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ABSTRACT

Supervisor : Dr. B. Ehle

The goal of this thesis is the design and implementation of
a computer program capable of computing symbolic derivatives and
indefinite integrals. The program must be suitable for
implementation on the University of Victoria IBM 370/145 computer
with the VS-1 operating system. In particular, the program is

required to satisfy both of the following conditions :

(a) It should be able to solve a differentiation problem
or an integration problem using less than 1 minute
of CPU time and less than 256K bytes of main storage
when run on the university computer.

(b) Its design should make it suitable for use as a

teaching tool in a typical first year calculus class.

The program, SYMDIP (symbolic differentiation and integration
package) , meets all of these basic design goals. Tests using a
set of 30 problems taken from the 1975-76 fall and spring examination
papers for Mathematics 130 show that all but one of these 30 problems
can be sucessfully solved by the program. To illustrate that the
package is capable of solving many problems which are beyond the
capabilities of a first year student, a set of 18 more complicated
differentiation and integration problems are also solved by SYMDIP.

The user states his problem in a simple and natural way as

follows



ad.
DIFFERENTIATE "function" WITH RESPECT TO "variable"

or

INTEGRATE "function" WITH RESPECT TO "variable" .

"Function" is the function to be differentiated or integrated and it
is written using the FORTRAN notation. "Variable" is any single
alphabetic character of the user's choice.

The complete program is composed of 3 separate job steps :
the analyzer, the processor, and the writer. These job steps are
named in accordance with their respective functions within the package.
The analyzer and the writer are written in the SNOBOL4 language while
the main body of the program, the processor, is written using the
algebraic programming language ALTRAN. Because SYMDIP requires 354K
bytes of main storage space for execution, an overlay structure is
constructed to be used with the program. Storage requirements of
SYMDIP are reduced to 256K bytes of main memory in this way. Design
of this structure is complicated by the relatively large number
(approximately 300) of subprocedures involved. The average user is
completely unaware of both the overlay structure and the separate

job steps because he activates the package using a simple catalogued

procedure.
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THE PROBLEM
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1.1. Introduction.

The goal of this thesis is the design and implementation of
a computer program to perform symbolic differentiation and integration.
Thus, given the problems

%; (x3 + 7)

and
Ssin(x) adx

stated in a suitable form, the program would be expected to generate
results like 3x2 and -cos(x) + constant, respectively.

The program is designed to be used primarily as a teaching tool
while introducing the concepts of differentiation and integration to
students. 1In order to make it an effective teaching tool, the program
is designed to satisfy the following criteria:

(a) Students should be able to use the system with
no more than one hour of instruction.

(b) The program should be able to solve a problem in
less than 1 minute of CPU time using less than
256K bytes of memory space.

The first criterion is related to the needs of both the student
and the instructor. If the time required to explain how to use the
package is too great, the instructor may not be able to fit the
explanation into his lecture schedule. If using the package is too

complicated the student may not be willing to even try it.



The second criterion is one of economy. Both memory space
and CPU time are among the most critical and expensive resources of
a computer system. Thus, if many students want to solve problems
using the program, the impact on the system should be minimal.
Satisfying this constraint is essential if the program is to
be usable.

The second criterion was the hardest to satisfy. This was
partly due to the complexity and size of the algebraic language
package employed and partly due to the complexities of computing
indefinite integralsf It was in fact necessary to put more severe
restrictions on the types of functions which could be integrated than
it was on those which were to be differentiated. The resulting
package, which we call SYMDIP (for symbolic differentiation and
integration package), is able to solve most of the problems found
in a typical first year calculus text. It is also able to solve many
more difficult problems and might be of use in other areas.

In Section 2, we discuss some algebraic packages and languages
that have been developed in the last few years. Emphasis will be
placed on the general capabilities and limitations these packages and
languages possess.

In Section 3, we discuss the programming language ALTRAN. The
major portion of our program has been written using the ALTRAN language.
As in Section 2, the emphasis will be on ALTRAN's capabilities and
limitations.

In the last section of this chapter, we formally list the set

of difficulties and problems that we have faced and solved.



1.2 . Algebraic Packages and Languages .

The computer's ability to perform large quantities of
elementary arithmetic has made such machines indispensable in
almost every area of science. However, it is only during the
last decade that their ability to perform large amounts of
elementary algebra has been exploited [2]. It is reasonable to
expect that as their capability in this area is increased, their
use for solving practical problems in science and engineering will
also grow. There is no doubt that the facilities available today for
the handling of routine algebra on computers are extremely elementary
and for the most part rather crude [3]. Nonetheless, they have been
used in a number of different branches of science and have made
possible significant advarces which, in their“absence, would have

been much harder [2].

Our contact with a present day algebraic system is generally
via a programming language (ALTRAN, LISP or SNOBOL4, for example)
whose structure is similar to languages intended for numerical
calculation. However, algebraic programming languages'differ from
the conventional languages.in that the "values" of the variables
declared in the program are algebraic expressions represented

formally within the computer memory .



Thus, two interpretations of the statement

Y =X+ X
are possible. In the algebraic context, Y will have the string
v 2x)! as its formal value while in numerical calculation (as, for
example, in PL/I or FOﬁTRAN), the numeric value of Y is twice that of
X.

The value of the variable, when printed, will also have two
obviously distinct formats. Conventionally, it is the numeric value
of the variable that is printed. In an algebraic system, however, the
output will be an algebraic expression. This expression may be a simple
numeric value or a more complex expression involving variables and numbers
in éome algebraic combination.

For a number of reasons, development of computer programs for
manipulating algebraic operations has progressed slowly. Perhaps the
most obvious difficulty facing someone wishing to construct an algebraic
system is that the hardware of a computer is not designed to manipulate
algebraic expressions. As a result, the very simple algebraic
operations like addition and multiplication of two algebraic expressions
must be handled by software programs. No algebraic facilities can exist
on the computer until appropriate programs have been written. The

writing of these programs, while conceptually straightforward, has in

practice, required the use of advanced and, in many cases, recently

developed programming techniques [2]. Moreover, it has frequently



been the case that these programs could only be constructed by small
groups of dedicated programmers with access to large computing

facilities.

Thus, it is naturally hoped that the computers of the future
will be able to provide the facilities for algebraic manipulations
as well as numerical applications through hardware support rather than
software. At present, it appears that such a change will be slow.

An obvious difficulty is related to representing algebraic expressions
in the computer memory. It is clear that when algebraic expressions are
written on paper they are not all of the same length, so when they are
represented in the computer, they do not all occupy the same amount

of memory space.

Most of the existing algebraic systems were developed during the
1960's. In 1960, LISP [9,13], SNOBOL4 [5], and ALPAK (algebra package)
[3] were implemented. This was the first gréup of algebraic systems.

A new version of ALPAK was developed in 1964, called ALPAK-B [3].

(The first version was referred to as ALPAK-A). In 1965, several other
algebraic systems were available, including Korsvold's system and the
GRAD ASSISTANT. The most productive period for the development of
algebraic systems and packages was 1969-71. During this period, some
significant developments in algebraic manipulation were achieved.
Algebraic systems developed in this 3 year period included ALAM[2],
REDUCE [2], CAMAL[2], SCRATCHPAD[2], ESP[2], FORMAC[2], SAC[2],

MATHLAB([2], and ALTRAN[2,3,6]. The ALTRAN system and language were



designed and implemented by a group of people led by Hall, Brown and
McIlroy. It was, in fact, an extension of the work done with ALPAK-A

and ALPAK-B.

It is clear from the literature that applications have originated
either around a particular system or within a particular problem area.
In the first case, the existence of a general-purpose system has led
to a proliferation of separate applications, while in the second case
a particular problem area has led to a proliferation of algebra systems
designed to deal with problems in that area. This type of growth is
not surpriéing when one considers the wide variety of algébraic forms
and operations which are possible. In order to develop a package with
powerful features in one area, it may be necessary to limit ité capabili-
ties iﬁ others. For example, SNOBOL4 was designed to be used efficiently
and extensively in examining strings for the occurrence of specified
strings (i.e. pattern matching) and text preparation([5]. However,
the SNOBOL4 package does not provide any algebraic facility for performing
even the most simple algebraic operations. REDUCE, which is based on
LISP, is well known to physicists who work in the field of quantum-
electrodynamics, and is outstanding in the number of applications
published in that field. In celestial mechaniés and general relativity,
REDUCE is known to be relatively slow([2]. CAMAL is the most powerful
system in solving the problems of celestial mechanics, such as the
problems of calculating the motion of the moon[2], but some of its

computations are performed using a little known system ESP. In a



teaching situation, LISP is one of several languages which might

be used if one is concerned with the CPU time and memory space

consumed. Unfortunately there are no algebraic facilities built into

the LISP package. Thus, the user must provide all the required

algebraic facilities by writing the necessary routines in LISP. Over

a broad range of applications, ALTRAN ahd FORMAC have been most
suécessful. Surveys on the application of existing algebraic systems in a
broad area of science by Barton and Fitch [2] reveal that ALTRAN and
FORMAC are the most widely used general-purpose systems.

Both ALTRAN and FORMAC were designed to provide a comprehensive
range of facilities, thus enabling them to be applied over a wide
research area. However, there are several'major differences between
the>two systems. These include their capabilities of handling
differentiation and integration. In brief, any function expressed in
terms of simple variables can be differentiated in ALTRAN by one of its
packaée routines. For example, when the function

X/ (X+1)
is differentiated with respect to X the result will be given as
1/ (X+1) **2
In FORMAC, any function composed of elementary functions can be
differentiated. Thus, if the function
COS (X**2)
is differentiated with respect to X by a FORMAC package routine,; it
will return |
=2*X¥SIN (X**2)

as the result. This same function cannot be differentiated by the



differentiation routine in the ALTRAN package.

For integration, the facility provided by the ALTRAN system
is only used on polynomials with rational coefficients. For example,
the function

(X-1) **2
when integrated, yields
(X-1)**3/3
However, an attempt to integrate the function
1/X
results in an error and termination of the ALTRAN program. No
integration facility is provided in the FORMAC system.

In the preliminary design of SYMDIP, it was necessary to make
several decisions which would affect later package capabilities. The
first decision was what type of language would be used in writing the
package. One approach would have been to use a language like LISP
or SNOBOL4. Neither of these languages is specifically designed for
algebraic manipulation, but both have the character manipulation
capability necessary to build such facilities. Because of the limited
time available, it was decided that a more powerful package could be
produced if a language was used which already incorporated some basic
algebraic facilities.

When considering the algebraic language to be chosen, the following

points were considered to be important.
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(a) The language should already be available on the
university computer or its installation procedure
should be relatively simple and not require a large
amount of manpower.

(b) The package should provide as many algebraic
facilities as possible.

(c) The package should not be prohibitively expensive
in terms of CPU time and memory space.

Satisfying all these points is usually difficult in practice.
Ciearly (a) is more important than the other two. FORMAC does not
satisfy either (a) or (b), since the implementation of that system on
our installation has not yet been successful. Other algebraic
packages such as FORMULA ALGOL, MATHLAB, ESP, SAC, and SCRATCHPAD
were not chosen because they were not available on our installation or
because they were incompatible with ouf system. LISP and SNOBOL4 do
not provide even basic routines for doing algebraic caiculations and
thus were not considered. Consequently, ALTRAN became the most obvious
language in which to write our package.

A copy of the ALTRAN algebraic package was acquired by the
University of Victoria Computer Centre from Bell Laboratories. We
implemented it in the summer of 1975 using the installation procedures
that are provided in the associated manuals[7]. The ALTRAN system is
currently available to any user of the University of Victoria Computer

Centre.
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1.3. ALTRAN.

ALTRAN is a complete system for symbolic computation with

rational functions in several variables with integer coefficients.

It has been designed to handle large problems with ease. As in

most scientific programming languages, it provides the elementary
operations of addition, subtraction, multiplication, division and
exponentiation of numeric quantities. The same operations may also

be performed on algebraic expresions. ALTRAN also allows the programmer
to replace a variable by another variable, by an expression or by a
numeric value. More complicated operations such as differentiation

and integration are available through procedure calls to its library
routines.

The ALTRAN system is composed ¢f & translator, an interpreter
and a run-time library. Most of these are written in FORTRAN IV.

Some of the library routines handling specialized functions are written
in ALTRAN. A small set of routines that are mainly used by the
translator are written in ASSEMBLY language [3,6].

To use the ALTRAN system, a person writes an ALTRAN procedure
specifyiné the algebraic manipulations to be performed.

The ALTRAN translator translates this source code into FORTRAN
source code, which can then be compiled by a FORTRAN compiler. The
structure of the fORTRAN source code which is produced by the ALTRAN
translator is very simple. It consists of 6 arrays which are
initialized by data statements. These are followed by calls to
several subroutines. One of these calls is to the ALTRAN interpreter.

The original source program is encoded by the translator into an
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intermediate form in which variables and operations are replaced by
code numbers. This text is placed in one of the six arrays for
later "execution" when the interpreter is finally called with this
array as one of its arguments. Variable names, their attributes
(real, integer, etc.) and other miscellaneous information are stored
in the other arrays for use by the interpreter during program
execution.

If we call the rules which determine whether or not a statement
is well formed syntax and call the rules which specify the meaning of
a well formed statement semantics, both the syntax and semantics of
the ALTRAN system have essentially been based on those of FORTRAN with
ideas drawn from PL/I [6]. The number of data types has been increased
so that it not only includesvinteger, logical and real, but also
algebraic, rational and label.

A variable will acquire one of these data types only when it has
been declared to be that type through a declaration statement.
Thus,-when a variable has been declared to have the algebraic type,
the variable can be assigned a formal value of any algebraic expression
in terms of those variables specified in the declaration statement.
For example, when S is declared in the statement:

ALGEBRAIC (X:5, Y:6) S
S can then be any algebraic expression in terms of X and Y. The
numbers 5 and 6 are the maximum exponents for X and Y, respectively,

in such an expression. The variables X and Y are called indeterminates.
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During the execution of any ALTRAN program, space for all data
(including algebraic expressions) is allocated dynamically in a large
array called the workspace. The size of this workspace is fixed
at the time the ALTRAN system is implemented at an installation. The
basic unit of allocation in the workspace is called a block and
always contains data of one type. Thus, a block may contain either
pointers to other blocks, integers or floating-point numbers. ALTRAN
includes a procedure, called the "garbage collector", which is used when
necessary to compact the blocks in the workspace that are not currently
being used.

The value of each declared variable is represented by some
structure in the workspace. A short integer (single precision) is
stored as an integer. A long integer (double precision) is stored
as an array of integers each representing a digit of the long integer
in base 10 notation. Rational numbers (always in irreducible form) are
stored as a pair of short or long integers. Short and long real numbers
are represented, respectively, by single or double precision floating-
point numbers.

A polynomial is represented by a block which contains three
pointers. The first points to an array of its indeterminates, the
second to an array of coefficients and the third points to an array
of the powers of the indeterminates in the polynomial. For example,
the polynomial

poly = 2x3 - 4yz + x2yz3

will be represented in the workspace as follows:



= -

POLY |

X 2 3 0 0
Y -4 0O 1 1
Z 1 2 1 3
Layout Coefficients Exponents

Figure 1.1. : The polynomial

POLY = 2x3-4yz+x2yz3 .

The representation of a general algebraic variable in the
workspace is given as a pointer to a block, called a formal
product, which contains pointers to each of the factors and one
pointer to another block containing the degrees of the corresponding
factors.

The ALTRAN system is ablé to manipulate vectors and arrays of
rational functions as well as individual functions. For example,

if A and B have been declared to be 2 x 2 algebraic arrays, then the

statement
READ A,B
with input
X; (X*%2,3,Y%*2,2,7,X*Y)
yields
FXXX
A =
X X X
and . ; e

X*%2 3 y*%2

2 7 XY
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In addition to occurring in input data, a parenthesized list can also
appear explicitly in an ALTRAN procedure. Thus the assignment

statements

and

B (X*%2,3,Y%%2,2,7,X*Y)
have the same effect as the preceding read statement.
In ALTRAN, the elementary arithmetic operations may also be

applied on vectors or arrays of the same dimension. For example,

suppose C and D are the following 2 x 2 rational arrays:

172 2
gt 4 -1/2
172 -2]
D = -3 3/2 .

Let E be a 2 x 2 integer array. .Then the statement
E=C+D

yields

=
-

One very important feature of ALTRAN data representation is that
it permits sharing of data. For example, a block of coefficients may
become a part of several polynomials, or a polynomial may become a
factor in several formal products.

Besides the‘differentiation and integration facilities previously
mentioned, other important algebraic facilities that are available in

the ALTRAN package include the following :
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(a) Routines for solving linear equations. For example,

assume we are given a matrix A and a vector B, where

All
A21
A3l

Al2
A22
A32

Al3
A23
A33

Then a call to the ALTRAN procedure ASOLVE with A and B

as arguments will use Cramer's Rule to solve for X in the

equation A * X = B.

Specifically, if XT = [X1,X2;X3]

a call to the linear equations solver yields

X1l =

X2 = -

and

]

where A

DET

DET

DET

DET

Al2
A22
A32
s
r.All
A2l
A3l

All
A2l
A3l
[a11
a2l
A3l

-

Al3
A23
A33

Al3
A23
A33

Al2
A22
A32

Al2
A22
A32

—

Bl
B2 / 4,
BBJ
Bl
B2 / b,
B3

-

Bl
B2 /By
B3

Al3
A23
A33

and DET denotes the determinant.
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(b) A routine for expanding algebraic expressions.
For example, given the expression
2% (X+3) **2
a call to the ALTRAN procedure EXPAND will produce
2XXX%21] 2*X+18 -
(c) Routines for computing the greatest common divisor of
two integers or two algebraic expressions. For example,

if we call the ALTRAN procedure AGCD with arguments

A (X+3) **2% (X+1)

and

B

(X+1) **2% (X+3)
the value returned is

(X+1) * (X+3) . —

The ALTRAN system has an efficient run-time error handling
facility. Whenever a fatal run-time error occurs in the user's program
the run is terminated immediately with a termination message, a
symbolic snap and the run statistics. The termination message
indicates the error number of the type of abnormal termination. The
symbolic snap is a picture of the program at the time of failure,
and indicates the procedure in which the fatal error occurred and
the statement then being executed. The symbolic snap also provides
the names of the procedures and the names and values of all variables

used .in each active procedure.
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The output buffer management facility of the ALTRAN system
prints the solution of an ALTRAN program in a readable form. The
variable's symbolic name is always printed prior to its value. Each
appears on a separate line. For example, if

y = (x°+3x-2)/(2+x),
the statement
WRITE Y
would result in two lines of output:
#Y
(X**343*X-2) /(2+X) .

Long algebraic expressions are printed on several lines. Each
line, except for the last, terminates with an arithmetic operator.

Because of this generality, ALTRAN is a relatively large system.
It includes over 300 routines. About 250 of these are used to handle
such things as pointers, stacks and blocks when an ALTRAN program is
being executed. The remaining routines are used to perform specialized
functions such as differentiation and integration. If the workspace
of the ALTRAN system has been fixed at 40K bytes, then'execution of a
simple ALTRAN program occupying 2K bytes would require approximately
290K bytes of memory space to hold the interpreter, workspace and other
necessary routines.

The current version of ALTRAN supplied by Bell Laboratories can
differentiate only functions of a simple variable with rational
coefficients. There are two routines in the ALTRAN package which are '
written to handle differentiation, namely DIFF and DIFFN. Procedure
DIFF returns the pértial derivative

of
ox !
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while procedure DIFFN returns the multiple partial derivative

"¢
axlaxz..., Bxl

The integration operation of ALTRAN is more restrictive than
differentiation in that only polynomials of simple variables can be
integrated. There are also two routines which handle integration,

namely PINT and PINTN. The procedure PINT returns the integral

X X
J p(t)dt = P(t) = P(X)

0 0

while the procedure PINTN returns the multiple integral

Ixn sz Jxl
e PUL, st seeest ) QL. ;8L .. .dt
0 0 0 1" 2 n 1 2 n

(%, i X, paes X))
dqF 2 n
= P(t_,t ,...,tn) = P(xl,x

gt ¥
1 =
2 0,0,...,0) i

ot

Functions other than those described above cannot be differentiated

or integrated without the writing of an ALTRAN program by the user.
is a functional limitation of the ALTRAN system.

There are other limitations, the most important being related

to the form of algebraic expressions in an ALTRAN program. These can

be summarized as follows:
(a) An algebraic expression cannot contain a
real-valued quantity. For example, none of its

coefficients can be real numbers.

This
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(b) All the variables in an algebraic expression must
be simple variables. For example, the following
algebraic expression
4*SIN(X) - 3*(X)+5
will result in an error because SIN(X) is not a simple variable.
(c) All of the variables and indeterminates used in an
ALTRAN program must be declared.
Conditions (a) - (c) have some obvious influences on our package
design. The effect of (a) on the input function is clear. Conditions
(b) and (c) imply that we need to replace all the elementary function
names, the variable, and the alphabetic constants in the input function
by some indeterminates which have been declared in our ALTRAN program.
Consequently, a preprocessor and a postprocessor used as "translators"

\

are necessary. The package therefore requires 3 major job steps.

1.4. The Problem.
We now list the set of problems we have solved in order to achieve
our goals. The problems can be classified as follows:
(a) The package must be able to differentiate any
function involving any elementary function introduced
in a typical first year calculus course. Functions
of functions up to a depth of 5 can be differentiated.
(b) The package must be able to integrate any function.
involving any elementary function introduced in a

first year calculus class. Simple functions of



(c)

(a)

(e)

(£)

(9)
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functions up to a depth of 3 can be integrated.

The package should be able to run in less than 256K bytes
of memory space without any significant decrease in
functional capabi;ity.

The CPU time required by the package to solve a given
problem should be kept as low as possible.

The JCL required of the user must be simple. In
particular, the user should not be aware that there are

3 major job steps involved in the package.

The error-handling facility of the package must be

Aimplemented with care and it must provide sufficient

and meaningful error messages to the user.

Since the package is designed for use as a teaching
tool, students must be able to'provide their problems
in a simple and natural form. The result must also be

presented in a form which is easy to understand.
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2.1. Introduction.

This chapter describes the functional capabilities and
limitations of our package. In this section we specify the general
types of input formats which are acceptable to the package. Examples
showing the output of the package are also giveﬁ. Finally, several
definitions which are needed in later sections are presented. In
Sections 2 and 3, we specify in detail the set of functions our package
is able to differentiate and integrate. Section 4 discusses the
error-handling facilities which are provided by our package, with the
emphasis on the various types of errors which the package is able to
recogniée, as well as actions taken by the package when any one of these
errors occurs. Finally, in the last section of this chapter, we give a
variety of suggestions on how to formulate functions in-order to reduce
the computer time required by the package. In this same section we
indicate several teéhniques which may transform a problem which is not
solvable by the package into a problem which is solvable.

In order that a problem can be solved by SYMDIP, the problem
must first bLe stated in a correct form. The user of SYMDIP is allowed
to state his problem in either of the following forms:

(a) DIFFERENTIATE "function" (WITH RESPECT TO "variable")

(b) INTEGRATE "function" (WITH RESPECT TO "variable")

The words in quotes have the following meaning. "Function" denotes
a function of one variable which is represented using the usual syntax

rules of FORTRAN. For example, the function

2 sin3(x+3)
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would be represented as

2% STH(X+3) **3

"Variable" denotes any single letter of our usual 26 letter
alphabet. As the form of the problem implies, the symbolic differen-
tiation or integration is done with respect to this variable.

In statements (a) and (b), the expressions enclosed in brackets
are optional. If they are not included as part of the problem, the

variable will be determined by SYMDIP according to these rules:

(1) Set "variable" equal to the first single
alphabetic letter encountered in "function".

(2) If (1) fails, set "variable" equal to 'X'.
Thus, given the problem
DIFFERENTIATE 2 * SIN(Y+3) - A*X*Yy ,

the "variable" will be determined by SYMDIP. By applying rule (1),
the "variable" will be set to 'Y'.

As a second example, consider the problem
INTEGRATE A * LN(Y+3) WITH RESPECT TO Y .

Because the variable of integration is already specified as 'Y',
it will not be changed although 'A' is the first single letter in
"function".

If the 'WITH RESPECT TO "variable" ' part of a problem is not
correctly stated, the package disregards this part of the problem
statement and the previous rules are applied. For example, in the

following problem
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DIFFERENTIATE 2 * Z * SQRT(Z+A) WITH RESPECT A

the "variable" will be set equal to 'Z' by rule‘(l) although 'A'
was apparently desired by the user.

For convenience, SYMDIP allows the user to use 'DIFF' and 'INT'
in place of 'DIFFERENTIATE' and 'INTEGRATE', respectively. Likewise,
'W.R.T.' may be used in place of 'WITH RESPECT TO'.

Thus, all of the following are acceptable and each would produce

the same result (except for the obvious changes in variables):

DIFFERENTIATE 2 * T*SQRT(T + A) WITH RESPECT TO T
DIFF 2 * X * SQRT(X+A)

DIFF 2 * Y*SQRT(Y+A) W.R.T. Y

Problems to be solved.by SYMDIP are punched on cards. A problem
can be stated using all 80 columns of a card. If a problem does not
fit on a single card, additional cards may be used. Blanks within the
"function" are allowed. "Function" must be separated from the first
part (i.e. 'DIFF' or 'INT') and the last part (i.e. 'WITH RESPECT TO -
"variable"') of a problem by at least one blank. At least one blank
must also separate individual words and the "variable" in 'WITH RESPECT
TO "variable"'.

Having discussed the general form of a problem, we are now ready
to discuss the "functién" portion in more detail. The following

definitions will be needed.

Definition 2.1: A function name is any one of the

following:
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SIN, COSs, CsC, SEC, TaN, COT, SINH, COSH,
CSCH, SECH, TANH, COTH, ASIN ( ASIN denotes
the inverse of SIN), ACOS, ACSC, ASEC, ATAN,
ACOT, ASINH, ACOSH, ACSCH, ASECH, ATANH,
~ ACOTH, LN (natural logarithm), LOG (commbn
logarithm) , EXP (exponentiation),

SQRT (square root).

Definition 2.2:‘ A function name is nested provided it
appears as part of the argument of anotﬁer
function name. A function name is properly
nested in another provided they are related
as follows:
function name (function name (argument))
As we have previously indicated, the "function" in a éroblem must ‘
be written in a form which is consistent with the FORTRAN syntax. In
addition to this, there are several conditions which the "function" must
obey, iﬁcluding the following.
(a) The maximum exponent associated with a function name, a
variable, or an alphabetic constant is 8.

(b) The maximum number of function names is 12.

(c) The maximum number of distinct alphabetic constants is
S

(d) Every alphabetic constant is a single letter.

(e) Only function names defined in Definition 2.1 are used

in the "function".
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In the rest of this chapter, these conditions will be referred
to as "Conditions (a) - (e)". We note that all of these limits were
imposed for programming purposes and none represent limitations
imposed by the ALTRAN system. Several other rules, which must also
be satisfied by "function" for only differentiation or only integration
problems, are listed in those sections where differentiation and
integration are specifically discussed.
We conclude this section by describing the form of solution
produced by SYMDIP. The output provided to the user consists of
the problem statement followed immediately by the computed results.
Although a problem provided by the user may not be in a complete form,
for example, the 'WITH RESPECT TO "variable"' part of a problem may not
be stated, SYMDIP will always print the problem in a complete form.
The following examples show typical solutions produced by SYMDIP.
Input:
DIFF X-SIN(X)
Output:
PROBLEM 1
DIFFERENTIATE X-SIN(X)
WITH RESPECT TO X
THE RESULT IS :
1 - COos(X)
Input:
INT X * LN(X)
CQutput:
PROBLEM 2
INTEGRATE X * LN(X)

WITH RESPECT TO X
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THE RESULT IS :

X *¥* 2 * (LN(X)+ 2) / 4 + CONSTANT

2.2, Differentiation .

The rules which determine if a function can be differentiated by
our package are easy to state. A function isrdifferentiable by the
package provided it satisfies Conditions (a) - (e), stated in the
last section, and the following condition:

(f) The maximum depth of nesting is 4.

Thus, the function
3 * TON(X)

is not differentiable by the package because the function contains an
undefined function name 'TbN'{ and hence violates Condition (e).
Similarly, the function

SIN(X+A+B) * C * D * E * F
violates Condition (c¢) of Section 2.1, because there are more than
5 alphabetic constants. Thus, it could not be differentiated by the

package. However, the function

SIN(COS(X-A)) + B - X ** g
satisfies Conditions (a) - (e) and Condition (f), and therefore

it can be differentiated with respect to A or B or X.

2.3. Integration.

The set of functions which are integrable by SYMDIP are classified
into 15 forms. Although we shall introduce these functions by
presenting their general forms, we shall at the same time give several
simple examples, which we feel will help the reader to understand the

meaning of the form.
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To simplify our task, we indicate the notation which will be
used in describing the functions which SYMDIP can integrate. We
assume the reader is familiar with the meaning of the terms rational,

coefficient, polynomial and monomial.

u,U01,U02,03,04

Symbol Meaning

Fl A polynomial in a simple varlable with
rational coefficients.

F2 A monomial in a simple variable with
rational coefficients.

F3 A polynomial in a simple variable with
rational coefficients and the degree of
the variable is less than 3.

F4 F1/F2 or F1/F3.

Functions in a simple variable with
rational coefficients.

Ll exp, inverse trigonometric functions or
inverse hyperbolic functions.

L2 Trigonometric functions or hyperbolic
functions.

L3 sin, cos, sinh or cosh.

G L2, exp, ln, sqgrt or the identity
function.

A,B Rationals or alphabetic constants.

Al,Bl Any expression which is independent of
the variable of integration.

Z A x + B.

T A positive integer.

I1, 12 Integers.

M,N Arithmetic expressions which evaluate == -
to a positive integer value.

P,Q0,J,K,L Arithmetic expressions Wthh evaluate to
an integer value.

W(x,y) A function in variables x and y with

rational coefficients.
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H(k) A function of x.

Finally, if the functions G or U occur more than once in an
expression describing a particular integration form, each occurrence
denotes the same function.

Using the above notation, we are ready to describe the first kind
of function which can be integrated by SYMDIP. A function is integrable
if it consists of a single term satisfying Conditions (a) - (e) and has
a form which matches at least one of the 15 forms given below.

Because it may not be immediately obvious, we note that a function
must satisfy the following conditions if it is to match one of these
15 forms.

(I) Only proper nesting (Definition 2.2) of elementary
functions is permitted. 1In addition, inverse
trigonometric, inverse hyperbolic and the log functions
cannot be nested.

(IT) The maximum depth of nesting is 1.

The 15 acceptable integration forms are:

Form 1 / F4 dx

Example:

5 2

(1) S (ax” - x + 3)/(x" - 7x + 5) dx
Form 2o/ G'(U) G(U) LL(G(U)) dx

Examples:

(I) f x' exp(x) dx
2 . 2 . . 2

(IT) [ 2xy cos(x”) sin(x ) asinh(sin(x")) dx

Form 2B [ G'(U) G (U) L3Y(G(U)) dx
(N<3)

Examples:



Form 2C

Form 3

Form 4

31.
(1) S x3 sinh3(x) dx
(IT) [ sin(x) cosz(x) cosh(cos(x)) dx
fet T e dx
(If J# -1, X>0)
Examples:A
(xy f (l+x)51n(l+x) dx
(11) S -(l/x2)1n3(l/x) dx
76 127 (c()) 12N(6(W) dax
(here L2's are functions of the same type, i.e.
théy are both trigonometric or hyperbolic
functions)
Examples:
(1) J sin(x) cos3(x) dx
(II) J cos(x) tanz(sin(x)) cos(sin(x)) dx
J Ul(x) L4(U2(x)) L4(U3(x)) dx
(L4's are functions of the same type and U2#U3.
Ul (x) must satisfy the following 2 conditions:

(U2' (x) + U3'(x)) (U2(x) + U3(x))™ a1

(I) Ul(x)

(U2' (x) - U3' (x)) (U2(x) - U3(x))" B1

(IT) Ul(x)
for suitable choice at M, N, Al, and Bl).
Examples:

(I) J x sin(x) cos(2x) dx

(1) S x3 sinh(x+x2) cosh(x—xz) dx



Form 5

Form 6A

Form

Form

Form

Form

6B

6C

7A

7B

32.

J G'(U) sqrtJ(G(U)) dx
Examples:

(1) [ 1/sqrt(x) dx

(11) [ 1/(1-%)% sqrt>(1/(1-x)) dx
(ITI) [ sin(x) sqrt(cos(x)) dx
J Ul(x) L4(U2(x)) L4(U3(x)) exp(Ud(x)) dx
(LA's are functions of the same type and U2 # U3
Ul (x) must satisfy the following conditions:

(I) Ul(x) (U2'(x) + U3'(x)) Al

(IT) Ul(x)

(U2' (x) - U3(x)) Bl
(III) Ul(x)/U4'(x) is independent of x for suitable
choice of Al and BI.

Examples:

(1) [ sin(x) cos(x) exp(x) dx

(IT) J sinh(ax) cosh(x) exp(bx) dx
f U'(x) L3N (U(x))exp (Al U(x)) dx
Ex&mple:
F (g5 sitl (2% -5%) expliso-10x) dx
S 6" (U) L3T(G(U))exp(G(U)) dx
Example:
J (2x+6) cos(x2+6x) cos7(sin(x2+6x))

exp(sin(x2+6x)) dx

r 6w ¢ sart’ () ? ¢ 1%) ax
/e o sart’ (17 £ a ) ax

(where the expression G(U) should not contain '**2'")
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Examples:
(1) S (x—l)3 sqrt((x—l)2 - 42) dx

(r1) [ x/sqrt2(32 + x2) dx

(EET) =il 10 P hmeg) suet” (Al ix<2)* + 5°) ax
(x +x-2)
M ., 2
Form 8A / G'(U) G (U) 1In(G(U) + sqrt(G(U)™ % 17)) dx
Form 8B f 6 () @YU 1n(GU) - sqre(GU)2 + 19)) dx

(where the expression G(U) should not contain '**2'),
Examples:
2 2
(I) J x In(x+sqrt(5 + x7)) dx
2 2 2
(I1) J 2x (x2—3)3 In(x-sqrt((x -3) - 37)) dx
2
(III) J sin(x+5) 1ln(cos (x+5) - sqrt(cos(x+5)2 + 37)) dx
Form 9A / xPsqrtQ(J x2 + K x) dx
(J, XKX# 0,0=1 or -1)
P 0 2
Form 9B J x sqrt*(Jx  + Ky + L) dx
(L #0. P=1or Ojwhen P=1, 0 =-1,when P=0, Q =1 or -1)
Form 9C / 1/(x2 sqrt(Jx + K)) dx
Examples:
5 2 ’
(I) J x /sqrt(2x” + 5x) dx
(11) [ sqrt(xz—x—7) dx
(III) [1/(x°sqrt(dx + 3)) dx
For functions of Form 10-14 below, a change of variable will occur
which transforms the form of integral given into Form 1. A function

of Form 10-14 is integrable only if the new form is integrable.
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Form 10 [ W(sqrt(G(z)),G(z)) G'(2) dx -
Examples:
(1) / (L - sqrt(x)) / (1 + 2 sqgrt(x)) dx
(IT) f $qrt(x-1) / (2 + x + sqrt(x-1)) dx
Form 11 J H(sqrt(G(U))) G'(U) dx
Examples:
(1) [ (7 + sqrt(x3)) x2 /(,sqrt(x3)) dx
(I1) [ (l-sqrt(sin(x))) cos(x)/(a+3) dx
Form‘12 _f W(exp (U) ,exp(-U)) U'(x) dx
Examples:
() J (3'+ exp(x-1)) / (1 - exp(x-1l) dx
(I1) J (exp(x) + a) / (b - exp(-x)) dx
Form 13 J H(exp(G'(U))) G'(U) dx
Examples :
(1) f (4 - exp(xD) / (1 + exp(x))) x dx
(II) [ sin(x) exp(cos(x)) / (c - exp(cos(x))) dx
Form 14 J W(L3(G(U)),L3(G(U))) G'(U) dx
(L3's are functions of the same type)
Examples :
(I) / (1 - cos(x)) / (L + cos(x)) dx
(ID) [ (9 - cosh(x)) / (2 - sinh? (x)) dx

(I11) J (a + cos(sin(x))) / (1 + cos(sin(x))) cos(x) dx

Before describing functions of Form 15, it is necessary to
give a brief explanation of how functions of Form 1-14 are integrated.

A detailed description is found in Section 3.4.
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If a function matches one of Formsl-14, integration is performed
by using a general integration formula. This usually requires proceeding
through several integration steps in order to produce the solution.
For example, the first step in evaluating a Form 2C function is to

perform the following transformation:

g'(w) g3 (w) 1 (g(w)) ax

-

r g 1n¥(g(u) dlgi)

J+1
_ g (u) k
= ——E;Ef—-ln (g(u))

j k-1
G+D) S g7 (u) In" “(g(u)) d(g(u))

The integral on the right may be integrated again by using the
same method. Other function forms will also be transformed but not
necessarily in exactly this way. With this brief description of
the way that functions of Formsl-14 are handled, we can give a

definition of rForm 15 functions.

Form 15. Special functions

These functions can all be integrated in a single step. Thus the
form of solution can be placed in a table and it is only necessary to
substitute a function and obvious constants to obtain the result.
We give 3 examples of special functions and provide the complete list
in Appendix F.

Examples:

(I) / g'(u) sin(g(u)) / (1 + cos(g(u))) dx

(II) S g'(u) cos(g(u)) sqrt (1 - 12 sinz(g(u))) dx

dx

g'(u)
(III)4m sin(g(u)) + n cos(g(u)))
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Two comments are needed to compiete our presentation of all the
15 forms of functions.
(i) If the argument of a function is a positive integer,
the function is treated as a constant. It will not be
evaluated to a real-valued quantity.
(ii) The expression 'number ** f(x)' is always transformed

to the equivalent form 'EXP(f(x) * LN(number))'.

A function which does not exactly match any of the 15 forms
but is a constant multiple of a form which can be integrated by SYMDIP,
is also integrable. For exémple, the function x7 exp (x) (a+5)
does not match any of the forms given above, but it is a constant
multiple of x7 exp(x) , which is of Form 2A. Therefore x7-exp(x)
(a+5) is integrable.

In addition to integrating functions having only a single
term, SYMDIP is able to integrate functions with more than one
term provided they are properly formulated. Specifically, if a
function consists of the sum or difference of ﬁwo or more terms of
the form given above, then SYMDIP will integrate the function term
by term. Because each integral is done independently of the others,
no cancellations between terms will be performed. If a particular
term does not belong to any of the 15 forms mentioned previously,
the term will not be integrated. The final integral of the function
is simply given as the integrals of those integrable terms plus
the unintegrable parts.

Although SYMDIP is able to recognize each factor of a function,

it will never expand the function. Thus, a function must be written
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in expanded form if the user wishes the function to be integrated
by considering individual terms of the expansién. To illustrate
what we mean, consider the following problem :
INT ~-SIN(X) + COS(C+X) + 2*A W.R.T. X
Since the function contains 3 terms, SYMDIP would integrate
these terms (with respect to X) separately as if there were 3

separate problems. The output produced would be as follows :

PROBLEM 1

INTEGRATE —-SIN(X) + COS(C+X) + 2*%A

WITH RESPECT TO X

THE FUNCTION YOU HAVE PROVIDED HAS BEEN SEPARATED INTO
3 TERMS WHICH HAVE BEEN INTEGRATED SEPARATELY
TERM 1 |

-SIN(X)

THE INTEGRAL IS :

COS (X) + CONSTANT

TERM 2

COS (C+X)

THE INTEGRAL IS :

SIN(C+X) + CONSTANT

TERM 3

2%A

THE INTEGRAL IS

2 * A *¥ X + CONSTANT
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As a second example, consider the problem .
INT (X + SIN(X)) * X .

Because SYMDIP does not expand the function, it would be treated as
a single term. This function is not integrable by SYMDIP, because
it does not match any of the 15 forms of integrable functions given
above.

It should be noted that different forms of a function may
sometimes lead to different results. For example, if the function
(x+sin(x))x were written in the form X ** 2 4+ SIN(X) * X it would
become integrable by SYMDIP because each of the two terms is integrable.

Clearly the functional capabilities of an integration package
are expanded by allowing a function to contain several terms. Care
must be taken, however, not to integrate term by term if this is not

necessary. Consider the polynomial:
2% = 3 + x2 .

If it were to be integrated term by term, considerable computer
time would be wasted in solving 3 separate prcbhblems when one call to
the ALTRAN integration routine would do it all. To avoid this situation,
terms which do not involve any function names are collected into a
single term by SYMDIP. This term is always the last term to be
integrated. For example, if the function is given as x + sin(x) - x2,
it will be considered by SYMDIP as having only 2 terms, namely sin(x)
and x - x2, while conventionally the function in fact contains 3 terms.
Likewise, the polynomial we have just mentioned is treated as only

one term. We leave this section by giving the solutions for the

problems
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INT X**2 4+ X*SIN(X) + 3
and

INT X*(X+SIN(X)) + 3
Output :

PROBLEM 1

INTEGRATE X**2 + X*SIN(X) + 3

WITH RESPECT TO X

THE FUNCTION YOU HAVE PROVIDED HAS BEEN SEPARATED INTO
2 TERMS WHICH HAVE BEEN INTEGRATED SEPARATELY

TERM 1 |

X*SIN (X)

THE INTEGRAL IS

SIN(X) - COS(X) * X + CONSTANT
TERM 2

xX**2 + 3

THE INTEGRAL IS :

X * (X **% 2 + 9) / 3 + CONSTANT

PROBLEM 2

INTEGRATE X* (X+SIN(X)) + 3

WITH RESPECT TO X

THE FUNCTION YOU HAVE PROVIDED HAS BEEN SEPARATED INTO

2 TERMS WHICH HAVE BEEN INTEGRATED SEPARATEL&

TERM 1

x*(k+SIN(x))

#%% RUN-TIME ERROR *** INTEGRATION ON THE FUNCTION TERMINATED **%

*%% THE INTEGRAND IS BEYOND THE PACKAGE CAPABILITIES **%* °
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TERM 2

THE INTEGRAL IS :

3 * X + CONSTANT

2.4. FError Handling Within The Package .

Because the package we have developed is to be used by individuals
who know little or nothing about computers and computing, more than the
usual effort has been put into providing meaningful error messages and
error recovery procedures. We distinguish between three types of
errors, namely, input errors, run tim; errors, and system errors.

An input error will occur when a particular problem is not well
formulated. This would occur, for example, when the problem contains
an undefined function name. Thus, an input error could only occur in the pre-
processor step, that is, the first job step of the package. Whenever an
input error is discovered, the problem being processed is terminated and
an appropriate error flag is set. After that, the preprocessor proceeds
to the next problem if there is one.

In many instances, a well formulated problem may not be solvable
by the program. This would occur, for example, when the function is
written in a correct form but does not belong to any of the 15 forms
of functions stated in the last section. When a situation such as
this occurs, a run time error is said to have occurred. An appropriate
error flag is set and the problem is immediately terminated. Computa;ion
on the next problem to be solved is then begun. If no problems remain,
then the postprocessor is entered to print out all problem results
and error messages.

The third kind of error is the system error. This type of error
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may occasionally occur when computations on a problem are being performed,
in other words, in the solution step of a problem. An obvious example
is related to the size of the workspace in the ALTRAN program. ALTRAN
performs all algebraic operations in a workspace of fixed size.
If the derivative or intégral being computed contains too many
terms, they may not all fit into the workspace provided. 1In such
a situation the computations clearly should be terminated and a system
error is said to have occurred. Consequently, the ALTRAN job step is
terminated immediately after printing the "snaps" on a temporary file.
Execution of the subsequent step, that is, the postprocessor, is then
started. The solutions obtained before the system error occurred are
printed in the usual way, after that the file containing the "snaps"
is read and the system error number is determined. This number is
converted into a meaningful error message which is then printed
on the user's output. There are several other situations that would
also cause a system error. For example, a system error would occur
if the program exhausted its allocated CPU time while attempting
a problem or if the coefficient of an expression became prohibitively
large.

Having discussed the various types of errors, we now illustrate
how these error messages will appear in the output.

If a run is successful, the following statement will be printed

immediately after the set of solutions:
**xk*%x AT, PROBLEMS ATTEMPTED *#**%%

However, if a system error has occurred during the run, the following

statement will be printed:
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**% THE RUN WAS ABNORMALLY TERMINATED *** ,

and it will then be followed by the system error message which is

obtained as described above. Input and run-time error messages are

both determined in the postprocessor step by using the error flags

set in the previous steps. Each of these messages is printed immediately

following the listing of the corresponding problem. The message is

preceded and followed by a string of asterisks. A typical example of

an input error message is as follows:

PROBLEM 5

INTEGRATE TON (X)

WITH RESPECT TO X

**% INPUT ERROR *** ATTEMPT AT PROBLEM SOLUTION CANCELLED **%*
**%% A FUNCTION NAME IN THE FUNCTION IS NOT RECOGNIZABLE **%%*

**% THE FUNCTION NAME IS TON **%*

The following is a run-time error message:

2.

PROBLEM 3

INTEGRATE X * ATAN (X) ** 2

WITH RESPECT TO X

Ll RUN—TIME.ERROR **% TINTEGRATION ON THE FUNCTION TERMINATED ***
*** THE INTEGRAND IS BEYOND THE PACKAGE CAPABILITIES ***

*** THE POWER OF THE INVERSE FUNCTION IS OUTSIDE THE PACKAGE

RANGE ***

Package Usage Suggestions

Because of various package design features, certain function forms

are handled more efficiently than others. Formulating your differentiation
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and integration problems using the suggestions given below will usually

result in reduced computer time being required for their solution.

Suggestions (e) and (f) may transform a problem which is not solvable

by the package into one which is solvable.

(a)

(b)

(c)

(d)

(e)

If possible, you should not use expanded forms. For example,
(X-1)**3 is much better than X**3 - 3*X**2 4+ 3*X-1 although

they are equivalent expressions.

When it is obvious, you should simplify your function by
cancellation of terms. For example, 2*X-4 1is better than.

X+(3+X) -7 and (X-4)+(X+3)-3.

When a function name has a poweriéther than 1 or -1, that function
name should be enclosed in brackets. For example, (SIN(X)) ** 3

is better than SIN(X) ** 3.

For integration, attempt to use the four basic trigonometric and
hyperbolic functions SIN, COS, SINH, AND COSH rather than CSC,
CSCH, SEC, CSCH, TAN, TANH, etc. You can easily do this by
expressing the latter functions in terms of basic functions.

For example, SIN(X)/COS(X) is better than'TAN(X) or

SEC (X) /CSC(X) .

In an integration problem, if the function provided belongs to any
of the Forms 7A, 7B, 8A or 8B, then in the argument of 'SQRT',
neither I nor G(U) can be stated to contain '#*2', For

example, the following function
SQRT (5**2+ (X*%*2+3) **2)

is not allowed but the equivalent expression



SQRT (5*%*2 + (X*X+3)**2) is acceptable.

(f£) If you have a function which cannot be integrated by the
package, expanding the function may help. For example,
(X+3) * ATAN(X) cannot be integrated by SYMDIP, but

X * ATAN(X) + 3 * ATAN(X) can.
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3.1. Introduction,

This chapter describes the internal organization of our package.
In this section we present an overview of the structure of the package
and the strategy used in attempting to solve a particular problem. In
Sections 2,3,4 and 5 we describe the internal structure of the various
components of the package, namely the analyzer, the two parts of the
processor and the writer. Finally, in the last section, we illustrate
how these separate portions of the package interface with one another.
Several completed examples of the data passed between different components
of the package are given.

One of the design criteria given in chapter 1 was that the user be
able to pose his problem in a simple and reasonably natural form. As
Chapter 2 illustrates, we have been sucessful in doing this. Because of
the input/output limitations of ALTRAN (see Section 1.4) and our intention
of significantly enlarging the domain of functions (as compared with that
of the basic ALTRAN prbgram) which can be differentiated or integrated,
it was decided that the package design should include the following
components:

(I) The analyzer. A preprocessor which translates the user's
problem into an ALTRAN comprehensible form
which is acceptable to the differentiation/
integration processor. If an integration
problem is being processed, the analyzer
will determine if the function is a special

function (rForm 15) as described in chapter 2.
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The type of special function will also
be decided by the analyzer.

(II) The differentiation/integration processor. It manipulates
the set of ALTRAN comprehensible information
using an appropriate strategy in an attempt
to solve the problem, and produces intermediate
ALTRAN comprehensible output of the solution.

(ITI) The writer. A postprocessor which translates the results
computed by the differentiation/integration
processor and prints them. The writer also
recognizes error flags and prints the

appropriate error messages in output.

The analyzer and the writer were written in SNOBOL4. The processor,
which is the main body of the package, was written in ALTRAN. Since most
of the computation is performed by the processor, the major portion of
execution time of the package is spent in the processor step.

Having described the components of our package, we now discuss the
overall strategy of the processor in attempting problems. The derivative
of a function is relatively easy to obtain. Given any function composed
of elementary differentiable functions, its derivative can always be
computed using the rules of differentiation of sums, differences, products,
and quotients of 2 functions and the chain rule for differentiation of
functions of functions. In particular, we make extensive use of DIFF which
is a partial differentiation procedure of ALTRAN which computes the deriv-

ative of any rational function of a simple variable. In the case of
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integration, the situation is much more complicated. Many integrable
functions require particular techniques to solve them. The most
common example is the method of "integration by parts". Because of the
complicated situation in integration, our package was designed to meet,
among others, the following goals:

(a) Find the solution quickly.

(b) Find a comprehensible solution.

The first goal implies that.the program must apply an efficient
strategy in attempting problems. As a problem solving program, the
program must be able to solve a given problem with a method which is
as easy and simple as possible.

The second goal is less familiar to numerical programmers. Given
an integrable function, it can usually be integrated in a variety of
ways. The solutions produced by the varioﬁs approaches are frequently
different in form, although they are mathematically eqﬁivalent to one

another. For example,

sin (x)cos (x)dx

sinz(x) + Cl

N[ N N

cosz(x) + C2

= —cos(2x)/4 + 6 + l/cscz(x) 4 cosz(x) + C3
where Cl'c2’ and C3 are arbitrary constants.

Clearly, some of these solutions are more comprehensible than others.
More precisely, if a student poses an integration problem in terms of sines

and cosines, then he would probably prefer to see the answer in those

terms as well. 1In order to retain similar function forms, a radical
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transformation of the integrand should not be attempted unless there is
no simple way to produce the integral. The use of an integration table,
for example, is an approach which can be used to eliminate transformations

of the integrand. The overall strategy of our integration program is as

follows:
Stage 1. Simplify the problem by an obvious change of variables.
Stage 2. If the function is a special function, the coefficients
| of the eventual integral are computed in this stage.
The actua’ form of the integral is given by an integration
table (in the writer).
Stage 3. If the function is not a special function, attempt to

integrate it by calling appropriate processor routines.

Stage 1 is passed very quickly; the only work done in this stage is
to replace some complicated arguments by simple variables.

Stage 2 is fast as well. If the function is a special function, the
type number of the special function is determined by the analyzer. Since
the form of the integral of a special function is partly provided in our
integration table, only coefficients of the eventual integral are computed

in this stage. To illustrate the last point, consider the function

A/(1 = SIN(X))**2

which is one of the special functions listed in Appendix F. The exact
integral of the function is B*COT(m/4 - X/2) + CxCOT(w/4 - X/2)*%*3, where

B

A/2, C = A/6. The integration table ccntains COT(w/4 - X/2) and

CoT(m/4 - X/2)%xx3 in an appropriate entry. Thus, if we wish to integrate
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10/(1 - SIN(X))x+*2, stage 2 must compute the coefficients B and C.
Consequently, B = 5 and C = 5/3.

Stage 3 deals with all kinds of functions other than the special
functions (Form 15). A function is integrated in this stage using
appropriate routines determined by the form of the function.

If a function cannot be integrated in either stage 2 or stage 3,
then it is beyond the package capabilities. 1In this case an appropriate
error flag is set.

As an example, consider the following problem :
INTEGRATE 2*X*SIN(X**2) *COS (X%%2) *LN(COS (X**2)) W.R.T. X

The a?gument of LN, namely COS (X**2) is replaced by Y in stage 1.
Since
éOS(X**Z)dX = =2%X*SIN(X%x%x2),
we have
2xX*SIN(Xx*2)dX = -dCOS(Xxx2) = -dY.

At the end of stage 1, the problem becomes:
INTEGRATE -Y*LN(Y) W.R.T. Y.

Stage 2 is not entered because the analyzer should have indicated
that the original function is not a special function. Stage 3 is entered
and the integral is obtained because its form matches integration Form 2C

of Section 2.3. 1In this case the result is:

- Y x%x 2 % (2xLN(Y) - 1) / 4 + CONSTANT

which becomes
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- COS(X**2) ** 2 * (2*LN(COS(X**2) - 1) / 4 + CONSTANT

when Y is replaced by COS(X**2).

Note that the integrals computed in stage 3 are given in ALTRAN

comprehensible forms. The final user comprehensible form of these

integrals is produced by the writer.

The remaining sections of this chapter will give a more detailed

description of the various components of the package. Before proceeding

to that material we define several terms which are used in the rest of

this chapter.

Definition 3.1

Array

Stack

Character string

3.2. The Analyzer.

A one-dimension variable with more than one entry.
A list of items to which items are always added and
deleted from the same end. Additions or deletions
are done one item at a time.

Any finite sequence of characfers. A character
string may contain letters, digits, left and right

parentheses, blanks, operators and so forth.

The first program to execute when SYMDIP is called is the analyzer.

It reads all problems which are supplied by the user, performs the syntactic
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analysis on these problems, and finally translates the well formulated
problems into an internal representation which can be manipulated by
the ALTRAN processor. A problem which is not well formulated is
replaced by an appropriate error flag.
The syntactic analysis part of the analyzer determines if a
problem is well formulated. The syntax 6f the function itself is checked.
If the function contains certain special constructions (see Section 2.3)
this will be discovered by the analyzer. Part of the analyzer's activity
is related to "complexity unalysis" which determines the basic form of
a function based on its elementary function composition. This is a very
important step of the analyzer. A special function, for example, is
determined ' in the complexity analysis step of the analyzer. If the form
of a function cannot be determincd Ly the analyzer, the problem will be
rejected.
In order to describe the analyzer, 3 logical parts can be distinguished.
These are (in order of execution) :
Part 1. Which performs syntactic analysis.
Part 2. Which transforms a single complex function into a set of
functions of a simple variable. In general it replaces
the top level function names in "function" with simple
variables, Z(I)'s, where I's are consecutive positive
integers starting from 1. If the function is to be
integrated, the basicvform of the function is also
determined in this part. Because differentiation is
handlgd in rather a different way from integration in

part 2 of the analyzer, the detailed description will
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be given in 2 parts.

Part 3. Which replaces the variable and all the alphabetic

constants with simple variables. 1In brief, the

variable is replaced by Z0 and alphabetic constants are

replaced by Z1(I)'s throughout the function, where I's

are also consecutive positive integers starting from 1.

We now discuss the detail of each of these parts.

Part 1. Perform syntactic analysis.

analysis are:

(a)

(b)

(c)

(a)

(e)

(£)

(g9)

(h)

Are the left and right parentheses matched in the
function?
Are the operators placed correctly throughout the
function?

Is the "function" nonvoid?

Included in this part of the

Are all the characters used in the function allowable?

Is the - WITH RESPECT TO "variable" part of the problem

correctly stated by the user?

Are all complete substrings of the character string
"function", which cénsists of two or more letters,
valid function names? Are they followed by '('?
Are digits separated from letters by at least one
operator?

Are all single letters and all integers followed by

something other than '('?

Except for (e), all conditions must be satisfied by the problem.

(e) is not satisfied, the variable will be determined as described in

Tf
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Section 2.1 of the previous chapter.
To summarize what we have discussed, let us consider the following

example:
DIFF 2#:X - 3 + SIN(X + 1))? - 4X

This problem violates (a) because the left and right parentheses are not
matched. The function also contains an unacceptable character, '?',
and '4' is followed by 'X' ('4X' must be written as '4xX') so that
(d) and (g) are also violated.

Although a problem may contain more than one error, such as in
the example given above, the analyzer will terminate the problem when
the first input error is discovered. Consequently, only the message
for the first input error to be discovered will be printed (by the
writer) .

Before we proceed to the déscription of part 2, wé first explain
the meaning of some of the variables to be used.

FLAG An array with 3 entries. The first entry is either 33 or

99. If it is 33, the problem is accepted, if it is 99,
the problem is rejected. The second entry is used to
contain an error number. The third entry is a non-
negative integer, and is needed for integration only.
The third entry is not used for differentiation and is
set to 1. For integration it is set to 1 if the
"function" to be integrated has only one term. If the
"function" has more than one term recall that it is

integrated term by term. For the first term the third
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entry equals the number of terms. It is set to 0, to
denote continuation, for all remaining terms.

ALPHACONST A stack which contains the integers representing the
variahle and all alphabetic constants encountered in
the "function".

STOREO A  stack with 2 entries. If it is a differentiation
problem, the first entry contains the total number of
function names and expressions of the form 'number**
f(x)' (not necessary distinct) encountered in the
"function". If it is an integration problem, the first
entry. contains the number of highest level distinct
function names encountered in the "function". The
second entry is used to indicate whether the problem
is a differentiation problem or an integration problem.
If i€ is & differentiation problem, the entry is O.
Otherwise if it is an integration problem, the entry is 1.

STORE1 A stack which contains integers representing function
names which have been replaced by Z(I)'s. In brief,
if a function name is replaced by Z(I), the Ith entry of
STORE1l will contain the integer corresponding to that
function name. For example, COS is represented by 2 so
that if COS was replaced by Z(5), then STORE1l(5) = 2.
Appendix E lists all elementary functions and their
corresponding integers.

STORE2 A stack. If it is a differentiation problem, the



STORE3

STORE6

STORE7

FUNCTION
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"function" is checked for the form 'number**f (x)"'.
For each such form, say '20**SIN(X)', the number '20'
will be stored in STORE2. If it is an integration
problem, each entry of STORE2 indicates the number
of appearances of the function name stored in the
corresponding entry of STOREL.
A stack which contains the arguments of all the function
names encountered in the "function".
A stack. For a differentiation problem, each entry of
STORE6 indicates the number of top level fuuction names
that appear in the corresponding entry of STORE3. For
an integration problem, if the "function" to be integrated
involves nesting (see Definition 2.2), the entry will
contain the integer that represents the nested function
name. Otherwise, if there is no nesting of function, the
entry is O.
A stack. For differentiation, each entry of STORE7
indicates the accumulated total of function names that
have been replaced by Z(I)'s, before the function names
in the corresponding entry of STORE3 are replaced. For
integration, if the "function" is a special function,
STORE7 will be used to store the coefficients of the
special function (see Appendix F).
The "function" (may be a term of the initial function)

to be differentiated or integrated.
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Variables and alphabetic constants: All single characters in the "function"
are represented internally accordiﬁg to their alphabetical
order with integers starting from 0; Thus A is represented

internally by 0, B is by 1, and so on.

NUMBER2: An integer variable which is equal to 0 if it is a
differentiation problem and 1 if it is an integration
problem.

We are now ready to discuss the differentiation portion of part 2
of the analyzer. For our convenience, we shall illustrate various

. points by working on the following example:

Example 3.1

DIFF X*EXP (4 + A*X) + SIN(1l - COS(X))*10** (X — 2)**2

Part 2 (Differentiatién). Generate internal forms.

(a) Set NUMBER2 = 0 (differentiation).

(b) Is the form 'number**f (x)' present in FUNCTION? If
so, replace it by a dummy function name, which is
formed by attaching the "number" to the right hand
side of 'CC', the argument of the dummy function name

is f(x). Repeat for all such forms.

Thus, for Example 3.1,

FUNCTION=X*EXP (4+A*X)+SIN (1-COS (X)) *CCLO (X-2) **2

(c) Scan FUNCTION from left to right. For each function
name encountered, replace the function name by 'Z(I)'
and add 1 to I. Place the argument of the replaced

function name in STORE3 and place the integer
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corresponding to it in STORE1l (dummy name is internally
represented by '100').Thus, foé each I, 'Z(1)'
replaces one and only one function name. Identical
function names, even those having the same argument,
are replaced by different 'Z(I)"s; if the function
name replaced is a dummy name, then the digit part of
the dummy name is also stored in STORE2.

Fin;lly, place the current accumulated total of replaced
function names (including the replaced dummy names)

in STORE7.

Thus, for Example 3.1,

STORE1 = (26,1,100,

STORE2 = (10,

STORE3 = (4 + A*X,1 - COS(X),X - 2,
STORE7 = (3,

FUNCTION = ZO*Z(1l) + Z(2)*Z(3)**2

(d) Scan STORE3 from left to right, for each entry:
(1) Repeat step (c).
(2) Place the number of top level function names

that are replaced by 'Z(I)''s in STORE6.

Thus, for Example 3.1:

STORELl = (26,1,100,2,

STORE3 = (4 + A*X, 1 - z(4), X - 2,X,
STORE6 = (0,1,0,0,

STORE7 = (3,3,4,4,4,

(e) Place the total number of function names (including

the dummy names) replaced in step (c) and step (d) in
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STOREO.
Thus, at the end of part 2, we have, for Example 3.1,

FLAG = (0,0,0)

STOREO = (4,

STORELl = (26,1,100,2,

STORE2 = (10,

STORE3 = (4 + A*X, 1 - Z(4), X - 2, X,
STORE6 = (0,1,0,0,

STORE7 = (3,3,4,4,4,

FUNCTION = Z0*Z (1) + Z(2)*Z(3)**2

Having completed the @escription of the differentiatién portion
of part 2, we now proceed to the integration portion of the same
part. Before beginning our discussion, we first explain the meaning
of several new variables which are used in addition.to those introduced

in the beginning of the differentiation portion.

STORE4 A stack which is used whenever the form 'number**f(x)' or
the form 'function name (number)' is discovered in FUNCTION.
For the first form, say '20**f(x)', the number '27' (which
represents LN) will be placed in STORE4 followed by '20°'.
For the second form, say 'SQRT(50)', the number '28' (which

represents SQRT) will be placed in STORE4 followed by '50'.

JACK An integer which indicates the basic form of FUNCTION

according to its elementary function composition.
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KEK An integer which indicates whether FUNCTION involves
a hyperbolic function. If its value is 1, then FUNCTION
involves a hyperbolic function. If its value is O,
FUNCTION does not involve any hyperbolic function.
TYPE An integer whose value will be >-1 on completion of
problem analysis. If its value is -1, the form
'number ** f(x)' was found in FUNCTION. If its value is
a positive integer, FUNCTION was found to be a special
function, and the value of TYPE is exactly the type
number of the special function. If its valwe is O,
FUNCTION satisfies neither of the above cases.
As in our discussion of the differentiation portion of part 2,
we shall illustrate some specific‘points with the aid of the

following example.

Example 3.2

INT SQRT(COS(X))*SIN(X)*COS(X)*D*Lﬁ(lO) - SIN(X - 1)

Part 2 (Integration). Generate internal form.
(a) Set NUMBER2 = 1 (Integration).
If the "function" contains more than one term break it
into individual terms (see Section 2.3) and place these

terms in the array PROBLEM.

-Thus, for Example 3.2,

PROBLEM= (SQRT (COS (X) ) *SIN (X) *COS (X) *D*LN (10) , SIN (X-1),

Set "problemno" = 1,

Set "multiple" equal to the number of terms.
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(b) Set FUNCTION = PROBLEM (problemno) .

Thus,

FUNCTION=SQRT (COS (X)) *SIN(X) *COS (X) *D*LN (10)

(c) Inspect FUNCTION. Are there any of the following construc-

tions present?

(I) "numbexr**(f(x))"

(IT) 'function name (number)'
(ITI) 'SQRT(Ll + M**2%SIN(f (x))**2)"

(where M is a positive integer)
(IV) 'SIN(LN(f(x)))' or 'COS(LN(f(x)))"
(V) 'LN(g(x) * SQRT(f(x)**2 + M**2))"

(VI) "SQRT(f(x)**2 + M**2)!'

(VII) 'SQRT(M**2 + f(x)**2)"
If any of the above constructions are discovered
in FUNCTION do:
For (I). Replace 'number**f(x)' by 'EXP(f(x))' and
set TYPE = -1. TYPE will be.used in aﬁ ALTRAN
routine to indicate that the actual argument of
EXP is in fact 'LN(number) *f(x)'. Place '27' followed
by the"number"in STORE4.
If the form 'number**f(x)' occurs more than once, then
the value of "number" must be the same.
For (II). For each occurrence of the form ' function

name (number) ' do:
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(1) Replace 'functionname(number)' by '2z(I1)',

where I is an integer starting from 1.

(2) Place the integer corresponding to the "functionnamef
in STORE4 followed by the "number".

(3) Add 1 to I.

Thus, for Example 3.2,
FUNCTION=SQRT (COS (X),) *SIN(X) *COS (X) *D*Z2Z (1)

STORE4 = (27,10,

For (III). Replace the form 'SQRT (1l + M**2*SIN(f(x))
**2) ' by an intermediéte form '(1 + M**2*yV(f(x))**2)'. .
The operator 'VV' conveys to later steps that both SQRT
and SIN are involved in the original form.

For (IV). Both of 'SIN(LN(f(x)))'and 'COS(LN(f(x)))"'
are special functions. Replace

'SIN(LN(f(x)))"' by 'SIN(f(x))' or '"COS(LN(f(x)))'

by 'COS(f(x))' set TYPE = 1000.

(this indicates the FUNCTION is a special function).

For (V).

If signs = (+,+), set TYPE = -1.

If signs = (+,-), set TYPE = =2.

If signs = (-,+), set TYPE = -3.
= (-,-), set TYPE = -4.

If signs
If g(x’ and f(x) are elementary functions, they must ge
the same functions (their arguments are not checked here,
but they must be equal. The processor will check

whether the arguments are equal).
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Thus, if g(x) = SIN(X-1) and f(x) = SIN(X-1), replace
(V) by the character string 'LN(SIN(M,X-1,X-1))"'.
Otherwise if g(x) and f(x) are not elementary
functions, replace (V) by the character string
'LN(M,g(x),f(x))"'s These character strings are
transformed again in later parts of the analyzer into

their ALTRAN comprehensible form.

For (VI).
If sign = '+' set TYPE = -3
otherwise set TYPE = -2.
If f(x) is an elementary function, say f(x) = SIN(X-1),
then replace (VI) by the character string
'SORT (SIN(X**2 + M**2,M, (X-1)))'
otherwise replace (VI) by the character string
'SORT (£ (x) **2 + M**2,M,f(x))'
For (VII). 4
If sign = '+' set TYPE = -3
otherwise set TYPE = -1.
If f£f(x) is an elementary function, say f(x)=SIN(2-X),
replace (VII) by the characfer string 'SQR&(SIN(M**Z
+ X**2,M, (2-X)))'. Otherwise replace (VII) by the
character string 'SQRT (M**2 + f(x)**2,M,f(x))"

(d) Is there any nesting of elementary functions? If
yes, is the nested function name acceptable to the

package? If more than one top level function contains
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a nested function name, then all the nested function
names must be the same (the arguments of these
nested functions are checked in the processor and
they must also be the same). For example, the function
TAN (X) *SIN(TAN(X) ) *COS (TAN (X) ) *SEC (X) **2

satisfies this condition because the nested function
names of SIN and COS are both equal to TAN.
Place the integer corresponding to the nested
function name (Appendix E) in STOREG.

Thus,

STORE6 = (2,
For all top level functions which contain the nested
function namé, erase the nested function and replace the
left bracket which follows by '<'.

Thus, for Example 3.2,

FUNCTION = SQRT (<X) ) *SIN(X)*COS(X) *D*2Z (1)
Replace all other occurrences of the nested function
name by a character string of the form 'ANA' where N
is a positive integer starting from 1.

Thus,

FUNCTION = SQRT(<X))*SIN(X)*AlA(X)*D*2Z (1)
Now, all function names that remain in the resulting
"function", except those containing the nested function,
must be identical to the function name appearing in
the derivative of the nested function but distinct
from the differential function. These function names

are all replaced by 'AOA'.
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(£)

(9)
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Thus, for example 3.2

FUNCTION=SQRT (<X))*AOA (X.) *A1A (X)*D*ZZ (1)
Replace EXP by 'TOT' throughout FUNCTION (this
will cause EXP to be the last function name to
be replaced by a 'Z(I)').
Express the elementary functions
CsC, SEC, TAN, COT, CSCH, SECH, TANH and COTH in
terms of SIN and COS or SINH and COSH. The
transformations for TAN, COT, TANH and COTH are
done in a little different way. For example,
'TAN(X) ' is replaced by the character string
'SIN COS(X)' rather than by the exact expression
'SIN(X)/COS(X)'. All other functions are trans-
formed exactly. For example, 'SEC(X)' is replaced
by '1/COS(X)'. | '
Scan FUNCTION from left to right for a function
nane,

(1) Replace the function name by Z(I) and add 1
to I. Place the argument of the(function
name in STORE3.

(2) Scan FUNCTION from left to right. For each

identical function name encountered do (1).

(3) Place the integer corresponding to the function

name in STOREl1l and place the total number of’
occurrences of the function name in STOREZ2.

(4) Add 1 to the "group number" to which the

function name belongs. Group numbers are integer
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variables used to determine whether the function
composition of FUNCTION is within the limits
allowed by the package. The variable GROUPL is
associated with the function EXP. GROUP2 is
associated with the set of functiqns containing
LN, LOG, SQRT and any inverse function. GROUP3
and GROUP4 are associated with trigonometric
functions and hyperbolic functions, respectively.

(5) if any more distinct function names in FUNCTION

repeat (g)-.

For Example 3.2, we obtain

(28,

STORELl =
STORE2 = (1,
STORE3 = (X,

FUNCTION = Z(1)*A0A(X)*AlA(X) *D*ZZ (1)

(h) Place the total number of distinct function names

(i)

processed in (g) in STOREO.

Thus,

STOREO = (1,

.

Inspect "group number". If the elementary function
composition of FUNCTION is beyond specified limits
set an error flag. For example, if FUNCTION is a
product of a trigonometric function and a hyperbolic
function, both GROUP3 (representing trigonometric
functions) and GROUP4 (representing hyperbolic
functions) will be positive. When such a situation

is recognized, the problem will be rejected-
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since FUNCTION is beyond the package
capabilities. .
(j) Replace 'AOA''s by 'Z2' in FUNCTiON, store '99'
in STOREl ('99' represents a dummy name) and place the
arguments in STORE3. Likewise replace 'ANA''s by 'Z3',

store '99' in STORELl and place the arguments in

STORE3.
Thus,
STORELl = (28,99,99,
STORE3 = (X,X,X,

FUNCTION = Z(1)*2Z2*Z3*D*ZZ(1)

(k) Determine the basic form of FUNCTION using
"group number" and TYPE and place the integer
corresponding to that basic form in JACK. The value

of KEK is also set (see Definition of‘KEK).

Thus,
JACK = 14
KEK = 0
(1) If JACK = 1 and KEK = 0, is FUNCTION a special

function? If yes, then set TYPE equal to the integer
corresponding to the special function. Place
relevant coefficients of the special function in
STORE7 (see Appendix F). Replace the special function’
by 'l1'. If no, go to (m).
(m) If JACK # 1 or KEK # 0 set TYPE = O.
Steps (1) and (m) complete part 2 (integration). At this point

Example 3.2 would appear as follows:
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FLAG = (0,0,2)

STOREO = (1,

STORE1 = (28,99,99,

STORE2 = (1,

STORE3 = (X,X,X,

STORE4 = (27,10,

STORE6 = (2,

JACK =14

KEK =0

FUNCTION = Z(1)*22*Z3*D*2Z (1)

Part 3. Complete the internal representation.
(a) Replace the variable by 'Z0' throughout
FUNCTION and STORE3. Place the integer

corresponding to the variable in ALPHACONST.

Thus, for Example 3.1,
STORE3 = (4 + A*Z0,1 - 2(4),20 - 2,70,
ALPHACONST = (23,

and for Example 3.2,
STORE3 = (20,20,20,

ALPHACONST = (23,

(b) Replace the alphabetic constants by Z1(I)'s
throughout FUNCTION and STORE3 and place
“the integers corresponding to them in ALPHACONST.
Generally, if an alphabetic constant is replaced
by '21(1)', the (I+l)th entry of ALPHACONST

will contain the integer corresponding to that



69.

alphabetic constant (note that, identical alphabetic
constants in a given function are replaced by the

same 'Z1(1)').

Thus, for Example 3.1,
STORE3 = (4 + 21(1)*z0,1 - z(4),20 - 2,20,
ALPHACONST = (23,1,

and for Example 3.2,
FUNCTION = Z(1)*Z2*Z3*Z1(1)*2Z (1)

ALPHACONST = (23,3,

(¢) If no error flag do (1) otherwise do (2):
(1) Place '33' in the first entry of FLAG.
If it is the first subproblem place
"multiple" in the third entry of FLAG- .
If it is any other subproblem plaée 1o

in the third entry of FLAG.

Thus, for Example 3.1,
FLAG = (33,0,1)
and for Example 3.2,

FLAG = (33,0,2)

(2) Place the error flag in the second entry of
FLAG, the first entry of FLAG is set to '99'.
Go to step (h).

(d) Place NUMBER2 in STOREO.

Thus, for Example 3.1,
STOREO = (3,0)
and for Example 3.2,

STOREO = (1,1)
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(e) Close the stacks by adding.a pair of '99'
to the end of each stack.
(£f) Output variables and stacks.
(g) If the problem processed is an integration
problem and "problemno" is less then "multiple"
add 1 to "problemno" and go to step(b) of part 2
(integration). ' .
(h) Go to step(a) of part 1 for the next problem.
The complete list of variables and arrays produced by the
analyzer for Example 3.1 and Example 3.2 are given in Figures 3.1

and 3.2.

FLAG = (33,0,1)
ALPHACONST = (23,0,99,99)'-
STOREO = (3,0)
STOREL = (26,1,100,2,99,99)
STORE2 = (10,99,99)
STORE3 = (4 + 21(1)*z0,1 - z(4),20 - 2,20,99,99)
STORE4 = (99,99)
STORE6 = (0,1,0,0,99,99)
STORE7 = (3,3,4,4,4,99,99)
FUNCTION = ZO*Z (1) + Z(2)*Z(3)**2
JACK w 0
KEK - 0
TYPE = 0

Figure 3.1l. : Output produced by the analyzer

for Example 3.1.
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FLAG = (33,0,2)
ALPHACONST = (23,3,99,995
STOREO = (1,1)
stREl = (28,99,99,99,99)
STOREZ2 = (1,99,99)
STORE3 = (20,20,20,99,99)
STORE4 _ (27,10,99,99)
STORE6 = (2,99,99)
STORE7 - (99;99)
FUNCTION = 7 (1) *22*73*21 (1) *2Z (1)
JACK = 14
KEK = 0
TYPE = 0
Figure 3.2 : Output produced by the analyzer

for Example 3.2.

Before leaving this section we present two more examples and the

output produced by the analyzer for each of them.

Example 3.3

DIFF SIN(X) - COS(X**2-1)*SIN(X-1)

and

Example 3.4

INT 16/ (4*COS(X-1) - 5*SIN(X-1))
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Variables Example 3.3 Example 3.4
FLAG (33,0,1) (33,0,1)
ALPHACONST (23,99,99) (23,99,99)
STOREO (3,0) (2,1)
STOREL (1,2,1,99,99) (2,1,99,99)
STORE2 (99,99) (1,1,99,99)
STORE3 (z0,z0**2-1,20-1,99,99) (z0-1,20-1,99,99)
STORE4 (99,99) (99,99)
STORE6 | (0,0,0,99,99) (0,99,99)
STORE7 ' (373+3.,37929,;99) (4,-5,99,99)
FUNCTION Z(1) - z(2)*2(3) 16*1
JACK 0 1
KEK 0] 0
- TYPE 0 100
Figure 3.3 : Output produced by the analyzer for

Example 3.3 and Example 3.4.

It is worth noting that in Example 3.4 the "function" is a
special function. The relevant coefficients of the "function"
are stored in STORE7. The value of TYPE is 100 which is the

type number corresponding to the special function.
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3.3. The Processor-Differentiation.

In the processor step, all differentiatioﬁ problems are handled
by calling on a single ALTRAN procedure named SYMDIF. In designing
this procedure we have made use of the ALTRAN built-in differentiation
routine DIFF. This latter routine can be used fo compute the
derivative of any rational function in a simple variable.

Recall, from Section 3.2, that the "function" which is to be
differentiated is translated into an internal representation by the
analyzer. Elementary functions that appear in the "function" are
replaced by simple variables, 'Z(I)'s. Thus we can consider the
"function" to be a rational function, FCT, in the simple variables
z0, 2(1), 2(2),..., Z(N). 20 is the variable with respect to which
FCT is to be differentiated and Z(1l), Z2(2),..., Z(N) are in fact
functions of ZO.

The derivative of the function FCT is obtained using the

following rule:

N
. dFCT _  3FCT dFCT | dz(I)
Rale 13} azo -  dz0 IZlBZ(I) azo
9FCT . :
The term 370 can be obtained by making a call to the procedure

DIFF with the statement DIFF(FCT,Z0). Similiarly, for each I, the

ggig) can be obtained by making the call DIFF(FCT,Z(I)). Thus,

term

Rule (I) is equivalent to:

N
dFCT  _  prFF(FCT,20) + ) DIFF(FCT,Z(I))-

az (1)
dzo I=1

dzo
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Finally, giéI) is to be obtained by using the chain rule as follows:
dz (1) _ - '
Rule (II). 320 = ZZ(I) 370 (arg(z(1)))
dz (1)

where ZZ(I) denotes (Z(1I) is an elementary function),

d(arg(z(1)))

and arg(Z(I)) denotes the argument of the elementary function Z(I).

Substitute this equation into Rule (I) yields:

N
Rule (III). gg%z-= DIFF (FCT,Z0) + X DIFF (FCT,Z(I)) -
I=1
d
Z7Z(I) - a0 (arg(z(1))) .

The actual elementary function(s) which correspond to each
Z2Z(I) are not determined in the processor step. The appropriate
elementary function(s) are determined by the writer when the user
comprehensible form is pfoduced by matching subscripts between Z(I)'s
and ZZ(I)'s.

Recall that the argument of any elementary fﬁnction in the
"function”" is allowed to contain another function name, provided the
Conditions (a)-(e) and Condition (f) stated in the Section 2.1 and
Section 2.2 are all satisfied. Thus, Rules (I) and (II) may be used
repeatedly during the computations of the derivative of a particular
function. As an illustration of this last point, consider the |

following example:

DIFF 2*SIN(1-COS(X**2-1)).
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The value of FCT is equal to '2*Z(l)' where 'Z(l)' represents
SIN, the argument of SIN is represented by 'l-Z(2)'.

Thus, by applying Rule (I),

dFCT _ dFCT _ dz(1) - :
azo =0 + 3z (1) azo (N =1 1§ this case)
5 dz (1)
dzo

Applying Rule (II) on ggél) yields:
2z(1) -+ - (1-2(2))
dzo

Here, gza-(l—z(Z)) is to be computed using Rules (I) and (II)

and thus we obtain

d _ d 2
az0 (1-2(2)) = -2Z(2) EEB-(ZO . 1),
One final application of Rule (I) completes the computation

of the derivative and we obtain

dFCT

370 -227(1) *2Z(2) *2+20

]

-4+20+22(1) *22(2) .

With this brief overview of how differentiation is performed
we are ready to give a detailed description of SYMDIF. Before we

proceed to that material, we first introduce the set of variables
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used in that procedure.

M1l An integer array equal to STOREO

M4 An integer array equal to STORE6

M6 An integer array equal to STORE7

MB An algebraic array equal to STORE3

FCT An algebraic variable equal to FUNCTION
RESULT An algebraic variable used to contain the

derivative of FCT
We aga%n use Example 3.1 to show how the corresponding ALTRAN
comprehensible form produced by the analyzer is processed in the
differentiation routine SYMDIF.
Before the procedure SYMDIF is called, the variables and
arrays defined above acquire the following values (see Figure 3.1).

This is done through a read statement in the main procedure of the

processor.
M1 = (3,0)
M4 = (0,1,0,0,99,99)
M6 = (3,3,4,4,4,99,99)
MB = (4 + 21(L)*z0, 1 - Z(4),20 - 2,70,99,99)
FCT = Z20*Z (1) + Z2(2)*Z(3)**2

Several other variables and arrays, which are also read at this
time are used for passing vélues to the writer. They will be discussed
later in this section.

The algorithm employed in SYMDIF is given by the equation stated

in Rule (III). The computation process can be described as follows:
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L

X2,

13.

14.

155

l6.

17.

18.

19,

20.

21.

(a)

(b)

(c)

(d)

7
Set RESULT = DIFF(FCT,ZO0)
If M1(1) = O the derivative h;s been obtained and
so return. (M;(l) denotes the number of top level
function names in FCT).

Set SAVELl = O.

Set I = 1.
Set OSAVEl = DIFF(FCT,Z(I))*ZZ(I).
Set OSAVE2 = DIFF(MB(I),Z0) and SAVE3 = O.

If M4(I) = O the argument of Z(I), namely MB(I),
does not contain any function name, go to (g).

Set I1 = M4(I), K1 = M6(I).

Set J = 1.
Set OSAVE3 = DIFF(MB(I),Z2(Kl + J))*22(Xl + J).
Set OSAVE4 =

DIFF(MB(K1 + J), Z20) and SAVE 5 = 0.
If MA(K1 + J) = 0 the arqument of Z(KlL + J), MB(K1l+J),

does not contain any function name, go to (f).

Set I2 = M4(Kl + J), K2 = M6(KL + J).

Set K=1 A

Set OSAVES = DIFF(MB(K1 + J), Z(K2 + K))*2Z2Z(K2 + K)
Se;-OSAVE6 = DIFF(MB(K2 + K),Z0) and SAVE8 = 0.

If MA(K2 + K) = 0 the argument of Z(K2 + K), MB(K2 + K)

does not contain any function name, go to (e).

Set I3 = M4(K2 + K), K3 = M6(K2 + K).

Set L = 1.

Set OSAVE7 = DIFF(MB(K2 + K),Z(X3 + L))*ZZ(K3 + L).
Set OSAVE8 = DIFF(MB(K3 + L), Z0).
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23.

24,

25,

26.

27.

28.

29,

30.

31.

(e)

(£)

(9)

78.
SAVE8 = SAVE8 + OSAVE7*OSAVE8:
Add 1 to L. If L is not greater than I3,go to (d).
SAVES5 = SAVES5 + OSAVES* (OSAVE6 + SAVES).
Add 1 to K. If K is not greater than I2,go to (c).

SAVE3 = SAVE3 + OSAVE3* (OSAVE4 + SAVES)

Add 1 to J. If J is not greater than Il,go to (b).

SAVEl = SAVEl + OSAVEl* (OSAVE2 + SAVE3).
Add 1 to I. If I is not greater than M1(1l),go to (a).
RESULT = RESULT + SAVEL

Return.

In order to illustrate how the above algorithm works, we will follow

the processing of Example 3.1.

Lines

Consequences

RESULT = Z(1)

SAVEl = 0O

I=1

dSAVEl = Z0*ZZ (1)

OSAVE2 = Z1(1), SAVE3 = 0

Since M4 (1) = 0 go to line 28.

SAVEL

0 + Z20*2Z(1)*(z1(1) + O)

Z0*Z27Z(1)*21(1).

I = 2, since I is not greater than M1(1l) (=3) go to line 5.

OSAVEL

Z(3)**2%72Z(2).

Il

OSAVE2 0.
Since M4(2) # O continue on line 8.

TL = 1, KL = 3,
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9. J =1
10. OSAVE3 = -ZZ(4).
11. OSAVE4 = 1, SAVES5 = 0.
12 M4(4) = 0 go to line 26.
26. SAVE3 = 0 + (-1)*(1 + 0) = =1 .
27 J = 2. J is greater than I1l(=1).
28. SAVEL = Z0*ZZ (1) *Z21 (1)+2Z(3)**2*Z2Z(2)*

(0+(-1)) = ZO0*ZZ (1) *2Z1(1)-2Z(3)**2*Z2Z(2) *Z2Z (4)

29, I =3 go to 5.

5e OSAVEl = 2*Z(2)*Z(3)*2Z(3).

6. OSAVE2 = 1, SAVE3 = 0.

Ts M4(3) = 0 go to line 28.

28. SAVEl = Z0*ZZ(1)*21(1l) - Z(3)**2*ZZ(2)

+ 2*Z(2)*Z(3)*2Z2(3)*(1 + 0)

]

Z0*ZZ (1) *21 (1) -Z(3) **2*2Z (2) *2Z (4)

+2*%2(2) *7(3) *2Z(3) .

29. I =4. I is greater than M1(1).
30. RESULT = Z(1l) + zo*z1(1)*zz(15
+ 2*Z(2)*Z(3) *2Z(3)
- Z(3)**2*27(2)*zZ(4).
31 Return to the main procedure.

After the final value of RESULT is obtained, control is returned
to the main procedure of the processor. The set of variables and arrays

that are ready to be passed to the writer by the main procedure are:



STATUS

MO

ML

MA

MB

RESULT

M3

E & B B B B B
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integer array equal.to FLAG
integer array equal to ALPHACONST
before

integer array equal to STOREl
before

before

integer array equal to STORE2

Thus, for Example 3.1, the values of the variables and arrays

produced by the processor are as follows :

STATUS

MO

Ml

MA

MB

RESULT

M3

(33,0,1)

(23,0,99,99)

(3,0)

(26,1,100,2,99,99)

(z0*z1(1) + 4, -(z(4)-1), z0 - 2, 20, 99, 99)
Z(1) + 2*%Z(2)*Z(3)*22(3) - 2(3)**2*22Z(2)*2z2(4) +
Z0*Z1 (1) *2Z (1)

(10,99,99)

Figure 3.4. : Output produced by the processor for

Example 3.1.

Using the algorithm we have just described, the reader might compute

the derivative for Example 3.3 in exactly the same way. The corresponding

output produced by the processor is shown as follows.
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STATUS = (33,0,1)

MO = (23,99,99)

ML = (3,0)

MA =(1,2,1,99,99)

MB = (20, 20**2 - 1, Z20 - 1, 99,99)

RESULT =-(Z(2)*2Z(3) + 2*2(3)*20*2Z(2) - 2z(1))

M3 = (99,99)

Figure 3.5. : Oufput produced by the processor for Example 3.3.
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3.4 The Processor - Integration

In Section 2.3, we presented the 15 forms of functions which can
be integrated by SYMDIP. The integral of a given function matching any
of these forms, except for Form 15, is computed by using a set of
predetermined integration steps. As we indicated in Section 2.3, one
step in computing the integral of a function of Form 2Cwas to perform
an "integration by parts". A function matching Form 15 (i.e. a special
function), is integrated with the aid of an integration table which
provides the terms of the eventual integral. Only the coefficients
that are associated with these terms are computed in the'processor
step.

The description of the general integration procedure will be
presented in several parts. Before proceeding to that description,
the set of variables which are involved in the processor are introduced.
Variable names which are used in these definitions refer to variables
which were defined in Section 3.2.

MA An integer array equal to STOREl.

MB An algebraic array of arguments equal to STORE3.

MO An integer array equal to ALPHACONST.

Ml An integer array equal to STOREO.

M2 An integer array which is used for indirect representation

of the function names in the computed integralﬂ

If a function name in RESULT (see below for details) is
replaced by 'Z(I)', where I is an integer greater than

6, then the (I—6)th entry éf M2 will contain the integer
corresponding to that replaced function name. M2 is initialized

vto 0 for each problem.
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M4

M6

M7

M8

LK

EXP

JACK

SER
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An integer array equal to STORE2.
An integer array equal to STORE 6.
An algebraic array of arguments. Each entry of M5 contains
the argument of the function name which is indirectly

th
represented in the computed integral. Generally, the T

entry of M5 is the argument of the function to which the Ith
entry of M2 corresponds, i.e. the function represented by
7Z(I+6) in RESULT. Like M2, array M5 is also initialized to
0 for each problem.

An integer array equal to STORE7.

An integer variable equal to TYPE.

An integer array equal to STORE4.

An integer which denotes the next available location in M2
(and also in M5).

An algebraic expression which contains the constant obtained
by dividing the argument of the function EXP by the value of
SER (see below) .

An integer variable same as before.

An integer variable used to denoce transformation of the

integrand.

LAW = 2: The integrand has been transformed by Y EXP(f(x)).

LAW = 3: The integrand has been transformed by Y TAN(f(x)/Z).

LAW = 4: The integrand has been transformed by Y = SQRT (£(x)).
LAW = 0: No transformation of any of the above kinds is made.
An integer variable same as before.

An algebraic variable. The initial value of SER is set to

the first entry of MB, except in the following cases:
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Case (I). If JACK > 5 and JACK < 10, set SER = MB(2).

Case (II). If JACK > 10 and JACK < 14,.set SER = MB(3).
During the computations of an integral the value of SER will
be changed if there is a change of variable. For example,

if the function to be integrated is:

SIN(X) *COs(X) ,
the initial value of SER is 'Z0' (the variable is always
represented by 'Z20'). To integrate this function, SYMDIP

converts it into the following function :

1/2*SIN(Y) .
where Y='2*X' by using an obvious trigonometric identity.
The function will now be integrated with respect to Y, which
is also represented by 'Z0'. The value of SER, in this case,
is changed to '2*Z0'. As a second example, if the function

to be integrated is

SINH (SIN(X-3) ) *COS (X-3)

‘

SYMDIP will convert the function into

SINH(Y)
and integrate it with respect to Y=SIN(X-3). 1In this particular
case, the value of SER which is initially set to 'Z0-3' is
changed to 'Z0' (the new variable is also represented by
'Z0'). The integer which corresponds to the nested function
name, SIN, is stored in MSER, and the argument, 'z0-3', of
the nested function is stored in NSER.
FCT An algebraic variable which is equal to FUNCTION.
PARM An algebraic variable which is used as follows:
(I) If the function to be integrated is a special function

(Form 15) PARM will be set to the coefficient of the
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second term of the integral, if that term exists. 1In

this case, PARM will be used by the writer.

(IT) If the function to be integrated belongs to or is

converted to a function of Form 3, then PARM is set to

the coefficient of the last term of the integral, if

that term is to be obtained from an integration table.

In this case, PARM will also be used by the writer.

(III) Otherwise, PARM is used to contain the coefficient of

the next term of the integral.

RESULT An algebraic variable used to contain the integral. Function

names are represented in RESULT as follows:

Type 1.

Type 2.

Type 3.

Direct representation. A function name is directly
represented according to the following rules:

1. Z(1): Represents SIN if KEK=0 and SINH if KEK=1
2. Z(2): Represents COS if KEK=0 and COSH‘if KEK=1
3. Z(3): Represents EXP

4. Z(4) : Represents LN

5. Z(5) : Represents SQRT

6. Z3: Represents TAN

(the argument of each of these functions is found in SER)

Indirect representation. For each Z(I), I > 6, Z(I)

. : . th
represents the function name to which the (I-6) entry
of M2 corresponds. The argument of the function name

is M5(1-6).

Dummy representation. 2Z(6) is used to represent SER
in RESULT. The use of Z(6) in place of SER prevents

terms such as SER**7 from being expanded unnecessarily.
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Thus, if RESULT has the following value
2*7(3)*2(5)*2(6) with SER ; VT*20" ,
it will be translated by the writer into
'2*EXP (7*%Z0) *SQRT (7*20) *(7*20) ', and Z0 is a variable
whose form is determined by the value of MSER (see below).

OSER An algebraic variable used when DELAY=1 (see below). OSER is
the variable with respect to which the second part of the
FUNCTION is integrated. For example, if the function
SIN(X) *COS(4*X) is to be integrated, it will first be converted
into SIN(5 * X)/2+SIN(-=3 * X)/2 by using the rule
SIN(A+B) +SIN(A-B)=2SIN(A) *COS (B) . The second part of the
function, 1/2*SIN(-3*X), is then integrated with respect to
y="-3*X', Thus, OSER='-3*Z0'.

OEXP An algebraic variable used when DELAY=1 (see below). OEXP is °
set to the constant obtained by dividing the argument of the
function EXP by the value of OSER.

DELAY An integer variable which has the following meaning:
DELAY=1: The function to be integrated has been converted
into the sum of two parts by one of the following rules:
(I) sin(A+B)+sin(A-B)=2sin (A)cos (B)
(IT) sin(A+B)-sin(A-B)=2sin(B)cos(A)
(ITI) cos(A+B)+cos(A-B)=2cos(A)cos (B)
(IV) cos(A+B)-cos(A-B)=-2sin(A)sin(B)
Each of these 2 parts will be integrated separately. The
final integral of the function is then given as the sum
of these integrals.
DELAY=2: The value of DELAY is changed from 1 to 2 when both
parts of the sum mentioned above match Form 2B but with

different values of M.
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DELAY=0: No conversion.

OPARM An algebraic variable used when DELAY=1; OPARM is used exactly
as PARM except that it is applied to the’second part of FCT
produced by one of the transformations described in the
definition of DELAY.

MSER An integer which indicates nesting. If MSER is 0, the function

does not involve any nesting of functions. If MSER is not O,

MSER is the integer corresponding to the nested function name.

NSER An algebraic variable. If MSER is O NSER is dummy. Otherwise

NSER contains the argument of the nested function name to

which MSER corresponds.

STATUS An integer array equal to FLAG. The various possible values
of STATUS(l) are interpreted as follows:

STATUS(1)=33: The status of the computations is acceptable at
the current moment, or the integrail has been completed.

STATUS(1)=55: A form checking in FCT is successful and
subsequent steps may continue.

STATUS (1) >99: The value of STATUS(1l) indicates the next
procedure to be called.

STATUS(1)=99: An error is detected and the computations are
terminated. In this case, STATUS(2) contains the integer
which corresponds to the error.

In the program, STATUS is declared to have subscripts 0,1,2.

For purposes of exposition, we use subscripts of 1,2, and 3

in our description.

A,B,C The rational numbers in the algebraic expression A*X**24B*X+C.

I An integer variable. During a procedure call I contains the
integer corresponding to the function name which occurs in the

definition of Forms 2A, 2B, or 2C (see Section 2.3). For
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Forms 4 and 6 (DELAY=1), since the function is first converted
into the sum of two parts, I contains the integer corresponding
to the function name which appears in these parts.

N An integer variable which contains the power of Z(1l).

N1 An integer variable equal to N.

N2 An integer variable which contains the power of Z(2).

M The power of the variable with respect to which the function
is integrated. For example, in the function X*LN(X), M is
equal to 1.

OM An integer variab’e used when DELAY=1l. It is similar to M but
applied on the second term of the sum.

D1 An algebraic variable equal to Z (1) **N1

D2 An algebraic variable equal to Z(2)**N2

D3'An algebraic variable equal to FCT/(D1*D2).

Having defined the set of variables which are used for integration
in the main procedure of the processor, we can proceed with the
deséription of the integration portion of the processor. The integration
procedure can be logically divided into the folloWing component parts

which we list in their order of execution.

PART 1. 1Initialize variables.

PART 2. If the function to be integrated involves nesting
of functions or if it is a special function, check the
form of the function.
If the function involves nesting of functions, perform
the change of variable.

PART 3. If the function is a special function call the necessary

routines to compute coefficients of the integral. After
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the coefficients are obtained, the next part to be
executed is part 7.

PART 4. If the function is not a special éunction, unify the
representation of function names in FCT which have the
same argument.

PART 5. Determine the values of N, N1, N2, D1, D2, and D3.

If the. function has'Form 14 change the value of JACK to 14.
Compute the integral of the function by making necessary

subprocedure calls.

PART 6. If the integral has been computed by a transformation
of variables, substitute back into the original
variables (see LAW above). If present, replace
SORT (1) and SQRT(Q) in RESULT by 1 and O respectively.

PART 7. Output the integral and variables that are needed by

the writer and proceed to the next-problemn.

With this brief introducﬁion to the various parts of the integration
procedure in mind, we now proceed to a more detailed description. As
in the discussion of the analyzer in Section 3.2, specific points will
be illustrated by showing the values of variables associated with

Example 3.2 as it is being processed.

PART 1. Read STATUS,MO. If STATUS(Ll) = 999 terminate the processor

step. If STATUS(1l) = 99 write STATUS,MO and go to part 1.

Thus, we have for Example 3.2,

STATUS = (33,0,0)

MO = (23,0,99,99)

M1 = (1,1)

MA = (28,99,99,99,99)



M3

M8

M4

M6

FCT

JACK

M7

Set PARM = 1

90.
(1,99,99)
(z0,20,20,99,99)
(27,10,99,99)
(2,99,99)
(99,99)
Z(1)*22*%23*21 (1) *Z2Z (1)
14
0

0

Set SER according to the description given previously.

Initialize other variables.

Thus, for Example 3.2,

SER = 'Z0'

M2 =

M5 =

LK =

LAW =

MSER

NSER

DELAY =

0

(0]

0

RESULT = O

PART 2. If M7 < 1 and M4(l) = 0 go to part 3. Otherwise do the

following:
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of
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all the entries except the last two of MB (array

arguments) are not equal set an error flag and

terminate the problem (so, go back to part 1 again).

Divide FCT by the derivative of SER with respect to

'z0'. If FCT still contains 'Z0' set an error flag.

Thus, for Example 3.2,

FCT = Z(1)*22*Z3*21 (1) *Z22(1)

(FCT remains unchanged for this particular case).

(a) If M4(1)

Set OM

(1)

(2)

0 go to part 3. Otherwise do:

M4 (1) -KEK * 2

Thus, for Example 3.2,

oM = 2

If OM is equal to 5 (the nested function is TAN
or TANH) or OM equal to 6 (the nested function
is COT or COTH) set FCT = FCT/Z2**2 (in the case
of TAN, the derivative of TAN(X) is SEC(X)**2,
and SEC(X) is represented by 'Z2' in FCT. The
other 3 cases are similar).

Otherwise if OM is equal to 3 (the nested function
is CSC or CSCH) or OM equal to 4 (the nested
function is SEC or SECH) set FCT = FCT/(Z2*Z3)
(in the case of CSC, the derivative of CSC(X)

is -CSC(X) *COT(X), and the functions CSC(X) and
COT(X) are represented by 'Z3' and 'Z2‘',
respectively, in FCT. The other 3 cases are
similar, except the sign of the derivative,

which is treated later ).
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(3) Otherwise, if OM is equal ?o 26 (the nested
function is EXP) set FCT = FCT/Z3 (note that the
derivative of EXP(X) is EXP(X), and it is
represented by 'z23').

(4) Otherwise if OM is equal to 27 (the nested
function is LN) set FCT = FCT*MB(l) (note that
the derivative of LN(X) is 1/X).

(5) Otherwise, if OM is less than 3 (the nested
function is SIN, SINH, COS or COSH) Set
FCT = FCT/Z2 (in the case of SIN, the derivative
of SIN(X) is COS(X), which is represented by
'Z2'. The other 3 cases are similar, except

possibly the sign of the derivative).

Thus, for Example 3.2,

FCT = Z(1)*2Z3*21(1)*zZ(1)

Now, if FCT contains any more 'Z2' set an error flag.
If OM is equal to 2 (see (5)), or 3 (see (2)) or
6 (see (1)) adjust the sign of FCT where appropriate.

Replace 'Z3' by 'Z0' throughout FCT and set:

MSER = M4 (1)
NSER = SER
SER = Z0

By now, the necessary procedure to change the variable

of integration is complete.

Thus, for Example 3.2 ,

FCT

-20*Z(1)*21(1)*2z(1)

SER Z0



PART 3.

PART 4.

93

MSER 2

I

NSER = Z0

So, FCT is now expressed in terms of the new

variable, Y = COS(X), which is also represented

by 'Z0'. ©Note that the argument of Z(1l) (i.e. the

function SQRT) is now equal to Y, since SER = 'Z0'.
If M7 < 1 go to part 4 otherwise the function to be
integrated is a special function. Call procedure SPEFCT
which determines one of the four procedures that could
handle the particular function. These four procedures are:
SPEC1, SPEC2, SPEC3, and SPEC4. For details refer to
the documentations of these procedures, as well as, that
of the proceaure SPEFCT. After part 3 is done, go to
part 7.
If JACK # 1,2,10,14 go to part 5. If the function
contains identical function names which have the same
arguments, this part replaces all these function names
(Z(I)'s) by a suitable Z(I). Note that identical
function names are represented by Z(I)'s in FCT with
consecutive values of I. For example, if the function
is given as

10+SIN(X+3) *EXP (2*X+6) *SIN (X+3)
then FCT is equal to

10*Z (1) *Z(3)*Zz(2).
Since Z(1l) and Z(2) represent identical function names
having the same arguments, they are all replaced by Z(1).
In this particular case, Z(3) is adjusted to Z(2), and

FCT becomes



PART 5.

(a)

10*7 (1) **2%%(3) 9.
Once such a change is made, the relevant entries of MB
and M3 are also adjusted. For the above case, the value
of MB is adjusted from (z0+3,20+3,2*Z0+6,99,99) to
(z0+3,2*%20+6,2*7204+6,99,99) (the third entry now becomes
dummy) . Likewise the value of M3 is adjusted from
(2,1,99,99) to (1,1,99,99).
This is the main part of the integration procedure
for functions which are not special functions.
Get the degree of Z(l) in FCT and place it in NI1.

Get the degree of Z(2) in FCT and place it in N2.

Set N = Nl.
Set D1 = Z(1) ** Nl.
Set D2 = Z(2) ** N2.

Set D3

FCT / (D1 * D2).

Thus for Example 3.2,

Nl =1

N2 =0

N=1

D1 = Z(1)

D2 =1

D3 = Z0 * Z1(l) * zZ(1)

(b) If JACK # 1 go to (c) otherwise

If the trigonometric or hyperbolic functions appear
in factors containing a single term,go to (c).

Otherwise set JACK equal to 15 (Form 14).

(c) Call subprocedure according to the value of JACK. For
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(e)
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Example 3.2, the procedure named SQRTO is called.
Procedure SQRTO is a general routine which identifies
various forms of functions involving only SQRT. (See
the documentation for details). For Example 3.2, the

function is transformed by U = SQRT(Y).

Thus,

FCT = -2*20**4*Z1 (1) *2z(1)

(Recall that Y = COS(X)).

Set LAW = 4 and STATUS(l) = 104. Since the value of
STATUS (1) is 104, the next procedure to be called is
RATFCT which integrates all functions of a simple variable.
Note that FCT is to be integrated with respect to the new
variable U (also represented by 'Z0'j.

If STATUS(1l) is less than 100 go to (e). Call subroutine
according to the value of STATUS(lL). For our particular
example, procedure RATFCT is called. This procedure in
turn calls the ALTRAN built-in integration routine, namely
PINT. Generally, if the integral can not be completed,
the procedure RATFCT needs to call another procedure,

RATFUN, to integrate the remaining part of the function.

Thus, for Example 3.2,

RESULT = =-2*Z0**5*Z71 (1)*2z(1)/5

Since the integral is completed by procedure RATFCT the
value of STATUS (1) is set to 33, which indicates the
integration has been finished.

If STATUS(1l) = 55 FCT has an acceptable form.
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Set STATUS(1l) = 33 and call subroutine according
to the value of JACK.

PART 6. If LAW is not equal to O change the variable in
RESULT back into.the original variable, according to
the following:

LAW=2 : Replace 'Z0' in FCT by 'Z(3)' (i.e. EXP).
LAW=3 : Replace 'Z0' in FCT by 'Z3' (i.e. TAN).

LAW=4 : Replace 'Z0' in FCT by 'Z(5)' (i.e. SQRT).

Thus, for Example 3.2,

RESULT = -2*Z(5) **5*71 (1) *22(1) /5

Note that the argument of any function name which is
directly rep?esented (z2(3),2(5),23, etc.) in RESULT is

SER (see SER and RESULT). So the argument of Z(5), in

our example, is equal to 'Z0' (since SER = 'Z0'), and which
is-in fact C0OS(Z0), as indicated by the values of MSER

and NSER.

Replace SQRT(1) and SQRT(0) in RESULT by 1 and O
respectively.

PART 7. Output variables and arrays and go to part 1.

Thus, for Example 3.2,

STATUS = (33,55,99) (55 is a dummy integer)
MO = (23,0,99,99)

M1 = (1,1)

M2 =0

M5 =0



RESULT = -2*Z(5)**5*Z1(1)*2Z(1) /5
MSER = 2

PARM =1

M6 = (99,99)

KEK =0

M7 =0

SER = Z0

NSER = Z0

M8 = (27,10,99,99)

Figure 3.6+ : Output produced by the processor for Example 3.2.

Similarly, for Example 3.4, the set of variables and arrays

which are printed at the end of the processor step are as follows:

STATUS = (33,18,1)
MO = (23,99,99)
M1 = (2,1)

M2 =0

M5 =0

RESULT = 16

MSER = 0
PARM =1

M6 = (4,-5,41,99)
KEK = 0

M7 =12

SER = Z0-1

NSER =0

M8 = (99,99)

Figure 3.7 . : Output produced by the processor for Example 3.4.
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3.5 The Writer
The last job step in the execution of SYMDIP is the writer. As
its name implies, the main function of the writer is to translate results
produced by the processor into user'comprehensible form and print
them. It also prints appropriate error messages if a problem could
not be solved.

As in our discussion of the analyzer, the functions of the writer

can be divided into several logical parts. These are:

PART 1. Read the problem and print it with some necessary
statements associated with the problem.

PART 2. (Integration only) Determine whether it is a subproblem.

PART 3. Determine if the problem has been successfully solved;
if it was not, find the appropriate error message and
print it.

PART 4. Translate the computed result by replacing terms representing
function names in the result by their actual function
names. In view of the differences between the handling
of differentiation and integration in SYMDIP we will
discuss part 4 in two parts.

PART 5. Complete the translation by replacing terms representing
the variable and all the alphabetic constants in RESULT

by the actual letters or expressions they represent.

In our detailed description of these parts we will continue to
use Examples 3.1 and 3.2 which were first introduced in Section 3.2.
The results for these problems as computed by the processor are given
in Figure 3.4 and Figure 3.5. The following discussion will show how

these internal results are translated by the final job step of the
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package. Before we proceed to that description, we first explain what

we mean by "concatenation".

Definition 3.2.

Concatenation is an operation for combining two
or more strings to form a new string. It is
indicated by specifying two or more string-valued
operands separated from each other by at least
one blank. (In SNOBOL4 both numeric and non-
numeric quantities can be used as strings).

Thus, the statement

COMBINE = 'CEN' 'TURY' '30’
yields
COMBINE = 'CENTURY 30'.

We also introduce the meaning of some variables, as follows:

MO

TERM

STATUS

RESULT

PROBLEM

TERMNO

COUNT

Same as described in Section‘3.3 and 3.4.

A character string which contains a term of FUNCTION.
Same as described in Section 3.3 and 3.4.

A character string equal to RESULT described in
Section 3.3 and 3.4.

The original problem stated by the user, except
that the 'WITH.RESPECT TO "variable" 'part has
been removed (by the analyzer).

If the original function has been separated into
several terms, TERMNO is used to indicate the
current term which is processed.

An integer variable which is initialized to 0

at the start of the SNOBOL4 program.



FUNCTION

LETTERS

ERROR

TEXT1

TEXT2

TEXT3

TEXT5

TECH

M(1)

M(2)

M(3)

M(4)

M(5)

M2

M3

100.

A character string equal to FCT(see Section 3.3).

The character string 'ABC...Z',
The array of error messages.

The array of elementary functions.

An array used for substitution of Z(I) by a function
name which is directly represented.

The integration table containing the terms
associated with the integrals of special functions.
An array used for substitution of Z(I) by a

function name which is indirectly represented.

The array of derivatives of elementary functions.

An array consisting of 12 elements. In the SNOBOL4
languaée, the elements of M are denoted by M<1>
M<2>, M<3>, etc. For purposes of exposition, we shall
denote them by M(1), M(2), M(3) in the main body of
the thesis.

A character string equal to Ml.

A character string for differentiation, M(2) is
equal to MA. For integration M(2) is equal to M2.

A character string. For differentiation, M(3) is
equal to MB. For integration M(3) is equal to M5.

A character string equal to RESULT.

For differentiation, M(5) is a character string
equal to M3. For integration, M(5) is a character
string equal to MSER.

An integer array which contains all the entries

of M(2).

An algebraic array which contains all the entries

of M(3).
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PART 1. Read STATUS, MO. If reading fails, a system error
has occugred, set an error flag aﬁd go to step (qg)
of part 5. If STATUS(1l) = 999, ali the problems and

their solutions are printed, go to step (h) of part 5.

Thus, for Example 3.1,
STATUS = (33,0,1)
MO = (23,0,99,99)

and for Example 3.2,
STATUS = (33,0,2)
MO = (23,3,99,99)

(a) Read PROBLEM from the "input file" and add 1 to COUNT.
Print the character string 'PROBLEM' followed by COUNT.
Obtain the "variable" of differentiation and integration
from the character string 'ABC...Z' using the first entry
of MO.

(b) Print PROBLEM.

(c) Print the string (formed by concatenation) 'WITH‘RESPECT
TO' "variable".

Thus, at the end of part 1, the lines printed for Example 3.1 are:

PROBLEM 1
DIFFERENTIATE EXP (4+A*X)+SIN(1-COS(X))*10** (X-2)**2

WITH RESPECT TO X
and the lines printed for Example 3.2 are:

PROBLEM 2
INTEGRATE SQRT (COS (X)) *SIN(X) *COS (X)*D*LN(10)-SIN(X)

WITH RESPECT TO X
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PART 2. Is the problem a subproblem , i.e. is STATUS(3) # 1 ?
If no, go to step (g) of part 2. If yes, is this the
first subproblem , i.e. is STATUS(3) > 1 ? If no go to
step (c) of part 2. Let XX denote the value of STATUS(3).
XX now contains the integer which is equal to the number
of terms in the user's original function.
Set TERMNO = 1.
(a) Print 'THE FUNCTION YOU HAVE PROVIDED HAS BEEN SEPARATED
INTO' XX 'TERMS' .
(b) Print 'WHICH HAVE BEEN INTEGRATED SEPARATELY'.
(c) Read TERM.
(d) Print 'TERM' TERMNO.

(e) PRINT TERM. Add 1 to TERMNO.

(f) Set MESSAGE 'THE INTEGRAL IS :' and go to-part3.

(g) Set MESSAGE = 'THE RESULT IS :'.

Thus at the end of part 2, no new lines are printed for
Exampie 3.1 but the value of MESSAGE is
'THE RESULT IS :' .

For Example 3.2 the lines printed up to this part are :
PROBLEM 2
INTEGRATE'SQRT(COS(X))*SIN(X)*COS(X)*D*LN(lO)-SIN(X)
WITH RESPECT TO X
THE FUNCTION YOU HAVE PROVIDED HAS BEEN SEPARATED INTO,
2 TERMS WHICH HAVE BEEN INTEGRATED SEPARATELY

and the value of MESSAGE is

'THE INTEGRAL IS :' .
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(a)

(b)

(c)

(d)

(e)

(£)

(9)

PART 4.

103.

Is the problem successfully solved, that is, STATUS(1l) = 332
If yes, read Ml and go to part 4. If no, get the error
number which is contained in STATUS(2). If this number
is greater than 16, it is a run-time error so go to (d).
Otherwise, it is an input error do:
Print '*** INPUT ERROR *** ATTEMPT

AT PROBLEM SOLUTION CANCELLED **%* ',
Print '***' error message '***!
where error message is obtained from the array of messages,
ERROR, using the error number as an index into ERROR.
go to part 1.
print '*** RUN-TIME ERROR *** INTEGRATION ON

THE FUNéTION TERMINATED .*#**!
Print '*** THE FUNCTION IS BEYOND THE PACKAGE

CAPABILITIES ***!
Print '***' error message '***' |, where error message is
obtained as in step (b).
go to part 1.
(Differentiation) Do this part when the second entry of
Ml is O.
Read M(2),M(3),M(4) ,M(5).

If reading fails, go to step (g) of part 5.

Thus, for Example 3.1,

M(2) = '(26,1,100,2,99,99)"
M(3) = '(4+20*2Z1(1),1-Z(4),20-2,20,99,99)"
M(4) = 'Z2(1)+z20*21 (1) *2Z2 (1) +2*Z(2)*Z(3) *

22 (3)=-Z(3) ***2*77(2) *2Z(4) "'
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M(5) = '(10,99,99)"

Assign RESULT

Thus,

= M(4) and SAVE = M(5).

RESULT = 'Z(1l)+20*Z1 (1) *2Z(1)+2*Z(2)*Z(3)*

ZZ(3)-Z(3)**2*Z2Z(2) *2Zz(4)'.

(a) Scan M(2) from left to right. For each complete string

of integer encountered place it in the current available

entry of the array M2.

Process M(3) as above , but all individual strings are

placed in array M3.

Thus, for Example 3.1,

M2 (1)
M2 (1)
M2 (3)
M2 (4)
and
M3 (1)
M3(2)
M3 (3)

M3 (4)

(all other

Set LK = 1.

(b) If M2(LK) =

0

l26l

'4+7Z0%Z1 (1)
'1-z2(4)"'
'70-2"

120"

entries of M2 and M3 remain 0 as initialized).

go to step (c).

Otherwise do the following:

(1) If M2(LK) = 100

Remove the left most entry of M5 and assign it to

Co.
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Replace 'ZZ(LK)' in RESULT by the string (formed

by concatenation) CO '** (' M3(LK) ')*LN(' CO ')'

(2) If M2(LK) # 100
Repiace~'ZZ(LK)' in RESULT by the function name
obtained by using the value of M2 (LK) as an index
into the array TECH. Replace '#' by '(' M3(LK) ')'
In RESULT ('#' is used as an intermediate text
throughout TECH) .

Add 1 to LK. If LK is less than 13 go to step (b).

Thus, for Example 3.1,
RESULT = 'Z(1)+20*Z1 (1) *EXP (4+Z0*21 (1)) +
2*7(2)*Z (3) *10** (Z0-2) *LN (10) -

Z(3)**2*COS(1-Z(4))*(-SIN(Z0))"'

(c) Set LK = 1.
(d) If M2(LK) = O go to step (e).
Otherwise do the following:

(1) If M2(LK) = 100

Remove the left most entry of SAVE and assign it to CO.
Replace 'Z(LK)' in RESULT by the string
CO '#**(' M3(LK) ')°'.

(2) If M2(LK) # 100

Replace 'Z(LK)' in RESULT by TEXTL(M2(LK)) ' (' M3(LK) '")'

Add 1 to LK. If LK is less than 13 go to step (d4).

Thus, for Example 3.1,
RESULT = '"EXP(4+20*21(1))+20*2Z1 (1) *EXP

(4+Z20*Z1 (1)) +2*SIN(1-COS(20)) *
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10** (20-2) *10** (Z20-2) *LN(10) -

10** (20-2) *COS (1-C0OS(z0) ) *(-SIN(Z0))"'

(e) go to step (b) of part 5.

Before we discuss the integration portion of part 4, we introduce

several new variables which will be used.

The variables used in the

definitions refer to variables introduced in Section 3.4.

M(6) A character string

M(7) A character string

M(8) A character string

M(9) A character string

M(10) A character string

M(11) A character string

M(12) A character string

PART 4. (Integration)

Read

of part 5.

M2),...,

equal to PARM

equal
equal
equal
equal
equal

equal

Do this part

m(12)

to

to

to

to

to

to

wh

M6
KEG
M7
SER .
NSER

M8

en thle second entry of ML is 1.

If reading fails go to step (g)

Thus, for Example 3.2, we have:

M(2)
M(3)
M(4)
M(5)
M(6)
M(7)
M (8)

M (9)

0

0

-2*Z7(5) **5%71 (1) *2z(1) /5

2

1
(99,99)

0

0
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M(10) = z0
M(11) = 20
M(12) = (27,10,99,99)

Assign RESULT = M(4)

Thus,

RESULT = -2*Z(5)**5*%Z1(1)*zZ(1)/5 .
Process M(2) and M(3) as in step (a) of part 4 (Differentiation).

Thus, for Example 3.2,
M2 =0

M3 0

(a) If M(9) is less than 1 go to (b).
Otherwise do the following:
(1) If M(9) < 3000 (i.e. FUNCTION is a special function)
Get the coefficients of the eventual integral from
M(7). Attach the coefficients to the corresponding
"terms" of the eventual integral of FUNCTION _(“termS"
are taken from the array TEXT3 using M(9) as a key)
Go to part 5 .
(2) If M(9) > 2999
Get the last term, LTERM, of the integral from
TEXT3 (the coefficient of this term is PARM).
Attach to Ré;ULT this last term along with its
coefficient PARM. So, we set
- RESULT = RESULT '+' M(6) '*' LTERM
(b) If M(95 > 0 and M(9) < 3000, the integral of the function

has been obtained,go to part 5. Otherwise do the following:
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(1) set SAVE = 1
(2) If the left most entry of M(12) is '99' go to (3).
Otherwise
Remove the left two entries of M(12) and place
them in CO and Cl respectively.
Replace 'ZZ(SAVE)' by the string
TEXT1 (CO) '(' c1 ')
(note that Cl is the integer argument of the function
name contained in TEXT1 (CO))
Add 1 to SAVE and go to step (2)
Thus, for Example 3.2,
RESULT = - 2*Z(5)**5%Z1 (1) *LN(10) /5
(3) Replace '2Z2' by 'LN(10)' throughout RESULT.
Replace 'Z(6)' by the string
(' M(10) ")
throughout RESULT.
(4) If there is a 'Z(N)' in RESULT (N is a positive integer)
o do the following:
’(I) If N < 6 do :
If N < 3 and M(8) = 1 set COND = 'H'
otherwise se£ COND = '' (empty string).
Replace 'Z(N)' by the string
TEXT2 (N) COND ' (' M(10) '")'
throughout RESULT.

Go to step (4).



(II) Otherwise 109.
Set N =N - 6.
Replace 'Z(N)' by the string

TEXT1(M2(N)) ' (' M3(N) ')
throughout RESULT.
Go to step (4).

Thus, for Example 3.2,

RESULT = -2*SQRT (Z0) **5*Z1 (1) *LN(10) /5

Part 5. Replace 'Z3' by the string 'TAN(' M(10) ')' throughout RESULT.
(a) If M(5) = 0 go to (b),otherwise
(1) Replace 'Z0' by '?' throughout M(1ll).
(2) Get the function name to which the inteéer M(5)
corresponds from the string TEXT5 by using M(5)
as a key. Replace all 'Z0' in RESULT by M(il).
(3) Replace all '?' in RESULT by 'Z0'.
Thus, for Example 3.2,
RESULT = -2*SQRT (COS(Z0)) **5%Zz1 (1) *LN(10) /5
(b) Let IN be the first entry of MO. Get the character which
is represented by 'Z0' from the striné LETTERS by using
IN as a key. Call this character CHAR. Replace 'Z0' by
CHAR throughout RESULT. .
Thus, for Example 3.1,
RESULT = 'EXP(4+X*Z1(1))+X*Z1 (1) *EXP (44+X*Z1 (1)
+2*SIN(1-COS (X)) *10** (X-2) *
lO**(X—Z)*LN(lO)—lO**(X—2)**2

*COS (1-COS (X)) * (-SIN(X))"



(c)

(d)

(e)

(£)

(9)
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and for Example 3.2,

RESULT = '=2*SQRT (COS (X) **5*Z1 (1) *LN (10) /5 '
If there is a'2l(N)'in RESULT, where N is an integer do:
Get the character which is represented by 'Z1(N)' from
the string LETTERS by using the (N+1)th entry of MO as
a key. Call this character CHAR. Replace all 'Z1(N)'
by CHAR. Go to (c).
If it is an integration problem, set RESULT = RESULT '+ CONSTANT'.
Thus, for Example 3.1,
RESULT = 'EXP (4+X*A)+X*A*EXP (4+X*A)
+2*SIN (1-COS (X)) *10** (X-2) *
10** (X~-2) *LN (10) -10** (X-2) **2

*COS (1-COS (X)) * (-SIN(X)) "'

and for Example 3.2,

RESULT ='-2*SQRT (COS (Z0) ) **5*D*LN (10) /5 + CONSTANT'

Print MESSAGE and RESULT.
Go to part 1.
? system error has occurred do:
(1) Print '***THE RUN WAS ABNORMALLY TERMINATED***!',
(2) Print '***THE SYSTEM ERROR OCCURRED WHEN THE ABOVE
PROBLEM OR THE ONE AFTER IT WAS BEING COMPUTED***',
(3) Read error number from ERROR (ALTRAN error message file).
(4) Print '*%%' error message '¥*%',
(Where error message is obtained from the array
ERROR using the error number as a key.)

(5) Go to part 1.
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(h) Print '*****%ALI, PROBLEMS ATTEMPTED***#*%!'

3.6 Interfaces Between Job Steps

As we indicated in Chapter 2, our package is composed of 3
distinct job steps. These job steps always execute in sequential
order. The first job step is the analyzer, the second job step is
the processor, and the final job step is the writer. Each of these
job steps executes independently of the others. It follows that
the values of variables in a particular job step are completely
unknown to the subsequent job stebs. Communication between any two
job steps can be established, however, by using temporary files
(data sets). Once a data set is created by a job step, it can be
used by any subsequent job step. When all steps of a job have been
completed, the data sets are.automatically deleted from the storage
device. In SYMDIP we have made use of several data sets, for trans-
mission of information between different job steps of our package.
These include a data set which contains the problems provided by
the user, a data set which contains the ALTRAN‘comprehensible form
for each of these problems, a data set which contains the results
computed by the ALTRAN processor, and finally, a data set which
contains the ALTRAN system error messages (if any). Thus, there are
four temporary data sets used for transferring of data during the
execution of the package. A general description of each of these

data sets is given in Figure 3.8.
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Data Set

Name Creator Contents Users

INPUT Analyzer User's Problems Writer

CODE Analyzer ALTRAN Processor
Comprehensible
Forms

RESULT Processor Derivatives or Writerxr
Integrals

LFRROR Processor Error Messages Writer

Figure 3.8: Temporary data sets used by SYMDIP

The data set INPUT is used to contain the set of original

problems provided by the user.

When a problem is processed by the

analyzer, it is first written as a single line record on this data

set (see Section 3.2).

INPUT is used by the writer when it prints

the individual problems and their solutions (See Section 3.5, step (a)

of part 1 ).

The data set CODE contains the ALTRAN comprehensible forms trans-—

lated from the user problems by the analyzer.

Once a problem has been

translated, the analyzer writes the set of variables and arrays it

produces on this data set (see Section 3.2, step(f)of part 3). The

actual formats of the records on CODE can be seen in Figures 3.1, 3.2

and 3.3.

exactly the same as shown in those figures.

and arrays is printed in an individual record of the data set.

The order of the variables and arrays on this.data set is

Each of these variables

The

processor reads the ALTRAN comprehensible form of a problem from

CODE and manipulates it to produce the solution of that problem.

The data set RESULT, as its name implies, contains the computed

results of the problems attempted by the processor.

The records printed

on this data set are shown on Figure 3.4 - Figure 3.7 in Sections 3.3

and 3.4. RESULT is used by the writer which translates the results
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into user comprehensible form.

The data set ERROR contains any system error messages generated
by the ALTRAN system during the processor step. If an ALTRAN system
error has occurred (see part 1, Section 3.5), the writer will read
ERROR. The error number written on this data set is searched (see
step (g) of part 5 of Section 3.5). This number will be converted
into a user comprehensible error message which is then printed along
with other error message statements.

The JCL for creating these files is given as part of Appendix J.
In the normal operation of the program by a calculus student, the
simplified JCL of Appendix I would be used. As can be seen by com-
paring Appendix I and J, the student would not need to be aware of
any of this file detail or the various job steps which were being

executed.
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4.1. Introduction.

In Chapter 1, we noted that the ALTRAN system requires a
relatively large amount of storage for execution of even a trivial
program. Since the major portion of our package was written in the
ALTRAN language, this chapter discusses how the main storage
management facility of the 6perating system can be used to reduce
the storage requirements during execution of a computer program.

In this section we explain why it is desirable to reduce the main
memory requirements of our package. We also give an overview of two
memory management techniques, overlay and virtual storage, which are
used to reduce main memory requi?ements. In Section 2, we describe
the multi-region overlay concept available in the VS-1 operating
system. Some examples are given to demonstrate specific points. In
Section 3, we discuss the implementation of overlays within our package.
Finally, in the last section we compare the various overlay structures
we have designed to be used with the package. The set of elementary
differentiation and integration problems that have been chosen for use
in this comparison is listed in Appendix G.

It was obvious from the very beginning of this project that the
usefulness of the final package would depend in part on how long the user
was required to wait for his results. Tests of the completed package
indicate that it can solve a typical first year calculus problem in less
than 1 minute of CPU time. Because of various system overheads it is more
efficient to solve several problems in one run and when this is done the

average solution time is usually reduced to about 20 seconds per problen.
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Clearly the required CPU time is sufficiently small to provide problem
solution in a reasonable period of time.

Unfortunately, CPU time requirements represent only one factor
in determining how long it will take for the user to obtain his results.
The second factor is program size. In the case of SYMDIP, this is
determined by the processor (ALTRAN) step which requires 354K bytes.
Thus, SYMDIP must be run in a class-C partition on the current University
of Victoria computer system. Figure 4.1 gives turn—arouﬁd statistics
collected by the University of Victoria Computer Center' for class-C

jobs for several months during the 1975-76 term.

Turn- Number of jobs completing processing in less

around than specified turn-around time.

time (min,) ,

OCT 1975 FEB 1976 MARCH 1976

0 - 30 106 180 252

30 - 60 10 . 33 35

60 - 90 1 6 7

90 - 120 0 2 1
120- 150 1 1 0
150- 180 0 1 0

> 180 0 1 1

Total 118 224 296
Average

turn- 5 9 10
around

Figure 4.1.: Turn-around statistics for class-C jobs
of less than 5 min. CPU time.
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The turn-around times given in Figure 4.1 represent the actual
elapsed time that a program was active in the computer. Assuming that
the physical handling of the input deck and printed output did not
take longer than 30 minutes,a casual look at Figure 4.1 suggests that
quite reasonable turn-around for SYMDIP could be expected. Taking a
more careful look at the data in Figure 4.1, however, we note the
following. The total number of class-C jobs which have been run is
relatively small as compared with the average total of 7,000 OS jobs
which are run by the computer center each month. A small change in
the number of class-C jobs which were run (relative to the total number
of 0S jobs run) has had a significant impact on the turn-around times

for class-C.

Given these facts, it ié reasonable to ask what if SYMDIP were to
be used by even a small group of calculus students? It is likely that
the total number of class-C jobs would at least double the March figure
of Figure 4.1. It is also very likely that the average turn-around would
increase to at least 20 minutes and more likely the figure would be 30
to 60 minutes. This would occur because there is currently only one
class—-C partition available on the University of Victéria computer system.
Because of the limited amount of main memory available it is unlikely
that a second class-C partition could be created. Thus, we must look for
some other way to obtain reasonable turn-around for SYMDIP if it is to
be used.

Figure 4.2 shows turn-around statistics for class-B programs for the

same time periods as Figure 4.1. A class-B program is one which occupies



118.

no more than 256K bytes of main memory. It is clear from Figure 4.2
that significant changes in the numbers of class~B programs has little
effect on turn-around time. This happens because there are usually

several class-B partitions active in the computer at the same time.

Turn- Number of jobs completing processing in
around less than specified turn-around time.
time
(min.) OCT 1975 FEB 1976 MARCH 1976
0 - 30 1357 1449 2417
30 - 60 110 161 198
60 - 90 32 48 54
90 -120 6 15 17
120-150 10 3 10
150-180 2 1 1
> 180 13 11 11
Total 1530 1688 . 2708
Average
turn- 8 6 6
around

Figure 4.2. : Turn-around statistics for class-B
jobs of less than 5 min. CPU time.

It would appear that adding 300 more class-B jobs would not change
the turn-around statistics significantly. Thus, if some way could be
found to run SYMDIP in a class-B partition, it would appear to be worth
trying to implement the package in that way.

Two methods have been devised for reducing the main memory needs’
of a computer. The first of these was the overlay technique which allowed
the programmer to incorporate storage allocation procedures into his

program. Before the availability of this technique,programs larger than the
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maximun allowable size could not be executed. The overlay facility allowed
a programmer to run his oversized computer program by breaking it up into
several independent parts which shared the main memory during execution.
This was done by having part of the program(one segment) stored on an
auxiliary memory device while the other part was in main memory. We note
one major feature associated with the use of an overlay structure, namely
that the programmer decides(has complete control over) which parts of his
program are loaded into main memory,when they are l§aded, and where they
are placed.

In the past decade, both the processing speeds and memory capacity
of the largest computer systems have increased significantly. Consequently,
the problem today is no longer one of finding space for most programs
but instead it has become oné of having enough active programs in the
computer at one time to keep the machine busy. One approach to solving
this problem is the virtual storage operating system.

In a virtual storage operating system, the storage space is divided
into fixed size blocks, called pages. Programs are loaded by the operating
system onto pages in the virtual storage. The size of the virtual storage
is physically limited by the ;mount of auxiliary memory available and by
the performance characteristics of the computer's I/0 hardware.

When a program becomes active, only those pages that are needed
are loaded into the main memory. The remaining pages continue to be stored
on auxiliary storage. During the execution of the program, pages from
auxiliary storage are loaded into the main storage when they are referenced.
At the same time, pages in main storage will be released and their locations
will then be allocated to the required pages. When this occurs, "overlay

of pages" is said to have occurred. Pages that are released from main
pag



120.

storage are returned to the virtual storage, if necessary.

There are several advantages to a virtual storage system. Because
overlay of pages is done by the operating system, programmers are able
to execute a program which is larger than the main storage size of their
system without any additional effort on their part. That is, the operating
system decides what should be loaded, when it should be loaded and
where it should be loaded. Since pages are loaded into main storage only
as required, storage space is used more efficiently.and system throughput
may be increased.

In a multi-programming environment, virtual storage is divided into
partitions. Before a program can be executed, it must first be loaded
into one of these partitions. Conséquently, programs larger than the
maximun size of the partitioﬁs cannot be executed. In this case, the overlay
facilityvshould be considered.

Ordinarily, when a load module produced by the linkage editor is
executed, all of the control sections (procedures and subprocedures) in
the module remain in virtual storage (more precisely, in a partition of
virtual storage) throughout execution. When storage space is not at a
premium, this is the most efficient way to execute a program. However,
if a program is beyond the limits of the virtual storage(or its partition),
the programmer should consider using the overlay facilities of the
linkage editor. When the linkage editor overlay facility is requested
the load module is structured so that, at execution time, certain procedures
are loaded into virtual storage and then into main storage only when
referenced. The way in which an overlay module is structured depends on the

relationships among the various procedures within the module. Two procedures
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that do not reference each other can overlay éach other. Such procedures
are independent. They can be assigned the same load addresses.

Procedures may be collected into groups, called segments. A seg-
ment is the smallest functional unit (containing one or more procedures)
that can be loaded into virtual storage during execution. Procedures
that are required all of the time are placed in a special segment called the
root segment. This segment remains in virtual storage throughout
execution of an overlay program. The way in which segments are loaded
into virtual storage during execution is affected by the user providing
suitable linkage editor control statements. The user chooses the over-
layable portions of the program, and the system arranges to load the
required portions when needed during execution of the program. Once
this is done, an overlay structure is said to have been created.

An overlay structure is workable only when the overlaying segments
can in fact share the storage space. That is, any two procedures in
different overlaying segments do not reference each other. Put another
way, the procedures must be independent. If this assumption is violated,
the overlay structure is invalid. The overlay rule can be stated briefly

as follows :

Rule : No two procedures or subprocedures in different overlaying

segments reference each other, either directly or indirectly.

The overlay facility allows the virtual storage space to be used
efficiently. However, because independent parts of a program are loaded

into virtual storage dynamically, overhead will certainly occur, and
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therefore must be handled with care. If an overlay structure is not
constructed appfopriately, the advantage of the overlay structure

will be completely lost. In general, overlays should be used only where
the size of the program is beyond the limits posed by the user or by
the system.

In the case of SYMDIP, an overlay structure is developed because we
expect better user performance if we run in a class-B rather than a
class-C partition.

Because SYMDIP is to be used on the University of Victoria IBM 370/145
computer with the VS-1 operating system, all of our discussion in the rest

of this chapter will refer to this system, unless otherwise stated.

4.2, Multi-Region overlays and the VE-1 Operating System.

The main ideas of overlay in the VS-1 operating system can be summarized
as follows:
(a) There are two possible levels of overlay in VS-1.
(b) The operating system performs overlay of main storage
space by paging.
(c) The programmer requests overlay of virtual storage space
by constructing an overlay structure.

Since overlay of main storage space is completely in the control of the
operating system, the following discussion relates only to the overlay of
virtual storage space which is controllable by the programmer. We start
by describing an overlay structure.

An overlay structure can be visualized as a tree, called an overlay
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tree. The root node of the overlay tree is theuroot segment (see Section
4.1). One or more branches may extend from the root node to other nodes.
Each of these nodes represents a segment of the program, and each of
these branches represents references to any procedures in that segment.
Similarly, from any of these nodes could originéte one or more branches
running down to other nodes, and so on. Fbr convenience, we call the
originating node of a particular branch the father of the node to which
the branch goes. The latter is called the son of the former. Thus we
can classify all the nodes of the overlay tree into levels.

The son of a node is assigned a level number which is one more
than that of its father. For convenience, the root of the tree always
has level number equal to O.

Each procedure will now be in one and only one node of the tree and
the number of levels in the tree is determined by the way £he program is
divided into segments.

During execution, if a particular segment is to be executed, any
segments between it and the root segment must élso be in storage. This
set of segments is called a path. The length of the longest path of the
overlay tree determines the amount of virtual storage required by the
program.

A program with an overlay structure is usually called an overlay
program. To design an overlay structure, the programmer should select
the procedure that will receive control at the beginning of execution,
plus any other procedures that should always remain in main storage.
These procedures form the root segment. The rest of the structure is

developed by determining the dependencies of the remaining procedures
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and how they can use the same virtual storage chations at different
times during execution.

In order to illustrate how an overlay structure can be established,
assume we are running a program which is composed of a main procedure
and 7 subprocedures. Further assume that references between these
procedures are given as follows.

Example 4.1.

Main procedure calls SUBl, SUB3, SUBS.
SUBL calls SUB2 and SUBA4.
SUB5 calls SUB6 and SUB7.

The main procedure must be in the root segment. The root has 3
sons, namely SUBl, SUB3, SUB5. SUBl has 2 sons, namely SUB2 and SUBA4.
SUB5 has 2 sons, namely SUB6 and SUB7. The depth of the tree is 2.
Since SUB2, SUB4, SUB6 and SUB7 are leaves (a leaf is a node on the tree.
without a son), they form level 2. SUBl, SUB3 and SUB5 are at depth 1,
they form level 1.

By definition, the main procedure forms level O,

The overlay structure can be constructed as shown in Figure 4.3.

MAIN
10K
/\(\
SUB1 SUB3 SUBS
5K 4K 6K

PN

SUB2
7K

SUB4
3K

AN

SUB6
4K

SUB7
7K

Figure 4.3.: An acceptable overlay structure for

Example 4.1.
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In Figure 4.3, SUBl, SUB3 and SUB5 will occupy the same storage
locations but only one of them is loaded into storage at any given
time. This is also true for the pair SUB2 and SUB4, and for the pair
SUB6 and SUB7.

There are 8 possible paths on the tree. The longest path is
MAIN-SUB5-SUB7 and the virtual storage required for execution of the
program with this overlay structure is therefore 23K bytes. If the
program were not in overlay, the virtual storage required would be 46K
bytes.

The reader may notice that Figure 4.3 is, in fact, directly derived
from the relationships between the subprocedures of the program. The
arrows shown in the figure indicate both subprocedure calls and executable
paths. Since the procedure linkages for Example 4.1 are not complicated,
the overlay structure shown in Figure 4.3 is consFructed very easily.
Unfortunately, it is frequently the case that relationships between various
routines in a program are so complicated that constructing an overlay
structure becomes very difficult. Figure 4.3 shows only one of the possible
overlay structures for Example 4.1. Another overlay structure can be
obtained by placing the main procedure (MAIN), SUBl1 and SUB5 in the root
segment, and considering each of the remaining subprocedures as a son of

this root segment. The resulting overlay structure is shown in Figure 4.4.
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MAIN
SUB1
SUBS
21K
SUB2 SUB3 SUB4 SUB6 SUB7
7K 4K 3K 4K 7K
Figure 4.4.: An acceptable overlay structure for

Example 4.1.

The overlay structure shown in Figure 4.4 now requires 28K bytes of
storage space for execution of the program.

In the VS-1 operating system, an overlay structure may consist of
several independent parts, called regions. A region is a contiguous
area of virtual storage within which segments can be loaded independently
of paths in other regions. An overlay structure with more than one region
is called a multi-region overlay structure. Currently, a maximum of 4
regions is allowed.

A multi-region overlay structure is appropriate when several paths
need the same procedure. In a single region overlay structure, such a
procedure would normally need to be placed in the root segment so that
it can be called from any segment. However, the root segment might now
become so large that the benefit of overlay is greatly reduced. This
problem may be éolved by placing the frequently referenced procedure in
a separate region.

To illustrate the construction of a multi-region overlay structure,

consider the following example.
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Example 4.2.

Procedure calls as in Example 4.1, and in addition,
SUB3 calls SUB2, SUB4, SUB6 and SUB7.

The overlay structure shown in Figure 4.3 is no longer acceptable
because none of the subprocedures called by SUB3 are on a path containing
SUB3. The overlay structure of Figure 4.4 is also unacceptable for
basically the same reason. If SUB3 is placed in the root segment in

Figure 4.3, as shown in Figure 4.5, then an acceptable overlay structure

is created.

MAIN
SUB3
14K
SUBL | SUB5
5K 6K
SUB2 SUB4 SUB6 ' SUB7
7K 3K 4K 7K

Figure 4.5: An acceptable overlay structure for Example 4.2.

The overlay structure just constructed requires 27K bytes of virtual
storage space for execution of the program because this is the longest
path on the new overlay tree. A better solution is to place the routines

SUB2, SUB4, SUB6 and SUB7 into another region, as shown in Figure 4.6.
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MAIN
10K

el Ay

SUBL SUB3 SUB5S
5K 4K 6K

Region 1

Region 2

SUB2 SUB4 SUB6 SUB7
7K 3K 4K 7K

Figure 4.6. : An acceptable multi-region overlay

structure for Example 4.2.

With this overlay structure, any procedure in Region 1 can call any
procedure in Region 2. In addition, the amount of virtual storage space
required for execution of the program is 23K bytes, which is the same
as in Example 4.1.

The design of a multi-region overlay structure is generally not
easy. Because each region must observe the overlay rule, the segments
must be arranged very.carefully to avoid a significant increase in
overhead. On the other hand, a multi-region overlay structure could
increase segment loading efficiency, that is, processing can continue
in one region while the next subpath to be executed is being loaded into
another region [8].

We now proceed to the discussion of a method to produce a multi-
region overlay structure which can greatly reduce the storage require-

ments of our package.



129.

4.3. Constructing an Overlay Structure.

In this section, we describe how we developed on overlay structure
for our package which significantly reduced its storage requirements.
This was not a trivial task since the complete package consists of
approximately 280 subprocedures and each of these procedures calls (on
average) 6 other procedures. Thus, there were approximately 1680
procedure linkages to be dealt with in designing an overlay structure.

The overlay design process contained three steps. The first step
was to distribute-the> subprocedures into several levels. The second
step was to determine segments from levels. fhe third step was to

arrange these segments into regions.
Step 1. Create levels.

The set of approximately 250 subprocedures in the ALTRAN package

were distributed into 26 levels, as follows :

Level 0. Contained the set of subprocedures each of which
did not call any other procedure.

Level 1. Contained the set of subprocedures each of which
called only procedures in level O.

Level 2. Contained the sef of subprocedures each of which
called only subprocedures in level 0 or 1 with at

least one call being in level 1.

Generally, for K > 2, level K contained the set of subprocedures
each of which called only subprocedures in level 0, 1,...,K - 1 with

at least one call being in level K - 1. It is clear that each of the
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approximately 250 subprocedures was associated with one and only one
level, and subprocedures in the same level obviously never called
each other, either directly or indirectly. Because of this prépérty,
we could randomly split a level into two oxr more independent segments.

The program we used to determine the levels is listed in Appendix K.
Step 2. Determine segments.

The most trivial way to create a multi-region overlay structure is
to select the levels with largest procedures and split each of them into
two or more segments, each of these levels can then form a region.
Obviously, the overlay structure thus obtained is by no means an efficient
one because independent segments are obtained randomly.

Step 2 was handled by us as follows. The levels were inspected to
identify procedures performing functions of the same kind. Note that
procedures that perform similiar functions usually link among themselve;
with only a single link to external procedures. One obvious example is the
set of ALTRAN read routines. 1In this way , five sets of procedures were
obtained. Several procedures have been deleted from these sets to obtain
necessary irdependence among some segments(with the aid of levels it was

easy) .
Step 3. Form regions.

The segments obtained above were used to form regions. The following
criteria were applied :

(a) Independent segments were placed in the same region
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provided swapping among these segments was not significant
(this can be determined with the aid of the levels). Any-
two segments that were not independent were placed in
different regions.

(b) Segments placed in the same region should have almost equal
size. Thus, if necessary, one or more procedufes should be
removed from a segment to form a new segment.

The overlay structure thus obtained is composed of the following regions.

Region 4. Contains 2 segments.

Segment 1 contains ALTRAN error handling routines.
Segment 2 contains general routines for manipulating
pointers, blocks, stacks etc.

Region 3. Contains 3 segments.

Each of these segmenté contains general routines.

Region 2. Contains 4 segments.

Segment 1 contains ALTRAN read routines.
Segment 2 contains ALTRAN write routines.
Segment 3 contains general routines.
Segment 4 contains routines for manipulating
specialized functions, such as the procedure NTRM
which returns the number of terms in a given
expression.

Region 1 is constructed in the following way :

The root segment of region 1 contains the main procedure of

SYMDIP and all the necessary procedures in the ALTRAN library

which were not included in any of the above regions.
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The remaining 24 procedures written by us were.placed in
segments other than the root segment of region 1.

Construction of the overlay structure in this way has many
advantages. For example, the read and write ALTRAN routines are less
frequently used in the package than many of the general routines,
therefore the swapping activity involved should not be significant.
Likewise, the ALTRAN error handling routines of reéion 4 will be used

very infrequently and so swapping activity should be very low here also.

4.4. Test Results Contrasting Various Modes of Operation.

In this section, we present a comparison of several overlay struct-
ures we developed to run with SYMDIP. Each of these overlay structures
contains a certain number of regions described in the previous section.
A set of differentiation and integration problems which were taken froﬁ
the MATH 130 examination papers for fall and spring of session 1975-1976
were used as test problems. These problems are listed in Appendix G.

The purpose of this comparison was to enable us to understand the
relative effectiveness of these overlay structures in reducing the
virtual storage requirement, as well as, their influence on the execution
time required to solve those problems. For this reason, the package
was also run without any overlay structure. The comparison is shown in

Figure 4.7.
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Test Regions Execution Storage
No. time used

1 No overlay 9 min. 49 sec. 354K

2 Region 1 9 min. 50 sec. 312K

3 Region 1,2 10 min. 54 sec. 272K

4 Region 1,2,3 11 min. 12 sec. 270K

5 Region 1,2,3,4 11 min. 47 sec. 256K

Figure 4.7. : Comparison of overlay structures.

Figure 4.7 shows that both region 1 and region 2 gave a
relatively large amount of reduction in the virtual storage requirements
of SYMDIP. ‘On the other hand, the figure also shows that region 1
gave the smallest amount of overhead while region 2, when it is
included in any overlay structure, would give the largest amount of
overhaed. One way to evaluate the effectiveness of an overlay structure
is to consider the ratio of the increase in CPU time to the reduction
in storage space required. Figqure 4.7 indicates that region 1 created
the smallest amount of overhead for each unit of the storage space
it reduced . The corresponding ratio for region 3 is the largest
among the 4 regions. Since the tests were performed on a set of
30 problems it is very obvious that a problem can be solved completely
within 1 minute of CPU time on the average. Moreover, a problem can
also be solved using 256K bytes of virtual storage, that is, a

class-B partition at the University of Victoria Computer Center.
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In order to understand the functional ability of the package more
closely, we have also run the package with a set of 18 harder
differentiation and integration problems. Without any owverlay
structure, the problems were successfully solved with approximately
9 minutes of execution time. The set of these 18 harder problems

is listed in Appendix H. .



CHAPTER FIVE

CONCLUSIONS

5.1, Accomplishments

5.2. Extensions
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5.1. Accomplishments.

Recall, from Chapter 1 that the basic goal of this thesis was the
design and implementation of a computer program for symbolic
differentiation and integration. It was hoped that the package which
was developed could be used as a teaching tool in a typical first year
calculus class. Specifically, the package should be able to solve a
problem using less than 1 minute of CPU time and less than 256K bytes
of main storage space on the university IBM 370/145 computer. This
section summarizes how these goals are:met by our computer program
SYMDIP.

Because SYMDI? sucessfully solved all but one of the 30 problems
taken from the recent examination papers for Mathematics 130, we can
reasonably assume that most of the problems that can be found in a
typical first year calculus text can be solved by SYMDIP. Because
nesting of elementary functions is allowed in a function which is to
be differentiated or integrated, SYMDIP can also solve a broad range
of difficult and complicated problems not usually seen in a calculus
text. The 18 problems of Appendix H-clearly illustrate this.

If a computer program is to be used as a teaching tool, it must
be easy to use and easy to understand. In particular, the user must
be able to use the package after only a very brief introduction to it.
Chapter 2 dealt with this problem. It is clear that the SYMDIP user
is allowed to pose his problem in a natural and simple form. The
solutions produced by SYMDIP are also presented in a natural and easily
read form. SYMDIP also provides sufficient and meaningful error
messages if an error occurs. Finally, the JCL statements that are

]
required to activate the program are also simple. The SYMDIP user
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'is not required to understand the structure of the program or the
programming language in which it is written. Because of these features
of SYMDIP, we believe students would be interested in using it as an
aid to learning.

The final major concern in using a computer program as a teaching
tool is related to the cost. Naturally, the computer program must be
inexpensive to use in terms of the CPU time and storage space. The user
must also be able to obtain the solution to his problem without long
delays. Because the overlay version of SYMDIP is able to run in a
class-B partition, the storage constraint imposed on SYMDIP has been
met. Since SYMDIP can solve a problem in approximately 20 seconds,
the CPU time constraint is also met. Moreover, a SYMDIP user can
expect to obtain the solution of his problem relatively quickly

because a class-B partition is used.

5.2. Extensions .

The discussion in Section 5.1 indicates that all of the goals we
have set at the beginning of this project have been met by SYMDIP. This
section discusses some possible extensions that can be made to enlarge
the functional capabilities of SYMDIP while continuing to satisfy the
basic design goals given above.

As has been indicated in Chapter 2, most rational functions with
denominator of\degree greater than 2 can not be integrated by SYMDIP.
These rational functions can be made integrable by SYMDIP by writting
several routines to generate the required partial fraction expansions.

Routines of this type could be designed around the built-in ALTRAN

~
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procedure ASOLVE ( see Section 1.3). Many rational functions would
still not be integrable because only partial fraction expansion with
integer coefficients could be generated.

Other features of ALTRAN could be used to expand the SYMDIP
capabilities. For example, ALTRAN permits the evaluation of an
algebraic expression, that is, variables that appear in an algebraic
expression can be replaced by specific numeric values. Thus, it would
be possible to expand SYMDIP so that it could compute the numerical
derivative at a given point or evaluate a definite integral. This
would, however, require considerable programming effort because a
function is transformed from one form to another as it is being
processed by SYMDIP. Moreover, the transformation can become very
complicated when the function involves nesting. If this feature were
implemented, it would also be necessary to check denominators of
expressions and arguments of all the functions to verify that they are
within appropriate ranges.

The last and possibly the most useful expansion of SYMDIP we
shall mention is related to the form of solutions it produces. For
teaching purposes, it is desirable that not only the solution of the
problem is returned to the user, but also the method that is used to
compute the solution is provided. Thus techniques such as changes
of variables or integration by parts might be indicated. It would
also be useful if SYMDIP could provide several problems that could be
solved in the same way as the problem that has just been solved.
Since the differentiation and integration routines in SYMDIP use a

set of predetermined methods once the form of the function is obtained,

-y
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the extension of SYMDIP in this direction is also possible.

In Section 1.3, we indicated that because of the limited time
available, we would write the major portion of our program using the
general purpose algebraic language ALTRAN. It would be interesting
to do a critical comparison of our package with at least one other
package designed to do symbolic intéegration. The best comparison
package might be SIN (symbolic integrator) which was developed by
MOSES [10]. SIN was written using LISP and a little known language
named SCHATCHEN. A version of SIN was developed for use with certain
IBM 360 operating systems. Implementation of SIN on our éystem
would probably not be too difficult unless it contains features unique

to the M.I.T. project MAC system on which it was developed.
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STORES6 = STOREFSE PAIQRKND> ',

STNREY STORE7 COUNT4 ',
PAIRKND> = O

FUNCTION = ¢

INDEX BREAK(%4%*) o FUNCTION *,* =

FUNCTION *TOT® = *TT*
FUNCTION *TOT* = *7TT*

GT(GROUP2,1)
GT(GROUP2+0) GT{GROUP1 + GROUP3 + GROUP4,0}
GT{GRAOUP3,0) GT{(GROUP4,0)

NESTING

EQ(STORES,0)

C6 = CS
FUNCTION *ACA' = *AA

FUNCTION *Z(* COUNT4 *)* = vZ2¢
N =1
FUNCTION *A* N *A" = 3¢

IF{ARGM3)

IF(ERIGL)

TF(ARGMI)
S(ARGMLI0)
IS(ARGM2)
$S(ERR3)

8
BODY2)
=]

SS(LASTL!)

SE{NESTI)
S{ARGM2)

IFINESTS)

J0ST



LAST2

LAST3

AST 4

LEE R R 2

RCE1

PRCE2

PRCE3
PRCE4
PRCES

PRCES
PRCE7

PRCES

FUNCTION *Z(* COUNT4 ') = ¢23¢
N =N +1
cS = C6

INTEGRAND CLASSIFICATION

STORFES6 = STORES *,4*

EQ(GROUP2,1)

JACK = EQ(CS,27) TYPE + 10
JACK = £Q(CS,28) TYPE + 14
KEK = LT(CS5.25) GT(CS,18) 1
ACK 4

EQ(GROUP1 1)

KEK = GT(GRQOQUP4,0) 1

JACK 3

JACK GT(GROUP3 + GROUP4,0) 2

GT{GROUP3 + GROUP4,0)

KEK = GT(GRQUP4,0) 1

JACK 1

JACK S

DETECT THE SPECIAL FUNCTIONS
WITH FIXED COEFFICIENTS

EQ(JACK,1) EQ(KEK,0)
= 1

Cco =

cl =

c2 =1

C4 =

cs =

cCh = 0

FUNCTION *Z(1)/(1°* K3 'Z(2))%%x2% = e}1°
FUNCTION *Z(1)/7((1% K3 %Z(2))**2)* = ®1°9
FUNCTION *Z{1)/(1* K3 ¢Z(2))® = s

STTRE2 SPANI(DIGITS) < C7

TY2= = EQ(C7,2) 300

TYRZ = 60

FUNCTION */(Z{1)%x(1% K3 *¢Z(2)))* =

STAORE2 SPAN(DIGITS) o C7

TYPE = EQ(C7+2) 400

TYPE = 76

FUNCTION *Z(1)/(Z(2)%(1% K3 *Z{(3)))® = w17
TYPE = 64

FUNCTION 3Z{1)/(Z(3)*{1* K3 *Z(2)))* = 1
TYrPs = 88

FUNCTION */((Z(

1) K3 *Z(2))%%2)s =
FUNCTION %/(Z(1)°*
)

K3 ¢Z2(2))%%2' =
* K3 *Z(2))* =

TYPE = 72
FUNCTION ¢/ (Z(1
TYPE = 68
FUNCTION *Z(1)/(Z(2)¢* K3 *Z(3))* = *1°¢
TYPZ = 80

S{ARGM2)
(NESTA4)

TF(LAST2)
SS{FORM1)
SS(FORML)

TF{FORM1)
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PRCE9
PRCE1L10

+

VD DO D 44+ D##* %4 %%

RICEL1OQ
+
+

RICE1Ll1

*

*
*
*
*
MODE1

MODE2

* % %

FUNCTION *Z(1)/(Z(3)* K3 *Z2(2))* = *1°¢ :F{PRCE10)
TYPE = 84 T{MODE1)
FUNCTICN */(* (SPAN(DIGITS) o+ CO | v1°*)
K3 ((SPAN(DIGITS) . C2 ¢xv) | ve) s7(1)%x%2)* = SF(RICE1)
TYPE = 750 S (MODEL)
DETECT THE SPECIAL FUNCTIONS WITH
VARIABLE COEFFICIENTS
FUNCTINN */(* ((K4 SPAN(DIGITS) . CO *%xv) | 9w}
*7(1)* K3 ((SPAN(DIGITS) « C2 *x’ ) v
*Z(2)) = IF(RICE2)
TYPES = 100 s(MODE )
FUNCTION */(" STYLE2 *Z{(1))%x%x2)" = IS(RICE3)
FUNCTION */¢ STYLE2 %Z(1))%%2¢« = IF{RICES)
TYPS = 0 T(MODE1)
FUNCTION */¢ STYLE2 *Z(1))* = tF(RICES)
TYPE = 200 ${MODE 1)
FUNCTION *Z(1)/(°® STYLE2 *Z(2))%%2)¢ = 19 :S(RICES6)
FUNCTION *Z(1)/% STYLS2 *Z(2))*%2% = 911 IFAWRICET)
TYPT = 500 - $(MDDE1L)
FUNCTION ¢Z({1)/* STYLE2 9Z(2))* = v} SF(RICE])
TYPE = 300 T (MODE1)
FUNCTION Y/(Z(1)%* STYLE2 *+2{(2)))* = SF{RICE9)
TYPE = 400 ${MUDE1)
FUNCTION */(* ((SPAN(DIGITS) , CO *#%%2¢) | ey}
K3 ((SPAN{DIGITS) o C2 ®x%%k2ke) | v9)
YZ(1)%k%2)0 = tF(RICE10)
TYPE = 700 ${MODE1)
FUNCTION */(* ({(SPAN{DIGITS) . CO ®*xk2%¢)
s1ke | ee) e7(1)xx2% K3 ((SPAN(DIGITS) . C2
exkPkt) | v1ke | ee) eZ(2)%x2)¢ = SF(RICE1})
TYPE = 900 :(MODE1)
FUNCTION STYLT3 = 1« IF(FORML)
TYPE = 800
DETECT VALIDITY OF SPECIAL FUNCTIONS
FUNCTION *Z3¢ :S{ERR13)
C4 = IDENT(Ca,'+v) v
Cl1 = IDENT(Cl,%+¢) ¢
EQ(TYPE,S800) :F{MODE2)
cCo = €2
cs = Ci
Cl. =1 =

TYRPE = IDCENY(C3,°'/°¢) TYPE 4+ S .

TYPE = LT(TYPE,100) IDENT(Cils+*~*) TYPE + 1

STORE7 = C4 CO ", CY C2 %,

Cl = GE(TYPE.800) LE(TYPE,805) C5

TYPE = GE(TYPE,700) LE(TYPE,900) IDENT(Cl,'-*') TYPE + 1

GETTING INTERNAL FORMS

A



*
*
FORM1 FUNCTION INTEGROPR NOTANY
cFORM2 STNPRFE3 INTEGROF NOTANY(?®
STORFO = *{* NUMRERL ¢ ,°*
NUMBERS = 0
C0 = INTEGROR
FORM3 FUNCTION ANY(LETTERS) . CO NOTAN
STORE3 ANY{LETTERS) - CO NOTANY({
FORM4 FUNCTION CO NOTANY(*012{*) - C1
+ ol |
FORMS STORE3 CO NOTANY(*0123(*) « Cl = *Z1(* NUMBERS
+ il S S | s
FORMSE LETTEFRS BREAK(CO) « Cl CO
Cl = SIZE(C1)
NUMBERS = LT(NUMPERS.6) NUMBERS + 1| IF{ERR62)
ALPHACONST = ALPHACONST C1 %, S (FORM3)
FORM7 EQ(NUMBER2,0) SF{PRNT1)
STORE3 BREAK('.': o« FUNCTION *,¢ =
L . =

STNRE6 BREAK{*, oF |

Cl = *Z0o* C1! :
= %Z0* C1 H

Il «<

OUTPUTING STACKS

RNT1 STORE1
STORF2
STNRE3
STNRF4
ALOHACONS

STORE1l *65,99) ¢
STORE2 9569,G9)
STARE3 *99,69)?*
STORFE4 999,69)¢
" (¢ ALPHACNNST 999,99)¢
STORFES = (' STOPE6 *GG,9G) "
STORE7 = (¢ STORC7 *95,99)*
CO = EQ(FLAG,0) 33 : :S{PRNT2)
co 66
co NE(FLAG,1) NE(FLAG,2) NE(FLAG»,4) 99
PRNT2 EQ(NUMRER2, 1) NE(MULTIPLE, 1) TF(PRNT3)
CUTPUT = PROBLFMIPROBLEMNO>
PRNT3 QUTPUT( *OUTPUT*,2,' (1X,80A1)"*)
FLAG = *(* CO *,* FLAG %,% COUNT2 ")
CUTPUT FLAG
ouUTPUT ALPHACONST
oUTPUT STNPREO
ouTeUT STORF 1
CUTPUT STORE2
cuTouT STOGRE3
PRNT4 FUNCTION 'a(¢ = Z2(¢ $S(PRNT4)
CUTPUT STORE4
QUTPUT STOREG
cUTPUT STORE?
COUNT1 COUNT! + 1}
FUNCTION 27 =
FUNCTION *'2% =
TYPZ = LT(TYPE,10) O
TYPE = EQ(TFMP,1) =1
FUNCTION *Z(1)¢ EQ(TYPE,1000) = "1
OUTPUT = FUNCTION
CUTPUT = JACK
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PRNTS

¥ 3 3% 3t ¥+

ERROR1
+

ERROR2

ERROR3

CUTPUT = KEK
QUTPUT = TYPE
COUNT2 = 0
CUTPUT(*OQUTPUT*, 10, (1X,132A1)*)
PROBLEMNO = LT(PROBLEMNOWMULTIPLE) PROBLEMNO + 1 SS(TERM10)
IDENT(KEEP,**) SS(EXIT)
F(STRT!1)
SET OF ERRCR NUMBERS
FL&AG = 1 c(ERROR)
FLAG = 2 t(ERROR)
FLAG = 3 T{ERRDR)
FLAG = 4 S{ERROR)
FLAG = §
c2 = CO T{EZRROR)
FLAG = 6 S{ERROR)
FLAG = 7
c2 = C1t I(ERRQOR)
FLAG = 8B T{ ERRCR)
FLAG = 9 T (FRROR)
FLAG = 10 s {ERRCR)
FLAG = 11 S{ERRDR)
FLAG = 12 2(ERROR)
FLAG = 13 s{ ERROR)
FLAG = 14§
c2 = €1 S(ERROR)
FLAG = 1S :{ ERR3R)
FLAG = 20 S (E2ROR)
FLAG = 21 T{ ERRNOR)
FLAG = 22 t (ERROR)
FLAG = 23 S (FRROR)
FLAG = 24 S{ERRIR)
FLAG = 25 T{ERRQOR)
FLAG = 25 T{ERROR)
FLAG = 61 T (ERRCR)
FLAG = 62 S{ERROR)
FLAG = 63

OUTRPUT = EQ(NUMBER2,1) NE(MULTIPLE,1) PROSLEMPROBLEMNO>
CUTPUT(*OUTRPUT ! ,2,*{ 1Xs80A1)")

ALPHACONST = IDENT(INTEGROR,*?2v) v(23,* IS (ERROR1)
LETTERS RRZAK(INTEGROR) o Ci INTEGROR

Cl = SIZE(C1)

ALPHACONST = "(* C1 *,°*

NE(FLAGs3) NE(FLAG,5) NE(FLAGs7) NE{(FLAG,9)

NZ(FLAG,13) NE(FLAG,14) NE(FLAG,20) NE(FLAG,25) IS (ERROR3)
ALPHACONST = ALPHACONST *100,°*

C2 LEN(1) « KN = TF(ERROR3)
LETTERS RREAK(KN) o C1 KN

Cl = SIZE(CY)

ALPHACONST = ALPHACONST C1 ¢, : (ERROR2)
ALPHACONST = ALPHACONST ¢99,99)*

FLAG = ¢({* 99 *,* FLAG *+*' COUNT2 *)°*

QUTRPUT = FLAG

“PST
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END

CUTPUT

ALPHACONST

QUTPUT(*OUTRPUT*

2UTOUT

*
*THIS I
»

CUTPUT (*OUTPUT?

CUTRPUT
ouUTPUT

* (39940
*(23,99

e e NN

ol

*)
OUR INPUT®*

T {PRNTS)
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APPENDIX B

ALTRAN PROCEDURES AND THEIR DESCRIPTIONS

1. Main procedure .
2. Procedure SYMDIF
Bie Procedure SPEFCT, SPECl, SPEC2,

SPEC3, SPEC4

4. Procedure

SORTO, SQRTL, SQRT2,

SQRT3, SQRT4, SQRTS

5. Procedure

6. Procedure

T Procedure

8. Procedure

9. Procedure

10/, Procedure

11. Procedure

RATFCT, RATFUN
GETPWR

ARCFCT

EXPFCT, EXP, EXP2
H&PTRI

LOGFCT

TRIHY1, TRIHY2, TRIHYP

156.
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PROCEDUFE MAIN
THIS IS THe MAIN PROCIZIDURE CF THE PROCESSOR OF THE PACKAGE
THE FUNCTIONS OF THE PROCEDUPIT INCLUDE THE FOLLOWING @

1. IT READS IN THE ALTRAN COMPRIEHENSIBLE FORMS PRODUCED
BY THS ANLYZER 0OF THE PACKAGE WHICH TRANSLATES THE USER PROBLEMS
2. IF THE FUNCTION IS TO RE INTEGRATED THIZ MAIN PROCIDURIE ‘
SIMPLIFIES THE FUNCTION WITH AN AOPBIOPRTATE CHANGE 0OF VARAIBLE
3. IT DETERMINES THE FOUTINE THAT CAN DIFFERENTIATE DR INTEGRATE

THE PARTICULAR FUNCTION, USING THLU WARTABLES AND ARRAYS PASSED
FROM THE ANALYZER OF THE PACKAGE
4. WHEN THE SOLUTIOMN OF A PROBLEM IS CS3TAINTD IT WRITES THE
COMPUTED RESULT ALONG WITH OTHER NECESSARY INFORMATION ON
A FILE NEEDZED BY THE WRITER OF THE PACKAGE WHERE THE RESULT
WILL 8% TRANSLATED INTO A USER COMPRIHIMNSIBLE FORM
MOST VARTIABILLES THAT ARE USED IN THE PROCESSO? ARSI EXTERNAL VARIABLES
THESS VARTARBLES CONTAIN IMFORMATION NEEDED RY THE PROCESSOR DURING
THE COMPUTATIONS OF THE DERIVATIVE AND INTEGRAL » AMD WHEN THE COMRPUTATIONS
ARS COMPLETED SCME OF THEM ARE PASSED TO THE WRITER
SEVFRAL LOCAL VARIABLES ARE ALSO USED 8Y THE MAIN PROCEODURE TO PASS
NECESSARY VALUES TN THE ROUTINES CALLED BY TH= PROCEDURE
IN THE FOLLOWIMG WE LIST THE SET OF ALL CF THE EXTERNAL VARIASLES USED
IN THE PRAOCESSOR STEP OF THE PACKAGE AS WELL AS THESE LOCAL VARIABLES
USED FOR TRANSFERKRING VALUES BETWEEMN RCUTINES .

INTERNAL VARTABLES DESCRIPTION

A THE INTEGER COEFFICIENT OF X¥%2 IN THE EXPRESSICGN
AXxX%*%2 +B%X+C ’

8 TH=Z INTEGER COEFFICIENT CF X IM THE EXPRESSION
A%RX%k%2 +RB%X+C

C THE INTEGER CONSTANT IN THE EXPRESSION AXX¥x%2+3%X4C

I AN INTEGER VARIABLE. DURING THE SUSROUTINE CALLS I CONTAINS
THE INTEGER CORRESPONCING TO THE FUNCTION NAME [N TYPE
2A, 28, OR 2C(SEF SECTICN 2.3)e FODR TYPE 4 AMD TYPE 6
(DELAY = 1), SINCE THE "FUNCTION®" IS FIRST CONVERTED INTO
THF SUM DOF TWw0O PARTS, I CONTAINS THE INTEGER CORESPONDING TOI
THE FUNCTION NAMZ WHICH APPTARS IN BOTH PARTS OF THE SUM,
TH= POAER OF THE VARTABLE WITH RESPECT TO WHICH THE
FUNZTION IS TINTEGRATED

N AN INTEGER VARIABLE EQUAL TO NI

oM AN INTEGFR VARIABLE USED WHEN DELAY EQUAL TO 1.

' IT IS SIMILIAR TO M BUT APPLIED ON THE SECOND PART OF THE

FUNCTION.

01 AN ALGEBRAIC VARTABLE EGUAL TO Z(1)*x%Nl

02 AN ALGEBRAIC VARIABLE EQUAL TO Z{(2)%*xN2

D3 AN ALGEBRAIC VARIABLE £QUAL TO FCT/(D1%D2)

N1 AN INTEGER VARIABLE WHICH CONTAINS THE POWER 0OF Z(1)

N2 AN INTEGER VARIASLE WHICH CONTAINS THZ POWER OF Z(2)

EXTERNAL VARIABLE DESCRIPTION

MA AN TNTEGER AFRAY EQUAL TO STORE

MB AN ALGERBRAIC ARRAY 0OF ARGUMENTS EQUAL TO STORE3

MO AN INTZGER ARPRAY EQUAL TOC ALPHACONST

M1 AN INTEGER ARRAY EQUAL TO STORED ’

M2 AN INTEGER APRAY WHICH IS USED FOR INDIRECT REPRESENTATION
NF THF FUMCTION NAMES ON THE COMPUTED INTEGRAL. [F A

FUNCTION NAME ON THZ EXTEFRNAL VARI ABLE "RESULT®

(SFE RBELOW FORF DETAILS) S REPLACED RBY Z(I),WHERE I

IS AN INTEGER GRFATER THAN 6, THEM THE (I-6) TH ENTRY OF
M2 CONTAINS THE INTEGER CORRESPIMDING TO THAT REPLACFD
FUNCTION NAME, M2 IS INITIALIZED TO O FOR EACH PrROSLEM.

M3 AN INTEGER ARRAY EQUAL TO STOREZ2
M4 AN INTEGER APRAY EQUAL T0O STORESG
MS AN ALGFAR AIC ARPRAY OF ARGUMENTS. ZACH ENTRY OF ™5 CONTAINS

THE APGUMENT 0OF THE FUNCTION NAMT WHICH IS INDIRZCTLY
REPRITSINTATED GN THE COMPUTED INTEGRAL. GENTRALLY, THE

I TH FNTRY OF M5 IS THZ AQGUMEMT DF THE FUNZTION TO WHICH

THE 1 TH ENTRY QF M2 CORRESPONDS, T.Es THE FUNCTION
REPPESENTED BY Z(I1+6) ON THE "RESULT". M5 IS ALSD INITIALIZED
TQO 0 FOR EACH PROBLEM.



M6

M8
LK

EXP

KEK
LAW

JACK
SER

PARM
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AN INTEGER ARRAY EQUAL T9O STORE?

AN INTEGER VAFRIABLE EQUAL TC TYPE

AN INTEGER ARRAY FQUAL TO STOREAS

AN INTEGER VARTARLE WHICH DENOTES THE NEXT AVAILABLE

LCCATION OF M2(AND SO OF MS)

AN ALGERRAIC VARTAEBLE WHICH IS SCT TO THE CONSTANT

CATAINED BY BIVIDING THE ARGUMENT OF THE FUNCTION 'EXP?

BY THE VALUE OF SER(SEZ BELOW)

AN TNTEGER VARITABLE SAME AS RBEFIRE

AN INTEGER VARIABLE USED TO DENOTE TRANSFORMATION OF THE

INTEGRAND »

IF LAW EQUAL TO 2 THE INTEGRAND HAS 3EEN TRANSFORMED

BY Y = EXP{F (X))

IF LAW EQUAL TO 3 THE INTEGRAMND HAS BEEN TRANSFORMED

BY Y = TAN(F(X)/2)

IF LAW SEQUAL TO 4 THE INTEGRAND HAS BEEN TRANSFORMED

BY Y = SQRT(F(X))

OTHERWISE LAW EQUAL TO 0 WHICH INDICATES NO TRANSFORMAT ION

OF THE ABOVE KINDS HAS BEEMN PERFOAMED,

AN INTEGER VARTABLE SAMI AS SBEFORE

AN ALGEBRAIC VARTABLE. THE IMNITIAL VALUE OF SFR IS SET

TQ THE FIRST ENTRY OF MB, EXCEPT IN THE FOLLOWING CASES
CASE 1. JACK > 5 AND JACK < 10 SET SER = M3(2).,
CASE 11, JACK > 10 AND JACK < 14 ST SER = M3(3)

DURING THE COMPUTATIONS OF AM INTIZIGRAL THZ VALUE CF SER

wWILL BE CHANGED IF THERE IS A CHANGE OF VARTABLE,

IN BRIEF, IF THE "FUNCTION" DOES NOT INVOLVE NESTING OF

FUNCTIONS SER IS THE VARTABLE WITH RESPECT TO WHICH THE

YFUNCTIONY [S INTEGRATEDe. OTHERWISE [F THERE IS NESTING

OF FUNCTIONS THEMN SER IS FIRST SET TO "Z0*' AND IT MAY ALSO

RE CHANGED PROVIDED THERE IS A CHANGE OF VARIA3SLEZ .

MSF? AND NSER INDICATES THE NESTED FUNCTION AND ITS ARGUMENT

RESPECTIVELY .

AN ALGERRAIC VARIABLE WHICH IS USED AS FOLLOWS @

I IF THE "FUMNCTION" IS A SPECIAL FUNCTION, PARM
WILL BE SET TQO THE COEFFICIENT OF THE SECOND TERM
OF THE INTZGRAL, IF THAT TERM EXISTS. IN THIS
CASF PARM WILL BE USED BY THT WRITHER.

11. IF THE ®"FUNCTICN" BELONGS T OR IS CONVERTED TO
FUNCTION TYPZ 3, THZEN PARM IS SET TO THE
COEFFICISENT OF THE LAST TERM OF THE INTEGRAL, IF
THAT TERM IS TO BE O3TAINED FROM THE INTEGRATIUN
TABLE. IN THIS CASE PARM wILL ALSO BE USED BY
THE WRITER,

IIl. QTHERWISE PARM IS USED TN CONTAIN THE COEFFICIENT
OF THE NEXT TEPM OF THE INTEGRAL WHEM THE INTEGRAL
IS BEING COMPUTED. AFTER THE INTEGRAL IS OBTAINZO
PARM WILL BECOME A OUMMY VARIABLE.

AN INTEGER VARIABLE WHICH INDICATES NESTING OF FUNCTIONS.
IF MSER E£QUAL TO 0 THERE IS NO NESTING.

IF MSER IS PNSITIVE MSER IS THZ INTEGER CORRESPONDING TO
THS NESTED FUNCTION.

AN ALGEBRAIC VARIABLE. IF MSER = 0 NSER [S DUMMY,

IF MSER IS POSITIVE NSER IS THZ ARGUMENT OF THE NESTED
FUNCTION.

AN ALGENRAIC VAFTASLE USED WHEN DOSLAY = 1(SEX 3EL0OW). OEXP
IS ST TO TH~ CONSTANT 0O3TAINREO OY DIVIDING THZ ARGUMEST
CF THF FUNCTION FXP RBY THFE VALUE DOF 0OSER.

AN ALGEARAIC VARIASLE USED WHFEN DELAY = 1(SES BELOW).

NSE® IS THE VARIABLE WITH RSESPECT TO WHICH THE SCCOND PART OF
THE FUNCTION IS INTOGRATEDS

AN ALGEBRAIC VARITABLE USED WHEN DILAY = 1(SEL 851.0W).
CPARM IS USED EXACTLY AS PARM EXCEZPT THAT IT IS APPLIED

ON THE SECOND PART OF THZ FUNCTION.

..
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DELAY AN INTEGER VARIABLE WHICH HAS THE FOLLOWING MEANINGS @
A CELAY =14 THE FUNCTION HAS ASESN CONVEAQATED INTO

THE SUM OF TwC PARTS BY ONE OF THESE RULES ¢
1. SIN(A+8) + SIM(A-8) = 2%*5IN(A)*COS(B)

2. SIN(A+8) = SIN(A-B) = 2*xSIN(93)*COS(A)
3. CCS(A+8) + COS(A-8) = 2¥CO5({A)*COS(B)
4 COS(A+8B) = COS(A-3) = =2%SIN(A)XSIN(B)

Se SINH(A+3) = SINH(A=-8) = 2%SINH(A)*COSH(B)
6. SINH(A+8) = SINH(A=8) = 2%3INH(13)*COSH(A)
7. CCSH(A+B) + COSH(A-B) = 2%COSH(A)*COSH(B)
8. COSH(A+R) = COSH(A-B) = 2xSIMH(A)*SINH(B)

THE INTEGRALS UF THESE TW0O PARTS OF THIT FUNCTION
ARE ORTAINED SEPERATCLY. THE FINAL INTEGRAL OF THE
FUNCT ION IS GIVEN AS THZ SUM OF THIZSS INTEGRALS.
B, DELAY = 2. THE VALUE 0OF DELAY IS CHAMGED FROM 1
TO 2 WHEN THE TWO COMPONEMT PARTS OF THS FUNCTION
MATCH THE TYPE 2B (MORE PRECISELY N = 1) OUT 80OTH
HAVE DIFFERENT VALUE OF M(SSE TYPE 4 AND 6).
NOTE THAT IF THE VALUSS OF M ARE EQUAL THE INTIGRAL
OF THE SSCOND PART OF THE FUNCTION CAN 82
CBTAINIO FROM THE FIRST 8Y AN 0OBVIOUS CHANGE
OF VARTABLE. CTHERWISE THE SZCOND INTEGRAL HAS
TO BE INTEGRATED INDEPEMNDENTLY OF THE FIRST.
Ce DELAY = 0. DUMMY,
RESULT AN ALGERRATIC VARTABLE USED TO CONTAIN THE INTEGRAL.
REPRESENTATION 0OF FUNCTION NAMES ON THE "RESULT®" CAN
BE CLASSIFIED INTO 3 TYPES @
TYPE 1. DIRECT REPRESENTATIOM.
A FUNCTION NAMEZ IS DIRECTLY REPRESENTED
CN THE "RESULT" ACCORNDING TN THE FCLLOWING @

A Z(1) REPRESENTS SIN IF KEK = 0
IT REPRESENTS SINH IF KK = 1

8. Z(2) REPRESTENTS COS IF KEK = 0
IT REPREZSENTS COSH IF KEK = 1

Ce Z(3) REPRESENTS EXP
De Z(4) REPRESENTS LN
Eo 2(5) REPRESEMNTS SORT
Fe Z3 RFEPRESENTS TAN

FOR ALL THESE FUNCT IONS THE ARGUMENT
OF EACH OF THZM IS5 SZER.,
TYPE 2. INDIRECT REPRESENTATION.,
FNR EACH Z(I) WHERE I > 6, Z(1) RZPRESENTS
THE FUNCTICN NAME TO WHICH THE (1-48) TH
ENTRY OF M2 CORRESPONDS. THE ARGUMENT OF
THE FUNCTICON NAME IS MS(I-6).
TYPE 3. DUMMY REPRESTHUTATIOM,
Z(6) IS USED AS DUMMY REPRESENTATION WHICH
REPRESENTS S&ER ITSELF.
STATUS AN INTEGER ARRAY EQUAL TO FLAG.
DUR ING THZ COMPUTATIONS 0OF AN INTEGRRAL, THE VALUZ OF STATUS
INDICATFS THE STATUS OF THE COMPUTATIONS OF THE INTEGRAL. THE
VARIOUS POSSIBLE VALUES OF STATUS ARE INTERPRETED AS BELOWS 3
Ae STATUS(0) = 33. THZ STATUS 0OF THE COMPUTATIONS
AT THE CURPENT MOMZNT IS OKAY, OR THS INTEGRAL HAS
BERAN COMPLETED. ’ ‘
Be STATUS(0) = 55. A FORM CHECKING ON THE "FUNCTION"
IS SUCESSFUL AND COVPUTATIONS (PERHAPS ANOTHER
FORM IDENTIFICATION) MAY GO AHEAD.
Ce. STATUS(0) = 99, IF THIS VALUT TURNS OUT WHEN THE
VALUE IS EXPECTED TO 8E 33.55(SZE (A) AND (B)
ADNVE), OR GREATER THAN 99 (SIEE (0) BELOW) THEN
THE STATUS OF THE COMPUTATIONS 1S IN AN CRRONEQUS
STATE. IN THIS CASE THE COMPUTATIONS ART
IMMEDIATELY TERMINATED,
THZ APPROPRIATE ERROR MNUMBER IS ALSO ASSIGNED TO
STATUS(1) .
D. STATUS(0) IS GREATER THEN 99. THE VALUE OF
STATUS(0) INDICATES THE NEXT PROCEDURE TO BE
CALLFD.
THE SECOND ENTRY IS USED TO CONTAIN THE ERROR NUMBER,
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DESCRIPTION

IF THE STATUS IS 8AD REJECT THE PROBLEM.

IF END OF INPUT RETURN

INITIALTZF THE EXTERNAL VARTIABLES,

CALL SYMDIF FOR DIFFERENTIATIOM

GET THE ARGUMENT 0OF A FUNCTION AND SET TO SER
PREPOCESS THE SPECTAL FUNCTION OR THE FUNCT ION
INVOLVING NESTING 0OF FUNCTIONS

ALL THE ARGUMENTS SHOULD BE THE SAME

TRANSFORM THE TINTEGRAND BY Y = F(X) OR Y = DP(F(X))
THE LATTER CASE IS FOR FUNCTIONS INVOLVING NESTING
OF FUNCTIONS

THE NESTED FUNCTION IS TAN COT TAMH OR CNTH

THE DERIVITIVE OF THZ NESTED FUNCTION SHOULD APPEAR
THE NESTED FUNCTION IS C3C SEC CSCH 0OR SECH

THE OTHER CASES

THE NESTED FUNCTION IS EXP

THZ NESTED FUNCTION IS LN

THE NESTED FUNCTICN IS SQRT

THE NESTED FUNCTION IS SIN COS SIMH OR COSH

ADJUST SIGN WHEN THE NESTED FUNCTION IS

C0s CsSC 0OR COT

STNRE THE NFSTED FUNMCTION AND SE=T SER TO Z0 WHICH ALSO
REPRESENTS THE NEW VARIABLE OF INTEGRATION

CALL SURRADUTINFS TO [NTEGRATE THII SPECIAL FUNCTION
UNIFY THE FEPRESENTATION OF THE IDENTICAL fUNCTIONS
WHICH HAVF THE SAMZ ARGUMENT.

THE FUNCTION PROCESSED HERE INVOLVES EXP,TRI. FUNCTIONS
OR HYP. FUMCTIONS.

SAMZ AS ABOVE BUT APLLIED ON THE FUNCTION WHICH INVOLVES
LN OR SCRT.

ASSIGN VALUES TO LOCAL VARIABLES FOR SUBROUTINE CALL
IDENTIFY THE EXACT TYPE OF THE FUNCTION

THAT ONLY INVOLVES TRIGONCMETRIC FUNCTIONS

OR HYPERBODLIC FUNCTIONS

SUBROUTINE CALLS FCR INTEGRATION

IF TRANSFORMATION OF VARIABLE HAS BEEMN MADE

THIS PART TRANSFORMS THE INTEGRAL BACK INTO ITS
ORIGINAL VARIABLE

SET SAQRT(1) = 1 AND SQRT(0) = 0

PRINT THE RESULTS FOR THE SNOBOL WRITER

PROCESS THE NEXT PROBLEM ’
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PROCEDURE MAIN

START :
MAIN1:

A
# ODIFFERENTIAYION

ALGEBRAIC (Z2(12):8,20:8,2238,23:8,21(6):8,2Z(12):1) ¢
Dl.D?.DB.MB.Mﬁ.S'Q.OSFQ PA’“-ODAQ“.FXP.O'XP'FCT RESULTINSER
EXTERNAL MA M ML yM2 3 M3 3 MG 3 MG g ME M7 3 LKy KIKH LAY ,SER, JACK,0OSER,
PARM, OP ARM, EXP,05XP ,DELAY FESULTH»FCT»STATUS
INTEGER MO sMLlyM2, M3 4M4 ¢ ME yMT7 ¢ M3 g MA, LK KEK  LAW 3 JACK yDELLAY » STATUS,
ToJaMyN,PyN1,N2,0M, TEST,MSER
ARRAY MO sM1 oM3 M4 M6y M3y MA, MB
ARRAY (0:2) STATUS
ARRAY (6) M2,MS
RATIONAL A,B,C
READ (2) STATUS,M0
IF(STATUS(0) == 99) GO TO MAINA
IF(STATUS(0)==999) DO

WRITE (3) STATUS

RETURN
DOEND
M2 =
MS =
MSFER
NSER
RESUL
PARM

~orriiditnoo
u
-000 |

nNimie X
O~-rz

READ MAZM3 ,MB,M8,M4,M6,FCT y JACK,KEK,M7

IF(M1(2).N=Z41) DO

SYMDIF
WRITE (3) STATUSsMO M1 sMA, MByRESULT,M3
GO TO START

DOEND

STATUS(0) = 99

# INTEGRATION

MAIN2:

IF(JACK > 10 +AND. JACK < 14) J =

ELSE IF(JACK > S5 +AND. JACK < 10)

ELSE J =1

SER = MB(J)

IF(Ma(1) «NEs. O .NRs M7 > 0) DO
STATUS(1) =
oo 1 = J

3
J = 2

1) «EQe 99) GO TO MAIN2
) «NE. M3(I + 1)) GO TO MAINA

FCT = FC

SPLIT(FCT,

IF(D2 «NE.
[F(M4a(1) .N=. 0)

OM = M4(1) - KEK * 12

IF(NM «EQe S «0ORe OM +EQ. 6) FCT = FCT / 22 %**% 2

ELSSE IF(OM +EQe 3 +0ORe OM LEQs 4) FCT = FCT / (22 * Z3)

ﬂv
NN

ELSE 09 .
IF(Ma(1) £Q. 26) FCT = FCT / 723
IF(M4(1) +EQe 27) FCT = FCT * MB(J)
IF(Ma(1) .FQ. 28) FCT = FCT %x 723 *x 2
ELSE IF(O L Te 3) FCT = FCT / 22
DOEND
SPLIT(FCT,Z2,D01,D02)
IF(D2 «N%e 1) GO TO MAINS
IF(M4(1) «FEQs 2 «NRs MA(1) 4EQe 3 «0Re MA(1) +EQ. 6) &
FCT = =FCT

FCT = FCT(Z3 = Z0)
MSER = M4(1)
NSER = MA(J)
SER = Z0
DOEND
DOEND



MAINS:

le2.

IF(M7 > 0) CO

SOEFCT
GO TO MAIM4
DCEND
IF(JACK +EQs 1 +0Rs JACK .EQ. 2) 00
STATUS(1) = JACK + 35
M =0
OM = M3(1) + M3(2)
IF(MI{1) .50. 3 AND. (OM + M3(3)) .NE. 3) GO TO MAINA
ELSE [F(JACK +EQe 2 +ANDs M3(2) JMNEe 1) GO TO MAINA
DO J = 1 5 MI(1)
DO T = 1 , M3(J) = 1
IF(MB(I+M) LEQe MB(I+M41)) FCT=FCT(Z(I1+M)=Z(J))
ELSE IF (JACK +£Qe1 +AND. OM JNE. 101) G TO MAINA
ELSE IF(JACK +EQe 2 +ANDs OM oNEs 3) GO TO MAING

ELSE GO TO MAINS
DOEND
FCT = FCT{Z(M3(J)+M) = Z(J))
M= M + M3(1)

DOENO
M3(2) = MB(M3(1) + 1)
M3(1) =1
IF{M3(2) «NE. 99) M3(2) = 1
DOFEND
ELSE IF(JACK == 4 ,0R, JACK == 10 .0R. JACK == 14) DO
STATUS(1) = 52
DO I =2 » M3(1)
IF(MB(I=-1) «NE« MB{(I1)) GO TO MAIN4
FCT = FCT(Z(I) = Z(1))
NDOEND
M3(1) = 1
D OEND
M1 = DEGIFCT,2(1))
N2 = DEG(FCT,Z2(2))
N = N1
D1 = Z(1) *% NI
D2 = Z(2) *x N2
D3 = FCT / (D1 % D2)
STATUS(1) = 20
TF(JACK.EQ.1) DO
SPLIT(C3,2(1),D01,D02)
IF(D2 NE,1) JACK = 15
SPLIT(D3,2(2),01,02)
IF(D2.NEs1) JACK = 15
STATUS(0) = 105

DOEND



TF(
ELSE IF(
ELSE IF(
ELSE IF(JACK
ELSE IF(JACKKL
ELSE IF(JACKKL
ELSE IF(

ey

i il 0N

MAIN3:

DOEND

DOEND
IF(LAWNTL0) D0
IF(LAW ==

TE(LAV
ELSE M
DOEND
DODEND
LK
(1) .EQs 28 «AND.
(I) «EQs 28 +ANDo.
0

DO I

—— |

| B
F{M2
F(M2
DOEND
MAING: IF(STAT = 99) WRITE (
R STATUS s MO, M1
é + M3

ELSE W

KEK ¢ M7

GO TO
END

M
S ) =
T (3)
ER yNSER

uUs(
1TE
SER
TART
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2) EXPI(IsN1,N2,03)
3) EXPFCT(M.sD3)
4) ARCFCT(M,N,I1,A,B,N1,03)
S) RATFCT
AND+ JACKDS ) LIGFCT(AyBsMyN, [,D3)
AND - JACK>10) SQRTO(MIMN,I +A8,,C»D3)
15)TRIHYP

)>99) DA
FI(STATUS(0) == 100) SQRT1(8,C)
TUS(O0) == 101) SIRT2(MMsA,3)
FISTATUI(0) == 102) SQRT3(MyN»A+8,C)
FISTATUS(OQ) == 104) RATFCT
F(STATUS(0) == 105) HYPTRI(IT yMsOMyN1,N2,D3)
F(STATUS(0) == 109) SORT4(MyN,1,9)
F{STATUS(0) == 110) SORTS5(MsN»T1,9)
F(STATUS(0)>99) GO TO MAIN3

)==55) DO
TATUS(0)=33
FIJACK == 1) TRIHY1(N1,N2)
F{JACK == 2) TRIHY2(M,N, [,0M)
F(JACK == 5) RATFUN
FJACK == 6) EXP2(I,N1)

) SER = SER / 2

) P = 3

== 4) P = §

) RESULT = RESULT(Z0 = Z3)

= RESULT(Z0 = Z(P))

== 3) M5(1) = M5(1)(Z20 = 23)
S(I) = MS(I1)(z0 = Z(P))

MS(1) £Q 1) RESULT = RESULT(Z(1+6)=1)
MS(I) .EQ 0) RESULT = RESULT(Z(I+6)=0)

3) STATUS,MO
s M2, MS,RESULTy,MSER»PARM M6,



THIS
STMT
10

11
13

N e
0 oW

42

PROCEDURE S
6

END
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Nhad Vel we o

PROCEDURE SYMDIF -
PROCEDURE DOIFFERENTIATES ALL THE FUNCTICNS ACCEPTABLE TO THE PACKAGE
NO DESCRIPTION

DARTIALLY DIFFERENTIATE THE FUNCTION W.ReTs ZO
8Y CONSIDERING ANY FUNCTICN NAME AS A COMNMSTANT
IF NO FUNCTICON NAMEZ RETURN
41 OARTIALLY OIFFERENTIATE THE FUNCTION NAMES W.R.Te ZO
STARTING FROM THE TOP LEVEL TO THE LAWEST LEVEL
2ZZ(1) CONTAINS THE OERIVITIVE OF THE FUNCTION NAME Z(1)
IN THE FUNCTION
FOR EXAMPLE
IF Z(I) = SIN(X) ZZ(l) WILL BE COS(X)

41 DIFFERENTIATE THE FUNCTION NAMIZIS AT THE TOP LEVEL

37 DIFFERENTIATE THE FUNCTICN NAMES AT THE THIRD
LOWESY LEVFL

37 DIFFERENTIATE THE FUNCTION NAMES AT THE SECOND
LOWEST LEVEL

35 DIFFERENTIATE THE FUNCTION NAMES AT THE LOWEST LEVEL

THE FINAL RESULT IS CONTAINED IN RESULT

MDIF
(2(12):8,20:8,22:8+,23:8,21(6):8,22(12)21) &
MB, FCT s RESULT s SAVEL SAVE 3,
SAVES,SAVE8,0SAVE1,05AVE2,0S5AVE3,0SAVES,
0SAVES, 0SAVES6»DSAVE7,0SAVES

a4
ALGEBRAIC

EXTERNAL M1 4MB4sM4 ,M6,FCT ,RESULT
INTEGER ARRAY M1, M4, M6
INTEGER TaJsKelsI1,12,13,J14K1,K2,K3

ARRAY MB
RESULT = DIFF(FCT,20)
IF{M1(1)==0) RETURN
SAVE1=0
DO I = 1,411(1)
11=M4(1)
K1=M6(1)
SAVE3=0
OSAVELl = DIFF(FCT«2(1))*2Z(1)
OSAVE2 = DIFF(MB(1),20)
DO J=1,11
CSAVE3 = DIFF(MB(I),sZ(K14J))*ZZ(K1+J)
OSAVE4=DIFF(MB(K1+J),20) .
12=M4(K1+J)
K2=M6(K1+J)
_ SAVES=0
DG K=1,12
OSAVES=DIFF(MB(KI+J) 4 Z(K2+K)) *ZZ(K2+K)
OSAVEHL=NIFF(MB(K2+K) +Z0)
13=M4(K2+K)
K3=M6(K2+K)
SAVEB=0
L=1,13
00 O0SAVE7=DIFF (MB(K2+K) ,Z(K3+L)) *ZZ{(K3+L)
OSAVES=DIFF{MB(K3+L ), Z0)
SAVEB=SAVEIZ3+0SAVE7*0SAVES
DOEND
SAVES=SAVES+NSAVES*(CSAVF6 +SAVES)
DOFND
SAVE3=SAVE3+DSAVE3%(0SAVE4+SAVES)
DNEND
SAVE1=SAVF1+0SAVE 1 ¥(0SAVE2+SAVE3)
DCEND

RESULT=RESULT+SAVE1L
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PROCEDURE SPEFUN

THIS PROCEDURE HANDLES THE SET OF ALL SPECIAL FUNCT IONS LISTED IN
THE APRENDIX F. THFE VALUE OF M7 IS USED TO CALL THE ROUTINE WHICH
CAN INTEGRATE THE PARTICULAR FUNCTION

STMT
9 -
15 =

PRO

END

NO DESCRIPTION

14 THE INTEGRAND HAS THE FORM 1/(A+AXOP(X)*x%2)
WHERE OP IS SIN CCS SINH OR COSH

19 SUBROUTINE CALLS

CEDURE SPEFCT
ALGEBRAIC (Z(12):8,20:18,22:8,23:8,21(6):8,22(12):1) &
DL1sD2+sD3yMRL,FCT ,PARM
EXTERNAL MB,M6,M7,FCT, PARM,STATUS
INTEGER M6 ,4,M7,4,STATUS
ARRAY MB,M6
ARRAY (0:2) STATUS
STATUS(1) = 18
IF(M7 == 750 «0DR. M7 == 751) DO )
IFEMOE( 1) oNE. ME(2) JAND. M6(1) oJNE. =-M6(2)) RETURN
M7 = M7 - 50
FCT = FCT / M6(1)

M6 = 1
DOEND
IF(M7 +LT. 92) SPECI
ELSE IF(((MB(1) «EQe MH(2)) ORs (ME(1) +EQe =M6(2))) LAND.
((M7 4GE. 900 +AND. M7 +LT., 1000) «0Re M7 oLT. 800)) SPEC2
ELSE IF(M7 .LT. 700) SPEC3

ELSE SPECa
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PROCEDURE SPECI

THIS PROCEDURE HANDLES THE SET OF THE SPECIAL FUNCTINNS THAT

HAVE EQUAL COEFFICIENTS . FCT INITIALLY CONTAINS THE COEFFICIENT

THAT IS ASSOCIATED WITH THF PARTICULAR FUNCTION

THE PROCEDURE SET IN TWO EXTERNAL VARITIAALES RTESULT AND PARM THE
COEFFICIENTS OF THE EVENTUAL INTEGRAL PRCVIDED FROM THE INTZGRATION TABLE

STMT NO DESCRIPTION
7 = 8 FORM CHECKING
9 = 19 THZ FUNCTION HANDLED HERE IS ANY 0OF THE

FCLLOWING FORMS

1 FOIX)/Z(ARX2 4=A%k2 XOP(F (X)) *¥%2)

2 FOOX)/Z{ARX2%0P 1(F (X)) ¥x2+ =A% 240QP2(F (X) ) %%2)
WHERE OP IS SIN 0OR COS AND EITHER OF 0OP1

AND OP2 1S SIN AND THE CTHER COS

M7 wILL EVENTUALLY HAVE THE TYPE NUMBER OF THE SPECIAL
FUNCTION AND FRESULT CCNTAINS THE FACTNR OF THE
COEFFICIENT OF THE EVENTUAL INTEGRAL THAT

NDOES NOT INVOLVE A FUNCTION NAME (E+Ge SQRT)

THE OTHFER FACTO® QOF THE CCEFFICIENT IS CONTAINED IN
M6y AN EXTERNAL ARRAY

20 - 35 THE INTEGRAND HANCLED HERE HAS CITHER OF THE
FOLLOWING FORMS
1 FY(X)/(A+AXCP(F(X)))
2 FrAX)XOP(F(X))/(A+AXDP(F(X)))
3 FrUX)/(OP(F (X)) #(A+AXIP(F(X))))
4 FY(X)/(A+AXCP(F (X)) )x%2
FrOX)*0P(F(X))/(A+AXDP(F (X)) ) **2

S

WHERE 0P IS SIN 02 C0OS
M7 AND PRPESULT ARE THE SAME AS A8SOVE WHILE PARM
CONTAINS THE FACTOR OF THE COEFFICIENT OF THE SECOND
TERM OF THE ZVENTUAL INTEGRAL (WHERE APPLICIABLE)
THAT DOTS NOT INVOLVE A FUNCTYION NAME

LIKEWISE M6 CONTAINS THE FACTORS OF ANMY COEFFICIENT
THAT INVOLVE A FUNCTICN NAME

PROCEDURE SPECI 5
ALGEBRAIC (Z2(12):8,720:8,722:8+23:8,21(6):8,ZZ(12):1) FCT,PARM,RESULT
INTEGER ARRAY M3,MA
EXTERNAL M3,M7,MA,FCTsPARM,RESULT STATUS
INTEGER M7,STATUS
ARRAY (0:2) STATUS
IF(M3(2) Qs 99) RETURN

IF(M7 +GE. 64 +AND. M7 JLE. 67 +AND. M3(2) NZ. 2) RETURN
ELST [F(M7 +G5+ B0 .ANDs M7 JLE. 83 oAND. M3(2) .EQ. 2) RETURN
IF(MA(1) +EQe 2 oANDs (M7 oLTe 68 0Rs M7 ,GTe 73)) M7 = M7 % 2
IF(MA(1) +E£Qe 2 +ANDe M7 e£Qes 69) FCT = —=FCT-

ELSE 00

IF(M7 oGTe. 71) FCT = FCT / 2
IF(M/7 +ENe 8BS 0Re M7 EQe. 8B87) FCT = «FCT
IF(M7 «GTe 84) M7 = M7 - 4
IF{M7 +5Ne 80 «0Re M7 +EQs 83 «0Re M7 EQs 85 «0R.
M7 .EQ. 87) PARM = «FCT
ELSE IF(M7 > 73) PARM = FCT
DOFND
IF{M7 +SQ¢ 60 +ORe M7 EQe 63 +0Rs M7 ZQs 77 0R
M7 EQe 78 oClRe M7 ECe 66 +0Rs M7 o,5Qe 67 +0DRe M7 +EQe
86 «0Fe M7 LEQs 87) RESULT = =FCT
FLSE RESULT = FCT
STATUS(0O) = 33
END



THIS PROCEDURE
PARM THE

THE

COMPLETE

PROCEDURE SPEC2

INTEGRAL IS GIVEN

SET IN TwWO EXTERNAL VARIABLES
COSFFICIENTS OF THE TwO TERMS OF THE EVENTUAL INTEGRAL

IN THE FINAL STER

RESULT ANO

0OF THE PACKAGE

WHERE THESE

COEFFICIENTS ARE

USED TO ATTACH TO THE

APPROPRIATE TERMS.

FORM M7
(FORM NUMBER)

FrIX)®SIN(F(X))/(1+-COS(F(X))) 60,61
FrUX)IRCOAS(F(X))Z( 1+~=SIN(F(X))) 62,63
FOUXISIN(FIX))/Z(COS(F(X))*(1+~COS(F(X)))) 64465
FrX)*xCOS(F(X))/ZISIN(F(X))*(1+=-SIN(F(X)))) 664,67
FrUX)/(SIN(F(X)1+=COS(F(X))) 63+69
FY(X)/Z((SIN(F(X))+=COS(F (X)) )*x%k2) 72,73
FrUOX)/(SIN(F(X))*(1+=-COS(F(X)))) 76,77
FOUX)/Z(COS(FIX)I*(1+=SIN(F(X)))) 78,79
FrIX)®SIN(F(X))/(SIN(F(X))+=-COS(F(X)))) 80,81
Fr{X)®COS(F(X))I/(SIN(F(X))+=-COS(F(X)))) 82,83
FrX)STN(F(X))/(COSIF{X))*(1+=SIN(F(X)))) 88,89
Fr{X)*COS(F(X))I/Z(SIN(F(X))*{1+~-COS(F(X)))) 90,91

STMT NO DESCRIPTION
7 =9 FORM CHECKING

10 - 19 THE VARIABLE FCT INITTIALLY HAS THE COEFFICIENT

THAT IS ASSOCIATED WITH THE SPECIAL FUNCTION

ACJUST M7 TO THE

AND IT IS TO BE

TYPE NUMBER OF THE

INTEGRAMNO

USED BY THE SNJAC0L WRITER
RESULT AND PARM RESPECTIVELY ARE SET TO VALUES

OF THE COEFFICIENTS OF THE FIRST AND

SECOND TERM OF

THE SVENTUAL

INTEGRAL

(30TH OF THSE TERMS OF THE

PRO
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THE SET OF SPECIAL FUNCTIONS THAT ARE TREATED HERE ARE

INTEGRAL ARE STORED IN THE ARRAY IN THE SNOB30OL WRITER

CEDURE SPEC2

ALGERRAIC (Z(12):8,70:8+22:8,23:8,21(6):8+,22(12)31) FCTHyPARM,RESULT

INTEGER M3 ,M6 M7, MALSTATUS
EXTERNAL M3,MH,M7 4 MA,FCT,PARM,RESULT,STATUS
ARRAY M3, M6,yMA

ARRAY (0:2)
IF(M7 «GE.
ELSE IF(M3(

STATUS
900 «AND
LT

IF(M7

« GE »

2)
700

2+ AND .

« M3(2)

900
M7

.E
«AND .

LE

Qe
M3 (2)

«NE o

2) RETURN

99) RETURN

901) DO

IF(M6(1)

oNZ o

M6(2)) RETURN

RESULT = FCT / M6(1) *%* 2
IF (M7 oFEQe 700 +0Re M7 +EQe.
IF (M7 «EQe 700 +0ORe M7 +EQ.
ELSE M7 = M7 + S50
IF(M7 +EQs 704 «0ORe (M7

RESULT = =RESULT

IF(M7 +EQs 951 +AND.
GO TO AMPX1

DOEND
FCT = FCT / M6(1)

IF(M7 .GTe 400) F%
(

701) M7 =
«EQe
MA(1)

951 +AND.

«EQe 2) MH(

FCT 7/ M6(1)
IF(M6(1) +EQe =M6 M7 = M7 + MA(1)
ELSE M7 = M7 + MA(1)

IF(M7 > 451) 00

RESULT = FCT / 2 % (-1) *%x MA(1)

PARM = FCT / 6 * (~=1) %% (MA(1) +

IF(M7 EQs 601 +DR. M7 oEQ0.

IF(M7 .5Q, 601 «0Re M7 +EQ.

GG TO AMPX1

T =
2))
1

602)

901) RESULT .=

604) RESULT =

RESULT / 2
M7 + MA(1) % 2 = 1
MA(1) +EQ.

M6(2)

2)) ¢
1) =

+ 2

1)
-RESULT

PARM = =PARM

DOEND
RESUL
PARM

IF(M7

AMPX1: STATUS(O)
€

T =

.EO.
M7
= 33

«EQ.

FCT
= FCT * (=1)

201

303

«OR.

«OR e

M7
M7

+EQoe

*k (MA(L) + 1)
Qe 2

04

304)

+ORe

RESULT =

~RESULT



PROCEDURE SPEC3

THIS PROCEDURE SET IN TWO EXTERNAL VARTABLES RESULT AND

PARM THE CNOEFFICIENTS OF THE TWO TERMS OF THE ZVENTUAL INTEGRAL
THE COMPLETE INTEGRAL IS GIVEN IN THE FINAL STEP OF THE PACKAGE
WHERE THESFE COEFFICIENTS ARE USYD TO ATTACH TO THE

APPROPRIATSE TERMS. THE SET OF SPECIAL FUNCTICNS THAT ARE TREATED HERE ARE 3

FORM M7
(FORM NUMBER)
FI(X)/(AXSIN(F(X))+B%COS(F(X))) 100
Fe(X)/(A+3%SIN(F(X))) 200
FI(X)/{A+OXCNS(F(X))) 200
FrIX)%SIN(F(X))/(A+BXSIN(F(X))) 300
Fe(X)XCNS(F(X))/(A+B*CAS(F(X))) 300
FP(X)/(SIN(F(X))*(A+BXSIN(F(X))) 400
Fr(X)/(COS(F(X))*x(A+B*XCOS(F(X))) 400
FrI{X)ASIN(F{X))/(A+BXSIN(F(X))) %%2 500
FY(X)%CAS(F(X))/(A+BXCOS(F(X)))*%x2 500
FO(X)/(A+BXSIN(F (X)) )*x%2 600
Fr(X)/ (A+B*COS(F( X)) )**2 600
STMT NO DESCRIPTION
7 - 46 THE VARTABLE FCT INITIALLY HAS THE COEFFICIENT THAT

IS ASSOCIATED WITH THE SPECIAL FUNCTION

ADJUST M7 TO THE TYPE NUMBER 0OF THE INTEGRAND

AND IT IS TO BF USED BY THE SNOSBOL WRITER

RESULT AND PARM RESPECTIVELY ARE SET TQ FACTNRS

OF THE COEFFICIENTS OF THE FIRST AND SECNHND TERM OF
THE EVEINTUAL INTEZGRAL THAT DCES NOT INVOLVE ANY
FUNCTION NAME AND THE OTHER FACTORS ARE STORED IN
THE AQRAY M6 .
BOTH TERMS OF THX EVENTUAL INTEGRAL ARE STORED

IN THE ARRAY IN THE SNOBOL WRITER



PROCEDURE SPEC3
ALGERBRAIC (2(12):8,20:8,22:8+23:8+21(6):18+422Z(12):1) FCT,PARM,RESULT

SRINIL:

INTEGFR M3,M6,M7,MA,STATUS

EFXTFRNAL M3 MHEaM7 4y MAL,FCTyPARMJRESULTsSTATUS
ARRAY M3,M6 ,MA

ARRAY (0:2) STATUS

IF(M7 100) DO

2) +5Q. 99) RETURN

= M6(1)%%2 + ME(2)%%2

1) EQ. 1) M&6(1) = M6(2)

2

) «NE. 99) RETURN
(3) = ME(1)%%2 ~ M6(2)*%2
(M7 .EQ. 300) DO
M7 = 16
RESULT = 1 / M6(2)
PARM = =M6(1) / M6(2)
DGEND
ELSE IF (M7 +EQ. 400) 0O
M7 = 18
RESULT = 1 / M6(1)
PARM = =M6(2) / M6(1)
DOEND -

ELSE IF(M7 «£Qs 500 0ORs M7 .EQes 600) DO
IF(M7 == 500) RESULT = M6(1) / M6(3)
FLSE RESULT = M6(2) /7 M6(3)
IF(M7 == S500) PARM = =M6(2) / M6(3)
ELSFE PARM = M6(1) / M6(3)
IF((M7 == S0Q JAND., MA(1l) == 1) .O0R,
(M7 == 600 +ANDe MA(1l) == 2)) RESULT
M7 = 20
DOEND
IF{M6(3) > 0) PARM = FCT % 2 % PARM
ELSE DO
M6(3) = =-M6(3)
M7 = M7 + 6
PARM = FCT * PARM
DCEND
IF{M7 oGE. 200) M7 = M7 -~ 100

IF(M7 «EQs 100 +0OFRs M7 «ZQs 106) RESULT

ELSE RESULT = RESULT * FCT
M7 = M7 + MA(1)
STATUS(0) = 33
END



170.

PROCEDURE SPECA

THIS PROCEDURE SET IN TWO EXTERNAL VARTABLES RESULT AND

PARM THS CO=ZFFICIENTS OF THF TwO TERNMS OF THE EVENTUAL INTEGRAL
THE COMPLETE INTEGRAL IS GIVEN IN THE FIMNAL STSP OF THE PACKAGE
WHERE THESE COEFFICIENTS ARE USEDO TO ATTACH TO THE

APPROPRIATE TERMS. THEZ SET OF SPECIAL FUNCTIONS THAT ARE TREATED HERE ARE

FORM M7
(FORM NUMBER)

FroX)/(A%x%24=%%2kSIN(F (X)) %*%2) 700,701
Fr(X)/(A%%24-Rux2%COS(F{X))*x%2) 700,701
FY(X)ARSIN(F(X))ASAORT(1+=A%k 2xSIN(F (X)) *%x2) 800,801
FrUX)®COS(FIX))*SORT (1 +=Axk2XSIN(F{ X) )%Xx2) 300,801
FUrX)RSIN(F (X)) /SOQRT(1 +=A%x¥2xSIN(F(X) )**x2) 805,806
FI(X)*COS(FIX))/SQRT(1+=A%X2XSTN(F( X) )¥%2) 805,806
FOX)/(AXR2xSTIM{F (X)) **x2+=B%*¥2&COS(F(X) )*x*x2) Q00,901
FY(X)XSIN(LN(F(X))) 1000
Fr(X)*CAOS(LN(F(X))) 1000

STMT NO DESCRIPTION

7 FORM CHECKING

8 = 59 THE VAR IABLE FCT INITIALLY HAS THE COEFFICIENT

THAT IS ASSOCIATED WITH THE SPECIAL FUNCTION

ADJUST M7 TO THE TYPE NUMBER OF THE INTEGRAND

AND IT IS TO BE USED BY THEZ SNO30OL WRITER

RESULT AND PARM RESPECTIVELY ARE S=T T0O FACTORS

OF THE COEFFICIENTS OF THE FIRST AND SECOND TERM OF
THE EVENTUAL INTEGRAL THAT DOES NOT INVOLVE ANY :
FUNTCTION NAME AND THE OTHER FACTORS ARE STORED:- IN
THE ARRAY. M6

BOTH TERMS OF THZ ZSVENTUAL INTEGRAL ARE STOREOD

IN THE ARRAY IN THZ SNOBOL WRITER



PROCENDURE SPECA
ALGEBFAIC
INTEGER 1,M3,M54M7,MA,STATUS
EXTERNAL M3 ,M6,M7 yMAFCTPARM,RESULT,STATUS
ARRAY M3,M5,MA
ARRAY (0:2) STATUS
IF(M7 «GEs 900 +AND, M3(2) «EQ, 2)
IF(M7 +CGFe 700 oANDe M7 JLE,

RZSULT = FCT / M&6(1)

IF (M7 700) DO
M6(3) = M6(1) *%x 2 + M6(2) %% 2
M7 = 12

DOEND

ELSE DO
M6(3)
M7 =

IF(M6

RE TURN
701) DO

M6(1) %% 2 -~ M6(2) Xk 2

= =-M6(3)

6

) < 0) DO
(3)
SuUL = RESULT / 2
+ 2

NmoW Nl

TN I~
HCw

e
M7

DOEND
M7 = M7 + MA(1)
DOEND
ELSE IF(M7 +GE. 800
IF(M7 +EQes 805
ELSE 0O
RESULT =
IF(MA(1) +EQe 1 +AND. M7 EQ. 800) &
PARM = =(1 + M6(2) ** 2) /
ELSE IF(MA(1) +EQs 1 <AND. M7
PAPM = ~(1 =~ M6(2) *% 2)
ELSE ITF(MALLEY. oEQs 2 «AND.
M7 < 802) PARM = FCT / (2 * M6(2))
DOEND

[F(MA(1) ~RESULT
M6(2) =
M7 == B80S) +AND. MA(1) ==

«AND
.OQ.

M7
M7

LT
«EQe

807) DO
806) RESULT =

FCT / 2

«0.

801)

«£Q. 1) RESULT =
M6(2) %% 2
800 «.0R.,

M7 + MA(1) * 2

IF((M7
M7 =
DOEND
ELSE IF (M7

«EQe 900 0Re M7 LEQ
M6(3) = M6(2) / M6{1)
RESULT = FCT / (M6(1)
IF(M7 .EQ, 901) DO

FCT = FCT /7 2

IF(MA(1) +EQ. 1) DQ
FCT = -FCT
I = M6(2)
M6(2) M6(1)
M6(1) I

DOEND

ODOEND

« 901) DO
* M6(2))

DOEND
ELSE DO
RESULT = FCT / 2
PAQM = FCT / 2
IF(MA(1) +EQ.
DODEND
STATUS(0) = 33
END

1) PARM = —-PARM

(Z(12):8,20:8,722:8,23:8,21(6):8,22(12):1) FCT,PARM,RESULT

FCT / M6(2)

(2 % M6(2)) *x FCT
&
/(2 % M6(2))

* FCT

1) M6(3) = 1| + M6(2)



PROCEDURE SQRTO(MsN,T1,A,3,C403)

THIS PROCEDURE ICFNTIFIES ALL THE PNOSSIALE CAS©=S OF

INTEGRAND THAT INVCOLVES ONLY SQRT<WHEN A FGCRM F'(X)/SQRT(F(X))

OR F'(X)*SQRT(F (X)) IS DISCNOVERED,THE INTEGRAND WILL BE INTEGRATED
DIRECTLY,s CTHFERWISE THE GLNBAL VARIABLE STATUS WILL BFE SET T0O

THE VALUE THAT IS ASSOCIATFED WITH THE APPRQOPRIATE PROCEDURE

WHICH CAN HANDLE THE INTEGRATICN OF THFE INTEGRAMD

STATUS(0) PROCEDURE STTUAT ION

33 INTZGRATION COMPLETE

100 SQRT1 POW=R 0OF SQRT [S 1
ARGUNMENT OF SQRT IS A%X+3

101 SQRT2 ARGUNENT OF SQRT IS
ARxX kA2 $ %X

102 SQRT3 ARGUMENT OF SQRT IS
Ak Xxoex2 +3%kX+C

104 RATFCT PNDWFR 0OF SQRT 1S EVEN

109 SQRT4 FOWER OF SQAT IS NEGATIVE

ARGUMENT OF SQRT IS
(X%%x2+=B%%2) OR (B¥X2+=X%%2)
110 SARTS POWEZR 0OF SQRT IS POSITIVE
ARGUMENT OF SQRT IS
(XKkk2+=B%%2) OR (B¥%2+—=X%%2)

ARGUMENT

1 THE FORM NUMBER OF THE FORM GIVEN AS BELOWS @
1 FORM
1 SQRT(X%%k2+PR%k%2)
1 SNRT (3 %% 2+ X%k%2)
2 SART (X X%k2=BH%%x2)
3 SQRT (B %%k 2= X%k*2)
M THE POWER .QF. X4¢SEE THE ODZSCRIPTION BELOW)
N THE POWER OF SQRT(SEE THS DESCRIPTION BELOW)
03 SEE THE PROCEPURE MAIN FIR DETAILS
AsB8,C SEE THE FORMS STATED ABOGVE

STMT NO DESCRIPTION

10 - 11 THE FUNCTION NAME SORT APPEARS MORE THAN ONCE
12 IDENTIFIES THE FORM F'(X)%XSQRT(F (X)) *%N
13 - 17 IF IT IS OF THE FORM F!'(X)%XSQRT(F({X))*%N THE INTSZGRAL
IS SQRT(F(X))*X(N+2)/(N+2) %2
18 - 22 DETERMINES IF N IS EVEN IF SO REPLACE
SQRT(F (X)) %%N BY F(X)x*(N/2)
SET THE STATOS(0) = 104 TO CALL PROCEDURE RATFCT
23 - 31 THE FUNCTION HAS THE FNORV X*kMESQRT ( Xk kM+=8% %2 ) kN
OR X¥XMASOQRT (BXx*2 4= X% %2 ) % kN
CR X%&&EM/SQPT (X %k%k2+=R% %2 ) Xk kN
OR X%%XM/SORT(B*%x2+4= X4 %2 )*%N
SET STATUS(0) = 109 TC CALL SQRT4 IF IT HAS
ONE OF THE LAST TwO FORMS ELSE SET STATUS(0) = 110
TO CALL SQRTS

35 - 37 THE ARGUMENT OF SQRT IS AXX*%x2+8%X +C . i
GET THE VALU=S A B AND C
41 - S3 THE FUNCTION HAS THE FOQM 1/(X*#2%SORT(AXX+R))

OR IT CONTAINS THE FORM SORT(AXX%x2 4+ 8%X )*kX %kM

OR IT COMTAINS SORT(AXX*%2+BxX+C) *x %N

FCR THE FORMER CASS SET STATUS(0) = 100 TO CALL
PROCEDURE SQRTI1 ELSE FOR THE SECOND CASE ST STATUS(
= 101 TO CALL PRNCEDURE SQRT2 ELSZ SET STATUS(0) = 1
CALL PROCEDURE SQRT3

0)
02 TO

44 - 52 THE AQGUMENT OF SQRT IS A%X*%2 SO LET Y = SQRT(A)*X

59 ~ 68 IF NOT SOLVED BY THE PREVIOUS STEPS USE SUBSTITUT ION
METHOD

59 = 65 IF THE DEGREE OF THE VARIABLE IN THS ARGUMENT OF

SORT EXCFEDS 1 THAN AFTER THE TRANSFORMATION Y = F(X)
THE NFw INTEGRAND SHOULD NOT CONTAIN THE VARIABLE
ELSE RETURN WITH ERROR

66 - 68 THE ARGUMTNT OF SQRT IN THE INTEGRAND IS AXX+R



PROCEDURE SQRTO(M,N, I,
ALGEBRAIC (z2(12):83,
FCT»PARM,

INTEGER AyB,,CesMsN,y 1,
EXTERNAL M2nM » MBLLA

STAR1

ARRAY (6) M2,Mb
ARRAY (0:2) STATUS
ARRAY MB
STATUS(1)
SPLLIT(D3,
IF(D2 oNFE
SPLITI(D3Z
IF(D2 .FEO
STATUS
SER =
RESULT
DOSND
ELSE TF(IMOD(N,2) =
I = N/ 2
STATUS(0) = 104
FCT = FCT / 2Z(1}
DOZND
ELSE DO

zZ(1
. 1
DIF
o 1
(0)
MB(

N&O~vﬂvVO

1
RE

DOEND
RETURN
: IF(DEG

« AN
(C == 0
.EQ.
FLSF IF(B == 0
STAT
LK =
M2 (L
M5 (L
M =
IF(M
ELSE
DOEND
ELSE STATUS(0)
PETURN

> PARM = FARM / D3(20

: SER = MB(1)

LAW = 4

STATUS(0) = 104

IF(DEG(ADEN(M3(1)),
FCT = FCT /7 nI
SPLIT(FCT,.Z0,0D
TF(D2 «NF. 1)
FCT = FCT(Z(1)
RE TURN

DCEND

D2 = MR(1)(20 = 0)

D1 = MA(1)(Z0 = 1)

FCT = FCT(ZO = (20

END

173,

A,8,C,D3)

70-8.12 8,23:18,Z21(6):8,22(12):1) Dl.DZ-D].MW.QERo
RESULT s MS

M22LKsLAW,L,JACK, STATUS
WeSERWFCT »JACK, PARM,RESULT ySTATUS

NO
o
~->
« O
NW

0,D01,D2)

T + PARM % D1 % Z(S) **x (N + 2) / (N + 2) * 2

0) 0O
) *% N % MB(1) % I

: GO TO STARI1
+NE+ 55) GO TO STARI

Ze 0 «0R.
) GO TO STAR3

Q)

N
> «GEe 3

ZO)(ZO
8 -

(g R!]

)
NE. S55) GO TO STAR3

De N == =1 LANDe A == 0) STATUS(0) = 100
«AND e A oNE. 0 +AND. B NES 0) STATUS(0) = 101
0) GO TC STAR2
«AND. C == 0) 0O
Us(o) = 33
LK + 1
K) = 2
K) = A

M + N + 1

==0) RESULT=RESULT+PARMXZ(5)*Z(LK+5) *x%N
RESULT=RESULT+PARMKZO¥xM*x Z(LK+6) *%N/M
= 102
= 1)
Z0) «NE. O +0OR., DEG(MB(1),Z0) «NE. 1) DO
FF(MB(1),20)
1.02)
STATUS(0) = 99
= Z0)
- D2
¥k 2 - D2) /4 D1)(Z(1) = ZO) * 2 / D1 * ZO



THIS

STMT

[N,
-OoONOWn
I

174.

PROCEDURE SQRT1(A,8)

PROCEDURE INTEGRATES THE FOLLCWING FUNCTION
1/ (X%%2%SQRT(AXX+8))

ARGUMENT
A,B SEE THE FORM STATED ABOVE
NO DESCRIPTION
14 THE ARGUMENT OF THZE SQRT IS A%X
THE INTEGRAL CAN BE OBTAINED OIRECTLY
THAT IS , RESULT = =2 / (SQRT(A) * SQRT(X) %% 3 *x 3)
11 SQRT(A) IS STORED IN M2(LK) AND MS(LK)
THE FIRST TERPM CF THE INTEGRAL
PAQM CONTAINS THE COEFFICIENT OF THE NEW INTEGRAND
19 STNRE SART(A%XX+B)
30 CREATE THE SECOND TERM CF THE INTEGRAL WHEN 8 < 0
35 CREATE THE SECOND TERM 0OF THE INTEGRAL WHEN 8 > 0

PROCEDURE SQRT1(A,8)

END

ALGEBRAIC (Z2(12):8,70:8922:8,23:8,Z1(6):8,2Z(12):1) M5,SER,PARM,RESULT
EXTERNAL M2 4MS, LK ySERyPARMIRESULT,,»STATUS
INTEGER AyB843MyNy,M2,LKsSTATUS

ARRAY (6) M2,M5
ARRAY (0:2) STATUS
STATUS(0) = 33
IF(B == 0) DO
LK = LXK + 1
M2 (LK) = 28
MS(LK) = A
RESULT = =PARM / (Z(S5) %% 3 *x 3 * Z(LK + 6)) * 2
RE TURN
DOEND
RESULT = RESULT = Z(S) / (B % Z0) * PARM
PARM = =PARM *x A / (2 * B)
LK = LK + 1 .
M2(LK) = 28
SER = A % Z0 + B
IF(B < 0) DO
MS(LK) = =B
LK = LK + 1
M2 (LK) = 11
MS(LK) = Z(LK + 7)
RESULT = RESULT 4+ PARM %X 2 ¥ Z(LK + 6) / Z(LK + 5)
LK = LK + 1 :
M2 (LK) = 28
MS(LK) = =SER / B
RETURN
DOEND
M5(LK) = B
LK = LK + 1}
M2(LK) = 27 *
MS(LK) = (Z(5) = Z(LK + 5)) / (Z(S5) + Z(LK + S5))
RESULT = RESULT + PARM *x Z(LK + 6) / Z(LK + 5)



THIS PROCEDURE INTEGRATES THE FUNCTICON WHICH HAS ANY OF THESE FORMS

STMT

FUN -

AsBsM
NO

21

33
41

A8
55
51
63

PROCEDURE SQRT2(M,,N,A,8)

XHAM/SQRT (B XX +AXX *%2)
XexMESQRT (BX X+ AxXx%k2)
1/ (X AM*SQRAT(BxX+ARXKX2) )
SQRT(RAAX+AXRX%k%2 )/ X%x%kM

ARGUMENT

THE POWER OF SQRT(SEE THZ FORMS STATED ASQVE)
SEE THE FORMS STATED ABQVE

DESCRIPTION

THE POWER OF SQRT(BXxX+A%xX%k%x2) SHOULD BE 1| OR =1
SIMOLIFY SORT(S2%X4+A%X%%2) TO SQRT(A) *
SORT(BXX/A—-X%x%2) WHEN A IS NOT -1
INTEGRATICN FORMULA FCR M > 0 AND N
INTZGRATION FORMULA FCR M < 0 AND N
INTEZGRATION FORMULA FOR M < 0 AND N
INTZGRATION FCRMULA FCR M > 0 AND N
THE INTEGRAL OF 1/SQRT(8%X/A=X%%2)
THE INTEGRAL OF SQRT(B%X/A=X%%x2)

i
—

[T i)
—

I
-

178,



PRO

CABL1:

CABL2:
END

176.

CEDURE SQRT2(M4N,A,8)

ALGEBRAIC (Z(12):8920:89Z22:8+423:8+:21(6):8:,2Z(12):1) MS,SER,PAR,
PARM,RESULT

EXTERNAL M2,MS5,LK,SFR,PARM,RESULT,STATUS

INTEGER A yBysMuiNy I sLKyM23,STATUS

ARRAY (6) M2,M5 ’

AGRAY (0:2) STATUS

STATUS(0) = 99
STATUS(1) = 38
IF(N JNE. 1 «ANDs N +NEs =1) RETURN
STATUS(0) = 33
PAR = 1
IF(A «NE. =-1) DO

LK = LK + 1

M2 (LK) = 28

MS(LK) = =A

PARM = Z(LK + 6) %% M % PARM

B = -8/ (2 % A)

SER = =SER / A

A =1
DOEND
LK = LK + 1
M2(LK) = 7 %
IF(M == 0 +AND. N == =1) GO TO CABLI1
ELSE IF(M == 0 +ANDs N == 1) GO TO CABL2
IF(M > 0 «ANDs N == 1) DO

DO T = M » 9 -

RESULT = RESULT - ZO **x (M = 1) / (M + 2) % PAR

PAR = PAR ¥ B * (2 * M + 1) /7 (M + 2)
DOEND
RESULT = RESULT * Z(S) %% 3
GO TO CABLZ2 -
DODEND
ELSE IF(M < 0 +AND+ N == 1) DO
DOI =M, =1 5 1
RESULT = RESULT + PAR /
PAR = PAR *x (M + 3) 7/ |
DOEND
RESULT = RESULT * Z{S5) %% 3
GO TQ CABL2
DOEND
ZLSE IF(M < 0 «AND. N == =1) DO
DO T =M 4 =1 , 1
RESULT = RESULT + PAR / (B * (1 + 2
PAR = PAR % (M + 1) / ((2% M + 1) =
DOEND
RESULT = RESULT * Z(5)
DDEND
ELSE IF(M > 0 «ANDs N == ~1) DO
DO I =M , 1 -1
RESULT = RESULT -~ PAR * 20 *%* (M -1) / M
PAR = PAR * B * (2 * M - 1) / N

2) % B) * Z0O *x M

((3 ¢+ M X% 2)
(2 * M + 3) % 8)

* M)) % ZO ¥xx M
B8)

DOEND
RESULT = RESULT * Z(5)
DOEND
RESULT = (RESULT 4 2 % Z(LK + 6)) * PARM
MS(LK) = Z(LK + 7)
LK = LK + 1
M2(LK) = 28
MS(LK) = 20 / (2 %* B)
RETURN
M5(LK) = (Z0 - B) / 8
RESULT = (RESULT + (Z0 - B) * Z(S5) / 2 + 3 *%x 2 % Z(LK + 6) / 2)% PARM



THIS

STMT
13
30

34

36

PROCEDURE

W

NO
19
33

35

38

177.

PROCEDURE SQRT3(M,N,A 8,C)
INTEGRATES THE FUNCTION WHICH HAS ANY 0OF THESE FORMS @
SQRT(A%XX%X24B%xX+C )
1/SQART( AxX%k%2+B%X+C)
X/SQRT(ARX%k%x2+8%X+C)
ARGUMENT
THE POWER OF X
THE POWER OF SQRT(N=1 OR N==1)
SEE THE FORMS STATED ABOVE

DESCRIPTION

- WHEN A IS GREATER THAN 0

WHEN A IS LESS THAN O

THE INTEGRAND IS SQRT (AXX¥x%x2+8%X+C)

WHEN A > 0 '

THE INTEGRAL IS (2%A%xX4+B)*SQRT{AXX%%2+B%X+C)/(4%A) -~
(B%k%x2=4 xAXC) KLN(2 %A %X +B+2%XSAQART (A) ¥SQRT (AXX k%2 +B%xX +C )/
(8%XAXSQRT(A))

WHEN A < O

THE INTEGRAL IS (2%A%X=R)XSQRT( AXX%%2+8%X+C)/
(Bx%2+4 %kAXC) XKASIN((2%A%RX=B)/SQRT(B*%2+4%xA%C) )
(3% AXSQRT(A))

THE INTEGRAND IS 1/SQRT(A%*%2+8%X+C)

WHEN A > O

THE INTEGRAL IS LN(2%AXX+B+2%SQRT(A) XSQRT(AXXX%2+B%X+C) )/
SQRT (A)

WHEN A < O .

THE INTEGRAL: IS ASIN((2%A%xX~B)/SQRT(BXx%2+4%A%C) )/

SQRT(A) ’

THE INTEGRAND IS X/SQRT{A%%2+B%X+C)

WHEN A > O

THE INTEGRAL IS SORT(AXX k%2 +83%X +C)/A~AxLN(2%A%XX+
B+24#SORT(A)%¥SORT(AXX%k %248 %X+C) ) /(2*¥AXSQRT(A))
(

(4%A) +
/

WHEN A < O
THE INTEGRAL IS —SAQRT(A*x%2+B8%xX+C)/A+B*ASIN
SQRT (B*x*2+4%A%C) )/ (2%A%*SQRT(A))

(2%A%X-3)/



PROCEDURE SQRT3(M,
ALGEBRAIC (2Z 2):8,20:89722:8,Z23:28,21(6):8,2Z(12):1)
MB 4 MS s SERPARM,RESULT
EXTERNAL ME ,M2, M5 ,LK, KFK,SLR,PAR“,RFSULT,STATUS
AQRAY (0:2) STATUS
INTEGER AsBesCrMeN NI sM2,,LKsKEKsSTATUS
ARRAY MB
ARRAY (6) M2,MS
STATUS(O) 33
STATUS(1) = S8
LK=LK+1
M2(LK)=28
IF(A>0) DN
MS (LK) =A
LK=LK+1
M2(LK)=27
MS (LK) =2%A%Z0+B+2%Z{(LK+5)%Z(5)
N3=1
DOEND
ELSE DO
MS{LK)==A
LK=LK+1
M2 (LK) =28
MS (LK )=B%%¥2=4%A%*C
LK=LK+1
M2 (LK) =7
MS(LK)=—(2*A*ZO+B)/2(LK+5)
N3=0
DOEND
SER = MB(1)
IF(N==1,ANDM==0) ¢
RESULT=RESULT+PARMX( (2%A%Z0+B) *Z(S)/
(4 #%A)=(RBkkx2~ amA*c)*2(LK+6)/(8*A*Z(LK+N3+4)))

NsA+B,C)

(M
(1
S
A2

ELSE IF(N===1.ANDM==0)
RESULT= G'SULT+pAQM*7(LK+6)/Z(LK+N3+4)
ELSE IF(N===1,AND.M==1) &

RESULT=RESUL T+PARMX(Z(S) /A=B*Z(LK+6)/
(2%A% Z(LK+N3+4)))
ELSE STATUS(0)=99

END

A



179.

PROCEDURE SQRTA (M,N,A,8)
THIS PROCEDURE INTEGRATES THE FUNCTION WHICH HAS ANY OF THESE FORMS ¢
FORM A
X*KKMXGART (BA%2 +X k%2 ) kkN
XEEMXSQRT( XX%2+3% k2 ) k%N

XEEMEKSQRT ( Xkk 2=k %2 ) k&N
XKEMEXSQRT ( Bk 2= X k%2 ) k*N

[N

TH= VALUE OF A INDICATES THE FORNM NUMBER OF THE FORM THE FUNCT ION HAS
BEFNRE THE INTEGRATION BEGINSs THE INTEGRAND IS FIRST
TRANSFORMED INTO ONE OF THE FOLLCWING THREE FORMS 3

FUIX)ASIN(F (X)) *&MECOS(F (X)) *X(N+1)
FOrUX)XSINH(F (X)) #*xMECOSH(F (X)) *Xx(N#+1)
FUX)*COSHIF (X)) *x¥MXSINH(F (X)) **x({N+1)

THE INTEGRATION OF EACH OF THESE FORMS IS DONE BY PROCEOURE TRIHYI1
AQGUMENT
My,N,A,B SEE THE FORMS STATED ABOVE
STMT NO DESCRIPTION

8 - 13 TRANSFORMS THE INTEGRAND INTO ONE OF THE
ABOVE THREE FORMS
3 POSSIBLE TRANSFORMATIONS ARE Y = SIN(X)»
Y = SINH(X)s Y = COSH(X)

PROCFDURE SORTA
ALGERRAIC (Z
INTEGER AR,
EXTERNAL M2,
ARRAY (0:2)
ARIAY (6) M2
STATUS(0) =
KEK=1

M2,KEK s STATUS

)
0:18922:84+2338,Z1(6):18,2Z(12):1) MS5,SER,PARM,RESULT
.’
KsSERIPARPM,STATUS ,RESULT

0) PARM = PARM %x B %% (M + N)

N) < 0) PARM = PARM / B *¥% ( - M = N)
164 (o]
I
’

M=V ZT M=
CFmungnrm
N~ N~ )~
m»9

i

VI

M2(LK) =P
MS (LK )=SER .
RESULT=RESULT(Z(6)=Z(LK+6)) ’
RFSULT=RESULT(Z(M)=SER)
LK=LK+1
M2(LK)=N+KEK*12
MS(LK)=Z(LK+7)
RESULT=RESULT(Z(N)=Z(LK+6))
LK=LK+1
M2(LK)=P
MS (LK) =SER
END



.~

PROCENDURE SQRTS(M,N,A,B8)
THIS PROCEDURE INTEGRATES THE FUNCTION WHICH HAS ANY OF THESE FORMS
FORM A
X*&M/SQRT( X%k 2+B%%x2) *xN
X®KM/SQPT (X2 +X k%2 ) k%N

XHEXM/SQRT (( X AA42= k%2 ) % XN
X¥%M/SQRT (Rk%2e=X k%2 ) kkN

LN =

THE VALUE OF A INDICATES THE FORM NUMBER OF THE FORM THE FUNCTION HAS
BEFORE THE INTCGRATION BEGINS, THE INTEGRAND IS FIRST
TRANSFORMED INTGO ONE OF THE FOLLOWING THREE FORMS 3

Fr(X)RSIN(F (X)) *xkMkCOS(F(X))dk(1~N)
FO(X)RSINHIF (X)) XxxMXCOSH(F (X)) %%x(1=N)
FU{X)%COSH(F (X))¥AMkSINH(F (X)) ¥k (1=N)

THE INTEGRATION OF EACH OF THESE FORMS IS DONE BY PROCEOURE TRIHY1

ARGUMENT
MyNsA,B - SEE THE FORMS STATED ABOVE
STMT NO DESCRIPTION

8 = 13 TRANSFORMS THE INTEGRAND INTO ONE OF THE
ABOVE THREE FORMS
3 POSSIBLE TRANSFCRMATIONS ARE Y = SIN(X),
Y = SINH(X), Y = COSH(X)
CALL PRCCEDURE TRIHY1
14 - 35 SUBSTITUTING BACK INTC THE ORIGINAL VARIABLES

PROCEDURF SQRTS(M,N,A
ALGEBRAIC (2(12):8
INTEGER A+ByMyNyPo
EXTERNAL RESULT o KE
ARRAY (0:2) STATUS
ARRAY (6) M2,MS
STATUS(0)=33

222:8,
‘K e M2 sSTATUS
M2+MSsPARM, SER+STATUS

PARM % B %% (M + N)
KM = PARM / 8 %% ( = M - N)

MeDZIM
rmeunhrm
m»o

"

VZZI=
huwnnw

DOEND
SER=SER/B
LK=LK+1
RESULT=RESULT(Z(6)=Z(LK+6))
M2 (LK) =P
M5 (LK )=SER
RESULT=RESULT(Z(M)=SER)
LK=LK+1
M2(LK)=N+12%KEK
MS(LK)=Z(LK+7)
RESULT=PESULT(Z(N)=Z(LK+6))
LK=LK+1
M2(LK) =P
MS(LK)=SER

END

180.

723:8,21(6)3:84,22(12)31) MS,SER,PARM,RESULT



181.

PROCEDURE RATFCT

THIS PROCEDURE INTEGRATES THE FUNCTION WHICH IS THE QUOTIENT OF Twa
POLYNOMIALS AND IT SATISFIES ONE OF THESE CONDITIONS 3

1. THE FUNCTION CAN BE EXPRESSZD AS F'(X)/F(X)
2. THE DENOMINATOR OF THE FUNCTION IS A SINGLE TERM
3. THE ODENOMINATOR HAS THE DEGREE OF THE VARIABLE

LESS THAN 3

IF THE FUNCTION CANNOT BE COMPLETELY INTEGRATED BY RATFCT THEN
PROCEDURE RATFUN WILL BE CALLED

STMT NO DESCRIPTION
12

14 = WHEN THE DENOMINATOR OF THE INTEGRAND IS INODEPENDENT
OF Z0O THE INTEGRAL IS OBTAINED 8Y USING
PROCENURE PINT(ALTRAN BUILTIN ROUTINE)
16 - 19 IF THE DEGRES OF THE VARIABLE IN THE NUMSERATOR IS
NOT LESS THAN THAT QF THE DENOMINATOR OIVIDE
TO NOBTAIN THE QUOTIENT AND REMAINDER
THE QUOTIENT IS A POLYNOMIAL AND SO 1S INTEGRATED

DIRECTLY
21 IF THE REMAINDER IS O THE INTEGRATION IS COMPLETE
24 - 30 IF THS INTEGRAND HAS THE FORM F'(X)/F(X)

THE INTEGRAL IS LN(F(X))
31 - 35 THE NUMERATOR OF THE UPDATED IMTEGRAND

SHOULD HAVE A SINGLE TERM QOR ITS DEGREE QF 20
IS LESS THAN 3

37 = 51 WHEN THE NUMERATOR HAS A SINGLE TERM ANMD THE
INTEGRAND IS (AxXx¥] 4 BXX¥%J + eesss) / X%kXK
INTEGRATE EACH TERM L x X %%k R / X %% K DIRECTLY
AND SUM UP ALL THE INTEGRALS

40 GET “ACH TERM OF THE INTEGRAND P * X %% R / X*%K
42 - 48 NOW INTZGRATE THS CURRENT TERM

42 = 47 IF M EQUAL =1 THE INTEGRAL IS P * LN(ZO)

48 ELSE THE INTFGRAL IS =P / (M = 1) % X %% (M - 1)
S0 IF INTEZEGRATION NOT CONPLETED GO TO 38

52 IF THE INTEGRAND IS NOT IN THE ABOVE CASE

PROCEDURE RATFUN WILL BE CALLED



PRO

w000 132

woooD2:

END

CEDURE RATFCT

182.

ALGEBRAIC (Z(12):18,720:8,22:8+,23:8,21(6):8,22(12):1) D1,02,03.,00,

MG s FCT»PARMZRESULT
INTEGER My NyNT N2 M2,LKsLAW,JACK,STATUS
EXTERENAL M2 3 MS,LKsLAW, FCT 2 JACK,,PARMSTATUS ,RESULT
ALTRAN ALGEERAIC LCPO,LTPO,QUCPO
ARRAY(0:2) STATUS
ARRAY(6) M2,M5 b

STATUS(1) = S1 + LAW

STATUS(0) = 33

JACK = S

D1l = ADEN(FCT,D2)

N1 = DEG(D1,20)

IF(NL == Q) RESULT = RESULT + PARM X PINT (FCT,20)
ELSE DO )

N2 = DBEG(D2, 20)

IF(N2 < N1) GO TO wWOoOD1

D3 = QUOPN(EXPAND(D2),EXPAND(D1),Z0,D2)

RESULT = RESULT + PARM % PINT(D3,2Z0)

FCT = D2 /7 D1

IF(FCT == 0) RETURN

D3 = D2 / DIFF(D1,20)

SPL1IT(03,20,53,02)

IF(D2 .EQ. 1) DO
LK = LK +
RESULT
M2 (LK)
MS (LK)
RETURN

DOEND

STATUS(O

1
RESULT + PARM % D3 * Z(LK + 6)
27 ¢

D1

LK = LK
M2(LK) =
M5 (LK) =
RESULT =
DCEND
ZLSE RESULT
D2(zZ0 = 1)
IF(DD «NE. 0) GO TO wQOD2
DOZEND
ELSE STATUS(0) = S5
DOEND

Z
RESULT + PARM * Z(LK + 6) * D2(ZO0

1)

RESULT + PARM % ZO % (M + 1) / (M + 1) *



183.

PROCEDURE RATFUN

THIS PRQOCEDURE INTFGRATES THE FUNCTION WHICH HAS THE FOLLOWING FORM 3
(AXX+8) /(CRXRX24+DXX+E )
(THE FUNCTION CANNOT BE EXPRESSED AS F*(X)/F(X))

STMT NO DESCRIPTION )
9 -~ 13 GET THE VALUES OF A 8 C D AND € IN THE INTEGRAND
14 - 20 IF A NOT EQUAL O THE FIRST PART OF THE

INTEGRAL IS AXLN(CxXx%x24+D%xX4+'7)/(2%xC)
THE REMAINING INTEGRAND IS (B=AXD/(2%C))/C /
(Xx%24D/CkX+E/C)

23 LET A = (E/C)=(D/(2xC))*%x2

24 IF A EQUAL 0 THE INTEGRAL OF THE NEW INTEGRAND IS
-1/(20+D/(2%C))

25 = 43 A NOT SQUAL O

28 - 31 IF A < 0 THE INTEGRAL IS (B=A%D/(2%C))/(CxSQRT{=A)) *
ATAN((ZO+D/ (2%C))/SQRT(~A)

32 - 35 A =

1
THE INTEGRAL IS THE SAME AS ABOVE BUT SET SQRT(=A) = 1
36 - 42 A > 0
THE INTEGRAL IS (8=A%x0/(2%C))/(C*SQRT(A)) *
ATANH( (Z0+D/ (2%C))/SQRT(A)

PROCEDURE RATFUN :
ALGEBRATIC (Z2(12):18+70:8:22:8423:8,21(6):8,2Z(12):1) M5,
FCT+TEMP1,TEMP2, PARM, RESULT
EXTERNAL M2,MS,LK,LAW,KEK FCT,PARM,RE SULT
INTEGER ByCaDsEsM243LK s KEKy LAW .
RATIONAL A
ARRAY (6) MN2,M5
TEMPL=ADEN(FCT, TEMP2)
B=TEMP2(Z0=0)
A=TEMP2(Z0=1)-8B
E=TEMP1(Z0=0)
D=((TEMPL=-E)/7Z0) (Z20=0)
C=TEMP1(Z0=1)=-E=-D
IF(A.NZ.0) DD
LK=LK+1
M2 (LK )=27
MS (LK) =TEMP]
RESULT=RESULTH+PARMXAXZ(LK+6) /( 2%C)
PARM=PARMX (B=A%D/ (2%C) )/C
DCEND
ELSE PARM=PARM%B/C
TEMPL=(Z20+0/(2%C))
A=(E/C)=(N/(2%C)) %%2
IF{A==0) RESULT=RESULT-=PARM/TEMPIL
ELSE DO
LK=LK +1
M2 (LK)=11
IF(A<K0) DO
A==A
M2(LK) =23
DOEND
IF(A==1) DO
MS( LK) =TEMP1
QESULT=RESULT+PARMXZ(LK+6) "
DOEND
ELSE DO i
MS{LK)=TEMP1/Z(LK+7)
LK=LK+1
M2(LK )=28
M5 (LK) =A
QESULT=RESULT+PARMXZ(LK+S)/Z(LK+6)
DOEND
DOEND
END



THIS PROCEDURE INTEGRATES THE FUNCTION WHICH HAS THE FOLLOWING FORM

FORM

PROCEDURE ARCFCT(M,N, I,A,8,N1,03)

Fe(X)XF{X)XEM*OP(F (X))

WHERE OP IS ANY INVERSE TRI.

VALUE
I

NP U~

EXPRESSION

XX EM/SQRT( Xk x2+B%xx2) k&N
X%uXM/SORT (B %2+ X ¥x2) kXN
Xk M/SQRT Xk %2=F k&2 ) *kkN
X% XM/SQRT(B* %2~ X ¥k 2) kN
X*xE(M+1)/(1=X%k%2)
X« (ME1)/(1+X%%2)

OR HYP,

INTEGRAL,
OF THE FOLLCWING FORMS 3

THE FIRST FOUR FORMS ARE HANDLED BY FROCEDURE SQRT4

AND THE REST ARE HANDLED BY PROCEDURE RATFCT

DUMMY

ARGUMENT

FUNCTION

THSE INTEGRATION IS FIRST PERFORMED B8Y INTEGRATION BY PARTS,
THUS OEBTAINING THE FIRST TERM OF THE
IS THEN TRANSFORMED INTO ONE

THE INTEGER CORRESPONDING TO QOP(SEE ABQOVE)

ON RETURN I CCNTAINS THE FORM VALUE(SEE ABOVE)

SEE THE PROCEDURE MAIN FOR DETAILS

SEE

THESE

THE NEW FORMS ABOVE

DESCRIPTION

THE DEGREE IN THE 0P SHCULD BE EXACTLY ONE

0P SHOULODO APPEAR ONLY ONCE IN THZ

[NTEGRAND

FORM CHECKING FOR F* (X)*F(X)*¥MxN2 (F (X))
THE FIRST TERM OF THE EVENTUAL INTEGRAL IS
OBTAINED USING INTEGRATICN BY PARTS METHOD

FOoR

0P EQUAL ASIN OR ACCS OR ASECH THE INTEGRAND

IS TRANSFORMED INTJ FORM 3

FOR OP EQUAL ASINH 0OR ACSCH THE INTEGRAND 1S

TRANSFORMED INTO FORM 1

FOR

0P EQUAL ACSC OR ASEC OR

IS TRANSFORMED INTO FCRM 2

THE
THE
THE

REST IS TRANSFORMED INTO
INTEGRAND IS TRANSFQORMED
INTEGRAND IS TRANSFORMED

ACOSH THE

FORM 4 OR
INTO FORM
INTD FORM

INTEGRAND

FORM
S
Py

THE NEW INTEGRAND

VARTABLES ARE PASSED TO PROCEDURE SQRT4

5

184.
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PROCEDURE AQCFCT(M--'IOA’BQNIQD3)
ALGEBRAIC (Z{12):8,20:8,22:8,23:8,21(6):8,ZZ(12):1) D1,D2,03+MS,
SER«FCT, pARMopLSULT
INTEGER AyBiMeNsT oN1 M2, MA, LK,KEK,STATUS
EXTERNAL M20“3u“A'LK'FCT KE K.ScR.pARMgnkSULT-STATUS
ARRAY (0:2) STATUS
ARRAY(6) M2,M5
ARRAY MA
STATUS(0)=99
STATUS(1) = 44
I=MA(1)
[F(N1.NSs1) RETURN
SPLIT(D3,2(1)+D1,02)
IF(D2N¥41) RETURN
GETPWR(M»,0,03)
IF(STATUS(0) «NE+55) RETURN

= PARM * SER %** (M + 1) * Z(LK + 6)
M2(LK) = 1
= SER

) 09 .
OR«I==8.0Res1==22) DO

IeNEL22) M=M#+1
I==7) PARM==PARM
I

=19.0R, I==211. 0Q

-0
MM MM ~N~
~~Ne O

— D -
~

DCEND

ELSE ;Fé!:: OR«I==10.0R.I==20) DO
9) PARM==PARM

) M=M+1

RM==PARM
=12) FCT=SER¥*%(M+1)/(1+SER%X*2)
ORe I==24) FCT=SERX*(M+1)/(1-SER*%*2)

u*ﬁb
-|1>



o Ot

186.

PROCEDURE GETPWR( LsU,D3) -

THIS PROCEDURE COMPUTES THE VALUE OF I IN THE "FUNCTION"

FI(X)RF (X )R XOP(F (X))

WHERE 0P IS ANY FUNCTION NAME ACCEPTAZBLE TO THE PACKAGE.

IF THE FORM STATED ABO0VE CAN NOT BE OBTAINED IT RETURNS AN ERROR FLAG,.

STMT

10

13

16
17
19

23
27
34

37

49
52

OCw

12
15

36

33
32

46

S0

ARGUMENTS
SEE THE FORM STATED ABQVE
DUMMY INTEGER
SEE THE PROCEDURE MAIN FOR DETAILS

DESCRIPTION

DIVIDE NUT F'(X) FROM THE FUNCTION

Il = DEGREE OF X IN NUMERATOR 0OF 03

I2 = DEGREE OF X IN DENUMINATOR OF D3

J1 = DEGREE OF X IN NUMERATOR OF SER

J2 = DEGREE NF X IN DENUMINATOR OF SER

IF SER IS A CONSTANT RETURN WITH ZRROR

IF D3 IS A CONSTANT I IS SET TO O

I1 > 0 AND J1 > O

TWO POSSIBLE VALUS OF I ARE TESTED

I = I1 / JL AND I = =11 / J2 )

IF B80TH 11 / J1 AND I1 / J2 NOT INTEGER RETURN
WITH ERROR

IF I1 /7 J2 1S AN INTEGER TEST WITH 1T = =11 / J2
IF I IS FOUND RETURN WITH STATUS{(0) = 55

IF NOT FOUND AND Il / Jl1 IS NOT AN INTEGER
RETURN WITH ERROR

EITHER-TI OR--JYT IS5 “2ERO

IF 11 AND J1 BOTH EQUAL O TEST WITH I = 12 / J2
CLSE IF I1 EQUAL O TEST WITH I = ~-12 / Jl

ELSE TEST WITH 1 = =11 / J2
THE FORM IS NOT RIGHT RETURN WITH ERROR
THE FORM IS RIGHT SET STATUS(0) = S5



PROCEDURE GETRPWR D3)
ALGERRATIC (Z( .

1 3.sSERWPARM

EXTERMNAL SER, STATUS

INTEGER I,J.U 2

APRAY (0:2) S

VALUE D3

STATUS(1) = 6§
F
M

2 =11 - 1
= DEG(ANUM(SER) ,20)
= DEG(SER, Z0)
Ji - J

—

= 0 JANDe.
= 0 <AND.

-
nn

It

rman

(rr > o

* e
—
O
o

=M
De J +NE» RETUR

bt g Pt ey
e e (M~AD NN

)

AND. I1 > J2) J
N 0)

0

~—~—l
MZe O»
Homzoz

=
F
F

N0 Ge o
MU=
~

L

STATUS(0) = S5
PARM = PARM % D1
RETURN

DOEND

D
IF(I «NE. O0) RETURN
11 7 Ji

]

—
|

12
J2

]
Z ZOuwunn

memo

Nl ™

)
RETURN

«0Rse J1 oNEW. 0) I = =1

1
J
J
)

’
0
0

e \Ne X

1

/ SER *% I
DOEND
SPLIT(D3,20,D1,D2)
IF(D2 «NE. 1) RETURN
PARM = PARM * D1
STATUS(0) = 55

Z0:18,22:8,23:8,21(6):8,22(12):1) &

OD(11,J2)
N

187.



PROCEDURE EPFCT(M,D3)

188.
THIS PROCEDURE IDENTIFIES THE FUNCTION WHICH ONLY INVOLVES EXP
THERE ARE Tw0O CASES WHICH ARE ACCEPTABLE TO THE PACKAGE @
1. FOOX)*F(X)KREMEREXP(F (X))
2. THE FUNCTION IS THE QUOTIENT OF TWO EXPRESSIONS
AT LEAST ONE OF THEM CONTAINS THE FUNCTION MNAME EXP

FOR THE LATTER CASE THE ARGUMENTS MUST B8F EITHER F(X) 0OR -F(X)

AND THERF MUST NOT BE ANY VARITABLE 20 PRESENT IN THE FUNCTION

AS A SINGLE ENTITY

THE FUNCTION OF THS FIRST CASE IS INTEGRATED USING INTEGRATION BY PARTS
THZ FUNCTION OF THE SZECOND CASE IS FIRST TRANSFORMED BY EXP(F(X)) = ZO
AND THEN INTEGRATED BY PROCEDURE RATFCT

ARGUMENT
M THE VALUE IN THIS FORM
FI{X)®F(X)REMEEXP(F (X))
03 SEE THE PROCEDURE MAIN FOR DETAILS
STMT NO DESCRIPTION
9 WHEN M7 = =1 THE ARGUMENT OF EXP IS IN FACT LN(A)XF(X)
WHERE A IS THE INTEGER IN THE FORM A X%k F(X)
12 - 2a THE FUNCTICN HAS FORM 2
13 - 16 THE FUNCTION SHOULD NCT CONTAIN ZO0
17 = 18 THE ARGUMENTS MUST ALL 8% THE SAME OR
- EACH OF THEM IS EITHER F(X) OR =-F(X)
19 - 23 TRANSFORM THE FUNCTION 8Y €XP(F{X)) = Z0
22 SET STATUS(0) = 104 TGO CALL PROCEDURE RATFCT
26 - 34 THE FUNCTION HAS FORM 1
PROCEDURE EXPFCT(M,D3)
ALGEBRAIC (Z(12):8,20:8,2

2:8,23:8,21(6):8,22(12):1) D1,D2,D3,0D4,
ME W FCT» SERWPARMHPRESULT
FCToLAWLZSER,PARM, STATUS, RESULT
M74,LAW,STATUS

EXTERNAL M3,M ’
?
us

3. M
INTEGER MyN,I,M3
ARRAY (0:2) STAT
ARRAY M8 ,M3
STATUS (1) = 39
IF(M7 == =1) SER = SER * ZZ(1)
SPLIT(D3+Z(1),01,02)
SPLIT(D3,Z(2),01;04)
IF(D2«NEsl.0RsD4.NEL1) DO
IF(M3(1)>2) RETURN
FCT=FCT/DIFF(SER,Z0)

7

SPLIT(FCT+20,014.D2)
[F{D2.NZs1) RETURN
IF(M3(1)==1) MB(2)=-MB(1)
IF(MBI1)+MB(2) +NE0) RETURN
. FCT=FCT(Z(1)=20)(Z2(2)=1/20)
FCT = FCT / ZO
LAW=2
STATUS(0) = 104
RETURN
DOEND
IF(M3(1) +LE. 1) GETPWR(M,0,03)
IF(STATUS(?) == 55) 00
I = =
DON=M, 1 , =1
RESULT = RESULT + PARM % Z(6) *%x N
PARM = PARM *x N x [
DOEND

RESULT = (RESULT + PARM) * Z(3) .
STATUS(0) = 33
DOEND .
END



THIS PROCEDURE

35
36

40
41
43
58

62

-

16

20
31

56

42
S5
59

189,

PROCEDURE EXP1(I,N1,N2,D3)
IDENTIFIES THE FUNCTION WHICH HAS ANY 0OF THESE FORMS 3

FO(X)XOP(F (X)) ®XNIXEXP(F(X) )%*XN2
E(X)*0P1I(F(X)) *%kN]1 %0P2(G{X) )XxEN2XEXP (H({X) ) *¥N3
(WHERE 0P ,0RP1,0P2 ARE TRIe.« OR HYP. FUNCTIONS)

ARGUMENT

THE INTEGER CORRESPONDING TO OP(SEE THE FORMS STATED ABQVE
SEE ALSQO "DELAY'" IN PROCEDURE MAIN)

SEE THE PROCFEDURE MATIN FOR DETAILS

SEE THE FORMS STATED ABOVE

DESCRIPTION

N3 IS THE POWER OF EXP

THE INTEGRAND THAT INVOLVES EXP AND AT LEAST A
TRIGONODMETKRIC OR HYPERSBOLIC FUNCTION SHOULD

HAVZ THE FORM AS STATED AB0VE

THE POWER QF EXP IN THE INTEGRAND IS EXPECTED

T 8 1

THE INTEGRAND CONTAINS SIN(F(X))*kN*COS(F (X)) *kN )

CR SINH(F (X))Xx%NxCOSH(F(X))¥%N ANO CAN BE SIMPLIFIED

B8Y DOUSBLE ANGLE RULES

EXP HAS THE VALUE A IN EXP(AXF(X)) WHERE F(X) IS

THE ARGUMENT OF THE TRIGONOMETRIC OR HYPRERAOL IC FUNCTIDN
THE INTEGRAND HAS THE SECCND FJRM AS STATED ABQVE

THE INTEGRAND IS THUS SPLIT INTO TwWO PARTS

THE INFORMATION REGARDING THESE PARTS ARE STORED HERE
THE ARGUMINT OF THE TRIGONOMZTRIC OR HYPERBILIC FUNCTION
THAT APPEARS IN THE SECCND PART OF THE INTEGRAND

AFTER THE TRANSFORMATION Y = F(X) NO SIMPLE VARIABLE

IS IN ANY PART 0OF THE INTEGRAND

ADJUST COEFFICIENTS

IF M7 = ~1 THE FUNCTION CONTAINS A %% F(X)

AFTER THE TRANSFORMATION Y = F(X) THE SIMPLE VARIABLE IS NOT
IN THE FUNCTION ANY LCNGER i
CTHERWISE TERMINATE THE INTEGRATION

ADJUSTMENT



PROC

190.

CEDURE EXP1(I,N1,N2,D3)

ALGEBRATIC (Z2(12):8,20:8,722:8,23:8,21(6):8,2Z2(12):1) D1,D2,03,

M3,SFER,FXP,PAQM,NSER,DEXP ,0PARM ,FCT

EXTERMAL MA MR M3 ,M7,SEREXPyPARM, 0SER, DEXP, OPARM,FCT,KEK,
JACK ySTATUS ,DFLAY

INTEGER AsTsN1sN2,N3yMA;M3,M7,KEK s JACK, STATUS,DELAY

ARRAY (0:2) STATUS

ARRAY MA,MB,M3

JACK = 6

STATUS(1) = 40

N3 = DEG(D3,7Z(3))

D3 = D3 / Z(3) *x¥ N3

OO A =1, 3
SPLIT(D3,Z2(A)D1,D2)
IF(D2 oNE. 1) RETURN

DOEND

STATUS( 1) = 41

A = M3(1) + M3(2) + M3(3)

IF(((A== +ORe A==102) +ANDe N3 +NEs 1) 0ORS

(A==101 «ANDs N2 «NE. 1)) RETURN

IF (A==3 +4AND. (MB(1)-MB(2) .EQ. 0)) OO
STATUS(1) = S7
IF(NL «NE. N2) RETURN

M3(2) = 99
MA(1) = 1 + KEK % 12
M3(2) = M3(3)
SER = SER % 2
MB(1) = MB(1) * 2
IF(N1 > 0) PARM = PARM / 2 %X NI
FLSE IF(N1 «NE. 0) PARM = PARM % 2 %% NI
DOEZND
IF(A «NE., 3) M3(2) = 99
FCT = FCT(Z(2) = 1)(Z(3) = 1)
I = MA(1) :
EXP = MBE(2) / MB(1)
IF(M3(1) +# M3(2) .NE. 100) DO
STATUS({1) = 42
IF(N1 «NTe 1 «ORe N2 +NE. 1) RETURN
STATUS(1) = 43
CSEP = MB(1) -~ MB(2)
SPLIT(D3/DIFF(0OSER,Z0)+Z0yD1,D2)
IF(D2 oNZes 1) RETURN
OPARM = D1 / 2
I = KEK * 12 + 2
IF(A == 3) T = 1 % KEK % 12
IF(MA(1l) == 11 LAND. M3(1) == 2) OPARM = =0PARM
IFC(MA(1) ~ KEK ¥ 12) == 2 ,AND. {MA(2) =~ KEK * 12) ==
1) OPARM = =Q0PARM
DELAY =
OEXP = MB(3) / OSER
IF(M7 == —-1) 0OEXP = 0QEXP % ZZ(1)
PARM = 1 / 2
SER = M83(1) + MB(2)
EXP = MB(3) / SER
IF(MA(1) == 1 +AND. M3(1) == 2) PARM = =PARM s
DOEND ¢
STATUS(1) = 43 .
SPLIT(D3 / DIFF(S%R,20),20,01,D2)
IF(D2 «NEs 1) RETURN
STATUS(0) = 5SS
PARM = PARM x DI
IF(M7 == =1) EXP = EXP * ZZ(1)



THIS

STMT

14
15 =

26

27 -
21
32
33 =

42 -
49 -

PROCEDURE EXP?

EXNON1:2

DOE

EXON3:

END

PROCEDURE

1.
2

NO

25

29

40

48
52

ALGEBRAIC

INTEG=ER 1
EXTERNAL
ARRAY (03
ARRAY (6)
STATUS( 0)
STATUS(1)

et RO T = O

-1 m=Trn
S~ ~N~1 |
T VOMe=~

IF(P == 2
IF((EXP *
RESULT=RE
NOD
IF(DELAY
LK =
M2 (L

M5 (L
MS (L
RESU

LK = LK +
RFSULT
M2(LK)
MS (LK)
STATUS(0)

191.

PROCEDURE EXP2(14M)
INTEGRATES THE FUNCTICN WHICH HAS ANY OF THESE FORMS @

FO(X)¥OP(F (X)) REMYEXP (AXF (X))
E(X)*0P1(F (X)) *0P2(G(X)I*EXP(H{X))
(WHERE 0P,0P1,0P2 ARE TRIe OR HYP. FUNCTIONS)

ARGUMENT

SEE THE FORMS STATED ABOVE(SEE ALSO "DELAY" IN PROCEDURE
MATIN)

THE INTEGER CORRESPONDING TO OP(SEE THE FORMS STATSD ABOQVE)
DESCRIPTION

IF DELAY EQUAL 1 GO TQ 32

DELAY EQUAL O THE FORNM IS FO(X)XOP(F (X)) ®*xMIEXP(AXF (X))
INITIALIZATION 0OF VAR IABLES

IF THE DENOMINATOR OF THE CURRENT TERM 0OF

THE INTEGRAL IS 0 RETUINS

ADD THE CURRENT TERM CF THE INTEGRAL TO RESULT

IF M > | CALCULATE THE NEXT TERM NF THE INTEGRAL

IF M = 0 THE LAST TERM OF THE INTEGRAL IS EXP(A%XX)/A
FOR M = 1 THE INTEGRAL QF THE INTEGRAND IS

OBTAINED DIRECTLY

WHEN DELAY = 1| CALCULATE THE SECOND INTEGRAL DIRECTLY
THE FINAL RESULT 1S COMPLETED BY MULTIPLYING

WITH EXP(A%X)

(T4M)
Z(;2):8.ZO:S.Z2:8.Z3:8.ZI(6):8-ZZ(12)21) &

SER JOSERyPARN,OPARM,MS ,PAR, EXP,0EXP, TEMP ,RESULT
KoyLoaMsP s II LKsM2,KEKIDELAY, STATUS
MS LK yKEKyEXPsSER,PARM, OEXP ,0SERy OPARMy DELAY » STATUS,RESUL
STATUS ;
2 MS
99

’
M
2

. .

hiuzT=Ne

-
0

G
(P - 1) + KEK + 1

L) L=1

I .£EQe3) DO

* 2 + L * M %% 2) == 0) RETURN

KR (M=1 )R (EXPRZ(I)I4KEMXZ(J) )/ (EXP * k241 kM%XkK2)
RESULT + PARM X TEMP

RM % (M * (M = 1)) / (EXP %k 2 + L * M x%x 2)

M
GO TO EXOMI1
RESULT = RESULT + PARM / EXP

1) L = ~1
¢«ANDe KEK == 0) I1T = 1
® 2 +# L) == 0 +OR. (0OEXP %% 2 + L) == 0) RETURN
SULT+PARME(EXP*Z (1) +(11*xZ(J)))/(EXPHx2+L)
== 0) GO TO EXON3
LK + 2
K=1) = 1
K) = J
K-=1) = 0OSER
K) = 0OSER
LT = RESULT + NPARM *x (NEXP * Z(LK + S) #+
(I1 * Z(LK + 6))) 7/ (OEXP *% 2 % L)
:
RESULT * Z(6 + LK)
26
EXP *x SER

= 33
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PROCEDURE HYPTRI(IsMysOMyN1,N2,D03)

THIS PROCEDURE ICENTIFIES THE FUNCTION WHICH INVOLVES
EXP,SINICOS»ySINH,COSHWITH AT LEAST ONE FUNCTION MNAME BEING
SIN,COS,SINH,0R COSH

THE SET OF FORMS THAT IS IDSENTIFIEODO HERE INCLUDES @

1
2
3

D3
M,OM
N1,N2

FO(X)AF{X)RXMXOO(F(X) )*xN
CUX)%XMXOPL(F (X)) *0P2(G(X))
FrUX)*¥0PL(F (X)) *%XN1*0OP2(F (X)) *xkN2

(WHERE OP ,0P1,0P2 ARE TRI. OR HYP., FUNCTIIONS)

ARGUMENT

THE INTEGER CORRESPONDING TO OP(SZE THE FOR’MS STATED
ABOVE AND SEE ALSO "DELAY" IN THE PROCEDURE MAIN)
SEE THE PROCEDURE NMAIN FOR DETAILS

SEE THE FORMS STATED ABOVE

SEE THE FORMS STATED ABQVE

DESCRIPTION

I NOT THE AB30OVFE FORM GO TO 33

IF ARGUMENTS NOT ALL EQUAL GO TO 33

THE INTEGRAND HAS THE ABIJVE FCRM PRIOCEDURE

TRIHY1 WILL BE CALLED

THE INTEGRAND CONTAINS SIN(F{X))%a=N*COS{F(X) )%**N
OR SINH(F(X) )¥xxMNXkCOSH(F (X)) **N AND CAN BE SIMPLIED
8Y THE OOQUBLE ANGLE RULES )

FOR EXAMPLE SIN(2%X)=2%SIN(X)*COS(X)

THE INTEGRAND [S EXPECTED TO HAVE THE FORM
Fr{X)*F (X)%xxMxOP(F(X) )%*%N

THZ INTZGRAND IS EXPECTED TO HAVE THE FORM
E(X)%0P(F(X))*QP(G(X))

FOR THESE FORMS THE PCWERS OF THE OP*S MUST BE 1



PROCEDURE HYPTRI(I«M,OMy,N1,N2,03)
ALGEBRAIC (2(12):
MB,SER,PARM,0SER OPARM,FCT,RESULT

WORHI1:

WORH2:

END

EXTERNAL MA;MB-MloMSv
KEK  FCT 3 SERZPARM, NSER,NPARM , JACK,STATUS,

ARRAY (0:2) STATUS
ARRAY MA,MB,M1,M3

JACK = 2
IF(MLI(1) + M3(1) «EQe 2 +ANDs N1 < 0) GO TO WORHI1
IF(M3(1) +NEe 1 20Re M3(2) +NE., 1) GO TO WORH2
IF(MB(2) - MB(1) «NE. 0) GO TO WORH2
IF(N1 «NE. N2) DO
STATUS(1) = 43
SPLIT(D3 / DIFF(SER,Z0),Z0,D01,D2)
IF{D2 +NE., 1) RETURN
IF(MA(L1) == 2) DO
JACK = NI
Nl = N2
N2 = JACK
DOEND
JACK = 1
PARM = PARM ¥ DI1
STATUS(0) = S5
RETURN
DOEND
MA(1) = KEK * 12 + 1
SER = SER * 2
M3(2) = 99
IF(N1 > 0) PARM = PARM / 2 %% NI
ELSE IF(N1 +N=e. 0) PARM = PARM % 2 %% NI
FCT = FCT(Z(2) = 1)
IF(M3(1) + M3(2) +£Q. 100) 1 = MA(1)
ELSE DO

IF{NL oNFE, 1 .0R. N2 NE. 1) RETURN

DELAY = 1
PARM = 1 / 2
STATUS(0) = 99
GETPVUR (My0,D3)
IF(STATUS(0) .NE. S55) RETURN
0SER = SER
OPARM = PARM
OM = M
I = KEK % 12 + 2
IF(M3(1) «EQes 1 «ANDs M3(2) EQ. 1)
IF(MA(1) == 11 <AND. M3(1) == 2) 0OPA
IF((MA(L) = KEK % 12) == 2 JAND. (MA
1) OPARM = =0PARM
SER = MB(1) + MB(2)
PARM = 1 / 2
IF(MA(1) == 1 4AND. M3(1) == 2) PARM
DOEND
STATUS(O0) = 99
GETPWR(M,0,03)

.
8yZ0:3+:722:84723:3,21(6)3:8+,722(12)21) D1,D2,D3,
EF

RESULT,HDELAY
INTEGER ToMyOMINT JN2yMAJML 3, M3, KEKyJACK s STATUS»DELAY

I = KEK * 12 + 1
RM = —-0OPARM
( KEK % 12)

2) =

= —=PARM

193.



PROCLEDURE LOGFCT(AB,M,N,1,D3)

THIS PROCEDURF ICENTIFIES THE FUNCTICN THAT INVOVLES EITHER LN
ALONE DR LN AND SQRT WITH SQRT BEING IN THE ARGUMENT OF LN(SEE THE
FORMS STATEDO BELCWS) 3

FORMS I

(FORM NUMBER)

LN(X=SQRT( X%*2=B%%2) )

LN(X=SQRT(X*x%x2+B%%2))

LN(X=SQRT (R¥%2+X%x%*2) )

LN(X+SOQRT(X*%2~-Bx%*2))
))
))

NN

8
LN{X+SQRIT( X¥x%x2+B %% 2 9
LN(X+SQRT (B*k2+X%kx %2 9
THE FUNCTION IS FIRST INTEFGRATED USING INTEGRATION 0OY PARTS
THE REMAINING INTEGRAND IS THEN TRANSFORMED INTO ONE OF THESE FORMS @

FORM I

(NEW FORM VALUE)
XkX(M+]1)/SQRT(X*xXk2+B*x*2) 1
X¥X{(M+1)/SQRT( Xk ¥x2-Bx%x2) 2

ARGUMENT

DUMMY
SEZ THE FORMS STATED ABOVE
WHEN CALLFD I CONTAINS THE FORM NUMBER 0OF THE FUNCTIOM
CN RETURN I CONTAINS THE NEW FORM NUMBER(SEE ASQVE)
3 SEE THE PROCEDURE MAIN FOR DETAILS
N THE VALUES IN ANY OF THESE FORMS @

z0 =~0>»

1. X¥EMELNIX « SQRT( XX Kk2%B%x2) )k kN
(WHERE « AND % ARE '+' OR '=1)
2. XaEMELN( X ) *%N

STMT NO DESCRIPTION

10 - 11 IN ANY CASE LN SHOULD APPEAR IN THE FUNCTION
CNLY ONCE
12 = 13 THZ FUNCTION SHCULD BE ABLE TO BE
WRITTEN EITHER AS F 1 (X)*F{(X)*%*%M*QP
WHERE OP IS ANY OF THE SIX FORMS STATED ABOVE
O~ FYX)XF{X)RKMELNCF (X)) *%N
19 = 51 THE INTEGRAND HAS ONE QF THE ASB0OVE SIX FORMS
16 FORM CHECKING TO SEE FOR EXAMPLE WHETHER IN
LN(U—=SQRT (V¥ *x2-8%%2)) U AND V ARS EQUAL
21 i THE DEGREE NF LN IN THE INTEGRAND IN ANY CASE
SHOULD BE ONE
24 = 44 STORE INFORMATION
INITIAL ISE VARIASLES AND
SET STATUS(0) = 109 TC CALL PRNCEDURE SQRTS
AND SET I TO THE FORM NUMBER OF THE FORM INTO WHICH
THE FUNCTION IS TO BE TRANSFORMED
40 THE NEW FCRM NUMBER IS 1
41 THE NEW FORM NUMBER [S 2
43 = 50 IF THE ARGUMENT OF SQORT IS X**x2 REPLACE IT BY X
IF THIS RESULTS IN THE ARGUMENT OF LN TO BE O
RETURN WITH ZRROR
AND THZ [NTEGRAND WILL BE INTEGRATED AS I[F IT
INVOLVES ONLY LN ALONE .
53 THE INTEGRAND IS LN(X)**N/X (N MOT EQUAL -1)
THE INTEGRAL OF IT IS LN(X)Xxx(N+1)/(N+1)
54 - 59 THE INTEGRAND IS 1/(X*LN(X)) THZ INTCEGRAL OF IT IS
LN(LN(X))

60 THE VALUE QOF M IN F'( X)*F(X)%XMXLN(F (X) )¥%xN “UST BE POSITIVE

61 = 69 ELSS APPLY INTEGRATION FORMULA INVOLVING INTEGRATION
BY PARTS

194.



PROCEFDURE LOGFCT(A,
ALGEBRAIC (Z(12)
MS s SERSPARM

B42338+,21(6):8,2Z(12)21) D1,02

195.

»O3,M3,

R
INTEGER A,Q,M,N, T,
aM?oM 9LK.§FR

S

EXTERNAL MB
ARRAY (0:2)
ARRAY (6)
ARRAY MB
STATUS(1)

CK,STATUS
ARM,JACK,ySTATUS ,RESULT
STATU

M2 4 MS

= 56

SPLIT(D3+2(1),01,D2)

IF(D2 «NE. ) RETURN
GETPWRP (M,0,D3)
IF(STATUS(O NE+ 55) RETURN
STATUS(0) = 99
IF( JACK oNE 10) DO
IF(MB(2) oNE. MB(3)) RETURN
B = MB(1)
STATUS(1) = 59
IF(B «NE. 0) DO
STATUS(1) = S6
IFI(N +NE. 1) RETURN
ELSE DO
I = 10 - JACK .
IF(l == 1 «¢0ORe I == 2) A =1
ELSE A = -1
LK = LK + 1
M2 (LK) = 27
MS5(LK) = SER + A % Z(LK + 7)
IF(T == 1 «0Rs I == 3) A = 1|
ELSE A = -1
LK = LK + 1
M2 (LK) = 28
MS(LK) = SER %% 2 + A * B ¥k 2
PARM = PARM / (M %+ 1)
LK = LK + 1
M2{LK) = 30
M5 (LK) = SER
RESULT = RESULT + PARM *x Z(LK + 6) ¥k (M+1) % Z(LK#4)
IF{]I == 1 40Rs I == 2) PARM = =PARM
IF({I == 1 «0Re I == 3) I =1
ELSE I = 2
STATUS(0) = 109
M=M=+ 1
N = =1
RETURN
DOEND
DOEND
== +«ORs JACK == 7) RETURN

ELSE IF(JACK ==
SER x 2

SER =
PARM =
DOEND
STATUS (1)
IF(M -1
ELSE I1F (M
LK =
RESULT
M2 (LK)
M5 (LK)
DOEND
ELSE IF(N <
ELSE DO
A = =1
PARM =
DO 1 =

RESULT =
PARM =

DOEND
RESULT
DOEND
STATUS(0) =
END

«AND. N

PARM / 2 %x (M + 1)

60

+NEe =1) RESULT =
«ANDe N == ‘l) [o]0]

PARM * Z(LK + 6)

PARM % Z(4) *% (N + 1) / (N + 1)
L |

LK + 1

wun
N
~

PARM / (M + 1)
-t
"RESULT + Z(4) %% 1 * PARM

PARM % A * [ / (M + 1) ‘

= (RESULT + PAQM) * Z(6) *¥x (M ¢+ 1)
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PROCEDURE TRIHY1{MsN)

THIS PROCEDURE INTEGRATES THE FUNCTICN WHICH HAS ANY OF THESE FORMS @

1. FIIX)ARSIN(F(X))%xXMXxCOS(F(X) )%**kN
2 FO(X)®SINH(F (X)) xxMxCOSH(F( X) )**N
ARGUMENT
MsN SEE THE FORMS STATED ABOVE
STMT NO DESCRIPTION
53 - 5 INITIALIZATION OF VARIABLES
7 - 15 IF M > =2 AND M < 2 AND N > =2 AND N < 2
THE INTEGRAL IS OBTAINZD IN THE SNOBCL WRITER
16 - 21 REDUCTION FORMULA WHEN M < =]
22 = 27 REDUCTION FORMULA WHEN N < =1
28 = 33 REDUCTION FORMULA WHEN M > 1
34 - 39 REQUCTICN FORMULA WHEN N >
38 GC TO LOOP
PROCEDURE TRIHY1(M,N)
ALGEBRAIC (Z2(12):8,20:8,22:8,23:8,21(6):8,2Z(12):1) PARM,RESULT
INTEGER MyNoI 11,NM7,KEK
EXTERNAL M7 ,,KEK PARN,RESULT
IF(KEK == 1) Il = =1
ELSE Il = 1
ACAN1: IF(MeLEel +ANDe MeGEs=1 sANDe NoLEsl «ANDse N.GEe.~1) DO
I =M % 2 +# N *x*x 3 +:5
IF(I .EQs S) RESULT = RESULT + PARM X Z(6)
ELSE IF(PARM +NE. 0) M7 = 4000 + 1000 * KEK + 1
IF(I == 10) PARM = PARM / 4
IF((I == 0 +0Rs I == 3 ¢0Re I == 4 s0Re I == 7 +0Rs I == 10) +AND.
KEK == 0) PARM = =-PARM .
RETURN
DOEND
IF(M < =-1) DO
ACAN2: RESULT = RESULT + Z(1) **x (M+1) *x Z{2) ¥k (N+1) * PARM / (M+1)
PARM = PARM *x (M + N + 2) /7 (M + 1) * Il
M =M+ 2
IF(M < -1) GO TO ACAN2
DOEND
IF(N < =-1) DO
ACAN3: RESULT = RESULT = Z(2) %%k (N+1) * Z(1) %k (M+1) * PARM / (N+1)
PARM = PARM %x (M + N + 2) / (N + 1)
N =N + 2
IF(N < =1) GO TO ACAN3
DCEND
IF(¥ > 1) DO
ACANA4: RESULT = RESULT =~ Z(1) **x (M=1) % Z(2) ** (N+1) * PARM / (M+N) *I1
PARM = PARM * (M - 1) / (M + N) * 1
M =M= 2
IF{(M > 1) GO TO ACANA4
DOEND
IF(N > 1) DO
ACANS: RESULT = RESULT + Z(2) %% (N=1) * Z(1) %% (M+1) * PARM / (M#N)
PARM = PARM *x (N = 1) / (M + N) .
N = N - 2
IF(N > 1) GO TO ACANS
NDOEND

END

GO TO ACANI1



THIS PROCEDURE

23
28
35
42
S4
64

67
|

14

1.
2

M,yN,OM
MO

14
22

18

29
3a
ay
52
63
66

69
77

35
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PROCEDURE TRIHY2(NM,N,1,0M)
INTEGRATES THE FUNCTION WHICH HAS ANY OF THESE FORMS 3

FY(X)%F (X)HxM*OP(F (X) )**N
E(X)kM®OPL (F (X)) *0P2 (G (X))
(WHERE OP,0P1,0P2 ARE TRIs OR HYP. FUNCTIONS)

ARGUMENT

THE INTEGER CORFRESPOMODING TO OP(SZE THE FORMS STATED ABOVE
SEE ALSO "DFLAY" IN PROCEDURE MAIN)
SEE THE FORMS STATED ABCVE

DESCRIPTION

INITITAL IZATION QOF VARTABLES

THE INTEGRAND IS FY (X )RF(X)*XMXOP(F (X)) %*%2 AND

IS TRANSFORMED INTO TwO PARTS USING DOUBLE

ANGLE RULES

FCR EXAMPLE

XAxIHSIN(X) % %2 = Xk%¥3 % (1 — COS(2%X))/2

THE FIRST PART OF THE INTEGRAL IS OBTAINED
DIRECTLY

THE INTEGRAND IS F*(X)*F(X)*%xM*xOP(F (X))%%3

AND IS TRANSFQOQMED INTO TWO PARTS USING TRIPLE ANGLE RULE
TRIPLE THE ARGUMENT FOR THE S&ECOND PART

IF N < 1 OF N > 3 RETURIN WITH ERROR

INITIALISATION OF VARIAZSLES

INTZGRATION

WHEN DELAY EQUAL 1 THE SECOND PART IS TO BE
INTZGRATED WHEN OM NOT EQUAL M

WHEN N = 3 OR DOFLAY = 1 WITH OM CQUAL TO M

THZ SECOND INTZGRAL IS CBTAINED FROM THE FIRST

BY SUBSTITUTION

THE SECOMD INTEGRAL (M NIJIT E£QUAL 0OM)

STORE [INFORMATION FOR SECCND INTEGRAL FOR

USE BY THSE SNOBCL WRITER TO TRANSLATE THE INTEGRALU
CALL PROCEQCURE TRIHYI

AFTER THE INTEGRAL 1S OBTAINED PERFORM BACK SUBSTITUTION
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PROCEOURE TRIHY2(M,N,I,0M)

SHEL 12

ALGEBRAIC (Z(12):8,20:8,22:8,Z3:8,21(6):8,22(12):1) &
MSIyPARVSERDSERZ,PARM,OPARM,RESULT

INTEGER TrJsKeLsMaNsPyDMHZIT sM2,LKKEKDELAY,,STATUS

EXTERNAL M2,MS,LK,KEK, SER,PARM, OSER ,O0PARM,,DZ LAY, ,RESULT,,STATUS

ARRAY (6) M2,M5

AFRAY (0:2) STATUS

STATUS (1) = 45

TF(DELAY +NE., 1) OM = M

P =1
PAR = 1
K =4 * N=- 2 % I + 25 % KEK + 1
IF(M .LTe 0) RETURN
IF(N .5Q. 2) DO
PARM = PARM / (2 #Xx (M + 2) % (M + 1))
RESULT = Z(6) *Xx (M + 1)
IF(K «EQe 32) RESULT = =-RESULT
IF(K «EQe 7) PAR = =1
SER = SER % 2
I =2
DDEND
ELSE IF(N .EQs. 3) DO
PARM = PARM * 3 / 4
IF(K == 12) PARM = =PARM
CRARM = PARM / (3 %% (M + 2))
IF(I +EQe 1| +0Re I +EQe 13) OPARM = =-0PARM
0OSER = 3 % SER '
DOEND
ELSE IF(N .NE. 1) RETURN
I = 1 — KEK % 12
IF(T «EQs 1) I = 2
ELSE 1 = |
IF(] Q¢ 2 «ANDs KEK «EQe 0) J = =1
ELSE J =1
IF(T +«EQ« 1) K = 0
ELSE K = 1
PO L = M, 1 45 = y
RESULT = RESULT + Z(1) * Z(6) *¥x L % PAR * J
PAR = PAR % |
IF(I +EQe 1) I = 2
ELSE 1 =1
K =K + 1
IF(K +EQ. 2 +0R, KEK .EQ. 1) DO
K =0
J = -
DOEND
DCEND

RESULT = RESULT + PAR * Z(I) % J
IF(OM .NE. M) DO

DELAY = 2

M = OM

PAR = CPARM

NPARM = RESULT * PARM

PARM = PAR

PESULT = 0

I = P
GO TO SHELIL
DOEND
ELSE [F(DFLAY ==1 +0Rs N == 3) RESULT = PARM % RCSULT +
ODPARM % PRESULT(Z(1) = Z(LK #+ 7))(Z2(2) = Z(LK + 8))
(Z(6) = 0OSER)
ELSE IF(DELAY == 2) RESULT = NPARM +
RESULT(Z(1) = Z(LK + 7))(Z2(2) = Z(LK + 8))
(Z(6) = OSER) * PARM
ELSE FISULT = RESULT % PARM
IF(DELAY «NEe O «9ORe N == 3) DO
LK = LK + 2
M2(LK = 1) = KEK *x 12 + 1

M2(LK) = KEK * 12 + 2
MS(LK = 1) = 0OSER
MS(LK) = OSER

DOEND

END



PROCEDURE TRIHYP 199.

THIS PROCEDURE INTEFGRATES THE FUNCTION WHICH ONLY INVOLVES SIN,C0OS
SINH OR COSH BUT IT IS NOT ANY OF THE SPFCIAL FUNCTIONS LISTED IN
APPENDIX G

TH= FUMCTION MUST ALSO CONTAIN MORE THAN ONE TERM IN CITHER ITS
NUMERATOR OR DENOMINATOR AND FOR THE SIN AND C0OS CASE THE OENOMINATOR
OF THE FUNCTION TO HE INTEGRATED MUST INVOLVE SIN OR COS

éST?¥$ CASE THE FUNCTION SHGULD NOT CONTAIN THE VARIABLE AS A SINGLE
- .

’
THE

STMT NO DESCRIPTION
9 = 10 ALL ARGUMENTS OF FUNCTIONS IN THE INTEGRAND
SHOULD BE EQUAL
13 - 14 Z0 MAY NOT APPEAR IN THE INTEGRAND
16 - 27 THE INTEGRAND IS IN THE TRIGONOMETRIC CASE
SUBSTTITUTE SIN(X) =2 %= T / (1 + T %% 2)
SUBSTITUTE COS(X) = (1 = T xx 2) / {1 + T %k 2)
28 = 37 THE INTEGRAND IS IN ThE HYPERRBOLIC CASE
SUSSTITUTE SINH(X) = (EXP(X) - EXP(=X)) / 2
SUARASTITUTE COSH(X) = (EXP(X) + EXP(=X)) / 2
38 PROCENDURE RATFCT WILL BE CALLED

PROCEDURE TRIHYP
ALGEBRATIC (7(12):8,20:8,22:8,23:18,21(6):8,2Z(12):1) D1,D2,D3,M3,FCT
EXTERNAL MA,MB,KEK LAW,FCT,STATUS
INTEGER MAWKEKLAW,STATUS
ARRAY (0:2) STATUS
ARRAY MA, M8
STATUS(0)=99
STATUS(1) = 46

IF(MR(2)==99) MB(2) = MB(1)
ITF({MB(3) «NE. 99 .0Re. MB(1) - MB(2) .NE., 0) RETURN
STATUS(1) = 43
FCT = FCT / DIFF(MB(1),20)
SPLIT(FCT+Z204+D1,02) :
IF(D2 «NE. 1) RETURN
IF(KEK EQ. 0) DO
D1 = ADEN(FCT,D2)
STATUS(1) = 47
IF(DEG(D1,7Z(1)) «EQe O +AND. DEG(D1,Z(2)) .£Q. 0) RETURN
LAw = 3
IF(MA(2) .EQ. 99) DO
IF(MA(1) «EQe 1) FCT = FCT(Z(1) =2 * Z0 /7 (1 + ZO %% 2))
IFIMA(1)==2) FCT = FCT(Z(1) = (1 = ZO *x2)/(1 + ZOQ *%x 2))
DOEND )
ELSE FCT=FCT(ZI(MA(2))=(1-Z0%%2)/(1+Z0%x%2))(Z(MA(1))=Z0%2/
(1+Z0%%2))
FCT = FCT % 2 / (1 + Z0%*%*2)
DOEND .
ELSE DO
LAW = 2
IF(MA(2) .FQ. 99) DO
IF(MA(1) +EQe 13) FCT = FCT(Z2(1) = (20 - 1/20)/2)
IF(MA(2) +EQe 14) FCT = FCT(Z2(1) = (20 + 1/20)/2)
ODOQEND
ELSE FCT = FCT(Z(MA(2) - 12) = (Z0 + 1/20)/2) &
(Z(MA(1) =-12) = (Z0 = 1/Z0)/2)

DODEND
STATUS(0) = 104
END



-UNLIST
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P

INPUT(1
CUTPUT (*
ETRAIM =
EANCHCR
LETTERS
DIGITS =
OPERATOR
CONTENT
TEXTL =
TEXT2 =
TECH = A
KIND = S

TECHL1>
TECHL2>
TECHL 3>
TECHL4D>
TECHLS >
TECHL6>
TECHLT >
TECHLIB>
TECHL9>
TECH<10>
TJECH<CI1>
TECHLL 2>
TECHC1 3>
TECHC14>
TECHC1S>
TECHC 16>
TECHL17>
TECHL18>
TECHL19>
TECH<L20>
TECH<L21>
TECHL22>
TECHS23>
TECHL24>
TECHL25>

3 % ofe st ok ok e okok sk ko ok ook
WRITER *

%* A’
3¢ e e e e e e ek de o ok e ofe e o Xk R X

STFINGS PATTERNS DEFINITIONS

NPUT*.3,80)
DUTPUT? »9,°(1X,132A1)*)
1

=0

= $ABCDEFGHI JKLMNOPORSTUVWXYZ®
'0123456789*

S = Y4=%/"

= SPAN(DIGITS LETTERS OPZRATORS *()*)

ARRAY (30,%*)

ARRAY(6,77)

RRAY (30, %7)

PAN(DIGITS v .%)

THE SET OF DERIVATIVES OF ELEMENTARY FUNCT IONS

L

¢ (~-SIN¥)®

* (—~CSC#*xCOT#)*
CTAN#XSTCH

" (SECH) %%21

Y (=CSCH) %%
T(1/SORT(1=#%%x2)) "
' /SORT(1—#%%x2))*
.

W b nnp

1
1/0 #%SQRT (#%%x2=1)) )¢

1/ (#%SQORT (#x%k2=1)) 3¢

1 /(1 +4#%%2))
-1/(1+#%x%k2))"

1COSH#

YSINHAY

CCSCHEXCOTHH
TTANH#XSTCHE®

TSECH#X%Xx2 ¢

CCSCH#%%2 "

C{1/SQRT( #%%241))?
*(=1/SQRT (Rx%x2+1) )"
T(=1/SQRT (#%k2%k (1 +4#%X%2)) )"
—1/(#%SQRT( 1=#%%2))) *
1/{1=-#%x%2))*
1/01=#%k%2))
1/{#L.0G10))*

(
(
{

LI T T (I T T L T T T O

(
{
(
(

(p'IOFONS NI ¥OSSIOOIdLSOd THL) YTLI¥M HHL

O XIANIdd¥

‘00



* % 3 R % X

* % 3 % 33

LE R 8 %]

TECHL26> = 'EXP#¥*
TECHL27> = *(1/#%)°*
TECHC2RB> = * (1 /(2%SQRT#))*
TEXT1<29> = *LCG*
THE ARRAY OF ELEMENTARY FUNCTIONS
INDEZXED BY THE INTEGERS CORRESPONDING TO
THE FUNCTION NAMES
TEXTI<1> = *SIN®
TEXTIC2> = NS’
TEXTI<CID> = $CS5C
TEXT1<4> = *SECT
TEXT1IKE> = *TAN?®
TEXT1<A> = *COT*
TEXTIK7> = *ASIN®
TEXTIC8> = CACQOS?®
TEXTICO> = SACSC?
TEXT1I<10> = *ASEC®
TEXTI1<C11> = *ATAN®
TEXTIK12> = *ACOT?
TEXTIC13A> 2, *SINH
TEXT1K14> = *COSH?Y
TEXT1<1S> = $CSCH*
TEXT1<16> = *SECH®
TEXTIK17> = * TANH?
TEXT1IK1I8> = *COTH?
TEXTI<K13> = $ASINH?®
TEXT1<K20> = *ACNSH*
TEXT1<21> = *ACSCH?
TEXTIL22> = *¢ASTCH?*
TEXT1K23> = *ATANH?
TEXT1<24> = *ACOTH®*
TEXT1K26> = 'EXPV
TEXT1<27> = °*LN?*
TEXT1<28> = *SQORT!

THE ARRAY USED FOR DIRECT SUBSTITUTION OF
Z(I) BY A FUNCTION NAME

TEXT2<1> = *SIN®
TEXT2<2> = *CQOS*
TEXT2<3> = 'EXP*
TEXT2<K4> = 'LN?
TEXT2<5> = ¢*SQRT!*
THE INTEGRATION TABLE USED FOR THE SPECIAL FUNCTIONS
TEXT3 = ARRAY{(105,'*)
TEXT3<1> = *LOGITAN(((E)+ASIN(#/SQRT{S)))/2) | /SQRT(S)"
TEXT3<2> = 'ATAN{SORT(S)*TAN(EL)/#)/SQRT(S)"*

“T0C



TEXT3<3>

TFXT3<4a>

TEXT3<5>

TEXT3<6>

TEXT3IK7>

TEXT B>

TEXT3<9>

TEXT3<10>
TEXT3<11>
TEXT3<12>
TEXT3<13>
TEXT3<14>
TEXT3<15>
TEXT3IC16>
TEXT3<17>
TEXT3<18>
TEXT3<19>
TFXT3<20>
TEXT3<21>
TEXT3<24>
TEXT3I<25>
TE XT3<2a>
TEXT 3<29>
TEXT3<30>
TEXT3<31>
TEXT3< 32>
TEXT3<33>
TEXT3<34>
TEXT3<3S>
TEXT3<36>
TEXT3<37>
TE XTI<38>
TEXT3IK39>
TEXTIC40>
TEXT2<a1>
TEXT3I<42>
TEXT3<43>
TEXT3<44>
TEXT3<45>
TFEXT3<46>
TEXT3I<47>
TEXT3<48>
TEXT3<49>
TEXT3<50>
TEXT3<51>
TEXT3<52>
TEXT3<53>
TEXT3CS6>
TEXT3<55>
TEXT3<56>
TEXT3<57>
TEXT3<58>
TEXT3<59>
TE XT3<60>
TEXT3<61>
TEXT3<62>
TEXT3<63>

LI T L O LTV L T L (O VL O V(L T T T L 1 1

T(s)*
{S)%TAN(E)=#) )2
JXTAN(E)+SORT(S))]*

),-

) .

N(PHI/4+(C)/2)“
+(e)s23 1"

CATAN( (#) %*TAN(E)/SQRT(S$))/SCOR
LOGI (SCRT($)XTAN(E ) +#)/ (SART
PLOG| ((#) XTAN(E)I=SQRT(S) I/ ((#
t(E)e
'(F’)!

LOGITAN((EY/2) |
TLOGITANI(E)/2+PHIZA) | *
*COS(E)/(#+2%SIN(E))
YSIN(E)/(#+2%COS(E))*
LOG(1+COS(E))*
*LOG(1=-CCS{E))*
TLOG(1+SIN(E)) "
LOG(1=-SIN(E))?

*LOG (l#COS(&))/COS(&)"
PLOG I (1=-CNS(EY)HI/CNS(E) |
PLOGI (1 +#STIN(E)I/SIN(E) ]
PLOG I (1-SIN(E)I/SIN(ED) |
‘LOGITAN((C)/2+PHI/8){/SQRT(
CLOG{TAN((£)/2-PHI/8)|/SQRT(
CTAN((E)=PHTI /4) % :

STAN((E) +PHI/Z& )
*/(1+4COS(E)Y_LOG|TAN((E)/2
*/(1-COS(E))_LOG|TAN((E) /2
*/(1+SIN(E))_LOG|TA
*/(1=-SIN(E)I_LOG|TAN(PHI/4
'(&)_LOGISIN(8)+£OS(5)"
*{E)_LCG|ISIN(E)=COAS(E) |
C(E)_LOGISIN(EI+COS(EDN]| "
*{E) _LCG|SIN(E)=-COS(E)]*
~/(l+SIM(&))_LOG3TAN(9H1/4+(
*/(1-SIN(E)I_LOG|TAN(PHIZA&+(
S/(1+COS(E))_LCGITAN((E)/2)
*/(1~-C3S(£))_LOG|ITAN((E)/2)
STAN(PHY/4=(E)/2) ]
STAN((E)/2)
CTAN(PHIZ4+(E)/2)°
sCOT(LEY/2) "
*(E)_TAN(PHIZ4=(E)/2) "
C(E)_TAN((E)/2)
C(EY_TAN(PHI/Za+(E)/2) "
Y(E)_COTL(&)/2)

CTAN({PHI /4-(£)/2)_LOG)TAN((E
'LOGITAN(PHIZ&+(EY/72) | _TANC((
*TAN(PHI Z4+(€) /2)_LCGITAN((E
LOGITAN{PHI/Z&+(E) /72) | _COT (L
P TAN(PHI/4=(EY/2) _TAN(PHI/ 4~
CSTAN((E)/2)_TAN((E)/2) %% 3
*COT(PHI/4=(E)/2)_COT(PHI/ 4=
PCOT((E) /2)_COTL(E)/2) %%3
CTAN(PHI/Z4=(E)/2)_TAN(PHI /4~
STAN((E)/2)_TAN((EI/2) %%3
*COT(PHI /4=(£)/2)_COT(PHI /4~
*COTI(EN/2)_COT((E)I/2) k%3
SASIN((3%SIN(E I *%2=1)/(SIN(E
*TAN(E)?
CASIN((1=3%COS({E)*%2)/(1=-COS
*COT(E)?

A s \ o w—
e a e

(€)/72)%%3"
(E£)/2) %%x3°
(E)/2)%%3*
(E)/72) %%3¢
Y%%2+1))/SQART(2)*
(E)%%2))/SQART(2)*

*eoc
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TEXT3<H4> = SCOS(EI*SORT(1+(2)XSIN(E)*%k2)*

V_ASIN((#)&COS(E)/SQRT(35)) )"

TEXT3<65> = *COS(E)*SART(1I=-(2)%SIN(EI%*2)_LOG((#)%x*
*CCS{EI+SART(1=(2)%SIN(EI®%2) )"

TFXT3<66> = 'SIM(&)#SORT(l+(?)*SIN(5)**2)_'

OG{{ #)%SIN(EI+SQRT (1 +{2)*SIN(E) %%x2) )

TFXT3<67> = *SIN(EI*SORT(1=(7)*xSIN(E)*%2) _*

CASIN((#)%SIN(E) ) _

TEXT3<H69> = TASIN((#)*COS(E)/SQRT(S))*

TEXT3K70> = *LOG(#)%COS(E)+SQART{1=(2)*SINCE ) %%2))*

TEXT3IC71> = YLOG((#) xSIN(EI+SART( I+ (2)XSIN(EI®%k2))?

TEXT3K72> = ¢ASIN((#)*SIN(E))?

TEXT3C73> = "ATAN{(S)%XTAN(E) )

TEXT3<74> = LOGI((2)RTANCEI+(#)) /7 (2)XkTAN(E)~{#)) ]

TEXT3IK75> = *(£)*SIN(LOG(E))_(EIXCAS(L.OG(ED))®

TFXT3K77> = SATAN((( #)%TAN((E) /2)+2)/SQRT($))/SART(S)*

TEXT3<K78> = YATAN(((Z)*TAN((E)/2))I/SQART(S))/SART(s)"*

TEXT3ICT7O> = *LOGIC(#)%RTAN((E)/2)+2—=SQART(S))/({ #)%*TAN"
V((E)/2)+2~SQART(S)I)I/SQRT($)

TEXT3I<KB0> = "1LLOG| ((« )RTAN({E)/2)+SORT(S))I/( () %TAN?

((R)/2)=SQRT(3) ) I /SQRTI(SY *

TEXT3<81> = *LN(CSC(2%(#)) + COT(2%{#)))*

TEXT3<83> = "UN(SEC(#) + TAN(#))*

TEXT3<84> = SLN(CSC(#) + COT(#))*

TEXT3I<B5> = YLN(CNS{#))*

TEXT3IKB7> = SLN(SINC(#))*

TEXT3KB8> = ¢CNS{#)*

TEXT3<89> = "SIN(#)*

TEXTIK91D> = 2COS(2%(#))*

TEXT3<O92> = v (£)°

TEXT3<93> = *LOGI(TAN(E)+1)/(TAN(E)=-1)]"

TEXT3<94> = *LN(CSCH{2%{#))+COTH(2 ( #)))e

TEXT3<96> = YASEC(#)"*

TEXT3<97> = ¢LN(CSCH{#)+COTH(#))"

TEXT3K98> = YLN(COSH{#))?

TEXT3<100> = YLN(SINH(#))*

TEXT3<101> = YCOSH(#)*

TEXT3<102> = *SINH(#)"*

TEXT3<K104> = *COSH(2%{ #))*

THE ARRAY USED
Z(I) BY A FUNC

TEXTS = *1SIN2COS13SINHI1

THE SET OF ERR

ERROR = ARRAY(65,'")

ERRORK1I> = *THE FUNCTION
ERPRQORL2> = 'THZE AXRGUMENT
ERRORLC3> = *THE ARGUMENT
ERRORL4D> = *THE FUNCTION

LN SHOULD BE

FOR INDIRECT SUBSTITUTION OF
TION NAME

4COSH26EXP27LN28SQRT "

CR MESSAGES

IS NULL®

OF LN IS NOT IN A CORR“CT FORM?®
OF A FUNCTION IS NOT ACCEPTABLE®
NAMES IN THE ARGUMENT QJF

THZ SAME SUT IS NOT*

*e£0¢



+ 4+ ++

+

+

+ ¢+

+ + 4+ <+ + <+

+ +4+ + +

ERRORLS>
ERPORLHE>

ERRDORL7>
ERRORLB>

ERRORL9>
ERPRORC10>

ERROR<K11>

ERROR<K 12>

ERRNRC 13>
ERRORL14>
ERRNRC 15>
ERRDORLC16>
ERRORK17>
ERRPCPL18>
ERRORC 19>
ERRORL20>
ERRORPC21>
EQRNRC22>
ERRORL23>
ERRORC24>
ERRORLC2S>
ERFNRL26>
EERIR27>
ERRORL28E>
ERINRL29>
ERQRRORK30>
EPRORL31>
ERRNR 32>
ERRPNPL33>

ERRORL34>
ERNRORL 35>

ERRORL 36>
ERRORL37>

ERRORL 38>

nyn "

B T T O T T I T T T

va

*A FUNCTICON NAME IS UNRECOGNI ZABLE®
STHE LEIFT AND RIGHT PARENTHESIS ARE
*MATCHED IN THE FUNCTION?®
'THF DERIVATIVE OF THEC NESTED FUNCTION °*
*IS NCTY FCUND IN THE FUNCTION®
*IN THE FUNCTION THE OPZRATORS ARE MISPLACED *
*OR () OR )( IS FOUND®*
*THE FUNCTION CONTAINS AN UNACCEPATBLE CHARACTER?®
*THE INTEGRAND SHOULD NOT INVOLVE ANY ¢
*TWO FUNCTIOIONS FRJOM LNs SQRT AND INVERSE FUNCTIONS®
STHE INTEGRAND SHOULD NOT INVOLVE ANY °
STW3 FUNCTIOMS IN WHICH ONE IS LN OR SQRT v
$0OR AN INVERSE FUNCTION®
*THE INTEGRAND SHOULD NQT INVOLVE BOTH ¢
*TRIGONOMETRIC AND HYPRPERBOLIC FUNCTIONS®
YTHE INTEGRAND INVILVING MNESTING OF FUNCTIONS ¢
*CCNTAINS AN UNEXPECTED FUNCTION NAMES®
*THE NESTED FUNCTION NAME IS UNMACCERPTARBLE?
*THE NESTEC FUNCYION NAMES ARE NOT IDENT ICAL ¢
*THE ARGUMENTS NOF ALL THE NESTED FUNCTICS »
*SHOULD RS THE SAME BUT IS NOTS '
*THE DPERIVATIVE OF THE NESTED FUNCTICN ¢
*IS NOT PRESENT IN THE FUNCTION®
*THE INTEGRAND INVOLVIMNG ONLY SIN AND COS IS *
*IN AN UNACCERPTABLE FORM®
TATTEMPTED TO DIVIDE AN EXPRESSION BY O DURING?®
*THE INTEGRATICN 0OF THE FUNCTION INVOLVING EXP®
AN ALPHASBET IC CONSTANT IS NOT A ¢
*SINGLE CHARACTER?
*THE INTEGRAND CONTAINS AX%F (X) AND Bx%*g(X) *
*BUT A AND B BRE NOT THE SAME INTEGER®
¢ THE ARGUMENT OF ANY FUNCTION WHICH *
*IS NOT AN INTEGER SHOULD CONTAIN THE VARIABLE?®
*THE FORM A #®*% F(X) APPEARS IN THE ARGUMENT *¢
*OF A FUNCTION NAMZ?®
*IN THE FUNCTION DIGITS AND LETTERS ¢
*SHOULD BE SEPERATED BY AN OPERATOR BUT IS NOT®
*IN THE FUNCTION A SINGLE LETTER IS FOLLOWED

L~ i 4

*IN THE FUNCTICON AN INTEGER IS FOLLOWED BY (°

* NUMERIC OJOVERFLOW OR UNDERFLOW?®

*RECIPROCAL CF O ATTEMDPTED!

*ATTEMPTED TO COMPUTED 0 %% 0O°¢

TEXPCNENT CVERFLOW DURING COMPUTATINON®

*A COEFFICIENT IN COMPUTATION BECAMS YOO LARGE®
*TLLEGAL CHARACTERS IN THE INPUT?®

SILLEGAL SYNTAX IN THE INPUT®

*ILLEGAL SEMANTICS IN THE INPUT®

*THE WORKSOACE WAS NOT ENOUGH FOR COMPUT ING °*
*YCUR PROBLEM® .

*THE INTEGRAND HAS MORE THAN EXPECTED NUMBER®

* OF DISTINCT AGUMENTS®

*THE INTEGRAND HAS MORE THAN EXPECTED NUMBER OF ¢
SDISTINCT ARGUMENTS OR EXP APPEARS MCRE *

*THAN ONCE*

¢THE POWER QF SQRT IS QUT OF THE PACKAGE RANGE *
*(IT SHOULD BE 1 OR =-1)°*

NOT ¢

‘voz
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ERRORC39>
ERRORC40>
ERRORC41>
ERRORLCL2>
ERRORC43>
ERROR<A4D>

ERIORL4S>

ERRORL4E>
ERRQORL47>
ERRORL48>
ERRORK49>

ERRORLSO>
ERRORLKS1>
ERRORLS2>
ERRORIS3>

ERRORLSS>
ERRORLSS>
ERRORLS6>

ERRORLS7>
ERRAORLSS>

ERRORLS9>
ERRORLE60>
ERROR<L61>
ERRORLE2>

n

*THE ARGUMENTS OF EXP SHOULD BE EITHER ¢

SF(X) OR —=F(X)*

*PTHE FUNCTINN CONTAINING EXP AND TRI. FUNCTION °*
*NR HYP, FUNCTION IS NOT IN AN ACCEPTABLE FORM®
*THE PCWER OF EXP IS OUT OF THE PACKAGE RANGE ¢
*{17Y SHOULD BE 1)

*THE PCWERS OF TRI. FUNCTIONS OR HYP, FUNCTIONS ¢
''1S CUT CF THE PACKAGE RANGE{(IT SHJOULD BE 1)°*
*THE DERIVATIVE OF A FUNCTION IS NOT FQUND *
*IN THE INTEGRAND?®

*THE SUNCTICN IS EXPECTED TO HAVE THE FORM ¢
TFL (XY ¥ F(X) *%x M % OP(F({X)) WHERE 0P IS ANY *
* INVERSE TRI. FUNCTION OR HYP. FUNCTION ¢

*AUT IS NOT!

*THE POWER OF THE TRI . FUNCTION OR HYP, *

*7S OUT OF THE PACKAGE RANGE(IT SHQOULD BE *
*BETWEEN 1 AND 3¢

s THS ARGUMENTS NF SIN AND COS ARE EXPECTED *
*TO BE THE SAME BUT IS NOT®

*THE DENCMINATORXR NF THE INTEGRAND SHOULD ¢
*INVOLVE SIN OR COS BUT IS NOT®

TTHE INTEGRAND INVOLVING SQRT DOES NOT ¢
*BELCNG TO ANY ACCEPTABLE FORM®

*THE POWER 0OF THE TRI. FUNCTION OR HYP. *
*FUNCTION IS OUT OF THE PACKAGE RANGE ¢

¥{IT SHCOULD BE 1)*

*THE INTEGRAND CAN NOT BE ARRANGED TO THE FORM ¢
CFL(X) %x F(X) %%k M % OP(F(X)) *

*THE DENOMINATGR OF THE INTZGRAND IS OUT QF ¢
*THE PACKAGE RANGE?*

*THE ARGUMENTS OF ALL THE FUNCTIONS ¢

*SHOULD BE THE SAME BUT IS NOT®

*THE INTEGRAND HAS B8ZEN TRANSFORIMED 3y *

Y = EXP(F(X)) BUT THE INTEGRAND THUS FORMED ¢
*1S NOT ACCEPTABLE?Y

¢ THE INTEGRAND HAS BESEN TRANSFORMED By *

'Y = TAN(X)/2 8BUT THE INTEGRAND THUS FORMED *
IS NCT ACCEPTASLE?"

*THE INTEGRAND HAS BEEN TRANSFCRMED BY ¢

Y = SQRT(F(X)) BUT THE INTEGRANMD THUS FORMZD ¢
IS NOT ACCEPTASLE:®*

*THE INTREGRAND WHICH CONTAINS ¢

SLNIX+SOQRT (X%xx2+A%%2) ) SHOULD HAVE THE FORM *
EXHEMELN(XFSQRTIXE%2+ A% %x2)) BUT IS NOT¢

*THE POWERS OF THE TRI. FUNCTIONS OR THEZ ¢
*HYPs FUNCTIDONS SHOULD BE EQUAL BUT IS NOT®*
*THE INTEGFAND SHOULD BE EITHER *

PX/SORT( AxX%%2+8%xX +C) OR SQRT{A%X%x*x2+3%X+C) *
*NR 1/SAQRT (A%*X*%2+B%xX+C) BUT IS NOT?®

*THE FUNCYTION SHOULD NOT CONTAIN ¥

SLN( X=SORT( X%k2+=0%%2 ) ) *

CIN THE INTEGRAND X%ukMALN(X)%x%N N SHQULD °*

'BE POSITIVE WHEN M NOT EQUAL =1 BUT IS NOT*®
STHE FUNCTION CONTAINS MORE THAN MAXIMUN *
TALLOWED NUMBER(12) OF FUNCTION NAMEZS?

*THE FUNCTION CONTAINS MORE THAN MAXIMUN ?
*ALLOWED NUMBER(S) OF ALPHABETIC CONSTANTS®

‘G0z



#* 3% % ¢ *

STRT1

STRT2

STRT3

STRT4

ERRNR<CE3> = *THE PROBLEM IS UNRECOGNIZABLE?®
THE WRITER STARTS HERE

MO INPUT
MO INPUT
MO INPUT 3
MO SPAN(DIGITS) « FLAGO
EQ(FLAG0,999) ISC(EXIT)
MO SPAN(DIGITS) « FLAGIL .
MO SPAN(DIGITS) « FLAG2
s
LI

[T
]

I

SAvVI1
SAVE2
M7
NES
MO
MO
MO
KN
KN SPAN(DIGITS) .+ IN
LETTERS LEN(IN) LEN(1
INDUT("INPUT?®*,10,400)
FUNCTION = INPUT
GT(FLAG2,1) . IF(STRT2)
TFERPM = IN
TERPMNN =
EQ(FLAG2,0) IS{STRT3)
COUNT = COUNT + 1
QUTPUT = *PROBLEM * COUNT
QUTRPUYT =
FUNCTINN *INTE®* NOTANY(LETTERS) « CO = *INTEGRATE®* CO
FUNCTION *DIFFY' NOTANY(LETYTERS) o CO = 'DIFFERENTIATE* CO
QUTOUT = FUNCTION
EO(FLAG! ,63) SS(STRTS)
DUTPUT =
CUTPUT = * WITH RESPECT TO * SAVE
MESSAGE = EQ(FLAG2,4+1) *THE RESULT IS =°*
QUTPUT = NFE(FLAG2,1)
OUTPUT = NE(FLAG2,1) *THE INTEGRAL YOU HAVE PROVIDED *

*HAS BEFN SEPERATED INTJ * FLAG2 * TERMS®
QUTRUT = NE(FLAG2,1) *WHICH HAVE BEEN INTEGRATED SEPERATELY?*
EQ(FLAG2,1) S{STRTS4)
TERM = FQ(FLAG2,0) FUNCTION
TERMND = TERMNC + 1
QUTPUT
QUTRPUT
ouTPeUuUT
CUTPUT TERM
MESSAGT = *THE INTEGRAL IS :°¢
INPUT('INPUT?® 43,80)
EQ{FLAGO,33) ISISTRTH6)
MO0 = INPUT
MO = INPUT
QUTPUT =
LT(FLAG1,16) SS(STRTS)

nh

Ll
Z
0
C
-
LT RL
mmm
L P T
mmm
>
L T

[ T |
e
Z
b
o4
_‘
rrr
N Nt

) o SAVE'

I

*TERM ¥ TERMNQO

*90¢



STRTS
+

+
STRTS A
STRTSB

STRTSC
STRTSD
STRTSE
+
STRTSF
+
STRTSG
+

STRT6

STRT?
STRTS8
STRT9

STRT10
STRT11

+ + +

GE(FLAG1,20) LT(FLAG1,26)

OUTPUT = *x%x%x INPUT ERROR %%% ATTEMPT AT PROBLEM

*SOLUTION CANCELLED *%Xk?¢
OUTPUT = *%%% ¢ ERRORKFLAGL> * xkk?e
IN = FLAGI1

NE(IN, 3) NE(IN,S) NE(IN,7) NE({INys9) NE(IN,13) NE(IN,14
NZ{IN,20) NE(IN,25) SS(P
FCTNAME =

KN SPAN(DIGITS) « IN =

EQO(INL100) .

KN SPAN(DIGITS) . IN =

EQ(IN,99)

LETTERS LEN{IN) LEN(1) . CHAR

FCTNAME = FCTNAME CHAR

EQ(FLAG1,9)

EQ(FLAG1,20)

CUTPUT = *%%x%x THE CONSTANT IS ' FCTNAME * Xx%%?
EQ(FLAG1,25)

QUTPUT = *x%xkx THE SINGLE LETTER IS * FCTNAME

QUTPUT

tx%xk THE FUNCTICN NAME IS * FCTNAME *

QUTRPUT
SFUNCTION CANCELLED %%%¢

TF(STRTSG)

)
RNT?7)

IF(STRTSA)

_IS(STRTSC)

{ STRTSB)
S(PRNT?7)
F{STRTSE)
{PRNT7)

R

3(PRNT7)
c{PRNT7)

tkxkx RUN=TINE ERROR %%% INTEGRATION ON THE ¢

OUTPUT = *x*xk THE FUNCTICN IS BEYOND PACKAGE CAPABILITY #ixx®

CUTRPUT = *%%%k ¢ ERRORKFLAGL> ¢ k%!
M1 = INPUT

M1 *M1¢

M1

M1 KIND o INDEX
1

S
EQ(INDEX,1) 12
ARRAY(1S5,°%*)

= M1

Z
A

0
TR T ]

v

1 LT(I««PY 1 + 1

nn
(o]

EQ{TI48) =t

COND = INPUT

IDZINT{(COND, **)

COND 49

COND SPAN(®* ) =

EQ(1.4)

COND SPAN(' ¢) =

M<T> = MLID> COND CO

M<I3> SPAN(DIGITS) o CHAR %1% BREAK(*,*') o SAVE

SAVE
M<3> SPAN(DIGITS) « CHAR *3:* BREAK(*)*) . SAVE
= SAVE
M<11> SPAN(DIGITS) « CHAR *:' BREAK(*,') « SAVE
= SAVE
M<éz3ESPAN(DIGITS) e CHAR *3I9% BRZAK(*)*) . SAVE

S aa vt abaa e,

mmnmm
~
n
>
-
r
-

SFISTRTL1)

SS{STRT12)
SS(STRT12)
SS(STRT12)
IF(HEAD1)

A



EAD1

HEAD2

HEAD3

HEAD4

HEADS
+

HEADS6

* % %% %

M<3> ¢
M<LL>

-~
~

* CHAR ¢
=% CHAR

-~
- -

= SAVE
* = SAVE

THE INTEGRAL OF A SPECIAL FUNCTION
OR REMAINING PART OF THE INTEGRAL

RESULT = M<L4>
M7

= EQ(INDEX,1) M<9>
RESULT '~* RPOS(0) =
AFSULT = LT(M7,1) RESULT * + CONSTANT=~®
GT(M7,0)
RESULT POS(0) SPAN(* ') =
C3 = 140

SESULT = LT(M7,4000) *(* RESULT *)°
MCED> = (7 MLED> )
RESULT POS({0) *(=°* = = (*
M<E> POS(0) ¢ (* t=? , C3 = *(°
M6 = ML7>
NG (% BREAK(*4') o« CO "+® BREAK{*9s*) o C1 *,*
BREAK(®* 4*) , C2 *,°* <.
LT(M7,29)
RESULT = LT(M7417) RESULT ®*%¢ TEXT3<M7 - 11>
= 76
= GT(M7,22) 78
= GT(M7,22) M7 - 6
M7 - 11
= GT(M7,2) M7 = 2
ULT = RESULT *%¢ TEXT3<KK> ¢ v C3 ¢ ¢ MIE> *%?
T3<M7 + J> "=
LT(M7,883) 48
LT(M7,105) 24
LT(M7,110) 28
LT(M7,800,
= + M7
* LEN(1) o I LEN{1) LEN(1) « J
I ¥ 96 - 31
LT(M7,900) 728
LT(M7,910) 828
LT(M7,960) 858
LT(M7,3000) 925
LT(M7,5000) 3919
4306

~

mm~

O 4Dt st trartrtrt NN rarme=~ <4 D T X T L L
> P
XKool ijgnnungc<iiwihggxwm
mm
-}

wmm

Ul

T3<M7 = 1> 10

= IDENT(C3,*+*)

= IDENT(C3,'-*) C3 * °*

RESULT = C3 M<E> '#7 TEXT3ICKM7 = I> ot
RESULT *#°* = M<10>

RESULT = *s% RESULT

(g
w

SUBSTITUTIONS

LT = DIFFER(RZSULT,*0') RESULT ¢ ¢ C3 ¢ ¢ MI6>

STRT12)
STRT13)
STRT11)

nmunv
~ .~

IF(B0ODY1)

:F(BODY1)

IR LT R LT
nuLnnn~
~ e~ D
TWwOwbd>»
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BACK1

BACK2
BACK3
BACK4
BACKS

BACK6
BACK?7

BACKS
+

BACK9
BACK10

D ¥ % * % %

300Y1

BODY2

80DY3

RNODY4

BOCYS
+

+
80DY6
B0DY7
800DYS8
30DY9
8C0Y10

BODY11
+

RESULT SPAN(® ) =
RESULT = RESULT 'kt TEXT3IKM7 = I>
RFSULT ¢ DIFFER(M<6>,'(0)*) = v ¢

Loy}

C3' .

RESULT *_°*
RESULT
FSULT
RESULT
RESULT
RESULT
RFSULT
PESULY .
RESULT =
RESULT NOTANY(DIGITS LETTERS) .
« Cl *)* = CO C1

RESULT **1' NOTANY(DIGITS) . CO
RESULT NOTANY(DIGITS) o« CO *1%°
RESULT *=*¢ RPOS(0) =

FESULT = RESULT ¢ + CONSTANT=*
RESULT *s* =

GT(M7,3999)

co l('

co
co

(]

RETRIEVING DERIVATIVES

= ARRAY(12,0)
M3 = ARRAY(12,0)
LK = 1
ML2> (Y =
ML3> (¢ =
M<3> ')t RPOS(0) = ¢,
M<2> SPAN(DIGITS) + SAVE =
M2<LK> = SAVE
M<3> BREAK(®*,¢) o SAVE v ,' =
M3<KLK> = SAVE
LK = NE(M2<KLK>,0) LT(LK,12) LK + 1
LK = 1
EQ(INDEX,1)
SAVE = MJIS5>
MLS> (0 =
SAVE ¢ (* =

EQ(M2<LK>,0)

EQ(M2<LK>,100)

MCS> BREAK(®* 4%') o CO * 40 =

RESULT *ZZ("* LK *)*¢ = CO *%x(* M3<KLK> ®)XRLN(®*
RESULT *ZZ(* LK *)*' = TECHLM2ZLK>>

RESULT ®#* = ¢(¢ M3KLK> 1)

LK = LT(LKy12) LK + 1

LK = 1
EQ(M2<LK>,0)

EQ(M2<LK>,100)
SAVE BREAK(',?) « CO *,* =
RESULT *Z(* LK *)* = CO **%{* M3<LK> *)°*

M<L6>

co

SPAN{(DIGITS

IS(BACK1)

*x e

IS{BACK2)

(BACK2)
(BACK3)
(3ACK4)
(BACKS)

I ETRLET]

nn Lnuon

-~ o~

BACKS)
SACK7)

'L}

B3ACKS)
BACK9)
BACKI10)

o

nnan
~~ e~

SFINESTL)

TF(BODY3)

:S(B83DY2)
SS(TAILY)

AST1)
oDY12)

00v11)
200Y13)

*60¢
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00
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"
wn

A4 KRR R R+ DD

> >
L]
re

N -

TAIL3
TAIL1O0
+

TAILSG

TAILS
TAILG6

ESTY

NEST2

NFEST3
NEST4

#3333 #

LAST1
LAST2

LAST3

LASTS

RESULT *Z(* LK *)' = TEXTI<M2<KLK>D> *(* M3<KLK> *)°*
LK = LT(LK+12) LK + 1

RETRIEVING INTEGRAL OTHER THAN SPECIAL
FUNCTIONS

SAVE = 0

M<12> SPAN(DIGITS) o CO =

M<12> SPAN(DIGITS) « CY =

EQ(C0,99)

SAVE = SAVE + 1

RPEZSULT *¢ZZ(* SAVE *)* = TEXT1<CO> *(* C1 *)°*
M<10> *ZZ(* SAVE *)* = TEXTIKCO> *(* C1 )
RESULT *22¢ = 7L 0G(10)"*

RESULT *Z(6)°* = (¢ MK10> )

RESULT *Z(* SPAN(DIGITS) o MO *)* = 93¢
QESULT *Z(°* MO *)* = g

LT(MO0,6)

COND =

COND = EQ(M<L8>,1) LT(MO0,s3) *H*
RESULT "#' = TEXT2<MO> COND *(* M<10> v)°?

MO = MO = 6
RESULT *#' = TEXTI<KM2LMO>> ¢ (* M3<MO> *)°*

SUBSTITUTION PROCESS WHEN THE INTEGRAL
INVOLVES NESTING OF FUNCTIONS

RESULT *Z3* = *TAN(®* M<10> *)°v
EQ(M<S>,0)
NEST = 85

MC1LD> YZOY = ¢

TEXTS M<S> SPAN(LETTERS) « M<ZS>
RESULT *2Z20°* = MIS> ‘' (* ML11> *)
RESULT ¢2v = ¢Z0°*

RETRIEVING CRIGINAL VARIABLES FROM
INTERNAL REPRESENTATIONS

LETTERS LEN(IN) LEN(1) . SAVE
RESULT *Z0* = SAVE

LK = 1

KN KIND « IN =

EN(IN,SI)

LETTERS LENC(IN) LEN(1) « SAVE
RESULT *Z1(* LK *)* = SAVE

LK = LK + 1

e
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:S(LAST2)

SF{PRNT1)
TS{PRNTL)

IS(LASTS)
T(LAST3)

V) ¥4
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PRNT1
PRNT2

+
PRNT3
PRNT4
+

PRNTS

PRNTS6
PRNT7

FAIL

+
TRAC3
EXIT

INRPUT(* INPUT?,8,132)
NPUT

MZTSSAGE =1 TF(END)
MESSAGE *ERROR® SPAN(®* *) SPAN(DIGITS) . ERRORNO SF(TRAC2)
QUTPUT =
ERROKRNG = LT{(ERPRCRNO,+30) GT(ERRORND,19) 27 2S(TRAC})
ERPORNO = LY(ERRORPND+50) GT(ERRORND,39) 28 TS{TRAC3)
ERPRORND = LT(ERRORNO +60) GT(ERRORND49) 29 :S(TRAC3)
ERPRORIND = LT(ERRORND +90) GTIERIRORINDT +69) 30 TS{(TRAC3)
ERQINANG = LT (ERRORNGC,150) GY(ERRCRNDO,139) 31 TS{TRAC3)
ERRNAIND = EQ(ERRORND,727) 32 IS(TRAC3)
FRRACRNO = EQ(ERRORND,737) 33 :S{TRAC3)
EORORNO = EQ(ERRORND.747) 34 $S(TRAC3I)
ERRDKRIND = LT{(ERRCRND+2000) GT(ERRDRNDO,999) 35 :g(TRA§3)
(END
CUTPUT = - . Ve
DUTPUT = %%%% ¢ ERRORKERRORNO> * xkx%x® T (END)
CUTRPUT =
DUTPUT =
CUTRUT =
QUTRUT =

PRINT THE RESULT IN READABLE FORM

QUTPUT =
CUTPUT = MFSSAGE
RZSULT BREAK('=*') . SAVE *=0' = IF(PRNT6)
SAVE POS(0) SPAN(' *) =
QUTPUT =
CUTPUT = * ¢ LT(SIZE({SAVE).125) SAVE IS(PRNT2) .
SAVE POS(0) (LEN(NEST) SREAK(* *) ¢ ' SPAN(OPERATORS)
' *) o, SAVELl = SF{PRNT3)
LT(SIZE(SAVEL) ,110) *  :S{PRNTS)
F(PRNT4&)
SAVEl = SAVE
SAVE =
SAVEL POS(0) (LEN(100) BREAK(*+=*)) . SAVE2
(*+7 | s=v) , CO =
CUTPUT = ¢ ¥ SAVE2 ¢ * CO
RESULT = SAVE! SAVE RESULT :(PRNT2)
RESULT = SAVE RISULT
CUTPUT = ¢ ¢ SAVE1l T{PRNT2)
OUTPUT = DIFFER(RESULT +* %) TF(PRNT7)
QUTPUT = ¢ ¢ RESULT
. QUTPUT =
NUTPUT =
CUTPUT =
NUTPUT =
nUTPUT = S(STRTLY
CUTPUT =
cUTPUT =
QUTPUT =
CUTPUT =
QUTPUT = *x%% THE RUN WAS ABNDQMALLY TERMINATED *%%¢
QUTPUT = vx%* CUE TO A SYSTEM ERROR WHICH OCCURED *

*WHEN THE ABQOVSE PROBLEM OR THE CONE ¢
*AFTER IT WAS BEING PRCOCESSED *xxXx¢

‘112
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APPENDIX D i, i

PROCEDURE DIFF, PINT, SPLIT(ALTRAN ROUTiNES)

PROCEDURE OIFF(FCT,X)

THIS PROCEDURE COMPUTES THE PARTIAL DERIVATIVE 9F THE FUNCT ION "FCT®

WITH RESPCECT TO THE VARTABLE "X", THE FUNCTION "FCT" SHOULD RE A FUNCTION
OF SIMPLE VARIABLES WHICH ARE INDETERMINATES DZCLARED IN A DECLARATION
STATEMENT, "FCT" SHOULD MNOT CONTAIN ANY REAL=-VALUED QUANTITY., [F M"FCT"
DOZS NOT SATISFY ANY OF THESE CONDIT IONS TTHEN AN ALTRAN SYSTEM ERROR
WwILL OCCUR.

GIVEN THE FOLLOWING FUNCTION

FCT = (4=X) / (X*C)
THEN THE CALL DIFF(FCT,X) YIELDS
’ - 4 / (X%%2%C)

PROCEDURE PINT(FCT»X)

THIS PROCEDURE COMPUTES THE INTEGRAL OF THE FUNMCTION ®"FCT™ WITH RESPECT

T mxo, THE FUNCTION "FCT" SHOQULD BE A PCOLYNCMIAL WITH RATIONAL COEFFICIENTS
AND IN SIMPLE VARTABLES WHICH ARE INDITERMINATES DECLARED IN A DECLARATINN
STATEMENT. IF THESE CONDITIONS ARE NOT SATIFIED THEN AN ALTRAN SYSTEM

ERROR WwWILL OCCUR.

GIVEN THE FOLLOWING FUNCTION

FCT = (1=-XX%2+W*X) / S
THEN THE CALL PINT(FCT,X) YIELDS
(30%kX=2xX%%*x3 +3%kWkX%*%2) / 30

PROCEDURE SPLIT(D! +X+D2,03)

THIS PROCEDURE PLACES THE FACTOR OF THE ALGEBRAIC EXPRESSION D1
WHICH [S INDEPENDENT OF X IN D2 AND PLACES THE REST IN D3
GIVFEN THE FOLLOWING FUNCTION

D1 4% (X=1)%%x3x (C*xB=12%%k3#%7)
THEN THE CALL SPLIT(D1,X,02,03) YIELDS

D2

4% (CxB=12%%3%Z)
AND
D3

(X~1)*%3
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APPENDIX E

FUNCTION NAMES AND THEIR REPRESENTATIONS

Function name Representation
SIN 1
COos 2
csC 3

© SEC 4
TAN 5
coT 6
ASIN 7
ACOS 8
ACSC 9
ASEC 10
ATAN 11
ACOT 12
SINH 13
COSH 14
CSCH 15
SECH 16
TANH 17
COTH 18
ASINH 19
ACOSH 20
ACSCH 21
ASECH 22
ATANH 23
ACOTH 24
EXP 26
LN 27
SQORT 28

N
O

LOG
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APPENDIX F

SPECIAL FUNCTIONS (FORM 15)

In the following integrals A and B are non-zero integers; C and
D are functions of the variable of integration. G can be the identity
function, LN, EXP, SQRT, any trigonometric function or any hyperbolic
function. OP, OP1, OP2 denote both SIN and COS, and OPl and OP2 are
always distinct when they appear in the same function. Finally, if
the function OP,0P1,0P2, G or U occurs more than once in any of the

following expressions, each occurrence denotes the same function.

1. f G' (U)
(A + B OP(G'(U)) )

2. f G' (U) OP(G(U))
(A + B OP(G(U)) )

3. I G'(U)
(OP(G(U)) (A + B OP(G(U))) )

G' (U

a. | (U) .
(A + B OP(G(U)) )
G' (U) oP(G(U))

TR | (U) .
(A + B OP(G(U)) )

6. I G' (U)

«® + p? oP?(G(U)) )



10.

1l.

12,

13.

14.

15.

16.

17.

18.

19

(U) or(G())

] —<

SQRT (1 * CZSINZ(G(U)))

2
[ G'(u) OP(G(U)) SQRT(L * C SINZ(G(U)))

f G' (U) opi(G(U))

(1 + 0oP2(G(U)) )

G' (U)

| ot

G' (U) OPl(G(U))

(1 £ oP2(G(U))))

f ( OP2(G(U)) (1 % OP2(G(U))))

G'(U) OPl(G(U))

f ( OP2(G(U)) (L + OPL(G(U))))

G' (U)

f ( OP1(G(U))

G' (U) OP1(G(U))

+ OP2(G(U)) )

f ( OPL(G(U))

G'(U) orPl(G(U))

+ 0P2(G(U)) )

I ( OoP2(G(U))

G' (U)

* OP1(G(U)) )

G' (0)

( OPL(G(U)) * OP2(G(W)) )2

I (A OPL(G(U)) + B O0OP2(G(U)) )

G'(U)

( c?

j G' (U)

+ OPlz(G(U)) + D2

OP (LN(G(U)))

op22 (G (u)) )

216.
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APPENDIX G

THE SOLUTIONS OF THE SET OF 30 TEST PROBEEMS

PROBLEM 1 - - e e

DIFFERENTIATE SQRT(X+SQRT(X%Xx2+3))
WITH RESPECT TO X

THE RESULT IS 3

(1/7(2%SQRT{SQRT(X X2+ 3¥+X) )Y X ( 2%xXk(1/(2%SQART(Xxx2+3))) + 1 )

PROBLEM 2

DIFFERENTIATE LN(LN(X))
WITH RESPECT TO X
THE RESULT 1S 3

(17(LN{X)))*(1/(X))

PROBLEM 3

DIFFERENTIATE ATAN(SQRT(X))
WITH RESPECT TO X
THE RESULT IS @

(171 +(SART (X)) I %%x2)) *x(1/{2%SQRT(X)))

PROBLEM 4

DIFFERENTIATE ASIN({X)/LN({X)
WITH RESPECT TO X
THE RESULT IS 3

- ( ASIN(X)*(1/(X)) = LN(X)*(1/SQRT(1=(X)*%2)) ) / ( LN(X)*x%*2 )

PROBLEM S
DIFFERENTIATE (X%%3=3%X%k*x2+4+1)/(X%%2+1)
WITH RESPECT TO X

THE RESULT IS 32

X % ( X*k%3 + 3%X = 8 ) / ( X¥x%x2 + 1 )*%x*%2
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PROBLEM 6

DIFFERENTTIATE SQRT(X+2)%%5%SQRT(X~1)
WITH RESPECT TO X

THE RESULT IS ¢

SQRT(X+2) k%4 x ( SQRT(X+2)%{(1/(2%SQRT(X~=1))) + SkSQRT (X=-1)%x(1/(Z

PROBLEM 7

DIFFERENTIATE ((X¥*¥2=X+1)/(X+1))%*%*2
wITH RESPECT Ta X

THE RESULT IS ¢

2 % ( X%%2 = X + 1 ) % { Xkk2 & 2%X = 2 )

/7 { X + 1 )%x%x3

PROBSLEM 8

DIFFERENTIATE X*¥4+3%X*¥%2=27
WITH RESPECT TO X
THE RESULT 1S 3

2%X K ( 2%X%%2 # 3 )

PROBLEM 9

DIFFERENTIATE SIN(2%%X)
WITH RESPECT TO X
THE RESULT IS ¢

COS(2%%(X) ) %24k X)XLN(2)

PROBLEM 10

INTEGRATE 1/(XXSQRT( X%k¥x2~1))

WITH RESPECT TO X
THE RESULT IS 3

ASEC(X) + CONSTANT
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PROBLEM 11

INTEGRATE X%¢EXP(=X) -

WITH RESPECT TO X
THE RESULT IS 3

EXP(~X) * ( (=X) = 1 ) + CONSTANT

PROBLEM 12

INTEGRATE 2%X%SQRT(X**2+1)
WITH RESPECT TO X
THE RESULT IS 3

2%¥SAQRT (X*%2+1) %%3 / 3 4+ CONSTANT

PROBLEM 13

INTEGRATE (SEC(X) ) *%*2
WITH RESPECT TO X
THE RESULT IS 3

SIN(X) 7/ ( COS(X) ) + CONSTANT

PROBLEM 14

INTEGRATE CSC({X)*xCAT(X)

WITH RESPECT TO X .
THE RESULT IS 3

"

- COS(X)%x%2 / ( SIN(X) ) =

SIN(X) + CONSTANT

PROBLEM 15
INTEGRATE SEC( X)
WITH RESPECT TO X

THE RESULT IS 3

LN(SEC(X) + TAN(X)) + CONSTANT
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PROBLEM 16
INTEGRATE CSC(X)
WITH RESPECT TO X
THE RESULT IS 3
= LN(CSC(X) + COT(X)) + CONSTANT

PROBLEM 17
INTEGRATE SEC({X)XTAN{X)
WITH RESPECT TO X
THE RESULT IS 3
SIN(X) k%2 / ( COS(X) ) + COS(X) + CONSTANT

PROBLEM 18
INTEGRATE X%ATAN(X)
WITH RESPECT. TO X

THE RESULT IS @ |
( ATANCX)kX¥%¥2 ¥ ATAN(X) = X ) / 2 + CONSTANT

»

PROBLEM 19
INTEGRATE 1/(X=1)%%2
WITH RESPECT TO X
THE RESULT IS 3
- 1 /7 ( X =1 ) + CONSTANT

PROBLEM 20
INTEGRATE !/SOQT(I;X*#Z)
WITH RESPECT TO X

THE RESULT IS @
ASIN(X) + CONSTANT



PROBLEM 21
INTEGRATE 1/(XXLN{X)*%¥2)
WITH RESPECT TO X

THE RESULT IS @

= 1 /7 ( LN(X) ) + CONSTANT

PROBLEM 22
INTEGRATE SQRT(1=X%#%*2)
WITH RESPECT TO X
THE RESULT 1S 3 _
( ASIN(X) + COS(ASIN(X))*%XX ) / 2 # CONSTANT

PROBLEM 23
INTEGRATE 4%XX%3+7
WITH RESPECT TO X
THE RESULT IS 3
X % ( X*x%3 ¥+ 7 )} + CONSTANT

PROBLEM 24

e,

INTEGRATE TAN({ X)

WITH RESPECT TO X
THE RESULT IS @

~ LN(COS (X)) + CONSTANT

PROBLEM 25

INTEGRATE 2/ (5%X%%2)
WITH RESPECT TO X
THE RESULT 1S @

-~ 2 /7 ( 5%X ) + CONSTANT

221,
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PROBLEM 26
INTEGRATE 1/ ((X~=1)%(XX¥2=~3))
WITH RESPECT TO X
XAk THFE INTEGRAND IS BEYOND PACKAGE CAPABSILITY kiok

¥kk THE PROBRLEM WAS CANCELLED k%%
dkkx THE DENOMINATOR 1S QUT OF THE PACKAGE RANGE Xk

PROBLEM 27
INTEGRATE 1/{ 14#X#%%*2)
WITH QESPECT TO X
THE RESULT IS 3
ATAN(X) + CONSTANT

PROBLEM 28
INTEGRATE X/SQRT{X+2)%%3
WITH RESPECT TO X
THE RESULT IS @
2 % { SQRT(X+2)%x%2 + 2 ) / ( SQART(X#+2) ) + CONSTANT

PROBLEM 29

INTEGRATE XXSTIN(X%%2 )*%k3%kCOS (X *k%2) %%3

WITH RESPECT TO X
THE RESLULT IS 3

- ( 9%COS(2%X%%2) = COS(6%X%%x2) ) / 384 + CONSTANT

PROBLEM 30

INTEGRATE 10%%X

WITH RESPECT T0O X
THS RESULT IS ¢

EXP(X¥LN(10)) / ( LN(10) ) + CONSTANT

*¥xkkk ALL PRORLEMS ATTEMPTED ®¥%X¥kx%x



o

PROBLEM 1
DIFFEQFNTIATFE SIN(COS(X=20%X*%3+45%X+CSC(X)))
WITH RESPECT TO X
THE RESULT IS 3
- COS(COS(CSC(X)=20%X*%3+46%X) )% (~SIN(CSC(X)=20%X*%3+46%X)) * ( 60%X%%k2 = (~CSC(XI*CIT(X)) - 46 )

PROBLEM 2
DIFFERENTIATE 1/SQRT(X%%2=X+3)
WITH RESPECT TO X

THE RFSULTY IS @
= (1/7(2%SORTI{X%%2=X+3))) * ( 2%X = 1 ) 7/ ( SQRT(X**¥2=-X+3)*%%2 )

PROBLEM 3

DIFFFRENTIATE SIN{(4=-X*%2+A%X)+COS(1=-SIN(X))

WITH RESPECT TO X

THE RFEFSULT IS =

= { 2%X%COS(=(Xx¥2=X%kA=4)) = A%COS(=(X*¥2=X¥A=4)) + (=SIN(=(SIN(X)=1)))}%COS(X) )

PROSLEM &
DIFFERENTIATE SIN(X)*COS(X*%2=3+SIN(X))

"SWITEOYd YI@IVH 8T FHL JO0 SNOILNIOS HHL

WITH RESPECT TO X

THE RESULT IS 3
2*SIN(X)¥X* (=SIN(SIN(X)+X%%x2=3)) + SIN(X)*¥(=SIN(SIN(X)+X*%2=3))*COS(X) + COS{(SIN(X)+X*%*%2-3)*%COS(X)

A

H XIANdIddv



PROABLEM 5

DIFFERENTIATE 10%%(SIN(X-COS(1=-X%%2)+ X¥A%x%2)+10%AXX%*R)
WITH RESPECT TO X
THE RSSULT IS :

10%% (SIN(=(COS (= (X%%2=1))=X¥A%%k2=X) I+ 10¥X*AXR I%LN{ 10) % { 2%X*COS(=(COS(~(X%%k2=1))=XkA%#2=X))*(~SIN{ =

(X*%2=1))) + A%%2%COS{=(COS(=( X¥k%2=1) )= XkxA%x%k2=X)) + 10%¥A%R + COS(—=(COS(=(X*%2~1))=X%A%%2=X)) )

PROBLEM 6

INTEGRATE X%¥2%SIN{X**k3=1)%SQRT (1=2%%2kSIN( X*k%3=1) *%2)
WITH DESPECT TO X

THE RFESULT 1S

~(1/6)%CNS(X*%x3=1)%SART (1=4%xSIN(X*%3=1)%%¥2) + (1/4)*LOG(2%COS(X**¥3=1)+SORT(1=4*SIN(X¥%3~1)%%2)) + CONSTANT

PROBLEM 7
INTEGRATE SIN(X)*SINH(COS(X) ) *%x3%xCOSH(COS(X))*%3

WITH RESPECT TO X
THE RFSULT IS :

( 9%COSH(2%CNOS(X)) = COSH(EXCOS(X)) ) / 192 + CONSTANT

PRPOSLEM 8

INTEGRATE (X#%6=X+45%XKk%X549) / (X ¥%2=7)
WITH PESPECT TO X

THE RESULT IS =

( 66120%LN((X*%¥2=7)) *SQRT(7) + 21120%xATANH(X/(SQART(7))) # 12%SQART(7)%X%%5 + 675%SQIT{ 7) *X*%4 +

140%SORT(7)%¥X*%3 + 94S0%*SQART(7)*X%%2 + 2940%SQART(7)%X ) / ( 60%SQRT(7)

) +# CONSTANT

‘vee

st



PROABLEM ©
INTEGRATE (4= X%x%k3+X%k%kE6+ X¥%k5) /X%%7
WITH RESPECT TO X
THE RESULT IS
( 3XLN(X)*X%%6 = 3kX%%5 4 Xk%*3 = 2 ) / ( 3%kX*%6 ) + CONSTANT

PRORLFM 10
INTEGRATE SIN(X*%2=X+1)%COS{X¥%2=X+1)%COSH(COS{X*%¥2=X+1))%k(2%X=1)

WITH RESPECT YO X

THE RESULT IS =

= ( SINH{COS(X¥*%2=X+1))*(COS(X%%2=X+1)) = COSHICOS({X%%2=X+#1)) ) + CONSTANT

PROBLFM 11

INTEGRATE (X=1)%%*SkLN(X=~1)%%3

WITH RESPECT TO X
THE RESULT IS :

(X=1)*%6 * ( 36¥%LN(X=1)%*%3 = 18*%LN(X=1)%*%2 + &EXLN(X-1) = 1 ) / 216 + CONSTANT

PROBLEM 12
INTEGRATE EXP(X=U)¥*¥S*ZXP{EXP(X=-U))
WITH RESPECT 7O X

THE RESULT IS :

EXP(EX2(X=U)) ¥ { (EXP(X=U))%¥4& = 4% (EXP(X=U))*%*x3 + 12%x(EXP{X=U))*%2 = 24%(EXP(X=U)) + 24 ) + CONSTANT

"Ggece

)

~



PRCHBLEM 13
INTEGRATSE COS(X=1)*¥SIN(X=1)*%2%LN(SIN(X=1)=SQRT (S¥%2+SIN(X—1)*%2)) i
WITH RESPECT TO X .
THE RESULT IS : =
( 3*LN(=(SQFT(SIN(X=1)%%2+25)=SIN{X=1)) )% (SIN(X=1))%%3 + S¥COSH{ASINH(SIN(X=1)/S) )*SIN(X=-1)%%2 ) / 9 = )
(250/9)*%COSH(SIN(X=-1)/5) + CONSTANT ) &

PROSLEM 14
INTEGRATE SIN(X*%2=X+1 ) ¥k ( X¥k%¥2=X+]1) %kk2%{2%X=1) 'S
WITH RESPECT TO X
THE RESULT IS ¢
( 162*%SIN(X*%2=X+1)*(X%%2=X+1) = B1*¥COS(X*¥k2=X+ 1) k(X kk2=X+1)%x%k2 + 162%COS(Xk%k2=X+1) = E6¥SIN(I*(X*¥*x2-X+1))*X*%2 +
6XSIN(I*(X%k2=X+1))*X = EXSIN{(I*( X¥%¥2=X+1)) + 9*%COS( Ik (X*k¥2=X+1) ) ¥Xk%4 = 18%COS(IH(X*%2=X+1))*X*%3 + -~
27%COS( 3% ( Xk*¥2=X+1) )k X¥k%x2 =18%COS(3%( X¥k*k2=X+1)) %X + 7HCOS(3I*(X*%%2=-X+1)) ) / 108 + CONSTANT

PROBLEM 15

INTEGRATE SIN(X=1)*COS(X=1)¥%2%SQRT(S%%2=COS(X=1)%%2) %x%3

WITH RESPECT TO X
THE RESULT IS @

- 3125 * ( 15*ASIN(COS(X=13)/5) = 8%COS(ASIN(COS(X=1)/5))%%5%C0OS(X=1) + 2%COS(ASIN(COS(X=1)/5))*%3%COS(X~1) +
3*COS{(ASIN(COS(X=1)/5))*COS(X=1) ) / 48 + CONSTANT

PROSLEM 16

INTEGRATE SIN(X=1)**S*xEXP(X=1) N
WITH RESPECT TO X

THE RFSULT IS

EXP((X=1)) % ( SIN(X=1)%%5 = SkSIN(X=1)¥*4%xCOS({X=1) + 24SIN(X—=1)%%3 —= G6XSIN(X=1)%*2%Z0S(X-1) +
6%SIN(X=1) = 6%COS{(X=1) ) / 26 + CONSTANT -

‘9ec



PROBLEM 17

INTEGRATE 10/ (SIN(X)+COS(X)+5)

WITH RESPECT TO X
THE RESULT IS 3

S*ATAN( (4 *TAN(X/2)+#1)/7(4%SQRT(23/16))) / ( SQRT(23/16) ) + CONSTANT

PROBLEM 18

INTEGRATE SINH(X)*COSH(4%*X)*EXP(10%X)

WITH RESPECT TO X

THE RESULT IS .

EXP{10%X) * { 182%SINH({(Sx%X) = 91%COSH(S5%*X) + ISO%SIN(=~3%X) + 4S5S%COS(~3%X) ) / 2730 + CONSTANT

*k¥kk ALL PROBLEMS ATTEMPTED k%X

*Lee
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APPENDIX I
JCL REQUESTED OF THE SYMDIP USER

The package SYMDIP can be made available with following JCL setup :

//JOBNAME JOB (ACC. INFORMATION) ,CLASS=C,TIME=5
// EXEC SYMDIP

//INPUT DD *

Your input problems

//



APPENDIX J

THE COMPLETE JCL FOR SYMDIP

//INTEDIFF PROC

//GO EXEC PGM=SNOBOL4

//STEPLIB DD DSN=SYS1.USERLIB,DISP=SHR

//FT02F001 DD DSN=&&CODE,DISP=(,PASS),UNIT=SYSDA,

// SPACE= (400, (100,10)) ,DCB= (RECFM=FB, LRECL.=80,BLKSIZE=400)
//FT03F001 DD DDNAME=INPUT

//FTO5F001 DD DSN=ANALIZER.SNOBOL4 ,DISP=OLD

//FTO6FO01 DD DUMMY

//FTO7F001 DD DUMMY

//FT10F001 DD DSN=&&INPUT,DISP=(,PASS),UNIT=SYSDA,

// SPACE= (400, (100,10)) ,DCB=(RECFM=FB,LRECL=400,BLKSIZE=400)

//STEP2 EXEC PGM=SYMDIP

//STEPLIB DD DSN=PACKAGE,DISP=SHR

//FT02F001 DD DSN=&&CODE,DISP=(OLD,DELETE)

//FTO3F001 DD DSN=&&RESULT,DISP=(,PASS),UNIT=SYSDA,

// SPACE= (400, (100,10)) ,DCB=(RECFM=FB, LRECL=80,BLKSIZE=400)
//FT06F001 DD DUMMY

//FTO8F001 DD DSN=&&ERROR,DISP=(,PASS) ,UNIT=SYSDA,

// SPACE= (400, (100,10)),DCB= (RECFM=FB,LRECL=80,BLKSIZE=400)
//FT20F001 DD DUMMY

//STEP3 EXEC PGM=SNOBOL4

//STEPLIB DD DSN=SYS1l.USERLIB,DISP=SHR

//FTO03F001 DD DSN=&&RESULT,DISP=(OLD,DELETE)

//FTO5F001 DD DSN=WRITER.SNOBOL4 ,DISP=0LD

//FT06F001 DD DUMMY

//FTO7F001 DD DUMMY

//FTO8F001 DD DSN=&&ERROR,DISP=(OLD,DELETE)

//FTO9F001 DD SYSOUT=A

//FT10F001 DD DSN=&&INPUT,DISP=(OLD,DELETE)
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2B0.
APPENDIX K

THE PROGRAM FOR CREATING OVERLAY LEVELS

C
o THIS PROGARM RETURNS LEVFLS OF ROUTINES
C EACH OF THESE LEVELS CONTAINS ROUTINES THAT ARE MUTUALLY INDEPENDENT
C THE LEVELS ARE CRIEATED IN SUCH A WAY THAT A ROUTIMNE IN THE HIGHER LEV 3 C N
c OMLY CALL ROUTINES IN THE LOWER LEVELS WITH AT LEAST ONEZ OF THE CALLED
C ROUTINES BFIMNG IN THE LEVEL IMMEOIATELY BELOW IT
C TWw) SUBRNUTINES ARE USED TO ASSISY CRFATING SUCH LEVELS
C SUSPROCEDURE CROSS WILL CROSS OFF A ROW IN THE MATRIX
c WHEN THE SUBQJUTINE IT REPRESENTS IS ADDED TO THE CURRENT LEVEL
c SUBRQUTINE ADJUST COMPRESSES THE ELEMEINTS ON A ROW WHERE A 0 APPEARS
X
DIMENSION A(230+19),C(19) JLEVEL{B60) ,STRINGI(6),MOM(4) ,LENS(5)
INTEGER AL8,C
WRITE(6,90)
co 21 =1, 228
READ (S » 10) C
WRITE(6+,15) 1,C
DO 1 J =1, 19
A(TJ) = C(J)
1 CONT INUE
2 CONTINUE
READ(S+7) (LEVEL(J)»J=30,50)
DO 4 1 =1 , 24
K = 0
IF(T «EQ., 1) GO TO 1111
DO 999 LOL = 1 » 60 .
LEVEL(LOL) = 0
999 CONTINUE
IF(I .FQ. S) GO TO 888
1108 00 3 =1, 228
IF(A(Js1).NE.O) GO TO 3
K=K + 1
LEVEL(K) = J
A(Jsl) = =1
3 CONTINUE
GO TO 666
888 READ(S4+30) (LEVEL(J)H»J=1,14)
DO 777 KK = 1 4, 14
JJ = LEVEL(KK)
A(JJIrl) = =1
777 CONT INUE
K =14
666 WRITE(6,5) I

IF(I «FEQ. 1) K = K + 21
WRITE16,6) K
WRITE:6,60)
DO 555 J =1 » K
L = LEVEL(J)
READ(S5,80) STRING
READ(5,85) MOM
WRITE(H,S0) LySTRING,MOM
555 CONT I NUE
CALL CRNSS (A,LEVELK)
READ(S5,65) LENS
WRITE(6,70) LENS
CONT INUE
FORMAT ("1 4*THIS IS LEVE. NO',1S,* THE TOTAL SUBROUTINES ')
FORMAT(*0','IN IT IS*,15)
FOPMAT (*'0',2113)
FORMAT (' 0 y4X,1914,12)
FORMAT( 0" 41544X,1915)
FORMAT (*0',1413)
FORMAT(*O"* XesI5+s20X+6A1,15X+4A1)
FORMAT (*0°* UBRODUTINES* , 15X, *NAMES? , 15X, '"LENGTHS"*)

o !
!
FORMAT (*0"*,5
FORMAT (0", TOTAL LENGTH OF THIS LEVEL IS ' ySA1)
ol
v 4
o !

ROV e
nooouoeN>IU S

I~
Qo

FORMAT ('O
FORMAT('0Q?"
FORMAT (1
END

142
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SURROUT INE CROSS (A,LEVEL,LVELNQ)
DIMENSION A(230+19),LEVEL(60)
INTEGER A 5
DO 4 I =1 4 228
IF (A(I,1) EQs =1) GO TO 4
LAST = 1
DO 3 K =1 » LVELNO
D0 1 L = LAST , 19
IF(A(TILL) «EQs 0) GO TO
IF{A(T4L) +GTe LEVEL(K))
IFCACTLL) oNEL LEVEL(K))
A(TsL) =0
CALL ADJUST(A,I,L)
L=L -1
GO TO 2
CONT INUE
LAST = L
CONTINUE
CONT INUE
RETURN
END

SUBROUTINE ADJUST(A, I,L)
DIMENSION A(230,19)

INTEGER A
IF(L «EQ. 19) RETURN
L =L+ 1
DO 1 J =1L , 19
K=J =1
A(T,K) = A(I,J) .
IF (A(IsJ) -EQs 0) RETURN
CONTINUE

4

GO TO 2
GO T 1
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