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.ABSTRACT

Supervisor: Dr. D.E. Lobb

Magnetic field measurements have been made on a 4"
diameter aperture beam-line quadrupole magnet. One method of
measurement uses a rotating coil with a narrow bandwidth wave
analyzer and the other a Hall plate survey system interfaced
to an on-line mini-computer. The measurements are analyzed to
yield the pole tip field as a function of the excitation current,
the harmonic content of the field both as a function of axial
position and of the entire magnet and the effective length of the

field.

Quadrupole field measurements using & short rotating
coil are analyzed to determine the fringe field configuration.
Errors in the two methods are considered in detail, including
the effect of misalignment of the rotating coil and cross=-coupling

in the Hall plate.
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CHAPTER 1

INTRODUCTION

There are many different methods‘available to measure
magnetic fields. The method to use depends on the properties of
the field such as source, strength and homogeneity as well as
the sensitivity and accuracy required. As an example, nuclear
magnetic resonance is one of the most precise methods of measuring
a homogeneous magnetic field over a wide range of values. How-
ever, this method cannot be used to measure the magnetic field
of an extra-terrestrial body, since the sample must be placed
directly in the field, or the field in a quadrupole magnet since

this field is quite inhomogeneous.

Advances in semiconductor technology and the development
of new materials has made the Hall generator and magnetoresistor
attractive methods to measure both homogeneous and inhomogeneous
fields in the laboratory (Turin 1970; Turck 1971; Jung 1972a;

Jung 1972b; Turck 1972).

The use of coils has been and still is a common method
for measuring all types of magnetic fields including those which
are time varying or pulsed (Kobayashi and Yamashita 1972a; Kobayashi
and Yamashita 1972b). If constant fields are to be measured, the
coils must be rotated, vibrated, flipped or moved along the axis

of the field. The coils can be stationary if the field is time



varying or pulsed. The induced emf. in the coil can be analyzed
to obtain harmonic content, effective length and position of the
multipoles in the field (Cobb and Muray 1965; Cobb and Cole 1965;
Lamb and Lari 1965; Kats and Khasanov 1969; Kobayashi et al. 1971;

Kobayashi and Yamashita 1972b).

The principles of these methods and others such as
peaking strips, fluxmeters, current balances, floating wires,
magnetrons, methods involving the Zeeman and Faraday effect and
superconducting devices can be found in bibliographical reviews

on the measurement of magnetic fields (Germain 1963; Verma et al.

1972).

Of interest in this paper are the rotating coil and
Hall plate measurements of & beam-line quadrupole magnet. In
Chapter 2, the theory of a quadrupole field is discussed. In
Chapters 3 and 4, the rotating coil and Hall plate methods for
measuring harmonic content, effective length and linearity of
the field with applied excitation current are discussed along
with the measured results from a beam-line quadrupole magnet.
Also discussed are errors inherent in each system. An analysis
of the two methods, their measured results and suggestions for
possible improvements are the topics of Chapters 5 and 6 with the

summary and conclusions in Chapter T.



CHAPTER 2

THEORY OF THE QUADRUPOLE MAGNETIC FIELD

The magnetic field over the central region in a quadrupole
magnet can be found by solving the two dimensional Laplace equation
for the scalar potential in cylindrical co-ordinates. The magnet
is assumed to be of infinite length so that the scalar potential
has no z dependence. The origin of the co-ordinate system is taken
to be the magnetic centre of the magnet (see Fig. 2.1). This
centre is defined as the intersection of the planes of magnetic

antisymmetry.

Pt

N6

Fig. 2.1 The two-dimensional co-ordinate system in the aperture
of a quadrupole



Assuming the scalar potential has a solution of the

form
- (n,0) = R(a)e (o) (%1)
laplace's equation yields the following expression for the scalar

potential (Steffen 1965; Cobb and Muray 1965).

N (n,0)= % [Amsw (mo)+ Bmcos(me)] (C,.Jlm*' D.\J':m)

M|

+<E+Fe><c—+ H.Qoeix) (2.2_)

Using the following boundary conditions for quadrupole symmetry,

~n(ne)= (A, 0427) (2.3)

Lim. o (2,0) # (2.4)

A-2>0

—--(n,-08)="(A06)= - (n, e+“/z) (2.5’)

we have from eq.(2.3)

Al (2.6)

AED D) AR B, % 3, .0 (2-7)

from eq.(2.4)
H=D= O (2.8)




and from eq.(2.5)

EG=B=0 (2.9)

AND Nz=2+%m WHERE »m = /,2,8.... (Z.IO)

Therefore the scalar potential for quadrupole symmetry is

- (1a,0) =Z C_ A7 sin (me+d,) (2.1

Mme= 2". 10.,.

where ¢Mis the phase angle.

The magnetic field components in a quadrupole of infinite length

are therefore,

B, ='3;-: ='Z (m - JLM—'SIN(me\»ch) (2.12)

m=2610...

e -
Be— "-Jl:- 7;— ' il Z("\Cm>/\ COS(MO‘P van) (2!3)

m=206,10...
Note that the harmonic coefficients for Br and Be in this

notation are nC,. Using the familiar transformations

B'x :BAC.os e - :BOSIN ® (2.14)

=
1

y = B sine + B cos o (2.15)



the magnetic field components in cartesian co-ordinates are

Bd "i(mCM\JLM" SIN [(m,-\)e & 4,,:1 (x-“’)

m=2,610...

3, - - {(m CM)A"‘" cos\(m-') © + ‘bm‘] (2.17)

me2,b6 10, ..
For an ideal quadrupole the scalar potential has only
one term with all harmonics coefficients vanishing except C2.
From eq.(2.2) the equipotential lines for any z position in an

ideal quadrupole are hyperbolae (see Fig. 2.2).

Fig. 2.2 The equipotentials in an ideal quadrupole



In a practical quadrupole the ideal hyperbolic pole face is
replaced by a circular profile and the pole face must be truncated
to allow room for excitation windings (see Fig. 2.3). The circular
approximation to the hyperbolic surface and the truncation of the
pole faces are a major cause of higher harmonic content in the
quadrupole field. Other harmonics due to mechanical asymmetries

and saturation are discussed by Cobb and Cole (1965).

The harmonic content in quadrupoles with circular pole
faces has been extensively treated (Bellendir and lLari 1965;

Lee-Whiting and Yamazaki 1971; Kobayashi 1972). It has been found

ZAN
NV~

Fig. 2.3 A practical quadrupole magnet



that if the ratio of the radius of curvature of the pole face

to the aperture radius is between 1.14 and 1.15, the higher
harmonics, notably the duodecapole (12-pole), are minimized.

In Fig. 2.4 the harmonics are plotted as a function of this
ratio (Bellendir and Lari 1965). The beam-line quadrupole.
designated th9/8, used for the measurements in this paper has
circular pole faces whose radius of curvature are 2.34 inches
and an aperture radius of 2.03 inches (see Fig. 2.5). The ratio
of pole face radius to aperture radius for this quadrupole is
therefore 1.143. The alpha-numeric designation of the quadrupole
refers to the type of magnet (Q), the aperture diameter (4"), the

pole length (19") and the maximum pole tip field (8 kG).

The magnetic field over the entire length of the quadru-
pole can be found by solving the three dimensional lLaplace equation.
This has been done (Lobb 1972) assuming a product solution of the

- (n,0,3) = R(n, %) (o) (2.18)

The scalar potential is

N = ”élSlN(ma+¢m\ {-Mcnwu(}) Amwu. (2.!9)
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and the magnetic field components are

m+aALl=-\

§smimens) £ (a0 C_ (1o

(2.20)

-Zcos(meup ) {: M’w(} e (X.Zl)

n= |\ Ugo

<S'N(~»9 N ém S C) P (2.22)

it L0
where the harmonic coefficient, mCm eaL’ an be written as a

recursion formula;

L (2i)
MCM.-»&L Q}) ¢ (-l) MCM' M! (223)
> C/ (m, + c.)/

Beam transport calculations are performed assuming the
magnetic fields used for focussing are perfectly quadrupole in
nature. Any higher harmonics (n)2) present in the field will
produce errors in the particle trajectories (Lobb 1970, 1972).
The performance required of each transport system imposes upper
limits on the allowed higher harmonic content of the quadrupoles
used in the beam lines. Therefore before any quadrupole can be

used in a transport system the harmonic content should be measured.



CHAPTER

ROTATING COIL

3.1 Theory

The induced emf. generated bj a rectangular coil
rotating with an instantaneous velocity V=r°w 3, where w = d_e e

£ dt
in a magnetic field B is

i e
E-NL (nwsxB) (3.1)
where S is the radius of the coil,_2 the length in the z direction

and N the number of turns in the coil (see Fig. 3.1.1).

o

=iy

é&.)

Fig. 3.1.1 The rectangular coil.

Reversing the order of the dot and cross products in eq. (3.2),

we have



-3 -

€ :<NB - (2 xawsd) (3.2)
The cross-product yields only one term if Bz can be assumed to

be zero and eq. (3.2) becomes

E<-NaywdB (3.3)

From eq. (2.12), the induced emf. is

8 . NJuowzp Z(m_ C;”\/LM-‘ SIN (m.e+ (bm\ (3.")

M=\

If the coil is rotated about the centre of the co-ordinate system

s0 that A = A eq.(3.4) becomes

€=N melcm)z:‘sm(me\ucbnﬁ (3.5)

Therefore the induced emf. has a discrete frequency spectrum.

If the rotating axis and the magnetic axis are misaligned, "false"
harmonics are generated in the induced emf. (Appendix A). Let R
be the distance between the magnetic and rotational axis. The

induced emf. now has the form {eq.(A.Bﬂ

c ot T O Conlimend

M

where (‘“) is defined as
-”n

(:> 2 !’Z”igm) | (3.2)

The secondary harmonics generated by misalignment will always be

of lower order than the magnetic field harmonic which produced

them. That is, the quadrupole harmonic will only produce a dipole



- -

term. This is caused by the large quadrupole harmonic coefficient,
Co. Therefore by adjusting the rotating coil apparatus so that
the dipole harmonic is minimized in the induced emf., R is also
made small with respect tor, . In practic; the dipole term was
minimized so that R { .002". Therefore by dipole minimization,

r,x r and eq.(3.5) can be used for the induced emf.

If the rotating coil is used in the fringe field of a
quadrupole, the assumption that B, is zero is no longer valid and
a contribution to the induced emf. due to the radial arms cutting
the B, flux lines must be considered (Appendix B). From eq.(B.1),
the induced emf. for a coil being rotated in the fringe field has

the form

h A,
E‘"Nwﬂ,jBAcla - N J\w[B,‘-B,:] en (3.9)
¥ o
where B,, and B,, are the z components of the field at the two

radial arm positions zq and Zye

A further source of error in the induced emf. is the
possible periodic nature of the rotational frequency,w . It
has been shown (Cobb 1970) that angular speed variations which
are periodic can produce "false" harmonics in the induced emf.
The rotational frequency has been monitored over a period of time

and the results are discussed in Sec. 3.3.
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Assuming that the dipcle harmonic has been minimized
and the coil is rotating inside the quadrupole where B, is zero,
the harmonic coefficients, normalized with respect to the quadrupole
can be calculated from eq.(3.5). Let e, bé the amplitude of the

nth harmonic of the induced emf., then

/V\.Cm = eA (3,9)
TCy ) ke

The subscript, e denotes the radius at which the harmonics

2o

are calculated. If the harmonic content is required at a different

radius, rol, then the normalized coefficients are

nC\. (2 o (3.10)
2 Cz. M j’o Z Cl N,

The integrated harmonic content can be found by stepping the coil
and recording the emf. harmonics, after the dipole is minimized, at

each z position.

The effective length of the quadrupole can be calculated
from the quadrupole harmonic of the induced emf. The coil is again
stepped through the field along z. The effective length at some

chosen radius is defined as (Banford 1966)

o [ﬁnz]m“ dy (3.11)

EF F.
3-"1. ] MmAIN F\GkD

Note that if the field is pure quadrupole, , 1s not a function
EFe,

of r (Lobb 1972).
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From eq.(3.3) this can be written in terms of the quadrupole

harmonic of the emf

= 26’1 -' (3.12)

EEF ez PER UNIT LENGTH IN MAIN FIELY

The errors introduced by B, in these calculations are discussed

in Sec. 3.5.

The linearity of magnetic field vs. field excitation
current can be found by again using the quadrupole harmonic of the
induced emf. From eq.(3.3) the radial magnetic field can be cal-
culated from the induced emf. and the known dimensions, number of
turns and angular velocity of the coil used. However, the current
in the windings reacts with the magnetic field to produce a torque
which opposes the angular motion of the coil. Therefore, the
angular velocity depends on B,, . The error introduced by assuming

a constant angular velocity is discussed in Sec. 3.5.

The rotating coil can therefore be used to measure
harmonic content both as a function of z and for the whole magnet
(integrated). From the same data the effective length can also be
calculated. The linearity of the field with excitation current
can be measured and the amount of Bz in the fringe field can be

calculated.
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3.2 Equipment

The apparatus consists of a rotating coil driven through
a friction wheel by a synchronous motor. The ratio of the motor
sﬂaft to the flywheel on the coil shaft is such that possible
harmonics from the motor and the AC line are displaced in frequency
from those of the coil emf. The coil shaft itself is supported
by two bearings. A large flywheel is used to minimize rotational
frequency fluctuations (see Fig. 3.2.1). The induced emf. from
the coil is obtained from low noise rings and multiple brushes to

minimize contact noise (see Fig. 3.2.2).

The support structure for the rotating coil is clamped
to a Versa-mill on the head of a lathe. The lathe is positioned
so that the lathe bed and magnetic axis of the magnet are as near
to being parallel as possible. The head can then be moved in the
z direction along the magnetic axis with x and y adjustments

available on the Versa-mill (see Fig. 3.2.3).

To monitor the rotational frequency of the coil a light
beam is reflected off one face of a hexagon nut on the shaft to a
battery driven phototransistor. The time between pulses is measured,

using a period counter.




Fig. 3.2.1 The rotating coil apparatus showing the friction wheel,
synchronous motor. (The actual coil can be seen in the
hand corner.)

flywheel and
upper right

= 8t
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Figy 3:2:2 The low noise rings and multiple brushes



Fig. 3.2.3

The rotating coil apparatus clamped to the head of the lathe. (The wheels to
the left are for the x and z adjustments. The y adjustment is in the upper
left hand corner.)
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The signal from the coil is fed into & dual beam
oscilloscope and a wave analyzer (Quan-Tech 304). The oscilloscope
is triggered from the phototransistor or internally from the coil
signal itself. A block diagram of the appératus is shown in

Fig. 3.2.4.

The wave analyzer is basically a dual conversion
héterodyne receiver. The incoming signal is filtered by a
5 kHz LP filter and then mixed with the output of a 10-15 kHz
variable oscillator. The difference frequency is then analyzed
using a selectable bandwidth LP filter at 10 kHz. The filter
output is then chopped at 10 kHz, amplified and rectified to drive

the RMS meter on the front panel of the analyzer.

A trace of the wave analyzer's Beat Frequency Output
remains stationary on the CRO screen when the analyzer is tuned
to a harmonic of the signal. If an oscilloscope with another
amplifier instead of a time base is used, Lissajous figures can be

obtained to facilitate manual tuning of the analyzer.

The amplitude of each harmonic is then read directly
from the RMS meter of the analyzer. Harmonics TO db down from the
quadrupole can be read in this way, maximum db range being available

by using the variable input attenuation of the analyzer.
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Fig. 3.2.4 A block diagram of the apparatus
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If the harmonics are larger than those specified for
any magnet, it is useful to determine the position of any
harmonic pole relative to the pole faces. The position of the
multipoles in the aperture of the magnet cén be used to determine
the cause of the harmonics (Cobb and Cole 1965). The wave analyzer
has a restored output which is the filtered input signal as determined
by manual tuning. The signal is switch selectable with the BFO
output. The unfiltered signal from the coil is essentially a sine
wave at the quadrupole frequency. The phase difference between
any harmonic and the quadrupole can then be read from the oscil-
loscope. Any phase shift introduced by the analyzer can be checked

by tuning to the quadrupole frequency (see Fig. 3.2.5).

The facility is also available to obtain amplitude vs.
frequency plots from the wave analyzer. Examples of this are
shown in Figs. 3.2.6, 3.2.7, and 3.2.8. The first figure shows the
relative size of the harmonics being measured. In Fig. 3.2.7,
harmonics 3 to 7 are shown as well as contributions due to the
motor and AC line at 60, 90 and 105 Hz. In Fig. 3.2.8, harmonics
T to 11 are shown with the mechanical harmonics. The level of the
noise from the contacts can also be seen here. For maximum
accuracy in the amplitude vs. frequency plots the bandwidth,
sweepwidth and sweeptime controls are not interlocked. Care

must be taken not to sweep the selected frequency range too fast
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Fig. 3.2.5 An oscilloscope trace: the bottom signal is the
total signal from the rotating coil, the top
signal is the restored output of the analyzer tuned
to the n = 3 harmonic. The phase difference between
the two signals is measured directly from these traces.
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for the bandwidth being used. The scan-rate, which is sweepwidth
divided by sweeptime, is limited by the bandwidth according to

the following equation (Quan-Tech undated)

2

(sean- RvaTE)MM = (BHNDw'DTH> (3.13)
2

The bandwidth chosen for all the rotating coil work was 1 Hz so
that the maximum scan-rate according to eq.(3.13) is 0.25 Hz/sec.
The fastest scan-rate used for Figs. 3.2.6, 3.2.7 and 3.2.8 was

.09 Hz/sec.

There exists the possibility of using the rotating
coil apparatus to determine the magnetic centre of the quadrupole,
by dipole minimization. This has been done (Kobayashi et al. 1971)
to an accuracy of 32/44m('1'.00008")by mounting a very accurately
wound coil on a centering machine constructed from a vertical milling
machine. The sensitivity of the present apparatus ( * .001") is
limited by the diameter of the wire used in the coils (AWG 43)
and the Versa-mill adjustments. The diameter of the wire is .0023"
and the smallest Versa-mill adjustment in both the x and y directions
is .001". The other problem is choosing & reference system using
the quadrupole so that the difference between the mechanical and
magnetic centres can be measured. The most accurate means of
determining the mechanical centre was to use a machined aluminum

disc to just fit between the poles, the centre of the disc being
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a machined tip. After dipole minimization, the centre of

the coil was determined by measuring the positions of the edges

of the coil wiyh a cathetometer. The large. traversal of the
cathetometer;phat was required to determine the position of the
centre of rotation produced a large measurement uncertainty (t .00 5“).
The distance between the mechanical and magnetic centres of the
magnet therefore could not be measured accurately with this

equipment.
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3.3 Tests Performed on the Apparatus

To test for the possible periodicity in the rotational
frequency of the coil, a trigger circuit was built using a FPT 100
phototransistor. The light was reflected off one face of a hexagon
nut on the rotating coil shaft and collimated by a small hole in

the support wall of the coil apparatus.

The period was recorded over a 15 minute period with
a period counter and chart recorder. The average frequency was
15.5 Hz. The largest fluctuation in the rotational frequency
was .08 Hz with typical random changes of .03 Hz. Since the driving
motor is of synchronous type, the changes are due only to line
frequency fluctuations. Of primary importance, however, is that

the changes are not periodic but random.

-

1.8 v

FPT 100

hv
Trigger Signal

f ko~

Fig. 3.3.1 The phototransistor trigger circuit
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According to the equation for the induced emf.
eq.(3.5), the coil signal is proportional to r® where n is the
harmonic index. To test this relationship, two coils of the same
length and number of turns were wound, one aﬁ an average radius
of 1.24" and the other at 0.88". To increase the harmonic con-
tent, an iron bar was placed on one pole face of a test quadrupole
(Alpha model 3000 test magnet) and no attempt to minimize the dipole
term was made. Table 3.1 shows the induced emf. measured at both
radii and the value calculated at 0.88" for each harmonic. The
harmonics at 0.88" were calculated from the harmonics at 1.24"
and eq.(3.5). The uncertainties are from the wave analyzer meter.
The differences between the harmonics measured and calculated

can be accounted for and will be discussed later (Sec. 3.5).

TABLE 3.1

Results of rJ Test (All Induced enf.'s in mV)

n Induced emf Induced emf Calculated Percent
at 1.24" at 0.88" emf at 0.88" Difference

1 13 ¢t1 TRty 2 9.2 t .7 12

2 700 + 20 300 t 20 351 # 11 5.7

3 21 & .5 6 + .2 T-5 + a2 14.7

I 20 t1 b %, .2 Selsk 3 3.9

5 15 ¢ 1 2:2-%,.2 2.7 t .2 3T

6 0t .2 1.1 ¢ .05 1.3 £ .01 11.5

i 6.8 ¢ .2 s 31 %2 .6 + .02 0

8 4.0 .2 2 ¢ .1 3 T .02 0
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To test the possibility of recording false harmonics
due to misalignment of the rotating coil and magnetic axis, the
apparatus was used in the test quadrupole.vith the dipole term
first minimized. The apparatus was then displaced, the distance
being measured by a cathetometer, and the harmonics again measured.
In Table 3.2 the changes in each harmonic are measured and calcu-
lated. The change in e, for R = .122" were calculated from the
theoretical values listed in Table A.l. Again, the uncertainties
are from the wave analyzer meter and the differences between the

measured and calculated results will be discussed in Sec. 3.5.

TABLE 3.2

Results of Off-Axis Test (All emf.'s in mV)

Induced emf  Induced emf Calculated Percent
R £.53x10-3in R=.122in. be, ae,, Difference
ok 115 ¢+ 2 115 ¢ 2 92.5 t 6 16.8
940 + 10 940 + 10 0 o) 0
1.0 £ .2 .95 % .15 0 01 -
A+ .2 1.75 ¢ .15 1.35 + .35 82 ¢ .11 8.5
3% .1 5.5 ¢ o1 5.2 £ .2 4.1 % .1 19.5
8.4 £ .1 8.4 t .2 0 0 0
| 45 + .05 .35 t .05 27 t .06 0
.15 £ .05 1.85 ¢+ .15 1.6 + .3 1.19 # 1h 0
.10 + .05 3.80 ¢ .20 3.70 # .25 3.02 t .23 6.6

3.4 ¢ 3.4

"+
s,
o
(o)
(o)



-33-

To ensure that the equipment measured harmonics that
actually existed in a magnetic field, the rotating coil was placed
in a large dipole field. Over the area where the coil was rotated,
the field was measured with a high precisioﬁ NMR gaussmeter. The
inhomogeneity in the dipole field over the area the coil swept was
measured as a gradient of .0296 + .0071% of the dipole field. The
gradient measured with the rotating coil as a quadrupole component
was .O4T76 + .0247% of the dipole field. All other harmonics measured
were less than .01%. The cause of the large uncertainty in the

rotating coil measurement will be discussed later in Sec. 3.5.

The conclusions of the tests on the equipment are as
follows. The induced emf. from the coil does scale as r™ and
false harmonics will be generated if the rotational axis and magnetic
axis are not aligned. The rotational frequency is not periodic but
does contain small fluctuations. The equipment does measure the

harmonic content in a magnetic field.
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3.4 Measurements of Quadrupole 4Q19/8

3.4.1 Measurements of Harmonic Content, Effective Length and Linearity

Harmonic content of quadrupole th9/8 was calculated from
data obtained using a 25 turn coil of radius 1.8125" and length
2.625". The results are listed in Table 3.3 for two field excitation

currents; 250 and 500 amps.

TABLE 3.3

Integrated Harmonic Content of 4Q19/8 as Measured by Rotating

Coil
Harmonic nC,/2Co nC_/2C,
n I, = 250 Amps I, = 500 Amps
1 <3.37 x 107% ¢3.9 x 10°4
2 1 1
3 2.8 + .21 x 1073 2.74 + .21 x 1073
4 <452 x 107 24.66 x 1074
5 <1.68 x 107% <2.46 x 104
6 4.32 + .21 x 1073 k.55 + .27 x 10-3
7 ¢1.75 x 1074 <3.03 x 1074
8 <1.35 x 10°% <2.08 x 10-4
9 <1.68 x 10°% <2.08 x 1074
10 5.00 + .20 x 1073 4.50 + .25 x 10-3
14 6.45 + 1.68 x 107 6.45 + .70 x 107*
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Measurements of induced emf.'s for harmonic indices n=2,3,4,6 and

10 along the magnetic axis are shown in Figs. 3.4.1 and 3.4.2, The
coil apparatus was stepped along the z direction a distance equal to
the length of the coil used. For the larée coil measurements, the
dipole term was minimized at each z position. The coil radius was
chosen to be at least 90% of the 2" aperture radius. The total
harmonic content that was measured could be compared with the

specifications without scaling according to egq.(3.10).

The present rotating coil apparatus was capable of measuring

the harmonic content over only half of the length of th9/8 (see

Figs. 3.4.1 and 3.4.2). The integrated harmonic content was calcu-
lated using eq.(3.9) assuming the magnet was perfectly symmetric.

That is, the harmonic content was assumed to be the same in both
fringe fields. From Figs. 3.4.1 and 3.4.2 and Table 3.3, most of

the harmonic content namely n=3 and n=6 is in the fringe field of

the magnet. To check that the harmonics were symmetric, the magnet
was turned around. The induced emf. harmonics at either end of the
magnet were well within experimental uncertainties of each other so

that the original assumption of symmetry was valid.

The position of the multipoles in the fringe field were
plotted from phase measurements using the restored output of the
wave analyzer. The results are shown in Figs. 3.4.3a to 3.4.3f.

The north poles in the figures indicate the maximum signal for that
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Fig. 3.4.3a The position of the sextupole in the magnet aperture.
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Fig. 3.4.3b The position of the octupole in the magnet aperture.
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Fig. 3.4.3d The position of the 12-pole in the magnet aperture.
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Fig. 3.4.3e The position of the l4-pole in the magnet aperture.

Fig. 3.4.3f The position of the 20-pole in the magnet aperture
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harmonic produced by the coil. The north poles then indicate where
the field direction is radially out. The phase shift introduced

by the wave analyzer was found to be less than 1°and the accuracy,
reading from the oscilloscope, was t3° . The other harmonics were
too small to produce a stable restored output signal on the CRO, the
restored output amplitude being directly proportional to the input

harmonic amplitude.

Using eq.(3.12) the effective length of the quadrupole was
calculated to be 20.9+.1 inches. It has been found (Banford 1966)
that the effective length of a quadrupole lens can be put in the

form

/eEFE = f + Ko (3.1%)

where,f is the actual pole face length, 'a' the aperture radius and
k a constant between 0.9 and 1.1 depending on the end shape of the

poles and excitation windings. Therefore for 4Q19/8, the effective
length is theoretically 21.0%+.2 inches and in fact was specified to

be 21".

The linearity of the quadrupole field as a function of
field excitation current was measured by recording the quadrupole
harmonic of the emf. for increasing and decreasing excitation current.
A plot of emf. vs. current is shown in Fig. 3.4.4. The theoretical

pole tip field on the right hand axis was calculated from the known
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dimensions, number of turns and angular velocity of the coil

used. In this case the coil used had 30 turns and dimensions

1.8125" x 0.125". The angular velocity was assumed to be constant.
However, due to current in the windings of ﬁhe coil, the angular
velocity decreases with increasing field. This could account for the
large deviation from linearity above 300 amps. or 5 kG pole tip
field. This is discussed further in the next section on errors.

It should be noted that Fig. 3.4.4 contains both the effects of
non-linearity of the magnet and the slowing down of the rotating

coil.

3.4.2 Measurement of B, and Contribution to the Total emf. Due
to B,.

In the fringe field of a quadrupole, the largest contri-
bution to the induced emf. of a rotating coil will come from the
n = 2 harmonic. From egs.(2.20) to (2.22) and suppressing the
prescript on C 4p; since only n = 2 will be discussed in this

section, the field equations for the n = 2 harmonic are

:B,._z -SIN (264 ¢a) 2(2*’2’:) Cz+z,.: (}')/’-at” (3.15)

L=o

B, = -cos(z0+0d,) Z ZC““(}) A% (3.1¢)

L=

-}

D

37= -SIN (20+d,) Z: C;u (7,) s (3.17)

L=0
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where
L Lav) /
= ¢ C > & (3.18)
45 il (24 0)]

and has units kG/(in)2°. To find the z dependence of the harmonic

2440

coefficient the data of the short coil emf. (Fig. 3.4.1) have been
plotted on a semi-log. scale (see Fig. 3.4.5). The z = O position
was chosen to be where the induced emf. begins to drop from the

main field value. Two regions exist in the fringe field. From

z =0 to z = 1.5" the data have been fitted by a Sth order polynomial.
The fitting of the data was not done on a purely mathematical basis.
To ensure that B, was zero at z =0 and Br decreased monotonical;y

in the fringe field region the data were weighted by adding several
points from the main field region. From z = 1.5" to z = 1.9" the

data have an exponential form.

In the polynomial region the data have been fitted by

a Sth order polynomial to an accuracy of .3% so that

43 - ; epy (.19)

21514 - 3204, - :3./30}2 - 2.592}’- 5.203;“”.753 ,‘

where z is measured in inches and ey has units mV/(in)P. Assuming

the field also has a Sth order polynomial form in this region, the

number of terms required from the recursion relation for Ca L
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Fig. 3.4.5 The quadrupole harmonic of the induced emf. as a
function of z as measured by the short coil.
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[gq.(3.18)] can now be found

od

Z Covse = C, - Cm/nz + C /384 - Cm/z.ao*fo (3.20)

L=0
where the higher derivatives are denoted by the bracketed super=-

scripts. If the field is assumed to have a Sth order polynomial

form, the 61 gerivative of C. is zero so that the field equations

2

are:

B, =-sIn(20+4,) [26111 - CT/{"/s + C:Mn’/w} (3.21)

B, = -cos(20+ m[zcla - c?‘nz/é - Cf”/lql—) (3.22)

B}'= -Sin(z0+ d),.)IC At - Ce 3:1"'/12+C n./384-] (3.23)

The total emf. induced in a short coil, being rotated in the

fringe field is given by eq.(B.29) (Appendix B)
gs = J?ozw NA sin (26+¢,) [ZC’_ ' Cl'— jnoz C;”/Z‘f
a 5 L
(- £ fs) e v e 5]
- E—l[ 8, + 6y’ - (212 - L7/3) sz

S SO T & LS S v | 575] (3.24)

where E has units kG/(in)=(mVv)
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is also a Bth order polynomial of the form

c,|" Z !',,}P (3.25)
P=° .

where bp has units kG/(in)P*! the coefficients of the gradient

Assuming 02

polynomial are found by equating eq.(3.24) and eq.(3.19). These
coefficients in terms of the induced emf. coefficients are listed
in Table 3.4. The ratio of Bz/Br can now be calculated from eq.(3.23)

and eq.(3.21).

By - LG/t - eOnt iz v ¢ [3su]  (3.20)
8, [ 2¢,2, - €002 /374 ¢ Jzo’/eq-]

This ratio has been calculated as & function of z in the poly-

nomial region of the fringe field. The results of this calculation

are shown in Fig. 3.4.6.

In the exponential region of the fringe field the

induced emf. has the form
,{(}) - peP7 (3.27)

where/9~= .690/inch. Assuming the field also has an exponential
form in this region the number of terms required from the recursion

relation for C [gq.(3.185] can again be found.

2420
)
jz::'cﬁidlt
L=0

o) C (
C,-C, |+ C:)/B?* - C:)/zaoqo+...

¢, (1 - 6"z +/;“/3s'¢; -/a‘/zsow..) (3.25)



TABLE 3.4

The Gradient Coefficients in Terms of the Induced emf. Coefficients
A 1= o5
ge‘,/z - Le,[4 + (£7)12 4 2" [24)e, 4 (2’/? -2t i) ey
L |+ (n“[% “n* 2 - 54%i2) e, 177 E
+ (zsn’l’/qs + 315/8) esg E
Ee,/z ~Le,f2 + (AM 2+ 87]4) e,
+ ( L3 -2 A [t ) ey, ~98LI E
" (sa‘l‘/zlf +258% )12 - s5a%)9c) esg E
A iet/z -38e, [t 4 (2244 lY/2)e, +(5R3[4 -5n J/S)e,gs -4.08) E
4 ieslz -Le, + (S5A*)12 + 5!"/6)8._,-% E ).177 B
L, ie.,[a. - 54 es/qgﬁ -2.875E
87L5E

o

235/13 E

-817-
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6th

Again the derivative of 02 in this region can be neglected

and the field equations are

:BJL -8IN (26+¢,_) Cz[u-/@ 3!.3/3: +ﬂ“}zs/6‘t] (3.19)

3

o= - COS (20~ ¢;)C1{2A -/5\3/6 +/4JL’/192] (3.30)
3}= -$iINn (28 +4,) ¢, \-_/613-%%“/(1 - 5&‘/384] (3.31)
The ratio of BZ/Br can now be calculated from eq.(3.31) and

eq.(3.29)

By-.-ﬁoﬁ [1_'/31/7:/)1 +ﬁqjt°'*/38‘+] (3.32)

B, [2-@ar/5+ 8% [en]

From Fig. 3.&.5/43 = ,690/inch and the radius of the coil used

was 1.8125". Therefore the ratio is independent of z in this
region and has the value 0.705. From Fig. 3.4.6 £he ratio of
B,/B, in the polynomial region and exponential region has the

same value approximately where the two regions meet in Fig. 3.4.5.
Since the largest ratio of Bz/Br occurs in the‘exponential region
of the fringe field the effect of B, on the induced emf. of the
coil will be largest in this region. The amount of signal due to
B, in this region in the short and long coils used for measurement

will now be calculated.
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For a short coil the induced emf. is eq.(B.29)

(Appendix B).
ES ~ 2 wNA sin (204 4,) Cy [ 2 -I% - /A '(J)o‘-,Q‘)/3
v A1 e+ 500 ot |
+onsz1 Siv (20+¢,) C, [/3‘/,0‘1/5; _/334,3()/5'
"J’o‘*ﬁ"/n] (3.33)

where the first term is the emf. induced along the length ,/ ’
of the coil and the second term is the net induced emf. due to

the radial arms. The effect due to B can now be calculated.
esz J)o’-wNj SIN(ZO-Q-‘b,_) Cz[ 1."@/"%1(4,1’2‘)/3
+.j/)°"/33/(, +ﬁ“ﬁ°4/eq]t |+ .:39] (3.34)

Therefore the amount of signal due to B, in & short coil as a

percentage of the total signal is

234 1007% .- 1907 (3.35)
[.234 |

For a long coil rotating in the fringe field the emf.

in general is given by eq.(B. 3% ) (Appendix B).
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€L= ﬁosz sin (204 8,) -

1% (2852 RN I CACREIACR)
- o( P+ P4+
¥ F—"—‘&(}‘i g/ ) 2 29,(},—j.)

P=o

', @a) (
[Cx A /“r i <’_13 J:o“/n B C,Ls)no"/aon]} (3.3¢)

vhere the z positions z3, zp, 23, and ih are shown in Fig. 3.4.7

and Ay is the value of the gradient in the main field -
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Fig. 3.4.7 The long coil in the fringe field.
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The largest effect that B, would have on the emf. is when Bz

is largest. Since Bz/Br is constant in the exponential region, .
Bz is largest where B, is largest and this will occur where

the exponential region starts at z = 1.5" (;ee Fig. 3.4.5).
Therefore if the radial arm is at zh, the induced emf. along

the length will contain only the polynomial and constant terms.

s N sin o) i) n it a s ]

307%
+ﬁosz5|A|(xe+QL)[ P*"(;q N SM)
+ 2A, (35-3)] (3.57)

From Fig. (3.4.7) 23 is at z = 0 and z) = 1.5". Also the length
of the long coil used was 2.625" so that (z,- z3) is 1.125".

Therefore

€. =-N wa " SIN (204 ¢, ) C’-(3H)[ /5—{;9 - /5_7:2‘044. jAOL]

3072
§
AT wN fQﬁ al
+/ WNsin(20+¢,) o (5.‘ )+ 2.25 A, | (339)
p=e

Now from Tables B.l (Appendix B) and 3.4 the polynomial coefficients,

dp, are listed in Table 3.5.
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TABLE 3.

The Field Coefficients in Terms of the Gradient Coefficients

Jp N=l812%
d, | 14 -242"/3 + 34,2 IST4 E

d, | 24 - 242* + 15L2"[¢ 4087E
d | 24 -4+4 2 25.62E

od, | 24, -20L.2%/3 IS.CHE
clq 1»&’ -5.75 &
ol; | 24 /.153E




- 55 =

where

m
1

[J‘to” wNLsinv (2064 ¢zﬂ-‘ | (3.39)

(

an/( QUADRUPOLE HARMONIC OF EMF. /NDUCEYD
IN THE SHOR COIL |N THE MAIN Ft!k))

Therefore the polynomial has the value
5

ol P+
il =
P 7" = LYY I E » 3.07”2 (3_40)

p=o

The total emf. E, can now be written as

€= /VW.AOLS/N (29*¢1) [307”2 + 125”2].

| - Cz(h)[ﬂ/f/‘f -0 13 +8 09" fr012]

[J09A, + 2254,]

(341)

From Fig. (3.4.5) Cp(z)) = -86A, (3.42)

Therefore

él = ij)ofs/ﬂ (19+¢;) (5.34 ﬂz)(l - 08'56) (3‘;7(3)

Therefore of the total induced emf. in a long coil the amount

due to Bz is a maximum of
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o8¢ , r00] _ %..2] (3.4)
.64

If it is assumed that the n = 2 harmonic of the rotating coil is

entirely due to the gradient of the field so that

£ = Zﬁz J)otw/\/ﬂ S/iv(20+¢.) (3.45)

where A2 is the gradient of the field, then Bz and additional
terms in B, represent an error in the assumption. 1In a short

coil the induced emf. is from eq.(3.24)

gs - zcz J7°LQ)N'? SN (29*'¢:.) [l + .[Cl'/zczi-j‘q*’/écz

a2 a@ s A(3) 4 AW
HECL e~ /»D €, /wc1 -2 C, /nsz cz]

(3.4¢)

The largest error will occur in the exponential region where

B,/B, is the largest so that eq.(3.46) becomes
€=2C1J7°1'w/\/1 SN (29+¢,_)K|-//p/2 %sz/é
;63)01/2‘/ + /4’/3/6’8’ -/ l‘J;,'*//rsz]

= 2,0 wnl s (20+0,)[1 -.102/] (3.47)
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Therefore the error as a percentage of the total signal is

L1021 , 100 =¢//.3Z (3.45)
.8§979
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3.5 Errors

The errors inherent in the equipment will . mow be
analyzed. Systematic errors affect the calculations of effective
length, the amount of B, in the fringe field and the linearity
of the field with excitation current. Not affected, however, are
the integrated harmonic content calculations. The random errors

affect all the measurements that were taken.

3.5.1 Systematic Errors

When winding the coils used for all the above calcu-
lations a systematic error exists due to the construction of the
coils and the materials used. The coils are wound in plastic
rectangular forms. The windings are held in position by .020"
cuts. The effect of bends or kinks in the wire is minimized By
using many turns, however due to the spreading of the windings
at the corners and along the length an error exists in the
measurement of the length and radius of the coil. In the radius
measurement, an even distribution of wire within the cut is
assumed. This assumption could produce a small error (<1%) in
the measured average radius due to stacking in the cut along the
inside edge. The effect of spreading at the corners on the length
measurement is of the same order ( <4%) but only for the short

coil used and is much less ( < .1%) for the long coils.

The coil length is assumed to be parallel to the axis
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of rotation. If it is not, the cross-product in eq.(3.2) is

2 5 A
- A ’ A
jx 6 = Wsn a 0 Lcosa =-1cosdﬁ +j$//vdk (3.‘!9)

0 I (o)

vhere o is the angle between the z direction and the length of

the coil,,p. If B, = O, then the induced emf. is

€=NmeICMJ2°MS/N(ms+¢M) Cos « (3.50)

m=|
Over the length of the long coil used the difference in radius is
certainly less than .010". The resulting angle «® is, then, less
than 20 minutes of arc. Therefore, the error introduced in the
induced emf. is less than .01%. The calculations affected by
these possible errors are any involving the measurement of the
dimensions of the coil, namely the rg test, the misalignment test,
the linearity of field with excitation current, and scaling of
harmonic content with radius if required. An upper limit on the

error introduced by coil construction is 1%.

The large deviation from linearity in the quadrupole above
an applied excitation current of 300 amps is due in part to the cur-
rent in the windings of the coil. This current is limited only by
the 100 k-~ input impedence of the wave analyzer. In a dipole field
the affect due to this current was strong enough to almost stop
the rotation in a field of 6 kG. In a quadrupole the effect is

not so severe and the reduction of rotational frequency has been



measured to be 4% at a pole tip field of 8 kG. Therefore, the
linearity curve assuming a constant value for the rotational
frequency has an error of 4% at 8 kG. However, the amount of
current produced in the coil is also a funcfion of field so that
a calibration curve of ) vs. field excitation current would have
to be plotted before a linearity curve could be drawn, increasing

the possible errors in the calculation of the pole tip field.

When the coil is being stepped in and out of the field,
the decrease in field that the coil sees will increase the
rotational frequency,.hovever, the effective length and harmonic
content as a function of z were calculated from data taken in a
field produced by an excitation current of 250 amps. From Fig.
3.4.5, the deviation from lineerity is less than 2% or of the
same order as the recorded experimental uncertainty in the induced
emf. Therefore, the error introduced by current in the windings
on the harmonics as a function of z plots (Figs. 3.4.1 and 3.4.2)
can be included in the recorded uncertainties. The calculation
of the effective length for a long quadrupole is not affected
by this current. Referring to eq.(3.13), the quadrupole harmonic
of the emf., e is smaller in the main field but larger in the
fringe field making Z‘e,~ too small for a long magnet. For a
very short magnet ziel would be too large. The value of e, per
unit length in the main field is too small in either case. There-

for, for a long magnet such as 4Q19/8, the reduction in both terms
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is almost equal and the error introduced is certainly within the
calculated uncertainty due to measurement. For a very short
quadrupole, the calculated effective length would be too long

due to the current in the windings. Therefo;e the possible error
introduced by current in the windings in the above calculations

is 2%.

The effect that Bz has on the harmonic content and
effective length calculations will now be discussed. When
stepping the large coil through the fringe field by a distance
equal to the length of the coil, the effect on the harmonic con-
tent calculations cancels out. This is because the two radial arm
contributions to the emf. are of opposite sign so that when summing
the emfs. for any harmonic from each z position the radial arm
enf. contributions are cancelled in successive z positions. The

harmonic content calculations are therefore unaffected by Bz‘

When calculating the effective length from the n = 2
harmonic data the effect due to Bz again cancels out. But if the
emf. is assumed to be due only to the gradient of the field Cp,
the higher terms in B, represent an error in this assumption.

The error in the calculated value of the effective length due to
this error is within experimental uncertainties since the error
in the data affects less than 20% of the total emf. induced in the

coil along the whole length of the magnet.
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3.5.2 Random Errors

The random fluctuations in @ produce & small random
error in the induced emf. According to eq.(3.3) the meximunm
percentage error caused by these small fluctuations is only
0.5%. This is only true for large harmonics however. The large
uncertainties recorded from the wave analyzer meter when measuring
the small higher harmonics of the induced emf. are caused by the
filter response in the analyzer. The ripple over the centre of
the bandpass response is about .03% of the largest harmonic (see
Fig. 3.2.8). Therefore the small changes in «) cause the signal
to drift slightly over the bandpass response of the filter causing
a fluctuation of .03% of the largest harmonic regerdless of the
size of the harmonic being measured. This imposes a lower limit
on the size of harmonics measurable with the Quan-Tech 304 wave
analyzer. This lower limit is indicated in the measured results
of th9/8 in Table 3.3. The large uncertainties in the test
results and in the calculated harmonic content are caused by the
small fluctuations in w ; the error being < .03% of the largest

harmonic.

The uncertainties due to changes in w do not account for
all the errors, especially in the rg test, and misalignment test.
The percentage errors indicated in Tables 3.1 and 3.2 do not include
the uncertainties. Therefore, the stated percentage error must

come from another source. The wave analyzer has a specified
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accuracy of +5% of full scale. With two scales available on the
meter (0-10 and 0-3 mV) the possible inaccuracy for less than
full-scale measurements is #15%. Along with the systematic
errors present in the test results the possible inaccuracy of the
wave analyzer accounts for the percentage differences in Tables

3.1 and 3.2.
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CHAPTER U4

THE HALL PLATE

k.1 Theory

The Hall plate is a galvanomagnetic device constructed

of semiconductor material. To utilize the two effects present in a

galvanomagnetic device, namely the Hall effect and change of

resistance, in a magnetic field, the Hall plate is used as shown

in Fig. 4.1.1.

s
3
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N\
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@
~<—
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S W /

D.C.
CURRENT SOURCE

Fig. 4.1.1 The Hall Plate measuring system.
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The Hall effect is the forcing of a current to one side of a
conductor causing an induced voltage perpendicular to both the
current and the applied field. The change in resistance occurs
because the equipotential lines across the c§nductor are not
parallel to the sides of the conductor in the presence of the

applied field.

To first order in the magnetic field, the induced voltage,

Vx' is proportional to By' and we have

\{X' e _r_{_ I}/ B.al (“f.l)
d

where R is the Hall coefficient (—n- -Ctm. /A G-.)

d is the thickness of the plate in the direction of the

magnetic field (cm.)

I,' is the applied current (mA.) and

By' is the magnetic field (kG.)
The change of resistance, unlike the Hall effect, is dependent on
the direction of the applied field and is usually a function of the
field only. The ghange in resistance of the material can then be

expressed as

A r =7f(133'\) (4-2)
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To second order approximation the relationships for
the electric field in terms of the magnetic induction are as

follows (Weiss 1969).

v, o -7’ I,, EK_' I, 3.
\/3' " % 1', (o] - _iR_,Id. B‘J'
\é, r_;_ I. - %_' I, 0 B,
"X,‘I, o o I,
Y 2
)
"/% o) ;_Y_X_ o Iﬂ.
o o ;(_:f'_._’_:’ I}-

(B Br) - 3.8 - BB, {,,'\

P o e st Bt
a i ’ ] f . " - ’ ’ ’
* /‘% B, 'Bﬁ 1”(.’5,,, + By 8 ’3’ I,
z X2 X
- ’ ’ —3’1311 : = : ’
3’%‘_ X x%r'(ﬂ' 3’) I’/

where /, is the resistivity (..n. -e¢m.)
O. is the magnetoresistive coefficient (kG~

and x',\l: 2’are the dimensions of the plate (cm).

(4.3)
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When the plate is used in the magnetic field, the only
electric field component measured is Vx' and the applied current
is Iz'. Therefore the only voltage component of interest is Vx'-

From eq.(4.3) we have

v:S—RIIB,"'R.I:B"O X,Il
% ;7, 3" T 2 - S °;7§E ~

rag x' (B.*+B,. )T, -ag B.8,.1,.
/,,W( 9 M %‘f ol Rl

- ke ’ ¥4
In a homogeneous field where Bx' = By' = 0 the voltage to

second order has the simpler form

' ’ 2

\[’, = %;z_'/o’ A é' rJ.By, +_;<_,_'a7g1’;,33, (4.5)
Three terms are left each representing the three effects present
in the Hall Plate. The first is the pure resistance, the second
is the Hall effect and the third, the magnetoresistive effect.
The magnetoresistance coefficient, a, and the Hall coefficient, R,
however are not constant but are functions of the applied magnetic
field. In fact, for the precision required in the measurements taken
in this paper (.02%) a 6B order polynomial fit of Hall volts ve.
magnetic field (By') is required (Gathright and Reeve 1972). Therefore,
even if the Hall voltage is calibrated in a known homogeneous
field the Hall coefficient and magnetoresistance coefficient

values can only be approximated.



ny - -

In an inhomogeneous field such as in a quadrupole eq.(l.k4)
must be used. This can be simplified, however if the currents in
the x' and y' directions are neglected. The current in the y'
direction is small since the plate is made‘very thin and Ia‘ can
be made small by measuring Y&. with a high input impedence instru-

ment such as a DVM. Therefore eq. (4.4) is reduced to two terms.

» 3 —

To obtain the integrated harmonic content of the field,

V,=-RI,TB",—-0_;§_OIOI;,BJ,T (4.6)

the Hall plate must be stepped around a complete circle in the
aperture of the magnet as well as along the magnetic axis. The
centre of this circle must lie on the magnetic axis of the quadru-
pole otherwise "false" harmonics will be generated in the Hall
voltage. This effect is completely analogous to the misalignment
of the rotating coil (Appendix A) and the mathematical treatment
is the same. The Hall plate voltage for each data point is then
changed to magnetic field values using the calibration. The field
values are then analyzed by a Fourier analysis computer program.
The harmonic order to which the data are fitted is limited by

the number of data points taken around the circle. If the total
number of data points is 2N+l the maximum harmonic order available

to fit the data is N.
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The orientation of the Hall plate in the aperture of
the magnet will determine what Bx' and By' are in terms of the
field of the magnet. The Hall plate will always be placed in
the field so that the z' axis will be parailel with the z axis
of the magnet so that B,' = B,. In general the Hall plate will
be oriented in the field so that it is rotated about its own
axis with a fixed integral relationship to its angular position
in the aperture of the magnet (Gathright and Reeve 1972) (see Fig.

4.1.2).

)rne

Ne

Fig. 4.1.2 Hall plate rotated about its own axis with a fixed
integral relationship to its angular position
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Therefore
B.=38,cos (me) - B, sin(me) (4.7)
le=:BJ‘SIN(/m e) + B3, cos (me) (4.8)

where m is an integer.

Therefore in general using eq.(2.20) and eq.(2.22)

-chmam-\m»v[(m-m)e«» ¢m“ (4.9)

-chmam"cosi( M=m) O % cb,,\_] (4.10)
mz=|

The higher order terms in the i summation of eq.(2.20) and eq.(2.22)
were not used as they do not alter the angular dependence of the

field. Therefore the Hall voltage from eq.(4.6) is

\/, = %'I: Z C 2" COS[(M /m)6+4>m-]
rap, Z mCmn“-'sm[(m—m)e+ ¢m] '
Y' m=|

Z=: C.. 2™ sin (me +4.) CAD
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As examples of the different orientations possible with

the Hall plate first let m = O. In this case (see Fig.4.1.3)

) | (4.12)

N

n

B .
~

AND ]3 ‘

WERCR (%.13)

1]

and we have

Ve = %—, T, B, + 4 4.5, (4.1%)

In the second term cross-coupling can occur between Br and Bz
in the fringe field of the magnet. This will generate harmonics
in the induced voltage which are not present in the field. This

is discussed in Appendix C.

If m = 1 the Hall plate is not rotated about its own
axis as it traces out a circle in the aperture (see Fig. L4.1l.h4).
This orientation is desirable since any systematic errors due
to rotating the Hall plate about its own axis are not present in

the measurements. In this case

3.-3 - (315)

AND $g,= 7 (4.16)

and the Hall voltage is

¢

\(x,=5;_'r,3 +%'001}3«3} (4.17)
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7

Fig. 4.1.3 The Hall plate orientation when m = 0O
k
K

Fig. 4.1.4 The Hall plate orientation when m = 1

X
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Again cross-coupling can occur between Bx and Bz in the fringe
field producing harmonics in the induced voltage which are not
present in the field. This is also discussed in Appendix C.
In this orientation the order of any harmonic in the induced
voltage will be one less than that of the field. Therefore
the quadrupole harmonic will look like & dipole in the induced

- voltage.

To minimize cross-coupling in the Hall voltage an
orientation can be chosen to minimize Bx'. The largest harmonic
in the quadrupole field is n = 2 so that if m = 2 B,' can be made

to be zero for n = 2. In this case (see Fig. Lk.1.5),

Fig. 4.1.5 The Hall plate orientation when m = 2
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B. =38, cos(20)- B, siv(ze) (4.18)
B, = B,3in (26) + B, cos (ze) (4.19)

and the Hall plate voltage is

Ms

\f/x' =RL mCMJxm-‘cos[(,m—z)e +¢M-k

, &

-y

~< X

mC A" s N [ (n-2)© + ¢M]

s

3

7 o et 1 ST Yoy 20)

N\

For n = 2 we have

Yxl = &EE ZC;‘ACOS (q)l)
7

+ s_.loo I}Zcznsw (6.) C'A sin (20+4,)  (H.21)

Ir cbk is chosen to be zero then the voltage is maximized and

\4,} = RL, 2C, (4.22)

MAX Y

?
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In this case the quadrupole harmonic (n = 2) of the field is a
constant in the induced voltage. Therefore all harmonic orders

in the voltage are two less than those of the field.

If in eq.(4.22), &, is chosen to be 90 then the induced

voltage is minimized and

\4} = e/, IJ'ZCZJL IB,] (4.23)
min Yy’ ML

v

The ratio of "‘]mu for the n 2 harmonic can then be used to

vl
: ‘calculate_B? L ]mx

I

s Jorsrate R (H.24)

Bl.. . rdan

Besides minimizing the cross-coupling errors in the

W<

Hall plate when ¢z= 0 the harmonic coefficient 02 can be calcu-
lated very accurately simply by averaging the Hall plate voltage
over a closed loop. All other harmonics are periodic and will
cancel out. Another advantage to using thié orientation is that
the measuring equipment does not have to cover a wide range of
values minimizing other systematic errors. Since the cross-coupling
has been minimized, the higher harmonics measured in the m = +2

orientation will also be more reliable. However, in the m = +2

data the dipole term is mixed with the sextupole. From eq.(4.20)
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V, e Zm P Mt cos[(m-z)e + ¢M]
¥ _.
= C, cos (e+rd,) + 2¢, 2 cos

+3C, a7 cos (+9,) + HC A cos (20+¢.)

B g (4.25)

Therefore both the dipole and sextupole terms have the same
harmonic order. These two terms can be separated by doing two

surveys at different phase angles or radii.

To measure higher harmonics more_accurately however,
the m value for the orientation can be chosen to set any harmonic

to a constant in the induced voltage.

To calculate the integrated harmonic content of the
field, all of the field values for one angle are added along z.
The harmonic analysis is then carried out as if all the field
were at one z position. Since the Bz components of the field
are of opposite sign (see Fig. 4.1.6) the effect of cross-
coupling in the induced voltage for any m value will cancel out

in the calculation of the integrated harmonic content.
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POLE FACE

. B

Fig. 4.1.6 The directions of B, in the fringe fields of a magnet.

Therefore only the point analysis along z is affected by cross-

coupling.

The Hall plate is constructed of semi=-conductor material
and therefore is affected by temperature changes. The temperature
dependence of the Hall coefficient and resistance are also
affected by the applied magnetic field. Therefore any change

in temperature may look like a change in magnetic field.

The possible thermal and thermomagnetic effects which
may occur in a Hall plate while in a magnetic field are as
follows (Weiss 1969): the Seebeck effect, the Peltier effect,

the Ettingshausen effect, the Ettingshausen-Nernst effect and
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the Righi-Leduc effect. The Seebeck and Peltier effects arise

due to heating in the longitudinal direction either by a tem-
perature gradient or by the applied current. These would affect
the resistance and Hall coefficient. The lést three effects

are thermomagnetic phenomena. The Ettingshausen effect is a
temperature gradient produced perpendicular to the current density
and magnetic induction which becomes a thermoelectric voltage
across the plate. If however, a temperature gradient already
exists perpendicular to the field, a ﬁoltage across the plate

is again produced. This is called the Ettingshausen-Nernst effect.
The Righi-Leduc effect is a temperature gradient produced perpen-

dicular to both the field and another temperature gradient.

To minimize all these effects, either the Hall plate
must be kept at a constant temperature or the change in perfor-
mance of the plate with known magnetic fields must be calibrated
with known changes in temperature. Also the current used to drive
the Hall plate must be kept small enough so that self-heating
does not occur. To monitor the temperature of the Hall plate a
thermoelectric device is desirable since the temperature could

then be recorded as a voltage or resistance.

Assuming the centre of the circle traced out is on the
magnetic axis so that "false" harmonics will not be generated,
the Hall voltage must then be corrected for possible temperature
changes. The magnetic field values can then be found using the

calibration.
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The harmonic content of these data is then found by
a Fourier analysis computer program HAQ (Williams and Reeve 1972),
the actual Fourier analysis being accomplished by a FORTRAN
library subroutine, FORIT (Appendix D). Sigce the plate is
stepped through z, the harmonics as a function of z can be plotted
by the computer. The phase angle of each harmonic is also available
from FORIT and using eq.(3.11) the effective length for any

harmonic can be calculated.

Using the calibration of Hall plate voltage vs. magnetic
field, the magnetic field as a function of excitation current can |
be measured if the Hall plate is positioned to read a maximum
signal in the aperture (i.e. m = 2) as close to the pole face as
possible. No cross-coupling will occur if the Hall plate is well

inside the magnet.



4.2 Equipment and Computer Software

The Hall plate (Seimens FS 33 field probe) was mounted
inside a thermistor jacket with the intention of maintaining and
monitoring the temperature of the Hall plate so that temperature
cérrections to the data would not have to be performed. At present,
however, the thermistor material is used only to monitor the tem-
perature with the data being temperature cerrected afterwards.

The Hall plate and its thermistor jacket are mounted on a stainless
steel tubular arm which is mounted to the head of a lathe. The
probe arm can be rotated about its own axis, the angle being set
by a 180° vernier scaled protractor (accurate to 2' of arc) on

the head of the lathe (see Fig. 4.2.1).

The probe arm itself is supported a distance of 19"
from the head of the lathe. Also on the arm is a clamp for '

correcting any bends along the length of the probe.

The head of the lathe is equipped with a Versa-mill
for x and y adjustments and the position along the axis of the
magnet is monitored by an electro-mechanical counter. The x and

y positions of the Hall plate is defined to #0.001" and the z

position to 0.0125".

Because the misalignment of the magnetic axis and the z

axis of measurement will produce "false" harmonics (Appendix A)



The Hall plate is on the end of the probe shown here mounted on the head of the lathe.

Fig. 4.2.1



the lathe bed and axis of the magnet must be parallel. This
wasg accomplished as follows. The lathe bed and mechanical axis
of the magnet were first made approximately parallel using a
cathetometer. This required setting the ca;hetometer axis
parallel with the lathe bed and then adjusting the magnet so that
its axis was parallel to the cathetometer axis. To align the

z axis of the probe with the magnetic axis required the Fourier
analysis of data taken at two z positions in the magnet. The
amplitude and phase angle of the dipole term could then be used
to determine the magnetic axis in the co-ordinate system of the
probe. By this method the magnet and measurement axes were
aligned to within 0.007" at one end of the magnet and 0.026" at

the other end (Gathright and Reeve 1972).

The Hall plate measurement system described above was
interfaced to an on-line Data General Supernova computer using
standard CAMAC electronics. A block diagram of the data acquisition

system and Hall plate controls is shown in Fig. 4.2.2.

The Hall plate current of 50 mA was provided by a Fluke
382A Voltage Current calibrator through a low-temperature-coefficieﬁt
resistor. This current could then be monitored as a voltage
across the resistor. The thermistor voltage was provided by a
Lambda LP412FM power supply. The current was limited by a series

resistor so that self-heating of the thermistor did not occur. The
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applied voltage and voltage across the thermistor could then
be monitored to calculate the temperature in terms of ohmic

resistance of the thermistor.

The Hall voltage was amplified by a Hewlett-Packard
2470B data amplifier for a zero to 5 volt value suitable for the

CAMAC analogue to digital converter (ADC).

The Hall plate voltage and voltages representing the
Hall plate current and temperature were interfaced to the computer
via an Analogic multiplexer and ADC. The magnet supply current
could also be monitored by the multiplexer, a voltage being

available from the transductor output of the magnet power supply.

The data from the survey equipment were compiled by a
Data General Supernova computer. The flow diagrams for the programs
are shqwn in Appendix D. The actual data were collected in the first
program, RAI’l,(Gathright and Reeve 1972). This is an interactive
program. That is, an operator reads in error limits and the
necessary survey constants. The program then determines the spatial
and angular components. These are set manually by the operator.
Upon an affirmative response from the operator that the initial
co-ordinates are set the computer then checks the Hall current,
magnet current and temperature. Any drift beyond the prescribed

error limits in these values is compiled. The lathe is then
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started manually and the Hall voltages read at equal distances
along the axis. At the end of one run any Hall current, magnet
current or temperature errors are again compiled. The probe can
then be returned for another data run, the number of runs through
the magnet for a complete survey being determined by the harmonic
order required. The data for each run along with any errors

are punched on binary paper tape.

This binary tape is read by the second program RAP 2
(Gathright and Reeve 1972). This program corrects the Hall
voltage for temperature and calculates the magnetic field using
the calibration. The output of this program is a Mohawk format
tape consisting of the survey constants used and the magnetic
field and z position data for each angle. The errors compiled
from RAP 1 are analyzed by a third program, ERR 2 (Gathright and
Reeve 1972) and punched on the same Mohawk tape. The Mohawk
format is used so that the data can be read onto magnetic tape
suitable as input for the Fourier analysis program, HAQ, in an

IBM 370/145 computer.



4.3 Calibration of the Hall Plate

Before the Hall plate could be calibrated in a known
dipole field it was first calibrated for temperature and field.
That is, the Hall plate was placed in a known magnetic field and
the Hall voltage recorded as a function of temperature. Since
the temperature dependence of the Hall voltage is also a function
of magnetic field this was repeated for several known fields. For
an accuracy of .1%, the magnetic field dependence of the temperature
correction was not necessary if the thermistor resistance drift
did not exceed t2k4‘(t2°c). The temperature correction used for
the Hall voltage was found to be 0.13%/k4‘ where the temperature

is expressed in terms of thermistor resistance.

Once the temperature correction term was calculated
the Hall plate could then be calibrated in a dipole field, with
the temperature being recorded for each data point. This was
done from -6 kG to +6 kG using a NMR gauss-meter. The dipole
field was specified to be homogenous to 1 part in 10“ over the
central 0.5" with a gap of 0.75". The temperature corrected
data were fitted to a 6% order polynomial to an accuracy of .02%

using the computer program POLFIT (Alexander and Reeve 1971).
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4.4 Measurements of 4Q19/8

The harmonic analysis of the Hall plate data can be
carried out at each z position. Therefore the harmonic content
of the quadrupole as a function of z represents a point by point
analysis of the data. The normalized harmonics of quadrupole
4Q19/8 as measured by the Hall plate are shown in Figures h.4.1
to 4.4.9. The results are from two surveys, each representing
a different orientation of the Hall plate. The m = +2 orientation
represents the data.obtained with the Hall plate positioned to
always read the maximum field. The radius of the circle traced
out by the Hall plate was 1.5". Because of the design of the
probe arm it was not possible to do a survey at a radius of 1.8"
or 90% of the 2.0" radius aperture. It is obvious from the figures
that the m = 2 orientation has a measurement error assoclated with
it. This is due to a bend in the probe arm and will be discussed

in Sec. 4.5.

The integrated harmonic content of 4Q19/8 calculated
from the m = 1 survey is listed in Table 41. This is at a radius
of 1.8" and with a field excitation current of 250 amps. Since
the survey results were measured at 1.5" these results have been
scaled according to eq.(3.10). Note that in the integrated
harmonic results of Table 4,] the value for n = 4 does not reflect
the size of that harmonic in Fig. 4.4.3. As stated previously,

the cross-coupling will not affect the integrated harmonic
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calculations but only the harmonic analysis at each z position.
This would indicate that the large n = 4 harmonic shown in
Fig. 4.4.3 is a result of cross-coupling. This is discussed

further in Sec. 4.5.

TABLE L.

Integrated Harmonic Content of thQ/B as Measured by Hall Plate
(Gathright et al. 1972)

Harmonic nC,/2C,
n
2 1
3 1.3 t .8 x 1073
N <3.0 x 1073
5 ¢1.7 x 1073
6 3.5+ 1x 10-3
7 440 x 1073
8 ¢4.0 x 1073
9 ¢2.0 x 1073

10 6.2 + 2 x 1073
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The effective length of the magnet, using the n = 2

harmonic data was found to be 20.97".

The linearity of field with excitﬁtion current as
measured by the Hall plate is shown in Fig. 4.4.10. The Hall
plate was at a radius of 1.5" so that the pole tip field was
calculated using eq.(2.12 ) which states that the 2-dimensional
magnetic field scales as r ™"'. As this was carried out well
inside the quadrupole field, no cross-coupling errors exist due
to B, . The Hall voltage was also temperature corrected and the

1

field calculated using the calibration.

According to eq.(4.24) the possibility exists for cal-
culating B, in the fringe field using the m = 2 orientation.
However this required the Fourier analysis of the temperature
corrected Hall voltage from two m = +2 surveys. These data are
not available at the present time. The only data available are
the magnetic field values obtaineé-by calibration. Since the
m = +2 minimum orientation data have been calibrated assuming the
field is perpendicular rather than parallel to the plane of the

Hall plate, the field data cannot be used.
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4.5 Errors

Both systematic and random errors in the Hall plate
survey equipment affect the calculation of harmonic content,

linearity and effective length. These will now be discussed.

4.5.1 Systematic Errors

The temperature correction used for the surveys was only
accurate to 0.1% over a limited temperature range. That is, the
temperature corrected Hall voltage had & maximum error of O.l%
due to the temperature correction if the temperature of the Hall
plate did not vary more than #2 k-~ of thermistor resistance.

This corresponded to a change of t2°C at 21°C ambient. Since
the temperature corrected Hall voltage was fitted to magnetic
field to an accuracy of .02%, the temperature correction accuracy
of .1% dictates the accuracy of the field data. Therefore the

field data have a maximum error of 0.1% due to temperature correction.

The Hall plate was calibrated in a dipole field where
Bx' and Bz' were zero, so that any voltage induced due to the
finite size of the plate has been ignored. If a gradient exists
in the field, the error introduced into the induced voltage can
be expressed in terms of this gradient and the dimension of the
plate along the gradient (Robins 1965). The change in voltage

to second order in the plate dimension is
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* 72813 2
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where L = dimension of the plate along the gradient direction
S = spatial parameter (i.e. x,y,z)
For the Hall plate being used (Seimens FC33) the longest dimension
is 6 mm and in a quadrupole the second derivative of the field
or the sextupole is small. The effect of the large gradient of
the field in the second term is cancelled by the small change in
resistance so that the effect of the probe size changes the

voltage by less than .01%.

The cross-coupling errors in the Hall plate when used
in the m = +1 orientation will now be discussed. Assuming the‘
largest harmonics in quadrupole 4Q19/8 are n = 2,3,6, and 10, the
possible "false" barmonics induced in the Hall voltage due to
cross-coupling are listed in Table 4.2 (Appendix C). In Fig. 4.L4.2
the structure of the n = 3 harmonic shows & minimum at z = 25 inches.
This minimum also appears in the n = 4 and n = 6 results in Figs.
4.4.3 and 4.4.5. From Table 4.2 & combination of field harmonics
n =3 and n = 6 will produce an additional n = 3 harmonic in the
Hall voltage. Therefore the structure of n = 3 is caused by cross-
coupling of n = 3 and n = 6. The large n = 4 harmonic shown
in Fig. 4.4.3 similarly comes from the cross-coupling of n = 2

and 6, n = 6 and 10 and from the n = 2 harmonic alone.
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TABLEA.2

Harmonics Generated Due to Cross-Coupling

Field Harmonics "False" Harmonics
Due to Cross-Coupling

2 and 3 em, 1,4,5,6

2 and 6 2m, 4,8,12

2 and 10 2m, 4,8,12,20

3 and 6 2m, 3,6,9,12

3 and 10 2m, 6,7,13,20

6 and 10 2m, 4,12,16,20

m refers to the orientation of the plate (see Fig. 4.1.2)

In comparing the n = 6 and n = 4 harmonics (Figs. 4.4.5 and 4.4.3)
the relative size of the double peaks has been reversed. This

is due to the contribution to the n = 4 harmonic from n = 2

alone. In this region the quadrupole harmonic of B, is much

larger than the n = 6 harmonic of B, . Smaller effects of cross-
coupling can be seen in n =5 (Fig. 4.4.4) caused by n = 2 and 3
and n = 8 (Fig. 4.4.7) caused by n = 2 and 6. Absolute values

of the cross=-coupling errors cannot be calculated without B,

values for the higher harmonics and values for the magnetoresistive
coefficient and Hall coefficient which in themselves are field

dependent. When the field data are integrated over the length
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of the magnet, the errors introduced into the n = 3,4,5 and 8

harmonics cancel out.

The large values of the odd harmo;ics in the m = +2
survey are from two related measurement errors. For m = +2 the
plate must be rotated 360° about its own axis. It was only possible
to rotate the plate 180° about its own axis. This meant that
at some point during the survey the plate had to be flipped over.
If the probe arm was bent, the two half circles traced out by the
Hall plate would not have the same centre and a dipole assymmetry
in the data would result causing the large odd order harmonics
(see Fig. 4.5.1). (This is not the same as the misalignment of
the centre of the circle and magnetic axis.) This error could
account for the structure in n = 3,4, and 5 and the lack of structure
inn=7,8 or 9. Note that due to misalignment an n = 6 field
harmonic would produce n = 5,4 and 3 in the induced voltage but
not n = 7,8 or 9, and the peaks in the n = 3,4 and 5 results for
m = +2 correspond exactly to the peak in the n = 6 harmonic. If
the plate did not have to be flipped the bend in the probe arm
would produce & quadrupole symmetry in the data (see Fig. 4.5.2)
resulting inann = 4 harmonic after analysis. Jung (1972) also
found a weak octupole component caused by a sag in the probe arm

if the plate is used in an m = +2 orientation.
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Fig. 4.5.1 The Hall plate orientation for m = 2 with a bent
probe arm (Hall plate flipped).
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Fig. 4.5.2 The Hall plate orientation for m = 2 with a bent
probe arm (Hall plate not flipped).
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The n = 3 harmonic also shows the mixing of the dipole and sextu-
pole terms inherent in the m = +2 orientation. As stated
previously, the misalignment of the magnetic axis and measurements

axis were not the same at both ends of the magnet.

Therefore the large odd order harmonics in the m = +2
results are due to a bent probe arm and the peaks are due to

misalignment.

The small lump in the n = 2,3,5 and 6 harmonics at
z = 15 inches (see Figs. 4.4.1, 4.4.2, 4. 4.4, and 4.4.5) may be
caused by the motion of the support apparatus. The supporting
apparatus was not bolted to the floor so that it was possible for
it to rock a small amount during a survey run depending on the
position of the lathe head. The bump at z = 15 inches could be

caused by the weight of the lathe head rocking the lathe bed.

4.5.2 Random Errors

When the Hall plate is being stepped by equal increments
around a circle during a survey the position of the plate in the
x and y directions is limited by the accuracy of the Versa-mill
which is #0.001" in both directions. The possible error in the
radial position of the plate therefore is #0.0014". At a radius
of 1.5" this represents a possible error of +0.1% in the radial

position. This in turn could produce & 0.1% uncertainty in the
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field being measured. To test the effect that a +.1% random
error in the field data would have on the harmonic analysis of
that data, a set of test data were used in the Fourier analysis
computer program, HAQ. This test data consisted of an ideal n = 2
quadrupole field with a 1% n = 3 harmonic content. Added to
this data was a random number of *.1% obtained from a table of
random numbers. This random error did not affect the existing
harmonic content amplitude but did change the phase angles of
those harmonics by a few degrees. The random error of +.1%
appeared as small higher harmonics whose sum was 0.2% of the
quadrupole harmonic. The largest "false" harmonic produced by
this random error was .O4%. Therefore the harmonic analysis
was limited to .04% by the temperature correction used (+.1%)
and the possible uncertainty in the radial direction. The
integrated harmonic results have been scaled to 1.8" from 1.5".
The possible error in the integrated results due to the radial
uncertainty of +.1% increases with the harmonic order. The

uncertainty in the n = 10 result is 0.8%.

The other random error is in the electronics. The
analog to digital converter (ADC) had an uncertainty of +1 bit
on the output. Since the maximum output of the ADC was 22 (4096)
bits the minimum uncertainty from the output of the ADC was
+.02% far a full scale input signal. Therefore, in the main field

where the signal was large the possible error is only +.02%. In
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the fringe field where the induced voltage was small the pos-
sible error due to the uncertainty of the ADC could be several
percent. This effect can be seen in all the harmonics for

z { 5 inches and z ) 25 inches in the Figs. 4.4.2 to 4.4.9.
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CHAPTER 5

ANALYSIS OF THE TWO METHODS AND THE RESULTS OBTAINED

5.1 Harmonic Content

The present rotating coil equipment is capable of
measuring the higher harmonic content at 90% of the bore radius
in a quadrupole magnetic field to the following accuracy: for
harmonics larger than .1% of the quadrupole field, the largest
possible uncertainty is #30% of the harmonic being measured;
for harmonics less than .1% the uncertainty is *+.03% of the
quadrupole harmonic with the smallest harmonic measurable being
.03% of the quadrupole. This accuracy is limited by the wave
analyzer. The measurement of harmonic content is not affected
by B, in the fringe field and no mixing of harmonic orders occurs
in the induced emf. of the coil. Harmonics in the emf. not gen-
erated by the field are displaced from the field harmonics in
frequency. The only "false" harmonics generated in the coil emf.
are due to misalignment of the rotational and magnetic axes.

This effect can be eliminated by dipole minimization.

The Hall plate survey equipment was capable of measuring
higher harmonics to an accuracy of *.04% of the quadrupole harmonic
in the main field; the smallest harmonic measurable being .04%
of the quadrupole. This lower limit was determined by the spatial

accuracy and temperature correction. The measurement of harmonic
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content as a function of z was strongly affected by cross-coupling
in the fringe field and mixing of harmonic orders did occur in
the induced voltage of the plate. This cross-coupling was mini-
mized by selecting a particular Hall plate érientation in the
field. However, this orientation produced "false" harmonics

due to a bend in the probe arm. The integrated harmonic results
were unaffected by cross-coupling because the field data were
integrated before the Fourier analysis was carried out. Because
of the design of the probe arm the Hall plate cannot be placed
closer than half an inch to the pole face. In the quadrupole
used for measurement the bore radius was 2" so that the largest
radius available for surveys in that magnet was 1.5" which is
only 75% of the bore radius. Therefore to compare the measured
results with the specifications of the magnet, the results must
be scaled. In the fringe field the uncertainty varied from
+.04% to t.24% of the quadrupole field due to the possible

uncertainty in the ADC.

The measured results of the harmonic content from the
two methods will now be discussed. The form of the harmonics
in the fringe field agree very well for n = 2,3 and 6. The only
disagreement in the results is the strong n = 4 harmonic measured
by the Hall plate in the m = 1 orientation. This result is due
to cross=-coupling. The values of the integrated harmonic content
agree within measurement uncertainties for n = 6 and 10 but not

for n = 3. Including the possible uncertainty in the wave analyzer
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of 30% for the normalized harmonics above .1% of the quadrupole,
the two n = 3 results do agree. Therefore, the integrated
harmonic content for n = 3,6 and 10 as measured by the two methods,

agree within experimental uncertainties.
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5.2 Effective Length

The form of the quadrupole harmonic as measured by
the two methods is identical within experimental limits.
Because of this, the two calculated values of effective length

for the quadrupole agree within experimental error.
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5.3 Linearity of Magnetic Field with Field Excitation Current

The graph of the magnetic field vs. applied excitation
current for the quadrupole as measured by the rotating coil
contains both random and systematic errors. The calculated
pole tip field could be in error by as much as #5% due to the
uncertainty in the wave analyzer readings and the measurements
of the coil dimensions and rotational frequency. The dependence
of W on the magnetié field causes an additional error of 4% in
the calculated pole tip field at 600 Amps and contributes to the

non-linear characteristic of the graph above 300 Amps.

The only uncertainty in the Hall plate measurement is
in the radial distance (%.1%) and the temperature correction
(#.1%) so that the graph of magnetic field as a function of

excitation current is accurate to +.2%.
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CHAPTER 6

SUGGESTED IMPROVEMENTS IN THE TWO METHODS

6.1 Rotating Coil

Possible improvements on the present rotating coil
apparatus will now be considered. Because the equipment is to
be used on several beam line multipole magnets, there should be
incorporated in the apparatus a means of attaching it to the
pole faces. This would then allow the rotational and mechanical
axes of the multipole to be in the same reference co-ordinate
system. The apparatus could then measure the difference
between the magnetic and mechanical centres directly. This
could involve an expandable cylinder with the actual rotating

coil inside.

The bearings supporting the rotating coil shaft are
made of plastic which necessitates frequent lubrication. A
possible alternative is the use of stainless steel bearings.
The friction drive mechanism also requires frequent lubrication
due to the force required to hold the friction wheel in position.
Also the rotational frequency variations are strongly dependent
on the amount of force applied to the friction wheel. Redesigning
of the drive wheel arrangement would be necessary to improve the

performance.
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Cobb ( 1970) suggested constructing coils which reduced
the size of the quadrupole component of the induced emf. This
would improve the sensitivity of the system to small harmonics.
However the formula for the induced emf.-of.a specially constructed
coil is more difficult since the relationship between the field
harmonics and the induced emf. harmonics involves the measured
dimensions of the coils. This would produce additional uncertainties
in the calculated field harmonics from the errors of measurement.
There is also the difficulty of the construction of the coils.
There is an alternative method for reducing the quadrupole har-
monic without affecting other harmonic terms. This involves
filtering the induced emf. to attenuate the quadrupole harmonic
before the signal enters the wave analyzer. An active twin "T"
notch filter has been built for this purpose (see Fig. 6.1).

The filter has a centre frequency at 31.0 Hz and a Q of 30 at the
3 db roll-off point with an attenuation of 20 db at centre
frequency. The insertion loss is less than .5% above the centre
frequency and less than 5% below the centre frequency. The
filter has ample attenuation and good Q so that only the quadru-
pole frequency is attenuated. However, due to the frequency
fluctuations of the rotating coil, the output from the filter

is very unstable due to the high Q of the filter. To remove

this problem, several filters of the same design but with slightly
higher and lower centre frequencies could be constructed to make
a bandwidth filter whose bandwidth at full attenuation would

be greater than the fluctuation of the quadrupole frequency.
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#ig. 6.1 Twin "T" Notch Filter.

A 20 db attenuation of the quadrupole harmonic would improve
the lower limit of the harmonics measurable with this equipment
by a factor of 10. The smallest harmonic measurable would then

be .003% of the quadrupole harmonic.

The variation in rotational frequency in different
magnetic fields due to the low input impedence of the wave analyzer
could be improved by adding a resistor in series with the coil.

The wave analyzer has an input impedence of 100 k-~ . To decrease

the current in the coil series resistances of the order of 100 k-~
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would be required. This, of course, would decrease the input
voltage to the wave analyzer. This, however, does not introduce
any problems due to the large sensitivity range of the analyzer.
Current limitation would be required so that frequency changes
could be minimized over a range of magnetic fields if a band-

width filter were built.
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6.2 Hall Plate

Improvements in the Hall plate survey equipment will
now be discussed. As suggested in the theory, the higher har-
monics of the quadrupole can be represented by a constant in the
induced voltage by choosing the appropriate m value for the
orientation. That is, the n = 2 harmonic is a constant for m = 2;
the n = 3 harmonic is a constant for m = 3. These orientations
require @ the phase angle for the particular harmonics being set
to a constant. These can be found from a m =0 or m = 1 survey.
The possible harmonics produced due to cross-coupling in the
fringe field for these and other orientations are as follows
(Appendix C): for any pair of harmonics present in the field,
say n = k and n =.9 , the harmonics present in the induced
voltage after analysis are n = 2m, k, £ , 2k, 24 , |k -4 [ and
k +.f 3 for the m = 2 orientation no additional constants repre-
senting the n = 2 harmonic are produced in the induced voltage
due to cross-coupling. However, for m = 3 harmonics n = 3 and 6
in the fringe field can produce an additional constant representing
the n = 3 harmonic. Similerly for an m = 4 orientation, the n = 2
harmonic of the field could produce an additional constant
representing the n = 4 harmonic. The values of these cross-
coupling errors are difficult to determine but should be small
if the harmonics involved in the cross-coupling are small; the
only appreciable cross-coupling error for any orientation being

one involving the n = 2 harmonic. This cross-coupling will not
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affect the integrated harmonic content calculations however.

In order to do these other orientations, the facility
for rotating the Hall plate about its own gxis by 360° is pre-
ferable to the present system where the plate is rotated by 180°
and then flipped over. The large errors produced, by & bend in
the probe arm, will always produce harmonics in the induced
voltage. These harmonics will cancel out when determining the

value of the constant over a closed loop.

Subsequent to the taking of the results reported in
this work, the temperature correction of the Hall voltage has
been changed to include the effects of magnetic field. The
accuracy of this correction is +.02% if the thermistor resistance
does not drift more than tl1 k-~ . This corresponds to a temper-

ature drift of +1°C at an ambient of 21° C.

Also subsequent to the taking of the results reported
in this work, the Hall plate voltage, instead of being read by
the multiplexer and ADC which had a random error of +1 bit, is now
read by & Digital Voltmeter (DVM). The voltmeter is used on auto
range and interfaced with the computer using the DVM digital recorder
output. The random error from the electronics in the Hall plate
voltage in all fields is now less than .05% due to the accuracy

of the DVM.
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CHAPTER

SUMMARY AND CONCLUSIONS

The magnetic field measurement of  several beam-line
multipole magnets for use at TRIUMF is required before they can
be placed in the beam transport system. Since it would be more
practical to carry out the measurements of each magnet at the
TRIUMF site itself, a portable measuring system would be

desirable.

The rotating coil system, although not as accurate as
the Hall plate system, can determine whether or not the harmonic
content and effective length of a multipole magnet are within
the required specifications for that magnet. The system requires
a minimal amount of equipment and could be redesigned as a
portable system. Incorporated in this new design could be a means
of determining the difference between the mechanical and magnetic
centres. The harmonic content and effective length can be
determined readily from the measured data without the aid of a
computer. The linearity of the field as & function of applied
current however, can not be measured accurately enough by the
present rotating coil system to determine whether or not the

magnet meets the required specifications.

The Hall plate system has a far better absolute accuracy

than the rotating coil. However, it requires more eQuipment and



- 120 =

time to determine the harmonic content and effective length of
a multipole magnet. It would also be difficult to make the
system a portable one to measure several magnets. Since the
Hall plate is an accurate field measuring dévice its use in
measuring the magnetic field as a function of applied current

is far superior than that of the rotating coil.

In conclusion, it is recommended that the rotating
coil apparatus be redesigned as a portable measuring system to
determine the harmonic content and effective length of multipole
magnets. Incorporated in the design should be a means of deter-
mining the magnetic centre with respect to the mechanical centre
of the magnet. It is also recommended that the Hall plate
system be used to measure the linearity of the field and its

absolute value as a function of applied current.
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APPENDIX A

GENERATION OF "FALSE" HARMONICS DUE TO MISALIGNMENT

Beth (1966) has shown that a two-dimensional magnetic
field in a source-free region can be expressed as an analytic

function

6=3;+£$; (A.1)

of the complex variable

. ¢ O
2= 4 c.;; = e (A.2)
This analytic function can be expressed in the complex Taylor
series
™
)N o
B-) o (A.3)
m= |
where & _ is a complex constant.

n

Consider a new x'y' co-ordinate system whose origin

is displaced a distance, R, from the xy origin (see Fig. A.l).
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Fig. A.1 The rotational axis disp

laced from the magnetic axis
by a distance R.

Let 0' be the centre of rotation of the coil. 1In the complex plane

Z=<2'+R (A.4)

where

=n'e?

(a.5)

Therefore

-\

2™ e (24R)™ = > (rnﬂ)(%?m-l-m’im (A-6)

=0
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m

where
( ’““> ; n-1)! (4.7)

/rn./ ('rl"lf'/m)./

The magnetic field in eq.(A.3) now becomes

-

8- 5o, 3 (W)(2)R"

axs| mM=o
- Yo, 2 (H)R)TTA R ()
m= m=o

From eq.(A.1), B', can be expressed in terms of B, and B,

(B "aols B eebect. B ghe) i Ses (A.9)

Therefore from eq.(A.8) and eq.(A.9), we have

Dy = Z 2 Z (sz\‘)(l\')m-“-'Cos [(m-m)e']R" (a.10)

BA, = E‘O.Mi (:‘)(ﬁ')wm-'Sm[(m-m]e'—] R™ CA,\A

In the x'y' co-ordinate system, r' is the radius of the coil, r, ,

and @ the angular position of the coil. Therefore, from eq.(3.3),

(ap = nCp) the induced emf. in the coil is
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£ - R, W /\}jcﬁ_ﬁr

Jvow/\/.l Z am Z (:;’)AOM-|-'_MK§\N[(M-m)e +4’~n]
M= -m

=0

wnl Z mC, zf'; (’:n') »om-‘”‘RS"‘;N [(m-m)e+¢,ﬂ]

m=o

n

u

Z R Nﬂ Cm Z (jmﬂ) /7044-—»\ R 4 S Iv [ (m-‘rn)b+¢m] LA‘ |1)

n=|

The harmonics present in the field are unaffected by the misalignment.
However, for every harmonic present in the magnetic field a second
series of harmonics are produced in the induced emf. of the coil.
These secondary harmonics will have lower orders than the magnetic
field harmonic which produced them. That is, the quadrupole harmonic
will generate a dipole only and will not produce a sextupole or
octupole. The amplitudesof these secondary harmonics depend on

the ratio of the distance R to the radius of the coil, r,, and on
the amplitude of the nt2 harmonic. The expression obtained for the
induced emf. is the same as the result obtained by Cobb (1970) for
the same effect which he found by expansion in a Cartesian coordinate

system.

As an example of the generation of secondary harmonics,



- 128 o

let n=2 so that eq.(A.12) contains two terms.

E=~ 2wl Co N Siw (26 +6¢,) + ZwLC, A Rsm (o+d)
: (A,|3)

The first term is the same term that would be obtained if r, =r
for n=2 from eq.(3.5). That is, the quadrupole harmonic is
unchanged. The second term is a generated dipole term whose
amplitude depends on R. The above equation (A.l3) may be written,

then, as

& =%, .. ¢’ (A.14)

where the prime denotes the secondary harmonic series. The
amplitude of these secondary harmonic terms for other values of n

are listed in Table A.1l.
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TABLE A.l

Theoretical Values of Harmonics Generated due to

Misalignment

FIELD HARMONIC

“FALSE" HARMONIC

AMPLITUDE
2 ! e’ = %oe,l
p - 2 e, =2 Eoe'a
' & = (%‘o ‘e
5 es’ =95 %;) €.
6 el
3 e, = »o(%jeL
SR WM S W VAR, T, BT .s T2s
9 ey=9(%)e,
A 3 e, =3¢ (%jelo
7 e.
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g -
"
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-
o
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APPENDIX B

CONTRIBUTION TO THE EMF. DUE TO B,

B.1 General Theory

Consider the coil rotating in the fringe field of a

magnet where B, is not zero (see Fig. B.l).

_____ L
/

K@? Direction of /SS B,

VxBin wire 2

Fig. Bel Coil rotating in the fringe field of a magnet where
21 < Z5e Main field is to the left of the diagram.

Let the z positions of the two radial arm: be 7y and 2, and let

the radius of the coil be r, . The total emf. in the coil will

be
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f B (n,3,)(olt xrw )
¥a -

B <IL })(cl}xﬁwe)

poa !
Y 5 B (2,9,) (ox X Awd)

= ij AB?(A,7,) ol

(]

"
_J'O““’Nf, 311(}'017’)0(7'
- Nw (hojl-Ba (Jc,}.) i x

Rl Snof‘ [B, (2,32) = By (23] el

+
- J)oc..JNJ B, <J7°, }) o[}
by

=Nw[T,-T,] - 2wnI, (B.1)
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These integrals will now be evaluated in the fringe field of
the quadrupole field (n = 2). For the fringe field region we

have in general for n = 2 from eq.(3.21) and eq.(3.23)
() 4 “) s ]
B_h=—sm (z6+9d,) [ZC:IJI. - Cl N /3 +C A Jet (8.2)

! @) )
B,}; -Sin (20+9,) [Cz AT C, J’t*/lz +C, J\."/B?"l.) (8.3)
where C, is a function of z and the bracketed superscripts denote

2

higher derivatives. The integrals I, and I3 can now be evaluated

il
A

wii AB} (‘h) }z) ol/‘- (B.H)

o

(-]

R,
~SIN (29+¢‘)S (Cynds hraniaires cf’n’/aw)}ab;
o ’

"

: / C
=-SIN(20+¢,) { £y J?:/'f - C:)/):/?Z ¥ Cf)/f/aom;J
7

Similarly for 13 we have

? L :
I -sin(2e4 ¢1)[Clh.§‘/+ A |1a cf’/)f/sovq (85)

n
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Therefore from eq.(B.4) and eq.(B.5) we have

I,-T,= -sin(2e+4,) EJ:O"/% [ ¢, (%) - Cz'(},)]
-t [e203) - 676
e fam [ 6710 - ¢75) ] (8.0)

To evaluate the integral 12, the z dependence of 02 is required.
Two regions exist in the fringe field; one in which the output
signal hag been fitted by a Sth order polynomial in z and the
other where the output signal is an exponential function of z.
The position of z =0 was chosen where the output signal began

to drop below the main field value.

In the polynomial region we will assume

Z L s e
ys
where z has units of inches. From eq.(B.2) the radial magnetic

field is

:vi -SIN(29+¢1)JIZ JP}" (8.8)
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where the coefficients of the field, JT , in terms of the

coefficients of the gradient j% are listed in Table B.l.

Therefore, in the polynomial region the integral 12 is

3.
Il J :B.n (ﬁ-'})cl?’
7 s
~SIN (29*4’;3”0( Z oA, 3" ol

1]

s P:O
- ole P+ P+l "
= -SIN (20+ 6,) J)OZ -y (73 -5 ) (8.9)
p=o

In the exponential region we will assume the gradient

has the form

Cl = ‘Be_/sr (3B.10)

so that

B,m - s (204 0)Ba P Tn[ 2- 805 +ﬂ“/{'/z,ﬂ (8.1)
Therefore in this region 12 is

Y-
I1= BJ‘ (Jlo"})oz,},
b4
2

=-SIN(20+4,) A°[1~/J_;g:+ /_bow]J’be'ﬁ‘ro[},
b Y

J)



The Field Coefficients in Terms of the Gradient Coefficient

TABLE B.l

5,

P s B, Be
d | & - L2 1o+ by fie| 24, - 24, 23 +31,?::’/s 2, -£n*[3+ 34 5" 32 | g - &y 2[2 + 5k a)re
l, | 4 - byar 2+ shnlfic| 24, - 28, 2% 15408/8| 24, = Aoya* + 5L 2% | 2y - 2 Ay AT
d, oy -y A* 24~ Hhoy A 2hy -2k 2 3Lgn - 5hA?
d, A, -5bx/s 24, -2042%)3 | 24y -10h a*/3 4 &y
o, £, 28, 4, 5y 2
o, L 20, 2t —

- GfT -
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= -SIN (204 d’z){_‘o ﬁ +_*_/1."][B€‘ﬂ%‘ﬁe./s,"
a1 ]

=-8IN (2049} A, iz B2 4/1'}’:'] [Cz(%) - C,(},)] (B.12)
3 64

/2

The induced emf. in a short and long coil will now be found from

eq.(B.1)

B.2 Short Coil

The induced emf. is given by eq.(B.l)

E‘—Nw[fl—ls-]"ﬁow/v-z; (8.13)

From eq.(B.6) we have for (I; - 13)

_'[“_I3 = -siNv (284 ¢z)§ f_ou[ctl(}‘\ B CL,(},')]
I
_&c. [Clc)(%) - C:s)(}')}

b2t [ 20 - 2] (8.14)

3072

For the short coil where the length of the coil, /e , is 0.125"

we can write

C(3)- C.(3) T[40 44 2L IC L] (3as)
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Therefore Il - I3 has the form

Y@ @) OVE

I,-I4=-SIN (qub,){; (C2 A +(;z% + G % )
1 (3

-_J_'; (C:.O'u I ‘£3>

TA 2 .

a ®) n3
o (g e (o
3072 2 ¢
b

From eq.(3.20) we are neglecting the 68 and higher order
derivatives and we can neglect terms smaller than,fz/lo so that

eq.(B.16) becomes -

T & ¥ ) 9% . bpaw
I-1,-= SlN(29+d>;)Z{>°«0 AT -ﬁolclg (B.1)
* ¥ 72
The integral I2 will now be evaluated in both the polynomial

and exponential regions for the short coil.

For the polynomial region I, is given by eq.(B.9)
- ]

v J P+

I, = -sin (204 4.) /702 P (}‘ ~51M) (8.18)
Pie

For a short coil of length 2 = 0.125" let

o= B4 A (3.19)
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so that

P+

e

(23]
)

(%+)

X };P“+ (pn);fl + @+ }'P-‘li + pd gu)m-\z}lp_!ls (B.20)
2 6

Therefore eq.(B.18) for I, becomes

s
I=-sin(20+¢,) J)OZJP [f;f + p_z!}f-\-f g_(_ez-ﬁls}lp-?]
P=v
5
= -sin(20+4,) J;OI X Z Olp }lp

P=o
oy P'Jpﬁp-‘
Frpes ‘
+ &3 Z P(P-\) o!P }'P-z] (8.21)
L& P®e

From eq.(B.8) I, becomes

Ilz~$IN (29+ ¢1.) J’oﬂ[B.A + _/_Q e_& § ._12_‘ 9_3] (3.12)
2 C a3yt
y Ry

Y
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Replacing3 QB and A from eq.(B.2) we have

97 ;}
I, = -sin(ze+$) -l[ eaAr e n, s e, [3
- 233 -4 e -4 071

L) SR 2. e)
£ Cy S fer v Ren" las 4 27¢ 0 e (8.23)

t
Neglecting the 6 & order derivative and terms smaller than 1 2/lO

we have

I1= ~$IN (Zei—cb,).ho,g [ 2C, - (a>-2%) C:'\/3 +1cll
—Iﬁo‘C:”/c, ot C,_U”/é‘t]?/ (8.24)

In the exponential region I, is given by eq.(B.12).

I,= -sin(20+4.) g[z-ﬁj,,l ﬁ_“_»,“]k (- 6.4 (329
/2 3 64

As in eq.(B.15)

¢, (5 Cly) = L 3 4026 000 %’]
2,

i
b S
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Therefore eq.(B.25) becomes

I,=-SIN(20+ ) Czl)ove [1’/3??7: +/.5_4/’,q]

64

[ ’-J;Ré +/_(;;£l] ( B.27)

Again neglecting terms smaller than 12/10 we have

T,- -sin (284 §.) 2,4 [zcl +lcz’_ (),oa_,Q‘) C:ﬂ

3
ol 0.5 P o ‘*C,_“’] (B.2%)
6 64

I

Note that eq.(B.24) and eq.(B.28) are equivalent. Therefore in
general the quadrupole harmonic of the emf. induced in the short

coil in the fringe field region is
ES‘ -ﬁow N IZ - NC«O (I|—Is)

= j)a‘w NA sin (29+¢‘_) Ilcl +“!C1’- [,ﬁ ;_12) c,_(’.)

3
LU R &3 _ 2 0 Q) (%)
G, st 2™ 1/: e, o s ]
4 4 72 6 Y 3

=ﬁoth“e P (20+¢1) [2C2+.,ch’_ (i’-’-__ i‘)c:‘&)

12 3
e =
b 7 R Mc:“’] (3.29)
24 576

di
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B.3 Iong Coil

For a long coil with only one arm in the fringe field

the total emf. in the coil is
2, e

8|.= wa J:.By(?,'m.) cl); —JrowN :BA(J:’,y)al}
: H

* NwI, - wNI (3.30)

The integral I, is given by eq.(B.4)

I = —5!N(7~9+¢,_)[C1,J?°4/"|’ - CLG)ﬁ°‘/71

, le.s’_,,os'/:mz]7 (3.31)

The integral 12 could contain 3 terms; one term for the exponential
region of the fringe field, one for the polynomial region of

the fringe field and one for the main field region (see Fig. B.2).
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T T
i
| i
| ;
! 3
main | polynomial |exponential
B e — | — —_— - e
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| I
f ]
- ! -
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! : l |
g, iy zZ, z,

Fig. B.2 The long coil in the fringe field.

For the main field region, the field is independent of z. Let
the gradient of the main field be a constant, A2. The integral

12 can then be written as

74

L= 3] (53 + | By dy

7 73

+\ B, }«) 0{3, (8.32)
%
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From eq.(B.9) and eq.(B.12), I, is

§

Tp= ~sin(20+46,)2A, 0, (3,-3,) “'OZ P+ (7' )
p

-
-0

;1 (2~/§‘4,‘ : /f%»;*)(QQJ -ca(m)‘\ (8.33)

Therefore the quadrupole of the emf. in the long coil rotating

in the fringe field is

E =2 wNsin (ae+¢>,_)[a'm, (}3”7,)

s
Cl P+l
+PZ=; F:-p.(’}q - > (2 /’—"’""—""’) 1('}) C(’q)>
“GG) s DGt - e ) ] (3.34)
4 72 3072

In practice it would be very difficult if not impossible to sort

out the derivatives of the gradient, 02, from a long coil measurement.
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APPENDIX C

GENERATION OF "FALSE" HARMONICS DUE TO CROSS-COUPLING
IN THE HALL PLATE

In general the induced voltage in the Hall plate when

placed in a magnetic field (see Fig. C.l) is given

el

—(A — AT
HALL PLATE Vo
Iz'/\ /
D. C

CURRENT SOURCE

Fig. C.1 The Hall plate in a magnetic field B.

by eq.(4.6)

vl""'RI,B,"’ QOB/B,I, (C"‘)
" o - o eyt
yl y ’
where R is the Hall coefficient (--cm./kG)
a is the magnetoresistive coefficient (kG™2)

Lo is the resistivity (- -cm.)
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and Bx', By', and BZ' are the components of the magnetic field

B (xG).

If the Hall plate is orientated 15 the field so that
it is rotated abouts its own axis (z') with a fixed integral
relationship to its angular position in the aperture of the
magnet (Gathright and Reeve 1972) (see Fig. C.2) the equations

L} 1
for Bx and By are

u

B,= B, cos(me) - By siw (o) (¢.2)

:B?/ =8, sin (me) + B, cos (me) (¢.3)

where m is an integer. The z axis of the Hall plate is assumed

)lnG

Fig. C.2 Hall plate rotated about its own axis with a fixed
integral relationship to its angular position.
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to be parallel with the z axis of the magnet so that from
eq.(2.22)

fB}, = ‘B,f 2 C/ 2™ sin (me+ &) (¢4)

Using eq.(2.20) and eq.(2.21) for the field components in & quad-

rupole, the field components Bx' and B

'
are
J

&
].

-ZMCMJL"‘"s‘N[(m-me el (o)
m=l\
"ZMCMJ\.MﬂCOS[(IVVM)G-P @M_\ (c.¢)

&
«

Therefore the Hall voltage from eq.(C.l) is

Vo= B—, I},ZMC .n'“"cos[(mwvﬂﬁ’f 4’—;\
y "

-

(-]

17 . »C

M,/Lm" SIN [(m-«—a)a - ‘t’m-\

M=

2, n
S

. Z Cm,.n,”‘ SIN(me+d.) (c.7)

The cross-coupling will occur in the second term of eq.(C.7).

If the field contains two harmonics say n = k and n =,£ the

second term of eq.(C.7) is



- 11;7 -
0 o
oo 1 Z mC 2™s |M[(m-,m)9 +¢M] Z ¢ 'n,ms IN (me+4>m)
_//oo ’IY\,:.| m e m
Y

=Q oI ‘ g,kc JLk'lSIN[<k-m)9+¢k
.Y,{) 8 " ]
+ L ) Ae—'s:N[(l-m)e + 4’1]}
. {C&jAnSIN <‘h~9*’¢h) + CLIAQSIN ('Qe*"#’l)%
= %Ig,g,@c&%a i [COs(rme) —cos((z&—m)é * 2‘?«)}
Cos ((k-R-m) & + by - 4’1)
- COS((-&-P-Q'/M‘)G + ¢n+¢£\]

+IC£C&JL ¢ {COS((,Q-&—M)B +¢l—¢k)
= Cos (01,-&-2"4%)9 +¢h+¢£)]

+£CQC_Q'A12~' [cos (me) - Cos((:uz-mbe +1¢_Q)]}

(c.)
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Therefore from eq.(C.8) the harmonic orders present in the in-
duced voltage due to cross-coupling for any value of m are; m,
2k-m, |k- £)-m, k + £ -m, and 2 £-n. Therefore after analysis
the "false" harmonics due to cross-coupling are n = 2m, 2k, 2 £,
|« -4/, and k + £ . In Table C.1 are listed the possible
harmonics produced by cross-coupling in the Hall plate when
used in the fringe field of a quadrupole with field harmonics

n = 2,3,6 and 10 for any m value.

TABLE C.l

Harmonics Generated due to Cross-Coupling

Field Harmonics "False" Harmonics
Due to Cross-Coupling
2 and 3 2m, 1,4,5,6
2 and 6 2m, 4%,8,12
2 and 10 2m, 4,8,12,20
3 and 6 2m, 3,6,9,12
3 and 10 2m, 6,7,13,20
6 and 10 2m, 4,12,16,20

* n = 4 is produced by both (6 - 2) and (2 x 2)

m denotes the orientation of the plate (see Fig. C.2)
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APPENDIX D

SOFTWARE FOR THE HALL PIATE SURVEYS AND ANALYSIS

D.1 Supernova Programs

The three programs RAP 1, RAP 2 and ERR 2 (Gathright
and Reeve 1972) used to collect the data and prepare it for the
Fourier analysis program, HAQ (Williams and Reeve 1972) are listed
here in flow chart form (see Figs. D.l, D.2, and D.3). The programs
were written in "Basic" compiler language with machine language
subroutines to read the CAMAC interfacing. Two additional sub-
routines were written to punch and read binary format paper
tape. A third subroutine was written to punch paper tape in a
format suitable for a Mohawk data converter. The converted data

could then be placed on magnetic tape for IBM processing.

D.2 FORIT Subroutine

The analysis of the data in the IBM 370/145 computer
is done by HAQ. The actual Fourier analysis of the data is
performed by the FORTRAN library subroutine FORIT. This sub-
routine produces the Fourier coefficients of a tabulated function
given the values of a function in a closed loop (0 to 27T) in
steps of 27 /(2N + 1) where the desired order of the Fourier

coefficients, M is less than or equal to N.

The problem of solving the equation
N
) AN m AN Mm
= TAaA 3 a, Cos ——E)w& -—-P—-)
%”‘ 4% E.[ e (:LN-H o aAN+| .1
MED I X vves AN
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where f| are the given numbers is treated by Hildebrand (1955).

The solutions for a.P and bP are

2N
o = 2. Z cos(””’) D.2)
<mn=0

AN+
2N
,@_ =1 2 Z ,fm SIN (21'!4\'2) (p.3)
P 2N+
AN+ me=o

The efficient calculation of a P and bp is performed by a recursive
technique described by Goertzel (1958, 1960). This algorithm

requires trignometric function evaluations for only two numbers;

namely
Cos (ﬂ)
AN+ (D'q)
AND SIN (_-'l_rr_) (D.5)
QN+

The output of this subroutine are the coefficients a  and b,

from which the Fourier coefficients C, are

C, = 1[ o+ A" | (v.¢)

M

and the phase angle {_is

Ci)m = TAn™ (ﬁ;> (v.7)

Cem
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Fig. D.1 Flow diagram of RAP 1 (Gathright and Reeve 1972).
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Fig. D.2 Flow diagram of RAP 2 (Gathright and Reeve 1972).
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Fig. D.3 Flow diagram of ERR 2 (Gathright and Reeve 1972).
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