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ii. 

ABSTRACT 

Supervisor Dr . B. Ehle 

The goal of th i s thesis is the design and imp lementation of 

a computer program capable of computing symbolic derivatives and 

i ndefinite i ntegrals . The program must be suitabl e for 

i mplementation on the University of Victoria IBM 370/145 compute r 

with the VS-1 operating system . In particular , the program is 

required to satisfy both of the following conditions 

(a ) It should be able to solve a differentiation problem 

or an integration problem using less than 1 minute 

o f CPU time and less than 256K bytes of main storage 

when run on the university computer. 

(b ) Its des ign should make it suitable f or use as a 

teaching tool in a typica l first year calculus class. 

The program, SYMDIP (symbolic ~ifferentiation and lntegration 

E_ackage), meets a ll of these basic design goals. Tests using a 

set of 30 problems taken from the 1975-76 fall and spring examination 

papers for Mathematics 130 show that all but one of these 30 problems 

can be sucessfully solved by the program. To illustrate that the 

package is capable of solving many problems which are beyond the 

capabilities of a first year student, a set of 18 more complicated 

differentiation and integration problems are also solved by SYMDIP . 

The user states his problem in a simple and natural way as 

follows : 
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DIFFERENTIA'rE "function" WITH RESPECT TO "variable" 

or 

INTEGRATE " function" WITH RESPECT TO "variable " 

"Function" is the function to be differentiated or integrated and it 

is written using the FORTRAN notation . "Variable" is any single 

alphabetic character of the user's choice. 

The complete program i s composed of 3 separate job steps 

the analyzer , the processor , and the writer . These job steps are 

named in accordance with their respective functions within the package. 

The analyzer and the writer are written in the SNOBOL4 language while 

the main body of the program, the processor , is written us ing the 

algebraic programming language ALTRAN. Because SYMDIP r equires 354K 

bytes o f main storage space for execution , an overlay structure is 

constructed to be used with the program. Storage requirements of 

SYMDIP are reduced to 256K bytes of main memory in this way. Design 

of this structure i s complicated by the relatively large number 

(approximately 300) of s ubprocedures involved . The average user is 

completely unaware of both the overlay structure and the separate 

j ob steps because he activates ~1e package using a simple cata logued 

procedure. 

Examiners 
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1.1. Introduction. 

The goal of this thesis is the design and implement ation of 

a computer program to perform symbolic differentiation and integration . 

Thus , given the problems 

and 

d (x 3 + 7) 
dx 

fsin(x ) dx 

stated in a suitable form, the program would be expected to generate 

results like 3x
2 

and -cos(x) + constant, respectively. 

The program is designed to be used primarily as a teaching tool 

while introducing the concepts of differentiation and integration to 

student_s . In orde r to make it an effective teaching tool , the program 

is designed to satisfy the following criteria: 

(a ) Students should be able to use the system with 

no more than one hour of instruction . 

(b ) The program should be able to solve a problem in 

less than l minute of CPU time using l ess than 

256K bytes of memory space . 

The first criterion is related to the needs of both the student 

and the instruc tor . If the time required to explain how to use the 

package is too great, the in s tructor may not be able to fit the 

explanation into his lecture schedule. If using the package is too 

complicated the student may not be willing to even try it . 

' 
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The second criterion is one of economy. Both memory space 

and CPU time are among the most critical and expensive resources of 

a computer system. Thus, if many students want to solve problems 

using the program , the impact on the system should be minimal. 

Satisfying this constraint is essential if the program is to 

be usable. 

The second criterion was the hardest to satisfy. This was 

partly due to the complexity and size of the algebraic language 

package employed and partly due to the complexities of computing 

indefinite integrals. It was in fact necessary to put more severe 

restrictions on the types of functions which could be integrated than 

it was on those which were to be differentiated . The resulting 

package , which we call SYMDIP (for symbolic differentiation and 

i_ntegration 12.ackage ), is able to solve most of the problems found 

in a typical first year calculus text. It is also able to solve many 

more difficult problems and might be of use in other areas . 

In Section 2 , we discuss some algebraic packages and languages 

that have been developed in the last few years. Emphasis will be 

placed on the general capabilities and limitations these packages and 

languages possess . 

In Section 3 , we discuss the programming language ALTRAN. The 

major portion of our program has been written using the ALTRAN language. 

As in Section 2 , the emphasis will be on ALTRAN ' s capabilities and 

limitations. 

In the last section of this chapter , we formally list the set 

of difficulties and problems that we have faced and solved . 
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1.2. Algebraic Packages and Languages . 

The compute r's ability to perform large quantities of 

elementary arithmetic has made such machines indispensable in 

almost every area of science . However, it is only during the 

last decade that their ability to perform large amounts of 

elementary algebra has been exploited '[ 2 ). It is reasonable to 

expect that as their capability in this area is increased, their 

use for solving practical problems in science and engineering will 

also grow. There is no ~oubt that the faci lities available today for 

the handling of routine algebra on computers are extremely elementary 

and for the most part rather crude (3). Nonetheless, they have been 

used in a number of diffe rent branches of science and have made 

possible significant adva~ces ..which, in t~eix-absence , would have 

been much ha rder (2). 

Our contact with a present day algebraic system is generally 

via a programming language (ALTRAN , LISP or SNOBOL4, for example ) 

whose structure is similar to languages intended for numerical 

ca lculation. However , algebraic p r ogramming languages differ from 

the conve ntional languages in that the "values" of the variables 

declared in the program are algebraic expressions r epres ented 

fo rmally within the computer memory. 



Thus , t wo interpretations of the statement 

Y = X + X 

are possible . In the algebraic context , Y will have the string 

5 . 

' 2*X ' as its formal value while in numerical calculation (as, for 

example , in PL/I or FORTRAN), the numeric value of Y i s twice that of 

x. 

The value o f the variable , when printed , will al.so have two 

obvious l y distinct f ormats. Conventionally , it is the numeric value 

of the variable that is printed . In an a l gebraic system, however , t he 

output will be an algebraic expression. This expression may be a simple 

numeric value or a more complex expression involving variables and numbers 

in some a l gebraic combination . 

For a number of reasons , development of computer programs f or 

manipulating algebraic operations has progressed slowly. Perhaps the 

most obvious difficulty facing someone wishing to construct an algebraic 

system is that the hardware of a computer is not designed to manipul ate 

algebraic expressions. As a result , the very simple algebraic 

operations like addition and mul tiplication of two algebraic expressions 

must be handled by software programs. No algebraic facilities can exist 

on the compute r until appropriate programs have been written . The 

writing of these programs , while conceptually straightforward , has in 

practice, required the use of advanced and , in many cases , recently 

developed programming techniques [2] . Moreover , it has frequently 
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been the case that these programs could only be constructed by small 

groups of dedica ted programmers with access to large computing 

facilities. 

Thus, it is naturally hoped that the computers of the future 

will be able to provide the facilities for algebraic manipulations 

as well as numerical applications through hardware support rather than 

software. At present , it appears that such a change wil l be slow. 

An obvious difficulty is related to representing algebraic expressions 

in the computer memory. It is clear that when algebraic expressions are 

written on paper they are not al l of the same length, so when they are 

represented in the computer, they do not al l occupy the same amount 

of memory space . 

Most of the existing algebraic systems were developed during the 

1960' s. In 1960, LISP [9,13), SNOBOL4 [SJ, and ALPAK (algebra ~c~age ) 

[3) were implemented. Thi s was the first group of algebraic systems. 

A new version of ALPAK was developed in 1964, called ALPAK-B [3). 

(The first ve rsion was referred to as ALPAK-A). In 1965, several other 

algebraic systems we!e available , including Korsvold's system and the 

GRAD ASSISTANT . The most productive period for the development of 

algebraic systems and packages was 1969-71. During this period, some 

significant developments in a lgebraic manipulation were achieved. 

Algebraic systems developed in this 3 year period included ALAM[2) , 

REDUCE[2) , CAMAL[ 2) , SCRATCHPAD[2 ), ESP[2), FORMAC[2), SAC[2 ), 

MATHLAB[2 ), and ALTRAN[2 , 3,6) . The ALTRAN system and language were 
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designed and implemented by a group of people led by Hall, Brown and 

Mcilroy. It was, in fact, an extension of the work done with ALPAK-A 

and ALPAK-B. 

It is clear from the literature that applications have originated 

eithe r around a particular system or within a particular problem area . 

In the first case, the existence of a general-purpose system has led 

to a proliferation of separate applications, while in the second case 

a particular problem area has led to a proliferation of algebra systems 

designed to deal with problems in that area . This type of growth is 

not surprising when one considers the wide variety of algebraic forms 

and operations which are possible . In order to develop a package with 

powerful features in one area, it may be necessary to limit its capabili­

ties in others. For example,SNOBOL4 was designed to be used efficiently 

and extensively in examining strings for the occurrence of specified 

strings (i.e. pattern matching) and text preparation[S] . However, 

the SNOBOL4 package does not provide any algebraic facility for performing 

even the most simple algebraic operations. REDUCE, which is based on 

LISP, is well known to physicists who work in the field of quantum­

electrodynamics, and is outstanding in the number of applications 

published in that field. In celestial mechanics and general relativity, 

REDUCE is known to be relatively slow[2] . CAMAL is the most powerful 

system in solving the problems of celestial mechanics, such as the 

problems of calculating the motion of the moon[2 ], but some of its 

computations are performed using a little known system ESP . In a 
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teaching situation, LISP is one of several l anguages which might 

be used if one is concerned with the CPU time and memory space 

consumed. Unfortunately the re are no algebraic facilities built into 

the LISP package . Thus, the user must provide all the r equired 

algebraic f acilities by writing the necessary routines in LISP. Over 

~ broad range o f applications, ALTRAN and FORMAC have been most 

successful. Surveys on the application of existing algebraic sys t ems in a 

broad area o f sc i ence by Barton and Fitch [2] reveal that ALTRAN and 

FORMAC are the most wide l 1• used general-purpose systems. 

Both ALTRAN and FORMAC were designed to provide a comprehensive 

range of facilities, thus enabling them to be applied over a wide 

r esearch area . However, there are several ma jor di fferenqes between 

the two systems. These i nc lude their capabi liti es of handling 

differentiation and integration. In brief , any function expressed in 

t erms of simp l e variables can be differentiated i n ALTRAN by one of its 

p ackage routines . For example, when the function 

X/( X+l ) 

is differentiated with r espec t to X the result will be · given as 

l/(X+1) **2 

In FORMAC, any function composed of elementary functions can be 

differentiated . Thus, if the f unc tion 

', 
COS( X**2 ) 

i s differentiated with r espect to X by a FORMAC package routine; it 

will return 

-2*X*SIN (X* *2) 

as the result. Th:i.s same funct ion cannot be di fferentiated by the 
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differentiation routine in the ALTRAN package. 

For integration, the facility provided by the ALTRAN system 

is only used on polynomials with rational coefficients. For example, 

the function 

(X-1)**2 

when integrated , yields 

(X-1)**3/3 

However, an attempt to integrate the function 

1/X 

results in an error and termination of the ALTRAN program~ No 

integration facility is provided in the FORMAC system. 

In the preliminary design of SYMDIP, it was necessary to . make 

several decisions which would affect later package capabilities . The 

first decision was what type of language would be used in writing the 

package. One approach would have been to use a language like LISP 

or SNOBOL4. Neither of these languages is spe cifically designed for 

algebraic manipulation, but both have the characte r manipulation 

capability necessary to build such facilities. Because of the limited 

time available, it was decided that a more powerful package could be 

produced if a language was used which already incorporated some basic 

algebraic facilities. 

When considering the algebraic language to be chosen, the following 

points were considered to be important. 



(a) The language should already be available on the 

university computer or its installation procedure 

should be relatively simple and not require a large 

amount of manpower. 

(b) The package should provide as many algebraic 

facilities as possible. 

(c) The package should not be prohibitively expensive 

in terms of CPU time and memory space. 

10. 

Satisfying all these points is usually difficult in practice . 

Clearly (a) is more important than the other two. FORMAC does not 

satisfy either (a) or (b), since the implementation of that system on 

our installation has not yet been successful. Other algebraic 

packages such as FORMULA ALGOL, MATHLAB, ESP, SAC, and SCRATCHPAD 

were not chosen because they were not available on our installation or 

because they were incompatible with our system. LISP and SNOBOL4 do 

not provide even basic routines for doing algebraic calculations and 

thus were not considered. Consequently, ALTRAN became the most obvious 

language in which to write our package. 

A copy of the ALTRAN algebraic package was acquired by the 

Unive rsity of Victoria Computer Centre from Bell Laboratories . We 

implemented it in the summer of 1975 using the installation procedures 

that are provided in the associated manuals[?] . The ALTRAN system is 

currently available to any user of the University of Victoria Computer 

Centre. 
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1. 3 . ALTRAN. 

ALTRAN is a complete system for symbolic computation with 

rational functions in several variables with integer coefficients . 

It has been designed to handle large problems with ease . As in 

most scientific programming languages, it provides the elementary 

operations of addition, subtraction, multiplication, division and 

exponentiation of numeric quantities . The same operations may also 

be performed on algebraic expresions. ALTRAN also allows the programmer 

to replace a variable by another vari able, by an expression or by a 

numeric value . More complicated operations such as differentiation 

and integration are available through procedure calls to its library 

routines . 

The ALTRAN system is composeQ of ,a translator, an interpreter 

cµ1d a run-time library. Most of these are written in FORTRAN IV . 

Some of the library routine s handling specialized functions are written 

in ALTRAN. A small set of routines that are mainly used by the 

translator are written in ASSEMBLY language (3,6). 

To use the ALTRAN system , a person writes an ALTRAN procedure 

specifying the algebraic manipulations to be performed. 

The ALTRAN translator translates this source code into FORTRAN 

source code , which can then be compiled by a FORTRAN compiler. The 

structure of the FORTRAN source code which is p roduced by the ALTRAN 

translator is very simple. It cons ists o f 6 arr ays which are 

initialized by data statements . These are followed by calls to 

several subroutines. One of these calls is to the ALTRAN interpreter . 

The original source program is encoded by the trans lator into an 
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intermediate form in which variables and operations are replaced by 

code numbers. This text is placed in one of the six arrays for 

later "execution" when the interpreter is finally called with this 

array as one of its arguments. Variable names, their attributes 

(real, integer , etc.) and other miscellaneous information are stored 

in the other arrays for use by the interpreter during program 

execution. 

If we call the rules which determine whether or not a statement 

is well formed syntax and call the rules which specify the meaning of 

a well formed statement semantics, both the syntax and semantics of 

the ALTRAN system have essentially been based on those of FORTRAN with 

ideas drawn from PL/I [6]. The number of data types has been increased 

so that it not only includes integer, logical and real, but also 

algebraic, r ational and label. 

A variable will acquire one of these data types only when it has 

been declared to be that type through a declaration statement. 

Thus, when a variable has been declared to have the algebraic type, 

the variable can be assigned a forma l value of any algebraic expression 

in terms of those variables specified in the declaration sta tement. 

For example, when Sis declared in the statement: 

ALGEBRAIC (X:5, Y:6) S 

Scan then be any algebraic expression in terms of X and Y. The 

number s 5 and 6 are the maximum exponents for X and Y, respectively , 

in such an express ion. The variables X and Y are called indeterminates . 
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During the execution of any ALTRAN program , space for all data 

(including algebraic expressions) is allocated dynamically in a large 

array called the workspace. The size of this workspace is fixed 

at the time the ALTRAN system is implemented at an installation . The 

basic unit of allocation in the workspace is called a block and 

always contains data of one type . Thus, a block may contain either 

pointers to other blocks , integers or floating-point numbers. ALTRAN 

includes a procedure, called the "garbage collector", which is used when 

necessary to compact the blocks in the workspace that are not currently 

being used. 

The value of each declared variable is represented by some 

structure in the workspace. A short integer (single precision) is 

stored as an integer . A long integer (double precision) is stored 

as an array of integers e ach representing a digit of the long integer 

in base 10 notation. Rational numbers (always in irreducible form) are 

stored as a pair of short or long integers. Short and long real numbers 

are represented, respectively , by single or double precis ion floating-

point numbe rs. 

A polynomial is represented by a block which contains three 

pointers . The first points to an array of its indeterminates , the 

second to an array of coefficients and the third points to an array 

of the powers o f the indeterminates in the pol ynomial . For example , 

the pol ynomial 

3 2 3 
poly= 2x - 4yz + x yz 

will be represented in the workspace as follows: 



POLY 

X 

y 

z 

Layout 

Figure 1.1. 

2 

-4 

1 

Coefficients 

The polynomial 

3 0 0 

0 l 1 

2 1 3 

Exponents 

3 2 3 
POLY= 2x -4yz+x yz 

14 . 

The representation of a general algebraic variable in the 

workspace is given as a pointer t o a block, called a formal 

product, which contains pointers t o each of the factors and one 

pointer to another block containing the degrees of the corresponding 

factors. 

The ALTRAN system is able to manipulate vectors and arrays of 

rationa l functions as well as individual functions. For example, 

if A and B have been declared to be 2 x 2 algebr aic arrays , then the 

statement 

READ A,B 

with input 

X; (X**2,3,Y**2,2 , 7 , X*Y) 

yields " ' 
[: 

X 

:] A = 
X 

and 

[ x•~: 
' 3 

Y**2] 
~ = 

7 X*Y 
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In addition to occurring in input data, a parenthesized list can also 

appear explicitly in an ALTRAN procedure . Thus the assignment 

statements 

A= X 

and 

B = (X**2,3,Y**2 , 2 , 7 , X*Y) 

have the same effect as the preceding r ead statement. 

In ALTRAN , the elementary arithmetic operations may a l so be 

applied on vectors or arrays of the same dimension. For example , 

suppose C and Dare the following 2 x 2 rational arrays: 

C = [1~2 
-l~J 

D = 
[

1/ 2 

-3 3~~ 
Let Ebe a 2 X 2 integer array. Then the statement 

E = C + D 

yields 

E = [: :] 
One very important feature of ALTRAN data representation is that 

it permits sharing of data . For example, a block of coefficients may 

become a part of several polynomials, or a polynomial may become a 

factor in several formal products . 

Besides the differentiation and integration facilities previously 

mentioned , other important algebraic facilities that are available in 

the ALTRAN package include the following: 
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(a ) Routines for solving linear equations . For example, 

assume we are given a matrix A and a vector B, where 

[

All Al2 
Al3] A = A21 A22 A23 

A31 A32 A33 

Then a call to the ALTRAN procedure ASOLVE with A and B 

as arguments will use Cramer 's Rule to solve for X in the 

equation A • X = B. Specifically, if XT = [Xl , X2 ,X3] 

a call to the linear equations solver yields 

[

Al2 Al3 

Bl] Xl = DET A22 A23 B2 

A32 A33 B3 

[

All Al3 

Bl] X2 = -DET A21 A23 B2 

A31 A33 B3 

/ I::,, 

and 

[

All Al2 
Bl] X3 = DET A21 A22 B2 It, 

A31 A32 B3 

-, 
' 

[

All Al2 
Al3 ] 

where I::, = DET A21 A22 A23 

A31 A32 A33 

and DET de notes the determinant. 



(b) A routine for expanding algebraic expressions . 

For example , given the expression 

2* (X+3) **2 

a call to the ALTRAN procedure EXPAND will produce 

2*X**2+12*X+l8 . 

(c ) Routines f or computing the greatest common divisor of 

two integers or two algebraic expressions. For example , 

if we call the ALTRAN procedure AGCD wi th arguments 

A= (X+3 ) **2*(X+l ) 

and 

B = (X+l ) **2*(X+3 ) 

the value returned is 

(X+l) * (X+3 ) . 

17 . 

The ALTRAN system has an efficient r un-time error handling 

facility. Whenever a fatal run-time error occurs in the user ' s program 

the run is terminated immediately with a termination message , a 

symbolic snap and the run statistics . The termination message 

indicates the error number of the type of abnormal termination . The 

symbolic snap is a picture of the program at the time of failure , 

and indicates the procedure in which the fatal error occurred and 

the statement the n being executed . The symbolic snap also provides 

the names of the procedures and the names and values of all variables 

us·ed~.1.n each active procedure. 
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The output buffe r management facility of the ALTRAN system 

prints the solution of an ALTRAN program in a readable form . The 

variable ' s symbolic name is always printed prior to its value. Each 

appears on a s eparate line. For example , if 

3 y = (x +3x-2)/(2+x), 

.the sta t ement 

WRITE Y 

would r esult in two lines of output: 

# y 

(X**3+3 *X-2)/(2+X). 

Long a l gebraic expressions are printed on several lines. Each 

line, except for the last , terminates with an arithmetic operator. 

-~ Because of this generality, ALTRAN is a relatively large system. 

It includes over 300 routines . About 250 of these are used to handle 

such things as pointers , stacks and blocks when an ALTRAN program is 

being e xecuted . The r emaining routines are used to pe rform specialized 

funct ions such as differentiation and integration. If the workspace 

of the ALTRAN sys t em has been fi xed at 40K bytes, then · execution of a 

simple ALTRAN program occupying 2K bytes would require approximately 

290K bytes of merrory space to ho ld the interpreter , workspace and other 

necessary routines . 

The current version of ALTRAN supplied by Bell Laboratories can 

dif ferentiate only funct ions o f a simple variable with rational 

coefficients . The re are two r outines in the ALTRAN package which a re 

written t o handle differentiation , namely DIFF and DIFFN. Procedure 

DIFF retur ns the partial derivative 

af 
ax 
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while procedure DIFFN returns the multiple partial derivative 

The integration operation of ALTRAN is more restrictive than 

differentiation in that only polynomials of simple variables can be 

integrated. There are also two routines which handle integration, 

namely PINT and PINTN. The procedure PINT returns the integral 

I:p(t)dt = P(t) 

X 

= P (x) 
0 

while the procedure PINTN returns the multiple integral 

I
x J x2 Jx n... l p (t

1
,t

2
, ... ,t) dt

1
,dt

2 
... dt 

0 0 O n n 

(0,0, ... ,0) 

Functions other than those described above cannot be differentiated 

or integrated without the writing of an ALTRAN program by the user. This 

is a functional limita tion of the ALTRAN system. 

There are other limitations , the most important being related 

to the form of algebraic expressions in an ALTRAN program. These can 

be summarized as follows: 

(a) An algebraic expression cannot contain a 

real-va lued quantity. For example, none of its 

coeffici e nts can be real numbe rs. 



(b) All the variables in an algebraic expression must 

be simple variables . For example , the following 

algebraic expression 

4*SIN(X) - 3*(X)+S 
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will result in an error because SIN(X) is not a simple variable . 

(c) All o f the variables and indeterminates used in an 

ALTRAN program must be declared. 

Conditions (a) - (c) have some obvious influences on our package 

design. The effect of (a) on the input function is clear. Conditions 

(b) and (c) imply that we need to replace all the elementary function 

names, the variable , and the alphabetic constants in the input function 

by some indeterminates which have been declared in our ALTRAN program. 

Consequently, a preprocessor and a ·postprocessor used as "translators " 

are necessary . The package therefore requires 3 major job steps. 

1.4. The Problem. 

We now list the set of problems we have solved in order to achieve 

our goals . The problems can be classified as follows : 

(a ) The package must be able to diffe~entiate any 

function involving any elementary function introduced 

in a typical first year calculus course. Functions 

of functions up to a depth of 5 can be differentiated . 

(b) The package must be able to integrate any function . 

involving any elementary function introduced in a 

first year calculus class . Simple functions of 
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functions up to a depth of 3 can be integrated . 

(c ) The package s hould b e able to run in less than 256K bytes 

of memory space without any significant decrease in 

functional capability . 

(d) The CPU time required by the package to solve a given 

problem should be kept as low as possible . 

(e } The JCL r equired of the user must be simple . In 

particular, the user should not be aware that there are 

3 major job steps involved in the package . 

(f ) The error-handling facility of the package must be 

.. implemented with care and it must provide sufficient 

and meaningful error messages to the user. 

(g ) Since the package is designed for use as a teaching 

tool ,· students must be able to provide t heir problems 

in a simple and natural form. The result must also be 

presented in a form which is easy to understand. 
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2.1 . Introduction. 

This chapter describes the functional capabilities and 

limitations of our package . In this section we specify the general 

types of input formats which are acceptable to the package . Examples 

showing the output of the package are also given. Finally, several 

definitions which are needed in l ater sections are presented . In 

sections 2 and 3 , we specify in detail the set of functions our package 

is able to differentiate and integrate. Section 4 discusses the 

error-handling facilities which are provided by our package, with the 

emphasis on the various types of errors which the package is able to 

recognize, as well as actions taken by the package when any one of these 

errors occurs . Finally, iri the last section of this chapter, we give a 

variety of suggestions on how to formulate functions in order to reduce 

the computer time required by the package. In this same section we 

indicate several techniques which may transform a problem which is not 

solvable by the package into a problem which is solvable . 

In order that a problem can be solved by SYMDIP, the problem 

must first 0e stated in a correct form. The user of SYMDIP is allowed 

to state his problem in either of the following forms: 

(a ) DIFFERENTIATE "function" (WITH RESPECT TO "variable") 

(b) INTEGRATE "function" (WITH RESPECT TO "variable") 

The words in quotes have the following meaning. "Function" denotes 

a function of one variable which is represented using the usual syntax 

rules of FORTRAN. For example, the function 

2 sin 
3 

(x+3) 
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would be represented as 

' 
2 · * srn (x+3 )**3 

"Variable " denotes any single letter of our usual 26 letter 

alphabet . As the form of the problem implies, the symbolic differen­

tiation or integration is done with respect to this variable. 

In statements (a) and (b), the expressions enclosed in brackets 

are optional. If they are not included as part of the problem, the 

variable will be determined by SYMDIP according to these rules: 

(1) Set "variable " equal to the first single 

alphabetic letter encountered in "function". 

(2) If (1) fails, set "variable" equal to ' X'. 

Thus, given the problem 

DIFFERENTIATE 2 * SIN (Y+3) - A*X*Y, 

the "variable " will be determined by SYMDIP. By applying rule (1) , 

the "variable" will be set to 'Y'. 

As a second example, consider the problem 

INTEGRATE A* LN(Y+3) WITH RESPECT TOY. 

Because the variable of integration is already specified as 'Y', 

it will not be changed although 'A' is the first single letter in 

"function". 

If the 'WITH RESPECT TO "variable" ' part of a problem is not 

correctly stated, the package disregards this part of the problem 

statement and the previous r ules are applied . For example, in the 

following problem 



DIFRERENTIA'rE 2 * Z * SQRT ( Z+A ) WITH RESPECT A 

the "variable" will be set equal to ' Z ' by rule (1 ) although ' A' 

was apparently desired by the user . 
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For convenience , SYMDIP allows the user to use ' DIFF ' and ' INT ' 

in place of 'DIFFERENTIATE' and 'INTEGRATE' , respectively . Likewise , 

'W . R. T.' may be used in place of ' WITH RESPECT TO '. 

Thus , all of the following are acceptable and each would produce 

the same r esult (except for the obvious changes i n variables ) : 

DIFFERENTIATE 2 * T*SQRT(T + A) WITH RESPECT TO T 

DIFF 2 * X * SQRT(X+A) 

DIFF 2 * Y*SQRT(Y+A) W. R. T. Y 

Problems to be solved by SYMDIP are punched on cards . A problem 

can be stated us i ng all 80 columns of a card . If a problem does no t 

fit on a single card , additional cards may be used . Blanks within the 

" f unc t ion" are a llowed . "Function" must be separated from the first 

part (i. e . ' DIFF ' or ' INT ') and the last part (i . e . ' WITH RESPECT TO · 

"variable"') of a problem by at l east one blank . At least one blank 

must also separate individual words and the "variab le" in ' WITH RESPECT 

TO "variable"' . 

Having discussed the general form of a probl em , we are now ready 

to discuss the " function" portion in more detail. The following 

definitions will b e needed . 

Defini t ion 2 . 1 : A function name is any one of the 

f ollowing : 



SIN , COS, CSC , SEC, TAN , COT , SINH , COSH , 

CSCH , SECH , TANH , COTH , AS IN ( ASIN denote s 

the inverse of SIN ), ACOS , ACSC , ASEC , ATAN , 

ACOT, ASINH, ACOSH , ACSCH , ASECH, _ATANH , 

ACOTH , LN (natural logarithm), LOG (common 

logarithm), EXP (exponentiati on), 

SQRT (square root). 

Definition 2.2: A function name is nested provided it 

appears as part of the argument of another 

function name . A function name is properly 

nested in ano ther provided they are rela ted 

as fo llows: 

function name (function name (argument)) 
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As we have previously indicated, the "function" in a problem must 

be written in a form which is cons istent with the FORTRAN syntax . In 

addition to this , there are several conditions which the "function" must 

obey , including the following. 

(a ) The maximum exponent associated with a function name, a 

variable, or a n alphabetic constant is 8. 

(b) The maximum number of function names is 12. 

(c ) The maximum numbe r of distinct alphabetic constants is 

5. 

(d) Every alphabe tic constant is a single l etter. 

(e ) Only function names defi ned in D_finition 2.1 are used 

in the " function". 
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In the rest of this chapter, these conditions will be referred 

to as "Conditions (a) - (e)". We note that all of these limits were 

imposed for programming purposes and none represent limitations 

imposed by the ALTRAN system. Several other rules , which must also 

be satisfied by " function" for only differentiation or only integration 

problems, are listed in those sections where differentiation and 

integration are spec ifically discussed . 

We conclude this section by describing the form of solution 

produced by SYMDIP . The output provided to the user consists of 

the problem statement followed immediately by the computed results . 

Although a problem provided by the user may not be in a complete form , 

for example, -the 'WITH RESPECT TO "variabl e "' part of a problem may not 

be stated , SYMDIP will always print the problem in a complete form . 

The following examples show typical solutions produced by SYMDIP. 

Input : 

DIFF X-SIN (X) 

Output : 

PROBLEM 1 

DIFFERENTIATE X-SIN (X) 

WITH RESPECT TO X 

THE RESULT IS : 

1 - COS (X) 

Input: 

INT X * LN (X) 

Output: 

PROBLEM 2 

INTEGRATE X * LN (X) 

WITH RESPECT TO X 
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THE RESULT IS : 

X ** 2 * (LN(X)+ 2 ) / 4 + CONSTANT 

2.2. Differentiation. 

The rules which determine if a function c a n be differentiated by 

our package are easy to state . A function is differentiable by the 

package provide d it satisfies Conditions (a) - (e ), stated in the 

last section , and the following condition: 

(f) The maximum depth of nesting is 4. 

Thus , the function 

3 * TON (X) 

is not differentiable by the package b e cause the function contains an 

undefined function name 'TON', and he nce violates Condition (e ). 

Similarly, the function 

SIN(X+A+B) * C * D * E * F 

violates Condition (c) of Section 2 . 1, because there are more than 

5 alphabetic cons tants. Thus, it could not be differentiated by the 

package. Howe ver, the function 

SIN (COS( X-A)) + B - X ** 6 

satisfies Conditions (a) - (e) and Condition (f), and therefore 

it can be differentiated with respect to A or B or X. 

2 . 3 . Integration . 

The s e t of functions which are integrable by SYMDIP are classified 

into 15 forms. Although we shall introduce these functions by 

presenting their general forms , we shall at the same time give several 

simple examples , which we feel will help the reader to understand the 

meaning of the form. 
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To simplify our task, we indicate the notation which will be 

used in describing the functions which SYMDIP can integrate . We 

assume the reader is f amiliar with the meaning of the terms rational , 

coefficient, polynomial and monomi al. 

Symbol 

Fl 

F2 

F3 

F4 

U,Ul,U2 , U3,U4 

Ll 

L2 

L3 

G 

A,B 

Al,Bl 

z 

I 

Il, 12 

M,N 

P,Q,J , K, L 

W(x,y) 

Meaning 

A polynomial in a simple variable with 
r ational coeffici ents. 

A monomia l in a simple variable with 
rational coefficients . 

A polynomial in a simple variab le with 
rational coeffici ents and the degree of 
the variable is l ess than 3. 

Fl/F2 or Fl/F3. 

Functions in a s imple variable with 
rationa l coefficients. 

exp, inverse trigonometric functions or 
inve rse hyperbolic functions. 

Trigonome tric functions or hyperbolic 
functions . 

sin , cos, sinh or cosh. 

L2, exp, ln , sqrt or the identity 
function. 

Rationals or a lphabetic constants. 

Any express ion which is independent of 
the variable of integration . 

Ax+ B. 

A positive integer . 

Integers . 

Arithmetic expressions which evaluate 
to a positive integer value . 

Arithmetic expressions which evaluate to 
an integer value. 

A function in variables x and y with 
rational coefficients. 
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H ( x ) A function of x . 

' ' Final l y , if the functions G o r U occur .more than once in an 

expression describing a particular integration form , each occurrence 

denotes the same function. 

Using the above notation , we are rea dy to describe the first kind 

of function which can be integrated by SYMDIP. A function is integrable 

if it cons ists of a single t erm satisfying Condit i ons (a ) - (e) and has 

a form which matches at least one of the 15 f o rms given below. 

Because it may not be i mmediate ly obvious, we note that a function 

must satisfy the following conditions if it is to matc h one of these 

15 forms . 

(I) Only proper nesting (Definition 2.2) of elementary 

funct i ons is permitted . In addit ion, inverse 

trigonome tric , inverse hyperbolic and the log f unctions 

cannot be nested. 

(II ) The maximum depth of nesting is 1. 

The 15 acceptable integration forms are : 

Form 1 

Form 2A 

Form 2B 

J F4 dx 

Examp le: 

5 2 
(I) J (ax - x + 3)/(x - 7x + 5) dx 

J G' (U) GM (U) Ll (G( U)) dx 

Examp l es : 

7 
( I ) J x exp (x ) dx 

( II ) J 2xy cos(x
2

) sin (x
2

) asinh(sin(x
2

)) dx 

JG ' (U) GM(U ) L3N (G(U)) dx 

(N~3) 

Examp l es : 



Form 2C 

Form 3 

Form 4 

(I) f x
3 

sinh
3

(x ) dx 

2 
(II ) f sin (x) cos (x) cosh(cos(x)) dx 

f G' (U) GJ (U) lnK (G(U)) dx 

( If Jf. -1, K> O) 

Examples : 

5 
(I ) f (l+x) ln( l+x ) dx 

2 3 
(II) f -(1/x ) ln (1/x) dx 

f G' (U) L2J (G(U)) L2K (G(U )) dx 

(here L2 ' s are functions of the same type , i.e. 

they are both trigonometric or hyperbolic 

functions) 

Examples: 

3 
(I) f sin(x) cos (x ) dx 

(II) f cos(x) tan
2

(sin(x)) cos (sin (x )) dx 

f Ul( x ) L4 (U 2 (x) ) L4(U3(x)) dx 

(L4 ' s are functions of the same type and U2f.U3. 

Ul(x) must satisfy the following 2 conditions: 
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(I) Ul( x ) 

(II ) Ul( x ) 

M = (U2 ' (x ) + U3' (x )) (U2 (x ) + U3 (x )) Al 

= (U 2 '(x ) -U3'( x)) (U2 (x ) -U3( x))NB1 

for suitable choice at M, N, Al , and Bl ). 

Examples : 

(I) f x sin (x ) cos (2x) dx 

(II) f x
3 

sinh(x+x
2

) cosh(x-x
2

) dx 



Form 5 

Form 6A 

Form 6B 

Form 6C 

Form 7A 

Form 7B 

f G' (U) s qrtJ (G(U)) dx 

Examples: 

(I) J 1/sqrt (x ) dx 

2 3 
(II ) J 1/ (1-x ) sqrt (1/ (1-x)) dx 

(III ) J s in (x ) sqrt(cos(x) ) ax ·,. 

J Ul( x ) L4 (U2(x)) L4(U3(x)) exp(U4(x)) dx 

(L4 ' s are functions of the s ame type and U2 f U3 

Ul( x) mus t satisfy the following conditions : 

(I) Ul (x ) = (U2 ' ( x ) + U3 ' (x )) Al 

(II) Ul(x) = (U2 '( x) -U3(x)) Bl 
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(III) Ul(x)/U4' (x) is independent of x for suitable 

choice of Al and Bl. 

Examples: 

(I) J sin (x ) cos(x ) exp (x ) dx 

(II) J sinh (ax) cosh(x) exp (bx ) dx 

M f U'(x) L3 (U( x ) )exp (Al U(x)) dx 

Example: 

3 • 2 2 
J (4x-5 ) sinh (2 x - 5x ) exp (4x -lOx ) dx 

f G' (U) L3M (G(U) )exp (G(U)) dx 

Example: 

J (2 x+6 ) cos (x2+6x) cos 7 (sin( x2+6x)) 

e xp (sin (x
2

+6x )) dx 

M J 2 2 f G' (U) G (U) sqrt (G(U) ± I ) dx 

M J 2 2 f G'(U) G (U) sqrt (I ± G(U) ) dx 

(where the expression G(U) should not contain '**2') 



Form 8A 

Form 8B 

Form 9A 

Form 9B 

Form 9C 
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Examples: 

( I) J 
3 2 

(x-1) s qrt ( (x-1) - 42 ) dx 

(II ) J 
2 2 2 

x/sqrt (3 + x ) dx 

J 
(2x+l ) 3 2 3 2 2 2 

(I II ) 
2 

ln (x +x-2) sqrt (ln (x +x-2) + 5) dx 
(x +x-2) 

M " 2 2 
J G' (U) G (U) ln(G(U) + sqrt (G(U) ±I )) dx 

f G' (U) GM (U) ln(G(U) - sqrt (G(U)
2 

± 1
2

)) dx 

(where the expression G(U) should not contain '* *2 '). 

Examples: 

2 2 
(I) J x ln(x+sqrt(S + x )) dx 

2 3 2 2 2 
(II) J 2x (x -3) ln(x-sqrt((x -3) - 3 )) dx 

(III) J sin (x+S ) ln(cos(x+S) - sqrt(cos (x+S)
2 

+ 3
2

)) dx 

J xpsqrtQ(J x2 
+ K x ) dx 

(J, K f 0 , Q= 1 or -1) 

p Q 2 J x sqrt (Jx +Ky+ L) dx 

(1 f 0. P = 1 or 0;whe n P = 1, Q = -l;whe n P = 0, Q = 1 or -1) 

J 1/(x
2 

sqrt (Jx + K)) dx 

Examples: 

5 2 
(I) J x /sqrt(2x + Sx) dx 

2 
(II) J sqrt(x -x-7) dx 

(III) fl/ (x
2

sqrt(4 x + 3. )) dx 

For functions of Form 10-14 below, a change of variable will occur 

which transforms the form of integral given into Form 1. A function 

of Form 10-14 is integrable only if the new form is i ntegrable. 



Form 10 

Form 11 

Form 12 

Form 13 

Form 14 

f W(sqrt (G( Z) ) , G(Z)) G' (Z) dx 

Examp l es : 

( I ) J (1 - sqrt (x ) ) / (1 + 2 sqrt (x ) ) dx 

(II ) J sqrt (x-1 ) / (2 + X + sqrt (x-1 )) dx 

J H(sqrt(G(U) )) GI (U ) dx "-

Exampl es : 

3 3 
(I ) J (7 + sqrt (x )) x2 / (,.sqrt (x )) dx 

(II) f (1-s qrt (sin (x ))) co s (x)/( a+3) dx 

J W(exp (U) , exp (-U )) U' (x ) dx 

Examples : 

( I ) J (3 + exp (x-1 )) / (1 - exp (x-1 ) dx 

(II ) J (exp (.x ) + a ) / (b - exp (-x )) dx 

f H (exp (G ' (U))) G' (U) dx 

Examples : 

• 2 2 
( I ) J (4 - exp (x )) / (1 + exp (x )) x dx 

(II ) J sin (x ) exp (cos (x ) ) / (c - exp (cos (x ))) dx 

f W(L3(G (U) ), L3 (G(U))) G' (U) . dx 

(L3 ' s are functions of the same type ) 

Examples : 

( I) f (1 - cos (x )) / (1 + cos (x) ) dx 

(. 

(II ) f (9 - cosh (x )) / (2 - sinl\2 (x )) dx 

34 . 

(III ) f (a+ cos (sin( x )) ) / (1 + cos (sin (x ))) cos (x ) dx 

Before describing functions of Form 15 , it is necessary t o 

give a brief expl anation of how functions of Form 1-14 are integrated . 

A d e taile d description is found in Section 3 . 4 . 
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If a function matches one of Forms l-14, integration is performed 

by using a general integration formula. This usually requires proceeding 

through several integration steps in order to produce the solution. 

For example, the f irst step in evaluating a Form 2C function is to 

perform the following transformation : 

f g' (u) gj (u) lnk(g(u)) dx 

= f gj(u) lnk(g(u)) d(g (u)) 

gj+l(u) k k • k-1 
= j+l ln (g (u)) - (j+l) f gJ (u) ln (g(u) ) d (g (u)) 

The integral on the right may be integrated again by using the 

same method. Other function forms will also be transformed but not 

necessarily in exactly this way. With this brie f description of 

the way that functions of Formsl-14 are handled, we can give a 

definition of Form 15 functions . • 

Form 15. Special functions 

These functions can all be integrated in a single step. Thus the 

form of solution can be placed in a table and it is only necessary to 

substitute a f unction and obvious constants to obtain the result . 

We give 3 examples of special functions and provide the complete list 

in Appendix F . 

Examples : 

(I) f g '( u) sin(g(u)) / (1 + cos(g (u))) dx 

(II) f g ' (u) cos(g(u)) sqrt (1 - r 2 sin2 (g(u))) dx 

( ) g' (u) d 
III~msin(g(u)) +ncos(g(u))) x 
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Two comments are needed to complete our pr~sentation of all the 

15 forms of functions . 

( i ) If the argument of a function is a positive integer , 

the function is treated as a constant . It will not be 

evaluated to a real-valued quantity . - , 

(ii ) The express ion ' number** f (x)' is always transformed 

to the equivalent form ' EXP(f(x) * LN (number)) ' . 

A function which does not exactly match any of the 15 forms 

but is a constant multiple of a form which can be integrated by SYMDIP , 

is also integrable. 
7 

For example , the function x exp(x) (a+5 ) 

does not match any of the forms given above , but it is a constant 

7 7 
multiple of x exp (x), which is o f Form 2A. Therefore x • exp (x ) 

(a+5 ) is integrable . 

In addition to integrating functions having only a single 

term , SYMDIP is able to integrate functions with more than one 

t erm provided they are properly formulated . Specifically , if a 

function consists of the sum or difference o f two or more terms of 

the form gi ven above , then SYMDIP will integrate the function term 

by term . Because each integral is done independently of the others , 

no cancel l ations between terms will be performed . If a particular 

term does not belong to any of the 15 forms mentioned previously , 

the t erm will not be intGgrated . The final integral of the function 

is simply given as the integrals of those i ntegrable terms plus 

the unintegrable parts . 

Although SYMDIP is able to recognize each factor of a function, 

it will never expand the function. Thus , a f unction must be written 
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in expanded form if the user wishes the function to be integrated 

by considering individual terms of the expansion . To illustrate 

what we mean, consider the following problem 

INT -SIN (X) + COS(C+X) + 2*A W.R.T. X 

Since the function contains 3 terms , SYMDIP would integrate 

these terms (with respect to X) separately as if there were 3 

separate probl e ms. The output produced would be as f ollows 

PROBLEM 1 

INTEGRATE -SIN (X) + COS (C+X ) + 2*A 

WITH RESPECT TO X 

THE FUNCTION YOU HAVE PROVIDED HAS BEEN SEPARATED INTO 

3 TERMS WHICH HAVE BEEN INTEGRATED SEPARATELY 

TERM 1 

-S IN (X) 

THE INTEGRAL IS : 

COS(X) + CONSTANT 

TERM 2 

COS (C+X) 

THE INTEGRAL IS : 

SIN(C+X) + CONSTANT 

TERM 3 

2*A 

THE INTEGRAL IS : 

2 *A* X + CONSTANT 
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As a second example , consider the problem . 

INT (X + SIN (X)) * X. 

Because SYMDIP does not expand the function, it would be treated as 

a single t e rm . This function is not integrable by SYMD I P , b ecause 

it does not match any of the 15 forms of integrabl e functions given 

It should be noted that different forms of a funct i on may 

sometimes lead to di fferent r esults . For exampl e , if the function 

(x+s in( x)) x were written in the form X ** 2 + SIN(X) * X it would 

b ecome in t egrab l e by SYMDIP because each o f the two t erms is integrable. 

Clearly the functional capabilities of an integration package 

are expanded by allowing a function to contain several terms. Care 

must be taken , however , not to integrate t erm by term if this is not 

necessary . Consider the polynomial: 

2 
2X - 3 + X 

If it were to be integrate d t e rm by t erm , considerable computer 

time would be wasted in solving 3 separate prcblems when one call to 

the ALTRAN integration routine would do it all . To avoid this situation , 

terms which do not involve any f unction names are collected into a 

single t erm by SYMDIP . This t erm is always the last term to be 

integrated . For example , if the function is given as x + sin (x) 
2 

- X , 

it will b e conside r ed by SYMDIP as having only 2 terms, namely sin (x) 

and x - x
2

, while conventionally the function in fact contains 3 terms . 

Likewise, the polynomia l we have just mentioned is treated as only 

one term. We leave this section by giving the solutions for the 

problems 



and 

output 

INT X**2 + X*SIN(X) + 3 

INT X*(X+SIN( X)) + 3 

PROBLEM 1 

INTEGRATE X**2 + X*SIN(X) + 3 

WITH RESPECT TO X 

39. 

THE FUNCTION YOU HAVE PROVIDED HAS BEEN SEPARATED INTO 

2 TERMS WHICH HAVE BEEN INTEGRATED SEPARATELY 

TERM 1 

X*SIN(X) 

THE INTEGRAL IS 

SIN(X) - COS(X) * X + CONSTANT 

TERM 2 

X**2 + 3 

THE INTEGRAL IS : 

X * (X ** 2 + 9) / 3 + CONSTANT 

PROBLEM 2 

INTEGRATE X*(X+SIN(X)) + 3 

WITH RESPECT TO X 

THE FUNCTION YOU HAVE PROVIDED HAS BEEN SEPARATED INTO 

2 TERMS WHICH HAVE BEEN INTEGRATED SEPARATELY 

TERM 1 

X* (X+SIN (X) ) 

*** RUN-TIME ERROR*** INTEGRATION ON THE FTJNCTION TERMINATED*** 

*** THE INTEGRAND IS BEYOND THE PACKAGE CAPABILITIES*** . 



TERM 2 

3 

THE INTEGRAL IS : 

3 * X + CONSTANT 

2. 4. Error Handling Within 'l'he Package . 
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Because the package we have developed is to be used by individuals 

who know little or nothing about computers and computing , more ti1an the 

usual effort has been put into providing meaningful error messages and 

error r ecovery procedures. We distinguish between three types of 

errors, namely, input errors , run time errors , and system errors. 

An input error will occur when a particular problem is not well 

formulated. This would occur, for example, when the problem contains 

an undefined function name. Thus, an input error could only occur in the pre­

processor step, that is, the first job step of the package . Whenever an 

input error is discovered, the problem b eing processed is terminated and 

an appropriate error flag is set. After that , .the preprocessor proceeds 

to the next problem if there is one. 

In many instances, a well formulated problem may not be solvable 

by the program. This would occur, for example , when the function is 

written in a correct form but does not belong to any of the 15 fo r ms 

of functions s tated in the last section . When a situation such as 

this occurs, a run time error is said to have occurred . An appropriate 

error flag is set and the problem is immediately terminated . Computation 

on the next problem to be solved is then begun. If no problems r emain, 

then the postprocessor is entered to print out all problem results 

and error messages . 

The third kind of error is the system error. This type of error 
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may occasionally occur when computations on a p~oblem are b eing per fo rmed , 

in other words, in the solution step of a problem . An obvious example 

i s r e lated to the size of the workspace in the ALTRAN program. ALTRAN 

performs all algebraic operations in a workspace of fixed size. 

If the derivative or i ntegral being computed contains t oo many 

t erms , they may not all fit into the workspace provided. In such 

a situation the computations clearly should be terminated and a sys tem 

error is said to have occurred. Consequently, the ALTRAN j ob step is 

t erminated i mmediate ly after printing the "snaps " on a t emporary file . 

Execution of the subsequent step, that is, the postprocessor, is then 

started. The solutions obtained before the system error occurred are 

printed in the us ual way, after that the f ile containing the "snaps" 

is read and the system error number i s determined . This numbe r is 

converted into a meaningful error message which is then printed 

on the user's output. There are several other situations that would 

also cause a sys t em error . For example , a system error would occur 

if the program exhausted its allocated CPU time while attempting 

a problem or if the coefficient of an expression became prohibitively 

large. 

Having discussed the various types of errors , we now illustrate 

how these error messages will appear in the output. 

If a run is successful, the following statement will b e printed 

immediate ly after the set of solutions: 

***** ALL PROBLEMS ATTEMPTED***** 

However , if a system error ha s occurred during the run, the following 

statement will be printed : 
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*** THE RUN WAS ABNORMALLY TERMINATED*** 

a nd it will then be f o llowed by the system error me ssage which is 

obtained as des cribed above . Input and run-time error messages are 

both determined in the postprocessor step by using the e r ror f l ags 

set in the previous steps. Each of these messages is printed immedi a t e ly 

following the listing of the corresponding problem . The me ssage is 

preceded and followed by a string of asterisks . A typical example of 

an input error message i s as f ollows : 

PROBLEM 5 

INTEGRATE TON (X) 

WITH RESPECT TO X 

*** INPUT ERROR*** ATTEMPT AT PROBLEM SOLUTION CANCELLED*** 

*** A FUNCTION NAME IN THE FUNCTION IS NOT RECOGNIZABLE*** 

*** THE FUNCTION NAME IS TON*** 

The following is a run-time error message: 

PROBLEM 3 

INTEGRATE X * ATAN (X) ** 2 

WITH RESPECT TO X 

*** RUN-TIME ERROR*** INTEGRATION ON THE FUNCTION TERMINATED*** 

*** THE INTEGRAND IS BEYOND THE PACKAGE CAPABILITIES*** 

*** THE POWER OF THE INVERSE FUNCTION IS OUTSIDE THE PACKAGE 

RANGE*** 

2.5 Package Us age Suggestions 

Because of various package design features , certain function forms 

are handled more effici ently than others. Formul ating your di f f erentiation 
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a nd integration problems using the s urygestions give n below will usually 

resul t in reduced computer time b e ing required for the ir s olution . 

Suggestions (e ) a nd ( f ) may transform a problem which is not solvable 

by the package into one which is solvable . 

(a ) If possibl e , you should not use expanded forms . For exampl e , 

(X-1) **3 is muc h better than X**3 - 3*X**2 + 3*X-l although 

the y are equivalent expressions . 

(b ) Wh e n it is obvious , you should simplify your f unction by 

cance llation of terms . For exampl e , 2*X-4 is b etter than . 

X+(3+X) -7 and (X- 4 )+(X+3)-3. 

(c) Whe n a function name has a power other than 1 or -1, that function 

name should b e enclosed in brackets. For example, (SIN (X)) ** 3 

is b etter than SIN (X) ** 3. 

(d ) For integration, attempt to use the fou r b sic trigonome tric and 

hype rbolic functions SIN , COS , SINH , AND COSH rather than CSC , 

CSCH, SEC , CSCH, TAN, TANH , etc. You can easily do this by 

expressing the latter functions in t erms of basic functions. 

For example , SIN( X)/COS (X) is b e tte r than TAN (X) or 

SEC (X) /CSC (X). 

(e ) I n a n integration prob lem, if the function provided belongs to a ny 

of the Forms 7A, 7B , 8A or 8B , then in the argument of ' SQRT ', 

neithe r I nor G(U) can be stat ed to contain ' k*2 '. For 

example, the followi ng function 

SQRT( 5** 2+ (X**2+3 )* *2 ) 

is not allowed but the equivalent expression 



SQRT (5**2 + (X*X+3 )* *2 ) is acceptable. 

(f) If you have a function which .. cannot be integrated by the 

package , expanding the funct ion may he lp. For example , 

(X+3 ) * ATAN (X) cannot be integrated by SYMDIP , b ut 

X * ATAN (X) + 3 * ATAN(X) can. 
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3.1. Introduction. 

This chapter describes the internal organization of our package. 

In this section we present an overview of the structure of the package 

and the strategy used in attempting to solve a particular problem . In 

sections 2,3,4 and 5 we describe the internal structure of the various 

components of the package, namely the analyzer, the two parts of the 

processor and the writer. Finally, in the last section, we illustrate 

how these separate portions of the package interface with one another. 

Several completed examples of the data passed between different components 

of the package are given. 

One of the design criteria given in chapter 1 was that the user be 

able to pose his problem in a simple and reasonably natural form. As 

chapter 2 illustrates , we have been sucessful in doing this. Because of 

the input/output limitations of ALTRAN (see Section 1.4) and our intention 

of significantly enlarging the domain of functions (as compared with that 

of the basic ALTRAN program) which can be differentiated or integrated, 

it was decided that the package design should include the f ollowing 

components: 

(I) The analyzer. A preprocessor which translates the user's 

problem into an ALTRAN comprehens ible form 

which is acceptable to the differentiation/ 

integra tion processor. If an integration 

problem is being processed , the analyzer 

will determine if tl1e function is a special 

function (porm 15) as described in chapter 2. 



The type of special function will also 

be decided by the analyzer. 
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(I I) The differentiation/integration processor . It manipulates 

(III) The writer . 

the set of ALTRAN comprehensible information 

using an appropriate strategy in an attempt 

to solve the problem , and produces intermediate 

ALTRAN comprehensible output of the solution. 

A postprocessor which translates the results 

computed by t he differentiation/integration 

processor and prints them . The writer also 

recognizes e rror flags and prints the 

appropriate error messages in output . 

The analyzer and the writer were written in SNOBOL4. The processor , 

which is the main body of the package , was written in ALTRAN. Since most 

o f the computation is performed by the processor , the major portion of 

execution time of the package is spent in the processor step . 

Having described the components of our package , we now discuss the 

overall strategy of the processor in attempting problems . The derivative 

of · a function is relatively easy to obtain . Given any function composed 

of elementary differentiable functions, its derivative can always be 

computed using the rules of differentiation of sums , differences , products, 

and quotients of 2 functions and the chain rule for differentiation of 

functions of functions . In particular , we make extensive use of DIFF which 

is a partial differentiation procedure of ALTRAN which computes the deriv­

ative of any rational function of a simple variabl e. In the case of 
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integration, the situation is much more complicated. Many integrable 

functions require particular techniques to solve them. The most 

common example is the method of "integration by parts". Because of the 

complicated situation in integration, our package was designed to meet, 

.among others, the following goals: 

(a) Find the solution quickly. 

(b) Find a comprehensible solution. 

The first goal implies that the program must apply an efficient 

strategy in attempting problems. As a problem solving program, the 

program must be able to solve a given problem with a method which is 

as easy and simple as possible. 

The second goal is less familiar to numerical programmers. Given 

an integrable function, it can usually be integrated in a variety of 

ways. The solutions produced by the various approaches are frequently 

different in form, although they are mathematically equivalent to one 

another. For example, 

J sin(x)cos(x)dx 

__ 1 • 2( ) + C 
2 Sln X l 

1 2 = 2 cos (x) + c
2 

2 2 = -cos(2x)/4 + 6 + 1/csc (x) + cos (x) + c
3 

-•where c1 ,c2 , and c
3 

are arbitrary constants. 

Clearly , some of these solutions are more comprehensible than others. 

More precisely, if a student pose s an integration problem in terms of sines 

and cosines , then he would probably prefer to see the answer in those 

terms as well. In ,order to retain simila r function forms, a radical 
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transformation of the integrand should not be attempted unless there is 

no simple way to produce the integral. The use of an integration table, 

for example, is an approach which can be used to eliminate transformations 

of the integrand. The overall strategy of our integration program is as 

follows: 

Stage 1. 

Stage 2. 

Stage 3. 

Simplify the problem by· an obvious change of variables. 

If the function is a special function , the coefficients 

of the eventual integral are computed in this stage. 

The actua~ form of the integral is given by an integration 

table (in the writer). 

If the function is not a special function, attempt to 

integrate it by calling appropriate processor routines. 

Stage 1 is passed very quickly; the only work done in this stage is 

to replace some complicated arguments by s imple variables . 

Stage 2 is f ast as well. If the function is a special function, the 

type number of the special function is determined by the analyzer. Since 

the form of the integral of a special function is partly provided in our 

integrat ion table, only coeffici ents of the eventual integral are computed 

in this stage. To illustrate the last point , consider the function 

A/(1 - SIN( X))* *2 

which is one of the special functions listed in Appendix F. The exact 

integral of the .function is B*COT (TT/4 - X/2) + C*COT( TT /4 - X/2 ) **3 , where 

B = A/2 , C = A/6. The integration table ccntains COT (TT/4 - X/2) and 

COT(TT/4 ~ X/2)**3 in an appropriate entry. Thus, if we wish to integrate 



10/(1 - SIN(X))**2, stage 2 must compute the coefficients Band C. 

Consequently, B = 5 and C = 5/3. 
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Stage 3 deals with all kinds of functions other than the special 

functions (Form 15). A function is integrated in this stage using 

appropriate routines determined by the form of the function. 

If a function cannot be integrated in either stage 2 or stage 3, 

then it is beyond the package capabilities. In this case an appropriate 

error flag is set. 

As an example, consider the following problem: 

INTEGRATE 2*X*SIN(X**2)*COS(X**2)*LN(COS(X**2)) W.R.T. X 

The argument of LN, namely COS(X**2) is replaced by Yin stage 1. 

Since 

we have 

At the end of stage 1, the problem becomes: 

INTEGRATE -Y*LN(Y) W.R.T. Y. 

Stage 2 is not entered because the analyzer should have indicated 

that the original function is not a special function. Stage 3 is entered 

and the integral is obtained because its form matches integration rorrn 2C 

.of Section 2.3. In this case the result is: 

~ 

- Y ** 2 * (2*LN(Y) - 1) / 4 + CONSTANT 

which becomes 
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- COS(X**2) ** 2 * (2*LN(COS(X**2) - 1) / 4 + CONSTANT 

when Y is replaced by COS(X**2). 

Note that the integrals computed in stage 3 are given in ALTRAN 

comprehensible forms. The final user comprehensible form of these 

integrals is produced by the writer. 

The remaining sections of this chapter will give a· more detailed 

description of the various components of the package. Before proceeding 

to that material we define several terms which are used in the rest of 

this chapter. 

Definition 3.1 

Array A one-dimension variable with more than one entry. 

Stack A list of items to which items are always added and 

deleted from the same end. Additions or deletions 

Character string 

3.2. The Analyze r. 

are done one item at a time. 

Any finite sequence of characters. A character 

string may contain lette rs, digits, left and right 

parentheses, blanks, operators and so forth. 

The first program to exe cute when SYMDIP is called is the analyzer. 

It r e ads all proble ms which are supplied by the user, performs the syntactic 
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analysis on these problems, and finally translates the well formulated 

problems into an internal representation which can be manipulated by 

the ALTRAN processor. A problem which is not well formulated is 

replaced by an appropriate error flag. 

The syntactic analysis part of the analyzer determines if a 

p~oblem is well formulated. The syntax of the function itself is checked. 

If the function contains certain special constructions (see Section 2.3) 

this will be discovered by the analyzer. Part of the analyzer's activity 

is related to "complexity .... nalysis" which determines the basic form of 

a function based on its elementary function composition. This is a very 

important step of the analyzer. A special function, for exampl e , is 

de.~ermined ' in the complexity analysis step of the analyzer. If the form 

of a function cannot be detennin~~ '0'j the analyzer, the problem will be 

rejected. 

In order to describe the analyzer, 3 logical parts can be distinguished. 

These are (in order of execution): 

Part 1. Which performs syntactic analysis. 

Part 2. Which transforms a single complex function into a set of 

functions of a simple variable. In general it replaces 

the top level function names in "function" with simple 

variables , Z(I) 's, where I' s are consecutive positive 

inte gers starting from 1. If the function is to be 

integrated, the basic form of the function is also 

determined in this part. Because differentiation is 

handled in rather a different way from integration in 

part .2 of the analyzer, the detailed description will 
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be given in 2 parts. 

Part 3. Which replaces the variable and all the alphabetic 

constants with simple variables. In brief, the 

variable is replaced by Z0 and alphabetic constants are 

replaced by Zl(I)'s throughout the function, where I's 

are also consecutive positive integers starting from 1. 

We now discuss the detail of each of the~e parts . 

Part 1. Perform syntactic analysis. Included in this part of the 

analysis are: 

(a) Are the left and right parenthe3es matched in the 

function? 

(b) Are the operators placed correctly throughout the 

function? 

(c) Is the "function" nonvoid? 

(d) Are all the characters used in the function allowable? 

(e) Is the · ·WITH RESPECT TO "variable" part of the problem 

correctly stated by the user? 

(f) Are all complete substrings of the character string 

"function", which consists of two or more letters, 

valid function names? Are they followed by'('? 

(g) Are digits separated from letters by at least one 

operator? 

(h) Are all single letters and all integers followed by 

something other than'('? 

Except for (e), all conditions must be satisfied by the problem. If 

(e) is not satisfied, the variable will be determined as described in 
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Section 2.1 of the previous chapter. 

To summarize what we have discussed, let us consider the following 

example: 

DIFF 2 1,X - 3 + SIN (X + 1))? - 4X 

This problem violates (a) because the left and right parentheses are not 

matched. The function also contains an unacceptable character, '?', 

and '4' is followed by 'X' ('4X' must be written as '4*X') so that 

(d) and (g) are also violated. 

Although a problem may contain more than one error, such as in 

the example gi ven above, the analyzer will terminate the problem when 

the first input error is discovered. Consequently, only the message 

for the first input error to be discovered will be printed (by the 

writer): 

Before we proceed to the description of part 2, we first explain 

the meaning of s ome of the variables to be used. 

FLAG An array with 3 entries. The first entry is either 33 or 

99. If it is 33, the problem is accepted, if it is 99, 

the problem is r e j ected. The second entry is used to 

contain an error number. The third entry is a non- . 

negative integer, and is needed for integration only. 

The third entry is not used for differentiation and is 

set to 1. For integration it i s set to 1 if the 

"function" to be integrat ed has only one term. If the 

"function" h as more than one term recall that it is 

integrated t erm by t erm. For the first term the third 
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entry equals the number of terms. It is set to 0, to 

denote continuation , for all remaining terms. 

ALPHnCONST A stack which contains the integers representing the 

STORE0 

STOREl 

STORE2 

variable and a ll alphabetic constants encountered in 

the " func tion". 

A stack with 2 entries. If it is a diffe rentiation 

prob l e m, the first entry contains the total number of 

function names and expressions of the form 'number** 

f{x)' (not necessary distinct) encountered in the 

"function". If it is an integration problem, the first 

entry . contains the number of highest level distinct 

functi on names encountered in the "function". The 

second entry is used to indicate whether the problem 

is a differenti ation problem or an integration problem. 

If it is a differentiation problem , the entry is 0. 

Otherwise if it is an integration problem, the entry is 1. 

A stack which contains integers representing function 

names wh i ch have b een replaced by Z(I) ' s . In brief, 

th 
if a function name is replaced by Z(I), the I entry of 

STORE l will contain the integer corresponding to that 

fun c tion name . For example, COS is represented by 2 so 

that if COS was rep l aced by Z(S) , then STOREl (S) = 2 . 

Appendix E lists all elementary functions and their 

corresponding i ntegers . 

A stack . If it is a differentiation problem, the 



STORE3 

STORE6 

STORE7 

"function" is checked for the form 'number**f(x) '. 

For each such form, say '20**S IN(X) ', the number '20' 

will be stored in STORE2. If it is an integration 

problem, each entry of STORE2 indicates the number 

of appearances of the function name stored in the 

corresponding entry of STOREl. 
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A stack which contains the arguments of all the function 

names encountered in the "function". 

A stack . For a differentiation problem , each entry of 

STORE6 indicates the number of top level fm1ction names 

that appear in the corresponding entry of STORE3 . For 

an integration problem , if the "function" to be integrated 

involves nesting (see Definition 2.2), the entry will 

contain the integer that represents the nested function 

name. Otherwise, if there is .no nesting of function, the 

entry is 0. 

A stack. For differentiation, each entry of STORE7 

indicates the accumulated total of function names that 

have been replaced by Z (I) 's, before the function names 

in the corresponding entry of STORE3 are r eplaced. For 

inte gration , if the " function" is a special function , 

STORE7 will be used to store the coefficients of the 

special function (see Appendix F). 

FUNCTION The "function" (may be a term of the initial function) 

to be differentiated or integrated. 
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Variables and alphabe tic constants: All single characte rs in the " f unction" 

are repre s ente d inte rnally according to the i r alphabe tical 

order with inte gers starting from 0. Thus A is represented 

internally by 0, Bis by 1, and so on. 

NUMBER2: An intege r variable which is equa l to 0 if it is a 

differentia tion problem and 1 if it is an integration 

problem. 

We are now ready to discuss the differentiation portion of part 2 

of the analyzer. For our convenience, we shall illustrate various 

points by working on the following example: 

Example 3.1 

DIFF X*EXP(4 + A*X) -+ SIN(l - COS(X))*l0**(X - 2)**2 

Part 2 (Differentiation). Generate internal forms. 

(a) Set NUMBER2 = 0 (differentiation). 

(b) Is the form 'nurnber**f(x)' present in FUNCTION? If 

so, replace it by a dummy function name, which is 

formed by attaching the "number" to the right hand 

side of 'CC', the argument of the dummy function name 

is f(x). Repeat for all such forms. 

Thus, for Example 3.1, 

FUNCTION=X*EXP(4+A*X)+SIN(l-COS(X))*CC10(X~2)**2 

(c) Scan FUNCTION from left to right. For each function 

name encountered, r eplace the function name by 'Z(I)' 

and add 1 to I- Place the argument of the replaced 

function name in STORE3 and place the integer 
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correspondi ng t o it in STORE l (dummy name is internally 

r epresented by '100') .T.hus, for each I, 'Z(I)' 

replaces one and only one function name . Identical 

function names , even those having the same argument, 

are replaced by different ' Z(I) '' s ; if the function 
. ...____ 

name replaced is a dummy name, then the digit part of 

the dummy name is also stored in S'rORE 2. 

Finally, place the current ac cumulated total of replaced 

function names (including the replaced dummy names) 

in STORE7 • . 

Thus, for Example 3.1, 

STOREl = (26,1,100, 

STORE2 = (10, 

STORE3 = (4 + A*X,l - COS(X) ,X 2, 

STORE7 = (3, 

FUNCTION = ZO*Z(l) + Z(2)*Z(3)**2 

(d) Scan STORE3 from left to right, for each entry: 

( 1) Repeat step (c). 

(2) Place the number of top level function names 

that are replaced by 'Z(I) ''sin STORE6. 

Thus, for Example 3.1: 

STOREl = (26,1,100,2, 

STORE3 = (4 + A*X, 1 - Z(4), X - 2,X, 

STORE6 = (O,l,O,O, 

STORE7 = (3,3,4,4,4, 

(e) Place the total n\.!lllber of function names (including 

the dummy name s) replaced in step (c) and step (d) in 
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STOREO. 

' 
Thus, at the end of part 2, we have, for Example 3.1, 

FLAG= (O,O,O) 

STOREO = (4, 
~ 

STOREl = (26,1,100,2, 

STORE2 = (10, 

STORE3 = (4 + A*X, 1 - Z(4), X - 2, X, 

STORE6 = (O,l,0,0, 

STORE7 = (3,3,4,4,4, 

FUNCTION= ZO*Z(l) + Z(2)*Z(3)**2 

Having completed the description of the differentiation portion 

of part 2, we now proceed to the integration portion of the same 

part. Before beginning our discussion, we first explain the meaning 

of several new variables which are used in addition to those introduced 

in the beginning of the differentiation portion. 

STORE4 

JACK 

A stack which is used whenever the form 'number**f(x)' or 

the form 'function name (number)' is discovered in FUNCTION. 

For the first form, say '20**f(x) ', the number '27' (which 

represents LN) will be placed in STORE4 followed by '20'. 

For the second form, say 'SQRT(50) ', the number '28' (which 

represents SQRT) will be placed in STORE4 followed by '50'. 

An integer which indicates the basic form of FUNCTION 

according to its elementary function composition. 
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KEK An integer which indicates whether FUNCTION involves 

TYPE 

a hyperbolic function. If its value is 1, then FUNCTION 

involves a hyperbolic function. If its value is O, 

FUNCTION does not involve any hyperbolic function. 

An integer whose value will be ~-1 on completion of 

problem analysis. If its value is -1, the form 

'number** f(x)' was found in FUNCTION. If its value is 

a positive integer, FUNCTION was found to be a special 

function, and the value of TYPE is exactly the type 

number of the special function. If its val·.1e is O, 

FUNCTION satisfies neither of the above cases. 

As in our discussion of the differentiation portion of part 2, 

we shall illustrate some specific points with the aid of the 

following example. 

Example 3. 2 

INT SQRT(COS(X))*SIN(X)*COS(X)*D*LN(lO) - SIN(X - 1) 

Part 2 (Integration). Generate internal form. 

(a) Set NUMBER2 = 1 (Integration). 

If the 11 function 11 · contains more . than one term break it 

into individual terms (see Section 2.3) and place these 

terms in the array PROBLEM. 

, Thus, for Example 3.2, 

PROBLEM=(SQRT(COS(X))*SIN(X)*COS(X)*D*LN(lO) ,SIN(X-1), 

Set "problemno" = 1. 

Set •11 mul tiple" equal to the number of terms. 
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(b) Set FUNCTION= PROBLEM(problemno). 

Thus, 

FUNCTION=SQRT(COS(X))*SIN(X)*COS(X)*D*LN(lO) 

(c) Inspect FUNCTION. Are there any of the following construc­

tions present? 

(I) 'number** (f (x))' 

(_II) 'function name (number)' 

(III) 'SQRT(l _+ M**2*SIN(f(x)).**2) 1 

(where Mis a positive integer) 

(IV) 'SIN(LN(f(x))) I or 'COS(LN(f(x)))' 

(V) 'LN(g(x) ± SQRT(f(x)**2 ± M**2))' 

(VI) 'SQRT(f(x)**2 ± M**2) 1 

(VII) 'SQRT(M**2 ± f(x)**2) 1 

If any of the above constructions are discovered 

in FUNCTION do: 

For (I). Replace 'number**f(x)' by 'EXP(f(x))' and 

set TYPE= -1. TYPE will be used in an ALTRAN 

routine to indicate that the actual argument of 

EXP is in fact 'LN(number)*f(x)'. Place '27' followed 

by the"number"in STORE4. 

If the form 'number**f(x)' occurs more than once, then 

the value of "number" must be the same. 

For (II). For each occurrence of the form 'function 

name(number)' do: 
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(1) .Replace ' functionname(number)' by ' ZZ (I) ' , 

where I is an integer starting from 1 . 

(2) Place the integer corresponding to the "functionname " 

in STORE4 followed by the "number" . 

( 3) Add 1 to I. 

Thus, for Example 3 . 2 , 

FUNCTION=SQRT(COS(X))*SIN (X)*COS(X)*D*ZZ(l) 

STORE4 = (27,10 , 

For (III). Replace the form 'SQRT (l + M**2*SIN(f(x)) 

**2)' by an intermediate form' (1 + M**2*VV(f(x))**2) ' . 

The operator ' VV' conveys to later steps that both SQRT 

and SIN are involved in the original form . 

For (IV). Both of 'SIN (LN (f(x )) ) ' and ' COS_(LN (f (x)p' 

are special functions . Replace 

' SIN(LN(f(x) ) ) ' by 'SIN(f(x) ) ' or 'COS (LN(f(x)) ) ' 

by ' COS(f(x)) ~ set TYPE= 1000 . 

(this indicates the FUNCTION is a special function). 

For (V). 

If signs = ( + , + ) ' set TYPE = - 1. 

If signs = (+,- ) I set TYPE = -2. 

If signs = ( - , + ) ' set TYPE = - 3. 

If signs = ( - , -) I set TYPE = - 4. 

If g (x) and f (x) are elementary functions, they must be 

the same functions ( their arguments are not checked here , 

but they must be equal. The processor will check 

whether the arguments are equal ) . 
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Thus, if g(x) = SIN(X-1) and f(x) = SIN(X-1), replace 

(V) by the character string 'LN(SIN(M,X-l,X-1)) '. 

Otherwise if g(x) and f(x) are not elementary 

functions , replace (V) by the character string 

'LN(M,g(x) ,f(x)) '· These character strings are 

transformed again in later parts of the analyzer into 

their ALTRAN comprehensible form. 

For (VI). 

If sign='+' set TYPE= -3 

otherwise set TYPE= -2. 

If f{x) is an elementary function, say f(x) = SIN(X-1), 

then replace (VI) by the character string 

'SQRT(SIN(X**2 ± M**2,M,(X-1)))' 

otherwise replace (VI) by the character string 

'SQRT (£(x)**2 ± M**2,M,f(x))' 

For (VII). 

If sign= '+' set TYPE= -3 

otherwise set TYPE= -1. 

If f(x) is an elementary function, say f(x)=SIN(2-X), 

replace (VII) by the character string 'SQRT(SIN(M**2 

± X**2,M,(2-X))) '. Otherwise replace (VII) by the 

character string 'SQRT(M**2 ± f(x)**2,M,f(x))' 

(d) Is there any nesting of elementary functions ? If 

yes, is the nested function name acceptable to the 

package? If more than one top level function contains 



a , nested function name, then all the nested function 

names must be the same (the arguments of these 

nested functions are checked in the processor and 
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they must also be the same ). For example , the function 

TAN (X)*SIN(TAN(X)) *COS(TAN(X))*SEC(X)**2 
' 

satisfies this condition because the nested function 

names of SIN and COS are both equal to TAN. 

Place the integer corresponding to the nested 

function name (Appendix E) in STORE6. 

Thus, 

STORE6 = (2, 

For all top level functions which contain the nested 

function name, erase the nested function and replace the 

left bracket which follows by'<'. 

Thus, for Example 3.2, 

FUNCTION= SQRT(<X))*SIN (X)*COS (X)*D*ZZ (l) 

Replace all other occurrences of the nested function 

name by a character string of the form 'ANA' where N 

is a positive integer starting from 1. 

Thus, 

FUNCTION= SQRT (<X ))*SIN (X)*AlA(X)*D*ZZ(l) 

Now , all function names that remain in the resulting 

"function", except those containing the nested function, 

must be identical to the function name appearing in 

the derivative of the nested function but distinct 

from the differential function. These function names 

are all replaced by 'AOA'. 



Thus, for example 3.2 

FUNCTION=SQRT (<X ))*A0A (X)*AlA(X)*D*ZZ(l) 
' 

(e) Replace EXP by 'TOT' throughout FUNCTION (this 

will cause EXP to be the last function name to 

be replaced by a 'Z(I) '). 

" (f) Express the elementary functions 
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CSC, SEC, TAN, COT, CSCH, SECH, TANH and COTH in 

terms of SIN and COS or SINH and COSH. The 

transformations for TAN, COT, TANH and COTH are 

done in a little different way. For example, 

'TAN(X)' is replaced by the character string 

'SIN_COS(X)' rather than by the exact expression 

'SIN(X)/COS(X) '. All other functions are trans-

formed exactly. For example, 'SEC(X)' is replaced 

by '1/COS(X)'. 

(g) Scan FUNCTION from left to right for a function 

name, 

(1) Replace the function name by Z(I) and add 1 

to I. Place the argument of the function 

name in STORE3. 

(2) Scan FUNCTION from left to right. For each 

identical function name encountered do (1). 

(3) Place the integer corresponding to the function 

name in STOREl and place the total number of' 

occurrences of the function name in STORE2. 

(4) Add 1 to the "group number" to which the 

function name belongs. Group numbers are integer 
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variables used to determine whether the function 

composition of FUNCTION is within the limits 

allowed by the package. The variable GROUPl is 

associated with the function EXP. GROUP2 is 

associated with the set of functions containing 

LN, LOG, SQRT and any inverse function. GROUP3 

and GROUP4 are associated with trigonometric 

functions and hyperbolic functions , respectively. 

(5) If any more distinct function names in FUNCTION 

repeat (g). 

For Example 3.2, we obtain 

STOREl = (28, 

STORE2 = (1, 

STORE3 = (X, 

FUNCTION~ Z(l)*AOA(X)*AlA(X)*D*ZZ(l) 

(h) Place t.l}e total number of distinct function names 

processed in (g) in STOREO. 

Thus, 

STOREO = (1, 

(i) Inspect "group ·number". If the eleme ntary function 

composition of FUNCTION is beyond specified limits 

set an error flag. For example , if FUNCTION is a 

product of a trigonometric function and a hyperbolic 

function, both GROUP3 (representing trigonometric 

functions) and GROUP4 (representing hyperbolic 

functions) will be positive. When such a situation 

is recognized, the problem will be rejected· 



since FUNCTION is beyond the package 

capabilities. 

(j) Replace 'AOA' 's by ' Z2 ' in FUNCTION , store '99' 
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in STOREl (' 99 ' represents a dummy name) and place the 

arguments in STORE3. Likewise replace 'ANA' ' s by ' Z3' , 

store ' 99 ' in STOREl and place the arguments in 

STORE3 . 

Thus, 

STOREl = (28,99 , 99 , 

STORE3 = (X, X, X, 

FUNCTION= Z(l) *Z2*Z3*D*ZZ (l) 

(k) Determine the basic form of FUNCTION using 

"group number" and TYPE and place the integer 

corresponding to that basic form in JACK . The value 

of KEK is also set (see Definition of KEK). 

Thus, 

JACK = 14 

KEK = 0 

(1) If JACK= 1 and KEK = 0, is FUNCTION a special 

function? If _yes, then set TYPE equal to the integer 

corresponding to the special function . Place 

relevant coefficients of the special function in 

STORE? (see Appendix F) . Replace the special function 

by 'l'. If no, go to (m). 

(m) If JACK i 1 or KEK i O set TYPE= 0. 

Steps (1) and (m) complete part 2 (integration ). At this point 

Exampl e 3.2 would appear as follows: 



FLAG = (0,0,2) 

STORED = (1 , 

STORE! = (28 ,99,99 , 

STORE2 = (1, 

STORE3 = (X,X,X , 

STORE4 = (27,10, 

STORE6 = (2, 

JACK = 14 

KEK = 0 

FUNCTION= Z(l)*Z2*Z3*D*ZZ(l) 

Part 3. Complete the internal representation. 

(a) Replace the variable by 'ZO ' throughout 

FUNCTION and STORE3. Place the integer 

c o rresponding to the variable in ALPHACONST. 

Thus, for Example 3.1, 

STORE3 = (4 + A*ZO,l - Z(4 ) ,ZO - 2,zo~ 

ALPHACONST = (23, 

and for Example 3 . 2, 

.STORE3 = (ZO, ZO , ZO, 

ALPHACONST = (23, 

(b ) Replace the alphabetic constants by Zl(I)'s 

throughout FUNCTION and STORE3 and place 
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"the intege rs corresp onding to them in ALPHACONST . 

Generally, if an ·alphabetic constant is replaced 

th 
b y ' Zl(I)', the (I+l) entry of ALPHACONST 

-will contain the intege r corresponding to that 
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alphabetic constant (note th~t , identical alphabetic 

constants in a given function are replaced by the 

same ' Zl (I )') . 

Thus, for Example 3 . 1 , 

STORE3 = (4 + Zl(l ) *ZO , l - Z (4) , ZO - 2 , ZO , 

ALPHACONST = (23 , 1 , 

and for Example 3.2 , 

FUNCTION= Z(l)*Z2*Z3*Zl(l)*ZZ(l ) 

ALPHACONST = (23 , 3 , 

(c ) If no error flag do (1 ) otherwise do (2): 

(1) Place ' 33 ' in the first entry of FLAG,. 

If it is the first subproblem place 

"multiple " in the third entry of FLAG,• 

If it is .any other subproblem place 'O' 

in the _third entry of FLAG. 

Thus , for Example 3 .1, 

FLAG = ( 3 3 , 0 , 1 ) 

and for Example 3 .2, 

FLAG= (33 , 0 , 2) 

(2) Place the error flag in the second entry of 

FLAG , the first entry of FLAG i s set to ' 99 '. 

Go to step (h ) . 

(d ) Place NUMBER2 in STOREO . 

Thus , for Example 3.1 , 

STOREO = ( 3 , 0) 

• and for Example 3. 2 , 

STOREO = (1 , 1) 



(e ) Close the stacks by adding a pair of ' 99 ' 

to the end o f each stack . 

(f) Output variables and stacks . 

(g) If the problem processed is an integration 
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problem and "problemno " is l ess then "multiple " 

add 1 t o "problemno" and go to step (b ) of part 2 

(integration). 

(h) Go to step(a) of part 1 for the -next problem . 

The complete list of variabl es and arrays produced by the 

analyzer for Example 3.1 and Example 3.2 are given in Figures 3.1 

and 3.2. 

FLAG 

ALPHACONST 

STOREO 

STOREl 

STORE2 

STORE3 

STORE4 

STORE6 

STORE? 

FUNCTION 

JACK 

KEK 

TYPE 

Figure 3 .1. 

C: (33,0,1) 

= (23,0,99, 99 ) : 

= (3, 0) 

= (26 ,1,100, 2 , 99 ,99) 

= (10,99, 99 ) 

= (4 + Zl(l)*ZO , l - Z ( 4 ) I ZO - 2 I ZO I g ::J I 99 ) 

= (99,99) 

= (O,l,0,0, 99 , 99 ) 

= (3 ,3,4, 4 , 4 , 99 , 99 ) • 

= ZO*Z (l) + Z(2)*Z(3 ) **2 

= 0 

= 0 

= 0 

Output produced by the analyzer 

for Example 3.1. 



FLAG 

ALPHACONST 

STOREO 

STOREl 

STORE2 

STORE3 

STORE4 

STORE6 

STORE7 

FUNCTION 

JACK 

KEK 

TYPE 

Figure 3.2 

= (33,0,2) 

= (23,3,99,99) 

= (1,1) 

= (28,99,99,99~99) 

.- (1,99,99) 

-- (ZO,ZO, Z0 ,99,99) 

= (27,10,99,99) 

= (2,99,99) 

- (99,99) 

= Z(l)*Z2*Z3*Zl(l)*ZZ(l) 

= 14 

= 0 

= 0 

Output produced by the analyzer 

for Example 3 .2. 
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Before leaving this section we present two more examples and the 

output produced by the analyzer for each of the m. 

Example 3.3 

DIFF SIN(X) - COS(X**2-l)*SIN(X-1) 

and 

Example 3.4 

INT 16/(4*COS(X-1) - S*SIN(X-1)) 



✓ 

Variables 

FLAG 

ALPHACONST 

STOREO 

Example 3. 3 

(33,0,l) 

(23, 99 , 99) 

(3,0) 

Example 3.4 

(33,0,1) 

(23,99,99) 

(2, 1) 
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STORE! 

STORE2 

STORE3 

(1,2,1,99,99) 

(99,99) 

(ZO, Z0**2-l ,ZO-l,99,99 ) 

(2,1,99,99) 

(1,1,99,99) 

(ZO-l,Z0-1,99,99) 

STORE4 

STORE6 

STORE7 

FUNCTION 

JACK 

KEK 

TYPE 

Figure 3.3 

(99,99) 

(0,0,0,99,99) 

(3, 3,3,3 , 99,99 ) 

Z(l) - Z(2)*Z(3) 

0 

0 

0 

(99,99) 

(0,99,99) 

(4,-5,99,99) 

16*1 

1 

0 

100 

Output produced by the analyzer for 

Example 3 .3 and Example 3.4. 

It is worth noting that in Example 3.4 the "function" is a 

special function . The relevant coefficients· of the "function" 

are stored in STORE7. The value of TYPE is 100 which is the 

type number corresponding to the special function . 
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3.3. The Processor-Differentiation. 

In the processor step, all differentiation problems are handled 

by calling on a single ALTRAN procedure named SYMDIF . In designing 

this procedure we have made use of the ALTRAN built-in differentiation 

routine DIFF. This latter routine can be used to compute the 

derivative of any rational function in a simple variable. 

Recall, from Section 3.2, that the "function" which is to be 

differentiated is translated into an internal representation by the 

analyzer . . Elementary functions that appear in the "function" are 

replaced by simple variables, 'Z(I) 's. Thus we can· consider the 

"function" to be a rational function, FCT, in ·the simple variables 

ZO, Z(l), Z(2), . .. , Z(N). ·ZO is the variable with respect to which 

FCT is to be differentiated and Z(l), .Z(2), ... , Z(N) are in fact 

functions of Z·O. 

The derivative of the function FCT is obtained using the 

following rule: 

Rule ;I ). dFCT 
dzO 

aFCT 
azo 

dZ (I) 
dZQ 

dFCT 
The term can be obtained by making a call to the procedure az.o 

DIFF with the statement DIFF(FCT,ZO). Similiarly, for each I, the 

aFCT term can be obtained by making the call DIFF(FCT,Z(I)). Thus, az (I) 

Rule (I) is equivalent to: 

dFCT 
dzo = DIFF(FCT,ZO) + 

N 
I DIFF(FCT,Z(I))•~!~I) 

I=l 
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Finally, ~~6I) is to be obtained by using the chain rule as follows : 

Rule (II) . 
dZ (I) 
dZ0 

d 
= zz (r) • azo (arg (Z(I))) 

where ZZ(I) denotes dZ (I) 
d(arg(Z(I ))) 

(Z(I) is an elementary function ), 

and arg (Z( I )) denotes the argument of the elementary function Z(I). 

Substitute this equation into Rule (I) yields: 

Rule (III ). 
dFCT 
dZ0 

= DIFF(FCT,Z0) + 
N 

I DIFF(FCT, Z(I)) • 
I=l 

d 
ZZ (I) • dZ0 (arg (Z( I) )) . 

The actual e lement ary function( s ) which correspond to each 

ZZ(I) are not determined in the processor step. The appropriate 

elementary function( s ) are determined by the writer when the user 

comprehensible f orm is produced by matching subscripts between Z(I) 's 

and ZZ(I) 's. 

Recall that the argument of any elementary function in the 

" function" is allowed to contain another function name , provided the 

Conditions (a) -(e ) and Condition (f) stated in the Section 2.1 and 

Section 2.2 are al l satisfied. Thus, Rules (I) and (II ) may be used 

repeatedly during the computations of the derivative of a particular 

function . As an illustration of this l ast point , consider the 

fol lowing example: 

DIFF 2*SIN(l-COS (X**2-1) ). 



The value of FCT is equal to ' 2*Z(l) ' where ' Z(l)' represents 

SIN , the argument of SIN is represente d by '1-Z(2) '. 

Thus , by applying Rule (I ), 

dFCT 
0 + 

aFCT dZ (1) (N 1 in thi s c ase) --= = 
d~0 az (1) dZ0 

2 . dZ(l) 
= dZ0 

Applying Rule (II) on 
dZ (l) 
dZ0 

yields: 

zz (1) • ~zo c1-z (2)) 

d 
Here, dZ0 (1-Z(2)) is to be computed using Rule s (I) and (II) 

and thus we obtain . 

d 
d Z0 (1-Z (2)) = ZZ(2 ) d (zo2 - 1) - • dZ0 

One final application of Rule (I) completes the computation 

of the derivative and we obtain 

dFCT 
dZ0 -2•ZZ(l) •ZZ(2) •2•Z0 

= -4•Z0•ZZ(l.) •ZZ(2) 

With this brief overview of how differentiation i s performed 

we are ready to give a detailed description of SYMDIF. Before we 

proceed to that material, we first introduce the se t of variable s 
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used in that procedure . 

Ml An integer array equal to STOREO 

M4 An integer array equal to STORE6 

M6 An intege r array equal to STORE? 

MB An algebraic array equal to STORE3 ', 

FCT An algebraic variable equal to FUNCTION 

RESULT An algebraic variable used to contain the 

derivative of FCT 

We again use Example 3.1 to show how the corresponding ALTRAN 

comprehensible form produced by the analyzer is processed in the 

differentiation routine SYMDIF . 

Before the procedure SYMDIF is called , the variables and 

arrays defined above acquire the following values (see Figure 3.1). 

This is done t hrough a read statement in the main procedure of the 

processor. 

Ml = ( 3, O) 

M4 = (O,l,O,O, 99 ,99) 

M6 = (3,3, 4 , 4 , 4 ,99,99) 

MB = (4 + Zl (l)*ZO, 1 - Z(4),ZO - 2 , Z0 , 99 , 99 ) 

FCT = ZO *Z (1) + Z(2)* Z(3)**2 
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Several other variables and arrays , which are also read at this 

time are used for passing values to the writer . They will be discussed 

later in this section. 

The algorithm employed in SYMDIF is given by the equation stated 

in Rule (III). The computation process can be described as fo llows: 



1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

21. 

77. 

Set RESULT= DIFF(FCT,ZO) 

If Ml(l) = 0 the derivative has been obtained and 

so return. (Ml(l) denotes the number of top level 

function names in FCT). 

Set SAVEl = 0. 

set I = 1. 

(a) Set OSAVEl = DIFF(FCT,Z(I))*ZZ(I). 

Set OSAVE2 = DIFF(MB(I) ,ZO) and SAVE3 = 0. 

If M4(I) = 0 the argument of Z(I), namely MB(I), 

does not contain any function name, go to (g). 

Set Il = M4(I), Kl= M6(I). 

Set J = 1. 

(b) Set OSAVE3 = DIFF(MB(I) ,Z(Kl + J))*ZZ(Kl + J). 

Set OSAVE4 = DIFF(MB(Kl + J), ZO) and SAVE 5 = 0. 

If M4(Kl + J) = 0 the argument of Z(Kl + J), MB(Kl+J), 

does not contain any function name, go to (f). 

Set I2 = M4(Kl + J}, K2 = M6(Kl + J). 

Set K = 1 

(c) Set OSAVES = DIFF(MB(Kl + J), Z(K2 + K))*ZZ(K2 + K) 

Set OSAVE6 = DIFF(MB(K2 + K),ZO) and SAVES = · o. 

If M4(K2 + K) = 0 the argument of Z(K2 + K), MB(K2 + K) 

does not contain any . function name, go to (e). 

Set I3 = M4(K2 + K), K3 = M6(K2 + K). 

Set L = 1. 

(d) Set OSAVE7 = DIFF(MB(K2 + K),Z(K3 + L))*ZZ(K3 + L). 

Set OSAVE8 = DIFF(MB(K3 + L), ZO). 



22 . 

23. 

24. 

25 . 

26. 

27 . 

28 . 

29 . 

30 . 

31. 
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SAVES =SAVES+ OSAVE7*0SAVE8. 

Add 1 to L. If Lis not greater than I3 ,go to (d) . 

(e) SAVES =SAVES+ OSAVE5*(0SAVE6 +SAVES). 

Add 1 to K. If K is not greater than I2,go to (c) . 

( f) SAVE3 = SAVE3 + OSAVE3*(0SAVE4 + SAVES ) 

Add 1 to J . If J is not greater than Il,go to (b) . 

(g) SAVEl = SAVEl + OSAVEl*(OSAVE2 + SAVE3). 

Add 1 to I. If I is not greater than Ml(l),go to (a). 

RESULT= RESULT+ SAVEl 

Return . 

In order to illustrate how the above algorithm works, we will follow 

the processing of Example 3.1. 

Lines 

1. 

3. 

4 . 

5 . 

6. 

7. 

28 . 

29. 

5. 

6. 

7 . 

8 . 

Consequences 

RESULT= Z (l ) 

SAVEl = 0 

I = 1 

OSAVEl = ZO*ZZ(l) 

OSAVE2 = Zl(l), SAVE3 = 0 

Since M4(1 ) = 0 go to line 28. 

SAVEl 0 + ZO*ZZ(l)*( Zl (l) + 0 ) 

= ZO*ZZ(l)*Zl(l) . 

I = 2, since I is not greater than Ml (1) (=3) go to line 5. 

OSAVEl = Z(3)**2*ZZ(2). 

OSAVE2 = 0 . 

Since M4(2) i O continue on line 8 . 

Il = 1 , Kl= 3 . 



9. 

10. 

11. 

12. 

26. 

27. 

29. 

5. 

6. 

7. 

28. 

29. 

30. 

31. 

J = 1 

OSAVE3 = -ZZ(4). 

OSAVE4 = 1, SAVES= 0. 

M4(4) = 0 go to line 26. 

SAVE3 = 0 + (-1) * (1 + 0) = -1. 
' 

J = 2. J is greater than Il(=l). 

SAVEl = ZO*ZZ(l)*Zl(l)+Z(3)**2*ZZ(2 )* 
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(0+(-1)) = ZO*ZZ(l)*Zl(l)-Z(3)**2*ZZ (2)* ZZ(4 ) 

I= 3 go to 5. 

OSAVEl = 2*Z(2)*Z(3)*ZZ(3). 

OSAVE2 = 1, SAVE3 = 0. 

M4(3) = 0 go to line 28. 

SAVEl = ZO*ZZ(l)*Zl(l) - Z (3)**2*ZZ(2) 

+ 2*Z(2)*Z(3)*ZZ(3)*(1 + 0) 

= ZO*ZZ (l)*Zl(l)-Z(3)**2*ZZ(2)*ZZ(4) 

+2*Z(2)*Z(3)*ZZ(3). 

I= 4. I is greater than Ml(l). 

RESULT= Z(l) + ZO*Zl(l)*ZZ(l) 

+ 2*Z(2)*Z(3)*ZZ(3) 

- Z(3)**2*ZZ(2)*ZZ(4). 

Return to the main procedure. 

After the final value of RESULT is obtained, control is returned 

to the main procedure of ~he processor. The set of variables and arrays 

that are ready to be passed to the writer by the main procedure are: 
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STATUS An integer array equal to FLAG 

MO An integer array equal to ALPHACONST 

Ml As before 

MA An integer array equal to STORE! 

MB As before 

RESULT As before 

M3 An integer array equal to STORE2 

Thus, for Example 3.1, the values of the variables and arrays 

produced by the processor .ire as follows : 

STATUS = (33,0,1) 

MO = (23,0,99,99) 

Ml = ( 3, O) 

MA = (26,1,100,2,99,99) 

MB = (ZO*Zl(l) + 4, -(Z(4)-1), zo - 2, zo, 99, 99) 

RESULT = Z(l) + 2*Z(2)*Z(3)*ZZ(3) - Z(3)**2*ZZ(2)*ZZ(4) 

ZO*Zl(l)*ZZ(l) 

M3 = (10,99,99) 

Figure 3.4. output produced by the processor for 

Example 3.1. 

+ 

Using the algorithm we have just described, the reader might compute 

the derivative for Example 3.3 in exactly the same way. The corresponding 

output produced by the processor is shown as follows. 

' 



STATUS = (33,0,1) 

MO = (23,99,99) ' ' 

Ml = (3, 0) 

MA = (1,2,J.,99,99) 

MB = (ZO, Z0**2 - 1, zo - 1, 99,99) 

RESULT = - (Z (2) *ZZ (3) + 2*Z(3)*ZO*ZZ(2) - ZZ(l)) 

M3 =(99,99) 

Figure 3.5. Output produced by the processor for Example 3.3. 
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3.4 The Processor - Integration 

In Section 2.3 , we presented the 15 forms o f functions which can 

be integrated by SYMDIP. The integral of a given function matching any 

of these forms, except for Form 15 , is computed by using a set of 

predetermined integration steps. As we indicated in Section 2.3, one 

step in computing the i n tegral o f a function o f Fo rm 2Cwas t o perform 

an "integration by parts" . A function matching Form 15 (i.e . a special 

function ), is integrated with the aid o f an integration table which 

provides the terms o f the eventual integral . Only the coefficients 

that are associated with rhese terms are computed in the processor 

s tep . 

The description of the general integration procedure will be 

presented in several parts. Before proceeding to that description, 

the set o f variables which are involved in . the processor are introduced. 

Variable names which are used in these definitions refer t o variables 

which were defined in Section 3.2. 

MA 

MB 

MO 

Ml 

M2 

An integer array equal to STORE! . 

An algebraic array of arguments equal t o STORE3. 

An intege r array equal to ALPHACONST. 

An integer array equal to STOREO. 

An integer array which is used for indi rect representation 

of the function name s in the comp uted integral. 

If a function name in RESULT (see below for de tails ) is 

replaced by ' Z (I ) ' , where I is an integer greater than 

th 
6 , then the (I-6) entry of M2 will contain the integer 

c orresponding to that r eplaced function name . M2 is initialized 

t o O for each problem. 



M3 An integer array equal to STORE2 . 

M4 An integer array equal to STORE 6; 
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MS An algebraic array of arguments. Each entry of MS contains 

the argument of the funct ion name which is indirectly 

represented in the computed integral. Ge nerally, the r th 

entry of MS is the argument of the function to which the th I . 

entry of M2 corresponds , i. e . the function represented by 

Z(I+6) in RESULT. Like M2, array MS is also initialized to 

0 for each problem. 

M6 An .integer array equal to STORE7. 

M7 An integer variable equal to TYPE . 

M8 An integer array equal to STORE4. 

LK An integer which denotes the next available location in M2 

(and also in MS ). 

EXP An algebraic expres s ion which contains the constant obtained 

KEK 

LAW 

by dividing the argument of the function EXP by the value of 

SER (see below) . 

An integer variable same as before. 

An integer variable used to deno..:e transformation of the 

integrand. 

LAW = 2: The in tegrand has been transformed by y = EXP(f(x) ). 

LAW = 3: The integrand has bee n transformed by y = TAN(f(x)/2 ). 

LAW = 4: The integrand has bee n transformed by y = SQRT (f (x)) • 

LAW 0: No transformation of any of the above kinds is made . 

JACK An integer variable same as before . 

SER An algebraic variable . The initial value of SER is set to 

the first entry of MB, except in the following cases: 
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Case (I). If JACK> 5 and JACK< 10, set SER= MB(2). 

Case (II). If JACK> 10 and JACK< 14, set SER= MB(3). 

During the computations of an integral the value of SER will 

be changed if the re is a change of variable. For example , 

if the function to be integrated is: 

SIN(X)*COS(X) , 

the initial value of SER is ' ZO ' (the variable is always 

represented by 'ZO'). To inte grate this function, SYMDIP 

conve rts it into the following function: 

l/2*S IN (Y) 

where Y='2*X' by using an obvious trigonometric ide ntity. 

The function will now be integrated with respect to Y, which 

is also represented by 'ZO'. The value of SER, in this case, 

is changed to '2*ZO'. As a second example , if the function 

to be integrated is · 

SINH(SIN(X-3))*COS(X-3) 

SYMDIP will convert the function into 

SINH(Y) 

and integrate it with respect to Y=SIN(X-3). In this particular 

case, the value of SER which is initially set to 'Z0-3' is 

changed to 'ZO' (the new variable is also represented by 

'ZO'). The integer which corresponds to the nested function 

name, SIN, is stored in MSER, and the argument, 'Z0-3', of 

the nested function is stored in NSER. 

FCT An algebraic variable which is equal to FUNCTION. 

PARM An algebraic variable which is used as follows: 

(I) If the function to be integrated is a special function 

(Form 15) PARM will be set to the coefficient of the 
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second term of the integral, if that term exists . I n 

this case, PARM will be used by the writer . 

(II) I f the function to be integrated belongs to or is 

converted to a funct ion of Form 3, then PARM is set to 

the coefficient of the last term of the integral , if 

that term is to be obtained from an· integration table . , 

In this case , PARM will also be used by t h e writer. 

(I II ) Otherwise, PARM is used to contain the coefficient o~ 

the next term of the integr al . 

RESULT An algebraic variable u sed to contain the integral. Function 

names are represented in RESULT as f ollows : 

Type 1. Direc t representation. A function name is directly 

represented according to the following rules: 

1. Z (1) : Represents SIN if KEK=0 and SINH if KEK=l 

2. Z (2) : Represents cos if KEK=0 and COSH if KEK=l 

3 . Z ( 3) : Represents EXP 

4 . Z ( 4) : Represents LN 

5. z (5) : Represents SQRT 

6. Z3: Represents TAN 

"(the argume nt of each of these functions is found i n SER) 

Type 2. Indirect representation . For each Z {I ) , I> 6, Z (I) 

th 
represents the function name to which the ( I-6) entry 

of M2 corresponds. The argument o f the f unction name 

is M5(I-6) . 

Type 3 . Dummy represe nta tion. Z (6) is used to represent SER 

in RESULT . The use of Z (6) in place of SER prevents 

terms such as SER**7 from being expanded unnecessarily . 



86. 

Thu s , if RESULT has the following va lue 

2* Z(3)* Z (S)*Z( 6 ) wi th SER= '7 *ZO '; 

it will be translated by the writer into 

' 2*EXP (7 *ZO )* SQRT (7* Z0 ) * (7* ZO ) ', and ZO is a variable 

whose form is determined by the value of MSER (see below). 

OSER An algebraic variable used when DELAY=l (see below). OSER is 

the variable with respect to which the second part of the 

FUNCTION is integrated . For example , if the function 

SIN (X)*COS (4*X) is to be integra t ed , it will first be convert ed 

into SIN (5 * X) / 2+SIN (~3 * X) /2 by using the rule 

SIN(A+B)+SIN(A-B)=2SIN(A)*COS(B). The second part of the 

function, l/2*SIN(-3*X), is then integrated with respect to 

Y='-3*X'. Thus, OSER= '-3*ZO'. 

OEXP An algebraic variable use d when DELAY=l (see below). OEXP is · 

set t o the constant obtained by dividi~~-t~~ argument of the 

function EXP by the value of OSER . 

DELAY An integer variable which has the following meaning: 

DELAY=l : The function to be integrated has been converted 

into the sum of two parts by one of the fo llowing rules: 

(I) sin(A+B)+sin(A-B)=2sin(A)cos(B) 

(II) sin(A+B)-sin(A-B) =2sin(B)cos(A) 

(III) cos(A+B)+cos(A-B)=2cos(A)cos(B) 

( I V) cos(A+B)-cos(A-B) =-2sin(A)sin(B) 

Each of these 2 parts will be integrated separately. The 

final i ntegral o f the func tion is then given as the s um 

of these integrals. 

DELAY=2: The value of DELAY is changed from 1 to 2 when both 

parts of the sum mentioned above match Form 2B but with 

different values of M. 
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DELAY=O : No conversion. 

OPARM An algebraic variable used when DELAY=l. OPARM is used exactly 

as PARM except that it is applied to the second part of FCT 

produced by one of the transformations described in the 

definition of DELAY. 

MSER An intege r which indicates nesting. If MSER is 0, the function 

does not involve any nesting of functions . If MSER is not 0, 

MSER is t he intege r corresponding to the ne sted function name. 

NSER An algebraic variabl e. If MSER is O NSER is dummy. Otherwise 

NSER contains the argument o f the nested func tion name to 

which MSER corresponds. 

STATUS An integer array equal to FLAG. The various possible values 

of STATUS (l) are interpreted as fo llows: 

STATUS(1)=33: The status of the computations is acceptable at 

the c urrent moment, or the integra:I · n:a s been completed. 

STATUS(l)=SS: A form checking in FCT is successful and 

subsequent steps may continue. 

STATUS(1)>99: The va lue of STATUS (l) indicates the next 

proce dure to be called. 

STATUS(1)=99: An error is detected and the computations are 

termina t ed. In this case, STATUS(2) contains the integer 

which corresponds to the error . 

In the program, STATUS is declared to have subscripts 0,1,2. 

For purposes of exposition, we use subscripts of 1,2, and 3 

in our description. 

A,B,C The rational numbers in the a l gebraic expression A*X**2 +B*X+C. 

I An integer variable. During a procedure cal l I contains the 

integer corresponding to the funct ion name which occurs in the 

de finition of Forms 2A, 2B, or 2C (see Section 2.3). For 
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Forms 4 and 6 (DELAY=l), since the function is first converted 

into the sum of two parts, I contains the integer corresponding 

to the function name which appears in these parts. 

N An integer variable which contains the power of Z(l). 

Nl An integer variable equal to N. 

N2 An integer variable which contains the power of Z(2). 

M 'file power of the variable with .respect to which the function 

is integrated. For example, in the function X*LN(X), Mis 

equal to 1. 

OM An integer variab~.e used when DELAY=l. It is similar to M but 

applied on the second term of the sum. 

Dl An algebraic variable equal to Z(l)**Nl 

D2 An algebraic variable equal to Z(2)* *N2 

D3 ' An algebraic variable equal to FCT/(Dl*D2). 

Having defined the set of variables which are used for integration 

in the main procedure of the processor , we can proceed with the 

description of the integration portion of the processor . The integration 

procedure can be logically divided into the following compone nt parts 

which we list in their order of execution . 

PART 1. Initialize variables. 

PART 2. If the function to be integrated involves nesting 

of functions or if it is a special function, check the 

form of the function . 

If the ·function involves nes~ing of functions, perform 

the change of variable. 

PART 3. If the function is a special function call the necessary 

routines to compute coefficients o f the integral. After 
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the coefficients are obtained, the next part to be 

executed is part 7. 

PART 4 . If the function is not a special function , unify the 

representation of function names in FCT which have the 

same a rgument . 

""' PART 5 . Determine the values of N, Nl , N2 , Dl, D2, and D3 . 

If the . function has 1 Form 14 change the value of JACK t o 14. 

Comp ute the integral of the funct ion by making necessary 

subprocedure calls . 

PART 6. I f the integral has been computed by a transformation 

of variables , substitute back into the original 

variables (see LAW above ). If present , replace 

SQRT (l ) and SQRT (0 ) i n RESULT by l and 0 respectively . 

PART 7 . Output the integral and variabl es that are needed by 

the writ er and proceed to the ne.~t - p:iH)blem. 

With this brief i ntroduction t o the various parts of the integration 

procedure in mind , we now proceed to a more detailed description . As 

in the discussion of the ana l yzer i n Section 3 . 2 , specific points will 

be illustrated by showing the values of variables associated with 

Example 3 . 2 as it is being processed . 

PART 1 . Read STATUS , M0 . If STATUS (l ) = 999 terminate the processor 

step. If STATUS (l ) = 99 write STATUS , M0 and go to part l . 

Thus , we have for Example 3. 2, 

STATUS= (33 ,0,0) 

MO = (23 ,0, 99 , 99 ) 

Ml = (1, 1) 

MA = (28 , 99 , 99,99 , 99 ) 
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M3 = (1,99,99) 

MB = (ZO,ZO,Z0,99,99) 

MS = (27,10,99,99) 

M4 = (2,99,99) 

M6 = (99,99) "­
FCT = Z(l)*Z2*Z3*Zl(l)*ZZ(l) 

JACK = 14 

KEK 

M7 = 

Set PARM= 1 

0 

0 
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Set SER according to the description given previously. 

Initialize other variables. 

Thus, for Example 3.2, 

SER = I ZO' 

M2 = 0 

MS= 0 

LK = 0 

LAW= 0 

MSER = 0 

NSER = 0 

DELAY= 0 

RESULT::.: 0 

If M7 <land M4(1) = 0 go to part 3. Otherwise do the 

following: 
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If all the entries except the last two of MB (array 

o f arguments) are not equal se_t an error flag and 

terminate the problem (so, go back to part 1 again ). 

Divide FCT by the derivative of SER with respect to 

' ZO'. If FCT still contains ' ZO ' set an error flag . 

Thus , for Example 3.2, 

FCT = Z(l)*Z2*Z3* Zl (l)* ZZ (l) 

(FCT remains unchanged for this particular case). 

(a) If M4(1) = 0 go to part 3. Otherwise do: 

Set OM= M4(1)-KEK * 2 

Thus, for Example 3.2, 

OM= 2 

(1) If OM is equal to 5 (the nested function is TAN 

or TANH) or OM equal to 6 (the nested function 

is COT or COTH) set FCT = FCT/Z2**2 (in the case 

of TAN, the derivative of TAN( X) is SEC(X)**2, 

and SEC (X) is represented by 'Z2' in FCT. The 

other 3 cases are s imilar). 

(2) Otherwise if OM is equal to 3 (the nested function 

is CSC or CSCH) or OM equal to 4 (the nested 

function is SEC or SECH) set FCT = FCT/(Z2*Z3) 

(in the case of CSC, the derivative of CSC (X) 

is -CSC (X)*COT(X), and the functions CSC(X) and 

COT(X) are represented by 'Z 3 ' a nd 'Z2', 

respec tively, in FCT. The othe r 3 cases are 

similar, except the sign of the derivative, 

which is treated later ) . 
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(3) Otherwise, if OM is equal to 26 (the nested 

function is EXP) set FCT = FCT/Z3 (note that the 

derivative of EXP (X) is EXP (X), and it is 

represented by ' Z3 '). 

(4 ) Otherwise if OM is equal to 27 (the nested 

function is LN ) set FCT = FCT*MB (l) (note that 

the derivative of LN (X) is 1/X). 

( 5 ) Otherwise , if OM is less than 3 (the nested 

function is SIN, SINH , COS or COSH) Set 

FCT = FCT/Z2 (in the case of SIN , the derivative 

of SIN(X) is COS(X), which is represented by 

' Z2' . The other 3 cases are similar , except 

possibly the sign of the derivative). 

Thus, for Example 3.2 , 

FCT = Z (l) *Z3*Zl(l)*ZZ(l ) 

Now , if FCT contains any more ' Z2 ' set an error flag . 

If OM is equal to 2 (see (5)), or 3 (see (2)) or 

6 (see (1)) adjust the sign of FCT where appropriate . 

Replace ' Z3 ' by ' ZO ' throughout FCT and set: 

MSER = M4 (1 ) 

NSER = SER 

SER= ZO 

By now , the necessary procedure to change the variable 

of integration is complete . 

Thus , for Example 3.2, 

FCT = - ZO*Z (l) *Zl(l)*ZZ(l) 

SER = ZO 



PART 3. 

PART 4. 

MSER = 2 

NSER = ZO 

So, FCT is now expressed in terms of the new 

variable, Y = COS(X), which is also represented 
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by ' ZO '. Note tha t the argument of Z(l) (i.e. the 

function SQRT) is now equal to Y, since SER= 'ZO'. 

If M7 < l go to part 4 otherwise the function to be 

integrated is a special function. Call procedure SPEFCT 

which determines one of the four procedures that could 

handle the particular function. These four procedures are: 

SPECl, SPEC2, SPEC3, and SPEC4. For details refer to 

the documentations of these procedures, as well as, that 

of the procedure SPEFCT. After part 3 is done, go to 

part 7. 

If JACK f 1,2,10,14 go to part 5. If the function 

contains identical function names which have the same 

arguments, this part replaces all these function names 

(Z(I) 's) by a suitable Z(I). Note that identical 

function names are represented by Z(I) 'sin FCT with 

consecutive values of I. For example, if the function 

is given as 

10+SIN(X+3)*EXP(2*X+6)*SIN(X+3) 

then FCT is equal to 

10*Z(l)*Z(3)*Z(2). 

Since Z(l) and Z(2) represent identical function names 

having the same arguments, they are all replaced by Z(l). 

In this particular case, Z(3) is adjusted to Z(2), and 

FCT becomes 
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Once such a change is made, the relevant entries of MB 

and M3 are also adjusted. For the above case , the value 

of MB is adjusted from (Z0+3,Z0+3,2*Z0+6,99,99) to 

(Z0+3,2*Z0+6, 2*Z0+6,99, 99 ) (the third entry now be comes 

dummy). Likewise the value of M3 is adjusted from 

(2,1,99,99) to (1,1,99,99). 

PART 5. This is the main part of the integration procedure 

for functions which are not special functions. 

(a) Get the degree of Z(l) in FCT and place it in Nl. 

Get the degree of Z(2) in FCT and place it in N2. 

Set N = Nl. 

Se t Dl = Z(l) ** Nl. 

Set D2 = Z(2) ** N2. 

Set D3 = FCT I (D1 * D2). 

Thus for Example 3.2, 

Nl = 1 

N2 = 0 

N = 1 

Dl = Z(l) 

D2 = 1 

D3 = zo * Zl(l) * ZZ(l) 

(b) If JACK I- l go to (c) otherwise : 

If the trigonometric or hyperbolic functions appear 

in factors containing a single term,go to (c). 

Otherwise set JACK equal to 15 (Form 14). 

(c) Call subprocedure according to the value of JACK. For 
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Example 3.2, the procedure named SQRTO is called. 

Procedure SQRTO is a general routine which identifies 

various forms of f unctions involving only SQRT. (See 

the documentation for details). For Example 3.2, the 

function is transformed by U = SQRT(Y). 

Thus, 

FCT = -2*Z0**4*Zl(l)*ZZ(l) 

(Recall that y = COS(X)). 

Set LAW= 4 and STATUS(l) = 104. Since the value of 

STATUS(l) is 104, the next procedure to be called is 

RATFCT which integrates all functions of a simple variable. 

Note that FCT is to be integrated with respect to the new 

variable U (also represented by 'ZO'). 

(d) . If STATUS(l) is l ess than 100 go to (e). Call subroutine 

according to the value of STATUS{_l). For our particular 

example, procedure RATFCT is called. This procedure in 

turn calls the ALTRAN built-in integration routine, namely 

PINT. Generally, if the integral can not be completed, 

the procedure RATFCT needs to call another procedure, 

RATFUN, to integr.ate the remaining part of the function. 

Thus , for Example 3.2, 

RESULT = -2* Z0**5*Zl (l)*ZZ(l)/5 

Since the integral is -completed by procedure RATFCT the 

value of STATUS(l) is set to 33, which indicates the 

integration has been finished. 

(e ) If STATUS(l) = 55 FCT has an acceptable form . 
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PART 7. 

Set STATUS(l) = 33 and call subroutine according 

to the value of JACK. 
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If LAW is not equal to 0 change the variable in 

RESULT back into the original variable, according to 

the following: 

LAW=2 

LAW=3 

LAW=4 

Replace 'ZO' in FCT by 'Z(3)' (i.e. EXP). 

Replace 'ZO' in FCT by 'Z3' (i.e. TAN). 

Replace 'ZO' in FCT by 'Z(5)' (i.e. SQRT). 

Thus, for Example 3.2, 

RESULT= -2*Z(5)**5*Zl(l)*ZZ(l)/5 

Note that the argument of any function name which is 

directly represented (Z(3),Z(5) ,Z3, etc.) in RESULT is 

SER (see SER and RESULT). So the argument of Z(5), in 

our example, is equal to 'ZO' (since SER= 'ZO'), and which 

is in fact COS(ZO), as indicated by the values of MSER 

and NSER. 

Replace SQRT(l) and SQRT(O) in RESULT by 1 and 0 

respectively. 

Output variables and arrays and go to part 1. 

Thus, for Example 3.2, 

STATUS = (33,55,99) (55 is a dummy integer) 

MO = (23,0,99,99) 

Ml = (1,1) 

M2 = 0 

MS = 0 
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RESULT = -2*Z(5)**5*Zl(l)*ZZ(l}/5 

MSER = 2 

PARM = 1 

M6 = (99 I 99} 

KEK = 0 ,, 

M7 = 0 

SER = zo 

NSER = zo 

MB = (27,10,99,99) 

Figure 3. 6·. Output produced by the processor for Example 3.2. 

Similarly, for Example 3.4, the set of variables and arrays 

which are printed at the end of the processor step are as follows: 

STATUS = (33,18,1) 

MO = (23,99,99) 

Ml = (2,1) 

M2 = 0 

MS = 0 

RESULT = 16 · 

MSER = 0 

PARM = 1 

M6 = (4,-5,41,99) 

KEK = 0 

M7 = 12 

SER = Z0-1 

NSER = 0 

MB = (99,99) 

Figure 3.7 . Output produced by the processor for Example 3.4. 
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3.5 The Writer 

The last job step in the execution of SYMDIP is the writer. As 

its name implies, the main function of the writer is to translate results 

produced by the processor into user comprehensible form and print 

them. It also prints appropriate error messages if a problem could 

not be solved. 

As in our discussion of the analyzer, the functions of the writer 

can be divided into several logical parts . These are : 

PART 1. 

PART 2. 

PART 3. 

PART 4. 

PART 5. 

Read the problem and print it with some necessary 

statements associated with the problem. 

(Integration only) Determine whether it is a subproblem. 

Determine if the problem has been successfully solved; 

if it was not, find the appropriate error message and 

print it. 

Translate the computed result by replacing t erms representing 

function names in the result by their actual function 

names. In view of the differences between the handling 

of differentiation and integration in SYMDIP we will 

discuss part 4 in two parts. 

Complete the translation by replacing terms representing 

the variable and all the alphabetic constants in RESULT 

by the actual letters or expressions they represent. 

In our detailed description of these parts we will continue to 

use Examples 3.1 and 3.2 which were first introduced in Section 3.2. 

The results for these problems as computed by the processor are given 

in Figure 3.4 and Figure 3.5. The following discussion will show how 

these internal results are translated by the final job step of the 
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package. Before we proceed to that description, we first explain what 

we mean by "concatenation". 

Definition 3.2. Concatenation is an operation for combining two 

or more strings to form a new string . It is 

indicated by specifying two _or more string-valued 

operands separated from each other by at least 

one blank. (In SNOBOL4 both numeric and non-

numeric quantities can be used as strings ). 

Thus, the statement 

COMBINE= 'CEN' 'TURY' '30' 

yields 

COMBINE= 'CENTURY 30'. 

We also introduce the meaning o f some variables, as follows: 

MO 

TERM 

STATUS 

RESULT 

PROBLEM 

TERMNO 

COUNT 

Same as described in Section 3.3 and 3.4. 

A character string which contains a term of FUNCTION. 

Same as described in Section 3.3 and 3.4. 

A character string equal to RESULT described in 

Section 3.3 and 3.4. 

The original problem stated by the user, except 

that the 'WITH RESPECT TO "variable" 'part has 

been rerroved (by the analyzer). 

If the original function has been separated into 

several terms, TERMNO is used to indicate the 

current term which is processed. 

An integer variable which is initialized to 0 

at the start of the SNOBOL4 program. 



FUNCTION 

LETTERS 

ERROR 

TEXTl 

TEXT2 

TEXT3 

TEXTS 

TECH 

M 

M(l) 

M(2) 

M (3) 

M(4) 

M (5) 

M2 

M3 

100. 

A character string equal to. FCT(see Section 3.3). 

The character string 'ABC .. .. z' . 

The array of error messages. 

The array of elementary functions. 

An array used for substitution of Z(I) by a function 

name which is directly represented. 

The integration table containing the terms 

associated with the integrals of special functions. 

An array used for substitution of Z(I) by a 

function name which is indirectly represented. 

The array of derivatives of elementary functions. 

An array consisting of 12 elements. In the SNOBOL4 

language, the elements of M are denoted by M<1> 

M<2>, 11<3>, etc. For purposes of exposition, we shall 

denote them by M(l), M(2), M(3) in the main body of 

the thesis. 

A character string equal to Ml. 

A character string ror differentiation, M(2) is 

equal to MA. For integration M(2) is equal to M2. 

A character string. For differentiation, M(3) is 

equal to MB. For integration M(3) is equal to MS. 

A character string equal to RESULT. 

For differentiation, M(S) is a character string 

equal to M3. For integration, M(S) is a character 

string equal to MSER. 

An integer array which contains all the entries 

of M(2). 

An algebraic array which contains all the entries 

of M(3). 
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has occurred, set an error flag and go to step (g) 
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of part 5. If STATUS(l) = 999, all the problems and 

their solutions are printed, go to step (h) of part 5. 

Thus, for Example 3.1, 

STATUS= (33,0,1) 

MO= (23,0,99,99) 

and for Example 3.2, 

STATUS= (33,0,2) 

MO= (23,3,99,99) 

(a) Read PROBLEM from the "input file" and add 1 to COUNT. 

Print the character string 'PROBLEM' followed by COUNT. 

Obtain the "variable" of differentiation and integration 

from the character string 'ABC ... Z' using the first entry· 

of MO. 

(b) Print PROBLEM. 

(c) Print the string (formed by concatenation) 'WITH RESPECT 

TO' "variable". 

Thus, at the end of part 1, the lines printed for Example 3.1 are: 

PROBLEM 1 

DIFFERENTIATE EXP(4+A*X)+SIN(l-COS(X))*lO**(X-2)**2 

WITH RESPECT TO X 

and the lines printed for Example 3.2 are: 

PROBLEM 2 

INTEGRATE SQRT(COS(X))*SIN(X)*COS(X)*D*LN(lO)-SIN(X) 

WITH RESPECT TO X 
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102. 

Is the problem a subproblem , i .e_. is STATUS (3) -/- 1 ? 

If no, go to step (g) of part 2. If yes, is this the 

first subproblem, i.e. is STATUS(3) > 1? If no go to 

step (c) of part 2. Let XX denote the value of STATUS(3). 

XX now contains the integer which is equal to the number 

of terms in the user's original function. 

Set TERMNO = 1. 

(a) Print 'THE FUNCTION YOU HAVE PROVIDED HAS BEEN SEPARATED 

INTO' XX 'TERMS' . 

(b) Print 'WHICH HAVE BEEN INTEGRATED SEPARATELY'. 

(c) Read TERM. 

(d) Print ~TERM.'·_ TERMNO. 

(e) PRINT TERM. Add 1 to TERMNO. 

(f) Set MESSAGE= 'THE INTEGRAL IS·' and go to -part3. 

(g) Set MESSAGE= 'THE RESULT IS :'. 

Thus at the end of part 2, no new lines are printed for 

Example 3.1 but the value of MESSAGE is 

'THE RESULT IS : 1 • 

For Example 3.2 the lines printed up to this part are 

PROBLEM 2 

INTEGRATE SQRT(COS(X))*SIN(X)*COS(X)*D*LN(lO)-SIN(X) 

WITH RESPECT TO X 

THE FUNCTION YOU HAVE PROVIDED HAS BEEN SEPARATED INTQ 

2 TERMS WHICH HAVE BEEN INTEGRATED SEPARATELY 

and the value of MESSAGE is 

'THE INTEGRAL IS :' 
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103. 

Is the problem successfully solved_, that is, STATUS(l) = 33? 

If yes, read Ml and go to part 4.· , If no, get the error 

number which is contained in STATUS(2). If this number 

is greater than 16, it is a run-time error so go to (d). 

Otherwise, it is an input error do: 

(a) Print'*** INPUT ERROR*** ATTEMPT 

(b) 

AT PROBLEM SOLUTION CANCELLED*** ' 

Print'***' error message '***' 

where error message is obtained from the array of messages, 

ERROR, using the error number as an inde x into ERROR. 

(c) go to part 1. 

(d) print '*** RUN-TIME ERROR*** INTEGRATION ON 

THE FUNCTION TERMINATED ·.***' 

(e) Print'*** THE FUNCTION IS BEYOND THE PACKAGE 

CAPABILITIES***' . 

(f) Print '***' error message '***' , where error message is 

obtained as in step (b). 

(g) go to part 1. 

PART 4. (Differentiation) Do this part when the second entry of 

Ml is 0. 

Read M(2) ,M(3) ,M(4) ,M(S). 

If reading fails, go to step (g) of part 5. 

Thus, for Example 3.1, 

M(2) = '(26,l,100,2,99,99)' 

M(3) = '(4+ZO*Zl(l) ,l-Z(4) ,Z0-2,Z0,99,99)' 

M(4) = 'Z(l)+ZO*Zl(l)*ZZ(1)+2*Z(2)*Z(3)* 

ZZ(3)-Z(3)***2*ZZ(2)*ZZ(4) 1 



M(S) = '(10,99,99)' 

Assign RESULT= M(4) and SAVE= M(S). 

Thus, 

RESULT= 'Z(l)+Z0*Zl (l)* ZZ (1)+2* Z(2)*Z(3)* 

ZZ (3)-Z (3) **2*ZZ (2) *ZZ (4) 1
• 

104. 

(a) Scan M(2) from left to right. For each complete string 

of integer encountered place it in the current available 

entry of the array M2. 

Process M(3) as above , but all individual strings are 

placed in array M3. 

Thus, for Example 3.1, 

M2 (1) = '26' 

M2(1) = 'l' 

M2(3) '100' 

M2(4) - '2' 

and 

M3(1) = '4+Z0*Zl(l)' 

M3 (2) = '1-Z(4)' 

M3(3) = 'Z0-2' 

M3(4) = 'Z0' 

(all other entries of M2 and M3 

Set LK = 1. 

(b) If M2(LK) = 0 go to step (c). 

Otherwise do the following: 

(1) If M2(LK) = 100 

remain 0 as initialized). 

Remove the left most entry of MS and assign it to 

co. 
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Replace 'ZZ (LK) ' in RESULT by the string (f o r me d 

by conca t e nation) CO '* * (' M3 (LK) ' ) *LN (' CO ' ) ' 

(2) If M2(LK) f 100 

Replace - 'ZZ(LK)' in RESULT by t h e function name 

obtained by using the value of M2(LK) as an index 

into the array TECH. Replace ' # ' by '(' M3(LK) ')' 

In RESULT ('#' is use d as an inte rmedia te t e xt 

throughout TECH). 

Add 1 to LK. If LK is less than 13 go to step (b). 

Thus, for Example 3.1, 

RESULT= 'Z(l)+ZO*Zl(l) *EXP(4+ZO*Zl(l)) + 

2*Z(2)*Z(3)*10**(Z0-2)*LN(10)­

Z(3)**2*COS(l-Z(4))*(-SIN(ZO))' 

(c) Set LK = 1. 

(d) If M2(LK) = 0 go to step (e). 

Otherwise do the following: 

(1) If M2(LK) = 100 

Remove the left most entry of SAVE and assign it to CO. 

Replace 'Z(LK)' in RESULT by the string 

co '** (' M3 (LK) ') ' . 

(2) If M2(LK) f 100 

Replace ' z (LK) ' in RESULT by TEXTl (M2 (LK)) ' (' M3 (LK) ') ' 

Add 1 to LK. If LK is less than 13 go to step (d). 

Thus, for Example 3.1, 

RESULT= 'EXP(4+ZO*Zl(l))+ZO*Zl(l)*EXP 

(4+ZO*Z1(1))+2*SIN(l-COS(ZO))* 



10**(Z0-2)*10**(Z0-2)*LN(10)-

10**(Z0-2)*COS(l-COS(ZO))*(-SIN(ZO))' 

(e) go to step (b) of part 5. 

106. 

Before we discuss the integration portion of part 4, we introduce 

several new variables which will be used. The variables used in the 

definitions refer to variables introduced in Section 3.4. 

M(6) A character string equal to PARM 

M(7) A character string equal to M6 

M(B) A character string equal to KEG 

M(9) A character string equal to M7 

M(lO) A character string equal to SER . 

M(ll) A character string equal to NSER 

M(l2) A character string equal to M8 

PART 4. (Integration) Do this part when th"e ·second entry of Ml is 1. 

Read M(2) , ... , M(12} If reading fails go to step (g) 

of part 5. 

Thus, for Example 3.2, we have: 

M(2) = 0 

M(3) = 0 

M(4} = -2*Z(5)**5*Zl(l)*ZZ(l)/5 

M(S) = 2 

M (6) = 1 

M (7) = (99,99) 

M (8) = 0 

M (9) = 0 



M( 10) = Z0 

M(ll) = Z0 

M(12) = (27,10,99,99) 

Assign RESULT= M(4) 

Thus, 

RESULT= -2*Z(5)**5*Zl(l)*ZZ(l)/5 . 

107. 

Process M(2) and M(3) as in step (a) of part 4 (Differentiation). 

Thus, for Example 3.2, 

M2 = 0 

M3 = 0 

(a)If M(9) is less than 1 go to (b). 

Otherwise do the following: 

(1) If M(9) < 3000 (i.e. FUNCTION is a special function) 

Get the coefficients of the eventual integral from 

M(7). Attach the coeffi cients to the corresponding 

"terms " of the eventual integral of FUNCTION (" terms " 

are taken from the array TEXT3 using M(9) as a key ) 

Go to part 5 

(2) If M (9) > 2999 

Get the last term, LTERM, of the integral from 

"-. TEXT3 (the coefficient o f this term is PARM). 
~ 

Attach to RESULT this l ast term along . with its 

coefficient PARM. So, we set 

RESULT= RESULT'+' M(6) '*' LTERM 

' (b) If M(9) > 0 and M(9) < 3000, the integral of the function 

has been obtained ,go to part 5. Otherwise do the followin_g : 
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(1) Set SAVE= 1 

(2) If the left most entry of M(12) is '99' go to (3). 

Otherwise 

Renove the left two entries of M(12) and place 

them in CO and Cl respectively. 

Replace 'ZZ(SAVE)' by the string 

TEXTl (co) I ( I Cl I ) I 

(note that Cl is the integer argument of the function 

name contained in TEXTl(CO)) 

Add 1 to SAVE and go to step (2) 

Thus, for Example 3.2, 

RESULT= - 2*Z(5)**5*Zl(l)*LN(10)/5 

(3) Replace 'Z2' by 'LN(lO)' throughout RESULT. 

Replace 'Z(6)' by the string 

, (, M ( 10) , ) , 

throughout RESULT. 

(4) If there is a 'Z(N)' in RESULT (N is a positive integer) 

do the following: 

(I) If N < 6 do 

If N < 3 and M( 8 ) = 1 se t COND = 'H' 

otherwise set COND = '' (empty string). 

Replace 'Z(N)' by the string 

TEXT2(N) COND 1 (' M(lO) ')' 

throughout RESULT. 

Go to step (4). 



(II) Otherwise 

Set N = N - 6. 

Replace 'Z(N)' by the string 

TEXTl (M2 (N)) ' (' M3 (N) •) • 

throughout RESULT. 

Go to step (4) . 

Thus, for Example 3.2, 

109. 

RESULT= -2*SQRT(Z0)**5*Zl(l)*LN(10)/5 

Part 5. Replace 'Z3' by the string 'TAN(' M(lO) ')' throughout RESULT. 

(a) If M(5) = 0 go to (b),otherwise 

(1) Replace 'ZO' by'?' throughout M(ll). 

(2) Get the function name to which the integer M(5) 

corresponds from the string TEXTS by using M(5) 

as a key. Replace all 'ZO' -in RESULT by M(ll). 

(3) Replace all '?' in RESULT by 'ZO'. 

Thus, for Example 3.2, 

RESULT= -2*SQRT(COS(Z0))**5*Zl(l)*LN(l0)/5 

(b) Let IN be the first entry of MO. Get the character which 

is represented by 'ZO' from the string LETTERS by using 

IN as a key. Call this character CHAR. Replace 'ZO' by 

CHAR throughout RESULT. 

Thus, for Example 3.1, 

RESULT= 'EXP (4+X*Zl(l))+X*Zl(l)*EXP(4+X*Zl(l) 

+2*SIN(l-COS(X)) *lO**(X-2)* 

10**(X-2)*LN(10)-10**(X-2)**2 

*COS (l-COS(X))*(-SIN(X))' 
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and for Example 3.2, 

RESULT= '-2*SQRT(COS (X)**5* Zl (l)*LN(10)/5' 

(c) If there is a'Zl(N)'in RESULT, where N is an integer do: 

Get the character which is represented by 'Zl(N)' from 

th 
the string LETTERS by using the (N+l ) entry of MO as 

a key. Call this character CHAR. Replace all 'Zl(N)' 

by CHAR. Go to (c). 

(d) If it is an integration problem , set RESULT= RESULT'+ CONSTANT '. 

Thus, for Example 3.1, 

RESULT = 'EXP (4+X*A) +X*A*EXP (4+.X*A) 

+2*SIN(l-COS(X))*lO**(X-2)* 

10**(X-2)*LN(l0)-10**(X-2)**2 

*COS(l-COS(X))*(-SIN(X))' 

and for Example 3.2, 

RESULT =•-2*SQRT(COS(Z0))**5*D*LN(10)/5 + CONSTANT' 

(e) Print MESSAGE and RESULT. 

( f) Go to part l. 

(g) l system error has occurred do: 

(1) Print '***THE RUN WAS ABNORMALLY TERMINATED~**'. 

(2) Print '***THE SYSTEM ERROR OCCURRED WHEN THE ABOVE 

PROBLEM OR THE ONE AFTER IT WAS BEING COMPUTED***'. 

(3) Read error number from ERROR (ALTRAN error message file). 

(4) Print '***' .error me ssage '***·'. 

(Where error message is obtained from the array 

ERROR using the error number as a key.) 

(5) Go to part 1. 
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(h) Print '**** *ALL PROBLEMS ATTEMPTED*****' 

3.6 Interfaces Between Job Steps 

As we indicated in Chapter 2, our package is composed of 3 

distinct job steps. These job steps a lways execute in sequential 

order. The first job step is the analyzer , the second job step is 

the processor, and the fina l job step is the writer. Each of these 

job steps executes independent ly of the others. It follows that 

the values of variables in a particular job step are completely 

unknown to the subsequent job steps. Communication between any two 

job steps can be established , however , by using temporary files 

(da ta sets). Once a data set is created by a job step, it can be 

used by any subsequent job step. When all steps of a job have been 

completed, the data sets are automatically deleted from the storage 

device. In SYMDIP we have made use of s everal data sets, for trans­

mission of information between different job steps of our package. 

These include a data s et which contains the problems provided by 

the use r, a data set which contains the ALTRAN comprehensible form 

for each of these problems, a data set which contains the results 

computed by the ALTRAN processor, and finally, a data set which 

contains the ALTRAN system error messages (if any). Thus, there are 

four temporary data sets used for transferring of data during the 

execution of the package . A general description of each of these 

data sets is given in Figure 3.8. 
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Data Set 
Name Creator Contents Users 

INPUT Analyzer User's Problems Writer 

CODE Analyzer ALTRAN Processor 
Comprehensible 
Forms 

RESULT Processor Derivatives or Writer 
Integrals 

ERROR Processor Error Messages Writer 

Figure 3.8: Temporary data sets used by SYMDIP 

The data set INPUT is used to contain the set of original 

problems provided by the user. When a problem is processed by the 

analyzer, it is first written as a single line record on this data 

set (see Section 3.2). INPUT is used by the writer when it prints 

the individual problems and their so lutions (See Section 3.5 , step (a ) 

o f part 1 ) . 

The data set CODE contains the ALTRAN comprehensible forms trans­

l ated from the user problems by the analyzer. Once a problem has been 

translated , the analyzer writes the set o f variables and arrays it 

produces on this data set (see Section 3 . 2 , step(f)of part 3) . The 

actual formats of the records on CODE can be seen in Figures 3 . 1, 3.2 

and 3.3. The order of the variables and arrays on this data set is 

exactly the same as shown in those figures . Each of these variables 

and arrays is printed in an individual record of the data set. The 

processor reads the ALTRAN comprehensible form of a problem f rom 

CODE a nd manipulates it t o produce the s olution of that problem. 

The data set RESULT , as its name implies , contains the computed 

results o f the problems attempted by the processor . The records printed 

on this data set are shown on Figure 3 . 4 - Figure 3 . 7 in Secti ons 3.3 

and 3.4 . RESULT is used by the writEr which translates the results 
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into user comprehensible form. 

The data set ERROR contains any system error messages generated 

by the ALTRAN system during the processor step. If an ALTRAN system 

error has occurred (see part 1, Section 3.5), the writer will read 

ERROR. The error number written on this data set is searched (see 

step (g) of part 5 of Section 3.5). This number will be converted 

into a user comprehensible error message which is then printed along 

with other error message statements. 

The JCL for creating these files is given as part of Appendix J. 

In the normal operation of the program by a calculus student, the 

simplified JCL of Appendix I would be used. As can be seen by com­

paring Appendix I and J, the student would not need to be aware of 

any of this file detail or the various job steps which were being 

executed. 
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4.1. Introduction. 

In Chapter 1, we noted that the ALTRAN system requires a 

relatively large amount of st0rage for execution of even a trivial 

program. Since the rna~or portion of our package was written in the 

ALTRAN language, this chapter discusses how the main storage 

management facility of the operating system can be used to reduce 

the storage r equirements during execution of a computer program. 

In this section we explain why it is desirable to reduce the main 

memory requirements of our package. We also give an overview of two 

memory management techniques, overlay and virtua l storage, which are 

used to reduce main memory requirements. In Section 2, we describe 

the multi-region overlay concept available in the VS-1 operating 

system. Some examples are given to demonstrate specific points. In 

Section 3, we discuss the implementation of overlays within our pack~ge. 

Finally, in the last section we compare the various overlay structures 

we have designed to be used with the package. The set of elementary 

differentiation and integration problems that have been chosen for use 

in this comparison is listed in Appendix G. 

It was obvious from the very beginning of this project that the 

usefulness of the final package would depend in part on how long the user 

was required to wait for his results. Tests of the completed P,ackage 

indicate that it can solve a typical first year calculus problem in less 

than 1 minute of CPU time . Because of various system overheads it is more 

efficient to so lve several problems in one run and when this is done the 

average solution time is usually reduced to about 20 seconds per problem. 
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Clearly the required CPU time is sufficiently small to provide problem 

solution in a reas onable period of time; 

Unfortunate ly , CPU time requirements represent only one factor 

in determining how long it will take for the user to obtain his results . 

The second factor is program size. In the case of SYMDIP, this is 

determined by the processor (ALTRAN ) step which requires 354K bytes . 

Thus, SYMDIP must be run in a c l ass-C partition on the current University 

o f Victoria computer system. Figure 4.1 gives turn-around statis tics 

collected by the University of Victoria Compu_ter Center ) for class-C 

j obs for several months during t he 1975-76 term. 

Turn- Number of jobs completing processing in less 
around • than specified t urn-around time . 

time (minJ 
OCT 1975 FEB 1976 MARCH 1976 

0 - 30 106 180 • 252 

30 - 60 10 33 35 

60 - 90 1 6 7 

90 - 120 0 2 1 

1 20- 150 1 1 0 

150- 180 0 1 0 

> 180 0 1 1 

Total 118 224 296 

Average 
turn- 5 9 10 
around 

Figure 4. 1 . : Turn-around stat istics f or class-C jobs 
o f less than 5 min. CPU time. 
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The tum-around times given in Figure 4.1 represent the actual 

elapsed time that a program wa s active in the computer. Assuming that 

the physical handling of the input deck and printed output did not 

take longer than 30 minutes,a casual look at Figure 4.1 suggests that 

quite reasonable turn-around for SYMDIP could be expected. Taking a 

more careful look at the data in Figure 4.1, however,we note the 

following. The total number of class-C jobs which have been run is 

relatively small as compared with the average total of 7,000 OS jobs 

which are run by the computer center each month. A small change in 

the number of class-C jobs which were run (relative to the total number 

of OS jobs run) has had a significant impact on the turn-around times 

for class-C. 

Given these facts, it is reasonable to ask what if SYMDIP were to 

be used by even , a small group of calculus students? It is likely that 

the total number of class-C jobs would at least double the March figure 

of Figure 4.1. It is also very likely that the average turn-around would 

increase to at least 20 minutes and more likely the figure would be 30 

to 60 minutes. This would occur because there is currently only one 

class-C partition available on the University of Victoria computer system. 

Because of the limited amount of main memory available it is unlikely 

that a second class-C partition could be created. Thus, we must look for 

some other way to obtain reasonable turn-around for SYMDIP if it is to 

be used. 

Figure 4.2 shows turn-around statistics for class-B programs for the 

same time periods as Figure 4.1. A class-B program is one which occupies 
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no mor e than 256K byt es of main merrory. It is _clear from Figure 4. 2 

that significant changes in the numbers of c l ass-B programs has little 

effect on turn-around t i me. Th i s happens because there a r e usually 

sever a l class-B pa r t iti ons act i ve in the computer a t the same t ime . 

Tur n-
a round 
t ime 
(min.) 

0 - 30 

30 - 60 

60 - 90 

90 -120 

120-150. 

150-180 

> 180 

Total 

Ave r a ge 
turn-
around 

Figure 4.2. 

Numbe r o f j obs compl e t ing processing in 
less than specifi ed turn-around time . 

OCT 1975 FEB 19 76 MARCH 1976 

1357 1449 2417 

110 161 198 

32 48 54 

6 15 17 

10 3 . 10 

2 1 1 

13 11 11 

1530 1688 "2708 

8 6 6 

Turn-a round s t atistics for class-B 
jobs of l e s s than 5 min. CPU time. 

It would appear tha t adding 300 mor e class-B jobs would not change 

the turn- around statistics signi ficantly . Thus, if s ome way could be 

found to r un SYMDIP in a class-B parti t ion, it would appear to be worth 

trying to imp l ement the package in that way. 

Two methods have been devised for reducing the main memory needs· 

of a computer. The fir s t of the se was the overlay t echnique which allowed 

the progr ammer to incorpo r ate s torage a llocation procedures into his 

program. Before the availab i lity of thi s technique ,p rograms larger than the 
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maximun allowable size could not be executed. The overlay facility allowed 

a programmer to run his oversized computer program by breaking it up into 

several independent parts which shared the main memory during execution. 

This was done by having_ part of the program(one segment) stored on an 

auxiliary memory device while the other part was in main memory. We note 

one major feature associated with the use of an overlay structure, namely 

that the programmer decides (has complete control over) which parts of his 

program are loaded into main memory,when they are loaded, and where they 

are placed. 

In the past decade, both the processing speeds and memory capacity 

of the largest computer systems have increased significantly. Consequently, 

the problem today is no longer one of finding space for most programs 

but instead it has become one of having enough active programs in the 

computer at one time to keep the machine busy. One approach to solving 

this problem is the virtual storage operating system . 

In a virtual storage operating system, the stor_age space is divided 

into fixed size blocks, called r,ages. Programs are loaded by the operating 

system onto pages in the virtual storage. The size of the virtual storage 

is physically limited by the amount of auxiliary memory available and by 

the performance characteristics of the computer's I/0 hardware . 

When a program becomes active, only those pages that are needed 

are loaded into the main memory. The remaining pages continue to be stored 

on auxiliary storage . During the execution of the program, pages from 

auxiliary storage are loaded into the main storage when they are referenced. 

At the same time , pages in main storage will be released and their locations 

will then be allocated to the required pages . When this occurs , "overlay 

of page s " is said to have occurred . Pages that are released from main 
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storage are returned to the virtual storage, if necessary. 

There are several advantages to a virtual storage system. Because 

overl ay of pages is done by the operating system , programmers are able 

to execute a program which i s larger than the main storage size of their 

system without any additional effort on their part . That is, the operating 

system decides what should be loaded, when it should be l oaded and 

where it should be loaded. Since pages are loaded into main storage only 

as required, storage space is nsed more efficiently and system throughput 

may be increased . 

In a multi-programming environment, virtual storage is divided into 

partitions. Before a program can be executed, it must first be loaded 

into one of these partitions. Consequently, programs larger than the 

maximun size of the partitions cannot be executed. In this case, the overlay 

facility should be conside red. 

Ordinarily, when a load module produced by the linkage editor is 

executed, all of the control sections(procedures and subprocedures) in 

the module remain in virtual storage(more precisely, in a partition of 

virtua l storage) throughout execution. When storage space is not at a 

premium, this is the most efficient way to execute a program. However, 

if a program is beyond the limits of the virtual storage(or its partition), 

the programmer should consider using the overlay faciliti es of the 

linkage editor. When the linkage editor overlay facility is requested 

the load module is structured so that, at execution time, certain procedures 

are loaded into virtual storage and then into main storage only when 

refe r enced. The way in which an overlay module is structured depends on the 

rela tionships among the various procedures within the module. Two procedures 
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that do not refere nce each other can overlay each other. Such procedures 

are independent. They can be assigned the same load aadresses . 

Procedures may be collected into groups, called segments. A seg­

ment is the smallest functional unit (containing one or more procedures) 

that can be loade d into virtual storage during execution. Procedures 

that are required all of the time are placed in a special segment called the 

root segment. This segment remains in virtual storage throughout 

execution of an overlay program. The way in which segments are loaded 

into virtual storage during execution is affected by the user providing 

suitable linkage editor control statements. The user chooses the over­

layable portions of the program, and the system arranges to load the 

required portions when needed during execution of the program. Once 

this is done, an overlay structure is said to have been created. 

An overlay structure is workable only when the overlaying segments 

can in fact share the storage space. That is, any two procedures in 

different overlaying segments do not reference each other. Put another 

way, the procedures must be independent. If this assumption is violated, 

the overlay structure is invalid. The overlay rule can be stated briefly 

as follows : 

Rule No two procedures or subprocedures in different overlaying 

segments reference each other, either directly or indirectly. 

The overlay facility allows the virtual storage space to be used 

efficiently. However, because independent parts of a program are loaded 

into virtual storage dynamically, overhead will certainly occur, and 
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therefore must be handled with care. If an ove·rlay structure is not 

constructed appropriately , the advantage of the overlay structure 

will be completely lost. In general, overlays should be used only where 

the size of the program is beyond the limits posed by the user or by 

the system. 

In the case o f SYMDIP, an overlay structure is developed because we 

expect better user performance if we run in a class-B rather than a 

class-C partition. 

Because SYMDIP is to be used on the University of Victoria IBM 370/145 

computer with the VS-1 operating system, all of our discussion in the rest 

of this chapter will refer to this system, unless otherwise stated. 

4.2. Multi-Region overlays and the VS-1 Operating System. 

The main ideas of overlay in the VS-1 operating system can be summarized 

as follows: 

(a) There are two possible levels of overlay in VS-1. 

(b) The operating system performs overlay of main storage 

space by paging. 

(c) The programmer requests overlay of virtual storage space 

by constructing an overlay structure . 

Since overlay of main storage space is completely in the control of the 

operating system, the following discussion relates only to the overlay of 

virtual storage space which is controllable by the prograrmner. We start 

by describing an overlay structure. 

An overlay structure can be visualized as a tree, called an overlay 
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tree. The root node of the ove rlay tree is the root segment (see Section 

4.1). One or mor e branches may e xtend f r om the root node to ot he r nodes; 

Each of these node s repre s ents a segment of the program, and each of 

these branches r epres ents references to any procedur es in that se gment. 

Similarly, from any of these node s could or iginate one or more branches 

running down to othe r nodes, and so on. For convenience , we call the 

originating node of a particular branch the father of the node to which 

the branch goes. The latter is called the son of the former. Thus we 

can classify all the nodes of the overlay tree into levels. 

The son of a node is as s igned a leve l number which is one more 

than that of its father. For convenience, the root of the tree always 

has level number equal to 0. 

Each procedure will now be in one and only one node of the tree and 

the number of levels in the tree is determined by the way the program is 

divided into segments. 

During execution, if a particular segment is to be executed, any 

segments between it and the root segment must also be in storage. This 

set of segments is called a path. The length of the longest path of the 

overlay tree determines the amount of virtual storage required by the 

program. 

A program with an overlay structure is usually called an overlay 

program. To design an overlay structure, the prograrrrrne r should select 

the procedure that will receive control at the beginning of execution, 

plus any other procedures that should always remain in main storage. 

These procedures form the root segment. The rest of the structure is 

developed by determining the dependencies of the remaining procedures 
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and how they can use the same virtual storage iocations at different 

times during execution . 

In order to illustrate how an overlay structure can be established, 

assume we are running a program which is composed of a main procedure 

and 7 subprocedures. Further assume that references between these 

procedures are given as follows. 

Example 4.1. 

Main procedure calls SUBl, SUB3, SUBS. 

SUBl calls SUB2 and SUB4. 

SUBS calls SUB6 and SUB7. 

The main procedure must be in the root segment. The root has 3 

sons, namely SUBl, SUB3, SUBS. SUBl has 2 sons, namely SUB2 and SUB4. 

SUBS has 2 sons, namely SUB6 and SUB7. The depth of the tree is 2. 

Since SUB2, SUB4, SUB6 and SUB7 are leaves (a leaf is a node on the tree 

without a son), they form l eve l 2. SUBl, SUB3 and SUBS are at depth: 1, 

they form level 1. By definition, the main procedure forms level 0. 

The overlay structure can be constructed as shown in Figure 4.3. 

SUB2 
7K 

SUBl 
SK 

SUB4 
3K 

MAIN 
lOK 

SUB3 
4K 

SUB6 
4K 

SUBS 
6K 

SUB7 
7K 

Figure 4.3.: An acceptable overlay structure for 

Example 4.1. 
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In Figure 4.3, SUBl, SUB3 and SUBS will occupy the same storage 

locations but only one of them is loade d into storage at any given 

time. This is also true for the pair SUB2 and SUB4, and for the pair 

SUB6 and SUB?. 

There are 8 possible paths on the tree . The longest path is 

MAIN-SUB5-SUB7 and the virtual storage required for execution of the 

program with this overlay structure is therefore 23K bytes. If the 

program were not in overlay, the virtual storage required would be 46K 

bytes. 

The reader may notice that Figure 4.3 is, in fact, directly derived 

from the relationships between the subprocedures of the program. The 

arrows shown in the figure _ indicate both subprocedure calls and executable 

paths. Since the procedure linkages for Example 4.1 are not complicated, 

the overlay structure shown in Figure 4.3 is constructed very easily . . 
Unfortunately, it is frequently the case that relationships between various 

routines in a program are so complicated that constructing an overlay 

structure becomes very difficult. Figure 4.3 shows only one of the possible 

overlay srructures for Example 4.1. Another overlay structure can be 

obtained by placing the main procedure (MAIN), SUBl and SUBS in the root 

segment, and considering each of the remaining subprocedures as a son of 

this root segment. The resulting overlay structure is shown in Figure 4.4. 



SUB2 
7K 

SUBJ 
4K 

MAIN 
SUB! 
SUBS 
21K 

SUB4 
3K 

SUB6 
4K 

SUB7 
7K 
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Figure 4.4.: An acceptable overlay structure for 

Exampl e 4.1. 

The overlay structure shown in Figure 4.4 now requires 28K bytes of 

storage space for execution of the program. 

In the VS-1 operating system, an overlay structure may consist of 

severa l independent parts, called regions. A region is a contiguous 

area of virtual storage within which segments can be loaded independently 

of paths in other regions. An overlay structure with more than one region 

is ca lled a multi-region overlay structure. Currently, a maximum of 4 

regions is allowed. 

A multi-region overlay structure is appropriate when s evera l paths 

need the same procedure. In a single region overlay structure, such a 

procedure would normally need to be placed in the root segment so that 

it can be called from any segment. However, the root segment might now 

become so large that the benefit of overlay i s greatly r educed. This 

problem may be solved by placing the frequently r eferenced procedure in 

a separate region. 

To illustrate the construction of a multi-region overlay structure, 

consider the following example. 
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Example 4.2. 

Procedure calls as in Example 4.1, and in addition, 

SUB3 calls SUB2, SUB4, SUB6 and SUB7. 

The overlay structure shown in Figure 4.3 is no longer acceptable 

because none of the subprocedures called by SUB3 are on a path containing 

SUB3. The overlay structure of Figure 4.4 is also unacceptable for 

basically the same reason. If SUB3 is placed in the root segment in 

Figure 4.3, as shown in Figure 4.5, then an acceptable overlay structure 

is created. 

SUB2 
7K 

SUBl 
SK 

SUB4 
3K 

MAIN 
SUB3 

14K 

SUB6 
4K 

SUBS 
6K 

SUB7 
7K 

Figure 4.5: An acceptable overlay structure for Example 4.2. 

The overlay structure just constructed requires. 27K bytes of virtual 

storage space for execution of the program because this is the longest 

path on the new overlay tree. A better solution is to place the routines 

SUB2, SUB4, SUB6 and SUB7 into another region, as shown in Figure 4.6. 



SUBl 
SK 

MAIN 
l0K 

SUB3 
4K 

Region 1 

Region 2 

~ 

SUBS 
6K 
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Figure 4.6. : An acceptable multi-region overlay 

structure for Example 4.2. 

With this overlay structure, any procedure in Region 1 can call any 

procedure in Region 2. In addition, the amount of virtual storage space 

required for execution of the program is 23K bytes, which is the same 

as in Example 4.1. 

The design of a multi-region overlay structure is generally not 

easy. Because each region must observe the overlay rule, the segments 

must be arranged very carefully to avoid a significant increase in 

overhead. On the other hand, a multi-region overlay structure could 

increase segrrent loading efficiency , that is, processing can continue 

in one region while the next subpath to be executed is being loaded into 

another region [8]. 

We now proceed to the discussion of a method to produce a multi­

region overlay structure which can greatly reduce the storage require-

ments of our package. 
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4.3. Con~tructing an Overlay Structure , 

In this section, we describe how we developed on overlay structure 

for our package which significantly reduced its storage requirements. 

This was not a trivial task since the complete package consists of 

approximately 280 subprocedures and each of these procedure s calls (on 

average) 6 other procedures . Thus, there were approximate ly 1680 

procedure linkages to be dealt with in designing an overlay structure. 

The overlay design process contained three steps. The first step 

was to--.a1s:ti:lbut.e .. ::t.he ::: subprocedures into several levels. • The second 

step was to determine segments from levels . The third step was to 

arrange these segments into regions. 

Step 1. Create levels . 

The set of approximately 250 subprocedures in the ALTRAN package 

were distributed into 26 levels, as follows : 

Level 0. Contained the set of subprocedures each of which 

did not call any other procedure . 

Level 1. Contained the set of subprocedures each of which 

called only procedures in level 0. 

Level 2 . Contained the set of subprocedures each of which 

called only subprocedures in level O or 1 with at 

least one call being in level 1. 

Generally, for K > 2, level K contained the set of subprocedures 

each of which called only subprocedures in level O, l, ... , K - 1 with 

at least one call being in level K - 1. It is clear that each of the 
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approximately 250 subprocedures was as s ociated ~ith one and only one 

level, and subprocedures in the same l evel obvious ly never called 

each other, e ither directly or indirectly. Becaus e of this property, 

we could randomly split a level into two or more independent segments. 

The program we used to determine the leve ls is listed in Appendix K. 

Step 2. De termine s egments . 

The most trivial way to create a multi-region overlay str ucture is 

to select the levels with largest procedures and split each of them into 

two or more segments, each of these levels can then form a region . 

Obviously, the overlay structure thus obtained is by no means an e fficient 

one because independent segments are obtained randomly. 

Step 2 was handled by us as follows. The levels were inspected to 

identify procedures performing functions of the same kind. Note that 

procedures that perform similiar functions usually link among themselves 

with only a single link to external procedures . One obvious example is the 

set of ALTRAN read routines. In this way , five sets of procedures were 

obtained. Several procedures have been deleted from these sets to obtain 

necessary ir.dependence among some segments(with the aid of l eve ls it was 

easy) . 

Step 3. Form regions . 

The segments obtained above were used to form r egions. The following 

criteria were applied 

(a) Independent segments were placed in the s ame r egion 
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provided swapping among these segments was not significant 

(this can be determined with the aid of the levels ). "Any· 

two segments that were not independent were placed in 

different regions. 

(b) Segments placed in the same region should have almost equal 

size. Thus, if necessary , one or more procedures should be 

removed from a segment to form a new segment. 

The overlay structure thus obtained is composed of the following regions. 

Region 4. Contains 2 segments. 

Segment 1 contains ALTRAN error handling routines. 

Segment 2 contains general routines for manipulating 

pointers, blocks, stacks etc. 

Region 3. Contains 3 segments. 

Each of these segments contains general routines. 

Region 2. Contains 4 segments. 

Segment 1 contains ALTRAN read routines. 

Segment 2 contains ALTRAN write routines. 

Segment 3 contains general routines. 

Segment 4 contains routines for manipulating 

specialized functions, such as the procedure NTRM 

which returns the number of terms in a given 

expression. 

Region 1 is constructed in the following way : 

The root segment o f region 1 contains the main procedure of 

SYMDIP and all the necessary procedures in the ALTRAN library 

which were not included in any of the above regions. 
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The remaining 24 procedures written by us were placed in 

segments other than the root segment of r e gion 1. 

Construction of the overlay structure in this way has many 

advantages. For example , the read and write ALTRAN routines are less 

frequently used i n the package than many of the general routines , 

therefore the swapping activity involved s hould not be significant . 

Likewise , the ALTRAN error handling routines of region 4 will be used 

very infrequently and so swapping activity should be very low here also. 

4.4. Test Re sults Contrasting Various Modes of Operation . 

In this section, we present a comparison of several overlay struc t ~ 

ures we developed to run with SYMDIP. Each of these overlay structures 

contains a certain number of r e gions described in the previous section. 

A set of differentiation and integration problems which were taken from 

the MATH 130 examination papers for fall and spring of session 1975-1976 

were used as test problems. These problems are listed in Appendix G. 

The purpose of this comparison was to enable us to understand the 

relative effectiveness of these overlay structures in r educing the 

virtual storage requirement, as well as , their influence on the execution 

time required to solve those problems. For this reason , the package 

was also run without any overlay structure . The comparison is shown in 

Figure 4.7. 
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Test Regions Execution Storage 
No. time used 

l No overlay 9 min. 49 sec. 354K 

2 Region l 9 min. 50 s ec. 31 2K 

3 Region 1,2 10 min. 54 sec. 272K 

4 Re gion 1,2,3 11 min. 12 sec. 270K 

5 Region 1,2,3,4 11 min. 47 sec. 256K 

Figure 4.7. Comparison of overlay struct ures . 

Figure 4.7 shows that both region land region 2 gave a 

r e latively large amount of r eduction in the virtua l storage r equirements 

of SYMDIP. On the other hand, the figure also shows that r egion 1 

gave the smallest amount of overhead while region 2, when it is 

included in any overlay s tructure, would give the largest amount of 

overhaed. One way to evaluate the effectiveness of an overl ay s tructure 

is to conside r the ratio of the increase in CPU time to the r eduction 

in storage space required. Figure 4.7 indicates that region 1 created 

the sma".lest amount of overhe ad for each unit of the storage space 

it reduced. The corresponding ratio for reg~on 3 is the l argest 

among the 4 regions. Since the tests were performed on a set of 

30 problems it is very obvious that a problem can be solved completely 

within l minute of CPU time on the average. Moreover, a problem can 

also be solve d using 256K bytes of virtual storage , that is, a 

class-B partition at the University of Victoria Computer Center. 
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In order to understand the functional abil.ity of the package more 

close ly , we have also run the package with a set of 18 harder 

differentiation and integration problems . Without any overlay 

structure, the problems were successfully solved with approximately 

9 minutes of execution time. The set of these 18 harder problems 

is listed in Appendix H . . 



CHAPTER FIVE 

CONCLUSIONS 

5.1. Accomplishments 

5.2. Extensions 
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5.1. Accomplishments. 

Recall, from Chapter 1 that the basic goal of this thesis was the 

design and implementation of a computer program for symbolic 

differentiation and integration. It was hoped that the package which 

was developed could be used as a teaching tool in a typical first year 

calculus class. Specifically, the package should be able to solve a 

problem using less than 1 minute of CPU time and less than 256K bytes 

of main storage space on the university IBM 370/145 computer. This 

section summarizes how these goals are met by our computer program 
~· 

SYMDIP. 

Because SYMDIP sucessfully solved all but one of the 30 problems 

taken from the recent examination papers for Mathematics 130, we can 

reasonably assume that most of the problems that can be found in a 

typical first year calculus text can be solved by SYMDIP. Because 

nesting of elementary functions is allowed in a function which is to 

be differentiated or integrated, SYMDIP can also solve a broad range 

of difficult and complicated problems not usually se en in a calculus 

text. The 18 problems of Appendix H clearly illustrate this. 

If a computer program is to be used as a teaching tool, it must 

be easy to use and easy to understand. In particular, the user must 

be able to use the package after only a very brief introduction to it. 

Chapte r 2 dealt with this problem. It is clear that the SYMDIP user 

is allowed to pose his problem in a natural and simple form. The 

solutions produced by SYMDIP are also presented in a natural and easily 

read form. SYMDIP a1SO provides sufficient and meaningful e r r or 

message s if an error occurs . Finally, the JCL statements that are 

a 
required to activate the program are als o simple. The SYMDIP use r 
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is not required to understand the structure of the program or the 

programming language in which it is written. Because of these features 

of SYMDIP, we believe students would be interested in using it as an 

aid to learning. 

The final major concern in using a computer program as a teaching 

tool is related to the cost. Naturally, the computer program must be 

inexpensive to use in terms of the CPU time and storage space. The user 

must also be able to obtain the solution to his problem without long 

delays. Because the overlay version of SYMDIP is able to run in a 

class-B partition, the storage constraint imposed on SYMDIP has been 

met. Since SYMDIP can solve a problem in approximately 20 seconds, 

the CPU time constraint is also met. Moreover, a SYMDIP user can 

expect to obtain the solution of his problem relatively quickly 

because a class-B partition is used. 

5.2. Extensions . 

The discussion in Section 5.1 indicates that all of the goals we 

have set at the beginning of this project have been met by SYMDIP. This 

section discusses some possible extensions that can be made to enlarge 

the functional capabilities of SYMDIP while continuing to satisfy the 

basic design goals given above. 

As has been indicated in Chapter 2, most rational functions with 

denominator of degree greater than 2 can not be integrated by SYMDIP. 

These rational functions can be made inte grable by SYMDIP by writting 

several routines to generate the required partial fraction expansions. 

Routines of this type could be designed around the bui!t-in ALTRAN 

' ' 
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procedure ASOLVE ( see Section 1.3). Many rational functions would 

still not be integrable because only partial fraction expansion with 

integer coefficients could be generated. 

Other features of ALTRAN could be used to expand the SYMDIP 

capabilities. For example, ALTRAN permits the evaluation of an 

algebraic expression, that is, variables that appear in an algebraic 

expression can be replaced by specific numeric values. Thus, it would 

be possible to expand SYMDIP so that it could compute the numerical 

derivative at a given point or evaluate a definite integral. This 

would, however, require considerable programming effort because a 

function is transformed from one form to another as it is being 

processed by SYMDIP. Moreover, the transformation can become very 

complicated when the function involves nesting. If this feature were 

implemented, it would also be necessary to check denominators of 

expressions and arguments of all the functions to verify that they are 

within appropriate ranges. 

The last and possibly the most useful expansion of SYMDIP we 

shall mention is related to the form .of solutions it produces. For 

teaching purposes, it is desirable that not only the solution of the 

problem is returned to the user, but also the method that is used to 

compute the solution is provided. Thus techniques such as changes 

of variables or integration by parts might be indicated. It would 

also be useful if SYMDIP could provide several problems that could be 

solved in the same way as the problem that has just been solved. 

Since the differentiation and integration routines in SYMDIP use a 

set of predetermined methods once the form of the function is obtained, 



139. 

the extension of SYMDIP in this direction is also possible. 

In Section 1.3, we indicated that because of the limited time 

available, we would write the major portion of our program using the 

general purpose algebraic language ALTRAN. It would be interesting 

to do a critical comparison of our package with at least one other 

package designed to do symbolic integration. The best comparison 

package might be SIN (~ymbolic integrator) which was developed by 

MOSES [10). SIN was written using LISP and a little known language 

named SCHATCHEN. A v~rsion of SIN was developed for use with certain 

IBM 360 operating sys t ems. Implementation of SIN on our system 

would probably not be too difficult unless it contains features unique 

to the M.I.T. project MAC system on which it was developed. 



REFERENCES 

1. AHO,A.V., HOPCROFT, J.E., and ULLMAN, J.D. (1974). 
The de sign and analysis of computer algorithms. 
Reading, Mass. : Addison-Wesley. 

2. BARTON, D. and FITCH, J.P. (1972). A r evie w of 
alge bra ic ma nipula tive programs a nd their application. 
The computer jour nal, Vol. 15, pp. 362-381. 

140. 

3. BROWN, W.S. (1973). ALTRAN, Use r's Manual. Murray Hill. 
N.J. : Be ll Laboratories. 

4. ·GRIES, D. (1971). Compiler construction for digital 
computers. N.Y. : John Wiley & Sons. 

5. GRISWOD, R.E., POAGE, J.F., and POLANSKY, I.P. (1971). 
The SNOBOL4 programming language . Englewood Cliffs, 
N.J. : Prentice-Hall. 

6. HALL, A.D., JR. (i 9ll). The ALTRAN system for rational 
function manip ulation-A survey. CACM, Vol. 14, pp. 517-521. 

7. HALL, A.D. (1971). ALTRAN, Installation and Maintenance 
Manual. Murray Hill, N.J. : Bell laboratories. 

8. IBM. Linkage editor and loader. IBM File No. GC 26-3813-4. 

9. McCARTHY, J. (1960). Recursive functions of symbolic 
expressions and their computation by machine. CACM, 
Vol. 3, pp. 184-195. 

10. MOSES, J. (1971). Symbolic integration: The stormy Decade. 
CACM, Vol. 14, pp. 548-560. 

11. SHERWOOD, G.E.F., and TAYLOR, A.E. (1942). Calculus. 
Englewood Cliffs, N.J. : Prentice-Hall. 



12. TSICHRITZIS, D.C., and BERNSTEIN, P.A. (1974). 

13. 

Operating systems. New York, N.Y. : Academic Press. 

WEISSMAN, C. (1968) •. LISP 1. 5 primer. 
Cal. : Dickenson Publishing Co. 

Belmont, 

141. 



142. 

APPENDICES 



-UNLI ST 
* 
* * * 
* 
* * 
* 
* * * * 

+ 
+ 
+ 
+ 

+ 

+ 
+ 

+ 

♦ 

+ 

+ 

******************************* 
* * * ANALYS~R * 
* * ******************************* 

STRINGS PATTERNS AND OPTIONS 

!NPUT(•!NPUT•.3,80) 
&TRIM= l 
&ANCHOR = 0 
TECH= 'S! NH 13C05 Hl4CSCH15 SECH 16TANH17COTH 1 8 ' 

•SI Nl CO S2CSC3SEC4TtHl5COT6• 
•A SINH 1QACOSH20~CSCH2lAS5CH22ATANH23ACQTH24 ' 
'AS !N7A COS~A CSCQASEC10ATAN11ACOT12SORT 28' 
•TT2 6 L N27VV6~A~98899CC100EXP26LOG29 • 

TEXT6 = 'S! NlC OS2C5 C3SEC4 T AN5COT5EXP26L N27SORT28 ' 
•S! NH13COSH 14C5CH15S~CH16TANH17COT~18' 

NESTERl = ' S!N .C 05 ,C OS . SIN,CSC . COT.S=C.TAN , TAN. • 
• SEC,COT .C SC . SINH . COSH,CaSH .• 
• S ! NH , CSCH .C OTH oSEC~ . TANH,TANH .SECH,COTH ■ CSCH,• 

DIGITS= '012 34S6789 ' 
LFTT EPS = • A8 CDEFGHI JKLM NOPORS TUVWXYZ" 
SP~CIAL = '?"=::> c)t.1¾$< , I& ,~• 
OPFPATOP.S = • + - */' 
CONTENT = SPAN{~IGITS LETT EqS OP=RATORS •(} 1 ) 

CGNTFXT = 5PAN{OIGITS L2TTEqS QPERATORS •(_)•) 
TWO= ANY(L E TTtc i<S l IINY(U:TTERS) 
TH QE E = T WO ANYCLETTE~S ) 
FduR = THRE~ ANY{L~TTE~S) 
FIVE= F~UQ A . Y(L E TTE RS ) 
ST RIKE = (FIVE I FOUR I THRE E f T \/10) 
OP !cQ AT!ONS = •OIFr-1::~ENTIATE• f 'DIFF• 
• I NTEGRA TE' I 'I NT • 
Kl= c•srN• I •cos•> 
K2 = ( • ,ic • I • / • ) • C 3 
K3 = ('+' I •-•) • Cl 
K4= (•+•I•-• I••>• C4 
STYL~l = .Kl ■ CO '(LN' BREAK ('?') • C6 
STYLE2 = 1 ( 1 K4 SPA"J{DIGITS) • CO K3 
(CSPA N·(DIGITS) • C2 ' *' ) I 1t)" 
STYLE3 = 'Z(l)' K2 '( l' K3 ((SPAN(DIGITS) , _C2 
'*>:12*') I ' ') ·'Z(2H•*2)? 1 

STYLC::4-= •SQRT• (•(1 1 (•+ • I•-') ((SPAN(OIGITS) 
' **2* ' ·) f •')) ■ KINGl 'SIN(' BREAK{'?') ■ KING2 
COUNT 1 = 0 
COUNT2 = 0 

STARTING OF PROGRAM 

1-:3 
::c 
tIJ 

:i,, 
z 
:i,, 
t-< 
><! 
N 
tIJ 
~ 

1-:3 
::i:: :i,, 
tIJ ltj 

ltj 
ltj tIJ 

~ z 
0 

ltj H 

8 X 

tIJ ;i::, 
{/) 
{/) 

0 
~ 

H 
z 
{/) 

z 
/ 

0 
to 
0 
t-1 

"" 



START 

STRTl 

STPT2 

STRT3 

* * • 
* * INT!l 

* 
* 
* * * ANL Yl 

ANLY2 

ANLY3 
ANLY4 

ANLYS 
+ 

ANLY6 

ANLY7 

KE~P = INPUT 
K!=FP OPERATIONS 
CCUNT2 = 1 
SiACKl -= KE EP 
KFC: P = INPU T 
Kc:l':P OPERl>.T IONS 
STACKl = STACKl KEEP 
KEEP -= 

Tyo<=::: Q 
FL AG = 0 

INITIALIZATION OF VARIABLES 

DAQT = AQRAY (lO.O) 
PDnRLEM = ARRAY( 10,0) 
PR nR LE"'1NO = 1 • 
MULTIP LE= 1 
PAID= ARRAY{2,0) 
COU NT O = 0 
NU 1~"'!?R 2 = 0 
NU '~'J ER3 -= 0 
5TC)QF4 ::: • • 
ST'JP.1::6 = 0 
T::"'1P = 0 
COLLECT = 

SYNTACTIC ANALYSIS 

' OUTPUT( 'OUT PUT •, 10,• { 1X,400Al) '} 
l'\JT~ GPOR = • ?• 
STACKl POS (Ol SPAN (' 1 ) = 
STACK! POSCO) OPERATIONS• C4 • • -= 
OUTPUT = ST AC Kl 
STt.(K2 = ST-~CKl 
STACK2 (' WITH' 1 •w.R.T. 1 ) •Cl= 1 J• 
STACK2 ARE AK(• I•) • FUNCTION •I' ::: Cl 
FU>lCTI:::JN = STACK2 
F U CTI01'/ SPAN('•) · = 

:F( EXI T) 
:F(START) 

F ( STR T3) 
S(INT!l) 
(STRT2) 

:S ( ANL Y2) 

: F ( ~NL Y3) 
: ( ANL Y 4) 

:S(A"l'_Y4) 
.c- u'ICT!ON POS CO) 1 +- 1 = 

STAC K2 = IDENT(C4, 1 DIFF 1 ) •DIFFERENTIATE• FUNCTION 

STAC K2 = ID ENT (C4,'INT•) 
STACK2 = C4 ' 1 FUNCTION 
OUTPU T = 5TACK2 

• *. 

'INTEGRATE• FUNCTION 

STACK2 POSCO) ('+-' 
ID ~:-.J T(FUNCTICN ■' ') 
FUNCT!ON ANY(SPECIAL) 
STACK2 = FUNCTION 

C2 

C 1 = 0 
STACK2 ANY('()')• CO-= 
Cl = IDENT(CO,•(') Cl+ 1 
Cl= !DENT{CO,•)•) Cl 1 
LT{Cl,0) 

: s ( ANL Y6) 
~S(A NLY6) 

: S C ERR 3) 
: S { e:Q~l) 
:s ( ERR9) 

:F ( ANL YB) 

:SCE RR6) 

I 



+ 
A NL Yi3 

A"-ILY9 

+ 
ANL Y1 0 

+ 

+ 

+ 

ANLYll 
+ 

ANLY12 
♦ 

A II.IL Yl 3 

+ 
* 

TEPM1 

TEi:.M2 

TEi:.M3 
TF:RM4 

EO ( C I , 0} 
ST A~K 2 = FU NC TION 
S ThCK2 SPAN(OP~RATORS) •CO= 
LT( S !Z E (CO) ,2) 
ID':: NT(CO,'**') 

ST AC K2 = FUNCTION 
ST .ACK2 ANY (OPE RAT ORS) . ) . 
ST t.-.CK 2 •(• ('+' I 1·* • I • / • > 
~TA CK2 ANY( OPF RA TORS) RPOS(O) 
ST .'-(.K2 ( • ( l' I ' l C' ) 
FU NC TIO N = •:·FU NC TION•:• 
S T ACK I • W IT H • SP AN ( • • ) 1 Rf.SD E C T I SP AN ( .' 1 . ) 1 TO 1 

SPJl."J( • •) ANY(L':TTEQS) • INTEGROR = 
STll.CKt •w.F<,T.• SPAN(' 1 ) ANY(LETTERS) • INTEGROR 

FUN CTIO N NOTANY(LETTERS) ANY(LETTERS) ■ INTEGROR 
I\ CTA~l Y (LETT EF:S ) 
! I\J Tf. GR()R = ' X ' 
FUNCTI ON {ANY(LETTERS) SPAN(LETTERS)) • C2 
NOT ~ N Y ( '(') 
~lJ~lC TI ON ANYCLETTERS) AN Y(DIGITS) 
FU NC TIO N ANYCDIGITS} ANY(LETTERS) 
FU NC TION NOTtNY{LETTERS) ANY(LETTERS) • C2 1 {• 

FU"ICTION St'AN(D!GITS) 1 ( 1 

F(ANLY7) 
:F ( E qp 6) 

: F ( ANL Y 1 0) 
!S( ANL Y9 ) 
:F(ERR8 ) 

S(A NL Y9) 

:S( ERR3 ) 
: S ( ERR8 ) 
: S( ':: "<Q8 ) 
:S( ER~8l 

: S ( ANL Y l l ) 

: S ( ANL. Y l l) 

: S ( AN '... Y l 1 ) 

! S( ::R ~2 0 ) 
!S( ERR24 ) 
:S( ER~24 ) 
:S{ ERR25 ) 
:S(ERR26J 

FU NC TION NOTANY(LETTEQS} •CO'(' SPAN(DIGITS) 
• l 1 = CO Cl 
FU NC TION I: I = 

• Cl 
!S(A NL Y12) 
: S ( AN _ Y 1 3} 

NU MBE R2 = DlFFER(C4,'D!FF 1 ) 

DIFFER(C4,'DIFFERENTIATE 1 ) 

IF THE INTEGRAND HAS MORE THAN ONE TERM 
E~CH TERM IS STORED IN ARRAY PROBLEM 

:F(D!FFl) 

EACH OF THEM IS TREATF.D AS AN INDEPENDENT FU NCTIO N 

CI = 0 
C:1 -= 0 
FU NC TION STRIKE 
CC'U'H5 = 1 
FU NC TION= FUNCTION 1 + 1 

FU NC TION POSCO) NOTANY('+-•) ■ C2 = •+• C2 
FU NCT IO N ANY(' () 1 ) • CO= '& 1 

EO ( Cl,O) 
FU:s.CTION ('+' •-• •=•) • C2 •&• = C2 '¾' 
FU NC TJ0N 1 & 1 ; '<• 
! D~NT (CO,•(•) 
FU NC TI ON 1 f, 1 ; 1 11 1 

Cl= Cl+ 1 
Cl = Ct - 1 
ECl (CI , 0) 
FU~l CTION •¾• 
FU NC TION q;.• (•+· I ·-· I ·=•) 
FUNCTION(• :,• flREAK(•&•) • C4 1 &1 } . - •-.• 

C4 TWO 

:F (SPE C!) 

: F ( T::;; \1 6 ) 
: F ( TEiP~2 ) 
: S C Ti':R~\ 3 ) 
:( Tf:~,'.13) 
:F{TE RM 4 ) 

:(TC::RMl) 

: F ( TE~ M5) 
: F(TERM4D ) 
:F{TERM4C) 

:S(TERMO ) 

/ 



TF.PMIJ 

TEP M4 A 
TEP M4 8 

TE RM4 C 
Tl::R\140 
TF PM S 
T ;=e r; M6 

T E~\1 7 
TFR M7A 

T EP M 7 f3 
T!=P M7 C 
TFPM7D 

TE P'-1 71': 
TEi;•.1s 

TE'RM8 .4. 

TERM9 

TERM9A 

T '7°h. M 1 0 
TERM11 
TERM12 
TER~l 3 

* * 
* * * SPECl 
♦ 

SPEC2 

FU NC TION•.,• = •<• C4 '>' 
TDE'I T( C 2, •-•) 
C3 = C3 + 1 
FUNCTION•-.,•=•=• C3 •=-.=• C3 •=• 
C4 • t1 • = • ( • 
C4 • 'S • = • ) • 
F U N CT I ON •~• = C4 
FU "JC T I :J N ' ¾ ' = ' < ' 
FU NCTION ' & ' = ' >' 
FU "JC TIO N •r,• = •s• 
FU ~lCT I QN '<' BPEAK('>') CO•>•=•-.• COUNTS•>• 
PA=<T<C OUNT5 > =•(•CO')' 
COlJ"lTS = COUN;S + 1 
EO (C3,0) 
FU' KTil)N •=• C3 •=• BREAK(•=•) • C4 •=• C3 •=• = 
C:4 POS{ O) ( '+' •-•) 
C4 = • + • C4 
C 4 '+' = •• • 
C4 • - • = • + • 
C4 • • • = • - • 
FU"JCTI ON •I•= C4 
C3 = C3 - l 
Cr:llJ 'J TS = 0 
FU NCTI:JN (•+• •-•) • C2 BREAK('+-•)• Cl= 
CI S TP I K <= 
COLLFCT = COL L E CT C2 Cl 
COUNTS= C OUNTS + I 
C2 = IDENT(C2,'+') 
POQRLE M<COUNTS> = C2 Cl 
IO tcN T ( CC\LLl::CT •' •) 
COUNT5 = CnUN T5 + 1 
C OLLEC T POS ( O ) '+' = 
P~O ~L E M<COUN T5> = COLLECT 
CO UNT2 = GT(COUNT S,1) COUNTS 
MULTIP L E = CGU NTS 
FU NCTI ON= P Pr8LE' M<PRO RLEM N O> 
FU~~CT I ON '-. • SPAN( DI GI TS) , CO • > 1 = PART<CO> 
FU NCTION •$• = •)• 
FU NCT ION 'N' = •(• 
T':: M? = 0 
FL t.G = 0 
TYPE = 0 
COlJN TO = 0 
STIJRE4 = 
PP08 L EM <PR OR LE MNC > = FU N CTI ON 

:( TEPMl ) 
:F C T Ert 1-14A ) 

:S(TE~•~4A) 
: S ( T f.:q •~ 4 B ) 
:(TER~ll 

:( TERM !) 
:(TE~ '1 1l 
: F( T ERM7 ) 

·:( T E RM6) 
: S(TER"1 7E) 

• I • 
:S(TERM78 ) 

: S( T ER"'l7 8 ) 
: S(Ti::r< '1 7C) 
:S(TE~'~7D l 

: ( TER '-1 7) 

: F ( TE q •~·;I) 
:S( TE'<MBA ) 
:(TE RM8) 

: ( TER ;~8) 
:S(TEF<M9A ) 

:S(TE~M ll) 
: S( TER'•ll 2) 
: S ( TER Ml 3 ) 

D F. CTECT SPECIAL FUNCTIONS AND CONSTRUCTI ONS 

FUNCTION ~PA N (OIGITS) 
( ~O TA N Y(LETTERS) I ••) 
FU~CTION SPAN(DIGITS) 
T[ \ID :: 1 
COUNTO = COU N TO + 1 
STORE4 = ST OPE4 1 27,• 
FU ~ CTION SP AN (DIGITS) 

•CO'**' ANY(LETTERS) • Cl 
• C2 =CO'**(' Cl •)• . C2 

, CO ''!I<*('= 'EXP(• 

CO t t I 

, Cl '**(' = •EXP(• 

: s ( SPEC 1) 
:F( SPE C3} 

:FCSPE C.3) 



+ 
SPfC3 
+ 

SPEC4 

SPECS 

• • • 
* * * * * * * * * * • 
* * 
* 
* TNT"' l 
I NTf:2 
T NTE .1 
I NTE4 

+ 
+ 

+ 
+ 

I NTE5 

INTE6 
+ 

IDENT(CO,C! l 

FU NCTION STQIKE • CO '(' SPAN(OIGITS) 

TEC:H CO SPAN(DIGITS) • CO 

:i=( ER~21 ) 
S ( SP;:: C2) 

• Cl •)• = •11• 

C<:JUNTO = COUN TO + 1 
ST ·1'<E4 = STORf4 co •, • C 1 1 , • 

FU NCTION •Ii•: 'ii)(' COUNTO ')' 
ST <:JqF.:6 = 0 
FU NCTION=•?• FUNCTION '7' 
FU NCTI~N STYL~4 = KINGl •vv(• KING2 
FU NCTION STYLEl = 'II' 
FU NC TION STRIKE 
TYP~ = 1000 
C6 • l • = 
FUNCT!ON 'Ii' = CO C6 
FUNCTION •11• = CO '(LN" C6 

FORM IDENTIFICATION OF 

LN(X+SOQT(X**2 +5**2)) 
LN(X+ SORT (X**?. -5* *2) ) 
L N(X- SORT ( X**2+5**2) ) 
L N(X- SORT ( X*~? -5 **2 )) 
LN(X+SO Q T(S••?+X**2)l 
LN(X-SOPT(5**2+X** 2)) 
SO R T(X**2+5 **2 ) 
SQRT ( X**2- 5* *2 ) 
SORT(5**2+X**2l 
SO R T ( 5**2-X**2) 

FU NCTION •/L O:: ' = • ( 1 / Z 2) /LN • 
FU~CTION 'L OG ' = 1 Z2*LN' 
FU~CTIO ~ ' **2' = ' • 
FUNCTI ON "SO RT• = •>• 
FUNCTION ('LN(• CONTEXT• C4 
'> {' C ONTENT • cs • • ( • +' I ·- •) • C2 
((SPAN (OIGITS} • C3 • 'l I '1' • C3) •))f) • CO 
FU~JCTIClN ('LN{' CONTEXT• C4 '>(• ('1' • C3 f ( 
SP AN(D IGITS) • C3 • •)) •+• CONTEN T • CS' ))•) 

C2 = • + • 
C4 LENCll • Cl RPOS(O) = 
C6 = 0 
C7. = 0 
TYPE = IDENT(Cl ,•+•) IDENT(C2,'+') -1 
TYPE= IOF.NT (Cl.'+'l IDC:NT(C2,•-•) -2 
TY PF: = !0E'NT(C1, 1 -') t D'.'='.NT (C?.,'+'l -3 
TYPE = IDENT (Cl , • -•) !DENT(C2 1 •-•) -4 
FUNCTION•>(• ((•t• • CO I (SPAN(DIGITS) •CO• 
('+'I•-•). Cl CO NTENT• C:4 •_•) • C2 1 )' 

TY Df. = IDENT(Cl,•+•) -3 
TYPE= IOENT{Cl,'-') -1 

: F ( SPEC4) 
:F ( ERR S} 

:(SPEC3) 

:S ( ARG'-11) 
:F(I NTEl ) 
:S(SPEC5) 

: ( ARGMl) 
:(CHCKl) 

S(!NT::l) 
S( I ~.JTE 2) 
S (INT '::.3) 
S(!NiE4) 

:S{INTES) 

• co 
: F (INT E6) 

: F ( ER~ 2 l 

:(FI NE! ) . ) ) 

:F(I NT E7} 

:(FINE3 ) 



!NTE7 
+-

* 
* 
* * • 
* FINE1 

F I NF2 
FINE3 

FINE4 

* 
* 
* CHCK1 
CHCK2 

+-
C HC K 3 
+ 

+-
CH CK 4 

C HCK5 

CHCK6 

* 
* * * 
* TRANl 
TR/,N2 
T'- AN3 
TQA l\:4 
TD ANS 
TRAN5 
TQAN7 
+ 

FU NC T!'J "J •>(•(CONTEN T • C4' • ( ' +-' 
(SDAN(DI C.! T S ) • CO '') )) • C2 •)• 

TY PE = IDE NT (Cl, 1 +- 1 ) - 3 

• -•) • Cl ( 'l' • CO 

TYP~ = IDENT(Cl, 1 - 1 ) -2 

THE FOLLOWING CHECK ANY NESTING 
I N TH~ A □ O VE FOR MS 

' C4 ' ' = ' *"2 ' 
C 4 PO S(O) S TPIKE • C6 
C 5 P ,'.) S ( 0 ) S TP ! "< E C 7 = 
I OE"JT ( C6, C7) 
GT CS !Z E ( C:6 1,1) 
C4 C6 '(' = C 6 '(' C3 •,•CS• , • 
FU NC TION CO = 1 1.N(' Ci\ ')' 
FUNCTION CO= ' LN(• C3 •,•CS',' C 4 ')' 
C4 DQS(O) STRIKE • C6 
C4 C6 '(' = C6 • (Z0**2 ' Cl CO ' **2 ' •, • CO • ,• 
FUNCTION'>(• C2 •>•='SORT(• C4 •)• 
FUt-.CTION '> (• C2 • >•=•SQRT(• C2 • ••CO • •• C 4 

DET E CT NE STI NG IN AN INT E GR A N D 

FtJ NCT! ON ' • : • **2' 
FU NC TION'> ' = • SORT• 
N = 0 
FUNCTION STRIKE • CO 
= co '(<' 

I ( I . ( . STRIKE • Cl 

FU"J(TION STRIKE • C3 
= r.J '(< • 
! DENT ( C 1 , C4 l 

STRIKE • 

Cl ('L N ' 'SQ RT • 'EXP') 
l\:ESTf:Rl Cl •. • BREAK ( •, •) • C2 

C4 

. ( . . ( . 
FUNCTION C2 '(' NOTANY('<'I • C4 = 'AOA&( 1 C4 
N = N + l 

: F (C H :: K 1} 

: (FI NE .3) 

:S(FI N El) 

: F(ERR4 ) 
: F(FIN':2 ) 

:(CHC:< l) 
: ( CHCK l) 
:F( FrnF.4 ) 

: ( CHCK 1) . ) . 

: S ( C HC Kl) 
:S(C HCK2) 

: F CCHCK6) 

: F (CH CK4 ) 
:F( E «« l5.I 

S ( C HCK J ) 
! S(CHCKS) 
: F ( E ~K l 4) 
: F ( ERR 7) 

FU NCTION Cl'(' NOTANY(•<•) • C4 = •A • N •A&{• C4 : S (C HCK S) 
FU NCTI ON STP !KE . C2 1 ( 1 NO TA ~J Y('< ') :S (ERR 13) 
TEXT6 Cl SPA N (D!GITS) • STORE6 
FU NC TIIJN 'E XP' = •TOT• :S{CHCK6) 

T R ANSFORMATION OF FUNCTION 

FUNCTION '/TA N ' = • * C OT • : S {TRAN l) 
FU I\/ CT I ON • I COT• = ' *TAN' : S (T e<AM2 ) 
FU P\:CTI ON ' /SEC ' = ' * C O S• : S ( T ::;u, N 3 .I 
FUNCTI ON 'I CSC' = • >l< SI N • ! S ( T~Al\/4 ) 
FU>.:CTI ·'JN NOT AN Y(• A• ) . co •csc• = co ' 1/SIN ' :5(TRAN5 ) 
FUI\JCTION NOTANY( •A 1 ) . co 'SEC • = co • 1/cos• :S(TRAN6 ) 
FU NCTION NOT ANY ( • A• ) . co ' COTH• = co 
• cosH_SI NH . : S ( T RAN7) 

I-' 
.p. 
0) 



T~A:--18 
+ 
TQ/INQ 
+ 
TRANlO 
+ 
+ 
* 
* 
* * * 
DIFFl 
+ 
DIFF2 

* 
* * * * ARG'-41 

ARGM2 
+ 

ARGM3 

ARGM5 

+ 
ARGM7 

FU NCTI ON NOTANY(•A•) • CO •TANH '= CO 
•SI \J H cris1-1 • 
FUN CTION NOTANY( 'A') co •coT• = co 
•e ns SIN' 
FUNCTION NOTANY{ 1 A') • CO 1 TAN 1 = CO 
'SIN_Cns• 

DF.TECT FUNCTION OF THE FORMS 
5 * X * 12 ** {S!N(X) - X ** 3) 

FUNC TION SPAN(~IGITS) CO '**' ANYCLETTERS) • Cl 

:S(TRANB ) 

:5( TRA N9 ) 

:S{TRAN10 ) 
F(ARGM l) 

(N OTA NY(LETTERS) I • ., • C2 = co '**(' Cl .,. C2 :sc.:>IFFl) 
FU NCTION SPAN(DIGITS) •co'**(' = •cc• co•(• :s(OIFF2) 

DERIVING INTERNAL FORMS 

N = l 
KEK = 0 
JACK = 0 
L EV'::L = 0 
GRGUPl = 0 
GR'.)UP2 = 0 
GP OUP 3 = 0 
GR CHJP4 = 0 
C!JUNT4 = 0 
ST -:-0 ::: 1 = 
ST n ::;,:;2 = 
ST:J=l'c3 = 
ST ()RF 7 = 
ALDH!'.CONST = 
l'-U',19F.R t = 0 
I "-1".'!': X = 1 ' 

FU ~C TION STRIK E • CO 
= • t! • : F ( 8 OD Y 3 ) 
NU YRE Rt = EO(LEVEL,O) NUMBERl ~ 1 
T C::CH CO SPt,N (DIGITS) • C5 
~U~8FRt = EO(C5,9g) NUMBERl l 
ST ORr: l = STOREl C5 •,• 
P~IO<N> = PAIR<N> + l 
CO UNTS = l 
FU N l'.:T!ON •tt• (BR EAK(•)•) 1 ) 1 ) • Cl 
C4 = 0 
C2 = Cl 
EO ( NLJ'-18ER 2,0) 
C?. . I NTl:GOQR 
C2 • iil • 
C2 ANY C • ( ) • ) • C3 = • £ • 
C4 = IDF.NT(C3,')') C4 - 1 
C4 = C4 + l 
EO(C4,0) 
FUNCTION •11• (Cl (BREAK(•)•)')')• C2) • Cl 

C2 = Cl 

!F(ERR5 ) 

:F( ERR6 ) 

S(A OG"-1 5 ) 
F( ER~:22 ) 
S( E RR 23} 
F( AR:;'-16 ) 
S(A RG!.15 } 
{ Af<(; 'lo 5) 
S( ARG~~? ) 
S(ARG 'vl5 ) 
F(ERi{6 ) 

/ 



ARGM9 
Ar?GM l 0 

+ 

* 
* * * * RODYl 

~ ODY2 
BODY3 

+ 
"3'1DY4 
BO DYS 
+ 
AODY6 

* * * 
* * NEST1 

+ 
NEST2 
N►.ST3 

NEST4 

C2 POS ( O ) SDAN(D !GITS) • C3 
ST ,;OE2 = ST'JP':2 C3 ',' 
C 2 S~E AK ( ' ( ' ) ' ( ' = 
C2 • ) • RPQS ( 0) = 
COUN T/\= LT(COUNT4,12) COUNT4 + 1 
I Nl)EX = I NDEX C2 ', • 
FUNCTION ' 11 • Cl = Cl 1 /Z(• CO U~ff4 •)• 
FU NC:T IQ'-1 ' ti •= •zc• COU NT4 ')/' 
C ?. '<' = 
FU NC TION • 11 • Cl•>• · = •zc• COUNT4 •)• 
F U"-lC TI ON .,,. Cl = •zc• CGUNT4 ')' 
E') ( N UM Bl='Q 2, 0) 
C2 S TRIKE • C2 
STOO:: 3 = STOl'..E3 C2 • , • 
FUNCTION NOT,t.NY(•A•) • C6 CO NOTANY{'H') •• C3 = 
C6 •11• C3 
COUNTS = COUN TS+ 1 

CO MPLEXITY ANALYSIS OF INTEGRAND 

! DEN T( CO, •AA• I 
10!:."J T(CO,' BB ') 
GR~UP3 = LTIC5,7) GROUP3 + 1 
GP~UP4 = LT(C 5 ,19) GT(CS,12) qROUP4 + 1 
GPQU 0 t = EOCC5,26) GROUPl + l 
GQOUP2 = GROUD2 + 1 
STGOf2 = S T ORE 2 COUNTS '•' 
EO ( NlJMAER 2,0) 
N = 2 
L l:: V~L = 1 
ST i)P i= 3 = STORE 3 FU NCT ION •, • 
STO~ E6 = ST ORF 6 PAi q <N> •• • 
STnQ~7 = STO RF7 COU NT4 • ,• 
PAI Q<N"> = 0 
FUNCTI QN = •• 
I NDEX BREAK (•,•) •FUNCTION•,•= 

FUNCTION 'TOT• = 'TT• 
FUNCTI ON 'TOT' = 'TT• 

GT(GQ OUP 2,1) 
GT( GROUP2 ,0) GT(Gl'.:lOUPl + GROUP3 + GROUP4,0) 
GT(GROUP3,0) GT{GROUP4,0) 

NESTI NG 

EO(ST'JRE6,0) 
C6 = CS 
FUNCT IO N 'AOA• = •AA• 

FUNCTION •z(• COUNT4 •)• = •z2• 
N =· 1 
FUNCTION •A• N 'A' = •ss• 

:F( ARGM8 ) 

:F(ER~6 1) 

:F( A~GM9 ) 
:(A RGMlO) 

: s ( ARG'·12) 
: S ( ERR3) 

: F( BODY l) 
:C ARGM4) 

: S ( NES T2) 
: S C N'::S TS) 
: S ( BO::>Y2 ) 
: S(BIJDY2) 
: S ( SOD Y2) 

:( ARGM2) 
:FC BOD Y4} 

: S ( ARG l'12 ) 
F ( FCRMl ) 

: F( BOC>Y6) 
: S ( 8 0 DY5 J 

F{ A~G'-12 ) 
: S( ER RtO ) 
: S(E RRll) 
: S(ERql2) 

: S (LAST 1 ) 

: F(NcST'3 ) 
S(ARGM2 ) 

:F(NEST6 ) 

_I 

/ 

I-' 
(Jl 

0 



NEST6 

* * • 
* • 
LASTl 

LAST2 

LAST3 

LAST4 

• 
* • • • • 
PRCE1 

PPCE2 

PRCE3 

PRCE4 

PRCE5 

PRCE6 
PRC:E7 

FUNCTION '2(' COUNT4 ')'-= 1 23' 
t,; = N + l 
CS= C6 

INT E G~ANO CLASSIFICATION 

ST OPF 6 = ST OR E6 • ,~ 
EO(GQQUP2,t) 
J ~CK = EO (CS,27) TYPE+ 10 
JACK = l::O CCS, .:..8 ) TYPE + 14 
Kf.K = LT(CS,25) GT(CS,18) 1 
J ACK = 4 
EO(GRGUPl,l l 
KFK = GT(G~OUP4,0) 1 
JACK = 3 
JACK= GT(GROUP3 ~ GROUP4,0) 2 
GT(GROUP3 + GROUP4,0) 
KE K = GT ( GR OU P 4 , 0 ) l 
Jf\CK = 1 
JACK= 5 

DETECT TH= SPECIAL FUNCTIONS 
WITH FIXED COEFFICI=NTS 

EO (JACK,1) EO(KEK,O) 
co = 1 
Cl = 
C2 = 
C4 = 
c~ = 
C A = 0 
FU NCTI ON 'Z(l)/(l' K3 1 2 (2)) **2 ' = '1 1 

F UNC TION 'Z(l)/((1' K3 '2(2))**2)' = 1 1' 
FUNC TION •Z(l)/(1' K3 • Z (2))• = • .t• 
ST'J~'::2 SPAI\J(D!GITS) • C.7 
TY~ ~= €0 (C7,2) 300 
TY;> '::= 60 
FU NC TT ClN 1 /(Z(l) * (l' K3 '2(2)))• = 
ST Ot:.E2 SPAN (OTG!TS) , C7 
TY PE = EO (C7,2) 400 
TYPE = 76 
F UNCTI ON 1 2(1)/(Z(2)ll<(1 1 K3 1 2(3)))• = •1• 
TY PE = 64 
FUNCTION 1 2(1)/(ZC'3)ll<(l' K3 'Z(2))) 1 = 1 1 1 

TYn '= = 88 
FU N CTION 1 /((Z(t)• K3 'Z(2l> **2)' = 
!=U NCTI ON 1 /(Z(l)' K3 1 2(2))**2' = 
TYP~ = 7?. 
FUNCTION 1 /(Z(l)' K3 1 Z(2))• = 
TYPE= 68 
FUNCTION 1 2(1)/(Z(2)' K3 1 Z(3))' = 1 1 1 

TYPE= 80 

SC ARGM2) 

:(NEST4) 

:F(L AST2) 
:S{FO~'ll ) 
:S(FOR~ll ) 

: ( FO Kl•I 1 ) 
:F(L AS T 3 ) 

: { FOR'-11 ) 
:F(L.AST4) 

:(PR CEl ) 
: ( FOR!~ l) 

: F ( FORM l) 

S ( RICE6 ) 
SUH C C6 l 
F(P RC:2) 

S( ~ODE1 ) 
C !~ODE l l 
F(P W:EJ) 

S O IOD E l) 
( MOO::C: l l 
F ( P RCE4) 
( MODE 1) 
F ( pqc::5 ) 
( t-10:.)El ) 
S ( P"<C E6 ) 
F (P f'lCE7 ) 
C '•lODE 1) 
F(D"<CE 8 ) 
(t-:ODC:l) 
F(P '<CF.9) 
( MODE 1) 

t-' 
u, 
t-' 



PRCE9 

PRCE10 
+ 

* * * * * * R!CEl 
+ 
+ 

R!CE2 

RI<"E3 
RICE4 

RICES 

R!CF.6 
RICE7 

RICES 

RICE9 
+ 
+ 

RICE10 
+ 
+ 

RICEll 

* 
* 
* * 
* MODEl 

MODE2 

FU NC TION 1 2(1)/(2(3) 1 K3 '2(2))• = •1• 
TYD c = 84 
FUNCT!CN '/(• (SP AN (D!GI TS ) • CO '1') 
K3 <C SPt..N (DIGIT S ) • C2 '*') I ") 'Z(l}'-" *2) ' = 
TYPE= 750 

DETECT THE SP ECIAL FUNCTIONS WITH 
VAR IA BLE COEFFICI EN TS 

FUNCTION 1/(' (( K4 SPAN( DIGI TS ) •CO'*') ••) 
• l (l)' K3 ((SPAN(DIGITSl • C?. ' * ' ) J '') 
' l(2 ) l ' = 
TYP F = 100 
FU'-JCT!ON 1 /(• STYLE2 1 2(1))**2)':: 
FU ~CT I O~ '/' STYL E2 •zc1 >>**2" = 
TYD C: = 600 
FU"JCTION '/' STYLE2 •Z(lll' = 
TYP E = 200 
FU NCTI ON •Z(l)/(• STYL E 2 '2(2)) ** 2) 1 :: 'l' 
FUNCTI ON ' 2( 1)/ 1 STYL'::'.2 '2(2))* *2' = •t• 
TYD C.: = 500 
FU~:C TI C'N 1 2(1)/' STYLE2 '2(2))' = •t• 
TY PE = 300 
FU I\J CTI ON '/(2(1>*' STYLE2 '2(2)))• = 
TY P E = 400 
FU NC TI ON '/(" ((SPA N(DIG!TS) CO ' **2 ') 'l') 
K3 ((SPAN(DIGITS) • C2 '**2* ') f '') 
0 Z(ll**2l ' = 
TYP F. = 7 00 
FU'\JCTION "/(' ({SP AN (DI GITS ) • CO '**2* '> 
I 'l*' I .. l 'Z(ll ** 2' K3 ((SPA"J CDIGITS>. C2 
'* *2* 'l I 'l*' I••> •ZC2l**2)' = 
TYPE= 900 
FU NCT I ON STYL ~ 3 = •t• 
TYP'::'. = 8 00 

DETECT VALIDITY OF SPECIAL FUNCTIONS 

:F { P ~CEl O) 
:CMO DEl ) 

:F( R ICEl) 
: ( MOD : 1) 

:F( R ! C E2) 
: ( MOD E l) 
:S( R IC F.3 ) 
: F(~I CE4 ) 
:( ~•1O0E l ) 
: F( R !C E5 ) 
: ( M'.J DE l ) 
! S ( PI CE6 ) 
: F , R I::: E7 ) 
: ( WJ OE l l 
: F ( R ! CF.3 ) 
: ( MODE l) 
: F( R ICE9) 
: C MODE 1) 

:F( Ri CElO) 
:( MODE lJ 

:F( P. I CEll) ✓-
: C MOD~ 1) 
:F ( FOR Ml) 

FU NCTI ON •z3• :S(E RR13) 
C4 = I DEN T(C4,'+') • • 
Cl= I DENT (Cl,'+') •• 
~O(TYPE,~00) :F( MOD E2) 
CO = C2 
C5 = C 1 
C 1 . ·- 1 = 
TYPF. = 1DENT (C3,'/') TYPE+ 5 
TY P~ = LT(TYP E ,100) ID ENT (Ct,•-•) TYPE+ l 
STO ~E 7 = C4 CO'•' Cl C~ ••• 
Cl = GE(TYPE,80 0 ) LE(TYPE, 8 05) CS 
TYPE= GE(TYPE,700) LECTYPE,900) IDENT(Cl,'- 1 ) TYPE+ 1 

GETTING INTER NAL FORMS 

, 
I 

;--' 
(Jl 

N 



F OPM 3 

FO RM 4 
+ 
FOQMS 
+ 
FQRM6 

* * 
* 
* * 
PRNTl 

PRNT2 

PRNT3 

PRNT4 

FIJNC TT ON I N T r G RO P NO T ANY( 1 ( 0 12 3 '). Cl= •zo• Cl 
<; T()Dr- .1 I N T FGF.flP N".lTANY( • ( 0 1 23 ') • C l = • zo• Cl 
ST'JPFO = ' { • N U MP.ER l • •' N U M8ER 2 1 ) • 

NU'~AER5 = 0 
CO= INTEGROP 
F UNCTION AN Y(L ET T ERS ) • C O NOTANY(' 0123 {') 
S TO RE3 ANY (LE TT '::RS ) • CO N OT AN Y('01 23 ( 1 ) 

F lJI\JCT I ON C O NOTAN Y('012(•) •Cl= ' l l<' N U '~BER S 
Cl 
S T ORE 3 CO N O TA NY('0123(') •Cl= 'Zl(' NU M BER S 
• ) • C I 
l.ETTFPS 9 ,:;, E,~ K (C O ) • Cl CO 
C l = S!ZE ( C l) 
NUMA~OS = LT( I\JUMeERS , 6 ) NU MBER S+ 1 
AL 0 1-tACONST = AL PHA C ONST Cl ',' 
EO ( NlNBER 2, 0 ) 
5T 0~'.': 3 BREAK (•,•) • F UNCTION ', • = 
S TIJRE 6 B RE A K (•,•) •, • = 

O U TPU T I NG ST A C K S 

STnKE l = •( • STO~E l 1 99 , 499 ) • 
S T Orlf"2 = ' ( • S T OPE 2 • 99 , qq ) • 
STCIOE3 = '(' S T IJRE 3 1 99 , 99 )' 
ST ~P.E4 = •(• STORF.4 • 99 , q9 )• 
A L 0 1-tACONST = •c• ALPHACnNST 0 99,99)' 
STOl'<l=6 = ' ( ' S T OP~ 6 • <;<; , 99 )' 
S T ~~":7 = '(' S T GPE 7 °9 9 , 9 9)' 
CO = ~Q ( F L AG , O l 3 3 
co = 61:> 
CO-= N::' ( FLA<> ,l ) NE { FLAG , 2 ) NE (FLAG,4) 99 
E"0 ( NUM~ER2 , ! ) N": ( MUL T IPLF: , 1) 
OUTrUT = P~OB L FM <P RO BL EMNO> 
OU T PU T( ' OU T P UT• ,2,' ( 1X, 8 0Al) •) 
F Lll G = •(•CO•,• FLAG'•' CO l,.INT2 1 ) 1 

CUTPU T = FL !i.G 
OUT 0 U T = ALPHAC O N ST 
OUTPUT = ST"~EO • 
O LJ TDU T = 5 T ORF 1 
OIJTPU T = S T O~E 2 
CUT 0 U T = STOQF.3 
F U"\J( TI IJN f @ (. = •zzc. 
CUTOUT= STOF;:E 4 
OUTPU T = ST'JRE6 
CUTPUT = ST C RE 7 
COU"\J Tl = COUN T! + l 
FUt-sC TI ON • ? • = 
FU NC T I ON •?• = 
TY PE = LT(T YPE ,10) 0 
TYPE = E O( T~M P,l) -1 
FU NCTION •Z(!)• EQ(TYPE,1000) = 'l' 
OUTPUT= FU NCTION 
OUTPUT = JACK 

: S (FORM l) 
: SCFOR'-12 ) 

: ( FORM6 ) 
: SCFIJR '-14 ) 
: F ( FORM ?) . ) . 
: S(FOR!~4 ) 

:S(F OR!--15 ) 

: F C ERq 62 ) 
:C FORl~3 ) 

:F(PRNT l) 

: S C PRN T 2 ) 

:F(PRN T3) 

:S(PRN T4) 

/ 

I-' 
U1 
w 



PANTS 

+ 
* 
* 
* * 
* 
* i:- c;,p 1 
~R R2 
ER R3 
F l='P 4 
EQR5 

f::QC:,8 
ER ;; 9 
FRPtO 
I:: qq 11 
EPP12 
-=:r: q 1 3 
EPR 14 

EQ P !S 
EQR?.O 
1=: cic;:2 1 
F.PP ?2 
EQP23 
EC/~24 
Eq::-25 
FPC:-26 
'::RP61 
<=PR62 
EQ063 
ERROR 

ERRORl 
+ 

ERROR2 

EPROR3 

OUTPU T= KEK 
OUTPUT= TYPE 
COUP\JT2 = 0 
OUTPUT (• OUTP UT•, 10,' ( 1 X, 132A 1) •) 
PQ OB LEMNO = LT(PROBLEMNQ,MULTIPLE) PROBLEMNO + 1 
I DENT( KEEP, 1 • ) 

FLAG= 1 
FLAG= 2 
FLI\G = 3 
FL ll.G = 4 
FLAG= 5 
C2 -= CO 
l="L AG = 6 
FLAG= 7 
C2 = C 1 
FLAG= 8 
FLAG-= 9 
FLAG = 10 
FL AG = 11 
FL AG = 12 
FL AG = 13 
FLAG= 1 4 
C2 = Cl 
FLAG = 15 
FL AG = 20 
FLAG= 21 
FLAG= 22 
FLI\G = 23 
FLAG = ?4 
FL f,G = 25 
FLI\G = 26 
FLt,G = 61 
FLAG = 62 
~LAG= 6.3 

SET OF ERROR NUMBERS 

:S(TER r~lO) 
!SC EXIT} 
F(STRTl) 

:( ERRJR J 
:( E~ROR ) 
:C E:RRJq J 
:( ERROR ) 

:( ERROR ) 
:( ER ,"<O R ) 

:( F: RR OR ) 
:C ER~o,n 
: ( F=RROR ) 
:( Ei;FW'< l 
: ( F.R:-! J R ) 
:( C: RROR ) 
: ( ERRO R) 

:C ER:;: ;JR ) 
: ( ERR:JR J 
:( f:ORO'< l 
:( ERROR ) 
: ( ':RROR) 
: (f:R R OR ) 
:( ERR'.)R l 
: (ER ROR ) 
: c E'< Ro;u 
:( E~RQR ) 
;(E RROR ) 

OUTPUT= EO (NU MBER 2,1) NE(MULTIPLE,1) PROBLEM<PROBLE MNO> 
OUTPUT('OUTPUT' ,2, •( l X,AOAl }') 
~LPHAC~NST = IOENT(!NTEGROP,•?•) •(23 ,• 
L ': TT ERS RRc AK ( I NTEGR OR) • Ci. INTEGROR 
Cl = SIZE CCt l 
AL.PHI\CONST = • C • C 1 •, • 
~E ( FLAG , 3) NE (FLAG,5) NE (FLAG,7) NE(FLAG,9) 
N~ IFL AG ,13) NE (FLI\G,1 4 ) NE(F LAG,20) NE(FLAG,25) 
AL~HACONST = ALPHACONST '100,' 
C2 LEN(tl •KN= 
LF.TTERS A~EAK(KN) • Cl KN 
Cl-= SIZ E (Cl) 
ALPHACONST = ALPHACONST Cl ',• 
ALPHACONST = ALPHACONST '99,99)" 
FLAG = • ( • 99 •, • FLAG ',• COUNT2 •) • 
OUTPUT ::::: FLAG 

:SC ERROR1 ) 

:S( ERRQR3 ) 

!F(ER~OR3) 

: ( ERROR2) 

/ 

/ 

r-' 
lTl 
,i:,. 



* * 
* EXIT 

END 

CUTPUT = ALPHACONST 

OUTPUT ( 1 OUT PUT• • 1 0,' ( 1X•400 Al ) 1 ) 

IJlJ TDUT = •THI$ IS THE E N D OF YOUR INPUT• 
OUT P UT ( 1 OUTPUT• • 2 • • ( 1X•90 Al ) ' ) 
OUTPUT= 1 (999.0,• COUNTl •)• 
OUTPUT= 1 (23,q9,99) 1 

: ( PRNTS) 

f--J 
U1 
U1 



APPENDIX B 

ALTRAN PROCEDURES AND THEIR DESCRIPTIONS 

1 . Main procedure . 

2 . Procedure SYMDIF 

3. Procedure SPEFCT , SPECl , SPEC2, 
SPEC3, SPEC4 

4. Procedure SQRTO, SQRTl , SQRT2 , 
SQRT3 , SQRT4 , SQRT5 

5 . Procedure RATFCT , RATFUN 

6. Procedure GETPWR 

7. Procedure ARCFCT 

8 . • Procedure EXPFCT , EXP , EXP2 

9 . Procedure HYPTRI 

10. Procedure LOGFCT 

11. Procedure TRIHYl , TRIHY2 , TRIHYP 

156 . 



157. 

PRO Cf.DUl=E MAIN 
THI s Is TH E MAI I\ P ROC::::OUR[ CF THE PPOCEssoq OF TH E PACKAGE 
THE FUNCTI ONS OF THE P QO CFOUPr IN CLU DE THE FOLL □W I NG : 

lo TT PEADS I N TH E ALTRAN CO~PQEHFNS I BLE FOR~S P QOO UC [ O 
R Y TH ;: ANLY ZEn OF TH c PAC KAGE WH ICH' TPJ\NSLt,TES TH E USER PROALE. IS 

2. TF TH r: F UNCT I ON IS TO A:: I NTEC;RA TF., TH C: \IA!N PRC>C c: OU'? !: 
S I~ PL! F I FS TH E FUNC TION WITH 6 N AnPRU PQIATE CHAN GE □ r VA QAIRLE 

3 ■ IT DE TER IN ~S THR PO UTIN E THAT CAN D I FFE~~NTIAT F aq I NTEGQ ATE 
TH E PA qT ICULAR F UNC TI ON , USING T HC V ~ IARLE S ANO ARRAYS PAS SED 
FROM THE ANAL YZER OF TH E PA CKA GE 

4. WHFN THE SOLUTION OF A P~UB L~~ IS O~ TA ! N~O IT wqITES THE 
COMPU TED RESUL T ALONG WITH OTH~Q NECESS ARY !NFOQMA TION ON 
A FIL F NEE D~O RY THE WRIT ER o~ THF P CKAGE WHER~ TH~ ~ES ULT 
WILL D€ TRANSLAT ~D INTO A US ~:: Q CO"IPP::CH': ~J S I 5 L!:: FOR.~1 

MO ~,T VAQ I ARLES THAT ARE USE O IN THF: PQrJCF.SSOO' APC: EX Tt: RNAL VA R IA BLES 
THfSc: VARIA8L ES CONTAIN I NF •JR~IA TION NEE OF.O RY TH C: PR'JCESSOR OUQING 
THC CQ \IPUTATIONS OF TH E Dcf"lf V1\TIV:: ANO IN TEGRAL , MIO WH EN TH E COM PUTATIONS 
AR~ CO~PLE TE O SCME OF THEM ARE PASS ED TO THE ~~ I TER 
SE VFRA L LOCAL VARIABLES ARE AL SO USED 8 Y THc r IN PROCED URE TO PASS 
NEC ESSAQY V~LUES TO THE ROUT I NES CAL L ED BY TH~ PROCEDU~~ 
IN TH E FOLLOWING W~ L I ST TH E SE T OF ALL CF T HE EX T ERNAL VAR I A9L ES US ED 
I N TH E PPOC ESSOR STEP OF THE PA CKAGE AS WEL L AS THE SE LOCAL VAR IABLES 
USEO FOR TP AN SFERR ING VALU ES OETW EEN RC UTINES. 

INT E RNAL VA RIAP.LES DESCRIPTION 

A 

B 

C 
I 

M 

01 
D2 
D3 
Nl 
N2 

TH E INT EGER COE FFICI E NT OF X** 2 IN TH E EXPRESS ION 
A* X**2+B*X+C 
TH~ IN TEGER COEFFICI E NT OF X I N THE EXPRESSION 
A*X**2+R*X+C 
TH E I NT EGER CONST ANT t N Tl-'E EXPPf:5S ! ON A*X **2 +B*X+C 
AN I NT~GEP V ~R I AB L E ■ OUQ!NG THE SUY~OUTIN E CALLS t CONTAINS 
THE INTEGER CORRESPONC I NG TO THE F UNCTION NA~E I~ TYPE 
2A , 28 , OR 2C ( SEE SECTION 2 ■ 3 > • F~R TYP E 4 AND TY P~ 6 
( DELA Y = I) ■ S IN C~ TH E " FUNCT I ON " I S F!RST CON VER TED INTO 
TH F SUM OF T WO PARTS . l CGN TA t NS TH E INT EGER CO~RF.SPOND [ NG T;J 
THE FUN CT ION NAM [: 1m lCH APP-:C:/,RS IN BO TH f>A '?TS OF THE SUM ■ 
T H~ PO~ER OF THE VA~IABLE ~IT~ RESPEC T TO WHICH THE 
F~NCT!ON I S TNT E1,RATE D 
AN INT EGER VAQ ift BLE EQUAL TO NJ 
AN I NTEGFR V AR IA BLE u s~o WHEN OELAY EQUAL TO 1. 
IT IS SIMILtAR TO M BUT APPLIED ON TH E SECOND PAR T OF THE 
FUNCTION. • 
AN ALG F.eRA IC VAR IA BLE ECUAL TO Z (l) **N l 
AN ALGEBRAIC VARIA BLE EOUA L T O Z ( 2 ) *0N2 
AN ALGEBPAIC VA R IABL E EOIJAL TO FCT/(01 *02) 
AN INTE GER VA P I AG LE WHICH CON TA I NS THE POWER OF Z(l) 
AN INT E GER VAR IA GL E WHI CH CONTA INS TH[ POWER OF Z(2) 

EXTE~NAL VARIA BLE DE SCR I PTI ON 

MA 
Mf'l 
MO 
M I 
M2 

M3 
M4 
MS 

AN INT EGER APR AY EQUAL TO STOR~l 
AN ALG E9RAIC tQQ AY OF AQGUME NT S EQUA L TO STORE3 
AN INT ~GEr. AnPA Y EQUAL TO ALDHACONS T 
AN INTE GER ARPAY EQUA L TO STQP E O . 
AN INT EGER A?PA Y WHICH I S USE D FO~ INDIRECT REPRESENT ATION 
OF TH<=' FUNCTION NAM ES ON TH !::: CO"'!PU T F. D I NTEGl:!/\L e IF A 
FUI\JCT I O"l NA"I: OM TH ':: EXT:.-'PN AL V'Aq I AAL E " RESULT" 
( S~E 8ELOW FOP DETA IL S ) ! S RE PLACED AY Z (!), WH~R~ I 
t s ,\"J I NTEG['? Gf<r-AT E:.' TH <\N 6 , TH~:~1 THE (l- 6 ) TH J::NTRY OF 
M2 C'1tHAIN S TH F I NTEGER CC~P.~: SP:JMl) IN G TO TH AT PF.P LACfO 
FU NCT ! O"l NA ~F . ~? I S I NIT IALIZ E~ TOO FOR EAC H P~'19LEM ■ 
AN INT EGFR ARR AY EQUAL TO S TOR E2 
A~ INT E G~R A~R t\Y f:OUAL TO STOP56 
AN t\LG:::qr-AIC A"'RA Y OF A~ GlJ'-l~N T5. :: ACH E NTRY OF •~5 <:ONTAINS 
TH E r, nG lJM ENT OF Tl-'E F UNC TI ON NAY!:. WH ICH !S P~D I R•: CTLY 
R EDI<,: S:c NT A TE f) ON TH E CQr,J DUT ED I H~ Gq I\L • GEN'.:~ AL LY, THE 
I TH fNTRY OF MS 15 TH ~ ft QGU~ ~~T OF TH E FUNCTION r~ WHICH 
TH~ 1 TH EN T RY OF M2 COPR~SPONDS , l ■ E ■ TH E FUNCT ION 
REP PE S ~ NT ~D HY Z( 1+6) ON THE " RESULT"• M5 IS ALSO INITIALIZED 
TOO FOR EACH PROBLEM ■ 



M6 
M7 
M8 
LK 

EX P 

KE K 
LAW 

J f\C K 
S ER 

PARM 

M5ER 

NSt=R 

OE XP 

OPARM 

AN INT EGER AQR AY EO UAL TO STORE 7 
AN I NT EGEQ VA~ IA BLE EQ UAL TO TYPE 
AN TNTEG c R APPA Y EQUA L TO STOQE4 

158. 

AN I NTEG~R V AA TARLE WH!C H DEN OTES TH E NEXT AVAIL AB LE 
LCC~TION OF ~ 2 ( AND sa a~ M5 ) 
AN ALGERPA TC VAP ! ABL E WH I CH I S SET TO THE CONS TANT 
OBTAINED OY ntVIDING TH E A~GU~ENT OF T HE FUNCTI ON ' EX P• 
BY THE VALU E OF SER ( SE~ 8ELOW ) 
AN TNT E G~R VAP IA OLE SA~E AS A~F□RE 
A~ INTEGER VARIA BL E US ED TO DE NOT E TRANSFORMATION OF THe 
I NTEGR.l.ND • 
I F LAW EOUAL TO 2 THE INT EGRAND HAS BEEN TRANS FOR MED 
B Y Y = EXP ( F ( X}) 
IF LAW EQUA L TO 3 THE I NTEGRAND HAS DEE N TRA~S F ORME D 
RY Y = TAN ( F ( Xl/ 2 ) 
I F LAW !::OUAL TO 4 THE I NTEGRAND HAS BEE N TRANSFOR'-'ED 
S Y Y = SORT ( >- ( X)) 
OTHE RW I SE LA W EQU AL TOO WHICH I ND IC ~TES NO TRANSFORMATION 
OF TH E ABO V~ KI NDS HAS BEE N PERFOq ~ED ■ 
AN I NT~GER VAR I Ae L~ S A~ ~ AS ~EFORE 
AN ALGEB~A I C VAP IA BLE . TH E l'JTTI AL VALU E OF SER rs SE T 
TO THE F I RST ENTR Y OF MB ■ E XCEPT IN TH~ FJLLIJW I NG CA SE S 

CA SE I• Jl\CK > 5 f\ ND J ACK < l O SE T SEq = 1-1'3 ( 2) • 
CAS E II ■ J ACK> 10 AND JA CK < 14 S ~T S ER= ~O(J) 

DUC1 I NG TH E COMPUTA TI ONS OF AN INT':GR/\ L TH:: VALIJ E CF SER 
WILL BE CH ANGED I F THEq E I S A CHANGE OF V A~ T ~RL E ■ 
I N 8 ::;>I:".F ■ I F TH E " FUNCT I Oi',; '" DOES NOT I NVOLVE NEST ING OF 
FUN CTIO NS SEP .r s THE VA 'H AB L E WI TH ~ r: s:,ECT TO l•H!(H THE 
" FUI\CTlOM " I S I NTF.GPA T E:D ■ OTH::R \HSE IF TH ERE I S NES TIN G 
OF F UNC TI ONS THEN SER I S FIRST s:~ T TO • zo • AND IT MAY ALSO 
eE CHANGFO P ~OVID f D T~ECl~ IS A CHANG E OF V A~IA3L~ ■ 
MSFO AND NS EO I ND IC ATES THE NES TED FUNCTION AND IT S AR GUME NT 
f<ESPEC T IV EL Y • 
AN ALGEPRA IC VAR I ABLE WH ICH I S USED AS FOLL IJWS : 

I ■ I F TH I:: 11 F UNC TI UN 11 I S A SPE CIAL Ft J i\JCT IO ~I ■ PARM 
WILL BE S~T TO TH E COEFF ICI EN T OF THE SECOND TERM 
OF THc INT S:::: GqAL , ! F THAT Tf: Cl'-'I EXIS TS. IN THIS 
CA 5F PAR~ WILL OE US'.':O Qy THE WRITER . 

I I• I F Tt-t E: " FUNC T I CI'\ " BEL IJNGS T O OR I S CON VERTF. D TO 
FUNCT I ON TY P~ 3 , TH~N PAR I r s SE T TO TH E 
CO EFFICl'.':NT OF TH E LA ST T EP•~ OF TH E INT ::G~AL, IF 
THAT TERM IS TO BE OB TAIN ED FROM THE I NTEGRATION 
TA BL E . TN THIS CASE PARM WILL ALSO BE USED BY 
THE WO IT E <l ■ 

Ill ■ OTH~RWISE PA<l~ IS US~D TQ CONTAIN TH E C □E FFfCI E NT 
C'F" TH E NEX T TEP •-, OF THE I NTEGPAL \·/ HE~I THE I NTcGRAL 
r s BE ING c o~g UT ED . AFT ER TH E I NTEGQA L rs OBT AIN ED 
PA RM WILL BE COM E A OU~M Y V AR IA B L E ■ 

AN INT EGER VAR I ABLE WH I CH INDICATES NES TI NG OF FUNCTIONS ■ 
IF MSER eaUAL TOO TH EQE rs NO NEST ING. 
I F ~SER r s PQS ITIV E MSE~ IS THE INT E GER CORR ESP ONDING TO 
TH~ NESTED FUN CTION ■ 
AN ALG EOR AIC VA ~ IA BL E . IF MSER = 0 NSER IS DUM~Y. 
IF MSER r s P0S TTIVE NS[R IS THE ARGUMENT OF THE NESTED 
FU~( TI ON ■ 
AN ALG~N~ AIC VA P IA 9 L E USE D WH EN DE LAY = l(S EE OELOW ). OEXP 
r s s r=: T TO TH"' CONSTANT O''lTAIN l':D OY DI VIDING TH'c: AR GUME5 T 
OF Tttr FUN(T I nN I' xo RY THI=' VALU E OF OSER . 
AN ALG ~ 9qA IC VARIA 9 LE USF O WH ~ N OELA Y = l(SEE n ELQW). 
n s~o IS TH [ VA P IA BLE WITH RE SPE CT TO WHICH THE 5CCOND PART OF 
TH E FUNCT I ON 1 5 l~T [GRA T E O ■ 
l\N ALGEBRA IC VAA IA 9 LE USE D WH ~ N O~ LAY = l(S EE BEL~W) ■ 
OP AQM I 5 USED EX ACTLY AS PARM E XCEPT THAT IT 15 APPLIED 
ON THE SECOND PART OF TH ~ FUNCTIO~. 



. -. . 

DELAY 

RES ULT 

STATUS 

159 . 

AN I NT E GER VARIA BLE WHICII HAS THE FO LL Ol'IING MEANINGS : 
A. DELAY = · I• TH E F UNC: TI O~I H<\ S flE SN CONV !.::q T!: D I NTO 

TH E SUM OF TW G PA RTS BY O IE OF TH~SE qULES : 
1. S IN( A+ll ) + SPl(A- 8 ) :: ?.*S I N ( •\ l 'l<COS ( B ) 
2 , S I N( A+O ) - S I~(ft -0 ) :: 2*SIN ( ~ l • COS (A) 
3 . C CS ( AHl ) + COS ( A·· O) = 2*COS ( A ) *COS ( B ) 
4. COS ( -\+ l:.l ) - CO S ( /\-'J l = - 2"S T HA ) -«S I N(G ) 

5 . S I NH ( A+IJ ) - S I NH ( A-· H ) = 2* S l 1'1H( A) *COS H( 8 ) 
6 . S l "lH ( ,H · F-:l l - SIN H(/\- 8 ) = 2 -« '.3 I NH ( t3 l *COSH (A) 
7. COSH ( /\+ 8 ) + CCJSH ( /\-(l ) = 2* COS H( l\ ) *COS H( B ) 
8 . CO SH ( A+ ~l) - COS H ( A-8 ) = 2*'; I MH ( Al *S I NH ( 8 l 

THE J NTF.GR,\ LS UF TH ':Sc Tl'!O P ,'I RTS OF TH ': F U~ICTI'JN 
AR!': OP. TAIJ\I E O Si:=Pc:R 1\T CLY. TH[: F I NA L INT tc G"<A.L :JF THE 
FU NCT ION IS GIV f.N AS TH:.: SU.'-1 OF TH C: S= INT c. GPALS o 

A. DE LAY -= 2 . TH E VALU E OF DE: LAY I S CHA'JG [: 0 F,~OM 1 
T () 2 WH E"l THE TWO C0 "1P Q~JO IT P AClTS OF TY ~..: FUNC TION 
MATCH TH E TYP E 28 ( MORE P~EC I S ELY N = ll OUT 00TH 
HAV E DIF FERE NT VALU E OF ~ ( S~ E TYPE 4 A~D 6 ). 
NOTE TH AT IF TH E VAL U~S OF MA RE EOUA L TH E INT~GRA L 
0~ TH E S::CON D P Aq T OF THE FU NCT I ON CAN 9E 
OBTAIN:: o FRO,'I TI--E FIRST BY .A. J\J OBVI OUS CHANGE 
OF VA~ IA OLE . CTHERW I SE TH E S~CCJN D INT ~GR AL HAS 
TO BE I NTE GRATED I NDEPEND EN TLY OF THS FIRST. 

C . DELAY= o . DU M~ Y. 
AN ALG ER RAIC VAOTA BLE US EO TO CONTAIN TH E INTEGRAL ■ 
REP:C,ES E NTAT I ON OF FUNCTION NAt-AE S ON TH E " RES ULT'' CAN 
BE CLASS I F I ED IN T n 3 TYPES : 

TYPE 1. DI RECT REPnESF NTATION . 
A FUNCTION NA ME I S DI REC TLY RFPRESE"l TED 
GN TH E " RES ULT" ACC OROING TO THE <=C LLOWING 

A • Z ( 1 ) R EP R ES f: NT S S IN IF K 1'.: K = 0 
IT ~EPRESE NTS S !NH IF KE K = 1 

B • Z ( 2 l REP"<E S ': NTS COS IF KEK = 0 
IT REP ~ESEN TS COSH IF KEK = 1 

C . Z{ J l REPRES ENTS EXP 
De Z (4) REPRES ENTS LN 
E . Z{ S l REPRESE NTS SQR T 
F. Z3 RFPRES ENTS TAN 
FOR ALL THESE FUNCT I ONS THE ARGUM ENT 
OF EACH OF THE 'I rs s s q. 

TYP E 2. I ND I P E CT RE PRE SENTATION. 
F8R EACH Z (I l WHERE I > 6, Z(I) R~ P~ESENTS 
TH~ FUNC TI CN NAM E TO WHI CH THE (I- ~ ) TH 
EN TRY OF "'42 CORRES PONDS . TH E ARGUM ENT OF 
TH E FU~C TI CN NA~ E IS MS (I-6). 

TYP E 3. OUl,IMY REP RESr ,HATtO~l. 
Z ( 6 l IS US ED AS DU 'H-1Y REPRESENTATION WHICH 
REPRESENTS SER IT SELF. 

AN INTEGl::R ARRAY EQ UAL T O FLAG. 
DUQ I NG TH E CO MP UTATIONS OF AN I NTE Gq AL , TH E VALU:': OF S TATUS 
INOI CAT~S TH E S T ATUS OF THE CO'IPUT ~TI ONS OF TH E INT CGP AL• THE 
VA R I OUS POSS I BLE VALUES OF STATUS Ml~ I NTERP '<E T F.D AS OE LOi~S : 

A. ST ATU S (O) = JJ. TH ~ S TATUS □~ TH E CO~PU TATIONS 
AT TH E CUQD ENT MOMENT I S OKAY , OR TH~ I ~TEG8 AL HAS 
BE ~N CO~PLE TED. • 

B. S TATlJ.S (O) = 55. A FOq~ CHECK IN G ON TH t: " FUNC TION" 
I S SUC E SSF UL AND COVP UTlTI ONS ( PERHAPS ANOTHER 
F ORM I DEN TIFICATI ON ) MAY G~ AH EAD . 

C. STATU S (Ol = 09 , IF THI S VALU E TU q NS OUT WHEN THE 
VALUC I S E XPECTED TO OC 33 , 5 5 ( .S~E (Al AN9 (A) 
AO~ VF ), OR GREAT~R TH\N 9~( S~E ( 0 ) RELOW ) THEN 
TH ~ S TA TU S OF THE COMP UTATI ONS TS IN AN [RRONEOUS 
STAT E . IN THI S CA S~ TH E CO ~PUTATIONS ARS 
IM MEO I ATrL Y T~RM ! NA TED. 
TH ~ AP PPOPR IAT E ERROR NUMOER I S ALSO ASS IGNED TO 
STA.TU S (l). 

D, STATU S ( 0) IS Gq EATr. R THE N 99 . THE VALU E OF 
STATU S (O) INDICAT ES THE NE XT PROC~DURE TO 8E 
CALL FD . 

THE SECOND ENTRY IS USED TO CONTAIN TH ~ ERROR NU~9 ~ R. 



. ... . 

SH1T NO 

l 3 
1 4 - 17 
18 - 26 
29 - 33 
36 - 39 
4 0 - 69 

42 - 45 
46 68 

52 

5 3 
5 4 - 59 
55 
56 
5 7 
5 8 
62 - 6 3 

64 - 6 7 

70 - 73 
7 4 - 93 

9 4 - l O l 

1 02 - 10 7 
l 0 9 - l 15 

11 6 - 1 3 9 
JliO - 150 

1 5 0 - 1 5 4 
l 55 - 1 5 7 • 
1 58 

DESCRIPT I ON 

I F THE STATUS IS PAD RE J ECT THE PROB LEM . 
I F END OF I NPUT R~TURN 
INITIAL I ZF THE EXTFRNAL VAQ I A9LES . 
CALL SYM□ IF FOQ DIFF ERE NT I AT I ON 
GET THE ,\ QGUMEN T OF A FUNC TI ON ANO SET TO SER 
PRFPOCESS THE SPE CI AL FUNCTI ON OR THE FUNCTION 
INV OLVIN G NES TING OF FUI\CTIONS 
II.LL THE .o.ncu,:E NTS $Hrl l.JLD OE Tr! E SAME 
TRANSFOR~ TH E !NTEGR~ND OY Y = F ( X ) OQ Y = OP ( F ( X)) 
TH E LATTEQ CASE I S FOR FUNC T ION S INVOLV I NG NES T I NG 
OF FUNCTIONS 
T~ E NESTED FUNC TI ON I S TAN CO T TANH OR C~TH 
THE DERIVITIVE OF TH E NES TED F UN CT I ON SHOULD APPE AR 
TH F. NESTED FUNCT I ON IS CSC SEC CSCH OR SECH 
TH E OTHER CASES 
TH E N~STED FUNCT I ON I S EX P 
TH~ NESTED FUNCTION I S LN 
THE NE STED FUNCT I CN IS SO RT 
T HF. N::STED FUNC TI ON I S SIN COS S INH OR COSH 
ADJUST SIGN WHEN T HE NESTED FUNCT I ON I S 
COS CSC OR CO T 

160 . 

STOrl~ THE NFS TED FUNCTION AND S ~ T SER TO ZO WH ICH ALS O 
REP~ESEN TS THf. NE W VA RIA 3 LE OF I NTEGR AT I ON 
C;.LL S U8RIJU T IN t'S TO INT EGRA TE THE SPFCIAL FUNC TI ON 
UNIFY THE CF. PRESENTATION OF T HE IDENT IC AL FUNCTI ONS 
WHICH HAV F THE SA~~ APGUMEN T. 
THE FUNCT I ON PROCES SE D HERE I NVOL VES EXP .TR I. F UNCTI ONS 
OP HYP . ~UNC TI ONS . 
SAM 2 AS ABOVE BUT APL LI EO ON THE FUNC TIO N WHICH INV OLVES 
L N OR SCQT . 
ASS IGN Vll'.L UES TO LOCAL VAR I ABLES FOP. S UBROUT I NE C.I\LL 
IDENT I F Y THE EXAC T TYPE OF THE FUNCT I ON 
THAT ONLY INVOLV~S TR I GONGMETR I C F UNCTI ONS 
OR HYPE RBO L I C FUNC T IONS 
SU9RO UTIN ~ CALLS FOR IN TEGR ATI ON 
I F TRANSFORMAT [ ON OF VAQ I AB LE HA S BE~ N MAD E 
THIS PAR T TRANSFORMS THE INT EGRAL DACK I NTO ITS 
OR I GINAL VARI AALE 
S~T SORT (l) = l A NO SORT (O) = 0 
PR I NT THF. PESUL TS FOR TH~ SNOBOL WR ITER 
PROCESS THE NEX T PROB LEM 



PR OCED URE Vt.IN 
AL GE BR A I C C Z C I 2 l : fl , l O: 8 1 l 2 : · fl I Z J : fl , Z I ( 6 l : 8 , Z 2 ( I 2 ) : I ) & 
D!, 0 2 , D3 , MO,M ~ ,~ ~q . os~R , PAG~ , 0°AR~ . EXP , OEXµ , FcT , QES ULT , NSER 
E X T != q N A L MA , M <) , M I , ~I 2 , M 3 , '-I 4 , M 5 , \I 6 , >J. 7 , L K , K ~: K , L II W , S ER , J 1\ CK , 0 S E R , 
P ARM , OPAqM , EXP , O~ XP , D[ L AY , ~ESUL T, FC T, STATUS 

161. 

INT EGER ~O ,Ml, M2 , M3 , M4 , M6 , M7 , MO , MA,LK,K EK ,LAW,J/\CK , OELAY , S TAT US , 
T,J, M, N , P , Nl, N2 , 0M ,TfST , MSER 
Ac:JR AY >,10 , M l, M],Mt1,M6 , M8 , MA , MB 
AR R A Y ( 0 : 2 ) ST AT US 
ARqA Y ((, ) M2 , M5 
RATIONAL l\ , B , C 

START : READ ( 2 ) STATUS , MO 
I-' A I N 1 : I F ( S T 1\T US ( 0 ) -= = 9 9 ) GO T O M A I N4 

1F ( STATUS (OJ ==9 99 ) DO 
WR ITE ( J ) S TAT US 
RE TU RN 

D OE ND 
M2 = 0 
M5 = 0 
MSFR = 0 
NSf: R = 0 
RES lJLT = O 
P.ARM = I 

LK = 0 
L<\W = 0 
OE LAY = 0 

READ ( 2 ) Mt, MA , M3,MB 1 M8 , M4 1 M6 1 FCT,J ACK 1 KEK ,M7 
Ji DIFFERENTIA TI ON 

I F ( M 1 ( 2 ) , "l l:C , 1 ) DO 
S YMO IF 
W~ ITE ( :1 ) S TATUS,MO,M! ,MA ,,.,,B,q ESULT ,M3 
GO TO ST/\RT 

DOEND 
S TATUS (O) = 99 

Ji INT EG RATION 

MAIN2! 

tF(JACK > 10 ,A ND , J ACK < l l► ) J = 3 
ELSE I F (JACK > 5 , AND , JACK< 10) J = 2 
ELSE J = I 
SER = ~18 ( J) 
IF ( M4 ( 1 ) , NE, 0 , r:JR , M 7 > 0 ) DO 

STATU S (!) = · \6 
DO t = J , 100 

DOE'-ID 

JF ( MA (I + 1) , EO, 99 ) GO TO MAI N2 
l"' ( MB ( I l , NE , M~ ( I + Ill GO TO MA1N4 

STATUS ( I) = 17 
FCT = r-C T / DI FF (t-l B(J),ZO) 
SPLIT( FCT ,Z0,01,D 2 ) 
I F ( D2 ■ NE , 1) GO TO MAIN4 

I F ( M4 (1) . N i::: , 0) DO 

OO F.N D 
DOEND 

OM = Ml1 ( I ) - KEK * 12 
IF( OM , E O, 5 , OR , OM ,EO, 6) FC T = FCT / Z2 ** 2 
ELS E I F ( OM , EO , 3 , OR , OM , E O ■ 4) FCT = FCT / (22 * Z3) 
ELS ~ D'J 

!Fc'M 4 ( 1) , E O, 26) FCT = FCT / l.3 
IF ( I~ 4 ( I ) , E O, 2 7) F CT = F CT * 1-1 B ( J ) 
I F (M~( I) , E O ■ 28 ) FCT = FCT * 2J * 2 
ELSE I F (OM ,LT, 3) FCT = FCT / Z2 

OOF.ND 
SPLJTI FC T,Z2,01,D?.) 
IF(D 2 . N~ . I) GO TO MAIN4 
IF( 1-14 ( 1) , E-"U • 2 . riP. , t-1<\ CI) , EO , 3 ,OR, M<\( I) ,EO, 6) & 

FCT = -FCT 
FCT = FCT (Z3 = ZO) 
MS": R = "I t1 ( I ) 
NSF ~= \l f:l(J) 
S~R = 20 



IF { M7 > 0) DO 
SD::.':FC T 
GO TO MA IM4 

OOE NO 
IF(JACK . E a. l .a ~. JA CK . c a. 2 ) DO '-..._ 

S TATUS{ l l = JACK + 35 
M = 0 
0"-1 = MJ ( 1) + ~13(21 
I F { ~l l ( 1) .F.:O . 3 . ANO. ( OM + M3 (3)) . NE . J) GO TO MAIN4 
F.: L SE IF(J ACK . E:O. 2 . AND. M3 ( 2 ) .NE . ll GO T O !•1/\IN4 
DO J = I • M I ( I ) 

00':ND 

DO I : 1 • MJ (J) - l 

DOF:ND 

I F ( MB (! +M ) . EO . l<IEl (I+M+ll) FCT=FCT ( Z (I P'1l = Z(J)) 
I': L Sf: I F ( J ACK • E O • l • ANO • 0 ;,i • t--1 E • 1 0 l ) G Q TO "1 A 1 N 4 
EL SE IF(J ACK . EO . 2 .A ND. 0/.1 .N E . J) GCJ TO MI\IN'i 
ELSE GO TO MAINS 

FC T = F CT(Z(M3(J)+Ml = Z(JJ) 
I.I= M + M3 (1) 

M9 (2) = MB ( M3 (1) + l) 
M] (ll=l 
IF(M3(2) .NE . 99 ) M3(2) = 

D8E NO 
EL SE IF(JACK = = 4 .OR. JACK == 10 .OR. JACK == 14) 00 

S TATU S ( 1) = ~2 

DOE ND 

DO I = 2 • "13 ( l) 

f)OENO 

IF("IB ( I··l l .NE . MR( I)) GO TO MAIN4 
FCT = FCT ( Z ( I) = Z ( l ) l 

M3(1) = l 

MAINS: I'll = DEG(FCT,Z( 1)) 
N2 = DEG ( FCT. Z~2)} 
N ,:: N l 
Dl = Z (l) ** I'll 
02 = Z ( 2) ** N2 
D3 = FC T / (Dl * 02) 

STATUS ( l) = 20 
ti=(JI\CK. E O.tl 00 

DO~ND 

S"L IT (DJ , l ( 1 l , D l , D 2) 
! F ( D2 . NE .l) JACK= 15 
SP LIT(D1.Z{2J,Dt.D2) 
I F ( D2 .NE .l) JACK= 15 
STAT US(O) = 105 



MA I NJ ! 

MA 1 N4 : 

END 

I F ( JACK -- 2) r. xn t( I,Nl, N ~ , DJ ) 
E L SE J F ( JACK - - 3 1 ~XPFC T ( ~ ■ OJ ) 
E L SE I F {J ACK -- 4 ) AqCFC T(M, N , 1 1 A , B , N l 1 D3 ) 
ELSE I F ( J ACK -- 51 ~ ATFCT 
E L SC I F ( JII CJ<. < t t .A ND , J,'\ CK >5 l L .JGF CT ( A , B , M, N , I , DJ ) 
EL SE I F ( J ACK< I 5 • AND , J .\ CK > l O I SO q T O ( M , N , l , ,\ , □ , C , D .3 ) 
ELS E I F (J~ CK == 1 5 )T ~ I HYP 

I F (STATU S (0)> 90 ) D O 
IF( S TATUS ( O ) == 100 ) so rn t( B ,C) 

I F ( S T A T US ( 0 ) = = l O I ) S'l R T 2 ( M , N, A , '] ) 
ELSE tF ( S TATU ~ ( O ) - - 102 ) S OR T J ( M , N , A,B , C ) 
E LSI: TFC STATU S ( O ) -- 1 011 ) R/\ T FC T 

1 63. 

E L SE IF ( STATLJ S ( O ) == 105 ) HYPTq I ( I , l•l, 0\1,N l, N2,DJ ) 
IF ( ST ATU ;, ( O ) == 109 ) SQfH4 (.'-1,"-1 ,I, ':l ) 

ELSE I F ( ST AT U 5 ( 0 I = = l l O ) SO q T 5 (',I , N , I , f3 ) 
IF ( STATUS ( O l > 99 l GO T O MAIN3 

DO E N D 
I F ( STAT US(0 ) ==55 1 DO 

DOE ND 

ELSE 
ELSE 
E L SE 

S TATUS ( 0 ) =33 
IF ( JACK -- ll 
IF ( J A CK -- 2 1 
I F ( JA CK - - 5 ) 
I F ( J AC K -- 6 ) 

T R IH Yl ( N l , N2 ) 
T R I HY 2 P1 , N, t , OM ) 
R •\ TF UN 
E XP2 ( I ,N l) 

IF(L AW , N E ,Ol DO 

DOEN D 
DO I = l , LK 

t F ( LAW == 3 ) SE R= SER / 2 
I F ( LAW == 2 ) P = J 
E L SE I F ( LAW =~ 4 ) P = 5 
I F ( LAW == 3 ) RES ULT= RESUL T( Z O = Z3 ) 
EL SE RE SUL T= RES ULT( Z O = Z ( P )) 
DO I = l ,LK 

DOEND 

T F (L AY/ == J ) M5 ( I ) = MS (Il( ZO = Z.) ) 
E L SE MS (!) = M5 (I){ ZO = Z ( P )) 

I F ( '-12 (1) . Ea , 28 , AND . M5 {l) . Ea. 1) RE SU LT = RESUL T( Z (t +6 ) = 1) 
I F ( M2 (I) . E a . 20 .A ND . MS (I) . r:o . 0) RE SULT = RLS ULT( Z { I+6 ) = 0) 

D OE ND 
I F ( ST A TUS (O) == 99 ) WP. [T E ( 3 ) S TATU S , MO 
ELSE WQ I T E ( 3 1 STATUS , MO, M l, M2 , M5 , RESULT , MSER , PARM , M6 , 
KE K , M7 , SEQ , N SER , ~8 • 
GO TO START 
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PROCEDURE SYMD IF -

THIS PROCEDUR E OIFFEPENTIATF.S ALL THE FUNCTIO, IS ~CCEPTABLE TO THE PACKAGE 

SHff NO 

JO 

DESCRIPTION 

DAQTI ALL Y DTFFERENTTATE THE FUNCTION W.R . T . ZO 
OY CON S ID ER ING ANY FUNCTICN NAM E ~S A CONSTANT 
TF NO F UNCTTCN N~M E RE TU RN 1 1 

1 3 - 41 DAQTI ALLY ~TFFER E NTIAT~ T~E FUNCTION N~~ ES W .R.T ■ ZO 
STAQTIN G FPO~ TH[ T0P LEV EL TO THE LO WEST LEVEL 
ZZ(Il CONTA IN S THE D~R IVITIV E OF THE FUNCTION NA~E Z( I) 
I N TH,:: FUNC TION 
FOR r:X A~PLE 

13 - 41 
19 - 37 

IF Z(Il = S IN(X) ZZ( Il WILL AE COS (X) 
DIFFER~N TIAT E THE FU NCT I ON NA~ES AT TH E TOP LEVEL 
DIFF[QEN TIATE THE FUNCT I CN NAM ES AT THE THIRD 
LOW ::S r LE VF L 

25 37 DTF FEREN TiftTE THE FU ICTION NAMES AT THE SECON D 
Lowi=c;r Lf. Vf-"L 

3 l 35 OIFF F.RENT IAT E THE FUNCT I ON N~ME S AT TH E LOWEST LEVEL 
THE FINAL RESULT IS CONTAIN ED IN RESULT 42 

PROCEDURE SYMDIF 
AL GE BR A IC ( Z ( 12 ) : 8, Z 0: 13 , Z 2: 8, Z .J: 8 , l 1 ( 6 ) : 8 • ZZ ( 1 2) : 1 ) & 

~A,FCT. RES ULT,S~VE1,SAVE3, 
SA VE 5 , S,\VE 8 , 0 SA VE 1 , OSA VF. 2, OS AV EJ t OS AV E4 , 

OSAV ES,OSAVE6,0SAVE7,0SAVc8 
EXTERNAL Ml ■ MB,M4,M6,FCT,RESULT 
TNTEGFR ARqAY Ml , M4 ,M6 
INT EGER ! ,J,K,L,I t ,12, I3,JI ,K1,K2,K3 
ARRAY Me 
RESULT= OIFF(FCT,ZO) 
IF{ Ml( t )==O) RE TU RN 
SAVF.t=O 
DO I = 1 , '-1 1 ( l ) 

Il=~14(I) 
K1=~6(I) 
SAV!: 3=0 

END 

OSAVE l = O[FF(FCT,Z(I))*ZZ(I) 
OSA VC:2 = DIFF(MB(I),ZO) 
DO J=t,11 

CSAVf.3-== DIFF (Me(I), Z (Kl+J)>*ZZ(Kl+J) 
OSAVE 4=01FF(MB(Kl+J),ZO) 
I 2='-14 ( K l+J) 
K2='-16(Kl+J) 
SAVES=O 
DOK = l ■ I 2 

OS<\VE5=D tF F (M O( Kl+J) ,Z(K2+ Kl)*ZZ(K2+K) 
OSAV >. 6=0IFF(MB(K2+K) ,ZO) 
I 3=M4 (K 2 +K) 
KJ=t..l6(K2+K) 
SAVE B=O 
DO L = l,13 

OSAVF7=DIFF(MB(K2+K),Z(KJ+L))*ZZ(K3+L) 
OSAVEB=DIFF(MO(K3+Ll,ZO) 
SAVf8=SAV ~CT+OS AVE7*0SAVE8 

DO ►: ND 

SAVE5=SAVE5+0SAVE5*(CSAVF6+SAVE8) 
DOFND 
SAVE3=SAVE3+0SAVE3*(0SAVS4+SAVE5) 

D0":Nr) 
SAV~l=SAVFl+OSAVEl*(OSAV E2+SAVE3) 

D c;: ND 
PESULT=qESULT+SAVEl 



PROCEDURE SPEF UN 

THI S pqoCEDURE HANDLES THE SET OF AL L SPEC IAL FUNCTIONS LISTED IN 
THE APP~ ~O IX F. TH F. VALUE OF M7 IS US ED TO CALL TH E RO UT!NE WH I CH 
CAN I NTEGRATE TH E PART ICULA R FUNCTION 

STMT NO 

9 - 14 

15 - I 9 

DESCR I PTION 

THE 1NTEGRAND HAS THF. Foq~ l/( A~A*O P( Xl **2 ) 
W~E RE OP rs SIN ccs SINH OR COSH 
SUBRO UTINE CALLS 

PROC ED URE SP EFCT 
ALGE Bf<A IC ( Z ( 12 ): 8, ZO: 8, Z 2: 8 , ZJ: A , Z 1 ( 6 l : 8 , ZZ ( 1 2) : 1) & 
D l, D2 , D3,MR , ~CT , PARM 
EXT ERNA L MB , M6 , M7, FCT,PARM ,STATUS 
INT EGER M6 , M7, S TATUS 
AR q Ay "'18,"'16 
AQRAY (0: 2 ) STA TUS 
STATUS ( 1) = 1 8 

I F ( M7 == 750 ,O R , M7 == 751) DO 

165. . 

IF(M6(1) ,N E , M6(2) ,A ND , M6 (1) , NE , - M6 (2)) R':: TU RN 
M7 = M7 - 5 0 

END 

DCJEND 

FC T = F CT / M6 (1) 
M6 = 1 

I F ( I-' 7 , LT, 9 2 l SP E C 1 
ELSE IF((( M6 (1) , E O, M6(2)) , OR , ( ~16 (1) , EO, -M 6 ( 2 ))) ,AND, 
(( M7 . GE-: , 900 , !\NO , M7 ,LT, 1000 ) , OR , M7 ,LT. 800)) SfJEC 2 
ELS E IF(M7 ,LT, 700) SPEC J 
EL SE SPEC4 
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P AOCE OURE SP ECl 

THIS P QO CEDU RE HAND LFS THE SE T OF TH E SP ECI AL FUNC TIONS TH AT 
HAVE EO\JA l. COEFF I C I EN T S . FC T I NITI ALLY CONT 1\I NS THE COEFF ICI E NT 
T HA T IS ASSO CI ATED WI TH THF PAR TI CULAQ F UNC TI ON 
TH F: p r10CE DUQE SET I N T WO EXTERNA L VAR I A"lLES RESUL T AN D PA R~ THE 
CO E FFI C I E NTS OF TH E E VE NTUAL I NTEGR AL PRCVI DED FROM TH E INT [GR ATION TA BLE 

SHH NO 

7 - 8 

DESCRIPTION 

F ORM CH ECK I NG 
9 - 19 THE F UNC TI ON HANDL ED HERE lS ANY OF TH E 

FCLLOW I NC. FOqMS 
l F ' ( X)/(A **2+- A**2•\ 0 P( F ( X ll ** 2) 
2 F ' ( X ) / ( A* 'I< 2 * OP I ( F ( X ) ) ,~ ~• 2 +- - 8* * 2 * OP 2 ( F ( X ) ) * *2 ) 
WHEQE OP I S S IN OR COS ANO E ITH ER OF OP I 
ANO OP 2 I S S I N AND TH E CTHE R COS 
M7 WILL EVENT UALLY HAVE THE TYPE NU~ OE R OF THE SPEC!AL 
F UNC T[ ON AND ~ESU LT CCN TA TNS TH E FAC TOR OF T HE 
COEFF ICI EN T OF THE EVENTUAL I NTEGRA L THAT 
DOES ~O T I NVO LV E A FUNCT I ON NAM E ( E . G. SOR T) 
THE OTHFR FAC TOQ OF THE CCEFF ICI ENT IS CONT AIN f. D IN 
11 6 , AN f: XT ERNAL ARRA Y 

20 - JS TH E INT EGRAND HAN CL ED HERE HAS E ITH ER OF THE 
FOLL□ 1nNG FOR'-IS 
1 F '( X)/(A+- A*CP ( F ( X ))) 
2 F'( Xl *OP ( F ( Xll/( A+ l\ *IJP ( F (X))) 
3 F'( X)/(OP ( F ( X)) * (A+-A *OP ( F (X)))) 
4 F• ( X)/( A+- A*CP ( F (X)) 1**2 
5 F'( X) *OP ( F ( X))/(A+A*Of' ( F ( X)))**2 
WHE RE OP I S S IN OR COS 
M7 AN D PES UL T AP~ THE SAME AS A9QVE WHILE PARM 
CONTA INS THE F ACT OR QF THE CIJEFFIC I ~N T OF TH E SEC OND 
TEPM OF TH E S VEN TUAL ! NTf: GPA L ( 't/HERE APF'LIC[A BLE) 
TH AT DOC.S NOT l NVOLVE A F UNCTI ON NAME 
LI KEW I SE M6 CONT AI NS TH E F ACT ORS OF ANY CO EFFICI E NT 
THAT I NVOLV E A FU NCT[CN NAME 

PROC ED URE SP EC! 

ENO 

ALGEBR AI C ( ZC12): 8 .Z0: 8 ,Z2:8,Z3 : 8 ,Zl(6):8,ZZ{l2):1) FCT,PARM,RESULT 
! NTF GER APRA Y MJ,..,A 
EXTER NAL M3 , M7,MA,FCT,PARM,R ESULT,STATUS 
! NTE GE~ M7, ST~TUS 
ARR AY c o : 2 ) S TATU S 
I F ( M3(2) . t::a , QC) ) RETURN 
I F P17 . G':'. ■ 6 '1 .A~r.. M7 ■ LE". 67 ■ A "ID . M3(2) ,NE ■ 2) RETURN 
ELS~ y<=('-17 . G': ■ 8 0 .ANO . 1-17 .LE ■ 83 .MID ■ MJ ( 2 ) .EO ■ 2) RETURN 
I F (MA-(1) . E O. 2 .ANI). (M7 ■ LT. 68 .O R ■ "17 . G T ■ 73)) M7 = •~7 + 2 
JF(MA(l) . Ea.?. ,AND. M7 . E a. 69) FCT = -Fer · 
EL S E DO 

DOF: ND 

IF('-'7 . GT. 71) FCT = FCT / 2 
IF(M/ . E (). H 5 ,OR . M7 .eo. 87) FCT = -FCT 
IF(M7 .r;T. 84) M7 = M7 - 4 
IF("17 . !:: n. 80 .O R . M7 . E o. 3 3 ■ OR. M7 .Ea. 85 .oR. 

M7 ■ EO ■ 8 7) PA RM= -FCT 
ELSE IF('-'7 > 73) PA~M = FCT 

IF(M7 .Ea. 6 0 . OR. M7 . EO. 63 .O R , M7 ,Ea. 77 .on. 
M7 . E O. 78 . r.r,. M7 .Ea. 66 ■ OR. M7 . :::a. 67 .oR. M7 ■ EO. 

Ob .o~. M7 . Ea. 8 7 ) RE SULT= -FCT 
~L SE RESULT= FCT 
STATUS( 0) = 33 



PROCEDURE SPEC2 

THIS PRnCEDURE SET IN TWO EXTERNA L VA R IA BLES RES ULT ANO 
PARM TH E CQ CFF I CI ENTS OF TH E TWO TeR MS OF TH E E V~ NT UAL I NT EGR AL 
THE COMPLETE I NTEG R hL r s GIV EN IN THE FINAL ST EP OF THE PACKAGE 
WHERE TH ESE CO E FF ICI ENTS AR ~ USE D TO ATTACH TO TH E 
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AP PR OP RIATE TERMS. THE SET OF SPECIA L FUNCTIONS THAT AR E TRE AT ED HERE ARE: 

FORM M7 
(FO RM NUMOER ) 

F 1 (X)*SIN(F(X))/(1+-COS(F(X))) 
F 1 ( X ) *C 'l S ( F ( X )) / ( t +-S I N ( F ( X)) ) 
F • ( X l S I N ( F C X l l / ( C ns < F ( X l l * ( 1 +-cos CF ( X) ) ) l 
F ' ( X) *C OS ( F ( X ) ) / ( S I N ( F ( X ) ) * ( 1 +-SI I\ ( F ( X) ) l ) 
F •( Xl/( S IN(F(X)l+-CO S ( F ( X)) l 
F • ( X) / ( ( S IN ( F ( X ) ) +-· COS ( F ( X ) ) ) * *2 ) 
F 1 ( X )/( S IN( F ( X )) •H !+-C OS ( F ( X )))) 
F' ( X ) / ( COS ( F ( X ) ) * ( 1 +-S IN ( F ( X ) ) ) ) 
F 1 ( X) *SIN ( F ( X ) ) / ( SIN ( F ( X ) ) +-C C'S ( F ( X ) ) ) ) 
F 1 ( X) *CO S ( F ( X )) / ( SIN ( F ( X) ) + - CQS ( F ( X )))) 
F' ( Xl * S I N( F ( X ))/(COS (F(X) ) * (1 +-SIN(F ( X)))) 
F ' ( X ) *COS ( F ( X ) ) / ( S l N ( F ( X ) ) * ( 1 +-COS ( F ( X) ) l l 

STMT NO · 

7 - 9 

DESCRIPTION 

FOR'A CH ECK ING 

60 , 6 1 
6 2 , 6.J 
61'}, 65 
66 , 67 
68,69 
72,7.] 
7 6 ,77 
7 0,79 
80 , 8 1 
82 , 8:1 
88,FlC) 
90 ,91 

10 - 19 THE VA R I ABLE FCT I NI TI ALLY HAS T HE COEFF ICI EN T 
THAT IS ASSOCIATEO WITH THE SPE C I AL F UNCTI ON 
ADJUST M7 TO THE TYP E NU~8ER OF THE INT ~GRAN O 
AND IT I S TO BE USED ev THE SN~ YOL WRIT E R 
RESULT ANO PARM RESP E CTIVELY ARE SE T TO VALUE S 
OF THE COEFFICIENTS OF THE F I RST AN D SECOND TERM OF 
TH E EVEN TU AL INTE GRAL ( BOTH OF TH~ TERMS OF THE 
INT EGRA L ARE STORED IN THE ARRA Y IN THE SNOBOL WRITER 

PROCJ:DUAF. SPEC2 
ALGEBRAIC (Z(l2)! 8 ,Z0!8,Z2!8,Z3! 8 ,Z1(6): 8 ,ZZ(l2)!1) FCT?PARM,RESULT 
INT ~GEq MJ ,~6 ,M7, MA ,STATUS 
EXTF.RNA L M3 ,M~,M7, MA ,FCT 1 PAR M,RESULT,STATUS 
ARR AY ·'13,M6,MA 
AQRA Y (0:2) STATUS 
I F ( M7 .GF . 900 .A NO . M3(2) .EO. 2) RETURN 
ELSE IF(M3(2) ,LT. 9 00 .AND. M3 (2) .NE. 99 ) RETURN 
I F (M7 . GE . 700 .AND, M7 .LE , 9 01) 00 

DO EN D 

IF(M 6 (l) .N':': o M6(2)) RETURN 
RESULT= FCT / M6(1) ** 2 
JF(M7 . Ea . 700 .O R . M7 . Ea . 901) RESULT .= RESULT/ 2 
IFP~7 . EO . 700 .o R . M7 . Ea . 701) M7 = M7 + MACl) * 2 - 1 
ELSF. M7 = M7 + 50 
IF(M7 . Ea . 704 .on. (M7 . E a. 951 .AND . MA(l) .Ea. 2)) & 

RESULT= -R ESULT 
IF( M7 . Ea . 951 .AND. MA(l) .Ea. 2) M6 (1) = M6(2) 
GO TO AMP X 1 

FCT = FCT / '-16(1) 
IF C ~17 .GT• 400) FCT = FCT / M6 ( 1) 
IF(M6(ll . EO. -M6(2)) M7 = M7 + MA(l) + 2 
ELSF. M7 = M7 + MA(l) 
IF(M7 > 115 1) 00 

RESULT= FCT / 2 * (-ll ** MA(l) 
PARM= FCT / 6 * (-l) ** (MA(l) + l) 

oo r=. No 

IF(\17 . Ea. 601 .oR. M7 . E n. 604 ) '<ESULT = -R!::SULT 
IF('-17 .1:0, 601 oORo M7 , E a. 602 ) PARM= -PARM 
GO TO AMPXl 

l<F.SUL T = FCT 
PAqM = FCT * (-1) ** (r,,A(l) + l) 
IF(M7 . Eo. 201 .on. M7 .r-:o. 204 .oR. 

M7 .Ea. 303 .oR. M7 .Ea. 304) qESULT = -Q.ESULT 
AMPXI! STATUS(O) = .J3 

ENO 



PROC EDUR E SPEC3 

THIS PROCEOUQE SET IN TWO EXTF.R IAL VAQIA '3L ES RESULT AN O 
PARM THE CO E FFICI EN TS OF TH E TWO TEA~S OF THE ~ VEN TU AL INTEGRA L 
TH E COMPL ETE INT EGRAL I S GIVEN IN THE FINAL ST~P OF TH~ PACKAGE 
WHEQE THCSf CO EF FICIENTS AR~ us~o TO ATTACH TO THE 

168. 

APP ROPR IAT ~ TERMS ■ THE SET OF SPEC IAL FUNCTICNS THAT ARE TR EATED HERE ARE 

FOAM 

F 1 ( X)/(A*SIN( F (Xl l+B*CO S(F(X))) 
F • ( X ) / ( A +IJ *SIN ( F ( X) ) ) 
F•(X}/(A+O*COS(F(X))) 
F • ( X l * S IN ( F ( X l l / ( A i-8 *S IN ( F ( X) ) ) 
F • ( X l *COS ( F ( X } ) / ( I\ +B*COS ( F ( X)}) 
F ' ( X l / ( 5 IN ( F ( X ) ) * ( A + 0 * S IN ( F ( X ) ) ) 
F. ( X } / ( ens ( F ( X}) * ( A+B* cos ( F ( X))) 
F'( Xl* S IN( F ( X))/(A+ f.l*S IN( F (X))l**2 
F' ( X ) * ClJS ( F ( X l ) / ( A+B*COS ( F ( X) ) ) * *2 
F • ( X) I ( A+ 8 *S I N ( F ( X})) * *2 
F• ( X}/(A+B * CO S (F(X}))**2 

DE SC R I PT I ON 

M7 
( FORl-1 NU"IBER ) 

100 
200 
200 
30 0 
300 
400 
400 
50 0 
500 
600 
600 

SHIT NO 

7 46 TH E VARIABLE FCT INITIALLY HAS THE COEFF ICIENT THAT 
IS ASSOCIATED WITH THE SPEC IAL FUNCTION 
ADJUST M7 TO THE TYP E NU~9ER OF THE INT EGR AND 
ANO IT IS TO BF US ED BY THE SN090L WRITER 
RESULT AND PAR~ R~SPECT IVEL Y ARE SET TO FACTORS 
OF THE COEFFICIENTS OF THE FIRST AND SECOND TERM OF 
TH E E VENT UAL INT ;:: GQAL THI\T OCES NOT INVOLV':: ANY 
FUNCTION NAME ANO TH E OTHER FACTOR S ARE STORED IN 
TH E ARRAY M6 
BOTH TERMS OF THE E VENT UAL I NTEGRA L ARE STORED 
IN THF. ARRAY IN THE SNOBOL WAITER 



1 69 . 

PROCF.DU J:;'E SPECJ 

SR TNl: 

AL GE. 8P A I C ( Z(l 2 l !9 , ZO! fl ,Z 2 :fl , Z3 ! 8 , Zl( 6 )! 13 , ZZ (1 2 )!1) FCT ,P AR M, RES ULT 
TNT l:: GF ~ MJ , M6 , '-1 7,MA , ST ATU S 
F.X TFRN AL M3 , M6 ,M7 , MA, FCT , PAR M, RESUL T , STAT US 
A RR A Y M :l , :~ 6 , M ,'\ 
ARRA Y ( 0 ! 2 ) S TAT US 
I F ( M7 , E O, 100 ) DO 

DOE ND 

I F (I.IJ ( 2 ) , l':O , 99 ) RE TURN 
M6 ( 3 l = M6 ( 1 ) **2 + M6 ( 2 l **2 
I F ( MA (l) , EO . l) M6 (1) = M6 (2) 
M7 = 1 2 
PESUL T = F CT 
GO TO SRIN l 

I F ( M3 ( 2 ) . NE . 99 ) RETU RN 

ENO 

M6 ( 3 ) = M6 (1) **2 - M6 ( 2 ) ** 2 
I F ( M7 , E O. 30 0) DO 

M7 = 16 
RE S UL T = l / M6 ( 2 ) 
PA q M = - .'-16 ( 1 ) / P~ 6 ( 2 ) 

DOE ND 
ELSE I F ( ~ 7 .ea. 400) DO 

M7 = 18 

DOEND 

RESULT= I / M6 (1) 
PARM= - M6 ( 2 ) / M6 (1) 

EL S E TF ( •~7 . e a . 50 0 . OR . M7 . F.o . 600 ) DO 
IF( M7 == 5 0 0 ) RES UL T = M6 (1) / M6 ( 3 ) 
EL SE RE SULT= '-1 6 ( 2 ) / M6 ( 3 ) 

DOENO 

IF ( M7 == 5 00 ) PARM = - M6 ( 2 ) / M6 ( 3 ) 
E LS~ PA RM = M6 { 1 ) / '-16 ( 3 ) 
I F (( M7 == 5 .00 , AN D. /.1A (l} == 1) , OR . 
( M7 == 6 0 0 , AND , MA(I) == 2)) RE SULT = - RES ULT 
M7 = 2 0 

IF( ~6 ( 3 ) > 0) PARM= FCT * 2 * PARM 
EL S E D O 

M6 (3) = -M6 (3) 
M7 = M7 + 6 
P ARM= FCT * P AR M 

DCE ND 
I F ( M7 .GE , 2 00) M7 = M7 - 10 0 
I F ( '-1 7 . i:::a. 100 . on . M7 . c: a. 10 6 ) RES ULT = P ARM 
ELSE RES ULT = RES ULT * FCT 
,..7 = M7 + MA(l) 

STATUS(O) = 33 



PROC ED URE SPEC4 

THIS PROC ED UPE SET IN TWO EX TERNA L VA R IA BLES RESUL T ANO 
PARM TH ~ CO c: FF I C I E"ITS OF TH F T WO T F.'HIS OF THE !:: VENTUAL INTE GR .I\L 
THE COl-'PL lc' T c I NTEGR ,'\L IS GIVEN IN THE FINAL ST'.:'.P OF THE PACKAGE 
WHEPE TH ESF COEFF I CI ENTS ARE USED TO ~T TA CH TO THE 

170. 

APP ROPRIATE TERM S. THE SE T QF SPE CIAL FUNC TIONS THAT ARE TREATED HERE AR E ! 

FORM 

F 1 ( X ) / ( A * * 2 +- [l * * 2 * S I N ( F ( X ) ) * * 2 ) 
F • ( X ) / ( l\ ** 2 +-A * *2 *COS CF ( X J ) * ~•2 ) 
F' ( X) *SI "J ( F ( X ) ) * SO•, T ( I +- A** 2* S IN ( F ( X ) ) -I< *2 ) 
F 1 ( X ) -« C 05 ( F ( X ) ) *5 OP T ( I +- ,, * * 2 *S I N ( F ( X) ) * •~2) 
F ' ( X ) * <; I N ( F ( X ) ) / SO~ T ( 1 +- t, ~' * 2 ,~SI r-.; ( F ( X ) ) * * 2 ) 
F 1 ( X ) * COS ( F ( X ) ) / 5 0 k T ( I +- A * ,, 2 * S I N ( F ( X ) ) * '~ 2 ) 
F • ( X)/( A**?.*S I N( F ( X ll **2+-0**2* CO S (F( X) )**2 ) 
F•(X)>.'< S I N(L N( F ( X))) 
F I ( X ) * C o.s ( L N ( F ( X ) ) ) 

M7 
( FOR ~I NU"IBER) 

700,?0l 
700 ,?0l 
IJ00 , 1.30 1 
8 00,flOl 
805 , 0 06 
805 ,006 
900 , 9 01 
1000 
1000 

STMT NO DESCRIPTION 

FO O.I.I CHECKING 7 
8 59 TH E VAR I ABLE FCT INITIALLY HAS THE COEFF ICIENT 

TH AT I S ASSOC IAT ED WITH THE SPECIA L FUNC TION 
ADJ UST M7 TO TH E TYPE NUMB ER OF TH E I NTEGR AND 
AND IT I S TO eE USED 8 Y T H'.:'. SNO~OL WRIT ER 
RE SULT ANO PA ~M RESPE CTIV ELY ARE S ~ T TO FACTORS 
OF THE crEFFICI EN TS OF TH E F I RST ANO S[ CONO TERM OF 
Tl-i E E Vf.N TUt.L INT ':: GRA L T HAT DOF.S N'JT INVQLV~ ANY 
FU NCT I ON NAME AND TH E OTH ER FACTOQS AQE STORED· IN 
TH !: ARR t.'{. . ~ -
BOT~ TE RMS OF TH ~ E VE NTUAL INT EGRAL AR E STOR~O 
IN THE ARRAY IN THE SNO BO L WQITER 



PROCEOURF.' SPE C4 
ALG!:Af' AIC (Z( 12) : o , z o:a,z2:n,z3:a,z1u,l : o,ZZ ( 1 2 ) :1) FCT ,PARM ,R f::S ULT 
!NT ::::GFP I, M3 , 1-'6 , M7,t-lA , STATUS ,, 
EXTFRNAL MJ , M6 , M7 , MA , FC T, PARM , RE SULT, STA TUS 
A.~ ~ A Y M 3 , M 6 , ~• A 
A RRA Y ( O:?. ) STATUS 
IF( M7 , (;E , 900 . A.NO . M3 ( 2 ) . r:: n, 2 ) RE TU RN 
I F ( M7 . c;p . 7 00 .AN D . •n .L E . 70 1) DO 

R~SULT = FCT / M6 (1) 
! F ( M7 == 700 ) DO 

DOl::ND 

M6(3) = M6 (1) ** 2 + M6 (2) ** 2 
1~7 = 12 

EL SI:: 00 

DOEND 

M6 (3) = "16 (1) ** 2 - M6 (2) ** 2 
M7 = 12 
IF ( M6 ( 3 ) < 0 ) DO 

DOEND 

M6 ( 3 ) = -M6(3) 
RESULT= RESULT/ 2 
M7 = M7 + 2 

M7 = M7 + MA(J) 
DO cND 
ELSE I F (M7 ■ G E . 800 .ANO. M7 .LT ■ 807) DO 

I F ( M7 . Ea . 805 .OR. M7 . Ea . 8 06) RESUL T= FCT / M6(2) 
E L SE DO 

RESULT= FCT / 2 
IF(M A ( 1) . Eo ■ 1 .. ANO. M7 .Ea. 80 0) & 

PA RM= -(1 + M6 ( 2 ) ** 2 ) / ( 2 * M6 (2)) * FCT 
ELSE I FP~A (ll . EO . 1 , AND , M7 , !:() , 801) & 

P.<\RM = -( l - M6 ( 2 ) ** 2 )/( 2 * M6( 2 }) * FCT 
ELSE I F ( ~M, · , .-EO. 2 , AND ■ 

DOE ND 

M 7 < 802 ) P ARM= FC T / (2 * M6(2)) 
OO END 
I F ( MA (l) . ~a . 1) RES ULT = -RESULT 
M6(2) = M6(2) ** 2 
IF((M7 == 80 0 .OR . M7 == 805 ) ■ AND ■ l~ A(l) 
M7 = M7 + MA(l) * 2 

ELSE IF( M7 ■ Ea. 900 .O R ■ M7 , EO , 901) DO 
M6(3) = "'16 ( 2 ) / M6 (1) 

DOENO 

RESULT= FC T / ( M6 (1) * M6(2)) 
IF(M7 . r=:o . 9 01) DO 

FCT = FCT / 2 
IF( MA (l) ■ EO. 1) DO 

FCT = -FCT 

OOEND 
OOEND 

I = M6(2) 
M6(2) = M6( 1) 
M6 ( 1 ) = I 

ELSF. 00 
R~SULT = FCT / 2 
PAOM::: FCT / 2 
IF( MA ( 1) ■ EO ■ 11 PARM = -PAR"4 

DOEN D 
STATUS(OI -:: 33 

ENO 

l) M6(3) = I+ M6(2) 
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PR OCEDURE SOQTO(M,~ , I,A,O,C,D3) 

THIS P ROCE DU OE IC FNT I F I ES ALL TH E PQ5 S I OLF CA S~S OF 
I NTEGRAND THAT I ~V OLV ES ON LY so:~T, 1·/IU:: N ,\ FG=-<"'1 F •(X)/SORT(·F (X)) 
OQ F '( X) *S0;:lT ( F ( X)l I S DI SCO VERED, THI: TNTEGl;,\ND WIL L Of I NTEGR ATED 
OI RE CTLY, OTH ERWIS E TH F ~LOe AL VA R ! AOLE STATU S WI LL RE SE T TO 
THE VALUE THAT I S ASS □ C I AT FQ WI TH TH E APPRQPR I AT ~ PROCE DU RE 
WHI CH CAN HAN DL E TH E INT F.Gr.t.. TIOM OF TH F: I NTF. GRMlO 

M 
N 
03 
A,B,C 

STMT NO 

10 - 11 
12 
13 - 17 

18 - 22 

23 - 31 

35 - 37 

4 1 53 

44 52 
59 68 

59 65 

66 - 68 

STATU S (O) 
33 

PR OC EDURE 

SORT 1 

SORT2 

SORT3 

RATFCT 
SORT4 

S !TUAT ION 
I NT ~ GQATI ON COMP LETE 

100 

1 0 l 

102 

104 
109 

1 1 0 SORTS 

ARGUM ENT 

POWE R OF= SOR T r s 1 
AP GU~ ENT OF SORT IS A* X+B 
ARG U'-' E NT or- SOR T IS 
A*X** 2+g,;.x 
ARG UM ENT OF SQR T IS 
A* x,:, *2 + □ *X+C 

POWFR OF SORT IS E VEN 
FOW!':R OF so ;ff I S NEGATIVE 
A~GUµ, E NT OF SOR T tS 
( X**2 +- H**2 l OK (B* *2+-X* *2 l 
POW ~ R OF sor. T IS POSITIVE 
ARGUM~N T OF SO RT IS 
(X ** 2+-B**2l OR (B**2+-X**2 ) 

TH E FORM NUMBER OF TH E FORM GIV~N AS BELOWS 
I FOR!,,! 
l SORTCX**2+8**2) 
1 SO RT( 5 **2+X**2) 
2 SOf? T( X**2-8* * 2) 
3 50'H( !:l* *2-X**21 

THE PO\~ER , w -)H·SEE THE OC-: SC RIPTfrJ'I BELOW) 
THE POW~R OF SO RT(S EE TH~ DE SCRIPT ION BELOW) 
SE E TH E P ROCEDUR E MA IN FOR DE TAIL S 
SEE THE FO PMS STATED ABOVE 

DESCRIPTION 

THE FUNCTION NAM E SOR T APPEARS MORE THAN ONCE 
ID E"lTIFtES THE FOR~ F'(X)*SORT(F(X l )**N 
IF IT IS OF THE FORM F• ( X l* S ORT{ F (X)l**N TH E INT ~ GRAL 
IS SOP. T( F ( X l l* * (N+2)/("l+ 2 )*2 
DETl:.RM I Nf"S IF N IS EV E:-J IF SO REPLACE 
SOR T{F(Xll **"l BY F(X) ** ( N/2) 
SET TH E STATOS(O) = 10 4 TO CALL PRO CEDURE RATFCT 
THE FUNCTI ON HAS THE F~P.V X**M*S ORT ( X**M+-B**2 ) **N 
OR X**~*SORT(B**2+-X**2 l **N 
CQ X** ~/S QDT(X**2+-R**2)**N 
OR X**M/SnRT(B**2+-X**2l**N 
SET STATUS(O) = 109 TC CALL SORT4 IF IT HAS 
ONE OF THE LAST TWO FOR~$ ELSE SET STAT US ( O) = 1 1 0 
TO CALL SORTS 
TH E AQG UME NT OF SORT IS A*X**2+8*X+C 
GE T TH E VALU ~S AB AND C 
TH E F UNCTI ON HAS THF. FOQM l/ {X** 2•SOR T(A*X+R)) 
OR IT CO NT~INS THE FORM SORT(A*X **2 +e*X l *X**M 
OR IT CONTft! NS S OQT(A*X **2+B* X+ C l ** N 
FCP TH E FQ RME P CASc S E T S TATUS(O) = 100 TO CALL 
PROCF DUPE SO RT! ~ L S~ FOR TH E SEC □~D CAS E S~T S TATUS ( O) = 101 TO CALL PRO CEDUR E SOR T2 EL S~ SET STATU S (OI = 10 2 TO 
c,LL P POCEOUPE SQPT3 
TH E ARGU~ ENT OF SORT I S A*X**2 50 LET Y = SQ1T{A ) $X 
IF NOT SOLv r: o DY THE PR EVIOUS ST EPS USE SUOSTITUTIO N 
MF. THOD 
IF TH E DEG~EE OF THE VA ~ IA HLE I~ TH ~ ARGU~~NT OF 
SORT E XC F.~DS l THAN AFT f1 THE TR~~ SFQqM AT [ ON Y = F(X) 
TH E NFW INTFGRAND SHOULD NOT CONTA I M THE VAQ[AALE 
ELS E RETU RN WITH ERAOR 
THf. ARGUM r:NT OF SORT IN THE INT~GDAND IS A$X+H 



PROC EDURE SORTO { ~ , N ,I,A,8 1 C,D3) 
AL GEOR AIC (7(1 ?. l: 8 ,Z0: 8 , Z2:8 ,Z3:8,Zl{6):R,ZZ{ 12):\) Dl,D2,DJ,Mf3 ,SER , 

FCT , PARM , RES ULT, M5 
I NT EGEQ A, B,C, N,N,I,~ 2 ,L K,L AW ,J ACK,STATUS 
FXT ~Q NA L M2 , M5 , MB ,LA W, SER , FCT ,JACK,PARM,RESULT,STAT US 
AQR /\Y { 6 ) M2, "15 
AR~A Y (0: 2 ) STATUS 
AR RAY MB 
ST AT US (!) :L1 8 
SP!_ IT ( D 3, 2 ( 1) , D 1, D 2 ) 
I F (n ?. . ~~ . 1 l GO TO ST AR3 
SPLIT (D 3 / 0IFF ( M'3 ( 1) ,ZO) , ZO,Dl ,D2) 
I F ( D2 , EO, I) DO 

STATU S (O) = 33 
SE R = t-18 ( I) 
RES ULT= RES ULT+ PARM* D1 * Z{5) ** (N + 2) / {N + 2 ) * 2 

D OE ND 
ELSE t F {tMOD{ N 1 2 ) == 0) DO 

I = N / 2 
STA TU S (O) = 104 
FCT = FCT / Z(l) ** N * MB(l) ** 

DOE:: ND 
ELS E DO 

IF(J ACK == 14) GO TO STARl 
GETPW R ( M,0,03) 
IF( STATUS (O) ,NE , 55) GO TO STARl 
B = MF3 (2) 
I = JACK - 10 
IF( N<O) STAT US (O) = 109 
ELS": STATUS(O) = 110 

DO EN D 
RETURN 

STAR!: IF(D EG ( <\O E N( .Y.R (l)),ZO) , NI:: , 0 ,OR, 
OEG ( M9 (1), Z~ ~GE, ~ )GOTO STAR3 

C-= MB(l)(ZO = 0) 
B = (( MF.l (l) - C)/20)(20 = 0) 
A = MB ( l l ( ZO = 1) - B C 
S'.: Q = 20 
GETPWR(M,O,D3) 
I F ( S T ATU S (O) ,NE, 55 ) GO TO STAR3 
IF(M == -2 , AND , N == -1 ,AND, A == O) STATUS (O) = 100 
EL SE [F(C == 0 ,A ND , A ,NE , 0 ,AND, B ,N E , 0) STATUS(O) = 101 
ELS E IF(A , E Q, 0) GO TO STAQ2 
ELSE IF( B == 0 ,AND, C == 0) DO 

DOEND 

STATUS(O)-= 33 
LK = LK + l 
M2(LK)-= 28 
M5(LK) = A 
M=M +N+l 
IF(M ==O ) RESULT=RESU LT+PARM *Z ( 5 )*Z(LK+6)**N 
ELSE RESULT=RESULT+PARM*ZO**M*Z(LK+6)**N/~ 

EL~E STATUS(O) = 102 
PE TURN 

STAfl?.: PJI.Rl,I = PARM/ 03(20 = 1) 
ST AR .3: S f':q = /.l!J ( l ) 

LAW = 4 
STATUS(O) = 104 
I F ( DE G(AD EN (M 8 (t)l,ZO) ,N E , 0 ,OR, OEG(MB (1) 1 ZO) ,NE, 1) DO 

FCT = FCT / ')!FF(l\1A(t),ZO) 

00!:NO 

SP LIT(FCT, ZO ,Dl,02) 
JF(0 2 .NF . 1) S TATUS(O) = 99 
FCT = FCT(Z(l) = ZO) 
RE TURN 

02 = MB (l)(ZO = 0) 
DI= M9 (\)(ZO = I) - 02 
FCT = FCT(ZO = (ZO ** 2- 02) I Dl)(Z(l) = ZO) * 2 / Dl * ZO 

END 



PROCEDU RE SORTl(A1B) 

THIS pqoCEDUq E INT EGRAT ES THE FOLLOWING FUNCTION 
l/(X**2 *SOR T(A*X+B)) 

A,B 

STMT NO 

8 - 14 

9 - l l 
15 
16 
17 19 
20 - 30 
31 35 

ARGUMENT 

SEE THE FORM STATED ABOVE 

DESCRIPTION 

THE ARGUMENT OF TH E SOR T IS A*X 
THE INT EGR AL CAN BE OBTAINED DI RECTLY 
THAT I S , RES ULT = - 2 / ( SORT ( /\ ) * S ORT(X) ** 3 * 3) 
SORT(<\) IS S TOl'< ED I N M2 (L K) AND M5 (LK) 
THE FIRST T~ PM CF TH ~ I NTE GRAL 
PAQ M CO'JTA IN S TH E COEFFICIEN T OF THE NEW INT EGRAND 
STOQ~ SOPT (A *X+B ) 
C~EAT E TH E SE COND T ERM CF THE INT E GRAL WHEN O < 0 
CRE ATE THE SECOND TERM OF TH~ I NTEGRAL WH EN B > 0 

PROCEDURE SQRTl(A1B) 

174. 

AL GEAQA TC ( Z( 12) : a , z o:s,z 2 : 8 , Z3!8 ,Zl(6) : a , ZZ ( 12): l) MS ,SER, PAl1M ,R ES ULT 
EXTERNAL M2,M5,LK, SER ,PAR M, RESULT,STATUS 

F.ND 

lNT EGFq A, 8 ,M,N1 M2 ,LK1STATUS 
Af.qt.y (6) M2,M5 
ARRAY (0!2) STATUS 
STATUS(O) = 33 
lF(e == 0) DO 

DO ENO 

LK = LK + l 
M2 (LK) = 28 
MS(LK) = A 
RES ULT= -PARM/ (2(5) ** 3 * 3 * Z(LK + 6)) * 2 
RETURN 

RESULT= RES ULT - Z(5) / (B * ZO) * PARM 
PARM= -PARM* A/ (2 * BJ 
LK = LK + 1 
M2(LK) = 28 
SER= A* 20 + B 
IF ( B < 0) DO 

DOEND 

MS(LK) = -B 
LK = LK + l 
M2(LK) = 11 
M5(LK) = Z(LK + 7) 
RESULT= RESULT+ PARM* 2 * Z(LK + 6) / 2(LK + 5) 
LK = LK + 1 
M2(LK) = 28 
MS(LK) =-SER/ B 
RETURN 

MS(LK) = B 
LK = LK + 1 
M2(LK) = 27 
MS(LK) = (2(5) - 2(LK + 5)) / (Z(5) + Z(LK + 5)) 
RESULT= RESULT+ PARM* Z(LK + 6) / Z(LK + 5) 



PROCEDURE SORT2(M,N,A,8) 

THIS PROCEDU RE INT EGRATES THE FUNCTION WHICH H~S ANY OF THES E FOR~S: 

l X* *~ / SORT(8 * X+A *X** 2) 
2 X**M *SO~T ( B*X + A*X** 2) 
3 l/( X**~*SOQT( R*X +A*X**2)) 
4 SQRT <e•x +A*X**2l/ X**M 

STMT NO 

10 
1 3 21 

26 33 
34 41 
42 - 48 
49 55 
56 - 61 
62 - 63 

ARGUM ENT 

THE POW ER OF S ORT(S EE THE FORMS STATED ABOVE) 
SEE TH E FORMS STATED ABOVE 

DESCRTPTION 

TH~ POWER OF SOR T(A * X+A*X**2l SHOULD 9E 1 OR -1 
SIMDLJFY SOR T( 8* X+A *X**2 ) TO soqr (A)* 
SOR T( 8* X/A-X **2 l WHEN A IS NOT -1 
INT EGRATJ CN FORMU LA FCR M > 0 AND N = l 
JNT ~GR ATION FORMULA FCR M < 0 AN D N = 1 
I ~T~GRATION FORM ULA FORM< 0 AND N = -1 
TNT EGRATION ~OR MULA FCR ~ > 0 AND N = -1 
TH E INT EGRAL OF l/5QR T( 8* X/A-X**2) 
TH E INT EGQAL OF SQRTCB*X/A-X**2) 



176. 

PROC":DUPE SORT2 (M, N ,A, 8 ) 
ALGE BR AIC (Z(l 2 ): 8 , Z0:8 ,Z2:8,7.3: 8 ,7.t(6): 0 , ZZ C1 2 ):1) M5 , SER 1 PAR, 
PAPM,R~ S UL T 
EXTfRNAL ~2,M5 ,LK , SFR ,PARM 1 RE SUL T,STATUS 
I NTEGF~ A, e , M, N,I,L K, M2 ,STATUS 
APRI\Y ( 6 ) M2 ,M 5 • 
A~RAY (0: 2 ) S TATUS 
STATUS ( 0) = 99 
STA TUS ( I) = 38 ' 
IF(N ,N ::: , , AND , N ,N E , -1) RETUR"I 
STAT US (O) = 33 
Pl\R = l 
I F (A , NE , -1) 00 

LK = LK + 1 
M2 (L K) = 28 
MS(LK) = -A 

DO END 

PARM= Z(LK + 6) ** M * PARM 
B = -8/ (2 * A) 
SER = -SER / A 
A = 1 

LK = LK + 1 
M2(LK) = 7 
I F ( M == 0 ,ANO, N == -1) GO TO CA RLI 
ELSE IF(M == 0 ,A NO, N == 1 l GO TO CABL2 
IF(M > 0 ,AND, N == I) 00 

DOE NO 

DO I=~ , 1 , -1 

DO":ND 

RES ULT= RES ULT - ZO ** (M - 1) / (M + 2) * PAR 
PAR = PA'~ * B * ( 2 * M + 1) / ( M + 2) 

RESULT= RESULT* 2(5) ** 3 
GO TO CA BL2 

ELSE IF(~< 0 ,AND, N == 1) DO 
DO I = M , -1 • I 

DOENO 

DOEND 

RESUL T= RESULT+ PAR / ((3 + M * 2) * B) * 20 ** M 
PAR= PAR * (M + 3) / ((2 * M + 3) * 8) 

RESULT = RESULT * Z( 5) ** 3 
GO TO CA BL2 

ELSE IF(M < 0 ,ANO, N == -1) DO 
DO I = M , -1 , 1 

OOE"ID 

RESULT= RESULT+ PAR/ CB* (1 + 2 * M)) * ZO ** M 
PAR = PAR * ( M ♦ 1 ) / ( ( 2 * M + 1 ) * 8) 

RESULT= RESULT* Z(5) 
DOE ND 
ELS E IF(M > 0 ,AND, N == -1) DO 

DO I = M , 1 -1 

DOEND 

RESULT= RES ULT - PAR* ZO ** (M -1) / M 
PAP= PAR* 8 * (2 * M - 1) / N 

RESULT = RESULT * Z( 5) 
DO EN D 

CABLl: q~S ULT =(RESULT+ 2 * Z(LK + 6)) * PARM 
MS(LK) = Z (LK + 7) 
LK = LK + I 
1"12 (LK) = 28 
MS (LK) = 20 / (2 * B) 
RC::TURN 

CA8L2: MS (LK) = ( ZO - 0) / B 
RF.S ULT= (R ESULT + (ZO - B) * 2(5) / 2 ♦ 3 ** 2 * Z(LK + 6) / 2)* PARM 

E"ID 



PROCEDURE SOR T3 ( M,N,A , 8 , C ) 

I 
I 
I 
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THIS P ROCEDURE I NTEGRATES T HE FUNCT I ON WH I CH HAS ANY OF THESE FOR ~ S 

1 • 
2 . 
3, 

M 
N 
A, B ,C 

S TMT NO 

13 - 19 
20 - 29 
3 0 33 

3 4 - 35 

3 6 - 38 

SORT ( A* X*C2 +0*X+C ) 
1/SO RT(A*X**2+B*X +C ) 
X/ SQ RT ( A* X**2+8*X+C ) 

ARG UMENT 

THE PO\H: R OF X 
THE POW ER OF SORT ( N=l OR N=-1) 
SEE THE FORMS STAT E D AOOVE 

DESCR IPTION 

WHEN A IS GREATER THAN 0 
WH ~N ~ I S LESS THAN 0 
THE INTEG RAN D I S SORT ( A* X**2+B*X+C) 
WHEN A > 0 
TH~ INT~GRA L I S ( 2*A*X+B ) *SOR T( A*X**2+R*X+C)/( 4*~ ) 
( B**2-4~A•C >* LN( 2*A*X +R+2*SORT ( A) *SOQT ( A*X**2 +B* X+C)/ 
( 8*A*SOfH ( A )) 
WHEN A < 0 
THF TNT EGP AL I S ( 20A•X- 9 ) *SORT ( A* X**2+B*X+C )/( 4*A ) + 
CB**2 +4*A*C l *AS I N (( 2*A*X-B )/SORT ( B**2+4*A*C))/ 
( 8*A*SO 'H ( A)) 
THE INTEGRAND I S 1/SOR T( A**2 +R*X +C) 
WH'::N A > 0 
TH = INTEGR AL IS L~( 2* A* X+ 8 + 2•SORT (A) *S ORT( A*X** 2+B *X+C ))/ 
SQPT ( A) 
WHEN A < 0 
THE I NTEGRAL I S AS I N( (2 *A*X-B )/SQq T( B**2+4* A*C ))/ 
SO'<T ( A ) 
TH~ I NT EGR AND I S X/ SOA T( A**2 + B*X +C) 
WHEN A> 0 
THE I NTFC.RAL IS SORT (A *X**2 +R*X+C )/A -R*LN ( 2* A* X+ 
8+2*SORT (A) *SOR T( A*X**2 +B*X +C ))/( 2* A*SORT ( A) I 
WHEN A < 0 
THE I NTEGRA L I S - SORT (A **2+B*X+C )/A+8 *AS I N(( 2*A*X- S )/ 
SORT( B**2+4 * A*C))/( 2* A* SORT(A)) 



PROC EDUP~ SOR T3 ( M,N ,A, A,Cl 

ENO 

ALG E BR A I C ( Z ( I 2 ) : !3 , Z O : 8 , Z 2 : 8 , Z 3 : 8 , Z I ( 6 ) : 0 , Z Z ( 1 2 ) ! l ) f, 
MA,M5,S ER , PARM , RESU LT 

EXT ERN• L M8 , M2 , M5 ,L K, KEK , SE R , PAA~ ,R ESULT, S TATUS 
AQR AY ( 0:2 ) STATUS , 
I NT EGER A,0,C,M,N,N3,M2,LK,KEK.STATUS 
ARR AY MA 
M <R J\Y (6) M2,M5 
STATUS (0) =33 
STATUS ( I) = 58 
L K= LK+l 
M2 (L Kl =28 
I F ( A>O) 00 

OOENO 

MS(LKl=A 
LK =LK+ l 
M2 (L K ) =27 
M5(LK)=2*A*ZO+B+2*Z(LK+S)*Z(5) 
N3=1 

EL SE DO 

DOEN D 

M5(LK)=-A 
LK =LK+ 1 
M2 (LK) =2fl 
M5(LK)=B*•2-4*A*C 
LK= LK+l 
~12 ( LK) =7 
M5(LK) =-( 2*A*Z O+B)/Z(LK+5) 
N3 = 0 

5ER = MB( l) 
IF(N== l,A ND , M= = O) & 
PESUL T=Q E SULT+PAP M* (( 2*A*Z O+ B ) *Z (5)/ 
(4 * A)-C8 * *2-4 • A*C l *Z(LK+6 )/( 8*A* Z(LK+N3+4))) 
EL SE IF("l ==- 1, AND ,M = = O) & 
RE S ULT =q ES ULT+PARM*Z(LK+6)/Z(LK+N3+4) 
EL SE IF( N== -1, AND,M == l) & 
RESU LT= RF SULT +P ARM* ( Z (5)/A-B * Z(LK+6)/ 
(2* A*Z (L K+N3 +4))) 
ELSE STATUS(0)=99 

178. 



PROCEDURE SORT4(M,N,A,B) 

THIS PROCEDURE INTEGRATES THE FUNCTION WHICH HAS ANY OF THESE FORMS 

FORM 

X**M*SOr.T(A**2+X**2)**N 
X**M *SOR T(X**2+ A**2 ) ** N 
X**M *S O~T(X** ?.-B**2 l **N 
X**M*SOnT(8**2-X**2l**N 

A 

l 
1 
2 
J 
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TH~ VALU ~ OF A tNDTCATES TH E FORN NUN8EQ OF THE F ORM THE FUNCTION HAS 
DEFOR E THE INTEGRATION BEG IN S , TH E INTE GRAND 15 F IR ST 
TRANSFOOMED INTO ONE OF TH E FOLLCWJNG THR EE FORMS 

F• ( Xl *SIN(F(X) l **M*CO S ( F (X))* *Hl+l) 
F•(Xl*SI NH (F(X)l**M *C0SH (F(X}l**<N•l) 
F 1 ( X) *CO SH ( F ( X ) ) *OM* SI NH ( F ( X) ) ** ( N+ l ) 

THE INTEGRATION OF EACH OF THESE FORMS IS DONE OY PROCEDURE TRlHYl 

ARGUMENT 

SEE THE FORMS STATED ABOVE 

STMT NO DESCRIPTION 

8 13 TRANSF~RMS THE INTEGRAND INTO ON E OF THE 
ABOVE THR EE FOR~S 
3 PO SS I BLE T RANSFORMA TIONS AREY = SIN(X), 
Y = SINH (X), Y = COSH(X) 

PROCFOU RE SORT4 ( M,N,A,P) 

END 

AL GE!3P .\IC (Z(l 2 l: 8,Z0 :8,Z 2:8,Z3 : 8 ,Z1(6):8,ZZ(12):1) MS 1 SER,PARM 1 RESULT 
I NT EGER A,~.~.N,P,LK,M2,K EK ,STATUS 
EXT E~ NAL M2 , M5 ,LK,K EK ,SER,PA PM ,STATUS,RESULT 
ARRAY co: 2 1 STATUS 
AP.~AY ( 6 ) M2,M5 
STATUS( 0) = 33 
KEK=t 
N::Nf-1 
IF( (M + N) > 0) PAQM =PARM* B ** (M + N) 
ELSE IF((M + N) < 0) PARM= PARM/ B ** ( - M - N) 
I<="(A==3) KEK=O 
IF(A == 2) TRIHYt(N,M) 
ELSE TRIHYl(M,N) 
M=l 
N-=2 
P::J() 
I1=-(A==3) P=7 
ELSE IF(A:::2) DO 

M=2 
N=t 
P=20 

DOEND 
SER=SER/8 
LK=LKf-1 
,.,2(LKl=P 
M5(LK)=SER 
PfSULT=P~SULT(Z(6)=Z(LK+6)) 
RFSULT=RESULT(Z(M)=SER) 
LK=LK+l 
M2(LK)=N+KEK*12 
MS (LK)=Z(LK+7) 
RESULT=RESU LT(Z(Nl=Z(LK+6)) 
LK=LKt-1 
M2(LK )::P 
MS(LK)=SER 



PROCE DUnE SOR TS {M,N,A, B) 

THI S PROCEDURE INT EGRATES TH E FUNCTIO N WHICH HAS ANY OF THESE FORMS 

FO RM 

X* *M /SQ RT( X**2+80*2 ) *~N 
X**M/SQ PT( 8 * * 2+X**2 ) **N 
X**M/SODT(X* * 2- ~**2 ) **N 
X**M / SQR T( 8 **2- X**2 ) **N 

A 

1 
1 
2 
3 

THE VALU E OF A I ND I CA Tl:S TH E FQRI,! Nl' MBER OF TH E FORM THE FUNCTION HAS 
BEFORE TH E INT EGR AT I ON REGINS t THE l ~T EGR AND I S F I RS T 
TRANSFORMED INT O ONE OF TH E FOLLOWING THPE E FORMS 

F 1 ( X) *ST N ( F ( X) ) * * "' * CO S ( F ( X ) l * * ( I -N ) 
F• ( Xl *S PIH(F(Xl ) **M* COSH( F ( X) l ** ( 1-N) 
F' ( X) *COSH ( F ( X) ) * '-' M*S I Nl-i ( F ( X ) ) ** ( 1-N) 

TH E INTEGRATION OF EACH OF THESE FORMS I S DONE BY P ROCEDURE TRIHYl 

ARGU ME NT 

M,N.A,8 · S EE THE FORMS STATED ABO VE 

STMT NO 

8 13 

14 - 35 

DESC RIPTION 

TPAN SFORMS THE INTEGRAND INTO ONE OF THE 
Aeov ~ THQEE FORMS 
3 POSSIBL E T RANSFCRMAT I ONS AREY = SIN(X), 
Y = SINH(Xl, Y = COSH(X) 
CALL PRCCEDU RE TRIHYl 
SUBST ITUTI NG BAC K I NT O TH E ORIGINAL VARIABL ES 
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PROCEDUR~ SO~ T 5 (~,N,A,0) . . 
ALGERRA IC ( Z(l 2 ): 8 , ZO : A, Z2:8 , Z3 : 8 ,Z1(6).8,Z Z (1 2 ).l) MS,SER,PARM,RESULT 
I NTFG~R A,B,M,N,P,LK,K EK,M2.STATUS 
EXT~n~A L Q[ SULT,~ EK ,LK,M 2 ,M5,PA RM , SER ,STATUS 
AR RAY (0: 2 ) S TATUS 
AR~AY (6) M2 ,M5 
STATUS(0)=33 
N=N+ 1 
TF((M + N) > 0) PARM = PARM* B ** (M • N) 
ELSE IF((M + N) < 0) PARM= PARM/ B ** ( - M - N) 
KEK=t · 
IF( A== 3) KEK=O 
IF(A == 2) TRIHYl(N,M) 
ELSE TRIHYl (M,N) 
M=l 
N=2 
P=19 
IF(A==3) P=7 
CLSE IF(A ==2 ) 00 

M=2 

END 

N= 1 
P=20 

OO t= NO 
SER =SER /B 
LK=LK+t 
RFSULT~RESULT(Z(6)=Z(LK+6)) 
M?.(LK)=P 
M5(LK)=SF.R 
RESULT=RESULT(Z(M)=SER) 
LK=LK+t 
M2CLK)=NH2*Kf.:K 
M5(LK)=Z(LKt-7) 
RF.5 ULT=P fS ULT(Z(N)=Z(LK+6)) 
LK =LK+l 
M2(LK)=P 
MS(LK)=SEq 



PROC EDURE RATFCT 

TH[S P r.O CF.O URE INT EC, RATES THE FU NCTION WHI CH I S TH~ QUOTIENT OF TWO 
POLYNO MIAL S AND IT S ATI S FIES ONE OF TH ESE CO NDI T I ONS : 

1 • 
2. 
3. 

THE F UNC TION CAN P. E E XP RESS : D AS F'(X)/F (X) 
TH E OF NOMINAT OR OF THE FUNCT I ON I S 0. S I NGL E TER ~I 
THE OE NOM INATO Q HAS THE DEG RE E OF TH E VA~IABLE 
L ES S TH ftN 3 

IF TH~ FUNCTION CA NN OT BE CO MP LE TELY INTEGR ATED B Y RATFCT THEN 
PROCEDURE RATFUN WILL BE CALL ED 

SHIT NO 

12 14 

16 - 19 

21 
24 30 

31 35 

37 51 

40 
42 - 48 
42 - 47 
48 
50 
52 

DESCRIPTION 

WHE N TH E DE NOM I NA TOR OF THE I NTE GR AND I S IND EPENDENT 
OF ZO THE IN TEGRAL IS OBTAI N~ D 9 Y US ING 
PROCEnu q e P I NT( ALTP AN BUILT I N RO UTIN ~ ) 
IF TH E OEG~EE OF TH E VAA[ ABLE IN THE NU~ ~ RATOR IS 
NOT L ESS THAN T HA T OF THE DENO~ I NA TO R DIVIDE 
TO OBTA IN TH E QUOTI EN T AND RE MA I NDE R 
THE QUOTI ENT I S A P OLYNO MIAL AND so rs INT EGRATED 
OIR ~ CTLY 
IF THE REMAINO~R I S O THE tNT EGRAT!ON IS COMPLETE 
IF TH ~ INT EGRAND HA S TH E FO RM F'(X)/F(X) 
TH I:: I NTE GRAL IS LN( F ( X)) 
THE NUM ~ RATOP OF TH E UPDAT ED INTEGRAND 
SHOULD HAVE A S INGLE TERM OR ITS DEGRE E OF ZO 
IS L ESS TH AN 3 
WH EN TH E NU ME RAT OR HAS A SP~ GLE TE RM AMO THE 
lN TEGQ AND IS (,a *X** I + B*X ** J + •• •• .) / X**K 
INT EGRATE :;;;.-AC>-t "'Pf';P ~ t.. * X ** R / X ** K DIRECTLY 
AND S U~ UP ALL TH E INT EGRALS 
GET ~ ACH TEQ~ OF T H~ INT EGRAN D P * X ** R / X**K 
NOW I NT~GRAT E THc CURk E NT T ER M 
IF '-1 EOUt..L -I THE INT EGRAL I S P* LN(ZO) 
ELS E TH E INT r GRAL IS -P / (M - 1) * X ** (M - l) 
IF INTE GR ATI ON NOT CO~PLETEO GO TO 38 
IF THE INT EGqA ND I S NOT IN TH E AOOVE CASE 
PROC EDURE RATFUN WILL BE CALLED 

181. 



. -.... 
182 . 

PROC EOUPF. RATFCT 
AL GE BR A [ C ( Z ( 1 2 ) : fl, ZO : 8 , Z 2 : 8 , Z J: FJ, Z I ( 6) : 8, ZZ ( l 2 ) : I ) D l , 02, 0 J, DD , 

M5 , FC T,PA RM,RESULT 
JNTEG~R M,N,Nt,N 2 , M2 ,LK,LAW,J ACK , STA TUS 
EXTERNA L M2 , M5 ,LK,LA W, FCT,JA CK ,PA RM,STATUS,RESULT 
ALT RAN ALG EERA TC LC PO ,LTPO,OUOPO 
ARRA Y(0: 2 ) STA TUS 
ARRA Y(6) M2,M5 
S TATUS(!) = 5 1 + LAW 
STA TUS(O) = J:J 
JACK= 5 
DI = ADEN (FCT,D2) 
NI= DE G(D1,ZO) 
I F ( Nl == 0) R~S ULT = RESULT +PARM* P[NT(FCT,20) 
ELSE DO 

N2 = DEG(02,ZO) 
IF(N 2 < Nl) GO TO WOOD! 
DJ= OUO PO ( EX PANO(D2),EXPANO(DlJ,Z0,02) 
RESULT= RESULT+ PARM* PlNT(DJ,ZO) 
FC T = D?. / D 1 
TF(FCT == 0) RETURN 

wooot: 03 = 02 / OIFF(Dl ,20) 
SP LIT(O J ,Z0,~3,02) 
[F(D 2 , EO , t) DO 

DOEND 

LK = LK + l 
RESULT= RF.S ULT+ PARM* 03 * Z(LK + 6) 
M2(LK) = 27 
M5(LK) = 01 
RETURN 

STATU S (O) = 99 
D1 = AOEN(FCT,OD) 
M = DEG(D1,20) 
N = NTR~1 (01) 
[F(M > 2 ,ANO, N > l) RETURN 
ST A TUS ( 0) = 33 
[F(N -- 1) 00 

wooo2: 02 = LTPO(EXPANO(DO)) 
OD= DD - D2 

ENO 

D2 = D2 / Dl 
M = DEG(D2,ZO) 
IF(M == -1) DO 

LK = LK + l 
M2(LK) = 27 
M5(LK) = 20 
RESULT= RES ULT+ PARM* ZCLK + 6) * 02(20 = 1) 

OCF.ND 
EL S~ RESULT= RESULT +PARM* ZO ** (M + l) / (M + l) * 
D2(ZO= l) 
IF(DD ,NE, 0) GO TO WOOD2 

00::'.ND 
ELS~ STATUS(O) = 55 

OOE ND 



PROC EDUPE RATFUN 

THIS PROCEOUJ:;E I NT F. GnAH:S THE FlJNCT I O"I WHICH HAS THE FOLL Ol'I I NG FORM 
( A*X+ 9 )/( C*X**2+D*X+ F. l 

SHIT • NO 

9 - 1 3 
14 - 20 

23 
24 

25 - 43 
28 - Jl 

32 35 

(TH E FUNCT I ON CANNOT 8E EXPR ES SED AS F' ( X)/F(X )) 

DE SCR IPTION 

GET TH E VAL UES OF AOC D AND E IN THE I NT EGRA ND 
IF A NOT F.OUA L O TH E F I RS T PART □F TH E 
I NT EGQA L I S A*LN(C* X* * 2 • D*X+ ~ )/( 2*C ) 
TH E RE MAINING l ~T EGP A~D IS ( 8 -A *D/ ( 2*C ))/C / 
( X**?.+D/C * X+F. / C l 
L~T A= CE/Cl-(0/(2 *C ll **2 
I F A E OU AL O TH E I NT EG ~A L OF THE NEW INT EGQAN D IS 
-1/ CZ0+0/ ( 2*C )) 
A NOT EOUAL 0 
I F A< 0 THF. INT EGQAL r s ( B-A * D/(2*C))/ ( C• SOR T(-A)) * 
ATAN((Z0+0/(2*C) )/SOR T ( -A ) 
A -:: l 

183 . 

36 - 42 
THE l "IT EGRAL IS THE S AM E AS ABOVE BUT SE T soq r(-A) = 1 
A > 0 
TH F. INTEGRAL IS ( A- .A* D/(?.*C ))/( C*SORT ( A)) * 
ATA NH ( ( Z0+0/(2 *C l )/ SOi<T ( A ) 

PROC ED URE qATFUN 

EN D 

ALGEBRAIC (Z(1 2 ); s.zo : A,Z 2 : 8 , l3:8 , Z l( 6 ) : 8 , ZZ ( 12):11 M5 , 
FCT,T~~P 1,TE MP 2 , PARM , RESUL T 

EXTE~NAL M~,~5 ,L K,LAW , KEK , FCT , PAQ~ , ~ESU LT 
INT EG EQ R ,C,D. E , M2 ,LK,KEK,LAW 
RATIONAL A 
ARRAY ( 6 ) 1-'2,MS 
TEMP l =AOF.N ( F CT,TEMP2) 
B=Tr=.MP2 ( ZO= O) 
A=T EMP2 ( ZO= I )-B 
E=T EM P l I ZO= Ol 
D=I ( TF.MPI- E: )/ZO) ( ZO=O), 
C=TEMP I ( 70= l )- E -D • 

IF ( A• NE • 0) DO 

DOEND 

LK=LK+l 
M2(LK ) =2 7 
r,.,5 ( L K ) = TEMP l 
P~SULT=D~SUL T+PA RM*A*Z (L K+6 )/( 2*C) 
PAR M=PARM* I B-A*D/(2*C))/C 

ELSE PARM=PAQ'-l*AIC 
T~MP I = I ZO+D /( 2*C)) 
A= I E / C l - ( rJ / ( 2 *C ) ) * * 2 
IF(A==O> qES ULT =RESULT-PARM/TEMPl 
ELSE DO 

LK =LK+l 
M2 (L K >= ll 
IF (A< 0) DO 

A=-.\ 
/J.2(LK ) = 23 

DO'::ND 
IF( A== l) DO 

M5 ( LK I =Tl::MP t 
QESULT=RESULT+PARM#Z(LK+6 ) 

DOEND 
EL SE 00 

DOEND 
DO'::ND 

M5 (LK) ~TF.~P l/2(LK+7) 
LK=LK+ l 
'-12 (U< )=28 
'-'S(LK)=A 
~ESULT =QESULT+PARM*Z(LK+5)/Z(LK+6) 
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PROCEDURE ARCFCT(M,N,I,A,B,Nl,D3) 

THIS PROCEDURE INT EGRA TES T~E FUNCTION WHICH HAS THE FOLLOWING FORM: 

Ft ( X) * F(X)* *"'l*OP (F(X)} 
WH ~RE OP IS AN Y INVERSE TRI. OR HYP. FUN CTION 

TH~ INTEG RAT I ON IS FIRST PERFORMED UY I NTEGRATION OY PARTS, 
THUS OBTAINING THE FI RST TERM OF TH E INT EGRA L, THE NEW IN TEGR AND 
I S THEN TRAN SFORME D INTO CNF. OF TH E FOLLCWING FORMS : 

FORM VALUE 
I 

l 
l 
2 
3 
4 
5 

EXPRESSION 

X**M/SORT(X**2+A**2)**N 
X**M/ S ORT(B **2 +X**2)**N 
X**M/ SO~T(X**2-8 **2 l**N 
X**M / SOR T( B**2-X**2 )**N 
X** ( '-1+1 )/( l-X **2 ) 
X**(M+l)/(l+X**2) 

THE FIRST FOUR FORMS ARE HANDLED BY ~ROCEDURE SORT4 
ANO THE REST ARE HANDLE D BY PROCEDURE RATFCT 

A 
I 

Nl , D3 
M,N,B 

STMT NO 

12 
13 14 
15 l 6 
17 - 21 

25 - 29 

30 - 36 

37 41 

42 47 
45 
46 

ARGUM ENT 

DUM"1Y 
THE INTEGER CORRESPONDING TO OP(SEE ABOVE) 
ON RETURN I CONTAINS THE FORM VALUE(SEE ABOVE ) 
SEE THE PROCE DURE MAIN FOR DE TAILS 
SEE TH E NEW FOP~S ABOVE 
THESE VAR IA BLES ARE PASSED TO PROCEDURE SORT4 

DESCR IPTION 

THE DEGR EE IN THE OP SHOULD BE EXA CTLY ONE 
OP SHOULD ~PPE AR ONLY ONCE IN TH ~ [NTEGRAND 
FORM CHECKING F OR F•(X)*F(Xl**M*OD (F(X)) 
THE FI~ST TERM OF THE E VE NTUAL INTEGRAL IS 
OBTAINED US ING INT EG~ATION BY PARTS METHOD 
FOR OP EQUAL ASTN OR ACC5 OR ASECH THE INTEGRAND 
IS TRANSFO RME D INTJ FORM 3 
FOR OP EOU~L ASINH OR ACSCH THE INTEGRAND IS 
TRANSF8R ME D INTO FOQ M l 
FOP OP EO UAL ACSC OR ASEC OR ACOSH THE INTEGRAN D 
IS TRAN SF ORMF D INTO F C~~ 2 
THE R~ST I S TRANSFORMED INTO FORM 4 OR FORM 5 
TH~ INT EGRAND IS TRANSFORMED lNTO FOR~ 5 
THE INTEGRftN D IS TRANSFORMED INTO FORM 4 
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PROC ED URE ARCFCT( M.N,I.At A,N\ t03 ) 
AL GE BR A IC ( Z ( I 2 ) : fl, Z O: 9 , Z 2 : 8 , Z 3: 8 , 7. I ( 6 ) : 0, ZZ ( 1 2) : 1 l O 1 , D2 , D 3 • MS • 

ENO 

SE~,FC T. PAR M, PES ULT 
INT EGE R A, 8, ,~1,N,t ,Nl.M 2 . MA ,LK,KEK,STATUS 
EXT ERNAL M2.M 5 , MA .LK,F CT . KEK , S~ R, PARM,RES ULT,STATUS 
ARRA Y (0: 2 ) STA TUS 
ARR AY(6) M2,Mti 
AqR AY MA 
ST AT US(0)=99 
S TAT US(\) =44 
I =).1A ( 1 l 

N=-1 
B=l 

IF(Nt.l's'::.t) RETURN 
SP LI T ( D 3 , Z ( 1 ) • D 1 , 02) 
IF ( D.2 . NE-" • I) · RE TU~N 
GE TP \m ( ~1 , 0 • 03) 
IF(STAT US (O).NE o55) RE TURN 
PARM= PARM/ (M + 1) 
LK = LK + l 
PESULT =PARM* SER** (M + ll * Z(LK + 6) 
M2 (LK l = I 
MS( LK) -= SER 

STATUS(Ol=l09 
IF(I==7.0R oI= -=8, 0R,I ==22 ) 00 

DOE ND 

A-=2 
IF(I,NE. 22 ) M=M+l 
IF(I==7) PARM=-PARM 

ELSE IF( 1== 19 .O R . t==2 Ll . . 0,0 
A=l 

DOEND 

I F ( I -= = l 9 ) DO 
PARl-'=-PARM 
M=M+l 

DOENO 

ELSE IF(I=-=9,0R.I-=-=lOoOR.1==2 0) 00 
A=3 

DOE ND 

[F(I,NE.9) PARM=-PARM 
IF(I==20) M= M+l 

ELSE DO 
STATUS(O)=l04 
IF(I.NE.1 2 ) PARM=-PARM 
IF( I==l l , CR.! ==12) FCT=SER**(M ·l-1 )/(l+SER**2) 
ELSE IF( I == 2 3 ,0R.I= = 24l FCT=SER**CM+l)/( l-SER**2) 

DOE ND 
I=A 



PROCEDURE GETPWR( l,U,03) • 

THIS PROCEDURE COMPUTES THE V~LUE OF I IN THE "FUNCTION" 

F•(X)*F(X)**I*OP(F( X)) 
WHERE OP IS ANY FUNCTION NAME ACCEPTA BLE TO THE PACKAGE. 

186. 

IF THE FORM STATED ABOVE CAN NOT BE OBTAINED IT RETURNS AN ERROR FLAG ■ 

ARGUMENTS 

I 
u 
03 

SHH NO 

9 
10 12 

13 - 15 

16 
17 
19 - 36 

22 

23 - 33 
27 32 
34 

37 - 46 

49 - 50 
52 

SEE THE FORM STATED ABCVE 
ou .'-!r,<Y I NT EG E R 
SEE THE PROC ED URE MAIN FOR DETAILS 

DESCRIPTION 

DIVIDE OUT F•(X) FROM TH E FUNCTION 
Il = DEGREE OF X IN NUMERATOR OF 03 
12 = DEGREE OF X IN OENIJMINATOR OF 03 
Jl = DEGREE □ F X IN NU~ ER ATOR OF SER 
J2 = DEGREE ~F X IN DENUMINATOR □F SER 
IF SER rs A CONSTANT RE TU RN WITH ERROR 
IF 03 IS A CONSTANT I IS SET TO 0 
Il > 0 ANO Jl > 0 
TWO POSSI BLE VALUS OF I ARE TESTED . 
I= 11 / Jl /,ND I= -11 / J2 
IF BOTH I 1 / Jl AND 11 / J2 NOT INTEGER RETURN 
WITH ERROR 
IF Il / J2 IS AN INTEGER TEST WITH l = -tl / J2 
IF I IS F~UNO RETURN WITH STATUS(O ) = 55 
IF NOT FOUND AND I 1 / J 1 IS NOT AN I NT EGER 
RETURN WITH ERR OR 
EI T 1-'f:q. - I·}· OR-· J :r· • ?S • .!-ERO 
IF Il ANO Jl 80TH EQUAL O TEST WITH I= 12 / J2 
ELSE IF Il EO UAL O TEST WITH I= -12 / Jl 
ELSE TEST WITH I = -Il / J2 
THE FOR~ IS NOT RIGHT RETURN WITH ERROR 
THE FORM IS R IGHT SET STATUS(O) = 55 • 



PROC EDUGE GE TD\'fR ( I .u.o :H 

END 

ALG E APATC ( Z (l ?. ): 6 . ZO:fl,Z2 : 8 ,Z3:8,Zl(6):8,ZZ( 12)!1) & 
0 1, 0 2 , 03 . S EP ,PAR M 

EXTE RN AL SER , PAQM , STATUS 
TNTF:Gf.Q I,J, U .Il. I 2 .Jl,J2 , S TATUS 
A P.R AY ( 0: 2 ) STATUS 
V ALUE D3 
STATUS( l) = 5 0 
DJ = D3 I O I F F ( SER ,20) 
I 1 = DE G ( ANUM ( D3 ) ,ZO) 
I = OE G ( OJ , Z O) 
1 2 = 11 - I 
Jl = OE G( ANU'-l ( SER l,20) 
J = DEG ( SER ,ZO ) 
J 2 = Jl - J 
I F (JI == 0 . AI\JO , J2 == 0) RF.TURN 
I F ( 11 = = 0 • ANO , 12 ::: = 0 ) l = 0 
ELSf. 00 

IF(Il > 0 ,!\ND. Jl > 0) 00 
I = l MOO ( l 1 , JI ) 
IF(J2 , NE . 0 .A ND , 11 > J 2 ) J = l 40D (lt,J2) 
IF( I , N E , 0 ,AND , J .NE, 0) RETURN 
IF( J , E O, 0) 00 

J = - I 1 / J2 
DI = 03 / SER** J 
SPL I T ( 0 I , Z O, 0 l , 0 2) 
l F ( 02 • EO; I } 00 

DO END 
OCEND 

I = J 
STATU S( O) = 55 
P AfHA = PARM * D 1 
RE TURN 

ELSE I F ( I ,NE, 0) RETURN 
1=11/Jl 

OOEND 
ELSE DO 

IF(Il == 0) 1 = 12 
ELSE I = t 1 
I F (Jl == 0) J = J2 
E L SE J = JI 
12 = I MOD (l,J) 
I F ( 12 , NE , 0) RET U RN 
I = 1 / J 
IF(ll ,NE , 0 ,OR , Jl ,NE, 0) I = -I 

oon:.) 
03 =DJ / SER** 

DO END 
SPLI T ( D3 , ZO ,Dl. 02 ) 
I F ( D 2 , NE • I ) R r: TURN 
PA Rf,I = PARM * Dl 
STATU S (O) = 55 

187 . 



PROCtO UR E E ''. PFCT ( M ,DJ I 

THI S PROCEDURE ID ENT I F I ES T HE F UNC TION WHICH ONLY I NVOLV ES EXP 

THERE ARE TWO CASES WHICH ARE ACC EPTA ~L E TO THE PACKAGE : 
1 ■ F'(X) *F ( X l **M*EXP ( F ( X)) 
2 ■ T~ F. FUNC TION I S T HE QUO TI EN T OF TWO EXPRESS ION S 

AT LEAS T ONE OF TH EM CONTAIN S THE FUNCTION tl i\ME EXP 

FOR THE LATTFO CAS E THE ARGUM EN TS MUS T BE EITH ER F (X) OR -F(X) 
AND TH ERF ~U S T NOT BE ANY VAR I AB LE ZO PRES EN T I N TH ~ FUNCT I ON 
AS A S I NGLE ENT I TY 

188. 

THE FUNCT I ON OF TH ~ F IRST CAS E rs I NTEGRATED US ING INTEGRAT ION BY PARTS 
THE FUNCTION OF THE S~COND CASE IS F I RST TRANSFORMED B Y EXP (F(X)) = ZO 
ANO TH E N INT EGR AT ED ev PROC~DURE RA T FCT 

STMT 

9 

12 
13 
17 -
19 -
22 
26 -

M 

03 

NO 

24 
16 
18 

23 

34 

ARGUMENT 

TH E VALUI? IN THI S FORM 
F'(Xl *F ( X) **M*EXP (F(X)) 
SEE TH E PROCED URE ~A IN FOR DE TAI LS 

O!:: SCRIPTION 

WHFN M7 = -1 TH E ARGU~ENT OF EXP IS IN FACT LN(A) *F (X) 
WH~PF. A I S THE INT EG~R IN THE FORM A* * F (Xl 
THE FUNCT I ON HAS FO RM 2 
THE F UN CT I ON SHOULD NCT CONTA IN ZO 
THE ARGUM~N TS MUS T AL L BE THE SAME OR 
EACH OF TH ~M r s E IT H~R F (X) OR -F(X) 
TRANSFOR..., TH ~ FUNCTION 9 Y EXP ( F { X)) = ZO 
SET STATUS (O) = 104 TO CALL PROCED URE RA TFCT 
TH E F UNC TI ON HAS FORM 1 

PROC EDURE EXPFCT(M,D3) 
ALG EBR AIC ( Z ( 12 ) : n ,zo: s , z2 : a . z3 : o . z t( 6 ): 8 ,Z Z (1 2 ): 1) 01,02 ,03,04, 

Mfl, FC T, Sf:R , Pl\ R'-l , RES ULT 
EXTERNA L MB , M3 ,M7,FCT,LAW, SEQ ,P ARM , STATUS ,RESULT 
I NTFGEQ ~,N,1,M3,~7,LAW,STATUS 
ARRAY c o : 2 1 STATUS 
M~RAY ...,9 ,M3 
STATU S ( l l ·= 39 

I F (M7 == -1) SE'R =SER* ZZ(II 
SPLIT(D3,Z(l),Dl,02) 
so LI T ( 0 3 , Z ( 2 ) , D 1 ; 04) 
IF(D2.N E .l,OR ,D 4.NC .l) 00 

DO END 

I F { \q (l) >2 ) "lE TU RN 
FC T=FCT / DI FF ( SER , ZO) 
S PL IT ( F CT , Z O , D 1 , 0 2 I 
I F ( D2 , N': .l) RE TURN 
IF{ M3 ( I ) == l I Mfl { 2 )= -M8 ( 1) 
I F ( 'M'J { 1 I + M 8 ( ?. ) • NE • 0 I RETURN 
FC T=F CT{ Z(l)=ZOl(Z(2)=1/ZO) 
FCT = FCT I lO 
LAW =2 
STATUS(O) = 104 
RETUR N 

!F(M3(1) ■ L E ■ 1) GETPWR(M ,0,03) 
IF(STATU S ( OI == 55) 00 

D01:: NO 

I = - 1 
DON = M , 1 , -1 

OOfND 

RES ULT= RES ULT+ PARM* Z(6) ** N 
PARM= PARM* N * t 

RESUL T = (~ESULT + PARM) * Z(3) 
STATUS(OI = 33 



189. 

PROC EDU RE EX PI( I,NI ,N2,DJ) 

THIS PROCEDU RE ID EN TI F I ES T HE FUNCTION WHICH HAS ANY OF THESE FORMS: 

STMT 

I I 
13 

18 

21 

35 

36 -
40 

41 

43 -
51 
58 

62 

1 • 
2. 

I 

DJ 
Nl,N2 

NO 

16 

20 

31 

56 

42 

55 

59 

F ' ( X ) * 0 P ( F ( X ) ) * *N 1 * EXP ( F ( X) ) * *N 2 
E ( X) i.<C1P l( F ( X)) **'~ l * OP2 ( G( X) ) ,ct>!< l~ >'.<EX P(H(Xl) **N 3 
(WH ERE OP , OP l,OP2 AR C TRI. 0 ~ HYP. FUNCTIONS) 

ARGUMENT 

THE INT EGER COPRESP OND I NG TO OP ( SEE THE FORMS STATED ABOVE 
SEE AL SO " DELA Y" I N PRO CEOURE MA I N ) 
SEE THE P ROCF.D UR[ MA lN FOR DETAILS 
SEE THE FORMS S TAT ED ABOVE 

DESCRIPTION 

N3 I S THF POWER OF EX P 
T~E INT EGR AND THAT INVOLVES EXP AN O AT LE AST A 
TRIGONO MET~ IC 0~ HY P ER90 LIC FUNCT ION SHOULD 
HAV ~ TH E FO RM AS STATED ABO VE 
THE POW ER OF EXP I N THE INTEGRAND IS EXPECTED 
TO BE 1 
THE I NTEGPANO CONTAI NS SIN(F(X) l **N* COS ( F(X))**N 
OR S I NH ( F (X) l**N* COSH (F(Xl)* *N ANO CAN BE SI MPLIFIED 
BY DOU~LE ANGLE RUL ES 
EXP HA S TH F VALU E A IN EX P(A*F( X)) WHERE F(X) IS 
TH F ARGU MEN T OF THE T RIGO NOM ETR I C OR HYP F. R 9□L IC FUNCTION 
THE INT EGR AND HA S TH E SECCNO F □ qM AS STAT ED AOO VE 
THE I NTEGO~ND 15 THU S SPLIT I NTO TWO PARTS 
THE I NFOR~A TJON REGA P OJ NG THESE DAR TS AR~ STORE D HERE 
THE AQ"GlfM'fJ '-l'r OF rt·E TR t GONOMETR I C OR HYP C::RWJL IC FU"lCTION 
THAT AD PE A~S IN TH E S[ CCND PART OF TH E I NTEGq AJD 
AFT ER THE TRANSFORMATION Y = F(X) NO SIMPL E VARIABLE 
IS J~ ANY PA RT OF THE INT EGRAND 
ADJUST COEFF ICI E NTS 
IF M7 = -1 THE FUNCTION CONTAI NS A ** F(X ) 
AFT ER THE TRANSF~RMAT ION Y = F(X) THE SIM PLE VARIABLE IS NOT · 
IN TH E FUNCTION ANY LCNGE R 
CTHE RWIS E TER MINATE ThE INTEGRATION 
ADJUSTMENT 



PROC E DU R~ F.XP 1(!,Nl ,N2 ,03 ) 
ALG EO~ O. I C ( Z (l 2 ): A , Z0 : 8 , Z2 : 8 ·, z3 : a ,Z1( 6 ): 8 ,Zl(l 2 ):11 01.02.03. 
~B , S~R , FXP,PA QM , OSER 1 0 EXP , OPAR~ 1 FCT 
EXTERNAL MA,M R , MJ , M7 , SE R , EXP , PARM , OSER , OEXP,OPARM , FCT ,K EK , 

J O.CK , STATU S , Df LAY 
I N T EGER A,I,Nl, N2 ,N 3 , MA ,M3,M7 ,K EK,JACK,STATUS,DELAY 
A Rr~A Y ( 0:2) S TATUS 
A RR AY MA ,M 8 , M3 
JACK = 6 
STA TU S (!) = 40 
N3 = OEG (O J , Z (J)) 
03 = 03 / Z(3) ** NJ 
DO A = t , 3 

SP LIT(DJ,l(A) • □ 1,D2 ) 
I F (D2 ,NE. 1) RET URN 

OO END 
STATUS ( I) = 41 
A = MJ ( l ) · + M J ( 2 ) + M3 ( 3 ) 
IF(((A==J , OR. A== l02 ) .AND. N3 ,N='. , 1) ,OR,· 
( A== I O I .ANO. N2 , N E . Ill RE TUF~N 
I F (A==3 .A NO . ( MB (l)- M8 ( 2 ) , EQ , 0)) 00 

STATUS (!) = 57 
I F (~l ,NE . N2 ) RE TURN 
M3(2) = 99 
MA(l) = t + KEK * 12 
M3 ( 2 ) = 1-.18 ( 3) 
S F: R = SEq * 2 
MB (l) = ~~A (l) * 2 
I F (NI > O J PARM= PARM/ 2 ** Nl 
F.L SE IF( "l l , NE . 0) PA R M= PARM* 2 ** Nl 

D Di:: ND 
IF(A .N E . 3) M3( 2 ) = 99 
F CT = F CT ( Z ( 2 ) = t ) ( Z ( 3) = 1 ) 
I = MA C 1) 
EXP = MP- (2) / M8 ( 1) 
I F(MJ (l) + M3 ( 2 ) .N E . 100) DO 

ST ATU S ( 1) = 42 
JF(Nl , N':: . 1 .OR. N2 .N E , 1) PETURN 
ST ATU S (!) = 43 
0 SEP = MA ( I ) - MB ( 2) 
SDL IT(D3/D I FF (OSER ,ZO),ZO,Dl,D2) 
I F (D2 .N F:: . l) RETURN 
OPARM = Dl / 2 
I = KEK * 12 + 2 
IF(A == 3 ) I = 1 + KEK * 12 
I F CMA (ll == 11 ,A NO. "13 (1) -- 2) OPARM = -□PARM 
I F ((1.IA( 1) - Kf: K * 12) == 2 ,AND, ( MA(2l - K EK * 12) --
1 l OPARM = - □PARM 
DE LAY= 1 
OE XP = MB (J) / OSER 
I F (M7 == -1) □EXP = □E XP * ZZ( 1) 
PM~M = 1 / 2 
SE~= MD (l) + MA (2) 
EX P= MB(J) / SER 
I F ('-'A( 1) == 1 .AND, MJ( 1) == 2) PARM = -PARM 

DOEl'lf) 
STA TU S ( I) = 43 . 
SPLIT (Dl / DI FF ( S~R ,ZO),Z0 1 D1,D2) 
TF(D2 .NE . 1) RET URN 
S T~TUS(O) = 55 
PARM = PARM * Dl 
IF(M7 == -1) EXP= EXP* ZZ(l) 

END 

190. 



191. 

PAOC EOU RE EXP2( I,M) 

THIS PROCEDU AE INT EGRATES THE FUNCTION WH ICH HAS ANY OF T HESE FORMS 

STMT 

14 
15 -

26 

27 -
31 
32 
33 

42 -
49 

l • 
2. 

M 

I 

NO 

25 

29 

40 

48 
52 

F '( X)* OP { F ( X)) **M*EXD (A *F (X)) 
E ( X ) * OP I ( F ( X l ) * OP 2 { G { X ) ) *EXP ( H ( X l ) 
(WH ER E OP , OP 1.0P2 ARE T R I ■ OR HYP ■ FUNCTIONS) 

ARGUMENT 

SEE THE FORMS STATED ABOVE ( SEE ALS O "DEL AY " IN PROCEDURE 
MA I N) 
TH E I NT EGER CORRESPONDING TO OP( SEE THE FORMS S TAT~D ABOVE) 

DESCRIP TION 

IF DS LAY EOUAL l GO TO J2 
DELAY E QUAL O THE FORW IS F'(X) * OP ( F (X) ) **M*E XP(A *F (X)) 
[NITT ALT ZAT I ON QF VAPIABL ES 
IF THE DENO MIN ATOR OF THE CU RRE NT TERM OF 
THE INT EGRAL ISO RE TU~NS 
ADD TH E CU RR ENT TERM CF THE I NT~GRAL TO RESUL T 
IF M > 1 CALC ULAT E TH E NE XT TER M OF THE INT EG RAL 
IF M = 0 THE LA ST T ER M OF THE INTE GRAL IS EXP (A*X)/A 
FOR~= l THE INTE GRA L OF THE INTEGRAND IS 
OBTA IN ED DIR ECTLY 
WHEN DELA Y = l CALCULATE TH E SE COND IN,EGRAL DIRECTLY 
THE F I NAL RES ULT I S COMPLETED BY MULTIPLYING 
WITH EXP (A *X ) 

PClOCEDURE EXP ?(I,M) 
ALGE BA A I C ( Z ( l 2 ) : fl • Z 0 : ~ • .l 2 : 8 , Z 3 : .'3 , Z l ( 6 ) : 8 • Z Z ( l 2 ) : l ) & 

S~ R ,OS ER ,P Ah W,OPARM,M5 ,PAP.,EXP,OEXP,TEMP,RESULT 
INT EG !': q 1,J, K,L, M,P,Il ,LK, M2 , KEK,O ELAY, S TATU S 
EXTERNAL M2 . MS ,L K ,K EK , EXP . SER , PARM ,OEXP,OS ER ,OPARM,DELA Y,STATUS , RES ULT 
ARR AY ( 0:2 ) STATUS 
ARPAY ( 6 J t,12,MS 
S TATU S ( O) = 9q 
STATUS(l ) = l9 
P = I 
I= I - KEK * 12 
IF ( I == I) J = 1 + l 
ELSE J = I - 1 
IF(OELAY == l) GO TO EXON2 
□EXP= EXP 
K = 1 
I F (M < 2 ) GC TO EXON2 
I I = 2 • ( P - 1) + KEK + l 
L=-1 
K-=-1 
IF(II ■ E O,. '. ) L=l 
ELSE t F (II ■ EOo3) DO 

L= l 
K= l 

DOENO 
EXON l: [ F ( ( EXP ** 2 + L * M ** 2) == OJ RE TURN 

TF.'AP=Z ( I l * *1M-l ) * ( f: XP*Z ( I )+K *M*Z { J) )/(EXP **2 +L*•'1**2) 
RESULT =RE SULT+ P~RM * TEMP 
PA RM = PARM * (M >Ir (M - 1)) / (EXP ** 2 + L * M ** 2) 
M = M - 2 
IF(M > l) GO TO EXONl 

EXON 2 : IF(M < 1) RES ULT = RES ULT+ PARM/ EXP 
!::LSE DO 

I I = - l 
L = l 
tF(KE K == I) L = -1 
JF (P == 2 ,ANO ■ Kf.K == 0) It = I 
IF( (EXP** 2 + L) == 0 .OR. ( OEXP ** 2 + L) == 0) RETURN 
RESULT=r~ ESULT+PARM * ( F. XP*Z( I)+( I I * Z( J) I )/( f:XP** 2tL) 

OOEND 
lF(DfLAY == 0) GO TO EXONJ 

LK = LK + 2 
,.,. 2 (LK-ll = t 
M2(LK) = J 
,.,. 5 (LK-1) = OSER 
MS(LK) = OSE~ 
R~S UL T = RESULT t f)PARM • ( Of: XP • l(LK + 5) • 

( I I * Z ( L K + 6)) I / ( OE XP • * 2 • L) 
EXON3: LK = LK + l 

END 

PFSULT =RESULT• Z(6 t LK) 
M2(LK ) = 26 
M5 (LK) =E XP• SE~ 
STATUS(O) = 33 



PROCED URE HYPTRI(I,M , OM,N l,N2 ,0 3 ) 

THIS PROCEOURE IC '.:N TIFIF.S THE FUNCTION WH[CH INVOLV ES 
EXP,STN,COS,S!NH,COSH,WITH AT LEAST ONE FUNCTION NA~E BEING 
SIN,CO S , S INH, OR COSH 
THE SET OF FORMS THAT r s IOCNTIFIED HERE INCLUDES : 

l • 
2 . 
3 . 

F'(X)*F(X ) *~•'-l*OP ( F(X ) ) **N 
f (X) **M*OP 1(F(Xl)*OP 2 ( G( X) ) 
F ' ( X ) * 0 P 1 ( F ( X ) ) * * N I *O P 2 ( F ( X ) ) * * P-12 
(WH ERE OP,O P l , OP2 ARE TRI ■ OR HYP, FUNCT I 0NS ) 

ARGUM ENT 

192. 

1 THE [NTEGER COR RESPOND l~G TO QD ( S EE THE FOR MS STATE D 
ABOVE ANO S EE ALSO "DELAY" IN THE PROCEDURE MAIN ) 

03 
M , 01.1 
Nl ,N2 

STMT NO 

1 l 
12 
13 - 26 

27 - 32 

33 

34 - 54 

36 

SEE TH E PROC EDURE ~AI~ FOR DETAILS 
SEE THE FO PMS STATED ABOVE 
SEE THE FORMS STATED ABOVE 

DESCRIPTION 

IF NOT THE A80VF. FORM GO TO 33 
IF ARGUM~NTS NOT ALL EQUAL GO TO 33 
THE INTEGRAND HAS THE AB □ VE FOR~ PROCEDURE 
TR!HYl WILL BE CALLED 
TH E INT EGPAND CON TAINS SIN ( F (X)) *~N*COS (F(X ll**N 
OR S I NH (F( Xl )*~N*COSH ( F ( X)) **N AND CAN BE SIMPLIED 
BY THE DOU BLE ANGLE RULES 
FOR EX A~PLE SIN ( 2*X)=2*S I N(X) *CO S (X) 
TH = INT f.GPAND rs EXP E CTED TD HAVE THE FORM 
F • ( X) *F ( X l **M*OP ( F( X) )**N 
THE t~T ~GqAND IS EXPE CTED TO HAVE THE F ORM 
E ( X ) *O P(F(X) ) *OP (G(X)) 
FOR THESE FOnMS THE PCWERS OF THE' cl'P'r"S" ' Mt.lST BE 1 



PQOC~DURE HYDTRI(I,4,0M,Nl,N2,03) 

WORH 1 : 

WDRH2: 

END 

ALG E BRAIC ( Z (l 2 ): 13 , Z0: .:.1 , z2 :R, Ll : 8 , Z l( 6 ): 0 , 7..Z (l 2 ):l) 
MA , 5 ER , PAq~ , DS ER , OP~RM , FC T, RESULT 

EXTERNA L MA, Mi3 , Ml , M3 , 
K E K , FCT , SE ~ , PARM , OS~ D , n PAR~ ,JACK,STATUS,qESUL T,D E LAY 
INT EG Eq I,M,OM,Nl,N 2 , MA , Ml,M3, KEK,JACK , STATU S ,OELAY 
ARRAY (0: 2 ) STAT US 
ARR AY MA,MB,Ml,MJ 
J ACK = 2 
IF( Ml(l) + "13(1) . F.: Q. 2 ,ANO. Nl < 0) GO TO WORHt 
IF(M3(1) ,NE . I ,OR , M3(2l ,NE , I) GOTOWORH2 
IF(M B (2) - M □ (l) ,N E , 0) GO TO WORH2 
IF(Nl .~E , N2 ) DO 

DOEND 

STATUS( 1) = 43 
SPLIT(D) / OtFF(SER,ZOl,ZO,Dl,D2) 
IF(D 2 ,N E , t) QETURN 
IF ( MA ( 1 l == 2) 00 

JA CK = NI 
N t = N2 
N2 ·= JACK 

DO END 
JACK = 1 
PAR ~1 = PARM * DI 
STATUS(O) = 55 
RETURN 

MA(\)= Kf:K * 12 + 1 
SER = S EI'? * 2 
""3(2) = 9() 
IF(Nl > 0) PARM= PArlM / 2 ** NI 
ELSE IF( N l , N~ , 0) PMHI =PARM* 2 ** Nl 
FCT = FCT(Z(2) = t) 
IF( MJ (l) + M3(2) , EO, 100) I= MA(t) 
ELSE DO 

ST ATUS(!) = 42 
I F (Nl ,N E' , 1 ,OR, N2 ,NE. 1) RETURN 
SER = 118 ( 1 ) - ME:l ( 2) 
DELAY= 1 
PA RM= 1 / 2 
STATU S (O) = 99 
GETrwP. ('~ ,O ,DJ) 
IF( S T ATUS(O) ,NE. 55) RETURN 
osEq = SER 
□PARM= PAR/,! 
OM = M 
I = KEK * 1 2 + 2 
IF(MJ (l) . Ea. 1 .AND, MJ(2) .Ea. 
IF( MA ( \) == 11 ,ANO, MJ(l) == 2) 
IF((l>!A(l) - KEK * 12) == 2 ,A ND , 
1) OPARM = - □PARM 
SEQ= "IEl(l) + M8(2) 
PA f<M = 1 / 2 

1) I = KEK * 12 + 1 
OPAR'-1 = - CJP ARM 
(MJ\( 2 ) - KEK * 12) 

IF ( MA ( 1) = = 1 .ANO• MJ ( 1) -- 2) PARM = -PARM 
DDEND 
STATUS(O) = 99 
GETPWR ( M ,0 ,DJ) 

193. 



PROC CDURE LOGFCT(A,B,~,N,I,03} 

THIS P RO CEDUR ~ I DENTIFI ES THE FUNCTIO~ THAT INVOVLE S E ITH ER LN 
ALON E OQ LN AND SORT WITH S ORT BE ING IN TH E ARGUM E NT OF LN(SEE THE 
FORMS STAT ED BELOW S ) 

FORMS I 
(FORM NUMBER) 

LN(X- SOQT(X * * 2- B* * 2)) 6 
L N( X- SO:'.l T( X**? +- A**2 ll 7 
LN(X-S OR T( A**2 +X* *2 l) 7 
L N(X+ S ORT( X**2- A* *2 )) 8 
LN(X+ s o q T(X * * 2 +8 * * 2l) 9 
L N(X+soqT( 8**2 +X **2)) 9 

THC FU NC TION TS FI RS T INT FGRAT ED US [NG JNT EGPATION OY PARTS 
THE RE MAINING INT EGR AND IS THEN TRAN SFQQ ME D INTO ON E OF TH ESE FORMS 

A 
8 
I 

03 
M,N 

SHIT NO 

IO - 11 

12 - 13 

15 - 51 
16 

21 

24 - 44 

40 
41 
48 - 50 

53 

54 59 

FORM I 
(NEW FORM VALUE) 

X* * (M+I l/SOQT(X* * 2+ B**2l I 
X* *(M+l)/ SORT(X**2-B**2) 2 

ARGUMENT 

DU1'1~1Y 
SEE THE FOPM S STATED ABOVE 
WHEN CALLFD I CON TAINS THE FORM NUMB ER OF TH E FUNCTION 
ON RE TU RN£ CONTAI NS THE NE W FOR M NUM OE R(SE E AUOVE) 
SEE THE P ROC EDU RE MAIN FOR DE TAILS 
TH E VALU ES [N ANY OF THESE FORMS: 

le X**M * LN(X.SOQT(X * *2 ¾0**2l)**N 
(WH ER E • AND¾ A~E '+' OR•-•) 

2, X**M*LN(Xl**N 

DESCRIPTION 

IN ANY CASE LN SHOULD APPEAR iN THF. ' rUNCTION 
Or-LY ONCE 
TH ~ FU NCTION SHOULD RE ABLE TO BE 
WRITT EN E ITH ~R AS F 1 (X)*F(X)**M*OP 
WHEqE OP IS ANY OF THE SIX FO RMS STATED ABOVE 
C' R Ft(Xl*F(X)**t,l *LN(F(Xll**N 
TH E INT EGRAND HAS ONE OF TH E AB OVE SIX FORMS 
FO RM CH ECKIN G TO SEE F OR EXA MPL E WH E TH ER IN 
LN(U- S ORT(V * *2-B**2ll U A~D V ARE EQUAL 
TH~ DEGR EE 0~ LN IN THE INTEGRAND IN ANY CASE 
S HO ULD BE ON E • 
S TO<E INF ORMATION 
I NITIALIS E VARIA BLES AND 
SET STATUS(Ol = 109 TO CALL POOC EDURf. SORTS 
AND SE T I TO THE FORM NU~ BEq OF THE FORM INTO WH[CH 
TH F FUNCTI ON IS TO BE TRANSFORMED 
TH E N~ W F CQ M NU~ BER IS l 
T~E NEW FOR M NU MR Eq IS 2 
IF TH E APGUM ~NT OF SORT IS X**2 REPLACE IT BY X 
IF TH IS RE:S UL TS TN THE ARGUM E NT OF LN TO BE 0 
RE TU RN WITH ERROR 
AND TH ~ INT EG f<AND WILL BE INTEGRATED AS [FIT 
INV OLV E S ONLY LN ALONE 
TH E INT EGRA ND IS LN(Xl* *N/X (N N~T EQUAL -1) 
TH~ INT EGRAL OF IT I S Lr-(Xl * *(N+l)/(N+l) 
Th E INT F. GRAND IS 1/(X*LN(X)) TH ~ INT [ GRAL OF IT IS 
LN(LN(X)) 
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60 
61 - 69 

TH E VALUE OF~ INF'( ,l*F(Xl**M*LN(F(X) l**N ~UST BE POSITIVE 
ELS~ APPLY INTEGRATION F ORMULA INVOLVING INT EGRATION 
BY PARTS 
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PROCFDU RE LOGFCT(A,B,M,N, I,D J ) 
AL GE Bl< A IC ( Z ( I 2 l : H • ZO : fl, Z 2 : 8 , Z 3: 8, Z l ( 6) : 8, Z Z ( I 2 l : l ) 0 l , D 2, 0 3, MB , 

M5 , SER .P.\ RM , RES ULT 
I NT E GI: R A , ~ , ~1 , N , t , I.I 2 , L K , J AC K , ST A T US 
EX TF~NAL MO , M? , M5 ,LK,S ER , PARM ,JACK,STATUS ,RESULT 
ARRAY (0: 2 ) STATUS 
ARRAY ( 6 ) IJ2,M5 
ARR A Y ~tfl 
STATUS( 1) = 56 
so LT T ( D .3 , ?. ( 1) , 0 1 ; 0 2) 
l F (02 .NE . ll RET URN 
GE TPWP ( '~ ,0,03 ) 
TF ( STf,TUS (O) . NE . 55) RETURN 
STAT U~ (O) = 99 
IF( JACK .NE . 10) DO 

IF(MB (2) .NE ■ MB(3)) RETURN 
£'1-=MR (J) 

STATU S ( l) = 59 
I F CB •NE• 0) 00 

STATUS( l) -= 56 
tFCN .NE ■ 1) RETURN 
ELSE 00 

I = 10 - JACK 
IF ( I == l ■ OR• 
ELSE A = -1 
LK = l.K + I . 
M2 (LK} = 27 

2) A = l 

M5 (LK) = 5ER +A* Z(LK + 7) 
I F ( I == 1 •O R • I == 3) A = 1 
ELSE A = -1 
LK = LK + I 
M2 (LK) = ?.8 
M5(LK) =SER** 2 +A* B ** 2 
PARM= PARM/ (M + l) 

DOEND 
OOENO 

LK = LK + l 
M2 (LK)-:: 30 
'-15 (UO = S F.'R 
Rr:::SUL T .::: RESULT 
IF(I == l . on . I 
IF(I == l ■ OR. I 
ELSE I = 2 
ST.\TUS(O) = 109 
M = M + 1 
N = -l 
RETURN 

+PARM* ZCLK + 6) ** (M+l) * Z(LK+4) 
-- 2) PA RM = -PARM 
== 3) I-= l 

ELSE IF(JACK == 6 ■ OR. JACK -- 7) RETURN 
SER = SER * 2 
PARM= P'RM / 2 ** (M + 1) 

DOFNO 
STATUS(!)= 60 
IF(M == ·-1 ■ AND ■ N ■ NE ■ -1) RESULT= PAR~1 * Z(4) ** (N + 1) / (N + 1) 
ELSE TF (M == -1 .ANO ■ l'I == -1) DO 

LK = LK + 1 
P~S ULT =PARM* Z(LK + 6) 
M2 (LK) = 27 
M5 ( LK) = Z ( 4) 

DO F. ND 
EL SE IF(N < 0) RE TURN 
ELSE DO 

A = - l 
PARM= PARM/ (M + l) 
DO I = N , l , -l 

DOl::ND 

RESULT = PE SULT + Z ( 4) ** I * PARM 
PARM= PARM* An t / (M + 1) 

SESULT = (RESULT + PAOM) * Z(6) ** (M • 1) 
DOE ND 
STATUS( 0) = 33 

END 
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PROCEDURE TRIHYl(M,N) 

THIS PRO CEDUR E INT EGRA TES THE FUNCTICN WHICH HAS ANY OF TH ESE FOqMs 

l • 
2. 

M,N 

STMT NO 

5 - 6 
7 - 15 

16 21 
22 - 27 
28 - 3 :J 
34 - 39 
38 

F ' ( X l * S IN ( F ( X ) l * * M *COS ( F ( X ) ) * *N 
F'( Xl *S I NH ( F ( X) l * *M *COSH(F( X) l* * N 

ARGUM EN T 

SE E THE FO RMS STATED ABOVE 

OESCFl IP T ION 

I NITIALIZATI ON OF VA R IA BLES 
I F M > -2 ANO M < 2 AND N > -2 ANON< 2 
THE INTEGRAL I S OBTA I~ ~ D IN THE SNOBCL WRIT ER 
F.EDUCT lON FOiJ~'.U l.A \~H E N ~1 < -1 
~E OUCT!ON FO '< IAU LA WMEN N < -1 
REDUC TI ON F::J ~nl\JLA WHE N M > l 
REDUC TION FORMU LA WHE N N > 
GO TO LOOP 

PR OCEDURE TRIHYl(M,N) 
AL G c GR A IC ( 7. ( 12 J : 8, 2 0 : 8 , Z 2: 8, 2 3 : 8 , 2 l ( 6) : 8, 2 Z ( 1 2) ! l ) PA RM , RESULT 
I NTEGER M, N,I ,Il ,tl7,KE K 
EXTER NAL M7,KE K ,PAR M, RES ULT 
I F (K EK == l) Il = -1 
E LSE I l = l 

ACAN1: I F (M.LEol .AND. M.GE.-1 .AND. NoLE,l .AND. N.G E .-1) DO 
I = M * 2 + N * 3 + 5 
IF(! . EO . 5) RESU LT = RESULT+ PARM* Z(6) 
ELSE IF(PARM .NE . OJ M7 = 4000 + 1000 * KEK + I 
IF(l == 10) PARM= PARM/ 4 
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IF((! = = 0 .OR. I== 3 .oR. I== 4 .oR. I== 7 .oR. I -- 10) .AND. 
KEK == OJ PARM= -PARM 
RETURN 

DOE ND 
IF ( M < -1) DO 

ACAN2! RESULT= RES ULT+ 2(1) ** (M+l) * Z(2) ** (N+l) *PARM/ (M+l) 
PARM=PA R"-1* (M+N+2) / (M+ l) *Il 
M = M + 2 
IF(M < -1) GO TO ACAN2 

DOEND 
IF ( N < -1) DO 

ACAN3! RESULT= RES ULT - 2(2) ** (N+l) * Z( l) ** (M+l) *PARM/ (N+l) 
PARM= PARM* (M + N + 2) / (N + 1) 
N = N + 2 
IF(N < -t) GO TO ACAN3 

OOEN D 
I F ( '-' > I ) DO 

ACAN4! RESULT= RE SULT - Z! 1) ** (M-t) * 2(2) ** (N+l) *PARM/ (M+N) *11 
PARM= PM?.._.* (M - 1) / (M + N) * 11 
M = M - 2 
IF(M > 1) GO TO ACAN4 

DOE ND 
IF ( N > I) DO 

ACAN5: RF.SULT= RES ULT+ Z(2) ** (N-1) * 2(1) ** (M+l) *PARM/ (M+N) 
PAQM = PAPM * (N - I)/ (M + N) 
N="I-? 
IF!N > l) GO TO ACAN5 

nOEND 
GO TO ACANl 

END 
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PROCEDURE TR IHY2(~ 1 N,I,OM) 

THIS PROCEDURE INTEGRATES TH E FUNCTION WHICH HAS ANY OF THESE FORMS 

l • 
2 . 

M.N , OM 

STMT NO 

1 0 14 
15 - 22 

16 18 

23 29 

28 
30 34 
35 4 1 
42 52 
54 - 63 

64 66 

67 69 
71 - 77 

14 35 

F' ( X) *F ( X ) * •~ M *OP ( F ( X) ) * *N 
E ( Xl**M* OP !( F ( Xll *OP2 ( G (X)) 
(WH ER E OP, OP 1 1 0P2 ARE TRI. OR HYP. F UNCTIONS) 

ARGUMENT 

THE TNT EGEn CORRF.SPONOI 1':G TO OP( S":E THE FOR~IS STATED ABOVE 
Sl:::E ALSO " '.)f"LAY " IN PJ:<OCEDUR E MAIN) 
SEE THE FOr-MS STATED ABOVE 

DESCRIPTION 

INITIALI ZAT I ON OF VA Q IA RLES 
TH E INT EGRA ND rs F' ( X )*F (X)**M *OP (F(X))**2 AND 
IS TRANSFO RME D INTO T~O PARTS USING DOUBLE 
ANGLE RULES 
FCR EXAMPLE 
X**3*SIN(X)**2 = X**3 * ( l - CO S ( 2*X)) / 2 
THE FIRST PA RT OF THE INTEGRAL IS 08TATNED 
D IR FCTLY 
THE INTEGRAND rs F~(X) * F(X)**M*OP(F(X))**3 
AND IS TPANSFORME D INTO T WO PARTS USING TRIPLE ANGLE RULE 
TRIPLE TH E ARGUM ENT FOR THE SECOND PART 
IF N < I OP N > 3 RETURN WITH ERROR 
INITIALISATI ON OF VARIA BLES 
INT f. GRATION 
WHEN DELftY EQUA L I THE SECOND PART IS TO BE 
TNT ~GRATEO WHEN OM NOT EQUAL M 
WH ~N N = 3 0~ OfL AY = l WITH OM EQ UAL TOM 
TH~ SE COND INT ~ G9AL IS COTAINED FROM THE FIRST 
e v ~UBSTITUTION 
THE S~CQHD .JNT ~G RAL (M NQT EQUAL OM) 
STOP~ INFOR ~~T ION FOQ SECOND INTEGRAL FOR 
u s~ BY TH ~ SN08CL WRlT~R TO TRAN SLA T~ THE INTEGRAL 
CALL PROCEDURE TQIHYl 
AFT cR THE lNTf.G RA L IS OOTAINED PERFORM BACK SUGSTITUTION 
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P ROCEDURE T R I HY2 ( M , N ,1, 0M ) 
ALG f::BPA IC ( Z ( 12 ): fl , Z0 : 8 , l2 : 8 , Z3 :8, l l( 6 ): 8 , ZZ(l 2 ):l) f, 

M5 , PAR , SER , OS rq , P AQ M , OPAH M , r,r:: SULT 
I N T EG'::R I ,J, K , L,M , N ,r>, OM ,II , M2 ,L K , K E K , DELAY, S TATU S 
EXT ER NAL "12 , M5 ,L K , KEK , SE R , PARM , OSER , OPAR~ , o E L AY , nESULT,ST A TUS 
A RP. /\ Y ( 6 ) ~12 , M 5 
A P.R AY (0: 2 ) STAT US 
STAT U S (!) = 45 
t F ( Of'L A Y •N E • 1 ) OM ::: M 
P = I 
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SHELi: PAR= 1 
K = 4 * N - 2 * I + 25 * KEK + 1 
I F ( M .LT. 0) R'=.: TURN 
I F ( N • !':: 0 • 2 ) DO • 

D OEND 

PARM = PA R M / ( 2 ** ( M + 2) * (M + l)) 
RESULT = Z ( 6 ) ** ( M t- l) 
I F (K . EO . J2 ) RESULT= -RESULT 
I F (K . EO . 7) PAR = -1 
SER = SER * 2 
! = 2 

ELS E JF(N .Ea, 3 ) 00 
P ARM::: P APM * 3 / 4 

D OE NO 

I F (K == 1 2 ) PARM= -PARM 
CPARM =PARM / (3 ** (M + 2)) 
IF(I .Ea. l .oR. I .Ea. 13) OPARM = -□PARM 
OSER = 3 i< SER 

ELS E IF(N ,NE , I) RETURN 
I = I - K E K * 12 
I F (I , E a, l) I= 2 
ELSE I= l 
IF(I ,C.:Oo 2 .ANO , KEK .Ea. 0) J = -1 
ELSE J = l 
I F (I .Ea. I) K = 0 
ELSE K = 1 
00 L = M , 1 , - I 

Rf: SUL T = RES ULT + Z( I l * Z(6) ** L * PAR * J 
PAR= P AR* L 
IF(I .EO, I) I= 2 
ELSE I = l 
K = K + l 
IF(K .Ea. 2 .OR. KEK .Ea. 1) DO 

K = 0 
J = -J 

DOE~•o 
D Cf:NO 
RESULT= RESULT+ PAR * Z(I) * J 
IF( O~I .r-,; F. . r-0 00 

DELAY= 2 
M = OM 
PAR= OPARM 
OP~P.M = P ES ULT * PARM 
PAR'-1 = PAR 
PES ULT = 0 
I :: P 
GO TO SHELi 

DOE ND 
ELSE IF(OE LAY =:: l .OR, N == 3) RESULT= PAP4 * RCSULT + 

OP ARM * P f:S UL T ( Z ( l) = l ( LK + 7) ) ( Z ( 2) = Z ( LK + fl)) & 
( Z ( 6) = OS ER I 

ELSE IF(DELAY == 2 1 RESULT= nPARM + 
P':SULT(Z(l) = Z(LK + 7))(2(2) = Z(LK + 8)) & 
(Z(6) = OSE R) * PARM 

ELSE P = SUL T = r<ESUl.T * PAR'-1 
IF ( Df'LA Y •N F.: • 0 • OR • N == J) DO 

LK = LK +;?. 

OOEND 
END 

M2 ILK - l l = KEK * 12 + l 
M2(LK) = K EK * 12 + 2 
~5(LK - ll = OSER 
M5(LK) = OSE R 



PROC EDURE TRIHYP 199. 

THIS PROCEDURE INT FGRAT ES TH E FUNCT IO N WH I CH ONLY INVOLV ES SIN , COS , 
S!NH OR COSH OUT IT IS NOT ANY OF THE SPECIAL FUNCT I ON S LISTED IN THE 
APP ENDIX G 
TH '.': FUMCT!ON MUST AL S O CONTAIN MOR E THAN ON E T E R'-1 IN E lTH ER ITS 
NUM E RATOR OR DENOMINATO R AND FOR THE SIN ANO CD 5 CA SE TH E O[N O'-IINA TO R 
OF THE FUNCTION TO RE INT EGRAT ED MU S T INVOLV f S IN OR CO S 
TN ANY CASE THE FUNCTION SHOU L D NOT CONTAIN TH ': VA R IA BLE AS A SINGLE 
ENTITY. 

STMT NO 

9 - 10 

13 - 14 
15 27 

DESCR IPTION 

ALL ARGUM ENTS OF FUNCT IONS I N THE INT EGRAND 
SHOULD Bf: EQUAL 
ZO MAY NO T APPEAR I N THE INT~ GRANO 
THE INT EGR AND IS IN THE TFIGONO~E TRIC CASE 
SLB STTTU TI: S IN( XJ = 2 * T / (I + T ** 2 ) 
SUAS TITUTE CO S ( X) -= ( 1 - T ** 2 ) / ( I + T ** 2) 
TH ~ INT ~GRAND I S I N ThE HYP E~ AOLIC CASE 
SUCJST TTUT ': SINH(XJ = ( E XP ( XJ - E XP (- X)J / 2 
SU AS TITU TE COSH ( X) = ( EXP ( X J + E XP (- X) ) / 2 
P ROC EDU RE RATFCT WIL L BE CALL EO 

28 37 

38 

PROC EDURE TRIHYP 
ALG EBR A IC ( l ( 12J:8 , Z0:8 , Z2 : 8 , Z3 : 8 ,Z1( 6 J: 8 , ZZ (l2)!1) DI,02,D:J,MB,FCT 
EXT fP NAL MA,M 8 , KEK ,LAW,FCT, STAT US 
INT EGE R MA , KEK , LAW,STA TUS 
ARRAY ( 0 : 2 ) STATUS 
ARqAy MA,MEJ 
STATUS(OJ=99 
STATU S (!) = 4 6 
I F ( M~ ( 2 J==99 ) MA ( 2) = MB (l) 
I F(M EJ ( 3 ) . NE . 99 . OR . MB(l) - MB (2) .NE . OJ RETURM 
STATUS (!) =43 
FCT = FCT / DIFF ( MB (ll,ZO) 
SPLIT ( FCT ,ZO, Dl, D2 ) • 
IF(D2 . Nf: , I) FH:: TURN 
IF( KEK . EO, OJ 00 

DI -= ADEN(FCT,02) 
STATU S (!) -= 47 
IF(D EG(Dl, 7. (1)) .Ea. 0 .ANO. DEG(D1,Z(2)) . r::a . 0) RE TU~N 
L AW = 3 
IF(MA(2) . Ea. 99 ) DO 

IF( MA( l) . Ea. I) FC T = FCT(Z(l) = 2 * ZO / (1 + ZO ** 2)) 
IF(MA( 1 J==2 J FCT = FCT(Z( l) = ( 1 - 20 **2 )/( l + ZO ** 2)) 

OOEND 
EL SE FCT=FCT(Z(MA(2) J= ( I-Z0**2 )/( l+Z0 **2 l J (ZP·IA( 1) )=Z0*2/ 

(l+ Z0**2 )) 
FCT = FCT * 2 / ( l + 2 0 **2 ) 

DO EN D. 
ELSE 00 

OO EN D 

LAW = 2 
IF(MA(2) . FQ • 99 ) DO 

TF(MA.(l) . Ea . 13 ) Fer= FCT( Z (l) = (ZO - 1/20 )/2) 
IF(MA( 2 ) . Ea. 14) FCT = FCT(Z(l) = (ZO + l/Z0)/2) 

DO'::ND 
F.LSE FCT = FC T( Z (MA(2) - 12) = ( ZO + 1/20)/2) & 

( Z ( /.IA ( 1 ) - 1 2 ) = ( Z O - 1 / Z O J / 2) 
FCT = FCT / ZO 

STATUS(O) = 104 
ENO 



-UNLIST 
* 
* • 
* 
* 
* 
* 
* 
* 
"' 
* 
* 
* 
* 

* 
* 
* 
* ·• 

I 
/ 

********************* 
* WRITER * 
* * 
********************* 

ST,INGS PATTERNS DEFINITIONS 

IN"UT ('INPUT•, 3, 80) 
CUTPUT (•OUT PUT• , q, • ( l X, 1 32 Al ) • ) 
&T~I M -= 1 
F,.A NCHC R = 0 
L ETT'::R S = •ARCDEFGHIJKLMNOPORSTUVWXYZ• 
DI G I TS= ' 0123 4 5 6 789" 
OP ~QA TO R S = ' +- * /' 
CO N TE N T= SPA N (DIGITS LETTERS OP~RATORS •()•) 
TE XTl = A RR AY(30,' 1 ) 

T F.XT2 = ARRA Y (6,• •) 
T EC H= AR R AY(30, ••) 
KI ND = SPA N (DI GI TS • • ' ) 

THE SET OF DERIVATIVES OF ELEMENTARY FUNCTIONS 

TECH< 1 > = • COSII' 
T~C H <2 > = • ( -SI N/I) • 
TF CH<3> = • (-CSC tt •COTII)• 
TE CH<4> = 'TA Nll* S~Cf/' 
T ECH < S > = • (S F. Ctt1 **2' 
TF C H < 6 > = ' ( - C S C II ) * * 2 ' 
T ECH < 7 > = • ( 1/ SQR T( 1-11**2)) • 
T ECH < 8 > = ' (-l/SQOT(l-4'* * 2))• 
TECH < 9 > = '(-1/( lf* S OR T(;,1 * *2-l) d • 
TE CH <lO> = 'Cl/(ll *SORT(fl**2-l)) ) • 
TECH < 1 I> = ' ( 1 / ( 1 + 4' * * 2 ) ) • 
TE CH <l ?. > = '(-1/(1+11**2))' 
T ECH <l3> 
TC::- (H< 14> 
TE CH< l5> 
T':: CH<l6 > 
TC:C.H<l7> 
T ECH <1 8 > 
T~ CH < 19> 
TEC H<? O> 
T E CH< 2 1> 
Tl:: CH <2 2 > 
T E ( H( 2 3> 
TEC H<24 > 
TEC.H(25> 

= 
= 
= 
-= = 
-= = 
= = = = = = 

'C IJ S H.11 ' 
' S! NH li' 
' -CSCHfl* 1.'."JT Hfl ' 
• TA NH II * S ::C CH II • 
'S ECHll** 2 ' 
1 CSC Hfl* *2 ' 
• ( 1/SO ~T( 1'1**2+1)) • 
'(-I/SORT (11**2+1) )• 
•(- 1/S ORT( ll **2*(1+11**2}) )• 
'(- 1/( lll * SORT( 1-11**2)))' 
' (l/Cl-ff **2))• 
' (1 /( 1-11**2)) ' 
' ( l / ( IIL O G 1 0) ) • 

8 
::c 
M 

~ 
H 
1-3 
M 
::ti 

1-3 
::c 
M 

:i::, 
"d "d 
0 "d 
Cfl M 
1-3 z 
"d 0 

6 H 
:><: n 

M n 
Cfl 

~ 
::ti 

H z 
Cfl z 
0 
to 
0 
t"' 
~ 

N 
0 
0 



* 
* 
* * * 
* * 

* * * 
* * • 

* • 
* * 
* 

TECH< 26 > = ' EX P ~ • 
T E CH< 2 7> = '(l/ H)' 
T':':C H< 2FI> = '(l/( 2 *SORTII))' 
TEXT1<29> = ' LOG ' 

TH E ARR AY OF ELE~E NTA RY FUNCTIONS 
I NDE XE D BY TH E INTEGERS CORRESPONDING TO 
T HE FUNCTION NAMES 

Tl?X Tl<l> = •SI N ' 
TFXT l <2> = • c ric:; • 
T":XT l< J > = • C SC • 
T":XT ! <4 > = ' SEC ' 
Tf: XT l <5 > -= •T AN ' 
TEXT l <I:> > = • COT ' 
T!':.X T1 < 7> = • AS I ,'-l 1 
Tf" XT l< -9 > = ' AC Cl S • 
T<=X T !<9 > = •A cs c • 
n:xr t<t O> = I 4- Si: C. 
T~XTl< ll> = t AT AN • 
Tl='.X Tt < 1? > = • t, CGT ' 
TCCX T l< l~> = ' S I '-J H• 
TF.XT l<t 4 > = • COSH ' 
T': X T 1 < 15> = • C SCH • 
T EX Tl<l A> = 'S F. CH • 
TEX Tt<t7 > = 'T AN H• 
T<= XTl<l 8 > = • co TH • 
TS:::X T1 < 19 > = ' AS ! NH • 
T ":: XT 1 < 20 > = • ACrJ S H• 
T <=X T1< 2 t> = 1 ACS CH ' 
TEX T 1 < 2 ?. > = • A 5':: C H • 
T?" XT1< 2 3> = 'A TA NH • 
TEXT1<24> = • AC OTH• 
T~ XT 1 <2 6 > = •EXP• 
TE XT1<27> = 'L N • 
TE XT1<28> = • SORT • 

THE AR RAY USED FOR DI RECT SUBS"('ITUTION OF 
Z ( I ) 8 Y A FUNCTION f'I AME 

TE XT2<1> = 'SI N • 
Tl': XT 2 < 2 > = • c os• 
TE XT2<3> = 'EXP • 
T='. XT2<4> -= ' L N ' 
TE X.T2<5> = ' SORT• 

THE INTEGRATION TABLE USED FOR THE SPECIAL FUNCTI ONS 

TE XT3 = AR R AY( 105, • •) 
TEXT3< 1 > = • LOG I TAN( CC t:.) +A SI NC II / SORT($))) /2} I /SORT($}" 
TEXT3<2 > = •AT AN(SORT(Sl*TAN(&)/#)/SQRT(S) ' 

' / 

N 
0 
I-' 



TCC XT 3< 3> = 
T FX T 3 <4> = 
TEX T .1<5> = 
T ►: XT3 <6> = 
T FX T 3< 7> = 
T C:XT3<8 > = 
T FX T 3 < 9 > = 
T E'XT3< 1O> = 
TCC XT3< 11> = 
T EXT 3<1 2 > = 
T f.:XT3 <1 3 > = 
TEX T 3< 14> = 
TF:: XT3 <1 5 > = 
T":XT3<1 6 > = 
T f'XT3 < 17> = 
T l::XT3<P3 > = 
TEX T 3 < 19 > = 
T FXT3<2O > = 
T t= X T 3< 2 I> = 
T F.XT3 <2 4 > = 
T FXTJ <2 S > = 
T l;: l(T 3< ;? A > = 
TEXT 3 < ?9> = 
TEXT1<3O> = 
T '::X T 3 <31> = 

•.T FXT 3 < 3 2 > = 
TF.:XT3 <, :n = 
T EX T3<3 4 > = 
T":XT3<35> = 
T F.XT3Ci6 > = 
TF.XT3<17> --= 
Tf:XT~ <J H > = 
T ':XT1 <.1 9 > = 
T f' X T.3<4 O> = 
T !::XT .:' < 41 > = 
T ~ XT3<42 > = 
T EXT:.'1<43 > = 
T EXT3< 4 4 > = 
T'::XT3<45> = 
T FXT3<46 > -= 
T 'cXT3<47> = 
T EXT:1<48 > = 
T r:'XT3<49 > -= 
T E' XT 3<50 > = 
T f:X T 3 < 5 1> -= 
T FXT3 <5 2 > = 
T f::X T3<5 3 > = 
H:XT3<S4> = 
TF:XT3<55 > = 
T FXT3 < 5f.> > = 
TE XT3<57> = 
T FXT3 <5 8 > = 
TEXT .3 <5 9 > = 
TF XT3 <6O> = 
TE XT3<61> = 
TE·.XT3<62> = 
TEXT3<63> = 

• AT AN ((~)*TA N (&)/SORT(S))/SORT(S) • 
'L C'G I (SC P. TC $l*TAN(&)+ll)/{SORT($)*TAN(&)-II) I• 
•L OG I < < 11 > * T AN c & >-s a q T < s > > / < < 11 >*TAN c & > +SORT c s> > I • 
• ( f, ). 
• ( f, ) • 
'L OG I TA N ( {f, ) / 2 ) I • 
' L OG ITA N ( (r,)/2+PHI/4 ) 1 • 

' COS ( f,) / ( ll+?*S I N ( & l) ' 
' 5 I N ( &) /( N + ?*COS(&))• 
' L OG ( l+CO SU:. ) l' 
" L OG ( 1-CC S ( f, )) • 
' L OG ( 1 + S I r-1 ( & l ) • 
' LO G (l-S I N(r. l)' 
'LOGI (l+C OS (f,) )/COS(& ) I' 
'LOG C 1-C()5 (&) )/C 'JS (&l • 
'LOG! ( l+ S I N ( & I l/SHJ(f.. ) l • 
'LOG I ( 1- SI N ( r, ) l / S ! NC & } I ' 
' LOG I TAN ( ( & l /2+PHt / 8 ) I / SOR TC2l • 
"L OG I TAN (( f,) / 2 - PHI / 8 ) I/SORT(2)' 
' TA N ( ( & )- PHT / 4 ) • ; 
1 TAN (( & ) +PHI /4)• '• 
1 /(l+C OS ( f, )) L OG, TAN((f,)/2)1 ' 
'/( 1-CO<; C& l I-L OG .TAN ( ( f.. )/ 2 ) • 
1 /(t+ S I N ( & ll-L OG TAN (PHl /4+{&)/2) • 
0 /( 1- SIN ( f, ))=L OG TMJ(PHI/4+(&)/2)\• 
• C r, l _ L 0 G I 5 t N ( & ) + f,Cl S C & l I 1 

• (f,) L OG I SIN (f.. l - C:'JS ( & l • 
1 <&)-LOG I S I N (&)+,05(& )1 • 
• (&)=L CG ]SI N (&l-COS (&)f • 
1/( l+ SIM ( f, ))_L OG ITAN (P H I/4+(f,)/2)1• 
'/(1-SIN ( f, )l LO G TAN(DHI/4+(&)/2) • 
• / C 1 +C OS ( f, )) - L OS I T .AN ( ( f.. ) / 2 ) I • 
1 /(1-C OS (f;.) )-L OG I T AN ( (£.)/2) I• 
•T t-M ( PHY / 4 -(EJ /2) I• 
'T AN( ( f,)/2)• 
' Tt- N(PH !/4+(&)/2)• 
• coT<<&l/2l' 
•(&) TAN(PHI/4 - (&)/2)' 
' ( & ) T/\ N (( & )/2 )' 
• (f,) TAN(PHI / 4+ (&)/ 2 ) • 
• ( & l: COT (( r, ) / 2 l • 
• T AN C PH I / ,~ - C & J / 2 ) L OG I T '-· N ( ( & l / 2 l I ' 
'L OG IT AN (PHI/4+( &)/ 2 ) T AN ((f..)/ 2 ) ' 
• T A I\! ( PH I / 4 + C & ) /2 ) _L CG 1 T ·" "l ( ( f, ) / 2 l I • 
• LnGITA CPHI / 4+ C&l/ 2 J l CO TCC&l/2)" 
•T ~~(PH t/ 4 -( & l/2) T AN ( PHI /4-(&)/2)* * 3' 
•T AN( (f,)/2) TAN( (&)/ 2 1* *1' 
•COT(P H I/4 -(f..)/2) C0T(PHI/4-(&)/2)**3' 
• COT((f,)/2) COT((&)/2)**3' 
'TAN (PH!/ 4 -(&)/2) TAN ( PHI /4-(&}/2)* *3 ' 
'T AN ( (f,)/2) TAN( (&)/2l **3' 
1 C OT(PHI / 4 -(~l/2) COT(PHI/4-(&)/2)**3' 
1 COT ((f..)/2l COT((&)/2) **3 ' 
• ASIN((3*SIN(&l**2-1)/(S!N(&l**2+1))/SORT(2) ' 
IT AN ( & ) • 
• ASIN((l - 3*COS(& ) **2 ) / ( 1- COS(&)**2))/SORT(2)• 
• COT(&)• 

I 

Iv 
0 
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+ 

+ 

+ 

+ 

+ 

+ 

* 
* • 
* * * 
* • 
* * * 

+ 

T~XT3<64> = •C 05(&)*SORT (l+(?l*SI N (&) **2) • 
' ASY'J( (ll)~CO S(f,) / SORT ( $ )) l' 
TEX T1< 65 > = •cos (&)*SORT(l-(7)*SIN(&)**2l LOG((/;/)*' 

•CCS(f- )+5 0qT (t-(7) *SIN(& l **2))• 
TFXT3<66> = ' SIN(f-)*SORT( 1+(7)* S INC&)**2)_• 
•L 'JG ( ( ")*SIN(& )+ SOR T ( l +{ ?l *S IN(f,) **2l) • 
TEXT3<~7 > = • S I~{f,)*SORT(l-(?)*SIN(&l**2) • 
• AS!N C (ff)*SIN( &l l' 
TFXT3<69> = •~ srN ((l;l) *COS (&l/SO ~ T($))• 
TEXT3<70> = 'L OG ((ll) *COS(f,) +sa ,nct-(?)*Sil\!(&)**2))• 
TeXT3<71> = •L CG ( C•l *SINC& l+ SORT (l+(?)*SI N(&)**2),• 
TEXT3<7 2 > = • ASYN( (/;l) *SIN(&))' 
TEX T3<7 3> = ••T Al'-: (( $)* TA N(&)l' 
TEXT3<74> = 'LOG l<(?l*TAN(f,)+( lf ))/((?)*T AN (&)-( 11 ))1• 
TFXT3<7 5 > = •(&) *SIN(LOG(f,)) { &l* COS(LOG(&)l' 
TFXT3<77> = •AT AN ( ( ( # )* TAN ((&) /2)+?)/SO RT{$) )/SO RT ($)• 
TEX -.-3<78> = • ATAN(((:)*TAN((&) / 2 ))/SORT(S))/SQRT(S)' 
TFX T 3< 79> = •L CG l(CM) *T~N ((&)/2)+?-SQRT($))/({#)*TAN' 

• C ( f, ) / 2 ) + ?- SQR T ( $ ) l I /SO RT C $ ) • 
TE XT3<RO> = 'L OG! (C.)*TAN((&l/2)+SORT($))/((.)*TAN 1 

• ( ( r,) I?)- SO::/ T ( 5 l l I/SORT( $) • 

TEXT3<S l> = 'L N(CSC(2*C • >> + CQT(2*(N)))• 
TFXT3<'33 > = 'L N(S EC(II) +- TAN{II))• 
T": XT3<84> = • LN(CSC (Jtl + COT(II))• 
T~ XT3< 85 > = •L N(COS (/1))• 
TE XT3< 8 7> = •L N( SIN ( II))• 
TFXT3<8 8 > = •cos(M) ' 
TEXT3<89> = 'SIN(~)• 
T=XT3<'1 1> = •C OS (2*(11'))• 
TC:: XT3 <92> = •( f,) ' 
T': XT3 <9 3 > = 'L OGl(TAN(&)+ l)/(TA N(&) -l)f• 
TF.X T3<Q4> = 'L N(CSCH(2*(H)}+COTH(2*(11))) 1 

TE XT3<96> = 'AS EC(H)' 
TEXT3<97> = 'L N(CSCH(~)+COTH(H))' 
T~X T3<9A> = 'L N(COSH ( • )>• 
Tf:XT3<100) = 'L N(SINH (II))• 
T~XT3<10l> = •C OSH(~}• 
TEXT3<102> = • SINH (II)' 
TEXT3<104> = •COSH(2*(H))• 

THE ARRAY USED FOR INDIRECT SUBSTITUTION OF 
Z(I) BY A FUNCTION NAME 

TEXTS= •1SIN2COS13SINH14COSH26EXP27LN28SORT• 

THE SET OF ERROR MESSAGES 

ERROR= ARRAY(65,• •) 
EQqOR<l> = •TH~ FUNCTION IS NULL• 
EPQORC2> = •THE A~GUMENT OF LN IS NOT IN A CORRECT FO RM ' 
F.RROR<3> = •THE A~GUMENT OF A FU~CTION IS NOT ACCEPTABLE' 
ERROR<4> = •THE FUNCTION NAMcS IN THE ARGUMcN T OF• 

'LN SHOULD BE TH: SAME 9UT IS NOT• 

/ 

/ 



+ 

+ 

+ 

+ 

+ 
+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 
+ 

+ 

ERROR<5> = • A FUNCTION NAME IS UNRECOGNIZABLE' 
ER~OR<~> = •TH E L EFT AND R IGHT PARENTHESIS ~RE NQ T • 

•MATCH SD I N TH~ FUNCTION' 
ERROR<7> = 'TH F DERIVATIVE OF THC NESTED FU NCTION ' 

tIS NGT FCU ND IN THE FUNCTION' 
ERQOR<8> = 'IN TH~ ~UNCTION THE OP~RATORS ARE MISPLACED • 

• QR () OR ) ( IS FOUND' 
ERAOP<9> = •TH E FUNCTION CO NTAINS AN UNA CCEPATBLE CHARACTER' 
EPQOR<lO> = •TH E INTEGRA~lD SH'.1lJLD NOT INV OLVE ANY• 

•TWO FUNCTI~NS F~O~ LN, SO RT AND INVERSE FUNCTIONS' 
ERROR<ll> = 'THE I NTEGRAND SHOULD NOT I NVOLVE ANY ' 

•T w□ FUNCTIONS I N ~HICH ONE IS LN OR SQRT • 
1 0R AN INV ~~SE FUNCTION ' 

EQROR<12> = •TH E INTEG R~ND SHOULD NOT INVOLVE BOTH' 
•TR IGONOMETR IC AND HYP ERBO LIC FUNCTIONS• 

ERROR<13> = 1 THE INTEG RAND INVOLVING ~ESTING OF FUNCTIONS 1 

•C ON TAINS AN UNEXPECTED FUNCTION NA~E• 
ERR OR <14> = 'TH E NESTED FUNCTION NAME IS UNACCEPTABLE' 
ERRORC15> = •TH E NESTEC FUNCTION NA~SS ARE NO T IDENTICAL" 
EPROR<16> = "THE A~GUMENTS OF ALL TH E NESTED FU ~CTIO S • 

'SHOUL D ~E T HE SA~E BUT IS NO~ • 
ERROR<17> = 1 THE D~QIVATIVE □F TrlE N~STED FUNCTICN • 

•rs NOT PR~SF.NT I N THE FUNCTION• 
EPPOP<18> = 'THE INTEG RAND INVOLVING ONLY SIN A~D COS IS 1 

•IN AN UN,CCEPTABLE FOqM• 
ERRORC19> = •ATTE MP TED T O DIVIDE AN EXPRESSION AYO DURING• 

'THE INTEGRATION OF THE FUNCTION INVOLVING EXP' 
ERROP.<20> = 1 AN ALPHA BETIC CONSTANT IS NOT A • 

'SINGLE CHA PAC TF.P • 
ERROP<21> = 'THF. INTE GqAND CONTAINS A**F{X) AND B**E(X) • 

•BUT A AND A ARE NOT TH E SAV.E ! NTEGER • 
EO~OR<22> = 1 THE APGU~EN T OF ANY FUNCTION WHI CH• 

•rs NOT AN INTEGER SHOULD CONTAIN THE VARIA BLE' 
ERROR<23> = 'THE FOR~ A** F(X) APPEARS IN THE ARGUMENT • 

•OF A FUNCTION NAME' 
ERROAC24> = '!N THE FUNCTION DIGITS AND LETTERS • 

'SH OULD BE SEPERATED BY AN OPER ,TOR BUT IS NOT• 
ER~OPC25> = 1 [N TH E FUNCTION A SINGLE LETTER IS FOLLOWED • 

• BY ( I 

EPf;l"JP<26> = • I N T H~ FU 1CTI ON AN I NTEGER IS FOLLO WED BY ( • 
eo q~o<2 7> = • NU~ERIC OVERFLOW OR UNDE RFL OW • 
ERqQPC2P.> = • REC!PD OCAL CFO ATTE~~TED• 
EROnR<~9> = •ATTF MP TED TO COMPUTED O ** o• 
ERRORC30> = 'E XPGN~N T CVERFLOW DUPING COMPUTA TION' 
EPqQRC31> = •A COEFFICt ~N T IN COMPUTATION 8ECAM~ TOO LA RGE' 
~R<QOC32> = 'ILLEGAL CH~ PA CTE RS IN THE I NPUT• 
EQO~P< 3 3> = '[LL EGAL SYNTAX I N TH E I N~ UT' 
ER~ □ RC34> = •ILL EGAL S~MANTICS !N TH~ INPU T" 
ERQOR<3S> = •T HE WORKS PACE WAS NOT ENOUGH FOR CO~PUT!NG • 

•Y OUR P C'J:3 LF:M 1 

ERROR<36> = 'THE INTE GP~N() HAS W)RE THAN EXPECTE:O NUMBER' 
• OF DISTINCT A~GUMEN TS• 

ERROR<37> = •THE INTEGRAND HAS MORE THAN EXPECTED NUMBER OF • 
*DISTINCT ARGUMENTS OR EXP APPEARS MOR E• 
•THAN ONC:':: 1 

ERROR<3A> = •THE POWER OF SORT IS OUT OF THE PACKAGE RANGE• 
'(IT SHOULD BE 1 OR -1)' 

/ 
I 



+ 

+ 

+ 

+ 

+ 

+ 
+ 
+ 

+ 
+ 

+ 

+ 

+ 

+ 
+ 

+ 

+ 

+ 

+ 
+ 

+ 
+ 

+ 
+ 

+ 
+ 

+ 

+ 
+ 

+ 

+ 

+ 

+ 

F.RROR<39> = •THE ARGUMENTS OF EXP SHOULD BE EITHER • 
• F ( X) OR - r= ( X} ' 

ERROR<40> = 1 TH~ FUN CTION CONTAINING ~X~ AND TRI. FUNCTION• 
•OR HYP. FU NC TION IS NOT IN AN ACCEPTAALE FORM• 

ERROR<4t> = •THE POWER OF EXP IS OUT OF THE P~CKAGE RANGE• 
'(IT St➔ r:)ULD OE I)• 

E~ROR<42> = •THE PCW ERS OF TRI . FUNCTIONS OR HYP, FUNCTIONS ' 
• IS CUT CF THE PACKAGE RAN GE(IT SHOULD RE l)• 

ERROR<43> = •THE DERIVATIVE OF A FUNCTION IS NOT FOUND• 
•IN THF. INTEGRAND' 

ERROR<44> = •THE r=uNCTION IS EXPE CTED TO HAVE THE FORM• 
•F.(Xl * F(X) ** M * OP(F(X)) •.IIHE9:: OP IS ANY• 
•: NVERS ~ T R!. FUNCTION OR HYP. FU NCTION 1 

' RU T IS NOT• 
ERQOR<4S> = •THE POWER OF THE TRI . FU NCTI ON OR HYP, • 

•rs OU T OF THE PACKAGE RANGE(IT SHOULD BE. 
• BETWEEN l AND 3 ' 

ERROR<46> = •TH~ ARGUMENTS OF SIN AND COS ARE EXPECTED• 
•TO BE THF. SAME 8UT IS NOT' 

ERROR<47> = 'THE DENGMINATOQ or= THE INT EGRAN D SHOULD ' 
'INVOLVE SIN OR COS BUT IS NO T' 

ERROR<48> = •TH~ I NT EGqA ND I~VOLVING SOPT DOES NOT• 
• 8E LC NG T O ANY ACC2PTA8LE FORM' 

ERROR<49> = •THE POWER OF TH~ TQI. FUNCTION OR HYP. • 
'FU NCTION rs OUT OF THE PAC KA GE RANGE • 
• ( IT SHOULD OE l )• 

ERROR<SO> = •THE INTEGRAN D CAN NOT BE ARRANGED TO THE FORM• 
•F,(Xl * F(X) ** M * OP(F(X)) • 

ERROR<Sl> = •THE DE NOMINATOR OF TH~ INTEGRAND IS OUT OF• 
•THE PACKAG E RANGE• 

ERROR<S2> = •TH~ ARGUµENTS OF ALL THE FUNCTIONS • 
•SHOU LD 8E T~E SAM= 8 UT rs N~T• 

ERROR<S3> = •T HE INTE GRAND HAS BEEN TRA NS FO~MED 9Y • 
•Y = FXP(F(X)) BUT THE INTEG RAND THUS FORMED• 
•rs NOT ACC~PT ABLE' 

ERqOR<S4> = •TYE INTEG QANO HAS DE EN TRANSFORMED BY ' 
•y = TAN(X)/2 BU T THE INTl:::GRA~D THUS FORMED • 
•rs NCT ACC E PTA 8 L~• 

ERROA<SS> = •THE INTEG RAND HA $ BEEN TRANSFORMED BY• 
•Y = SORT(F(X) l OU T THE I NTEGRAND THUS FORMED• 
•rs NOT ACCF.PTA9L E ' 

ERROR<56> = 'THE I NT~G P ANO WHI CH CONTAI~S ' 
•L N(X+S O~T(X ** 2+A • *2 l) SHOULD HAVE T HE FORM • 
•X**M *LN ( X+SOR T(Xi*2+A**2l) BUT IS NOT • 

ERROR<57> = 'T HE POWERS OF TH E TRI. FUNCTIONS OR THE • 
•HYP. FUNCTIONS SHOULD BE J::OUAL BUT !SNOT' 

ERROR<SB> = •THc INT~G~AND SHOULD BE EITHER • 
0 X/SO RT(A* X** 2+ 8*X+C ) OR SORT(A*X**2+9*X+C) • 
•O R 1/SQRT(~*X**?.+B>l<X+C) BUT IS NOT' 

ERROR<59> = 'T HE FUNCTION SHOULD N~T CO ~ TA!N ' 
•LN( X-SOl'<T ( X**2+-0 **2) ) • 

ERROQ<60> = •IN TH E I NT EG~AN D X**M* LN(X)**N N SHOULD • 
•B~ POSITIV E WH~N M NOT EQUAL -1 BUT IS NOT• 

ERROR<61> = •TH£ FUNCTION CONTAINS ~ORE THAN MAX!MUN • 
'ALLOWcO NUMBER(t2) OF FUNCTION NAM~S• 

ER~OR<62> = •THE FUNCTION CONTAINS MORE THAN MAXIMUN • 
'ALLOWED NUMBERCS) OF ALPHABETIC CONSTANTS• 

N 
0 
u, 



* 
* * * * 
STRTl 

STRT2 

+ 

STRT3 

STRT4 

ER~OR<63> = •THE PROBLEM IS UNRECOGNIZABLE• 

THE WRITER STARTS HERE 

MO = INPUT 
"-10 = INPUT 
MO = INPUT 
WO SPAN(OIG!TS) 
EQ(FLAG0,999) 

FLAGO = 

WO 5PAN(01GITS) • FLAGl = 
wo S DA~(DIGITS) • FLAG2 
SAV=.1 = •• 
St, VF. 2 = • • 
M7 = 0 
P..: EST = 95 
t.10 = INPUT 
MO = I"JPUT 
"'0 = I NPUT 
KN -= I '>J 0 UT 
KN SPA~COIG!TS) • !N = 
L":TT ERS LEN(IN) LEN( l) 
! N°UT( 'I NPUT•, 10,400) 
r-u NC T!O N = INPUT 
GT(FLAG2,1) 
Tf:PM = INPUT 
T":P"4NO = 0 
EO(FLAG2,0l 
COU~T =COUNT+ 1 
OUT P UT= •P QOBLEM • COUNT 
OUTPUT = 

SAVE 

:S(EXITl 

:F(FAIL) 
:F(FAIL) 
:F(FAILl 

: F ( STRT2l 

:S(STRT3) 

FUNCTI~N 'INTE• NOTANY(LETTERS) CO= 'INTEG~ATE' CO 
FU~CTION •OIFF• NOTANY(LETTERS) • CO= •DIFFERENTIATE' CO . 
QUTDUT = FUNCTION 
F.O ( FLAGl ,63) :S(STRT5) 
OUTPUT = 
GUTPUT = • WITH RESPECT TO • SAVE 
ME S SAG E = EO(FLAG2,1) 'THE RESULT IS :• 
OLJTPlJT = NF.(FLAG2,l) 
OUTPUT= NE (FLAG2,l) 'THE INTEGRAL YOU HAVE PROVIDED • 

'HAS AEFN SEPERATED INTO• FLAG2 • TER~S• 
OUTPUT= NE(FLAG2,l) 'WHICH HAVE BEEN INTEGRATED SEPERATELY• 
EO(FLAG2,1) :S(STRT4) 
TEP~= F.O(FLAG2,0) FUNCTION 
T~Q~NO = TEAMNO + l 
OUTPUT= 
OUTPUT= •T~RM I TERMNO 
OUTPUT= 
OUTPUT = TE RM 
MESSAG=- = •THE INTEGRAL IS:• 
INPUT( 1 INPUT• ,3 ,80) 
EO(FLAG0,33) 
"'0 = INPUT 
MO= INPUT 
OUTPUT= 
LT(FLAGl ,16) 

:s C STRT6l 

:SCSTRTS) 

/ 



STRTS 
+ 

+ 

STRT5A 

STRTSB 

STRTSC 
ST RTSD 

STRTSE 

+ 
STRTSF 
+ 
STRTSG 
+ 

STRT6 

STRT7 

STRT8 

STP TQ 
ST l; TlO 
STPTll 
+ 

+ 

+ 

+ 

GE C~LAGl, 2 0) LT( FLAGl,26) :F(STRTSG) 
OUT P UT =" ** * I NPUT ERRO R*** ,TTEMPT AT PROBLE M • · 

' S OLU TI ON CA NCELL ED*** ' 
OU TP UT ='* **• ERROR <FLAGl> 1 ***' 
I N :: F L AGl 
r-l !'.: CI N, 3 l NE CI N, 5 ) N::i (IN,7) NE(IN,9) NE(lN,13) - NE(I .N ,1 4 ) 
N:: ( ! N, 20 ) NE (IN,25) :S( P RNT7). 
F( TNA"" c = 
KN S P ~~ ( DIGITS) • IN= 
E O(!N ■ lO O ) 
K ~I S P A N ( 0 I GIT S ) IN = 
E0 (I N . q q) 
L ET T': =< S LEN (IN) LEN ( 1) • CHAR 
FCT NA~~ = F CT NAME CH AR 

TH E CO~STA NT IS 'FCT NAME • *** " 

:F(STRT S A) 

:s ( S TK TSC) 

:( STRTSO J 
:s ( P ~rH? ) 
: F(STRTSE ) 
: ( P RN T 7) 

:F( STRTSF ) 

EO(F LAGl,9) 
EO CFL AGl, 20) 
ClJ TPU T = • * ** 
EQ ( FLAGl,25} 
OUT PUT= '*** TH E SI ~GL E LETTE ~ IS • FCTN AME ' *** ' 

OU TPUT= • * * * THE FU NCTICN NAMq IS 'FCTNAME 

OUTP UT = ' ** * RU"I-TI /J E ERRO~ *"** INTEGR AT!O N 
•FU NCTIO N CA NC ELLED** * ' 

OUTP UT='*** THE FU~CTICN IS ~~ YO NO PACKAGE 
CUTP UT = '*** ' ERROR<FLAGl> ' ~**' 
Ml = I NPUT 
Ml 'Ml' 
Ml = I NPUT 
l>l.l = I NP UT 
MO = ! NP UT 
V.O = I NPUT 
Ml KIND :: 
'°'l KI N'.) • I NDEX 

. I = 1 
p = 5 
P = EO(INDEX,1) 12 
M:: ARn AY(l5 1

11 ) 

OJ C 1 > = M 1 
I = LT(I.P) I + 1 
co = 
CO= EOC!,4) •--.• 
CO ND = I NPUT 
ID ~NT(C OND, ••) 
CO"I D • 11 • 
C rJ N D SPAN(• 1 ) = 
E.0(!,4) 
COND SPAN (' •) = 
M<t> = M<I> COND CO 

: ( PR NT 7 ) 
• *** ' 

:( P RN T 7) 
ON THE • 

CAPAB IL IT Y **'4< ' 
:( P R"IT7 ) 
: F ( FA IL) 
:F(S TR T6) 
:F( FA IL) 
:F( FA! Ll 
: F(FAI L) 
:FCF AI L) 

: F ( STR T 1 1) 

;F( FAI L) 
: S ( S TR T8 ) 
:S( STR T 7) 

:S( STR TlO) 
: S( S TRT9 ) 
:(STRT 8 ) 

~< 3 > S P AN (O I GITS) •CHAR•:• BREA K(',') • SAVE = S AVE : S ( S TR Tl 2 ) 

:S(STRT12) 

:S(STR T12) 

:F(HEADt) 

M<3> SPAN(OIGITS) •CHAR•:• BREAK(•)•) • SAVE 
-= SAVE 
M<ll> SPAN(DIGITS} • CHAR •:• BREAK(',') • SAVE 
::: SAVE 
~<11> SPAN(DIGITS) • CHAR •:• BREAK(•)•) • SAVE = SAVE 

N 
0 
'-1 



STRT12 
STRTl 3 
+ 
* 
* 
* * 
* * HEADl 

+ 

HEAD2 

+ 
HEA03 

HEA04 

HEADS 
+ 

HEAD6 

* * * * * 

M<3> •<=• CHA R •)• = SAVE 
~<11> •(=• CHAR •)•=SAVE 

THE INTEG R AL OF A SPECIAL FU NCTION 
OR RE MAINING PART OF THE INTEGRAL 

P': SULT = M<4> 
M 7 = E O ( I II.IDE X , 1 ) M < 9 > 
~ ~ SULT •,• RPOS(O) = 
n ~ SULT = LT( M7,1) RESULT • + CO NSTANT,• 
GT( M7,0) 
Ri=: S ULT P OS(O) SPA N(' •) = 
C 3 = '+ • 
'<!':SULT= LT( '-1 7,4000) •(•RESULT•)• 
M<6> :: ' (' M< 6 > •)' 
RESULT PO S ( O ) • ( - • = ·- ( • 
1J< 6 > POS CO ) '(' •-• • C3 = •(• 
M6 = M<7> 
116 • ( ' 9 RE AK ( • , • ) • CO 1 , 1 B RE AK ( 1 , • ) • C l • , • 
BR F. AK (' ,•) • C2 ••• 
LT ( '-1 7, 29) 
RF.S UL T = LT( M7,17) RESULT'*' TEXT3<M7 
j ' = 7 6 
J = GT ( ~ 7, 22 ) 7 8 
M7 = GT ( M7, 2 2) M7 - 6 
K = ~7 - l 1 
~7 = GT( M7, 2 ) M7 - 2 

11 > 

RESUL T = RESU LT '*' TEXT3<K> • • C3 1 • M<6> '*' 
TE XT3 < ~ 7 + J > •,• 
I = LT( ~7, 88 ) 4 8 
I= LT( M7 ,1 0 5) 24 
I = LT(V. 7 .110) 28 
I = LT ( M7 , 8 0 0, 
SAV E= • • M7 
SAVF. • • l. EN (l) • I LEN(\) LEN(l) • J 
I = I * 96 - 31 
I = LT( M7, 90 0) 7 38 
I= LT( \17 ,910 ) 8 2 8 
I = LT( V. 7,9 60 ) 85A 
I= LT( V.7 , 30 0 0 ) 925 
I= L T ( ~ 7,S OOO ) 3 9 19 
I = 4906 

:S(STRT12) 
: S( S TRTl 3) 
F(STRTll) 

:F( BODYl) 

:F(BODYl) 

:F( HEA D3 ) 
: S ( 8 ACK1) 

: S ( HEA D2 ) 

:( BACK 2l 
: S ( BACK 1 ) 
: S C8ACK 1) 
: S( BA ::: K1 ) 
: F ( HEAD4 ) 

: C BACK l ) 
: S(BA~K l) 
: S ( SACKl l 
: S ( BACKl } 
: S( i3 /\ C K 1) 
: S ( HE ADS) 

R!:=: <; ULT = DIFF '::R ( R'::: SULT,•O•) RESULT 1 1 C3 • • M<6> ' *' 
TEXT 3< M7 - I> 1 , 1 : S(HEAD6) 
C3 = I DEN T(C 3 ,'+') 
C3 = IDC:NT( C3, •- •) C3 • • 
~ESULT = CJ M<6> '*' TEXT3<M7 - I> 1 , 1 

RE SULT 1 #' = M<lO> 
RESULT= •s• RESULT 

SUBSTITUTIONS 

:S( HEAD6l 
: ( B ACK B l 

/ / 

N 
0 
co 



BACKl 

+ 

AACK2 
B AC I< 3 
BACK4 
OACKS 

8ACK6 
B.ACK 7 

BACKS 
+ 
BACK9 
BACKlO 

* * * * * F.IODYl 

BODY2 

BODY3 

A()OY4 

BOCYS 

+ 
BODY6 
AODY7 
131JDY8 
'30DVQ 
AODY10 

BODY 11 
+ 

R'::SULT SPAN(' •> = !S(BACK1) 
R~ SULT = R=SULT '*' TEXT3<M7 - I> •~• 
RFSULT 1 1 D!FFER(M<6>, 1 (0) 1 ) = • 1 C3 • • M<6> '*' 
PE SULT • 1 BREAK(•-.•) = 
R~SULT •11• = CO 
Cl !" S ULT ' ? ' = Cl 
R":SU L T ' s • = C2 
PF. S ULT •r,• = M<lO> 
RE SULT '*/' = '/' 
'<"" SULT ' : ' = CO - C 1 
O F. <; ULT •••-= Cl - CO 
RF.S ULT= 1 $' P,SULT 

:S(BACK2) 

:S( BA CK2) 
: S ( BACK.3 ) 
: S COAC K4 ) 
:SCOACKS) 

:s(BACK6) 
:S(8ACK7) 

RESULT NOTANY(DIGITS LETTERS) • CO •(• 
• C 1 1 ) 1 = co C 1 

SPAN(DIGITS) 

Rl::'3ULT "*1' NOTAl'sY(DIGITS) • CO= CO 
RESULT NOTANY(DIGITS) • CO 'l*' = CO 
RF. SULT •~• RPOS(O) = 
~Fc;ULT =RESULT• + COl'sSTANT-.• 
RESULT 's• = 
GT(M7,399Q) 

RETRIEVING DERIVATIVES 

M2 = ARRAY(12,0) 
M3 = ARRAY( 12,0) 
LK = l 
"1< 2 > '(' = 
M<3> •(• = 
"'<1> • )• RPOS(O) = • •• 
M<?.> SPAN<DIGITS) • SAVE= 
M2<LK> = SAVE 
M< 1 > 8PF:AK( •, 1 ) SAVE • ,• = 
'-' 3 <LK> = S AVE 
LK = NE ( ~2<LK>,O) LT(LK,12) LK + 1 
LK = l 
E'O (I I\/ DEX .1) 
SA VE = M<S> 
M<5> •(• = 
SA VE ' (' = 
EO(M2<LK>,O) 
E0( "1 2<LK>,100) 
M<5> BRE AK(',•) • CO 1 ,, = 
P ES ULT •zzc• LK ')'=co'**(' M3<LK> ')*LN{• co 

GE S ULT •zzc• LK ')' = TECH<M2<LK>> 
Rf:SULT 1 11• = •(• M3<LK> 1 ) 1 

LK = LT(LK, 12) LK + 1 
LK = 1 
EQ(M2<LK>,O) 
F.0(~2<LK>,t00) 
SAVE BREAK(',')• CO•••= 
RESULT •zc• LK • )'=co·••<• MJ<LK> ')' 

:s( BACKS} 
:s ( BACK9) 
:S(BACKIO) 

: F ( NEST l) 

:F(BODY3} 

:s ( BOD Y2) 

:S(TAILl) 

:S{ BOD V9) 
:F ( SOD Y6) 

I ) I 

:S( E30DY5 ) 
F ( BOOY8 ) 

: 5( 9 0 D Y6 ) 
: S ( B'J DY 7) 
!S( BODY4) 

: S (L AS T 1 l 
:F ( 30D Yl 2} 

:SC BOD Y! l ) 
F ( f30D Y 13) 

/ 
I 

/ 

N 
0 
I.O 



RODY 12 
ROOY13 
+ 
• • 
* 
* 
* 
* 
TAILl 
TAIL2 

TAIL3 
TAILlO 
+ 
TAIL4 

TAILS 
TA!L6 

TAIL7 
+ 
TAILS 
TAIL9 
+ 
* 
* 
* 
* * * NESTl 

NEST2 

N~ST3 
NEST4 
* 
* * * * 
* LASTl 

. \ LAST2 

LAST3 

LAST4 

• 

i:.c:suLT •z<• LK ')' = TEXTl<M2<LK>> •(" M3<LK> ·>· :s(BODY12) 
LK = LT(LK,12) LK + 1 :SC BODYlO) 

F(LASTll 

SAVE= 0 

RETPI E VING INTEGRAL OTHER THAN SPECIAL 
FUNCTIONS 

M<12> SPA N(DIGITS) •CO= 
M<12> SPAN(OIGITS) Cl= 
EO(C0,99) 
SAVE = SAVE + 1 
PE SULT •zzc• SAVE.,.= TEXTl<CO> •(• Cl .,. 
M<lO> •zzc• SAVE')' = TEXTl<CO> 1 ( 1 Cl •}• 

PE5ULT •z2• : 1 LOG(10)' 
Pi?.SULT 'Z(6)'-= 1 ( 1 M<lO> ')' 
PF.SULT •zc• SPAN(DIGITS) •MO')'= •11• 
'<'::SULT 'Z(" MO')'= •11• 
LT ( '-10, 6) 
COND = 
COND = EO(M<8>,1) LT(M0,3) "H' 
RE SULT 'N' = TEXT2<MO> CQND '(' M<lO> ')' 

MO = MO - 6 
RESULT •11• .::: TEXT1<M2<MO>> 1 ( 1 M3<MO> •)• 

suesTITUTION PROC~SS WHEN THE INTEGRAL 
INVOLVES NESTING OF FUNCTIONS 

Rf:5UL T '23 1 = 'TAN(• M<lO> 1 )• 

f::OC'-'<S>,O) 
r-.:ssT = as 
M< l I> ' Z O • = • ? ' 
TEXTS M<S> SPAN(LETTERS) • M<S> 
R':'"SULT •zo• = M<S> ' •(• M<ll> •)• 
RESULT •?• = •zo• 

RETRIEVING ORIGINAL VARIABLES FROM 
INTERNAL REPRESENTATIONS • 

Lf::TTERS LEN(IN) LEN( 1) • SAVE 
RESULT •zo• = SAVE 
LK = 1 
KN KIND • IN= 
EO ( IN, 99) 
LETTERS LEN (IN) LEN( 1) • SAVE 
RESULT 'Zl(' LK •>• = SAVE 
LK = LK + 1 

:S(TAIL4} 

:S(TAIL3) 
:S(T AIL lO) 
F(TAIL2) 
: S (TA I L 4) 
:S(TAIL4) 
: F ( N2:S T 1) 
:S(TAIL6l 
:F(TAIL3) 

:SCTAIL7) 
F(TAILS) 

:sCTAIL9) 
F(TAILS) 

: SC :--JES T 1) 
:S(LAST !l 

:S(N ES T2) 
:F{LAS T1) 
: SC NES T3) 
:S{NEST4l 

:S {LAST 2) 

:F"{PR'.'JTl) 
:S( PRNTl) 

:s (LAST4) 
:(LAST3) 

I 

N .... 
0 



* 
* 
* * PRNTt 

PRNT2 

+ 

+ 
PPNT3 

PRNT4 
+ 

PRNTS 

PRNT6 

PRNT7 

FAIL 

+ 
+ 
TRACl 
TRAC2 

+ 
TRAC3 

EXIT 

PRINT THE RESULT IN READABLE FORM 

OUTPUT = 
CUTPUT = MFSSAGE 
R':SUL T BRF.AK( •--.•) • SAVE •..,• = 
SAVE P OSCO) SPAN{' •) = 
OUT P UT= 

:F(PRNT6) 

! S (PR"lT2) CUTOUT = ' • LT(SIZE(SAVE).125) SAVE; 
SAV F. POSCO) (LEN(NEST) BRE AK(' •) · • • 
' ') • SAVEl = 

SPAN(OPERATORS) 

l.TCSIZE(St..VEll ,110) 

SAVEl = SAVE 
SAVr=. = 
Sf,V~ t POSCO) (L E N( 100) 9REA~(•+-•)) 
<••• I •-•> . co = 
OU T PUT = • • SAVE 2 • • CO 
A~SU LT = 5AVE1 SAVE ~ESULT 
R~SUL T = SAVE RE SULT 
CU TPUT = ' • SAVEl 
OUTPUT= DIFFER(RESULT,••) 
OUTPUT= 1 • RESULT 
CUTPUT = 
OU TP UT= 
CUTDUT = 
OUT PUT= 
fJUT 0 UT-= 
CIJT PIJT = 
OUTPUT= 
OUTPUT = 

• SAVE2 

:F { P RN T3) 
: S(PR NTS) 
F(PRNT4) 

:CPR NT2) 

:(PRNT2l 
. :F(PRNT7) 

: ( STRT l )' 

OUTPUT= 
OUTPUT= 
OUTPUT= 

' *** THE RUN WAS ARNOQ MALLY TE RMINATED***' '** * CU E TO A SYST E"'1 ERROR Wli!CH OCCUREO • 
• w~~N T HE ABO V~ P ROBLEM OP T HE ONE• 
• ArT~P. IT WA S BEI NG P RQCE 5 S E D ** * ' 

l NP UT( ' I NPUT• , 8 , 132) 
"-1'::SS AG :: = I NPUT 
MESS AG E •EP. POR • SPAN (• •) SPAN(DIGITS) • ERRORNO 
OUTPUT= 
F.R RORNO = L T ( EPR CRN0,30 ) GT(ER RORN0,19 ) 27 
ERO ORN O = LT( ERR ORN0 ,50) GT(ERRORN0,39) 29 
~P POQN O = LT( E~RORN0 ,60) GTC ERRORN0,40) 29 
ED~OR~ □ = LT( ES~ ORN0 ,9 0 ) GT(ER QORNQ,69) 30 
E P ~ n QNO = L~(ER RORN0 ,1 5 0) GT(ER ROR N0 ,139) 31 
E PR~ RNO = EO( E RRCR N0,727 ) 32 
r R~CRN O = EQ(E RP.ORN0,737) 33 
~OP.O P.NO= EQ(ERRORN0 ,7 47) 34 
F.RQ OQNO: LT(ERRORN0,2000) GT(ERRORN0,999) 35 

OUTPUT -
OUTPUT = "*** • ERROR<ERRORNO> • ***" 
OUTPUT = 
OUTPUT = 
C!•JTPUT = 
OUTPUT = 

: F( E>JD l 
: F CT RA C2) 

:s (T RA C-3) 
:S(TRAC3 ) 
: S ( TQAC3 l 
: S ( TR ;.. (3 ) 
: S ( T::1,\C 3 ) 
: s (T RAC3 l 
: S (T R,;C J) 
:S(T ~ AC3) 
:S(TRAC3) 

F (E ND) 

: ( ENO) 

I 

N 
I-' 
I-' 



N 
..-! 
N 

i 

I 

ON3 



... - , ... ·- ••- ~ ·- ·· 

APPENDIX D 

PROCEDURE DIFF, PINT, SPLIT(ALTRAN ROUTINES) 

PROCEDURE DIFF(FCT,X) 

THIS P ROCEDUR E COMPUTES TH :: PARTIAL 0[: R IVATIVE 'JF TH E FUNCTION "FCT 11 

WITH RE5 P C: CT TO TH <=: VA RIA BL E "X"• TH I:: F UNCTI ON "i='CT" SHOULD IJE A FUNCTION 
OF S I MPLE VARIA BLES WHICH ARE INDET ERM ! NATES DECLA R ED IN A DECLARATION 
STAT EM ENT. 11 FCT 11 SHOULD NO T CONTAIN P~Y RE AL-V ,'\LU ED QUANTITY. IF 11 FCT 11 

DO~S NOT SATISFY ANY OF THE S E CONDITI ONS TTHEN AN ALTRAN SY S TEM ERROR 
WI LL OCCUR• 
GIVEN THE FOLLOWING FUNCTION 

FCT = (4-X) / (X*C) 

THEN THE CALL DIFF(FCT,X) YIELDS 

- 4 / (X**2*C) 

PROCEDURE PINT(FCT,X) 

THIS PROCEDUR E COMPUT~S TH~ INTEGRAL OF THE FUNCTION "FCT" WITH RESPECT 
TCl "X". THE FUNCTTON "FCT" S HOULD BF. A POLYN O.M IA'.. WITH RATI ON AL COEFFICI ENTS 
ANO IN SIMPLE VARIABLES WH ICH ARE IND~ TE~ MINATES DEC LARED !NA DECLARATION 
STAT EM ENT• IF THESE CONO IT IONS ARE NOT SAT IF I ED THf::N AN AL TRAN SYSTEM 
ERROR WILL OCCU R. 
GIVEN THE FOLLOWING FUNCTION 

FCT = (1-X**2+W*X) I 5 

TH~N THE CALL PINT(FCT,Xl YIELDS 

(30*X-2*X**3+3*W*X**2) I 30 

PROCEDURE SPLIT(Ol ,X,D2,03) 

THIS r> RO CEOUR E PLACES THE r-ACTOQ OF TH E ALGEBRAIC EXPRESSION D1 
WHICH IS JN DEPE ND FN T OF X IN 02 AND PLACES THE REST IN 03 
GIVFN THE F~LLOwING FUNCTION 

01 : 4*CX-11**3*(C•8-l2**3*Z) 

THEN THE CALL SPLtT(D1,X,D2,D31 YIELDS 

02: 4*(C*A-12**3*Z) 

AMO 

03 = (X-1)$$3 
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APPENDIX E 

FUNCTION NAMES AND THEIR REPRESENTATIONS 

' 
Function name Representation 

SIN 1 

cos 2 

csc 3 

SEC 4 

TAN 5 

COT 6 

ASIN 7 

ACOS 8 

ACSC 9 

ASEC 10 

ATAN 11 

ACOT 12 

SINH 13 

COSH 14 

CSCH 15 

SECH 16 

TANH 17 

COTH 18 

ASINH 19 

ACOSH 20 

ACSCH 21 

ASECH 22 

ATANH 23 

ACOTH 24 

EXP 26 

LN 27 

SQRT 28 

LOG 29 
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APPENDIX F 

SPECIAL FUNCTIONS (FORM 15) 

In the following integrals A and Bare non-zero integers; C and 

Dare functions of the variable of integration. G can be the identity 

function, LN, EXP, SQRT, any trigonometric function or any hyperbolic 

function. OP, OPl, OP2 denote both SIN and COS, and OPl and OP2 are 

always distinct when they appear in the same function. Finally, if 

the function OP,OP1,OP2, G or U occurs more than once in any of the 

following expressions, each occurrence denotes the same function. 

1. f G' (U) 

(A + B OP (G' (U)) 

2. J G' (U) OP(G(U)) 

(A+ B OP(G(U)) ) 

3. f G' (U) 

(OP(G(U)) (A+ B OP(G(U))} ) 

4. f G' (U) 

>2 (A + B OP (G (U)) 

5. f G' (U) OP(G(U)) 

>2 (A+ B OP(G(U)) 

6. J 
G' (U) 

(C2 D
2 

OP
2

(G(U)) ± 
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7. J G' (U) OP (G (U ) ) 
2 2 

SQRT(l ± C SIN (G(U})) 

8 . f G' (U) OP ( G (U)) 
2 2 

SQRT(l ± C SIN ( G (U))) 

9. J 
G I (U) OPl {G {U}l 

( 1 ± OP2(G(U)) ', 

10 . J 
G' (U) 

( OPl (G (U)) (1 ± OP2 ( G(U)}}) 

11. J 
G ' (U) OPl(G (U)) 

( OP2( G (U)) (1· ± OP2 (G (U)))) 

12 . J 
G' (U) OPl ( G(U) ) 

( OP2(G(U)) (1 ·±OPl(G (U))) ) 

13. J 
G ' (U) 

( OPl(G(U)) ± OP2(G(U) ) 

14 . J 
GI (U) OPl (G(U)) 

( OPl(G(U)) ± OP2 (G(U) ) 

15 . J 
G' (U) OPl(G(U)) 

( OP2(G(U)) ± OPl (G(U ) ) 

16. J 
G' (U) 

>2 OPl( G (U)) ± OP2(G(U)) 

17 . J 
G' (U) 

( A OPl(G (U)) + B OP2 (G (U)) ) 

18 . f 
G ' (U) 

2 + OP1
2

(G(U)) ± D 
2 

OP2
2 

(G (U)) C ) 

19. f G' (U) OP( LN (G(U))) 



217. 
APPENDIX G 

THE SOLUT IONS OF THE SET OF 30 TEST PROBEEMS 

' · 
PRO BU:M 1 •. -· • • ·-··-·-·--·--·----·--- - - ··-- ·----·---·· · 

DIFFERENT IAT E SOR T(X +SORT (X **2+3 )} 

WITH RESPECT TO X 

T HE RE S UL T I S : 

(1/(2*SORT( SOR TCX* *2+3 ) +X )}) * ( 2*X* ( l/(2 i.'< SQRTCX *~< 2+3))) + l ) 

PRO BLEM 2 

DIFFERE NTIAT E LN(LN(X)) 

WITH RESP EC T TO X 

THE RESULT IS : 

{1/(LN(X)))*(l/(X)) 

PRO B LEM 3 

DIF FE RENTIAT E ATAN(SQRT(X)) 

WITH RESPECT TO X 

THE RESULT IS : 

{ 1 / ( l + (SORT ( X ) ) ** 2 .) ) * C l / ( 2 *SQ RT ( X) ) ) 

PROB°LEM 4-

DIFF ERENT I AT E ASIN(X)/LN(X) 

WITH RES~ECT TO X 

T HE RES ULT I S : 

( ASIN(X)*(l/(X)) - LN(X)*(1/SORT(l-(X)**2)) ) / ( LN(X)**2) 

PROBLEM 5 

DIF FERE NTIATE (X**3-3*X**2+1)/(X**2+1) 

WITH RESPECT TO X 

THF. RESULT IS : 

X * C X**3 + 3*X - 8 ) / ( X**2 + 1 )**2 



PROBLEM 6 

DIFFERENTIATE SQRT(X+2)*~5*SORT(X~ll 

WITH RESP ECT TO X 

THE RE SULT IS : 

SQRT ( X + 2 l * * 4 \'< 

PPOBLEM 7 

DIFF ERENTIATE ((X* * 2-X+l)/(X+l)}**2 

WITH RESDECT TO X 

THE RF.SULT IS : 

218. 

2 * ( X*>.'<2 - X + 1 ) * ( X** 2 + 2*X - 2 ) / ( X + 1 ) **3 . 

PROBLEM 8 

DIFFERENTIATE X**4+3*X**2-27 

WITH RESPECT TO X 

THE RE SULT I S : 

PROBLEM 9 

DIFFERENTIATE SIN(2**X) 

WITH RESPFCT TO X 

THE RESULT I S : 

COS(2**CX) )*2**(X)*LN(2) 

PROBLEM 10 

INTEGRATE 1/(X*SORT(X**2-1)) 

WITH RESPECT TO X 

THE RESULT IS ! 

ASEC(X) + CONSTANT 



PROBLEM 11 

INTEGRATE X* E XP(-X) 

WITH RESPECT TO X 

T HE R E S UL T I S ! 

EXP(-X) * ( (-X) - 1 ) + CONSTANT 

PROBLEM 12 

INT E GRATE 2 * X* SORT(X ** 2+1) 

WITH RESPECT TO X 

THE RESULT IS : 

2*50RT(X**2+1)**3 / 3 + CONSTANT 

PROBLEM 13 

INT ~ GRATE (SEC(X)l**2 

WITH RESPECT TO X 

THE Rl: SULT I S : 

SIN(X) / ( COS(X) ) + CONSTANT 

PROBL E M 14 

INTEG RATE CSC(X)*COT(X) 

WITH RESPECT TO X 

T HE A I:: 3 UL T I S : 

- COS(X)**2 / ( SIN(X) ) - SIN(X) + CONSTANT 

pqoBLE:\1 15 

t N T f." GR ATE St: C ( X ) 

WITH nESPECT TO X 

THE RESULT IS : 

LN(SEC(X) + TAN(X)) + CONSTANT 

219. 



PROBLEM 16 

tNTEGqATE CSC( X) 

WITH ~ESPECT TO X 

THE Rf.SULT IS : 

- LN(C S C(X) + COT(X)) + CONSTANT 

PROBLE,,1 17 

TNT EGRA T E SEC(X)*TAN(X) 

WITH RES PECT TO X 

THE RESULT IS : 

SIN(X)**2 / ( COS(X} J + COS(Xl + CONSTANT 

PROBLEM 18 

INTEGRATE X*ATAN(X) 

WITH RESPECT - TO X 

THE RES ULT IS : 

( ~TAN(X)*X**2 + ATAN(X) - X ) / 2 + CONSTANT 

PRO BLEM 19 

INTEGRATE 1/(X-1)**2 

WITH R~ SPECT TO X 

T H~ RESULT I S : 

-1/(X-l + CONSTANT 

Pt?OBU: M 20 

INTEGRATE I/SORT( l-X**2) 

WITH RESP~CT TO X 

THE R":SUL T IS : 

ASIN(X) + CONSTANT 

220 . . 



PROElLEM 21 

INTEGRATE 1/(X *LN(X) **2 ) 

WITH PESPECT TO X 

THE RESULT IS : 

- 1 / ( L.N ( X) + CONS T ANT 

pqQBL E~ 22 

INTEGRATE SORT(l-X**2l 

WITH RESPECT TO X 

T HE RESULT IS : 

( ASIN(X) + COS(ASIN(X))*X) / 2 + CONSTANT 

PROBLEM 23 

INTEGRATE 4*X**3+7 

WITH RESPECT TO X 

THE RESULT IS ! 

PROBLEM 24 

INT E GRATE TAN{ X) 

WITH RESPECT TO X 

T HE RE SUL T I S : 

+-- ·CONS.TANT 

LN(COS(X)) + CONSTANT 

PROBLEM 25 

INTEGRATE 2/(5*X**2) 

WITH RESPECT TO X 

THE RF.SULT IS : 

- 2 / ( S*X ) + CONSTANT 

221. 



PROBLE M 26 

INT EGRATE 1/((X-1 )*(X**2- 3)) 

WITH RESP ECT TO X 

222. 

*** TH~ INT E GRAND IS AE YO~D P ACKAG E CAPA BILITY*** 
*** TH E P RQB L FM WAS CA NCELLED *** 
** * THE DENOM INATOR lS OUT OF TH E PACKAGE RANG E *** 

P ROBLEM 27 

WITH 0 ESPE CT TO X 

THE RE SULT IS : 

ATAN(X) + CONSTANT 

r>POBLEM 28 

INTEGPAT~ X/SQRT{X+2)**3 

WITH RESPECT TO X 

THE RESULT IS ·• 

2 * ( SQRT(X+?.)*t.<2 + 2 ) / { SQ RT{ X.-t-2)'' ) + CONSTANT 

P~OBLEM 29 

INTEGRATE X*SIN(X**2)**3*COS(X**2l~*3 

WITH RESPECT TO X 

THE RE ~ ULT I S ! 

- ( 9*COS(2*X**2) - COS(6*X**2) ) / 384 + CONSTANT 

PROBLEM 30 

INTEGRATE 10**X 

WITH n~SPECT TO X 

T W: RESULT JS 

EXP(X*LN(lO)) / ( LN(lO) ) + COMSTANT 

***** ALL pqoPLEMS ATTEMPTED***** 



PQO~ L":M 

DtFF ~ QF~TI ATE SIN(COS(X-20*X**3+45*X+CSC(X))) 

WITH RESPECT TO X 

THE ''H'SULT !5 

PR OBLEM 2 

DIFFEQ~~TIA TE l/SOAT(X**2-X+3) 

WITH RESPECT TO X 

THF. AF; SULT ! S 

- (l/C2*SO RT(X**2-X+3))} * ( 2*X - l ) / ( SORT(X**2-X+3l**2) 

PROBLEM 3 

DIFFF.A ~N TtATC. SIN(4-X**2+A*X)+COS(l-S1N(X)) 

WITH RES P ECT TO X 

THE: RF;SUL T IS 

- C 2•x•cosc-cx••2-x•A-4)) - A•COS(-(X**2-X*A-4)) + (-SIN(-(SIN(X)-l))) *C OS(X) ) 

OI FF ~RF.NTIATE SI N(X)*COS(X**2-3~SIN(X)) 

WITH RESPECT TO X 

THE R;:::suL T Is 

2*SINCX)*X*(-SIN(SIN(X)+X**2-3)) + S1N(Xl*(-SI N(SI N(X)+X**2-3)l*COS(X) + CO S (S IN ( X) +X** 2-3l *CO S(X) 
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DIFFERENTIATE IO ** (SIN(X-COSC1-X**2l+X*A**2)+10*A*X*R) 

WITH PFSP~CT T~ X 

THE tl"'SUL T t S 

1o••CSIN(-(COS(-CX•*2-1 ))-,X*A**2-X))+1o•x·•A•Rl*LN( 10) * ( 2•x•cosc-ccosc-cx••2-1))-X*A••?.-X))*(-SIN( 

(X**2-I))) + A**2*C')S(-(COS(-(X*•2-l))-X•A••2-X)) + IO*A*R + cosc-ccosc-cx• •2-1»-X*A**2-X)) 

INTEGRATE X**2*SINCX**3-1)*SORT(1-2**2*SIN(X**3-ll**2) 

WITH PES P~CT TO X 

THE ~FS UL T ! S 

-(l/6)*C0SCX•*3-l)*SORTC1-4*SIN(X**3-ll**2) + (l/4l*LOGC2*COS(X**3-ll+SO~T(l-4*SYNCX**3-1)**2)) + CONSTANT 

WITH P~ SP:CT TO X 

THE RFSULT rs 

C 9•COSHC2*COS(X)) - COSHC6•COS(X))) / 192 + CONSTANT 

tNTE GRAT: cx••o-X+45*X••S+9)/CX*•2-7) 

WITH P F ~PECT TO~ 

THE P~S lJLT TS 

/ 

/ ( 60•SORT(7) ) + CO NS TANT 



PPOF.lLE~ 9 

INTEGqATF: ( 4- X*'4<'1+X**6+ X**5l /X••7 

WI,~ qESPECT TO X 

r-. 

THE RESULT IS : C 
( 3*LN(X)*X**6 - 3*X**5 + X**3 - 2 ) / ( 3*X**6) + CONSTANT 

PRORLF'.M 10 

INTEGPATE SIN(X••2-x+t)•COSCX••2-x+1>•COSH(COS(X**2-X+lll*(2*X-1) 

WITH RESPECT TO X 

THE RF.SULT IS 

- ( SINH(COS(X**2-X+l))*(COS(X**2-X+1)) - COSH(COS(X**2-X+l)) ) + CONSTANT 

PR08LF.~ ll 

INTEGRATE (X-ll**S*LN(X-1)**3 

WITH RESPECT TO X 

THE Ri;: SULT I S 

cx-1>•*6 * ( 36*LN(X-ll**3 - 18*LN(X-1)**2 + 6•LN(X-1) - l ) / 216 + CONSTANT 

PRO BLEM 12 

INTEGRATE EXP(X-U)**S*EXP(EXP(X-U)) 

WITH RESPECT TO X 

THE RESULT IS 
I 

EXP(F.X~CX-U)l * ( ( ~ XP(X-U)l**4 - 4*(EXP(X-U)l**3 + 12*(EXP( X-U)l**2 - 24•CEXP(X-U)) + 24 ) + CONSTA NT 
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PRO BLE M 13 

TNTEG RAT ~ COS(X-1)•SJN(X-1)**2*LNCSiN(X-1)-SORT(5**2+SIN(X-1)**2)) 

WITH RES~ECT TO X 

THE RESULT IS 

3*LN(-(S01"T(SIN(X-1)**2+25)-SIN(X-l)))*(SIN(X-1))**3 + S•COSH[ASINH(SIN(X-1)/S))•SIN(X-1)**2) / 9 

(250/9l*COSH(StN(X-1)/5) + CONSTANT 

PR09L":M 14 

WITH RESPECT TO X 

THE R='. SULT I S 

162*SIN(x••2-x+1>•<x••2-x+1) - a1•coscx••2-x+1>•cx••2-X+l)**2 + 162•COSCX••2-X+l) - 6*5IN(3*CX**2-X+l))*X**2 + 

6•SINC3•Cx••2-x+1»•x - 6*SINC3*CX*•2-X+l)) + 9·•cOS(3*(X**2-X+l))*X**4 - 18•COSC:J •cx••2-X+lll•X••3 + 

27*COS(3*(X*•2~X+ll>•x••2 -1a•COSC3•<x••2-x+1>>•x + 7*COSC3•cx••2-X+l)) ) / 108 + CONSTANT 

PR OB LEM 15 

INT~t.RATF. SIN(X-1>•coscx-1>••2•SORTCS••2-coscx-1>••2>••3 

WITH RESO~ CT TO X 

THF: RESULT IS 

- 3125 * ( IS•ASINCCOSCX-1)/5) 

3*COS(ASIN(COS(X-1)/S))•COS(X-1) ) . / 48 + CONST ANT 

PR09LEM 16 

INTF.GRATE SIN(X-ll**S•EXP(X-1) 

WITH RESPECT TO X 

THE QFSULT IS 

/ 
.' 

EXP((X-1)) * SIN(X-1)**5 - 5*SIN(X-1)**4*COS(X-l) + 2*SINCX-1)**3 - 6*SINCX-11**2*:0S(X-ll + 

6•SIN(X-l > 6 * COSCX-1) ) / 26 + CONSTANT 

N 
N 
(j) 

..... 

C 



C 
PPOOU:M 1 7 

INT~GRATc 10/CSIN(X)+COS(X)+S) ,-. 

WITH RESPECT TO X 

THE -!ESULT IS : r 

5•ATANCC4•TAN(X/~)+l)/C4•SORT(23/16))) / ( SORT(23/16) ) + CONSTANT 

PROBLEM 18 

INTEGRAT~ SINHCX>•COSH(4*Xl*EXP(10•X> 

WITH RESPECT TO X 

THE RESULT I S : 

~XP{lO*X) * ( 182*SINH(5*X) - 9l*COSH(S*X) + 150*SIN(-3*X) + 45*COS(-3*Xl ) / 2730 + CONSTANT 

***** ALL PROBLEMS ATTEMPTED***** 
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228. 

APPENDIX I 

JCL REQUESTED OF THE SYMDIP USER 

The package SYMDIP can be made available with following JCL setup 

//JOBNAME JOB (ACC. INFORMATION) ,CLASS=C,TIME=S 

II EXEC SYMDIP 

//INPUT DD * 

Your input problems 

II 



APPENDIX . J 

THE COMPLETE JCL FOR SYMDIP 

//INTEDIFF PROC 

//GO EXEC PGM=SNOBOL4 

//STEPLIB DD DSN=SYSl.USERLIB,DISP=SHR 

//FT02F001 DD DSN=&&CODE,DISP=(,PASS),UNIT=SYSDA, 

// SPACE=(400,(100,10)) ,DCB=(RECFM=FB,LRECL=80,BLKSIZE=400) 

//FT03F001 DD DDNAME=INPUT 

//FTOSFOOl DD DSN=ANALIZER.SNOBOL4,DISP=OLD 

//FT06F001 DD DUMMY 

//FT07F001 DD DUMMY 

//FTlOFOOl DD DSN=&&INPUT,DISP=(,PASS),UNIT=SYSDA, 

// SPACE=(400, (100,10)),DCB~(RECFM=FB,LRECL=400,BLKSIZE=400) 

//STEP2 EXEC PGM=SYMDIP 

//STEPLIB DD DSN=PACKAGE,DISP=SHR 

//FT02F001 DD DSN=&&CODE,DISP=(OLD,DELETE) 

//FT03F001 DD DSN=&&RESULT,DISP=(,PASS),UNIT=SYSDA, 

// SPACE=(400, (100,10)) ,DCB=(RECFM=FB,LRECL=80,BLKSIZE=400) 

//FT06F001 DD DUMMY 

//FT08F001 DD DSN=&&ERROR,DISP= ( ,PASS) ,UNIT=SYSDA, 

// SPACE=(400,(100,10)),DCB=(RECFM=FB,LRECL=80,BLKSIZE=400) 

//FT20F001 DD DUMMY 

//STEP3 EXEC PGM=SNOBOL4 

//STEPLIB DD DSN=SYSl.USERLIB,DISP=SHR 

//FT03F001 DD DSN=&&RESULT,DISP=(OLD,DELETE) 

//FT05F001 DD DSN=WRITER.SNOBOL4,DISP=OLD 

//FT06F001 DD DUMMY 

//FT07F001 DD DUMMY 

//FT08F001 DD DSN=&&ERROR,DISP=(OLD,DELETE) 

//FT09F001 DD SYSOUT=A 

//FTlOFOOl DD DSN=&&INPUT,DISP=(OLD,DELETE) 

229. 



APPENDIX K 

THE . PROGRAM FOR CREATING OVERLAY LEVELS 

C 
C THI S PR OGA RM P E T URNS L E V F LS OF R OUTINE S 
C E ACH OF THFSE L EV~ L S CON TAI NS ~O UTI NES THAT ARE MUTU ALLY INDE P ENDE NT 
C THE L E V EL S AQE CRE AT ED I N S UCH A WA Y THAT A RQUTIN ~ I N THE HI GH~ R L E V 3 C N 
C O~IL Y CA LL RO UTI "JF. S IN THC L O\~F.R L E VE L S WIT H AT L E A S T ON E OF THE CALL ED 
C RrJU TI NES BF HI G I N THe: L E VF. L I MM r.':D IAT EL Y OE L OW I T 
C T WIJ SUAn rJUT I NES ARE US ED TO ASS l ST C RFA T I NG SUC H L E V ELS 
C sugPR O CE DURF. CROSS WILL CRO SS OFF A ROW I N TH~ MAT R I X 
C WHEN Tf-iE S URRO U TIN E IT P EPRESENTS I S <I.ODED T O THE CI JRRENT L E V EL 
C SU BROU TI NE A DJU S T COMP RESSES THE ELEM~NTS ON A ROW WHERE AO APPEARS 
C 

DI ME N S ION A( 2 JO,t9) ,C( t9) ,LE VE L(60) ,ST RING( 6 ) , MOM (4) ,L ENS(5) 
I NTEGE R A, e .c 
WR I TE ( 6 ,90) 
0 0 2 I = I , 2 2 8 

REA D (5 , 10) C 
WR ITE (6t1 5 ) I,C 
DO I J = l , 19 

AC.I ,J) = C(J) 
I CONTINUE 
2 CONTINUE 

READ ( 5 ,7) (LE V f::L(J) ,J=30,50) 
DO 4 I= I , 24 

K = 0 
IF( I .ea. t) GO TO tlll 
00 9 9 9 LOL = t , 60 

L E VEL( LOU = 0 • 
9 99 CONTINUE 

IF( I , EO, 5) GO TO 888 
1 1 t 1 DO 3 J = 1 , 22 8 

IF(A(J,1},NE.O) GO TO 3 
K = K + 1 
L E VE L(K) = J 
A(J.l) = -t 

J C ONTINUE 
GO TO 666 

888 RE AD(5.JO) (LEVEL(J),J=l,t4) 
DO 777 KK = 1 , 14 

JJ = L EVEL(KK) 
l\(JJ,1) = -I 

777 C ONTINUE 
K = 14 

666 WR IT!:: (6,5} I 
IF ( I • EO • 1 ) K -= K + 2 I 
WRtT ": 16,6) K 
WQ ITE •. 6, 60) 
DO 555 J = l , K 

L = L ": VE L ( J) 
R E ADC 5 , 8 0) STRING 
RE A 0 ( 5 , 05 ) MOM 
WR ITE ( 6 ,50) L,STRING,MOM 

555 CONTINUE 
C ALL CROSS (A,LEVEL,K) 
RC: AD (5, 6 5) L ENS 
WR IT E (6,70) LENS 

4 CONTI"IUE 
5 F OP\I.H('l','THt S IS LEVE'- N0',I5,' THE TOTAL SU□ R OUT!NF.:S ') 
6 F QP ~• I\ T ( • 0 • , • 1 N IT IS• , I 5) 
7 F OP~4 1\T('0', 2 1I3) 

10 FO Q"'1AT('0' ,4x,1 q r4,I2) 
1 5 F OR"-'A T('O' .J 5 ,4X,I9I5) 
:J O F C'RM AT('O' ,1 4 13) 
5 0 FO RM A.T(•Q• .! X ,1 5 , 2 0X,6Al,15X,4A1) 
6 0 FO OM AT(•o•,• S U 9R~ UTINE S',t5X,'NAMES',15X,'LE NGTHS') 
6 5 F OP MA T ('0', 5 111) 
70 F O RMA T('O','TH': TOTAL LENGTH OF THIS LEVEL IS ',5.\1) 
8 0 F O PMIIT('0',1 5 X,6Al) 
A S FQR'-'AT('O' ,4AI) 
90 FO RµAT('I' ,'THIS FOLLOWING IS THE MATqix OF CALLS') 

ENO 



SURROUTINE CROSS (A,LEVEL,LVE L NO ) 
DI ~~NS ION A(230,1 9 l,LE VEL(60) 
INT EGE R A 
DO 4 I = 1 • 228 

IF (A(Itl) . EO. -1) GO TO 4 , 
LAST = l ....__ 
00 3 K = 1 • LV ELNO 

DO 1 L = L./\ S T , 19 
I F" ( A ( I ,L) . [a. 0) GO T O 4 
IF"(A(I,L) .GT. L E VF. L(K)) GO TO 2 
I F ( A (I,Ll .NE . L E VE L(K)) GO TIJ 1 
A ( I ,L) = 0 
CALL AOJUST(A,I,L) 
L = L - 1 
GO TO 2 

1 CONTINUE 
2 LAST= L 
3 CONTINUE 
4 CO NTINUE 

RETURN 
ENO 

SUAROUTINE AOJUST(A, I,L) 
DI MENS I ON A(230,19) 
INTEGE R A 
IF(L .Ea. 19) RE TURN 
L = L i- 1 
DO 1 J = L , 19 

K = J - 1 
ACJ,K) = A(I,J) 
IF (A(I,J) .Ea. 0) RETURN 

1 CONTINUE 
RETURN 
ENO 

I 
l .• - ··-·· · ... 
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