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ABSTRACT
Numerical modelling of electromagnetic fields is an indispensable part in the 

design of modern communications equipment. For this purpose a variety of numerical 
techniques have been developed in recent years. The most attractive ones are those that 
rely on the discretization of space. Two of them, the finite difference time domain 
method (FDTD) and the method of lines (MoL) are selected in this thesis. Their algo­
rithms are refined and applied to analyze a variety of planar transmission line structures 
and metal waveguide components.

The reason to focus on these two methods is the following:

The FDTD method is one of the most powerful time domain methods which, 
compared with other time domain techniques, is most flexible and requires the least num­
ber of field variables. However, a commonly known problem in the application of the 
FDTD method is the significant amount of computer memory and run-time required to 
resolve fine circuit details with sufficient accuracy. To alleviate this problem, a variable 
grading scheme with second order accuracy is developed. Furthermore, a new two dimen­
sional hybrid FDTD scheme with real variables is developed and tested in the analysis of 
planar superconductor transmission lines with very thin conductor layer.

The FDTD method is a time domain method which carries substantial computa­
tional overhead when applied to the analysis problems over a narrow frequency range. 
Pure frequency domain techniques are then more appropriate. The MoL has been chosen 
here, because of its semi-analytical nature in one coordinate direction (i.e. planar trans­
mission line). Since also the MoL is a space discretization technique, discretization 
errors are a problem. In this thesis, the inherent second order accuracy of the MoL is 
improved to fourth order and the MoL scheme is extended to cylindrical structures.

The refinements to both methods are original and have been published in refereed 
journals and conference proceedings.
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Chapter 1 

Introduction

1.1 Numerical techniques for CAD of microwave circuits

1.1.1 Necessity of numerical modeling

The necessity of numerically modeling electromagnetic fields in microwave com­

ponents has become more and more evident in recent years. The progress in miniaturizing 

microwave and millimeter wave integrated circuits has reduced circuit dimensions which 

are in the order of the wavelength of the operating frequency. As a result, the radiating 

interaction between circviit sections becomes an important design parameter which, if not 

accounted for, will lead to discrepancies between theoretical and measured results. There­

fore, an accurate CAD procedure is required and aimed at first-run success to maximize 

circuit yield.

Commercially available software packages like Touchtone™ and Supercom-

p a c fM are largely based on curve-fitting or empirical formulas. SonneFM is mainly

based on full-wave techniques and has set a trend for Touchtone™ and Supercompact™ 

to implement more accurate modeling techniques to make the design more flexible and 

reliable. The objectives of numerical nu deling is the circuit analysis, i.e. determining the 

characteristics of a specific structure versus frequency or dimension. From the analysis 

data either synthesis procedures are derived to design a specific component to specifica­

tions or use optimization strategies until prescribed performance characteristics are met. 

In either case the accuracy of the component design depends directly on the accuracy 

with wliich the circuit characteristics are derived. Therefore, accurate numerical model-



ing is an integral and important part of modem microwave system design. With this goal 

in mind, the purpose of this thesis is to examine and improve the two numerical tech­

niques that are considered to be very effective. In the time domain: the time domain 

finite difference (FDTD) methods; and in the frequency domain: the method of lines 

(MoL). Both techniques employ space discretization which makes them very flexible.

1.1.2 Efficiency versus versatility of numerical met’ 3ds

In the presence of dispersion, quasi-static approaches can not very well predict the 

characteristics of the circuits. Therefore, full-wave numerical methods for modeling 

microwave integrated circuits have been developed. The mode matching method (MMM), 

boundary/finite element method (BEM/FEM), method of moment, spectral domain 

approach (SDA), method of lines (MoL), transmission line matrix method (TLM), and 

finite difference time domain method (FDTD) are quite well known. These methods are 

extensively documented in the literature [1].

Each method has its own advantages and disadvantages, and a compromise must 

often be made between flexibility, CPU time and memory space required. Among these 

methods, the TLM method and FDTD method are two popular time domain methods. In 

parallel to the TLM method, the FDTD is one of the most universal techniques for tin. 2 

and frequency domain applications. However, in comparison to the TLM method, the 

FDTD method needs less memory space and less CPU run time. Also, the FDTD method 

is straightforward and easy to implement in program. That is why FDTD is chosen in this 

work instead of TLM. On the other hand, the MoL, a semi-analytical finite difference 

method, is one of the most efficient methods for frequency domain applications, because 

as a space discretization method, it requires less computational resources compared to 

other methods in this class (finite difference method (FD) or FEM). The MoL is especially 

suitable for layered microwave circuits like microstrip lines and coplanar waveguides 

(CPW). Therefore, the MoL is another main topic in this thesis. Since the FDTD method 

and the MoL belong tc the class of space discretization techniques, which are the most 

versatile analysis tools, they are still computationally very demanding for complex micro­

wave structures. To maintain their versatility but at the same time improve their computa­
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tional efficiency is the main objective of this thesis.

1.2 FDTD method

1.2.1 Historic review of FDTD

The FDTD method has been widely used for many electromagnetic field prob­

lems. The popularity of the method is due to several reasons. Firstly, Maxwell’s equa­

tions are solved in a sequential manner which makes the algorithm simple and very 

appropriate for parallel computer operations. Secondly, the method can be applied to 

problems with complex structures which can be very difficult to solve with either analyti­

cal or other numerical methods. Thirdly, the FDTD provides a direct solution for tran­

sient problems. Frequency domain methods are very limited for this kind of application, 

because computations are needed at many frequencies before a Fourier transform can be 

applied to obtain the transient response with sufficient accuracy. The impulse response 

from the FDTD method contains the frequency domain information over the entire spec­

trum, but only one computation run is needed. Fourthly, the FDTD can be applied to 

solve such complex problems as inhomogeneous, lossy, nonlinear, anisotropic, and ran­

dom time-varying media etc. Most other approaches can not treat such a variety of prob­

lems within the frame work of one method. Especially for nonlinear and time-varying 

media, frequency domain methods aie limited.

Although the many attractive features of the FDTD method have made this 

numerical technique a subject of numerous research papers, the main disadvantage of the 

FDTD method is still its requirement for large computer memory space and long CPU 

time which both increase with the complexity of the problem. This can only be overcome 

by either using supercomputers (or parallel processors) or improving the method itself. 

The latter point is addressed in this inesis by introducing a two dimensional (2D) hybrid 

FDTD method with a variable mesh size of second order accuracy, improving the absorb­

ing boundary conditions and using signal processing techniques to accelerate the FDTD 

algorithm.

Since the first paper on the FDTD by Yee [2] in 1966, great efforts have been
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made to apply the method and improve its efficiency [3]-[41]. Recent research mainly 

concentrates on reducing computational overhead. An outstanding topic is the accurate 

termination of guided wave structures extending beyond the FDTD grid boundaries. The 

key difficulty is that the propagation in a waveguide can be multimodal and dispersive, 

and absorbing boundary conditions (ABC) utilized to terminate the waveguide must be 

able to absorb energy having widely varying transverse distributions and group velocities

V
Typical FDTD ABC’s developed for free space problems include the space-time 

extrapolation method [3], the one-way wave equations [4], the impedance boundary con­

dition [3], Engquist & Majda’s [6], Liao et. al’s [7] and Higdon’s method [8], and the 

super-absorbing method [9]. However, when applied to terminate guided wave struc­

tures, such ABC’s perform best only for narrowband energy of propagation modes where 

vg is well defined. Some researchers have tried to account for variations of the 

waveguide modal vg with frequency [16]. But these algorithms are global in time requir­

ing me evaluation of a convolution integral for each mode, thus resulting in inefficient 

calculations.

One of the most recent contributions to the FDTD method which, in its impor­

tance could be ranked right after Yee’s original work, is presented by Berenger’s per­

fectly matched layer (PML) technique which reduces reflections from the absorbing 

boundary conditions [10]. This work was extended to 3D problems [12]. But, in applying 

this technique, many layers (typically 10-20) are required to achieve a high resolution of 

frequency domain parameters such as S-parameters and wave propagation constant. This 

leads to a noticeable increase of CPU time. Previously used absorbing boundary condi­

tions fail when fields near outer boundaries are mostly evanescent waves instead of out­

going waves. As a result, in FDTD modeling of microwave integrated circuits (taking an 

open microstrip line or CPW as an example) outer boundaries parallel to the microstrip 

line or CPW have to be placed far away from the metal strip in order to minimize the 

influence of reflected waves from these boundaries. It has been observed that even a mod­

est amount of error in transient solutions, caused by the reflection from the outer bound-



£

aiies, can severely deteriorate the accuracy of frequency-dependent circuit parameters 

obtained through a Fourier transform of the transient solution [13]. To ensure accurate 

numerical results without requiring excessive computer resources, the absorbing bound­

ary must absorb both outgoing propagating and evanescent waves. This topic will be dis­

cussed in Chapter 3.

1.2.2 Principle outline of the FDTD method

To illustrate the method a conductor-backed coplanar waveguide (CPW) disconti­

nuity (Figure 1.1), is used. The bottom plane and strip are made of perfect conductors, 

and the structure is assumed to extend infinitely above the metal strip plane, as well as the 

horizontal plane.

Figure 1.1 A 2-port CPW discontinuity. 

Maxwell’s curl equations are

~  = - V x t f ,  p  = - - V x i ,  
dt  e dt  H (1.1)

with e and |X as material parameters. For uniqueness of the solution of Maxwell’s equa­

tions, the following conditions must be satisfied:

(a) The initial condition at t=tQ for the fields must be given over the entire domain of 

interest

(b) The tangential field components at the boundary must be given for t>tg- For the 

boundary at infinity, Sommerfeld’s radiating condition must be satisfied, that is, 

the wave at infinity must be of an outgoing type.



There are many ways to solve the system of Maxwell’s equation. The FDTD 

arranges the discrete nodal points as in Figure 3 3 on page 46. The whole computation 

domain is discretized by those cells. It follows from eq. (1.1) that every electric field 

component can be obtained from the loop integral of four magnetic field components. 

Similarly, the magnetic field is obtained from the electric fields. In this algorithm, not 

only the placement of electric and magnetic nodes are offset in space by a O.S space step, 

but also the time steps are offset by a 0.5 time step. To be more specific, if the compo­

nents of E are calculated at nAt, where At is the discretization unit in time, or the time 

step, and n is any non-negative integer, then the components of H are calculated at 

(n+0.5)At. For this reason, this staggered process is also called leap-frog algorithm.

For a source-free and inhomogeneous region of space, Maxwell s equation leads 

to the following expression (taking the Eg component as an example, other field compo­

nents can be given in a similar form):

with Ax, Ay, and Az being the space discretization units in x, y, and z direction respec-

tions, the time-dependent fields can be calculated in a leap-frog time-marching process 

using the above equation.

1.2.3 Convergence and stability

The convergence and stability of the algorithm are a major concern. The FDTD 

algorithm is based on the linear hyperbolic differential equations, to prove that the FDTD 

algorithm converges is equivalent to the proof for simultaneously satisfying the consis­

tency and stability conditions.

The consistency condition states that when the discretization interval approaches

tively, and At is the time discretization interval. Knowing the initial and boundary condi-
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zero, also die local truncation error approaches zero on all the mesh points. The dis­

cretized system is said to be consistent with the original differential system. The stagger­

ing FDTD scheme satisfies die consistency condition. The proof is easily shown in that

the local truncation error of the scheme is of a second order o(Ah2) and o(At2). This is an 

advantage of the FDTD because the central finite difference scheme in both time and 

space ensures that the local truncation error is of second order in both domains, however, 

only if a uniform mesh is used.

The stability condition requires that the numerical errors, which are generated in 

one step of the calculation, do not increase from step to step as the computation goes on. 

The stability criterion of the FDTD determines the choices of the time and space steps, 

that is [3]

( _2 _2 _2^- 1/2 
vA/£(A* + Ay + Az ] . (1.3)

For the special case of Ax = Ay = Az = Ah, the above equation becomes vA t <. A/j/a/3, 

which shows that the time step must be chosen much smaller than the space steps.

1.2.4 Choice of the excitation impulse

The selection of the excitation impulse is a practical issue and mainly depends on 

the individual structure to be analyzed and the frequency band needed. An impulse propa­

gating along the structure must contain the spectrum of interest. The excitation impulse 

used for microstrip lines and CPW has been chosen to be Gaussian in shape, because it 

has a smooth waveform in time, and its Fourier transform is also a Gaussian distribution 

centered at zero frequency. Appropriate choice of the Gaussian impulse width will give 

the frequency-dependent parameters we want An ideal Gaussian impulse which propa­

gates in the +z direction will have the following expression

g (z, O ) *  exp [ -  ( t - t 0 - ( z -  z0) /v )  2/ r 2]  , (1.4)

where v is the velocity of the pulse in a specific media. The impulse has its maximum at 

z=Zq when t*tQ. The Fourier transform of the above Gaussian impulse has the form
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G(f )  = e x p { - ( n T f ) 2} .  (1.5)

The choice of the parameter T, to and zq are subject to the following requirements:

(A) After the space discretization step Az and the time interval At have been chosen 

according to the stability criterion, the Gaussian impulse must contain enough space 

divisions so as to be well represented by its discretized form. We define an impulse 

width w as the width between the two symmetric points which have approximately 

5% of the maximum values of the impulse. Therefore,

e x p { - ( w / 2 ) 2/ { v T ) 2} = e x p ( -  3 ) - 5 % .  (1.6)

When the width w is chosen around 20 space steps, T is determined by

T = 10Az/v73. (1.7)

(B) For a chosen T, the maximum frequency (G(fmax)=K).l) that can be calculated is

fmax = l / (2r> = 0.05 */3v/Az. (1.8)

1.2.5 Solution process

The FDTD applications for various microwave integrated circuits can be summa­

rized as follows:

(A) Place the structure to be analyzed into a computation volume.

(B) Fill the computation space with FDTD meshes.

(C) Truncate the computation space with reflection-free walls to simulate an infinite 

space.

(D) Excite the structure at one transversal plane over a period of time with an impulse 

whose width is chosen to cover the frequency bandwidth of interest.

(E) Switch on the leap-frog FDTD explicit process and observe the transient wave form 

in the time domain at a proper location.

(F) Extract the frequency parameters by using the Fourier transform.
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1.3 Method of lines
Although the method of lines was proposed to solve partial differential equations 

back in the 60s, the application of this method to the microwave area was first proposed 

in the 80s. In this method, one or two space variables are discretized for numerical pro­

cessing while analytical expressions are sought for the remaining space variable. Consid­

ering a CPW transmission line as an example (Fig. 1.2), first, the x direction is discretized 

by a family of N  straight lines parallel to the y axis and separated by h. When the partial 

derivatives with respect to the x  coordinate are replaced with finite differences, the elec­

tric and magnetic potentials, vy* and V 1, satisfy the discretized wave equation

d2 (  \
- Y  + ^ [ V / . i - 2 v f + v l + 1] + ( * 2 - P 2) v ,  = 0,i=l,2,3,..,N> (1 9)
ay h

or in matrix form

*2̂ ?  -{[/■]- A2(*2-p 2) [/]}<? = o, (1.10)
dy

where '  is the identity matrix and [P] is a tridiagonal matrix determined by the lateral

boundary conditions at x=0 and x=a/2. The and V 1 are shifted by half the discretiza­

tion distance, hJ2, so that the lateral boundary conditions are easily implemented and the 

approximation of partial derivatives by finite differences has a second order accuracy,

both for ^  and V 1 simultaneously. The main advantage of the method lies in the de-cou­

pling procedure of the above equation (1.10) through diagonalization of the matrix [P],

so that the equation for and V 1 can be solved independently and analytically for each

discretization point /. This is accomplished by an orthogonal transformation [T]t\j/=U,

where [T]t denotes the transpose of an orthogonal matrix [T] determined bv the lateral 

boundary conditions. Then the uncoupled equations take the following form

d^U
h2— j +  {i.l - h 2( k 2 - f , 2) } U ,  = 0, i= l(2.3,..,N, (1.11)

dy
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with A| being the eigenvalue of [P]. After the above equations are solved analytically, 

boundary conditions and field continuity at the interfaces between different uniform 

regions may be imposed. Finally, the condition that the tangential electric fields on a 

metal strip or current density in a dielectric interface must vanish is imposed in the origi­

nal domain, and the following matrix equation is derived

[A] 0
_0

(1.12)

where Jx and J z are the current vectors. The non-trivial solution requires that the determi­

nant of eigenvalue matrix [A] vanish.
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Figure 1.2 Coplanar waveguide to be solved by MoL.

Then the transmission parameters can be determined and from these also the 

fields and currents.

The method can be extended to three dimensional problems such as microstrip 

resonators and antennas.

1.4 Overview of the thesis
FDTD is one of the most popular, powerful, and universal techniques. However, 

the MoL, a semi-analytical technique, is one of the numerically most efficient methods. 

The common feature of FDTD and MoL is that both of them are space discretization tech­

niques. MoL is in the frequency domain. FDTD is in time domain. Chapter 1 reviews 

these two techniques, which will be further developed in the following chapters.

Chapter 2 outlines new improvements to the FDTD algorithm developed in this
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thesis. First the 2D FDTD method which improves the computational efficiency of the 

method significantly, especially for frequency-selective applications. The scheme is fur­

ther improved by introducing real-variables in the FDTD process.

In chapter 3, a variable grading scheme that preserves second order accuracy is 

presented to further improve the efficiency and accuracy of the FDTD. Extending the vari­

able grading scheme to 3D and combining it with Prony’s spectrum estimation technique 

and improved ABC, the efficiency and accuracy of the FDTD is further improved. To val­

idate the improvements, the method is applied to simulate waveguide discontinuities, 

superconductors, lossy structures considering lossy media and finite but thin metallization 

thickness.

In Chapter 4, the MoL is modified to provide 4th order accuracy. The continuity 

condition and edge condition are included in this new scheme to provide an overall error 

reduction. As a result, the new MoL algorithm has significantly improved accuracy and is 

computationally much more efficient.

In chapter 5, the cylindrical MoL (CMoL) is proposed for the general nase of 

asymmetric cylindrical structures. It will be shown that the new algorithm is suitable to 

analyze complex structures with mixed coordinate systems. The method can hande static 

problems as well by solving Poisson’s equation.

In Chapter 6 , the CMoL is extended to 3D analysis. A class of homogeneous and 

inhomogeneous cavities and resonators with mixed coordinates are analyzed.

Chapter 7 briefly introduces the caviiy model and discusses problems with inho­

mogeneous boundary conditions to calculate S-parameters of 3D circuits by the CMoL.

Chapter 8 concludes this thesis.
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Chapter 2 

Full-wave 2D FDTD Method

2.1 Introduction

When Yee in 1966 [2] introduced the FDTD method, he discretized Maxwell’s equa­

tions directly by the central finite differences in time and space. Since then the FDTD has 

been further developed and is now well established as a versatile technique to solve elec­

tromagnetic field problems. The method is in particular attractive for transmission line 

problems with complicated circuit contours. Application examples have been reported in 

i.e. [3-A3]. Although the method has many attractive features for time domain problems, 

one commonly known disadvantage of the FDTD method for frequency selective analysis 

problems is that it requires large amounts of memory space and CPU time, in particular for 

the full wave analysis of hybrid modes in quasi-planar circuits or in general in inhomoge- 

neous waveguide structures. The large memory space and CPU time requirements in the 

FDTD method are me mly due to the fact that processing a time domain impulse involves 

from the start much more frequency information than what is actually needed for the cir­

cuit analysis and that a full wave analysis requires a three-dimensional mesh. Only after 

the impulse has reached stability in the three-dimensional mesh, a Fourier transform can 

be applied to select the information of interest. Up to now a two-dimensional mesh could 

only be used to calculate the special case of TM or TE modes separately [2]. Although 

several slightly different approaches for the FDTD have been reported, all of them require 

a three-dimension*l mesh o determine hybrid modes. For example, one of those methods 

uses a Gaussian pulse as excitation for a single shielded microstrip line [13]. Typically 160
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space meshes are required in propagation direction and about 5 to 7 time steps for any one 

mesh to satisfy the stability condition. Another approach is to resonate a section of the 

guided structure by placing two short-circuited planes along the z-axis a distance L apart. 

The length L corresponds to half a guided wavelength of the mode of interest. The reso­

nance frequency of the cavity corresponds to the frequency at which this particular propa­

gation constant is valid. The relationship between the propagation constant and L is then 

p=2n/L. By changing L also P changes. Repeating the calculation of the resonant fre­

quency of the resonator for each P the dispersion characteristic of the guided structure can 

be obtained [14]. Since also this method involves a three dimensional mesh, there are eas­

ily thousands of iteration steps involved.

To alleviate these problems, this chapter introduces a novel approach for the FDTD 

which uses only a two-dimensional mesh consisting of a three-dimensional space grid for 

the analysis of hybrid modes. This two-dimensional mesh could also be regarded as one 

slice out of a three-dimensional mesh, with the third dimension, the propagation direction, 

being replaced by introducing a phase shift. The idea was first introduced for the TLM 

method in [23,24]. This step even allows to reduce the size of the space grid to only half of 

it's normal size. At a first glance, the introduction of a phase shift in the time domain algo­

rithm seems to be an odd approach. However, by choosing the propagation constant and 

then exciting the system with a time domain pulse provides correct results (after a Fortier 

transform) only at the frequency at which this propagation constant is valid. This step 

must then be repeated for different propagation constants to obtain the frequency behavior 

for that particular mode. Since this approach requires only a two-dimensional mesh with a 

half-size space grid and since the propagation constant is given as an input parameter, the 

convergence rate is much faster than in the conventional approach. Also the memory 

space is reduced significantly.

In this chapter, the principle steps for the frequency selective 2D FDTD method will 

be discussed.



2.2 Full-wave 2D FDTD method

2.2.1 Theory

The basic idea for the new 2D FDTD algorithm is to replace the space discretization 

in propagation direction (z) by the phase shift. The new approach follows also the two- 

step le apfrog FDTD procedure initially developed for a full size three-dimensional grid 

(eq.(A.3)-(A.S)). Due to the introduction of the mode concept, the variables in the 2D 

FDTD process becomes complex. However, it is found that the complex process can be 

avoided if a simple functional transform is performed. Furthermore, a truly 2D grid can be 

obtained if the mesh size in the propagation direction is approaching zero as shown in Fig.

Assume the structures are homogeneous along the mode propagation direction (z- 
axis). A phase delay is involved along the line. Assume

2.1.

(2.1)

Hx, Hy, E2 S {Hx, Hy, Ez] exp {-jfiz} , (2.2)

the discretized Maxwell’s equations yield:

(2.3)

(2.4)
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Ax

(2.7)

£r ‘( - 4 - * 4 )  = £?('’4 ' t+ 5)+7 Ax

u n  + OS 
x

Ay (2.8)

From the above equations, it is obvious that now only a two-dimensional real-variable 

process is involved. In other words, only a 2-D iteration process along the x- and y-axis is 

used leading to much faster convergence than for the conventional 3-D one [2.14,15].
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Figure 2.1 A real variable 2D FDTD mesh cell

2.3 Stability criterion and numerical dispersion

Numerical dispersion and stability are two basic but very important issues for the 

FDTD method because the FDTD involves finite difference approximations and the 

scheme is explicit Lack of a rigorous analysis of these two issues will limit the effective 

application of the method due to the following reasons. First, the stability criterion deter­

mines a rule of selecting the time step size which must be small enough to guarantee that 

the numerical errors do not accumulate during the process. On the other hand, in practical 

applications, the time step is desired as big as possible to speed up the process. Therefore, 

a rigorous derivation of the stability criterion is important in choosing the time and space 

discretization steps. The second issue in this regard is the numerical dispersion. The 

numerical discretization of Maxwell’s equations produces numerical dispersion which 

means that the phase velocity is a function of the mesh size. Therefore it is different from 

the physical dispersion. This effect must be reduced as much as possible in simulation of 

guided wave structures. The dispersion relation shows that the numerical dispersion is 

related to the stability factor. Howeyer any value satisfying the stability condition inequal­

ity can be used in the calculation. A stability factor of 0.5 (uniform discretization) is usu­

ally used for FDTD modeling without solid supporting reason. Kim & Hoefer [28-30]

%



studied the relation between numerical dispersion and stability factor for the conventional 

3D FDTD. For the full wave 2D FDTD methods, detailed discussion will be provided in 

the Appendix B.

2.3.1 Stability criterion

Assume that die electric and magnetic field components will have a form of

the time and space discretization indexes; kx and ky are wave numbers, respectively, along 

the x- and y-directions. At, Ax, and Ay are the tune and space discretization steps respec­

tively.

We normalize the electric and magnetic fields by using the wave impedance 

i\ = T it/e

For the 2D FDTD scheme with complex variables, we obtain the stability condition 

that is exactly the same as that in (2.11).

As mentioned in Section 2.1 on page 25, the standard 2D FDTD for cutoff charac­

teristics for TE or TM modes [ 2] is different from the full wave 2D FDTD methods in this 

thesis. The former one can solve only TE or TM modes separately, but the later one can 

clso analyze hybrid modes in inhomogeneous guided waves. In comparison to the full 

wave 2D FDTD methods in this thesis, the stability condition of the standard 2D FDTD 

method in [ 2] is shown as follows

P x, y, z = P 0x, y, ze x P  V  ( 0)'lA/ ~ kx i A x  ~ kyk A y ) > * (2.9)

where P * E or H; n (n»l,2,3,...,M), i (i=l,2,3,...,M) and k (k=l,2,3,...,N) are, respectively, 

£  -»  f c /J iy ; f i  -»  f t  x  Jr\ , 

and the stability criterion is obtained as (Appendix B)

(2.10)
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Therefore, we found that the real-variable 2D FDTD scheme and the complex one 

have the same stability condition which is different from the standard 2D FDTD method. 

However, the real variable 2D FDTD process saves half computer memory space require­

ment and converges much faster than the complex one.

2.3.2 Numerical dispersion

The numerical dispersion relation for the real variable 2-D FDTD method is as fol­

lows (Appendix B)

f  . g>AA2 f v A t  . J v A t  . kA y y j v M Y
I s” — J = I  A j sm— )  + { ^ sm JT )  H  2 J • (213)

The numerical dispersion for the complex scheme has the same form as that in 
(2.13). The numerical dispersion for the standard 2D FDTD scheme has a form as

( . © a a 2 ( v a t . J v A t . kyAy y
“ I a T 5" 1— )  + I l 7 s,n- V - J  • (“ 14)

In all cases, when Ax = Ay = At = 0, we will have

co2 = v2 (*24 * 2 + p2) , (2.15)

which corresponds to the dispersion relation for fields in real physical space.

2.4 Comparison among the 2D FDTD schemes

The stability condition in standard 2D FDTD is vA t/h  £ \ /*]2 when using a uni­

form space discretization Ax = Ay = h. However, a limiting case of Az -> 0 for the full

wave 2D FDTD requires vA t /h  £  l / J l  + (p /i /2 )2. This holds also for the real variable 

2D FDTD. We make a brief comparison as follows

(1) All the new 2D FDTD full-wave methods have different stability conditions and
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dispersion relations from the standard 2D FDTD.

(2) The real-variable 2-D FDTD scheme has the same stability condition and disper­

sion relation a*, that in the complex one. However, the real variable 2D FDTD process 

saves at least half computer memory space requirement and converges much faster than 

the complex one.

Detailed derivations and discussions of the stability conditions and dispersion rela­

tions for these 2D FDTD methods are provided in Appendix B.

2.5 Conclusion

A full-wave 2D FDTD methods have been presented and studied. The stability and 

dispersion of these methods are investigated and discussed.
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Chapter 3 

Improvement and extension to FDTD 
method

3.1 Modified FDTD grading algorithm

3.1.1 Grading FDTD algorithms

The computation efficiency of the uniform FDTD mesh deteriorates rapidly with 
smaller mesh size. In order to resolve circuits with large dimension ratio, for instance, 
inhomogeneous quasi-planar circuits with thin finite metallization thickness and thick sub­
strate, a grading scheme is necessary. Efforts to find a suitable grading scheme have been 
published in [38-40]. The common feature of the work in [38-40] is that the mesh size is 
regionally constant and that time and space interpolations are used. A lattice that is contin­
uously varying in all three space directions and also exhibits second order accuracy has 
not been reported. The option to use a variable lattice size with fine space resolution 

around metal comers where field changes are significant, and to use a continuously grow­
ing lattice size with greater distance from that comer is very desirable since it leads to bet­
ter computational accuracy with less computer memory and CPU time. The problems with 
the schemes reported in the literature so far are that the remaining discretization error is 
always of first order. With increasing mesh ratio, this leads to a large time domain error. 
As a consequence, increasing time domain errors lead also to greate. frequency domain 
errors. Therefore, in the following this thesis is concerned with a graded lattice scheme 
which can be continuously adjusted along any space direction with arbitrary lattice ratio. 
The ratio needs not to be an integer number. The contribution here is that a second order 

accuracy is maintained by eliminating the first order errors without die use of additional 

wave equations or space interpolations as necessary in other approaches.



7k1

3.1.2 Modified variable mesh algorithm

Let us first consider the graded mesh shown in Fig. 3.1. The discretization steps 

along the x- and y-directions are all variable with mesh sizes Ax; = p;Ah and Ayk = c^Ali 

(Fig. 3.1), where the mesh parameters ps (i=l, 2 ,3  M) and qjc (k=l, 2,3,..., N) are posi­

tive real numbers as required to resolve the specific structure. M, N are, respectively, the 

total mesh numbers along the x- and y-directions. If pj=constant (i=l, 2,3,..., M), qk=con- 

stant (k=i, 2,3,..., N), the variable lattice will be a rectangular one. If all mesh parameters 

are set to unity, the lattice will be reduced to be a uniform one. Before we develop the 

algorithm with second order accuracy, let’s first look at the problem of the first order error 

in the variable lattice scheme. Using the Ey-field at the boundary of two neighboring lat­

tices in the FDTD as an example
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Figure 3.1 An arbitrary FDTD variable mesh arrangement; solid lines for electric fields, dashed
lines for magnetic fields.
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we find that by developing the x-dependent term in this equation by a Taylor series yields:
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BH»+0S (i, k) H" +05 ( i +1, jt) -H J + 0-5 (i, jt)

+ «((/>, + ! -P<) AA) (3 2)AA(pl + i + p f) / 2

Similarly, we can analyze other field components. It is obvious to see from eq. (3.2) 

that normally a variable grading scheme provides only a first order accuracy. In the fol­

lowing it is shown that a second order accuracy can be obtained for any non-integer lat­

tice ratios by combining the three neighboring lattice cells. The one dimensional case 

will be treated as an example without loss of generality. The 2-D or 3-D case can be eas­

ily extended from this analysis.

It is obvious from an arbitrary mesh arrangement in Fig. 3.1, that the magnetic field 

components at point A, point D, point G, and point I can be always arranged in the middle 

of the electric field components. For example, in Fig. 3.1, point D is always at the center 

between point B and point E; G is at the center between E and II. Therefore, calculating 

the magnetic field components at D and G from the electric field components at B, E, and 

H provides automatically a second order accuracy since the central finite difference is 

maintained. The problem arises when we calculate the E-field from the H-field. Let’s con­

sider the E-field at point E as example, which is not located in the middle between D and 

G. In this case, calculating the E-field from the H-fields leads to a first order error as 

shown in eq. (3.2). Examining eq. (3.2), we found, however, that a compensation factor 

can always be found to cancel the first order error term leaving only a second order term. 

To find this compensation factor three neighboring lattice cells must be used. In other 

words, a second order accuracy can be obtained by combining neighboring field lattices 

through a series expansion. To illustrate this procedure, cqpsider the central finite differ­

ence scheme to calculate the electric field component from the magnetic field components 

at points D and G. The result is the point F in the middle between points D and G. Point 

F is 4  away from point E, which is the electric field node in the variable mesh. Applying 

a Taylor series analysis the electric field at point F can be given as:

(3.3)



Similarly for other electric field components at points in the middle of magnetic
A| ̂  j Af j

nodes. For instance, Ey ( i+ 1 )  at point I and Ey (i — 1) at point Care, respectively,

Aj+j and Aj-i away from the electric nodes Ey(i+1) and Ey(i-l). The dimension parameters 
Ai+1, Aj and Aj.j shown in Fig. 3.1 can be expressed as

Ar = 4  0V+1 ~P r) »f ^ ' 1’ '«i+1- (3.4)

Developing the electric field component Ey(i) at the electric node E from the electric 

field E  (/) at point F in Fig. 3.1 in a Taylor series yields

A,. d E A‘ ( i )  f  2)
Ey (i) = Ey (0  + Af— + o \ h 2j  . (3.5)

This shows a first order partial differential term which can be expressed by using the 

first order partial differential expansion at the electric nodes as follows

d;

dx dx '' dx2
(3.6)

or

a y ( P  _  Ey ( i + 1 ) - E f ( i - 1) f
dx L;

( , 2)
di ^ 2  +<\h j

ox
(3.7)

Therefore, the electric field component Ey(i) at the electnc node E can be obtained 

with second order accuracy by including neighboring field components Ey(i+1) and Ey(i- 

1) as
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o=4.0x107, (a) a microstrip line, d=8 pm, t=4 pm, h-100 pm, (b) cpw, d-8 pm, s-8 pm, a-50 pm,
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Similar modifications can be extended to other space directions. Since all field com­

ponents required in eq. (3.3)-(3.8) are known, only minor additional computations are 

required.

A convergence test for the variable mesh scheme is given in Fig. 3.2 for a microstrip 
line and for a conductor backed coplanar waveguide. Fine discretization steps are always 
used around metal edges and increasing mesh sizes are used away f.jm the edges. The 
mesh ratios are between neighboring meshes. Good results are obtained for mesh ratios 
smaller than 4:1. As illustrated in Fig. 3.2 a significant reduction of CPU time can be 

achieved for grading ratios of 1.5:1 - 2:1. After that the CPU time savings are not as great 
and the error increases. Compared to the uniform case, this simulation shows that signifi­
cant computer resources can be saved by using the variable scheme.



3.2 Digital signal processing by Prony’s method
fhe FDTD method can be farther improved in term? of computational efficiency 

by utilizing concepts known from digital signal processing. In this chapter we will 

describe Prony’s method [20-22]. To illustrate this method, consider an approximation of 

the form:

- C j P j  + C 2p2 + -  + C X +  ... + C X  . Hjt = exP (ak) (3.9)

Suppose thct the values of f(t) (exact or approximated by the FDTD) are specified 

on a set of N equally spaced points, t = 0,1,2,...,N-1. If eq. (3.9) at values of t = 

0,1,2,...,N-1 fits f(t) exactly, the set of equations [20]

C i + C 2 + . . . +Cn = / 0 

C 1p 1 + C2p 2 + . . . + C np n = / 1 

CiPi + C2p2 + ... + Cn\i2n * f 2 (3.10)

c1f 1+c2f 1 + ...+c/ - 1= /, .1

necessarily would be satisfied, and the approximation (3.9) is satisfied if above set of

equations (3.10) is satisfied as nearly as possible. If the constants P j were assumed

to be known, (3.10) would comprise N linear equations with unknowns C j Cn and

would be solved exactly if N=n, or approximately by the least-squares method, if N>n.

However, if the p ’s are also to be determined, which is the case since they depend 

on the individual microwave structures which ar not known in advance, at least 2n equa­

tions are needed, and the difficulty consists of the fact that the equations are nonlinear in 

the p ’s. This difficulty can be overcome in the following.

Let Pi,...,p„ be the roots of the algebraic equation



J t

|i" + a 1j i" " 1 + a 2n " 2+ . . . + o n_ 1ji  + a >J = 0 (3.1 J)

so that the left hand term of (3.11) is identified with the product

( l i - J i j )  ( p - p 2) . . . ( p - p „ ) .

In order to determine the coefficients in (3.! i) we multiply the first equation in

(3.10) by a„, the second equation by the nth equation by a lt and the (n+l)th 

equation by 1, and add the results. If we pay attention to the fact that each p satisfies

(3.11), the result is of the form

/* + « / , , - 1 + -  + « / 0 = 0

A set of (N-n-1) additional equations of similar type is obtained in the same way by 

starting instead successively with the second, third,..., (N-n)th equations. In this way we 

find that (3.10) and (3.11) imply the (N-n) linear equations

/ n + / „ - i a i + / „ - 2 a 2 + - + / o « «  55 0

/ « + l + / « a l + / » - l 0l2 +  - + / l a n S  0

In - 1 +Ar-2a l 'i fN -3 a 2 + +f N - n - l a n ~ ® (3*12)

Since the ordinates f k (k=l,...,n,...fl) are known, this set of equations can be solved 

directly for the n a ’s if N=2n, or solved approximated by the method of least squares if 

N>2n.

After the a ’s are determined, the n p ’s are found as the roots of (3.11). The equa­

tions (3.10) then become linear equations in the n C’s, with known coefficients. The C ’s 

can be determined, finally, from the first n of these equations or, preferably, by applying 

the least-squares technique to the entire se t Thus the non-linearity of the system is con­

centrated in a single algebraic equation (3.11). The technique described is known as
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Prony’s technique.

In order to handle high-Q resonant structures with short time iterations, other signal 

filtering and spectrum estimation techniques can also be used, such as auto-regressive 

(AR) and auto-regressive moving average (ARMA) models to improve the efficiency of 

the FDTD CAD models.

For open structures absorbing boundary conditions (ABC) are needed to confine a 

computational domain. Improving the ABC will result in not only higher accuracy but 

also a reduced computational domain. The Mur’s ABC is designed to optimize the 

boundary condition according to the propagation direction of the waves, which is critical 

in a small computational domain. The dispersive boundary condition (DBC) in [16] is 

designed to optimize the boundary condition according to the dispersion characteristics 

of the waves. The DBC allows the dispersion of the waves to be incorporated into the 

design of the absorbing boundary condition. This feature is useful when the dispersion for 

a major outgoing wave is known. However, another feature of the DBC is that it is sensi­

tive to individual structures. Recently, Perfectly Matched Layers (PML) are introduced 

to effectively absorb outgoing waves [10-12]. However, the number of layers and the 

layer parameters need to be determined for individual structures. A common feature of 

available ABCs is that they are valid only for outgoing waves. They work well for 

antenna and scattering problems, but they can not effectively absorb evanescent modes 

[13]. This is a major reason why the FDTD method has not been successfully developed 

for CAD of microwave circuits where higher order evanescent modes exist. Therefore, a 

good ABC should include a combination of propagation and evanescent modes [13].

Generally, the boundary condition which can absorb both outgoing waves and eva­

nescent modes in the FDTD computational domain can be expressed as [13]

3.3 Improved ABC for FDTD

(3.13)
p



*a
in which the kernel, the differential operator, can be approximated by using finite differ­

ences (ap and $p are constants, C is the speed of light).

Substituting

E = expf^j { o a r  -  kxx  -  kyy -  kj.  1 )  +  r ( exp{j  i &t~ kxx ~ *Vv  +  kzz 1 ) )  ( 3 1 4 )

into the kernel in eq.(3.13) yields

i*PJfc + a  -  jk,
T  = Vr2- —~rr • (3.15)

JPpk  + a p + J * z

where k = (olvp, kx ky kz are respectively the wave numbers in the x-, y-, and z-direc- 

tions. The wave number k. generally can be expressed as

*2 = Pz- . / a z. (3.16)

which can be sv >stituted into eq.(3.15) and then

j  (Pnk -  p ) + a  -  a .r = ----—--2__ I ,3 n)
j  ( &pk  + Pr) + a p + a z '

From eq. (3.17), we can deduce a rule of thumb in selecting parameters ap and fip to 

minimize the reflection coefficient T. For outgoing waves, which correspond to a z = 0, ap 

can be set to zero, and Pp is chosen according to the estimated propagation speed and the 

incident angle of outgoing waves. For evanescent waves, which correspont .o Pz * 0, $p 

can be set to zero, ap is chosen to be the estimated attenuation rate of the fields near the 

outer boundary. For attenuating-propagation waves, both ap and Pp can be chosen to be 

some non-zero numbers.

The ABC utilized above is relatively simple and straightforward. It is easier to 

understand and implement in CAD program comparer .o the PML method [10-12].
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3.4 Modelling of lossy structures
The new 2D FDTD algorithm is also suitable for the analysis of lossy structures. 

The conventional 3-D FDTD not only requires huge memory space and long CPU run 
time, but it also meets difficulties in providing correct solutions. Especially for inhomoge- 
neous transmission lines with losses and finite metallization thickness, there has been no 
successful method reported yet for accurate FDTD simulations, although Shibata and 
Sano reported a 3D FDTD technique for lossy media analysis [42]. To solve this problem, 
other researchers have been trying to apply the 2-D TLM and the 2-D FDTD to this prob­
lem [24-25]. The method used in that work is to simulate a resonator. The final solution 
will be determined by the eigenvalue and its corresponding quality factor as well as the 
wave velocity. However, the attenuation coefficient is very sensitive to the wave velocity 
which is calculated through the dispersion curve by v = Aco/Ap. Any small error in AP can 

cause significant errors in v because Ap is in that denominator. To overcome these prob­

lems, in this section, the field perturbation method is utilized in combination with the real 
variable 2-D FDTD. Various numerical tests show that this method is robust and accurate. 
Moreover, a real variable process can be maintained, which was thought to be impossible 
before.

3.4.1 Attenuation due to lossy dielectric and conductor material

In the conventional 3D FDTD method, lossy media is accounted for by including a 

conductivity term in the formulation.

In the 2D FDTD method, the attenuation due to imperfect conductor and dielectric 

losses can be calculated by the field perturbation method which has been widely used, for 

instance in [52,53]. The attenuation coefficient can be given as

where P0 is the average power transmitted along the z-direction, and P, is the power loss in 

the dielectric medium e with loss tangent tan8 at the angle frequency to:

(3.18)

(3.19)
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eoetanb 2dS. (3.20)
<«

If the conductor thickness t is sufficiently greater than the skin depth d (t > 3d), the 

fields in the conductor will die out before reaching the other surface, the total power loss 
in the conductor can be calculated as

where Rg is the surface resistance of an infinitely thick conductor and Ht is the tangential 

magnetic fields on the conductor surface C in the lossless case.

For the very tbm conductor (t < 3d), the fields are penetrating from both surfaces of 

the conductor and overlap each other, and the power loss in the conductor must be calcu­

lated by

where Sc is the conductor cross-section. It should be noted that for accurate results, very 

fine meshes must be used inside the conductor, especially for very thin conductors.

In the 2D FDTD, the transversal electric and magnetic fields are readily obtained in 

eq. (2.3)-(2.8). From these fields, the total transmission power and the power loss in the 

medium or in the conductor are calculated, respectively, by eq. (3.19) and eq.(3.20)-

(3.22). The attenuation is calculated by eq. (3.18). Therefore, the total attenuation due to 

the lossy medium and conductors can be obtained by a linear sum of the power losses in 

the above equations, depending on the thickness of the conductor analyzed.

3.5 FDTD modeling of superconductor circuits

3.5.1 Signal propagation in superconductor CPW

With the introduction of a graded mesh, the FDTD method can now be applied to 

field simulation in structures with thin conductor layers. In this chapter we will investi­

gate pulse propagation in superconductor conductor backed coplanar waveguide using the

(3,21)
C

(3.22)
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3D FDTD method. The two-fluid model is used to describe the superconductivity. The 

frequency-dependent negative imaginary part of the conductivity is modeled with the 

FDTD by storing the electric field history.

The pulse distortion problem in transmission lines may be mainly attributed to two 

factors: a frequency-dependent propagation velocity due to modal dispersion, and an 

attenuation due to the skin effect in the conductor.

The existence of the energy gap of superconductors leads not only to significant vari­

ations in attenuation of the signal, but also changes in signal velocity. A superconductor is 

a “perfect” conductor only for DC current. Significant dispersion occurs around the energy 

gap. All these features are functions of temperature ?nd frequency for a very wide band­

width (narrow pulse propagation).

Superconductor coplanar waveguides (CPW) and coplanar striplines (CPS) have 

been studied for microwave applications [50-51]. However, a superconductor can not be 

simply treated as a low loss conductor, but rather as a conductor with complex conductiv­

ity [43-49]. This kind of description is valid for vanishingly small field strength and oper­

ating frequency much smaller than the energy gq>, and a temperature well below the 

critical temperature of the superconductor.

Although this problem has been investigated by a number of authors [43-49], inves­

tigation of superconductors directly in the time domain was attempted only for one dimen­

sional problems [43]. No data is available so far for superconducting CPW with back 

metallization. Since the attenuation and phase velocity of signal propagation on supercon­

ductors are frequency-dependent, space-dependent, and power-dependent, this interdepen­

dency leads itself to a time domain method for the analysis of this kind of problem.

In this section, the FDTD method with variable mesh is utilized to study conductor- 

backed superconductor coplanar transmission lines. Thin buffer layers are included in the 

analysis. In order to accurately model the propagation of narrow pulses on these supercon­

ductor lines, we will take into account the modal dispersion, dielectric properties of the 

substrate, the effect of metal backing and ground planes, and the complex conductivity.
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3.5.2 FDTD modeling of superconductors

The two-fluid model can be used to describe the superconductors as a conductor 

with complex conductivity [43-47]

a sc = ° i-7 °2 , (3.23)

where the frequency-, space-, and power-dependent parameters are given as follows

Cj ■ a nS , a 2 =

M ° )\ ( T )  = - p = , 0  = (77Tc) 4,
1 -  0

where o n, ^ (0 )  and Tc are the normal conductivity near the critical temperature, zero 

temperature penetration depth and critical temperature of the superconductor, respectively. 

For this complex conductivity, Maxwell’s equations can be modified as

V x T )  = (/a>e + a , ) £  + — (3. 24) 

which can also be expressed in the time domain as

V x j ) - . 5| (£  + <T1£  + j i | J & / I .  (3.25)

First, the electric and magnetic fields are normalized by the free-space wave impedance

z0 = Jih/so

Because of the very thin superconductor l ayer and the high conductivity, a variable 

mesh and very small time steps are required. The variable mesh algorithm has been devel­

oped in Section 3. land provides stable solutions with seconr order accuracy. In order to 

maximize the stability for the high conductivity of materials used, we use OiE0* 1* for o,E. 

To analyze materials with high conductivity, the FDTD algorithm requires a much smaller
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time discretization step At to satisfy the stability condition which has not been exactly

derived so far. However, in this thesis, it is found that a much larger time step At (3~12 

times larger for the examples shown in this thesis) can be used if we use a iE (Bf,) for o tE 

instead of using OjE*11*. Therefore, the convergence of the FDTD algorithm will be much 

faster. We assume that all the fields are zero before t=0. For instance., the update equation 

for the electric field Eg at time t=(n+l)At at point p (i, j, k) (Fig. 3.3) may be given as

where s=cAt/Ah with the speed of light 0=2.9979X10* m/s. Similar equations can be 

obtained for other field components.

f
Enx + l U, j ,k)  =

1
1 + o .A f /e v

r 1, k) 

<1;+ er (1 + OjAr/e) ^

H2*°S( i , j , k )  -//"•*•05 (i,j ,  k -1)

rk
(3.26)

PiAh

▲

Bx(i,j.k) i Hz(i,jH'k) Eg(i, j+1, k)

Ex(i, j+1, k+1)

i I

J L

H — -----------   qjAh--------------— H  y ^

Figure 3.3 A unit FDTD mesh cell with arbitrary variable sizes.



3.5.3 Characterization of anisotropic superconductors

To include also anisotropy of the superconducting film, the complex conductivity 

may be represented as a tensor

° ,c  = d r J ° 2 ' (3.27)

o x (T) ° xy(T) 0 

o2(T) = o yx(T) o y {T) 0 

0 0 o z (T)

(3.28)

When the principle axes of the superconducting film are aligned with the coordinates, 

CTyx(T)=axy(T)=0. In the case of YBCO, o}= 1/copXj2 (j=x, y, z), and the penetration depths 

are equal along the x- and y-axes, namely, Xx=Ar  The z-axis penetration depth becomes

where the coefficient 5 is constant [43-47]. Then the FDTD can be modified to include this 

tensor conductivity. The normal state conductivity along the transverse x-y plane is typi­
cally almost an order of magnitude higher than the conductivity along the z-axis [43-47].

3.6 Numerical results and discussion

3.6.1 Analysis of microstrip and CPW with lossy media and finite 
metallization

In this part, we will test and discuss the theory proposed in this chapter. In order to 
reduce the memory space and run time, symmetrical structures are chosen here without 
loss of generality. Quasi-static field distributions are usually used as an initial input excita­
tion. After the modes are established, the resulting field distributions are used as an excita­
tion impulse. Absorbing boundary conditions presented in this chapter (Section 3.3 on 

page 40) are employed to simulate open structures. The numerical study of the effect of 

stability factor and numerical dispersions is conducted in Appendix B.

Calculation examples are given in the following and compared to experimental 

results. Fig. 3.4 (a) shows a comparison for the accuracy of attenuation coefficient calcula­
tion of the microstrip line between using eq. (3.20) and eq. (3.21). From this example, we



can find that eq. (3.21) gives accurate solutions only for metallization thickness t>3d 
(roughly 2.0 pm in this case). Eq. (3.20) must be used instead of eq. (3.21) for accurate 

calculation of thin metallization. For a CPW line, the results calculated from eq. (3.20) 
and eq. (3.21) are shown in Fig. 3.4 (b), in comparison to experiment [52] and the Spectral 
Domain Approach (SDA) solution. This example further confirms that eq. (3.21) gives 
accurate solutions only for metallization thickness t>3d (roughly 2.5 pm in this case). 

Also here eq. (3.20) must be used instead of eq. (3.21) for accurate calculation of thin met­

allization.
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Figure 3.4 Comparison for calculation of losses (lossy media and finite metallization) between 
eq. (3.20) and eq. (3.21), o*4.1X107 S/m, £,<=12.9, tan6=3.0X10'4, (a) a microstrip line, h=100 

pm, f*15 GHz, (b) CPW, h=500 pm, w=50 pm, w/(w+2S)=0.4, f=10 GHz.
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Figure 3.5 Total losses of a microstrip line, 6^12.9, tan8=3.0X10'4, h=100 pm, er*4.1X107 S/m,
t-3 pm.

The frequency dependent attenuation coefficient for a microstrip line is calculated in 

Fig. 3.5 (eq. (3.20)), and compared to measurements [52]. The real variable 2D FDTD 
scheme is used here. The graded mesh discretization is utilized. Near the metal strip edge, 
the discretization steps are 1 pm in vertical y-direction and 2 pm along the horizontal x- 

direction. Then 5 meshes with a ratio of 1.25 are used away from the metal strip in x- 
direction, and 1.5:1 is used in y-direction. After that, meshes with ratios of 1.5:1 and 2:1 
are used, respectively, along the x- and y-direction. The typical computation time for the 
structures in Fig. 3.5 is about 20-50 minutes per curve on an IBM Risk 6000. A reasonable 
agreement between measurement and numerical simulation can be stated.

IS

M  w N s h a *

10

CPW, h=lOO pm, w=s=50 pm, e,sl2.8

Microstrip line, h=lOO pm, 6^12.8, w=60 pm

Metal thickness t (pm)
Figure 3.6 Metallization thickness effects of microstrip lines and conductor backed coplanar

line, f-50 GHz.

Fig. 3.6 shows the effect of metallization thickness of the strips on the microstrip



line and conductor-backed CPW. It is found that the metallization thickness has a signifi­
cant effect on the transmission characteristics, especially for conductor-backed CPW, and 
this kind of effect must be taken into account for practical circuit design. From the calcu­
lation of microstrip lines and coplanar waveguides, it was found that the metal strip loss is 
dominant. It was also found that the dielectric loss is small and the ground plane metal 
loss is negligible. Therefore, results for these two loss factors are not shown here. Only the 
total attenuation is shown in the figures. Fig. 3.7 (a) shows the total losses of a microstrip 
line with different metal strip width. The narrower the strip is, the larger the losses will 
introduce. That explains why miniaturizing circuits will increases the losses. Fig. 3.7 (b) 
shows results for a conductor-backed coplanar waveguide with different metal strip and 
slot widths. For a constant slot width, also here the losses increase when the strip width 

decreases.
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Figure 3.7 Frequency dependency of attenuation coefficient for GaAs transmission lines, 
6f*1z.9, d-8 pm, s-8  pm, a=50 pm, h=200 pm.

3.6.2 Analysis of metal-insulator-semiconductor transmission lines

Further examples of lossy structures are given for metal-insulator-semiconductor 

(MIS) transmission lines in Fig. 3.8 and compared to the experimental results [42].
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MIS transmission lines find wide application in monolithic microwave integrated 

circuits, where the existence of propagation modes with low phase velocity allows to 
reduce the dimension of the distributed circuits. Hie applications also include devices 
such as variable attenuators and phase shifters. Basic studies of MIS structures have been 
made experimentally and numerically [42,61]. In the following the real variable 2D FDTD 
method is applied to only half of the MIS CPW in Fig. 3.8 due to the symmetry of the 
structure. The smallest meshes of O.S pm are used around the slot. The mesh sizes increase 

away from the slot with mesh ratio 1.2:1. The total matrix size is 40x30. The time step is 
chosen as At = 0.83S fs. The cpu time for Fig. 3.8 is about 25 minutes.
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4 0 0

S
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200  2D  FDTD R e su lts

100 o  o  o  E xperim enta l R e su lts  
[Shibata & Sano] [42]

10 20 30
Frequency (GHz)

40 60 6 0

Figure 3.8 Numerical results of 2D FDTD compared to the experiment in [42]; h*490, d®2, t«1, 
w=10, s=5, a=50,8^4, p=15U a=2.75x107S/m, all dimensions are in pm.

3.6.3 Field distribution in superconductor CPW

In order to verify the above 3D FDTD model of superconductors, different Gaussian 

pulses are used to excite a coplanar waveguide. The strip width is 15 pm, the gap is 10 

pm, and the dielectric substrate thickness is 100 pm with dielectric constant £,=12.9, and a 

small loss of tg6=4.0xl0'7 (Fig. 3.9). The superconductor strip has a thickness of 1.0 pm, 

and the material is characterized by Tc«92.5 K, the penetration depth is X=0.3 pm, o s  1.7 

S/pm. The ambient temperature is taken as 77 K. Fig. 3.10 and Fig. 3.11 show a Gaussian 

pulse propagating smoothly through a CPW line after MOO and t=600 time steps, 

respectively. The pulse width used is W=40 ps. Total meshes used are 10x30x120 (height



39

by width by length). Typical CPU time is around 40 minutes. We find that the narrower the 

pulse width, the more distorted the pulse shape becomes. This distortion may be due to the 

modal dispersion and leakage effects. The higher frequencies travel at a slower velocity, 

resulting in increased pulse distortion, and ringing on the back of the pulse. These effects 

will increase with transmission distance and are more pronounced for narrow pulses or 

large structure dimensions.

Figure 3.9 Conductor-backed coplanar waveguide, w=15 pm, s=10 pm, h=100 pm, t=1 pm,
8^12.8, tg&=4.0X10'7

Z diraotlon O o
Y direction

Figure 3.10 Qaussian pulse with width 40 ps in the superconductive CPW line, t=400dt
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Figure 3.11 Gaussian pulse with width 40 ps in the superconductive CPW line, »=600dt 

3.6.4 Effect of buffer layers in superconductor transmission lines

The attenuation characteristic of a superconductor microstrip line with buffer layer is 
analyzed using the variable mesh 3D FDTD. Results are shown in Fig. 3.12 and Fig. 3.13.
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Figure 3.12 Attenuation of a superconductor microstrip line with and without a buffer 
layerfE^SOO, d=0.1 pm), w=150 pm, t=0.5 pm, h=500 pm er=9.8, X=0.2 pm, ai=1.0 S/pm, Tc=93

K, T=77 K . X ^ V y

Fine meshes of 0.1 pm are used in the buffer layer and conductor. The mesh ratio 

is 2:1 away from the buffer layer and the microstrip edge. Half of the structure is dis­

cretized by 40x30 meshes in the transverse plane. A total of 160 uniform meshes are used 

in wave propagation direction. From Fig. 3.12, one can clearly see the problems in the
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original Yee’s algorithm with variable meshes which do not represent the real phenome­
non very well since the first order errors accumulate and cause uncertain and erroneous 
results, especially for frequencies above 10 GHz in this example. Therefore the improve­
ments in the second order grading schemes developed in this thesis are necessary for cor­
rect results in the analysis of thin film superconductors. For the thin metal and buffer 
layers chosen here, the buffer layer influence on the attenuation is marginal. This is not the 

case for the propagation constant, as illustrated in Fig. 3.13. The tensor conductivity in 
this structure was chosen to be ^ = 5 ^  y

(J 67 
O 6.6

^  6 .5

Q 64
6 .3

With buffer

— W ithout buffer

6 10 12 
Frequency (GHz)

20

Figure 3.13 Propagation Characteristic of a superconductor microstrip line with and without a 
buffer layer/e^SOO, d=0.1 pm), w=150 pm, *--0.5 pm, h=500 pm e,=9.8, fc=0.2 pm, cxi=1.0 S/pm,

Tc=93 K, T=77 K, ^ = 5 ^  y

Similar results and conclusions are valid for CPW structures. The attenuation of a 
superconductor CPW with buffer layer is show n in Fig. 3.14, where for the thin metal and 

buffer layer chosen here, the buffer layer influence is negligible. But this is not the case for 
the propagation constant, as illustrated in Fig. 3.15.
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Figure 3.14 Attenuation Characteristic of a superconductor CP.7 with (solid line) and without 
(dashed line) a buffer layerte^SOO, d=0.1 pm), w=150 pm, s=100pm, t=0.5 pm, h=500 pm Gr=9.8, 

X=0.2 pm, ot=1.0 S/pm, Tc=93 K, T=77 K, Xz=5Xx y
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Figure 3.15 Propagation Characteristic of a superconductor CPW with (solid line) and without 
(dashed line) a buffer layer (£,=500, d=0.1 pm), w=150 pm, s=100pm, t=0.5 pm, h=500 pm 

{^=9.8, 0.2 pm, CT-i=1.0 S/pm, Tc=93 K, T=77 K, ^ = 5 ^  y



3.6.5 Superconductor CPW gap resonator
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Figure 3.16 CPW gap resonator, £,=9.8, X=0.18 pm, a ,=1.0 S/pm, Tc= 86 K, T=80 K, ^ = 5 ^  y a
buffer layer(%=500, d=0.1 pm), t=0.5 pm

Fig. 3.16 demonstrates the application of the 3D FDTD method for the analysis of a 
superconductor CPW resonator. The dimensions are given in Fig. 3.16. A buffer layer of 
d=0.1 pm is considered and the metal strip thickness is t=0.5 pm. The ratio between the 

largest and the smallest circuit detail is h:d=10000:1. The conventional uniform dis­
cretized 3D FDTD method is not able to sol re this structure without the use of a super­
computer. However, with the variable mesh FDTD developed in this thesis we were able 
to analyze the structure on a workstation computer. The finest mesh is 0.1 pm. The mesh 

sizes increase with ratio 1.5:1 away from the conductors and the buffer layer. The CPU 
time for S-parameter calculations is about 5 hours per curve on an IBM Risk6000 com­
puter. With a gap width of G= 200pm, the resonance peak was calculated at 15 75 GHz.

3.6.6 Analysis of electrooptic modulator

The cross section of a typical electrooptic modulator is shown in Fig. 3.17. An opti­

cal waveguide has been formed in the surface region of a lithium niobate substrate by the 

indiffusion of titanium. Coplanar control electrodes are separated from the lithium nio­

bate by a thin silicon dioxide buffer layer. The optical waveguide is located below the gap

w = 500 pm 
s = 250 pm 
h = 1000 pm 
L = 450 pm

1 S . 3 1 5 . 4 1 5 . 5 1 5 . 6  1 5 . 7  1 5 . 8  1 5 . 9
B r « q u s n c y  ( G H z )

1 6 1 6 . 1 1 6 . 2
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between the strips (Fig. 3.17) or otherwise below strip edges depending on the direction 

of the controlling electric field. This integrated electrooptic modulator is based on the 

interaction of a controlling electric field with the field of a guided optical wave in a 

dielectric medium. The permittivity of the guiding medium is perturbed through the linear 

electrooptic effect (Pockels) [93], achieving electrooptic modulation. To maximize the 

electrooptic effect, the optical axis of the lithium niobate is aligned with the direction of 

the polarization of the optical wave. The ultimate limit of the bandwidth for traveling 

wave modulators is set by the difference between velocities of the optical and electrical 

signals. To overcome this velocity mismatch limitation and optimize the electrooptic 

interaction operating at higher frequencies, clearly an accurate characterization of micro­

wave propagation parameters with dispersion effects is required. Basic problems in previ­

ous work has been the accuracy and efficiency of analysis and design of theue integrated 

optical modulators [94]. Because of its flexibility, the FDTD method is suitable for this 

structure with the complex media.

1 8 0

1 6 0

_140

I
i 120
Ci ioo
s

&
8 0  - 
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4 0  - 

20.

-N>

rOdd mode

i

Even mode

S O  1 0 0  1 5 0  2 0 0  2 5 0  3 0 0
Buffer layer thickness d (run)

350

Figure 3.17 Calculation of propagation characterization of an electrooptic modulator, s«5pm, 
w«8pm, a*4mm, b»10mm, o1mm, d=0~0.4pm, X«5mm.
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The substrate of integrated optical modulators is usually made of anisotropic dielec­

tric. This anisotropy can be modelled with the FDTD discussed in Section 3.5.3. Also, a 

buffer layer is usually used to minimize the optical loss. Without considering the metalli­

zation thickness in this example, the calculation effort is greatly reduced. The real vari­

able grading 2D FDTD algorithm needs about 30x20 meshes with mesh ratio 2.5:1. 

Typical cpu time is about 5 minutes per buffer layer thickness.

3.6.7 Probe-fed waveguides

3.6.7.1 Introduction
Further applications of the FDTD algorithm developed in this thesis are in the area 

of waveguide components. For example, the input and output port: of microwave periodic 
or cavity filters are usually realized by coaxial probe (Fig. 3.18) protruding into the 
waveguide on the wide side of the rectangular waveguide with an electric wall on one side 
of the probe and the filter on the other side in order to avoid using extra waveguide transi­
tions.

Although the probe-excited waveguide has been treated numerically by several 
authors [88-90], the assumption of semi-infinite long waveguides and certain uniform cur­
rent distribution was always made to extract empirical formulas. Unfortunately a recent 
work by Zaki and Liang [90] still dealt with the semi-infinite waveguide with limited 
accuracy. Therefore, fine-tuning is necessary.

To eliminate the need for fine tuning, j u t  objective is to establish some design data 
from exact numerical analysis utilizing the 3D FDTD method.

Moving B. C.



Figure 3.18 Cross section of the coaxial fed probe in a rectangular waveguide

The goal is to obtain maximum efficiency of coupling energy into the filter. The 
question then is:

What is the optimum dimensions and locations of the probe in order to effectively 
couple the coaxial line signal into the filters? Or in other words, what is the minimum 
reflection if we have different choices of the matching network?

3.6.7.2 Coaxial Probe in Waveguides
For the probe-excited waveguide structure with loading effect (Fig. 3.19), the vari­

able mesh FDTD will be used and the boundary of the coaxial waveguide will be approxi­
mated by staircase function. Analytical quasi-static field distributions are enforced in the 
coaxial line. The spectra of the reflected pulse over that of the input pulse determine the S- 
parameters or the input impedance. The next task will be to determine how the dimensions 
affect the input impedance.

Some approximations and limitations include: (1) perfect conductors are always 
assumed although this is not necessary; (2) only symmetrical structures have been ana­
lyzed to save computation efforts.

Figure 3.19 Cross section of the coaxial fed probe in waveguides with loading, all dimensions 
are in mm, a* 12.5, b-3.6, dielectric thickness of the E-plane filter-0.635.

3.6.73  Effect of the probe insertion depth in the waveguide
The dimension is chosen as required in Fig. 3.19. The waveguide width is a=12.5 

mm, the height is b=3.6 mm. The waveguide is fed by a RG-142 coaxial line, with inner 
conductor diameter r,=0.89 mm and outer conductor diameter rz=2.95 mm. The dielectric 

is Duroid = 2.2). The first higher order mode cutoff frequency in the coaxial line is
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around 17 GHz. A 5% margin is used so that f=16 GHz. The operation center frequency of 
the loading 'section is at f  = 14.2 GHz.

The simulation results are shown in Fig. 3.20. It is evident that (1) for different 
probe positions, L, away from the short circuit plane, the input impedance is increasing as 
the probe insertion depth increases; (2) It is not possible to improve the matching results 
(near SO ohms) by using a shorter insertion depth. For the probe which is around S mm 
away ltrom the short plane, we need around 3 mm insertion depth of the probe to have SO 
ohms of the real part of the impedance. It is difficult or impossible to match the coaxial 
line with the probe very near to the short plane. The distance L must be large enough to 
achieve a matching condition.

eo
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Figure 3.20 Effect of the probe position L for different probe insertion depth d

3.7 Conclusion

An effective variable mesh scheme has been described to further increase the FDTD 

efficiency. Prony’s method and a modified ABC have been discussed. Application exam­

ples to lossy structures, superconductors, and waveguide discontinuities have been pre­

sented.



Chapter 4 

Modified method of lines

This chapter presents a modified method of lines in which the error o(h2) inherent

in the traditional method has been reduced to o(h4). The resulting algorithm provides bet­

ter accuracy, reduced memory space and shorter computation time.

4.1 Introduction
To place the improvements made to the MoL in a better context, the following para­

graph summarizes the basic features of the method. The MoL is a semi-analytical 

method first introduced in 1930 by Russian mathematicians. Since then the method has 

been further developed, until in 1980 it was first applied to microwave problems by 

Pregla and co-workers [55-60].

The MoL analysis of hybrid-modes in arbitrarily shaped planar and quasi-planar 

electromagnetic structures is based on two independent scalar potential functions from 

which all electromagnetic field components are derive J. These potential functions satisfy 

Helmholtz equation and the correspondent boundary conditions. Applying the MoL, for 

instance, to a layered quasi-planar multi-conductor transmission line, the electric and 

magnetic potentials are discretized by vertical straight lines which are normal to the 

metal strips and the dielectric interfaces. After some mathematical preprocessing, the dis­

cretized Helmholtz equations are diagonalized and then solved analytically. Using the 

central finite difference scheme to approximate the first order partial differential operator

two neighboring field components are required. This leads to an accuracy of o(h?) 

because the value of the first order differential is defined in the middle between these two
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field components. The electric and magnetic potential functions are shifted with each 

other. This is not only convenient for matching the boundary conditions, but the advan­

tage of this shifting is also that second order accuracy is preserved simultaneously for 

both e-lines and h-lines. This is important when the first order differentials are used to 

calculate the second order differential operator which is defined at the exact same point as 

the field component itself, namely in the middle between two neighboring first order dif­

ferentials. Therefore, in both approximations, the error is on the order of o(h*), with h 

being the spacing between the lines. The same applies for the field continuity conditions. 

The first order differential operator is defined in the middle (central finite difference) 

between the two field components. Otherwise, only a first order accuracy can be obtained. 

Since the accuracy of the method mainly depends on the size of the discretization steps, 

it is obvious that the finer the steps, the better the results from this scheme. On the other 

hand, the use of finer discretization steps means also that the memory space and CPU­

time would increase. To overcome this problem, it is better not to increase the number of 

lines but to increase the accuracy of the scheme itself.

In this chapter a modified approach to the method of lines is introduced which

reduces the error to a higher order, o(h4). This leads to a faster convergence rate com­

pared to the conventional MoL. Or, in other words, to achieve the same accuracy known 

from the conventional approach, a smaller number of lines is required.

To appreciate the modifications made in this thesis, one must understand that the 

overall error in the MoL results not only from the discretizations of the Helmholtz equa­

tion, but also from the continuity equation and the edge condition. In previous work it 

was tried to modify the scheme only in part [55], but an overall improvement was not 

achieved. The important point was that any modification in only one of above sources of 

error will not lead to a reduction of the overall error. In [55] the fourth order scheme was 

only applied to the discretization of the Helmholtz equation. However, instead of a better 

accuracy less accurate results were obtained. Application of the fourth order scheme to all 

three sources of error was first demonstrated in [70] with excellent results. This work 

was further applied to opdc waveguides in [ 97].



In the following, details of the modified scheme as it applies to the Helmholtz equa­

tion, matching condition and edge condition will be discussed.

For clarity, the discussion will be limited to 2D problems only. An extension of the 

approach to 3D discontinuities is straightforward.

4.2 Method of analysis

4.2.1 Discretization of Helmholtz equation

A planar microwave structures with several homogeneous layers of dielectric is 

assumed. The electromagnetic field in each homogeneous region can be derived from 

two independent scalar potential functions and <t>h which satisfy the Helmholtz equa­

tion and the boundary conditions at the lateral walls.

The field components are related to the potential functions <j>e and <|>h as

E  = ~ V x V (< t,e!) -  V (*,2) , f t  = J -V X V (^ 2 )  + V(*,2) . (4.1)

Both scalar potentials, <|>e and <|>h satisfy the Helmholtz equation

£ l  + ̂ |  + ( t 2 . .p 2) + = 0 , (4 .2 ,
dx ay

(k = (oJ\Le) and the boundary conditions. A time harmonic term of exp(j(£>t-$z) is 

always assumed.

Since the hybrid field problem can not be solved analytic^ ly for the whole region, 

the calculation domain is discretized along the x-direction by a number of straight lines 

along the y-axis, which are spaced by a constant h. The discretization lines for the elec­

tric potential function 4>e are shifted with respect to the lines <trh by a distance of half a dis­

cretization step, h/2. By doing this, the boundary conditions can be fitted easily and the 

discretization error of the Helmholtz equation can be reduced from the first order o(h) to
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second order offi2).

The discretized potential functions <|>e and <j>h are placed at equidistant intervals Xj 

(i= 1 ,2 ,3  N)

x, = xQ + ih, 

with h being the spacing between the lines (Fig. G.l).

(4.3)

It should be noted that the first order partial derivatives of <|>e fall on the <t»h lines 

and vise versa when the central finite difference approximation is utilized

dx

or, in a matrix notation

 , i= 1,2,3,..., N, (4.4)
i + 0.5

(4.5)

The first order difference operator, [D], depends on the lateral boundary conditions. 

For instance, for the Neumann-Dirichlet (N-D) case, [D] reads as

ID] *

-1 1 0 ... 0 0 -1 0 0 .. 0 0
0 -1 1 ... 0 0 1 -1 0 .. 0 0
0 0 -1 ... 0 0 , - [ />]'  = 0 1 -1 .. 0 0

0 0 0 ... -1 1 0 0 0 .. -1 0
.0 0 0 ... 0 -1 .0 0 0 .. 1 1

(4.6)

Applying the central finite difference scheme again to calculate the second order 

partial differential operator yields:

dx dx
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For the special case of N-Dboundaries, [Pe]*[Pj,]=[P]. Then the wave equation (eq. 

(4.2)) becomes

+ + + (* 2 - p 2)<>f = r , , i = 1,2,3 N, (4.7)
dy h

where the discretization error

r‘ = n ^ ' + s o ^ < +0(* ‘)  (4-8>

is dominated by the o(h2) term.

When we omit the discretization errors in (4.7), the discretized wave equation can 

be written as

{(*2- P2) [/] ~  [/>])♦ = 0. (4.9)
dy  v '  h

Since the accuracy of the method mainly depends on the size of the discretization 

steps, it is obvious that the finer the steps, the better the results from this scheme. On the 

other hand, the use of finer discretization steps means also that the memory space and 

CPU- time would increase. To overcome this problem, it is better not to increase the num­

ber of lines but to increase the accuracy of the scheme itself.

To eliminate the o(l?) term in eq.(4.7), at any index /, this equation must be com­

bined with the equations at the three neighboring lines, /-/, / and /+ /. It is found that

appropriate coefficients can be found to cancel the o(h2) providing an o(h4) accuracy.

The mathematical procedure is as follows. Combining the discretized Helmholtz 

equations at the two neighboring lines and the line itself with appropriate coefficients 

leads to the following expression (details can be found in Appendix G):
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0

A —2 i~ 1 + 10 *̂ + + 75 - 1 "  2*i + ♦/ + 1**dy h

+ n (* f- l  + 10*< + * '» l>( t J ' p2)+< = r.o’ i= 1 ’2' 3 N’

where, the discretization error is now reduced to o(h4)

(4.10)

r / . - 555 ^ i + 0 ( * <) - 1- 1- 2 ’ 3  R’dx

Omitting the error term, eq. (4.10) can be written in matrix form as

[Q] + {(*2 - P2) [Q] A  [PI } $ = 0 ,
dy h

where the matrices [P] and [Q] are of tri-diagonal form

(4.11)

(4.12)

IQ] = _1_
12

41 1 0 ... 0 0 P\ -1 0 . . 0 0
1 10 1 ... 0 0 i 2 -1 . . 0 0
0 1 10 ... 0 0 AP] = 0 -1 2 . . 0 0

0 0 0 ... 10 1 0 0 0 . . 2 -1
0 0 0 . . . 1 q2 0 0 0 . . -1 P2

with the coefficients p, and q, (i=l or 2) depending on the lateral boundary conditions

 ̂2, i» l or 2; for the Dirichlet (D) boundary conditions.
I, i=l or 2; for the Neumann (N) boundary conditions.

10, i=l or 2; for the Dirichlet (D) boundary conditions.
( f  i  *■ ^

I I ,  i=l or 2; for the Neumann (N) boundary conditions.

It is found that the difference between the new scheme and the conventional MoL 

in the discretization of the Helmholtz equation is that, instead of only a tri-diagonal

matrix [P], there is now an additional matrix [Q] to be considered, which is different
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from [P]. In other words, to find an analytical solution for this equation, one must not 

only diagonalize matrix [P] but &l"o matrix [Q] with the same transformation.

For any kind of lateral boundary condition, one can always construct a matrix to 

diagonalize not only the matrix [P] cr matrix [Q] but diagonalize both of them simulta­

neously. This is obvious when we rewrite these two matrices

12[Q] + [P] - 12[I] =0, or [Q] = [I] - [P]/12. (4.13)

Therefore, an orthogonal matrix [T] which diagonalizes [P] can also diagonalize

[Q]. More details of this procedure are given in the Appendix F.

Multiplying eq. (4.12) with matrix [T] and its transpose from the right and the left 

sides, respectively, leads to a set of decoupled ordinary differential equations

0 + l ( ^ . p 2) . .§ ! } r  = O, (4-14)

which can be solved analytically, where V (V*, V*) = [T]<f> is the transformed potential 

and [5] a diagonal matrix with elements

2 X* 1 2 ( 1 - 0089*) 12
5 = —_ = ——-----------— =    . (4.15)

p* (5 + cos9 *) i -  3 (Csc9 * /2)

4.2.2 Continuity conditions at interfaces

The continuity condition at any interface between region k and region k+J squires 

that the tangential field components at the interface of two regions (Figure 4.1) are 

matched

^ z,k =  ^ z , fc + 1» It =  ^ x , k + \ ’ ^ z , k  ~  " z , k + l + J X> n X,k  =  H Xf * + |  -  J z .

The tangential fields can be expressed by the scalar potentials (eq.(4.1))
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E, =  O 'o rV x ^  + y p v ^ )  , 77, = -----— -  C/o>eVx$c -ypV^*) ,
er*o"P *V*o P

where the differential operator is tangential to the interface. From the above equations, 

one obtains

o>e0dx^ er t  er k + ,

E z : e  U ^ K *  =  g  ( e /-,*+ 1 * 0 ^ ) ^ , * +  x > 
r ,k  '  r,k +1

^ Z* er,JfĉO-PJ*P/i,Jt = (^r.jt+l '̂O-Pj'K./t+l

(4.16)

(4.17)

(4.18)

(4.19)

b

- I -  yi
d

+ y  ̂
c

Region k w h
p h

Ef k+1
s

U ^

A

B

Figure 4.1 MoL calculation of a microstrip-slot line with two dielectric interfaces A and B, p is the
edge parameter to satisfy the edge condition.

The derivatives with respect to x  can be found from the central finite differences between 

two lines, for instance

J l \
ooen

0 € 
e, k, i + 1 ~ ^e,  k, f) ^  ~ rk, i ^ e , k +  l , i+  1 ~ §e ,k +  1, /)  ^  ~  rk + 1, /

'"r.k '"r, k +1

=  d y ^ h' k + l ’r ^iuk ,?  ’ (4.20)



The discretization error can be found as (Appendix F)

e,h h* d J ,e,h  , hi* d J ,e,h ( , 6^  . .
r * . fc + l . i  “  A t ~ T ^ f c . t + l  i + a t  + 1, i °v,  J  * (4.22)

,2 -*3 #4 -v5i_ O Ae, h J l   d
k , k+l , i  ~  41 ^  Z^k. k+l . i  _4_ ,^  s H . f r + l .  

dx 2 5!dx

It is obvious that the above discretization accuracy is at best of second order. To improve

the discretizaton accuracy to c(h4) three neighboring lines must be combined in the dis­

cretized scheme. (4.20) and (4.21) then read as

6 € 
g, k, i + 1 ~ §e,k, ^  ~ Sk, i _ (^g, k+1, / + 1 ~ ^c, k+ 1 , ^  ~ sk + 1.1

Er,k Br,k+ 1
_ L
e>e0

24dy  ̂ * + 1, i + 1 k, i + 1̂  + ^ ^ h 'k + l ,r $ h ,k ,?  + ^ ,* ,< - 1 ^

(4.23)

P r ~^h,k,i) h W m + U + I ^ M + I . / )  Jl . r
© P 1 h *•'" h - Sk+l , i i - J zi

(4.24)

Developing this equation in a Taylor series (Appendix F) leads to the expression

e,h 17ft4 d* ,e,h ( .6^ ,A
Sk,k+l,i “  2 x 4 !  x5»0^5 1-' V ^ ’ (^*25)

which clearly shows that the discretization accuracy of the modified MoL is now of 4th
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By making use of the difference operator notation the above equations can be writ­

ten in matrix form

coer [D] $ e ,k  $ e , * + l  

\ Zr,k e r ,k+ \ J

[£>] 1) + t c y yz = •

(4.26)

(4.27)

Matrices [D] and [D]1 are given in eq. (4.6), and [Qx] is a new matrix as a result of the 

modified MoL approach

[ f i j  = £
1

24

4x1 1 0 .. 0 0

1 22 1 .. 0 0
0 1 22 .. 0 0

0 0 0 .. 22 1
0 0 0 .. 1 Qx2_

The coefficients q^ (i=l or 2) depend on the lateral boundary conditions

Ixi = t
f 22, i=l or 2; for the Dirichlet (D) boundary conditions. 

23, i=l or 2; for the Neumann (N) boundary conditions.

Also here it is found that the matrix [D] and matrix [Qx] can be diagonalized by the 

same matrix [T] because in analogy to eq.(4.13) we find that 24[QX] = 24[I] - [D]. 

Hence, analytical solutions can be found since only diagonal matrices are involved after 

the transformation. Elements of all the matrices can be stored as one-dimensional arrays. 

All inverses of matrices are equivalent to their transpose.

4.2.3 Edge condition

In die above error analysis it is assumed that the higher order partial derivatives of 

the potential functions are continuous. However, the field behavior is singular at the



edges of the conductor. The fields must satisfy the edge condition which, in the conven­

tional MoLs minimizes the discretization error if the last line on the conductor is 

p=0.265h away from the edge [56]. This is usually approximated by p=0.25h. Since the 

MoL scheme has been modified to a higher order error term, the edge condition must be 

modified accordingly. The edge condition requires (when r -> 0):

<J>C «  r 1/2s in 0 /2 , r l/2cos ( 0 / 2 ) , (4.28)

where the point (r, 0) is described in polar coordinates. When r -> 0, the electromagnetic 

fields have quasi-static characteristic, and the potentials satisfy [56]

dx2 dy2
(4.29)

Substituting (4.28) into (4.29), and using the discretization scheme (4.10) at point i,

yields

i  l p - }/2 + 10 ( 1 - p )  _3/2 + ( 2 - p )  "3/2J + 2 1 ( 1 -  p)  1/2 + (2 -  p ) 1/2} »  0  .(4.30)

From this equation, the optimum distance in the modified MoL approach is found 

to be approximately p~0.30 (Fig. G.l).

4.3 Numerical results

Eq. (4.12) can be easily solved analytically for each layer of the structure. The solu­

tion has a form similar to that of die transmission line equation. Thus, a relationship 

between the potential functions at any two positions within a homogeneous subregion is 

given

1

>
 

__
__

__
__

__
__

1

d y h
dy .

^ 
»

1
>

T

1coshK (y x -  y2) -  sin/»K (y 1 -  y2) 

K sm ftK (y , -y2) coshK (y j - y 2)

p**

d_rf'h
dy _

(4.31)
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where

 n .

where the elements of the diagonal matrix dxj  are the eigenvalues of the transformation 

matrix [T].

From (4.31), the potential functions can be transformed from one interface to 

another. Thus, one can obtain a set of equations which contains discrete values of the 

transformed potential functions and discretized current distributions at the interfaces. 

Finally, all the transformed potential functions and tangential fields can be transformed 

back into the original domain by the transformation matrix [T]. Therefore, this set of 

equations can be written as the relationship between the tangential fields and surface cur­

rent intensities at interfaces. For example, assuming a structure of three layers yields

[Z]

t >■z

f

k f* .

(4.32)

where the capital letters A and B denote the interfaces A and B (Figure 4.1), respectively. 

By making use of the zero tangential field on metal strips and zero current distribution in 

the slots, a reduced determinant equation is obtained

[Z] red

tA
z, slot

r 4
x, slot

/  • •'z, strip

ff x ,  strip_

■  o , (4 .33)

for which the nontrivial solution requires
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de i { [Z] red) = 0. (4.34)

Now only the number of lines on the strips of interface B and in the slots of interface A 

(Figure 4.1) determine the size of the reduced eigenvalue matrix [Z]red. The eigenvector 

is the reduced part of the current density distribution at interface B and of the tangential 

electric field at interface A, respectively.

In summary, the difference between the original MoL and the modified scheme pre­

sented here is that: a three-line discretization of the Helmholtz equations, the field conti­

nuity equations and the edge condition has been introduced leading to an o(h4) accuracy. 

After these modifications, the remaining numerical procedure of the modified MoL algo­

rithm is the same as that in the original scheme [55]. However, the accuracy and conver­

gence rate are improved greatly. Therefore, a smaller number of lines and consequently 

smaller matrix sizes are needed.

2 . 5

S  1 5

5

I  1A
6

0 . 5

. - .  O r ig in a l  M o L  ( p  -  0 . 3 0 )  

. . . .  O r ig in a l  M o L  ( p  »  0 . 2 5 )  

 M o d if ie d  M o L  (b )

M o d if ie d  M o L  ( a )

- 0 . 5 , 10
Number of lines

Figure 4.2 Calculation of a microstrip line, w=d=1.25mm, a*b=c=12.5mm, £,*8.875, edge 
parameter p = 0.30 (case a), 0.25 (case b).

To test the new algorithm, a microstrip line is simulated and results are compared 

with results from the conventional MoL scheme. Fig. 4.2 clearly illustrates the improve­

ments of the modified MoL. With only 4 lines on the strip the modified MoL achieves a
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better accuracy than the conventional MoL with 8-10 lines. However, the optimum edge 

parameter in the modified MoL (p = 0.30, ph is the distance between the first discrete 

line and the metal edge, h is the discretization step) is slightly different from that in the 

original one (p = 0.25). The simulation of a microstrip line with tuning septums 

(Fig. 4.3) also confirms this conclusion.

3 .5

2.5
h _____

Conventional MoL

Modified MoL
0 .5

5 Number of lines 7 8 83 102

Figure 4.3 Calculation of a microstrip-slot line with tuning septums, w=d=1 ,25mm, 
a=b=c=12.5mm, s=1mm, £,=8.875.
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Chapter 5 

Cylindrical method of lines

The method of lines can also be applied to solve Helmholtz equations in cylindrical 

coordinates. By discretizing the angular space direction, also here the Helmholtz equa­

tion becomes a set of ordinary differential equations which can be solved analytically in 

radial direction after an orthogonal transformation. An analytical form of the transforma­

tion matrix is derived. The method is suitable for the analysis of not only cylindrical 

structures but also arbitrary cross sections with homogeneous and inhomogeneous propa­

gation media.

5.1 Introduction

Characterization of various homogeneous and inhomogeneous waveguides with 

cylindrical cross section is important for cylindrical multiconductor transmission lines or 

integrated circular waveguide components. The design of passive circuits on curved sur­

faces is not a simple problem due to the fact that structural details are frequently described 

by a mixture of cylindrical and cartesian coordinates. The problem is difficult with most 

existing numerical approaches, especially when there is no angular symmetry.

In the following the MoL procedure introduced in the previous chapters will be 

adopted for cylindrical coordinates. Most applications of the MoL are so far only for struc­

tures in a rectangular coordinate system. Although the method of lines in Cartesian coordi­

nates has been applied also to curvilinear structures [67] by using a staircase 

approximation of the cylindrical boundary, this approach has a limited accuracy. For appli­

cation o f the MoL directly in cylindrical coordinates, very little information has been pub­
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lished. Thorbum, Agostron, and Tripathi [63] discretized the r-variables in the Helmholtz 

equations with circular lines and successfully solved the remaining equations along the 0- 

diiection. However, they did not elaborate on how to solve the problem at r=0 (center of 

the coordinate system) for the general case with no symmetry planes. In general, the 

boundary condition along r=a (refer to Fig. 1 in [63]) is an electric wall, but the condition 

at r=0 is unknown except in symmetric structures. In asymmetric structures the transfor­
mation matrix io decouple the coupling differential equations at different lines requires 
knowledge of the boundary condition at r=0. To solve this problem, the authors of 
[66,95,96] suggested to discretize the 0-variable by radial straight lines. The authors stated 

that the same transformation matrices [T], the difference operator [P], and the eigenvalues 
[A.] found for Cartesian coordinates can be used for cylindrical coordinates. Although the 

use of radial lines to discretize the angular space direction is a good idea and will be used 
in this chapter, we found that contrary to the statement in [66] for the case of asymmetric 

structures the finite difference operator [P] in cylindrical coordinates is generally different 

from the one in Cartesian systems, and so are [T] and [X]. The main difficulty to overcome 

here is that in polar coordinates, when discretizing the structures with N lines along the 

radial direction, periodic boundary conditions must be satisfied with «|»(r,0k)= <|>(r,271+0^

(k=l,2,...,N) (Fig. 5.2). Due to the periodicity of the solution, the transformation matrices 

developed for Cartesian coordinates [55] are no longer applicable for the general cases.

In the following it will be shown how the general MoL algorithm can be applied to 

cylindrical structures.

Although the following theoretical derivations are only related to two-dimensional 

discontinuities, the method can be extended to spatially three-dimensional discontinuities 

by discretizing also the z-variable instead of assuming y=jp. This topic will be discussed 

in next chapter.

5.2 Semianalytical solution of Helmholtz equation

The general case of a multilayered dielectric cylindrical microstrip transmission line 
is treated first (Fig. 5.1). Simpler cases, like waveguide structures with homogeneous



dielectric can be easily derived from the general case. The electromagnetic field in the 

homogeneous subregions can be derived from two independent scalar potential functions. 

For a two-dimensional eigenvalue problem in a cylindrical coordinate system the scalar 

potentials <J>ej,exp{jo>t-'yz)} (assuming y=jp) are direcdy proportional to the field compo­

nents Ez and Hz. Both satisfy the Helmholtz equation in polar coordinates

and the boundary conditions depending on the structure and modes we are interested in

Figure 5.1 MoL discretization in a cylindrical coordinate system

Since the hybrid field problem can not be solved analytically for the whole region, 

the calculation domain is discretized along the angular direction by an ensemble of 

straight lines along the r-direction. The uniformly discretized O-variable reads then

with N the number of discretization lines, and h being the angular spacing between the 

lines. For known reasons, the discretization lines for the electric potential function <j>, are 

shifted with respect to the magnetic lines, <j>A by a distance of half a discretization step, hi2.

Using the central finite differences

2 2(k=co pe). The electromagnetic field components are then obtained from eq. (4.1).

0* = 0 j + ( * - ! ) / /  = “ ,k=l,2 N, (5.2)



(h=2n/N), the above equation can be written in matrix form

(5 .4)

The first order finite difference operator s an N by N bi-diagonal matrix

ID] =

-1 1 0  . . 0 0 -1 0 0 .. 0 1
0 -1 1 . . 0 0 1 -1 0 .. 0 0
0 0 -1  . . 0 0 ,-[£>]'  = 0 1 -1 .. 0 0

0 0 0 . . -1 1 0 0 0 .. -1 0
1 0 0 . . 0 -1 0 0 0 .. 1 -1

(5.5)

where t denotes the transpose of a matrix. It should be noted that the operator [D] used 
here for the periodic boundary condition in cylindrical coordinates is similar to that in 
Cartesian coordinates given by Shultz and Pregla in [55,60]. The central finite difference 
scheme is used again to calculate the second order partial differential operator from the 
first order one as

ae2 = =

M e
30 / + 0.5

M e
30 / -  0.5 [D] $e = [P] ,

(5.6)

h dQ 1+0.5

.W h 
~  15

/-0 .5 = [D] i n  h  ■

(5 .7)



a

i n  =

2 -1 0 ... 0 0 -1
-1 2 -1 ... 0 0 0

0 0 0 ... -1 2 -1
-1 0 0 ... 0 -1 2

(5.8)

Introducing eq.(5.6) and (5.7) into eq.(5.1) yields for each uniform and source-free 

region a set of ordinary differential equations which are coupled with each other:

r± ( r4 $ ) + k2r2l _ l M  = y  Y = + + (59)
d r V d r ) + K * *  J-  Y’ Y 1 2 -m4 360-^6  V " ;k  12ae4 Jolw

where k2c=k2-p2. It is found that the condition of periodicity makes the second order dif­

ference operator [P] have a form of eq. (5.8) which is slightly different from the one in 

Cartesian coordinates in [55]. [T] and [X] will be slightly different too. The structures in 

[55,60] support waveguide modes which satisfy the periodic condition but with a phase 

delay along the wave propagation direction (z-direction). However, in cylindrical coordi­
nates, the field components satisfy the periodic condition without any phase delay because

any physical characteristic repeats itself after rotating 360°. This periodic condition can be 
considered as a special periodic condition. Therefore, the task is to find an orthogonal 
matrix to transform the variables in order to decouple the above equation and find an ana­
lytical solution for it in radial direction. It is found that the matrix [P] can be separated 
again into two matrices as [P]=2[I]-[P0], where [I] is an identity matrix and [P0] is of a 

form

0 1 0 ... 0 0 1
1 0 1 ... 0 0 0

0 0 0 ... 1 0 1
1 0 0 ... 0 1 0.

(5.10)

Matrix [P0] can be factorized by an orthogonal matrix [T] as
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[P oM T M T ]*, (5.11)

where m k T T ^ m ,  and [T][I][T],*|I!. The elements of [T] and its eigenvalues are 

derived analytically as follows

TiJ = {cosoify+ sina^-} / */n , — 2cosa^., (5.12)

where ajj=hij, h=2n/N, a k=hk, (i, j, k=l,2,...,N). Multiplying [P] in eq.(5.8) with [T] and

t  2  2[T ], respectively, yields 2 -  Xk = 2 ( 1 -  cosa*) = p*, and the set of coupled Helmholtz 

equations in eq. (S.8) can be decoupled into a set of independent ordinary differential
equations of Bessel form

d (  f  ,2 M*
rdrV  dr J {  c ~ ?■,

2 sin ( a . / 2 )
q>t = 0 . =  -5 ------, (5.13)

where (k=l,2,3,...,N, 9=[9 i ,<P2*--><PnM t M) is the transformed potential function in 

analogy to V in Cartesian coordinates.

In every uniform region, a solution of eq. (5.13) may be written as a superposition of 

Bessel and Neumann functions of |Ak-order

where Ak and Bk are constants. The Bessel functions can be either the first kind of 

Bessel functions /  , the second kind of Bessel functions (Neumann functions Nu ), or the

third kind of Bessel functions (the first and second kind of Hankel functions and

(2)
). The selection of these functions depends on the individual applications. It should

(2)
be noted that at r=0 (the origin), Bk must be zero since JV and will be approaching 

infinity. For a region extended to infinity (open structure), Ak must be zero since the first 

kind of Hankel function is not bounded.
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After eq. (5.13) is solved in every uniform region (non-uniform region can also be 

solved by using a Sturm-Liouville equation), the potentials <j> can be obtained by an 

inverse transformation (J>=[T]'1cp=[T]t9 =[T]cp (note: the inverse and transpose of [T] are 

avoided since they are equivalent to the matrix [T] itself) for <{>e and <J>j, respectively. As a 

final result the telegraphist equation in polar coordinates is obtained when a combination 

of the first kind of Bessel functions /  and the second kind of Bessel functions (Neumann

functions N ) are used

< M V i >

l rf<M * c r i)
dr

<M*cr2> r -|

1<*P *(Va> . [ w t y . y j ) ]  =
/ i  y*kc dr

(5.15)

where y1 and y j denote the Bessel functions in the above equation, and the prime denotes 

a derivative with respect to r. This equation links the transformed potential as well as its 

derivatives at the two boundaries of a homogeneous subregion. To link the fields between 

homogeneous subregions, the tangential field continuity condition must be applied.

Since the calculation of various special functions are the most time consuming part 

in the MoL scheme, two aspects in practical programming may affect the efficiency and 

accuracy. One is to u:e the variables in vector and matrix form during programming as 

much as possible in order to take advantage of the vector calculation features, especially 

for MatlabrA/ programming. The other is to utilize any possible recursive formula instead 

of the direct calculation of the functions. For example, to calculate the columns of matrix 

[T], we can use the following recurrence relationship



5.3 Eigenvalue equation of inhomogeneous wa\ eguides

After the Helmholz equations are solved in each uniform region, we need to match 

the fields at the interfaces between the uniform regions in order to solve the whole struc­

ture. The tangential fields at interfaces between neighboring regions are obtained from <j»e

and 4»h- For example, for the continuity condition of Ee, we have

When we discretize the potential functions in each region and denote the discretized 

potentials by vectors, we can obtain the following relationship which is useful for trans­

forming the fiel j  between interfaces

Multiplying [T]‘ and [T] from the left and right sides respectively, the above equa­

tions are diagonalized. Similarly, we obtain the continuity conditions for the other field 

components. Finally, transforming those potentials into the conductor interface (Fig. 5.2) 

and using the boundary conditions of tangential electric fields on the conductor surface, 

the relationship between the tangential fields Ez, Eq and the surface current intensities Jz, 

J6 at interfaces can be obtained. Now all the transformed potential function and the dis­

cretized tangential fields can be transformed back to the original domain, which yields

p (  K  a* "  ]  _ r a <  V ,
<oeQy&r jdQ er n dQj dr dr '

.  d$h d$h 
r K dr dr j '

(5.18)

The capital letters I  and / /  denote the adjacent regions /  and 7/ respectively.



By using the condition of zero tangential fields 12* 0=0 on metal strips and zero cur­

rent distribution on the dielectri c slots 7z>e=0. a reduced determinantal equation is obtained

A nontrivial solution to eq. (5.19) requires the determinant of the reduced matrix 

[Z],^ to be zero:

5.4 Cutoff frequencies in homogeneous waveguides

For inhomogeneous problems (i.e. transmission line with multilayered dielectrics), 

the discretized field continuity conditions must be satisfied at each interface. For a homo­

geneous waveguide (e.g. circular, elliptic hollow waveguides, or other complex contour 

hollow waveguides), however, a simplified procedure can be used. Taking an arbitrary 

contour hollow waveguide as an example (Fig. 5.2), the finite field values at r=0 require 

8^=0. Assuming ideal conductivity on the contour leads to

for TM modes, where rk is the radius of the k-th discretization line. Therefore, for any 

complex contour hollow waveguide (Fig. 5.2) one needs only  to input the radius rk of the 

contour (k=l,2,3,...,N) at each discretization line. The cutoff frequencies for such an arbi­

trary structure are then obtained from

with non-zero coefficients A=(A1,A2,A3,...,A»ilt. Jmic=Jnk(kcrk) (rk is on the conductor con­

tour) is the pk-order Bessel function of kcrk. This eigenvalue equation will give all the cut­

off wavenumbers for TM modes.

(5.19)

d e ' { [ Z ] red] = 0 . (5.20)

(5.21)

(5.22)
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Figure 5.2 CMoL discretization for a  waveguide with arbitrary contour

Similarly, TE modes can be found if we substitute the Jmk=J|Jjc(kcrk) with

^m k^crk  ̂ ~ ^  » (5-23)

where, rk and nk are, respectively, the unit vectors along the k-th radial line and the out­

wards normal vector to the contour (Fig. S.2). For TE modes, one needs to input an extra 

parameter, the inner product of the unit normal vector of the contour and the unit normal 

vector of the discretization lines.

The eigenvalue equation discussed above for homogeneous structures is simpler and 

quicker to solve than for an inhomogeneous cross-section. Symmetry of the structure may 

also be used to reduce the computational effort, but the transformation matrix must be 

modified accordingly.

5.5 Improved accuracy for the cylindrical MoL

5.5,1 Helmholtz equation

As shown for the Cartesian MoL, to reduce the discretization error also in the cylin­

drical MoL the three neighboring lines are utilized and the appropriate coefficients are 

chosen to cancel the lower order error yielding a fourth order accuracy. The discretized 

Helmholtz equations in cylindrical coordinates reads as

121 ' i ( rf )  *  &  t o  * -  ™  = - 2 ^ 5 ! ^ + °(*6)  •
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where, [P] is the same as in eq. (S.8), and the new matrix [Q] is a tridiagcnal one

10 1 0 . . .  0 0 1
1 10 1 . . .  0 0 0

1
12

0 0 0 . . .  1 10 1
1 0 0 . . .  0 1 10

(5.24)

The problem now is that eq. (5.24) is a set of equations coupled not only through [P] 

but also [Q]. In order to solve eq. (5.24) analytically, we must diagonalize [P] and [Q] at 

the same time with the same orthogonal matrix. We find that such an orthogonal matrix 
[T] e lists

/5 + cosa,
Tij ~ J — 2]v ( s ina/;+ c<>s% } , a ,  = 2n j / N , i, j= l ,2,3.... N. (5.25)

where ay are aj are the same as that in eq. (5.12). Actually, matrix [T] which diagcnalizes 

matrices [P] and [Q] simultaneously is not unique. When we carefully study the new 
matrix [Q], we can further verify the existence of the orthogonal matrix [T]. In fact, the 
matrix [Q] can be separated as follows

[Qi = |  m  + ^  [/>„], (5.26)

where IT] is an identity matrix, [P0] is exactly the same as in eq. (5.10). Since [P0] can be 

diagonalized by [T], the matrix [Q] is diagonalized too by the same [T] as

m  iG) m  = (5.27)

A* is given already in (5.9). The set of decoupled ordinarv differential equations can be 

solved analytically in r-direction as shown before.

5.5.2 Field continuity equation

hi order to take full advantage of the of ft4) accuracy, the scheme must also be 

applied to the continuity condition. Combining every three neighboring lines for the field
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continuity conditions with appropriate coefficients, we find that the of/t^-order errors are 

cancelled, and the accuracy will be of o(h4)

< 4! x  5! V JY = - 2 X H! X Dl  0 0 J 

Therefore the field continuity condition for Eg will be

(5.28)

ODE,
ID1'jLlT

\ z r,I e r, IV
= [U]hr ' d j i l j C

V dr dr

where, in analogy to the derivation of [Qx] in eq. (4.26) and eq. (4.27), [U] is given as fol­

lows

22 1 0  . . 0 0 1
1 22 1 . . 0 0 0

1
24

0 0 0  . . 1 22 1
1 0 0  . . 0 1 22

(5.29)

In a similar way the other field continuity conditions are discretized. It should be 

mentioned that the matrix [U] can also be separated as 24[U]=[P0]+22(T1. Hence, also

matrices [U] and [D] can be diagonalized by the matrix [T]. The edge condition in the 
cylindrical MoL is found to be the same as that in Cartesian coordinates, approximately 
?=0.3.

5*6 SVD technique

The problem of solving eigenvalue equations is usually approached by directly eval­

uating the determinant of the matrix. However, due to the presence of poles, it is difficult 

to detect the zeros which can be near poles. This problem has been discussed in [68]. It 

was suggested to use the singular value decomposition technique (SVD) to eliminate 

poles. Although the SVD has existed in matrix algebra for decades little use has been 

made of this technique except in [68]. I? die SVD the matrix [Z] = fflPiniJ in the eq.



(5.22) can be always diagonalized by two unitary matrices, [U] and [V] ([U}h[U M Ij and 

[V]h[V]=[I]) as [U]h[Z][V]=[S], where [S] is a diagonal matrix whose elements are called 

singular values of the matrix [Z] (c.fi [ 91]). Eq. (3.22) can be abbreviated as [Z]a=b. Then 

eq. (5.22) can be written as [S]A=B, where A =[V]ha and B=[U]hb! Therefore, the lowest 
singular value approaching zero will be now exactly equivalent to eq. (3.22). The modal 
field and current distributions in eq. (5.22) can then be obtained from the last column of 
[V] at the minima of the lowest S ,^  -> 0.

0.2 

 ̂ 0.1*5 

0 1  

J  0.05

i .e i .eo .s 1.2 1.40.6>.2
to X 10,Q

0.1 

• p  o . o e

to.06

0 . 0 4

Jj 0 02
0.6 1.2 1.4 1.60.4 0.6>.2 fo

Figure 5.3 Evaluation of the lowest singular values of the eigenvalue matrix versus he cutoff 
frequencies of a cylindrical waveguide, a=2.54 cm, (a)TM modes, (b) TE modes

The determinant calculation will be equivalent to finding all the local minimum 

points of the lowest singular values of [Z] along the frequency axis (Fig. 5.3) by using a 

one-dimensional line search method.

5.7 Numerical test

In order to test the MoL algorithm derived in this chapter, intensive simulations are 

performed for homogeneous and inhomogeneous waveguides by solving eq. (5.20) and 

eq. (5.22) respectively. In the following, some typical examples will be shown, and results; 

will be compared with the literature.



5.7.1 Cylindrical microstrip lines

75*

CMoL

Modified CMoL
3 6

N u m b e r  o f  L i n e s  (N )
5

N u m b e r
2 7 8 9 iO

Figure 5.4 Convergence test for frequency-dependent properties of the open cylindrical 
microstrip lines, substrate relative dielectric constant e1 = 9.6 (alumina), curvilinear coefficient R

= a/b = 0.9

Inhomogeneous waveguides with complex cross section such as cylindrical strip- 

liiies and microstrip transmission lines are important for planar circuits on curved sub­

strate like antennas and their feedlines in mobile communications. A number of 

investigations on these inhomogeneous transmission lines have been reported in the liter­

ature (i.e. [74-79]). However, in most of these publications, only Laplace’s equation has 

been solved instead of Helmholtz equation. Among the techniques used the conformal 

mapping technique is most prominent. The only full wave technique reported in the litera­

ture is [78,79]. The static and also frequency-dependent Green’s function method results 

in [78,79] clearly showed that the full-wave analysis is necessary to account for the 

strong dispersion.
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Figure 5.5 Effective dielectric constant of coupled striplings versus separation angle 7, d4/d1s4, 
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Figure 5.6 Effective dielectric constant of the open multiconductor microstrip lines versus the 
separation angle 7, the dimension for multilayers: d3/d1 = 3, d2/d1» 2, F,t » 2, eg ■ 4,63 ■ 1, a  •

10.195°

First of all, Fig. S.4 illustrates the advantages of using the scheme with fourth order 

accuracy over the one with only second order accuracy. To reach the same accuracy of the 

fourth order scheme, die second order scheme requires approximately twice the number of 

lines.
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Figure 5.7 Frequency-dependent effective relative dielectric constant of the open cylindrical 
microstrip lines, substrate relative dielectric constant e1 = 9.6 (alumina), Curvilinear coefficient R =

a/b = 0.9
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Figure 5.8 Frequency-dependent characteristic impedance of the open cylindrical microstrip 
lines, substrate relative dielectric constant e, = 9.6 (alumina). Curvilinear coefficient R = a/b = 0.9

Cylindrical striplines are then analyzed and the effective dielectric constant versus 

the separation angle for the six quasi-TEM modes are shown in Fig. 5.5 and Fig. 5.6 and 

compared to quasi-static results from the literature [73]. Both figures show the effective
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dielectric permittivity for the buried coupled stripline and the coupled microstrip line, 

each with six stripes. Although the cylindrical MoL confirms most of the quasi-TEM 

modes obtained from the conformal mapping analysis [73], there is considerable disagree­

ment with one mode in the microstrip structure (Fig. 3.5).

2a
8 .5 , i . O o o o  [Alexopoulos & Nakatani, 78]

w/h = 2.0

a
w = 2ab 
h = b-a7 .5

$

Quasi-Static Value: 6.861

6.1 Quasi-Static Value: 6.425
o.s 1 .5■ 2 
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3

F re q u e n c y

Figure 5.9 Frequency-dependent properties of the open cylindrical microstrip line, substrate 
relative permittivity e-i = 9.6 (alumina), Curvilinear coefficient R = a/b = 0.9
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Figure 5.10 MoL results of coupled microstrip lines, er=9.6, w/h»1.0, s/h«1.0, a/b«0.9 

Additional results shown in Fig. 5.6-5.9 confirm the accuracy of the CMoL. As
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expected, the wider the strip, the lower the characteristic impedance and the higher the 

effective permittivity. Similar structures have been investigated in [78,79] on the basis of 

tm integral equation approach. However, the problem with this technique is that the devel­

opment of an accurate procedure for the computation of the Green’s function on the sub­

strate surface for both the source and the observation point [78,79] requires considerable 

computational effort to obtain accurate results. Moreover, the approach taken in [78,79] is 

not as flexible as the MoL technique described in this paper, because for more complex 

structural geometries additional preprocessing is needed, while this is not the case for the 

MoL. In the cylindrical MoL only the discretization size and/or the length of the radial 

lines need to be changed to analyze, for example, elliptical structures.

5.7.2 Homogeneous waveguide structures

* ~
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N u m b e r  o f  S t r a i g h t - U n e s

Figure 5.11 MoL results for TE10 and TM^ modes compared to analytical solutions for a 
rectangular waveguide, b a a/2 -  3.555 mm (WR-28)

Convergence tests for TE and TM modes in rectangular and circular waveguides are 

shown in Fig. 5.11 and Fig. 5.12. It is interesting to note that convergence for the TM01 

mode in Fig. 5.12 is possible With one line only, while the TE^ mode requires at least 15- 

20 tines. This can be explained by the fact that the field distribution of the TMoi mode is

Analytical Results (TB)0)

Relative Bitot (TBio)

Relative Error (TM,,) Analytical Results (TMU)
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constant in angular direction and changes only in radial direction, which can be described 

by one line. The field of the TE11 mode, however, changes in radial and angular direction 

and thus requires more lines to be characterized accurately.
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Figure 5.12 CMoL results for TE^ and TM01 modes compared to analytical solutions for a
circular waveguide, R0 a 2.54 cm
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Figure 5.13 Normalized cutoff wavenumbers of elliptic waveguides for different axis ratio a/b 
calculated by CMoL and compared to the BEM [72], (a) TE modes, (b) TM modes
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A comparison between the CMoL and BEM in elliptical waveguides shows very 

good agreement This is demonstrated in Fig. 5.13 which illustrates the behavior of differ­

ent higher order modes in elliptical waveguides versus the axis ratio.

x  10’
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TEi
3 .4 2
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3 .3 4

3 .3 2

3 .3 , 0 .0 5 0.1 0 .1 5
T he norm alized  ridge dep th  (fy-r^A o

0.2 0 .2 5

Figure 5.14 Effect of the ridges on the cutoff frequencies of the fundamental TE^ mode, r0 =
2.54 cm

A double-ridge circular waveguide is shown in Fig. 5.14. A magnetic wall is 

assumed in vertical direction (polarization plane for the TEn mode). In this case the cutoff 

frequency of the fundamental TEn mode reduces with decreasing rla This effect is similar 

to the one in a ridge loaded rectangular waveguide and needs no further explanation.

Fig. 5.15 illustrates the effect of a fifth ridge, which is the coupling element in a dual 

mode circular ridged waveguide (CRW) resonator. Here the influence on the first two TE 

modes is small while the TM mode increases its cutoff frequency even more when the 

ridge penetrates further info the CRW. The separation between the TM modes and the fun­

damental TE mode becomes larger.
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Figure 5.15 Cutoff frequencies of CRW with fifth ridge, R0 = 2.54 cm, 01 = 25°, 02 = 12.5°

5.8 Conclusion and discussion

The method of lines i", extended for use in cylindrical coordinates. Microstrip and 

stripline structures on curved multilayered substrates have been characterized. Also TE 

and TM mode cutoff frequencies in circular and elliptical waveguides with and without 

ridge loading have been calculated. In comparison with other numerical techniques goc1 

agreement was found.
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Chapter 6 

Characterization of resonators and cavities 
using the 3D CMoL

The 2D-CMoL described in the previous chapter is now extended to spatial 3D dis­
continuities. The advantage of the 3D CMoL is that only two out of three space variables 
need to be discretized, while for the third direction the Helmholtz equation can be solved 
analytically. The 3D CMoL is especially suitable for the analysis and design of cylindri­
cal/rectangular cavities filled partly or totally with dielectric blocks of arbitrary shape. 
Results are presented for a variety of resonator structures. Of particular interest is the res­
onance frequency calculation of a dielectric rod of varying diameter within a rectangular 
cavity.

6.1 Introduction

Microwave cavities are important component: in communication systems. Micro­
wave filters and multiplexers consist of a cascade of cavities which together with coupling 
structures are the fundamental building blocks of these components. Characterization and 
design of these cavities are not a trivial task because of the high-Q resonant structures and 
mixed coordinates involved [80-82].

In the following the cylindrical 3D method oi Lines (MoL) is utilized to discretize 
the angular and longitudinal space directions. The resulting Helmholtz equation is a set of 
coupled one dimensional differential equations. Applying the decoupling procedure 
described in the previous chapters, each ordinary differential equation can then be solved 
analytically at each line in radial direction after an orthogonal transformation. This is the 
first time in the literature that the CMoL is applied also to 3D problems. Some microwave
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cavities are simulated to demonstrate the usefulness of the approach.

6.2 Semianaiytical solution of Helmholtz equation
The microwave structures can be subdivided into several uniform regions in which a 

constant dielectric is assumed. Unlike in an eigenvalue problem, where the discretization 
of the Helmholtz equation is only related to the 6-variable, the spatial 3D discontinuity of 

Fig. 6.1 requires also the discretization of the z-variable. Hence the Helmholtz equation is 
now written in the following form

Since the hybrid field problem can not be solved analytically for the whole region,

lines along the r-direction. Tr? Fig. 6.1, the 0-variables are discretized uniformly by using 

radial lines at Qki = 0 1(. + ( k - l ) h Q, k=l,2,...,N0, with h0 being the angular spacing 

between the lines. The z-variable is discretized uniformly by using radial lines at

with hz being the spacing between the lines in z-direction. The first order finite difference 

operators are approximated by the central finite differences as

where the vectors $ejl are in matrix form as <j> -  /$] =[<|>n <j>-,... t^ ... <|>N0 t; <j>12 <t»22---

(6.1)

Figure 6.1 3D MoL discretization in a cylindrical coordinate system

the calculation domain is now discretized in 6- and z-directions by a number of straight

zki = Zjj + (i — 1) , i-l,+,...,Nz (6.2)

it+  0.5
(6.3)
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(6 .4)

Generally, the first order difference operators [D] “ h are bi-diagonal matrices.

Using the central finite difference scheme again to calculate the second order partial dif­
ferential operator from the first order ones yields

where [P] = [D](-[D]*) = (-[D]0[D], and [P] can be found in last chapter. The finite differ­
ence operators depend on the boundary conditions. [P] can be factorized by an orthogonal

matrix [T0] as [P]= [T0][A.j[T0]t, where [Tel^fTe]-1=[T0]. Similai.’y there is an orthogo­

nal transformation matrix [Tz] to diagonalize the matrix [Q]‘ as [Tz]t[Q],[Tz] = diagl&jJ. 

The eigenvalues of [Tz] are denoted by diagf^}. Therefore, the discretized Helmholtz 

equation will be as follows:

Multiplying [Tz]‘ and [T0], respectively, from the left and right sides of eq. (6 .6) to

diagonalize [P] and [Q], the set of Helmholtz equations in eq. (6 .6) can be decoupled into 
a set of independent ordinary differential equations of Bessel form

oz oz

(6.6)

We define the transformed quantities as

(6.7)



36

where (pfc (k=l,2,3,...,N0; i=l,2,3,...,Nz) is called the transformed potential function, 

eigenvalues are the diagonal elements of a diagonal matrix. In every uniform region, a 

solution of eq. (6 .8) may be written as a superposition of Bessel functions of p^-order

The selection of above equations depends on individual applications. For example, 
to analyze guided wave structures, the combination of the first kind and the second kind of 
Bessel functions in eq. (6.9) are usually used because they appropriately describe the char­
acteristic of the standing waves in the waveguides. However, eq. (6.11) is useful for 
antenna applications. It should be noticed that when the region of the solution contains the 
origin r=0, Bk must be zero since and are singular. After eq. (6 .8) is solved in 

every uniform region (non-uniform region can also be solved by using a Sturm-Liouville 
equation), the potentials <|> can be obtained by an inverse transformation in eq. (6.7) for <}>e

and (jih, respectively.

6.2.1 Inhomogeneous structures

After the Helmholtz equations are solved in each uniform region, the fields at the 
interfaces between the uniform regions are matched in order to solve the whole structure. 
The tangential fields at interfaces between neighboring regions are expressed in terms of 
<|>e and <|>h instance

<P*. = V u t <*/Ar) + BkNiLk(*ikr) •

*« = vO*«r,+BXr(*«r)-

(6.9)

(6.10)

(6. 11)

(6.12)

Applying the transformation matrices [T0] and [Tz] from the left and the right of eq.

(6 .12) the field continuity equations are diagonalized to give a set of uncoupled equations. 
Therefore, transforming those potentials back to the original domain yields
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(6.13)

By using of the condition of zero current distribution along the dielectric interfaces, 

we will have the determinanial eigenvalue equation [Z] j^ , £^j = 0 . The nontrivial 

solution requires that the determinant of the reduced matrix [Z] is zero:

All the resonant frequencies can be obtained by solving the above equation. Subse­
quently all the field components and current density distributions can be obtained.

6.2.2 Homogeneous cavities

For homogeneous structures, the eigenvalue problem can be greatly simplified. All 
the elements in eq. (6.14) may be given in simplified forms. Using eq. (6.12) and (6.13), 
we can obtain the potential functions <|>e and ^  (proportional to the tangential fields Ez 

and Hz) on the shielding surface contour as

Applying the boundary conditions o ' <J> = 0 (6e for TM modes and <|>h for TE modes) 

on the shielding contour an eigenvalue problem is obtained as det{[G]} = 0. For example, 
for TM modes, the boundary conditions <j>e -  0 (Ez = 0) on the shielding contour requires 

that

d e t { [ Z \ } = 0. (6.14)

[G]A = <J> (6.15)

where the field coefficient vector is defined as

A = [An A2i... Anq i, A12 A22... AN0 2,..., Aj Nz A2Nz... AN0 Nz] (6.16)

[G u ] [G 12] ... [G UJ  ... [G i„ J

d e , \ [ ° v ]  -  [ Gv J  -  [ Cv J  • = 0 (6.17)

[ % ]  t c ^ ]  -

where
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(6.18)

X|fc is given in eq.(6 .8). Similarly, we can obtain an eigenvalue equation for TE modes but

with Bessel functions replaced by their derivatives to satisfy the TE mode boundary con­
ditions <j>h = 0 (Hz = 0) along the conductor shielding contour R (Appendix H).

6.3 Numerical results
The 3D CMoL has been tested for circular (Fig. 6.2) and rectangular (Fig. 6.3) cavi­

ties and compared to analytical solutions. It was found that the convergence of the 

method depends on the specific type of mode considered. For example, the analytical 

solution for the TMq10 mode in Fig. 6.2 is already reached with only 20-25 lines, while 

the TEjn mode requires approximately 35 lines. For the rectangular resonator (Fig. 6.3) a 

larger number of lines is needed because of the approximation of the rectangular bound­

ary by radial discretization lines. Loading the cylindrical cavity with a cylindrical dielec­

tric block of varying radius reduces the resonant frequency of the first resonator mode, 

which is of course expected. The same effect is obtained when we insert a cylindrical 

dielectric block into a rectangular cavity (Fig. 6.5). The novelty of the analysis here is 

that the structure contains subregions which are described by a rectangular (rectangular 

cavity) and a cylindrical coordinate system (dielectric rod). To discretize this 3D struc­

ture (for all the higher order modes) requites approximately 50 lines in the a-b-plane and 

12-lines in the longitudinal direction (L). Fig. 6.4 shows dielectric loaded cylindrical cav­
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ities. Fig. 6.6 illustrates the fundamental mode resonant frequency for a non-uniform 

dielectric rod with varying height of the partially thicker diameter. It should be noted that 

the transition between the thin rod diameter (r0) and the thick section is made smoothly 

rather than abruptly. This is done to demonstrate the flexibility of the 3D CMoL.
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Figure 6.2 Resonant frequencies of TEt1t and TM010 modes by 3D cylindrical MoL compared to 
the analytical solutions for a circular waveguide, L = R0 = 2.54 cm
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Figure 6.3 Resonant frequencies of TE101 and TM110 modes hy 3D cylindrical MoL compared to 
the analytical solutions for a rectangular waveguide, L = b = a/2 = 3.555 mm
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Figure 6.4 3D CMoL calculation of resonant frequencies of the TM010 mode in a dielectric- 
loaded (£,=2.2) circular waveguide cavity; L = R0 = 2.54 cm, 2.5654 cm, 2.5908 cm
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Figure 6.5 3D CMoL calculation of Resonant frequencies of TM110 mode in a dielectric-loaded 
(e,=2.2) rectangular waveguide cavity; L = b = a/2 = 3.555 cm, 3.59055 cm, 3.62610 cm
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Figure 6.6 Resonant frequencies of a  dielectric loaded waveguide cavity, a = b = L * 2.54 cm, R0
= 1.54 cm, r0 = R012, e, = 38.5

6.4 Conclusion

A 3D cylindrical method of lines has been presented for the analysis and the design 
of microwave resonators of arbitrary shape. Cylindrical and rectangular cavities are calcu­
lated with and without partial dielectric filling.



Chapter 7 

Analysis of waveguide discontinuities by 
CMoL

In the previous chapter (6) a resonant model of the 3D CMoL was introduced. In 

this chapter, the 3D CMoL is extended to S-parameter analysis of discontinuities in 

guided wave structures.

7.1 S-Parameter extractions by cavity model
The CMoL is combined with the cavity model calculate the scattering parameters 

of guided wave structures. The CMoL resonant model is utilized to determine the reso­

nant frequencies of the enclosed discontinuity or equivalently the resonant lengths of the 

transmission lines connecting the discontinuity for a given frequency. These resonant 

lengths or frequencies are then used to extract the equivalent network parameters (for 

instance, the reactances in Fig. 7.1 and the S-parameters in Fig. 7.2) representing the dis­

continuity.

7.1.1 Cavity Model

The determination of the equivalent circuit parameters of a two-port network via 

the evaluation of the resonant frequencies of the network inserted between reactive termi­

nations is equivalent to the experimental technique known as the tangent method [71]. 

Similar ideas have been widely used in numerical modeling of microwave circuits such as 

in [1,64,65]. This cavity model is utilized in CMoL in this chapter to analyze waveguide 

discontinuities.



Considering first a discontinuity of a waveguide (planar waveguide such as a CPW 

or cylindrical waveguide such as a coaxial waveguide) short end in Fig. 7.1a which can 

be treated as an equivalent reactance shown in Fig. 7.1b. The voltage minimum points 

satisfy

0—f _ .  ____ I  1---- 1
L r1-,

jX

° - f  ■ — J

(b)

Figure 7.1 (a) Waveguide short end, and (b) equivalent circuit.

tan (2 n L /k )  + X = tan(0) +X *  0 (7.1)

The reflection coefficient of the CPW short end is given as

r  = -exp(2y'0) (7.2)

Consequently, the location of voltage minimum points determines the equivalent 

reactance X. The above equations are nothing else but the resonant cciidition of the trans­

mission line of length L loaded with a reactance X. The resonant frequency for a fixed 

length L or the resonant length L for a given frequency will determine the equivalent cir­

cuit X, or equivalently the S-parameters.

(a)

Li
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o d
PiLi.
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^  $2^2
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reference reference 
plai*e plane

(b)

Figure 7.2 (a) A 2-port CPW discontinuity, and (b) equivalent circuit.

Considering now a two-port discontinuity of Fig. 7.2, where the two transmission



line ends are terminated by two electric- (or magnetic-) wall planes to form a cavity.

— 
1

a Z u Z 12

Y \
z 21 Z 22 h

Looking into the discontinuity from the reference planes, the voltages and currents 

are connected by equivalent circuit parameters

(7.3)

On the other hand, looking towards the electric-wall planes from the reference 

planes, it is well known that

(7.4)

where f t  and Zj (i=l,2) are the propagation constants and characteristic impedances of the 

waveguide sections on the left and right sides of the discontinuity, respectively. From the 

above equations, we obtain a system of homogeneous equations as

v'i ./Z jfg tftL j) 0 -/i1
0 jZ 2tg(P2L2) ~h

z u +JZ i tS ( ^ i L i) '12 (7.5)
Z21 Z22 "^jZ^g ($2^ 2)

from which the non-trivia! solutions for the currents results in the resonant equation

F ( L v Lv f )  = { Z u + j Z ^ g i ^ L J }  x {Z22 +jZ2tg (p 2L2) } - Z l2x Z n  = 0  (7-6)

where Z l2=Z21 for reciprocal circuits. By fixing the frequency f, three sets of resonant 

lengths of the cavities are calculated from MoL, and subsequently Z llr Z i2, and Z22 are 

determined.

7.1.2 Procedure of S-parameter calculation

To extract the S-parameters from the above knowledge, we proceed as follows:

(1) We first assume a discontinuity enclosed into a cavity.

(2) The resonant frequencies or equivalently the resonant lengths of the cavity are
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calculated by following the CMoL techniques covered in previous chapters.

(3) Then t’te S-parameters of the discontinuity can be extracted from the resonant 

frequencies or equivalently the resonant kngtus as follows [1]

where (Lla, 1 ^). (Llb, L^,), and (Llc, L^) are three pairs of resonant lengths. Although the 

least square curve-fitting scheme may be used for more than three pairs of resonant 

lengths, exactly three pairs of resonant lengths are assumed in this thesis.

In the previous section, to analyze waveguide discontinuities the cavity model com­

bined with CMoL needs at least three calculations of the cavity resonant frequencies. 

Moreover, to determine a resonant frequency the eigenvalue equation (6.14) or (6.17) 

must be evaluated in the CMoL at numerous frequency points. Therefore the numerical 

effort in the cavity model is very large. However, these efforts can be avoided when inho- 

mogeneous boundary conditions are utilized in the CMoL. This is described in the fol­

lowing.

(fli r i« + fcir i6 + Cir ic) (a 2* 2a + ^2^26 + C2^ 2ĉ  .' ~ ~ " " * » (7.7)A A

A = a j + h .+ C j = a 2 + 62 + c2;

^12 = ^11  (^22 "h » (7.8)

r i« = exp{-2/Q la} = e xp { -2 jP laL la}  etc.

7.2 Hybrid-boundary model for CMoL
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7.2.1 Introduction

As shown in the previous chapter and last section, the method of lines is well suited 

for analyzing three dimensional resor, itors and periodic structures. However, to avoid 

multiple calculations the boundary conditions must be treated differently. To avoid the 

cavity model, Worm [ 57] tackled the microstrip discontinuity by introducing inhomoge- 

neous boundary conditions to the Input port and assuming a short or an open circuit at 

the output port to obtain a homogeneous boundary condition. However, this method still 

needs three calculations. Wu, Yu, and Vahldieck considered the same discontinuity prob­

lem bv using the hybrid boundary conditions [54], In the first case the incident and 

excited waves were tackled individually and in the second case only the reflection coeffi­

cient was shown. Chung and Chrang [ 64] improved these techniques in the Cartesian 

MoL to model CPW discontinuities in one calculation.

The past work in the 3D MoL area is confined within Cai ^ ian  coordinates. In this 

section, inhomogeneous boundary conditions [ 64] are realized in cylindrical coordinates 

with the reflection and transmission coefficients as unknowns. The CMoL is developed 

to calculate three dimensional discontinuities. The calculation can be done in a single cal­

culation instead of three. Therefore the calculation time is improved by an order of three.

7.2.2 Hybrid boundary conditions in CMoL

The formulation of the CMoL is similar to that in the last two chapters. The differ­

ence here is to assume inhomogeneous boundary conditions at reference planes instead of 

ideal electric or magnetic walls assumed for cavities and resonators. A regionally constant 

dielectric is assumed in each uniform region of the structuves under study. The electro­

magnetic field components Ez and Hz which are proportional to the scalar potentials

<|>e hexp{jct)t} also satisfy the Helmholtz equation in a polar coordinate system given in

(6 .1) and the boundary conditions depending on the structi.ire and modes we are interested 

in.

Since the hybrid field problem can not be solved analytically for the whole region,
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the fields are discretized in 6 - and z-directions by a number of straight 5mes along the r- 

direction as shown in Fig. 7.3. The waveguides are assumed to be single-moded and 

extend uniformly to infinity in the +z and -z directions, respectively. Let a mode (usually 

the fundamental one) propagate toward the discontinuity from the left side, some of the 

power is reflected back to form a standing wave on the left, and the remaining power is 

transmitted to the right side. Near the transition region higher order modes are excited, 

but they have vanished at the reference plane far from the discontinuity (Fig. 7.2). 

Hence, only the dominant mode needs to be considered.

►

Figure 7.3 Waveguide discontinuities in cylindrical coordinates. 

The boundary conditions at the input port (z=0) are [57]

=

aw,
dz

and at the output port (z=L) are

z =  0

dJ L
dz 2 -  L

(7.9)

(7.10)

(7.U)

(7.12)

where e^  (eM), hzj (h^), and (B0) are the modal fields and the propagation constant of 

the input (output) port. R and T are the unknown voltage reflection coefficient and trans­

mission coefficient, respectively.

Introducing the above boundary conditions into the finite difference expression for



the z derivatives of the Ez and Hz field yields:

hz l f  +* ( W Z1 0  [7X] ) Ez + T  [ / j  Et0 - (1 -  R) [ / J  Ezi,

i u - 7  ** -  i r j  h 2+ t  t y  H2 -  « - r ) [ y  h v ,2 - 7UZ

%

(7.13)

(7.14)

2

[ y ) ^ - ( i - R ) ( [ o ;] ' ® [ y j £ 2i, (7.i5)
dz

(7.16)

where <9 denotes the Kronccker product. To simplify the description of the method, the 

following formulations are in form of Kronecker product, llie  input and output field com­

ponents (subscript i for input and o for output) are denoted as follows:

=

tfz, = JPi

0  e E —Zl ’ ZO 0  ,

® ^ / . ^ o = 7 P o

zo *

0  h

(7.17)

ZO (7.18)

The transformation matrices are also expressed by a Kronecker product as follows: 

[ P J  = [ D J ' I O J  0  [7J , [P7h] = [Dz1 [Dz] ' 0  [ / J  ,

where [Dz] is given in Chapter 6 .

Since the discretization along the O-direction is the same as that used in Chapter 5 

and Chapter 6 , the same transformation matrices described their can be used to transfer a 

set of discretized Maxwell’s equations, similar to that in eq. (5.13), into an uncoupled 

and ordinary set of equations:
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d_
rdr [Th] { TH'Z0 -  (1 -  R) H \J  for h-lines

V h,

2 f  ,2 6/A 2 s i n ( a / 2 )
*tt = ^0+72 ’ * k  -   I -------

V K )
(7.19)

where [Te] and [Th] are the normalized eigenvector matrices of [Pze] and [Pzh], ana pk 

and 6^ are their eigenvalues, respectively. The general forms for these eigenvalues are 

given in Chapter 5 and Chapter 6.

For inhomogeneous structures, first, eq. (7.19) can be solved analytically in each 

uniform region. Then, all the other tangential field components satisfy the boundary con­

ditions at the interfaces between uniform regions (Chapter 5 and Chapter 6). Therefore, a 

set of ordinary differential equations in the transformed domain are obtained, which can 

be transformed back to the spatial domain to a set of inhomogeneous equations:

J r Er Erl EX = Y X
-  ( i -  /?) XI

~ TY0
xo

h h h S o .

After taking into account that the currents vanish on non-metal (dielectric) inter­

faces and tangential fields vanish on conductor regions, a reduced matrix equation will 

result. If the line number in z-direction is Ne for e-lines and Nh for h-lines, respectively, 

we have a set of total Ne+Nh linear equations but with Ne+Nh+2 unknowns since R and 

T are treated as unknowns. To obtain two additional equations we consider the currents 

at the planes inside the calculation domain at z=hzi and z=L-hzN At these planes,

(7.21)

(7.22)
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where Jz\ ana are the z-direction modal current distribution functions of input and out­

put ports, respectively.

Therefore two more equations are added to eq. (7.21) which can then be solved by 

Gaussian elimination to get the reflection coefficient R and the transmission coefficient 

T. Therefore, all the S-parameters or equivalent circuit parameters can be obtained.

7.3 Numerical results
To illustrate the potential of the above procedures, first of all, a coaxial step filter is 

analyzed in Fig. 7.4. A relatively coarse discretization is used with 5 lines in wave propa­

gation direction and 12 lines in angular direction for each section. A typical calculation 

for each frequency is about 18 minutes on a SunSparc workstation. Convergence test 

shows that further increase of the number of lines does not improve the accuracy. The 

results agree reasonably well with the experimental data [92,85]. If structural symmetry is 

considered, it is expected that the algorithm becomes considerably faster.

1 . 2
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Figure 7.4 Coaxial Low-Pass Filter

Another example is shown in Fig. 7.6, where a coaxial step discontinuity is dis­

cretized by the CMoL with a number of straight lines, utilizing hybrid (inhomogeneous)
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boundary conditions to both ends. The equivalent circuit can be approximated as a shunt 

capacitance.

i i

Figure 7.5 Discretization of discontinuity of coaxial line steps and its equivalent circuit

The calculation results are shown in Fig. 7.6 for a simple discontinuity of concentric 

steps in width. The results are compared to literature for a case when x=r3/r1=10 ([92,85]). 

Due to the symmetry and simplicity of the structure, the typical cpu time consumed is 

only about 1-10 seconds on a Sun Sparc workstation.
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Figure 7.6 Capacitance of coaxial line steps versus a=(r2-r1)/(r3-r1)

The last example is a circular waveguide bandpass filter which was originally 

designed by the mode matching method (MMM) [84]. Totally 80 lines in wave propaga­
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tion direction and 35 lines in angle direction are used to discretize the whole calculation 

domain. About 40 minutes are consumed on a SunSparc workstation.
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Figure 7.7 Circular Waveguide Band-Pass Filter calculated by CMoL.
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Chapter 8 

Conclusion and future work

The Finite Difference Time Domain (FDTD) method and the Method of Lines 

(MoL) are applied to model electromagnetic fields in the microwave integrated circuits 

(MIC) as well as waveguide components. A modified FDTD grading scheme with 

enhanced efficiency and improved accuracy has been presented. The modified FDTD 

method is then used to a variety of microwave circuits including 2D and 3D problems. 

For 2D analysis, this thesis proposes a novel full-wave FDTD algorithm and its modified 

versions. This new 2D FDTD method reduces original memory space and CPU run time 

requirements that are key problems of the method. In second part of the thesis, the MoL 

is developed and modified to analyze a class of microwave circuits. First of all, a higher 

order scheme is proposed for discretized Helmholtz equation, continuity equations, and 

edge conditions. This new algorithm can have better accuracy with the same memory 

space and CPU run time requirements. From another point of view, it reduces matrix size 

and computational time greatly with a same accurate result. Finally, a cylindrical MoL is 

proposed with general cases. The higher order schemes are also developed in cylindrical 

coordinates.

To continue the work in this thesis, first of all, the MoL can be combined with the
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mode matching technique to deal with many microwave circuits and components. The 

efficiency and accuracy of the MoL will be greatly improved.

Secondly, if the FDTD method can adopt the idea from the semi-analytical MoL in 

some space direction or the time variable, the efficiency and accuracy of the FDTD 

method can be improved.

Finally, the stability and dispersion relations of the FDTD method applied to super­

conductor applications have not been derived explicitly. These stability and numerical 

dispersion relation are very important especially for nonlinear analysis. People in this 

field have been using trial-and-error method to get around this difficult question. This 

task is out of context and beyond my ability at this moment. However, with certain help 

from mathematicians, this topic needs to be done.

These three topics will be studied in the future research.
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AppendixA 

Normalized Yee’s 3D FDTD scheme

The Yee’s 3D FDTD scheme [IS] can be normalized by the free space impedance 

Z = V pTe

E x , y , z ( i>j> *) *) (A-1)

< y>z(U ,* )  <*E?x y z { i , j , k ) JZ .  (A.2)

From Maxwell’s equations one obtains

//"  + 05 (/,./,*) = H " '0-5 ( i , j , k)  - s ( E ”( i , j+  1, k) - E " ( i , j , k )

~Eny ( i + \ J , k ) +  E"y (i,j, k) ) ,  (A.3)

H $ +Q* ( i , j , k )  = H" ~05( i , j , k ) - s ( E " ( i , j . k + l )  -  E" (i,j, k)

-£«  (i + 1 , j , k ) +  E* ( i , j , k) ) ,  (A.4)

H2+0*( i , j , k )  = H ”- ° 5 ( i , j , k ) - s ( E $ ( i + l , j , k ) - E » ( i , j , k )

-E"  (i j  + 1, k) +E% ( i , j , k) ) ,  (A.5)

E5 + 1V J , k )  = E%~l ( i , j ,k)  +s(H?+°*( i tj, k ) - H ^ Q5( i , j - \ , k )

- H ; +0H i , j , k )  + H " +05( i , j , k -  1) ) ,  (A 6)
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k) = E " ~ l (i,j, k) +s(H»x + * m , j , k )  - H »+ Q5( i , j , k - l )

-H»+*Hi , j , k )  + / / ” +05 (/ -  l , j ,  k) ) ,  (A.7)

E? + H i J , k )  = S J^ O V /,* ) +s(H"y + ° m , j , k ) k )

- H ^ 05(i , j ,k)  ) ,  (A.8)

where s = cAt/Ah. c is the speed of light. At and Ah are, respectively, the time step and 

the space step in all spatial directions (Ax = Ay = Az = Ah is assumed). The stability 

condition requires

S Z I / J 3 .  (A.9)
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AppendixB 

Stability criterion and numerical dispersion 
of 2D FDTD

B.l Real-variable 2D FDTD

B.1.1 Stability criterion for the real variable 2D FDTD

In order to derive the stability criterion, we must know the amplification matrix first. 
Let’s assume that the electric and magnetic field components will have a form of

Ax,y,z ~ A0x,y,zeXP ~ kxiAx ~ * /A y )  } . (B.l)

where A = E or H; n (n=l,2,3,...,M), i (i=l,2,3,...,M) and k (k=l,2,3,...,N) are respectively 

the time and space discretization indexes; k, and ky are wave numbers respectively along

the x- and y-directions. At, Ax, and Ay are the time and space discretization steps, respec­

tively. We normalize the electric and magnetic fields by using the wave impedance and 

substitute eq. (B.l) into eq. (2.3-2.8)

H n + 0.5 -  H n -  0.5 + 2jYE"  -  2ZE",  (B.2)

H n + 0.5 -  H n -  0.5 _ 2jXE"  + 2ZE" (B.3)
y y z x

H n +0.5 H n -  0.5 +  2j X E n _  2jYE%, (B.4)



Ex + l -  Ex ~  2J Y H Z + 0 3 ~ 2 Z H y + ° 5*

E» + l = £ ” + 2yXtf z" + 05 + 2ZHnx + 0 5,

E” + i = £" + 2jYHnx +0 5 -  2jXHny + °-5,

where Sx=v At/Ax, Sy=vAt/Ay, v = 1/Vjte, and

A* £A v
X * S ^ s in -y - ;  y  = S ^ s in -^ - jZ  = vArp/2.

From (B.S) and (B.7), one obtains

En + 0.5 = En - 0.5 _ 2jYH% -  2ZH%,

En+0.5 = E"-°-5 + 2jXH“ + 2ZH"
y y 2 *

En + 0.5 _ En - 0.5 + 2jYH” -  2jXH".

From (B.9)+(B.2), (B.10)+(B.3), and (B.11)-(B.4) one obtains

{Hx + Ex) ’'+°* = {Hx + Ex) n~05 + 2jY(Ez - Hz) n - 2 Z ( H y + Ey) \

{Hy + Ey) n + °5 = (Hy + Ey) " ~ 05 _ 2j X ( E z - Hz) n + 2Z{Hx + Ex) ",

(Ez - / / z)" + 05 = (Ez - H z)"-<>5-2jX(Hy + Ey)" + 2jY(Ex - H x)''. 

The above equations can be written in matrix form as

IIB

(B.5)

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

(B.ll)

(B.12)

(B.13)

(B.14)



Iff

n + O.S n -0.5
0 -2Z -2Y <*x + *x>

(Hy + Ey) = (Hy + Ey) + 2 Z 0 2X (Hy + Ey)

j  {Hz -  Ez) j W z - E z) 2 Y - 2 X  0 j ( H z ~ Ez)

Denoting

i f  =
' ( « x  + *x)"

n
0 -2Z -2Y

(Hy + Ey) ; T = 2Z 0 2X
i W z - E z) _2y -2X 0

and introducing a shift of a half time step (0.5At) such as

v n *05 = { / ,_

then from eq. (B.15) one obtains

^w  + 0.5 _  yti  -  0.5

(B.17) and (B.18) can now be written as

- “ n + 0.5 - - - n - ~
u 52 - T  I u = A U
V J  Q V _V

where I is an identity matrix. The amplification matrix is as follows

a = r - r  1
. 1  o

The eigenvalues Xj of matrix [A] can be obtained as

\ 0  0 
0 A.0 
0 0 X

X - 2 Z - 2 Y  
2 Z X 2X 
2Y -2X X

1 0 0
- 0 1 0 * 0 ,

0  0 1

. (B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)
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or

( x 2 - l ) [ ( x 2 - l ) + 4 A . 2( x 2 + y2 + Z2)] = 0 .

Therefore,

X1|2 ■ ±1; A,3 4 «* k 5 6 = T-jJx2 + Y2 + Z2± J  1 -  ( x 2 + Y2 + Z2)

The stability criterion requires that all the eigenvalues k  (i=l 6) of the ampli­

fication matrix A must be bounded by a unit circle, that is,|A,f| £ 1. The eigenvalues

are bounded if and only if

X2 + y2 + Z2 ^ l ;  1̂ 3 4 5 6| = 1 (B.22)

Hence, (B.22) gives

(B.23)

or

vA/ <;  -------------   (B.24)

This shows clearly that the stability condition of the real-variable 2D FDTD 
method is different from that for the standard 2D FDTD in [2]

vA / £  - = = = 5 = = .  (B.25)M W
B.1.2 Numerical dispersion

When we insert (B.l) into (B.2)-(B.7), we have



(B.26)

Ex s i n ^  = -YHz +jZHy , E y s i n ^  = XHz - j Z H x , E z s i n ^  = YHx - X H y

(B.27)

From the above equations one obtains

( / / ,  +  £ ,)  s i n ^ - ' = Y( E Z- H J  + j Z { E y + Hy) (B .28)

(Hy +  E y ) s i n ^  = X W . - E . )  - j Z  (Ex +  Hx) (B.29)

( « 2 -  £ ,)  s i a ^ i  = X ( E  + H ) - Y ( . E X +  H„) (B.30)

or in matrix form

. ©Af vsin—  -jZ  Y

. <oAt v /Z sm -—  -X 
J 2
v v  . (oAt Y -X  sin—

' w x + E x) (Hx + Ex)

(Ey + Hy) *  D (Ey + Hy) = 0

W z - E z)

The non-trivial solution requires that



m

\D\ *

. ©A/ v vsm—— -jZ  Y
2 J

. coAt vjZ  s i n - y  -X

v  v  . (oAt Y -X  s m - j-

= 0 (B.32)

From here the numerical dispersion relationship for the real-variable 2D FDTD 

method is obtained as

(  . ©AA2 ( v A t  . *xA x y  ( vAt  . mI8'"—J * I AJ81"—J H H 2 J (B'33)
It should be noted that the propagation constant (3 is involved here, which is not 

the case for the standard 2D FDTD in [2]

(  . ©AA2 f  vAt . . t y W
I s” — J ■ I IT8” — J H  i ? 8” -^  • p -34’

B.2 Complex-variable 2D FDTD

Similarly, we can obtain the stability condition and the dispersion relation for the 

complex-variable 2D FDTD method. The node field distribution and notation are the 

same as that in the real-variable case, but assuming a phase delay along the wave prop­

agation direction for field components in the Maxwell’s equations as

A \k +1 a  A \kexP W P*} > A = Ex, Ef  Ez, Hx, Hy, Hz (B.35)

Then the complex-variable 2D FDTD with Az -> 0 can be written in a form of the eq.

(3) in the literature [26].

B.2.3 Stability

Normalizing the electric and magnetic fields in eq. (B.35) by using the free



in
space wave impedance and substituting eq. (B.35) into the eq. (3) in [26] yields the 

following matrix equation
1

/"■N i w
,

n + i

1

£ 1

1 1
" '2 0 2Z - 2 Y

1
.5

:
* [

5

/I

( H y - j E y ) = ( H y - j E y ) + -2Z 0 2X (Hy - j E y) (B.36)

( Hz - j E z) W z - j E z) 2Y -2X  0

1 4: 1 J*

where Sx, Sy, Sz, X, Y, Z, and v ate exactly the same as in eq. (A.3)-(A.8). Similar alge­

braic steps as that in the last section will give the stability condition as

vA/£ (B.37)

This expression is the same as that for the real-variable compact 2D FDTD. Therefore, 
the complex-variable 2D FDTD with Az -> 0 has the same stability condition as the 
real-variable 2D FDTD scheme.

B.2.4 Numerical dispersion

Similar to the last section, the numerical dispersion relation is derived from the 
following matrix equation

. ©At ry .vsin—  - jZ  jY

• ry  , OOA / . vjZ  sin—  -jX

-jY
.v  . ©At jX  sin—— J 2

1

£ 1

t

i E*)
(Hy - j E y) -  D ^ y - j E y ) = 0 (B.38)

( Hz - j E z)> (Hz - j E z)

in which the parameters Sx, Sy, Sz, X, Y, Z, and v are given in the eq. (A.3)-(A.8). The 

dispersion relation is obtained as

(  . ©A/V f  vAt . . ( vAt  . . f  vA/BV m -im1” t J  * I a;™—) HaymJr) H 2 J (B-39)
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which is exactly the same as that for the real-variable 2D FDTD, but different from 

that in [2] for the standard 2D FDTD.

B.3 Numerical results and discussion

In order to test the numerical dispersion of the 2D FDTD method, a simple lossy 

dielectric-filled rectangular waveguide is analyzed and compared to the analytical 

solution. Uniform discretization is used. The relative errors for the calculation of the 

attenuation coefficient for lossy rectangular waveguides using the complex 2D FDTD 

method [26] are given versus the discretization number along the wide side of the 

waveguide (Fig. B.l). The accuracy increases with increasing mesh number. The 

lower order modes will have a more accurate solution. It is also found that the accu­

racy increases when a higher stability factor is used. The same conclusion applies to 

the complex 2D FDTD [26]. The upper limit of the stability condition yields the best 

accuracy and also shortens the computation time. For the real-variable 2D FDTD with 

Az «  0, results are shown in Fig. B.2. In comparison to the complex 2D FDTD 

approach, the teal-variable compact 2D FDTD method saves half the computer mem­

ory space and also saves half the computation time.

An interesting point should be also mentioned here namely that the upper limit 

when Ax = Ay = Az -■ h of the stability factor for the complex 2D FDTD algorithm pro­

posed in [26] is smaller than that for the real variable 2D FDTD scheme when Ax = Ay 

= h and Az — 0 (1 for the former case and l / J l f o r  the latter one for uniform dis­

cretization in all spatial directions). The stability factor for the latter was chosen 0.65 

in Fig. B.2 (a), however the complex 2D FDTD scheme in [26] would be unstable at 

this value resulting in an overflow cf the program. Since the larger stability factor 

leads to smaller numerical dispersion (Fig. B.l and Fig. B.2), it is concluded that the 

real-variable 2D FDTD scheme used in this thesis can have better accuracy than the 

one in [26] when both methods work at the upper limit of the stability factors. There­

fore, in addition to the advantage of much less memory and cpu time requirement for
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the real-variable scheme, better results can be obtained. It should be mentioned that 

the Az value in the complex 2D FDTD [26] can affect the stability condition and accu­

racy if selected too large. This can be observed from Fig. B.l, where the smaller rela­

tive errors can be achieved with smaller stability factor s = 0.25 in Fig. B. 1(a) than that 

with s = 0.50 in Fig. B.l(b). The similar conclusion also applies to the real variable 2D 

FDTD scheme (Fig. B.2).

^ 8 r - -----------------------1-------------------------1-------------------------1------------------------- r

"Z \   TE10 Mode
^ 6 -  \  ......TE11 Mode
§■ \   TE12 Mode
< 4 - \  TE13 Mode
§HI
|  2
is 
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N (number of meshes)

(a)
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TE11 Mode

TE13 Mode

8040 50
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Figure B .l Effect of the stability factor and tho discretization size on the relative error of (he complex 
2D FDTD [26] calculation of a rectangular waveguide, WR-28 waveguide, a=7.111 mm, b=3.555 mm, 

6^2.2, tan6=3.0xl0‘4, M 28.0425, (a) s=0.50, (b) s=0.25.
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Figure B.2 Effect of the stability factor and the discretization size on the relative error of the real- 
variable 21.' FDTD calculation of a rectangular waveguide, WR-28 waveguide, a=7.111 mm, b=3.555 

mm, Ef=2.2, tan&O.OxlO*4, P=628.0425, (a) s= 0 .r', (b) s=0.50, (c) s=0.25, (d) s=0.125

B.4 Conclusion

The stability criterion and dispersion relationship for various 2D FDTD methods 

have been derived and studied. Generally the 2D FDTD full-wave methods have sta­

bility conditions and dispersion relations that are different from the standard 2D 

FDTD. It was illustrated that the selection of the stability factors has significant effect 

on the numerical dispersion.



m

AppendixC 

Eigenmatrix for homogeneous structures

Taking an arbitrary contour homogeneous waveguide in Fig. S.2 is  an example, the 

finite field values in practice at r=0  require Bk=0 due to the singularity of the Neumann 

function (kcr) at i ~ 0. Assuming an ideal conductivity on the contour leads to (c.f.

<q. (5.21))

m  [ V i ,  <*/»>] = m  [ / i , ( v , > ] ^  = 0  ( e n

for TM modes, where rk is the radius of the k-th discretization line.

A non-trivial solution of (C.l) requires non-zero coefficients 7C, i.e.,

A =

N

* 0 (C.2)

then

where J^O ^t) is the A*-order Bessel function of l y k. The eq. (C. 

wavenumbers of TM modes. From eq. (C.1) all the modal field 
be obtained.

(C.3)

2 ';. vill give all the cutoff 

density distributions can



The eigjnmatrix for TM in eq.(5 .22) can be explicitly written as follows

det{[A]}=0. (C.4)

where

[A]xm =

T n \ ( k c r0  ••• 7 \ A s < V i)  ••• V j ^ V i )

T2sJ\ s ^kcri)  •••^2Vf \ ^ kcr2̂  T22JX ^ kcr2̂

TK\Jk{ (kcrK) ^K2Jh1 ^kcrK) 

^Nldkl ( Kcr TN 2 (kcrN)

TKSJks (kcr*) -■ TKNJ\ !lM c rK>

TNSJks (kcrN) •” TNNJkN^kcrN̂ j m

(C.5)

Similarly, TE modes can be given if we substitute the J^k c R J with

d\ ( W
V W - f e (C.6)
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AppendixD 

Orthogonal transformation matrix for 
CMoL

To obtain the orthogonal transformation matrix [T] (c.f. eq. (S. 12)) to diagonalize
2

matrix [P] in eq. (5.9), we can assume Xk and ik to be the eigenvalues and the eigenvec­

tors of [P], respectively. From

= 0 (D.l)

we have

= 0 ;  (D.2)

let

(It)
t- « akcosiyk + bksm iyk, (D.3)

it follows that

at)
/|± i = ak cos ( / ± 1) (pk + bk sin ( i ± 1) <pfc (D.4)

(D.5) 

(D.6)

or

Hence

(W (k)ti± i = cosq>t + sin9 t (±/>jtcos/<pjtT a Jtsin/q)Jt)
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Therefore

[  2 -  X*J t f t} -2 t^k) cos©* = 0 . (D.7)

(W 2Since r, *  0 , the eigenvalues X* then take the form of

X* = 2-2cos<p* * ( 2 s i n j ) 2. (D.8)

Therefore, the eigenvalues are determined except that the qpk is still unknown. In order 

to obtain the 9 ^, in the following we will take advantage of angular periodicity of the 

field distribution. Since the potential function <|> is periodic, i.e.,

<})(rI0k)= <|>(r,27i+0k) (k=l,2,3 N). (D.9)

Also the lk in the MoL algorithm is periodic, i.e.,

4 + 1  = ' f .  (D.10)

Using this periodic condition in eq. (D.IO) and eq. (D.U) yields

cos { (N+  l)<p*} -  cos {9 *} sin { (N + l)<p*> -  sin {9 *}

cos {W9 *} -  1 sin {Nq>k}

ak
h

■ 0. (D.12)

A non-trivial solution for ak and b* requires that the determinant of the above coeffi­

cient matrix is zero, i.e., 2 sin<p* *  sin (N  + 1) 9 * -  sin (N  -  1) <p*, or cosiV<p* = 1.

This is the case for all &

9 * ■ 2n k /N ,  k=l,2,3 N. (D.13)

Now, 9  ̂is determined. So the eigenvalues X* are also determined. However, the 

coefficients a* and b^ of the eigenvectors lk are still undetermined. To determine those, 

the orthogonality of the matrix [T] must be used. The orthogonality of the matrix [T]



requires

[THTMI],

' U

( D M )

where [I] is an identity matrix, i.e.,

N  2

- i .
* = 1

(D.15)

Taking the first row of the matrix [T] as an example, with i=l, h = 2nlN and cpt = kh, 

yields

N

El
k= l

We can prove that

2 , 2 2 , 2  at + bt  at -  bt
_— cos2 hJt + atb.sin2hk 

2 2 k  *
=  1 . (D.16)

N
„  . s m (2 N + l)h - s in hE ■n2**- - iJ/i •
= 1

(D.17)

AT
r  cos2 M  = C05-* - y , ( f t l ) * .

2 sin/i
t =  1

However, since sinNh = sin2n = 0, then

sin (27V + 1 )h -  sin/» = -cos (TV + l)/ixsin/V /i «  0 ,

and

(D.18)

(D.19)

cos (27V+ 1 )/t — cosh =s - -s in  (TV + l ) / ix  sinTVA = 0.
4*

Therefore, we will have

2 . i 2
ak + bk _  1

(D.20)

(D.21)
2 TV

Any coefficients that satisfy the above equation will be the solution of the problem. If



/ «

ak=bk=A=constant, then, without loss of generality, we will have the special case

A -  1 / J R .  (D.22)

The matrix [T] and its eigenvalues are

Ttj = { cosa^ + sina/;} / J n  (D.23)

A* *  4 ( sin (<pk/ 2 ) ) 2 (D.24)

where

«ij=hij, h=2n/N, <Pk=hk, i,j,k = l,2  N (D.25)
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Appendix E 

Existence of [T] for both [P] and [Q] in the 

modified CMoL with o(h4) accuracy

The existence of the orthogonal matrix [T] to diagonalize both [P] and [Q] for the 
cylindrical MoL is proven. A construction of [T] is provided.

E.l Modification to Helmholtz equation

In analogy to the modified MoL in Cartesian coordinates (chapter 4), when we com­

bine eq. (S.9) at three neighboring lines k-1, k, Mid k+1 and choose the appropriate coeffi­

cients, we can cancel the lower order error to have a higher order accuracy. The discretized 

Helmholtz equations can be modified as

rd A  12 dr c 12

= ^ (Y * + i + 1°Y* + Y*-i)

. 1 ( Ĵt + 2 10^)t+1 . „ A + i  + 10<l>fc + <K - l  . ^ k + l 0 ^ k - l + ^k- 2+ ----------- ---------- + ,o ----------- --------- + ----------- - --------- J

After we develop the Taylor’s series of qvi. and at <pk, and denote the 

variables in matrix and vector forms, the right side of the above equation can be written in 

matrix form as



/ * >

* = i m - 2- £ ; § + 0 ( ' ,#)  (E 1 )

Therefore, the modified CMoL in eq. (5.24) can be obtained. It has a better accu­

racy because that the term o(h?) has been canceled and the remaining term o(h4) repre­

sents a better accuracy.

E.2 Permutability of [P] and [Q] and existence of [T]

First of all, we will prove that two permutahle matrices always have common 

characteristic vectors since it is easy to demonstrate that the matrix [P] and matrix [Q] 

in eq. (5.24) are permutable, i.e., [P][Q]=[Q][P] [91]. Then we can construct the 

matrix [T]. Generally speaking, [T] needs not to be orthogonal to diagonalize matrix 

[P] and matrix [Q] simultaneously.

In order to prove the existence of [T], [P] and [Q] must have common character­

istic vectors. Let t be a characteristic vector of [P]: [P]t=Xt, t is not zero. Then, since 

[P] and [Q] are permutable, we have [P][Q]kt=^-[Q]kt (k=0,l,2,3,...) [91]. Suppose that 

in the sequence of vectors t, [Q]t, [Q]2 1,..., the first q vectors are linearly independent, 

while the (q+1)-th vector [Q]q t is a linear combination of the preceding ones. Then

[S]=[t, [Q]t, [Q]2 it,..., [Q]q_l t] is a subspace invariant with respect to [Q], so that in this 

subspace [S] there exists a characteristic vector r of [Q]: [Q]r=pir, r is not zero. On the 

other hand, we have shown already that the vectors t, [Q]t, [Q]21,..., [Q]q l t are charac­

teristic vectors of [P] corresponding to one and the same characteristic value X. There­

fore every linear combination of these vectors, and in particular r, is a characteristic 

vector of [P] corresponding to X. Thus we have proved the existence of a common 

characteristic vector of the matrix [P] and [Q].

E.3 Derivation of matrix [T]

In the following, we will derive the matrix [T] to diagonalize the matrix [P] and 

[Q]. It is known that a matrix [M] is said to be normal if it satisfies [MHMl^tMHM],
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with t denoting transpose; and if a matrix [M] is normal, then it can be diagonalized by 

an orthogonal transformation. Obviously, the matrices [P] and [Q] are real symmetric 

and positive definite, a special case of a normal matrix. Therefore, they can be diago­

nalized by their individual orthogonal matrices [Tj] and [T2]. For instance, the matrix 

[P] can be diagonalized by an orthogonal transformation in a form of [T,]

[7\r m [7-,] =

where [X] *  d i a g [ \ ^  ^  ^2

From the above equation, we can have

TV

* [X] [X]

-l
IP] * IT' , ] 1 [X] [X] u r j ' }  ' = [t 2] [r2]'

(E.2)

(E.3)

where [T2]=[Tj][X] and we will have [TJ ' 1 [P] {[T2]‘}'1=11], where [I] is an identity

-lmatrix. If we let [T\ -  { [T2] } , then, the above equations will be

[7] [P] [7] = [/] . On the other hand, when we multiply [T]‘ and [T] from both 

sides of matrix [Q], we will have

i n ' i Q \  m  = U7,]'1) lentr,]"1}

Since [T,] is an orthogonal matrix, [T1]'1=[Ti]‘. Therefore,

m 'iG im  = [ x f V J w 1

(E.4)

(E.5)
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2
where the diagonal matrix [AJ is given in chapter 4 as = 2 ( 1 -  coscp^,). cpt is given 

in Appendix A, and [p2] is given below.

Denoting pt and ^  as the eigenvalues and eigenvectors of matrix [Q], then

( [ f i ] = 0 (E.6)

where, [I] is an identity matrix, and [Q] is a tridiagonal one, and we have

+ 1 10 -  12pjj t jk) + r /f j  = 0 (E.7)

Substituting

tf*} = Akexp{ji<pk) +Bkexp{-ji<pk} (E.8)

into the above equation will give

( l 0 -  12p*) + ̂  exp {j<pk} -  exp { -j<pk} ̂ = 0 (E.9)

(*)The non-tnvial solution of requires

]l2k ■ (5 + cos<pt) / 6  (E.10)

Therefore, the eigenvalues and eigenvectors are determined. The eigenvalues of 

matrix [T] are given by eq. (E.10). The eigenvectors are given by eq. (E.8).

E.4 Continuity condition in the CMoL

The first order partial derivatives of the tangential fields along the 0-axis need to 

be approximated by the finite differences. It is well known that the forward and back­

ward finite differences will have a first order error of the discretization step. So we 

will evaluate the first order partial derivatives in the middle between the discretization 

lines instead of directly on the lines themselves. In this way, central finite differences 

can be used which results in a second order accuracy. By following the technique used 

in chapter 4, a higher order accuracy of o(h4) is feasible, which will be shown below.
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For the tangential fields in 6-direction, the continuity conditions can always be 

written in a form of

a t f  _ n * * * "
8 6 + c de + F * "  ’ 8 6

l.n
A 1 

n ® ^jt
y k

4! 8 6 3 + 245« de5

*,/»11 1,11
= A*1 +T» •

M *4) (E.11)

where C and Fk denote the terms which are independent of the 6 -derivatives, A is the 

first order central finite difference operator evaluated in between the discretization 

lines. If we combine the continuity condition at three lines with weighted coefficients 

1, q, and 1, respectively, for k-1, k and k+1, we have

1 B ( j , n  . _j ,u  . j ,u ' \  _ kj , u  . 1 \ a 1.1*a . kJ,n  .
Z+qdQy**-1 q*k * * +1 J  ~  + 2 T q \ * k- l *k " 2 A ^ + i J  +

1 ( i,n , i,u i,ii\ . . .+  T* J  (E .1 2 )

Then by developing the Taylor’s series, we have q=22 in order to cancel the

o(b?)-order errors, and the accuracy will be on the order of o(h4)

Y = - 2 x 4 !x 5 ! a05 V ; (E.13)

Therefore the field continuity conditions will be

JL
tO E„ ID]

r a! s /M

Ver,/  e r , / / /
= It/] ^ rdA . rd£

dr dr j

t o p ID]
Ve r , / /  e r,/y

- [£ /]7 z = [U]
'  d C
^  dr ~ r dr

(E.14)

(E.15)

where



/?6

[ U ]  =

22 1 0  . . 0 0 1
1 22 1 . . 0 0 0

1
24

0 0 0  . . 1 22 1
1 0 0  . . 0 1 22

(E.16)
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Appendix F 

Matrix [T] for the modified MoL in 
Cartesian Coordinates

The proof of existence of the orthogonal matrix [T] to diagonalize both [P] and [Q] 
for Cartesian coordinates is similar to that for the cylindrical modified MoL in Appendix 
C. A construction of [T] in Cartesian coordinates is provided in this appendix.

First, a matrix [M] is said to be normal if it satisfies

[M][M]* = [M]‘[M], (F.l)

JlXllt denotes the transpose of a matrix; from algebraic theory it is known that [A/] € R 

[M] can be diagonalized if and only if the matrix [M] is normal. Therefore a normal matrix 

[M] can be diagonalized by an orthogonal transformation [S], such that

IS] [M\ [S] = (F.2)

It is also shown that a real symmetric matrix is normal. Since one can easily prove 

that the matrix [P] in (4.12) is normal (real symmetric), there is an orthogonal transforma­

tion [Tj] to diagonalize [P], such that



*40

t r j  = [X] [x j, [x] =
X;

(F.3)

and due to the orthogonality of [T J ([TJ* -- [T J '1), the above equation yields

[P] = ([T j^ tX H X H T jr1 = ([X ltT jl^^tX ltT i]1) = [W]*[W], (F.4)

where

so

[Wl^fXKTj]-l (F.5)

[W]*[P][W] = [I] (F.6)

Therefore, [W] can diagonalize matrix [P]. The same matrix [W] can also diago­

nalize matrix [Q]. This can be shown in the following. Since [Q] is symmetric, it is not

difficult to prove that [W]t[Q][Wl is also symmetric. Therefore, there is also an

orthogonal matrix [T2] to diagonalize [W]‘[Q][W]:

'(i t 2] \ i w y i Q ]  m i [ r 2] = = (F.7)

or

[T l^Q im  = [jut2], [T] = [W][T2] * [TJtX]'1̂ ] ,  

The same matrix [T] will also diagonalize [P] as follows (cf. (F.6))

(F.S)



/ ♦ /

[T rtP im = ([w irn i^ m ctw irra ])= [w ih p t o  * m (F.9)

Therefore, the matrices [P] and [Q] have been diagonalized simultaneously by 

the matrix [T] which depends on the lateral boundary conditions. The eigenvalues and 

eigenvectors of matrix [P] and matrix [Q] are derived in a similar way as in Appendix

C. For example, eigenvalues and eigenvectors of matrix [Q] are denoted as \ik2 and tk,

respectively. The eigenvalues are derived in the following. From

where cpk depends on the lateral boundary conditions. For instance, for the N-D 

boundary conditions (Neumann and Dirichlet boundary conditions for electric field 

are, respectively, the left and right side walls in Fig. F.l) and the D-N (Dirichlet and 

Neumann) boundary conditions for magnetic field respectively at left and right lat* 

eral walls in Fig. F.l),

(F.10)

where [I] is a unit matrix, and [Q] is a tridiagonal one, then,

4 -1 + ( l O - 1 2 p j j 4  + 4 +l -  0 , i = 2,3  N-i. (F.ll)

Substituting

t\ = Akexp(Ji<pk) +Bke x p ( - j iy k) (F.12)

into eq. (F.l 1), one can obtain

^  10 -  12pJJ + exp (ji<pk) + exp = 0  , (F.13)

and the non-trivial solution of t^ requires that

( sinq^/2 ) 2

6  3
(F.14)
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Figure F.l MoL calculation of a microstrip line with two dielectric interfaces A and B.

<Pt = . k «  1.2,3,..., N. (F.15)

The eigenvalues of matrix [P] can be determined as follows

X2k «  2 (1 -  cos«pt ) , k a  1,2,3 N. (F.16)

The transformation matrices for the N-D and D-N cases are also found analyti­

cally as follows

[7^°],.* »  J l / ( 2 N +  l )  cos (i -  1 /2 ) <pt csc<pt /2 ,  i,k = 1,2,3,...,N, (F.17)

it = J l / ( 2 N + l )  sin/<pt csc<pt / 2 , i*  = 1,2,3 N, (F. 18)

K°]tt * [Cl*. [Cl* = [d*.i* =  N. (F.19)



/4 &

Appendix G 

o(h4) accuracy of the MoL discretization 
in Cartesian coordinates

In the MoL, both Helmholtz’s equation and the field continuity equations involve 

approximations of partial derivatives by finite differences. Therefore these approxima­

tions affect the accuracy of the MoL scheme.

G.l Discretization of Helmholtz’s equation

In abbreviated form eq. (4.2) can be written as

di)  +  fy y  (♦,) + K<j>. = 0 , i = 1,2,3 N, (G.l)

where the x-variable can be discretized by straight lines (Figure G.l) with the central 
finite Jifference as

^ — Aj. + yi , A. *  ($/ + j ~ _ | ) //* . (G.2)

f e + 2

1

f c + 1 h

rsr
f c - i

i

Pi-2

X .
\ \ *

A x } ^ -
1

- - - - - - - - -

Figure G .l MoL discretization in x-direction.



From Taylor's series expansion one obtains:

. i . J .  . h 2 d 2x  . h 3 <13 . A4 d 4 . h5 d 5 , h6 d 6 . (  , t \
♦ /± l «  ♦<± ^ + 2 ! ^ ‘± ' 3 7 3 ^ ' + 4 ! ^ < ± 5 ! i7 * <  +  6 ? i 7 +' +  0l *  J •

(G.3)

And from here one can show that the remaining error is

2h2 a4 , 2*4 a* 2ft6 a® ( «\ ( j \

Therefore, the MoL discretization of Helmholtz’s equation has a second order 
error as shown in eq. (4.8). However it is interesting to note that if one combines eq. 
(G.l) and eq. (G.2) at any three neighboring lines at i-1, i and i+1 with coefficients 1, 

10 and 1, respectively, divided by 12, yields

{♦"i,l + 10*"i + +"i _1}/12  + A?+ {A,2+1-2A? + A?_,}/12

+ « { * i+1 + m i + t i_l} / n  + yi + { y . + l - 2 y i + y. _i } / 1 2  = 0. (G.5)

Comparing (G.5) with (4.10), it is evident that the discretization of Helmholtz’s 
equation in the modified MoL has an overall error as follows



Therefore, the discretization ox Helmholtz’s equation with three neighboring 

lines has a fourth order accuracy as shown in (4.11).

The tangential fields at interfaces between subregions involves approximations 

of the first order partial derivatives by finite differences. Since the forward atid back 

ward finite differences will have only a first order accuracy of the discretization step, 

the central finite differences are utilized instead to yield second order accuracy. How­

ever, by using three neighboring lines instead of two, a higher order accuracy (o(h4)) is 

obtained.

First, when we use a central finite difference to approximate the first order par­

tial derivatives we obtain

Any of the field continuity equations between region k and region k+1 in (4.16)- 

(4.19) can be rewritten as

G.2 Discretization of field continuity equation

(G.7)

After developing (G.7) in a Taylor’s series, such that

one can find that

(G.9)

which can be approximated with central finite differences in (G.7) as



(46

where the discretization errors are at best of second order shown in (G.8).

Adding (G.10) at three neighboring lines together with coefficients 1, 22, and 1 

respectively, then divided by 24, yields

^i, k 2 4  + 1. * - 1. * ~ k) + 1. k ^  Yj -  1, it 2 2 T/, k̂

1
+ P l + 24 ^ i +  1, Jt + 1 1,*+ 1 2^/, * +

2 4 ' * i  + i , c + i  • *i - i , *  + 1 ■ 2 2 Yi,jt + i ) ^  +  2 4 ’^Yi + i . Jt+1 + , y( - i , J t + i  +  2 2 Y/,A:+i) > + ^ C / i + i + / i - i  +  22 / i )  =  0

where

~~ (A- | + A,- , — 2A- ) —~  (V; , | m +  Y; 1 ™ +  22Y; m)2 4 '  « +  1. m t - l , m  i ,m'  2 4  , +  11 -  I, m M . m 7

1 d
(G .ll)

The above equations can be compared to (4.23) or (4.24) and one finds that the discret­

ization error of the modified MoL for the continuity equations is as follows

h2 8
ho ~ yi,m 2Adxr_i2dx

h m  + yi

where Yi is given in (G.4) and Yi>m is given in (G.8), therefore,

_  A*2 3 3a , Ax4 d 5A h2 d 2± h2(2 h 2 d 4j
*‘° = 31 a/*'.” 5! ftt5*'.«+0l 4!

Noticing that h = 2 Ax yields

4 h‘1 j. f / ,6)  z U l 4 " 4
ftrJ 12x4>a/*''” + ̂  > -  8xb:dx-

Therefore a fourth order accuracy is obtained as shown in (4.23). The subscript 

m in the above equations denotes either k or k+1.

_  A*4 d 5 j. h4 d4± , _f _ — 17A4 d4x . ( , 6̂
Uo “  5! a 5 * ''" “ l2 x 4 !:j ♦*l*m V /  “  8 x 6 ! a *  i>m + 0v  J (G 1 2 )
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AppendixH

TE modes for homogeneous cavities

For the TE modes in the homogeneous cavities, the eigenvalue equation is the same 

as that in eq. (6.15)-(6.17), where the matrix elements are as follows

N . x N ,

. f ,

(8.1)

Similarly x,* is given in eq.(6 .8). The prime in above equation denotes the deriva­

tive of the Bessel functions.
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