: Q)At)z _ (!A{ .k Ax)2 (V_A_t . K A)’)2 (vAt )2
(sm > =\ &85 ) + Aysm--?'—2 + ) , (2.13)

The numerical dispersion for the complex scheme has the same form as that in
(2.13). The numerical dispersion for the standard 2D FI’TD scheme has a form as

. @AN? _ (vAt . kxAx)2 (vAt . sz}’)z "
(sm 2) = Axsm 3 + Aysm 5 . (2.14)

In all cases, when Ax = Ay = At = 0, we will have

o = v (k2 +E2+B), (2.15)

which corresponds to the dispersion relation for fields in real physical space.

2.4 Comparison among the 2D FDTD schemes

The stability condition in standard 2D FDTD is vAt/h < 1/./2 when using a uni-

form space discretization Ax = Ay = h. However, a limiting case of Az -> O for the full

wave 2D FDTD requires vAt/h< 1/ N2+ (Bh/2) 2 This holds also for the real variable
2D FDTD. We make a brief comparison as follows

(1) All the new 2D FDTD full-wave methods have different stability conditions and
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dispersion relations from the standand 2D FDTD.
2) The real-variable 2-D FDTD scheme has the same stability condition and disper-

sion relation a; that in the complex one. However, the real variable 2D FDTD process
saves at least half computer memory space requirement and converges much faster than
the complex one.

Detailed derivations and discussions of the stability conditions and dispersion rela-
tions for these 2D FDTD methods are provided in Appendix B.

2.5 Concl:sion

A full-wave 2D FDTD methods have been presented and studied. The stability and
dispersion of these methods are investigated and discussed.




Chapter 3

Improvement and extension to FDTD
method

3.1 Modified FDTD grading algorithm

3.1.1 Grading FDTD algorithms

The coinputation efficiency of the uniform FDTD mesh deteriorates rapidly with
smaller mesh size. In order to resolve circuits with large dimension ratio, for instance,
inhomogeneous quasi-planar circuits with thin finite metallization thickness and thick sub-
strate, a grading scheme is necessary. Efforts to find a suitable grading scheme have been
published in [38-40]. The common feature of the work in [38-40] is that the mesh size is
regionally constant and that time and space interpolations are used. A lattice that is contin-
uously varying in all three space directions and also exhibits second order accuracy has
not been reported. The option to use a variable lattice size with fine space resolution
around metal corners where field changes =re significant, and to use a continuously grow-
ing lattice size with greater distance from th.t corner is very desirable since it leads to bet-
ter computational accuracy with less computer memory and CPU time. The problems with
the schemes reported in the literature so far are that the remaining discretization error is
always of first order. With increasing mesh ratio, this leads to a large time domain error.
As a consequence, increasing time domain errors lead also to greate. frequency domain
errors. Therefore, in the following this thesis is concerned with a graded lattice scheme
which can be continuously adjusted along any space direction with arbitrary lattice ratio.
The ratio needs not to be an integer number. The contribution here is that a second order
accuracy is maintained by eliminating the first order errors without the use of additional
wave equations or space interpolations as necessary in other approaches.
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3.1.2 Modified variable mesh algorithm

, Let us first consider the graded mesh shown in Fig. 3.1. The discretization steps
along the x- and y-directions are all variable with mesh sizes Ax; = p;Ah and Ay, = q,Ah
(Fig. 3.1), where the mesh parameters p; (i=1, 2, 3,..., M) and g, (k=1, 2, 3,..., N) are posi-
tive real numbers as required to resolve the specific structure. M, N are, respectively, the
total mesh numbers along the x- and y-directions. If p;=constant (i=1, 2, 3,..., M), q.=con-
stant (k=1, 2, 3,..., N), the variable lattice will be a rectangular one. If all mesh parameters
are set to unity, the lattice will be reduced to be a uniform one. Before we develop the
algorithm with second order accuracy, let’s first look at the problem of the first order error
in the variable lattice scheme. Using the E,-field at the boundary of two neighboring lat-
tices in the FDTD as an example
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Figure 3.1 An arbitrary FDTD variable mesh arrangement; solid lines for electric fields, dashed
lines for magnetic fields.
o, 1 . 1), A OHZ*O3 (i, k) 1
n+ll ik _) - n( _) _(_.Z__..__ n+05( ; _)
Ey (: +2 E’y x.k+2 +a PP BH? z.k+2 , (3.1

we find that by developing the x-dependent term in this equation by a Taylor series yields:
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QHI+OS (i k) HO+05 (i 1,k) - HM*05 (i, k)
z = —= Z +0((pi+1"pi)Ah)
ox Ah(p;, +p) /2
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Similarly, we can analyze other field components. It is obvious to see from eq. (3.2)
that normally a variable grading scheme provides only a first order accuracy. In the fol-
lowing it is shown that a second order accuracy can be obtained for any non-integer lat-
tice ratios by combining the three neighboring lattice cells. The one dimensional case
will be treated as an example without loss of generality. The 2-D or 3-D case can be eas-
ily extended from this analysis.

It is obvious from an arbitrary mesh arrangement in Fig. 3.1, that the magnetic field
components at point A, point D, point G, and point / can be always arranged in the middle
of the electric field components. For example, in Fig. 3.1, point D is always at the center
between point B and point E; G is at the center between E and H. Therefore, calculating
the magnetic field components at D and G from the electric field components at B, E, and
H provides automatically a second order accuracy since the central finite difference is
maintained. The problem arises when we calculate the E-field from the H-field. Let’s con-
sider the E-field at point E as example, which is not located in the middle between D and
G. In this case, calculuting the E-field from the H-fields leads to a first order error as
shown in eq. (3.2). Examining eq. (3.2), we found, however, that a compensation factor
can always be found to cancel the first order error term leaving only a second order term.
To find this compensation factor three neighboring lattice cells must be used. In other
words, a second order accuracy can be obtained by combining neighboring field lattices
through a series expansion. To illustrate this procedure, consider the central finite differ-
ence scheme to calculate the electric field component from the magnetic field components
at points D and G. The result is the point F in the middle between points D and G. Point
F is A, away from point E, which is the electric field node in the variable mesh. Applying
a Taylor series analysis the electric field at point F can be given as:

& . H(i+1)-H, () +0(h2)

E, () = (p,+p;_ ) h/2 (33)




Similarly for other electric field components at points in the middle of magnetic

A A
nodes. For instance, E,'*' (i + 1) atpointTand E,'~' (i~ 1) atpoint C are, respectively,

A,,, and A, away from the electric nodes E,(i+1) and E,(i-1). The dimension parameters
A, A and A, | shown in Fig. 3.1 can be expressed as

h c oy
A = 3 P,y -P,),r=i-1,i, i+l. (34

Developing the electric field component E(i) at the electric node E from the electric
A
field Ey‘ (i) at point F in Fig. 3.1 in a Taylor series yields

A, OE,' (i)
E,(i) = E,'() +A‘.—axL’+o(h2). (3.5)

This shows a first order partial differential term which can be expressed by using the
first order partial differential expansion at the electric nodes as follows

aEA‘(i) aEd‘(i) 2.5
y D 50,9 E”z(l) +o(h2) :

ox x T, 6
or
O, () B+ _Ey(i_-ll+{dgi§:i(i+o(h2) 3.7

Therefore, the electric field component E,(i) at the electric node E can be obtained
with second order accuracy by including ncighboring field components E,(i+1) and E,(i-
1) as

E (i+1)-E (i-1
E, (i) = EyA'(i)+A{ Al )L. 20 )]+o(h2) (3.8)

i

due to Ad=(A,)%=0(1?).
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Figure 3.2 Grading ratio effect on the calculation accuracy and efficiency of planar structures by
real-variable FDTD with (2nd order) and without (1st order) modifications. £,=12.9, tgbmax10™4,
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Similar modifications can be extended to other space directions. Since all field com-

ponents required in eq. (3.3)-(3.8) are known, only minor additional computations are

required.

A convergence test for the variable mesh scheme is given in Fig. 3.2 for a microstrip
line and for a conductor backed coplanar waveguide. Fine discretization steps are always
used a:ound metal edges and increasing mesh sizes are used away f:om the edges. The
mesh ratios are between neighboring meshes. Good results are obtained for mesh ratios
smaller than 4:1. As illustrated in Fig. 3.2 a significant reduction of CPU time can be
achieved for grading ratios of 1.5:1 - 2:1. After that the CPU time savings are not as great
and the error increases. Compared to the uniform case, this simulation shows that signifi-
cant computer resources can be saved by using the variable scheme.




3.2 Digital signal processing by Prony’s method

rhe FDTD method can be further improved in tern:v of computational efficiency
by utilizing concepts known from digital signal processing. In this chapter we will
describe Prony’s method [20-22]). To illustrate this method, consider an approximation of

the form:

f() mC i +Colig+ . +Cyly + .. +C,, 1, = exp(ay) (39)

Suppose thu:t the values of f(t) (exact or approximated by the FDTD) are specified
on a set of N equally spaced points, t = 0,1,2,...,.N-1. If eq. (3.9) at values of t =
0,1,2,...,N-1 fits f(t) exactly, the set of equations [20]

C,+C+...+C =,
Clu1+Czu2+...+C"un = f1

2 2 2
Cih+Cu+...+Cp =1, (3.10)

N-1 N-1 N-1
Cy +Cu, +..+Cp, = fy-1

necessarily would be satisfied, and the approximation (3.9) is satisfied if above set of
equations (3.10) is satisfied as nearly as possible. If the constants y,,...,u, were assumed
to be known, (3.10) would comprise N linear equations with unknowns C;,...,C, and
would be solved exactly if N=n, or approximately by the least-squares method, if N>n.

However, if the p’s are also to be determined, which is the case since thay depend
on the individual microwave structures which ar - not known in advance, at least 2n equa-
tions are needed, and the difficulty consists of the fact that the equations are nonlinear in
the u’s. This difficulty can be overcome in the following.

Let ..., 4, be the roots of the algebraic equation




Wara " ron 24 ta,_uta, =0 (3.10)

so that the left hand term of (3.11) is identified with the product
(R-p) (R-By) .. (h-p).

In order to determine the coefficients a,...,o¢, in (3.1{} we multiply the first equation in
(3.10) by o, the second equation by a,.,,..., the nth equation by o, snd the (n+1)th

equation by I, and add the results. If we pay attention to the fact that each | satisfies
(3.11), the result is of the form

fotof,_+ ...+oz”f0 =0

A set of (N-n-1) additional equations of similar type is obtained in the same way by
starting instead successively with the second, third,..., (V-n)th equations. In this way we
find that (3.10) and (3.11) imply the (N-n) linear equations

f,,+f,,_1ozl +f,_ 10 +...+foa, =0

fos1 ¥foq+f, 10+ .. +fia, =0

Iyt fv Oty 3%+ tfy 40, =0 (3.12)
Since the ordinates f; (k=1,...,n,...,N) are known, this set of equations can be solved

directly for the n a’s if N=2n, or =olved approximated by the method of least squares if
N>2n.

After the a’s are determined, the n p’s are found as the roots of (3.11). The equa-
tions (3.10) then become linear equations in the n C's, with known coefficients. The C’s
can be determined, finally, from the first n of these equations or, preferably, by applying
the least-squares iechnique to the entire set. Thus the non-linearity of the system is con-
centrated in a single algebraic equation (3.11). The technique described is known as
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Prony’s technique.

In order to handic high-Q resonant structures with short time iterations, other signal
filtering and spectrum estimation techniques can also be used, such as auto-regressive
(AR) and auto-regressive moving average (ARMA) models to improve the efficiency of
the FDTD CAD models.

3.3 Improved ABC for FDTD

Fer open structures absorbing boundary conditions (ABC) are needed to confine a
computational domain. Improving the ABC will result in not only higher accuracy but
also a reduced computational domain. The Mur’s ABC is designed to optimize the
boundary condition according to the propagation direction of the waves, which is critical
in a small computational domain. The dispersive boundary condition (DBC) in [16] is
designed :o opt'mize the bo.ndary condition according to the dispersion characteristics
of the waves. The DBC allows the dispersion of the waves to be incorporated into the
design of the absorbing boundary condition. This featu.¢ is useful when the dispersion for
a major outgoing wave is known. However, another feature of the DBC is that it is sensi-
tive to individual structures. Recently, Perfectly Maiched Layers (PML) are introduced
to effectively absorb outgoing waves [10-12]). However, the number of layers and the
layer parameters need to be determined for individual structures. A common feature of
available ABCs is thui they are valid only for outgoing waves. They work well for
anteniia and scattering problems, but they can not effectively absorb evanescent modes
[13]. This is a major reason why the FDTD method has not been successfully developed
for CAD of microwave circuits where higher order evanescent modes exist. Therefore, a

good ABC should include a combination of propagation and evanescent modes [13].

Gernerally, the boundary condition which can absorb both outgoing waves and eva-

nescent modes in the FDTD computational domain can be expressed as [13]

P
B0
H(%*'EL&):MP)E =0, (3.13)

P
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in which the kernel, the differential operator, can be approximated by using finite differ-

ences (o, and B, are constants, C is the speed of light).

Substituting

E = exp(j{a)t —kx-ky- kzz}) + F(exp(j {oi-kx-ky+kz) )) 3.14)
into the kernel in eq.(3.13) yields

i k+ao -jk
I'= {EB——L—]—’ ‘ (3.15)
jppk +o,+ Jjk,
where k = w@/v,, &, k, k, are respectively the wave numbers in the x-, y-, and z-direc-

tions. The wave number k, generally can be expressed as
k,=8,-ja,. (3.16)
which can be sv stituted into eq.(3.15) and then

_J(Bk-B) +a, -0,

= - .
T (Bk+B,) +o,+a,

(3.17)

From eq. (3.17), we can deduce a rule of thumb in selecﬂng parameters o, and B, to
minimize che reflection coefficient I'. For outgoing waves, which correspond to o, = 0, a,
can be set to zero, and B, is choser: according to the estimated propagation speed and the
incident angle of outgoing waves. For evanescent waves, which corresponc .0, =0, §,
can be set to zero, o, is chosen to be the estimated attenuation rate of the fields near the
outer boundary. For attenuating-propagation waves, both ,, and f, can be chosen to be

some non-zero numbers.

The ABC utilized above is relatively simple and straightforward. It is easier to
understand and implement in CAD program comparex. .0 the PML method [10-12].




3.4 Modelling of lossy structures

The new 2D FDTD algorithm is also suitable for the analysis of lossy structures.
The conventional 3-D FDTD not only requires huge memory space and long CPU run
time, but it elso meets difficulties in providing correct solutions. Especially for inhomoge-
neous transmission lines with losses and finite metallization thickness, there has been no
successful method reported yet for eccurate FDTD simulations, although Shibata and
Sano reported a 3D FDTD technique for iossy media analysis [42]. To solve this problem,
other researchers have been trying to apply the 2-D TLM and the 2-D FDTD to this prob-
lem [24-25]. The me<thod used in that work is to simulate a resonator. The final solution
will be determined by the eigenvalue and its corresponding quality factor as well as the
wave velocity. However, the attenuation coefficient is very sensitive to the wave velocity
which is calculated through the dispersion curve by v = Aw/AB. Any small error in AP can
cause significant errors in v because AP is in that denominator. To overcome these prob-
lems, in this section, the field perturhation method is utilized in combination with the real
variable 2-D FDTD. Various numerical tests show that this method is robust and accurate.
Moreover, a real variable process can be maintained, which was thought to be impossible
before.

3.4.1 Attenuation due to lossy dielectric and conductor material
In the conventional 3D FDTD method, lossy media is accounted for by including a

conductivity term in the formulation.

In the 2D FDTD method, the attenuation due to imperfect conductor and dielectric
losses can be calculated by the field perturbation method which has been widely used, for
instance in [52,53]. The attenuation coefficient can be given as

P, g
a; = 2—P(-), (31 )

where P, is the average power transmitted along the z-direction, and P, is the power loss in
the dielectric medium € with loss tangent tand at the angle frequency w:

Py = %Re( F xR* o ﬁds) , (3.19)
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P, = Jwetand !IEPdS. (3.20)
d

If the conductor thickness t is sufficiently greater than the skin depth d (t > 3d), the
fields in the conductor will die out before reaching the other surface, the total power loss
in the conductor can be calculated as

P, = SR §RJar, @321)
[

where R, is the surface resistance of an infinitely thick conductor and H, is the tangential
magnetic fields on the conductor surface C in the lossless case.
For the very thin conductor (t < 3d), the fields are penetrating from both surfaces of

the cenductor and overlap each other, and the power loss in the conductor must be calcu-
lated by

P =3 s”olEPdS, (3.22)

[4

where S, is the conductor cross-section. It should be noted that for accurate results, very
fine meshes must be used inside the conductor, especially for very thin conductors.

In the 2D FDTD, the transversal electric and magnetic fields are readily obtained in
eq. (2.3)-(2.8). From these fields, the total transmission pcwer and the power loss in the
medium or in the conductor are calculated, respectively, by eq. (3.19) and eq.(3.20)-
(3.22). The attenuation is calculated by eq. (3.18). Therefore, the total attenuation due to

the lossy medium and conductors can be obtained by a linear sum of the power iosses in
the above equations, depending on the thickness of the conductor analyzed.

3.5 FDTD modeling of superconductor circuus

3.5.1 Signal propagation in superconductor CPW

With the introduction of a graded mesh, the FDTD method can now be applied to
field simulation in structures with thin conductor layers. In this chapter we will investi-

gate pulse propagation in superconductor conductor backed coplanar waveguide using the
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3D FDTD method. The two-fluid model is used to describe the superconductivity. The
frequency-dependent negative imaginary part of the conductivity is modeled with the
FDTD by storing the electric field history.

The pulse distortion problem in transmission lines may be mainly attributed to two
factors: a frequency-dependent propagation velocity due to modal dispersion, and an
attenuation due to the skin effect in the conductor.

The existence of the energy gap of superconductors leads not only to significant vari-
ations in attenuation of the signal, but also changes in signal velocity. A superconductor is
a “perfect” conductor only for DC current. Significant dispersion occurs around the energy
gap. All these features are functions of temperature =nd frequency for a very wide band-
width (narrow pulse propagation).

Superconductor coplanar waveguides (CPW) and coplanar striplines (CPS) have
been studied for microwave applications [50-51]. However, a superconductor can not be
simply treated as a low loss conductor, but rather as a conductor with complex conductiv-
ity [43-49]. This kind of description is valid for vanishingly smali field strength and oper-
ating frequency much smaller than the energy gup, and a temperature well below the
critical temperature of the superconductor.

Although this problem has been investigated by a number of authors [43-49], inves-
tigation of superconductors directly in the time domain was attempted only for one dimen-
sional problems {43]. No data is available so far for superconducting CPW with back
mieiallization. Since the atteruation and phase velocity of signal propagation on supercon-
ductors are frequency-dependent, space-dependent, and power-dependent, this interdepen-
dency leads itself to a time domain method for the analysis of this kind of problem.

In this section, the FDTD method with variable mesh is utilized to study conductor-
backed superconductor coplanar transmission lines. Thin buffer layers are included in the
analysis. In order to accurately model the propagation of narrow pulses on these supercon-
ductor lines, we will take into account the modal dispersion, dielectric properties of the
substrate, the effect of metal backing and ground planes, and the complex conductivity.
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3.5.2 FDTD modeling of superconducters

The two-fluid model can be used to describe the superconductors as a conductor
with complex conductivity [43-47]

Oy = 0,-J0;, (3.23)

where the frequency-, space-, and power-dependent parameters are given as follows
G, =0,0,0, = l/(mp.xz(T)) ,

A, (0)
J1-0

where o,, A¢(0) and T are the normal conductivity near the critical temperature, zero

A (D) = .8 = (T/T )4,

temperature penetration depth and critical temperature of the superconductor, respectively.
For this complex conductivity, Maxwell’s equations can be modified as

. 1
VxR = (,ms+al)E+mMzE (3.24)

which can also be expressed in the time domain as
VxA = <2B+o B+ = [Bar. (3.25)
ot 1 pxz
First, the elcctric and magnetic fields are normalized by the free-space wave impedance
Zy = b5
B2/ [z, R-Ax, [z,

Because of the very thin superconductor layer and the high conductivity, a variable
mesh and very small time steps are required. The variable mesh algorithm has been devel-
oped in Section 3.1and provides stable solutions with secons’ order accuracy. In order to
maximize the stability for the high conductivity of materials used, we use o, E™? for o,E.
To analyze materials with high conductivity, the FDTD algorithm requires a much smaller
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time disciziization step At to satisfy the stability condition which has not been exactly
derived so far. ;owever, in this thesis, it is found that a much larger time step At (3~12
times larger for the examples shown in this thesis) can be used if we use o,E®*) for o,E
insteﬁd of using o, E®. Therefore, the convergence of the FD'TD algorithm will be much
faster. V/e assume that ail the ficlds are zero before t=0. For instance, the update equation
for the electric field E, at time t=(n+1)At at point p (i, j, k) (Fig. 3.3) may be given as

n
B G0 = raigrel B0 0 +H(5Y) L B2 G b
e\ A =

1+0,At/¢ )
. s HP+05 (i, j, k) - HP+05 (i, j - 1, k)
e,(1+0,At/€) g

(3.26)

Hr+05 (i, j, ky - H"+95 (i, j, k - 1) J
Tk

where s=cAt/Ah with the speed of light c=2.9979x10* m/s. Similar equations can be

obtained for other field components.
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Figure 3.3 A unit FDTD mesh cell with arbitrary variable sizes.




3.5.3 Characterization of anisotropic superconductors

To include also anisotropy of the superconducting film, the complex conductivity
may be represented as a tensor

8, = 8,-j5,, (3.27)

e, (T) o,,(T) 0
5,(T} = [6,,(T) o, (T) O | (3.28)
0 0 o,(N

When the principle axes of the superconducting film are aligned with the coordinates,
Oyx(T)=0,,(T)=0. In the case of YBCO, aj=llmul.j2 (i=x, y, z), and the penetration depths
are equal along the x- and y-axes, namely, A,=A,. The z-axis penetration depth becomes

o, = 8o, (3.29)

where the coefficient 8 is constant [43-47]. Then the FDTD can be modified to include this

tensor conductivity. The normal state conductivity along the transverse x-y plane is typi-
cally almost an order of magnitude higher than the conductivity along the z-axis [43-47].

3.6 Numerical results and discussion

3.6.1 Analysis of microstrip and CPW with lossy media and finite

metallization

In this part, we will test and discuss the theory proposed in this chapter. In order to
reduce the memory space and run time, symmetrical structures are chosen here withou*
loss of generality. Quasi-static field distributions are usually used as an initial input excita-
tion. After the modes are established, the resulting field distributions are used as an excita-
tion impulse. Absorbing boundary conditions presented in this chapter (Section 3.3 on
page 40) are employed to simulate open structures. The nunierical study of the effect of

Calculation examples are given in the following and compared to experimental
results. Fig. 3.4 (a) shows a comparison for the accuracy of attenuation coefficient calcula-
tion of the microstrip line between using eq. (3.20) and eq. (3.21). From this example, we
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can find that eq. (3.21) gives accurate solutions only for metallization thickness t>3d
(roughly 2.0 um in this case). Eq. (3.20) must be used instead of eq. (3.21) for accurate
calculation of thin metailization. For a CPW line, the results calculated from eq. (3.20}
and eq. (3.21) are shown in Fig. 3.4 (b), in comparison to experiment [52] and the Spectral
Domain Approach (SDA) solutio... This example further confirms that eq. (3.21) gives
accurate solutions only for metallizadon thickness t>3d (roughly 2.5 pm in this case).
Also here eq. (3.20) must be used instead of eq. (3.21) for accurate calculation of thin met-

allization.
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Figure 3.4 Comparison for calculation of losses (lossy media and finite metallization) between
eq. (3.20) and eq. (3.21), o=4.1%107 S/m, £,=12.9, tand=3.0X104, (a) a microstrip line, h=100
um, f=15 GHz, (b) CPW, h=500 um, w=50 um, w/(w+2S5)=0.4, =10 GHz.
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Figure 3.5 Total losses of a microstrip line, £,=12.9, tand=3.0%10"4, h=100 um, o=4.1%107 S/m,
=3 pm.

The frequency dependent attenuation coefficient for a microstrip line is calculated in
Fig. 3.5 (eq. (3.20)), and compared to measurements [52]. The real variable 2D FDTD
scheme is used here. The graded mesh discretization is utilized. Near the metal strip edge,
the discretization steps are 1 pm in vertical y-direction and 2 ym along the horizontal x-
direction. Then 5 meshes with a ratio of 1.25 are used away from the metal strip in x-
direction, and 1.5:1 is used in y-direction. After that, meshes with ratios of 1.5:1 and 2:1
are used, respectively, along the x- and y-direction. The typical computation time for the
structures in Fig. 3.5 is about 20-50 minutes per curve on an iBM Risk 6000. A reasonable
agreement between measurement and numerical simulation can be stated.
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Figure 3.6 Metallization thickness effects of microstrip ines and conductor backed coplanar
line, =50 GHz.

Fig. 3.6 shows the effect of metallization thickness of the strips on the microstrip
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line and conductor-backed CPW. It is found that the metallization thickness has a signifi-
cant effect on the transmission characteristics, especially for conductor-backed CPW, and
this kind of effect must be taken into account for practical circuit design. From the calcu-
lation of microstrip lines and coplanar waveguides, it was found that the metal strip loss is
dominant. It was also found that the dielectric loss is small and the ground plane metal
loss is negligible. Therefore, results for thesc two loss factors are not shown here. Only the
total attenuation is shown in the figures. Fig. 3.7 (a) shows the total losses of a microstrip
line with different metal strip width. The narrower the strip is, the larger the losses will
introduce. That explains why miniaturizing circuits will increases the losses. Fig. 3.7 (b)
shows results for a conductor-backed coplanar waveguide with different metal strip and
slot widths. For a constant slot width, also here the losses increase when the strip width
decreases.
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Figure 3.7 Frequency degendency of attenuation coefficient for GaAs transmission lines,
€m=12.9, d=8 um, =8 um, a=50 um, h=200 um.

3.6.2 Analysis cf metal-insulator-semiconductor transmission lines

Further examples of lossy structures are given for metal-insulator-semiconductor
(MIS) transmission lines in Fig. 3.8 and compared to the experimental results [42].
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MIS traiismission lines find wide application in monolithic microwave integrated
circuits, where the existence of propagation modes with low phase velocity allows to
reduce the dimension of the distributed circuits. The applications also include devices
such as variable attenuators and phase shifters. Basic studies of MIS structures have been
made experimentally and numerically [42,61]. In the following the real variable 2D FDTD
method is applied to only half of the MIS CPW in Fig. 3.8 due to the symmetry of the
structure. The smallest meshes of 0.5 um are used around the slot. The mesh sizes increase
away from the slot with mesh ratio 1.2:1. The total matrix size is 40x30. The time step is
chosen as At = 0.835 fs. The cpu time for Fig. 3.8 is about 25 minutes.
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Figure 3.8 Numerical results of 2D FDTD compared to the experiment in [42]; h=490, d=2, t=1,
w=10, §=5, a=50, £.=4, p=15Q, 0=2.75x107S/m, all dimensions are in um.

3.6.3 Field distribution in superconductor CPW

In order to verify the above 3D FDTD model of superconductors, different Gaussian
pulses are used to excite a coplanar waveguide. The strip width is 15 pum, the gap is 10
um, and the dielectric substrate thickness is 100 pm with dielectric constant g,=12.9, and a
small loss of tgd=4.0%10"7 (Fig. 3.9). The superconductor strip has a thickness of 1.0 um,
and the material is characterized by T=92.5 K, the penetration depth is A=0.3 um, o=1.7
S/um. The ambient temperature is taken as 77 K. Fig. 3.10 and Fig. 3.11 show a Gaussian
pulse propagating smoothly through a CPW line after t=400 and t=600 time steps,
respectively. The pulse width used is W=40 ps. Total meshes used are 10x30x120 (height
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by width by length). Typical CPU time is around 40 minutes. We find that the narrower the
pulse width, the more distorted the pulse shape becomes. This distortion may be due to the
modal dispersion and leakage effects. The higher frequencies travel at a slower velocity,
resulting in increased pulse distortion, and ringing on the back of the pulse. These effects
will increase with transmission distance and are more pronounced for narrow pulses or

large structure dimensions.

o

Figure 3.9 Conductor-backed coplanar waveguide, w=15 um, s=10 um, h=100 um, t=1 um,
£,=12.8, tgb=4.0%10"7

0.4

0.3

20

Z direction o o

Y direction

Figure 3.10 Gaussian pulse with width 40 ps in the superconductive CPW line, t=400dt




Figure 3.11 Gaussian pulse with width 40 ps in tie superconductive CPW line, +=600dt
3.6.4 Effect of buffer layers in superconductor trans:ission lines

The attenuation characteristic of a superconductor microstrip line with buffer layer is
analyzed using the variable mesh 3D FDTD. Results are shown in Fig. 3.12 and Fig. 3.13.
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Figure 3.12 Attenuation of a supaerconductor microstrip line with and without a buf{er
layer(g,=500, d=0.1 um), w=150 pm, t=0.5 um, h=500 um £,=9.8, A=0.2 um, 64=1.0 S/um, T,=93
K, T=77 K, 3;=51,,

Fine meshes of 0.1 um are used in the buffer layer and conductor. The mesh ratio
is 2:1 away from the buffer layer and the microstrip edge. Half of the structure is dis-
cretized by 40x30 meshes in the transverse plane. A total of 160 uniform meshes are used
in wave propagation direction. From Fig. 3.12, one can clearly see the problems in the
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original Yee’s algorithm with variable meshes which do not represent the real phenome-
non very well since the first order errors accumulate and cause uncertain and erroneous
results, especially for frequencies above 10 GHz in this example. Therefore the improve-
ments in the second order grading schemes developed in this thesis are necessary for cor-
rect results in the analysis of thin film superconductors. For the thin metal and buffer
layers chosen here, the buffer layer influence on the attenuation is marginal. This is not the
case for the propagation constant, as illustrated in Fig. 3.13. The tensor conductivity in
this structure was chosen to be A,=5A, ,.
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Fiﬁure 3.13 Propagation Characteristic of a si:nerconductor microstrip line with and without a
buffer layer(e,=500, d=0.1 um), w=150 pm, :::0.5 um, h=500 um ¢,=9.8, A=0.2 um, g4=1.0 S/um,
Te=93 K, T=77 K, 4,=51,

Similar results and conclusions are valid for CPW structures. The attenuation of a
superconductor CPW with buffer layer is shown in Fig. 3.14, where for the thin metal and
buffer layer chosen here, the buffer layer influence is negligible. But this is not the case for
the propagation constant, as illustrated in Fig. 3.15.
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Figure 3.14 Attenuation Characteristic of a superconductor CP'."! with (solid line) and without
(dashed line) a buffer layer(e,=500, d=0.1 um), w=150 pm, s=100um, t=0.5 pm, h=500 um ¢,=9.8,
A=0.2 pm, 6=1.0 S/um, T=93 K, T=77 K, A,=54, y
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Figure 3.15 Propagation Characteristic of a superconductor CPW with (solid line) and without
dashed line) a buffer layer (¢,=500, 3=0.1 pm), w=150 um, s=100um, t=0.5 um, h=500 um
£=9.8, A=0.2 pm, 04=1.0 S/pm, Te=93 K, T=77 K, A,=51, ,




3.6.5 Superconductor CPW gap resonator

of e AR ]
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Figure 3.16 CPW gap resonator, £=9.8, =0.18 um, 5y=1.0 Sjum, T.= 86 K, T=80 K, A,=51, , a
buffer layer(e,=500, d=0.1 um), t=0.5 um

Fig. 3.16 demonstrates the application of the 31 FDTD method for the analysis of a
superconductor CPW resonator. The dimensions are given in Fig. 3.16. A buffer layer of
d=0.1 pm is considered and the metal strip thickness is t=0.5 pm. The ratio between the
largest and the smallest circuit detail is h:d=10000:1. The conventional uniform dis-
cretized 3D FDTD method is not able to sol ‘e this structure without the use of a super-
computer. However, with the variable mesh FDTD developed in this thesis we were able
to analyze the structure on a workstation computer. The finest mesh is 0.1 um. The mesh
sizes increase with ratio 1.5:1 away from the conductors and the buffer layer. The CPU
time for S-parameter calculations is about 5 hours per curve on an IBM Risk6000 com-
puter. With a gap width of G=200um, the resonance peak was calculated at 15.75 GHz.

3.6.6 Analysis of electrooptic modulator

The cross section of a typical electrooptic mcdulator is shown in Fig. 3.17. An opti-
cal waveguide has been formed in the surface region of a lithium niobate substrate by the
indiffusion of titanium. Coplanar control electrodes are separated from the lithium nio-
bate by a thin silicon dioxide buffer layer. The optical waveguide is located below the gap
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between the strips (Fig. 3.17) or otherwise below strip edges depending on the direction
of the controlling electric field. This integrated electrooptic modulator is based on the
interaction of a controlling electric field with the field of a guided optical wave in a
dielectric medium. The permittivity of the guiding medium is perturbed through the linear
electrooptic effect (Pockels) [93], achieving electrooptic modulation. To maximize the
electrooptic effect, the optical axis of the lithium niobate is aligned with the direction of
the polarization of the optical wave. The ultimate limit of the bandwidth for traveling
wave modulators is set by the difference between velocities of the optical and electrical
signals. To overcome this velocity mismatch limitation and optimize the electrooptic
interaction operating at higher frequencies, clearly an accurate characterization of micro-
wave propagation parameters with dispersion effects is required. Basic problems in previ-
ous work has been the accuracy and efficiency of analysis and design of these integrated
optical modulators [94]. Because of its flexibility, the FDTD method is suitable for this

structure with the complex media.
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Figure 3.17 Calculation of propagation characterization of an electrooptic modulator, s=5um,
w=8um, a=4mm, b=10mm, c=1mm, d=0~0.4yum, A=Smm.
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The substrate of integrated optical modulators is usually made of anisotropic dielec-
tric. This anisotropy can be modelled with the FDTD discussed in Section 3.5.3. Also, a
buffer layer is usually used to minimize the optical loss. Without considering the metalli-
zation thickness in this example, the calculation effort is greatly reduced. The real vari-
able grading 2D FDTD algorithm needs about 30x20 meshes with mesh ratio 2.5:1.
Typical cpu time is about 5 minutes per buffer layer thickness.

3.6.7 Probe-fed waveguides

3.6.7.1 Introduction

Further applications of the FDTD algorithm developed in this thesis are in the area
of waveguide components. For example, the input and output port. >f microwave periodic
or cavity filters are usually realized by coaxial probe (Fig. 3.18) protruding into the
waveguide on the wide side of the rectangular waveguide with an electric wall on one side
of the probe and the filter on the other side in order to avoid using extra waveguide transi-
tions.

Although the probe-excited waveguide has been treated numerically by several
authors [88-90], the assumption of semi-infinite long waveguides and certain uniform cur-
rent distribution was always made to extract empirical formulas. Unfortunately a recent
work by Zaki and Liang [90] still dealt with the semi-infinite waveguide with limited
accuracy. Thorefore, fine-tuning is necessary.

To eliminate the need for fine tuning, ur objective is to establish some design data
from exact numerical analysis utilizing the 3D FDTD method.
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Figure 3.18 Cross section of the coaxial fed probe in a rectangular waveguide

The goal is to obtain maximum efficiency of coupling energy into the filter. The
question then is:

What is the optimum dimensions and locations of the probe in order to effectively
couple the coaxial line signal into the iilters? Or in other words, what is the minimum
reflection if we have different choices of the matching network?

3.6.7.2 Coaxial Probe in Waveguides

For the probe-excited wave Juide structure with loading effect (Fig. 3.19), the vari-
able mesh FDTD wiil be used and the boundary of the coaxial waveguide will be approxi-
mated by staircase function. Analytical quasi-static field distributions are enforced in the
coaxial line. The spectra of the reflected pulse over that of the input pulse determine the S-
parameters or the input impedance. The next task will be to determine how the dimensions
affect the input impedance.

Some approximations and limitations include: (1) perfect conductors are always

assumed although this is not necessary; (2) only symmetrical structures have been ana-
lyzed to save computation efforts.

T<~— L —»
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Figure 3.19 Cross section of the coaxial fed probe in waveguides with loading, all dimensions
are in mm, a=12.5, b=3.6, dielectric thickness of the E-plane filter=0.635.

3.6.7.3 Effect of the probe insertion depth in the waveguide

The dimension is chosen as required in Fig. 3.19. The waveguide width is a=12.5
mm, the height is b=3.6 mm. The waveguide is fed by a RG-142 coaxial line, with inner
conductor diameter r;=0.89 mm and outer conductor diameter r,=2.95 mm. The dielectric

is Duroid (g, = 2.2). The first higher order mode cutoff frequency in the coaxial line is




arouzd 17 GHz. A 5% margin is used so that f=16 GHz. The operation center frequency of
the loading section is at f = 14.2 GHz.

The simulation results are shown in Fig. 3.20. It is evident that (1) for different
probe positions, L, away from the short circuit plane, the input impedance is increasing as
the probe insertion depth increases; (2) It is not possible to improve the matching results
(near SO ohms) by using a shorter insertion depth. For the probe which is around 5 mm
away irom the short plane, we need around 3 mm insertion depth of the probe to have 50
ohms of the real part of the impedance. It is difficult or impossible to match the coaxial
line with the probe very near to the short plane. The distance L must be large enough to

achieve a matching condition.
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Figure 3.20 Effect of the probe position L for different probe insertion depth d

3.7 Conclusion

An effective variable mesh scheme has been described to further increase the FDTD
efficiency. Prony’s method and a modified ABC have been discussed. Application exam-
ples to lossy structures, superconductors, and waveguide discontinuities have been pre-

sented.




Chapter 4

Modified method of lines

This chapter presents a modified method of lines in which the error of h?) inherent
in the iraditional method has been reduced to o(h?). The resulting algorithm provides bet-

ter accuracy, reduced memory space and shorter computation time.

4.1 Introduction

To place the improvements made to the MoL. in & better context, the following para-
graph summarizes the basic features of the method. The MoL is a semi-analytical
method first introduced in 1930 by Russian mathematicians. Since then the method has
been further developed, until in 1980 it was first applied to microwave problems by
Pregla and co-workers [55-60].

The MoL analysis of hybrid-modes in arbitrarily shaped planar and quasi-planar
electromagnetic structures is based on two independent scalar potential functions from
which all electromagnetic field components are derivcJ. These potential functions satisfy
Helmholtz equation and the correspondent boundary conditions. Applying the MoL,, for
instance, to a layered quasi-planar multi-conductor transmission line, the electric and
magnetic potentials are discretized by vertical straight lines which are normal to the
metal strips and the dielectric interfaces. After some mathematical preprocessing, the dis-
cretized Helmholtz equations are diagonalized and then solved analytically. Using the
central finite difference scheme to approximate the first order partial differential operator
two neighboring field components are required. This leads to an accuracy of o(?)
because the value of the first order differential is defined in the middle between these two

IR S
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field components. The electric and magnetic potential functions are shifted with each
other. This is not only convenient for matching the boundary conditions, but the advan-
tage of this shifting is also that second order accuracy is preserved simultaneously for
both e-lines and h-lines. This is important when the first order differentials are used to
calculate the second order differential operator which is defined at the exact same point as
the field component itself, namely in the middle between two neighboring first order dif-

ferentials. Therefore, in both approximations, the error is on the order of o(K?), with h
being the spacing between the lines. The same applies for the field continuity conditions.
The first order differential operator is defined in the middle (central finite difference)
between the two field components. Otherwise, only a first order accuracy can be obtained.
Since the accuracy of the method mainly depends on the size of the discretization steps,
it is obvious that the finer the steps, the better the results from this scheme. On the other
hand, the use of finer discretization steps means also that the memory space and CPU-
time would increase. To overcome this problem, it is better not to increase the number of

lines but to increase the accuracy of the scheme itself.

In this chapter a modified approach to the method of lines is introduced which

reduces the error to a higher order, o( h“). This leads to a faster convergence rate com-
pared to the conventional MoL. Or, in other words, to achieve the same accuracy known

from the conventional approach, a smaller number of lines is required.

To appreciate the modifications made in this thesis, one must understand that the
overall error in the MoL results not only from the discretizations of the Helmholtz equa-
tion, but also from the continuity equation and the edge condition. In previous work it
was tried to modify the scheme only in part [55], but an overall improvement was not
achieved. The important point was that any modification in only one of above sources of
error will not lead to a reduction of the overall error. In [55] the fourth order scheme was
only applied to the discretization of the Helmholtz equation. However, instead of a better
accuracy less accurate results were obtained. Application of the fourth order scheme to all
three sources of error was first demonstrated in [70] with excellent results. This work
was further applied to optic waveguides in [ 97].
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In the following, details of the modified scheme as it applies to the Helmholtz equa-
tion, matching condition and edge condition will be discussed.

For clarity, the discussion will be limited to 2D problems only. An extension of the
approach to 3D discon* nuities is straightforward.

4.2 Method of analysis

4.2.1 Discretization of Helmholtz equation

A planar microwave structures with several homogeneous layers of dielectric is
assumed. The electromagnetic field in each homogeneous region can be derived from

two independent scalar potential functions ¢, and ¢, which satisfy the Helmholtz equa-

tion and the boundary conditions at the lateral walls.

The field components are related to the potential functions ¢, and ¢y, as

E= VXV -V(@2) | B = oWV (@) +V@) . @)

Both scalar potentials, ¢, and ¢y, satisfy the Helmholtz equation

2 2
5’4‘§+Q-‘g+(k2~- 52)4; =0, 42)

ox~ Ay
*k = cm/ﬁé) and the boundary conditions. A time harmonic term of exp(jor-jBz) is

always assumed.

Since the hybrid field probiem can not be solved analytica'ly for the whole region,
the calculation domain is discretized along the x-direction by a number of straight lines
along the y-axis, which are spaced by a constant h. The discretization lines for the elec-
tric potential function ¢, are shifted with respect to the lines ¢, by a distance of half a dis-
cretization step, #/2. By doing this, the boundary conditions can be fitied easily and the
discretization error of the Helmholtz equation can be reduced from the first order o(h) to




second order of 4 ).
The discretized potential functions ¢, and ¢, are placed at equidistant intervals x;
(i=1,2,35,.,N)

x; = xo+ih, @.3)
with A being the spacing between the lines (Fig. G.1).

It should be noted that the first order partial derivatives of ¢, fall on the ¢y, lines

and vise versa when the central finite difference approximation is utilized

a ¢ b, - ¢ VR,
ge. h = l‘ +;1 ‘ I' ,i=1,2,3,.., N, 44)
* livos
or, in a matrix notation
$e,
= (D13, @3

The first order difference operator, [D], depends on the lateral boundary conditions.
For instance, for the Neumann-Dirichlet (N-D) case, [D] reads as

11 ¢ ..0 0 100 ..0 0]
0-11.00 1-10..00
[D] = 0 O -l 0 0 ’_[D]’= 0 1 "l vos 0 0 (4.6)
0 00..-11 000..-10
|0 0 0 ... 0 -1 |00 0..1 -1
Applying the central finite difference scheme again to calculaie the second order
partial differential operator yields:
248 248,

;— = -[D1'[D)§, = [P,1%,.h — = -[D] [D1'§) = [P,18,.




For the special case of N-D-boundaries, [P]={P,]=[P]. Then the wave equation (eq.
(4.2)) becomes

b,
;}% + hlz (6, 1-2¢,+¢;,,] + ("2 - 52)4?,- =r,i=123,.N, %))

where the discretization error

r

A ( hs)

;= 12ax“¢‘+36°ax6¢'+0 4.8)

is dominated by the o(4?) term.

When we omit the discretization errors in (4.7), the discretized wave equation can

be written as

“—2% {(kz-ﬁ’) (- P11§ = 0. 4.9)
a'y2 K

Since the accuracy of the method mainly depends on the size of the discretization
steps, it is obvious that the finer the steps, the better the results from this scheme, On the
other hand, the use of finer discretization steps means also that the memory space and
CPU- time would increase. To overcome this problem, it is better not to increase the num-

ber of lines but to increase the accuracy of the scheme itself.

To eliminate the o(#?) term in eq.(4.7), at any index i, this equation must be com-
bined with the equations at the three neighboring lines, i-/, i and i+1. It is found that
appropriate coefficients can be found to cancel the o(#%) providing an o(h?) accuracy.

The mathematical procedure is as follows. Combining the discretized Helmholtz
equations at the two neighboring lines and the line itself with appropriate coefficients
leads to the following expression (details can be found in Appendix G):
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2 (8 +100,+9,, 2(2-p)e, = 1y is1.2,3.N 4.10)

where, the discretization error is now reduced to o(h*)

7h 3° ( 6) .
Tio = 720a 6¢ +o0 ,i=1,2,3,...,N. (4.11)

Omitting the error term, eq. (4.10) can be written in matrix form as

[Q]dj ( )[Q] -=[P1}$ =0, (4.12)

where the matrices [P] and [Q] are of tri-diagonal form

(g, 1 0..0 0 p, -1 0 ... 0 0]
1101..0 0 1 2-1...00
IR Ll OB
00C0..101 000..2-1
_000..1q% LOOO.-lpz_

with the coefficients p; and g; (i=1 or 2) depending on the lateral boundary conditions

2, i=1 or 2; for the Dirichlet (D) bou::dary conditions.

Pi = 1, i=1 or 2; for the Neumann (N) boundary conditions.

10, i=1 or 2; for the Dirichlet (D) boundary conditions.

%= 11, i=1 or 2; for the Neumann (N) boundary conditions.

It is found that the difference between the new scheme and the conventional MoL
in the discretization of the Helmholtz equation is that, instead of only a tri-diagonal
matrix [P], there is now an additional matrix [Q] to be considered, which is different
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from [P]. In other words, to find an analytical solution for this equation, one must not

only diagonalize matrix [P] but aizo matrix [Q] with the same transformation.

For any kind of lateral boundary condition, one can always construct a matrix to
diagonalize not only the matrix [P] or matrix [Q] but diagonalize both of them simulta-

neously. This is obvious when we rewrite these two matrices

12[Q] + [P] - 12[1] =0, or [Q] =[I] - [P}/12. (4.13)
Therefore, an orthogona! matrix [T] which diagonalizes [P] can also diagonalize
{Q]. More details of this procedure are given in the Appendix F.

Multiplying eq. (4.12) with matrix [T] and its transpose from the right and the left

sides, respectively, leads to a set of decoupled ordinary differential equations

=2
“127+ {(k’ - 52)--5—2}V =0, 4.14)

dy h
which can be solved analytically, where V (V¢, V) = [T]} is the transformed potential

and [5] a diagonal matrix with elements

[ 8]

A
5

EN

_12(1-cosp) _ 12
(5+cosyp,) 1-3(cec9,/2) 2

Fol
N

4.15)

4.2.2 Continuity conditions at interfaces

The continuity condition at any interface between region k and region k+1/ r2quires
that the tangential field components at the interface of two regions (Figure 4.1) are
matched

Ez,k = Ez,k+l'Ex.k = Ex.k+1vH2.k = Hz,k+1+]x'nx.k = Hx,k+l"'72'

The tangential fields can be expressed by the scalar potentials (eq.(4.1))




85 |

E, = _L?Umqua,, +jBY3,) , A, = —— (josV5d, - jBVE) ,

erko grko

where the differential operator is tangential to the interface. From the above equations,

one obtains
. B a(¢e.k_¢e,k+l = _(-_)_ _
Ex: meoaxk €& Erisi ay(¢h,k+1 ¢,,, k) » 4.16)
1

Bz: _1—(3' kkg_ﬁ)‘pe.k = (er,k«flk(z)'ﬁ) L JPUR (4.17)

€roe> € k+1

d )
HX: (= O k01) = &a@h,m_%g -, @.18)
Hz: (e"kk‘z’_ﬁ)¢h-k = (8r.k+lk(2l'ﬁj¢h,k+1 -jopJ, . 4.19)

Region k

) a L

Figure 4.1 Mol calculation of a microstrip-slot line with two dielectric interfaces A and B, p is the
edge parameter to satisfy the edge condition.

The derivatives with respect to x can be found from the central finite differences between

two lines, for instance

e e
B {(¢e.k.i+1'¢e,k,i)/h"k,i_ (Peks1,i41 —¢e,k+1,i)/h_rk+l,i}

0, €k € k+1

d
= a'y' (¢h, k+1, i"(tg/,, k, ,:) ’ (4.20)
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_(_,;L{ h,k,.+;1 hok,i - h,k+l,1+;l hok+l,i -y

d
= E};(¢e.k,i_¢e,k+l,i)‘ 4.21)

The discretization error can be found as (Appendix F)

re,h h a h as
k,k+lz 4'3 3 kk+l,z n 5'8

It is obvious that the above discretization accuracy is at best of second order. To improve

Dt von). @.22)

the discretizaton sccuracy to e ) three neighboring lines must be combined in the dis-
cretized scheme. (4.20) and (4.21) then read as

e €
_&{ B rivt=Pexd /P50 Beiiniva ‘¢e,k+1,i)/h'sk+1.i}

@ Erk o Erka

——.
-

1d )
= 2—4(1—}'{ (¢h,k+l,i+1_¢h,k,i+1) +22 (¢h,k+l,i_¢h,k',') + (¢h,k+ l.l—l_¢h,k,1-1)}

(4.23)

;Dﬁ{(d’h,k,n;l_q’h,k,i) _S:,'__ (¢h,k+l,i+;l_¢h.k+l,i) _ ::H 3 -J,

1d
= ﬁd_y{ (¢e,k+l,i+l-¢e‘k‘,‘+1) +22(¢e.k+l.i_¢e,k,i) + (¢e,k+l.i~l-¢e'k’i_l)}

(4.24)
Developing this equation in a Taylor series (Appendix F) leads to the expression
eh 175 9’ "6
Sthkel,i = ma ‘bk k+1, 1+0(h) (4.25)

which clearly shows that the discretization accuracy of the modified MoL is now of 4th

order.
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By making use of the difference operator notation the above equations can be writ-

ten in matrix form
B L RS = d _
g [D](er.k er,k+l) 2. d)’“"’“l #e) - “-26)
p d
ap [0V @ - B 00 + 10V, = [0 Z @erar-d, 0 @.27)

Matrices [D] and [D}' are given in eq. (4.6), and [Q,] is a new matrix as a result of the

modified MoL approach
g, 1 0..0 0
1221..00
. 110 122...0 0
Wl =2
0 00..221
O 00 ..1 9]

The coefficients q,; (i=1 or 2) depend on the lateral boundary conditions

22, i=1 or 2; for the Dirichlet (D) boundary conditions.

9xi = 23, i=1 or 2; for the Neumann {N) boundary conditions.

Also here it is found that the matrix [D] and matrix [Q,] can be diagonalized by the
same matrix [T} because in analogy to eq.(4.13) we find that 24[Q,] = 24[I] - [D].

Hence, analytical solutions can be found since only diagonal matrices are involved after
the transformation. Elements of all the matrices can be stored as one-dimensional arrays.

All inverses of matrices are equivelent to their transpose.

4.2.3 Edge condition
In the above error analysis it is assumed that the higher order partial derivatives of

the potential functions are continuous. However, the field behavior is singular at the
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edges of the conductor. The fields must satisfy the edge condition which, in the conven-
tional MoL. minimizes the discretization error if the last line on the conductor is
p=0.265h away from the edge [56). This is usually approximated by p=0.25h. Since the
Mol scheme has been modified to a higher order error term, the edge condition must be
modified accordingly. The edge condition requires (when r -> 0):

¢, r'%sin6/2, ¢, = r' *cos (0/2), (4.28)

where the point (r, 0) is described in polar coordinates. When r -> 0, the electromagnetic

fields kave quasi-static characteristic, and the potentials satisfy [56]

2 2
99,98 . (4.29)
ox" dy
Substituting (4.28) into (4.29), and using the discretization scheme (4.10) at point i,
yields

-3/

r>24100-p) 2+ @-p) 1 +20(1-p 2+ 2-p)"?} = 0.(8.30)

1
24
From this equation, the optimum distance in the modified MoL approach is found

to be approximately p=0.30 (Fig. G.1).

4.3 Numerical results

Eq. (4.12) can be easily solved analytically for each layer of the structure. The solu-
tion has a form similar to that of the transmission line equation. Thus, a relationship
between the potential functions at any two positions within a homogeneous subregion is

given

W h 1. A

v = | coshe(y, -yy) <sinhx(y, -y, v (4.31)
d pe.b . dpei| '
¥ xsinkx (y, -y;) coshk(y, -y,) | |7y

Y1 ¥z




where

k+1 2 [ k+1.2 L2) .
Kj+ = ax'l/h —(8’.+ ko—ﬁ‘);1=1y2,39"-:N'

where the elements of the diagonal matrix d, j are the eigenvalues of the transformation

matrix. [T).

From (4.31), the potential functions can be transformed from one interface to
another. Thus, one can obtain a set of equations which contains discrete values of the
transformed potential functions and discretized current distributions at the interfaces.
Finally, all the transformed potential functions and tangential fields can be transformed
back into the original domain by the transformation matrix [T]. Therefore, this set of
equations can be written as the relationship between the tangential fields and surface cur-

rent intensities at interfaces. For example, assuming a structure of three layers yields

~ - — -

o T <%

V4 , (4.32)
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where the capital letters A and B denote the interfaces A and B (Figure 4.1), respectively.
By making use of the zero tangential field on metal strips and zero current distribution in

the slots, a reduced determinant equation is obtained

"

z, slot

(Z],,q Eovtor = 0, (4.33)

2, strip

[V x, strip|

for which the nontrivial solution requires
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det([Z},,) = 0. (4.34)
Now only the number of lines on the strips of interface B and in the slots of interface A
(Figure 4.1) determine the size of the reduced eigenvalue matrix [Z],.;. The eigenvector
is the reduced part of the current density distribution at interface B and of the tangential

electric field at interfece A, respectively.

In summary, the difference between the original MioL and the modified scheme pre-
sented here is that: a three-line discretization of the Helmholtz equations, the field conti-

nuity equations and the edge condition has been introduced leading to an of ) accuracy.
After these modifications, the remaining riumerical procedure of the modified MoL algo-
rithrn is the same as that in the original scheme [55). However, the accuracy and conver-
gence rate are improved greatly. Therefore, a smaller number of lines and consequently

smaller matrix sizes are needed.
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Figure 4.2 Calculation of a microstrip line, w=d=1.25mm, a=b=c=12.5mm, ¢,=8.875, adce
parameter p = 0.30 (case a), 0.25 (case b).

To test the new algorithm, a microstrip line is simulated and results are compured
with results from the conventional MoL scheme. Fig. 4.2 clearly illustrates the improve-
ments of the modified MoL. With only 4 lines on the strip the modified MoL achieves a
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better accuracy than the conventional MoL with 8-10 lines. However, the optimum edge
parameter in the modified MoL (p = 0.30, ph is the distance between the first discrete
line and the metal edge, h is the discretization step) is slightly different from that in the
original one (p = 0.25). The simulation of a microstrip line with tuning septums

(Fig. 4.3) also confirms this conclusion.
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Figure 4.3 Calculation of a microstrip-slot line with tuning septums, w=d=1.25mm,
a=b=c=12.5mm, s=1mm, ¢,=8.875.
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Chapter 5

Cylindrical method of lines

The method of lines can also be applied to solve Helmholtz equations in cylindrical
coordinates. By discretizing the angular space direction, also here the Helmholtz equa-
tion becomes a set of ordinary differential equations which can be solved analytically in
radial direction after an orthogonal transformation. An analytical form of the transforma-
tion matrix is derived. The method is suitable for the analysis of not only cylindrical
structures but also arbitrary cross sections with homogeneous and inhomogeneous propa-

gation media.

5.1 Introduction

Characterization of various homogeneous and inhomogeneous waveguides with
cylindrical cross section is important for cylindrical multiconductor transmission lines or
integrated circular waveguide components. The design of passive circuits oi: curved sur-
faces is not a simple problem due to the fact that structural details are frequently describzd
by a mixture of cylindrical and cartesian coordinates. The problem is difficuit with most

existing numerical approaches, especially when there is no angular symmetry.

In the following the MoL procedure introduced in the previous chapters will be
adopted for cylindrical coordinates. Most applications of the MoL are so far only for struc-
tures in a rectangular coordinate system. Although the method of lines in Cartesian coordi-
nates has been applied also to curvilinear structures [67] by using a staircase
approximation of the cylindrical boundary, this approach has a limited accuracy. For appli-
cation of the MoL directly in cylindrical coordinates, very little information has been pub-
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lished. Thorburn, Agostron, and Tripathi [63] discretized the r-variables in the Helmholtz
equations with circular lines and successfully solved the remaining equations along the 6-
direction. However, they did not elaborate on how to solve the problem at r=0 (center of
the coordinate system) for the general case with no symmetry planes. In general, the
boundary condition along r=a (refer to Fig. 1 in [63]) is an electric wall, but the condition
at r=0 is unknown except in symmetric structures. In asymmetric structures the transfor-
mation matrix io decouple the coupling differential equations at different lines requires
knowledge of the boundary condition at r=0. To solve this problem, the authors of
[66,95,96] suggested to discretize the O-variable by radial straight lines. The authors staied

that the same transformation matrices [T], the difference operator [P], and the eigenvalues
[A] found for Cartesian coordinates can be used for cylindrical coordinates. Although the

use of radial lines to discretize the angular space direction is a good idea and will be used
in this chapter, we found that contrary to the statement in [66] for the case of asymmetric

structures the finite difference operator [P] in cylindrical coordinates is generally different
from the one in Cartesian systems, and so are [T] and [A]. The main difficulty to overcome
here is that in polar coordinates, when discretizing the structures with N lines along the
radial direction, periodic boundary conditions must be satisfied with ¢(r,0,)= ¢(r,2n+6,)
(k=1,2,...,N) (Fig. 5.2). Due to the periodicity of the solution, the transformation matrices
developed for Cartesian coordinates [55] are no longer applicable for the general cases.

In the following it will be shown how the general MoL algorithm can be applied to
cylindrical structures.

Altiough the following theoretical derivations are only related to two-dimensional
discontinuities, the method can be extended to spatially three-dimensional discontinuities
by discretizing also the z-variable instead of assuming y=jB. This topic will be discussed

in next chapter.

3.2 Semianalytical solution of Helmholtz equation

The general case of a multilayered dielectric cylindrical microstrip transmission line
is treated first (Fig. 5.1). Simpler cases, like waveguide structures with homogeneous
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dielectric can be easily derived from the general case. The electromagnetic field in the
homogeneous subregions can be derived from two independent scalar potential functions.
For a two-dimensional eigenvalue problem in a cylindrical coordinate system the scaiar
potentials ¢, pexp{jwt-yz)} (assuming y=jf) are directly proportional to the field compo-
nents E, and H,. Both satisfy the Helmholtz equation in polar coordinates

2

li(r%$)+-%)-§5+(k2-ﬁz)¢ = £(r.9), G.1)

2
ror r

and the boundary conditions depending on the structure and modes we are interested in
(k2=m2p£). The electromagnetic field components are then obtained from eq. (4.1).

Figure 5.1 Mol discretization in a cylindrical coordinate system

Since the hybrid field problem can not be solved analytically for the whole region,

the calculation domain is discretized along the angular direction by an ensemble of

straight lines along the r-direction. The uniformly discretized 6-variable reads then

2rk
6, =60+ (k-1)h = -1-\/_’k=1’2""’N' 5.2)

with N the number of discretization lines, and h being the angular spacing between the

lines. For known reasons, the discretization lines for the electric potential function ¢, are

shifted with respect to the magnetic lines, ¢, by a distance of half a discretization step, //2.

Using the central finite differences
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e, _q’e,h
e

(h=2r/N), the above equation can be written in matrix form

228

ﬁh
h=g = LD1§,.h

= &~[D]'$;. (54)

The first order finite difference operator .s an N by N bi-diagonal matrix

(11 0..0 0] (100 ..0 1
0-11..00 1-10..0 0

[D] = 0 O "1 O O ,-[D]t= 0 1—1 e 0 0 , (5.5)
000 ..-11 000..-10
(100 ..0 -1 000 ..1-1

where t denotes the transpose of a matrix. It should be noted that the operator [D] used
here for the periodic boundary condition in cylindrical coordinates is similar to that in
Cartesian coordinates given by Shultz and Pregla in [55,60]. The central finite difference
scheme is used again to calculate the second order partial differential operator from the
first order one as

TR
23: -h;(—,(h%)'i=h Dlisos _ Olos - (_ipy") o1, = (14, |
(5.6)

X IR
hz-é-;-;'!‘=haa( ae"), o 1203 [D](—[D]‘)wu’m,

5.7)
where [P)=[D](-[D})=(-[D])[D}, and




2 -10 ..
-12 -1..

[P] = ®es see aes sss sss ave ses . (5.8)

(= =
(= I =
<

000 ..-12-1
-1 0 0 ...0 -1 2

Introducing eq.(5.6) and (5.7) into eq.(5.1) yields for each uniform and source-free

region a set of ordinary differential equations which are coupled with each other:

4(,8) 2y (PIE 5 30, K DR, ()9)
rdr(rdr +kr'd h2 =¥ -lzae4+36oae6+oh (5.9)

-

where k2 =k2-B2. It is found that the condition of periodicity makes the second order dif-
ference operator [P] have a form of eq. (5.8) which is slightly different from the one in
Cartesian coordinates in [55]). [T) and [A) will be slightly different too. The structures in
[55,60] support waveguide modes which satisfy the periodic condition but with a phase
delay along the wave propagation direction (z-direction). However, in cylindrical coordi-
nates, the field components satisfy the periodic condition without any phase delay because
any physical characteristic repeats itself after rotating 360°. This periodic condition can be
considered as a special periodic condition. Therefore, the task is to find an orthogonal
matrix to transform the variables in order to decouplc the above equation and find an ana-
lytical solution for it in radial direction. It is found that the matrix [P] can be separated
again into two matrices as [P]=2[I]-[Py], where [I] is an identity matrix and [Pg] is of a
form

010..001
101..000

[Po] - $34 8T e BBE tes sew --‘. (5'10)
000..101
(1 00..01 0

Matrix [Pg] can be factorized by an orthogonal matrix [T] as
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[Pol= [THAITY, (5.11)

where [T]t=[T]°l=[T}, and [T](I}[TI=(I]. The elements of [T] and its eigenvalues are
derived analyticaily as follows

Tij = {cosa,j-o- sina,.j} /N, A, = 2cosa, (5.12)
where aij=hij. h=2n/N, oy=hk, (i, j, k=1,2,...,N). Multiplying [P] in eq.(5.8) with [T] and

[TT", respectively, yields 2 - A> = 2(1 - cosa,) = p;, and the set of coupled Helmholtz
equations in eq. (5.8) can be decoupled into a set of independent ordinary differential

equations of Bessel form
2 .
d ( dcpk) 2 W B _ 2sin (o, /2)
rdr r d'. +(kc 2 ¢k =0 s uk e h ’ (5.13)

where @y (k=1,2,3,...N, $=[91,05,....pNI=[T1}) is the transformed potential functios in
analogy to V in Cartesian coordinates.

In every uniform region, a solution of eq. (5.13) may be written as a superposition of

Bessel and Neumann functions of ji-order

® = Ay (k) +BY,” (k1) (5.14)
where A, and B, are constants. The Bessel functions Yu, can be either the first kind of
Bessel functions J m the second kind of Bessel functions (Neumann functions N llk)’ or the
third kind of Bessel functions (the first and second kind of Hankel functions Hé:) and
Hé:) ). The selection of these functions depends on the individual applications. It should

be noted that at r=0 (the origin), B, must be zero since Nuk and H::) will be approaching

infinity. For a region extended to infinity (open structure), A, must be zero since the first

kind of Hankel function H ‘(‘:) is not bounded.
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After eq. (5.13) is solved in every uniform region (non-uniform region can also be
solved by using a Sturm-Liouville equation), the potentials ¢ can be obtained by an
inverse transformation ¢=[T] '@=[T]%p=[T]p (note: the inverse and transpose of [T} are
avoided since they are equivalent to the matrix [T] itself) for ¢, and ¢}, respectively. As a

final resuli the telegraphist equation in polar coordinates is obtained when a combination

of the first kind of Bessel functions J, " and the second kind of Bessel functions (Neumann

functions Nuk) are used
Pelker) ) 2 (1) ) -1
L do, (k,rp)| = [“’(Yu, (kry). Yy (kcrl))] [W(Yuk (k,rp). ¥y (kcrz))]
kc dr
¢k(kcr2)
Y1 ¥,
x| 1 do (k)| WOLY)] = [ } (5.15)
A rE— Y12
kc dr

where y; and y, denote the Bessel functions in the above equation, and the prime denotes

a derivative with respect to r. This equation links the transformed potential as well as its
derivatives at the two boundaries of a homogenecus subregion. To link the fields between

homogeneous subregions, the tangential field continuity condition must be applied.

Since the calculation of various special functions are the most time consuming part
in the MoL scheme, two aspects in practical programming may affect the efficiency and
accuracy. One is to uze the variables in vector and matrix form during programming as
much as possible in order to take advantage of the vector calculation features, especially
for Matlab™ programming. The other is to utilize any possible recursive formula instead

of the direct calculation of the functions. For example, to calculate the columns of matrix

[T], we can use the following recurrence relationship
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Tiivz = ATy a1 Ty i=0.0.23,N2, (5.16)
1 1 . . .
T.o=Tn= ,\/_'T-V T, = 71_-V(coszh+smth). (5.17)

5.3 Eigenvalue equation of inhomogeneous wat eguides

After the Helmholz equations are solved in each uniform region, we need to match
the fields at the interfaces between the uniform regions in order to solve the whole struc-

ture. The tangential fields at interfaces between neighboring regions are obtained from ¢,

and ¢p,. For example, for the continuity cordition of Eg, we have

1 i 1 1
_&[ a0, 3¢ ]_ 39, 34,
- s res—- ra— .
weg\ &, 00 & ;00 or r
When we discretize the potential functions in each region and denote the discretized
potentials by vectors, we ¢an obtain the following relationship which is useful for trans-

forming the fiel: between interfaces

L[D]Lﬁ_ﬂ-) = rh(‘ﬂg_‘ﬂz‘)

©E €, & p dr dr

Multiplying [T]' and [T] from the left and right sides respectively, the above equa-
tions are diagonalized. Similatly, we obtain the continuity conditions for the other field
components. Finally, transforming those potentials into the conductor interface (Fig. 5.2)
and using the boundary conditions of tangential electric fields on the conductor surface,
the relationship between the tangential fields E,, Ey and the surface current intensities J,,

J¢ at interfaces can be obtained. Now all the transformed potential function: and the dis-

cretized tangential fields can be transformed back to the original domain, which yields

@ [el 5y ) = [ e ] 519

The capital letters / and // denote the adjacent regions / and // respectively.
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By using the condition of zero tangential fields E, y=0 on metal strips and zerc cur-
rent distribution on the diclectric s'ots J, 5=0, a reduced determinantal equation is obtained
t
! 1 I} =
121 e4 [Ei, stot E 8, slot Yz, strip Jo, sm’p] 0. (5.19)

A nontrivial solution to eq. (5.19) requires the determinant of the reduced matrix
[Z] 4 to be zero:

det{{21,,} = 0. (5.20)

5.4 Cutoff frequencies in homogeneous waveguides

For inhomogeneous problems (i.e. transmission line with multilayered dielectrics),
the discretized field continuity conditions must be satisfied at each interface. For a homo-
geneous waveguide (e.g. circular, elliptic hollow waveguides, or other complex contour
hollow waveguides), however, a simplified procedure can be used. Taking an arbitrary
contour hollow wavegu:de as an exaunple (Fig. 5.2), the finite field values at r=0 require

By=0. Assuming ideal conductivity on the contour leads to
[THATm]=0, (5.21)
for TM modes, where 1, is the radius of the k-th discretization line. Therefore, for any

complex contour hollow waveguide (Fig. 5.2) one needs oniy to input the radius r, of the

contour (k=1,2,3,...,NY at each discretization line. The cutoff frequencies for such an arbi-

trary structure are then obrained from
A [T) [l }=0, (5.22)
with non-zero coefficients A=[A[, Az A;,.... A M. Iy =Y, (k1) (r, is on the conductor con-

tour) is the p,-order Bessel function of k.r,. This eigenvalue equation will give all the cut-

off wavenumbers for TM modes.
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Figure 5.2 CMol discretization for éwaveguide with arbitrary contour
Similarly, TE modes can be found if we substitute the J,, =], (k.r,) with

dJuk (kr)

T , (5.23)

"mk (kcr k) =

where, r, and n, are, respectively, the unit vectors along the k-th radial line and the out-
wards normal vector to the contour (Fig. 5.2). For TE modes, one needs to input an extra
parameter, the inner preduct of the unit normal vector of the contour and the unit norraal

vector of the discretization lines.

The eigenvalue equation discussed above for homogeneous structures is sinipler and
quicker to solve than for an inhomogeneous cross-section. Symmetry of the structure may
also be used to reduce the computational effort, but the transformation maririx must be
modified accordingly.

5.5 Improved accuracy for the cylindrical MoL

5.5.1 Helmholtz equation

As shown for the Cartesian MoL, to reduce the discretization error also in the cylin-
drical Mol. the three neighboring lines are utilized and the appropriate coefficients are
chosen io cancel the lower order error yielding a fourth order accuracy. The discretized
Helmbholtz equations in cylirdrical coordinates reads as

d{ d§) 22 (P1% _ ... u2° 6
o1r2(/48) . 2 215- 158 = 17 - ‘m;ﬁs*"(”)'




where, [P] is the same as in eq. (5.8), and the new matrix [Q] is a tridiagcnal one

101 0..00 1]
1101 ..00 0
[Q] = — $08 988 e84 see wsa ses S e . (5'24)

000..111
(1.0 0....0 1 10
The problem now is that eq. (5.24) is a set of equations coupled not only through [P)

but alsc [Q]. In order to solve eq. (5.24) analytically, we must diagonalize [P] and [Q] at

the same time with the same orthogonal matrix. We find that such an orthogonal matrix
[T] e tists

5 + cosa,;
_ / . A .
Tij = ———12N {sma,.j+ coso.,.j}, a; = 2nj/N, i,j=1,2,3,...N. (5.25)

where oy; are o; are the same as that in eq. (5.12). Actually, matrix [T] which diagonalizes

matrices [P] and [Q] simultaneously is not unique. When we carefully study the new
matrix [Q], we can further verify the existence of the orthogonal matrix [T]. In fact, the
matrix [Q] can be separated as follows

=3m+L
[0 = 11 + 5 1P, (5.26)

where [I] is an identity matrix, [Po] is exactly the same as in eq. (5.10). Since [P,) can be
diagonalized by [T}, the matrix [Q] is diagonalized too by the same [T] as

1

2

(r1[(@1 (11 =

[= RV

A, (5.27)

A is given already in (5.9). The set of decoupled ordinarv differential equations can be
solved analytically in r-direction as shown before.
5.5.2 Field continuity equation

In order to take full advantage of the o(h*) accuracy, the scheme must also be
applied to the continuity condition. Combining every three neighboring lines for the field
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continuity conditions with appropriate coefficients, we find that the o(/°)-order errors are
cancelled, and the accuracy will be of o(h*)

4 Ln
_ 17h a é'
¥ = “SNATxSl ae +o(h) (5.28)

Therefore the field continuity condition for Eq will be
I 1
_E_ jﬁ _ 6e J = ( &h 611]
©E, o] &1 €11 L1 dr dr ,

where, in analogy to the derivation of [Q,] in eq. (4.26) and eq. (4.27), [U] is given as fol-

lows

o O
(=
O -

(5.29)

Ri=

000..121
1 00..0 1 22

In a similar way the other field continuity conditions are discretized. It should be
mentioned that the matrix [U] can also be separated as 24[UJ=[PyJ+22[I]. Hence, also
matrices [U] and [D] can be diagonalized by the matrix [T]. The edge condition in the
cylindrical MoL is found to be the same as that in Cartesian coordinates, approximately
0=0.3.

5.6 SV technique

The problem of soiving eigenvalue ~quations is usually approached by directly eval-
uating the determinant of the matrix. However, due to the presence of poles, it is difficult
to detect the zeros which can be near poles. This problem has been discussed in [68]. It
was suggested to use the singular value decomposition technique (SVD) to eliminate
poies. Although the SVD has existed in matrix algebra for decades little use has been
made of this technique except in [68]. ic the SVD the matrix [Z] = [T][Jp] in the eq.




»: .

(5.22) can be always diagonalized by two unitsry matrices, [U] and [V} (JU{U]={I, and
[VI'LVI=[I]) as [UR{Z)[VI=[S], where [S] is a diagonal matrix whose elements are called
singular values of the matrix [Z] (c.f. [ 91]). Eq. (5.22) can be abbreviated as [Z]a=b. Then
eq. (5.22) can be written as [SJA=B, where A =[V]*a and B=[U]"b. Therefore, the lowest
singular value approaching zerc will be now exactly equivalent to eq. (5.22). The modal

field and current distributions in eq. (5.22) can then be obtained from the last column of
[V] at the minima of the lowest Sy, -> 0.

fa o °1 3

Figure 5.3 Evaluation of the lowest singular values of the eigenvalue matrix versus he cutoff
frequencies of a cylindrical waveguide, a=2.54 cm, (a) TM modes, (b) TE modes

The determinant calculation will be equivalent to finding all the local minimum
points of the lowest singular values of [Z] along the frequency axis (Fig. 5.3) by using a

one-dimensional line search method.

5.7 Numerical test

In order to test the MoL algorithm derived in this chapter, intensive simulations are
performed for homogeneous and inhomogeneous waveguides by solving ¢q. (5.20) and
eq. (5.22) respectively. In the following, some typical examples will be shown, and results
will be compared with the literature,

o ‘



5.7.1 Cylindrical microstrip lines
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Figure 5.4 Convargence test for frequency-dependent properties of the open cylindrical

microstrip lines, substrate relutive dielectric constant £, = 9.6 (aliinina), curvilinear coefficient R
=ab=09

Inhomogeneous waveguides with complex cross section such as cylindrical strip-
lines and microstrip transmission lines are important for planar circuits on curved sub-
strate like antennas and their feedlines in mobile communications. A number of
investigations on these inhomogeneous transmission lines have been reported in the liter-
ature (i.e. [74-79]). However, in most of these publications, only Laplace’s equation has
been solved instead of Helmholtz equation. Among the techniques used the conformal
mapping technique is most prominent. The only full wave technique reported in the litera-
ture is [78,79]. The static and also frequency-dependent Green’s function method results
in [78,79] clearly showed that the full-wave analysis is necessary to account for the

strong dispersion.
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Figure 5.5 Effective dielectric constant of coupled striplinas versus separation angle v, ds/d,=4,
dg/d=3, do/dy=2, £1=2, €x=4, £3=6, 0:=10.195°
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Figure 5.6 Effective dielectric constant of the open multiconductor microstrip lines versus the
separation engle v, the dimension for multilayers: da/d; =3, do/d; = 2, £y = 2, ex=4, 3= 1, o=

10.195°
First of all, Fig. 5.4 illustrates the advantages of using the scheme with fourth order
accuracy over the one with only second order accuracy. To reach the same accuracy of the
fourth order scheme, the second order scheme requires approximately twice the number of
lines.
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Figure 5.7 Frequency-dependent effective relative dislectric constant of the open cylindrical
microstrip lines, substrate relative dielectric constant &; = 9.6 (alumina), Curvilinear coefficient R =

ab =09
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Figure 5.8 Frequency-dependent characteristic impedance of the open cylindrical microstrip
lines, substrate relative dielectric constant £, = 9.6 (alumina). Curvilinear coefficient R = a/b = 0.9

Cylindrical stripiines are then analyzed and the effective dielectric constant versus
the separation angle for the six quasi-TEM modes are shown in Fig. 5.5 and Fig. 5.6 and
compared to quasi-static results from the literature [73]. Both figures show the effective
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dielectric permittivity for the buried coupled stripline and the coupled microstrip line,
each with six stripes. Although the cylindrical MoL confirms most of the quasi-TEM
modes obtained from the conformal mapping analysis [73], there is co:isiderable disagree-
ment with one mode in the microstrip structure (Fig. 5.5).

— CMoL Results
g,71.0 000 [Alexopoulos & Nakatani, 78]

8.5

7.5

Quasi-Static Value: 6.861
esr / Quasi-Static Value: 6.425 )
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Figure 5.9 Frequency-dependent properties of the open cylindrical microstrip line, substrate
relative permittivity &4 = 9.6 (alumina), Curvilinear cosfficient R = a/b = 0.9
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Additional results shown in Fig. 5.6-5.9 confirm the accuracy of the CMoL. As
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expected, the wider the strip, the lower the characteristic impedance and the higher the
effective permittivity. Similar structures have been investigated in [78,79] on the basis of
rn integral equation approach. However, the problem with this technique is that the devel-
opment of an accurate procedure for the computation of the Green’s function on the sub-
strate surface for both the source and the observation point [78,79] requires considerable
computational effort to obtain accurate results. Moreover, the approach taken in [78,79] is
not as flexible as the MoL technique described in this paper, because for more complex
structural geometries additional preprocessing is needed, while this is not the case for the
MoL. In the cylindrical MoL only the discretization size and/or the length of the radial
lines need to be changed to analyze, for example, elliptical structures.

5.7.2 Homogeneous waveguide structures
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Figure 5.11 Mol results for TE,q and TMy; modes compared to analytical solutions for a
rectangular waveguide, b = a/2 = 3.555 mm (WR-28)

Convergence tests for TE and TM modes in rectangular and circular waveguides are
shown in Fig. 5.11 and Fig. 5.12. It is interesting to note that convergence for the TMy;
mode in Fig. 5.12 is possible with one line only, while the TE;; mode requires at least 15-
20 lines. This can be explained by the fact that the field distribution of the TMg; mode is
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constant in angular direction and changes only in radial direction, which can be described
by one line. The field of the TE11 mode, however, changes in radial and angular direction
and thus requires more lines to be characterized accurately.
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Figure 5.12 CNiol results for TE{; and TMyy modes compared to analytical solutions for a
circular waveguide, Rg=2.54 cm
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Figure 5.13 Normalized cutoff wavenumbers of elliptic waveguides for different axis ratio ab
calculated by CMoL and compared to the BEM [72}, (a) TE modes, (b) TM modes




A comparison between the CMoL and BEM in elliptical waveguides shows very
good agreement. This is demonstrated in Fig. 5.13 which illustrates the behavior of differ-

ent higher order modes in elliptical waveguides versus the axis ratio.
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Figure 5.14 Effect of the ridges on the cutoff frequencies of the fundamental TE,; mode, ry =
254 cm

A double-ridge circular waveguide is shown in Fig. 5.14. A magnetic wall is

assumed in vertical direction (polarization plane for the TE,, mode). In this case the cutoff

frequency of the fundamental TE,, mode reduces with decreasing r,. This effect is similar

to the one in a ridge loaded rectangular waveguide and needs no further explanation.

Fig. 5.15 illustrates the effect of a fifth ridge, which is the coupling element in a dual
mode circular ridged waveguide (CRW) resonator. Here the influence on the first two TE
modes is small while the TM mode increases its cutoff frequency even more when the
ridge penetrates further into the CRW. The separation between the TM modes and the fun-
damental TE mode becomes larger.
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Figure 5.15 Cutoff frequencies of CRW with fifth ridge, Rq = 2.54 cm, 0, = 259, 8, = 12,50

5.8 Conclusion and discussion

The method of lines iz extended for use in cylindrical coordinates. Microstrip and
stripline structures on curved multilayered substrates have been characterized. Also TE
and TM mode cutoff frequencies in circular and elliptical waveguides with and without

ridge loading have been cal.ulated. In comparison with other numerical techniques goc

agreement was found.
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Chapter 6

Characterization of resonators and cavities
using the 3D CMoL

The 2D-CMoL described in the previous chapter is now extended to spatial 3D dis-
continuities. The advantage of the 3D CMoL is thet only two out of three space variables
need to be discretized, while for the third direction the Helmholtz equation can be solved
analytically. The 3D CMoL is especially suitable for the analysis and design of cylindri-
calfrectangular cavities filled partly or totally with dielectric blocks of arbitrary shape.
Results are presented for a variety of resonator structures. Of particular interest is the res-
onance frequency calculation of a dielectric rod of varying diameter within a rectangular
cavity.

6.1 Introduction

Microwave cavities are impostant component: in communication systems. Micro-
wave filters and multiplexers consist of a cascade of cavities which together with coupling
structures are the fundamental building blocks of these components. Characterization and
design of thess cavities are not a trivial task because of the high-Q resonant structurez and
mixed coordinates involved [80-82].

In the following the cylindrical 3D method o: Lines (MoL) is utilized to discretize
the angular and longitudinal space directions. The resulting Helmholtz equation is a set of
coupled one dimersional differential equations. Applying the decoupling procedure
described in the previous chapters, each ordinary differential equation can then be solved
analytically at each line in radial directicn after an orthogonal transformation. This is the
first time in the literature that the CMoL is applied also to 3D problems. Some microwave




cavities are simulated to demonstrate the usefulness of ihe approach.

6.2 Semianaiytical solution of Helmholtz equation

The riicrowave structures can be subdivided into scveral u~:form regions in which a
constant dielectric is assumed. Unlike in an eigenvalue problem, where the discretization
of the Helmholtz equation is only related ¢o the O-variable, the spatial 3D discontinuity of
Fig. 6.1 requires also the discretization of the z-variable. Hence the Helmholtz equation is
now written in the following form

( JZ) —Q- —29 6.1)
ror\ or 200? 2

Figure 6.1 3D MoL discretization in a cylindrical coordinate system

Since the hybrid field problem can not be solved analytically for the whole region,

the calculation domain is now discretized in 0- and z-directions by a number of straight

lines along the r-directior.. ™» Fig. 6.1, the O-variables are discretized uniformly by using
radial lines at 0, = 0,,+ (k- 1) hy, k=1,2,.. Ny, with hg being the angular spacing
between the lines. The z-variable is discret.zed uniformly by using radial lines at

zk‘. = zkl + (l - l) hz N i=1,2,..‘,Nz (62)
with h, being the spacing betv/een the lines in z-direction. The first order finite difference

operators are approximated by the central finite differences as

a¢eh - Oy, y = Pty 99, 4| _¢e’hli+l_¢e’hli

08 k405 hq 97 |05 h,

6.3)

where the vectors 9, are in matrix form as ¢ = [¢] =[¢y; ¢z .. Gr-. Onp 3 D12 G22.
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Gererally, the first order difference operators [D] :

en are bi-diagonal matrices.

Using the ceniral finite difference scheme again to calculate the second order partial dif-
ferential operator from the first order ones yields

a2

"2—% =(-lDl')iDleiﬁe [P},, h'—2 6" = [D]e(-[D]{,)iB,,=[P]ib,,(6.5)
90" |, 30> \

20°% 6

n—| = & - (D1} D1, = 8,101, o—2| = §,{D1.(~[D1)) = 8,101,
9z

where [P] = [D](-[D]") = (-[DI9[D], and [P] can be found in last chapter. The finite differ-
ence operators depend on the boundary conditions. [Pj can be factorized by an orthogonal

matrix [Ty] as [P]= [Te][M[Te]‘, where [Te]t=[Te]'l=[Te]. Simila:ly there is an orthogo-
nal transformation matrix [T,] to diagonalize the matrix [Q]' as {T,J'[QI{T,] = diag(&;}.

The eigenvalues of [T,] are denoted by diag{f,}. Therefore, the discretized Helmholtz
equation will be as follows:

d( d 2. [P] gl _
) i 10200 < 66

We define the transformed quantities as

(9] = [T2"187e"] 67

Muitiplying [T,]* and [Tg), respectively, from the left and right sides of eq. (6.6) to

diagonalize [P] and [Q], the set of Helmholtz equations in eq. (6.6) can be decoupled into
a set of independent ordinary differential equations of Bessel form

2 .
_d_( dcpkz) Ll 2 _(,2 8, ~ 2sin (0, /2)
rar\"ar +[X 2)% = O X =| kot 3 h2 S h 68)
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where @y; (k=1,2,3,..Ng; i=1,2,3,....N,) is called the transformed potential function,

eigenvalues §;; are the diagonal elements of a diagonal matrix. In every uniform region, a

solution of eq. (6.8) may be written as a superposition of Bessel functions of py -order

Fri = Apdy, Ca?) + BNy () (6.9)
_ )

O = A, un) +BH,D (1,0 (6.10)
1) 2}

By = Ay (ar) +BH, () (6.11)

The selection of above equations depends on individual applications. For example,
to analyze guided wave structures, the combination of the first kind and the second kind of
Bessel functions in eq. (6.9) are usually used because they appropriately describe the char-
acteristic of the standing waves in the waveguides. However, eq. (6.11) is useful for
antenna applications. It should be noticed that when the region of the solution contains the
origin r=0, B, must be zero since N, and H,, are singular. After eq. (6.8) is solved in
every uniform region (non-uniform region can also be solved by using a Sturm-Liouville
equation), the potentials ¢ can be obtained by an inverse transformation in eg. (6.7) for ¢,

and @y, respectively.

6.2.1 Inhomogeneous structures

After the Helmholtz equations are solved in each uniform region, the fields at the
interfaces between the uniform regions are matched in order to solve the whole structure.
The tangential fields at interfaces between neighboring regions are expressed in terms of
¢, and ¢y, For instance

] 1 ' I
1 t| B n t 4 _ | 4. db,
(!)-Tl[D] e(é_r'-”_ér_-'l) [D] z-]l = rh(-‘;—-arr) . (612)

Applying the transformation matrices [Tg) and [T,] from the left and the right of eq.

(6.12) the field continuity equations are diagonalized tc give a set of uncoupled equations.
Therefore, transforming those potentials back to the original domain yields
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(2] {Ez] = H (6.13)
Ee ]6

By using of the condition of zero current distribution along the dielectric interfaces,
t
we will have the determinanial eigenvalue equation [Z] [Ez Ee] = 0. The nontrivial
solution requires that the determinant of the reduced matrix [Z] is zero:

det{[Z]} = 0. (6.14)

All the resonant frequencies can be obtained by solving the above equation. Subse-
quently all the field components and current density distributions can be obtained.

6.2.2 Homogeneous cavities

For homogeneous structures, the eigenvalue problem can be greatly simplified. All
the elements in eq. (6.14) may be given in simplified forms. Using eq. (6.12) and (6.13),
we can obtain the potential functions ¢, and ¢}, (proportionral to the tangential relds E,

and H,) on the shielding surface contour as

[GIA=¢ (6.15)
where the ficld coefficient vector is defined as

X = [All A2l"' ANe 1 Al2 A22... ANB Zsecey Al Nz A2 Nz*** ANQ Nz] (6.16)

Applying ths boundary conditions o’ ¢ = 0 (¢, for TM modes and ¢, for TE modes)
on the shielding contour an eigenvalue protlem is obtzined as det{[G]} = 0. For example,
for TM modes, the boundary conditions ¢, = 0 (Ez = 0) on the shielding contour requires
that

"

[[Gy1 [Gy] ... [Gy] - [Gin]

deti | (G, \] [Gia] - [Gig] - [GinJ(f =0 (6.19

—

-

(6] (O] (O] = (O]

where
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(6.18)
% is given in eq.(6.8). Similarly, we can obtain an eigenvalue equation for TE modes but

with Bessel functions replaced by their derivatives to satisfy the TE mode boundary con-
ditions ¢, = 0 (Hz = 0) along the condv<tor shielding contour R (Appendix H).

6.3 Numerical results

The 3D CMoL has been tested for circular (Fig. 6.2) aad rectangular (Fig. 6.3) cavi-
ties and compared to analytical solutions. It was found that the convergence of the
method depends on the specific type of mode considered. For example, the analytical
solution for the TMy,o mode in Fig. 6.2 is already reached with only 20-25 lines, while
the TE;;; mode requires approximately 35 lines. For the rectangular resonator (Fig. 6.3) a
larger number of lines is needed because of the approximation of the rectangular bound-
ary by radial discretization lines. Loading the cylindrical cavity with a cylindrical dielec-
tric block of varying radius reduces the resonant frequency of the first resonator mode,
which is of course expected. The same effect is obtained when we insert a cylindrical
dielectric block into a rectangular cavity (Fig. 6.5). The novelty of the analysis here is
that the structure contains subregions which are described by a rectangular (rectangular
cavity) and a cylindrical coordinate system (dielectric rod). To discretize this 3D struc-
ture (for all the higher order modes) requires approximately 50 lines in the a-b-plane and
12-lines in the longitudinal ditection (L). Fig. 6.4 shows dielectric loaded cylindrical cav-
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ities. Fig. 6.6 illustrates the fundamental mode resonant frequency for a non-uniform
dielectric rod with varying height of the partially thicker diameter. It should be noted that
the transition between the thin rod diameter (ry) and the thick section is made smoothly

rather than abruptly. This is done to demonstrate the flexibility of the 3D CMoL.

8 x 10°
414
750 CMoL Sclution (TE,,;)
<112
rd= 10
‘E Analytical Solution (TE,;,) )
€ est . 18
% Relative Errors (TE) ;) Ro g
e
% 6r L i é
>
=4 Relative Errors (TM, 1* 8
g ss e 0 4 =
& 1o &
5 -
o
CMol. Solution (TMgye) Analytical Solution (TMg,
as— : . e s L — S
s 25 ~30 as 40 as -
Number of Lines

Figurs 6.2 Resonant frequencies of TEy; and TMg,q modes by 3D cylindrical MoL compared to
the anclytical solutions for a circular waveguide, L = Ry = 2.54 cm
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Figure 6.3 Fesonant frequencies of TE,q; and TM;;9 modes by 3D cylindrical MoL compared to
the analytical solutions for a rectangular waveguide, L = b = a/2 = 3.555 mm
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Figure 6.4 3D CMoL calculation of resonant frequencies of the TMy;, mode in a dielectric-
loaded (g,=2.2) circular waveguide cavity; L = Ry = 2.54 cm, 2.5654 cm, 2.5908 cm
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Figure 6.5 3D CMol calculation of Resonant frequencies of TMy(o mode in a dielectric-loaded
(e,=2.2) rectanguiar waveguide cavity; L = b = a/2 = 3.555 cm, 3.59055 cm, 3.62610 cm
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6.4 Conclusion

A 3D cylindrical method of lines has been presented for the analysis and the design
of microwave resciators of arbitrary shape. Cylindrical and rectangular cavities are calcu-
lated with and without partial dielectric filling.
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Chapter 7

Analysis of waveguide discontinuities by
CMoL

In the previous chapter (6) a resonant model of the 3D CMoL was introduced. In
this chapter, the 3D CMoL is extended to S-parameter analysis of discontinuities in

guided wave structures.

7.1 S-Parameter extractions by cavity model

The CMoL is co:nbined with the cavity model calculate the scattering parameters
of guided wave structures. The CMoL resonant model is utilized to determire the reso-
nant frequencies of the enclosed discontinuity or equivalently the resonant lengths of the
transmission lines connecting the discontinuity for a given frequency. These resonant
lengths or frequencies are then used to extract the equivalent network parameters (for
instance, the reactances in Fig. 7.1 and the S-parameters in Fig. 7.2) representing the dis-
continuity.

7.1.1 Cavity Model

The determination of the equivalent circuit parameters of a two-port network via
the evaluation of the resonant frequencies of the network inszrted between reactive termi-
nations is equivalent to the experimental technique known as the tangent method [71].
Siinilar ideas have been widely used in numerical modeling of microwave circuits such as
in [1,64,65]. This cavity model is utilized in CMoL in this chapter to analyze waveguide

discontinuities.
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Considering first a discontinuity of a waveguide (planar waveguide such as a CPW
or cylindrical waveguide such as a coaxial waveguide) short end in Fig. 7.1a which can

be treated as ar. equivalent reactance stiown in Fig. 7.1b. The voltage minimum points

satisfy
00—
L
X
0—{
(a) (b)
Figure 7.1 (&) Waveguide short end, and (b) equivalent circuit.
tan (2nL/A) +X = tan(Q) +X = O (7.1
The reflection coefficient of the CPW short end is given as
I' = -exp (2j0) (7.2)

Consequently, the location of voltage minimum points determines the equivalent
reactance X. The above equations are nothing else but the resonant ccadition of the trans-
missivn line of length L loaded with a veactance X. The resonant frequency for a fixed
length L or the resonant length L for a given frequency will determine the equivalent cir-

cuit X, or equivalently the S-parameters.

o~ 3+ g 10
ﬁlLl pZLZ
{s]
Iy

2
reference refarence
plare plane

)

Figure 7.2 (a) A 2-port CPW discontinuity, and (b) equivalen circuit.

Considering now a two-port discontinuity of Fig. 7.2, where the two transmission




o

line ends are terminated by two electric- {or magnetic-) wzll planes t» form a cavity.

Looking intc the discontinuity from the reference planes, the voltages and currents

are connected by equivalent circuit parameters

el -
Val 221 Zn) |y

On the other hand, !ooking wwards the electric-wall planes from the reference

planes, it is well known that

[VJ By 0 } 0.4

i l-'
v, 0 jZytg(B,Ly) -12J ’
where §; and Z; (i=1,2) are the propagation ~onstants and characteristic impedances of the

waveguide sections on the left and right sides of the discontinuity, respectively. From the

above equations, we obtain a system of homogeneous equations as

- [01, s

Z,,+iZ,18 (B,Ly) Z, ][11]
0

Zyn Znt+iZ,tg (52L2)J I?J
from which the non-trivia! solutions for the currents results in the resonant equation

F(L,L,NH = {Z,, +jthg (B,L)} x{Z,, +jZ2tg (B,L)}-2,%xZ,, =0 (7.6)
where Z,,=Z,, for reciprocal circnits. By fixing the frequency f, three sets of resonant

lengths of the cavities are calculated from MoL, and subsequently Z,,, Z1,, and Z,, are

determined.
7.1.2 Procedure of S-parameter calculation
To extract the S-parameters from the above knowledge, we proceed as follows:

(1) We first assume a discontinuity enclosed into a cavity.

(2) The resonant frequencies or equivalently the resonant lengths of the cavity are
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calculated by following the CMol. techmques covered in previous chapters.
(3) Then t"i¢ S-parameters of the discontiniity can be extracted from the resonant

frequencies or equivalently the resonan! i 2gi.s as follows [1]

(a, T, +b T, +c¢.T,) (a,l , +6,T,, +c,I',)
51y 2 1° la lAlb it le ;322 = _272" 2a 2A2b 27 2¢ : (7'7)

ay =0, (Fp-T) by =Ty (T =T ) ic) = T (T =T
ay =T, (T -Tp) i by =T, (T, -Ty) ¢ =T (T, -T,);
A=a,+b,+c; = a,+b,+c,;

S19 = (51 +T)) (599+T); (7.8)
I, = exp{-2/0,,} = exp{-2jB,,l,}, etc.

where (L, Lyy). (Lyy, Low), and (L., L) are three pairs of resonaiit lengths. Although the
least square curve-fitting scheme may be used for more than thiee pairs of resonan:

lengths, cxactly three pairs of resonant lengths are assumed in this thesis.

7.2 Hybrid-boundary model for ClvioL

In the previous section, to analyze waveguide discontinuities the cavity model com-
bined with CMoL needs at least three calculaticns of the cavity resonant frequencies.
Moreover, to determine & resonant frequency the eigenvalue equation (6.14) or (6.17)
must be evaluated in the CMoL at numerous frequency points. Therefore the numerical
effort in the cavity model is very large. However, these efforts can be avoided when inho-
mogeneous boundary conditions are utiliz>d in the CMoL. This is described in the fol-
lowing.




7.2.1 Introduction

As shown in the previous chapter and last section, the method of lines is well suited
for analyzing three dimensional resor.tors and periodic structures. However, to avoid
multiple calculations the boundary conditions must be treated differently. To avoid the
cavity model, Worm [ 57] tackled the microstrip discontinuity by introducing inhoioge-
neous boundary conditions to the input port and assuming a short or an open circuit at
the output port to obtain a homogeneous boundary condition. However, this method still
needs three calculations. "Wu, Yu, and Vahldieck considered the same discontinuity prob-
J>m by using the hybrid boundary conditions [54]. In the first case the incident and
excitec waves were tackled individually and in the second case only the reflection coeffi-
cient was shown. Chung and Chrang [ 64] improved these techniques in the Cartesian
MoL to model CPW discontinuities in one calculation.

The past work in the 3D Mol. areu is confined within Ca1. _.ian ccordinates. In this
section, inhomogencous boundary conditions [ 64] are realized in cylindrical coordinates
with the reflection and transmission coefficients as unknowns. The Cl/c. is developed
to calculate three dimensional discontinuities. The calculation c2a be done in a single cal-

culation instead of three. Therefore the caiculation time is improved by an order of three.

7.2.2 Hybrid boundary conditiens in CMoL

The formulation of the CMoL is similar to tat in the last two chapters. The differ-
ence here is to assume inhomogeneous boundary conditions at reference planes instead of
ideal electric or magrnetic walls assumed for cavities and resonators. A regicnally constant
dielectric is assumed in each uniform region of the structuies under study. The electro-

magnetic field components E, and H, wiich are proportional to the scalar potentials

de nexp{jot} also satisfy the Helmholtz equation in a polar coordinate system given in

(6.1) and the boundary conditions depending on the structure and modes we are interested

in.

Since the hiybrid field problem can not be solved analytically for the whole region,
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the fields are discretized in 6- and z-directions by a number of straight lines along the r-
direction as shown in Fig. 7.3. The waveguides are assumed to be single-moded and
extend uniformly to infinity in the +z and -z di-ections, respectively. Let a mode (usualiy
the “undamental one) propagate ioward the discontinuity from the left side, some of the
power is reflected back to form a standing wave on the left, and the remaining power is
transmitted to the right side. Near the transition region higher order modes are excited.
but they have vanished at the reference plane far from the discontinuity (Fig. 7.2).
Hence, only the dominant mode needs to be considered.

Figure 7.3 Waveguide discontinuities in cylindrical coordinates.

The boundary conditions at the input port (z=0) are [57]
Ez|z=0 = (1-R)e,; (7.9)

3H,

- = -jB,(1-R)h;, (7.16)
9z

z=0

and at the output port (z=L) are

EZI = Te

z=1L zo’

(7.11)

oH,

= -,Th,, (7.12)
dz

z=L

where e,; (€,,), hy; (h,,), and B; (B,) are the modai fields and the propagation constant of

the input (output) port. R and T are the unknown voitage refleciion coefficient and trans-

mission coefficient, respectively.

Introducing the above boundary conditions into the finite difference expression for




the z derivatives of the Ez and Hz field yields:

JE
h,5=e (D] ® 1) E,+TUJE,, - (1-R) L1E,, (7.13)
oH, 1
he: = '(’ze [D;1r; ® “x])Hz’ (7.14)
2
"3%‘% -[P,] Ez-u‘( r,1'® [l,])Em- (1-R) ( [D,]'® [Ix])Ez,. . (1.15)
4
2
h:iﬂiz o-[P, H +T1H -(:-R)[L]H,, (7.16)
¢z

where ® denotes the Kronecker product. To simplify the description of the method, the
following formulations are in form of Kronecker product. The input and output field com-

ponents (subscript i for input and o for output) are denoted as follows:

1 —
E, = H ®e,,E,, = H ®e,,, (7.17)
0 1
o |1 .~ |0
H'zi =-’ﬁi[ﬁ]®h2i’H’zo =160I:(1)]®hzo‘ (7.18)

The transforraation matrices are also expressed by a Kronecker product as follows:
[P, = D) [D)®1L), [P,) = [D]ID,]'®[L],
where [D,] is given in Chapter 6.

Since the discretization along the O-direction is the same as that used in Chapter 5
and Chapter 6, the same transformation matrices described therc can be used to transfer a
set of discretized Maxwell’s equations, similar to that in eq. (5.13), into an uncoupled
and ordinary set of equations:
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ST (DY (TE,, - (1-R)E,} fore-lines

2
d( 99 2 Mg h,
G Al Ll ] LVl I
r = [T, {TH',, - (1-R)H',;} for h-lines
h

z

5. 2sin (a,/2)
2 2 - k
Aix = (L0+h—‘2‘). H, = P . (7.19)

2
where [T] and [T}] are the n.ormalized eigenvector matrices of [P,.] and [P,,], ana p,

and d;; are their eigenvalues, respectively. The general forms for these eigenvalues are

given in Chapter 5 and Chapter 6.

For inhomogeneous structures, first, eq. (7.19) can be solved analytically in each
uniform region. Then, all the other tangential field components satisfy the boundary con-
ditions at the interfaces between uniform regions (Chapter 5 and Chapter 6). Therefore, a
set of ordinary differential equations in the transformed domain are obtained, which can

be transformed back to the spatial domain to a set of inhomogeneous equations:

* Y| 1-(1-R)Y, “ -TY,[ ™| (7.20)
Jz Ez Ezi Ezo

After taking into account that the currents vanish on non-metal (dielectric) inter-

faces and tangential fields vanish on conductor regions, a reduced matrix equation will

result. If the line number in z-direction is N, for e-lines and N,, for h-lines, respectively,
we have a set of total N.+Np, linear equations but with N.+N,+2 unknowns since R and

T are treated as unknowns. To obtain two additional equations we consider the currents

at the planes inside the caiculation domain at z=h,; and z=L-h,y At these planes,

P,
Bo= (e Pt _ pe™ ‘)Jz,., (7.21)

z=hzl

7| = TP

z=L—hz~

(7.22)

zo’
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where J,; ana J,, are the z-direction modal current distribution functions of input and out-

put ports, respectively.

Therefore two more equations are added to eq. (7.21) which can then be solved by
Gaussian elimination to get the refiection coefficient R and the transmission coefficient

T. Therefore, all the S-parameters or equivalent circuit parameters can be obtained.

7.3 Numerical results

To illustrate the potential of the above procedures, first of all, a coaxial step filter is
analyzed in Fig. 7.4. A relatively coarse discretization is used with 5 lines in wave propa-
gation direction and 12 lines in angular direction for each section. A typical calculation
for each frequency is about 18 minutes on a StnSparc workstation. Convergence test
show's that further increase of the number of lines does not improve the accuracy. The
results agree reasonably well with the experimental data [92,85]. If structural symmetry is
considered, it is expected that the algorithm becomes considerably faster.
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Figure 7.4 Coaxial Low-Pass Filter

Another example is shown in Fig. 7.6, wiere a coaxial step discontinuity is dis-
cretized by the CMoL with a number of straight lines, utilizing hybrid (inhoinogeneous)
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boundary conditions to both ends. The equivalent circuit can be approximated as a shunt
capacitance.
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Figure 7.5 Discretization of discontinuity of coaxial line steps and its equivalent circuit

The calculation results are shown in Fig. 7.6 for a simple discontinuity of concentric
steps in width. The results are compared to literature for a case when t=r,/r;=10 ([92,85]).
Due to the symmetry and simplicity of the structure, the typical cpu time consumed is

only about 1-10 seconds on a Sun Sparc workstation.
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Figure 7.6 Capacitance of coaxial line steps versus a=(r-r4)/(rs-ry)

The last example is a circular waveguide bandpass filter which was originally
designed by the mode matching method (MMM) (84]. Totally 80 lines in wave propaga-
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tion direction and 35 lines in angle direction are used to discretize the whole calculation

domain. About 40 minuvies are consumed on a SunSparc workstation.
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Figure 7.7 Circular Waveguide Band-Pass Filter calculaied by CMolL.
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Chapter 8

Conclusion and future work

The Finite Difference Time Domain (FDTD) method and the Method of Lines
(MoL) are applied to model electromagnetic fields in the microwave integrated circuits
(MIC) as well as waveguide components. A modified FDTD grading scheme with
enhanced efficiency and improved accuracy has been presented. The modified FDTD
method is then used to a variety of microwave circuits including 2D and 3D problems.
For 2D analysis, this thesis proposes a novel full-wave FDTD algorithm and its modified
versions. This new 2D FDTD method reduces original memory space and CPU run time
requirements that are key problems of the method. In second part of the thesis, the MoL
is developed and modified to analyze a class of microwave circuits. First of all, a higher
order scheme is proposed for discretized Helmholtz equation, continuity equations, and
edge conditions. This new algorithm can have better accuracy with the same memory
space and CPU run time requirements. From another point of view, it reduces matrix size
and computational time greatly with a same accurate result. Finally, a cylindrical MoL is
proposed with general cases. The higher orler schemes are also developed in cylindrical

coordinates.

To continue the work in this thesis, first of all, the MoL can be combined with the




o}

mcde matching technique to deal with many microwave circuits and components. The

efficiency and accuracy of the MoL will be greatly improved.

Secondly, if the FDTD method can adopt the idea from the semi-analytical MoL in
some space direction or the time variable, the efficiency and accuracy of the FDTD

method can be improved.

Finally, the stability and dispersion relations of the FDTD method applied to super-
conductor applications have not been derived explicitly. These stability and numerical
dispersion relation are very important especially for nonlinear analysis. People in this
field have been using trial-and-error method to get around this difficult question. This
task is out of context and beyond my ability at this moment. However, with certain help

from mathemadcians, this topic needs to be done.

These three topics will be studied in the future research.
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AppendixA
Normalized Yee’s 3D FDTD scheme

The Yee’s 3D FDTD scheme [15] can be normalized by the free space impedance

Z = \JW/e
E,, (jk) E  (ijkJZ, (A.1)
Eyy, (i k) & E . (i) k) JZ. (A2)

From Maxwell’s equations one obtains

H;’+°-5(i,j, k) = H;"°5(i,j,k) -S(EF(i,j+1,k) -E?(i, ). k)

~ER(i+1,j,0) +ER (i K) ), (*.3)

H;,'+°5(i,j, k) = H}',"O-s(i,j, k) -s(EZ(i,j. k+1) -E!(i, j, k)

~EZ(i+1,j,k) +E(i,j, k) ), (A9

HE+05 (i, j, k) = HP-95 (i, j. k) - (ER(i+1,j,k) - E" (i, j, k)

E}*1(ij, k) = ER-1(i,j, k) +5(H}*05 (i, j, k) ~ HP+95 (i, j- 1, k)

—HI*05 (i, j, k) +HP*03 (i, k- 1) ), (A6)
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E;,'”(i,j, k) = E;'“(i,j, k) +s(HP+93 (i, j, k) —H!+03(4,j,k-1)

~HP+05 (i, j, k) + HI*05(i-1,j,k) ), (A7)

E'*1(i,j k) = E*-1(i,j.k) +s(H;'+°-5(i,j, k) -H;'*oj(i— Lj.k)

~HM+05 (i, j k) + H"+05 (i, j-1,%) ), (A-8)

where s = cAt/Ah. c is the speed of light. At and Ah are, respectively, the time step and
the space step in all spatial directions {Ax = Ay = Az = Ah is assumed). The stability

condition requires

s<S1/43. (A.9)
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AppendixB

Stability criterion and numerical dispersion
of 2D FDTD

B.1 Real-variable 2D FDTD

B.1.1 Stability criterion for the real variable 2D FDTD

In order to derive the stability criterion, we must know the amplification matrix first.
Let’s assume that the electric and magnetic field components will have a form of

A = A

X 02z Ox, ¥z

exp {j(onAt -k iAx - kykAy) }, (B.1)

where A =E or H; n (n=1,23,... M), i (i=1,2,3,....M) and k (k=1,2,3,...,N) are respectively
the time and space discretization indexes; k, and k, are wave numbers respectively along
the x- and y-directions. At, Ax, and Ay are the time and space discretization steps, respec-
tively. We normalize the electric and magnetic fields by using the wsv2 impedance and
substitute eq. (B.1) into eq. (2.3-2.8)

H1+05 = Hn-05 4 2jYE! - 2ZE", B.2)
H?+05 = 4n-05 - 2jXEN + 2ZE7, (B.3)
H1+05 = H7-054 2jXE" - 2jYE?, (B4)




ng

Er+l = EN-2jYH?+05 - 2ZH}+03, (B.5)
En+l = EN+2jXH}*+03 +2ZH}+05, (B.6)
Er+! = En42jYHI+05 - 2jXH"+03, B.7)

where S,=vAt/Ax, S,=vAt/Ay,v = 1/ Jue, and

k Ax kA
X = stin—’-‘z—-; Y = Sysin-zé-z 1 Z = vAIB/2. (B.8)

From (B.5) and (B.7), one obtains

ER+03 = Er-05 - 2jYH! - 2ZH?, B9)
En+05 = En-05 4 2jXH" + 2ZH?, (B.10)
Ep+03 = Er-054.2jYH" - 2jXH". (B.11)

From (B.9)+(B.2), (B.10)+(B.3), and (B.11)-(B.4) one obtains

(H +E)"*03 = (H, +E)""%3+2jY(E,-H)"-2Z(H ,+E)", (B.12)

(Hy+Ey)"+°~5 (Hy+Ey)"‘°-5 -2jX(E,-H)"+2Z(H +E)", (B.13)

(E,-H)"*95 = (E,-H,)"-95 - 2jX (H,+ E)"+2jY (E,~H)". (B.14)

The above equations can be written in matrix form as




, n+05 n-05 n
(A +E) (H +E,) 0 -2z -2v|| (H:+E)
(H,+E) = | (H +E) +12Z 0 2X||(H,+E)
.,(Hz _Ez) -I(Hz _Ez) 2 -2X O j(HZ -Ez)
Denoting
n
(H,+E,)) 0 -2Z -2Y o
U'= | (H,+E)| :T =2z 0 2x|;V' =U""
j(H,-E) 2y -2X 0

and introducing a shift of a half time step (0.5At) such as
V" +05 = U"
then from eq. (B.15) one obtains
Un+0.5 _ Vu—O.S _ TUn

(B.17) and (B.18) can now be written as

= [

where I is an identity matrix. The amplification matrix is as follows

I0
The eigenvalues A; of matrix [A] can be obtained as

200||a -2z-2v] [100
0A0{|2Z A 2Xx|-|010} =0,
00A||2Y-2X A | (001

ne

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)
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(22-1)[(a2-1)+aa¥ P+ +2%)] = 0.

Therefore,

Mg =LAy = Ao = BN 4P 42021 -(x2+Y2+27)

The stability criterion requires that all the eigenvalues A; (i=1,...,6} of the ampli-
fication matrix A must be bounded by a unit circle, that is,|A| < 1. The eigenvalues

are bounded if and only if

Xav' 422515 Ay 4qq =1 (B.22)

Hence, (B.22) gives

vAL . kxAx)z (vAt. kvAy)l’ (vAt )2 (vAt)2 (vAt)2 (vAt )2
(Axsnn—2—+Aysm2 + > SAx+Ay + 2 <1

(B.23)

or

N ORERC;

This shows clearly that the stability condition of the real-variable 2D FDTD
method is different from that for the standard 2D FDTD in [2]

(B.24)

VAL S - . (B.25)

B.1.2 Numerical dispersion

When we insert (B.1) into (B.2)-(B.7), we have
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Hxsin%é-‘ = YE,+jZE,; Hysm°-§‘l = -XE, - jZE, ; H:sin“—’,i,-’-‘ = XE, - JYE,
(B.26)
. @A? . . WAt , . WAt :
Exsm-—z— = -YH, +jZHy; Eysm--z— = XH,-jZH,; EzsmT = YHx—XHy
(B.27)
From the above equations one obtains
(H +E,) sin® = Y(E,-H,) +/Z(E,+H,) (B.28)
. oA .
(H,+E,) sin>= = X (H,-E,) ~jZ(E,+H,) (B.29)
(H,-E) sin® = X (B, +H,) - Y (E,+H,) (B.30)
or in matrix form
sin2 -z Y W
) (H,+E,) (H,+E,)
. . WAL - =
jz n2Y x ||(E,+H)| =D|(E,+H)| =0 (B.31)
v -x 2[5 (=8
2

The non-trivial solution requires that
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smg-A—t -jZ Y
2
bl = | jz sm“-’ZA_‘ X |=0 (B.32)
0At?
i Y -X Sll‘l—,““’--—I

From here the numerical dispersion relationship for the real-variable 2D FDTD
method is obtained as

. A2 _ (vAt : k,Axy (vAt : ’fXA)')z (vAtﬁ)2
(sm 2) = Axsm > + Aysm 3 + > (B.33)

It should be noted that the propagation constant P is involved here, which is not
the case for the standard 2D FDTD in [2]

S O (VLY SN TV
(sm 2 "\ in 2 + Ay sin 3 . (B.34)

B.2 Complex-variable 2D FDTD

Similarly, we can obtain the stability condition and the dispersion relation for the
complex-variable 2D FDTD method. The node field distribution and notation are the
same as that in the real-variable case, but assuming a phase delay along the wave prop-

agation direction for field components in the Maxwell’s equations as

Alg,, = Alexp{-jBz}, A= E E E ,H,H,H, (B.35)

Then the complex-variable 2D FDTD with Az -> 0 can be written in a form of the eq.
(3) in the literature [26].

B.2.3 Stability

Normalizing the eléctric and magnetic fields in eq. (B.35) by using the free
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space wave impedance and substituting eq. (B.35) into the eq. (3) in [26] yields the
following matrix equation

. i . -1 L
(H,-JjE,) "*3 (H,-JE)|"" 2 0 27 -2Y (H,-JE,)
(H,-jE)| = |(H,~JE)| +|-2z 0 2x||(H,-jE)
(H,-JE) (H,-JE) 2Y -2X 0 || (H,-JE)}]

(B.36)

where S,, S, S,, X, Y, Z, and v are exactly the saine as in 2q. (A.3)-(A.8). Similar alge-

braic steps as that in the last section will give the stability condition as

(&5

This expression is the same as that for the real-variable compact 2D FDTD. Therefore,
the complex-variable 2D FDTD with Az -> O has the same stability condition as the
real-variable 2D FDTD scheme.

VAL < (B.37)

B.2.4 Numerical dispersion

Similar to the last section, the numerical dispersion relation is derived from the
following matrix equation

—. wA? . . ]
Sinw-— -jZ JY ) .
2 (H-jE)| [, -jE)
iz sin-o—)i-A—t X ||(H,-jE)| = D|(H -jE)| = 0 (B.38)
‘ (H,-JE)) (H,-JE)
SY o gx o sinSRHLT s

in which the parameters S,, S,, S,, X, Y, Z, and v are given in the eq. (A.3)-(A.8). The
dispersion relation is obtained as

. 0AN? _ (vAt. k,Ax)z (ﬂ_t. 5_4_3')2 (vA:g)2
(sm—z—) = Axsm 3 + Aysm 3 + 3 (B.39)
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which is exactly the same as that for the real-variablz 2D FDTD, but different from
that in [2] for the standard 2D FDTD.

B.3 Numerical results and discussion

In order to test the numerical dispersion of the 2D FDTD method, a simple lossy
dielectric-filled rectangular waveguide is analyzed and compared to the analytical
solution. Uniform discretization is used. The relative errors for the calculation of the
attenuation coefficient for lossy rectangular waveguides using the complex 2D FDTD
method [26] are given versus the discretization number along the wide side of the
waveguide (Fig. B.1). The accuracy increases with increasing mesh number. The
lower order modes will have a more accurate solution. It is also found that the accu-
racy increases when a higher stability factor is used. The same conclusion applies to
the complex 2D FDTD [26]. The upper limit of the stability condition yields the best
accuracy and also shortens the computation time. For the real-variable 2D FDTD with
Az = 0, results are shown in Fig. B.2. In comparison to the complex 2D FDTD
approach, the real-variable compact 2D FDTD method saves half the computer mem-
ory space and also saves half the computation time.

An interesting poini should be &lso mentioned herc namely that the upper limit
when Ax = Ay = Az =: h of the stability factor for the complex 2D FDTD algorithm pro-
posed in [26] is smaller than that for the real variable 2D FDTD scheme when Ax = Ay
= hand Az =0 (1/./3 for the former case and i.//2 for the latter one for uniform dis-
cretization in all spatia! directions). The stability factor for the latter was chosen 0.65
in Fig. B.2 (a), however the complex 2D FDTD schetne ii: [26] would be unstable at
this value resulting in an overflow of the program. Since the larger stability factor
leads to sinaller numerical dispersion (Fig. B.1 and Fig. B.2), it is concluded that ine
real-variable 2D FDTD scheme used in this thesis can have better accuracy than the
one in [26] when both methods work at the upper limit of the stability factors, There-
fore, in addition to the advantage of much less memory and cpu time requirernent for
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the real-variable scheme, better results can be obtained. It should be mentioned that
the Az value in the complex 2D FDTD [26] can affect the stability condition and accu-
racy if selected too large. This can be observed from Fig. B.1, where the smaller rela-
tive errors can be achieved with smaller stability factor s = (.25 in Fig. B.1(a) than that
with s = 0.50 in Fig. B.1{b). The similar conclusion also applies to the real variable 2D
FDTD scheme (Fig. B.2).

558 - T T =T 2 T
2 | ___TE10 Mode
26t TE11 Mode -
g o e TE12 Mode
Lal™ . S -.-.-. TE13 Mode :
O
T} ~ . - ]
o 2r \\\ ‘‘‘‘‘
,% el T e L Tm e
T | Tl T T e e e e L D T T e
o - i T T o S LT
%0 30 40 50 60 70 80
N (numbar of meshes)
(®
=5 T T Y =T .
2:;; “ ___TE10 Mode
4+ '~ .
% N TE11 Mode
Esr . )
e | < e TE12 Mode
ga_ \\ '\,\ -~
Ig \\ - - \'\.\.~' '.",’.TE13 Mode
R . T - .
% e L T T T s e = e T T e
%0 30 40 60 70 80

50
N (number of meshes)
)

Figure B.1 Effect of the stability factor and thy: discretization size on the relative error of the complex
2D FDTD [26] calculation of a rectengular waveguide, WR-28 waveguide, a=7.111 mm, b=3.555 mm,

£=2.2, tanb=3.0x10"4, B=628.0425, (a) 5=0.50, (b) 5=0.25.
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Z &Y
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.‘g N v = TE13 Mcae E 4 \ N. =-.-. TE13 Mode
2 ~ . @ ~ g
-g -, ~ \,\‘\“, _E 2 \\\.\\\ 4
& e L T s S ;g """""" B T
%’\ 40 “Q 80 %0 40 60 80
N (numbe(r c))f "o 5hes) N (number (%f) meshes)
c

Figuie B.2 Bffect of the stability factor and the discretization size on \he relative error of the real-
variable 21) FDTD calculation of a rectangular waveguide, WR-28 waveguide, a=7.111 mm, b=3.555

mm, £,=2.2, tan5=3.0x10'#, B=628.0425, (a) s=0.£3, (b) s=0.50, (c) s=0.25, (d) s=0.125

B.4 Conclusion

The stability criterion and dispersion relationship for various 2D FDTD methods
have been derived and studied. Generally the 2D FDTD full-wave methods have sta-
bility conditions and dispersion relations that are different from the standard 2D
FDTD. It was illustrated that the sclection of the stability factors has significant effect

on the numerical dispersion.
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AppendixC

Eigenmatrix for homogeneous structures

Taking an arbitrary contour homogeneous waveguide in Fig. 5.2 as an example, the

finite field values in practice at r=0 require By =0 due to the singularity of the Neumann

function NM (k_r) at1 ~— 0. Assuming an ideal conductivity on the contour leads to (c.f.
eq. (5.21))

[T) [Apy, (kerd ] = [(TT [y, (kr)]A = O (C.1)
for TM modes, where r; is the radius of the k-th discretization line.

A non-trivial solution of (C.1) requires non-zero coefficients A, i.e.,

Al
)
A=|"#0 (C2)
Ak
Ax
then
det( (7] [JM(chk)]) =0 €3)

where J,,(k 1)) is the A -order Bessel function of k.r,. The eq. (C.2 - will give ali the cutoff

wavenumbers of TM modes. From eq. (C.1) all the modal field density distsibutions can
be obtained.
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The eigenmatrix for T in eq.(5.22) can be explicitly written as follows
det{[Al} =0. (C4)

where

(Al =

(Tydy (kr) Tighy (kr) oo Tyghy (kry) .. Tidy, (kery)
Tzll,‘l(kcr2) Tzzsz(kcrz) T2ijs(kc'2) T2N1x~(kc'2)

Tirla, (eri) Tl (kori) - Tesh (korg) oo Tl (ki)

Taada, i) Ty, (k) oo Tl (Ber) oo Ty (e

(C.5)
Similarly, TE modes can be given if we substitute the J,,(k.R,) with

di, (kR

T (R = — (C.6)
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Orthogonal transformation matrix for

CMoL
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To obtain the orthogonal transformation matrix [T] (c.f. eq. (5.12)) to diagonalize

matrix [P] in eq. (5.9), we can assume A,: and 1, to be the eigenvalues and the eigenvec-

tors of [P}, respectively. From

([P] % m)zk =0

we have
(k) 2. (0 (b ]
"i-l*‘(l"“k)’i ~i1 =05
let
t,.(k) = a,cosi@, + b, siiig,,
it foliows that
P = g cos (it 1), +b sin(it1)
it1 = % P+ 0O, Py
or
) k k M 3 . .
ti(:t)l = ‘i( )coscpk+ sing, (:I:bkcos:q>k:raksmzq;k) )
Hence

0 B _ 0

(D.1)

(D2)

(D.3)

(D4)

(D.5)

(D.6)
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(2-23)12(¥ cosw, = 0. ®.7)

Since t,(k) * 0, the eigenvalues A: then take the form of
2 AL
A, = 2-2co89, = 2sm-2- . (D.8)

Therefore, the eigenvalues are determined except that the ¢y is still unknown. In order
to obtain the @y, in the following we will take advantage of angular periodicity of the
field distribution. Since the potential function ¢ is periodic, i.e.,

o(r,.6)= ¢(r.214+6y) (k=1,2,3,...N). (D.9)
Also the 2, in the MoL algorithm is periodic, i.e.,

k 4]
1B =B (D.10)
15 = 1P, .11)

Using this periodic condition in eq. (I.10) and eq. (D.11) yields

cos {(N+1)@,} -cos {g,} sin{(N+1)@,} -sin{g,} H
H =0. (D.12)

k

cos {Ng,} - 1 sin {Np,}

-

A non-trivial solution for a, and b, requires that the determinant of the above coeffi-

cient matrix is zero, i.e., 2sinp, = sin (N + 1)@, -sin(N-1)p,, or cosNp, = 1.
This is the case for all £

®; = 2nk/N, k=123,..N. (D.13)

Now, o, is determined. So the eigenvalues A.,f are also determined. However, the

coefficients a, and by of the eigenvectors 2, are still undetermined. To determine those,

the onhogonahty of the matrix [T] must be used. The orthogonality of the matrix [T]
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requires
[TITI=I0, @.14)

where [I] is an identity matrix, i.e.,

N 2
y Py =1 (D.15)
k=1

Taking the first row of the matrix {T] as an example, with i=1, h = 2r/N and @, = kA,
yields

N 2 2 2 2
Z 5+ 3 cos2hk +a,b,sin2hk = 1. (D.16)
k=1
We can prove that
N sin (2N + 1) h - sink
k;l sin2hk = 2emh , (D.17)
a cosh - cos (2N + 1) h
tz_:l cos2hk = 2sinh . (D.18)

However, since sinNh = sin2x = 0, then

sin (2N + 1) - sinh = %cos (N+1)hxsinNh = 0, (D.19)

cos (2N+1)h-cosh = -%sin(N-i-l)hxsinNh = 0. (D-20)

Therefore, we will have

(12 -i-b2 1
k"' "k LY
7 = N (D.21)

Any cocfficients that satisfy the above equation will be the solution of the problem. If
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a,=b,=A=constant, then, without loss of generality, we will have the special case

A=1/JN. D.22)
The matrix [T] and its eigenvalues are
T; = {cosa+sina,}/JN (D.23)
2 . 2
A, = 4(sin(9,/2)) (D.24)

where

ay;=hij, h=2m/N, @y=hk, i, j, k=1,2,...N (D.25)
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Appendix E

Existence of [T] for both [P] and [Q] in the
modified CMoL with o(h%) accuracy

The existence of the orthogonal matrix [T] to diagonalize both [P] and [Q] for the
cylindrical MoL is proven. A corstruction of [T] is provided.

E.1 Modification to Helmholtz equation

In analogy to the modified MoL in Cartesian coordinates (chapter 4), when we com-
bine eq. (5.9) at three neighboring lines k-1, k, and k+1 and choose the appropriate coeffi-
cients, we can cancel thc lower order error to have a higher order accuracy. The discretized
Helmholtz equations can be modified as

d(rd(¢k+1+10¢k+¢k-1))+k2 200, 1 100, +6,_)

dr 12dr e’ 12

1
= E(Yk+l+ 10y, +v_y)

1{ 02+ 100,  +b, Orp 1+ 100, +¢, | ¢, +10¢,_,+¢,_,
+ = + 10 +
12 K K’ K’

After we develop the Taylor’s series of @2, Py.1, Pus1> a0d Py ,2 8t @, and denote the
varisbles in matrix and vector forms, the right side of the above equation can be written in

matrix form as
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%, (0 e

Therefore, the modified CMoL in eq. (5.24) can be obtained. It has a better accu-
racy because that the term o(/#?) has been canceled and the remaining term o(h*) repre-

2x5'

sents a better accuracy.
E.2 Permutability of [P] and [Q] and existence of [T]

First of all, we will prove that two permutable matrices always have common
characteristic vectors since it is easy to demonstrate that the matrix [P] and matrix [Q]
in eq. (5.24) are permutable, i.e., [P][Q}=[QI[P] [91]). Then we can construct the
matrix [T]. Generally speaking, [T] needs not to be orthogonal to diagonalize matrix
{P} and matrix [Q] simultaneously.

In order to prove the existence of [T], [P] and [Q] must have common character-
istic vectors. Let t be a characteristic vector of [P]: [P]t=At, t is not zero. Then, since
[P] and [Q)] are permutable, we have [P)[Q]t=A[Q]*t (k=0,1,2,3,...) [91]. Suppose that
in the sequence of vectors t, [Q]t, [Q)?t,..., the first g vectors are linearly independent,
while the (g+1)-th vector [Q] t is a linear combination of the preceding ones. Then
[Sl=[t, [Qlt, [QI*t,..., [Q]%! t] is a subspace invariant with respect to [Q], so that in this
subspace [S] there exists a characteristic vector r of [Q]: [Q]r=r, r is not zero. On the
other hand, we have shown already that the vectors t, [Q]t, [QI*t,..., [Q]9"! t are charac-
teristic vectors of [P] corresponding to one and the same characteristic value A. There-
fore every linear combinaticn of these vectors, and in particular r, is a characteristic
vecior of [P} corresponding to A. Thus we have proved the existence of a common

characteristic vector of the matrix [P] and {Q].
E.3 Derivation of matrix [T]

In the following, we will derive the matrix [T] to diagonalize the matrix [P] and
Q). It is known that a matrix {M] is said to be normal if it satisfies [M][M]'=[M]'[M]},
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with t denoting transpose; and if a matrix [M] is normal, then it can be diagonalized by
an orthogonal transformation. Obviously, the matrices [P} and [Q] are real symmetric
and positive definite, a special case of a normal matrix. Therefore, they can be diago-
nalized by their individual orthogonal matrices [T,] and [T,]. For instance, the matrix
[P] can be diagonalized by an orthogonal transformation in a form of [T]

- -
2

A'1 .
) e
t A'z
(7,1'tP1 7] = = [A1[A] E2)
! 5
where [A] = diag( [xi S xﬂ)
From the above equation, we can have
-1
[P) = [T MM {IT)Y = [T IT,) (E.3)

where [T,)=[T,][A] and we will have [T,]"[P}{[T,}'}'=[]], where [I] is an identity

{
matrix. If we let [T] = {[T,]"'} , then, the above equations will be

(11 ‘ [P] [T] = [/]. On the other hand, when we multiply [T]* and [T] from both

sides of matrix [Q], we will have

t
GHOIGERARIORIAR! (E.4)
t [4
= g tie gy (i h
Since [T,] is an orthogonal matrix, {T,]"'=[T,]". Therefore,

(M1 11 = A [y (E.5)
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where the diagonal matrix [A] is given in chapter 4 as Ai = 2(1-cos®,) . @, is given
in Appendix A, and [p?] is given below.

Denoting l»l: and t, as the eigenvalues and eigenvectors of matrix [Q], then

(101 -s3tn )y, =0 E6)
where, [I] is an identity matrix, and [ ] is a tridiagonal one, and we have
(0 +(10-1203)0 4.4, = 0 E7)
Substituting
1 = Aexp jip,) +B.exp {-jip,} (E.8)

into the above equation will give

(k) l:( 10 - 12“/:) (exp {je.} ~exp {—jvk})] =0 ES9)

The non-trivial solution of ti( 9 requires

= (5+cosp,) /6 (E.10)

Therefore, the eigenvalues and eigenvectors are determined. The eigenvalues of

matrix [T] are given by eq. (E.10). The eigenvectors are given by eq. (E.8).
E.4 Continuity conditionin the CMoL

The first order partial derivatives of the tangential fields along the 6-axis need to
be approximated by the finite differences. It is well known that the forward and back-
ward finite differences will have a first order error of the discretization step. So we
will evaluate the first order partial derivatives in the middle between the discretization
lines instead of directly on the lines themselves. In this way, central finite differences
can be used which results in a second order accuracy. By following the technique used
in chapter 4, a higher order accuracy of o(h’) is feasible, which will be shown below.
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For the tangential fields in 8-direction, the continuity conditions can always be

written in a form: of
8¢k ¢k a¢: " Lit n
0t =05 = Ak 4

Lu SIII

L1 _ b 8¢k ¢, 6
Y. + +o| h
T A 598 T % a0 ( )

(E.11)

where C and F, denote the terms which are independent of the O-derivatives, A is the
first order central finite difference operator evaluated in between the discretization

lines. If we combine the continuity condition at three lines with weighted coefficients
1, q, and 1, respectively, for k-1, k and k+1, we have

1 1,1 INI NN nn 1,1 IN7] 1,11
2+qaﬂ(¢k 1+ ¢k ¢k+1) A¢k -‘"kM’ A¢k 2A¢L+1)
1 1,11 IN/BN )
2+q(yk 1+qyk +yk ) (E.12)

Then by developing the Taylor’s series, we have q=22 in order to cancel the

o(?)-order errors, and the accuracy will be on the order of o(h*)

4 L
Kt
VS IxaIxs 5 “’(h) ®13)

Therefore the field continuity conditions will be

Y I
Q &e ) = ( 61( _ fih)
‘°eo[ ](sr,l r i il ar e E19
noo1 ! !
{ ¢ & dé, db,
Solk-Elo ol $-48)  es

where
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(E.16)

1

0
0

0
0

221 0 ..

1221 ..

1221

0 ..

0
0

0 1 22

0 ...

R!

~I8

vl =
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Appendix F

Matrix [T] for the modified MoL in
Cartesian Coordinates

The proof of existence of the orthogonal matrix [T] to diagonalize both [P] and [Q]
for Cartesian coordinates is similar to that for the cylindrical modified MoL in Appendix
C. A construction of [T] in Cartesian coordinates is provided in this appendix.

First, a matrix [M] is said to be normal if it satisfies

MIM] = MM}, E®1)

t denotes the transpose of a matrix; from algebraic theory it is known that [M] € R"".

[M] can be diagonalized if and only if the matrix [M] is normal. Therefore a normal matrix
[M] can be diagonalized by an orthogonal transformation [S], such that

— -

[s1°[M1 (8] = . (F2)

A

d

5

It is also shown that a real symmetric matrix is normal. Since one can easily prove
that the matrix [P] in (4.12) is normal (real symmetric), there is an orthogonal transforma-
tion {T,] to diagonalize [P], such that




(7,0 [P1IT,] = [A][AL, [A) =

and due to the orthogonality of [T,] (ITy]' = [TI]"), the above equation yields

[P] = (T HANANT 1! = (AT 1D AAIT Y = (W W,

where

[W] = [ANT,]

SO

[WITPIW] = 1]

A

n
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(F.3)

(F4)

(F.5)

(F6)

Therefore, [W] can diagonalize matrix [P]. The same matrix [W] can also diago-

nalize matrix [Q). This can be shown in the following. Since [Q] is symmetric, it is not

difficult to prove that [W]'[Q}[W] is also symmetric. Therefore, there is also an

orthogonal matrix [T,] to diagonalize [WJ{[QI[W]:

(' ta w) iy = . w =

or

[TITQIIT] = [u2), [T] = [WI[T,] = [T,J[A]}(T,],

The same matrix [T] will also diagonalize [P] as follows (cf. (F.6))

F7)

F8)
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[TI'[PI(T] = ((WILT2D)'{PIIWIIT2]) = [WI'[PI[W] = [T] (F9)

Therefore, the matrices [P] and [Q] have been diagonalized simultaneously by
the matrix [T] which depends on the lateral boundary conditions. The eigenvalues and

eigenvectors of matrix [P] and matrix [Q] are derived in a similar way as in Appendix
C. For example, eigenvalues and eigenvectors of matrix [Q) are denoted as p;% and 1,

respectively. The eigenvalues are derived in the following. From

2
(te1-wtn)s =0 ®10)
where [I] is a unit matrix, and [Q] is a tridiagonal one, then,
A7+ (10- 120 A4 4" = 0 ,i=2,3,, N1, F.11)
Substituting
f, = Agexp (jip,) + B exp (-jip,) (F12)
into eq. (F.11), one can obtain
2 .. .. i
({10 - 1201}) + exp Giigy) + exp (i ) = 0, (F.13)

and the non-trivial solution of t, requires that

2
2 S+cosp (sing,/2)
T (F14)

where @, depends on the lateral boundary conditions. For instance, for the N-D
boundary conditions (Neumann and Dirichlet boundary conditions for electric field
are, respectively, the left and right side walls in Fig. F.1) and the D-N (Dirichlet and

Neumann) boundary conditions for magnetic field respectively at left and right lat-
eral walls in Fig. E1),
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Figure F.1 MoL calculation of a microstrip line with two dielectric interfaces A and B.

k-1/2

%= NT1/2" ®,k=1,2,3,.,N. (F.15)

The eigenvalues of matrix [P] can be determined as follows

A2 = 2(1-cosp,) ,k=1,2,3,..,N. (R16)

The transformation matrices for the N-D and D-N cases are also found analyti-
cally as follows

[77]),, = VI7(@N+1) cos (i - 1/2) g, 0509, /2, ik =1,23,..N,  (E17)
[72"], = V17 (2N +1) sinip,cscp,/2, ik = 1,2,3,..N, (F18)
[TND]ak TDN]:I:’ [TDN tk [TND]tk’lk 123’ N (F.19)
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Appendix G

o(h?) accuracy of the MoL discretization
in Cartesian coordinates

In the MoL, both Helmholtz’s equation and the field continuity equations involve
approximations of partial derivatives by finite differences. Therefore these approxima-
tions affect the accuracy of the MoL scheme.

G.1 Discretization of Helmholtz’s equation

In abbreviated form eq. (4.2) can be written as
¢",, (9, +¢"yy (¢,) +x¢;, = 0,i=1,23,..N, (G.1)

where the x-variable can be discretized by straight lines (Figure G.1) with thc central
finite .lifference as

" o 2 2 2 =
¢rx‘¢i) = A,"'"Yp A; = (¢1+1‘2¢1+¢,’-1)/" . (G.2)

L TPR 1 [hia

|

i
Ax:<—
i

Figure G.1 MoL discretization in x-direction.
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From Taylor’s series expansion one obtains:

a, w1 wRat . K rf S ( 7)
di21 = ’lth'a_xd’i"'zgaxzq’i:tagaxa%+4!ax4¢itsgax5¢i+6!ax6¢i+o k'),

(G.3)
And from here one can show that the remaining error is
2 4 4 46 6 ~8
_2r° 9%, 21" 9%, 21° 9 (s)(z)
Yi T & ax4¢i‘+ 6! ax5¢i+ 8! ax8¢,-+0 h™)=o|lh”]. (G4)

Therefore, the MoL discrztization of Helmholtz’s equation has a second order
error as shown in eq. (4.8). However it is interesting to note that if one combines eq.
(G.1) and eq. (G.2) at any three neighboring lines at i-1, i and i+] with coefficients 1,
10 and 1, respectively, divided by /2, yields

2
i+1

(0", +100", +8",_ 3 /124424 (A2 -2474 A7 }/12

- +x{d;,, +106,+9,_ }/12+7,+ V1 -2v+y,41/12=0. (G5

Comparing (G.5) with (4.10), it is evident that the disc.etization of Helmholtz's

‘equation in the modified MoL. has an overall error as follows

1 92 1 62( 2 2)
Yio = Yi—ﬁ'a-;f{¢i+l_2¢i+¢i—l} = 'Yi"l—zsx“z h™A;

2 52 2 2 .4 2 42
O P DY W
- 123x2(3x2 ; 7‘) PP AL

4 ~6 6 ~8 2 42 2 44 4 .6
_2n 3% 2n° 9 s) B a2 3 24t d (s
ol 3x6¢i+ 8t ax8¢'+o(h +i23x2 ] 4 5?%4.-6-!_5;?%*.0 ’ )} '

or

‘ 4 6 4 6 4 .6
_2n 3% . 2n' @ (s)_na (s) .




Therefore, the discretization of Helmholtz’s equation with three neighboring
lines has a fourth order accuracy as shown in (4.11).

G.2 Discretization of field continuity equation

The tangential fields at interfaces between subregions involves approximations
of the first order partial derivatives by finite differences. Since the forward and back-
ward finite differences will have only «. first order accuracy of the discretization step,
the central finite differences are utilized instead to yield second order accuracy. How-
ever, by using three neighboring lines instead of two, a higher order accuracy (o(4?)) is
obtained.

First, when we use a central finite difference to approximate the first order par-
tial derivatives we obtain

%4,1, = A-7, Ai-_-.g"_*’_A_x_;.ﬁﬁ,h = 2Ax. (G.7)

After developing (G.7) in a Taylor’s series, suci that

3, A%, LA, At ot Al o 6
Pixac = §; T Bt + 5 ax2¢‘t 3l ax3¢i+ ) ax4¢’t* 30 axs¢i+°(h) '

one can find that

AP, AP ( s). GH

Y; = ¢ + ¢, +o0l h
! 3 ax“ 5! Bxsi

Any of the field continuity equations between region k and region k+1 in (4.16)-
(4.19) can be rewritien as

%¢i'k+ ax Lhk+1 +,f{ = 0' i = 1t2)3’-"»Nn (0-9)

which can be approximated with central finite differences in (G.7) as

Al'k—'yi’k"'p {A',k+l -yi,k+l} +'fi = 0*, i = 1,2,3,...,N, (G.IO)
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where the discretization errors are at best of second order shown in (G.8).

Adding (G.10) at three neighboring lines together with coefficients /, 22, and /
respectively, then divided by 24, yields

1 1
Akt g By 8i 16728, ) =57 (i 1,6 Yo 1,6 +227, )

1
+p {Ai,kn+2‘;(Ai+1,k+1+Ai-1,k+1 =24, k41)

1 , 1 _
_2_4,(yi+l,k+l+yi-1,k+l+2zyi,k+l)} +2-Z(fi+1+fi-l+22fi) =0

where

1 1 .,
24_(Ai+l.m+Ai—l,m'zAi.m)"24"'('Yi+1,m+yi—l,m+"27i,m)

= 19 ) & or kel .-
= Yim 3255 Qi 1,m¥ i 1,m= 28, ) sm=k or k+l. (G.11)

The above equations can be compared to (4.23) or (4.24) and one finds that the discret-

ization error of the modified MoL for the continuity equations is as follows

Y it:] (P
io = Yim~ 2497 2 imYYi|»

where v; is given in (G.4) and ¥, ,,, is given in (G.8), therefore,

2 53 4 .5 2 ;2 2,2 4
Ax® 9 Ax* 3 (e) W3 h(2h d 4
s, = .-.____¢ +—..__¢ +ol h _....___¢_ - — .—.__¢ +ol|l h
lo M3 8t e " 245,270m 24( 41 5 4Thm
Noticing that & = 2Ax yields

4 55 4 4 4 4
_ A9 KD (6)_-17h8 (6)

Therefore a fourth order accuracy is obtained as shown in (4.25). The subscript

m in the above equations denotes either k or k+1.
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AppendixH

TE modes for homogeneous cavities

For the TE modes in the homogeneous cavities, the eigenvalue equation is the same

as that in eq. (6.15)-(6.17), where the matrix elements are as follows
[Ciete NN,

~

8 n
TzuT?eksJ' p.ko(xikr kol) T;le?ek T uka(xikr kaiz) e Ty lTiake‘, ukB(X:k’ koNz)

.

9 z

8 8
TiizTieice‘r ""e( X" kel) TZizTZko"' “"o( Xie” keiz) mzi,Tdekej “"e( Xik" keNz)

8 N 8 8
TiNzTieke‘r uke(xikr k91) T;zNzTioke‘r uko(xikr koiz) T;VzNzTi”ke‘,‘ u,o(xik” k,,N,)

4

8.1
Similarly %, is given in eq.(6.8). The prime in above equation denotes the deriva-

tive of the Bessel functions,
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