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ABSTRACT

Hybrid systems are a widely applied class of dynamic systems, leveraging both con-
tinuous and discrete variables to characterize practical physical processes, including
discrete variables like switches and logic, as well as continuous variables like position
and velocity. As a powerful tool to model a variety of control systems, it has been
widely applied in control system design and utilized in a large number of practical
applications, such as aerospace, industrial electronics, and biomedical engineering.
Since the seminal work published in Automatica in 1999 by Prof. Bemporad (Pro-
fessor of Control Systems, IMT School for Advanced Studies Lucca, Italy), more and
more control scientists and engineers have been increasingly devoted to studying the
fundamental theories and applications of hybrid systems. Along with this historical

research road, this dissertation focuses on:

 Theories: Stability and stabilization (Chapter 3), robustness (Chapter 4), data-
driven model predictive control (MPC) (Chapter 5)

 Applications: Path planning and obstacle avoidance (Chapter 6), mobile com-

munication networks, and hydrogen refueling station optimization (Chapter 7)

In the following, a brief introduction will be given.

In Chapter 1, a brief introduction to a class of hybrid systems is provided, includ-
ing their stability and stabilization methods, as well as a typical case, i.e., switched
systems. Moreover, a comprehensive review of MPC variants designed for handling
uncertain hybrid systems is also presented.

In Chapter 2, preliminary concepts and notations are introduced, providing the
foundational understanding required for the subsequent chapters.

In Chapter 3, an asynchronous stabilization of discrete-time switched linear sys-
tems under dwell-time constraints is presented. This research investigates the stability
and control of systems that switch between different modes in an asynchronous man-
ner, and a novel convex stability criterion is developed, facilitating efficient control
design.

Following that, in Chapter 4, from a more practical perspective for stabilizing
switched systems, a new control strategy is provided to minimize the error between
nominal and disturbed states by employing ellipsoidal techniques and demonstrates

how system stability can be maintained despite disturbances.
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In Chapter 5, a lightweight data-driven approach is developed to construct a novel
data-driven MPC framework to control an unknown linear system. The proposed the-
ories ensure two of the most critical properties in MPC frameworks: system stability
and recursive feasibility, even under significant uncertainties.

Then, Chapter 6 is devoted to the scenario-based MPC for path planning and
obstacle avoidance with chance constraints. This work provides solutions for dealing
with uncertainties in real-time decision-making under safety-critical conditions.

In Chapter 7, a representative application is presented, demonstrating how the
fundamental theories developed in previous chapters can address practical require-
ments. The application involves modeling the hydrogen refueling processes as hybrid
systems and leveraging MPC to optimize energy costs while satisfying safety con-
straints (e.g., temperature and pressure).

Finally, the conclusion and future works of the dissertation are presented in Chap-
ter 8.
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Chapter 1
Introduction

This chapter provides the introductory knowledge of hybrid systems and variants
of model predictive control (MPC) methodologies such as classical, robust, stochas-
tic, data-driven, and switched MPC. Subsequently, an overview of this dissertation

consisting of theories and practical applications is presented.

1.1 Hybrid systems

Hybrid systems are a class of dynamic systems characterized by the interaction be-
tween continuous and discrete dynamics. They have been widely used to model many
practical systems and processes such as smart grids [1], robotic systems [2], commu-
nication networks [3], hydrogen refueling stations [1], and biomedical processes [7].

These systems integrate continuous-time control systems, such as those governed
by differential equations, with discrete-event systems modeled by state machines or
automata. Hybrid systems are prevalent in various applications, including automotive
systems, robotics, and aerospace, where the integration of different types of dynamics
is crucial for performance and reliability. Switched systems are a specific subclass
of hybrid systems where the primary focus is on systems that switch between differ-
ent subsystems, each with its own continuous dynamics. The switching is typically
governed by predefined rules or external signals [0].

The key components of a hybrid system include the following (shown in Fig-
ure 1.1):

o Continuous dynamics: Represented by continuous-time control systems,

such as linear systems described by @ = Az + Bu, where x is the state vector,



u is the control input; A and B are system dynamic matrices.

e Discrete dynamics: Modeling using finite-state automata or state machines,
where the system transitions between discrete states based on specific conditions

or inputs.

o Interaction mechanism: The continuous and discrete components interact,
with the continuous state influencing the discrete transitions and vice versa.
For example, a car’s automatic transmission system uses speed (a continuous

variable) to decide the moment to shift gears (a discrete event).

Binar ] . .
inputs Discrete dynamics Binary

/ and logic Y"p”ts

Events

Real-value

Real-value]  dynamics _
inputs

outputs

Figure 1.1: Diagram of the hybrid system including the continuous dynamics, logic-
based discrete dynamics, and their interaction mechanism.

The field of hybrid systems is inherently interdisciplinary, leading to various per-
spectives across different research communities. For instance, computer scientists
often utilize hybrid systems to describe algorithm logic, focusing on the discrete be-
havior of the system while assuming the continuous dynamics are relatively simple.
In this context, fundamental concerns include well-posedness, simulation, and veri-
fication. Conversely, researchers in the domain of systems and control theory often
treat hybrid systems as continuous systems with switching, placing more emphasis on
the properties of the continuous state. For them, key issues revolve around stability
analysis and control synthesis.

In this dissertation, discrete-time systems characterized by discrete switching
events, commonly referred to as switched systems, are studied. A switched system
can be derived from a hybrid system by ignoring the specifics of the discrete behavior
and instead considering all possible switching patterns within a predefined class of
behaviors. This shift in focus marks a notable departure from hybrid systems, partic-

ularly in the analysis phase. In switched control design, the details of the switching
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Figure 1.2: Hybrid systems in our life.

mechanism become more critical, although typically only the essential characteristics
of the discrete behavior are analyzed and utilized. While switched systems can origi-
nate from hybrid systems, we will focus exclusively on switched systems and generally
avoid explicit references to this connection.

Hybrid systems and switching dynamics are widely present in our real life. Fig-
ure 1.2 shows many systems that contain hybrid properties. The communication base
station shown in Figure 1.2a and the complex networks shown in Figure 1.2b are sys-
tems that have system structure switching. The hydrogen refueling station (HRS) in
Figure 1.2¢ has an input switch. Another kind is like this biosystem in Figure 1.2d,
the object, the egg cell, is switching at the moment when the pipette is inserted into
the surface.

In the following section, a brief literature review of the stability analysis and

control of switched systems is introduced.



1.1.1 Stability and stabilization

As a typical class of hybrid systems, switched systems have been well investigated
from both the academic and industrial communities in the last decades. A switched
system is composed of a collection of subsystems and a switching event that indicates
the active subsystem mode at each time instant [0]. It has been widely applied to
model many practical systems with multiple-mode characteristics, including systems
with time delay [7, 8], with intermittent failures [9, 10], with external triggers [11,12],
and with operating regions [13, 1], etc. So far, the research on switched systems
has attracted significant attention on different aspects, e.g., stability analysis [15, 16],
controller synthesis [17, 18], and filter design [19,20].

The stability of switched systems focuses on how the system’s overall stability is
affected by switching between different subsystems. Switched systems are composed
of multiple continuous-time subsystems, and stability analysis seeks to ensure that
the system remains stable despite the switching process.

Controlling switched systems presents several challenges due to the complexity of
modeling and analyzing systems that involve both continuous and discrete dynamics.
The first one is stability analysis. Ensuring the stability of a switched system, espe-
cially under frequent switching or in the presence of uncertainties, is a complex task
that requires advanced mathematical tools and methods. Another potential problem
is computational complexity. An ideal control strategy for the switched system is op-
timal control, but it causes a demand for solving large-scale optimization problems,

which can be computationally intensive.

1.1.2 Classification of switched systems

From the view of the timing and nature of the switching events, switched systems with
time constraints can be categorized into different classes, including dwell-time (DT)
switched systems, average dwell-time (ADT) switched systems, and persistent dwell-
time (PDT) switched systems.

o DT switched system: This type of switched systems is classified according to
the switching signal that occurs at predefined discrete time instants. The system

transitions between modes only at specific, regularly spaced time intervals [15].

o ADT switched system: This type of switched systems is defined where the

switching between modes is governed by a constraint on the average dwell time.



The average dwell time refers to the average duration for which the system
remains in one mode before switching to another. This concept is used to

ensure stability by limiting the frequency of switching events [21].

o« PDT switched system: This type of switched systems is characterized by
the time spent in each mode satisfying a lower bound known as the persistent
dwell time. This condition ensures that the system remains in each mode for

at least a minimum amount of time before switching to another mode [22].

1.1.3 Control of switched systems

The control of switched systems requires specialized strategies that can handle both
continuous evolution of system states and discrete changes triggered by events or
conditions. Meanwhile, considering the challenges mentioned above, several typical

approaches have been developed to control the switched system.

o Switched control: In this approach, the system switches between different
controllers or subsystems based on certain conditions, such as the states of the
system or external inputs. Each controller is designed to handle specific oper-
ating conditions, and the switching logic ensures that the transition between

controllers is smooth and does not cause instability.

e Optimal control: Optimal control strategies for switched systems involve de-
termining the best control actions and switching sequences to optimize a given
performance criterion, such as minimizing energy consumption or maximizing
efficiency. This often requires solving complex optimization problems that ac-

count for both continuous dynamics and discrete events.

« MPC: This control framework originates from traditional optimal control
methodology, with two key advantages: receding-horizon optimization and con-
straint satisfaction. MPC is an advanced control strategy that has the ability to
use a model of the switched system to predict future behavior and optimize con-
trol actions over a finite prediction horizon. For switched systems, MPC must
handle both the continuous evolution of the system and the discrete transitions,

making it a powerful but computationally demanding approach.



Table 1.1: Overview of MPC approaches.

METHODS SYSTEM FEATURES

Classical MPC nominal systems (uncertainty-free)

RMPC systems with additive and/or multiplicative distur-
bances (hard constraints)

SMPC systems with additive and/or multiplicative distur-

bances (chance constraints and/or expectation of objec-
tive function)

Data-driven MPC  online/offline data collection, systems with unknown dy-
namics/coefficients

Switched MPC hybrid (switched) systems with time constraints

1.2 Model predictive control (MPC) with hybrid

systems

1.2.1 MPC overview

MPC for switched systems involves solving an optimization problem that accounts
for both continuous and discrete dynamics. This is often referred to as mixed-integer
nonlinear programming (MINLP) systems or piecewise affine (PWA) systems, where
the system’s behavior is piecewise linear depending on the current mode or state. In
this section, a literature review of MPC is illustrated.

This section presents the fundamental concepts and applications of MPC. The
following four types of MPC will be briefly introduced: Classical MPC, robust MPC
(RMPC), stochastic MPC (SMPC) and data-driven MPC. A brief overview of all the
features of these MPC approaches are summarized in Table 1.1, and the literature
review of these approaches are discussed in the following subsection.

A basic operating procedure of MPC is introduced in [23,24]. Figure 1.3 shows
this process intuitively. The blue dashed lines are constraints of states, and the red
dashed lines are constraints of inputs. The red dash-dot line represents the output
setpoint of the states, which is the control target of states. The blue curve indicates
the actual and predicted state trajectory, and the green poly-line indicates the actual
and predicted control action. At each time instance k, the MPC is solved, and a series
of system states and control inputs among the control horizon and prediction horizon
is obtained to control the system states converge to the setpoint. The control horizon

might be shorter than the prediction horizon of states. A mathematical equation that



describes the system model is identified:

Trs1 = f(2k, up) (1.1)

and several equations and inequalities reflecting physical constraints are considered:
0

(1.2)
0

where f(-,-) denotes the dynamic mapping from the state and the input at time
k to state at time k 4+ 1, F(-,-) and G(-,-) represent inequality and equality con-

straints, respectively. At the time &, the system’s future behavior (such as the state

State constraints

Predicted output Output setpoint

. —l_l—|_|_|_L Control action
Input constraints

k|, Control horizon Time

Figure 1.3: The schematic diagram of MPC.

trajectory) is computed based on the identified model in (1.1) and control inputs
uy, := {Uojk, U1k, - - -, Un—1k }, Where the subscript “p|k” denotes p time instant ahead
from time k. The length of this prediction, denoted by N, is called “prediction hori-
zon” on which a cost function Ji(zg, uy) is defined that often involves both system’s
future states and control inputs. Here, the system’s future states on the horizon can
be predicted by the current system state xj, control inputs ug, and the identified
system model in (1.1). An optimization problem P is to be solved at time k with

the cost function of Ji(zx,ux) subject to constraints in (1.2). The optimal solution



of P, generates a control sequence:

uz = {uaka uT|k7 ce 7U*Nfl\k}' (13>

After applying the first element of the control sequence uj in (1.3), i.e., uglk, the

system state xp moves one step ahead and transitions to the next state xp,;.

Compared to other control frameworks, MPC has three key distinguishing fea-

tures [25, 20]:

1)

Direct consideration of various types of physical constraints, such as input con-

straints, state constraints, time constraints, etc.

Online prediction of system’s future behavior based on the identified system

model.

Receding-horizon optimization of a predefined cost function that involves both

system’s future behavior and physical constraints.

It is worthwhile to highlight the three features of MPC:

The first feature is capable of flexibly introducing practical constraints into the
MPC control framework, such as quadratic constraints for obstacle avoidance,
integer variables for discrete events, etc. Particularly, if the constraints can be

violated to a certain extent for better performance, the problem boils down to
the so-called SMPC.

The key point of the second feature lies in the difficulties in getting a precise
mathematical description of a “system model”, which motivates the study of
data-driven MPC problems.

The third feature attracts a lot of attention in developing effective and efficient

numerical algorithms for online optimization.

Till now, there are a lot of available optimization toolboxes that can be integrated
to MPC, such as CVX, GUROBI, IPOPT, etc. Some representative applications are

listed as follows:

1)

Robotics: flying robots [27], parafoil and payload systems [28], and wheeled

vehicles [29].



2) Industrial electronics: pulse width modulation (PWM) inverters [30], direct

power control [31], power converter [32], and power electronics [33].

3) Process control: chemical processes [34], multirate networked industrial process

control [35], steam generators [30], and process economic performances [37].

4) Power plant: super-heaters [38], power management for hybrid electric vehicles

(HEVs) [39], microgrids [10], and thermal energy storage systems [11].
6) Multi-agent systems: schemes for consensus [12] and transportation networks [13].

7) Cyber-physical systems: resilient control under attacks [11] and systems with

multiple state delays [15].

Although many common control schemes such as proportional-integral-derivative
(PID) control are popular control methodologies in practical applications, MPC shows
its unparalleled advantages in handling complex control problems that often involve

multi-variables, constraints, and online optimization.

1.2.2 MPC for systems with uncertainties

In the classical MPC framework, the controlled plant of a system is assumed to be
well known, i.e., the system’s future behavior can be precisely described by an exactly
known mathematical equation in a deterministic form. However, due to practical rea-
sons such as unavoidable modeling errors or unpredicted external disturbances, con-
trol systems always involve uncertain model structures or parameters. The concepts
of robust control and stochastic control is therefore introduced and further integrated
into classical MPC, leading to two related but distinct research topics, i.e., RMPC
and SMPC. In Table 1.2, representative RMPC and SMPC schemes for handling
systems with uncertainties are presented.

Two typical uncertainties generally considered in dynamic systems are additive un-
certainties and unstructured uncertainties (or multiplicative uncertainties). To handle
linear /nonlinear systems with additive/unstructured uncertainties, four methods are

developed, which are shown in Table 1.2.

1.2.3 Robust MPC

The primary goal of robust control is to design controllers that ensure the closed-loop

system remains stable and meets predefined performance criteria, even in the presence
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Table 1.2: Representative RMPC and SMPC schemes for uncertain systems.

Additive disturbances Unstructured uncertiainties
Methods
Linear system | Nonlinear system | Linear system | Nonlinear system
RMPC min-max [46,47] [48, 49 [50] [49]
tube-based | [51,52] [53] [54, 55] [56]
SMPC analytical [57-60] [61-63] [64,65] [66]
randomized | [67-09] [70,71] [72]

of uncertainties. Incorporating robust control principles into classical MPC has led
to significant advancements in RMPC research. Along with the research on RMPC,
min-max RMPC and tube-based RMPC have been two popular frameworks.
Min-max RMPC. Classical MPC has inherently robust stability to a certain
degree (details can be found in Chapter 3 of the book |

state and control input constraints, the robustness margin may be super small or even

]). However, in the presence of

nonexistent. Alternatively, one of the promising solutions for obtaining the robustness
guarantee is the min-max MPC method, which can simultaneously handle parametric
uncertainties and external disturbances, achieving a desired control performance with
a smaller region of attraction (compared to that of classical MPC).

Min-max MPC is theoretically more robust than classical MPC but is hindered by
its high computational complexity, thus its use in real-world applications. However,
the progress in optimization techniques and the increasing affordability of hardware
with powerful computational capabilities enable min-max MPC to be a more feasible
solution [71].

Tube-based RMPC. Another promising method for handling uncertain systems
is tube-based RMPC. The main idea is to ensure that all possible realizations of the
disturbed state trajectory lie in a pre-computed uncertainty tube under the closed-
loop MPC framework. The key steps of tube-based RMPC are how to design the
“center” and “diameter” of cross sections which can form the tube together, and
simultaneously guarantee closed-loop system stability and the recursive feasibility of
the derived RMPC algorithm. One of the representative works was reported in [51]
in which the authors presented a general framework of tube-based RMPC. This
framework later motivated many subsequent theoretical research works and practical
applications.

The tube-based RMPC can be classified into several categories in accordance with
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the type of the tube:

Rigid tube-based RMPC. Rigid tube represents the tube constructed from
the invariant set around the nominal trajectory, ensuring that the actual system
state remains within a bounded region despite disturbances [51]. This is the

most classical type of tube but is more conservative in general [53].

Homothetic tube-based RMPC. Homothetic tube-based RMPC is another
approach that builds on the concept of flexible tube shapes to handle system
uncertainties and disturbances. Unlike the rigid tube approach, the homothetic
tube allows for scaling and translation of the tube, enabling better adaptability

to varying conditions, therefore achieving improved performance [51].

Elastic tube-based RMPC. Elastic tube-based RMPC is a robust control
approach that extends the concept of tubes around nominal trajectories by
allowing the tube to be both scaled and reshaped dynamically. Compared with
the homothetic tube which can only vary the size of each cross-section, the
elastic tube allows the modification of the shape, which increases the flexibility

of this approach [55].

1.2.4 Stochastic MPC

As introduced in Section 1.2.3, the main advantage of RMPC is the guarantee of

system stability and algorithm feasibility even if the system suffers from disturbances.

However, RMPC algorithms have several limitations that prevent them from being

used in practical applications:

1)

It is conservative in some cases where the plant to be controlled can accept
violations of the constraints to some degree, in order to obtain more economic

benefits or improve the overall efficiency [75].

The RMPC algorithms turn the statistical properties of the uncertainties into
an upper bound, but actually the uncertainties may seldom reach the upper
bound.

For some specific systems, the system properties cannot guarantee the satisfac-
tion of the robust constraints; hence, the system must tolerate some constraint

violations [70].
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To overcome these limitations, researchers have presented a series of SMPC control
schemes to describe, analyze, and synthesize the controlled systems in a more general
way since RMPC can be seen as a special case of SMPC. The SMPC methodology
formulates the uncertainties with their statistical descriptions, such as the probability
distribution function or expectation, being particularly closer to the nature properties.

The so-called “hard constraints” used in RMPC are reformulated as “stochastic
constraints” which will allow violations of constraints as long as the overall violations
follow a predefined probability. The cost function of the optimization problem is also
transformed into a corresponding modality.

SMPC has been successfully applied in some applications where a reasonable num-
ber of violations can be allowed or cannot be avoided. The representative applications
include intelligent building systems, optimal operation of energy systems, intelligent
vehicle path planning and control, and so on.

On the other hand, SMPC can be classified into two groups from the theoretical
perspective [76], as shown in Table 1.3: Analytical method constructs a stochastic
tube with the terminal set, and converts the chance constraints to deterministic in-
equalities by particular matrix manipulations; The scenario-based method randomly
generates uncertain parameters that are subject to specific distributions, and accord-

ingly obtains the optimal control input.

Table 1.3: Two representative SMPC control schemes.

Methodology | Expected value Joint constraints Independent constraints
Analytical [64, 66] [77-80] [65]
Sample-based | N/A [69,81,82] N/A

The primary advantage of SMPC, compared to RMPC, lies in its stochastic con-
straints feature. It essentially allows the system to violate constraints as long as a pre-
defined probability of such violations can be followed, and therefore, provides a larger
solution space for potentially better performance [59]. Due to this feature, SMPC is
widely used in a lot of constraints-nonsensitive applications, where the pre-set upper
and lower bounds are allowed to be slightly violated. For instance, in [33], the au-
thors employed an SMPC strategy for building climate control that also integrated
predictions of weather in the next hours so as to increase energy efficiency while re-

specting desired occupant comfort. Simulation and experimental results demonstrate
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that SMPC significantly outperforms other control methods, like rule-based control
and performance bound control.

However, traditional SMPC algorithms, e.g., algorithms developed in [33], are of-
ten of high computational complexity since they involve the mathematical operation
of high-dimensional system state or input probabilities. To address this issue, a vari-
ant of standard SMPC methods, termed scenario-based MPC (SCMPC), is presented.
The main idea of SCMPC is to address uncertainties by considering multiple possible
future scenarios, each representing a different realization of the stochastic variables.
Scenarios are typically generated by sampling from the probability distributions of
the uncertain parameters or disturbances.

Tube-based SMPC. The authors in [79,84] presented a seminal framework for
tube-based SMPC that can ensure system stability and feasibility by calculating a
stochastic tube and further letting the terminal state of the system always be within
this tube in the established optimization problem.

In [65], the authors proposed the tube-based SMPC for linear systems with both
additive and multiplicative disturbances, considering probabilistic constraints. The
main technique is the utilization of vertices of polytopic sets to cover all uncertain-
ties with a prescribed probability, for the purpose of reducing the conservativeness.
Although the conservativeness is lowered to some extent by such a mathematical oper-
ation, the main idea still follows robust control or RMPC where the worst case among
all uncertainties is taken into account. For the further reduction of conservativeness
in the field of SMPC, the authors in [57] presented a novel concept called explicit tech-
nique in 2010. This technique can turn probabilistic constraints into deterministic
constraints while respecting constraints under the predefined probability. In partic-
ular, the authors ingeniously put probabilistic constraints to a finite-dimensional al-
gebraic matrix where each element contains the preset probability and states/inputs
variables. The equivalence between the probabilistic constraints and deterministic
constraints is strictly demonstrated by illustrating the operation of this algebraic ma-
trix, and the recursive feasibility of the derived algorithm and the stability of the
considered system are guaranteed.

Although the explicit technique, developed in the seminal work of SMPC in [57],
has addressed the probabilistic constraints problem, it still has two main limitations.
On the one hand, this technique only works for state or input constraints in a simple
form, such as

Pr(z < h) > p,
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where xj, represents system state at time k, h and p € [0, 1] are preset constants, and
Pr(-) is the probability function; it cannot fit a more general case like Pr(f(x) < h) >
p. On the other hand, the price to pay for the conversion from stochastic constraints
to deterministic constraints is the high computational cost of iteratively calculating
the algebraic matrix. To extend the SMPC to a more general case and further relax
the computational cost, the authors in [70] developed a one-step-ahead sample-based
SMPC method. The main idea of this method is to draw samples subject to preset
probabilistic constraints from the current time instant k to k+ 1 (only one step), and
thereafter turn this problem to RMPC formulation from k + 1 to the terminal time
instant. Actually, this is a promising solution since its first step belongs to SMPC,
and the rest belongs to RMPC. The authors also claimed that this approach would
decrease the conservativeness a little more than the explicit SMPC approach. This
idea also inspires scenario-based SMPC, which will be reviewed in the next section.

It should be noted that since the explicit SMPC theoretical framework was estab-
lished in 2010, a large number of works were reported by extending explicit SMPC
to different control disciplines, such as distributed control [35-87]. For instance,
in [85], the authors developed a cooperative distributed SMPC algorithm that allows
the system to violate predefined constraints as long as the violations follow a preset
probability.

Scenario-based SMPC. Although explicit SMPC provides a complete theoret-
ical framework for handling probabilistic constraints with both recursive feasibility
and stability guarantees, the high computational cost limits its widespread usage.
An open problem arises: Can we invent a method similar to rolling dice to address
the design and optimization issues of SMPC? Actually, a naive idea to handle the

probabilistic constraints can be formulated as follows:

Step 1: Draw samples from possible uncertainties (subject to probabilistic constraints).

Step 2: Solve the optimization problem (note that the optimization problem does not

contain any uncertainties once we consider a specific sample).
Step 3: Check the optimization result to see whether the solution is feasible.

Step 4: Decide if we use the solution in Step 3; If not, turn to Step 1 and repeat the

aforementioned steps.

The authors in [38] first presented a rolling dice idea similar to the above four
steps, which marks the beginning of the study of SCMPC. The authors proved that
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the probability of violations of constraints will decrease while the number of samples
increases, which aligns well with our basic thinking. The most important conclusion of
the paper is how to determine the minimal number of samples to meet the requirement
of the probability of constraints since it provides an effective approach to identifying
when to stop the sampling process. However, the crucial properties of the system, like
recursive feasibility and stability, are not proved. Moreover, the computational cost
remains high, as the number of optimization problems corresponds to the number of
samples.

To reduce the computational burden in [$8], D. Bernardini and A. Bemporad
came up with a clever method that contains two steps for searching for the best
solution. The first step is to refine samples that have the potential to induce the
best solutions [$9]. The authors introduce the concept of optimization tree to screen
effective samples which may need to be calculated in the optimization process where a
set of linear matrix inequalities is introduced. In the second step, users need to solve
optimization problems whose number is equivalent to refined possibly best samples.
Although this approach efficiently avoids some unnecessary calculations in the first
step, it still contains several optimization problems to be solved.

To further lower the computational cost as well as the conservativeness, S. Georg
updated the algorithm in [89], and significantly reduced the number of calcula-
tions [69]. The main idea of [09] is to draw samples in the first step, where each
sample corresponds to a vector of uncertain parameters, and a deterministic cost
function. In the second step, all the cost functions are added together to form a new
cost function, and users only need to solve the optimization problem (consisting of the
new cost function and previous deterministic constraints) once to obtain a solution.
The authors strictly proved that such a solution is feasible and can ensure the system
stability.

Risk-sensitive MPC. The main idea of risk-sensitive MPC is to incorporate risk
awareness into the control optimization process, explicitly accounting for uncertainties
and potential risks in the system. A general risk-sensitive objective function often

takes the form:
N—1

Z ﬁ (ﬂfk, uk)

k=0

J=E + X - Risk Measure,

where

o E[] is the expectation operator,
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o ((xy,uy) is the stage cost (e.g., tracking error, control effort),

)\ is the risk-sensitive parameter (tuning the trade-off between performance and
risk),

e Risk Measure quantifies the risk.

Unlike traditional MPC, which typically focuses on optimizing expected perfor-
mance (e.g., minimizing average cost), risk-sensitive MPC aims to balance perfor-
mance with the sensitivity to risk arising from system uncertainties, such as distur-

bances, noise, or model inaccuracies. Interested readers can refer to [90,91].

1.2.5 Data-driven MPC

An accurate mathematical model is crucial for control tasks, but is often difficult to
obtain, especially for high-dimensional complex processes. Therefore, it is in high
demand to develop novel control approaches that can be implemented directly based
on data [92]. In the last decade, data-driven MPC has been one of the promising
methods for addressing this emerging challenge [93]. The main advantages of data-
driven MPC include directly handling constraints, prediction-based optimization, and
model-free control input generation.

Existing results on data-driven MPC can be classified into indirect and direct
approaches [91]. The direct approaches solve the control problem directly by data,
such as reinforcement learning-based MPC [95,96]. Most direct approaches generally
need abundant initial data for training or a good enough initial guess of the system
dynamics at the beginning. The indirect approaches involve identifying the model
parameters from data which is then used in a certainty-equivalent control design.
Indirect approaches consider advanced system identification methods, such as deep
learning and recurrent neural networks [97]. For example, the interpolated Koopman
operator is a kind of indirect approach to transfer the high-dimensional nonlinear
system to a low-dimensional surrogate model that is used for prediction in the MPC
optimization problem [98]. In [99], a robust data-driven MPC scheme based on the
Hankel matrix is proposed with guaranteed closed-loop stability and robustness, but
it requires a sufficiently large input-output data set which satisfies the persistent
excitation condition.

Compared with the above indirect approaches that require sufficient offline cal-

ibration data, direct approaches are very suitable for a class of practical scenarios
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in which the offline identified models cannot reflect the dynamics of the in situ sys-
tem. For instance, the connections among smart grids change rapidly to respond
to the time-varying energy demand [100], and the crowd and fluids flows vary un-
predictably with both time and space [101], just to mention a few. Since system
dynamics is constantly evolving, these examples necessitate a precise and rapid on-
line model adaptation to accurately capture real-time changes. Relying solely on
offline-identified models, without considering real-time variations, nonlinearities, ex-
ternal disturbances, or parameter drift, may lead to degraded system performance

and, in extreme cases, result in system instability.

1.2.6 Switched MPC

Switched MPC emerged from the need to address the challenges posed by switched
systems, a class of systems characterized by the ability to transition between multiple
dynamic modes. One of the earliest works related to switched MPC is the seminal
paper by Bemporad and Morari, which addressed control of hybrid systems and laid
the foundation for predictive control strategies tailored for switched systems [102].

One of the typical methods to handle this problem is Lyapunov-based switched
MPC. This approach leverages a Lyapunov function as a stability criterion while ac-
counting for the mode-switching behavior in predictive control. In [103], the switched
MPC problem is examined within the Lyapunov-based MPC framework, assuming a
known switching pattern. To ensure the recursive feasibility of the switched MPC
algorithm, mode transition constraints are incorporated, and multiple Lyapunov con-
straints are applied to guarantee the convergence of the system states. In [101], the
design of MPC for switched linear systems is formulated as a combinatorial optimiza-
tion problem. To address stability issues, a regional control law leveraging a piecewise
Lyapunov function is investigated.

Time constraints are crucial to switched systems since they dominate the switching
frequency and period of the system dwelling at each subsystem, which decides the
system stability and control performance. Thus, some research works have been
devoted to developing different kinds of MPC methods for switched systems under

different types of time constraints.

o For DT switched systems, the switched MPC design is implemented under DT
constraints by accounting for all possible truncated switching sequences within

the prediction scheme [105].
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o The MPC algorithm for switched nonlinear systems under ADT switching sig-
nals demonstrates that recursive feasibility and asymptotic stability of the
closed-loop system can be ensured if each subsystem has a stabilizing MPC

controller and the average dwell-time condition is satisfied [106].

o« PDT has been shown to offer greater generality and flexibility as a time con-
straint compared to dwell-time or average dwell-time. MPC methods leverage
this flexibility to solve the co-optimization problem of switched systems while

ensuring recursive feasibility and stability under time constraints [107].

1.3 Organization and contributions

Considering the hybrid system and the advanced controller discussed in the literature
review, this study explores several key problems, including stabilization analysis, the
design of an advanced MPC controller, and its applications in real-world projects.
Figure 1.4 illustrates the overall organization of this dissertation, with detailed de-

scriptions of each chapter provided in the following sections.

Chapter 1 Introduction I

Th ical lysi - ;
Chapter 2 eoretical analysis e Asynchronous stabilization of discrete-
Chapter 3, 4 time switched linear systems under
Preliminaries .

dwell-time constraints
Stabilization analysis e Error reachable set based stabilization
of switched systems of switched linear systems with
bounded peak disturbances

e Reachable set & Chabter 5.6
P L e Dynamic mode decomposition based

invariant set

« Stability theories Advanced MPC controller MPC
) design of hybrid systems e Scenario-based MPC for obstacles
e Switched system e
o Mixed integer L.
Applications

programming

e Piecewise affine
modeling

e Optimal scheduling and control of
hydrogen refueling stations

Applications of the MPC
to hybrid systems

Chapter 8 Conclusion and future works

Figure 1.4: The organization of the dissertation.
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o Chapter 2 introduces the notations used in the dissertation and some prelim-

inary results that will be used in the dissertation.

o Chapter 3. This chapter investigates the asynchronous stabilization problem
for a class of discrete-time switched linear systems under dwell-time constraints.
A novel concept called “basic pattern” is proposed to precisely characterize
all the admissible sequences of switched systems under asynchronous switch-
ing. Compared to existing methods which are devoted to constructing different
Lyapunov functions for achieving less conservative stability conditions, here
we report a convex stability criteria of asynchronously switched linear systems
based on the established basic patterns. The derived stability conditions depend
on an integer parameter that can be possibly unbounded to achieve the non-
conservativeness. The convex feature of the proposed stability criterion further
facilitates the computation of the l5-gain and H,, control problems. Simulation
results verify the validity of the derived theories and demonstrate that the pro-
posed control method outperforms several existing approaches reported in the

literature.

o Chapter 4. This chapter studies the error reachable set based stabilization
problem for a class of discrete-time switched linear systems with bounded peak
disturbances under PDT constraints. A double-clock-dependent control scheme
is proposed to split the disturbed switched system into a nominal system and
an error system, and assign to each system a controller scheduled by a clock. A
necessary and sufficient convex stability criterion is presented for the nominal
system, and is further extended to the stabilization controller design with a
nominal clock. In the presence of bounded peak disturbances, another stabi-
lization controller with an error clock is developed for the error system, with
the purpose of “minimizing” the reachable set of the error system by the ellip-
soidal techniques. It is demonstrated that the disturbed system is also globally
exponentially stable in the sense of converging to an over-approximation of the
reachable set of the error system, i.e., a union of a family of bounding ellip-
soids, that can also be regarded as the cross-section of a tube containing the
trajectories of the disturbed system. Simulation studies are provided to verify

the effectiveness of the developed results.

o Chapter 5. This chapter integrates the dynamic mode decomposition, a
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lightweight model identification technique, into data-driven MPC, and presents
the analysis of the recursive feasibility and stability. The contributions are
three-fold: (1) converting the effect of additive disturbances into multiplicative
uncertainties, (2) the calculation of the upper bound on dynamic mode decom-
position (DMD) predictor errors, (3) the calculation of the upper bound on
DMD predictor errors, and (4) the trimodal control mechanisms to guarantee

the closed-loop stability and recursive feasibility.

Chapter 6. This chapter investigates the problem of path planning with ob-
stacle avoidance under stochastic constraints. The contributions are three-fold:
(1) formulating the path planning problem with a preferred probability of con-
straint violation, enabling cost optimization under stochastic conditions, (2)
proposing a novel concept of candidate paths to represent all possible combina-
tions of linear constraints, addressing the non-convexity of obstacle constraints,
(3) developing a conditional scenario algorithm to transform the non-convex
optimization problem into convex sub-problems, making it compatible with
the SCMPC framework. Finally, the proposed approach is validated through
simulations, demonstrating its effectiveness in ensuring obstacle avoidance and

recursive feasibility.

Chapter 7. This chapter illustrates a case study of optimal control for hybrid
systems. This case involves the so-called HRS Optimization. In this practical
example, we investigate energy-saving strategies for HRS by developing a coor-
dinated control framework to minimize energy consumption during the refueling

process.

Chapter 8. This chapter concludes this dissertation and presents future re-

search directions about hybrid system control.
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Chapter 2
Preliminaries

In this chapter, we will provide some notations utilized in this dissertation. We
will also give some definitions of basic concepts and theories including reachable
set and invariant set, stability theories, switched systems, mixed-integer nonlinear

programming (MINLP), and piecewise affine (PWA) functions.

2.1 Notations

In this dissertation, R denotes the dimensional Euclidean space; R, denotes the set
of non-negative real numbers; R” represents the vector space for n-tuples of real num-
bers; R™*™ represents the real matrix containing n rows and m columns; Z denotes the
set of integers; Z, denotes the set of non-negative integers; Zs; := {k € Z, | k > t};
Lty ts] = {k € Z |ty < k < t,}.

For a set P, we use |P| to denote the cardinality. P; denotes the ith element,
and P; ; denotes the jth element of P;. 7(-) denotes the largest singular values. The
ly-norm of a sequence w € l5[0,00) is denoted by [Jwl|,, = (352 wiwe)/?. The set
of n x n symmetric positive definite matrices is denoted by S?,,.

For a list A, we use |A| to denote the list length. A; denotes the ith element of A,
and A, ; denotes the jth element of list A;,i =0,1,...,|A|—1,7=0,1,... |4 -1
AT denotes the transpose of A. ||z||s = d(z, S) denotes the distance of a point x € R
from a set S C R" and is defined by d(z,S) := infz{d(z,z) | £ € S}, where d(z, )
denotes the distance between x and z.

The notation [ - || denotes the infinity norm of vectors or matrix. Also, |[|z||3

denotes the shorthand of 2"Qz. 0 denotes the vector whose elements are all 0.
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The maximization of a vector in a linear programming problem is given as y; =

-----

every [th element of vector y, the maximum solution can be found by the index j.
Moreover, in this dissertation, E denotes the expectation operator; U([fy,02])
denotes the uniform distribution on the interval [0, 05]; N (1, 0?) denotes the normal

distribution with mean of ; and variance of o2

2.2 Basic concepts

2.2.1 Reachable set and invariant set

Consider an autonomous system in the state-space representation

#(t) = f(a(t)). (2.1)

This system is defined in a proper open set O C R"™. Its positive invariance is defined

as follows.

Definition 2.1. (Positive invariance). ( [105], Definition 4.1). The set S C O is
said to be positive invariant w.r.t. (2.1) if every solution of it with initial condition
x(0) € S is globally defined and satisfies x(t) € S fort > 0.

Definition 2.2. (Robust positive invariant (RPI)). ( [108], Definition 4.3). The set
S C X is said to be RPI if, for all x(0) € S, the solution x(t) € S holds for allt > 0.

Definition 2.3. (Distance from a set). ( [105], Definition 4.5). Given a set S C R"
and a point y € R"™, the distance is defined as

dist(y, ) = mf [ly —wll, (2.2)

where || - ||+ is any relevant norm.

Definition 2.4. (Positive invariant set). ( [108]). The closed set S is positive in-
variant, if for all to, the condition x (ty) € S implies x(t) € S fort > t.

Consider a discrete-time system
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A A-contractive set is a concept used in control theory and stability analysis, particu-
larly in MPC and invariant set theory. It describes a set of states that contract under
a given system’s dynamics by a factor A in each step. The contractive set is defined
on the basis of the Minkowski function. Hence, the definition of the Minkowski func-
tion (gauge function) and the contractive set S of a discrete-time system are given as

follows.

Definition 2.5. (Minkowski function). ( [109]). A function ¥ : R"™ — R is said to

be a Minkowski function if the following conditions are satisfied
(a) V(z+y) <V(x)+ ¥Y(y), for all x,y € R",
(b) U(z)>0,¥(z) =0<2=0, and for u >0, ¥(uz) = p¥(x).

Definition 2.6. (Contractive set). ( [105]). The set S is contractive for the system

Tht1 = f(xlm Uk, wk)7 (24)

where disturbance w € W and input w € U, if and only if there exists a control

function u(x) € U such that, for every x € S, the following condition holds
Us(f(x,u,w)) <X, forallw e W,

where Wg(x) is the Minkowski function of S, for some 0 < A < 1. In this case, the

set S s said to be A-contractive.

2.2.2 Stability theories

In this section, some basic definitions of stability theories are briefly summarized to

illustrate the following chapters.
Definition 2.7. (K,K, KL, and PD functions). ( [20], Definition B.3).

o A function a: Ry — Ry belongs to class KC-function if it is continuous, a(0) =

0, and strictly increasing;

o A function 0 : R, — R, belongs to class Koo -function if it is a class K and

unbounded (o(s) — 00 as s — 00);
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o A function B : R X Z, — Ry belongs to class IKKL-function if it is continuous
and if, for each t > 0, 5(+,t) is a classs K-function and for each s > 0, (s, ) is

non-increasing and satisfies lim;_,o B(s,t) = 0;

o A function v : R — R, belongs to a class of positive definite function if it is

zero at zero (v(0) = 0), and positive everywhere else.

The definitions of asymptotically stable (AS), globally asymptotically stable (GAS),
globally exponentially stable (GES), and globally uniformly exponentially stable
(GUES) are given as follows.

Definition 2.8. (AS). ( [20], Definition B.11). Suppose that the set S is positive
invariant and the set A C S is closed, and positive invariant for (2.3). The set A is
asymptotically stable in S for (2.3) if there exists a KL-function (-) such that, for
eachx € S

|06 2)|a < B(|x]a,7) Vi€ Zxo. (2.5)
Definition 2.9. (GAS). ( [20], Definition B.8). The (closed, positive invariant) set
S is GAS for (2.3) if it can satisfy any of the following statements.

o [t is locally stable and globally attractive.

o There exists a KL function B(-) such that, for each x € R"
6(i:2)]s < B (J2lsi) Vi € Zso. (2.6)

Definition 2.10. (GES). ( [20], Definition B.9). The (closed, positive invariant) set
S is GES for (2.3) if there exists a ¢ > 0 and a vy € (0,1) such that |¢(i; x)|s < c|x|sy
forall x € R" i € Z>.

Definition 2.11. (GUES). ([110]). The equilibrium x = 0 of the system (3.5) is said
to be GUES, if there exist positive constants i and c such that ||z (k)| < ce™** ||z (0)]|
holds for all 6 € Sawen|[T, A] (Definition 2.14), all x (0) € R™, and all k € Z,.

Definition 2.12. (Lyapunov function). ( [20], Definition B.12). Suppose that X is
positive invariant and the set S C X is closed and positive invariant for (2.3). A

function V : X — Rsq is said to be a Lyapunov function in X for the system (2.3)
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and the set S if there exist functions aq, as € Ko, and continuous function oz € PD

such that for any x € X, the following conditions hold:

V(z) = ay (|zls) (2.7a)
Vi) < (|zls), (2.7b)
V(f(x)) = V(z) < —asz(|z]s) .- (2.7¢)

2.2.3 Swiched systems

A switched system is composed of a finite number of dynamic subsystems and a
switching rule to regulate the switching behavior among them. It can model many
practical systems with hybrid characteristics, such as electrical devices/circuits, net-
worked control systems, time-delay systems, etc. A general switched system is defined

as follows.

Definition 2.13. (Switched system). ( [111]). A switched system is described by a

collection of indexed differential (or difference) equations
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where the input is u € R™, x € R™ is the continuous state vector, and o(t) €
{172a"' 7M}éQ

As mentioned in Chapter 1, according to different types of switching mechanisms,
switched systems can be classified into state-dependent switching or time-dependent
switching, where the latter includes three typical sets of switching signals. These

three sets are defined as follows.

Definition 2.14. (DT). ( [112]). The set Sawen|[] is a DT set of switching signals,
if any consecutive discontinuities of o are separated by no less than 7, 7 € Z,. The

constant T is called the dwell time.

Definition 2.15. (PDT). ( [117]). The set Sp_awen|7,T],7 > 0,1 € [0,00] is a PDT
signal set, if there is an infinite number of disjoint intervals of length no smaller than
T on which o is constant, and consecutive intervals with this property are separated
by no more than T'. The constant T is called the persistent dwell time, and T is the

period of persistence.
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Definition 2.16. (ADT). ( [21]). In the context of switched systems, the ADT set
Sa—awen|Tp, No| is defined as:

t
Sa—dwen|TD, No] = {U(t) | N(t) < N+ —, Vt> 0},

D
where

o Su_awen|TD, No] is the set of all admissible switching signals under the given

average dwell time condition.
o N(t) represents the total number of switches up to time t.

o Ny is a fized nonnegative constant, ensuring that a limited number of switches

can occur even in small time intervals.

o Tp is the average dwell time, ensuring that on average, each subsystem remains

active for at least Tp before switching.

It is seen that PDT set is more general than DT and ADT sets because Sqyen[7] =
Sa—dwen|T; 1] = Sp_awen|[7, 0]. For any switching signal o € S,_awen[7p, No|, it holds
that o € Spfdwell[dTDy (STD(NO — (5)/(1 — (5)], o€ (0, 1)

2.2.4 Basic concepts of MPC algorithm

In Chapter 1, we present a literature review of MPC, and in the following chapters,
we will apply and develop MPC schemes to handle the posted control problems with
practical constraints. Here, we introduce some basic ideas of MPC algorithm.
Classical MPC. In the following, we review and introduce a classical MPC
framework with quadratic cost function and linear constraints in the discrete-time
domain. Consider a class of discrete-time linear time-invariant (LTI) systems in the
state-space form:
Tpy1 = Az + Bug, (2.8)

where z, € R™ and u;, € R™are the system state, input, and output, respectively.
The k is the discrete-time instant, taking values in the set of non-negative integers
{0,1,2,...}. The state z; of the system is assumed to be measurable and made
available to the controller at each sampling instant. The matrices A and B are the

system dynamics matrices.
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Suppose that the controlled system in (2.8) is subject to linear constraints. These
constraints may involve both states and inputs restrictions and are commonly formu-

lated as the following set of linear inequalities:
F[Ek + Guk S 1, (29)

where F € R"¢*" (G € R"*™ and the inequality applies elementwise. The ng
denotes the dimensions of state and input constraints and 1 denotes the unit vector.

The cost function in the quadratic form is often given as follows:

oo

J(wo, {uo, ur, ... }) == Z(”xk”é + ||U’k||2R)v

k=0

where the matrix @) is a symmetric positive definite matrix and the R is a symmetric
positive semi-definite matrix, playing roles as weighting matrices of system states and
inputs, respectively. The pair (A, B) is assumed to be stabilizable and the pair (A, Q)
is observable. The reason for the requirement of stabilization is that classical MPC
needs a state-feedback control gain K to stabilize the system, and the reason for the
requirement of observability is that valid states must be contained in the cost function
of the quadratic term z} Qz, in classical MPC. As a result, the optimal solution of
the cost function is a control sequence {u(0),u(1),...} of infinite length and what we

need to do is to solve the following minimization problem:

J* (zg) == min J (zr, {uk, Upt1, Ugt2,---}) - (2.10)
{uk urg1,up 42,0}

The optimization problem in (2.10) is unsolvable due to the infinite dimensions of
decision variables. The dual-mode MPC framework then proposed by H. Michalska
and D. Q. Mayne in [114] can turn it into a finite-dimensional problem, and explicitly
ensure system stability by switching to a precomputed stabilizing control law once
the system reaches a terminal region. This paradigm separates the prediction horizon
into two parts: [k,k 4+ N) and [k + N, 00). Then, the cost function in (2.10) can be

rewritten as:
Nf

Taew) = (il + leel) + lesully (211)

1=

—_
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where W is the solution of the Riccati equation
W=A"WA+Q - ATWB(B'"WB + R)"'B"WA, (2.12)

and the control input wu; is solved online.
Tube-based RMPC. Consider a class of discrete-time linear systems with ad-
ditive disturbance in the form of:
Try1 = Axyp + Buy + wy,

(2.13)
rp € X,up €U,

where z, € R™ and u; € R™ are system state and control input, and w, € W C R™
is external disturbance [73].

Suppose that there exists a state feedback gain K € R™*™ gsuch that Ax =
A+ BK is stable. A set Z is defined as a disturbance invariant set for the closed-loop
system xp11 = Agxr + wg. Then, it holds that:

AxZ®W C Z,

where & represents the Minkowski set addition. Due to the invariant property, the
set Z often serves as the terminal set for the disturbed system, i.e., the optimization

problem in RMPC additionally involves the following terminal constraints:
TNk € Z CX,

which actually enforces that the predicted state at the last step on the prediction
horizon enters the disturbance invariant set. Therefore, the state trajectory will
always stay in the disturbance invariant set and no longer move outside, under the
control of MPC control input supplemented by the state-feedback control law. Note

that state constraint would not be violated because
Tp41 = AKZL‘k + Wi € AKZ oW CZ

This tube plays the key role in guaranteeing the recursive feasibility and further the
system stability (since zyj;, € Z holds at time £, it follows & y_1x41 € Z which ensures

the convergence).
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2.2.5 Singular value decomposition (SVD)

SVD is a powerful linear algebra technique used to analyze and decompose matrices.
It is widely employed in various fields, such as data science, machine learning, signal
processing, and image compression. SVD provides insights into the structure of a
matrix, enabling dimensionality reduction, noise filtering, and the identification of

patterns [115].

Definition 2.17. (Singular value and singular vectors). ([110], chapter 45). Suppose
a complex matrix A with m rows and n columns. If o is a nonnegative scalar, and

u € R™ and v € R™ are non-zero vectors, respectively, such that
Av=ou and A'u=ov,
then o is a singular value of A, and u and v are corresponding left and right

singular vectors, respectively.

This definition indicates the relationship between the matrix with a singular value
and a singular vector. Then, a matrix can be decomposed by its singular values and

singular vectors.

Theorem 2.1. ([115], Chapter 4) Suppose a complex matriz A which has m rows and

n columns with right singular vectors vy, va, ..., vy, Tight singular vectors uy, ug, ..., Uy,
and corresponding singular values oy,0s,...,0,.. Then
T
A= oy (2.14)
tUivy - .
i=1

As a result, from the view of the matrix, another definition is given.

Definition 2.18. (SVD) ( [116], chapter 45). Suppose a complex matriz A which

has m rows and n columns, the matriz product UXV™* is a SVD for the matrix A if

o U and V', respectively, have orthonormal columns,
e X has nonnegative elements on its principal diagonal and zeros elsewhere,
o« A=UXV™.

Let p and ¢ be the number of rows and columns of ¥, where U is m X p,p < m,
and Visn x ¢,q < n. If p=¢ = r, the matrix ¥ is square. This form is called
reduced SVD and denoted by USV*.
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2.2.6 Dynamic mode decomposition (DMD)

The Koopman operator is a mathematical framework that provides a linear perspec-
tive on nonlinear dynamic systems. It is an infinite-dimensional linear operator that
acts on functions of the system state, rather than on the state variables themselves
directly. This shift in perspective enables the use of powerful linear analysis tools to
study nonlinear dynamics. Figure 2.1 shows the idea of the mapping of the Koopman

operator [117].

—>¢k K =¢k+1 K =¢k+2£> Lifted space

g(x,) g(x,) g(x,)

G =mm——————
Gmmm—————
G mmm————

L > Xy, £ :xk+2—F> State space

i

Figure 2.1: Projection mapping of the Koopman operator.

Inspired by the Koopman operator, a lightweight data-driven model identification
technique called DMD is developed for characterizing system dynamics into a linear
form in real time [118]. The essential idea therein is to use online measured input-
output data to regress a linear mapping. This method has been applied to handle the
fluid dynamic problem, such as the helium jet system [ 19]. Compared to other indi-
rect approaches, DMD has a very concise algorithmic framework that is appropriate
to time-sensitive applications, and is capable of performing dimensionality reduction
of high-dimensional systems with sparse data [120].

Due to these features, some works have been conducted to integrate the DMD
with the data-driven MPC for complex dynamic systems, leading to the develop-
ment of DMD-based MPC (DMD-MPC). For example, researchers implemented the
DMD-MPC to control the hydraulic fracturing system which is of high nonlinearity
and high dimensions [121]. The DMD-MPC has also been utilized to operate the
two-dimensional thermal diffusion systems and residential heating systems [122, 123]
whose dynamics are of pretty high dimensions. Moreover, an extended DMD (EDMD)
approach is proposed as an efficient method for approximating the eigenvalues and
modes of the Koopman operator, enabling a linear representation of the system dy-
namics [124]. In [125], the authors design the EDMD algorithm to approximate the
Koopman operator and demonstrate the convergence of the algorithm, then use the

MPC approach to optimize the system performance.
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2.2.7 Mixed-integer nonlinear programming (MINLP)

MINLP is a crucial type of problem in the fields of mathematical optimization and
operations research. This problem involves both continuous and integer variables,
with objective functions or constraints that include nonlinear expressions.

Within the spectrum of optimization problems, MINLP is considered one of the
more complex categories because it combines elements of both integer decision-making
(as seen in mixed-integer linear programming) and nonlinear relationships (as seen in
nonlinear programming). This complexity allows it to model more realistic scenarios
where both discrete choices and nonlinear dynamics are present. MINLP problems are
complex due to their hybrid nature of variable types and the presence of nonlinear
dynamics, making them challenging yet essential for handling real-world problems
that require nuanced solutions across various disciplines.

MINLP is a general modeling form in optimization including nonlinear program-

ming (NLP) and mixed-integer linear programming as subproblems.

Definition 2.19. (MINLP). ( [120], Chapter 1). The general form of the MINLP
is defined as

4
minimize  f(z,vy),
X

subject to  c¢(x,y) <0,
r e X,

(2.15)

y € Z,

\
where f: R™ = R and ¢ : R" — R™ are twice continuously differential functions, x €

X CR" are continuous variables with constraints, and y € Z are integer variables.

The problem (2.15) is an NP-hard combinatorial problem that is hard to find the
optimal solution, especially when the dimension of states is high. However, many

control problems contain integer control inputs and are actually an MINLP problem.
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Chapter 3

Asynchronous stabilization of
discrete-time switched linear
systems under dwell-time

constraints

This chapter investigates the asynchronous stabilization problem for discrete-time
switched linear systems under dwell-time constraints. In this chapter, a novel “basic
pattern” concept is introduced to characterize the system. It is further adopted to
establish a non-conservative convex stability criterion for the addressed system under
a linear state feedback controller with adaptive feedback gain design. Comparative

simulation results show the advantages of the proposed method over existing methods.

3.1 Introduction

In engineering practice, a switched systemevitably needs some time to identify the
activated mode or start the corresponding controller, resulting in the undesirable time
lag between system modes switching and controllers switching. This phenomenon is
called “asynchronous switching”. For instance, the scheduling of controllers under
asynchronous switching can introduce a noticeable delay which may lead to a collision
in the teleoperation [127]; other examples involving the asynchronous switching in
mechanical or chemical systems can be found in [128, 129]. It is underscored that

although the asynchronous switching exists in many switched systems, some of them
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can be neglected when the dwell-times are far larger than asynchronous durations:
The performance degradation is insignificant in this case. Thus, the interest of this
work focuses on the case where the two-time scales are in the same order.

Some results have been reported on the stability analisys of synchronously switched
systems [130-135]. Recently, graph-based approaches are increasingly utilized for
stability analysis of switched systems in continuous-time and discrete-time domains.
For instance, in [132], admissible switching paths are characterized in a graph, and
finite-path dependent Lyapunov function is accordingly established for uniformly ex-
ponential stability. In [133], the authors reformulate a switched system as a graph,
and then propose a set of graph-based stability conditions for dwell-time switching
systems. In [134], a novel Lyapunov function for continuous-time switched systems is
presented, and the sufficient stability conditions in the dwell-time setting are also de-
rived based on the path-completed graph framework. Its generality is further proved
by re-stating seminal works [133, 135].

On the other hand, the asynchronous stabilization problem of switched systems
has attracted considerable research attention [136-112]. To mention a few, in [130],
the authors point out the conservatism of constant-gain controllers. This inspires
researchers to explore new formalisms for Lyapunov functions and controllers that
are better suited to handling asynchronous features. In [137], the authors propose a
class of Lyapunov functions that increase in the asynchronous intervals and decrease
in the synchronous intervals. However, the derived stability criterion is conservative
and only the weighted l5-gain can be obtained; yet, the weighted form cannot meet
practical requirements. To solve the open problem of determining a non-weighted
lo-gain [138], a dwell-time dependent Lyapunov function (DTDLF) is constructed
in [139] which facilitates the asynchronous control and a non-weighted l5-gain of the
closed-loop system. However, the obtained stability conditions can only provide suf-
ficiency. In [110], a quasi-time dependent Lyapunov function (QTDLF) is established
to achieve a non-weighted lo-gain by extracting the weighted coefficients. In [141],
another novel Lyapunov function is established in the continuous-time domain to fit
the asynchronous feature. A non-weighted l»-gain is also obtained by using the co-
efficients extraction technique. However, one possible drawback of the coefficients
extracting technique lies in that, the introduction of tuning parameters makes the
achieved noise attenuation level very sensitive to these parameters. Moreover, as an-
alyzed in [143], the derived stability conditions cannot guarantee the necessity. In

view of this, an important question arises: How to develop a non-conservative sta-
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bility criterion of asynchronously switched systems under dwell-time constraints, and
the criterion preserves convex features for achieving a non-weighted l5-gain?

To tackle this problem, we adapt the formalism of the graph-based [132-135]
and virtual-clock approaches [144] to the asynchronously switched systems subject to
dwell-time constraints. We present a novel conception called “basic pattern” which
involves all the possible combinations of system modes and scheduled controllers under
the asynchronous switching. For any concerned asynchronous conditions, we provide
a method to construct a finite number of basic patterns and make post-concatenation
rules for a precise characterization. Upon this idea, we propose a convex stability
criterion for the closed-loop asynchronously switched linear system the discrete-time
domain. The derived stability conditions depend on an integer parameter that can
be possibly unbounded to reach the non-conservativeness. Moreover, a non-weighted
l>-gain of the closed-loop system can be guaranteed by extending the derived stability

criterion to the disturbed systems.

3.2 Problem formulation

Consider a class of discrete-time switched linear systems:

Tip1 = Aoy T + Bo(i) Ui, (3.1)

where z;, € R" denotes the system state, u, € R™ denotes the control input, A, €
R"=*"= and Byx) € R"*™ dictate the system dynamics at the kth sampling instant,
ke€Zy ok):Z, — Iy := Z[1,N] indicates the activated subsystem among N
possible modes. Let kg, k1, ..., ks, ... be the switching instants, s € Z, and zy € R™
be the initial state. Without loss of generality, we fix ky = 0 in this work for simplicity.

According to Definition 2.14, the admissible switching signals satisfy the inequal-
ities kgy1 — ks > 7, Vs € Z.,. Under the asynchronous switching, the switched system
may not detect the activated subsystem or start the matched controller in time,
undesirably resulting in the unmatched closed-loop systems. Let A, be the asyn-
chronous duration for the sth switching, A, € Z,. We assume that A is bounded
by Ay < A < 7, which means that there must exist a synchronous interval for each
switching. The assumption of A < 7 is reasonable; otherwise, the system may always
be equipped with unmatched controllers. If A = 0, then the switching is synchronous.

Inspired by [1306, 110], we can assign 7 + 1 controller gains to each subsystem
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for reducing the conservatism induced by the constant controller gains due to the

dwell-time constraint:
Uk = Kﬂ(k) (QO(]{Z)) T, ke [k87 k?5+1), s € Z+, (32)

where (k) is a gain scheduler online calculated by

@(k):{ k—ky, k€ ke ky+T) 5.3

T, k€ ks + 7, ksi1) ‘

Under the asynchronous switching, o(k) and ¢(k) may be incorrectly calculated as
g (k) =0 (k—Ay) and

r ke [koE)
@(k) = k — ks» S [%sa ks + T) ) (34>
T, k€ lks+ 71, ksi1)

where k; := k, + A, denotes the end time of the asynchronous interval for the sth
switching. However, the control input can always be considered proportional to the
state at each sampling instant with a time-varying gain; hence, the closed-loop system

can be written as

Trp1 = Go(i) T, (3.5)

where Gy € R" " dictates the system dynamics, and & denotes a new switching
signal which is determined by 7 and A. Let S, awen[7, A] be the set of admissible
switching signals .

Fig. 3.1 shows an example to illustrate the relation between o € Sp qwen[7] and
G € Spawen|7,A]. In the interval [k, ksi1), ¢ maintains a constant value but &
switches 7 times since Gy evolves as Ag(r) + Boy Kom (0(k)), ©(k) € Z[0,7]. In
the interval [kgi1, ksi1), Gy is fixed to Ag(ky + Bok)yKo(k,_,)(T): no switching occurs
but the closed-loop system may be unstable due to the controller mismatch. The
switching recovers to be synchronous after k..

Based on the above observations, we find out that the switching signal ¢ involves

fast-switching intervals [ks, ks +7) U [ksy1, ks41 + 7), unstable non-switching intervals
[ksi1, koy1), and stable non-switching intervals [ky 47, koy1) U [kos1 + 7, ksi2), s € Zo.
This finding eliminates the need for subjectively constructing Lyapunov functions

for stability analysis, as seen in previous literature. Instead, it motivates us to first
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Ao (k)
a dwell-time interval an asynchronous interval
(matched mode-dependent controller) (unmatched controller)
B
AI 1 1 1 1 1 1 1 : )
ks ks+1 time
(a) The o(k) changes at the switching instant k.
A 6‘( k) ;ﬁxed mode With;
\TVG controller
; another fixed | |
,  modeand | |
| controller gain ! :
; fixed mode and, | |
| controller gain | | |
! _—
, fixed mode with time- : ! : :
jvarying-gain (TVG) controller, : | |
AI 1 1 1 I 1 1 1 . >
7 7 time
k, (A, =0) koo (A, =2)

(b) The (k) varies when either (k) or the controller gain changes.

Figure 3.1: An example illustrating the relation _between o € Spawen[4] and 6 €
Sp-dwenl[4, 3]. ks is the sth switching instant, and £, is the instant when the system
recovers to be synchronous. The A, denotes the duration of the sth asynchronous
interval.

develop a non-conservative stability criterion for the system (3.5) and subsequently

extend it to address asynchronous stabilization.

3.3 Stability analysis

To list all the admissible switching signals ¢ in the interval [k, ksi1), s € Z,, we in-
troduce a notation of {i,j, p} to represent a “pattern” where i denotes the activated
subsystemdex, j denotes the subsystemdex whose controller is practically used under
the asynchronous switching, and p denotes the practical values of ¢(k). Then, we
extract several basic patterns of the asynchronous switching (i.e., possible combina-

tions of subsystems and controllers in G&(k)) and make the post-concatenation rules
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Table 3.1: Three classes of basic patterns that can construct any admissible switching
signal ¢ under post-concatenation rules.

classes basic patterns

asynchronous {i,75,7},...,{i,7, T};, {i,4,1},....{i,i,7 — 1},
ofle;lrgthl

1€ Z[1,Ali,j € Z[1,N],i # j

synchronous  {i,4,0},{4,4,1},...,{é,i,7 — 1}, i € Z[1, N]|

free {i,i,7}, i € Z[1, N]

for a precise characterization of &.

A total of three classes of basic patterns are captured, as listed in Table I. The
corresponding constrained switching rules are also reformulated as an automaton in
Fig. 3.2, where each node denotes a class of patterns and the path between two
nodes implies conditional connections. In [1415], the authors present a novel W-path-
dependent lifting technique that can merge nodes in an automaton so as to update the
automation which follows the same switching rule but with new nodes. Inspired by
this, we perform the W-path-dependent lifting technique to the automaton in Fig. 3.2
and define by Py [1, A] the set of all new admissible patterns. This operation makes
each lifted node contain W initial nodes. In particular, Py |7, 0] is a set of admissible
patterns under the synchronous switching. Let us clarify definitions of the following

symbols which are crucial for understanding Theorem 3.1 before further proceeding.

P;: the ith pattern in Py 1, Al, i € Ip := Z[0, |Pw|r, A]| — 1].

C;: the index set of the admissible post-concatenation patterns after P;, i € Zp.

Cij: the jth element in C;, which is also an index. Thus, Pc,; denotes the
Cijth pattern in Py [, A], and the sequence {P;, P, ,} is admissible, i € Zp,
j S Ici = Z[O, |Cz| - ]_]

~

ky: we define by /%0, /%1, ..., ks, ... the switching instants of the patterns, s € Z..

Based on the proposed characterization of the asynchronous switching, we are in
a position to give the convex stability conditions for the system (3.5) in the following

theorem.
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o remains

o changes & abnormal o remains
/ .

o changes & normal - O remains

o changes & abnormal o changes

o changes & normal

A
7]
A

A

o changes

Figure 3.2: An automaton regulating the post-concatenation rules. It has three state

U ? Wa?

sets: “a”, “s”, and “f” corresponding to asynchronous, synchronous, and free basic
patterns. The inputs are the value of o(k) and whether the system is (ab)normal.
The “normal” means that there is no mismatch between the activated subsystem and
controller, and “abnormal” means that there is a mismatch. The initial state of the
automaton is “s”. The transition conditions among nodes are marked on lines.

Theorem 3.1. The following statements are equivalent:

a) The system (3.5) is GUES.

b) There exists a positive integer W, and a matriz sequence L; (t) € S%, i € Ip,
t € Z10,|P;|], such that

Gy Li(t+1)Gp,, — Li (1) <0, (3.6)
Vi € Ip,Vt € Z[O, "PZ’ - 1] ,

Le;, (0) = L; (|P;]) < 0,Vj € Ip, Vi € I, (3.7)

J

Proof. Proof of (a)=-(b). According to Definition 2.11, if the system (3.5) is
GUES, then there must exist positive constants y and ¢ such that ||z;|| < ce™®) ||z (0)|,
Vo € Spawen [T, A, V2 (0) € R™, Vk € Z.

For any pattern P;, © € Zp, we can always select a k such that the pattern sequence
in the interval [0, %) goes through W nodes of the automaton, i.e., the sequence of

the closed-loop system (3.5) (Gs(0), Go(ky)s - - - Go—1)) exactly corresponds to the
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pattern P; € Py[7, A]l. Then we can obtain

k-1 1Pil—1
il = \T] Gow= ]| = || [T Gr..x(0)
=0 =0
< ce ™ |z (0)]| = ce P |z (0)]] .

Increasing W which also implicitly increases k and |P;|, i € Zp, we can get

This further implies limy_, o Hzlgfl Gp,, = 0, Vi € Ip. Then, for any arbitrarily
selected L; (|P;|) € ST, j € Zp, and any P, ,, i € I¢,, it holds that

Jyi?

i [Pi]—1 a TL P
Woeo tho Pi.t Cjii (l Cg:i)

|P;]—1
<(IL) "6n) ~ LtPD <o,

Hence, for any arbitrarily chosen scalar e > 0, there exists a positive integer W* such

that for any integer W > W, j € Zp, and i € Z¢;, the following inequality holds

T
[Ps]-1 [Pi|—1

H Gr. | Loy, (lpcj,i ) H Gp,,
t=0 t=0

— L; (|P;]) < —el. (3.8)

The rest of the proof is to transform the conditions in (3.8) to the conditions in (3.6)
and (3.7) by applying the lifting technique proposed in [116].

Selecting a matrix sequence R; (t) >= 0,1 € Zp, t € Z[0,|P;| — 1], we can define
L;(t) by L; (t) := R; (t) + G7T>i,tLi (t4+1)Gp,,. This definition inherently ensures the
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conditions in (3.6). By basic algebraic operations, we can get

T
|Pi| -1 |P;|—1

Lcj,i (0) = H Gpi,t LCj,i( ch,i ) H GPi,t
t=0 t=0

[Pil-1 /k—1 T k—1

t=0

Substituting (3.9) to (3.8), we can obtain

Le;; (0) = Ly (IP5])

|Pil =1 k-1 T k-1
< —el + Z (H GPi,t) R; (k) (H GPi,t) :
k=0 t=0 t=0

The second term on the right hand side of the above inequality can be sufficiently
small by adjusting the matrix sequence R;(k), which further guarantees the conditions
in (3.7).

Proof of (b)=-(a). Due to the existence of the matrix sequence L; (t) € SI%,
Jj € Ip, t € Z[0,|P;]], we can establish the Lyapunov function for the system (3.5)
by:

Vi(ay) = 25 (k) Lj(k — ky)xp, k € [k, koyr) (3.10)
with 7 € Zp, i.e., the Lyapunov function changes with the activated pattern in
Pw |7, A] and the activation time of the pattern. Let AV; (xy) :=V; (zg41) — Vj (z),
k e [/%S, l%sﬂ —1), s € Z,, be the difference of the Lyapunov function between consec-
utive sampling instants inside certain patterns of Py [, A]. The conditions in (3.6)
ensure

AVy(y) = 2" (K)Gh

Jrk—ks

— 2T (k) Lj(k — k),
= 2" (k) |G} Lyt + )G, — L, (t)] T

Li(k—ky+1)Gp

Jrk—ks Lk

< =M lzl® <0 (3.11)
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for t € Z[0,|P;| — 2] and

G;l;j,l%sﬂ—icsal;j (p + 1) Gpjyksﬂ_%_l — Lj (p)
=Gp Li([Pi)Gp = Lj(|Pj|—1) <0
J,’Pj’—l j,’PJ| 1

for t = |P;| — 1, Vj € Zp, where p = ksi1 — ks — 1 and \; can be selected such that

0 <\ < max{d <G£j’tLj (t+1)Gp,, — L, (t))

7€ Zp,t € [0, [Py = 1)}

Together with the conditions in (3.7), we can get

G;I;j,‘Pj‘—chj’i (0) GP].7|,PJ_|_1 - Lj (|P]‘ - 1) = 07
which further indicates
AV, (1) < =X || (3.12)

by letting AVj;(zx) == Ve, (Tri1) — Vi(aw), k = l%sﬂ —1,s€Zy, 1 €I, where Ay

can be selected such that

Le,, (0)G

—Li(|P;| -1 |j €Tp,icle}.

0 < Ay < max {0 (GT

P P.
i|Pi|-1 i|Pi|-1

According to (3.10), we know

punin 126 < Vi (@) < o |2l (3.13)

where pyin ;== min{o (L; (¢))|j € Zp,t € Z|0,|P;])} and
Pmax :=max{a (L; (t))|j € Ip,t € Z[0,[P;])}.
From (3.11)-(3.13), we can get ||zx]| < ce™® ||z (0)| where ¢ = ,/2mex 1 =

Pmin

Jun

In <1 - ﬁ) 2, and A := min{ A, Ag, A\ppmax}, 0 < A, < 1. O

Remark 3.1. Compared to the DTDLF [179] and QTDLF methods [1/0,1/1], The-
orem 3.1 presents a stability criterion without requiring tuning parameters any more.

The derived stability conditions depend on an integer parameter that can be possibly
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unbounded to reach the non-conservativeness. It also shows how we adapt graph-based
approaches [1/5, 1/7] to fit asynchronous switching cases. Moreover, the convex fea-
ture of the derived conditions also facilitates extensions to the ly-gain computation

and the H., control problems.

Remark 3.2. To obtain the stability criterion under the synchronous switching, one
can remove the asynchronous patterns in Table I and the node “a” in Fig. 3.2. Then,
Theorem 3.1 also fits the synchronous dwell-time switching and arbitrary switching

by setting A =0 and 7 = 1, A = 0, respectively.

Remark 3.3. The potential drawback of Theorem 3.1 is that the non-conservativeness
is achieved by generating basic patterns of the concerned asynchronous conditions
which, however, are based on a possibly unbounded positive integer W not known a

priori. Our future work will focus on developing a numerical method to estimate W'.

Remark 3.4. To tackle issues induced by asynchronous switching, here we make
two magjor technical adaptations relative to [1//], including the new rules for schedul-
ing controller gains, and the basic pattern-based characterization for asynchronous

switching cases.

Table 3.2: Computational complexity of statement (b) in Theorem 3.1. M :=
|PW [T, A” — 1.

Statement Number of variables Size of LMIs

b) 2SI P+ 1) XX (1P + Gl

Remark 3.5. The computational complexity of the statement b) in Theorem 3.1 is
shown in Table 3.2. It is seen that the values of M, |P;|, and |C;| are all corresponding
to the number of basic patterns established in Table 3.1, which are positively correlated
to 7 and A, leading to a higher cost due to the lifting technique. This is actually the

price we must pay for preserving the convexity with respect to the system data.

3.4 Asynchronous stabilization

In this section, we extend the proposed convex stability criterion to the l5-gain com-

putation and H,, control problems for the following discrete-time switched linear
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system:

Try1 = Agi) Tk + Boyur + Eorywr, (3.14a)
Yr = Co(kyTr + Dorytin + Fo(rywr, (3.14b)

where u;, € R™ and y, € R™ are the systemput and output, w, € R™ is the exoge-
nous noise, and w € l[0,00). The matrices Eowy, Comyy Dor), Forr), are constant
with appropriate dimensions. Equipped with the controller in (3.2), the system (3.14)

can be reformulated to the following closed-loop form

Try1 = GoyTr + Eorywr, (3.15a)
Yr = Heyxr + Foywr, (3.15b)

where 6 € Spawen[7,A], 0 € Spawen|7], and Hzpy € R™*™= dictates the output
dynamics.

As in Fig. 3.1, a certain ¢ may be extended to multiple & due to uncertain values
of Ay; however, a certain ¢ corresponds to only one o. Hence, for the ith pattern
P; € Pwlr, A], we define Q},, Q7,, and @7, as the first, second, and third tuple of the
tth term in the ith pattern in Table 3.1. For instance, Q}, and Q7, can be used to
access the tth real subsystem or misconceived subsystem (induced by asynchronous
switching) in the ith pattern; Qit can be used to get the value of the scheduler when

the 7th pattern is activated online.

Definition 3.1. For a scalar v > 0, the system (3.15) is said to be GUES with an ls
gain, if the system (3.15) is GUES with wy = 0, and under the zero initial condition,
S oyT(s)y(s) < X2 wl(s)w(s) holds for all 6(k) € Sp-guweu|T, A] and nonzero
w € 13 ]0,00).

Theorem 3.2. Consider the system (3.15) with a dwell-time T and an upper bound
of asynchronous intervals A. Suppose that there exists a positive integer W, a matrix
sequence L;(t) € S, i € Ip, t € Z[0,|P;|], and a scalar v > 0 such that

Qi,t) <0Yi € Ip,Vt € Z[0,|P;| — 1], (3.16)
Le,, (0) = L; (IP5]) < 0,V € Tp,¥i € Te,, (3.17)
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where Q (i,t), i € Ip, t € Z[0,|P;| — 1] is defined by

—Li(t+1) 0 Li(t+1)Gp,, Li(t+1) Eqr,

% I Hp, For,
* * —Lz (t) 0
* * * —y21

Then the system (3.15) is GUES and has an ly-gain 7.

Proof. First of all, consider w = 0. The conditions in (3.16)-(3.17) can ensure the
conditions in (3.6)-(3.7). By Theorem 3.1, the system (3.15) is GUES.

Next, consider w # 0 and z (0) = 0. Let £ (k) be defined by [ #{, w ]*. For any
k € [ks, kst1), the conditions in (3.16) ensure that

€7 (0)Z (4, k — k) € (B)
= AV (21) + yp yp — Ywpwi, <0, (3.18)

where = (j,t) is defined by

Q (ja t) G%j,tLj (t + 1) EQJI t - H;gjvtFQ} t
* Eg;,tLJ (t + ].) EQ;,t + Fg}’tFQ;,t - 72‘[ ’

with Q (j,t) = G, L; (t +1)Gp,, + Hp Hp,, — L; (1),

Vit = Vi), ke [ b — 1)
Vi(@rs1) = Vi(or), k=kep—1

for any 6(k,) = j € Zp, and f/](a:ks) is defined by

Vi(ay,) = ap Li(|P;))s,, 5 € Tp.

Consider the switching instants of the patterns, i.e., k = k,. The conditions in (3.17)

ensure that for any i € Z,, s € Z,

AVj(ay,) = Ve, . (z;,) = Vil(az,) < 0. (3.19)
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Let J be the l,-gain performance, then we have

T=>" (vhvw — 7v'wiwr)

[e%¢} l;:s—l
_Z ZP +VC >_‘~/j(xffs+1)
s=0 k= kg
00 kg—l o) ~
=22 T+ AV(e,,),
s=0 p—f s=0

where

(k) := AV (zr) + ygyk — 72w,;rwk.

Hence, J < 0 is guaranteed by I' (k) < 0 in (3.18) and Af/j(x,;sH) < 0in (3.19). This

implies that the l5-gain performance is obtained. 0

Remark 3.6. As in stability analysis, Theorem 3.2 can also be extended for the

synchronous dwell-time switching and arbitrary switching in the discrete-time domain.

Suppose that 6(k) = i € Zp without loss of generality. The closed-loop system

(3.15) can be rewritten to the pattern-dependent form:

Tpt1 = Gpi Lk -+ Ep, twk (320&)
(Agl + BQI KQQ (Qz t))xk + E’pl Wk
= H’p. 4Tk + Fp. LW (320b)

(CQI -+ DQ1 ng (ta))xk + Fp Wk

These two conditions establish the relationships among the patterns P; € Py [r, Al
1 € Ip, the activated subsystem AQ%, Bo: , CQ%N Dgr , the index of the subsystem
( ft) whose controller is practically ’ﬁsed under the asy’nchronous switching, and the
practical value of ¢ ( Zt) when the pattern is activated online. Then, the following

theorem is given to facilitate the H,, controller design for asynchronous stabilization.

Theorem 3.3. Consider the system (3.14) with a dwell-time T and an upper bound
of the asynchronous interval A. Suppose that there exists a positive integer W, two

matriz sequences X, (), Un (p), m € Iy, ¢ € Z[0,7], a matriz sequence M, (t) €
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Sy, i € Ip, t € Z[0,|P;]], and a scalar v > 0 such that
U (i,t) < 0Yi € Tp,Vt € Z[0,|P;] — 1] (3.21)
Mj (|PJD — Mcj,i (0) =< O,VJ € Ip,Vi S ch, (322)
\J \\J
where U (i,t) is defined by V(i t) := TR with
*  Woy
[ —Mi(t+1) 0
\Illl = ( ) )
* —I
v o | Aot Xez, (@) + BorUes, (Q)  Eo,
S| ConXe, (Q1) + Dor g, (Q1) For, |
Doy | M;(t) — XQ?,,5 ( ?t) - ngt ( ?t) 0
22 '= ’ :
I * —~2I

Then, the closed-loop system (3.15) is GUES and has an ly-gain . Moreover, if a

feasible solution exists, then the admissible controller gains are given by
Ko (9) = Un (0) X' (0) ,m € Iy, p € Z[0,7]. (3.23)

Remark 3.7. Theorem 3.3 presents a method to offline design a group of controller
gains for stabilization and noise attenuation. Fach subsystem is assigned to T + 1
gains which are scheduled by the gain scheduler in (3.8). The proposed controller
can also be reduced to the mode-dependent type or the common gain type by updating
Koy (@(k)) in (3.8) to Koy and K, respectively.

By setting Ep,, to zero matrix, we can obtain a set of convex conditions for

designing stabilizing controllers of the switched system (3.1) based on Theorem 3.3.

Corollary 3.1. Consider the system (3.1) with a dwell-time T, and an upper bound of
asynchronous intervals A. Suppose that there exists a positive integer W, two matrix

T

sequences X (¢), Un(p), m € In, ¢ € Z[0,7], a matriz sequence M;(t) € S5,
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Figure 3.3: The l,-induced gains of the closed-loop system with varying asynchronous
conditions: (a) The dwell-time 7, (b) The upper bound of the asynchronous interval
A, and (c)-(d) The computational costs.

i € Ip, t € Z[0,|P;i]], such that

—Mi(t 1) Agt Xaz, (@) + Bay Ugz, (@2)

<0
* M; (t) — XQZ?,,& (Q?t) - ng,t (Q?t)

and (3.22) hold. Then, the closed-loop system (3.5) is GUES and the admissible
controller gains are given by (3.23).

3.5 Simulation results

In this section, we will use two examples borrowed from the previous literature to

illustrate the derived theories, and make comparisons to existing methods.

Example 3.1. [130] Consider the switched system (3.14) with two subsystems:

[ 1.08  0.39 —0.54 [ —0.56 |
Al = 7Bl = 701 = [ —067 _09]. ] 7E1 = )
| —0.13 0.00 ~1.89 | 018 |
[ _0.63 044 —0.11 [ _0.77 ]
A2 = ,BQ = ,CQ = |: —0]_5 095 ] 7E2 - )
| —0.56 —0.95 ~1.31 | —0.94 |

Dy =155,Dy =043, F, = —1.41, F, = —1.91.

The l5-gain of the closed-loop system (3.14) varies with the concerned dwell-time
7, the upper bound of the asynchronous intervals A, and the positive integer W for

paths lifting. In the first example, we will mainly analyze the relationship between
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the achieved ls-gain and these parameters.

Table 3.3: The l>-induced gains of the closed-loop system with different W.

Aaw) @1y 12 21 (22
v 33772 33767 6.7275 6.7216

Applying Theorem 3.3 to Example 3.1 by increasing A from 0 (i.e., the syn-
chronous switching) to 2, and setting 7 to Z[A + 1,10], we can obtain the optimal
index ~ of the ls-gain performance under different asynchronous conditions, as de-
picted in Fig. 3.3a. It is seen that v monotonically decreases as 7 increases. This
is reasonable since frequent switching among stable subsystems may lower the noise
attenuation level and even induce instability [110]. On the other hand, -y increases as
A increases for fixed dwell-times (Fig. 3.3b), from which we can see that the asyn-
chronous switching significantly degrades the performance of the closed-loop system,
and one of the effective solutions is to increase the dwell-time. Here we fix W to 1 in
these two trials for a fair comparison. Fig. 3.3c and Fig. 3.3d show the computational
cost. We can find out that both the number of variables and size of LMIs increase with
the increase of dwell-time 7 and the asynchronous time A. This is reasonable since
the number of basic patterns and the number of controller gains positively correlate
with 7 and A.

In Table 3.3, we compare the ls-induced gains with different W. The fact that ~
decreases as W increases correlates well with the results in [115] where the conser-
vativeness can be significantly reduced by increasing the number of the dependent

paths after the lifting operation.

Example 3.2. [1//] Consider the switched system (3.14) with two subsystems:

—0.92 —0.34 | [ _0.52 0.90 |

A, = B, = ,01:[—0.49 0.34],E1= ,
| 1.0350 —0.31 | | 0.40 0.97 |
[ 092 —0.34 ] [ 0.85 0.06 |

Ay = By = Co=[ 067 ~0.42 | B, = ,
1.0350 —0.31 | | 0.05 ~0.08 |

D1 = 144, D2 - —036, F1 - F2 - O

This example is provided for comparisons between the proposed controller and
some representative controllers. As verified in [144], this system can be stabilized
under arbitrary switching. To show the advantage of the proposed controller, we com-

pute the ls-induced gains of the closed-loop system (3.15) equipped with the common-
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Figure 3.4: Comparisons to representative controllers. (a) The lo-induced gains of the
closed-loop system equipped with the common-gain controller, the mode-dependent
controller, the virtual-clock controller, the quasi-time-dependent controller, and the
proposed controller in Theorem 3.3. The switching is synchronous. (b)-(c) The
l>-induced gains of the closed-loop system equipped with the dwell-time-dependent
controller and the proposed controller. The A is set to 1 and 2 in (b) and (c),
respectively.

gain controller, the mode-dependent controller, the virtual-clock controller [1411], the
quasi-time-dependent controller [110], the dwell-time-dependent controller [139], and
the proposed controller in Theorem 3.3. The first two controllers are obtained as
indicated in Remark 3.7. For the quasi-time-dependent controller, the original con-
troller design conditions in [110] are for the persistent dwell-time switching. Here we
set the period of persistence to 0 such that the derived conditions therein also fit the
dwell-time switching.

In Fig. 3.4a, we plot the ls>-induced gains under the synchronous switching. We
can find out that the proposed controller outperforms the others since it yields the
smallest lo-induced gains. Particularly, it can be seen that the optimal index of the
lo-gain performance decreases as the value of L in the virtual-clock controller and the
value of W in the proposed controller increase. This finding is reasonable because a
larger L or W corresponds to a more precise characterization of 6. On the other hand,
the quasi-time-dependent controller needs users to select two tuning parameters: the
decreasing rate 0 < a < 1 and the jump bound g > 1. Here, we set o and g to 0.9940

and 1.0001, respectively, after searching for the best parameters at the step size of
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0.0001 in the intervals 0 < a < 1 and 1 < p < 2. Although the quasi-time-dependent
controller achieves the second best performance, parameter tuning is laborious and
time-consuming. Fig. 3.4b and Fig. 3.4c compare the [5-induced gains between the
dwell-time-dependent controller and proposed controller in Theorem 3.3 of this work.
In both cases, the proposed controller performs better than the dwell-time-dependent
controller, and the advantage gets bigger as A increases. This is because our method
provides a more precise characterization of the closed-loop system, which is further

highlighted when the asynchronous switching occurs more frequently.

3.6 Conclusion

In this work, we investigate the asynchronous stabilization problem of switched linear
systems under dwell-time constraints. To precisely characterize the possible combi-
nations of system modes and scheduled controllers under the asynchronous switching,
we present a conception called “basic pattern”, which can be constructed and concate-
nated for any concerned asynchronous conditions. We also present a convex stability
criterion based on the established basic patterns, and the non-conservativeness of the
derived stability conditions can be reached depending on an integer parameter that
is possibly unbounded. The convex feature of the proposed stability criterion further
facilitates the extension to the non-weighted l>-gain computation and H,, controller
design. The simulation results demonstrate the advantages of the proposed controller,

compared to other representative controllers reported in the previous literature.
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Chapter 4

Error reachable set-based
stabilization of switched linear
systems with bounded peak

disturbances

In Chapter 3, the stability of the asynchronous switched system under DT condition
is discussed. This chapter studies the error reachable set-based stabilization problem

for the switched system with bounded peak disturbances under PDT constraint.

4.1 Introduction

Based on Lyapunov stability theory, a number of effective results have been reported
for the stability analysis of the switched systems with those three kinds of switching
signals mentioned in Chapter 1 [148]. In [1106,119], an improved method called the
lifting technique is presented that can convert the well-known non-convex stability
conditions [135] to equivalent convex ones for DT switched systems. This technique
further facilitates the study of non-conservative stability criteria for switched systems
under DT constraints [111] or even arbitrary switching [150]. Some attempts have
also been performed to lift the existing non-convex stability conditions, e.g., [21,22],
for ADT and PDT switched systems to convex conditions, but still fail to achieve
the convexification of the conditions due to the complexity and exibility of these two

switching signals [151]. Among others, the widely-used quasi-time-dependent (QTD)
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technique presents the QTD Lyapunov function approach. Its main idea is to confine
the Lyapunov function to descend in the non-switching intervals, and have a bound
in the arbitrary-switching intervals. Some tuning parameters are necessary to shape
the Lyapunov function. As a result, the QTD technique can only obtain non-convex
stability conditions in the form of a bilinear matrix inequality (BMI) which are known
to be NP-hard. Some other results about dynamics with PDT switching features also
suffer from the nonconvexity [10,152,153]. Till now, to the best of authors’ knowledge,
necessary and sufficient convex stability conditions for PDT switched linear systems
have not been addressed, which motivates the first interest of this work.

As a crucial issue in control discipline, the stabilization problem of systems with
disturbances has been broadly investigated [7, 154=157]. For the switched systems
under various types of time constraints, lots of significant results are reported for the
systems with energy-bounded disturbance [158-160], but relatively seldom for the
amplitude-bounded disturbances. Recently, a study on characterizing the robust in-
variant set for the switched system with bounded additive disturbance under DT con-
straint has been carried out [161]. This method is further extended to the PDT case
for the uniform tube-based stabilization [162]. However, it only presents a method
to compute the robust invariant set for PDT switched systems, and the so-called
stabilization controller is unreasonably considered the same as the linear quadratic
optimal regulator. On the other hand, the reachable set estimation problem for the
switched systems has received increasing attention in recent years by the so-called
ellipsoidal technique [163-166], which aims to determine a set of ellipsoids tightly
containing the concerned reachable set. An important problem therein is to design a
controller such that the reachable set of the closed-loop system is over-approximated
by some bounding ellipsoids that are as small as possible [167,168]. However, ex-
isting results only cover the cases of switched systems with arbitrary switching and
dwell-time switching [166, 168], and the controller synthesis to “minimize” the reach-
able set approximation for PDT switched systems has not been addressed. Thus, the
second interest of this work arises: How to stabilize the PDT switched system with
bounded peak disturbances and simultaneously “minimize” the effect caused by the
disturbances?

Motivated by the above issues, this work considers the error reachable set-based
stabilization problem of switched systems with bounded peak disturbances under

PDT constraint. The main contributions of this work are summarized as follows:

o We present a double clock-dependent control scheme for PDT switched systems
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by splitting the disturbed switched system into a nominal system and an error

system. Each system is assigned a controller scheduled by its own clock.

o We present a necessary and sufficient convex global exponential stability crite-
rion for PDT switched systems, and accordingly design the stabilization con-

troller for the nominal system.

o We present a virtual-sequence-dependent reachable set estimation method, and
further design the stabilization controller to minimize the reachable set of the

error system by ellipsoidal technique.

o The closed-loop switched systems integrated with the two controllers are proved
to be globally exponentially stable in the sense of converging to a set which is
also regarded as the cross section of a tube containing the practical trajectories

of the disturbed system.

4.2 Problem formulation

Consider a class of discrete-time switched linear systems with bounded peak distur-
bances:

Thr = Aoy Tr + Borytur + Do (k)W (4.1)

where z;, € R™ and u, € R™ are the system state and control input, respectively;

wy € R™ denotes the bounded peak disturbance satisfying:
wiw, <@ k €7y, (4.2)

where w > 0 is a known constant. The switching signal o(k) : Z, — Iy =
{1,2,..., N} indicates the activated subsystem among N possible modes. The switch-
ing instants of subsystem modes are denoted by ks,s € Z,. It should be noted
that another kind of disturbances widely discussed in literature is energy-bounded,
which has the form of Y77 wiwy, < @?. Compared to energy-bounded disturbances,
bounded peak disturbances are a kind of uncertainties that persistently influence the
system evolution over time, and they will not degrade with time.

According to Definition 2.15, any admissible PDT switching sequences can be seg-
mented into two kinds of intervals, denoted by 7-portion and T-portion, which cor-

respond to the non-switching intervals and the arbitrary switching intervals [22, 169],
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r-portion: {1,1,1} {1,1,1,1} ...
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T-portion r-portion

/_‘_\ / \ Lo
#1:{1,1,1,2,1,2,1,1,1,1,2,2,2} Admissible

o

7-portion 7-portion

#2:{1,1,1,2,1,2,1,2,2,2,1,1,1} Inadmissible

T-portion (> 3)
#3: {1,1,1,2,1,2,1,1,2,2,2,2}  Inadmissible

r-portion (< 3)
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Figure 4.1: Hlustration of PDT signal set and the widely-used stage partition frame-
work. (a) T-portions, T-portions, and three illustrative PDT switching sequences for
Sp—awen|3, 3] with Zy = {1,2}. (b) Evolution of Lyapunov function in the framework
of stage partition. Blue arrows indicate the variation trend of the assumed Lyapunov
function.

respectively. For example, consider the PDT signal set S,_qwen[3,3]. Figure 4.1(a)
gives three switching sequences, where the first switching sequence is an admissible
PDT switching sequence since the running time for each 7-portion is no less than 7,
and for each T-portion is no more than 7. The other two sequences are inadmissible
because they violate the time constraints of T-portion and 7-portion, respectively.
It splits the disturbed system (4.1) into a nominal system and an error system.

The nominal system (4.1) is denoted by:
Zir1 = Ag(r) 2k + Bok) Uk, (4.3)

where 2z, € R™ and v, € R™ are the nominal system state and control input, respec-
tively; A,y € R and B,y € R"™*™ dictate the system dynamics at the kth
sampling instant, k € Z,, o(k) : Z. — Zn := Z[1, N] indicates the activated subsys-
tem among N possible modes. Define the system error e, = xy — 2, then by (4.1)
and (4.3) we can obtain the error system dynamics of the disturbed system (4.1) in

form of:

er+1 = Aswyer + Boy(ur — vi) + Dogiywi,
€0 =Ty — 20 — 0. (44)
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The main idea of the tube-based MPC is to control the trajectory of the nominal
system (4.3) to converge to the origin by optimizing vy at each sampling instant, and
keep the trajectory of the error system (4.4) within a robust positive invariant set.

However, in this work, the concept of the invariant set is not suitable because:

o The invariant set requires all trajectories originating from the set always stay
within the set, but in fact, the initial state of the error system (4.4) is ¢y = 0,

so the invariant set contains unnecessary initial states.

o Generally, the invariant set is iteratively generated with a given controller gain,
and the synthesis problem still yet remains open: How to design a controller
such that the invariant set of the switched system is as “small” as possible under

certain switching signals?

For the purpose of “minimizing” the effect of wy in the system(4.1), we replace

the invariant set by the reachable set of the error system (4.4), which is defined by:
Re :={ex € R™ | ey, eg satisty (4.4),k € Z,}, (4.5)

and employ ellipsoidal techniques to estimate the reachable set [6,7]. The estimated
reachable set 726 satisfies R, C 7@6, and is denoted by a union of some bounding

ellipsoids in form of:
E(P):={e, €R™ | e, Pe, < 1,P €S} . (4.6)

The main advantages of using ellipsoidal techniques are three-fold: 1)The attenu-
ation of bounded peak disturbances can be achieved by minimizing the reachable set
via an optimization-based approach, which is mathematically tractable, 2) By em-
bedding our non-conservative stability conditions in Theorem 4.1, the reachable set
can be further minimized compared to other existing methods, and 3) By introducing
the virtual-sequence-dependent control scheme, operations on the error system do not
affect the nominal system.

In the framework of double clock-dependent control scheme, we use the following
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controllers for the systems in (4.1), (4.3), and (4.4):

U = Vg + 9k, (47)
Vi = Fg(k) (‘92(1{7)) 2k (48)
9k = Koy (0(k)) ek, (4.9)

where F, ) (0.(k)) and Koy (fe(k)) are the controller gains for the nominal sys-
tem (4.3) and the error system (4.4), respectively. 6,(k) and 6. (k) are online scheduled

controller clocks which can be simply calculated by

k - ksa k k87ks z
0.(k) = € ko, ks 1) (4.10)
Ts, k€ [ks+ 7o, ksy1)
and
k - ksu k € ks; ks e
0.(k) = ks s +7e) (4.11)
Te, k S [ks +Teaks+1)

where 7, and 7, denote persistent dwell time to ensure the stability of the system (4.3),

and minimize the reachable set of the system (4.4), respectively.

Definition 4.1. The equilibrium z = 0 of the system (4.3) is said to be GES with a

k—ko

decay rate 1 > 0 if ||z < ce™#E=k0) ||z || holds for any initial condition z,, € R™,

any k > ko and a constant ¢ > 0.

Consider the composite system (4.1) and (4.3) with the composite state (xy, zx) [01].
Define its norm by ||(zx, z&)|| := |zk]] + || 2&]|-

Definition 4.2. A set R is said to be GES for the composite system (4.1) and(4.3)
with a decay rate p > 0, if ||(zx, 21)||r < ce PER)||(2h,, 240 ) ||z for any composite

initial state (xp,, zk,), any k > ko and a constant ¢ > 0.
Then, for a given period of persistence T', the objectives of this work are:

o Design the controller gains Fi (6.(k)) in (4.8) with minimal 7. such that the

closed-loop nominal system is GES.

o Design the controller gains K, ) (0c(k)) in (4.9) with minimal 7, such that the
reachable set R, bounded by 7@8 is as small as possible.

o Determine a set R and admissible switching signal sets for the closed-loop com-
posite system (4.1) and (4.3) such that it is GES in the sense of Definition 4.2.
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4.3 Switching sequence list with admissible con-

catenation list

Existing results about PDT switched systems are based on the same framework,
named “stage partition” [10,22 152 153,160, 169]. In this framework, PDT switching
sequences are segmented to stages, and each stage consists of a 7-portion, or a 7-
portion followed by a T-portion. The Lyapunov function under this framework is

required to satisfy the following conditions:
o decreases in the 7-portion;
e has a bound in the T-portion;
o decreases at the starting instant of each stage.

Figure 4.1b illustrates the evolution of the Lyapunov function under the framework
of the stage partition. Some tuning parameters, like the descending rate o and jump
bound u, have to be introduced to ensure the associated Lyapunov function satisfies
the above conditions and thus to guarantee the closed-loop stability.s, which yields
that no matter what stability analysis or control synthesis is in the form of BMIs.
The main reason lies in that the stage partition may generate uncertain intervals, e.g.,
T-portion contains an infinite number of switching sequences, and the finite switching
sequences in the T-portion are not fully used under this framework. To solve this
problem and obtain non-conservative convex stability conditions, we need to develop
a novel approach that can represent the infinite number of admissible PDT switching
sequences by a finite number of certain switching subsequences. To address this, some

novel concepts are given as follows.

Definition 4.3. A switching sequence list A == { Ao, A1, ..., Ay_1} is a list that
consists of M certain switching subsequences, M € Zs,. The concatenation list
C :={Co,C1,...,Car—1} of A is a list where C; is an index list that consists of all
the indices of admissible elements in A, which can follow A;,i € Zypr—1). Here,
“admissible” means that the switching sequence {A;, A;},j € C; is an admissible

PDT switching sequence.

Example 4.1. Consider a PDT signal set Sp_awen(2,1] with Iy = {1,2}. We can
construct a switching sequence list A = { Ao, A1} = {{1,1,1},{2,1}}, and assume its
concatenation list C as C = {Cy,C1 } = {{0,1},{0, 1}}.
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Step 1: Generate P(r,T) Step 2: Generate A(T,T, L) Step 3: Refine to ./T(T,T, L)
7)(2’1):7 o .A(Z,l,Z): ](2’1’2): Step 4: Generate C(T,T»L) _
R~ P :Po, P, P2, Ps A =1{R, R} = {{L1,{L1}} A, con): Step 5: Generate C (7,T,L)
P(2) P(2) A= {RR) = (L1 {LLL) A o {;)’1 \ (21,2):
wy ) p-n : : V=10.1,... o
L1y 2 ) ‘ C={0,1,.} Co={01,..3

1, % : : : Ci=1{,2,.}
22 R gy Ao ={P, Ry ={{2,2,2,11,2,2,1}} :
2.2.2} Ay ={P. P} ={{2,2,2,1},{2,2,2,1}} :

. T

Figure 4.2: Procedures of generating switching sequence list and its concatenation
list for a given PDT signal set Sy_awen [7, 7.

Definition 4.4. A PDT signal set Sy_awen[T, T'] is said to be equivalent to a switching

sequence list A with its concatenation list C, if it follows:

o Any admissible PDT switching sequence can be denoted by concatenations of

elements in A with C, e.g., {Ai, A, Ay, ...}, where j € C;,k € Cj,VA; € A.

o Any element of A with concatenation list C, denoted by {A;, Aj, Ay, ...}, can
generate an admissible PDT switching sequence, where j € C;, k € C;,VA; € A.

o If A; € A, then .Aj e A, Vj e, Vie Z[0’|A|_1}.

o “A with C 7 means that any concatenations of elements in A comply with the

concatenation list C.

In Example 4.1, it can be checked that the switching sequence list A with its
concatenation list C is not equivalent to S,_awen[2, 1] because: i) {2,2,1} is an ad-
missible PDT switching sequence but cannot be denoted by A with C, ii) {A4;,4;} =
{{2,1},{2,1}} is a switching sequence generated by A with C (because 1 € C; ), but
it is not an admissible PDT switching sequence due to the violation of constraints
in the T-portion. Thus, a problem to be addressed in this section arises: How to
construct a switching sequence list A with its concatenation list C that is equivalent
to a given PDT signal set S,_awen[7, 7] 7 If this problem can be solved, then we can
only focus on a finite number of certain switching subsequences for further convex
conditions about stability analysis and control synthesis.

Next, we will give a detailed procedures of generating A with C (equivalent to
Sp—dwen[T, T] ) by the following five steps. Figure 4.2 summarizes the process.

Step 1: We first give the concept of PDT primary sequence list, denoted by

P(r,T), for a given S,_qwen[7, T']. To represent all admissible sequences in 7-portion,
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we define a sequence list P(7) := {750, e ,75NT_1} which is composed of sequences
{i,4,...,i} with length of Z[; 9, _1},7 € Zy. It can be easily checked that any ad-
missible 7-portion sequences can be constructed by concatenating elements in P (7).
Moreover, we define a sequence list P(T) = {po,pl, .. .,f’T} which contains all
admissible sequences in T-portion. The “admissible” here indicates the length of
75j, J € Zpm), is no more than T, and the length of consecutive same subsystem
modes in 75]- is less than 7. Then, the PDT primary sequence list is defined as
P(1,T) := {Po,P1,...,Pu_1} where elements from Py to Py,_; are same to P(7)
elements, and each element from Py, to Pys_1 is constructed by one element in 75(7')
(denoted by P; ) followed by one element in P(T') (denoted by P; ), and the subsystem
mode in P; is different with the first mode in the concatenated 75j. Figure 4.2 also
gives an example of PDT primary sequences for S,_awen[2, 1]. It can be checked that
Sp—awen|2, 1] is equivalent to P(2,1) with the concatenation list C = {Cy,Cy,...,Cr}
where C; = {0,1,...,7},i € Zy 7.

Step 2: Define A(7,T,L) := {Ao,...,Ayr_} as the augmented PDT primary
sequence list, which contains all possible combinations of LP(7,T) elements. Fig-
ure 4.2 shows the augmentation operation from P(2,1) to A(2,1,2) by illustratively
letting L = 2. It is concluded that S,_qwen[2, 1] is also equivalent to A(2,1,2) with
the concatenation list C = {Cy,C1,...,Cs3} where C; = {0,1,...,63},i € Zjo63).

Step 3: Note that A(7,T, L) may contain some same elements (for example,
Ay = {Py,P,} is same to A9 = {P1,Py}). Thus, we define A(r,T,L) as the
refined PDT sequence list, which is generated by removing the redundant same
elements in A(7,T,L). The equivalence between S, awen[2,1] and A(2,1,2) with
the concatenation list C = {CO,Cl, e 7CM(271,2)\—1} is also guaranteed, where C; =
{0,1,...,|A(2,1,2)| = 1},i € Iy, := Zyp | 421,2)-1)-

Step 4: Although Step 3 generates equivalent A(7,T, L) with C to Sy_awen|7, T,
there may exist different concatenations corresponding to same switching sequences.
For example, there may exist a case of {Ai“./ijl} == {fll-wflh} where 11,1y €
Ir,71 € Ci, 72 € Ciy. To simplify the concatenations lists, we only maintain the

concatenations as the following cases (here we denote the concatenation in form of

{./L’,Aj} Vi, g € IL)I

i) If A; 1ast # Aj. first, then this concatenation is kept, where A; 1,4 denotes the

last subsystem mode in \A;, and fl‘,} frst denotes the first subsystem mode in flj.

ii) If A; 1ast = Aj s, but the last P(7,T) element in A; belongs to P(7), then
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the concatenation is kept.

iii) If .AL, last = Aj7 first, and the last P(7,T) element in A; does not belong to P(7),
then this concatenation is discarded. The reason lies in that, in this case, we
can move the consecutive same subsystem modes at the end of 4; to the front

of Aj;, which yields to A;, 1.st # Aj. first, S0 this case is converted to case i).

We use C(7,T, L) to denote the concatenation list under the above three cases.
As in fact A(7,T, L) with C(7,T, L) can also cover all admissible PDT switching
sequences, the equivalence to Sp_awen [T, T'] still holds.

Step 5: Note that there may still exist different concatenations corresponding to
same switching sequences in case ii), such as {A4;,, A; } = {{1,1},{1,1,1,2}}, and
{A,, A;,} = {{1,1,1},{1,1,2}}, where i1,i5 € I, ji € Ciy,j2 € Ci,. Note that
Ai, Aiy, € P due to Py = {1,1},P; = {1,1,1}, and we assume L = 1 for simplifi-
cation. So we only keep one concatenation for the above case, and use C(7,T, L) to
represent the concatenation list of A(7, T, L) after removal.

Thus, according to the above five steps, we can generate a switching sequence
list A(7,T, L) with the concatenation list C(7, T, L), which is equivalent to any given
PDT signal set Sp_awen[7, 7]. In summary, any admissible PDT switching sequences
can be represented by the circle marked by blue arrows in Figure 4.2. The sequence
starts from one element A;,i € I, in A(7, T, L), then taking one index j in C;, and
evolves as the sequence indicated by the element flj. The above process is repeated
to generate an infinite admissible PDT switching sequence.

For any admissible PDT switching sequences, denoted by {fli, A, } i1€lp,7 €
C;, without loss of generality, we define the switching instants of A(7, T, L) elements
by ks, s € Z, and use the symbol & (k) to indicate the activated A(7, T, L) elements

at time k.

4.4 Stabilization of nominal systems

This section aims to design the stabilization controller (4.8) for the nominal sys-
tem (4.3). According to the concepts of the switching sequence list and the concate-
nation list introduced in Section 4.3, we first give a non-conservative convex stability

criterion for PDT switched systems.
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Theorem 4.1. Consider the switched system (4.3). The following two statements
are equivalent.
a) The switched system (4.3) is GES under PDT constraint for a given Sp_awen [T, T].
b) There exists a scalar L € Z>y and a symmetric matriz sequence R;(p) € S5, 1 €
I.,p€ Z[07|Ai|], such that Vi € Iy, j € C;
i)Viel,pe Z[o,lﬂi|—1]’
AL Rilp+1)As,, — Ri(p) < 0. (4.12)

ZZ) Viel,jeE C_z

R;(0) — R; (|Ai]) < 0. (4.13)

Proof. Proof of a) = b). For any arbitrarily chosen R; (‘fll|) € S¥),i € I, we can
define a matrix sequence W;(p) € S, p € Z[o A1) and let

Ri(p) = Wilp) + Ay, Ri(p+ 1) Ag,,- (4.14)
which ensures the satisfiction of the condition (4.12). This further gives rise to R;(0) =
_ T _
— A -1 - Ail—1
WZ<0) + < k=0 AA”C) RZ (|‘AZD ( k=0 AAzk) where

A; |-

Wi (0 Z (HAAW> Wi(k) (ﬂAALJ. (4.15)

Since the switched system in (4.3) is GES, there must exist a decay rate p > 0,
and a scalar L € Z>; to regulate the considered switching sequence length, such
that ||zz, || = ||® (K1, ko) 2 || < ce#(F1—ho) |z, ||, where ¢ > 0 is a constant, k; =

and

=

Thus, we can obtain that limy_,., ® (151, k:o) = 0 due to k1 — kg — oo. For arbitrarily
chosen R; (‘A]D € S, Vj € Ip, there exists a scalar € > 0 such that

lim " (k1 ko) Ri (| A]) @ (K1, ko) — R; (| A4;]) < —el.

L—oo
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Moreover, there exists a scalar L* € Z such that for any L > L*, it holds that
O (ki, ko) R; (| Ai]) @ (kv ko) — R; (| A;]) < —el. (4.16)
Considering (4.16) together with (4.14), we know that
Ri(0) — R; (|A;]) < —el + W;(0) (4.17)

holds for any 4, j € Z,. Since j € C; C I, R;j(0)— R; (|4i|) < —eI+W;(0) also holds
for i € I, j € C;. Since the norm of W;(0) can be adjusted to be sufficiently small
by the matrix sequences W;(p), R;(0) — R; (|A;]) < 0 is ensured.

Proof of b) = a) Define the Lyapunov function for the system (4.3) by:

Vg,(k)(zk) = \/ZT(/{)R(T(k) (]i] — k’s) 2k (418)

where k € [Ezs, ]_'CS+1) , S8 € Zy. Define dyax(+) as the largest matrix singular value, and

define dpin(+) as the smallest matrix singular value. Moreover, define

= max Omax (Ri(p))

5max .
PR 4y

Omin 1= min Omin (Ri(p)) -

1€1L,PEL)o | 4]

then we can obtain that

\% 5minHZk|| S V[;(k)(Zk) S \% SmaxHZkH; (419)

and

Vi) (2r41) — Vi) (2x)

:\/ZTUi' + 1)R&(1€+1) (kf +1-— ES) Zk+1 — \/ZT(k)R&(k;) (]{Z — /;Zs Zk
)

Tk + D Rsrn (b +1 -k — ' (F)Row (k — ks
M Do (41— ) s = 2 ) R <0, (4.20)

According to (4.12), we can obtain (4.20), where k € [k, ko1 — 1) ,6(k) = 6(k+
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1) =i € Z;, without loss of generality, and positive scalars 1, p1, A; are defined by

eri= omin G (Rip) - A% Rilp+ DA, ).
i€Ly, ,pE [0, ./Z\Z 72] P P
= ma 5max <AT Rl +1 Az > ,
IOl iEIL,pE[D,}‘(Ai|—2] ‘AZvP (p ) »A'L,P

A i=e1/ <\/E+ @)

It is seen that (4.20) indicates the decrease of Lyapunov function for any A;,i € Zp,
in A(7,T,L).

Next, consider the switching instants between two consecutive A(7, T, L) elements.
Let us define

Vo) () = 2, Ra(e) ([A]) 25

then from (4.12) we can also obtain that

VA(;;S) (%40) — V&(ES) Cy
\/ a+1 ksi1 — %s) PEst1
e

kg1 — 1) Ry (5, (Fstr = ks — 1) 25,1

21 e
\/,0_2 HZEH_I_lH + v 5max ||ZES+1—1||

= — )\2 HZ]‘C

<_

(4.21)

where positive scalars eq, po, Ay are defined by
130 :Znélgl Omin (Ri (‘Az| - 1)

_A“iiT,IAilflRi (‘AZD AAi’|Ai1)
02 ::Iirel%z((smax <A:I4:i,|ﬂi|—lRi (|A’L‘> A.,ii,|ﬁi‘71>

Ao 1=e9/ (\/@4_ @) )
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According to (4.13), we can obtain that

Vatarn) (o) = Vo) (i)
:\/Z]£+1 R&(ES+1) (O)stﬂ

_\/z’:ﬂ[;+1 Rﬁ@s) (l%s+1 - ks) Zl_€3+1

s |12k ||
- — = —)\3 Hz,;s ) } , (4.22)
2/ G |2 | '
where positive scalars 3 and A3 are defined by
£3 = zeg,ljré@ 6min (RZ (‘./LD — Rj (0))
)\3 = 53/ (2 5max> .
From (4.21) and (4.22), we know that
V&(ES+1) (Z’_fsﬂ) - V&(I}s) (zl_ﬂsﬂ*l)
==X szs+l_1|| — A3 ||st+l}
<= X2 ||| - (4.23)
According to (4.20) and (4.23), it holds that
Avy 1 = Vg (zrt1) — Vo (21)
—)\1||Zk|| lf < [Z}S, ];754_1 — ].)
“ollzll k=hga-1
and thus
A?Jk < —)\”ZkH, (424)

where A\ := max ()\1, A2y V/ Omax — 5) and 0 < € < \/Opax IS & constant.
According to (4.19) and (4.24), we can obtain that

A

Vihr1) (2h41) < (1 - \/5_> Vi k) (2x),
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where 0 < 1 — —2— < 1 is a constant. Moreover, we can obtain that
6max

)\ k
Vs (2r) < (1 -5 > Vi) (2ko) 5

max

which together with (4.19) generates

[EA[IRS

Vs (k)(Zk)

1
V Smin ’
1 oV
\ k—kg
<= |1l-—= 12k
6min 6max

S e

j

= ce M

where ¢ := \/gmax/\/gmin >0,u=—1In <1 — \/5’\_) > (. This completes the proof.
ax D

Remark 4.1. Two techniques are developed in Theorem 4.1 to obtain the non-
conservative global exponential stability conditions. The first one is the novel sequence
segmentation technique. It cancels the parameters that overly shape the Lyapunov
function in the existing literature of PDT switched systems [10,22,152,155,169], and
thus realizes the convexification. The second technique is to present the augmented
PDT primary sequence list, which gives the user an additional integer L with respect
to the primary sequence list. By setting L = 1, we actually require the Lyapunov
function (4.18) to decrease at starting instants of P(1,T). Note that in this case, the
stability conditions are still convex, and this is also an improvement compared to the

existing nonconvex conditions.

Remark 4.2. The widely used QTD stability conditions, in the framework of stage
partition, are nonconvexr due to some tuning parameters, and are also sufficient to
our conditions even if we set L = 1. The strict proof can be drawn according to the
linear version of Lemma 4.1 in [102] and Theorem 4.1 in this work, and is omitted

here.

Remark 4.3. As PDT signal set can cover ADT and DT signal sets, the mon-

conservative stability conditions in Theorem 4.1 can also be slightly modified for the
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switched linear systems under these two time constraints. For example, the non-
conservative conditions for DT switched systems can be generated by setting T' = 0 in
Theorem 4.1.

Remark 4.4. Theorem 4.1 gives a necessary and sufficient stability criterion for
switched linear system (4.3). However, (4.12) and (4.13) correlate with the index i of
the activated element in A(7,T, L) and the activated concatenated element index j in
C;, respectively. A common challenge is that the system typically cannot predict the
switching sequences, the indices i and j, or the control schedule clock 6,(k) in advance.
Thus, the general extension in the existing literature from stability conditions in LMI

form a mode-dependent or quasi-time-dependent controller design approach fails.

Note that the aforementioned Step 4 for generating A(7, T, L) with C(7, T, L), only
two kinds of concatenations, denoted by {Ai, Aj} ,i,j € Iy, are kept under case i) and
case ii). Among others, case i) keeps the concatenation under A; 1.5t # Aj first , and
in this case 0, (k) is reset to 0 when A; switches to A;; case ii) keeps the concatenation
under A; st = A; sy and the last P(7,T) element in A; belongs to P(7). In this
case, the last subsystem mode in A; has been activated for no less than 7, at the

switching instant from A; to A;, so 0, (k) is set to 7 when A; starts.

Example 4.2. Consider a PDT signal set Sp—_awen[3, 2] with Iy = {1,2,3} and L=1.
The two switching sequences {A;, A; }= {{1,1,1,2}, {3,3,3}} and {A;,, A;,} =
{{2,2,2},{2,2,2,1}} are admissible. Each inner brace indicates one element in
A(3,2,1). The clock 0.(k), computed by (4.10), strikes as {{0,1,2,0},{0,1,2}} and
{{0,1,2},{3,3,3,0}}, respectively.

We can find out that the two admissible switching sequences in Example 4.2 are
constructed corresponding to case i) and case ii), respectively. If we consider the cov-
erage of all A(7,T, L) elements with their concatenations indicated by C(r, T, L), the
designed controller can also work for the infinite number of admissible PDT switching
sequences. The controller gain F, ) (0.(k)) in (4.8) depends on the activated subsys-
tem mode o(k) and its schedule clock 6,(k), where the former one can be denoted
by the switching sequence list, such as .,é_ll-l,p =1,p=0,1,2, and ./Z‘il,g = 2 in Exam-

ple 4.2. Thus, we aim to denote the online computed 6, (k) by two offline calculated
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variables,
0.(i) = {0:(,0),0.(i,1),...,0. (i, | A = 1)}, (4.25)
6.(i) := {éz(i,O),éz(z,l), 0. (z A; 1)} (4.26)
where
0.(i, p) = Inin (P —Dsy 72) (4.27)
and

A T, s=0
0.i,p) =4 @ : 498

( ) { 92(Z7p)7 s € ZZl ( )
where ps denotes the position of the last switching instant of subsystem modes in
A; before p,s € Zy,p € Zja,-15- 1t is seen that 0,(i) and éz(z) cover all possible
0.(k) for A;,i € Z;,. Consider the two switching sequences in Example 4.2. By (4.25)

and (4.26), we can obtain

z(zl) {071720} é (jl)_{o }a
). (i2) = {0,1,2},0. (j») = {0, 1,2,0},
éz(zl):{3330}é( 1) = {3,3,3},
0. (is) = {3,3,3}.0. (j2) = {3,3,3,0}.

It can be checked that 6, (k) for the sequence {A;,, A;, } is identical to {0, (i1) , 6. (j1) },
and 6, (k) for the sequence {A;,, A;,} is identical to {éz (iz) , 0, (jg)}. Thus, if the
controller design conditions hold for all the sequences determined by A(r, T, L) with
C(r,T, L), where 0, (k) is set equal to 0. (i) or 0.(i) for each A;, the designed controller
also works for the infinite number of admissible PDT switching sequences. This is

called “virtual-sequence-dependent” controller design method.

Theorem 4.2. Consider the switched system (4.3) with a given PDT signal set
Sp—dwen [Tz, T'|.  Suppose that there exists a matriz sequence S;(p) € Sl%,i € I,
pE Z[o 4[]’ and matriz sequences Wy (0), U, (0), n € In,0 € Zy -, such that

i)VieI,,pe Z[01’Ai|_1],¢9 =0.(i,p) or 0 = 0.(i,p),

=Silp+1) Az, Wa,, (0)+ B Ug, (0)

s s -wa,@-wt @ |70 (429)
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ZZ) Viel,jeE C_l
Si (JAi]) = 8;(0) < 0. (4.30)
Then the nominal system (4.3) under controller (4.8) is GES. Moreover, the stabi-

lizing controller gains are given by, Vn € Iy,0 € Zjy -]
F.(0) = U (0)W,1(0). (4.31)

Proof. Due to the fact that (S;(p) — W, (0 ))T Yp) (Silp) — W4, () = 0, one
has Si(p) — Wg,,(0)— W3 (0) = WT (0)5 Yp)W, ,(0), where A;, denotes the

7

p-th activated subsystem mode in A;. Thus (29) ensures that

=Silp+1) Az, Wa,, (0)+ Ba Ugs, (0)

R —W}i,p(e)s 1y )WAi,p(Q) =< 0. (4.32)
According to (4.31), we know that
Fn ()W (0) = Un(6),
where n € Iy, and 6 € Zy ;. Then (4.32) is equivalent to
ST Az, OWs,0) ] 0 (.33
AW (O)S (0)Wa, (0

where flgi,p(@) = Ay, +Ba Fa,0).
Performing congruence transformations to (4.33) by diag {Si Yp+1), W L.(0) },

we can obtain

[ =Sitp+1) S p+1)Ag,,(0) ] <0
—5;(p) |

Letting R;(p) := S; '(p) and Az, ,(0) == Ay, we can get (4.12). Moreover, (4.30)
ensures (4.13). By Theorem 4.1, the nominal switched system (4.3) with controller
gains (4.31) is GES under PDT switching signal for S,_ qwen [7, 7.

O
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4.5 Systems with bounded peak disturbances

In this section, the estimated reachable set R, that contains the practical reachable
set R, of the error system (4.4) is designed as small as possible to minimize the effect
caused by the bounded peak disturbances wy. A set R with admissible switching sig-
nal set is also determined to address the global exponential stability of the composite
system (4.1) and (4.3) in the sense of Definition 4.3. The following lemma introduces
the basic idea of generating R, for PDT switched systems by ellipsoidal techniques.

Lemma 4.1. Consider the switched system (4) with a given PDT signal set Sp_awen [Te, T
If there exists a set of functions V; : R™ — R, satisfying V;(0) = 0 and Vi(x) > 0,
Vo #£ 0,Vi € Iy, and a scalar 0 < o < 1, such that

i) Vk € [ks,ksi1),s € Ly, Vo (k) =i €Ty

11—«
Vilegs1) — aVi(eg) — e wl(k)w, <0, (4.34)

it) Yk = ko1, 5 € 2y N6 (ks) =i € Ip,V6 (kor1) = j € C;
Vi(er) = Viler) <0, (4.35)

then it holds that Vs (er) < 1 for all ey, satisfying Vi) (ex,) < 1.

Proof. According to (4.34), we can obtain that

Vilexs1) — aVi(er) < 2w (k)ws
<1-—aq,
which further implies that
Vilegs1) — 1 < a(Vi(ex) — 1) (4.36)

holds for k € [/;:s, Es+1). Moreover, (4.35) guarantees

Vi (er,,) —1<Vi(er,,) — 1. (4.37)
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Thus, for any k € Z, by (4.36) and (4.37), it follows that

Vaay(er) =1 < Vagopy(e(k —1)) — 1
< ..

< V&(ko) (eko) —1<0

due to 0 < a < 1. This completes the proof. 0
Considering the error system (4.4) together with controllers (4.7) and (4.8), we

can obtain the following closed-loop error system:
ert1 = Eory (0c(k)) ex + Do(oywr, (4.38)

where Eor) (0.(k)) == Aoy + Boty Koy (fe(k)). The following theorem gives the
linear version of Lemma 4.1 by employing the ellipsoidal techniques and multiple

Lyapunov function approach [166—168].

Theorem 4.3. Consider the switched system (4.4) with a given PDT signal set
Sp—dwell [Te; . If there exists a matriz O;(p) € SI%,i € Ip,p € Z[O’Miu’ and a
scalar 0 < a < 1, such that

i)VieI,,pe Z[07|fiz‘|f1]’

—O;(p+1) Oi(p+ 1)EA’L,p<9) Oi;(p+ 1>Dﬁi,p
* —a0;(p) 0 =<0, (4.39)

* * —loay
w

i) Vi € Iy, j € C;,
0;(0) = O; (|A4i]) =0, (4.40)

then the reachable set of the error system (4.4) satisfies Re C Re, and R, can be over
approximated by

Re= | €0ip). (4.41)

S PR |4y
Proof. Define the Lyapunov function for the system (4.4) by

V&(k)(ek) = GT(I{?)O&(k) (k‘ — k‘s) €L,
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where k € [12:5, l_cs+1) ,§ € Zy. By Schur complement, (4.39) guarantees

0= [  thy ] <0 (4.42)

* 922

with Qll = E.A ( )Oz(p + 1) A (9) — OZOZ(p)7 le = E}W(Q)Ol(p + 1>DA13P7 and
QQQZDVT%’FX O(p+1D —1 a[
T

Let £(k) == [T (k)wT (k) }T From (4.42), we can obtain that

1 (k)QE (k)
. (E;{ (0)0i(p+1)E 4, (6) — aOi(p)> e
+2¢" (k) (EX, (0)0i(p + 1)D.g,, )

1 —
+ (JJT(]{?) (Di,pOZ(p + 1)Dji7p — o a[) Wre

2

1—a
= Vi) (€rg1) — Vo (er) — 2 w" (k)

< 0,

which ensures (4.34). Moreover, (4.40) ensures (4.35). According to Theorem 4.3, we

can have

e € {e | etOi(ple<1,i €Iy,p€ Z[O,IAi\]}

- U o,

iEILNPEZ[O,‘Ai”

which proofs (4.41). This completes the proof. O

Similar to the stabilization problem for the nominal system (4.3), the mismatch
between the stability analysis and controller design for the error system (4.4) also
exists. The stability conditions (4.39)-(4.40) depend on the index of the activated
A(7,T, L) elements, but the controller gain K,y (6.(k)) in (4.9) varies with the ac-
tivated subsystem mode o(k) and the schedule clock 6.(k). To solve this problem,

(1))

here we also define two offline variables 6,(i) and 6,(i) by revising the subscripts “z
to “e” in (4.25)-(4.28).

Theorem 4.4. Consider the switched system (4.4) with a given PDT signal set
Sp—dwell [Te; T|. If there exist a matriz sequence Q;(p) € SZ%,Z’ € Ir,p € Z[o 4[]’
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matriz sequences Wy, (0), U, (0),n € Iy, 0 € Zj ), and a scalar 0 < o < 1, such that

Z)VZEIL,])EZ[| | ]9 6( )07’0—96(, ),
\Ijll \1112 \Ij13
v = * \1122 0 < O, (443)

* * \1133

where Wy = _Qi(p t 1)’\1]12 N AA WA <(9)+ BAi,pUAi,p(8)7 Uy = Dﬁi,p7\1122 =
a (Qi(p)— Wii,p(Q) — ngyp(G)), and Wsy = __a ,
i) Vi € Iy, j € C;,
Qi (JA4i|) — @;(0) < 0. (4.44)

Then the reachable set of the error system (4.4) satisfies R, C Re, and R. can be

outer approximated by

R, := U e@'w). (4.45)

PR oA

Moreover, the controller gains are given by, Vn € Iy, 0 € Zj ),

K,(0) = U, ()W, 1(0). (4.46)

holds, Vn € Zy,0 € Zy . Then, (4.43) is equivalent to

Tll TlZ T13
Tl = * T14 0 =< O, (447)

* * T15

where Tll = _Qz(p -+ 1), Tlg = EAZP(Q)WA (9) Tlg = D/‘L‘,p?
Tu=a (Qi(p) ~ W5 (0) - Wji,p(0)> and Ty5 = — =271,
Due to the fact that (Q;(p) — ng’p(e))T Qi '(p) (Qi(p) =W, ,(0)) = 0, we know

that Qi(p)— Wy, ,(0) —WLW(Q) = —ngyp(Q)Qi_l(p)W*i,p(Q). Thus, from (47) we can
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obtain that
Tor Yoo Tog

TQ = * T24 0 < O, (448)

* * T25

where Tgl = _Qz<p + 1)7T22 = Eji’p(e)WAi’p(e), T23 = D"Z‘LP’T25 = _1(;_20[]7 and
Toy = —OCW}W(Q)Q;l(P)WAi,p(9)-

Performing congruence transformations to (4.48) by diag {Q; 'p+1), WifTT 0),1 },

P
we can obtain

T31 T32 T33
T3 = * T34 0 < O, (449)

* * T35

where Ta1 = —Q; ' (p+1), Tso = Q; '(p+1)E4, (0), Y33 = Q; '(p+1)Dyg, , Ty =
—aQ; ' (p), and Tg5 = — =21

Letting O;(p) := Q; *(p) and Eg, = Eg (0) in (4.49), we can get (4.39). More-
over, (4.44) ensures (4.40). By Theorem 4.3, e, € R, which is given by (4.45). This

completes the proof.

Il

Remark 4.5. The set R, needs to be minimized to resist the effect from the external

disturbance. Based on Theorem 4.4, we use the following additional constraints to

~

Re:

Qi(p) < el e >0,p € Zpy | 5]- Vi € I (4.50)
This generates Le (k)ey, < €T (k)Q;* (p)er < 1. So it holds that ey, € R, C B(0,/e) =
{eeR™ [ |le] < Vet k€ Zy.

To design R. as small as possible, an optimization problem can be formulated by
incorporating (4.43), (4.44), and (4.50) as constraints

mine s.t. (4.43), (4.44), and (4.50). (4.51)

Theorem 4.5. Consider the composite system (4.1) and (4.3). Suppose that the con-
trollers (4.7) and (4.8) exist for the nominal system (4.3) and the error system (4.4)
with Sp-gwen [Tz, T and Sy-gwen [7e, T), respectively. Then the set R := R X {0} is
GES for the composite system (4.1) and (4.3) with Sp—awen [max (7., 7.), 1.

Proof. If the controller (4.7) exists for the nominal system (4.3), then the closed-loop
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nominal system is GES by Theorem 4.2, so there must exist scalars ¢ > 0, 4 > 0, such
that
2l < ce#ETR ||z | (4.52)

with S, awen [72,7]. Moreover, we can obtain that

lole, = d (= +en R )
S d(Zk -+ €L, €k)
= [zl < cem ) |z (4.53)

where the first “ < ” holds due to e;, € R, C 7%6. Then, it follows that

12k 26) = = llekllme + 2kl 0y

< 2ce HETRO) |1zl
< 2ceHk—ho) (||Zk0|| + ||xko||7%e)

= 2ceHk—ko) (ko s 2ho ) | 72

for given Sp_awen [Te, T'] and Sp_awen [z, T]. As (4.52) and (4.53) require the minimal
persistent dwell-time 7 for the composite system (4.1) and (4.3) satisfy 7 > 7, and
T > 7., respectively, the set R is GES for the composite system (4.1) and (4.3) with

Spfdwell [max (7-27 Te) ) T]- ]

4.6 Simulation results

In this section, two examples demonstrate the validity of the obtained outcomes. The
first example is to determine the admissible PDT signal set S,_awen[7, 7]. This is an
pure numerical example of switched system that contains two discrete-time linear

subsystems with a PDT signal.

Example 4.3. Consider the following discrete-time switched linear system with two

subsystems given by:

[ 09680 0.0760 [ 09987 0.0684
YTl 207599 08920 |0 | —0.0068 0.7252 |

Solving linear matrix inequalities (4.12)-(4.13) in Theorem 4.1, we can find out
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(a) Evolution of x;
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(b) Evolution of x4

10

— Vi (2(k))
s Viiy (2(Ks))

L L
0 5 10 15 20 25 30 35 40
Time k
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Figure 4.3: Verification of the non-conservative global exponential stability conditions
of the nominal system (4.3). (a)-(b) State trajectories with 100 randomly generated
admissible PDT switching sequences. (c¢) The Lyapunov function V) (2;) along one
sequence.

that they are infeasible in the case of 7 = T = L = 1, but feasible in the case
of =T = 1,L > 2. This demonstrates that the considered switched system is
GES under arbitrary switching, which is obviously non-conservative in Example 4.3.
However, it is always infeasible to solve the widely-used QTD stability conditions,
whatever the tuning parameters are. This also verifies Remark 4.2, i.e., the QTD
stability conditions are sufficient to this example even if we set L = 1.

Figure 4.3a and 4.3b show the system state trajectories with 100 randomly gen-
erated arbitrary switching sequences. The convergence demonstrates the system sta-
bility for Sp_awen[1, 1]. Figure 4.3c shows one scenario of the 100 randomly generated
cases, where the Lyapunov function (4.18) monotonously decreases with time instant
k which is identical to (4.24).
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—— MD-based
QTD-based ||
""""""""""""" =-=-- Theorem 4.4

Figure 4.4: Reachable set estimated by MD, QTD methods, and Theorem 4.4. The
union of all the ellipsoids is R.. Blue circles denote the states of the closed-loop error
system (4.4) with 50 randomly generated admissible PDT switching sequences.

Example 4.4. Consider the switched linear system (4.1) with the following parame-

ters [105]:
A, = 1.5 1.2 Ay = —-0.3 1.3 7
0.8 —0.6 —1.1 1.2

Bi=]02 03 }T,Bgz 01 07 ]T,

r T T
Di=102 —0.4} ,Dgz[—0.5 0.4} D=1

Our objective here is to design controller gains (4.8) and (4.9) and explore admissible
Sp—awen|T, T'| such that the composite system (4.1) and (4.3) is GES with a given set
R = R x {0}, where R. containing all trajectories of error system (4.4) is the

optimized solution.

To address this problem, we split the disturbed system into the nominal and er-
ror systems in the forms of (4.3) and (4.4). Since the admissible PDT signal set for
the composite system (4.1) and (4.3) is Sp—awen [max (7., 7.) , T, and the stabilization
conditions (4.43)-(4.44) for the error system are more conservative with tuning pa-
rameter « than the conditions (4.29)-(4.30) for the nominal system, we will consider
the error system first.

All the existing controller design conditions based on Lyapunov function approach



7

3 r T T T T T 1
-- z(k)
coxlk)

2 = — Terminal Re

\ — Middle Res

1

)
0 .. .
Initial set  Terminal set
1+

Figure 4.5: Stabilization of switched linear system (4.1) with bounded peak distur-
bances by the double clock-dependent control scheme.

for reachable set estimation, e.g., the mode-dependent and QTD ones, as well as The-
orem 4.4 presented in this work, are nonconvex and in the form of BMIs [163-166,168].
Some efficient methods have been developed for BMIs optimization, such as iterative
linear matrix inequality (LMI) approach or some numerical optimization algorithms
like genetics algorithm, etc. As only one tuning parameter « is involved in Theo-
rem 4.4, we use global searching algorithm here that repeatedly solves optimization
problem (4.51) by changing « from 0.1 to 0.9 with searching step size of 0.1. For
MD-based estimation approach, we use the same parameters listed in [168] which are
optimized by genetics algorithm. For QTD-based estimation approach, we also use
the global searching algorithm to explore the minimal € by changing a from 0.1 to
0.9 and g from 1.1 to 2.0 with searching step size of 0.1 [162,169]. Note that the
error system in Example 4.4 can be stabilized with arbitrary switching sequences. We
intentionally take this example here for comparison because the MD-based method
is infeasible if the switched system cannot be stabilized under arbitrary switching.

Figure 4.4 shows three B(0,/¢) with € optimized by MD, QTD methods and
Theorem 4.4, respectively. Our presented reachable set estimation method is the
least conservative as it has the smallest B(0, \/€). Moreover, all the trajectories of the
error system (4.4) always stay within R, also verifies the effectiveness of our proposed
stabilization conditions in Theorem 4.4.

For the stabilization problem of the nominal system, we solve the LMI condi-
tions (4.29)-(4.30), and further obtain the mode-dependent and clock-dependent con-
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troller (4.8) under arbitrary switching. Suppose that 2y = [—10, 1.8]T, and consider an
arbitrarily admissible PDT switching sequence. Figure 4.5 shows the cluster of state
trajectories of the disturbed system under 10 realizations. Three main observations

and conclusions can be drawn from the figure:

i) The nominal trajectory z converges to the origin. This demonstrates that the
presented offline clocks 0.(i) and 6.(i) can cover all cases of the online clock
0.(k), i.e., the mismatch problem between the stability analysis and mode-

activation and clock-dependent controller design is solved.

ii) All the disturbed system trajectories x; always stay within the tube that centers
at the nominal trajectory z; with the cross section as R.. This also verifies
the effectiveness of the clock design among 6,(k), 0.(),0(i). Moreover, this
indicates that the double clock-dependent control scheme (the invariant set is
replaced by the estimated reachable set of the error system compared to [160])

is effective.

iii) All the state trajectories of the composite system converges to the set R := Re X
{0} under the designed controllers (4.8), (4.9) and admissible switching signal

set Sp—dwen [max (7, 7) , T']. This solves the problem presented in Example 4.4.

To further verify the proposed design approach, we compute the values of the Lya-
punov function V) (zx) of the closed-loop nominal system, as shown in Figure 4.6a.
It monotonously decreases as the sampling time increases which verifies the effective-
ness of Theorem 4.2. In addition, we also compute the values of (4.34) and (4.35) with
50 randomly generated admissible PD'T switching sequences, as shown in Figure 4.6b.
After we obtain the controller (4.9) by Theorem 4.4 and optimization problem (4.51),
we can accordingly obtain the closed-loop error system, which is further used to com-
pute (4.34) and (4.35). All the values in Figure 4.6b are smaller than 0, which also

verifies the satisfaction of Theorem 4.4.

4.7 Conclusion

In this chapter, we investigate the stabilization problem for the PDT switched sys-
tems with bounded peak disturbances based on the error reachable set minimization.
We present a novel framework, called double clock-dependent control scheme, that

separates the stabilization problem of the disturbed system into two stabilization
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Figure 4.6: Verification of Theorem 4.2 and Theorem 4.4. (a) Evolution of Lyapunov
function (4.18) for the closed-loop nominal system. (b) Values of (4.34) and (4.35)
with 50 randomly generated admissible PDT switching sequences.

problems for the nominal and the error systems, respectively. A non-conservative
stability criterion is presented such that the nominal system is globally exponentially
stable, and a nominal-clock-dependent controller is accordingly designed. For the
error system, we present the virtual-sequence-dependent reachable set minimization
conditions, and also achieve an error clock-dependent controller. The disturbed sys-
tem integrated with the double clock-dependent controllers are also proved to be
globally exponentially stable within a tube whose cross section can be regarded as
the over-approximation of the error system reachable set. Finally, the two numerical

examples confirm the validity of the theoretical findings.
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Chapter 5

A DMD-based MPC framework for

unknown linear systems

In this chapter, a data-driven MPC framework is proposed. This framework utilizes
the DMD methods as a data-driven predictor and implements the MPC to control
the system. This work also guaranteed the theoretical properties of this framework,

and the simulation results validate them.

5.1 Introduction

MPC has been widely deemed as a powerful model-based method to provide optimal
control performance for constrained systems. Recently, a lightweight technique called
DMD has been presented for characterizing system dynamics into a linear form in
real-time. This section aims to develop a control framework with feasibility and
stability guarantees for the first time, which embeds the DMD technique into data-
driven MPC as a predictor. This framework can ensure the control properties for an
unknown linear system that can handle this problem without offline data collection
or calibration. Simulation examples validate the derived theoretical results and show
that our data-driven method achieves comparable results to the standard tube-based
robust MPC approaches.

The technical contributions of this section for addressing the above challenges are

summarized as follows:

1) We develop a trimodal DMD-based MPC approach for a linear system with

additive disturbances. We reformulate this system into a linear system with
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multiplicative uncertainties, which well fits the DMD linear features.

2) We demonstrate the upper bound of the norm difference between the DMD-
derived model and the real system, which paves a way for further control syn-

thesis.

3) A trimodal control mechanism is developed to sufficiently utilize the DMD-
induced adaptivity to the real-time measurements and reject the effect of the

ill-conditioned system matrix.

4) We give a rigorous proof of the recursive feasibility and stability. Simulation
examples show that the proposed trimodal DMD-based MPC (without knowing
the model parameters) achieves comparable results to one of the standard tube-
based RMPC (knowing the model parameters).

5.2 Problem formulation

In this section, we consider the LTI system with additive disturbances:
Lt1 = Axk—i—Buk—i—wk, (51)

where x, € R™ is the state vector, u; € R™ is the control vector, wy € R"* is the
vector of bounded additive disturbances that satisfied ||wy|| < Wpae; the matrices of
dynamics are A € R"™*" B ¢ R"*"_ The control objective of this problem is to
drive the system to the origin point.

System (5.1) is subject to some mixed constraints
Fap,+Gu, <1, k=0...00, (52)

where ' € R™*" and G € R™*™ are the matrices of control and input constraints,

respectively.

5.3 DMD-induced error analysis

A lot of significant data-driven modeling methods have been reported, such as Koop-
man operator [125], Gaussian process regression [170, 171], etc., but they are not

suitable for the system without enough offline data. Recently, a real-time data-driven
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method called DMD is developed to conquer this problem. Therefore, we implement
the online DMD approach to predict the system dynamics matrices A and B in (5.1).
The DMD algorithm can get the system dynamics in time by the snapshots of the
states [172].

5.3.1 DMD control algorithm

The data snapshots with length m at time k (k > m) of system states and inputs are

collected as:

[ | | ]

Xk = | Zhom, Thom+2, Tp—1| >
| | |

| | ]

X;f = | Tk—m+1, Lhk—m+3, --- Tk

L | |

and ) )
| | |

Tk = | Uk—m; Uk—m+2, .- Ug—1

| | |

respectively, where X} and Xj belongs to R"™*™ Y, € R™*™. According to the

system dynamics (5.1), the snapshots of states can be expressed as X) = AX;+BY;+
| | |

Wk—my, Wk—m+42, --. Wk-1

the disturbances. To predict the dynamic matrices, we denote the predicted models

Q., where Q; = denotes the snapshot that collects all

from DMD predictor as Ay, and By, and formulate them by the snapshots of system

states and inputs as follows:

. A A X
where 1T, = [A; By represents the lifted dynamic matrix, and @ = [Tk] represents

k
the corresponding data matrix.

To obtain the prediction of f[k, we need to calculate the pseudoinverse of Oy,
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denoted by @L, which can be computed by the SVD method:

el ~ V, 3107,

A N A T A N
where U}l = [U{DUE’Q] . The matrices Uy, € RO=+m)* and V, € R™" are
unitary, and 3, = diag(oy, 09, ...,0,) is diagonal, where (o1,09,...,0,) represents
all singular values of ®y, and the scalar r is the rank of the SVD truncation. Thus,

[T can be expressed as

I, ~ X, 0! = X, V, 21U},
and the matrices of the system dynamics are estimated as
dy = XUV E 0T, By — XLV, 8107, (5.3)

with IAJM € R"*" and -[Ajkg € R™>". Therefore, the estimated system dynamics with
DMD predictor is given as

Tpy1 N ﬂkﬂk = Akl’k + Bkuk, (54)

TR e RO,

where 6, = [
Uk,

5.3.2 DMD regression error analysis

After a collection of m steps system data with a default system input, the controller
can be designed according to ﬁk, but it is hard to ensure the robustness of the
controller under the additive disturbances. In order to design a robust controller for
the system (5.1), we need to evaluate the mismatch between the DMD predictor IIj, =
[Ak, Bk} and I = [A, B], and represent it using a polygonal set. In this subsection,
an uncertainty set is constructed to handle this problem.

Let the system run several extra steps m’ controlled by a feedback control law
ur = Kypxy, where K}, can be obtained by the LQR algorithm at time k from the ﬁk
Therefore, we can gather the error between the actual system state xy.; from (5.1)

and the predicted one 441 from (5.4). Denote the error of the state at time k as

ek = Bt — opyr = (i — 1) O — . (5.5)
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Since the disturbance wy for all £ = 1,2, ... are bounded, the (5.5) is induced to
W = (ﬁk — H> 0, — €x+1 € Q, (56)

which illustrates the bound of the difference between the mismatch of the DMD
predictor and the state error. Then we can use this relationship to denote the error

set A at time k as
A:{HHL&—%H—H&EQﬁnkGW+LM”, (5.7)

where M = m + m’ indicates all time instants for preparation. Considering that the
uncertainty set A in (5.7) consists of p = n, x (n, + n,) elements, at least (p + 1)
linearly independent constraints should be constructed to ensure A is closed. Thus,
assume there are nq linear constraints of {2, and m’ is at least [(p + 1)/ngq] steps to
ensure A is closed.

Then the center C of the uncertainty set A is defined as the nominal system
for the controller design since the Chebyshev center is the most secure point we are
looking for when the region is surrounded by a bunch of lines, i.e., the polyhedron.
Meanwhile, the Il is not ensured to belong to A.

In order to explain how to construct the uncertainty set A, a numerical example

is given to illustrate how to collect data and compute A.

Example 5.1. Consider the following discrete-time LTI system for testing:
—1.0500  0.2250 0.1
A= , B= ,
—0.5250 —0.9000 1
W =Aw |||l < Wnazs Wmaz = 0.02}.
The constraints of states and inputs are given as follows:

[21]lse <10, JJullo < 2.

The weighting matrices for LQR are selected as Q = [1,0;0,1] and R = 1. The

system dynamics

I1=[A B =

11 A12 b1]

as Gz bo

contain 6 variables that need to be predicted and evaluated, so at least T constraints
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0.4935 -
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’ -1.0505 0.2265 053 0525 59 -091 09
all a12 a21 22
(a) (b)

Figure 5.1: Visualization of uncertainty set II. (a) Dimension 1 of II. m =
[CLH, aig, bl], (b) Dimension 2 of II: o = [agl, as9, bg]

are required. The length of snapshots is m = 10. Due to n, = 2,n, = 1, and
0r € R3, each step will generate 3 pairs of constraints (each pair of constraints are
linear correlation, and constraints from different pairs are linearly independent), thus,
it needs no less than m' = 3 more steps to bound the uncertainty set.

Therefore, the uncertainty set of the 11 at M = m + m’ is constructed, and the
projections in 3D are shown in Figure 5.1. The Figure 5.1(a) shows the first row of
IT including [a11,a12,b1] and the Figure 5.1(b) shows the second row of 11 including

[CL21, 22, bz] .

The proposed control scheme is shown in Figure 5.2. When the system starts,
it will run m steps to collect the first snapshot for the initialization of the DMD
predictor and calculation of the error set A. Then, the decision maker will choose the
control mode according to if the [A, Bj] belongs to A and if x; belongs to the RPI.

The details about the trimodal scheme design will be introduced in Section 5.4.

5.4 DMD-based MPC algorithm

Although the considered system is an LTI system with additive disturbances, the
DMD predictor cannot discriminate the disturbances and obtain explicit system dy-
namics. To design the robust controller for this system, we reformulate the addi-
tive disturbances as the multiplicative uncertainties, and propose a trimodal control

scheme to handle this problem.
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A={T1|T1,6, —e, ~T16, €Q}

Solve two optimi-
zation problems P

snapshots P L
Pk(Ame) 2> Jou,

— X,
x,, = Ax, +Bu_+ o, k

]Pk(zak,ék)—)sz,lli

S4: mode 2

u, =ux

Figure 5.2: The roadmap the trimodal DMD-based MPC control scheme with the
error set.

5.4.1 Tube construction

To deal with this system with constraints, a tube is constructed in this section. For

mode 1, the system dynamics are
N~ A 1 o ~
(Ag, Br) € (A, B) + §D € (A, Bn) + D. (5.8)

The robust MPC control law is designed in a trimodal controller as follows

Kyrp +c, k=m...N—1and d, <9, (5.9a)
up =< Kpor+ce, k=m...N—1and d > 9, (5.9b)
Kz, k=N...c0, (5.9¢)

where ¢, € R™ is denoted as the decision variable of the optimization problem,
K. represents the feedback control law at time k, and N is the prediction horizon
of the MPC. It is supposed that the controller K can stabilize the system (5.1),
and can be optimized by the linear quadratic regulator (LQR). Denote the matrix

®y = A;, + ByK}, as the closed-loop system dynamics, so the system evolves at time
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k according to

Titilk = o )
kT3, otherwise. (5.10b)

To ensure the robustness of the control scheme, the tube-based MPC is imple-
mented. Inspired by the previous work introduced in [73, Chapter 5], we consider
series of polytopic cross sections {ka, Xy -+ XN‘;C} as tubes, and define them by
linear inequalities:

X = A{x: Vo < yipl, (5.11)

where the matrix V' € R™*" ig a full-rank matrix chosen offline according to the
system dynamics, and ay;,% = 1,..., N are vectors that will be updated in the online
optimization process. To illustrate the constraints of the tube in the linear form,

Farkas’ lemma is introduced as follows:

Lemma 5.1. [79] Define two sets as S; = {x|Fyx < b;},i =1,2. Then we can have
S1 C Sy if and only if there exists a matrix H > 0 such that

HFl - FQ, Hbl S b2. (512)

To construct proper series of tubes, the following proposition is presented to make

sure that x; .1, € Xy for all z;, € X

Proposition 5.1. According to the system dynamics in Eq. (5.10) and Lemma 5.1,

Tip1p € X1k @8 true for all z, € Xy if there exist matrices HY =0 such that

HY = Vo), (5.13a)
Yirapk > HOy + VBDey i =0,...,N — 1, (5.13b)
Yirik > HD i = N, ..., 0. (5.13c)

Proof. From (5.11), the tube cross sections are given as Xj, = {z : Vo < v} and
Xiyir = {z : Vo < yi1ak}. Suppose that there are matrices HY = 0 and the Xk

can be written as

S Ve < ik,
H9OV iz, < HDy,. (5.14)
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From (5.10a) for time instants ¢ = 0,..., N — 1, the Xj;,; can be expressed as

Syt V(®pay,, + Brcir) < Vit
V(I)kdiqk < Yi+1lk — VBkCi\k- (515)

As shown in Lemma 5.1, the conditions in (5.13a) and (5.13b) must hold. From (5.10b),
for time ¢ = N,..., 00, the set in (5.11) leads to the condition (5.13c) following the
similar derivations. This completes the proof. 0

In addition, we need to guarantee that all the states and inputs in the tube satisfy

their constraints. Therefore, Proposition 5.2 is proposed.

Proposition 5.2. According to the control sequence (5.9) and Lemma 5.1, the con-
straints (5.2) are always satisfied when x;;, € Xy there exsits a matriz H, = 0 such
that

HV = (F + GK), (5.16a)
Hc’Yz’|k+GCi\k < 1, i:O,...,N— 1, (516b)
Heyp <1, i=N,... 0. (5.16¢)

Proof. Suppose that there exists a matrix H, > 0, and we can represent the tube

cross section as

Sz Ve < i,

Then the constraints (5.2) for time instants ¢ = 0,..., N — 1 can be expressed as

using the control sequence (5.9). As shown in Lemma 5.1, to assure S3 C Sy, the
conditions in (5.16a), and (5.16b) need to be satisfied. For time i = N, ..., 00, the
set in (5.11) leads to the condition (5.16¢) following the similar derivations. So this
completes the proof. O

The matrices HY) and H, can be determined offline by solving the linear programs

and the constraints depend on the variables ;.
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5.4.2 Terminal sets construction

Denote the terminal set for the mode 3 of states as Xy = {x : Vo < 1} which is

A-contractive for A € [0,1). It can be chosen as the maximal RPI set for the system
T+1 = (1/)\)(Dml'k

Proposition 5.3. If the Xx is A\-contractive for A € [0,1), then the bound

lim sup ||Vg[loo < sup |[VBY gl (5.19)
k—o00 k>0

1—A

holds along the states trajectory (5.10) with the sequence of optimized results {CS|0’ Cgll’
e Ot

Proof. If Xy is A-contractive for A € [0, 1), it holds
[VeWlz||  <A|Vzl,, j=1,....m.
By Eq. (5.10a), we can obtain

|V ariillo = [[V®rar + Brcoplloo
< [V @rklloo + [ Brcojelloo

< AMVagfloo + max | B 5o
J

k
< X Vagllos + 3 A max ]| B

=0

Since \¥ = 0 when k — oo, the upper bound can be expressed as (5.19). This
completes the proof. O

Inequalities (5.13c) and (5.16¢) represent constraints of the terminal set. When
the states enter the RPI set, the control is set as ¢;, = 0, © > N and the tubes can
be indicated by the dynamic of the parameter v;;, as a trajectory { Yk, Yn+4ijks - --}-
The dynamics can be formulated by a linear programming problem

(/Yi+1|k’)l = 'G?lax Hl(])’yz\ka [ = ]-7 -5 N, (520)

J 17“~’m}

where [ indicates the number of rows of vectors and matrices. According to this
equation, the invariant set of v can be determined and its stability is ensured if the

terminal set of states is A-contractive. This is shown in the Lemma 5.2.
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Lemma 5.2. [775] If the set is A-contractive for some A € [0,1) under a specific
dynamic (5.10), then H%H\kHoo <A H%'l’fHoo is satisfied for all i under the dynamic
FEq. (5.20), i > N.

The maximal RPI set for the parameter +y is denoted as vy € I'. It is shown that
the RPI set always exists and it can be calculated by several steps of iteration [73].

A simpler way to represent the RPI set is using the terminal constraints

YNk > H(j)7N|k’7] = 1,...,7’Ld, (5218’)

5.4.3 Optimization problem

Denote the vector of decision variables as ¢, = [}, ¢i, ..., cy_4]" and sy = [sd, s, ...,

sy_1]T. Then the transformed matrices, denoted as E and M, satisfy co, = Ecj, and

— _ [.T T T
Ck+1 = Tep = [Clv"‘JCN—IJO] :

The prediction of the system state can be ex-
pressed as Giip = ViGp for @ = 0,1,... where the prediction state is denoted as

¢, BE
COT|k = [30T|k, ci]T, and the transition matrix is given by ¥, = i .

0 M
The cost function of the optimization problem for MPC is denoted as
To = (lsawlle + lvaxll): (5.22)
=0

where @ = 0 and R > 0 are predesigned penalty matrices. By the control policy (5.9),

we can reformulate the cost function by the matrix

o Q+ KT'RK,, K'RE
ERK, E'RE

as

Te = Gi@uGir = CoWiCorrs
i=0
where W, is the solution of the Lyapunov equation
Wy = UiW¥, + Q. (5.23)

As a result, the optimization problem of the DMD-based MPC can be formulated
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as

Py min Jp = (o Weojk (5.24a)
50|ksCk

s.t. VSO\k; < Yolk> (5.24b)

Vi, < Yok, (5.24¢)

(5.13b), (5.16b), (5.21a), (5.21b).

The constraint (5.24c¢) introduces the initial condition, and constraints (5.21a) and
(5.21b) guarantee the terminal condition. The constraint (5.13b) guarantees the

existence of the tube, and (5.16b) guarantees state and input constraints.

5.4.4 Trimodal DMD-based MPC algorithm

Firstly, the system will run m — 1 steps in advance to collect the snapshots of states.
From the m-th step, it will update the system dynamics by the DMD predictor.
Then it will calculate the control input based on current mode and implement it to
the system. This trimodal DMD-based MPC algorithm is summarized in Algorithm 1,

and the corresponding control scheme is shown in Figure 5.2.

5.5 Theoretical analysis

Theorem 5.1. Algorithm 1 is recursive feasible if there exists a feasible solution at

the initial time instant.

Proof. Note that the optimization problem in Algorithm 1 is convex, the constraints
in (5.2) are compact and contain the origin.

Suppose system is at mode 1 at time k. Thus, if the problem Pk(/lm,ém) has
a feasible solution, then there must exist an optimal solution, which further implies

that there exists an optimal trajectory ~;, cj, and 88|k as follows:

Vi = {000 Vijko - - - » YNk

* * * *
Cr = {CO|k7 Cllks - - - 7CN—1\k}'

To demonstrate the recursive feasibility of Algorithm 1, we first construct a set of
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A

feasible solutions for the optimization problem ]P’k+1(121m, B,) by:

Vi1 = V01> Vikt1s - - > INIR41)

= { Vs - Vg INIE+L)S (5.25a)
Chr1 = {Colkt1 Clht1s - - -, CN—1fkt1}

= {Cljs -+ » EN— 1 CN— 11} (5.25Db)

where Yyjp11 and ¢y_q|p4+1 must satisfy:

INIk+1 = H(j)%v—ukﬂ +VBYeyn 41,

i=0,....m, (5.26a)
HO%5 k1 < Akt (5.26D)
Hc’?N|k+1 S 1. (526C)

Here, we set ¢y_1p+1 to O because the (N — 1)th state at & + 1 must belong
to RPI set. Hence, the constraint in (5.26a) becomes Jy(p41 > H(j)ny,”kH which
holds by selecting Yn|x+1 = max;—12,.m H(j)ﬁ\qk. According to Lemma 2, it follows
Anjk+1 € I and thus constraints in (5.26b)-(5.26¢) naturally hold.

On the other hand, at time k, the system is at mode 2 and the problem ]P’k(flk, l%k)
has a feasible solution. Then, similarly to the previous condition, we can find a set
of feasible solutions for the optimization problem for Pkﬂ(/lk, Bk)

Hence, the recursive feasibility of Algorithm 1 is guaranteed. This completes the

proof. O

Theorem 5.2. The system (5.1) is asymptotically stable if the Algorithm 1 has a

feasible solution at time 0.

Proof. According to the system dynamics (5.9) and the system mode changing prin-
ciples presented in Algorithm 1, the stability of the control scheme is proved in two
folds and five scenarios.

Suppose the current time instant is &k, and the system mode at k—1is op_; = 1,and
the system matrices are (flm, Bm) Then, two kinds of scenarios are discussed.

S1: In S1, the system dynamics are kept in mode 1 from k£ — 1 to k, and the

weighting matrix remains Wy = Wj_;. when the system evolves, the system cost
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decreases since

T = Ji1 = CouWilolk — Cojp—s Wi—1Coje—1
= CoT|k;—1 (\DE—ka\Dkfl - Wk) Co|k71-

As a result, Eq. (5.23) guarantees that
Jr < Jb . (5.27)

S2: In S2, the system dynamics varies to mode 2 from k—1 to k. In Algorithm 1,
it is satisfied that J? < J}, and considering (5.27), we can have J? < J. |, which
means the system cost decreases in S2.

On contrary, when the system mode at k — 1 is o,_1 = 2, then three other kinds
of scenarios are discussed. Since the system is at mode 2 in last time instant, the

system cost of system (Ay_1, By_1) satisfies J2 < J2_, due to

Ti — i1 = CWiloik — Coje 1 Wi—1Copr—1
= CoT\k—l (U Wiy — Wi1) Coppr,

where W, = Wj._; because they have the same system dynamics. Then, according to
Eq. (5.23), we can have
Jp—J¢ <0, (5.28)

S3: In S3, the relationship J} < JZ holds because in the algorithm the J} is the
minimal cost. Due to (5.28), the cost relationship is J} < J2 |, which means it is
decreasing from k — 1 to k.

S4: In S4, the relationship J2 < J2 holds. Similarly to S3, according to (5.28),
the cost also decreases since JZ < JZ .

S5: In S5, the system dynamics does not change and Eq. (5.28) ensures the
decreasing of the cost from k — 1 to k.

Hence the system in (5.1) is asymptotically stable. This completes the proof. O

Remark 5.1. The proof of Theorem 5.2 is considered in two cases according to the
condition of mode 1 and mode 2. When the system state switches between these two

modes, the convergence will not be influenced.
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5.6 Simulation results

A numerical example is presented in this section to validate the derived algorithm
and make comparisons to existing results.

Consider the following discrete-time LTT system for testing:

~1.0500 0.2250 5 |01
~0.5250 —0.9000] 1

] , Wae = 0.02.

The constraints of states and inputs are ||z]|oc < 10, ||ulsc < 2. The weighting
matrices are selected as @ = [1,0;0,1] and R = 1. The prediction horizon N is set
to 15. The length of snapshots m is set to 10. The predefined inputs for the first
m steps are u; = us = ... = u,, = 1.5, and we find out that this control sequence
does not violate any constraints. Set the A-contractive parameter as A = 0.95 and

the tuning parameter u of threshold ¢ as 1.

ol [ JROA
[ IRPL
anaen mode 1
mode 2
5 = o =mode 3| |
g of
-5
10 E
-10 -5 0 H 10

T

Figure 5.3: The ROA and RPI sets of the system under the trimodal control policy.

As shown in Figure 5.3, we depict the region of attraction (ROA) and RPI sets of
the system identified at the m step (i.e., the dynamics described by A,, and B,,). It
is checked that any state trajectory originating from ROA can enter RPI set within
18 steps. The initial state is chosen as [5, 7]T. We mark the open-loop operations,
mode 1, mode 2, and mode 3 by blue, orange, yellow, green lines. We find out that

the state trajectory enters RPI at the 16-th step (meeting the requirement of ROA
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property) and thereafter always stays within RPI before finally converging to the
equilibrium. This demonstrates the validity of our algorithm. Figure 5.4 displays the
states and control inputs, which shows that both of the two trajectories satisty the

desired constraints.

10 Y w w w
- [ K "
by 0’17-“';;551_! .‘.J._Tm_’w-o-o-o-u
-10 : ‘ ‘
5 10 15 20 25 30
k
Ve e | | |
é\‘ OFii """‘_:E i i-9-0-0-0-0-0-0-0-0-0-0-0-0-0-0-¢
210 L=t b | e W= ‘ ‘ ‘
5 10 15 20 25 30
k
2-i-l-I-l-i-I---l-.-i--| B B . T "
3 0F P Lﬁ_rl_?‘b-"b-'-‘-*’-‘;
2L | ) S ‘ | ]
5 10 15 20 25 30
k

Figure 5.4: The state and input trajectories of the system starting from the prepara-
tion stage.

5.7 Conclusion

In this chapter, we present a novel data-driven MPC scheme based on the DMD
predictor for the constrained LTT system with additive disturbances. The DMD pre-
dictor is applied to transfer the data of system states and inputs into a linear system
dynamics. By evaluating the error of the DMD predictor, the additive disturbances
are considered as multiplicative uncertainties, and a trimodal MPC framework is pro-
posed to deal with this control problem. We have proved that the recursive feasibility
of this DMD-based MPC scheme is ensured and the asymptotic stability is guaran-
teed. The numerical simulation is provided to demonstrate the efficacy of this control
scheme and a comparison with the classical RMPC is made. The future research
will concentrate on designing a control scheme for high-dimensional systems by the
DMD-based MPC, fully releasing the dimensionality reduction power of the DMD

predictor.
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Algorithm 1 Trimodal DMD-based MPC algorithm

Input: The initial condition xg, the bound of disturbance w,,.,, and the state
and input constraint matrices F' and G. Weighting matrices () and R, a proper
input sequence Y,, and contractiveness number \.

: DMD preparation: Collect the first m steps snapshot of states X,,, X! by

Y,,. Compute the initial system dynamics A,, and B,, by (5.3).

Uncertainty set: Collect m’ steps of z;, and u; and construct the error set A
by (5.7), and the center of the error set II..

Parameters setup: Calculate the mode 2 feedback gain K., the A-contractive
RPI set Z, and weighting matrix W,. Construct the matrices H, and H).
Initialize system mode o, = 1.

4: while each time instant k = M +1,... do

o

Ik

=

8:
9:
10:
11:
12:
13:

14:

15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:

26:

Compute the DMD regression system dynamics

Solve Py, (Am, Bm) and Py, (Ak, B’k> to get (J,up) and (J?,u3), respectively.

if Py, (Am, Em> and Py (flk, ét) are solvable then
if 0,_1 =1 then
if J} < J? then
Let o) = 1, u}, = uj,, and remark this scenario as S1.
else Let 0, = 2, uj, = ui, and remark this scenario as S2.
end if
else if o0;,_; = 2 then
Solve Py, (flk,l, ék,l) to get (J2,02)
if arg; min (JZ,J},J?) = J! then
Let o), = 1, uj, = u;, and remark this scenario as S3.
else if arg; min (J2, J}, J}) = J}? then
Let oy, = 2, u}, = uj,, and remark this scenario as S4.
else if arg; min (J2, J}, J}) = J} then
Let o), = 2, uj, = 03, and remark this scenario as S5.
end if
end if
end if
Reformulate and solve the optimization problem Py
Calculate the control input uy by (5.9) and implement the first item into the
system.
end while
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Chapter 6

Scenario-based MPC (SCMPC) for

obstacles avoidance

In previous chapters, some theoretical analyses about the stabilization and stability of
switched systems, and the robustness of a data-driven hybrid system are discussed. In
this chapter, a practical path planning problem for a stochastic system is considered

and resolved by a novel SCMPC framework.

6.1 Introduction

Cyber physical system (CPS) represents a new generation of systems with computa-
tional and physical capabilities that also have connections with human beings [173].
A typical scenario in CPSs, such as autonomous path planning for multi vehicles [171—

|, is to endow the physical vehicles intelligence so that they can operate in a more
efficient manner.

One basic problem therein is how to regulate a collision-free path for the pur-
pose of minimizing a cost function of interest. This problem can be classified into
global and local planning. Several techniques have been reported for the path plan-
ning problem from a global perspective, such as Dijkstra’s algorithm [178], A* algo-
rithm [179], artificial potential field method [180], just to name a few. The flexibility
of the global methods is limited due to the lack of real-time detection of the topog-
raphy. On the other hand, the local methods, such as fuzzy logic [181] and particle
swarm optimization algorithm [182], are applied to the path planning. Additionally,
sampling-based methods such as Rapidly-exploring Random Trees (RRT) [183] and
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Probabilistic Roadmaps (PRM) [181] are effective in high-dimensional spaces, allow-
ing for dynamic obstacle avoidance by continuously updating the path in response
to environmental changes. Furthermore, optimization-based techniques, such as the
potential field method [185], enable real-time adjustments to the planned path, en-
suring safety and efficiency in navigating around obstacles. However, these methods
will lead to input saturation in practice since they often ignore the constraints of the
model dynamics [136].

Among these techniques, MPC is a promising approach because it can explicitly
handle constraints, take the model dynamics into consideration, and improve the per-
formance by a large number of numerical optimization algorithms [187]. One typical
method is to plan a path without consideration of system dynamics at first, and then
use MPC to steer the vehicle to track the desired path [188]. In [189], a modified
C/GMERS algorithm for fast nonlinear MPC is developed for an autonomous under-
water vehicle, but a basic assumption of this kind of applications requires the planned
path is appropriate that does not violate the physical limits of the vehicle. Another
method that investigates model-based path planning by either using the nominal
model [190] or disturbed model [191]. The constraints in these situations are com-
monly non-convex which need to be formulated to mixed-integer programming [190],
linear polygonic case [191], or optimized by some other non-convex optimization al-
gorithms [192].

On the other hand, probabilistic constraints are introduced to MPC on many
practical applications, e.g., building climate control [193], energy management micro-
grids [194], autonomous vehicles [195], where the cost function of interest can be fur-
ther minimized if some constraints are allowed to be violated with a guaranteed prob-
ability, i.e., a trade-off between the performance and the constraint satisfaction. Two
typical methods to handle the probability constraints include tube-based SMPC [57]
and SCMPC [69]. However, no researches have been targeting the path planning prob-
lem with probabilistic constraints to date. The main reason that prevents SMPC from
working in path planning is that this algorithm requires the constraints to be linear,
but constraints for obstacle avoidance cannot be simply formulated in a linear form.
The obstacle avoidance is also challenging for SCMPC since a basic requirement of it
is that the constraints must be convex, which, however, cannot be fulfilled in many
cases.

Based on the above considerations, we investigate the path planning problem con-

strained by the obstacles with probabilistic safe distance. Different from the previous
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literature, obstacle avoidance can be ensured with a predefined probability. The main

contributions of this chapter are summarized as follows:

o We introduce a novel concept of candidate path that is used to describe possible

paths of all the binary variables in the traditional MINLP optimization problem.

o We present a conditional scenario algorithm that can convert a non-convex
MINLP optimization problem to a group of convex optimization problems and

select the optimal one as the solution.

o We tackle the path planning problem with a guaranteed probability of obstacle
avoidance. Simulation results verify the proposed theories and show how the

target probability regulates the path.

6.2 Preliminaries and problem formulation

Consider a class of discrete-time linear stochastic system:

where 2z € R" is the state vector and u; € R™ is the control input. The system
is assumed initially at a known state zy. The system is under additive disturbances
w(dx) and multiplicative disturbances on state matrix A(d;) € R™*"™ and input matrix
B(dx) € R™*™. The matrices A(d;) and B(dy) are functions of a random uncertainty
0 which satisfies the following Assumption 6.1. The constraints for the system state

and the control input are as follows:
2 € Xyup €U K=0,1,2,... (62)
where X' and U/ are convex sets.

Assumption 6.1. [09] (Uncertainty)

(a) The uncertainties 0 € {do,d1,...} are independent and identically distributed
(i.i.d) random variables on a probability space (A, P).

(b) A “sufficient number” of § can be obtained.
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Figure 6.1: An illustration of the path planning problem with a probability of safe
distance constraint violations.

Remark 6.1. In Assumption 6.1, A is a support set of O, and P is a probability mea-
sure on A. Assumption 6.1 also requlates that sufficient scenarios must be captured to
fully reflect the true distribution of the uncertainties. Thus, an obvious advantage of
the scenario-based uncertainty model is that it does not need to know the distribution

information of o a priori.

Remark 6.2. The “sufficient number” indicates twofold. It not only requires that
we have the capability of repeatedly performing sufficient experiments to measure the
unknown distribution information of the uncertainty, but also implies that the upper
bound of constraints violation can be ensured only under condition of the sufficient

numbers.

The problem of interest in this section is illustrated in Figure 6.1. It shows a
scenario in which a vehicle moves from the initial position zy to a desired position
zq and avoids crushing on obstacles 1 and 2. The vehicle has a circular perception
range so that all the obstacles enter this range can be sensed by the vehicle. Denote
the perception range of the vehicle as d,. We also denote the minimum safe distance
between the vehicle and the obstacles by ds. It should be underscored that the
“minimum” safe distance can be violated, i.e., the vehicle may regulate a “better”
path (which has a lower cost function), but the price to pay is slight violation of the
“minimum” safe distance. So we call this kind of constraints (that can be violated)

as the probabilistic constraints. The term “slight” indicates that we can use the
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probability to make a trade-off between path optimality and constraint satisfaction
Generally, the cost function of the vehicle is given as min,, 7 ST B (2],
where 7' denotes the running time of the vehicle; € (z;,us) = [|2x — 2allg + [Juel%: @
and R are weighting matrices with appropriate dimensions. In the MPC scheme, the
infinite horizon of cost function is reformulated over a small predicted time horizon

N < T and the cost function is shown as follows:

N

nr?inZE [0 (zk, ug)] - (6.3)

k=0

For the simplicity of the analysis, we only consider the position and the velocity of
the vehicle. Suppose that the state vector is z;, = [x,(:), x,(f), e ,:13,(6"), v,(cl), v,(f), e v,(vn)]T
which represents the position and velocity of the vehicle, and the input vector is
Up = [u,il), u,(f), e ,u,(;”)]T which means that we can directly control the velocity of
the vehicle.

Conventionally, the constraints for obstacle avoidance on the path planning prob-

lem is formulated as a quadratic form like
lzx —oil|* >r+de,k=0,1,2,...;i=0,1,2,...

where o; and r denote the center and the radius of the ith obstacle [192], respec-
tively. This kind of obstacle formulation ignores the graphical shape of the obstacles
and further yields a non-convex constraint to the optimization problem, which can-
not guarantee the violation bound of SCMPC approach. Another approach is the
MINLP [190]. The main idea of this approach is to take the graphic shape into
consideration by the introduction of several binary variables. For the ¢th obstacle,
denote its boundary as b®, e.g., the term b)) in Figure 6.1 is used to denote the
obstacle 1. If it is not a rectangle, then we can use a polygon to cover it. However,
for simplicity and without loss of generality, we use the minimum bounding rectangle
of the non-rectangular obstacle as its boundaries, e.g., the dashed line of obstacle b2

in Figure 6.1. Accordingly, we can construct the obstacle avoidance constraints as



102

follows:
S (bll min ds) + Mty (64&)
—3(:( < — (0 o — ds) + Mty (6.4b)
S (bZQmm - dS) + Mt?) (64C)
—x( < — (b o — ds) + Mty (6.4d)
x(n) < (bngln —d ) + Mton— (646)
( ) < (bnmax —d ) + Mt?n (64f)
2n
dty<n—1, t,e{0,1},
q=1
g=1,2,....2n: i=0,1,2,...,0
where (b1 S in—ds)s (b1 max—i—d ), ... are the boundaries of the obstacles in its perception

range ds. Let M be a sufficiently large arbitrary positive number. The inequalities
constraints (6.4a)-(6.4f) construct the state constraint X'. These constraints are non-
convex since the binary variables ¢, are not continuous, which results in the non-
convexity of the optimization problem as well. To perform the convexification of

constraints (6.4a)-(6.4d), we propose the following new concepts.

Definition 6.1. A path P; := {pi1,,...,pn;} is said to be the jth candidate path
with p;; == {q1,...,q0} at the ith predicted step. q, € Z[0,4] denotes the activated
constraint of the oth obstacle where q, € Z[1,4] means t,, = 0 and g, = 0 represents

none of the constraints of the oth obstacle is sensed.

Definition 6.2. Define A as the set of all the candidate paths, and A as the set of

the candidate paths along which the optimization problem is feasible.
To illustrate the definitions, we present an example as follows.

Example 6.1. Consider a kind of situations shown in Figure 6.1 where the vehicle
locates at the top left corner sz’de of the obstacle 1. The prediction horizon N 1is
assumed to 2. Either :1: < b —d, or —xl(fk? < —(b — ds) needs to be satisfied
at the ith predicted step at time k, 1 = 1, 2: respectively corresponding to the two cases

t1=0,ta=t3 =ty =1andty =0, t, =ty =t3 =1 1in (6.4a)-(6.4d). According to

1 min 2 max
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Definition 6.1 and 6.2, all the candidate paths are as follows:

P ={pi1,p21} = {{1,0},{1,0}},
Py = {p12,p22} = {{1,0},{4,0}},
Py = {P1,3,p2,3} = {{4,0},{1,0}},
Py = {p174,p274} = {{4,0},{4,0}},

where Pj,j € Z[1,4] represents 4 candidate paths, and at each predicted step i, p;
indicates all the activated constraints, e.g., pos = {1,0} shows that for the 3rd path
at the 2nd predicted step, only the first constraint of obstacle 1 is activated. A =
{Py, Py, Py, P,} with the total number of Cy x Cy. Assume that Arp = {Py, P2}, then
it means that finite horizon conditional scenario program (FHCSCP) is feasible with
P, and Ps, and is infeasible with Pz and Pjy.

6.3 Finite horizon conditional scenario program
(FHCSCP) and the algorithm for path plan-
ning

The widely-used constraints (6.4a)-(6.4d) yield a non-convex MINLP optimization
problem, and further prevent the use of the SCMPC algorithms which require the
optimization problem to be convex. To tackle this problem, we propose a novel
conditional-scenario strategy which can discriminate an optimal path P} from all the
candidate paths set A.

The main idea of the conditional-scenario strategy is to directly apply the SCMPC
approach [09] to optimize each candidate path P; from the candidate path set A. The
“conditional” indicates that the SCMPC can work only under condition of a particular
path P;. Once a path P; is considered, the non-convex MINLP optimization problem
becomes convex and thus the SCMPC approach can start to work.

Let Q,(:)|Pj = {5&2|P], . a51(\i)—1|k|Pj} denote i.i.d. samples of the sth scenario
Q](:)|,Pj (s € [1,5]) under a certain path P; at time k for predicted stepsi =0,..., N —
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Algorithm 2 Conditional-scenario algorithm

10:

11:
12:
13:
14:
15:

16:

Initialize the parameters: zq4, 20, X, U, N, Q, R, S, ds, dj,, and the map of interest.
At each time step k, perform the following procedures:
Measure the current state zj.
Determine which obstacles b’s are within the range of d, (i.e., are sensed by the
vehicle).
Generate the obstacle avoidance constraints (6.4a)-(6.4d) by b* and d.
Generate the set A of candidate paths and set the feasible path set Ar = A.
for j =1 to the size of A do
Solve the FHCSCP problem for path P; at time k.
if The FHCSCP problem is feasible then
Record the cost value ¢;; and first element wy|P; of the control input
sequence.
else
Remove P; from Ap.
end if
end for
Find the minimal cost ¢y among all the computed ¢;; and the corresponding
optimal path P;,, control input ug| Py -
Apply the control input uy|Ppi, to the system and Return to Step 3.

1. Then, for a specific path P;, the FHCSCP reads as follows:

S N-1

n&in Z Z 14 (zl.(fg, ui|k) (6.5a)
Fos=1 i=0

stz = AGRIP) = + BOGPug, + w65 |P)), (6.5b)

Z(()le =zy,Vs=1,...,8 (6.5¢)

wip €U, ¥i=0,... N —1, (6.5d)

Constraints (6.4a)-(6.4f) under the path P;.

Denote the optimized control input sequence as wi|P; = {uop|P;, - - ., un—1x| P;}-

Here, we only select the first element of u;, and apply it to the system, i.e., uy := ugj.

Based on the FHCSCP, the conditional scenario algorithm is given in Algorithm 1.

Remark 6.3. There always exists a feasible solution on the path generator algorithm.

This is a widely-used almost-sure assumption in the field of SCMPC' since this algo-

rithm does not yield theoretically proved feasibility [09].

Definition 6.3. Define as Vi|xy the violation probability, i.e., the first state violates
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the state constraints X after applying the optimized control input ug,|P; to the system.:

Remark 6.4. Definition 6.3 is used to build the relationships between the scenario

numbers and the state violation of the first step.

Denote the violation level ¢ € (0,1) as the upper bound of the expected time-
average of constraint violations, and the violation expectation can be represented
as

E [Vi|xk <e.

Theorem 6.1. (Safe distance violation bound) Let 6.1 hold. Then for time k, the

upper bound of state violation probability of next step can be expressed as

2
P X< ——. 6.6
e £ %] < g (66)
In other words, if the sample size S satisfies S > (2/e) — 1, the violation expectation

can be guaranteed.

Proof: Since the cost function (6.5a) is convex and the input and state constraints

are convex, under the Assumptions 6.1, the upper bound on distribution is ensured
by [69].

Remark 6.5. A posteriori scenario removal strategy is introduced in [09] aiming
to remove the “bad” scenarios from the algorithm. In SCMPC with S scenarios, the
control input may sometimes be insecure because some scenarios impact the algorithm
with a large fluctuation. The removal algorithm will observe the influences of all the
chosen scenarios and remove R scenarios from them according to some criteria. There
are three main approaches: optimal removal, greedy removal, and marginal removal.
The simplest approach still requires solving S times the optimization problem for one
time instant. In this section, the computational complexity of the FHCSCP algorithm
is high, so the scenario removal scheme is not appropriate. Our future work will focus

on the reduction of the computational complexity with removal scenarios.
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6.4 Simulations and discussions

In this section, we consider a stochastic linear second-order vehicle. This model
represents a stochastic linear second-order vehicle system, typically used in control
or estimation studies involving motion in two spatial dimensions. This is a standard
kinematic model (Euler discretization with constant acceleration assumption). It is
formulated by (6.1) with 2z, and wuy, defined by:

1 (2 (1) (2)]T

zr =[xy, 0y, v, vy W (2)]T

7uk:[uk y Up ’

(2)

(1) and vy,

where z,’ and x,(f)

represent the position of the vehicle at time k; U]E})

represent the velocity; 2o = [0 0 0 0]*. The system matrices are as follows:

146, 0 1 0 0.5000 0
0 101 0 0.5000
A(d;) = ,B O) = )
(%) 0 010 (%) 1.0000 0
0 00 1 0 1.0000
T

w (o) = w,(cl),w,(f),O, 0

The uncertainty of the system comes from the external disturbances w,gl), w,(f) and
the coupled model identification error 6, in A (dx). 6 follows the uniform distribution
which can be represented as 65, ~ U([0, 1]).

The additive disturbance follows the normal distribution which is denoted by
w,(gl), w,(f) ~ N(0,0.1). The system state and the control input are constrained by

X:={zeR":0<2M <320,0 <2® <320,
] <20, 0@ |< 20}, (6.7)
U:={ueR: [u] <10,[«? |< 10} . (6.8)

In the simulation, we define a rectangular map of 320 x 320 unit length as a planar
space, and regulate a collision-free path for the vehicle. A total of two obstacles are

considered in the map. The first obstacle has a rectangular shape, formulated by:

Ay = {100 < 2M < 200,0 < 2 < 200},
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Figure 6.2: Results of regulating a path with 90% probability of obstacle avoidance.

and the second obstacle has an ellipsoidal shape, formulated by:

(zM —135)2  (2® — 265)2
Xy = <1
? { 82 T 1% =

and further covered by a rectangular shape:
Xy = {50 < 2V < 220,250 < z¥ < 280}.

A fundamental setup for the conditional-scenario algorithm includes z; = [300, 300]T,
200 =10,0]", N=3,Q =0.5I, R=3I,ds =5, d, =20, X in (6.7), and U in (6.8).
By (6.6), we know that more than 90% constraints satisfaction corresponds to S = 19,

which is the number of scenarios for each P;.
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Figure 6.3: State violations after one-step optimization of the conditional scenario
algorithm. The format of each subcaption is “scenario numbers: practical constraints
satisfaction, expected constraints satisfaction.”

Figure 6.2a shows the planned path for the vehicle with S = 19. It is seen that
no constraint violation occurs during the whole process. One important position
bounded by a rectangle is zoomed in for a better observation. The proposed condi-
tional scenario algorithm successfully regulates a path from zy to z4 with the practical
constraint satisfaction of 100% larger than the required one 90%. For the purpose of
minimizing the cost function (6.5a), the vehicle states approach the two obstacles at
the time interval [7, 9] for obstacle 1 and the time interval [14, 17] for obstacle 2. The
blue line is the sketch map of the path. Since it is a discrete-time control system, the
cross line between the blue line and the safe distance does not indicate the failure
of the control strategy. The corresponding optimized control input ug| Py, is also
shown in Figure 6.2b. All the optimized control input satisfies the input constraint
U. On the other hand, u(! tends to be 0 when the vehicle approaches the obstacle
1 on the time interval [13,20], since large value of u(*) will violate the constraints.

Same observation can also be made in u(® on the time interval [3,10].
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To further verify the validity of the guaranteed probability of constraint satisfac-
tion, we perform three groups of trials where each trial starts from the same initial
state (the seventh step in Figure 6.2a and then just runs for one step. The only
difference among the three groups is the probability of the required constraint sat-
isfaction. The total scenarios of S = 39 (95%), S = 19 (90%), and S = 9 (80%)
are simulated. In each group, the vehicle optimizes 100 possible scenarios for the
next step, and the practical probabilities of constraint satisfaction are 97%, 92%, and
84%, respectively, larger than the expected probabilities, as shown in Figure 6.3. This
result indicates that the practical probability of constraint satisfaction is guaranteed
and can be conducted by manually revising the number of S, as given in (6.6).

Although the presented FHCSCP algorithm can effectively turn the original non-
convex optimization problem into several convex ones, the price to pay is the relatively

large computational burden. The total number of the candidate paths is

o)
Number of A : (H o

no)

o=1
where n, denotes the number of activated constraints of the oth obstacle. This number
increases with the prediction horizon N and the number of obstacles O. In our future
work, we will focus on reducing the computational complexity of the algorithm so
that it can be used in large-scale path planning, such as multi-agent systems, complex

shipping lanes, etc.

6.5 Conclusion

This chapter investigates the path planning problem with a guaranteed probability of
obstacle avoidance. A novel concept of candidate path is proposed, which can cover
all the possible non-convex constraints in the future predicted steps. A conditional
SCMPC approach is presented, which turns the original non-convex optimization
problem into several convex subproblems by the introduction of the concept of can-
didate paths. The feasible one that has the minimal cost function value among all
the candidate paths decides the optimal control input. Simulation results show that
the proposed algorithm can successfully regulate a path with an ideal probability of
constraint satisfaction. In future work, the main performance metricssuch as path

efficiency, computational time, collision avoidance rate, and robustnesswill be con-
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sidered to systematically evaluate the effectiveness of the proposed path planning

method for a more convincing statement.
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Chapter 7

Optimal Scheduling and Control of
hydrogen refueling station (HRS)

In this chapter, I will give an example of the HRS energy-saving problem. This work
aims to develop innovative modeling and optimization techniques for HRSs to enhance
their efficiency, reduce operational costs, and support the transition to a sustainable

hydrogen-based transportation system.

7.1 Introduction

Global efforts to combat climate change have underscored the urgent need for reduc-
ing carbon emissions, with transportation being one of the largest contributors to
greenhouse gas emissions. Transitioning to sustainable energy is essential to reducing
carbon emissions. Hydrogen, as one of the key sustainable energies, has emerged as
a promising solution to decarbonize the transportation sector. Hydrogen stands out
due to its high energy density and ability to produce zero-emission energy through
fuel cell technology. These characteristics have driven significant advancements in
hydrogen-powered mobility, with the fuel cell electric vehicle (FCEV) emerging as a
leading application. As FCEVs gain traction globally, the development of hydrogen
refueling stations has become critical [196]. Consequently, Canada, along with many
other countries, is actively developing HRSs to ensure efficient and reliable hydrogen
supply.

In the following, we will briefly present the system configuration of hydrogen

refueling stations. Then, the objective of this work is introduced.
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Figure 7.1: Hardware configuration of the HRS.

HRS An HRS consists of power cubes (low pressure storage), a compressor, cascade
high pressure buffers, a precooler, and a dispenser. The schematic diagram of the HRS

with components and their connections is shown in Figure 7.1.

o« Power cubes: Power cubes are used to store hydrogen produced by elec-
trolyzers. Commonly, they are designed to be modular and scalable. This
design allows for flexible installation and expansion of HRSs to meet increasing

demand.

o Compressor: A compressor is responsible for compressing the low pressure
hydrogen in the power cubes into high pressure hydrogen. Hydrogen is com-
pressed in order to be at the required pressure for fast and efficient refueling for

vehicles.

« Cascade high pressure buffers: Cascade high pressure buffers, also known as
high-pressure storage tanks, are used to store hydrogen at high pressures. These
buffers store hydrogen at different pressure levels, which can deliver hydrogen at
various flow rates. By coordinating the hydrogen from different buffers, HRSs
ensure a stable and consistent supply during the hydrogenation process to meet

different needs while maintaining the pressure required for efficient operation.

o Precooler: A precooler is used to decrease the temperature of hydrogen before
it is dispensed into vehicles. It is necessary because the rapid compression
and expansion of hydrogen lead to significant temperature increases due to
the Joule-Thomson effect and adiabatic compression [197], potentially causing

safety concerns and reducing the fueling efficiency.

o Dispenser: The dispenser is the interface between HRSs and FCEVs. It is
responsible for transferring hydrogen from cascade high pressure buffers to the
vehicle’s onboard storage tank. The dispenser typically includes a nozzle, pres-

sure sensors, flow meters, and safety shutoff valves to ensure that hydrogen is
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dispensed accurately, efficiently, and safely. It is designed to handle the high
pressure hydrogen and ensure that the refueling process is completed quickly,
usually within a few minutes, to provide the vehicle with sufficient fuel for

extended travel.

Objectives This work aims to develop optimization and control strategies to min-
imize the energy consumption of the HRS. To achieve this goal, we list the main

objectives in the following.

o To build a customized simulator that can imitate the dynamic state changing
of the HRS, with a particular focus on simulating the fueling processes of the
compressor and the charging process of the vehicle. The simulator must account
for the constraints of both HRSs and FCEVs. Additionally, it should be able
to simulate and characterize the real HRS, with a good performance compared
to available simulators. It is underscored that such a customized simulator
can conveniently implement novel optimization and control algorithms, whereas
other available simulators may not provide access to change the specific modules

therein.

o To implement and test the representative logic controller reported in the litera-
ture, and to perform comprehensive simulation and comparison studies on the

customized simulator developed in this work.

e To propose and design an optimal controller that can optimize energy con-
sumption. Specifically, we will evaluate its performance, conduct comparison
studies with logic controllers, and perform some quantitative analysis of energy

consumption reduction.

7.2 Modeling of the HRS

To optimize the energy consumption of HRSs, an optimal control problem will be
formulated. Before this, the system process of the controller should be described
mathematically. As seen in Figure 7.2, the main components of the HRS include a
compressor, storage buffers, a precooler, and a dispenser. Optimizing the energy con-
sumption of an HRS can be formulated as an optimal control problem with numerical

and integer variables. Some assumptions are presented below.
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Figure 7.2: The HRS system with defined variables.

Assumption 7.1. These assumptions are given under the consideration of the real

system and the simplification for controller design.

o Any of the buffers can either be fueled or emptied at any given time, but not both

(i.e., both operations cannot be carried out on the same buffer simultaneously).

o The energy consumption of the compressor and precooler are linear to the run-

ning time.
o Only one vehicle is fueling at each time (one dispenser is working).
o The remaining gas (hydrogen in the cube) is plenty enough.

o Suppose hydrogen is an ideal gas, which means when the temperature is stable,

the pressure is proportional to the mass.
o The switching cost is not considered.

o The logic always tries to optimize hydrogen availability for dispensing. This

means buffers can be switched to refuel in the HRS refueling process.

To control HRSs more precisely, we consider the transition of the system states
to build the system model characterizing the operation of HRSs. The state variables
are shown in Figure 7.2. For each buffer, the sensors report the real-time data to
reflect the current state. The data we use includes the pressure of buffers z,,, the

temperature of buffers xr,, and the flow rate of buffers z,,,, where # represents
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H, M, or L which means high, medium, or low buffer. In order to illustrate the
relationship of these data, we also define some process variables which are the gas
mass p,, and temperature changes ir,. Similarly, the state variables for vehicles are
also defined. However, sensors in HRSs may not always communicate with vehicle
tanks in real-time. As a result, these values might not be available. The variables of

system states are compiled in Table 7.1.

Unit | High buffer | Medium buffer | Low buffer | Vehicle
Gas pressure bar | z,, Tpus Tp, Tpy,
Gas mass g Ty N T, Ty
Temperature °C Ty Ty, Ty, T,
Flow rate g/s | Tmy Ty Ty, Ty
Temperature changes | °C/s | @1, Ty, T, Ty,

Table 7.1: System state variables of the HRS system.

In this control system, the decision variables are defined as binary, which can be
reckoned as switches and shown in Figure 7.2 as the red valves. For each buffer, two
channels are connected to them to control the inlet flow and outlet flow of hydrogen.

As a result, the decision variables are defined as: Inlet and outlet valve state on each

buﬁer: SinH7 Sout;p SinM7 SOUtMJ SinL7 SoutL .

7.3 MINLP controller design

cascade high
pressure buffers

o—{ high buff )—|—o
inlet_valve ( 'gh pressure bufter outlet_valve

low pressure |pressure | . | precooler and .
compressor = o——[medium pressure buffer > . vehicle
storage | | dispenser
A |

O—|—( low pressure buffer )—'—0 |

L — [— A_ _ 1 |

temprature temprature
pressure pressure

Figure 7.3: Cascade HRS structure.

The system block diagram of the HRS is shown in Figure 7.3. Hydrogen is de-
livered from low pressure storage (power cubes) to the compressor. The compressor

delivers hydrogen to one of the cascade pressure buffers, either low pressure, medium
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pressure, or high pressure, depending on the actual requirements. Once stored in
the appropriate buffer, hydrogen flows through the outlet valve to precooler and dis-
penser. At the final stage, the dispenser fuels a vehicle.

Throughout the process, the pressure of the HRS is continuously monitored at all
stages, while the temperature is measured specifically in the buffers and the vehicles.
The continuous monitoring supports effective system control. The states to be moni-
tored and controlled in the HRS simulator include: 1) The pressure of each buffer and
the vehicles, 2) The delivery flow rate of each component, and 3) The temperature of
hydrogen in the buffers and vehicles.

The gray solid line in Figure 7.3 represents the feedback loop between the buffers
and the compressor, enabling the measured pressure and temperature data to be sent
to the compressor for regulating buffer replenishment. The compressor plays a critical
role in this process, replenishing the buffers whenever their pressure approaches the
lower limit to maintain uninterrupted refueling. Notably, the compressor is a signif-
icant energy consumer, accounting for over 50% of the total energy consumption in
the HRS. Then, the dispensing process can occur with or without communication
between the vehicle and the HRS. If there is no direct communication, as indicated
by the gray dashed line in Figure 7.3, the pressure and temperature of the vehicle are
only monitored at the beginning of dispensing.

Finally, a controller uses the pressure and temperature data, along with the states
of the inlet and outlet valves, to dynamically decide when and how to switch between
three buffers, ensuring efficient hydrogen flow and safe operation. Considering three
buffers located between the compressor and dispenser, the inlet and outlet valves of
buffers can be designed as two three-way switches, as indicated by the red valves in
Figure 7.3. In summary, the HRS simulator provides a comprehensive platform for
analyzing and optimizing the replenishing and refueling processes by incorporating
key components such as compressors, buffers, and dispensers. Through continuous
monitoring and control of pressure, temperature, and flow rates, the simulator enables
efficient system operation and enhances safety. The integration of dynamic control
strategies, including buffer switching and energy management, ensures the reliable
and energy-saving operation of HRSs.

In the last section, we have defined the variables of this problem. Then we need
to describe all the constraints of this problem. The constraints of the MINLP can be

classified into several classes.

1. System dynamics
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The constraints of system dynamics reveal the model of state evolution and
relationships between different states, which are always described as differential

equations.

2. Condition-dependent constraints

Constraints for the optimization problem vary according to different conditions,
which means that this is a time-varying problem. In this problem, the system
states change depending on whether a vehicle is refueled. If there is no vehicle,
the system stays in a stable state or the compressor fuels the buffers. However,
when the vehicle is refueling, system dynamics changes with the dispensing
process, which needs to be considered in the MINLP problem. Simulating the

process is a crucial part of the control system.

3. Limitations and requirements

This class of constraints represents the limitations of the system or the require-
ments from users. They can be revised based on different conditions when we

utilize the control algorithm.

System Dynamics

» Flow rate of buffers: The flow rate are calculated to make sure if it is beyond
the constraint of the real system and to predict the the future states of buffers.
When two containers have a gas exchange, the flow rate between them are
proportional to the difference of their pressure. Then, in Eq. (7.1), the first
item illustrates the gas exchange between buffers and the compressor, and the
second item is between buffers and the vehicle. Considering different conditions,

two coefficients ¢y, and cy,,, are assigned to them.

However, when we solve the MINLP problem, these constrains are too strict to
find a feasible solution. As a result, we separate the Eq. (7.1) into to parts:
Eq. (7.2) and Eq. (7.12). It can not only increase the flexibility of the but also
reduce computational burden when there is no vehicle to be refueled.
‘i’mH = Cfin (pcom - mpH)SinH ~ Clout (mpH - xpv)‘goutH’ (7.1&)
Ty = Cfin (pcom - xpM)‘ginM ~ Clout (xPM - mpv)soutwn (71b)

Ty = i (Peom — Tpy, )Sing, — Cows(Tpr, — Tpy ) Sout, - (7.1c)
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The equality constraints are separated into two parts of inequality constraints

to clamp the value of the flow rate.

:th < Ctin (pcom - po)SinHa (7.2&)
jij < Cfin (pcom - 'T;DM)Sva (72b)
jij S Cfm (pcom - xpL)SinL- (720)

o Ideal gas relationship of buffer: This is one of assumptions of HRSC sim-
ulator. We assume the hydrogen in our simulation obey the ideal gas rule. In
Eq. (7.3), R is the gas constant, R = 8.3145 J- K ~'-mol~!, where pressure is ex-
pressed in pascals, volume in cubic meters, and absolute temperature in kelvin.
M is the molar mass of hydrogen, which is M = 0.002016 in the simulator.

Vi/myr is the volume of the buffer.

Ty Ror,
M ’

Ty R,

T, Ry,
M ’ '

ZL'pHVH = Vi

Tpy Vi = xp, Vi, = (7.3)
o Temperature changes of buffers: In our simulator, assuming the temper-
ature change of buffers are linear to the time, we can find proper coefficients
to describe different procedures of gas changing. cr,, , cr,.,, and cr, are the
coefficients of the input valve, output valve, and environmental heat exchange
respectively. In the simulator, we assume the environmental temperature is a

constant value T, = 25°C.

mTH = CTHin SinH - CTHout SOUtH + CTn’ (74&)
TTyr = CToginSinar — CTarous Soutar + CThs (7'4b)
Iy, = CTp,,Sing = CTppuSouty, T CT,,- (74C>

o Temperature evolution of buffers: The temperature of buffers evolves ac-
cording to the rate calculated in Eq. (7.4). We assume this is a discrete time

system, and the sampling period is one second. Then, the evolution of the
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temperature can be formulated as follows.

vy (k +1) = w1y (k) + 21, (K), (7.5a)
'TTM(k + 1) = .’L’TM(/{?) + x.TMU{;)? (75b)
ITL(]{? + 1) =TTy (k) + $TL<1€) (75C)

Conditions

There are two conditions or states of the HRS. One is that the vehicle has connected
to the dispenser and the HRS system is under the refueling process. The other
condition is that the HRS in an idle state. As a result, the constraints are considered
under these two kinds of conditions:

Condition 1: At least one vehicle

Under this condition, we need to consider the states, dynamics of the fueling

vehicle, and its influence to the HRS. The detailed constraints are given as following;:

o Flow rate of vehicle: This constraint represents that the flow rate of the
vehicle is proportional to the pressure difference of the vehicle and the high
pressure buffers, and it depends on the valve open or close to the dispenser.

Cf..: 18 flow rate constant and its value is same as the one in Eq. (7.1).
x.mv = Cfout((mpH - xpv)soutH + (xpM - xpv)soutM + (xpL - xpV)SOUtL)' (76)

« Flow rate of each buffer: As we mentioned in Eq. (7.1), the second part of
the buffer flow rate is only considered on Condition 1. For each buffer, if it is
used to dispense, its flow rate is proportional to the difference of pressures and
the value should be equal to the flow rate of vehicle. cy,,, is flow rate constant

and its value is same as the one in Eq. (7.1).

i.mH > _Cfout(xPH - mpV)SOUtH7
i‘mlw Z _cfout (xPM - xp\/)SoutM,
iimL > “Cfout (‘rPL - xpv)soutL' (77)

o The pressure and temperature relationship of vehicle. This relationship

is considered as the ideal gas condition, which is the same as Eq. (7.3), and all
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values of parameters are the same as Eq. (7.3).

Ty R,

= (7.8)

Ty, Vv =

o Temperature changes of the vehicle: The temperature changes of the ve-
hicle is corresponding to the state of fueling. If it is in the refueling process,
the temperature will increase; however, if it is pending, it will cool down due to
the heat exchanges with the environment. ¢y, and 7¢,, are the speed of tem-
perature exchange with the environment and the environmental temperature,
which are the same as in Eq. (7.4). ¢, is the speed of temperature exchange

when the vehicle is refueled.
j:TV - CTV<SoutH + Sout s + SoutL> + T, (Tenv - xTv)' (79)
Similar to Eq. (7.5), the temperature of the vehicle follows the same rule.

« Max/min flow rate of dispenser: This is a bound constraint of the flow
rate. For the security of the dispenser, the flow rate to fuel the vehicle should
follow the limitation.

0 < &y, <60 g/s. (7.11)

o Pressure threshold for fueling: The pressure difference between buffers
and vehicle during refueling process should be greater than pg..;r = 100 bar.
This constraint is set to guarantee the fueling efficiency since if the pressure
difference is too small, the flow rate will drop fast which means it will take

more time on refueling.

(IPH — Tpy, — pdref)soutH Z 07 (712&)
(IPM — Tpy, _pdref)soutM Z 0; (712b)
(:EI?L — Tpy — pdref)soutL Z 0. (712C)

o Maximum temperature of the vehicle: This is the bound of hydrogen

temperature to keep the vehicle tank safe. The maximum temperature of the



121

vehicle in the simulation is set as Ty,,0, = 80°C.

Ty, S TVma:):' (713)

Condition 2: No vehicle
When there is no vehicle under the fueling process, the HRS stays in a pending

state and all the dispenser valves are closed.

Souty — 0, Soutyr = 0, Sout;, = 0. (714)

Limitations and Requirements

e This is the bound of hydrogen temperature to keep the high-pressure buffers
safe.
Ty S Tbma:m Ty g Tbmawa Xy S Tbmam- (715)

o If the pressure of a buffer is greater than the threshold 800 bar, and it is not
in the fueling process, then it will not be fueled by the compressor to save
more energy. The k in Eq. (7.16) represents the current time instant, so the
Sing (k—1) means the decision value in the last time instant, which is a constant

value.

(#py (k) — 800)

Sing (k) =1 < $inyy (K —1) — i , (7.16a)
som () — 1 < s (h— 1) — (“"”M(k]f[ 800) (7.16b)
som (B) — 1< s (k— 1) — (%L<kj)w_ 800) (7.16¢)
o The inlet and outlet valve cannot open simultaneously for one buffer:
Sing T Souty < 1, Siny + Souty < 1, Sin, + Sout;, < 1. (7.17)

e The number of compressor could be one or more which can be set by the con-
stant n.,,. In our simulation, we only consider the n.,, = 1 condition which

is same as the condition of our real stations.

Sing + Sinyg + Sing, S Necom - (718)
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o There is only one dispenser in a set of the equipment in our simulation, so the

sum of all the outlet valves of buffers should less than 1.

Soutg + Sout s + Souty, S 1. (719)

The objective function of this problem consists three parts:

1.

Jp is the sum of all energy consumption of the high pressure buffers which is
defined as

Each item is also defined as follows

en(k) = e, Sing (k) + Ceyur Souty (k) (7.21a)
€M<k) = Cemsinm(k) + ceoutSOUtM(k>7 (7'21b)
er(k) = CemSinL(k) + CepurSouty, (k), (7.21c)

where ¢;, and c¢,,; are the weights of cost from compressor and pre-cooling of
the dispenser. Since the compressor costs more energy than the dispenser in a

time instant, we assume the ¢;, : ¢y = 2 : 1 in the simulation.

Jo(k) represents the effort to fueling the buffers in the objective which is defined

as
Ja(k) = (295 (k) = Tpmaz)” + (@ps (K) = Tpmaa)® + (2, (k) = Tpmas)*. (7.22)

J3(k) only considers the vehicle fueling as the objective that is defined as
J3(k) = (2, (k) — :L‘pm,w)Q. (7.23)

The square of the difference of pressure between the vehicle and its maximum
value represents the effort to fueling the vehicle in the objective. As a result,

J3(k) is a necessary part of the objective function.

As a result, the objective function of the MINLP at time k& with a prediction
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Table 7.2: MINLP control methods with three sets of different coefficients of the
objective function.

Coefficients Objective function

MINLP 1 | cong=cr=c¢, =1 J(k) =30+ Y garny )
MINLP 2 | ¢y =, =0 ,c, =1 | J(k) = zgzo(xp — Tpmaz)?
MINLP 3 | ¢, =0, Ceng =, =1 | J(k) = > _o(J1 4+ (Tpy — Tpmaz)?)

horizon ¢ is summarized as :

t
J(k) = (Ceng 1 (k + 1) + cpJa(k + 1) + coJ3(k +14)) (7.24)
i=0

where ceng, ¢ and ¢, are the coefficients of J;, Jo and J; respectively. By tuning
these three parameters, we can adjust the target of the control process. Meanwhile, ¢
represents the prediction horizon of the optimization problem which is also known as
the MPC. The performance of the controller will be better if ¢ increased to a proper

value, but the computational load will also increase dramatically.
After constructing all the components of the optimization problem, the MINLP

is given as:

min  Eq. (7.24) (7.25a)
s.t. Eq. (7.1) to Eq. (7.19) (7.25Db)

In order to compare the influence of the coefficients in the objective function,
we proposed three critical conditions that can represent the trade-off of the MINLP
algorithm between energy saving and refueling efficiency. The coefficients and corre-

sponding objective functions of these three conditions are shown in Table 7.2.

e MINLP 1: This condition regards Ji, Jo and J3 equally important. It is
more efficient and aggressive on refueling the vehicle since it has a higher buffer
pressure. This strategy tries to fuel the buffers and vehicles as fast as it can to
satisfy the objective, which means it will have the most aggressive performance

of the waiting time but cost more energy.

o MINLP 2: This condition only considers the vehicle refueling target but not
energy consumption nor buffer fueling. It means all cost from the compressor are

spontaneous which means it will balance the buffer fueling and energy-saving.
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e MINLP 3: This condition considers the energy and the vehicle, but does not
include the buffer fueling, so this condition can save more energy in theory. This
strategy is the most energy efficient since it will try to close the compressor as

much as it can to reduce the energy consumption.

7.4 Simulation results

In the simulation, we compare the performance of three objective functions. The
sampling period of the HRS varies on different conditions and the minimum sampling
period is one second during refueling. The MINLP problem is required to be solved
within one second. Therefore, all experiments are conducted with the prediction
horizon of t = 1. We consider four scenarios with vehicle flows following uniform and
normal distributions, which are summarized in Table 7.3. The uniform distribution
represents the vehicle traffic with equal intervals over a time period, while the normal
distribution shows peak and off-peak times. Scenarios S1 and S2 are designed to
simulate dense vehicle conditions over a short period, equivalent to 5 vehicles arriving
within 17 minutes. Scenarios S3 and S4 illustrate the daily vehicle conditions of 96
vehicles following uniform distribution and normal distribution over 12 hours. The
subsequent part compares the control performance of the two systems with different

distributions under these varying conditions.

Table 7.3: Four simulation scenarios.

Distribution

Number of Vehicles / Time Period | Uniform | Normal
5 / 1000 seconds S1 S2
96 / 12 hours S3 S4

Observations from these two tables reveal that under scenarios with a high den-
sity of vehicles waiting to refuel in short durations, the results are largely consistent.
MINLP 1 always has the shortest waiting time for vehicles and the shortest dispenser
operation time for both scenarios S1 and S2; however, it increases the compressor
operation time. Conversely, MINLP 3 offers the shortest compressor operation time
in both scenarios, indicating it is the most energy-efficient, but it significantly extends
vehicle waiting time. Furthermore, comparisons reveal that in scenario S2, other con-

trol methods can complete refueling for five vehicles within 2500 seconds, whereas
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Table 7.4: Performance of controllers under S1.

Scenario | tiotal(S) ‘ tavg(s) ‘ teomp(S) ‘ tais(s)
Logic 1148 230 1420 1836
MINLP 1 | 959 -16.5% | 191 -16.5% | 1995 40.5% | 1729 -5.8%

S1 MINLP 2 | 1326 15.5% 255 11.2% | 1144 —19.4% 1961 6.8%
MINLP 3 | 1740 51.6% 384 67.3% | 363 -74.4% 1786 —2.7%
Table 7.5: Performance of controllers under S2.
Scenario | tiotal(s) ‘ tavg(s) ‘ teomp(s) ‘ tais(s)
Logic 1132 226 1397 1806
99 MINLP 1| 951 -16.0% | 190 -16.0% | 1995 42.8% | 1661 -8.0%

MINLP 2 | 1194 5.5% | 239 5.5% | 1171 —16.2% | 1899 5.2%
MINLP 3 | 1314 53.7% | 348 53.7% | 363 -74.0% | 1786 -1.1%

MINLP 3 cannot finish within this timeframe. MINLP 2 achieves a more balanced
outcome, reducing energy consumption without significantly increasing vehicle wait-
ing time. As a result, for scenarios with a high density of vehicles waiting to refuel
in short durations, using MINLP 2 can ensure the operational efficiency of the HRS
while also achieving energy savings.

In summary, this section presents the simulation results of three optimized con-
trol methods, MINLP 1, 2, and 3, across four scenarios (S1-S4), and their comparison
with the performance of the logic controller. The various MINLP methods facilitate a
balance between minimizing customer waiting time and reducing system energy con-
sumption. In practical control applications, the appropriate controller can be selected
based on different vehicle traffic conditions and station requirements. For instance,
in scenarios where there is a rapid influx of vehicles queuing at a station, MINLP
1 or MINLP 2 can be used to reduce waiting time in a short period. Conversely,
in most cases where vehicle traffic is sparse, MINLP 3 can be utilized, prioritizing

energy saving as main objective to control the HRS.

7.5 Conclusion

Based on the HRS refueling, we develop an open-source simulator in Python. The
simulation result demonstrates that our simulator is comparable to the HRS simulator
in Simulink. Three MINLP (MINLP 1, MINLP 2, MINLP 3) control methods are

implemented in the simulator and the simulation results of these control strategies
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Table 7.6: Performance of controllers under S3.

Scenario | tiotal(S) ‘ tavg () ‘ teomp(S) ‘ tais(s)
Logic 36701 382 40686 42876
MINLP 1 4799 -86.9% | 49 -87.2% | 43352 6.6% | 41810 -2.5%

53 MINLP 2 | 48239 31.4% | 502 31.4% 34477 —15.3% 44225 3.2%
MINLP 3 | 52250 42.4% | 544 42.4% | 33185 -18.4% 44966 4.9%
Table 7.7: Performance of controllers under S4.
Scenario | tiotal(S) ‘ tavg(s) ‘ teomp(8) ‘ tais(s)
Logic 43212 450 40560 43140
4 MINLP 1 | 40021 -7.4% | 416 -7.6% 44068 8.7% | 42184 -2.2%

MINLP 2 | 51304 18.7% | 534 18.7% | 3778 —6.8% | 47680 10.5%
MINLP 3 | 57309 32.6% | 596 32.4% | 37389 -7.8% | 50081 16.1%

under four synthetic scenarios.

Based on the characteristics of all methods, these control methods can be selected
according to different vehicle traffic patterns and specific station needs. For example,
MINLP 1 or MINLP 2 are ideal for scenarios with a sudden surge of vehicles, quickly
alleviating waiting time. On the other hand, MINLP 3 is more suitable for conditions
with low vehicle density, focusing on energy efficiency as a primary goal for manag-
ing the HRS. Based on the evaluation of these control strategies, we provide some

suggestions to reduce the energy consumption on four real stations.
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Chapter 8
Conclusion and future works

This dissertation presents a comprehensive investigation into stochastic data-driven
MPC for constrained systems, with a particular focus on hybrid systems that com-
bine continuous and discrete dynamics. The research makes significant theoretical
and practical contributions by addressing the challenges of controlling such systems
under uncertainties, proposing novel control methodologies, and demonstrating their

applications through case studies.

8.1 Conclusion

The dissertation begins by outlining the fundamental concepts and motivations for
studying stochastic data-driven MPC, as detailed in Chapter 1. A broad literature
review highlights the increasing relevance of MPC in modern control applications,
particularly in areas such as robotics, industrial electronics, and power systems. In
Chapter 2, key preliminary concepts such as reachable sets, invariant sets, and sta-
bility theories are introduced, laying the theoretical groundwork necessary for the
subsequent research.

The central contributions of this research are presented in Chapters 3 to 6. Chap-
ter 3 explores asynchronous stabilization of discrete-time switched linear systems
under dwell-time constraints, proposing a novel convex stability criterion. This work
improves the ability to control systems that experience mode switching in an asyn-
chronous manner. Chapter 4 extends this investigation by introducing an error reach-
able set-based stabilization approach for switched linear systems with bounded peak

disturbances, providing a robust control strategy that maintains system stability de-
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spite external perturbations.

The study then shifts focus to data-driven methods. Chapter 5 presents an in-
novative integration of DMD into the data-driven MPC framework. This lightweight
model-free approach ensures system stability and recursive feasibility, offering a so-
lution for controlling complex systems where obtaining accurate models is challeng-
ing. Chapter 6 investigates the application of SCMPC to path planning and obsta-
cle avoidance, providing practical solutions for managing uncertainties in real-time
decision-making, particularly in safety-critical applications.

Chapter 7 demonstrates the practical relevance of the proposed methodologies
through a case study: energy-saving control for hydrogen refueling stations. This
study highlights the potential of data-driven MPC to address real-world energy effi-
ciency challenges.

In conclusion, this dissertation contributes to advancing the field of stochastic
data-driven MPC, offering new theoretical insights and practical applications. The
work presented here provides a solid foundation for future developments in data-driven
control systems, particularly in areas requiring real-time optimization, robustness,

and scalability.

8.2 Future works

My future research will focus on the investigation of MPC design for hybrid systems
and its applications to the unmanned aerial vehicle (UAV) systems, integrating data-
driven methodologies to enhance system stability, robustness, and intelligence. Given
the complex and hybrid dynamics of UAVs, traditional model-based control faces chal-
lenges in accuracy and adaptability. To address this, I will develop data-driven MPC
frameworks that leverage system input-output data for improved performance while
ensuring stability and optimality. Additionally, I will investigate intelligent collabo-
rative control for UAV swarms and UAV-unmanned surface vehicle (USV) systems,
incorporating Al-driven large models to enhance autonomous decision-making and
coordination in complex environments. Furthermore, I will focus on intelligent path
planning and trajectory tracking, utilizing computationally efficient online optimiza-
tion techniques to handle dynamic and uncertain mission scenarios.

My future research aims to achieve both theoretical and practical directions for
hybrid system MPC, ensuring optimal UAV operation in critical applications such as

disaster response, maritime patrol and precision agriculture.
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8.2.1 Data-driven MPC for hybrid systems

Many physical processes exhibit complex hybrid dynamic characteristics, ranging
from micro to macro multi-cell systems, UAV systems, and power electronics sys-
tems, among others. Accurately describing these systems with precise mathematical
formulations remains a significant challenge. Conversely, we often have access to a
vast amount of system input-output data. Therefore, optimizing system performance
solely based on collected data represents a cutting-edge direction in the field of control.
I plan to conduct research on data-driven MPC theory and its applications in hybrid
dynamic systems, aiming to establish a new theoretical framework that ensures key
performances such as stability, robustness, and optimality. This work seeks to address
the contradictions and challenges between the accuracy of data-driven modeling and

the optimality of hybrid predictive control.

8.2.2 Advanced control for unmanned aerial vehicle (UAV)

systems

In response to the urgent need for precise sensing and intelligent operation in com-
plex and extreme environments, such as earthquake rescue, maritime patrol, and
agricultural pest control, I plan to undertake research on the theory and applica-
tion of collaborative motion control involving multiple UAVs and the integration of
UAVs with USVs. This research aims to address the challenges posed by the exist-
ing multi-agent frameworks’ heavy reliance on model accuracy and insufficient levels
of intelligence. By integrating large model theories, such as generative pre-trained
transformers, the goal is to achieve coordinated motion control of multiple UAVs
and UAV-USV systems endowed with swarm intelligence and autonomous awareness.
This approach will be validated through application in significant scenarios, including

maritime patrol, demonstrating its efficacy and potential.

8.2.3 Intelligent path planning and trajectory tracking for
UAV systems

In future research, the development of intelligent path planning and trajectory track-
ing for UAV systems remains a critical challenge. Current UAV navigation often
faces difficulties such as dynamic environmental changes, obstacle avoidance, uncer-

tainties in wind disturbances, and limited onboard computational resources. Ensur-
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ing real-time adaptability while maintaining optimal performance is a key concern.
Data-driven and learning methodologies are promising to handle complex and time-
varying problems, including complex path planning problems for the UAV systems.
Simultaneously, I also intend to exploit a computationally efficient online optimiza-
tion algorithm to reduce the computational demands of the optimization problem and

implement it together with the data-driven path planning scheme.
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Appendix A

Publications

e Journal papers that have been published

1. X. Shang, S. Zhuang, and Y. Shi, Asynchronous stabilization of discrete-

time switched linear systems under dwell-time constraints. IFEE Transac-
tions on Automatic Control, DOI: 10.1109/TAC.2024.3428992, 2024.
(This work is presented in Chapter 3)

. X. Shang, S. Zhuang, T. Tan, and Y. Shi, Error reachable set based stabi-
lization of switched linear systems with bounded peak disturbances. Journal
of Automation and Intelligence, 2(2), pp.87-98, 2023.

(This work is presented in Chapter 4)

. S. Zhuang, X. Shang, X. Yu, H. Gao, and Y. Shi, A unified framework of
convex stability conditions for 2-D switched systems with stable or unstable
modes. Automatica, 141, p.110264, 2022. (Regular paper)

e Journal papers under review:

1. X. Shang, S. Zhuang, K. Zhang, and Y. Shi, Dynamic mode decomposi-

tion based data-driven model predictive control: Feasibility and stability.
Submitted.
(This work is presented in Chapter 5)

e Conference papers that have been published or accepted

1. X. Shang, J. Chen, S. Zhuang, and Y. Shi. Scenario-based model predictive

control for path planning and obstacle avoidance. In the proceeding of 2021
Jth IEEE International Conference on Industrial Cyber-Physical Systems
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(ICPS), Victoria, Canada, 10-12 May 2021. IEEE.
(This work is presented in Chapter 6)

. T. Tan, X. Shang, L. Yang, and Y. Shi, Model Predictive Control of
asynchronously switched systems with exogenous disturbances, In the pro-
ceedings of 24th IEEE International Conference on Industrial Technology
(ICIT 2022), Orlando, USA, 04-06 April 2023,
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