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1. INTRODUCTION

The convolution theorems for the Fourier, Laplace, and Mellin transforms are well-
known (see, e.g., [2] and [8]). Each of these results has a great potential for applications in
solving convolution integral equations (cf. [7] and [8]), in the investigation of convolution
transforms (cf. [4], [9], and [10]), and in the evaluation of definite integrals (cf. [5]). The

object of the present paper is first to prove a new convolution theorem for the Stieltjes

transform:

s+t

which arises naturally from the iteration of the classical Laplace transform, D being an

S{f(t): s} = medt (s € D), (1)

arbitrary region of the complex s-plane cut along the nonpositive real axis. We then
consider an interesting deduction from this convolution theorem leading to a Titchmarsh
type theorem. We also show how our convolution theorem can be applied in solving a
certain class of singular integral equations which are usually investigated by reducing the

problem to an equivalent Riemann-Hilbert boundary value problem.

2. THE CONVOLUTION THEOREM
Let the functions f and g be defined on the interval
Ry =(0,00):={z:0< z < o0}.
We define a function h on R, by
W)= (Fea® =10 [ Latgn [ a, 2)

where the integrals, when they exiSt, are understood as their Cauchy principal values.
Our main result is contained in the following

THEOREM. Let

feLp(Ry) and g € Ly(Ry)

(1<p<oo; 1<g<oo; rli=p t+qg7t <)
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Then the function h, defined by (2), belongs to L(Ry) and its Stieltjes transform is
given by

S{h(t): s} :=S{(f®g)(t): s} = S{f(t) : s} S{g(2) : s}. (3)
Proof. We begin by defining the functions f; and f* by

A= [ e (feL,®ey tery)

o [f® >0
)= { 0 (t<0).

(4)

Clearly, for f € L,(R), we have
freLy®) (R:=RyU{0}).
Furthermore, since the Hilbert transform

ft) = tim. ( [ ; + /:) MOPNGYS (5)

is a bounded operator in Ly(R) (cf., €.g., [1, p- 315, Theorem 8.1.12]), we conclude that
() € Ly(R).

Combining this observation with the fact that [¢f. Equations (4) and (5)]

A®)=-ft) (teRy),

we have
fl(t) € LP(R+),

which, in view of the Holder inequality [6, p. 15], yields

g(t) f1(t) € Lr(R+.)

under the hypothesis of the theorem.

In an analogous manner, we can show that

g1(t) = /Ooo 9 g ¢ L,(Ry)

u—t
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and
f(t)g:(t) € Lr(R4).

Therefore h € L.(R4), which is precisely the first assertion of the theorem.
Next, since the Stieltjes transform (1) is a bounded operator in L. (Ry) (1 < r < o0)
(cf. [6, p- 225]), we can take the Stieltjes transform of the function A defined by (2), and

we have
L [T /°° g(u)
S{h(t): s} = ar i\, u—tdu dt
(6)
= g(t) ([T flw)
+/0 P ( i u-—tdu dt.
Putting
t—e =]
fe(t) == </ +/ ) i(—uldt (e > 0),
0 t+e) U—1
and applying the Riesz inequality [1, p. 315, Theorem 8.1.12], we obtain
I fell,®y) S ClfF Nz, = Cllfllz, &y (7)

where f* is defined by (4). We note also that
(0 LRy (T 4pt=1)

Hence, using the Holder inequality for three functions (c¢f. [6, p. 154] and [8, p. 97]), we
see that

pe(t) = (s +)7" g(t) fe(t) € L1(Ry4)
and, moreover, that
(s + )7 g fells < (s + )7 I, N1F1l5 g (8)
Thus one can apply the Lebesgue theorem to obtain
/ g efa=tig | ea (9)
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or, equivalently,
o0 e ]
[T (719 0
0 S + t 0 U - t

=/;wf<“>(ow<?f‘>%‘—‘5dt) s

and similarly for the first term on the right-hand side of (6). Consequently, the formula

(10)

(6) becomes

S{h(t): s} = /Ooo f(t)( O°° @:—%%—:E—jdu> dt

e[ (] e « -

- st e)«

Simplifying this last double integral, we finally have

S{h(t): s} = Owg—g—){dt/ooogg—%du (1)

= S{f(¢): s} S{g(?) : s}.

Since the Stieltjes transform, when it exists, is an analytic function in the com

plex
plane cut along the nonpositive real axis (¢f. [9, p. 328]), the formula (12) holds true
everywhere in the complex s-plane ezcept along the nonpositive real axis. This evidently

completes the proof of the theorem.

REMARK. In view of the property (3), the function & defined by (2) may be called
the Stieltjes convolution of the functions f and g.

Suppose now that the functions f and ¢ satisfy the hypothesis of the convolution
theorem (3) and that

f®g=0 almost everywhere on R.

Then
S{f(t): s} 5{g(t): s} =S{(f®@g)(t): s} =0
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everywhere in the complex s-plane cut along the nonpositive real axis. Since

S{f®):s}  and  S{g(t):s}

are analytic functions in this cut s-plane, it follows that either

S{f(t):s}=0
or
S{g(t):s} =0.
Making use of the uniqueness of the Stieltjes transform (cf. [9, p. 336]), we conclude that
either f = 0 or g = 0 almost everywhere on Ry. Thus we have proved the following result:
If the functions f and g satisfy the hypothesis of the theorem, and if f Q@ g =0 almost

everywhere on R, then either f =0 or g = 0 almost everywhere on R,.

This is a Titchmarsh type theorem.

3. AN APPLICATION OF THE CONVOLUTION THEOREM

We consider the following interesting class of singular integral equations:
foer [ Ma—gw 020, (19
JO u — t

where g¢(1) is prescribed and f(t) is an unknown function to be determined. The solution of
the integral equation (13) was investigated earlier by reducing the problem to an equivalent
Riemann-Hilbert boundary value problem (see [3, Chapter 3, Section 21] for details). In
this section we shall show how the convolution theorem (3) can be applied to solve the
integral equation (13).

We begin by assuming ag to be a (unique) root of the transcendental equation:
tanma = —7A (0 < R(a)<1; A#0). (14)

Then, in view of the well-known integral (cf., e.g., [2, Vol. II, p. 249, Entry 15.2(28);
p- 216, Entry 14.2(58)]):

© a1 i —m(*"1 cot T (R()>0; 0<R(a)<1)
/(; u—¢ ‘= {w(—()""l cscma R(()<0; 0<R(a) <1,

(13)

)



the integral equation (13) can be written in the form:

oo | og—1 oo
f(t)/ 1; " du + t*~1 5—(2); du = —mt® 1 g(¢) cot may
0 - 0o U-—

or, equivalently,

fFO @t = —x t*71 g(t) cot Tay, (16)

where we have made use of the definition (2).
Applying the convolution theorem (3), this last relationship (16) yields

uao-—-l

u-+ 8

du=—r8&{t* 1 g(t): s} cot may,

sty [

which, in view of the integral (15) again, becomes
S{f(t) s} = —s'7% S{t*7 g(t): s} cos Tag. (17)

Finally, by appealing to the classical inversion theorem for the Stieltjes transform (see,

e.g., |10, p. 126, Theorem 14.1]), we obtain

. COS Ty
)= 1
ft) = lim ——

(=t + ie)' = S{u" g(u) : —t + e}

(18)
— (=t —ie)t7 S{u*"tg(u): —t — ze}] ,

which provides the solution of the singular integral equation (13), o being a (unique) root

of the transcendental equation (14).
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