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ABSTRACT

The solution of the Boltzmann equation at the
upstream singular point of an infinitely strong shock
wave is examined, for the case of Maxwell molecules.

Thg fluid velocity, u, is used as the independent variable,
and g£ is expanded at the upstream singular point in
terms of the eigenfunctions of the linearized Boltzmann
collision operator, where f is the velocity distribution
function. The expansion coefficients are the velocity-
derivatives of the eigenfunction moments of f, and are
shown to satisfy an infinite system of nonlinear algebraic
equations of the form [A]§ & E, where the elements of
"§-are the unknown expansion coefficients, and where [A] is
an upper-triangular, non-singular matrix, in which every

element along the principal diagonal involves a single '
unknown. The nonlinearity of the problem is due to this

unknown. It is shown that setting certain of the §
elements to zero to close the equations for solution
(Grad's method) fails to yleld a solution of this system‘
to any order of closure.

Expressions for the velocity derivatives of the
eigenfunction moments of the Mott-Smith distribution are
developed, and used for certain of the E'elements to
close the equations for'solution (Elliott and Baganoff's

method). The solution based on this method is carried to



closure order 22 with no appa:ent convergence. A
technique for extracting a rapidly convergent solution
from the original solution sequence is proposed and
carried out with success. The tentative results are

rhysically reasonable.
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CHAPTER 1
INTRODUCTION

The Boltzmann equation may be regarded either as
a reduction of the Liouville equation or as an extension
of the conservation equations of fluid dynamics. As an
extension of the conservation equations, it goes beyond
the use of simplifying assumptions such as the Navier -
Stokes relation or the Fourier heat conduction law.
However, the price paid for better representation of
non-equilibrium gas dynamic situations is an overwhelm-
ing increase in the complexity of the mathematics. .The
problem considered here, related to the structure of a
strong shock wave, is particularly worthwhile in that
it affords an opportunity to explore techniques of
solving the Boltzﬁann equation with a minimum of mathe-
matical difficulty. Aside from the fact that the flow
is steady and one-dimensional, a major simplfication
occurs if the fluid properties in the wings of the
shock are examined, as the kinetic variables approach
their equilibrium values. In the upstream wing of
an infinitely strong shock, i.e. allowing the.upstream
Mach number to become infinitely large, even further simp-
lification takes place. Despite this, the solution is found
to be quite sensitive to the particular method of approx-
imation used. The problem will likely remain as one of

the most stringent tests of various approximation



techniques employed in gas dynamics while at the same
time allowing examination of very high orders of approx-
imation with little mathematical complexity.

The problem of shock structure was first considered
- by Taylor-(1910), who obtained a closed-form analytic
solution of the Navier - Stokes equations for a vanish-
ingly weak shock. Morduchow and Libby (1949)
unsuccessfully attempted to solve the Navier - Stokes
equations in a shock wave of arbitrary strength.
Gilbarg and Paolucci (1953) later showed that if the
fluid velocity u is used, rather than the spatial -
variable x, as the independent variable in a shock wave,
the Navier - Stokes equations can be solved for a
solution curve in, say, the temperature-velocity (T-u)
plane and then integrated to obtain the spatial variation
of T, u, or any other variable. The situation is

illustrated in figure 1.
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Figure 1. General form of the solution curve in
the temperature-velocity plane.



Gilbarg and Paolucci (1953) showed that. for the
Navier - Stokes equations,z,and z, afe singular points,
2, is an unstable node and z, is a saddle point. Mordue
chow and Libby (1949) tried to solve for the T-u curve by
integrating from the upstream singular point z;, and
found they could not satisfy the Rankine - Hugoniot con-
ditions. They attributed their failure to a defect in
the Navier - Stokes equations. Gilbarg and Paolucci
(1953) correctly pointed out that the integration must
be performed starting from the downstream singular point
z, in order to obtain the T-u curve for the shock.

Since the gradients E and 42 tend to zero in the

I dx
wings of the shock, the points z, and z, are always
singular, no matter what equation or set of equations is
solved. Thus an analysis of the flow near the singular
points, while interesting in its own right, is an essential
first step in the more general problem of shock wave
structure.

Elliott and Baganoff (1974) have carried out
the singular point analysis for the Boltzmann equation.
Their work.is based on the method of moments. 1In it

they derive a nonlinear integral equation for 15)5 ’

u
where f is the velocity distribution function, and the
subscript & takes on the values 1 and 2 &b the upstream

and downstream"singular points, respectively. From this
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equation they form a system of moment equations (invol-
ving velocity-derivatives of the various moments) which
they solve by using Grad's method [ Grad (1949)].
Although the solution based on this method converges very
slowly upstream,even for weak shock waves, Elliott and
Baganoff (1974) showed that the rate of convergence could
be improved considerably if Grad's method were modified

to incorporate the Mott-Smith distribution function
[Mott—Smith (195])] as the first approximation to f.

In the present work, we shall:-carry the applicatiqn
of the method used by Elliott and Baganoff (1974) a
step forward and consider the flow near the upstream
singular point of an infinitely strongshock wave. As
a result -of several crucial simplifications which occur,
the solution can be easily examined to any desired order
of approximation, the only practical limitation being
the numerical accuracy of the computations. Although
the flow near the downstream singular point is no less
intgresting,the simplification due to the strength of
the shock does not occur there, and we shall therefore
not consider this case. [Elliott and Baganoff (1974)
have shown that the downstream flow is adequately
represented by the solution based on Grad's methodJ

Two important objectives are served by the present
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work. The first deals with the answer to the fundamental
question as to whether the Boltzmann equation itself is
capable of describing the flow in a stromgshock wave.
Various aspects of this question are discussed by
Cercignani (1969), among others. The second, more
practical objective is the determination of precise limit
values for the upstream moment derivatives or moment ratios.
Such information is essential in order to explore the
possibility, suggested by Elliottand Baganoff (1974),

of developing nonlinear constitutive relations among the

higher moments of f. . .



CHAPTER 2
DEVELOPMENT OF THE FUNDAMENTAL EQUATION
AND SUMMARY OF BACKGROUND

For steady, one-dimensional flow under zero external

force the Boltzmann equation can be written

£1.) (u +¢ )[3(7f) 8(9f)] C(’ﬁ/au

where

L]

M is the fluid velocity

CxCe,cy,62)  is the thermal velocity of a molecule,
¢ is the mass density, and

c:(yfl is the nonlinear Boltzmann collision operator.

Let f"-(arkT)"/‘exr(--z‘-%i-) be the Maxwellian
distribution, where R is the ordinary gas constant and T
is the local temperature. Then, following Elliott and
Baganoff (1974), we expand f in a Taylor series of the
form pf = g,f,‘[1 "(u'“s)}‘-], where only the term of order

(u - ug) has been retained. Note that
[
a( f)) = g¢ 85 h, ,
31-!- (3
and hence if

<& =]§(5) f d%

is a general moment of f, then we have

) L <) = 5 fE571,2%.

i



Substituting the expansion for ¢f in equation 1, and
noting that €¢gf°) = 0, we find, after considerable

manipulation |
(30) (ﬁ“v") (ﬁ-‘“"hsd’zw) = wsJ(“sLs) *

Here
< ~ _',‘ —‘J-S_/' .
Y=vw,@RT,)) * =V% s, where M is the Mach number;
-Y .
Vx=zex(2RTL) ™ is a nondimensional thermal velocity
(note the suppression of s);

U is the standard linearized collision operator
discussed by Uhlenbeck and Ford (1953), among
others. |

The quantity wg appearing in equation 3 is defined by

(4.) ws = 16 .121’_).’ .
P E)
Here T is the xx component of the viscous stress tensor,
p is the pressure and
T = -‘5’- ¥ ‘ill-;

is the Navier - Stokes expression for T , where g is the
coefficient of viscosity. /\2 is a constant whose numeri-
cal value is 2.7406... . For the details in the derivation
of equation 3, the reader is referred to Elliott and
Baganoff (1974).

From equation 2 we see that 3L ) is a moment of h,.

Ps Ju s
Further, Elliott and Baganoff (1974) have shown that
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%0), can be expressed as a linear combination of moments
of hg. Therefore, ws is a rational function of moments
of hg, and equation 3 is a nonlinear integral equation
for hy in spite of the fact that J is a linear operator.
Wang Chang and Uhlenbeck (1952) have determined the
eigenvalues and eigenfunctions of the operator ;I. The
eigenfunctions are orfhbnormal with respect to the weight

2
function e'v', and for a one-dimensional flow are given by

=1r! (1+! [ =
(5.) ‘%‘, 7.}_((‘-—2,.%:5—!- V P‘ (6059) 5‘*04. 3

r - i VN.' (l""i'ﬂrﬂ
where 5,_,,5.=Z('7) JI(r=i)(1+%4+))1  is the Sonine
J=°

polynomial, and P, is the Legendre polynomial,with

Vi =lYIcos(e). Following Wang Chang and Uhlenbeck (1952),
Elliott and Baganoff (1974) have expanded ushs in terms
of the ¥, 's:

ughg = “%Z gu"ﬂz .

As a consequence of (2.), the expansion coefficients 7%

are related to the eigenfunction moments by
(6.) Bre=n%s d
re % 1o ?<‘Ya>)s .

Substituting the expansion into equation 3, multiplying
N :

-V
by ]F;ge , and integrating, we obtain the matrix equation

{71 ?Z‘ [ﬁs (ws"‘;“) ‘Srl,r'l' i Mrl_,r'l.'] E.- = bya,



as given by Elliott and Baganoff (1974). Here

nn,""—' = ]vx e-‘v‘ ‘P;-L ‘Irr'l.' J}\'

b =0 i, Ju @i e ¥, dy

Sve,r’f is the Kronecker delta and A, is the eigenvalue
corresponding to ‘P;,.. The Mm's have been tabulated up
“to order 2r + £ = 36 by Alterman et al. (1962). (The tab-
ulated values must be multiplied by the factor 1.254, if
definition 4 is used for ws.) The only non-zero b,,'s
are boo= M,, b, =V2 Ms, b= -2VMg/ V&, and Yo, = 2N A3.
The My, ¢ 's are given by Wang Chang and Uhlenbeck (1952)

and are

- r+f+3/2
.Hr,c,r',c,' (NN Veaneesy S Seere’

= SkF n\l(az 1)(22+3) Srotyr/Sent e’

vt (2151;(;./; 3y et Baay

- 2 1P O ) SV ¢, e Se- 2’
V(21-1)(21+1) o . .

Figure 2 shows the location of all nonzero elements
of the matrix in equation 7. The "D" entries arise from
the term iﬁvolving the Kronecker delta, and the "1, "a2n,
n3tn, and "4" entries from the corresponding term in the
above expression for IM,¢r%’.

Owing to the presence of ws in the "D" terms of the
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2vs Lo ]| 2 3 o 5 (3
U Jol1|loz|1t 3|loc 2 u|1 3 5|0 24 6
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Figure 2.

Location of the nonzero elements in the matrix of the

fundamental equation, (equation 7.)
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matrix, equation 7 is an infinite system of nonlinear
algebraic equations in the Fre's, since ws depends on
several of the §y¢'s by virtue of equation 6. Inversion
of the full'matrix is therefore impossible. We then
agree to truncate the system at a certain order n by
eliminating all equations for which 2r+f>n. The structure .
of the matrix in figuré 2 shows that the truncated

system is not closed, since the nth

order equations
-contain Bra's of order n+l1. We must therefore resort
to a method of closure using approximate information.
That is to say, we must find a method by which the.fﬁg's
of order n+l1 can either' be evaluated numerically, or
expressed as functions of the ¥y, 's of order n and lower.
Grad (1949) has developed a logical method for
closing the set of equations at any level of truncation.
He expands f in a series of Hermite polynomials of the form
f=1 2a,H, ,
where H, is a tensor polynomial of degree v, and a, is
a coefficient to be determined. It follows from the
orthogonality of the Hermite polynomials that
a, = H ) .
To obtain closure at order n, Grad sets a, = O for v)n+l,
which implies for v = n+1 that
(8.) {Hys> =0,

* Only axially symmetric contractions of Grad's H,'s need
be considered here due to prbblem simplification.
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Grad has since outlined a proof [Grad (1958)] showing
the equivalence of his method to the expansion method
of Wang Chang and Uhlenbeck (1952) used here. The

particular property of importance is
)
Hy =Z Jr.c re o
e
where the 3’,‘;"3 are constant tensors, with
Yeel=0, 2r+l#y.

Thus H,is a linear combination of the eigenfunctions
1!;4 of order ¥ alone. Since the 1K;'s are linearly

independent, equation 8 implies

<Y = 0, 2r+4&= n+1,
Since <FP;£> =Owhenr #0 and 1 # O, equatibn 6 gives

(9.) K¥ee) = 0, 2r+f = n+1.
Closure of the truncated set by Grad's method, at order
n, is thus accomplished by means of the substitution 9.
From the normalization of f and the definition of
the thermal velocity, it follows that '§,,= -1 and §,,=0,
so the equation for r = £ = 0 is identically satisfied.
Thus after closure at any order, there is always one
less E;tcoefficient than the number of equations to be
satisfied. The extra unknown is ws and it completes

the systen.
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Properties of the solution based on Grad's method
of closure have been investigated for shock waves of
moderate strength by Elliott and Baganoff (1974), who
found that the solution converges rapidly at the subsonic
singular point, but very slowly at the supersonic
sihgular point. Moreover, for every order, there exists
a critical value of the shock Mach number above which
the solution is physically meaningless. Elliott and
Baganoff (1974) then showed that the rate of convergence
upstream is accelerated if the Mott-Smith distribution
[Mott—Smith (1951)], fms, 15 used as the first approx-
imation to f ard the Hermite polynomial seriesis used

to correct the error. That is
P = Dy + £°2, 8,1, ,
¥

from which follows

8y = <Hu>“<Hy>ms ’

where <é>m = / é y S a3 . Closure at order n now

gives

L)

and since {Hredms = O when r # 0 and R# 0, we have

Bre =(Bre)mss  2r+f = n+i

th

as the closure relations for the n”" order solution.
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CHAPTER 3
FORMULATION OF THE PROBLEM AT THE UPSTREAM SINGULAR
POINT IN AN INFINITELY STRONG SHOCK

Elliott and Baganoff (1974) have determined that B,
increases upstream as Mf”‘ as the shock Mach number M
becomes large. This observation follows from the def-
initions of the §,,'s in terms of the derivatives of
the moments of f, together with the scaling of the low-
order derivatives with M, implied by the form of the
conservation equations. It will also be seen that the
er'S computed from the Mott-Smith distribution fuhction
display this property. The problem under consideration
is the solution of equation 7, the fundamental equation,
at the upstream éingular point (s=1) in an infinitely
strong shock wave (M,c0 ). From the deduced dependence
on My, §..*> 00 as M,~+oc0 , and we therefore must intro-
duce bounded variables before the limit M;~> oo is taken.
Since the combination g,-,_ = ¥,./M** is bounded for all
values of My, let every equation in the set (7.) be

divided by M****' . From figure 2 we see that we then

th

may write the n“" order equations (the set for which

2r + £ = n) as

wl 2 ~
K MVL,T"' (N| gr'l') + PZL’J {5;6 (‘Jl Ap'e! - 1) E"’&I S",Vk’ |

2ot =n-) 2rs L'zn

. ol ~
* Z IVIrL,r'I' 5,.-,,' = bye "
T

2y-'s £'znet
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-~ i Trelel
where b,, = bse /M,

the fact that M,=y% M,. As M,-reo, the contribution

and where we have made use of

from the first summation goes to zero since §,%’ is
already bounded. In addition, the only surviving‘g,l
in the limit is %., = 5/4Vz. It can thus be seen from
figure 2 that the important simplification achieved by
considering the limiting case of the infinitely strong
shock wave is the conversion of equation 7 to upper-
triangular form.

Before proceeding with the solution of the upper-
triangular system, let us strengthen the physical
Justification for the use of the method developed by
Elliott and Baganoff (1974) by examining = the sblution
based on Grad's method. Wang Chang and Uhlenbeck (1952)
have shown that the eigenvalues of J are all negative
and decrease with order (2r+{). From physical consider-
ations, we have

Yi9) 70 ‘—;‘;‘;‘f)'>0, and hence w, >0 .
Thus (wiA,e =1) < O for all r and ¢. This in turn
implies that the diagonal sub-matricies in figure 3
have no zero elements along their diagonals, and are
thus non-singular. Employing Grad's closure method at
order n, we set the g;,‘s of order n+l to zero. From

figure 3 and the discussion above, the order n equations



-—
o
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g =""""D ==---- @70 5! 0
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unknown $ye's

closure §,.'s, order n+l

LEGEND

‘\\\ represents the diagonal submatricies of
y figure 2 with M, replaced by ﬁ./M,:ﬂi@

™ represents the superdiagonal submatricies of
= figure 2 consisting of the "1" and "4" terms.

Figure 3.
The fundamental equation for the

upstream case, M;=*°°
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give
?r‘ =0, 2r + £ = n,

and we may continue to backsolve the set, order by order
obtaining §i¢ = 0 by virtue of the non-singularity of the
diagonal matrices , until we reach the equation for
which r=0 and £=1. This equation will then yield a
nonzero value for gl, since boy is nonzero. But as
noted earlier,'g;‘ is zero by definition of the thermal
velocity, and so we arrive at a contradiction. Grad's
method is therefore worthless in treating the present
problem.

Turning back to the method of solution used by
Elliott and Baganoff (1974), we find the monomial moments
of the Mott-Smith distribution function,

- w-—u, -P.G: u-w, - PtG;
Ls = Ta. e - @, %= © )
where  Ps = (2RT)? 5 Gs=(Cxtu-u)*cyci

and o, = (aWR'I;Y’/‘ = (%)3/" .'

The general expression for a monomial moment of this

distribution function is

[ o - ™ - .c"
{exc*™ 2, = '—;—‘3—1«. ﬁcx +z)" [(Cx" zY+ct] e e P

— 1 = P
- ?u—‘:‘-t“'a‘o(&[(c‘ri' '2'.,.) [(C-*Zz.)“’ C}_] c P A-Bc ’
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where Z2y, = -u + uy,

Z, = =u + U,

and ¢} = C, +ck.

The integrations are most easily performed in cylindrical

coordinates and yield

L _2m | =, L& Le23-k -maj-ky
LCx C >ﬂs=u-u.,2 Z [’ 2.7, Pl

' J=o k=eo
even

Lo25-k _meisbn (£+25) ) m!
+ Z.;Z;+ ¢ P2 ] (¢

-

s25-k) 2k (%)13! -

(£+2))ml

%= 21 (5]’ a simplification of the sums
v de 2

With B;

arises if the following indices are used:

%Q"'j"}k! y =m,
j+3%k , and n =g+ 2n.

q
P

We may re-cast the moment in the form

.
<o ety = ;1;;;,. > [z, c2rm )™ -2 2
a=o

Betv-q

"L ~
+ 7, (2RT, )™ ’zi“] >, Bag .
p=l"-v-1]|
Increment p by?

We have finally
u <%
- M- a "/ -
O B %‘; B, (RTY4? (u-u,)*2

'/’.

~ w3 (RL) Y cu-u,)®y,

\l."l’a
q=0




with
x, =42 37 (%ea-v+p)!
1 @l Sy g 2T (et - ) (B et - ) !

ncrementy by
In order to determine the derivatives of the moments
with respect to the fluid velocity u, it is convenient
to handle the moments of odd and even order separately.
For the odd moments, let n+1 be the order under consider-
ation. Differentiation yields

u é_. <C""c,““‘"">~f- 20 ~W2 -1 Zﬁ (3]1*) 1)‘)

w” du 1 Q.
2 (G-t -1) (2 X’ G -1
* ,-Z,;x’('sn' :*) (2-1)

1"“1.

(28 4+ Te +1) UL <5 o (3 % @
* = 1=, isZoJ.KJ(snz ) (ﬁ:,_"‘)

‘ NV (G~-Tin ~‘.1 LY/ A :
4 20-8)(E ﬁ‘: 3 by éﬂsf(?ﬁf)% J(§‘_l)y 1’

'-
~r ~
where u = u/uy and U, = ug/u, ,
For the even moments, let n be the order under consider-

ation. We have

\IMJ“_ <C”C ’"‘ ns 1—u; ZR(S )z E ( ol )’-1
redzie Sxopoia-gs
Bt~ Z,T(,- Em ) & )

+2 %1 ZK (5Mz )Vd(g —l)zH.
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Evaluating both expressions at the upstream limit U = 1,
we see that the only terms surviving in either expression
arise from the third summation in the expression; and
from the first term of the first summation. For the
case under study, M;—> o0 , this single term also vanishes.
From the Rankine - Hugoniot equations, we have ﬁ;a»wi
and M;— % as M,—~ oo . Inserting these limits in
the remaining expressions, we have, for the odd moments

Kl By L )= 4 3™ Z 7 3,

1t g j=o
and for the even moments,

Tie B A (earvn,) =590 FR g

1\'{.-000 J..o
Note at this point that

L(vzv "-2 > oC n:'

for both cases, since ¢ =V2R‘L“,?r' .
Since {¥,.))= O when r # 0 and { # O, we have from
(6.)
3,
A ==‘x‘4'“-§%ﬁ¢1£¥>)5
After substituting the series for the Legendre and Sonine
polynomials as indicated in equation 5, we have, at the

upstream singular point

B«
'4’ yi(ee %) -1)" (2£-2k)! &
V:" (l:/zﬂ')' Z- 2% k‘(l~k)|(1'Zk)|

Z(_ﬂa “,. i""]' [ <vu+2k 1—u>]

= TG (L3 V2 e )]
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When we form EL; by dividing by Nﬁ"‘, note that in the
second sum only the term for which j=r survives as M,~ oo,
After performing this division by M:'"‘ and using the
limiting expressions for the monomial moments we finally

obtain

. # .
(10.) ﬁ.”" (grt)ns=—d‘ !.4-‘/:(’1)"5!/" ‘;—Z("ﬂ (2t-2%) (ks |

M oo £ KT(E-K)! (42K
Ll-4+ Lar kolro-‘- q
2 ’,,l 4K al g 7("/‘, (5*’1" g,k)!
V! (felyrv)) a-q, "'”%‘k'a] (29)124 (%p%—.--;g{—-::)! (%—-%1-%—%)_' y
iugumui Jby2

where o = 1 and q, = O when £ and n are even,
o-=Vv3 and q = + when £ and n are odd, and

[qj is the largest integer less than q.

Equation lo'provides the information necessary to
close the upper triangular system of figure 3 at any
order of truncation. Recall that since the r = £ = 0
equation is identically satisfied, there is always one
more equation than the number of‘g;,'s to be determined.
The solution is accomplished by using a Newton-Raphson
method for finding the value of w,that gives the optimum
solution vector for the overdetermined set of equations
in theigyg's. When the E;z’s have been found, the
quantities of physical interest are easily determined
by inversion of (6.) to obtain the monomial moments.

Several of these transformations are listed by Elliott




and Baganoff (1974).
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CHAPTER 4
RESULTS AND DISCUSSION

FORTRAN programs were developed to carry out the
solution. The program to determine the limit values of
the various (E;,)m, deserves special note. Expression 10
has several problems inherent in its numerical evaluation.
One of these problems is the computation of extremely |
large factorials. The first factor in the numerator in
the sum over k shows that for k=0 gnd f=n we must evaluate
(2n)!. This was accomplished by always working with the
logarithms of the factorials. The most difficult problem
is the extreme range in magnitude of the numbers found in
the inte:leaving sums. This problem was attacked in two
ways. The highest precision available (approﬁimately 16
digits) was used throughout the calculations, and a
special subfoutine was designed to form the best possible
sum of a set of numbers on a floating point binary
computer. Despite this, it was found that order 23 was
the operational limit. Beyond this order, for large
values of {, the number of terms in the sum over k, com-
bined with the alternating sign of each term, result in
large cancellations that reduce the number of significant
digits in the final sum to nil.

One of the principal tests of the quality of the

closure information is to check for convergence of the
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low-order'gng's, as the order of closure, n, is increased
(cf. figure 3). If the Mott-Smith distribution function
were nearly correct the convergence would be very rapid,
where it will later be seen that the sense of '"nearly
correct" is not yet well determined. The type of -
convergence expected in this case is seen in figure 4,

in which ¥. is deploted. ' Evidently the value of this
particular moment is quite accurately predicted by the
Mott-Smith distribution in this solution process, but

it is the only variable found to bé convergent. The
typical behavior of the eigenfunction moments is seen

in figures 5 and 6, which show the %.e's of orders 6and 11
respectively, normalized to their Mott-Smith values.

To summarize the properties of this behavior,'all* iigs
increase in magnitude as the order of closure is increased,
except for ?;L whose magnitude decreases, and g;a, which
increases to order 9 and then decreases. This behavior is

reflected in the physical variables (Kc?> /< €*ct>),
[ =¢-V83.; + 3%.,)/(5%.)] shown in figure 7, and (T%),
[: 2 E,,__ /(3 %4 )] shown in figure 8. Here q = }¥¢<c*c,?

is the heat flux.

* based on inspection to eigenfunction order 15,and closure

order 22.
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The similar behavior exhibited by the §,.'s and
the fact that they all tend to vary linearly with the
order of solution closure suggests that some useful
information may be extracted from an apparently divergent
(or optimistically slowly convergent) solution. This line
of reasoning led in turn to a computational experiment, the
results of which were successful, but which, in view of
the ad hoc procedure used, must be regarded as still of a
preliminary nature.

Specifically, consider the vatriable Elz(chosen
arbitrarily) as a single unknown parameter,and express

the general ?.., as a linear function of E,,. by

(]10) g"‘= a"‘ go‘ + CQ‘ .
Given thé solution ?,.'s to any two consecutive orders of

closure, equation 11 may be solved for each a,, and Cre.

(»)
re

(»

Suppose that aj, and c_, are the values obtained from

the solutions to closure orders n and n+1. It is found
that the coefficients aﬁi and cﬂ? converge quite rapidly

as n is increased. Typical cases are shown in figures

(n)

9 and 10 where a7 and c%

are displayed.

We’nekt make the hypothesis that the limit values

(w)

of the various a,,, and c&}

% ~. are exact, even though they

were obtained from a sequence of inexact solutions.

If this be the case, then every ¥,, can be expressed
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exactly in terms of f;; by means of equation (11). We
can then return to the matrix of the fundamental equation
(figure 3), pick any two equations, and solve them for
f;z and w,. A necessary condition for our hypothesis

to be correct is that the values obtained for ?;a and
w4 be independent of the choice of equations, and this
is indeed found to be the case.

As an example, let us display values obtained from
equations r=0, £=3, and r=0, £=2. A quadratic equation
for wy, will always be obtained and its solution in this
case is w, = .843 * .006, where the second term arises
from a non-zero discriminant which may be expected to
vanish upon insertion of more accurate a,,'s and c,p's
on the physical grounds that only one solution is realizable.
The accuracy may be increased by increasing the order of
closure (22 was the highest used in this case). In this
way the limit values of the a,,is and cye's can be
determined with greater accuracy. The solution for E;z
corresponding to the above value of w¢ is found to be
¥ou = -.6565 £ .0012 . Knowing Eoe and the a,g's and
Cye 'S We may then obtain any of the‘g,g's, and hence the
physical variables of interest. The results for low-
order quantities are as follows, where for later discuss-

ion, the values computed from fwg are given in parentheses.
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(' 4T ), = -.9086 (-.833)
(M“% %‘:f)1 = .7581 (.833)
M2E $2); = 1.362 (1.25)

(), = .557 (.667) (cf. fig. 8)
(Kio/<ctey),= 752 (.75) (cf. fig. 7)
(M* Yqe), = .287

Note that (M"??%jh is a moment of f so its value for
funs is not given. ’

We again emphasize that the above results must be
viewed as preliminary. Final justification for their use
can be given only after the numerical accuracy of the
entire calculation is increased, and certainly not until
an adequate explanation can be given as to why the method
used apparently works so well. Even with these reser-
vations, the results are encouraging in tﬁat all the
quantities listed have physically correct algebraic signs.
In addition,the ratio (<c}>/<c%*c,»), satisfies the condi-
tion 0< (<2 /<c?c,> )1 < 1 proposed by Bagahoff and
Nathenson (1970).

An annoying question comes to mind if the above

results are compared with the corresponding values based
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on f which are given in parentheses. In all cases the

"s
discrepency is of the order of 10% or less. Why then
does the solution based on fag converge so slowlj (if

at all)? It might be thought that a ten percent error
evidenced by the low order moments in the first
approximation for f could easily be corrected by just

a few terms in the Hermite polynomial series.

Another interesting question can be raised with
regard to the solution based on Grad's method: since
the method fails for M, - co, there must exist a critical
finite value of the upstream Mach number above which
the solution does not yield physically acceptable results
to any order of closure. What is this value, and why
does it exist? That the Grad solution to equation 7 for
M;-> oo 1is unphysical is seen in that it requires a
sub-diagonal form of the matrix, which in turn requires
the relation ¥, oc M, ***as M+oc0, with kz3.

In conclusion, it is felt that once the ad hoc
method used in obtaining the final results is well
understood and can be rigorously justified, the first
truly nonlinear exact solution to the Boltzmann equation
may be proclaimed. It is ironic that this should also

be the solution of a classic problem in gas dynamics

for which the degree of nonequilibrium is so strong.
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APPENDIX A
FORTRAN PROGRAM WRITTEN TO GENERATE Eig's
FROM THE MOTT-SMITH DISTRIBUTION FUNCTION

This program evaluates expression 10 to order
37, although the §;¢'s are only accurate to order 23, as
discussed in chapter 4. Necessary logarithms of factorials

are stored in the following array

F(K) = 1oge(K!) .
Similarly, for-the integer-plus-one-half factorials

FH(K) = log, ((K+3)!/¥F ) .

Final (?m),,, values are stored in the array E(I) for

punching on cards. Here I is an index calculated by

1= [r#er+ 0] - r,
where the brackets represent the largest integer less than
the contained term. This is the standard ordering used in
figure 2 and by many authors. |
The subroutine SUM is also shown. Particulars are

included at the top of the listing. Its purpose is to
minimize loss of significant bits (also digits) due to

the size of interim sums calculated in the adding of a

column.




-4

SED FOR CLOSURE
HASDSQRT s Ty TLyTA,TBoE,

Du.

- NMEN

C
=
£
S
9
D
D
LCG(.500)
FHA

L
¥
N
N
J
L
L
D
Y

1,37
G
0

¢
K=
g
v
K

rﬁEEEHDﬁO Nomet O b=t | X~
WIS N
OfR =eOENGEI-ICY 00 UC ICAO~Dd—-CaAC~D—<I a
S>30 OOLJLULULULLCANIUL VOICHCVLAULC=CNLJNOWL =

:=A1(l=(?N M e ZZ et
o n

— .-

O QOO NN ONDP O~
llllﬁlllllzz

-
- - X -
4 ™ ~—
—— - T X
- -— led W
—_N X 0 e X
nn SDXF= ull =~2I
X VNIl SN~
) O+ et~ O

bt St O et O S o St
Nt (| i Mol ] ot

0 ~ @ [}
- -t - Lot

i
i

[S]

NALTNINDIO~NNTN O
ﬁ2222222333333 ™

—
! +

— O -

+ — 4

N x+l

N =
[Saerpay T

Olle !l HO.OO

e | TJxXer T

pd et b P o

o
o~

'
‘.

NOPO—NMS
MOMETEE T

L2-.500%(FUIRP)+FH(LRP))

)
0
14LHP

2

1+ —
will e i

B Il o~ ax
O Xl

25C KP

s SO
P W -Qxd

NON~ 0O~
N D

—
+
B O X
< o
o —0.
O~ | + T

b et ]
el X+ | S0
V=l
MZZIl 1 XTO
EdJdax—a il
HIFo2¥ o<
e e aalan

i
]
1

MEnor~2r0
AN BINAN D

(=}

.

-

+

(=]

|

b4

|d «
ne -
O o
oc (=38
— Ot N
- O 1+ NN
- o X~ N
" — QIO
o O+ i+ +
O O
—~TToN e N2 W
| NN N -0
©0. | S# NaIX e
OO0 WO G+ InN

N—=Qonu=sincn
CONlDd< 2072
O OO U= —

=AM N INDPO O
00000 OO0~



38

TAJ,IND,2

<
-
et &

*—
QX1 <

=N ﬂl?NnTMT -ale s on
I Z L Zem NI O S IS~ DZ

JERRTIDD
.DaTuN

MO daRe)
hapefP-

1X9TDoOyAJ

55455,60

‘.NM - Ll and
=Yalaleb —N—
P ~Z 70N
O
U’l bt bt 34
2 et bt e ™y
~u U<
NS & w1
FMS#O=DNn ninnu
LAMI\TIN\I\IﬂI)\I
Ul D<=\ T3 3

SUM
FHA+16.D1)

O U e OO~ D I <C T
bt e T UL ONVIN LT O —
000
mn

MDPOANMNS NI~ INO~N
R VOVDDVODVIVDORNT

AFND 0D
oo oo

=
- g
<< O~
b o3 = X -
u. - _~
- 5 e~
o D JxXQXE
> e O X _ad
w A R
- Q L ol
MO W Xl L -
il ] ol o B 2 TR T T 1 O T 1
ﬁ_ mz ) |2 o o o e
eO em X At
S22 B P & N R Y
OO N A T O OO
OO0 I DdeO—————
NV X0
n CO o
N O~ (=]
~N
w

D=NOmEFN O~
olwlb lvleleinle]

[ L b L Lo Do P P |

Py 1)1=(-2.D0 )%eK=n*DEXP{FHA)

IKPHL
L SuM

6
LL SuM

A=y

Nl N ON X

DV D NN
D ol et ok et o

NI DD~ Il d~uta
NOVNNNNNE JOU. ST OV

o rd rd 4 71111111

280426C,280
=XPyJ)sL, IR

1) %W
)

) uiog =2
U
(
4
p

Q.
T
—
N vt gt ]
LVdZO W~
£ Q"
0 0

N ~N

KO0 DN
el ol ot N NN O

8100,8100,3800 ~

i+

QUi i~ O

-
et

-

aa

K

n

=l bt

o N - >
- . -
Zm = XX
U = o ———
o N WU
wen . ———
om o -——
W - ™~ [ele]
0 N - ~~
— ~ | -
™ OF=T U+ o=
>x - oSl OO
| + # ——
S N=Cil N0 | U

=

L Lt L L B Lt oo

(L et O S S 27 | "
CoeOuuwCannd

HFHFII;EIGTC
f o oo ko
~ ~ ~NO Ko
N O~

5% )

45678901?3
NN N M A
e e e ot e et e o ek

et kb e ] et ) e 2O
weoe h NCla i p Qe xCik=2l
IIL'AG_(TALIGKH.JCS.L

v To o T
(=} N o o
~ e ~ »M

(S}

SN OO MO ~NMT N O

AOIENNF IS E ST

1111!:&111‘.1\1\&
i

!

P~
RE Ay

bt ol 4




39

e i !
-0 ! i !
ouw i I i 1
e : | = !
w y ' ! (]
on ! i ! o :
z i { w i
- i (=) H
- ! H -4 {
< - : : | (<) h
Ou ! b _ | v
- i ] i L] :
wx i al | | &
(%] H B | i - 1
R ] <) ~ i =)
i ! z
wz i = ! ‘ w
Zw- I s ! | ]
- \ r— “ ' v
I H~ ' ! <
Ol | s { i .
<L ! =] H o >
b} ) = H ' o o
i =3 i =) =4 i
>un H w (o] w
o= ! e e .- ol i
<< ' =] ! =] o -
z~l w | . - 0 <
-0 i 9] 4 o o i
@« D i ) i Z o w i
x| - . - L (L) R o i
=i =~ =} i < o o i
cwv| < oy | N ~ !
| o o) ! o n
wi < - | > o T
wo| awn W | @ [~4
< o) : - w
- Z0 i - 8 -l
Duf = e D L -4 <t 'S
col oo d N w = —
Q| ZTax - <N - %)
DiewX = 13 - w
zZhown - o - o< bt ot
S b Lo - w v w
wnoKrwv = £ o - (o] >e] b o3
- an X —0 o~ 24 <
w % b - (=} o >
- Z2Z 2 - —_— wv ! ©x X
HBSFIUO! e O + 1= D~ - X
T gt — — - -~ D - — 2 D
N Z LN S (=] 7 ] - 4] - - w
L DD 1) O\ . Of= —_0 e~ - -
N LTZouo ol o he B EY ol I Xa W o~
wawbh<uwuwm b= O Pt U .|l >~ -~ =
Z Iaceo.ti= o~ O OR X =N - v o« X
pepmbm | LGAWV | e G- B L (PR WAt
-n bL< ~lzlEvnoened W Voviy R~ Da oo
DwuL WWZundDJduax 474 —HO@ ZN=ZWZ O
OO - 0L SN D a0 00U + UCA g Lo Ll o B g 3
o TVDETUNEd dbG- << x W< QA s J-0X
CUy M@ DD eI 2 L=Z I @ W h&x sl xl<aZ )
DIN! =OMNU DI WGV DunaviDuVnio—~—C CCa
A7 WOCQ 20| =FOFO0 PexEC=F=DunG 00X
y O o v o O QO o~
N MM < o o O
. o o O QO — =
r o o o o p o o
VRLO ) (&) (& ]
o ~OANOENY FRAO~N MENCMDO oD VO~
) VAN | DNNQ00 NOQ OOV ICimReistspe i
- L e Lo o e L T L B L e L B e D L e e e ] o L L L B L L]

H {
| | “
{1 ‘ ' 1
i H i i
! ! ' H
i i |
|
: i
{ | 1 \
] ¢ !
' | : !
. ! |
! i
i : !
: !
i ! i
H | =] !
| ] 72 )
! — H
i N ¢
{ & : oy i
i
- i - i
[exle] ! o !
(o)} ! -
oo H &3
- | P
o - J
o] ™ | o {
! !
GU ! b -
-0 r~ - '
- .
| e—— L p
20 < x
O s —
wn X e w w o "
o -0 o o < +
— Ve — — ~
(o] #* - [on} (o] - [<pd -
(215 - - -
(] [« o = - ) -
= [ - - - a N o
SN a - XD |1 e~ e
o -t 2 O - ~ > 74
(%] - o [&] (L her ) (&} v e — - ~—
[ - -y + 0 =0 wal 7]
- ¥OwW —~e— i/ ~Q. Ll P
o Ioed oo On -0 DY e—Na X
. [P " - "Ll VX - -0 T OoOVo
Qo hrhr kel NI P Vi VOO
w ce U SOMW Qe W = Wl
oo CWL D M i~ Do heDic-—urDdDDb O
+U ~OMTUE N—LAVLM =M ZNO~DTDIL—~ D Ll Z&
WD | OO U0 & =N e | DO SO
= QLN DU DI NIILA EECO=CX— a3 <ie D
Qe Vi ==Lk =00 ULy L3 Nl = Z23 0=0
U ULLLWDWUL Y -WLCOUSS CNOIlh-uw -l OConlwZ
Bt DOttt D)t e e QI TINY U S N =N OVIO VL L
D o o n o o o ob ~
R wn o - N W o ©
o o — —~ - - N
o > > o o o O
o (8] _
WA O—~NMEINONOFO~NMETN 678901234507r9012
M~ COTPDVDVROSIFCOOT GRPPLDOOIVODCIID e~~~
! |




40

APPENDIX B
FORTRAN PROGRAM WRITTEN TO SOLVE THE
FUNDAMENTAL EQUATION SYSTEM

Al

This program solves the upper-trnangular form of
equation 7 (M,—> oco) for the unknown f}z's and w4 /(1.254,)
(cf. figure 3). It reads the (?;‘)ns values needed for
closure into the array E(I), where the index, I, is
discussed in appendix A. The eigenvalues were taken
directly from Alterman et al. (1962) and placed on two
separate decks for checking purposes. In this program
they are placed into the array EL(I). Terms "1% anh ngy
are stored in arrays T1(I) and T4(I), where I is the
equation index. A Newton - Raphson method is used to
determine @y . The variable W(JRC) is used to store
wy /(1.25A,), where JRC is the order of closure.
Equation r=0, £=1 is to be satisfied by the Newton-
Raphson method. The error in satisfying this equation
is stored in DE as defined on line 74 of the listing.
The final results, the unknown 2;1'8 are stored in array
EF(I), from which other variables of interest are

calculated.
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K END CONDITIONS UPSTREAM FUR LARGE M

d - SOLVI T0RSHMIC
1 DIMENSION ZF(3B0)+I0L(379),EL(361)IF(380)+E(380)+T1(351),T4(361),
W(39),10(372)
= DIUD_E PIAECISION EL +E+EF oBToWsR2+ELLIReT1eTAWF o #NsDSORT,DABS s
i DF+DZF 3T ,3343564256

3 REAN(S.,20)10ID( I)s IDLCI)+1=1,379)

4 20 FIRVAT(7(13,1141X)) R

5 T56=54D076409 =

6 - R56=)S29T(55)

7 R3= J)SORT(3.00)

B TIC= 94D3/{1425D2#%15.30)

9 12=¢ :

10 L=0

11 0780 1=1,379

12 IF{15(1)-B20200090) 50.,50,40

13 40 19=CID(1)=30000060007/1000000

14 L=0

15 . ° GJ T &0
16 62 J=(2&14L+2)x(2%IR+_42)/4~1IR . o e =
17 L=L+1

18 EL(JI=ID(I)
19 ELL=1Do (1)
20

ELN)=-FL{JII/] D3-ELL/1.03

Ty B0 CONTINUE ) e

22 R2=0502T{2.D0)
&3 Jorp=36
- ‘ JIT2 IS 4I54FST ORDER CONSIDERED o NO® EAD_CLOSURE TEIMS
24 READIS,1C0) (Z(J)eJ=1,380) .
- 25 100 FORMAT(G(2X+D18411))
FIND GFT DIAGONA. ELEPHANTS
_26 J2=1
27 R=0C
28 ELL=1e20
29 1=2
30 120 CONTINUE
31 Ta(l)=0.20
32 IF(F_L)140+,150,180
33 140 T4(1)= EL_*%¥DSORT((R+1.02)1/((2.D0+ELL~1aDII(2.004TL.41220)1)2
35 160 Y1(1V==(Fl +1eNCI*DSAITL(IHELL +1 45001/ ({2,00*S L L +) DIV (2,004 L
1 +3.00)))
35 1=1+41 .
30 1IF{2) lﬂc 200,180
37 180 R=p-~1, ~ _ Ny o =
35 ELL=F L+?.)o
39 GO T3 120
4 200 CONTINUE
al JPR=JRP 4+
42 TF(JIR=-JOTI-1) 220,240+280
43 220 R=JRI/2
as ELL==2%(JRI/2)+J3IN
45 GO TO 120 - 2 N
a6 240 CONTINUF
47 WY=1.D-3
48 W{3)=.53500
. 4% JRC=3
C TI E0LVE FOR ONE COMPLEYTE ANSWER ST AT ORDER JRC
50 250 ITOP=(JRC+3)%(JRZ+3)/4
S1 130T={JRC#+2)*(JRT+2)74+]
52 ITSA=130T7T~] ’ i
53 IBSA={JRC+1I*{(JRZ+1)/78+1 ’ T o AL S
EL) NA?60 1=1RJT,170>
131 2 260 LF(1Y= k(l)*(-l'DD)**(JRCOI)
.56 15F=1
ATTEMPT MATRIX SOLVE WITH GUESSED ¥
57 270 JRR=JRC
53 I130T=18SA
SO CITOP=T1TSA R S S S . . A — - e .
60 280 1aS3(JAR+1)I/724%1
61 DD 320 IT=IBITITO?
62 1=17+18S
63 IM=l=d - S s
6a IF(Va(IT)) 294 .28T7+294
65 287 BY=T1{ITI*ZF(1)
65 GJ3 T3 390
67 294 3T=TI(ITI*ZF(I)+TA(ITI*ZF(IM) L R .
68 300 E=(IT)==3TZ((W(JRCHI*E_(TIT)=-1) *RS6)
69 15(J022-2) 320434C,3 {
70 320 JRP=JRR-1
71 17221007~ o
72 10T =( 4R+l i3 (JRIF1I/78+1

Gl T 2HC



€ CLOSJRE VERIFICATIIN (W GJESS CNRRECTI

78 360 0I=-324CSO6FTA(2)«EF(3)1+T1(2)*EF(A) = e y o

75 CIFCISF=1) 2003604360

76 360 vr=w(JRC)

77 W{JRZI=W{JRC)+wWTR

78 NEF=)E

79 ISF=2

80 G) TD 270

81 400 CIONTINUE

82 IF(DABS{DE)~1.D-11)820+440, 48420 o e U, S
- = B 420 I (DABS(W(JRCI-wF)=-1.0-11)1480,440,440 -

8a 440 wv:w(JRc)-(u(JRC)-uF)*DS/(DE—o=F)

85 WE=W(JRC)

86 W(JRZ)=WN

87 DEF=DE

88 GJ T3 270

& SUCCESSFUL GUZSS AT W, COMPLETE SOLUTION FOR ORDER JRC SITS IN EF
89 480 CONTIWNUE

90 wnxvets.:o:)JRc.w(JRC).(EF(J).J 3,10)
91 500 FIRMAT(® JRIZR #°412+% # = *3D18e1147+8(2XsD18411)4/,8(2XsD18.11)
1 +7)
92 F(3)=-P2*EF(3)1/33
<3 EF(8)=—2.00%€EF (4) /R3
94 EF(5)=-R3I*ZF(5)1/32
95 EF(5)=5.D0&(EF(6)+EF(5))/5.D0
95 EF(1)=e5JC«ES(6)/EF(5)
97. EF(2)=w(JRC)I*TOC*EF(4)
98 WRITZ(6+505)1(EF(J)ed=1,2)
99 505 FIRMAT(® S{111)/S(1) = "4E13.6,° TAU/TAJ(C) = *4E13e54/4840X,
1 *GADIFNTS®) .
100 WRITE(E.506)M(EF{J)sJ=3,5)
101 506 FORWAT( ' TEMP = ?,E13,6+° TAU = #,E13.5," 0 = %,
2 FI13.6+" S(111) = *,E13.6) .
102 WRITE(6+508) I S
7103 7T 508 FIORMAT(1IX.100(9%0),/) T e ) -
104 IS{JRT-JDT?) 510+2200+2000
105 S10 JIM1I=JURC
106 JIM2=JRC=1
107 JIMI=JYPC=2
108 JRC=JIRCH+1
109 IF{JC~-5) S20+540+560
110 520 W(JRZ)I=W(JAM1)
111 GO T3 250
112 540 WTR=5D0*(W(JRM1)=W(JRM2))
113 GJ TO 58C
‘114 S60 WTR=W{JPM1)=2,D0%W(JAIM2) +W(IRM3I) _
115 S80 W(JRC)I=2.0)*W(JRMIJ—A{JRM2)
116 IF{DA3S(WTR)=1eD-8) 6004250250
117 600 WTR=2.D-8
118 G2 TQ 250
129 2000 CONTINUE
120 STOP
121 END
ORDER # 3 W = 0.454578239900 00

. 0102202245390 01 ~Ce720696655310 00 =-J.10220224539D C1__ 0.33052217CK72 NO
-0641862372080 00 0602737450790 00 =-00114363289800 00 ULJIUVJIJUULVUUUUULUUUU

S(111)/501) = 0.758433D 00 TAU/TAU(O) = 041740150 00
s B GRAD IENTS
'EMP = —0.u30473D 00 TAU = 0.3321a09D0 00 O = 0.1251720 01 S{111) = 0.189869D 21

t#l#t#v#‘t###t#ttttﬁ!#t*v#t#!tvt#ttttt‘ttittt‘wtttt#ﬁvt#t###*ltc*c-tttt‘hi#‘#t#t#t‘tt

ORDER A 4 W = 0.502824726AR30 00 :
Ge 102524273370H 01 =Ce71 84819583550 D0 =)4102524273370 01 J34178961838) (O
~0.63828978893) 00 0¢624157258%3) 00 <-0.127872948550 00 0547353520350 00

_S(YU11)/S(1) = 0.7533190 00 _TAU/TAU(O) = 0.18770SD _0C
GITADTENTS
TEMP = —0.837107D 00 TAU = 0,3295590 00 O = 0.1255660 €1 S(111) = -0.191694D 0O}
LR 2 R R R R R R A E RS R R R AR A AR R R R R R R R A R R R I R R R R T R RS R

ORDER # 5 w = 0.53726407754D GO B
Ce. 103088591510 C1 =Ce714829251030 00 <-0.10308859161D C1 De3547322514498D CC
~0.64368688382570 CO 0.639418290688> 00 -0.137a52832580D 00 D.66032E07169) 20

STI11)/S(1) = 07553410 00 TAU/TAU(Q) = 0,199448D 00
GUAD IENTS
TEMP = =0.8417150 20 TAU = 0.824952D 00 G = 0,1262570 061 S(111) = 0.19326CD 21
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