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ABSTRACT

This thesis is concerned with the effectiveness of digi-
tal circuit design and fault detection, and concentrates on
the investigation of several techniques for the classifica-
tion and synthesis of Boolean functions. A more compact
representation of 1individual Boolean functions based on
spectral classification using only 0(n2) coefficients is de-

rived.

Digital design based on spectral classification has the
benefit that all functions can be realized using a small set
of prototype functions. The resulting modular design 1is
based on the implementation of the prototype function to-
gether with the appropriate transformations required to map
the given function onto the prototype function. A new de-
sign philosophy utilizing symmetry techniques to implement
the prototype function supplemented by appropriate spectral
'translations is developed. 1Its limitations for both synthe-

sis and fault detection are investigated.
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Chapter 1

INTRODUCTION

This work has been motivated by a desire to improve the
effectiveness of digital circuit design and fault detection,’
and has concentrated on the investigation of several tech-
niques for the classification and synthesis of Boolean func-
tions. Special emphasis has been given to spectral repre-
sentations of functions, which, 1in contrast to more
traditional Boolean representations, allow information re-
garding certain global properties of a function to be com-
pressed into single integer values at the outset of an anal-
ysis, thus avoiding the use of numerous (untransformed)
function values in later calculations.

More specifically, for an n-variable function, the multi-
plication of a 2" X 2™ -element orthogonal transform matrix
by a 2" -element function specification vector results in a
column vector containing 2" 'spectral coefficients', a pro-
cess requiring only n2" additions and subtractions (using
fast transform principles). As long as the transform matrix
is invertible, no information is lost in moving to the spec-
tral domain, and a spectrum may be transformed back into a

function specification.
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Historically, the transform matrices used in spectral
techniques were pioneered by Rademacher and Walsh[1,2]. The
spectral domain was first used in signal processing and data
transmission problems, then possibilities were seen for its
application in digital logic design. The work of Dertouzos
and Lechner[3,4] led to the use of spectral techniques for
function classification, and their use in synthesis algor-
ithms and realization techniques.

Initial efforts in the present work were directed towards
classification of functions, extending the work of others in
this field by the use of spectral techniques. A brief sur-
vey of the different classification methods is presented in
chapter 2. Some functions have networks which are identical
except for minor differences,‘such as the permutation or the
negation of inputs. The classification of switching func-
tions into equivalence classes by equivalence under simple
operations such as permutation or negation of input vari-
ables was first attempted[5-9] in order to better understand
the functions that lead to essentially identical networks.
These algebraic classification methods have not proved prac-
tically useful, because of the rapid increase in the number
of classes for numbers of input variables greater than 4.
One particular type of function, namely threshold functions
(linearly-separable), has been widely researched. At first
this may seem strange, since threshold-logic gates are not

currently in common use. However, the classification of
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linearly separable functions[3,10-16] and the listing of the
resultant minimum integer threshold-logic solutions has giv-
en considerable insight into the difficulties to be encoun-
tered in any classification scheme. The subsequent evolu-
tion of the Hadamard transform and the resulting spectral
coefficients, applicable to all functions, has led to a more
compact classification approach (spectral classification).

The pioneering work of Chow[16] in identifying functions

from threshold classes using a reduced set of n+l coeffi-
cients from the the full set of 2" coefficients motivated
our present work, leading to the interesting results pre-
sented in chapter 3. A brief summary of Chow's work and the
particular n+l coefficients used for identification can be
found in chapter 2. In view of the fact that n+l coeffi-
cients are insufficient for the identification of individual
functions from non-threshold classes, we have developed:

1. an empirical relation between these n+l coefficients
and the reiative magnitude of the number of functions
possessing the same n+l coefficients;

2. an algorithm to identify the different functions that
possess the same n+l coefficients.

This led us to the discovery S?at the number of coefficients
needed to classify all the 22 boolean functions encountered
is O(n2), rather than 0(2"), Furthermore, we have shown
that functions from a particular type of class, namely unate

classes can be identified using only 2n + 1 coefficients. A
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more detailed discussion of these results is presented in
chapter 3.

In the field of circuit design, the classification of
combinatorial logic functions has the practical objective of
allowing us to specify a small set of standard or prototype
functions, from which all other functions can be realized by
appropriate interconnections, together with inverter and/or
XOR gates in some cases. These prototype functions, one for
each equivalence class, can be realized either by using the
conventional approach of prime implicant factor extraction
or by using certain other kinds of symmetries (e.g. two
variable symmetries) exhibited by functions.

A review is given of the types[24] and detection[25] of
symmetries in Boolean functions and their wuse in digital
synthesis. A function which exhibits some symmetry is said
to be decomposable, and symmetry synthesis is limited to
these decomposable functions. Therefore, spectral classifi-
cation methods and relat;d operations that group sets of
functions into equivalence classes were studied in order to
supplement symmetry synthesis in cases where no symmetry ex-
ists. A new design philosophy utilizing symmetry techniques
supplemented by spectral techniques can lead to a modular
design. The resulting realization is briefly discussed in
chapter 4, and involves supplementing the module implement-

ing the prototype function with appropriate filter modules.
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Some limitations to such a synthesis technique were dis-
covered which have important implications for its practical
utility. Spectral classification techniques tend to group
functions devoid of symmetries together into certain
equivalence classes, a tendency which is wundesirable for
symmetry synthesis methods since it means that classes of
predominantly non-decomposable functions are formed. In or-
der for our approach to synthesis to be feasible, every
equivalence class must contain at least one function with
some symmetry. Every 4 variable spectral class possesses
such a function and Miller[28] hypothesized that this is
true for higher values of n. An investigation pertaining to
the feasibility of such a synthesis approach is described in
chapter 5.

We developed two algorithms for testing the non-decompos-
ability of spectral classes iand they are presented in chap-
ter 5. One generates all the functions in an equivalence
class and tests for their decomposability, while the other
generates all the decomposable functions that might belong
to the class under investigation and checks for their mem-
bership in that class. The former algorithm is efficient
for testing the deéomposability of a class while the latter
is efficient for checking the non-decomposability of a
class. We have investigated the feasibility of our new de-
sign philosophy by testing exhaustively every 5 variable
spectral class for non-decomposability, using the latter al-

gorithm.



Chapter 11

CLASSIFICATION OF FUNCTIONS

The number of possible different functions of 'n' inde-
pendent variables is 2én , including degenerate functions?t.
Clearly this becomes a very large number for large 'n', and
certainly too large to be individually listed in any alge-
braic or similar format for any value of 'n' greater than 3.

Even worse, of course, is the situation for higher-valued

functions, R > 2, where the number of functions now becomes
rzfg1 .
Some means of classification of functions into a set of
equivalence classes, however, is useful from several
aspects. Firstly there is the inc;eased understanding of
functions which have some common property, which may lead to
some insight into the realization of all the functions in
the same equivalence class. This may then have practical
implications in that testing and fault diagnosis procedures
may be standardized for a particular class. Secondly, there

is the possibility of establishing a small set of 'standard

functions' or 'prototype functions', one from each class.

1 Degenerate functions of 'n' input variables are functions
which do not depend upon all 'n' inputs to determine the
function output, that is, one or more of the input vari-
ables are redundant.



7
To facilitate our discussion we define an equivalence
relation i.e., R is an equivalence relation on a set S if it
satisfies the following laws:
1. Reflexive law: f; R f; for all fje S.
2. Symmetric law: If fj R fj, then f5 R fj holds for all
fi, fyes.
3. Transitive law: If fj R fj and fj R fg, then fj R fy
holds for all fj, fj, fre s.
An arbitrary function fj; and all other functions fj, iy snmy
such that f; R fj, fj R fg,..., are said to constitute an
equivalence class. Hence, any function 'f' that belongs to
a particular equivalence class 'C' may be realized by the
implementation of some standard or prototype function for
that class, together with the appropriate operations that
map function 'f' onto the standard or prototype function.
These mapping operations correspond to the method of clas-
sification adopted. In the subsequent sections, we present
a review of the different classification methods and their

corresponding operations.

2.1 ALGEBRAIC CLASSIFICATION METHODS

The three main algebraic classifications which have been
developed for binary functions are the PN classification,
the NPN classification and the SD classification. Each is

m

progressively more compact in classifying the 22 possible

binary functions.
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The principal algebraic classification method involves

the consideration of the following operations, taken indi-

vidually or collectively

1. Negation (N) of one or more of the input variables of

the function.

2. Permutation (P) of two or more of the input variables

of the function.

3. Negation (N) of the output of the function.

2.1.1 The PN Classification

The earliest published method for the classification of

binary functions was the method used in producing the Har-

vard switching function tables[5,6]. This method has subseg-

uently been termed the PN classification where functions are

equivalent under operations (1) and (2) mentioned above.

For illustration,

for n <= 2

f(x) =
f(x) =
f(x) =
f(x) =
f(x) =
f(x) =

Total :

the full PN classification of functions

contains 6 classes[10] and is as follows:

0

1

X1

X1Xx2

X1 *+ X3

x] ® x3

(one function in the class)
(one function in the class)
(four functions in the class)
(four functions in the class)
(four functions in the class)

(two functions in the class)

16 functions, six classes, for n <= 2,



2.1.2 The NPN Classification

In the NPN classification[7-9], functions are equivalent
under the operations (1), (2) and (3) discussed above. This
extfa operation allows functions which are related by the
application of De-Morgan's theorem to be grouped in the same
equivalence class, for example the PN entries of xj3x and
X] + x2 are both in the same NPN class.

The six PN classes for n <= 2, detailed in the previous

section, can be compacted into four NPN classes[10] as fol-

lows:
f(x) =1 (two functions in the class)
f(x) = x1 (four functions in the class)
f(x) = x1 + x3 (eight functions in the class)
f(x) = x1 @ xp (two functions in the class)

Total : 16 functions, four classes, for n <= 2.

2.1.3 The SD Classification

The third and most compact of the algebraic classifica-
tion techniques is the SD (self-dual) classification of Goto
and Takahas[3,8,10]. This classification was particularly
relevant for the restricted class of linearly-separable
(threshold) functions, but is applicable to all functions
whether linearly-separable or not.

The definition of the SD classification first requires
the introduction of dual and self-dual functions. The dual

of any function f(x) is given by
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£9(x) = £(x)
where the bar within the parenthesis indicates that all the
xj variables of the function are individually complemented,
whilst the bar over the whole function indicates the usual
output function negation. If now fd(x) = f(x), then f(x) is
said to be self-dual. However, if a self-dual function
£Sd(X) of n+l variables X]1,++++Xn,Xn+]1 1s considered, it may
be decomposed using Shannon's decomposition, into two sub-

functions fg(x) and fj(x) of n variables as follows:
£sd(x) = Enell FplXpeenss®ng) 1 # Zpagl £10%3,e0ep®n) ]

The property of a self-dual function implies that these two
decomposition functions fg(x) and f;(x) are duals of each

other, that is
£S9(X) 2 xpe1f(x) + xpe1£9(x)

where f(x) = f(x1,...,xp). If we decompose £54(x) about any
Xj, the two resulting subfunctions will be duals of each
other.

Now a function f(x) and its dual f9(x) lie within the
same NPN equivalence classification, being related by input
and output negation operations, but the self-dual function
£Sd(X), sometimes termed the 'hyperfunction' fP(X) of f(x),
lies above this NPN classification, unless f(x) happens to

be a self-dual function, in which special case fP(x) = f(x).



11

In the SD classification, both £Sd(x) of n+l variables

and all possible Shannon decompositions into functions of n

variables are classed in the same SD classification entry.

Thus £59(X) becomes a more compact algebraic classification
than the preceding NPN-equivalence classification.

The full SD classification? of functions for n <= 3 con-

tains 7 classes[10] and these classes are given below:

f(x) = x3 (4 fns. in the class)
f(x) = x1x3 + x2x3 + x31x3 (32 fns. in the class)
f(x) = x1 @ x3 ® x3 (8 fns. in the class)

f(x) = (x] + X2 + X3)Xgq + X]1X2X3 (128 fns. in the class)
f(x) = (x1x2x3 + X1X2X3)Xx4

+ (x1 + x2 + x3)(X1 + X2 + Xx3)x4 (64 fns. in the class)
f(x) = x1(x2x3 + X2x3)xg

+ (x] + X2%X3 + Xx3)Xg (96 fns. in the class)
f(x) = (X1X2X3 + X]X2X3 + X]X2X3)Xg

+ (x1x2 + x2x3 + x1x3 + x1X%2x3)Xgq (128 fns. in the class)
Total : 256 functions, 7 entries, for n <= 3,

For comparison purposes the PN, NPN and SD classification
"statistics[11] are shown in Table 2.1. In algebraic classi-

fication procedure, the number of equivalence classes

2 The second and the third class consists of self-dual func-
tions of exactly three variables and non-self-dual func-
tions of exactly two variables. The fourth and the suc-
ceeding classes consist of self-dual functions of exactly
four variables and non-self-dual functions of exactly
three variables.
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quickly becomes large and inconvenient to use. So
alternative means of classification such as will be consid-
ered in the following sections are particularly advanta-

geous.

Number of input
variables (n) 11 21 3 4 5 6

Total number of 9

functions of upto 4116|256|65536|=4.3X107 |, 19
3 =~ 1,8X10

n variables

PN classification 3| 6| 22| 402| 1228158[= 4ax1014
NPN classification 2| 4| 14 222 616126 |= 2X1014
SD classification 1] 3 7 83 109958 *

Total number of
functions of exactly [2[10|218(64594|=4.3X10%|.; gx10l9
n variables

PN classification 1| 3| 16| 380| 1227756|= 4ax10l%
NPN classification 1| 2| 10| 208| 615904|= 2x101%
SD classification 0 2 4 76 109875 *

Note: (1) The SD classification includes the
hyperfunctions of n+l variables.

(2) * represents entries not computed.

Table 2.1. The PN, NPN, and SD classification statistics

for binary functions of upto 6 variables.
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2.2 LINEARLY-SEPARABLE (THRESHOLD) FUNCTIONS

Linearly-separable, or threshold, functions form a par-
ticular sub-set of all functions, for which a numerical as
distinct from an algebraic classification procedure is par-
ticularly straightforward. However, threshold functions of n
variables form a diminishingly small proportion of all func-

tions of n variables as n increases[11l], (see Table 2.2).

All functions  |256|65536[=4.3X107|_1 gx1019|= 3.ax1038
Threshold fns. |104| 1882|  94572| 15028134|8378070864

Table 2.2. The total number of binary functions and the
total number of threshold functions for n = 3

through n = 7.

Linearly-separable functions are functions which, when
their minterms are considered as 2" equi-spaced nodes in n-
dimensional space, possess a plane surface which unambigu-
ously divides all true (f(x) = 1) nodes from all false (f(x)

= 0) nodes. This is illustrated in Fig. 2.1(a).



Pig. 2.13

a)

b)

XX, X3

All true

/ minterms

All false
(@) minterms
f(x)
(b)
Concepts of linear-separability and

threshold functions.
the hypercube construction with a separating

plane; function f(x)

]

x1x2 + x2x3 + X]x3

<l.x] + l.X32 + l.X3>9
is illustrated.

the general symbol for a threshold-logic gate.

14
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The equation of this plane in n-dimensional Euclidian

space with axes xj, X2,..., Xp is

ajxj] + azxx + ... + apxpy = d sum hBxd)

where aj;, az,..., ap and d are constants. Hence for any
point lying on the plane or between the plane and the origin

we have

ajx] + axx2 + ... + apxp <=d evs L2u2)

whilst for any point on the plane or on the side remote from

the origin we have

ajx) + azxs + ... + apxp >= d son (233)

From this basic consideration it readily follows that the
mathematical equation for a linearly-separable function may

be written

f(x)

0 if ajx) + azx3 + ... + apxp < 4, ese (2.4)
and

f(x)

1 if ajx; + azx2 + ... + apxp >= d. ves (245

assuming the separating plane just passes through the lowest
summation true minterm(s). This functional relationship may

be paraphrased by the notation:

f(x) = < ajx) + azxy + ... + apnXxp >3 vue L258)
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Note that normal arithmetic relationships hold in these con-
siderations, and not modulo 2.

The threshold logic gate is illustrated in Fig. 2.1(b).
The parameters aj;, a2, ..., ap are termed the weights of the
respective xj input variables, giving their relative impor-
tance in determining the gate output state, whilst d is
termed the gate threshold discrimination, or merely thresh-
old. The value ajxj at each minterm is termed the gate input
summation, which must equal or exceed d to realize f(x) = 1.
Further details of threshold logic theory, including toler-
ance considerations of the input weights and gate threshold
discrimination are given in any standard reference (e.q.

Muroga[10]).

2udsd Classification of Linearly-separable functions

We shall now briefly review the classification of thresh-
old functions using Chow parameters based on the original
work of C.K. Chow[1l6]. The basic Chow parameters of a func-

tion f(x) are defined as

CH(x) = Ch(x1), Ch(x2), ..., Ch(xp); Ch(xg) ... (2.7)

where

Ch(xjy) occurrence of xj taken over all true

minterms; i = 1 to n,

and Ch(xq) total number of true minterms.
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For example, given f(x) = x1xp + x1x3, we first expand the
function into its three true minterms x]x2Xx3 + X]X2X3 +

x1EZX3, wvhence:

ch(xy) ch(x2) ch(x3); ch(xq)

x1x2i3: 1 1 =
X]1X2X3: 1 1 1
X1X2X33 1 - 1
CH(X) = 3 ’ 2 v 2 H 3

It will be apparent that each Ch(xj) value corresponds to
the number of times each literal xj occurs in the minterm
expansion, ignoring the presence of Xxj.

However, the original Chow parameters can be modified to
derive another integer-value vector which is more relevant
for threshold classification purposes[3,10-15]. The modi-

fied-Chow parameters are defined as

B(x) 2 by, by, ..., bn; by cne (280
where
bj = 2Ch(xj) - Ch(xg); i =1 to n,
and bg = Ch(xg) - 271,

The original Chow parameters are always positive integer
values; the modified Chow parameters are integers too, but

not necessarily all positive. Taking our previous example
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with the original Chow parameters CH(x) = 3, 2, 2; 3, the
modified-Chow parameters become B(x) = 3, 1, 1; -1. A use-
ful property of these modified Chow parameters is that if a
given function f(x) is independent of a particular variable
Xxi, then the associated b; parameter is always zero-valued.
However, the converse is not true, as may be shown by deter-
mining the Chow parameters for, say f(x) = x; @ xj.

It may be simply shown that each linearly-separable func-
tion has one unique non-zero set of Chow parameters, and
that no other function possesses this same set of val-
ues[10]. In order to gquarantee uniqueness, both magnitude
and sign are necessary in the modified set. Hence the modi-
fied Chow parameters are particularly appropriate and con-
venient for cataloguing threshold functions.

The Chow parameter classification table for all linearly-
separable functions of upto 4 variables[1ll] is given in Ta-
ble 2.3. Note that (conventionally) the bj parameters are
listed in descending order of magnitude, with no fixed cor-
respondence to bj,...,bpn; bg. The principal reason for such
tabulations, however, is not merely as a classification ta-
ble, but much more as a means to

1. determine whether any given function is linearly-sep-

arable or not.

2. if linearly-separable, then to give the minimum inte-

ger threshold realization for the function.
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n bj aj

n <= 3
1) -4 000 1000
2) -3 111 2111
3) -2220 1 1 10

n <= 4
1) -8 0000 10000
2) -71111 31 1 1 L
3) -6 22 20 21110
4) -53311 322121
5) -4 4 4 00 11100
6) -4 4 2 2 2 22111
7) -3 3333 11111

Table 2.3. The Chow parameter classification for all

linearly-separable functions of n <= 4,

Note:
i) for the 21 n <= 5 entries, see Hurst[1l1].
ii) for the 135 n <= 6 entries, see Hurst[1l1].
iii) for the 2470 n <= 7 entries, see

Winder[17].

Details of the full use of these classification tables may
be found in[3,11,14], and a more detailed discussion of the
theoretical development of the Chow parameter classifica-
tion, and the relationship between the n+l1l numerical parame-

ters which embrace more than one NPN classification group
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and SD algebraic classifications which likewise each embrace
more than one NPN group, may be found in [3,8,10,12,15,16].

When we review the several possible classes of boolean
functions, we find that the linearly separable class consti-
tutes the most restrictive class. We may readily demonstrate
that the n+l Chow parameters are inadequate to define un-
ambiguously functions of an unrestricted class - as an exam-
ple all the Chow parameters of any Exclusive-OR or Exclu-
sive-NOR function will be found to be zero, and hence do not
uniquely identify the function. Thus the use of this partic-
ular set of only n+l numerical parameters for function clas-

sification purposes has obvious limitations.

2.3 SPECTRAL CLASSIFICATION

Any given combinatorial function f(x) may be explicitly
defined by its truthtable, which lists all 2" input combina-
tions, giving the function output value f(x) for each input
combination. Conventionally, all xji input variables and the
output value of f(x) are expressed in {0,1} notation. With
the order of tabulation of the input variables standardized,
then the 2" local output values of f(x) may be treated as a
column vector Z defining f(x). Should we recode the binary
logic values from {0,1} to {+1,-1}, respect%vely, then an
alternative column vector Y defining f(x) will be obtained.
Both the {0,1} and {1,-1} coding schemes for the function,
f(x) = x1x2X3 + X1xpX3 + X]xx3, are illustrated Table 2.4.

The reason for such recoding can be found elsewhere[1l1l].
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Truthtable Output vector
X3 X2 X1 z ¥
0 0 0 0 1
0 0 1 1 -1
0 1 0 1 -1
0 1 il 0 1
1 0 0 0 1
1 0 1 0 1
1 1 0 0 1
1 1 1 1 -1

Table 2.4: Truthtable for example 3-variable function
f(x) = x1XpX3 + X]1X2X3 + X1Xx3, and function
vector Z and Y in {0,1} and {1,-1} coding

respectively.

As an alternative to these 2" entries we may also specify
2D coefficients which define f(x), these coefficients being
the 'spectral coefficients' of f(x); the coefficients may
also be listed in a defined order to give a column vector
representation, which we will subsequently identify by R or
S according as the original functional specification is in
{0,1} or {1,-1} coding respectively. As will be seen, the
entries in R and S will no longer be binary values as in the
local value truth table vectors Z and Y. We shall first
consider the Hadamard transform[ﬁﬂ which will directly gen-
erate S from Y and R from Z, following which we shall con-
sider the use of these spectral coefficients for classifica-

tion purpose.
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2.3.1 The Hadamard orthogonal transform matrix

The Hadamard transform is a complete orthogonal square

matrix, with row and column entries €{+1,-1}, and with a re-

cursive structure as follows:

(+1)

70

Tn

Note that the dimensions of the transform are 2" x 2" for
any n. For increasing n the transforms have the following

structure:

11
pl

B |

1 1 1 1]

1 -1 1 -1
T2 =

1 1 -1 -1

1 =4 =1 &
etc.

For alternative definitions of Hadamard transforms and other
representations of the Rademacher-Walsh transform, the read-
er should consult Hurst[ll]. The recursive definition of the

Hadamard transform is the most relevant for our purposes.
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2:3.2 The Hadamard transformation of binary data

¢

The Hadamard transform matrix may be used to transform
any 2" column vector of numbers into an alternative data
column vector. No information is lost in this transforma-
tion, the original data being fully recoverable from the re-
sulting vector by application of the inverse transform TI.
The spectrum R or S can be obtained from Z or Y using the

following:

[TP]{z] = R or [T"](Y] = S ee. (2.9)

Consider the 3-variable example function given in Table
2.4, Using the {0,1} coding scheme, we may transform Z with
an n = 3 Hadamard transform as shown in Fig. 2.2. For clari-
ty -all entries in this transformation are identified. The
tabulation order of the spectral coefficients and the nota-

tion used to represent these coefficients are also shown.

3} I 2 2 % 3 131 1 0 3| rg

1 -1 1 -1 1 -1 1 -1 1 -1|

1 1 -1 -1 1 1 -1 -1 1 -1| r3

1 -1 -1 1 1 -1 -1 1 0 -1| ri>
1 1 1 1 -1 -1 -1 -1 of = | 1] r3

1 -1 1 -1 -1 1 -1 1 0 1| ri3
1 1 -1 -1 -1 -1 1 1 0 1| r>3
1 -1 -1 1 -1 1 1 -1 1 -3| ri>3

[z"] (2] = [r]

Fig. 2.2: Labelling scheme in {0,1} coding.
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If the output vector f(x) is recoded from {0,1} to {+1,-1},

then we have the alternative transformation shown in Fig.

2.3.
1 1 1 1 1 1 1 1} 1 2| sp
1 -1 1 -1 1 -1 1 -1 -1 2| s3
1 1 -1 -1 1 1 -1 -1 -1 2| s2
1 -1 -1 1 1 -1 -1 1 1 2| si2
1 1 1 1 -1 -1 -1 -1 1| = |-2| s3
1 -1 1 -1 -1 1 -1 1 1 -2 s13
1 1 -1 -1 -1 -1 1 1 1 -2| s33
1 -1 -1 1 -1 1 1 -1 =1 | 6] s123

[r") ] - [s]
Fig. 2.3: Labelling scheme in {+1,-1} coding.
The spectra R and S each uniquely represent the given

function f(x), since we can easily recover the original Zz

and Y using:
z = 1/2"(T"R) and Y = 1/2R(718) vus §2e10)

The individual coefficient values in R and S are related as

follows:

172 (2™ - s ),

ro

ri -1/2 ( sy ), i = 0. ses (2:11)

In subsequent discussions, we shall refer to individual
spectral coefficients by r for {0,1} coding and by s for
{1,-1} coding. Moreover, we re-group the coefficients and

label them as follows:
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S0 : the zero-order coefficient

si, i =1 ton : the primary or first order
coefficients

Sijs 11 = 13, 13; s«s : second-order coefficients

Collectively, all second and higher order coefficients will

be termed the 'secondary' coefficients.

2:+3:3 Invariant Spectral operations

It has been shown that there are in total five invariance
operations which may be applied to the full set of 2" spec-
tral coefficients. These operations are merely stated below;
formal proofs may be found in Edwards[18] and else-
where(3,11,19].

Let —« be some substring, possibly empty, from {1,...,n}.
Each invariant spectral operation transforms f --> £%, A
definition of f* with the relevant spectral coefficient in-
terchanges for each operation 1is listed below, for some

function £(®], «s; Xis ses Xjr oo Xn) 2

1. Permutation of any input variables xj and X5, i+ 73,

1,7 © 41, 2,500} 1
*
£ (x) = £f(x1,..,%5,..,Xi,e0,%pn).

This requires the interchange of 2n-2 pairs of coef-

ficient values

Siee < ==>  Sju, ijte.
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Note, coefficients sq, sk, Sijrees remain unchanged.
Negation of any input variable xj, i € {1,2,..,n} :
*
£ (x) = €1, s5eBiresrXnls

This requires the negation of 2n-1 spectral coeffi-

cient values

Note, coefficients sgq, Sir Sjkree- remain unchanged.
Negation of a network output:
£¥(x) = f(x).

This requires the negation of all 2™ spectral coeffi-

cients
SQ === = 80
S.. S R

Replacement of any variable xj by xj ® x4, i=3, 1i,je¢

{1,2,..,n} :
£5(x) = (X1, Xi® Xj,ee,Xj,00,%Xn).

This requires the interchange of 2" 2 pairs of coef-

ficient values
<===>  Sjjour 1, ¢ .

Sie<

Note, coefficients sq, Sjr Sjkree- remain unchanged.
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5. Finally, replacement of the network output f(x) by

fix) ® x5, 1€11,2,«s;n} 3

£¥(x) = £(x) @ xj.

This results in the interchange of 271 pairs of

spectral coefficients

5% e Cemel o, ide .

Note, all 2m coefficients are involved in this opera-

tion.

The first three are just the NPN operations that we have
seen before and they do not alter the order of any coeffi-
cient value; the fourth operation interchanges certain coef-
ficient values from all orders except the zero order coeffi-
cient sqg, and involves 2"l coefficient moves; whilst the
final operation brings the value of sg into the interchange,
and moves all 2" coefficients. Hence, operations (4) and
(5), repeated as necessary, allow any spectral coefficient
value to be moved to any other order, including the zero-or-
der position sg. The magnitudes of the complete set of coef-
ficients, however, remain invariant under any of these oper-

ations.
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2.3.4 Spectral Classification

The algebraic NPN classification method uses the first
three of the five invariant spectral operations. Should the
last two spectral operations be added to the NPN classifica-
tion scheme, a more compact classification method will re-
sult. The addition of operation (4) results in a PN2T clas-
sification, and the addition of operations (4) and (5)
results in the PNTD classification. Two functions are in
the same PN2T or PN2TD class, if the relevant spectral oper-
ations can transform one function to the other. A detailed
discussion of such transformations can be found in
Hurst[11]. The set of spectral coefficients for all func-
tions in the same class remains the same, their order, sign
and positions changing for the different functions.

Each class contains a canonic function, which 1is the
function in the class for which the low order coefficients
have maximum values. The canonic classification tables for
functions of upto n variables is a listing of the coeffi-
cient values, in the normal identification order, which is
S0; SlreecerSni S12se+++; S12...m ; with the zero and first
-order coefficients sqp; sj,...,Sp, arranged in descending
magnitude order. Thus sg is conventionally the highest mag-
nitude coefficient in these canonic classification tables,
followed by sj,...,sp. Given a function f(x), the procedure
of finding its canonic function f-(x) is called lineariza-

tion and is described below in 2.3.4.1.
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2.3.4.1 The linearization procedure
The linearization procedure is based on that of[19], to
which the reader is referred for proof of the procedure. Let
A and B be matrices of dimension n x n. We shall initially
describe the procedure to find fc(x) for a PN2T class, and

later extend the procedure for a PN2TD class.

1. 1Initialize B to be empty.
2. Select a spectral coefficient other than rgp as fol-
lows:
a) the coefficient(s) of largest magnitude,
b) if more than one coefficient satisfies (a), then
select the one(s) of lowest order,
c) if more than one coefficient remains, then select
the one with the largest decimal subscript.
3. Add the binary representation of the decimal sub-
script of the selected coefficient as a new column of
B with the bit corresponding to xj in the ith row.
Now, delete the selected coefficient from the list.
4, Delete all spectral coefficients whose decimal sub-
scripts have binary representation which are bit by
bit mod 2 sums of some subset of the existing columns
of B.
5. Repeat steps 2 to 4, (n - 1) times ignoring coeffi-
cients that have been deleted. Clearly the resulting
B is non-singular. All summations are performed mod

2
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6. A is set to be the mod 2 inverse of B. This can be

deduced using simple Gaussian elimination.

At the conclusion of this procedure, the columns of B de-
fine the spectral operations to be performed on f(x) to get
fo(x). In particular, column i defines the XOR function
that replaces xj. The input variables to this XOR are those
x4 for which the jth entry in the ith column of B is 1. The
matrix A is used to determine the spectrum of the canonic
function f.(x) corresponding to f(x).

Should the canonic function f.(x) for a PN?TD class be
required, then the above procedure must be extended to ac-
commodate type (5) spectral operation. First, the largest
magnitude coefficient over the coefficients excluding rqg is
determined. If this magnitude 1is less than or equal to
re - 2n-1 no type (5) translation is required and the lin-
earization is applied directly.

If the largest magnitude coefficient exceeds rg - 2n-1,
proceed as follows. If a first order coefficient has larg-
est magnitude, a type (5) translation to exchange it with ry
can be applied directly. If this is not the case, an ini-
tial type (4) translation that brings the largest magnitude
coefficient to the first order is applied, followed by the
type (5) translation. In either case, the linearization
procedure is applied to the resulting spectrum.

The linearization procedure to find f.(x) for a PN2T

class is 1illustrated by applying it to the function f(x),
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whose spectrum is given below in the normal identification

ordering mentioned earlier:

step 1 : B =0
step 2 : rjy234 = -6

step 3

step 4 : ---

step 2 : i) r3 r13 = r3 = r3q = r123 = rj3q = ra3g = 2
ii) r3 is chosen

step 3

step 4 : delete rjg

step 2 : i) ry3 r3 = T34 = ry23 = ry3q = ra3g = 2

]
N

ii) ry3 = r23 = r3a

iii) r34 is chosen

step 3 100
B=100

111

1021

step 4 : delete rg, ri2, ri23

step 2 : i) ry3 = rp3 = ry3g = rp3g = 2
ii) ry3 = raz3 = 2

iii) rp3 is chosen
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(o9)

I
o
or oo
HHOO
o HO

This is the final B and its columns define the spectral

operatibns, namely,
X] <--- X1 ® x2 ® x3 @ x4,
X2 <=-- X3,
X3 <-— X3 @ €y,
Xg <= %308 x3.

step 6 : The mod 2 inverse of B is

1000
A= 1111
1001
1100

A allows the calculation of the spectral coefficients of the
canonic function f-(x) using

AV = P

where matrix multiplication is mod 2, Y is the binary repre-
sentation of a coefficient subscript of f(x) and F is the
binary representation of the position that this coefficient

will occupy in fo(x).
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example,

]

e
HOKrO
cor o
OO
(S
O

indicating that rj34 in f(x) becomes rjpq in fco(x). The re-

sulting spectrum for the example function is given below in

normal

Re = 8;

2.3.5

The

identification ordering:

By 24 8 =27 0, 8, 0, 0, 0, U; =2, &; ~2; 2} 0Os

Continued spectral classification

zero and first order coefficients for the canonic

PN2TD classification entries for upto 4 and 5 variables[11]

are shown in Appendices A and B respectively in {1,-1} cod-

ing. Several points concerning this classification will be

highlighted.

1.

With all the zero and first-order spectral coeffi-
cients made positive, it does not follow that all the
higher order coefficients are likewise positive. All
valid spectra have the property that the sum of the
spectral coefficients must always total + 27, and
this must be true for the canonic functions listed in
the classification tables. Clearly, the full set of
20 coefficients always contains redundancy, in that

at least one coefficient could be removed.
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2. The compactness of this classification procedure is
very striking; all 65,536 functions of upto four
variables are contained in the eight classes (Appen-
dix A). For the 4.3 x 102 functions of upto five
variables, the number of classes increases to 48 (Ap-
pendix B). The relative size estimates of the dif-
ferent 4 variable PN2T classes[20] and 5 variable
PN2TD classes[4] are shown in Appendix C.

Comparing this complete classification for all functions
with the linearly-separable classification of Table 2.3, it
will be noticed that seven of the eight entries for n <= 4
in Appendix A are compatible to the entries in the Chow
classification Table 2.3. For n <= 5, 21 of the 48 entries
(Appendix B) appear in the Chow 1list[1l1]. Comparing the
compatible entries of Table 2.3 and Appendix A we find:

1. the modified-Chow parameters bj, i = 1 to n, intro-
duced in the previous section are given by half the
resultant spectral coefficients sj, i = 1 to n; and

2. the modified-Chow parameter by is given by the nega-

tion of half the spectral coefficient sg.

Theoretically we may multiply the n modified-Chow parameters
by,...,bnp by any constant without altering their information
content, and similarly we may multiply the by parameter by
the same or any other constant. Thus there are an infinite
range of Chow parameter definitions possible; the primary

spectral coefficients sj,...,sp, and the zero-order spectral
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coefficient sg constitute one such definition. In the sub-
sequent discussions, we will use this definition based on
the spectrum, for the modified-Chow parameters. 1In addition
we will drop the qualification 'modified' from here on, and

refer to them as merely Chow parameters.

2.4 SUMMARY

In this chapter we have considered the classification of
combinatorial logic functions, both in the function domain
using an algebraic approach, and also in the spectral domain
using operations on the spectral coefficients. All the rele-
vant procedures of algebraic methods are encapsulated by
available operations in the spectral domain, which in gener-
al prove to be more convenient and compact than the function
domain procedures.

The Chow-parameter classification method for threshold
functions, has direct ties to the subsequent evolvement of
spectral coefficients, and the very interesting possibili-
ties of using a reduced set of spectral coefficients for
classification of all functions will be discussed in the

next chapter.
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SPECTRAL CLASSIFICATION

3.1 INTRODUCTION

Spectral techniques for functional classification were
discussed in chapter 2. It was shown that given any func-
tion f(x) and its spectrum, there are five invariance opera-

tions namely:
- negation of a variable (N);
- negation of the function (N);
- permutation of the variables (P);
- spectral translation (T);
- disjoint spectral translation (D);

These operations can be used to reorder and sign-change the
spectral coefficients so that a positive canonic ordering
results. These operations divide the set of boolean func-
tions into equivalence classes3 with each class being
uniquely defined by its canonic function. For subsequent

discussions, let D denote a PN2TD class.

3 In2 this chapter the classification referred to 1is the
PN“TD classification.

- 36 -
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We have already seen in chapter 2, how the 2" spectral
coefficients for any given function f(x) may be used as a
ready means of function classification. A set of coeffi-
cients used to define exactly one boolean function is called
the signature of the function. We shall use the term 'basis
set' to refer to the zero and first order coefficients of a
function when it is put in canonic form.

The Chow parameter classification for threshold classes
has been shown to be a special case of spectral classifica-
tion, the particular properties of functions belonging to
these classes being that only n+l of the full set of 2"
coefficients are necessary for classification purposes. The
coefficients are precisely those that constitute the basis
set which in this case is a signature. Thus, any function
belonging to a threshold class is completely defined by the
knowledge of the operations required to put it into canonic
form and the n+l coefficients defining the basis set of the
canonic function.

Since the basis set containing n+l coefficients is par-
ticularly compact and convenient for cataloguing functions
from threshold classes, it was of interest to investigate
whether the full set of 22‘L functions could be classified
using a signature containing less than 2" coefficients for a
particular n. The basis set does not constitute a signature
for functions from non-threshold classes[11]. In other

words, for non-threshold classes, there is more than one
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function defined by the basis set and we shall refer to
those functions with identical basis sets as solutions cov-
ered by the basis set. In order to extend the basis set to
a signature, we need to augment the basis set with more
coefficients. For threshold classes, there is only one so-
lution covered by the basis set and so the basis set consti-
tutes a signature. For non-threshold classes, the number of
coefficients that need to be added to the basis set in order
to derive a signature clearly depends on the number of solu-
tions covered by the basis set.

In order to gain some insight into the number of coeffi-
cients that need to be added to the basis set to derive a
signature, we researched for a possible correlation between
the number of solutions covered by the basis set and a par-
ticular metric -~ defined on the basis set. In order to de-
velop this correlation, a search procedure was developed for
extracting the solutions covered by the basis set, and a de-
tailed discussion of this procedure is given in section 3.2.
The definition of the metric o— and the underlying proper-
ties which are measured by this particular metric are also
discussed in section 3.2.

A unate function is one in which no input variable xj ap-
pears in both complemented and uncomplemented form (xj and
xi) in some minimized sum-of-products expression for f(x).
For example the function x3%X3 + x2x3 is a unate function,

but x3x2 + x3x3 is a non-unate function. Care must be taken
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to ensure that the expression for f(x) is appropriately min-
imized; for example f(x) = x] + x1x2 is unate, because there
exists the minimized form f(x) = x] + X3.

It may readily be shown that all linearly-separable func-
tions must be unate [10,11]. The converse, however, does
not hold, as may be illustrated by the simple unate but non-
linearly-separable function f(x) = xjxp + X3xXg.

An equivalence class is termed unate if the canonic func-
tion f.(x) defining that class is unate in all its input
variables. The non-threshold classes could be sub-divided
into two categories based on this property, and termed unate
classes and non-unate classes. Similarly to threshold clas-
sification, we derived a signature for functions using the
solutions generated by the search procedure discussed in
section 3.2. This numerical classification procedure uses a
reduced set of coefficients, whose number varies from n+l

2 4+ 3n - 2)/2 (maximum), the actual number

(minimum) to (n
necessary increasing as one moves from the most restrictive
class of functions (linearly-separable) to the unrestricted
class of all 22h functions. A detailed discussion of this
procedure for up to 5 variable functions can be found in
section 3.3.

The computational complexity of the procedures adopted

becomes unreasonable for n larger than 5. Consequently, in

this chapter all conclusions reached are for n < 6.
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3s2 SIGNIFICANCE OF THE METRIC

In this section we investigate the underlying properties
which are measured by a particular metric o defined on the
basis set. We shall use Q to denote the basis set. A defi-

nition of the metric[21] 1is given below:

2

o = 8 3, oo (3.1)
S, ea
In order to investigate the correlation between the me-
tric o~ and the number of solutions covered by the basis set,
we developed a procedure to extract all those solutions. A
detailed discussion of this search procedure is given in the

following subsection.

3.2 Search procedure for extracting solutions

The problem to be addressed is, given a basis set con-
taining n+l coefficients, to generate all the solutions cov-
ered by that basis set. The search is therefore to find all

the F; which satisfy the following system of equations.
TF; =R sen £3:2)
where

T* is a (n+l) X 2" matrix consisting of a subset of the

rows of T (the Hadamard transform),
R* is a column vector containing the basis set and

Fj are the solutions covered by the basis set.
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Instead of directly solving the system of equations
(3.2), we have translated the problem into a straightforward
sum of integers problem. This is done by translating the
partial transform T and the basis set R to {0,1} coding,

giving
T™'F; = RT sy LR
where

t+ij = 1/2 ( t*oj + t*ij ) 1 L= i <= n+1, 0 <= j <= 2n_l

* .
t*o5 = t 03 0 <= j <= 2M-1
rt; = 1/2 (rfg + r¥;y ) 1 <= i <= n+l
r*o = '

For a 4 variable function, the partial transform T' is given

below:

131131331 %3111111%31
1010101010101010

™ = 1100110011001100 (3.4)
1111000011110000
111111110000000°0

Let {B} be the set of integers {0, ..., 2% - 1}. If we ig-
nore the first row of the partial transform T' shown above,
we find that the column vectors of the matrix represent the
binary encoding of the elements of {B}, decreasing in magni-
tude from left to right. For a 5 variable function, the set

{B} contains the integers {0, ..., 31}. Considering the
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first row of the partial transform T+, the system of equa-
tions defined by 3.3 requires a set of r+0 columns to be se-
lected from T'. This selection is analogous to selecting
rto values from set {B}. Let {C} be the set of all possible
selections of r*(y elements of set {B}, and let each element
of {C} be thought of as a r*p-tuple.

Considering rows 2 through n+l in the partial transform

T+, we could define d as follows:
a = rry2i-l ... (3.5)

The sum of all the projections of an element of {C} should
equal d to conform to the system of equations 3.3. Each
such conforming C; from the set {C} could be used to evalu-
ate a solution Fj covered by the basis set.

This search procedure is illustrated by the following ex-

ample.

Example

Consider the basis set { 7, 7, 3, 3, 3, 3}, for the can-
onic function of 5 variable class 23. Equation 3.4 shows
the partial transform T for a 4 variable function. After

transforming R* to {0,1} coding, we have:
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Using equation 3.5 we have:

d = 157; (7 + 10 + 20 + 40 + 80)

The equivalence class in the example has 3 solutions covered
by the basis set and the set {C} corresponding to these so-
lutions is given below:

( 7 15 23 25 27 29 31 ),

{c} = (11 15 21 23 27 29 31),
(13 15 19 23 27 29 31 ).

3.2.2 Properties measured by the metric

Using the search procedure discussed in the previous sub-
section, the solutions covered by the basis set were enumer-
ated for all the 4 and 5 variable equivalence classes. The
number of solutions for each of the 4 and 5 variable equiva-

lence classes are given in Appendix A and B respectively.

Hypothesis'3.2.2.1
For n <= 5, given two classes Dj and D with correspond-
ing oi, o and pji, Pj the number of solutions covered by

the basis set, then pj >= P if and only if o4 <=oj.
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Discussion:

All the equivalence classes for up to 3 variables are
linearly-separable and hence have only one solution. Using
equation 3.1, the values of o for each of the 4 and 5 vari-
able equivalence classes were computed and tabulated (Appen-
dix A & B). For this definition of o , Hypothesis 3.2.2.1
is easily disproved using the following counter example from

Appendix B.

Dj = 22 Dy = 41
o~j = 608 o4 = 600
P; = 28 Py = 12

Five variable class 41 is unate in all its input vari-
ables whereas class 22 is non-unate in 4 of the 5 input
variables. This led us to believe that the property of
unateness has a role to play and hence should be incorporat-
ed in the definition of o in order to consider hypothesis

3.2.2.1. As a result o0 was modified as follows:

— - (z Sj)_(h-u% 5 v (8,5

Sieq
where
U = number of unate input variables in the function.
n = total number of input variables.
For n = 4 and n = 5, the o values for all the equivalence

classes were computed and are shown in Appendix A and B
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respectively. The correlation between the metric o, _and the
solutions covered by the basis set defined in Hypothesis
3.2.2.1 was then verified. A counter example to this hy-
pothesis was not found using the modified definition of &,
and as a result this correlation could be used to predict
the relative magnitude of the number of solutions covered by

the basis set for an equivalence class.

3:3 SIGNATURES

As an initial attempt, a signature for all functions en-

2n-1 coefficients. This

countered can be constructed using
elementary bound follows immediately by considering the n
variable function as 2" 3 distinct 3 variable functions.
Since we know that any 3 variable function has a signature
using four coefficients4, the result follows.

However, it was of interest whether we could do better
than 2771 coefficients for the functions encountered. How
much better depends entirely on how many times it is neces-
sary to partition a function to get sub-functions in the

threshold classes. The partitioning procedure used is Shan-

non's decomposition and it is defined below:

4 Every 3 variable class is a threshold class; the basis set
constitutes a signature for threshold classes.
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A function f(x) of n variables, can be partitioned using

Shannon's decomposition about some input variable xj,

1l <=

i <= n, into two sub-functions fg(x) and fj;(x) of n-1 vari-

ables as follows:

fix) = x§Eg (XJeesXi{-TsX{4+LresXp)*

XiEL IR ¢ o s BN s B it Ls s oBny)

(a)

(b)

« x5x+xs }(")
x
2 Ooco ©Clo W10 100 101 1y OCi1 ©o\
0o (@] (@) ©] O \ \ O )
o1 (o} (e) o (o] (e 1 (¢) ]
1 O O (&) | | O O O
lo (e) 1 (o) o) \ | 1
x, N\ 3% de PO g d
'tra oo o1 " o va co O ' to
oc | O (0] O o) el | & o
oiolo|olo| o or | o | o | o
" (@) O (e} | h | & O o
o | o \ \ o) ic| O | \ {
Fig. 3.1: (a) Map of the canonic function of class 40.

(b) Four variable partitions fg and fj of the

canonic function of class 40.
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We shall illustrate the partitioning procedure for one of
the 5 variable classes which has a large number of possible
solutions for the basis set -- class 40, with 457 solutions.
The canonic function of class 40 is illustrated in the map
(Fig. 3.la). Partitioning about input variable xg gives the
two 4 variable functions fp and fj illustrated in Fig. 3.1lb.
Upon inspection it becomes apparent that both fp and f;
are in 4 variable threshold classes and hence both fg and f;
could be classified using their respective basis sets. As a
consequence equivalence class 40 could be classified using
only 10 coefficients -- the basis sets for the respective
sub-functions. However, this depends entirely on whether
there exists a partitioning scheme such that one of the re-
sulting sub-functions at each partitioning stage belongs to

a threshold class.

Hypothesis 3.3.1

If a canonic function f-(x) of n variables is partitioned
using Shannon's decomposition about some input variable xj,
l <= i <= n, into two sub-functions fg(x) and fj;(x) of n-1
variables, then either fp or f; belongs to a threshold

class.

Discussion :
The canonic functions of all the 5 variable non-threshold
classes were partitioned using Shannon's decomposition and

the resulting sub-functions were tested for their membership
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in threshold classes. At least one of the resulting sub-

functions belonged to a threshold class.

Conclusion :

A canonic function f.(x) of n input variables can always
be partitioned into two sub-functions of n-1 variables, such
that at least one of the resulting sub-functions belong to a
threshold class. A counter example to this hypothesis has

not been found.

Hypothesis 3.3.2

A signature for all functions encountered could be con-
structed using only ((n)(n+l)/2) - 2 coefficients derived
from the spectra of sub-functions resulting from a Shannon's

decomposition.

Discussion :

This result depends on hypothesis 3.3.1. Since it is
possible to partition a canonic function into two sub-func-
tions such that at least one of the sub-functions is in a
threshold class, the upper bound on the number of coeffi-
cients required 1is drastically reduced from 2n-1 4o
((n)(n+1)/2) - 2, a much more reasonable number. This re-
sult can be proved recursively using 3 variable classes as
base cases.

Since every 3 variable class is a threshold class, they
have a signature of 4 coefficients. A 4 variable function

could be partitioned into two 3 variable sub-functions and
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as a result the 4 variable function would have a signature
of 4+4 coefficients. Similarly, a 5 variable function would .
lead to two 4 variable sub-functions where the threshold
sub-function is classified using 5 coefficients and the oth-
er 4 variable sub-function is classified using at most 4+4
coefficients. If we now consider an n variable function, we
need to perform Shannon's decomposition (n-3) times; the

number of coefficients in the signature is given by:

29
(2 (29

Conclusion :

The upper bound on the number of coefficients needed to
construct a signature for all functions is <clearly
((n)(n+1)/2) - 2.

By Hypothesis 3.3.2, the signature for a function may be
derived from the spectra of sub-functions resulting from a
Shannon's decomposition. This classification scheme is cum-
bersome because the coefficients that constitute such a sig-
nature do not correspond to the coefficients in the spectrum
of the function under investigation. The transformation
from a signature containing sub-function coefficients to one
containing coefficients from the spectrum of the function

under investigation is computationally complex[22]. Hence
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an alternative approach by which we could form a signature
by directly selecting a set of coefficients from the spec-
trum of the function under investigation was developed. A
discussion of this approach follows.

From Appendices A & B, we find that only threshold class-
es have a unique solution. All other non-threshold classes
have more than one solution and hence the basis set needs to
be augmented with more coefficients in order to derive a
signature for non-threshold classes. Our subsequent discus-
sions on signatures are based on the results compiled using
5 variable PNTD classes and these results were verified for
4 variable classes.

Our goal is to add coefficients to the basis set in order
to uniquely identify the solutions covered by the basis set.
As a worst case, let us suppose that the coefficients in the
complete spectrum all have the same magnitude (except for
rg); they would have different signs in order to maintain
the sum of all the coefficients at + 2", If this were true,
then all we would have is the sign information to distin-
guish the different solutions covered by the basis set. As
a result we would need k coefficients to uniquely identify
2K solutions. On the other hand, if the coefficients in the
spectrum have different magnitudes, then we could use less

than k coefficients to uniquely identify 2k solutions.
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3.3.1 Unate classes

Equivalence class 41 is unate and has the maximum number
of 12 solutions among unate classes (Appendix B). In order
to uniquely classify these 12 solutions for class 41, we
need to augment the basis set with (at most) four more coef-
ficients to derive a signature. This forms the upper bound
on the number of coefficients required to construct a signa-
ture for 5 variable unate classes. In other words, there
exists a set of 10 coefficients in the spectrum for 5 vari-
able unate classes that would constitute a signature.

However the 10 coefficients may be in different positions
for the various unate classes. In order to form a particu-
lar set of coefficients that could be used for the identifi-
cation of all the unate classes, it may be necessary to add

more coefficients to the signature.

Hypothesis 3.3.1.1.

1. For unate classes, 2n + 1 coefficients form a signa-
ture.

2. The coefficients that constitute the signature for
unate classes can be selected in one of the two ways
mentioned below:

a) Basis set augmented by any n second order coeffi-
cients from the top half of the spectrum.
b) Basis set augmented by any n third order coeffi-

cients from the bottom half of the spectrum.
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The solutions covered by the basis set were generated
using the search procedure discussed in section 3.3.1 for
four and five variable unate equivalence classes. This set
of solutions was subsequently used to test Hypothesis

3.3.1.1. and the hypothesis was verified.

3.3.2 Non-unate classes

The threshold and unate classes are equivalence classes
restricted by particular properties, so these restricted
classes could be viewed as special cases of the unrestricted
class of functions. Hence, a signature for the unrestricted
class of functions should constitute a signature for both
‘the threshold and unate classes, because they are special
cases.

For unate classes, the basis set augmented by n coeffi-
cients constituted a signature. From Appendix B, we see
that the number of solutions covered by the basis set 1is
greater than 2" for certain non-unate classes. Hence as a
worst case, for non-unate classes with all coefficients ex-
cept for rg equal in magnitude, 2n + 1 coefficients clearly
do not constitute a signature. The information pertaining
to the number of solutions covered by the basis set for the
different classes (From Appendix B) allows us to conclude
that at most 13 coefficients would be required to uniquely

identify these solutions for this category of functions.
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But in order to define some particular set of coeffi-
cients that could be used as a signature, we might need to
include more than 13 coefficients in addition to the basis
set. The actual number of coefficients that need to be add-
ed to the basis set depends on the information content of
the coefficients selected to form a signature. It has been
shown by Miller-et al[23] that information 1is not evenly
distributed in the spectrum; the higher order end of the
spectrum contains more information than the lower order end.
As a consequence, in order to derive a minimal signature, we
might have to select coefficients from the higher order end
of the spectrum.
For a 5 variable function, we have:
1. . one =zero and one fifth order coefficient (rg,
r12345),
2. n first and fourth order coefficients,

3. 2n second and third order coefficients.

The basis set contains the zero and first order coeffi-
cients. So, we are left with the other orders 2, 3, 4 and 5
for the selection of 13 coefficients. It is clear from the
number of coefficients in each of these orders that no sin-
gle order 1is sufficient. We need to select a mixture of
coefficients from these four orders, preferably from the

higher order end of the spectrum.
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Hypothesis 3.3.2.1

l. For non-unate equivalence classes,
(n-1) + (n * (n+l))/2 coefficients constitute a sig-
nature. In other words, we need (n * (n+l))/2 - 2
additional coefficients to uniquely identify the so-
lutions covered by the basis set.

2. The basis set augmented by the last (n * (n+l))/2 - 2
coefficients constitutes a signature for non-unate
equivalence classes (where the coefficients are in
binary order -- see chapter 2).

The solutions covered by the basis set were generated us-
ing the search procedure discussed in section 3.2.1 for four
and five variable non-unate equivalence classes. This set
of solutions was subsequently wused to test hypothesis
3.3.2.1. and a counter example to that hypothesis was not

found.

3.4 SUMMARY

In this chapter we have derived a numerical classifica-
tion procedure to identify individual functions without am-
biguity, using a reduced set of coefficients. We have al-
ready seen that linearly-separable classes have a sufficient
signature containing n+l1 coefficients, where the coeffi-
cients are precisely those that become the zero and first

order coefficients when the function is put in canonic form.
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We have shown that functions 1in unate classes can be
identified by inspecting the basis set augmented by either
'n' second order coefficients selected from the top half of
the spectrum, or by 'n' third order coefficients selected
from the bottom half of the spectrum when the function is
put in canonic form. In all, 2n + 1 coefficients are suffi-
cient to form a signature.

The non-unate equivalence classes could be classified us-
ing the basis set augmented by the last ((n * (n+l))/2 - 2
coefficients (where the coefficients are in binary order --
see chapter 2).

These results are of particular importance because they
could lead to standardized testing and fault-diagnosis pro-
cedures. A new design philosophy utilizing this spectral
classification technique is discussed in subsequent chap-

ters.



Chapter 1V

DIGITAL SYNTHESIS USING SYMMETRIES

4.1 INTRODUCTION

The philosophy of digital synthesis using symmetry tech-
niques supplemented by spectral methods is briefly reviewed
in this chapter. It must be noted that the extraction of
conventional prime implicant factors for digital synthesis,
is not given priority. In viewing the symmetric properties
of a function, freedom to consider groups of minterms of
possibly mixed values and separated by Hamming distances of
greater than one is present, as will be apparent in the sub-
sequent sections.

We shall limit our discussion to two-variable symmetries.
The two variable symmetry types can be classified into two
groups, the first group associated with Hamming distances of
two and the second group with Hamming distances of one. A
Hamming distance of 1 refers to any two minterms which dif-
fer in the value of one variable only, for example x3]x2x3Xg
and x]1x2x3x4 . Similarly, a Hamming distance of 2 relates
to two minterms which differ in the value of two variables
only, for example xj1x2x3x4 and x]1x2x3X4, and so on. It must
be noted that Hamming distances of greater than 2 are not

relevant for symmetries in two variables. A Dbrief
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description of the different symmetries[24] is given in
Appendix F.

The detection of the symmetry conditions in any given
function f(x) clearly is a prerequisite to any design method
based upon their presence. A function possessing a symmetry
is said to be decomposable. A method of detection of symme-
tries in individual functions[25] is briefly presented in
Appendix G and a possible digital synthesis scheme using
this property is presented in the section 4.2.

The proportion of non-decomposable functions increases
with increasing n (number of variables). All 3-variable
functions are decomposable, but this is not true for n
greater than 3. As a consequence, digital synthesis using
symmetries alone 1is not feasible. For non-decomposable
functions, symmetry techniques can be supplemented by spec-
tral translation methods and a brief discussion of this ap-
proach to digital synthesis is presented in section 4.3.
For this to give a design method for all functions, it would
be necessary for every spectral class to contain a function

with a symmetry.

4.2 SYNTHESIS USING SYMMETRIES

The simple example shown in Fig. 4.1(a) is used to illus-
trate the synthesis method, and to indicate the basis of
comprehensive design algorithms. For a detailed discussion,

the reader should refer to Edwards et al[24]. The figures
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used for illustration in this section are from Edwards et

all[24].

Fig. 4.1 : A simple example of remapping:
(a) Given function f(x) and conventional
realization.
(b) First stage synthesis.
(c) Remapping produced by first-stage synthesis.
(d) Resultant second-stage function f'(x'),

with don't care area x 1x 3.

(e) Realization for f(x) based upon (4).
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Suppose the circuit shown in Fig. 4.1(a) is redrawn as in
Fig. 4.1(b), where the AND gate 1 of Fig. 4.1(a) has now
been treated as a synthesis stage in a nondisjoint decompo-
sition. The general module for this stage, shown dotted, has
inputs x3j, x2, x3 and outputs x'l, x'2, x'3. Function
f'(x'l, x'z, x'3) represents the remainder function to be
synthesized. The relationships between x3, x2, x3 and

X 1, X 2, x 3 are given in Table 4.1.

x’l X'2 X'3

»
=
=
N
»
w

HHHHOOOO
HFHROOKHKHOO
HFOHOHOKRO
OO0
HFHOOKHHOO
HOHOKHOKO

Table 4.1: Relationship between x3, x3, x3 and

X'l, X'2, X'3.

Clearly x)1xp%3 has mapped to x 1% 2% 3,and x, x, x, has

L 7273
mapped to i'li'zx'3, with the remaining input minterms map-
ping unchanged. This is shown in Fig. 4.1(c). Notice that
this remapping is consistent with our given function, as
£(1, 0, 0) = £(0, O, 0) and £(1, 0, 1) = £(0, 9, 1).

For the second stage remainder function f'(x'l, x'2, x'3)

. =% |
the 1input vector x jx 2 can never occur, and hence these

minterms may be allocated don't-care values as shown in



Fig. 4.1(d). If we allocate 1 to these don't-cares, £ (x')
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x'l + x'zx'3, giving the realization shown in Fig. 4.1(e),

. which of course is the same as the original realization of

Fig. 4.1(a).

e R R
N i N v’i' P
(b)

o o oo,

N

(S
N0 N0y x (€) Nt x oy x
[ o| o|
5 x4 % x4 . o 3 x4
& X x’j xj xj xj x’j X l'jl
/
(d)

Fig. 4.2 : Remapping functions for different classes of
symmetry along with an example realization.
(a) NES {xj, xj}.
(b) ES {xi, x5}.
(c) Ms {xj, x5}.

(d) {svs xj}xj and {svS xjlxj.
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However, what 1is illustrated in this example 1is the
difference in design philosophy between a conventional de-
sign method and the new method. In Fig. 4.1(a) the AND gate
1l is conventionally associated with the prime implicant fac-
tor x1x2; under the new method, however, this AND gate is
associated with the symmetry which exists in the given func-
tion f(x) between the minterm areas x3x and xjxp, that is
in n-space x3, and is being used as a remapping function to
capitalize upon this symmetry.

Each of the types of symmetry detailed in section 4.2 is
associated with appropriate remapping functions, which serve
to pass to the next level of realization a reduced set of
minterm conditions, thus allowing don't-cares to be incorpo-
rated at the next level of realization. The remapping func-
tions for all of these symmetries along with an example of

their realization are shown in Fig. 4.2.

4.3 SYNTHESIS USING SPECTRAL METHODS

We have already seen in chapter 2, how the spectral coef-
ficients for any n-variable function f(x), may be rearranged
under the five invariance operations to provide a canonic
classification for any binary function. We shall now con-
sider briefly, the significance of the five invariance oper-
ations for possible network synthesis.

The permutation of two input variables xj and xj has no

useful significance for synthesis purposes, because it
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involves only a relabelling of the input variables. Simi-
larly, network synthesis using either (or both) of the next
two inyariance operations on the spectral coefficients, that
is negation of any one or more input variables and negation
of the whole function, are clearly not useful in a synthesis
method[18]. However, let us now consider the last two of
the five possible invariance operations. These will be seen
to be potentially useful.

First consider the replacement of any input variable xj
by the exclusive-OR signal [x;j®x5j], i <> j <> 0, as illus-
trated in Fig. 4.3(a). This is the type (4) spectral opera-
tion discussed in chapter 2, and it results in a function
f'(x), whose spectral coefficients are given by the inter-

change of the coefficient values of f(x) as follows:
Fioe <===> Ijja [ Chapter 2 ]

that is in all coefficients which contain i delete j if it
also appears and append it if it does not appear, leaving
unchanged all coefficients not containing i in their sub-
scripts.

For the type (5) spectral operation discussed in chapter
2, if a feed-forward path as shown in Fig. 4.3(b) is made,
then the spectral coefficients for £''(x) are given by the

interchange of the coefficient values of f(x) as follows:

Fio <===> .. [ Chapter 2 ]

o= o<
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that is in all 2" coefficients append i if it does not ap-
pear and delete i if it does appear. The functions £'(x)
and f ' (x) that result by applying the last two invariant
spectral translations respectively are called residual or
core functions. Formal proof of these final two invariance

operations may be found in Edwards[18].
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Fig. 4.3 : Digital synthesis using spectral operations.
(a) Given function f(x), with input XOR.

(b) Given function f(x), with output XOR.
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4.4 A NEW DESIGN PHILOSOPHY

In chapter 2 we were principally concerned with the clas-
sification of functions, whereby many dissimilar functions
could be transformed into a standard canonic function using
spectral translations. Our interest is now in deriving a
core function, using either/both of the two spectral trans-
lations. If this core function is a simple one in compari-
son with the original function f(x), then we have a possibly
useful means of synthesizing f(x). This results in a modu-
lar design for the realization of function f(x). If type
(4) operations are used then we call it a prefilter module
and if type (5) operations are used then it is called a
postfilter module. These modules implementing the spectral
translations consist of XOR gates. Thus any function f(x)
can be realized by supplementing the module used to imple-
ment the core function f (x) by appropriate filter modules.

In the case of digital synthesis using symmetry tech-
niques supplemented by spectral methods, our criterion is to
find a core function f (x) that is decomposable, so that we
can take advantage of its symmetries in a realization. The
last two invariance operations could be used to yield a core
function which possesses two variable symmetries, whereas
the original function f(x) had no symmetries. For cases
where the given function f(x), that needs to be synthesised,
is non-decomposable, we could adopt a strategy where the

first stage synthesis uses spectral techniques to yield a
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decomposable core function, and subsequent stages wuse
synthesis based on symmetries. This new design philosophy

is illustrated using the following example.

Example :

The Karnaugh map for the example function to be synthes-
ized is shown in Fig. 4.4(a). Using the algorithm described
in Appendix F the following symmetries were identified in
the examplé function:

1. Non-equivalence symmetry NES {x3,x4},

2. Multiple single variable symmetries {SVS x3}xs and

{Svs x4}x3 and

3. sSingle variable symmetries {SVS x1}x3 and {SVS x1}xg.

Using the collective symmetries (a) and (b), we may re-
duce the size of the remaining function to be synthesized by
combining these three identical rows into one row by a first
level AND remapping function. In effect we are making two
adjacent minterm rows of the map into don't cares, and then
discarding them entirely. This gives us the part realization
shown in Fig. 4.4(b).

Now if we apply a spectral translation operation to re-
place input xj; by [x; ® x3], this will interchange the X1x)
and x3x2 minterms as shown in Fig. 4.4(c). The reason for
this operation is that we now have in the residual function
of Fig. 4.4(c) multiple symmetries in x'l and x'3. We may
more clearly see this if we replot Fig. 4.4(c) with alter-

nate axes, as shown in Fig. 4.4(d).
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A remapping function to utilize these symmetries and re-
duce still further the size of the residual function is an-
other AND remapping function as shown in Fig. 4.4(e). The
final residual function is now merely the exclusive-NOR of
these two inputs, which if the two two- input AND gates are
combined into one three input AND gate gives us the final
realization shown in Fig. 4.4(f). In fig. 4.4(g) we have

given a general strategy for this new design approach.
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Fig. 4.4 : A simple example of our new design philosophy:
a) the function = X1%X3 + x2(X3 + xg) + X1x3x4
b) first symmetry reduction
c) spectral translation between xj; and x1®x»
d) remapping of (c) to show xl',x3v symmetries
e) second symmetry reduction
f) final realization

g) general strategy for the new design approach
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4.5 SUMMARY

In this chapter we have reviewed a number of possible
techniques for the synthesis of combinatorial 1logic net-
works, principally using conventional vertex and XOR gates.

Digital synthesis using symmetry techniques supplemented
by spectral operations allows us the possibility of estab-
lishing a small set of 'standard core functions', one from
each equivalence class that is decomposable. Any function
f(x) that belongs to an equivalence class may be synthesised
by the implementation of the appropriate linear pre-filter
and/or linear post-filter in addition to the standard core
function f (x) for that class.

The feasibility of such a digital synthesis entirely de-
pends on the presence of a decomposable core function in
every equivalence class. The feasibility of such a synthe-
sis method as well as its relevance to standardized fault

detection procedures are discussed in the next chapter.



Chapter V

FEASIBILITY OF DIGITAL SYNTHESIS USING
SYMMETRIES

Dl INTRODUCTION

This chapter discusses the feasibility of digital synthe-
sis using symmetry techniques supplemented by spectral meth-
ods. In chapters 2 and 3, we developed a classification
method based on spectral operations. The first four spec-

tral operations lead to a PN2

T classification, and the addi-
tion of the last spectral operation results in a PN2TD clas-
sification. In subsequent discussions, we shall use C to
refer to a PN?T class and D to refer to a PN2TD class.

The feasibility of our new design philosophy is contin-
gent on the existence of a decomposable core function £'(x)
in every spectral class. It was hypothesised by Miller[28]
that every C type spectral class would possess a decomposa-
ble core function. For functions of up to four input vari-
ables, there are 18 C type classes and 8 D type classes and
these are shown in Appendix D. It is easily shown that
every such C type class possesses a core function f' (x) that
is decomposable.

The number of C and D type classes increases to 191 and

48 respectively for functions of up to to five variables and

- 69 -
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these are shown in Appendix E. One or more C type classes
constitute a D type class. If we were to allow post filters
in our design then the feasibility of our new design ap-
proach depends on the existance of a decomposable core func-
tion in a D type class. The decomposability of 5-variable D
type spectral classes and the feasibility of our new design

philosophy is discussed in this chapter.

5.2 DECOMPOSABILITY OF SPECTRAL CLASSES

For digital synthesis using symmetry methods supplemented
by spectral techniques to be possible for 5-variable func-
tions, we need a decomposable core function f (x) from every
5-variable D type class. In order to test the non-decompos-
ability of a D type class, we need to test all its constitu-
ent C type classes. The canonic functions of all of the 191
C type classes shown in Appendix E were tested for the prop-
erty of decomposability, using the algorithm outlined in Ap-
pendix G. Of the 191 classes, the canonic functions of 160
were found to be decomposable. The remaining 31 C type
classes whose canonic functions were non-decomposable are
shown in Table 5.1.

In chapter 2 we discussed the linearization procedure to
obtain f-(x), given f'(x). Now, we need to generate all
possible core functions f (x), given fc(x). The core func-
tions thus generated can be checked for decomposability us-

ing the algorithm discussed in Appendix G. As an initial
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PN2TD Class | PNT Class
25 25A ( 96); 25B ( 97)
26 26A (101);
29 29A (113); 29B (114)
31 31A (125); 31B (126); 31C (127)
32 32a (131);
33 33E- (139} ;
34 34A (141);
36 36A (148); 36B (149); 36C (150)
38 38A (155); 38B (156)
40 40A (164); 40B (165); 40C (166); 40D (167
41 41A (168); 41B (169); 41C (170)
42 42E (175);
44 44A (179); 44C (181); 44D (182)
45 45A (183);
46 46C (187);
48 48A (190); 48B (191)

Table 5.1 : 5 variable classes whose canonic functions

are non-decomposable.

strategy, it was decided to consider a comparatively small
number of possible core functions from each of these 31 C

type classes.
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X1 <--- X1 xor X2

Xl <-——= X1 xor X3

X1l <--- X1 xor X4

Xl <-== X1 xor X5

Xl <--- X1 xor X2 xor X3

X1 <--- X1 xor X2 xor X4

X1l <--- X1 xor X2 xor X5

X1l <--- X1 xor X3 xor X4

Xl <--== X1 xor X3 xor X5

X1l <--- X1 xor X4 xor X5

X1 <--- X1 xor X2 xor X3 xor X4

X1 <--- X1 xor X2 xor X3 xor X5

X1 <--- X1 xor X2 xor X4 xor X5

X1l <--- X1 xor X3 xor X4 xor X5

X1 %—~— X1 xor X2 xor X3 xor X4 xor X5
Similarly, for X2, X3, X4, and X5 (75 translations).

Fig. 5.1 : Translations resulting from considering the
the first column of matrix B defined in the

linearization procedure in Chapter 2.

For an n-variable function, the dimension of the B matrix
defined in the linearization procedure is n X n. Let us

first consider all possible spectral translations that can
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be applied to a canonic function f-(x), using a single
column of B. There are (n * (n + 1))/2 such translations
for a single column of B and these translations for the
first column in B are shown in Fig. 5.1. If each column is
treated independently, then we would have a total of
(n * (n * (n+1)/2)) such translations and for a 5-variable
function, there are 75 such translations.

The 75 translations discussed above were applied in an
initial attempt to get a decomposable core function £'(x)
from each of the remaining 31 C type classes shown in Table
P The 22 C type classes which revealed a decomposable
core function f (x) as a result of applying the 75 transla-
tions were eliminated from Table 5.1 and the remaining 9 C
type classes that had failed to reveal a decomposable core
function are shown in Table 5.2. It is worth noting that
these 9 C type classes completely constitute the 3 D type
classes { 40, 41, 48 }.

In order to exhaustively test the non-decomposability
property of the C type classes shown in Table 5.2, we need
to consider all possible combinations of the columns of the
B matrix. This would require a total of (n * (n+1))" dif-
ferent spectral translations that need to be applied to a
canonic function fc(x), to yield core functions f (x). For
a b5-variable class, there are 15° such translations and
hence we have an upper bound on the number of core functions

f'(x) that need to be generated and checked for
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PN?TD Class | PN2T Class

40 40A (164); 40B (165); 40C (166); 40D (167
41 41A (168); 41B (169); 41C (170)
48 48A (190); 48B (191)

Table 5.2 : Classes from Table 5.1 that failed to reveal a
decomposable function after applying the 75

translations shown in Fig. 5.1.

decomposition. But, the number of individual functions in
each of the 5-variable C type classes is clearly less than
the number of possible spectral translations that need to be
applied, and this is evident from the size estimates[3] of
the 5-variable D type classes shown in Appendix C. This im-
plies that
1. we can arrive at certain core functions f'(x), by ap-
plying at least two different sets of spectral trans-
lations to the canonic function fc(x).
2. since matrix B needs to be non-singular, it is possi-
ble that certain translations are not applicable for
a particular f.(x).
Considering the amount of computation involved in this ap-
proach, a systematic procedure to generate all the core

functions f (x), given f.(x), without having to perform all
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the 15° different spectral translations, is necessary in or-
der to verify the non-decomposability of a C type class.
Even if this were possible, the amount of computation that
would be necessary in order to declare ‘a C type class as
non-decomposable would be enormous because the algorithm in-
volves the following steps:

1. generate a core function f(x) using the linearization

procedure.

2. check whether f(x) is decomposable.

3. If f(x) is non-decomposable, then go to step 1 else

stop.
Hence there was a need for an alternative algorithm.

An alternative approach with the potential to do consid-
erably better in terms of the amount of computation involved
is presented in the following section. The efficiency of
this alternative algorithm depends on the spectral summary
of the canonic function under investigation, but it does far

better than the previous algorithm.

B3 NON-DECOMPOSABILITY ALGORITHM FOR A CLASS

An important feature of the algorithm discussed in this
section is the means by which the nonexistence of decomposa-
ble functions in a class is verified. Instead of attempting
to generate every possible core function in the class, all
the decomposable functions that might belong to the class
are generated, and checked for membership in the class. A

detailed discussion of this search procedure follows.
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In our discussion of the search algorithm to find a
2-variable symmetry in a class, we shall limit ourselves to
a PN?T classification. As a consequence of this limitation,
the number of true minterms (rg) remains invariant for all
the functions in an equivalence class.

We have already seen in the previous chapter the ration-
ale for partitioning the given function f(x) into four quar-
ters, where each quarter represents the minterm areas 00,
01, 10, and 11 respectively for some pair of variables xj
and Xxj. Let us for convenience use the notation a, b, c and
d to refer to the number of true minterms in the four
quarters of the function, with 'a' representing the first
quarter, 'b' representing the second quarter and so on.
But, we are free to arbitrarily assign different minterm
areas to the different quarters. In fact there are 24 ways
of assigning the four different minterm areas 00, 01, 10, 11
over a pair of two variables xj and X5 .

Since our primary goal is to test the decomposability of
a class,

1. there is no need to distinguish between the different
types of symmetries discussed in the previous chapter
and

2. we only need to consider one possible pair of input
variables xj and xj over which a symmetry is present.

Hence,
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1. we can arbitrarily choose any one of the 24 assign-

ment schemes mentioned above, since if any one of the

16 functions is in the equivalence class under inves-

tigation, so are the other 15. The only difference

will be in the type of symmetry that is present or

absent. In our discussion of the sedarch algorithm,

we shall assign minterm areas 00, 01, 10, and 11 to
'a', 'b', 'c' and 'd' respectively.

2. wusing the same rationale, we can further reduce our

search space by applying the following restriction:
a>b>c>d vow LBal)

3. we can arbitrarily choose the last two quarters 'c'
and 'd' to exhibit a 2-variable symmetry. So the
minterm areas corresponding to c and d are identical

and hence we have
c=4d wsw K82

Equation 5.2 allows us to replace 'd' by 'c'.

The number of true minterms in the given function f(x),
(rg value), is now distributed among the four quarters 'a',
'b', 'c' and 'd' in all possible ways, and the entries that
do not conform to the equations 5.1 and 5.2 are eliminated.
The different stages of the algorithm are illustrated using

the C type class 40D as an example. Let us assume that x3
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is the most significant variable and xp, the least signifi-
cant variable. The rg value for class 40D is 10 and hence
we need to allocate the 10 true minterms to the four quar-
ters of the function 'a', 'b', 'c' and 'd' in all possible
ways using equations 5.1 and 5.2 as guidelines. The con-

forming entries for class 40D are given in Table 5.3.

OHFHNNWEPEeWPrOITOPUOIOONOOOTOYJ
OFHONFOWNHFOPWNHFOOMP®»WN
NP WWWNDNNNNFHEFEHEEHEEFEFOOOO
e P WWLWWNDNNONNDNHFHEEHEFHERFEEFEOOOO

Table 5.3: Possible ways of distributing the 10 true
minterms to the 4 quarters 'a', 'b', 'c' and

'd' where columns 'c' and 'd' are identical.

We have already seen in chapter 2 that the set of spec-

tral coefficients for all functions in the same class
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remains the same, only their order, sign, and positions
changing for the different functions. As a result, we can
evaluate the frequency of the set of coefficients that ap-
pear in the spectrum of the canonic function f.(x) of a
class and refer to it as the spectral summary. The spectral
summary need not necessarily be unique for the different
classes. For example 5-variable classes 41C, 42B and 43B
all have the same spectral summary of (1 x 11, 5 x 5, 10 x
3, 16 x 1), but have unique spectral signatures. Since the
value of rgp remains invariant in a PN?T classification, we
can eliminate rg from the spectral summary and refer to the
resulting spectral summary by {K}. The class chosen as an
example for illustration has a unique spectral summary and
after deletion of rg, class 40D has a spectral summary {K} =
{10 x 4, 15 x 2, 6 x O0}. In subsequent discussions, we
shall refer to {K} as the spectral summary.

Since we know the number of true minterms in the four
quarters of f-(x), we can evaluate the spectral coefficients
rj, rp and rjp based on that information. Using equation

(5.2) we have:

ro =a+ b+ 2c vow §B.3)
ry =a+b- 2c sse (5.4)
ro =a-b sne $5.5)
ri2 = - ry sse B:6)

Equations 5.3 + 5.4 yield:

2 (a+b) =rg+ r] where rj €{K} cune NPsTd
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Since 2c is always even, rg + ri should have the same parity
as rg (Equation 5.4). These equations allow us to eliminate
non-conforming entries from Table 5.3, and the resulting en-

tries are shown in Table 5.4.

NWL Wbk Om
NHFHOWN -
WwwNNN
WWwWwwNNN

Table 5.4: Possible combinations resulting from filling
four columns with ten true minterms, where
columns 'c' and 'd' are identical and the
values of the spectral coefficients rj,

rp and rjp belong to {10, 4, 2}.

With just the values of a, b, ¢ and d available, these
are the only coefficients that could be evaluated. At this
stage we cannot evaluate all the 2" spectral coefficients
because the rows corresponding to those coefficients in the
Hadamard transform do not have identical entries in the par-
titions considered. Subsequent partitioning of these four
columns 'a', 'b', 'c' and 'd' would enable us to evaluate
all the 2" spectral coefficients and these coefficients

could then be checked against the spectral summary of the
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equivalence class under investigation. For an n-variable
equivalence class, we need to perform n-1 steps in order to
evaluate the complete spectrum of the function. We start
the search with column 'a' containing a quarter of function
f(x). In other words, column 'a' contains 2"~2 pinterms at
the beginning of the search and performing (n-1) steps al-
lows us to partition column 'a' at each successive step,
eventually resulting in 2n-2 partitions where each partition

contains a single minterm.

ap al

200 a01 a10 a11

a000 4001 ap1o0 apl1 a100 a101 a110 4111

Fig. 5.2 : Labelling scheme for column 'a' at each step.

For a 5-variable function, we need to perform 4 parti-
tioning steps, and the labelling scheme for partitioning
column 'a' 1is 1illustrated in Fig. 5.2 at each partioning
step. The 8 minterms that constitute column 'a' at the
start of the search procedure result in 8 sub-partitions af-
ter all the partitioning steps and each of these 8 sub-par-
titions contain a single minterm at the end of the search

procedure.
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We can now perform the remaining partitioning steps and
the spectral coefficients that are defined by the partitions
at each step can be evaluated and checked against the spec-
tral summary of the equivalence class under investigation.
The non-conforming entries are eliminated at each step. If
after performing the necessary (n-1) partitioning steps we
do not find a decomposable function, then we have an equiva-
lence spectral class that is non-decomposable.

The second stage partitioning is now performed, and this
allows us to evaluate the coefficients r3, rj3, rz3 and rjz3
because the respective rows in the Hadamard transform now
have identical entries in each of these 8 partitions. The
different possible ways of assigning the number of true min-
terms in 'a', 'b', 'c' and 'd' into its sub-partitions is
now considered. From the information provided by the sub-
partitions, the spectral coefficients r3, ri3, rz3 and rj23

are evaluated using the equations given below.

rj = ag + bg + 2cg - (a3 + by + 2cj3). saw (58]
ri3 = aj + by + 2cg - (ag + bg + 2c3). ssn L BwF)
ro3 = aj) + bg - (ag + by). wss (5s10)
r123 = ~ras3 wuw (Dwdl)

The coefficients thus evaluated should conform to the spec-
tral summary, or else those entries will be eliminated from

Table 5.4.
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The third stage of the partitioning scheme is now at-
tempted, and the equations that define the spectral coeffi-

cients rg4, r3g, rpg, r34, ria4, ri3a, riz4, and ry,q, are

given below.

ry = app - ap1 * ajp - @yl * bpp - bp1 +

bjo - bi1 + 2 (cgp - cp1 + c10 - c11) (5.12)

r3g = -app *+ ap1l *+ ayp - ajl1 - bpp + bpy +
bjp - by; + 2 (-cgg + cg1 *+ c10 - c11) ... (5.13)

r24 = ~8p0 * ap1 - aip *+ ail + bgp - bpy +

bjo - b11 ... (5.14)
r234 = 800 -~ ap1 - aip * ay1 - bgp *+ bp1 +

bjp - b1a ys3 (5:.15)
rig = -app * apl - ayp + ail1 - bpo *+ bp1 -

big + by1 + 2 (cgg - co1 + c10 - €11) ... (5.16)

ri3a = apgp - ap1 - @10 + @11 + bgo - bo1 -

bijg + byl *+ 2 (-cgg + cg1 + €10 - €11) =+« (5.17)
ri24 = apgp - ap1 * aip - @il - bpgo * bo1 -

byjp + b1 ... (5.18)
ri234 = -apgp + agl + aip - @il * bpoo - bo1 -

bjp + b1 , ... (5.19)

The efficiency of the algorithm is enhanced further if
the bit patterns in the respective rows of the Hadamard
transform are considered. This procedure is illustrated us-
ing stage 3 of our algorithm for a 5-variable function. The

Hadamard transform for a 3-variable function (Fig. 5.3) is
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used here for 1illustration, since the transform for a
5-variable function is too large to be presented. Higher
orders of the transform may be constructed using the recur-
sive definition given in chapter 2.3.1. We shall rearrange
the rows of the Hadamard transform shown in Fig. 5.3 to ob-
tain the transform shown in Fig. 5.4, for reasons which will
become clear later. Since T"'zZ = R, we can partition the
rows of the Hadamard transform at each stage of our algor-
ithm to correspond to the partitions of the function 'a',
'b', 'c', and 'd'. Let us label the partitions in the trans-

form as a*, b*, c*r and a* respectively.

1 1 1 1 1 1 1 1 ro

1 -1 1 -1 1 -1 1 -1 r3

1 1 -1 -1 1 1 -1 -1 ry

1 -1 -1 1 1 -1 -1 1 ro3
1 1 1 1 -1 -1 =1 -1 ry

1 -1 1 -1 -1 1 -1 1 ri3
1 1 -1 -1 -1 -1 1 1 ri>
1 -1 -1 1 -1 1 1 -1 ris3

Fig. 5.3: The Hadamard transform for a 3-variable function.

For a 5-variable function, at stage 3 of our algorithm,
each partition of the function would contain two minterms
and for a 3-variable function, we will have two minterms in
each partition at the first stage of our algorithm (Fig.
5.4). The possible bit patterns in the partitions of the
Hadamard transform corresponding to the partitions of the

function are 11, li,_il and 11.
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1 1 1 1 1 1 1 1 ro

Stage 1
a* b* c* a*

1 1 | 1 -1 -1 -1 -1 ri

1 1 =1 -1 1 | =] o | ro

i 1 = =1 =1 =] 1 1 ri2
Stage 2

* * * * * * *
a¥g | a1 | bo|b1|co|c1|dog|dn

1 =] B -1 d md, 1 ~1 rg

1 -1 ! 1 1 o | -1 1 123

| -1 1 -1 -1 i { =1 | ria

1 -1 -1 1 =1 X | =1 ri23

Fig. 5.4: The Hadamard transform with the rows rearranged

for a 3-variable function.

At this stage, information pertaining to function specifica-
tion is available in partitions of two minterms. Consequent-
ly, we need to select those rows in the transform that have
identical entries in the partitions considered at this stage
for evaluation of spectral coefficients. Referring back to
Fig. 5.4, we see that the rows in the transform correspond-
ing to the coefficients rg, ry, rp, and rjz have identical

entries in the partitions a*, b*, c*, and d*. The other
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coefficients cannot be evaluated at this stage because the
functional specification for each minterm is not available.
This is transparent if we consider the bit patterns in the
partitions for the remaining rows of the transform. The
spectral coefficients corresponding to these rows will be
evaluated in subsequent stages of our algorithm. Further
inspection reveals that the first row contains all 1's and
this row corresponds to the coefficient rg. But, rg was
given; so this coefficient need not be re-evaluated. In
subsequent stages, there will be other such coefficients
that have already been evaluated and we need to eliminate
those rows in the transform. This can be done by backtrack-
ing one stage. If 11 and 11 are fhe possible bit patterns
for the partitions in the transform at the present stage,
then 1111, 1111, 1111, and 1111 are the possible bit pat-
terns for the previous stage. Identical entries in the par-
titions of the transform at this previous stage would have
been used for coefficient evaluation in that stage itself
and hence we could eliminate the rows with the four-bit pat-
terns 1111 or 1111. This eliminates the row corresponding
to the coefficient rg from the transform and this leaves us
with the task of evaluating rj, rp, and rjp at this stage.

If a similar procedure is adopted for a 5-variable func-
tion at stage 3, we would have accomplished two things:
1. selected the coefficients to be evaluated at this

stage, and
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2. the rows in the Hadamard transform corresponding to

these coefficients would have four-bit patterns 1111
or 1111 in the corresponding partitions of the previ-
ous stage.

For example, if ag was 3 in stage 2 of our algorithm,
then this would generate {(3,0), (2,1), (1,2) (0,3)} as pos-
sible pairs of values for agg and ag) respectively at stage
3 of our algorithm for a 5-variable function. Since the
four-bit patterns corresponding to the partitions ag, aj,
bg, bj, cg and c3; in the selected rows of the Hadamard
transform for the coefficients under evaluation are either

1111 or iill, we have the following:

For bit pattern 1131,

agp - apl {{3-0), (2-1}), (1-2}, and (0-3)}

{13}, (1), {=1) apnd (=3)}

For bit pattern iill,

agry - apo {{0-3), (1-2), (2-1) and (3-0)}

{(-3), (-1), (1) and (3)}

ago - ao01

Let us use the superscript notation

al = 300 - ag1

al = ajg ~ all.

and let b0 bl, c0 and ¢! be defined similarly. Using this
superscript notation, the equations 5.12 to 5.19 are rede-

fined below:



Ty
r34
ra24
r234
ri4
ri134
ri124

r1234

a0 + al + b0 + bl + 2 (CO + cl)
a0 + al - b0+ bl 4+ 2 (- 0+ D
a0 - al + p0 4+ pl

a0 - al - p0 + pl

a0 - al - p0 - pl + 2 (0 + 1)
ad - al + b0 - pl + 2 (- 0 + 1)
0 1 _ 0 o pl

a’ + a

-a0 +al + bq - bl

Let Q and P be matrices defined as follows:

—

+ al + b0 + bl
+ al - p0 + pl
—al + p0 + pl
- al - p0 4+ pl

88

... (5.20)
ws L Bedl)
cee(5.22)
... (5.23)
... (5.24)
...(5.25)
...(5.26)
iv s BB BTy

The spectral coefficients defined by the equations 5.20 to

5.23 could be computed by adding the matrices Q and P.

The

spectral coefficients defined by the equations 5.24 to 5.27

could be computed by evaluating (-Q + P).

Similar enhance-

ments to the efficiency of the algorithm could be made at

every stage of the partitioning scheme.
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Further stages of partitioning are performed until the
complete spectrum is evaluated and checked against the spec-

tral summary of the class under investigation.

5.4 CONTINUED DECOMPOSABILITY OF SPECTRAL CLASSES

The algorithm discussed in the previous section can be
used to test the decomposability of a C type class. In or-
der to test the decomposability of a D type class, we need
to apply the same algorithm to each constituent C type
class.

Of the 5-variable D type classes that are yet to reveal a
decomposable core function £'(x) (Table 5.2), class 40 has a
unique spectral summary. A unique spectral summary allows
us to quickly identify functions from an equivalence class
merely by looking at the frequency of occurrence of the dif-
ferent magnitude coefficients; their position and sign need
not be considered. As a consequence class 40 was chosen for
investigation and all its four constituent C type classes,
40A, 40B, 40C and 40D were tested for non-decomposability
using the algorithm discussed in the previous section.

To generate each and every 5 variable core function f(x)
and then to check for its decomposability would have taken
roughly a day of CPU time on a VAX 11/780 system for a C
type class ( 15° * 0.9 sec ). The efficiency of the algor-
ithm developed by us made possible the investigation of the

5-variable C type classes 40A, 40B, and 40C which took
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roughly 100 minutes each while class 40D took about 50 min-
utes of CPU time on a VAX 11/780 system. The 5 variable
PN2TD class 40 was non-decomposable and as a result digital
synthesis using symmetry techniques supplemented by spectral
operations is not feasible for that class. Although 2 vari-
able symmetries are the strongest form of symmetry, we could
consider weaker (more than 2 variables) symmetries. These
weaker symmetries and their detection have been studied[26];
however their further relevance to digital synthesis needs

to be pursued.

9+5 FAULT DETECTION

Fault detection techniques based on data compression have
been pursued by a number of authors in parallel with more
conventional methods based on test sets. One such data com-
pression method, called syndrome testing[29] (rp testing),
checks for a difference between the number of true minterms
in the faulty and fault-free functions. Syndrome testing of
two-level realizations and PLA's has been investigated for
single stuck-at-faults[30,31]. This testing approach has
also been generalized to spectral coefficient test-
ing[32,33], this being known as r__ testing. The spectral
technique compares the value of r _ for the faulty and fault-
free functions. It is a direct generalization of syndrome
testing in that the syndrome is one particular coefficient

of the whole set.
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In our new design philosophy we would realize any func-
tion from a given equivalence class by supplementing the
module implementing the decomposable core function with ap-
propriate filter modules. Even if a class has a decomposa-
ble core function, the realization of that function is often
not two-level and hence is not syndrome testable. Moreover,
the testing of the filter modules is rather more complex
(assuming that the filter modules can only be viewed from
beyond the module implementing the core function). It can
be hypothesised that the testing of these filter modules
would 1involve the verification of m particular spectral
coefficients where m is the number of XOR gates in the fil-

ter module.

5.6 SUMMARY

In this chapter we presented an alternative algorithm for
testing the non-decomposability property of a spectral
class, using fast transform principles to enhance efficien-
cy. Instead of generating all the core functions that be-
long to an equivalence class by using the linearization pro-
cedure and then testing each core function for
decomposability, we have enumerated all decomposable func-
tions that could possibly belong to an equivalence class and
checked for their presence in the class under consideration.

The 5-variable PN2TD class 40 was found to be non-decom-

posable and consequently digital synthesis using symmetry



92
methods supplemented by spectral operations is not feasible
for certain classes of functions. The only other PN2TD
classes which may be non-decomposable are classes 41 and 48,

all the remainder having been shown to be decomposable.



Chapter VI

CONCLUSIONS

The spectral techniques introduced in chapter 2 represent
possibly one of the more significant advances in switching
theory and applications for many years, and could alter many
of our present methods for logic design, fault diagnosis,
and associated tasks. As was mentioned earlier, among the
benefits to be realized from study of these techniques are
an increased understanding of functions which have some com-
mon property, insight into the realization of all functions
in the same equivalence class and standardization of testing
and fault diagnosis procedures for a particular class.

A correlation between the number of solutions covered by
the basis set and a particular metric o~ defined on the basis
set was established. An algorithm was developed to identify
the different solutions covered by the basis set. Use of
the correlation and the algorithm made possible the classi-
fication of all Boolean functions by using at most 0(n?)
spectral coefficients. As an 1initial attempt, functions
from unate classes were classified using only 2n + 1 coeffi-
cients. The coefficients that constitute a signature for
these classes can be either the basis set augmented by any n

second-order coefficients from the top half of the spectrum



94
or the basis set augmented by any n third-order coefficients
from the bottom half of the spectrum.

Functions from threshold classes and unise classes form
but a small proportion of the full set of 22 functions, and
hence a classification scheme using a reduced set of coeffi-
cients is desirable for functions from the remaining unres-
tricted (non-unate) classes. By considering functions of 5
variables, it was hypothesized that those functions can be
classified using (n2 + 3n - 2)/2 coefficients where the
coefficients that constitute the signature are precisely the
basis set augmented by the last (n2 + n - 4)/2 coefficients
in the spectrum (when the coefficients are arranged in bina-
ry order as shown in chapter 2).

The results discussed above are based on the spectral
classification of functions of up to 5 variables; the un-
availability of spectral <classification tables and the
amount of computation involved in their enumeration prevent-
ed us from pursuing verification of the results for higher
values of n. A more complete theoretical description of all
these results is desirable before attempting to extend them
to higher values of n.

An efficient algorithm based on fast transform principles
was developed to exhaustively test the non-decomposability
property of spectral classes. Use of this algorithm made
possible the feasibility study of our new design philosophy

which requires every spectral class to possess a
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decomposable function. The non-decomposability of every
function in 5 variable PN2TD class 40 shows that the useful-
ness of this philosophy is not universal and is limited to
certain classes of functions. Even if a class has a decom-
posable core function, the realization of that function is
often not two-level and hence is not syndrome testable.
Moreover the testing of the filter modules 1is rather more
complex (assuming that the filter modules can only be viewed
from beyond the module implementing the core function). It
can be hypothesised that the testing of these filter modules
would involve the wverification of m particular spectral
coefficients where m is the number of XOR gates in the fil-
ter module.

Although 2 variable symmetries are the strongest form of
symmetry, we could consider weaker (more than 2 variables)
symmetries; however their further relevance to digital

synthesis needs to be pursued.
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Appendix A

4 Variable PN2TD Classes
Basis set coded in {1,-1} domain
PN°TD | Sp Sq S S3 Sy | K | o= | o= | Number of | Notes
™
class solutions
1A % 0 0 0 0| O | 256 256 1 T,u
2A W 2 2 2 2 0 212 212 1 T,u
3B 2 4 4 4 0|0 192 192 1 T,u
5B 8 8 8 0 0|0 192 192 1 T,u
4a 0 6 6 2 2 0 180 180 1 T,u
7A 6 6 6 6 6| 0| 180 | 180 1 T,u
6A 8 8 4 4 4|0 | 176 | 176 1 T,u
8a 4y 4 4 4 4|y 80 64 28
Note: T means threshold;

u means unate.
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Appendix B

5 Variable PN2TD Classes

Basis set coded in {1,-1} domain

PN°TD| Sg Sy Sp S3 Sy S5 | K [ o= | o | Number of | Notes
class solutions

1132 0 00 0 0|0 | 1024 | 1024 1 T,u
213 2 2 22 2|0 920 | 920 1 T,u
3 (28 4 4 4 4 0]0 848 848 1 T,u
426 6 6 6 2 20| 792 | 792 1 T,u
6 (24 8 8 8 0 00O 768 768 1 T,u
15| 161616 0 0 0| 0| 768 | 768 1 T,u
5124 8 8 4 4 4|0 752 752 1 T,u
71221010 6 2 2|0 | 728 | 728 1 T,u
82210 6 6 6 6|0 728 728 1 T,u
12181414 2 2 2|0 | 728 | 728 1 T,u
92012122 4 4 00| 720 720 1 T,u
1120 8 8 8 8 8|0/ 720 720 1 T,u
21 [ 1212121212 0|0 | 720 | 720 1 T,u
10 | 2012 8 8 4 4|0 704 T04 1 T
16 | 16 16 12 4 4 4 | 0 | 704 | 7o4 1 T,u
17 | 1616 8 8 8 0| 0 704 704 1 T,u
13181410 6 6 2|0 696 696 1 T,u
14 | 18101010 6 6| 0| 696 | 696 1 T,u
19 | 141414 6 6 6 | 0 696 696 1 T,u
20 | 1414101010 2 [0 | 696 | 696 1 T,u
18] 161212 8 8 4|0 688 688 1 7,0
25 | 16 16 8 8 4 4 |0 672 672 2 u
29 | 14141010 6 6 | 0 664 664 2 u
23 | 1814 6 6 6 6 | 0 664 664 3 u
26 | 16 12 8 8 8 8|0 656 656 3 u
3312121212 8 4|0 | 65 | 656 3 u
30 | 1410101010 6| 0| 632 | 632 6 u
35 (121212 8 8 8|0 | 624 | 624 7(*1) u
36 (121212 8 8 8|0 | 624 | 624 T(*1) u
41 [ 101010 1010 10 | 0 | 600 | 600 12 u
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34 1212 12 12 4 4 | 2 608 598 12

22 | 2012 4 4 4 4 | 4 608 588 28

27 16 8 8 8 8 81| 3 576 561 4o

31| 141010 10 6 6 | 3 568 553 y2

24 110 6 6 6 6 | 4 568 548 62

38 1212 8 8 8 8 | 3 544 529 72

42 10 10 10 10 10 6 | 3 536 521 85

28 16 8 8 8 8 4 | 4 528 508 133

43 10 101010 10 2 | 4 504 484 196

32 1 1010 6 6 6 | 4 504 48y 208

39 1212 8 8 8 4 | 4 496 476 239

37 121212 4 4 4 |5 480 455 364

4y 10 10 10 10 6 6 | 5 472 yy7 386

40 12 8 8 8 8 8|5 4oy 439 457

45 8 8 8 8 8 8|2 384 374 2210(%2)

46 8 8 8 8 8 8|2 384 374 2210(%2)

u7 8 8 8 8 8 4 |5 336 311 5305

48 8 8 8 8 8 0] - 320 -— ——
Note: Basis set is identical for classes 35 and 36;

The T solutions (*1) are shared between these two
classes. For classes 45 and 46, 2210 solutions (¥*2)

are shared.

T means threshold;
u means unate.
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Appendix C

Size information for 4 Variable PN2T Classes

PN2T Class Size of Class
1 2
2 30
3 32
y 480
5 1920
6 240
T 1680
8 1120
9 3360

10 13440
1 840
12 280
13 3360
14 13440
15 10080
16 5376
17 8960
18 896

Total number of functions = 65,536.
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Size estimates for 5 Variable PN2TD Classes

Sample size = 130,000 approximately.

PN2TD Classes Size PN2TD Classes Size
1 R 21 0.02
2 R 22 0.05
3 R 23 0.4
y 0.01 24 0.66
5 0.05 25 0.45
6 <0.01 26 6.7
7 0.04 27 0.41
8 0.24 28 2.5
9 0.02 29 7.4
10 0.6 30 9.8
11 0.64 31,32 13.3
12 <0.01 33,35 2.7
13 0.57 34,37 0.77
14 3.3 36 10.0
15 R 38,39 15.7
16 0.07 40 3.9
17 0.03 41,42,43 10.5
18 4.9 4y 2.5
19 0.5 45,u46,48 0.28
20 0.62 y7 0.32

Note: Size gives percentage of functions in the sample
that belonged to a particular class.

R means rare.
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Appendix D

4 variable PN°T classes

Function coded in {0,1} domain

PN2T |PN2TD rg rq ra r3ry Spectral Summary
Class|Class

1 1A 0O 0 0 0O 16 x

2 1B 8 8 0 0 O 2 X Wx 0

3 2A 1T 1 1 1 1 16 x

y 2B 7 7 1 1 1 2 X W x 1

5 3A 8 6 2 2 2 1 x 1x 6 Tx 2 7 X

6 3B 2 2 2 2 0 8 x 8x 0

7 3C 6 6 2 2 0 2 X 6x 2 8x O

8 4a 3 3 3 1 1 4 x 12 x 1

9 4B 55 3 1 1 2 X 2x 3 12x 1

10 4C 7 5 3 3 1 1 x 1x 5 3x 3 11x

1 5A 8 4 4 4 o 1x 4x 4 11 x 0

12 5B 4 4 4 o0 o 4 x 12x 0

13 6A y 4 2 2 2 2 x 8x 2 6x 0

14 6B 6 4 4 2 2 1 x 2x 4 Tx 2 6x




15

16
17

18

6C

TA
7B

8A

15

w




Appendix E

5 variable PN2T classes

Function coded in {0,1} domain

PN°T |PN2TD rg ryrar3ryrsg Spectral Summary
Class|Class
1 1A (1616 0 0 0 O 2x 16 30x 0
2 1B 0 0000 0 (32x 0
3 2A 11515 1 1 1 1 2x 15 30x 1
4 2B T 1 1 1 1 1 (32x 1
5 38 (1614 2 2 2 2 1Tx16 1x 14 15x 2 15«
6 3B (141 2 2 2 0 2x 14 1%x 2 16x 0
7 3C 2 2 2 2 2 0 |16x 2 16x 0
8 ba 11513 3 3 3 1 1Tx15 1x13 T7x 3 23«x
9 BB {1313 3 3 1 1 2x 13 6x 3 24 x 1
10 4c 333 3 11 8x 3 284x 1
" 50 (412 4 4 2 2 1Tx 14 1x12 3x 4 15«x
12x 0
12 5B |16 12 4 4 2 2 1x16 1x12 3x 4 16«x
Mx 0
13 5 |12 12 4 2 2 2 2x 12 2x U4 16x 2 12x
14 5D b 4 4 2 2 2 hx 4 16x 2 12x 0
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16
17

18

19

20

21
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25

26

27

28
29
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33
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TA
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12
16

4y 23 x
0
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1

1
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0
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6 4 x
6 U4 x
6 3 x
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Appendix F

SYMMETRY TYPES

Here the different two variable symmetry types, as defined by Edwards
et al[24] are briefly presented. The symmetries associated with a Ham-
ming distance of two are the nonequivalence symmetry, the equivalence
symmetry and the multiform symmetry, whilst the single variable symmetry

involves a Hamming distance of one.

Nonequivalence Symmetry

xN'o 1
0
— 1
(a)
,,;1 ol 1]1 e
ol0]1]0]1 | o
w|/ 10|00 o
wl1]1]0]1 vl
f(x) NE S{xy.x3} NES{xp,x,}
(b)

Fig. 1 : Non-equivalence Symmetry:
(a) General description of NES {xi, xj}, where the bar
- symbol links like-valued minterm areas.
(b) Karnaugh-map plot of function f(x) which is

NES {x1, x3} and also NES {xp, xy}.
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A function f(x1,...,x1,XJ,...,xn) exhibits nonequivalence symmetry in

its input variables xj, xj if
f(x1,.-.,o,1,...,xn) = f(x1,ooo,1,0'ooo,xn) se o (1)

that is the function output f(x) remains invariant under the interchange
{xy = 0, xj = 1} and {xg = 1, Xj = 0}. The symmetry is termed 'nonequi-
valence' because a function exhibiting this property is identical in the
n-spaces where xj is not equal to Xje We will refer to this type of
symmetry in xj, xj by NES {xi, XJ}.

Fig. 1(a) illustrates the n-spaces which by definition are identical
under NES {xi, xj}, while Fig. 1(b) covers a four variable example which
is nonequivalence symmetric in both {x{, x3} and in {xp, xy}. As we are
dealing with pairs of input variables, it will be clear that there are

three possible non-equivalence symmetries in 3-variable functions, six

in Y4-variable functions, and so on.

Equivalence symmetry

xN\'o |1
(4]
T_
. (@)
xﬂu olof1|0 &
w[0]1[0]0 e
wfoj0o]Oo]|1 sl
v 110|111 ]
f(x) ES{xq. x4}

(b)

Fig. 2 : Equivalence Symmetry :
(a) General definition of ES {xj, xj}.

(b) Function f(x) with ES {xq, xy}.
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A function f1x1,...,x1,XJ,...,xn) exhibits equivalence symmetry in

its input variables xj, xj if
f(x1,.oo’o’o,oo.,xn) =f(x1,.oo’1,1’ooo’xn) o e o (2)

that is the function output f(x) remains invariant under the interchange
{xi = 0, xj = 0} and {xy = 1, xj = 1}. This symmetry is termed 'equiva-
lence' because a function exhibiting this property is identical in the
n-spaces where xj = Xj- We will refer to this type of symmetry in xi, Xj
by ES {xj, xjl}. |

Fig. 2(a) illustrates the n-spaces which by definition are identical

under ES {xi, xJ}, with Fig. 2(b) giving a 4-variable example.

Multiform Symmetry

xN\io |1
0
1
(a)

‘,:. *(0|1(0 @ hd
“lof1]of1 *
NEERERER [

. 0{0|0]|0 ®
f(x) MS{xq.x2}

(b)

Fig. 3 : Multiform Symmetry :
(a) General definition of MS {xj, xj}.
(b) Function f(x) with MS {xq, x2}, don't care minterm *

‘allocated logic value 1.



120
A function f(x1,...,x1,XJ,...,xn) exhibits multiform symmetry in its
input variables xj, xj, if the two relationships (1) and (2) above si-

multaneously hold, that is,

f(x1,...,0,1,...,xn) f(x1,...,1,0,...,xn)

and
F(XYy2aug0lsenesln) = FLxsennylylypenesty) vos 530

We will refer to this type of symmetry in xj, xj by MS {x1, xj}. Fig. 3

illustrates this relationship in general and specific form.

Single-variable Symmetry

xN\'0 |1 xNipg
I i

0] & [+

1 1| o=
(a) (®)
LI
< oloflof1
FRIEIEIE
.olo[ofo
“[o]o[1 0

Fig. 4 : Single variable Symmetries :
(a) General definition of {SVS xj} xj}.
(b) General definition of {SUVS xj} xj}.

(c) Function f(x) with {SVS xs}xq.



121
A function f(x1,...,x1,XJ,...,xn) exhibits a single variable symmetry

in its input variable xj if

f(X1,...,1,0,...,xn) e (u)

Pl 40 5 2 405055 5 55 %)

or if

f(x1,..-,o,1,...,Xn) f(x1,...,1,1,...,Xn) ceo (5)

that is, the function output remains invariant under the interchange {xi

0, x5 = 0} and {xj3 = 1, x4 = 0}, or under the interchange {xj = 0, x
j 3 j L = J

1}. In the former case we have a single-variable

1} and {xj = 1, xj
symmetry in xiy in the n-space Xj = 0 of a function, which we will refer
to as {SvVsS xi};J, while in the latter case we have a single-variable
symmetry in xj in the n-space Xy = 1. We will refer to the latter as
{SVS xi}xj.

Fig. 4 illustrates these two possible forms of symmetry in xj.



Appendix G

DETECTION OF SYMMETRIES

A method of detecting symmetries[25], applicable to both totally and
partially specified functions is briefly reviewed in this section. The
two variable symmetries in variables xj and X3 mentioned earlier, in-
volve minterm areas 00, 01, 11 and 10 for the respective variables con-
cerned. Hence, a function f(x) will be represented by four columns,
where each column represents a quarter of the function f(x). If we were
to widen our search to look for n variable symmetries, the function f(x)
would have to be divided into 2" columns, each column containing one
minterm[26]. However our search is limited to two variable symmetries.

A function f(x) is said to be decomposable if a pair of columns have
identical entries in every row. When a function is partially specified,
the columns corresponding to a symmetry may contain 'don't-care' condi-
tions. The columns are not required to be identical. Rather, there must
be an assignment to the don't-care conditions for which the columns be-
come identical. An equivalent, but more-easily verified, condition re-
quires that the columns contain no conflicting éntries, i.e. there is no
row for which one column has a 0 and the other has a 1. For columns with
don't-cares, this test can be performed and columns satisfying this con-
dition are said to be compatible. A formal definition for compatibility

is given below.

- 122 -
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Definition :

Two assignments to the variables xj and X§s 1<=1, J<=n, denoted<~1fﬁ>

and <:F;’Pj> , are compatible if, and only if,
f(x1,..,ut,..¢¥d,..,xn) _ ¢ & £ PR E’,..Ju yoesXn) «s £1)

for the entire space over which f(x) is defined. Otherwise <o<;’qd, and
<p. "3).) are incompatible. Compatibility is written as <e<; _,a,j > < B 7Fj 5

incompatibility is written as <o < < By B>

We can enumerate the symmetries exhibited by a function by identify-
ing the compatible input assignments for each pair of variables. This
can be done efficiently by using the cube notation introduced by
Roth[27]. A vertex is an n-tuple of O's and 1's representing an assign-
ment to all the variables x{,x2,...,Xn. A cube is an n-tuple of 0's, 1's
and -'s representing a product term where -'s are variables that do not
appear in the product term. A cube represents a set of vertices found
by replacing the -'s in the cube by O's and 1's in all possible ways.

A function is specified by two arrays of cubes termed the 'on' and
the 'off' arrays. The on-array is a set of cubes such that each assign-
ment for which f(x) = 1 is included in at least one cube, and each cube
only represents assignments for which f(x) = 1. The off-array is simi-
larly defined with f(x) = 0. Assignments for which f(x) is a don't-care

are omitted from both arrays.
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%%
X, X
43 oo Oy "N 1o
co | ) [ o | -
o) \ - - | -
‘' \ o o (o)
1o | | (o} (o]
OoN OFF
Xy %, — —-0OoOo LI xq.xl
RaX, T OCO=| 1= %, Xy X,
-0l X, X, X,

Fig. 1 : Example of cube notation.

As an example of this cube notation consider the function in Fig. 1.
Each of the blocks of O's or 1's on the map corresponds to a cube in the
off or on array, respectively. For example, the leftmost column is rep-
resented by --00 . The bottom right block of four 0's is represented by
1-1-. These cubes in the 'on' array correspond to the product terms in
a sum of products expression for the example function in Fig. 1. Cube
--00 represents the product term xpxq and cube 1-1- represents the prod-
uct term xyxp. Clearly the arrays representing a function are not
unique. We shall use A and B to denote the cubes. The symbols in these
cubes are identified as aj, bj; aj, bj € {0, 1, -}, 1<=i<=n. The pair of
symbols <a;;7> form a subcube of the cube A. This subcube represents a
set of assignments to the variables xj, Xj, with aj representing the

values taken by xj and aj representing the values taken by Xj.
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Alo 1+ - Vi $ o 1+ - e 8 =
oOle & o bl o v - elg & ®
1 ) 1 6fo o - ~ ‘ '@ .
_ L e I T -{y B =
AN D OR *

Fig. 2 : Cube Operators.

The identification of compatibilities, in the form of two new sets of
arrays, S and T, called compatibility tables, involves comparing each
cube from the on-array with each cube from the off-array. Three simple
operations over cubes are required in creating the compatibility tables.
The cubes in the on and off arrays, and the S;y and Ty, 1<=i<=n, are rep-
resented by bit strings. Two bits are required for each symbol. If C? y
0, 1, - are represented by 00, 01, 10, and 11, respectively, then the A
operator is the logical AND of the bit strings representing the two
cubes, and the Vv operator is the logical OR. A logical definition of
all the three operators are given in tabular form in Fig. 2 (a-c). The

¥ operator is a little more complex and its implementation is given be-

low.
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The operation By * By is implemented as follows:
OR(AND(Mq,AND(B2,SHL(B1))),AND(M>,AND(B2,SHR(B1))) where

By, Bo denote two bit strings representing cubes where the two
two bits representing a symbol are adjacent, i.e. 011- is
represented by 01101011.

M4 is a bit string 1010....10 with the same number of bits
as B¢y and Bp.

Mo is a bit string 0101....01 with the same number of bits
as B¢ and Bj.

The algorithm for constructing S and T using the above mentioned op-
erations is given below. A1,A2,..., AP denote the cubes of the on array.
B1,Bz,..., B denote the cubes of the off array.

Initialize Sy, Ty the rows of S and T, 1<=i<=n, to n-tuples of <PE;
Let Sjj and Tjj denote the jth entry of S;y and Tj respectively for each
pair 1,j, 1<=i<=p, 1<=j<=q, and let d represent the distance between al

and BJ. There are four possibilities:

(1) d = 0: error in the function specification in that a vertex
appears in both the on and off arrays;
(2) d = 1: 1let k be the position where one of Ai, BJ is 1 and

the other is 0.
Sk = Sg v (al A BJ),

it Al = 1 then T, = T, v (Al * BJ)

else T = Tx V(B * aly,



(3) d = 2: k,m denote the two positions where one of Ai, BJ

is 1 and the other is 0.

¢ 3

else

al, = 1 then Typ = Typ v (a1, * BI)

(4) d => 3: ignore this pair.

Tym

Tyem v (B * alp)
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We are interested in symmetries involving Hamming distances of only 1

and 2, hence, we are ignoring d greater than 2. The six possible symme-

tries for xj, Xj, the corresponding compatibilities and the required

tests are given in Table 1.

All portions of a test must be true for the

given compatibility and the corresponding symmetry to exist. For a fur-

ther detailed discussion of the method, readers should consult Miller et

al[25].
Symmetry Compatibility Test
ES {xj, XJ} 00 — 11 Tij £ 1, Tij# - Tji i1, Tjj_ F -
NES {xi, XJ} 01 -1 Tij ¢ 0, Tij =y Ty1 ¢ o, Tji F -5
{SVS xjl}xj 00 < 10 Sij # 0, Sij % - ;
{SVs xj}xj 01 - 11 Sij # 1, Sij # - ;
{svs xj}xy 00 - 01 Sji # 0, Sij# - ;
{svs xj}xi 10 s 11 Sjyi # 1, S35 ¢ - .
Table 1: Siy and Ty tests for symmetry detection.
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