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ABSTRACT 

The phenomenon of mass loss from stars is surveyed. It is shown 

to be of widespread occurrence and, in many cases, to be of sufficient 

magnitude to alter significantly the course of stellar evolution. A 

considerable number of different mechanisms appear to be responsible 

for mass ejection; from these the thermally driven mechanism, believed 

to be responsible for the solar wind, is chosen for detailed investigation. 

The observed characteristics of the solar corona and solar wind 

are reviewed, and the observational results are used to show, by means of 

kinetic theory, that the solar wind flow is most appropriately treated 

by means of hydrodynamics. 

Solutions of the hydrodynamic equations are obtained on the 

assumptions that the only heating effect above the base -of the corona 

is due to thermal conduction, and that the thermal conduction flux 

tends to zero at infinite distances from the star. 

Models corresponding to the solar wind .are produced which 

indicate a rate of mass loss from the sun of about 3,3 x 10- 14 M0 /year, 

in reasonable agreement with space flight observations , There are 

indications that the non-thermal heating mechanisms responsible for the 

high coronal temperatures extend for a considerable .distance Into the 

solar wind. 

Empirical relationships deduced from these models Indicate that 

thermally driven stellar winds from hot, dense coronas may be capable 

of causing quite considerable rates of mass loss. 
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CHAPTER 1 

INTRODUCTION 

It has been known for many years that some stars lose mass in 

cataclysmic events such as supernovae, but only recently has the 

importance of the steady outflow of material, which occurs throughout 

the lifetimes of many stars, been recognised. A considerable number 

of different mechanisms are thought to be capable of causing these steady 

outflows. 

The theory of the thermally driven mass loss mechanism which is 

observed to be responsible for the ejection of matter from the sun, in 

the form of the solar wind, has been developed chiefly by Parker 

(1958, 196la,b, 1964a,b). The high coronal temperatures responsible 

for the solar wind were suggested by Alfven (1947) andSchwarzschlld (1948) 

to be the result of the dissipation of mechanical energy produced in the 

sub-photospheric convection zone. Recently Nariai (1968) and de Loore 

(1970) have shown that the maximum rate of acoustical energy generation 

in the hydrogen convection zones of main sequence stars occurs at around 

type F. Consequently all such stars are expected to support a corona 

and to be losing mass by the solar wind mechanism. 

Parker (1963) has suggested, furthermore, that a thermal stellar 

wind may be produced as the result of heating due to the vigorous 

turbulence observed In a wide variety of stars. He asserts that most shell 

stars , and stars with extended atmospheres are likely candidates for 

the possession of such stellar winds. 

Weymann (1963) has considered the possibility that mass ejecti~n 

from red giants may be due to the solar wind mechani ·sm. 

In chapter 2 we survey the theoretical and opseryational evidence 

for the widespread occurrence of mass loss from stars. We then select 

the thermally driven stellar wind mass loss me~hanl,m fqr more detailed 

investigation in an attempt to reproduce the conditions occurring in the 

solar wind, and to estimate its pbtential for producin~ high rates of mass 

loss. 
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In chapter 3 we survey the results of observations of the solar 

corona and solar wind on which our calculations will be based. The 

temperature and density are subject to large, rapid fluctuations, so 

that the results presented here are necessarily average values taken 

over a considerable period of time. In the second part of the chapter we 

use the observational results in order to test, by means of kinetic 

theory, the applicability of the hydrodynamic approach to the solar wind 

problem. 

We derive, in chapter 4, the basic equation of hydrodynamics 

which will be solved in chapter 5,as well as the boundary conditions 

which must be satisfied by the solar wind flow. The importance of the 

critical point in its relationship to the boundary conditions must be 

stressed, and we have derived in considerable detail the properties of 

the flow in relation to it. Numerical models of the solar wind have 

been produced by a number of authors using a variety of approximations, 

and in section 3 the methods and results of the work most closely related 

to our own are discussed. Particular attention is paid to the choice 

and application of the boundary conditions, but the effects are also 

noted of refinements, such as the inclusion of the viscosity terms, 

which we have not treated in our calculations. 

The results of our numerical investigation of the solar wind 

mechanism, and the methods used to obtain them, are discusied in . chapter 

5. Models of the solar wind are obtained ~hich are in reasonable 

agreement with observation, but there are indications that the non­

thermal heating mechanisms responsible for the high coronal temperatures 

extend their influence for some considerable distance into the solar 

wind. 

Stellar wind models with rates of mass loss of up to 5.3 x lo- 13 

M0 /year are computed. They show the rate of mass loss to be a very 

sensitive function of coronal temperature, but to be practically 

independent of the coronal density, providing that the density is high 

enough. 

We derive an empirical relatioship between the rate of mass loss 

and the coronal temperature whicH allows a tentative extrapolation of 
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of our results to be made. There are indications that quite considerable 

rates of mass loss may be produced from a hot, dense corona by means of 

the thermally driven solar wind mechanism. 

Finally the effect of stellar rotation upon the rate of mass loss 

produced by a stellar wind is briefly considered. 
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CHAPTER 2 

MASS LOSS AS A GENERAL PHENOMENON 

THEORETICAL CONSIDERATIONS 

2. 1 Stellar winds from late-type main sequence stars 

The solar corona is known from observation to have a temperature 

of the order of 2 x 106 °K (Brandt 1970). Parker (1958) pointed out 

that the coronal gas cannot be retained at s9 high a temperature by the 

solar gravitational field, so that in the absence of an external 

pressure hydrostatic equilibrium cannot be maintained and the corona 

must expand. The high temperatures which cause the corona to expand and 

become the solar wind are produced by the deposition of energy in the 

tenuous gases of the chromosphere and lower corona by magneto-acoustic 

and gravitational waves generated in the convection zone beneath the 

solar photosphere. From this model of coronal heating it may be 

inferred that any star which possesses an extensive sub-photospheric 

convection zone will also possess a hot corona, and consequently a 

stellar wind. Current theories of stellar structure predict that main 

sequence stars of types later than about F4 should possess a convection 

zone, indicating that the solar wind phenomenon may be of quite general 

occurrence. 

Recently, quantitative estimates have been made of the mechanical 

energy flux produced in the convection regions of a number of main 

sequence stars (De Loore 1970). These have shown that the mechanical 

flux reaches a peak when the effective temperature of the star is about 

8000°K, corresponding to that of an F-type star. The computed corona is 

both hotter and more dense than that of the sun so that the associated 

stellar wind may be expected to be enhanced correspondingly, and the mass 

ejection rate to beco~e of some evolutionary significance, particularily 

with · respect to the angular mom~ntum which it removes from the star. 
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2.2 Requirements of mass loss for stellar evolution 

2.2. 1 White dwarfs 

Theoretical studies of stellar evolution provide some of the most 

cogent arguments for a belief in the widespread occurrence of the mass 

loss phenomenon. Any star with an original mass greater than about l.SM0 

will exhaust its nuclear material and evolve to a degenerate state in a 

time shorter than the present age of the galaxy. However, the only stable 

degenerate configurations available to a star are in the white dwarf state, 

where the mass of the star must be less than the Chandrasekhar limit of 

approximately l .2 Me, although rotation of the star may raise this limit 

considerably (Ostriker and Bodenheimer, 1968), or as a neutron star, in 

which case the mass must be less than about 2.3 Me. It is possible that 

more massive stars may collapse within their Schwarzchild singularities 

or into the hypothetical hyperon stars, although there are no definite 

theoretical conclusions on this subject as yet. If this does not occur, 

or occurs only rarely, then all the stars whose masses were originally 

outside the limits mentioned above must lose an appreciable fraction of 

this mass at some stage during their evolution. 

Pre-white dwarf evolution is not clearly resolved since it proceeds 

at a fast rate accompanied by flashes and instabilities which make 

computation difficult. Theoretical models of stars approaching the white 

dwarf region have been produced as the result of mass exchange between 

the components of a close binary system (Kippenhahn et al. 1967). 

Recently the evolution of some stars whose original masses were less than 

3.5 Me has been followed by Paczynski (1970) through the red supergiant 

region and a planetary nebula stage to a highly evolved phase approaching 

a white dwarf. In this model the outer envelope of the red supergiant 

was lost due to a dynamical instability. 

White dwarfs are observed; they are evidence that mass loss has 

occurred in at least some stars. Stars whose original mass was less than 

the Chandrasekhar upper limit would have evolved so slowly that during the 

entire life of the galaxy they would not yet have reached the white dwarf 

stage. 

High rates of mass loss at some phases of evolution are implied 
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by the existence of white dwarfs in the Hyades cluster whose age is 5,108 

years, and whose turn-off mass from the main sequence is about 2 Me. A 

white dwarf also occurs in association with Sirius, whose mass is 2.3 Me 

and whose age is about 4. 108 years. 

2.2.2 Planetary nebulae 

Planetary nebulae are very small gaseous emission nebulae which 

contain a hot blue star emitting ultraviolet radiation that ionises 

and heats the gas. The velocity of expansion of planetary nebulae is 

at least one hundred times less than the surface escape velocity of the 

central star which makes an explosive ejection of the nebulae improbable. 

A number of plausible mechanisms for the formation of a planetary 

nebula have been suggested. Cameron (1970) has suggested that . the 

central stars of planetary nebulae may be highly evolved horizontal 

branch stars in which the hydrogen burning shell has approached close to 

the surface. In this situation the luminosity becomes extremely high 

and radiation pressure may exert a force on the surface layers tn excess 

of the gravitational force. The upper hydrogen rich layers containing 

about 0. 1 Me may be ejected to form the planetary nebula .while th~ . 

stellar remnant, depleted of hydrogen, would contract toward~ the white 

dwarf phase (Kutter et al. 1969.; Faulkner 1970)· . . •. 

A further attractive suggestion, due to Paczynski a~~ Ziolkowski 

(1968), is that planetary nebulae aie the result of the dynamica~ 

instability of the convective envelope of red supergiants with masses 

less than 4 Me which occurs when their luminosity reach.es about 104 . Le. 

Their idea is that in these stars, which have helium and hydrogen burning 

shell sources, the total energy of their highly distended envel~pe may 

become positive when the ionisation energy of hydrogen and · helium, and 

the dissociation energy of the hydrogen molecule is taken into account, 

and is sufficient to expel a typical envelope with a speed of up to 

30 km/sec. The carbon-oxygen core of the star would then presumably 

-~orm the central star of a planetary nebula. 
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2.2.3 RR Lyrae and horizontal branch stars 

Further theoretical arguments for the occurrence of mass loss at 

certain stages of evolution are provided by recent models of stars which 

have evolved beyond the red giant stage . These are important since all 

population II stars with masses large enough to start core helium burning 

are expected to become horizontal branch stars after passing through the 

helium flash at the red giant tip. Some, or perhaps all, of these will 

subsequently evolve into the variable RR Lyrae stars. 

Models of these stars have been produced by Christy (1966a), and 

more recently by lben and Faulkner (1968). These models have shown 

satisfactory agreement with observation only for masses less than about 

0.8 M0 . Since a longer time than the age of the galaxy would be 

required for stars of this original mass to evolve to their present 

states, the implication is that mass has been lost, probably in the red 

giant phase. From the frequency of occurrence of RR Lyrae stars in 

globular clusters it appears that they should have evolved from main 

sequence stars with masses near 1.2 M0 • 

2.2.4 W Virginis stars 

An identical argument may be followed in the discussion of the 

similar W Virginis stars, which are the population II equivalents of the 

Cepheid variables (Christy 1966b). The model agreeing best . with 

observations has a mass of 0.88 M0 , a period of 18.5 days, and a normal 

effective temperature of 5500°K. However, the star, being a variable, 

has an oscillating atmosphere which was found to produce very strong 

shock waves that propagate upward through the photosphere. These shock 

waves transfer momentum to the upper regions of the atmosphere, which 

are ejected at the rate of about 5, 10~6 M0 /year. Thus it may be that 

W Virginis and RR Lyrae stars are themselves evolutionary phases in 

which rapid mass loss occurs. 
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2.3 Mass exchange between components of binary systems 

2.3. 1 Predictions 

Mass loss may be expected from a variety of close binary systems 

during certain periods of their lifetimes. This may occur in two ways. 

The first mechanism concerns the ejection of particles from the atmosphere 

of one of the stars under steady state conditions. Such loss probably 

occurs in all stars to a small extent but may become quite important 

during some evolutionary phases. The effect of the companion star is to 

enhance the flow and to alter its trajectory by means of its gravitational 

field. The emitted matter may be transferred to the companion star, or 

may be lost to the system altogether (Prendergast 1960). 

The second type of mass loss associated with binary stars arises 

from the change of stellar radius due to evolution. It is assumed that 

initially both components are situated on the main sequence and evolve 

independently. The more massive star, the primary, evolves more rapidly, 

expands, and eventually fills its Lagrangian surface. This situation 

occurs during the slow main sequence expansion when hydrogen burning is 

confined to the core or, in the case of more widely separated binaries, 

during the phase of rapid expansion when hydrogen burning occurs· _in a 

shell and the star is approaching the red giant stage. In binarie~ ·where 

the separation is still larger the primary may not fill its Roche lobe 

until after the exhaustion of helium in its core, when the star is 

evolving along the Hayashi track into the supergiant region and expanding 

rapidly. 

Evolutionary models of systems with a wide range of initial masses 
t 

have been constructed (Kippenhahn et al. 1967; Kippenhahn and Weigert 

1967). We consider, for example, the evolution of ~the p~imary component 

of a binary of initial mass 9 Me. The Roche limit is reached after 

1.2 x 107 years of hydrogen burning, when the star loses mass to its 

companion at a rate of about 2 x 10-s Me/year. At the ~nd of this phase 

of rapid mass loss the secondary has become the primary, and the mass of 

the original primary has decreased to about 3,73 Me. The· system forms a 

semi-detached pair with the secondary now filling its Roche lobe and 

slowly losing mass to the primary. 

As we mentioned earlier the formation of white dwarfs in binary 

systems receives an explanation through the mechanism of mass exchange. 
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In the model described by Kippenhahn et al. (1967) the initial primary 

was a 2 M0 star which lost mass to its secondary so rapidly that when it 

reached the white dwarf stage with a mass of about 0 . 26 M0 the new 

primary was still virtually unevolved but now had a mass of 2.7 M0 • In 

these evolutionary calculations i t ha s been assumed that all the ejected 

material is transferred to the secondary , although this will probably 

not be true; a substantial fraction will be lost to the system altogether . 

2.3.2 Cases where the occurrence of mass loss is implied 

Observations of . close binary systems reveal many cases in which 

mass loss must have occurred. Examples are those systems in which one 

component is a white dwarf, or the Algol-type systems which 

characteristically consist of a main sequence primary with a later type, 

less massive, subgiant secondary, over-luminous for its mass and spectral 

type, and often filling its Roche lobe (Conti 1967). This latter 

situation can be explained most conveniently by the occurrence of the 

process of .mass exchange described above (Plavec 1968). 

2.3.3 'Blue Stragglers' 

The evolution of the original secondary C?mponent mqy also be 

greatly affected by the mass transfer. It was suggeste?.' by McCrea (1~64) 

that the 'blue stragglers' above the main i~q~~nc~ ~~rn-off P?int · in old 

clusters, such as MJ and M67, are the evolved secondaries of semi ~ 

detached pairs. Subsequent observations that all, or nearly all, ~uch 

stars are spectroscopic binaries tend to ~onfirm this view (Cannon . 1968; 

Strom and Strom 1970). These stars may thus be taken as f~rther eyidence 

for the occurrence of mass loss. 

OBSERVATIONAL EVIDENCE 

2.4 Mass loss from single stars 

Although the theoretical arguments that mass loss is a com,non 

phenomenon, occurring in a wide variety of stars are persuasive, ~he 

number of situations in which the process has been directly observed is 

rather few. The requirement is to observe an outward flow of gas whose 



10. 

velocity exceeds the local velocity of escape, or, failing this, to 

observe an outward flow of gas from a star without a corresponding 

inward flow to balance it. 

2.4. 1 Late-type main sequence stars 

Mass loss is observed to occur from the sun in the form of the 

solar wind. Apart from this, no other examples of mass loss have been 

observed in main sequence stars, even though, as was noted earlier, 

main sequence stars later than type F4 are expected to support stellar 

winds, some of which should be much more massive than that of the sun. 

This is due to the great difficulty of observing the upper atmospheric 

levels in stars other than the sun. 

In many late-type main sequence stars emission lines are 

detected. Especially prominent are the Hand Klines of Ca II which, 

in the sun are produced in the chromosphere, where their intensity can 

be correlated with solar activity (Simon and Leighton 1964). The 

existence of a chromosphere implies the existence of a corona and solar 

wind, as both are produced by the same mechanism of mechanical energy 

dissipation. It is therefore reasonable to suppose that the strength 

of the Ca I I Hand K emission may also be a measure of the stellar wind . 

strength. 

Young stars of types G0-K2 in the Hyades, Praesepe, Coma, and 

Pleiades clusters were found by Wilson (1963) to show a much, .higher 

intensity of Hand K emission than do the older field stars. At the 

10 A/mm. dispersion he used the Hand K emission in the sun, which is 

thought to be ten to one hundred times older than the clusters, is well 

below the level of detectability in integrated sunlight. He concluded 

that chromospheric activity is inversely proportional to the age of the 

star. 

It has been known for a long time that early-type stars have a 

high rotation rate while late-type stars rotate relatively slowly. The 

transition is quite sharp and occurs near spectral type F2. The 

Thickness of the hydrogen convection zone decreases with increasing 

luminosity until it becomes negligible around type F4 (Kraft 1967), 

corresponding closely to the point beyond which the chromospheric Hand K 
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emissions are no longer detected (Wilson 1966). The immediate 

implications are that for some time after reaching the main sequence a 

solar-type star will support a stellar wind considerably stronger than 

that of the sun at present, and that this outflow is efficient at 

reducing the star's angular momentum. 

2.4.2 T Tauri stars 

One of the most renowned classes of objects from the point of 

view of mass ejection is the T Tauri stars. These are stars which are 

believed to be in the process of contraction on to the main sequence. 

They have high rotation rates and it is thought that mass loss occurs 

concurrently with the removal of angular momentum necessary to prevent 

the star from becoming rotationally unstable (Williams 1968). 

The mass loss manifests itself in the stellar spectrum by strong 

wide emission lines of Ca I I Kand K, and hydrogen, with violet 

displaced absorption components corresponding to negative velocities of 

80-230 km/sec. Red displaced components occur in some of the fainter 

stars, but in most there is no sign of any returning material, and it 

may be concluded that it leaves the star entirely (Kuhi 1966). The rate 

of mass loss as determined from the line strengths is typically in the 

range 0.3 - 5.8 x 10- 7 M0 /year (Gahm 1970). 

2.4.3 M-type giants and supergiants 

There is spectroscopic evidence for the ejection of matter from 

all giant stars with spectral type later than MO, and also from 

supergiants of somewhat earlier type. In the M-type giants all strong 

absorption lines arising from the ground states of ions and atoms consist 

of two components, the first of which is a broad, fairly shallow 

absorption line produced in the photosphere, while the se.cond is deep, 

narrow, and displaced towards the violet with respect to the centre of 

the photospheric line on which it is superimposed. This second component 

must be produced in an expanding envelope under conditions of low 

pressure and excitation temperature. The expansion velocity of the shell 

indicated by the displacement of the line is always quite small (5 - 25 

km/sec), and is much less than the photospheric escape velocity, which 
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is usually about 100 km/sec (Deutsch 1966). These observations would 

be consistent with the hypothesis that gas above the photosphere rises 

slowly and returns to the star in an unobservable state of ionisation 

but for the fact that many of the circumstellar absorption lines are 

also observed in the spectra of the companion stars of those red giants 

which are members of visual binary systems. This implies that the 

expanding gas reaches a height of several hundred stellar radii above 

the primary star, at which height its velocity exceeds the escape 

velocity and it is lost to the system (Weymann 1963). 

The strongest circumstellar lines are invariably the Ca I I Hand K 

lines, and there appears to be a strong correlation between the strength 

of these lines and the spectral type of the star. Th~ density of Ca I I 

ions near the surface of the star as determined by the curve of growth 

method appears to increase by a factor of about 2000 between types Ml 

and MS. The rate of mass loss is expected to increase by approximately 

the same factor (Deutsch 1968). Assuming that most calcium is in the 

singly ionised state the rate of mass loss at type MS, luminosity class 

(I I I), is estimated to be about 10- 8 M0 /year. More luminous M-type stars 

lose mass at a considerably higher rate and a value of approximately 

S x 10-6 M0 /year for a Orionis M2 (lb) has bee~ proposed by Weymann (1962). 
i 

The high rate of mass loss which occurs during the red giart phas~ 

may be extremely important from the evolutionary point of view, due to 

the considerable le~gth of time which a star spends in this r~gion, and 

may well account for the apparently low masses of stars at later 

evolutionary stages. 

Unfortunatefy these estimates of the rates of mass loss frq~ ~ed 

giant stars are extremely unreliable, due largely to uncertainty about 

the height above the stellar surface at which the absorption lines are 

formed. Furthermore the progressive weakening of the circumstellar lines 

from types MS to MO, and their total disappearance in the late K stars 

may be caused by increasing temperature in the · gas exciting a· large 

proportion of the calcium to the second and higher ionisation states, 

where it is less accessible to observation. If this is true then th~ 

apparent rate of mass ejec~ion may decrease from types MS to MO 

primarily due to this excitation · effect. Deutsch considers it possible 
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that all giant stars to the right of the Herzprung gap are undergoing 

mass loss and that it does not set in sharply at type MO, where the 

circumstellar lines first appear. 

The physical processes causing the ejection of matter are not 

known. It has been suggested that the flow may be analogous to a 

massive solar wind, but occurring at a much lower temperature, since 

lines of Fe 1 and Ca 1 are observed. Recently,however,radio emission 

has been detected from a Scorpii Ml (lb) indicating a temperature of 

4 x 10 5 °K (Wade and Hjellming 1971). It is tempting to suppose that 

the radio emission is due to the corona of a Scorpii and that the 

absorption lines are produced in the much cooler regions far from the 

star. 

Radiation pressure from strong chromospheric emission in Lyman a 

has been invoked to explain the ejection of the upper levels of red 

giant atmospheres (Wilson 1960). This would require a density of 

radiation such that all the barium in the atmosphere should be doubly 

ionised. Although there is often a fairly strong core of Ba 111 in 

these stars the greater proportion appears to occur in the singly 

ionised state, indicating that the ultraviolet flux is usually weak. 

However, the radiation field would be coupled more effectively to the 

gas if small opaque grains of graphite were formed in the upper 

atmosphere. This mechanism might also partially explain the apparent 

increase in the rate of mass loss from type MO to type MS (Wickramasinghe 

1966). 

2.4.4 Supergiants of types A, F, and G 

Ejection of matter appears to be very common among the supergiants 

of types A, F, and G. For example, displaced lines corresponding to 

expansion velocities approaching escape velocity have been detected in 

89 Herculis (F2 la) (Sargent and . Osmer 1968), as well as in p Cassiopeiae 

F8 la (Sargent 1961). In the latter star over a five year period the 

average rate of mass loss was about 3 x 10- 5 M0 /yr. However this cannot 

be considered to be a steady outflow, as the ejection rate dropped 

considerably during the next few years. 

Sporadic outbursts are characteristic of the earlier type 
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supergiants In contrast to the more constant flows from the M-type 

giants and supergiants. Rapid changes on a time scale of about one 

month have been noted in the violet displaced emission and absorption 

features observed in 89 Herculis. Once again the ejection mechanism is 

unknown but the probable cause is large scale instabi lities In the 

extended atmosphere, perhaps caused by radiation pressure. 

a.4.5 Early type supergiants 

There is considerable observational evidence that all supergiants 

of types O and Bare ejecting mass (Hutchings 1968a). In these stars 

Ha is found to have a P Cygni profile, indicating that an extensive, 

tenuous, expanding envelope is present. Expansion velocities of the 

shell are often comparable to the photospheric escape velocity. Rocket 

observations in the far ultraviolet region have shown the presence of 

strong clrcumstellar absorption lines in stars of luminosity class I I I 

and above. These lines, which are caused by ions of C IV, NV, SI 111, 

and Si IV, are strongly shifted to the violet and indicate velocities of 

expansion of up to 3000 km/sec which is considerably larger than escape 

velocity (Morton et al 1969; Morton 1968). Line profiles of some strong 

lines have been computed by Hutchings (1968b,c) for a numb~r of OB 

supergiants and indicate that mass loss rates are characteristically 

about 10- 6 M0/yr, the rate generally increasing with the ultraviolet 

flux of the star, but the extremely luminous star P Cygni (Bl la) 

appears to be losing mass at the rate of 5 x 10-4 M0 /yr (Hutchings 1968d). 

The extremely high veloclties of mass ejection found In these 

stars are believed to be due mainly to radiative acGelerat!on In the 

strong ultraviolet resonance lines, which occur in the wavelength regfon 

of maximum emission (Lucy and Solomon 1967). Line profiles of these 

strong lines have been computed and very close agreement with the 

observed spectra has been obtained on the assumption that radiation 

pressure is the accelerating mechanism (Hutchings 1970a). 

It Is unlikely that these high velocities could be produced by 

a solar wind type mechanism since a coronal temperature of about 107 °K 

would be required , and at this temperature the ions C IV NV and Si IV 
' ' ' 
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obseved in OB super giant spectra, would be destroyed by collisional 

ionisation (Lucy and Solomon 1970). 

2.4.6 Wolf-Rayet stars 

The characteristic spectrum of a Wolf-Rayet star consists of a 

very faint continuum superimposed on which are wide strong emission 

lines of neutral and ionised helium, the higher ionised states of 

carbon, nitrogen, and oxygen, and a few violet displaced absorption 

lines. These are clear indications of an expanding atmosphere. The 

velocity of the part of the atmosphere in which most of the emission 

lines are produced is typically 500 to 800 km/sec, while the extreme 

upper region of the atmosphere in which the absorption lines are formed 

expands at 1000 to 2000 km/sec (Morton et al 1969), well above escape 

velocity. It is estimated that Wolf-Rayet stars may be losing mass at 

the rate of 10-s to 10- 6 Me/yr (Underhill 1968}. 

A number of Wolf-Rayet stars are seen to be associated with small 

ring-like nebulae indicating that the interstellar gas is being pushed 

back by radiation and matter ejected from the star (Smith 1967), 

2.4.7 Be stars 

Be stars are the subclass of B type stars which show Ha in 

emission at least some of the time, and in some cases show shell type 

absorption lines and metallic emission lines as well. About one fifth 

of B type stars have these spectral characteristics which are caused by 

an extended atmosphere, and which may arise in a number of ways. 

The commonest type of Be stars are rapidly rotating objects 

occupying a region just above the main sequence in the Hertzsprung-Russell 

diagram. They are only marginally stable against rotational disruption 

and are expected gradually to lose the outermost regions of their 

atmospheres. Their rate of mass loss has been estimated to be about 

10-7 Me/yr (Hazlehurst 1967}. 

From a study of the Hy emission profile of y Cassiopeiae, 

Hutchings (1970b} has concluded that although the extended atmosphere 

of this Be star is originally caused by the high rotational velocity, 

it is supported a~ upper atmospheric levels by radiation pressure. 



16. 

Rocket observations in the ultraviolet have shown the presence of 

P Cygni profiles in the C IV resonance lines, which tends to confirm 

this and to indicate that the mass ejection process is simi Jar to 

that occurring in the OB supergiants. 

Recently an evolutionary model of a Be star has indicated that 

mass loss occurs in two distinct phases. The first lasts for 2.5 x 107 

years when the star is on, or near the main sequence, during which it 

loses mass at about 10- 9 M0 /yr. Subsequently there is a short period 

(about 106 years) when no mass loss occurs, but it recommences when the 

star starts to expand toward the red giant region. This phase continues 

for 5 x 104 years when the mean mass loss rate is about 3 x 10- 7 M0 /yr. 

Mass loss ends after the star is approximately 2.7 x 107 years old 

during which time It has lost 0.5% of its original mass 

(Meyer-Hofmeister and Thomas 1970). 

Other groups of Be stars are of no particular individual interest. 

One consists of otherwise normal high-luminosity objects such as 

8 Orionis (BB la) which show no sign of having high rotation rates, but 

rather lose mass by a mechanism similar to that operative in other 

OB supergiants. 

Another group has the additional complication of a companion 

star which lowers the surface gravitational field of the B star and so 

encourages the formation of the extended atmosphere which causes the 

Be classification. The extended atmosphere is eventually either 

transferred to the secondary star or lost to the system, as in normal 

close binaries. 

2.5. Mass loss from binary stars 

A sunmary of the theoretical reasons for expecting mass loss 

to occur in binary systems has previously been given. Spectroscopic 

observations give evidence of its actually occurring in many cases, 

either by showing the existence of gaseous streams from one or other of 

the components, or by showing the existence of an expanding shell 

surrounding both stars. 

The presence of a gaseous stream manifests itself by the 

appearance in the spectrum of a binary of extra lines, either in emission 
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or absorption. In the case of 6 Lyrae these appear just before and 

after midpoint of the principal eclipse and may be interpreted as being 

due to two gas streams, one going towards the primary and the other 

towards the secondary . In the case of the Wolf Rayet binary, V444 Cygni, 

the streams give rise to a narrow emission line from which the velocity 

of the stream can be found to be about 700 km/sec. 

In some Algol-type systems emission lines occur at certain phases 

of the cycle which suggests that they arise from concentrations of 

material between the two stars, presumably at the zero gravity Lagrangian 

point. 

The presence of a circumstellar expanding shell in a binary 

system is detected, as in the case of single stars, by the existence 

of violet displaced absorption lines. An example is the system y 2 

Velorum, where the expansion rate is about 1300 km/sec. In many 

cases Ha Is found in emission from the expanding shell (Sahade 1968). 

2.6 Mass loss by sudden ejection of matter 

2.6. 1 Supernovae 

The most spectacular example of the phenomenon of mass loss from 

stars is , of course, the supernov~e; at l~ast in this case th~ 

observational evidence Is Incontrovertible. 

Type I supernovae ~ccur among population I I stars. They are 

thought to be caused by the detonation of degenerate nuclear material 

in the interior of a star when the central t~mperature exceeds about 

1.5 x 109 °K. The pre-supernova star is believe~ to be highly evolved 
t 

and to have a mass between 1. 1 and 1.5 M0 . During the explosion stellar 

gas is expelled at velocities of up to 3000 km/sec, heavy nuclei are 

converted into alpha particles, and nucleosynthesis proceeds by the 

r process. The . expanding envelope contains little or no hydrogen. From 

studies of the frequency of these supernova ~vents and by comparing them 

with the rate at which stars in the critical mass range leave the main 

sequence it appears that most stars lose mass fast enough by other 

processes to keep the central temperatures below the explosion point 

(Deutsch 1968; Hoyle and Fowler 1960). 
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Type II supernovae occur among population I stars , and a 

considerable number of different mechanisms for their formation have 

been proposed. Recently Arnett (1969) has suggested that stars with 

masses in the range 4 M0 < M < 9 M0 may ignite the 12c + 12c reaction 

explosively because of the high degree of electron degeneracy In their 

central regions. In this model the entire core, with a mass of 1 ,37 M0 , 

would be destroyed, leaving no neutron star as a remnant. 

This model has recieved some confirmation from Paczynskl (1970), 

whose calculations have shown that the carbon flash probably wi 11 

occur explosively for stars in this mass range. He has found that the 

very dense cores of these stars are dynamically stable, but that 

instability could result if such effects as crystallization and electron 

capture were taken Into account. If dynamical instability were to occur 

a thermonuclear explosion would not be produced but the core would collapse 

into a neutron star before carbon ignition took place. 

This collapse may itself result in a supernova, according to a 

proposal by Ostriker and Gunn (1971). They suggest that some supernovae 

could be caused by the formation of a pulsar within the core of a highly 

evolved star. If, as Is now generally believed, pulsars are rotating, 

magnetic neutron stars, these could be produced by the dynamical collapse 

of the cores of red superglants envisaged by Paczynski (1970). 

2.6.2 Novae 

Novae are much less violent outbursts than supernova~ and are 

believed to eject only about 10- 4 ~ 10-s M0 of material ev~n though 

they may increase in luminosity by ten or ~leven magnit~de$ : The 

pre-nova star is an intrinsically faint object ~nd usu~lly shows this 

enormous increase In luminosity over a period of about two days. From a 

study of the line displacements it can be snown that ejection of mater.ial 

takes place by the removal of successive shells of the atmosph~re ~ 

Ejection velocities are several thousand km/sec. Post-novae stars appear 

to be of spectral type O or Band to have a mass of about 1 M0 

(Hazlehurst 1967) . 

. Novae may be caused by the pass~ge of shock waves up through · the 
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star following a sudden liberation of energy in the interior. The shock 

would strengthen on passing into the less dense atmosphere and could 

accelerate the outermost shells of the star beyond the escape velocity. 

In another model of a nova it is assumed that the pre-nova star 

is in a hydrogen-exhausted state and is approaching the white dwarf 

phase with a mass of about 0,75 M0 • It is further assumed that it is a 

member of a close binary system, and that it is accretlng mass at a slow 

rate (of the order of 7 x 10- 3 M0 /yr) from its companion. The accreted 

material forms a non-degenerate hydrogen-burning shell which eventually 

becomes thermally unstable and causes the nova outburst ' (Rose 1967), 
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CHAPTER 3 

OBSERVATIONS OF THE SOLAR WIND 

3, 1 Observations of the solar corona 

3, 1. 1 Measurements of density 

In this chapter we wi 11 review the physical properties and the 

results of observations of the solar corona and solar wind, and discuss 

briefly the conclusions which can be drawn from tl:l.ern concerning the 

kinetic properties of the flow. 

The light observed from the corona may conveniently be divided 

into three components. The first of these, known as the K corona, is 

composed of continuous radiation from the photosphere which has undergone 

Thompson scattering by free electrons in the corona. The F corona, or 

inner zodiacal light, consists of photospheric radiation which has been 

scattered by interplanetary dust. It is not produced in the corona, and 

has no physical connection with it. The third component is the E corona 

which consists of the total visible light in t~e coronal emission lines. 

The electron density of the corona may be estimated from 

photometric determination of the brightness of the K corona. The 

intensity of this radiation at any point in the corona is proportional 

to the density of electrons, the Thomson scattering cro~s-section, and 

the i_ntensity of radiation from the photosphere. The brightness can be 

determined observationally as~ function of radial distance. The 

intensity of photospheric radiation can be found by means of r~diative 

transfer theory, allowing the density at any radial di5tance to be 

obtained. The density at the base of the corona is found by this method 

to be a very rapidly changing function of the radial distance, and is in 

the range 107 - 108 electrons/cm3 depending on the latitude under 

consideration (Allen 1963). 
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3, 1.2 Measurements of temperature 

There are a number of methods by which the coronal temperature 

can be estimated and a considerable variation in the results has been 

obtained. 

A rather crude estimate of the coronal temperature results from 

the assumption that the corona is isothermal, at temperature T, and in 

hydrostatic equilibrium. It is well known that the density distribution 

of such an atmosphere can be expressed as: 

(3,1.1) 

where G is the gravitational constant, M0 , the mass of the sun, M the 

mass of a hydrogen atom,µ the molecular weight, R0 the solar radius, 

and k Boltzmann's constant. N(r) represents the density at an altitude 

r above the base point r0 • Equation 3, 1 can be rearranged to give the 

value of the temperature if the density of distribution is known, 

presumably from eclipse studies. Temperatures of around 1,5 x 106 °K 

are deduced from this simple approach. 

A more accurate version of this method is to include the 

possibility of coronal expansion, and to consider the variati.on of 

temperature with radial distance. The temperature distribution proves 

to be quite sensitive to the hydrogen-helium ratio, but temperatures 

of around 2.0 x 106 °Kare implied (Brandt 1970). 

Values of the kinetic temperature can be found spectroscopically 

by measurements of the widths of the coronal emission lines. If we 

assume the corona to be optically thin and the .line to be broadened 

only by the Doppler effect, the profile is determined by the equation: 

(3. 1.2) 

where I is the intensity, A the wavelength, c is the velocity of light 

and subscript zero refers to the line centre. 
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Since all other quantities in the equation can be measured , 

the temperature is the only unknown and can readily be determined. The 

kinetic temperature obtained by this method is found to vary for 

different lines. The values range between 1.2 - 2.5 x 106 °K although 

most lie in the range 2.0 - 2.5 x 10 6 °K. These values must be regarded 

as upper limits as the lines will also be broadened by mechanisms other 

than the Doppler effect, as well as by velocities other than their 

random thermal velocities. 

Turbulent motions in the corona could cause considerable 

inaccuracies in the observed kinetic temperature (de Jager 1963),and 

coronal expansion will also contribute significantly to the line width 

(Parker 1963), 

The population of ions in the various stages of ionisation is 

determined by a balance of the processes of collisional ionisation and 

radiative or dielectronic recombination between adjacent states. The 

process is temperature dependent, and the steady state equilibrium 

point reached in the corona can be inferred from the relative Intensities 

of the coronal emission lines. It is found that dielectrt:>nic recombination 

is the most important process in the corona, and a temperature of about 

2 x 166 °K is implied. 

In summary, it appears that although there is a fair degree of 

uncertainty in the measurements, a temperature of around 2 x 106 °Kin the 

solar corona is In reasonable agreement with observation. It should 

perhaps be pointed out that it is unlikely that any single temperature 

can adequately represent the true situation. Over active regions of the 

sun the temperature can become as high as 3 x 106 ~K, while over a large 

flare the temperature may suddenly rise to 5 x 10 6 °Kor more. 

3, 1.3 Measurements of magnetic field 

The presence of a solar magnetic field is clearly indicated 

. from photographs of the corona at solar minimum when the orientation of 

the solar plumes in the polar regions follows quite distinctly the lines 

of force of a magnetic dipole. 
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The radial component of the magnetic field near the earth is found 

from space flight experiments to be on average about 3.5 x 10- 5 gauss. 

Assuming an inverse square law variation of this component with radial 

distance, a field of about 1.5 gauss near the solar surface ls implied. 

This value is in good agreement with determinations of the solar magnetic 

field by means of the Zeeman effect. 

3.2 

3. 2.) 

Observations of the solar wind 

Measurements of velocity 

Studies of the solar corona by radar experiments have shown 

the presence of mass motions in the direction of the earth of about 

16 km/sec in the region between 1 .5 and 2.0 R0 , the exact position 

being unknown because of inhomogeneities in the corona . . The solar 

wind is thus observed In regions of the corona quite close to the sun. 

The velocity of the solar wind can be estimated from observations 

of the extent of comet tails, but systematic measurements have had to 

await the development of space flight experiments. At the present time 

the data ls still very incomplete and almost all the results have been 

obtained near the plane of the ecliptic. 

Results show that the velocity of the solar wind is very variable, 

and values between 200 and 1000 km/sec have been mea~ured, with an 

average of between 400 and 500 km/sec. ·ouring perio~s in which there is 

little solar activity the velocity is usually in the range 300 to 350 km/sec 

(Brandt 1970). 

Dennison and Hewish (1967) have measured the velocity of the solarwind 

by observing the interplanetary scintillation of small diameter radio 

sources. The scintillation is produced by the presence of small-scale 

irregularities in the electron density, which are presumably moving 

along with the solar wind. Their results are important as they were 

able to investigate the flow at high ecliptic latitudes. They obtained 

the interesting result that the velocity of the sot'ar wind from the polar 

regions is considerably greater than from the equatorial regions. · Near _ 

the ecliptic plane they measured an average velocity of about 300 km/sec, 
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but a mean velocity of nearly 500 km/sec at a latitude of 60°. 

3.2.2 Measurements of Density 

There is a great range of densities measured for the solar wind 

in the vicinity of the earth; we will mention just a few of them. 

Early space flight experiments of Bridge et al. (1961) indicated a 

proton density of between 7 and 20 particles/cm3 , with a velocity in 

the range 250 to 400 km/sec at the earth. More recently,results 

from Pfoneer,16 ~md 7, , which were obtained between December 1965 and 

May 1966, and between August 1966 and March 1967, have shown mean 

densities of about 4.3 particles/cm3 and 8.7 particles/cm3 

respectively. At present the results indicate that the density of the 

solar wind flow in the vicinity of the earth is usually between 5 and 

10 protons/cm 3 . 

3.2.3 Measurements of temperature 

The temperature of the solar wind is defined in terms of the 

distribution of random velocities measured in the frame of reference 

moving with the bulk velocity of the solar wind. The temperature of the 

electrons and the protons differs somewhat, for reasons which will be 

explained in section 3. The mean value of the proton temperature Tp 

is of the order of 10 5 °K, while the electron temperature Te is usually 

three or four times larger than Tp. 

3.3 Kinetic properties of the solar wind 

3.3. 1 Mean free path 

Having obtained experimental values of the physical parameters 

in the solar corona and solar wind we may now use the results of 

kinetic theory to determine the way in which the dynamics of the expanding 

corona should be treated. The corona may be considered to be a fluid 

only if the mean free path of the average thermal ion is short compared 

with the relevant dynamical lengths such as radial distance and scale 

height. 

The time,to, in which a proton with thermal velocity v undergoes 

an accumulated deflection of about 90° due to Coulomb scattering in 
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ionised hydrogen of density N, is given by Spitzer (1962) to be 

(3.3.1) 

The mean free path, A, is then 

A= vt 0. (3.3,2) 

In the corona at an altitude of 3 x 10 5 km, where the temperature is 

about 2 x 106 °K, the root mean squared thermal velocity is approximately 

22~ km/sec, giving a mean free path A~ 3 x 1017/N cm. For densities 

of about 3 x 107 cm- 3 we obtain A~l x 10 5km. This is rather a shorter 

length than the radial distance and should be considerably shorter than 

the scale height. This situation will persist out to several solar 

radii at least, indicating that the corona is most appropriately treated 

by hydrodynamics. 

At the orbit of the earth, however, the mean free path will be 

rather larger than the radial distance, and the hydrodynamic approach 

ls not so easily justified. A magnetic field is observed in the solar 

wind and Spitzer asserts that this wi 11 allow the charged particles to 

interact over a far larger range than through the Coulomb electrostatic 

forces, for which the mean free path in equation (3.3.2) ls calculated. 

On this assumption the solar wind can be treated as a fluid even at large 

radial distances. This ls not essential, however, as we will show that 

the characteristics of the flow are entirely determined at an altitude 
' of only a few solar radii, at which point the hydrodynamic nature of the 

flow is assured by means of equation(3.3.2). Since the rate of mass loss 

is determined at this point the behaviour of the flow beyond it is largely 

i mma t er i a 1 . 

3,3.2 Neutrality 

The scale of deviation from charge neutrality in the solar wind 

may be determined from the Debye length, Lo, where: 
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3.3 . 3 

where e is the electronic charge. Substituting in t he coronal values for 

density and temperature we obtain L0 ~ 0.7 cm, while at earth the Debye 

length is still only about 2.5 metres, showing that the solar wind is 

electrically neutral on all except the smallest scales. 

3.3.3 Equipartition of energy 

The time required for equipartition of energy between protons 

and electrons, tE, is longer than the deflection time, to, by a factor 

approximately equal to the square root of the proton-electron mass 

ratio. At the earth's orbit this is very large and indicates that the 

electron and proton temperature should be considerably different. This 

prompted the construction of two fluid models of the solar wind, described 

in chapter 4 , which do in fact predict that Te is much greater than the 

proton temperature Tp. However, observation has shown that the electron 

temperature is only slightly larger than the proton temperature, implying 

that interactions other than those due to the Coulomb forces are dominant 

in the solar wind. 
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CHAPTER 4 

THEORETICAL FORMULATION OF THE SOLAR WIND 

4. I Derivation of equations of motion 

4.1 .I General magnetohydrodynamic equations 

We have shown that the solar wind may be considered to behave 

as an electrically neutral, conducting fluid with associated 

electromagnetic fields. The flow may be described by a set of equations 

consisting of the hydrodynamic equations, Maxwell's equations, an 

equation of state, and an equation essentially expressing Ohm's law viz. 

a) The Continuity Equation 

(4.1.1) 

-+ 
where p is the density, and v the velocity of the fluid in a heliocentric 

frame of reference, stationary with respect to the sun. 

b) The Momentum Equation 

dt h -;t- · + -;t 
p- = -VP + -J x ij + pg + f-v , dt c .. (4.1.2) 

where P is the pressure of the fluid, J is the current density~ l the 

magnetic flux density, and c the speed of light. The derivative with 

respect to time in (4.1.2) is the convective derivative where 

d a -+ 
dt = at + v•V (4.1.3) 

The terms on the right hand side of equation (4. I .2) represent the forces 

acting on the fluid: the pressure forces, the magnetic stresses, and the 

gravitational and viscous forces. The gravitational forces can be 

represented as, 

-+ 
g = - Vcf> (4. 1.4) 
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The gravitational potential ~ is given by, 

GM 0 
r 

The viscous forces Fv are expressible a s, 

where A andµ are the coefficients of viscosity. 
V V 

c) The Energy Equation 

au + 
- - - 'i/•g at - e 

where U, the total energy is given by, 

and where e represents the internal energy per unit mass and is 

defined by the expression: 

p 
e = ---y - P 

y is the ratio of the specific heats, taken to be .2. in this work. 
3 

9e is the energy flux vector, expressed as: 

(4.1.5) 

(4. 1.6) 

(4. l. 7) 

(4.1.8) 

(4. 1.9) 

(4.l.10) 

where Eis the electric field, K, the thermal conduction term, and l, the 

term due to viscosity. The seven terms in equation (4.1.10) represent 

the transport of kinetic and thermal energy, the work done by the 

pressure and the gravitational field, the Poynting vector, thermal 

conduction, and the work done by viscous forces. The thermal conduction 

term K is given by 
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K = ( 4. l . 11) 

where Ko, the coeffic ient of thermal conductivity, is a slowly 

varying function of density and temperature (Roberts and Potter 1970). 

d) Maxwell's Equations 

v-o = 4irpe 

-+ 4ir-r l ao 
'v X H = CJ + C at 

1 as 
'v X E = -

C at 

v-a = o 

(4.l.12) 

(4.1.13) 

( 4. l. 14) 

(4.l.15) 

where Dis the displacement vector, His the magnetic field intensity, 

and Pe is the charge density. 

e) Equation of state 

The simple ideal gas equation of state is used, 

(4.1.16) 

f) Ohm's law 

r = o (E + ~ X B) 
C • 

(4.L 17) 

where cr is the electrical conductivity. 

Thus we have nine equations for the nine variables (P, p~t,B,H,E,D,~ , 

J). (Jackson 1962; Braginskii 1965; Rpberts and Potter 1970). 

4. 1.2 ~eady state equations 

The assumption of this simple form for Ohm's Law requires that 

there be a sufficiently high rate of collisions between ions and 

electrons for there to be only negligible separation of charge. If, ~lso, 
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the displacement current is ignored in Maxwell's equations we have the 

magnetohydrodynamic approximation which will be used throughout. 

On neglecting the displacement current the set of four Maxwell's 

equations becomes reduced to two viz. 

'i/ X E = l as 
C at 

(4. 1.18) 

-t-
'i/ x B = ~ (4. l . 19) 

C 

Equation (4. l. 15) can be obtained by taking the divergence of equation 

(4. l .18) which gives ftV•B = 0, implying that 'i/•B is constant with 

respect to time. The requirement that V•B = 0 can be applied as an 

initial condition. 

In the following discussion of the solar wind all phenomena will 

be assumed to occur in the steady state so that l = 0. The set of at 
solar wind equations then becomes, 

V x E = 0 

j = a (E + _t;- x B) 
C 

pkT 
p = µM 

(4.l.20) 

(4.1.21) 

(4. 1.22) 

(4.l.23) 

(4. l.24) 

(4. 1.25) 

(4. 1.26) 
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We recall, also, the requirement that, 

V•B = 0 (4.1.27) 

4. 1.3 Derivation of heat equation 

In some cases we found it more convenient to use a non­

conservative heat equation rather than the conservative energy equation 

(4. 1 ,7). The heat equation is not independent but can be derived from 

the momentum and energy equations . To show this we take the scalar 

product of equation (4. 1.21) and t, subtract it from equation (4. 1 .22) 

in order to eliminate the kinetic energy terms. On rearrangement and use 

of equation (4. 1 .20) we obtain, 

where we have condensed the heating terms due to viscous dissipation 

into the single term Qv, 

The first two terms on the left hand side of equation (4. 1.28) 

become, on the substitution of equation (4. 1 ,9) 

(4. 1.29) 

By using a vector identity the magnetic terms in equation (4. 1.28) 

become, 

(4. 1.30) 

The right hand side is determined from equations (4.1 .23) - (4. 1.25). 

Finally, therefore, the heat equation (4. 1 .28) can be expressed as, 

( 
+ + 

V• KVT) = --~1v•VP - yev•Vp y -

-t-2 
+ ..!_ - -;t 

cr 1.1.v ( 4. 1 . 31.) 
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4. 1.4 Order of magnitude estimates 

Although the simplifying assumption of steady state conditions 

has already been made, the set of equations (4.1 .20) - (4. 1.27) is 

still very difficult to solve. Consequently let us consider what 

further simplifications may be made in order to facilitate solution. 

At this point it may be useful to conduct an elementary dimensional 

analysis of the mechanical, electromagnetic, and viscous terms in these 

equations in order to compare their orders of magnitude, and to justify 

the omission of some of them. 

On substituting equation (4. 1.2~) into (4. 1 .21) the equation of 

motion becomes, 

(4. 1.32) 

The inertia forces in this equation are equivalent to stresses of order 
pv2 

of magnitude L , where L is a characteristic scale length of the 
s2 

system. Tne magnetic forces are of order L. The ratio of magnetic to 

inertia forces is thus, 

a2 s z -2 pv (4. 1. 33) 

The number S is the ratio of the magnetic energy (of orde,r B~) a~d the 

kinetic energy per unit volume (of qrder pv 2). It me~_sures approxi~tely 
' : . . 

the effect of the magnetic field upon the .motion of th~ fluid. Ne~r the 

earth observations indicate the presence of a magnetic field of about 

5 x 10-s gauss, a particle density of 5 - 10 /~m 3, and a velocity 9f 

flow during periods of solar quiesc~nce of about 300 - 350 km/sec. 

These imply a value of S ~ 0.03 showing that ~h~ effect of the magnetic 

field far away from the sun is very small. N~ar to the sun, however, 

where the magnetic field may be of the order of 1 gauss, the particle 

den~ity between 107 and 108 /cm 3 , a.~.d the velo~ity ·of flow less ~han 

1 km/sec, Smay become very large ('::; JO), indicating th~t the fluid flow 

will in fact be domin~ted by the influence of the magnetic field. 

Qualitatively we would expect that ·near the sur, th~ expanding corona 
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would be constrained to move along the solar dipolar magnetic field 

lines. With increasing heliocentric distance, the flow will become 

gradually modified by other forces until eventually the influence of 

the magnetic field is overwhelmed and it is swept along with the fluid 

in virtually radial expansion. 

The relative importance of the inertial forces and the viscous 

forces in the momentum equation is determined by the Reynold's number 

R, where, 

(4.1.34) 

Consequently the ratio of electromagnetic forces and viscous forces is 

determined by the product RS where, 

(4.l.35) 

Since µv~ 1 .2 x 10- 16 both these ratios will be very large in all 

situations occurring in the solar wind, indicating that the viscous 

forces are much smaller than both the magnetic and inertial forces. 

4. 1.5 Non-viscous hydrodynamic equations 

It thus appears that there is some justification for ignoring 

the viscous forces in all regions of the solar wind and for ignoring 

the electromagnetic effects at large heliocentric distances. However, 

the electromagnetic terms introduce such great complication into the 

problem that they will initially be ignored altogether while we attempt 

to determine the general nature of the flow. 

The hydromagnetic equations are now reduced to a set of four, 

(4. l. 36) 

-+ -+ 
pv•Vv = - VP - pV~ (4. 1.37) 

(4. l.38) 
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pkT 
p = µM 

where His an integration constant. 

(4. 1. 39) 

(4.1.40) 

Equations (4. 1.38) and (4. l .39) are the heat and energy equations, 

either of which may be used. The constant H in equation (4. 1.39) results 

from the integration of equation (4. 1 .22) and has to be evaluated from 

the boundary conditions. 

If we ignore the rotational velocity of the sun and assume that 

the solar wind flow is spherically symmetric, then in heliocentric 

spherical polar coordinates equations (4. 1 .36) - (4. l .40) become, 

d - (pvr 2 ) = 0 dr 

l,9.. {Kr2dT} = ---1v.9..E. - ye~ r£dr dr y - l dr dr 

Kr 2 dT = (½pv 2 + ep + P + p~)vr 2 + H dr 

where v now represents the radial component· of vel0city 

Equation (4. 1.41) may be integrated to give: 

pvr 2 = J 

(4. l. 41) 

(4. 1.42) 

(4.1.43) 

(4.1.44) 

(4.1.45) 

(4.1.46) 

where th~ quantity 4TTJ represents the rate of mass flow from the sun. 

Eliminating P, ~' and e by means of equation (4.1.46), (4.1.5), and 

(4. 1.9) equations (4. l .42) - (4. 1.44) become, 
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v 2kT kr dT GM0 
dv r µM µM dr - r 
-= kT dr v2 - -µM 

(4. l.47) 

5!_ {Kr2dT} 
dr dr 

= JkT { 
µMy - l 

dT · + T dv + 
dr v dr 2~} (4. 1.48) 

dT 
J{½v2 + Y '1. k!-GM0} + H Kr 2- = dr l tJM r 

(4. 1.49) 

4.2 Boundary conditions and permissible solutions. 

Equations (4.l.46), (4.l.47) and either (4.l.48) or (4.l . 49) 

represent the basic equations of flow for the solar wind problem. 

The momentum equation (4. 1.47) is a first order differential equation, 

as is equation (4. 1.41) from which the continuity equation (4. 1. 46) is 

derived. The heat and energy equations are second order differential 

equations, although the energy equation (4. 1.49) has been integrated 

once to give the integration constant H. It is clearly necessary to 

specify four boundary conditions, one each for the momentum and 

continuity equations and two each for the heat and energy equations, 

in order to arrive at a well defined solution . 

The boundary conditions physically most appropriate for the sun 

are deduced from the requirement that the solar corona should be near 

hydrostatic equilibrium and tightly bo~nd by the gravitational field, 

at least during periods of solar minimum. We express this condition 

by the inequalities: 

(4.2. l) 

where r0 represents the helioc~ntric distance of the point in the corona 

to be considered as the inner boundary of the solar wind. 

We obtain the other two boundary conditions from the observation 

that interstellar space into which the solar wind expands is a cold 

vacuum compared with conditions near to th~ sun. The particle density 



36. 

of the interstellar medium is typically of the order of 1 /cm 3 compared 

with about 107 /cm 3 in the corona, while the temperature of an H I 

region is about 1O2°K compared with about 1O 6°K in the corona. We thus 

neglect the effects of the interstellar pressure and require that, 

T((X)) = 0 (4.2.2) 

p((X)) = 0 (4.2.3) 

We will now consider qualitatively the effect of these boundary 

conditions upon the solutions of the solar wind problem, and in 

particular their effect upon the solution of the momentum equation. 

From the requirement that the corona should be near hydrostatic 

equilibrium we infer that the velocity of the flow in this region must 

be small. Again, from condition (4.2. 1) we expect that near to the 

corona the dominant terms in the momentum equation (4. 1 .47) will be the 

potential energy term G~0 , and the thermal energy term~~ , and 

consequently that:~> 0. This implies that for some distance at least 

above the base of the corona the velocity of flow will increase. Let 

the increase in velocity continue until the heliocentric distance rm, 

say, is reached, after which, we assume, the velocity will start to 

decrease. Thus, we assume the solar wind will reach a maximum velocity 

v at the point rm. 
m 

The condition for there to be a maximum velocity in the solar 

wind flow is for:~= 0 at rm. This will occur if the numerator of 

equation (4.1.47) vanishes. That is if, 

2kT 
µM 

kr dT GM0 = O 
µM dr - r 

Equation (4.2.4) can be expressed as, 

(4.2.4) 

(4.2.5) 

In other words there will be a turning point in the solution to the 



37. 

momentum equation if there is a root of this equation for a rm> r0 • 

It will be noted from equation (4.2.5) that this condition depends only 

upon the temperature. Near to the corona the gas is gravitationally 

bound and by condition (4.2. 1) GM0 is the dominant term in the numerator 
r 

of the equation of motion (4 . 1.47). 

Consider now the simple case when the temperature distribution in 
dT 

the solar wind is a monotonically decreasing function of r. Then cir< 0 

everywhere, and we assume that there exists a minimum positive number N, 

such that 

(4.2.6) 

We note that, 

d {T} l dT + 2T - dr r2 = - r2cir r"3" (4.2.7) 

Since both terms on the right of this equation are positive we have that, 

(4.2.8) 

which follows from (4.2.6). 

Rearranging equation (4.2.5), we have that the condition for a 

turning point to occur in the solution is for, 

(4.2.9) 

If N < 1, 2T0 /r(3 + N) must become larger th?n G~r~M for some sufficiently 

large value of r. But at r = r
0

, GM
0

µM/kr 4 > - d/dr(T/r 2

) implying 

from equation (4.2.8) that at some point r = rm the equation (4.2.6) 

will be true. This proves that a sufficient condition for the existence 

of a turning point in the velocity distribution in the solar wind is that · 

the corona should be tightly bound by the gravitational field and that the 

temperature should decrease less rapidly than 1/r (Parker 1967), 
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Thermal conduction in the solar corona is probably sufficient 

to cause the temperature to decrease slowly enough with increasing 

radial distance for the above criterion to be fulfilled. It was first 

shown by Chapman in 1957 that for a static corona where radiative and 

other losses are negligible, the temperature distribution is determined 

by the conservation of conductive flux: 

'i/• (K'i/T) = 0 (4.2.10) 

This is merely the heat equation (4. 1 .38) where the dissipative terms 

have been neglected. Equation (4.2. 10) is equivalent to 

dT r2 = 
dr 

which can be integrated to give 

constant (4. 2. 11) 

in which case the temperature distribution would certainly satisfy 

the condition. 

From equation (4.1.49) we can approximate that close to the corona 

dT 
K r2!:!.!.. = • dr 

On integration this gives th~t 

T(r) a: 

'(4. 2. 13) 

(4.2.14) 

It thus appears that it is not unreasonable to expect T(r) to vary 
1 as?' where N < at least in the low velocity region. 

Beyond the turning point at rm the velocity will decrease 

since the numerator of equation (4. 1.47) is now positive. 

We will now attempt to estimate the order of magnitude of the 



39. 

velocity at large heliocentric distances. This can be achieved by a 

consideration of equation (4. 1 .42). On rearrangement this becomes, 

µM v dv _ _!_ ~ _ µM _!_ ~ 
kTdr= Pdr kTdr 

On integration from the turning point to infinity we have that, 

thus 

where, 

and 

00 

µM f EL.!:!,. (v2) = 
2k T dr 

rm 

p ( 00) = p (rm) exp (A + B) 

00 

E.!: .9.. ( v2) A = - M I 2k T dr 
rm 

00 

B GM~Mµ I dr = - Tr2 
rm 

dr 
Tr 2 

(4.2 . 15) 

(4.2.16) 

( 4. 2. 17) 

(4.2.18) 

(4.2.19) 

If v decreases after reaching the turning point, fr(v 2) < 0 so that 

A> 0. B < 0 since T declines less rapidly than 1/r, and this also 

implies that B is finite. Thus it is clear from (4.2. 17) that P(00), 

the pressure at Infinity, is non-vanishing also. Solutions of the type 

where v decreases after reaching rm are consequently excluded as they 

would contravene boundary conditions (4.2.2) and (4.2.3). 

In order to find solutions compatible with the boundary conditions 

we return to a consideration of equation (4. 1.47). It will be noted that 

the denominator vanishes when v2 = ~! , at which point the velocity 

gradient will become infinite. As this is obviously not physically 

possible, solutions of this type are excluded. The velocity gradient can 

remain finite when v2 =~~only if this occurs at rm when the numerator 

of equation (4. 1 .47) vanishes simultaneously. As this is the only 

remaining class of solution we determine whether it satisfies the 

boundary conditions. 

From the -previous discussion we have that, 
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GM0 > 2kT kr dT 
r µM µM cir when r < rm, 

and that GM0 < 2kT kr dT 
r µM- µM cir when r > rm. 

In the case of the solut ion under consideration we have that, 

and that 

v 2 < kT 
µM 

v 2 > kT 
µM 

when r < rm , 

when r >rm. 

(4.2.20) 

(4.2.21) 

(4.2.22) 

(4.2.23) 

In this situation the velocity gradient will remain positive for all 

values of r. The point rm is no longer a turning point but is a singular 

or critical point of the solution. The heliocentric distance at which 

this occurs will be denoted re. We can demonstrate that this solution 

satisfies the boundary condition of zero pressure at infinity by 

considering the continuity equation (4. 1.46). 
dv If cir> 0 for all values of r , then as r + ~, v must tend to a 

constant value greater than zero. 

zero at least as fast as 1/r2 as r 

pressure. 

Thus the density, p, must tend to 

+•,yielding the required zero 

The topology of the solution of the momentum equation has been 

determined by Parker (1967) and is shown in figure (4.2. 1). It 

constitutes a one parameter family of curves in the (r,v) plane. 

The velocity at the critical point, 

is close to the velocity of sound vs= (ykT/µM}½. Velocities -at large 

heliocentric distances are thus supersonic. It is, perhaps, surprising 

that the solar corona, in which the thermal velocities are typically of 

the order of 180 km/sec can cause the acceleration of material against 

the solar gravitational field, where the escape velocity is about 
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500 km/sec, and give it the velocity of several hundred kilometres per 

second observed at the earth. The mechanism by which this occurs is 

analogous to flow through a de Laval nozzle, where the throat 

constricting the flow in the solar wind case is produced by the 

restraining gravitational field (Dessler 1967), 

4,3 ~roaches to the solar wind problem 

The four boundary conditions embodied in equations (4.2. 1), 

(4.2.2), and (4.2.3), while being the most reasonable from a physical 

point of view, are not necessarily the most convenient for a numerical 

solution of the problem. We have shown that the only solution to the 

momentum equation consistent with these boundary conditions is the one 

passing through the critical point from a subsonic to a supersonic 

region. Conversely any solution _passing through this transition point, 

and obeying the inner boundary requirements, is acceptable as it 

automatically satisfies the boundary conditions at infinity. 

Consequently the requirement that the solution pass through the critical 

point may be used as an alternative, and perhaps simpler boundary 

condition than equations (4.2.2) and (4.2,3), 

4.3.1 Hydrodynamic models 

The first attempts at a numerical solution of the equations of motion 

were by Noble and Scarf (1963), They attempted to produce a model of 

the solar corona and solar wind in the region between the earth and the 

sun by integrating the set of equations (4.1.46), (4.1.47) and (4.1.49), 
their method of solution was to specify as boundary conditions the 

temperature, velocity, and essentially the constant H in equation (4.1.49), 
at the earth, where the values were known approximately from space flight 

experiments. Their fourth condition was obtained from the requirement 

that the solution should pass through the critical point. This 

condition was satisfied by the standard numerical methods of two-point 

boundary value problems: the temperature gradient was specified at the 

lower boundary point, the earth, and the integration carried out towa~ds 

the corona. The temperature gradient at the earth was then altered in an 

iterative process, until the solution passing through the critical point 
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and down into the solar corona was obtained. 

The approach of Whang and Chang (1965) was rather different. 

They were attempting to produce a numerical solution to equations 

(4. 1.46), (4.1.47), and (4.1.49) for all values of r , and were therefore 

obliged to treat more thoroughly the condition at infinity. 

Their first boundary condition was the requirement that the 

solution should pass through the critical point, which from equation 

(4.2.24), fixed the value Ve at the point re, Two other boundary 

conditions were obtained by specifying the corona] values of density 

and temperature. These were imposed in practice by varying the values 

of re and Pc, the density at the critical point, in an iterative 

manner until the coronal parameters were suitably close to those 

observed. The final boundary condition was obtained from a consideration 

of the energy equation (4.1.49). On rearrangement this becomes, 

(4.3.1) 

As r + ®, T + 0 and v + v®. The first term on the right hand side 

represents the conductive energy flux; we will consider its limiting 

value as r +®·We assume that the temperature decreases proportional 
dT s • 

to 1/rS. Then -d cc - -s+l• Using expression (4.1.11) . for the thermal r r 
conductivity we find the conductive energy flux Fe varies as 

7 
F cc - r-1'5 +. 1 

C (4.3.2) 

Thus Fe+ 0 as r + ®ifs > 2/7. If the temperature decrease at large 

distances as 1/r217
, the conductive flux will remain finite, while if 

it decreases faster than this the conductive flux will vanish. Whang 

and Chang assumed that the latter case is true. The integration 

constant H then becomes, 

H = ½Jv; (4.3.3) 

The constant H can b~ determined from equation (4.3.1) at any point 
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where all the pertinent quantities are known. Presumably this wil l be 

at the critical point. The asymptotic velocity v00 can then be 

evaluated by means of equation (4,3,3). 

The final boundary condition is thus obtained: that the computed 

velocity v + v
00 

as r + 00 • This condit ion was applied by the construction 

of an asymptotic solution which was required to fit smoothly with the 

exact numerical solution at a certain large distance from the sun. 

4.3,2 Hydrodynamic models with viscosity 

Numerical solutions of the solar wind problem, including the 

effects of viscosity, have been obtained by Scarf and Noble (1965) and 

by Whang, Liu, and Chang (1966), where essentially the same boundary 

conditions were applied as in the two cases previously discussed. 

These have shown that the viscous stresses do, in fact, become 

large at large distances from the sun and may have an appreci~ble 

effect on the flow. Strangely, models including this refinement appear 

to agree less well with experimental values of the solar wind parameters 

than those in which the viscous terms were neglected. This anomaly may 

be due to the alteration of the coefficients of viscosity by the 

constraining effect of the magnetic field on the flow (Brandt 1970). 

4.3.3 Two fluid model 

In the approaches to the problems so far described, it has been 

assumed that a unique temperature could be assigned to the solar wind · 

plasma at any one point, but ~s ~ showed in chapter 3; kinetic the9ry 

predicts that there should be a considerable difference in temperature 

between the proton and electron components. Hartle and Sturrock (19~8) 
have thus constructed a model in which the solar wind is regarded as the 

superimposed flow of two fluids; one consisting of protons and the other 

of electrons. The density and velocity of the flows must be the same 

for both electrons and protons in order to preserve charge neutrality. 

Consequently although two heat equations are required for a study 

of the flow only one continuity and one momentum equation Is needed. 

The continuity equation can be represented as, 
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pvr 2 = J (4.3.4) 

which is identical · to equation (4.1.46). The .momentumequation now 

becomes, 

pvdv = - £. {pk (T + T )} - GM~p (4.3.5) 
dr dr M e p r 

where Te and Tp are the electron and proton temperatures. This equation 

is analogous to (4.1.42). The two heat equations are, 

l£. {K r2dTe} pvk dTe vkT ££, 3 k 
= Td'r - _e + -:::'\/Ep-(T - T ) 

r dr e dr y - M dr 2 M e p (4.3.6) 

1 d { 6} ~~ vkT dp 3 k( ) = - "lfPc1r - 2"EPM Te - T p rdr Kpr dr y - M dr ' 
(4.3,7) 

where Ke and KP represent the electron and proton thermal conductivities, 

and vE the energy exchange rate. The heat equations reduce to equation 

(4.1.48) if Te= Tp, as we have previously assumed. 

Equations (4.3.6) and (4.3,7) are both second order differential 

equations requiring two boundary conditions each. Consequently a total 

of six boundary conditions must be specified in order to define the 

solution completely; three specify the density and electron and proton 

temperature at the solar corona; the fourth requires that the solution 

should pass through the critical point, implying that p + 0 as r + 00 ; 

the final two specify that T and T + 0 as r + 00 • The equations were e P 
solved iteratively, rather than simultaneously as in the previous cases 

described. 

The results obtained from this analysis predicted the electron 

and proton temperatures to be 3,4 x 10 59 K and 4.4 x 103°K respectively, 

near the earth. Space experiments have shown that the average value of 

Te is approximately four times the average proton temperature during 

periods of little solar activity. The discrepancy between theory and 

observation indicates that a more efficient mechanism of energy exchange 

between protons and electrons must occur and implies that the single 

fluid models are a better approximation than kinetic theory predicts. 
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4,3,4 Magnetohydrodynamic models 

We noted earlier that near to the sun the energy density of the 

magnetic field will be greater than the kinetic energy density of the 

solar wind. Consequently it will certainly play a significant role in 

determining the nature of the flow. A considerable number of 

approximate models have been constructed in order to estimate the 

magnitude of this effect. 

Parker (1963), neglecting the energy considerations, treated the 

magnetic field in a very simple way by assuming that the field lines 

fol low the stream I ines of the solar wind flow. Mes tel (1968) has 

demonstrated the effectiveness of the coupled solar wind and magnetic 

field at removing angular momentum from the sun, by considering an 

equation of motion simplified by the assumption of an isothermal 

corona. Weber and Davis (1967) solved the problem under the restrictive 

assumption of spherical symmetry by considering flow only near to the 

equatorial plane of the sun, and with a polytropic representation of the 

energy equation. More recently Grzedielski (1968) and Brandt, Wolff, 

and Cassinel 1 i (1969) have solved the set of equations (4.1.20) - (4.1.27) 

but once again only by considering spherically symmetrical flow near the 

equator. With these restrictions the equations become, 

pv r 2 = J r 

dv v4 dP GMAp ~B d ( pvr.:::.!.rd - p.!.4> + -d + --:r + -d B,i, r) = 0 r r r r TTr r ~ 

Kr - +,.--(BB v - B v) - J ½(v 2 + v2 ) + - - ~ = H 2dT 1 ~ { SkT GM.} 
dr ~TT ~ r ~ r r ~ M r 

d - (r 2 B ) = 0 dr r 

(4.3.8) 

(4.3.9) 

(4.3.10) 

(4.3.11) 

(4.3.12) 

(4.3.13) 
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where H is a constant, and the subscripts rand~ represent the radial 

and azimuthal components of a vector. We have assumed also that the 

plasma is fully ionised andµ= 1/2. Equation (4 . 3.13) may be 

integrated immediately to give, 

(4.3.14) 

where B0 is the magnetic flux density at the lower boundary point r0 . 

Equation (4,3.12) may be integrated to give, 

(4.3.15) 

The constant Scan be evaluated on the assumption that at the sun the 

corona is constrained to co-rotate, and that in the frame of reference 

co-rotating with the sun the velocity is parallel to the magnetic field; 

that Is t x B = 0. Thus in the non rotating reference frame we have, 

(4.3 . 16) 

Therefore equation (4.3.15) becomes, 

(4.3.17) 

where n represents the angular velocity of the sun. 

On rearrangement equation (4 , 3.10) becomes, 

(4.3.18) 

From equations (4.3.8) and (4.3.14) we see that the term outside the 

differential in ·this equation is a constant, allowing it to be integrated 

to give, 

(4.3.19) 
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The constant L, which represents the total angular momentum per ~nit 

mass lost by the star can be evaluated by eliminating B• between 

equation (4.3. 17) and (4.3. 19) and substituting: 

M 2 = 4npv /Br 2 (4,3.20) A r 

where MA is the Alfvenic Mach number. We then obtain 

LM 2 
nr~-

v~ = nr --- (4.3.21) 
~ M 2 -

A 

From the discussion of the boundary conditions for the solar wind flow 

without a magnetic field it was shown that the solution ·had to pass 

through a critical point on its way towards supersonic velocities at 

large distances from the sun. The same analysis will hold true for the 

case with a magnetic field. Consequently the velocity should exceed 

the Alfven velocity at some point rA say. In order for v• in equation 

(4.3.21) to remain finite at rA the numerator must vanish simultaneously 

with the denominator, since MA 2 = 1 at r = rA. Thus we require that 

L = nr 2 
A 

This equation indicates that the magnetic field causes the same loss of 

angular momentum as if the corona co-rotated with the sun out as far as 

the Alfven point rA. Equation (4.3.22) shows that a stellar wind must 

be a very effective mechanism for removing angular momentum from a star. 

Equation (4.3,21) thus becomes, 

M 2 -A 

From equation (4.3. 19) we obtain, after rearrangem~nt, 

(4,3.23) 
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(4,3.24) 

where vA is the velocity of the flow in the radial direction at the 

Alfven point. 

The radial part of the momentum equation becomes, on substitution 

of equations (4,3.23) and (4,3,24) and some rearrangement 

(4.3.25) 

This equation can be simplified to some extent by substituting the 

propagation velocities of the characteristic disturbances of a plasma. 

The isothermal speed of sound is given by, 

The Alfven velocity in 

The Alfven velocity is 

V 2 
s 

2kT ,.. __ 
M .· 

the radial direction is 

2 B2 
vm =~ . 

given by, 

V 2 = (B/ + B/)/41rp H 

(4.3.26) 

given by, 

(4.3.28) 

By using these three equations the denominator of equation (4.3,25) can 

be reduced to, 

(4,3.29) 
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Critical points of the momentum equation will occur when the denominator 

becomes equal to zero, at which point the numerator must vanish also. 

From an inspection of expression (4.3.29) it is obvious that a critical 

point will occur at the Alfven point, when vr(rA) = vA • vm(rA). 

Other critical points will occur when, 

~! {v 2 - V 2 - V 2} + V 2 = 0 vm r s H . s 

This is a quadratic in v 2 which has the solution, r 

(4.3,30) 

(4.3,31) 

The plus and minus signs in this expression represent respectively the 

velocities of the fast and slow magneto-acoustic disturbances in a plasma 

(Ferraro and Plumpton 1966). The solution of the momentum equation 

which obeys the boundary condition of vanishing density and temperature 

at infinity must pass through all three of these critical points. 
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CHAPTER 5 

NUMERICAL MODELS 

5.1 Introduction 

In this chapter we present the results of our numerical investigation 

of the thermally driven stellar wind as a mechanism for mass loss in stars. 

We discuss also details of the methods by which the results were obtained. 

The methods of solution of the equations of motion differ 

considerably from previous ones chiefly in the application of the boundary 

conditions. Their specification constitutes the most difficult part of 

the problem and was attempted in two different ways . 

The first method uses the same basic numerical techniques as Hartle 

and Sturrock (1968) and solves the equations of motion including a heat 

equation. However, Hartle and Sturrock were concerned with a two-fluid 

model of the solar wind, whereas we have assumed throughout that T = T, 
e P 

so that our set of equations is different from theirs. A further difference 

lies in our more elaborate treatment of the boundary condition~ at infinity. 

The second approach was necessitated by the greater convenience qf 

specifying the particle flux as a boundary condition when models of stellar 

winds con~iderably different from the solar wind were being constructed. 

The equations of motion, including an energy equation, were solved 

simultaneously instead of by iteration as before. The method of solution 

perhaps most resembles that of Whang and Chang (1965) in that the boundary 

condition at infinity, namely that the thermal conduction flux should 

vanish, was the same as they used, although applied in a different way. 

Whang and Chang attempted only to construct models of the solar wind, 

while our intent is to produce models covering a wider range of 

circumstances. 

5.2 Integration procedures 

5.2.1 Integration of the heat equation 

Since the sun is the only star in which a thermally driven stellar 

wind is directly observed it was felt that the inner boundary conditions 

should initially be chosen to represent approximately the conditions 
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observed near the solar surface. The approach taken was to solve the set 

of equations of moti.on, including a heat equation, on the assumptions that 

the solar wind is a single fluid flow with a uniquetemperature at any 

given radial distance, that the effects of viscosity and the magnetic 

field are negligible, and that the only heating mechanism above the base 

of the corona is due to thermal conductivity. 

The set of equations to be solved are (4.1 .36), (4.1.37), and 

(4.1.38). These are, 

where J .. = 

The 

Nvr2 = J .. 

y_ GM0 _ 2kT 
r r µM 

v2 - kT 
µH 

kr dT 
µM dr 

~ [K r2dT) = J .. kT ( dT + !. dv + 2!.) dr dr 1 dr v dr r ' µ y -

J/M represents the particle flux. 

equations we re solved by an iterative procedure. 

(5.2.1) 

(5.2.2) 

The 

temperature distribution satisfying the boundary conditions at the corona 

and at r =~is guessed initially and used to find .v(r) from equation 

(5.2.2). From the first boundary condition, equation (4.2.1), and v(r) 

the integration constant, J', in equation (5.2.1) is determined. Using 

the computed values of v(r) and J .. , the temperature ~istri~ution T(r) may 

be calculated from equation (S.2.3), ensuring that th~ condition at r = r9 
and at infinity are satisfied, by standard techniques of numeri~al 

analysis _ for second order differential equations. Since ~quation (5.2.3), 
has end point conditions an iteration procedure, which wiU be described 

later,ii~required in order to ensure that both are satisfied. The new 

values of T(r) may now be used in the momentum equation (5.2.2) to obtain 

further estimates of v(r) and N(r). The whole procedure is repeated until 

changes in the variables from one cycle to the next are less than a small 

predetermined quantity. The system has then converged to solutions which, 

in arbitrarily close approximation, simultaneously satisfy the set of 

equations (5.2.1) - (5.2.3) and the boundary conditions. 



53. 

In discussing the solutions of the equations of motion it is 

convenient to transform the independent variable r to a new variable 

x, whe r~, 

(5.2.4) 

We transform also the dependent variables v, T, to u, T, where, 

To is the temperature at 

u = Mv2 Bv2 
kT

0 
= 

the base of the solar 

2.0 X 106 OK. Assuming that the solar wind is 

that µ = ½, corresponding 

(5.2:,n - (5.i.3) become, 

di;i 
dx = 

to 

on 

a composition of 

transformation, 

- 4.!. - 2 dT 
x dx 

T ½ - ~ 
u-

(5.2.5) 

(5.2.6) 

corona, which we take to be 

completely ionised, and 

pure hydrogen, equations 

(5.?.7) 

(5.2.8) 

(5.2.9) 

We will use also the energy equation (4.i.39) which transforms to: 

(5.2.10) 

lle condition that the solution of the momentum equatio'n should 

pass through a critical point is most conveniently satisfied by locating 

the point and integrating the equations of motion away from it in both 

directions. This can be achieved by noting that in the integration of 

I 
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equation (5,2.8) ·r(x) and T1 (x) are known, either from the initial 

approximation or from the most recent solution of the heat equation . 

The critical point will occur when the numerator and the denominator 

of equation (5.i.8) vanish simultaneously. That is when, 

1 - 4!. - 2~ = O 
x dx (5.2.11) 

The value of x satisfying equation (5.2. 11) is xc, and the critical 

velocity uc is then given by, 

(5.2 .12) 

where Tc= T(xc) . 

In order to start the integration an analytical expression for 

du/dx is required at the critical point. This can be obtained by use 

of 1 'H8pital 's rule, 

(:~)c 

l.lm f'(x) 
= X Xe 

l.lm g'(x) 
X XC 

(5 .2 .13) 

where, f(x) = l - 4!. - 2~ 
X dx (5.2.14) 

g(x) 1 T 
= -2 u (5.2.15) 

The prime denotes differentiation with respect to x. Equations (5.2.14) 
and (5.2.15) now yield, 

lim f'(x) 
X -+ X 

C 

1 i m g , ( x) = _ .!_ (d T) + ~ (du) 
x + xc Uc dxJc Uc dx)c 

(5.2.16) 

(5.2.17) 

Eliminating (dT/dx)c and Tc by means of equations (5.2.11) and (5 . 2.12) 
we obtain, from equation (5.2.13), 
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(5.2.18) 

On rearrangement this produces a quadratic in (du/dx)c which has the 

solution, 

(5.Z.19) 

There are two curves passing through the critical point, corresponding to 

the positive and negative signs in equation (5.2.19). One of these is 

rejected as the velocity decreases outwards and contravenes the boundary 

condition of zero pressure at infinity. The required solution has~~> 0. 

S-. dv dv du dx h dx O h • • l 1 • • f • h rnce -d = -d -d -d were -d < , t e crrtrca so utron sates yrng t e r u x r r d 
correct boundary conditions will have d~ < 0, and . is the algebraically 

smaller of the two. Consequently we select the negative sign in equation 

(5.2. 19). The velocity gradient is then, 

(~~)c = ½ -~ - H1 - 20~ + 52~~- 16uc(~:~tY 

du dT Having obtained this expression the values of u, dx , T, dx are all 

known at xc and equation (5.2.8) can be integrated as an initial value 

problem from the critical point by an ordinary predictor-corrector 

method. 

The heat equation is a second order differential equation to which 

we apply end point conditions. The thermal conductivity is given by, 

On making the substitution y = T~ equation (5.2.S) becomes, 

which can be expressed as, 
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d2y - F( I I ) W - T,T ,u,U ,X (S.2 .23) 

It is obviously impossible to reproduce numerically the condition 

that T + 0 as r+ 00 , and in practice the computation would have to be 

terminated at some large but finite value of r. On transforming to 

dimensionless variables the equivalent boundary condition is that T + 0 

as x + O. Unfortunately numerical problems again prevent the integration 

of the equations directly to x = 0, as the temperature and velocity 
. dT du gradients, dx and dx, both tend to infinity as x + 0. Consequently 

integration must be terminated at some small value of x (x,, say), at 

which point the temperature is defined to be T1 • The outer boundary 

condition is then said to be satisfied when T(x,) = T1 • 

Equation (5.?.23) is linear in y and can be twice numerically 

integrated to give y(x) and y' (x) for all x in the region x0 < x ~< x,. 

This allows T(x) and T1 (x) to be calculated from the expressions, 

cs.2.24) 

and, (s.2.2s) 

The integration is started at the inner boundary point, x0 , with 

t{x0) =Toso that the boundary condition is satisfied automatically. 

The outer boundary condition, that t(x,) = T1 , is satisfied by means of 

an iterative method as we mentioned earlier. The value of the temperature 

gradient at the corona, T1 (x0 ), is guessed and used as an initial 

condition for the integration of the heat equation (S.~ .. 23), giving T(x) 

and T'(x). In general, T(x,);. T., so that T1 (x
0

) must be varied and 

equation (S.2 .23) solved repeatedly until the equality T(x,) = T1 is 

satisfied. When this occurs a temperature distribution satisfying 

equation (S.2.23) and both the boundary conditions has been obtained. 

The value of T1 is estimated from a consideration of the energy 

equation (S.2 . .)0) which, by means of equation (S.2,.il), becomes, 
-- ..:.. , 
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~ 
AKo TO 2 ~ ch- + 5 + ~ _ l.:X = z 

J ... k T ~ dx r '+ 2 (5 ,2. 26) 

The value of Z may be evaluated at the critical point where all the 

quantities on the left of equation (5.2.26) are known. On substituting 

for y from equation (5.2.24) we obtain, 

(5,2.27) 

Since T(0) = 0 we have y{0) = 0. Thus if we know all the quantities on 

the right hand side of equation (5.2.27) it can be numerically integrated 

to give the values of y by use of the expression 

(5.2.28) 

which is simply a statement of the trapezium rule. We now assume that 
2 

y' (o) = 0. This requires that T(x) + 0 as x + 0 faster than x1, 

and is equivalent to the assumption that the thermal conduction flux 

should vanish at infinity. The reasoning here is similar to that 

following equation (4.3.1). From equation (5.2.28) we can now obtain 

the temperature at x, : 

(5.a.29), 

and, 

Having integrated equation (5.1.22) out as far as x 1 we have an estimate 

of the temperature at x 1 • This is substituted into equation (5.~.27)to 

obtain a new estimate of the value of ~d at x. The temperature at the 
X I 

outer boundary was then estimated by using equations (5.2.29) and (5.z.j0). 

This was returned to equation {5,2.27) and the cycle repeated until self 

consistent values of y{x
1

) and y 1 {x
1

) were obtained. 
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The value of T obtained in this way is denoted T1 and is used as 

the outer boundary condition at the point x,. It is appreciated that the 

method of integration used in equation (5.2.28) represents only a crude 

approximation, since the parameters of temperature and velocity change 

rapidly in value for small x. Due to the iteration procedures our 

results are , however, self consistent and since quite reasonable results 

were produced the method is vindicated to this extent. 

Having solved the heat equation and obtained an improved temperature 

distribution satisfying the boundary conditions, the parameters at the 

critical point and its position were determined by means of equation 

(5.2.11),(5.2.12), and (5.2.13). The momentum equation (5.1.8) was then 

solved as before and the whole procedure repeated until convergence of all 

the i te rat i ve processes was reached. 

Considerable difficulty was found in integrating the equations out 

to sufficiently small values of x, and it was found to be necessary to 

transform the independent variable x to s where, 

s = - ln(x). 

The momentum and heat equations then become, 

4T - e-s - 2~ 
du ds -= 
ds T -2 u 

d2
y = 7J'k {2 + 1 ~ + ...2. du} -s 7 5.✓- dT W 2AKo Tc5'2 T 2 ds 2u ds e - 2'2 df 

(5.2.31) 

(5.2.32) 

(5.2.33) 

Equations (5.2.32) and (5.2.33) proved more amenable to solution at 

large radial distances. 

5.2.2 Integration of the energy equation 

In order to produce models of stellar wind~ with hiQher rates 

of mass loss we found it more convenient to specify as a boundary 

condition the integration constant J' in equation (5.2~7) rather than the 

coronal density N0 . Since no attempt was to be made to reproduce the 
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conditions occuring at the sun it was decided to apply all the boundary 

conditions at the critical point. This enabled the energy equation 

(5.2.26) to be used instead of the heat equation, which , since it had 

been integrated analytically once, had the advantage of being a first 

order equation and did not require the complicated iterative procedures 

described earlier to satisfy the boundary conditions. 

Having defined the particle flux, J ~, different models were 

constructed by varying the position of the critical point Xe. The temper­

ature at the critical point was then fixed by rearranging equation (5.2.11) 
so that, 

(5.2.34) 

Initially the temperature gradient (dd') must be guessed, but as it 
X C 

is the starting value of an iterative procedure it need not be very 

accurate. Having Tc, - the critical velocity, uc, may be then found from 

equation (5.2.12). Three boundary conditions are thus obtained. The fourth 

condition is obtained by evaluating the constant Z in equation (5 .2.27) 
at the critical point. The correct value of {~:}c may be chosen by 

requiring that the thermal conduction flux should tend to zero as x + 0. 
The constant Z may then be evaluated at x = 0 to give, 

Z = ¼uoo. (5.2.35} 

As x + 0 we then demand that u + Uoo, In practice we applied this condition 

by requiring that the temperature distribution should decrease monotonically, 

and that u < Uoo out to the limit of integration. This can be achieved 

by altering {~:}c iteratively until the conditions are obeyed; the procedure 

converges to one value of {::}c if the integration is continued to 

sufficiently small values of x. The boundary conditions applied are thus 

J~, • c• uc, and Uoo• In similar fashion to the earlier method we need an 
du 

analytical expression for dx at the critical point before the integration 

can proceed . This is obtained as before except that an iterative process 

between equation (5.2.20) and the heat equation (5.2,9) is necessary to 



60. 

to produce a self-consistent result. 

The system of equations consists now of three f i rst order differential 

equations with boundary conditions applied at the critical point. They can 

be solved conveniently as a set of simultaneous initial value equations, 

the integration starting at the critical point and proceeding in both 

directions, towards the corona and towards x = 0. Only one iteration 

process is necessary: to ensure that u ➔ u00 as x ➔ 0. The coronal density 

and temperature appear merely as the values of the parameters N and T at 

the value oi x at which integration is terminated. 

5.3 Results 

Figures (5.3.1) and (5.3.2) represent typical results of our 

calculations and illustrate the topology of the computed solutions. 

The graphs have been plotted for three different values of coronal 

density N0 , but the coronal temperature has been kept constant at 

T(x0 ) = 1.0, corresponding to a temp·erature of 2 x 106 °1.<. The 

position of the critical point is marked throughout by means of a 

large dot. 

Figure (5.3.1) shows the variation of the velocity of the 

solar wind with radial distance. Near to the corona the velocity tends 

to zero, satisfying the condition that the corona should be close to 

hydrostatic equilibrium. On passing through the critical point the rate 

of increase of velocity becomes very large as the flow becomes highly 

supersonic. At large radial distances the velocity increases more slowlr 

as it tends to its limiting value uoo. It will be noted immediately 

that the qualitative effect of increasing the coronal density is to 

decrease the velocity of the solar wind. 

Figure (5.3 . 2) shows the variation of the temperature of the solar 

wind with radial distance. The temperature distribution is a 

monotonically decreasing function of log r which tends to zerQ as 

r ➔ 00 • The result of increasing the density of the corona appears to be 

that the temperature of the solar wind decreases more rapidly with 

radial distance, at least as far as the critical point. The reason for 

this can be deduced by noting that the rate of ma ~s loss also increases 

with increasing coronal density. We snowad: in chapt~r 4 that th~ rate 
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of mass loss is completely determined by conditions at the critical 

point. By the time the critical point has been reached, therefore, 

a corona with a high density must have done more work in producing 

its solar wind than a low density corona. Since the acceleration of 

the solar wind is due to the thermal energy of the corona we may 

expect that the increased work required will result in the more rapid 

decrease in the thermal energy, and hence of the temperature, of dense 

solar winds. Beyond the critical point the temperature of the flow 

gradually tends to zero as the thermal energy of the solar wind is converted 

to kinetic energy. 

Because the temperature of the dense solar wind flow decreases 

rapidly close to the corona the velocity of the flow tends to its limiting 

velocity faster than for a less dense solar wind. This effect can be 

seen in figure(S.3. 1). We may expect that very dense coronas would 

reach their low limiting velocities virtually immediately after passing 

through their critical point, after which the expansion velocity would be 

essentially constant. 

Figure (5.3.3) summarizes the effect of coronal density on the 

rate of mass loss, or the particle flux, J', at constant coronal 

temperature. For small values of log N0 the curve is linear and the 

gradient is equal to unity, indicating that in this region J' is 

directly proportional to the coronal density, N0 . However, for higher 

densities the curve flattens out, and the particle flux becomes less 

dependent upon N0 . 

We can elucidate the effect of this behaviour upon the velocity 

distribution by considering the logarithm of equation (S.i.t)~ which 

becomes, 

log J' = log N0 + log v0 + 2 log r0 . 

The subscripts have been added as we are concerned with behaviour at the 

inner boundary point. r0 remains constant by definition. For small N0 

log J/ is directly proportional to log N0 indicating that the velocity .· 

remains almost independent of coronal density in this region. At higher 
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values of N0 this proportionality no longer holds so that the velocity 

distribution is modified. The particle flux becomes less · dependent on the 

coronal density, which, from equations (5.3.1) must be due to a decrease 

in the velocity at the coronal boundary point. The rapid decrease -0f 
... . 

velocity at higher coronal densities can be noted in figure (5.3.1) . 

The rate of mass loss as a function of coronal temperature at a 

constant density is shown in figure (5.3.4). The topology of the curves 

showing velocity and temperature as a function of radial distance are 

very similar to those in figures (5,3,1) and (5.3.2), and are not shown. 

It is apparent that the particle flux J~ is a quite rapidly increasing 

function of coronal temperature. At high coronal temperatures the curve 

appears to become increasingly linear indicating an exponential 

dependence of the particle flux upon coronal temperature in this region . 

Figures (5.3,5) and (5,3.6) show a family of curves which represents 

the velocity and density of the solar wind as a function of radial distance, 

with constant particle flux but varying coronal parameters. In the case 

shown the particle flux was 1.0 x 10 35 particles/ster/sec, correspondl _ng 

to a rate of mass loss of 3.3 x 10-14 M0 /year. 

Figure (5.3.5) ~shows that for a given rate of mass loss the highest 

velocities of expansion are obtained from the hotte~tand least dense 

coronas. 

Figure (5,3,6) shows how the particle density N decreases with 

increasing radial distance. As the curves were similar in shape only 

the two models corresponding to the extreme values of the coronal parameters 

used in figure (5,3,5) are shown. It will be noted that for small values 

of log r/r0 the density decreases more rapidly if the coronal density is 

higher. For larger radial distances the dependence of log N upon log r/r0 

is almost linear indicating a power law variation of N with r/r0 • The 

gradient in this region is approximately - 2.09 which shows that 

N ~ (r0 /r) 2 • 09 . We expect from the continuity equation that as the 

velocity tends to its limiting value, the density will decrease proportio­

nately to(r0 /r) 2 and that the gradient of the curves in figure (5.3.6) 

wi 11 tend to - 2. 0. 

Table (5,3.1) shows a grid of models which we computed for a 
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TABLE 5.3.l 

SUMMARY OF STELLAR WfND MODELS 

J ~ log N0 ,(xo) u 
00 

1.0 6.974 1 .083 6.88 

7.087 1.005 5,98 

7 .199 0.978 4.38 

7. 311 0.957 3.52 

2.0 6. 837 1. 260 9,65 

6.992 1. 185 6.41 

7. 147 1. 128 4.22 

7.234 1. 104 3,32 

7.317 1.083 2.60 

7.399 1 .068 2.02 

7.475 1. 055 1.55 

7.547 1. 044 1.27 

7.614 1 .037 0.91 

7 .677 1. 029 0.69 

7.733 1 .025 0.52 

4.0 7. 165 1.289 3.81 

7.284 1. 246 2.44 

7.306 1 .239 2.24 

7.368 J. 222 1. 72 
7.392 1.216 1.52 

7.487 1 . 196 0.94 
7,538 1. 188 0.70 

8.0 7. 169 1. 492 4. 77 
7.268 1. 433 3.03 
7.360 l.392 1.88 
7.408 1. 376 1.42 

7.453 1. 364 1.07 
7,468 1. 360 0.97 

16.0 7. 411 1. 563 2.32 

7.420 1. 559 2.20 

7,430 1. 554 2.06 
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number of different rates of mass loss occurring for a range of coronal 

parameters. The results are plotted in figures (5,3,7) - (5,3,9) 
which show respectively the loci of constant particle flux, J',in the 

(log N0 , T(x0 )) plane, the ( u00 , T(x0 ) plane, and the (u 00 , logN0 ) plane. 

5,3.1 Solar wind models 

It would be ideal if one solution could be obtained with boundary 

conditions which could be said to represent the coronal values of 

temperature and density, and from these predict the velocity, temperature 

and density at the earth. Unfortunately this is not possible as there 

is considerable uncertainty in the values observed in the solar corona 

and great variability in the solar wind parameters at the earth. It 

is possible then, only to make certain general comments and some order 

of magnitude estimates. We concluded in chapter 3 that observations 

generally indicate that the coronal temperature is about 2 x 106 °K 

and the particle density No, a few times 107 cm- 3 . From figure (5,3,7) 
it will be seen that the particle flux J' corresponding to these values 

should probably be in the range 1-. 2 x 10 35 ster/sec. 

The solar wind velocity in the vicinity of the earth during periods 

of minimum solar activity is usually between 300 - 350 km/sec corresponding 

to values of u in the range 5,45 - 7,42. On consideration of figure 

(5,3,5) we note that the uppermost curve predicts a velocity at the earth 

in this range while the second curve corresponds approximately to the 

lower limit. These curves correspond to points in figure (5,3,7) with 

coordinates (6.97, 1.04) and (7.09, 1.01). 
As it appears that models near the J' = 1.0 line in figure (5,3,7) 

represent most closely the actual solar wind flow we will attempt to 

estimate from them the range of coronal parameters which produce flows 

with velocities and temperatures closest to those observed in the vicinity 

of the earth. Accordingly we assume that in the region near the curve 

J' = 1.0 the flow parameters may be expressed as a linear function of 

log N0 and T(x
0

) only. Thus we assume that the velocity at earth, uE, 

can be expressed as, 
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(5,3,2) 

where a and bare constants to be determined. These constants can be 

evaluated by consideration of two particular models in the region in 

which we are interested, i.e near J' = 1.0 and log N0 = 7,0. Expressions 

similar to (5.3.2) can be formed for the other solar wind parameters. 

The results can conveniently be expressed in matrix notation 

2.743 
0.240 
0.047 

24. 560]· 
-0.517 
0.385 

(5,3.3) 

It is emphasised that this result is only approximate and even at best 

gives a rough approximation to the actual behaviour of the flow. 

In figure {5,3.10) we have shown the general effect of coronal 

temperature and density upon the parameters in the vicinity of the earth 

derived from equation (5.3,3). The two velocity limits uE = 5.45 and 

uE • 7,42 correspond to the range of solar wind velocities usually 

observed at earth during solar minimum; that is, velocities between 

300 km/sec and 350 km/sec. It will be noted from figure (5.3.10) that 

a rather high coronal temperature is required to produce velocities at the 

earth as large as the minimum observed velocity, when coronal densities 

are in excess of 107/cm~ 

The two temperature limits shown in figure (5.3.10) are for 

TE= 0.075 and 0.050, which correspond to temperatures of 1.5 x 105 'K 

and 1.0 x 105 °K respectively. These are in good agreement with 

experiment. It will be noted that a higher coronal temperature is 

required to produce higher temperatures at the earth. The two values of 

log NE shown, correspond to densities at the earth of 13.2 /cm3 and 

14.8 /cm3 . These are probably rather too high since observation Indicates 

the average density to be between 5 and 10 /cm3 • We see that low 

densities near the earth are produced by high coronal temperatures. 

An adequate model of the solar wind should lie between the three 

pairs of lines shown in figure (5.3.10), and in the region of the 

(log N0 , T(x0 )) plane appropriate to the solar corona. Unfortunately the 
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dependence of the temperature at the earth upon the coronal parameters 

is very similar to ·that of the velocity at the earth. As these lines 

on figure (5.3.10) are nearly parallel we are not able to exclude many 

combinations of .(x0) and N0 on the criterion that they do not 

simultaneously predict suitable values of temperature and density at the 

earth. 

We will choose from our results one model with which to Illustrate 

the parameters of the solar wind and will consider the temperature and 

density of the corona to be given by .(x0 ) = 1.02 and log N
0 

= 7.04, 
which, from figure (5.3.7), can be seen to lie almost exactly on the 

curve J"'= 1.0. In this model, therefore, the sun is losing mass at the 

rate of about 3.3 x 10-14 M0 /year. From equation (5.3.3) the results at 

the earth can be expressed as, 

[ 

LIE J r- 2.743 
log NE= 0.240 -

•E - 0.047 

24. 560] 
0.517 
0.385 

This gives, UE ~ 5.74 
1 og NE ~ 1 . 16 

•E :11: 0.o, 

[
7 .04] 
1.02 

(5.3.4) 

and corresponds to a velocity of 310 km/sec, a density of 14 cm- 3 and a 

temperature of 1.2 x 105 °K. 

Although these results are in reasonable agreement with observation 

it seems that an entirely satisfactory model of the solar wind cannot be 

constructed in this way. A hotter corona would produce parameters near to 

the earth rather better than the ones adopted here but would . not fit so 

well the observations of the corona itself. The most probable explanation 

is that our assumption that thermal conduction is the only mechanism of 

heating in the solar wind above th~ base of the corona is not valid. Since 

the high coronal temperatures are known to be produced by the dissipation 

of energy from magneto-acoustic and shock waves, our results seem to imply 

that their heating effect is continued for some considerable distance 
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into the corona and the lower solar wind. This would tend to decrease 

the temperature gradient in the corona and reproduce the effects of a 

hotter corona. Thus more accurate models of the solar wind should include 

a quantitative estimate of the mechanisms for production and damping of 

these waves. 

5.3.2 Stellar winds 

We now consider the possibility that a stellar wind may be a 

mechanism by which a star could lose a considerable fraction of its 

mass during its evolution . We have shown that the sun loses mass at 

the rate of about 3.3 x 10-14 M
0
/year. As it stays on the main sequence 

for a time of the order of 109 years it should lose only about 3 x 10-s M0 

during this period. It is unlikely that so small a fraction of the 

total mass would have an appreciable effect upon its evolution. 

Since the conditions occurring in the coronae of stars other than 

the sun are not directly observable it Is difficult to make any firm 

predictions about the associated rate of mass loss." From a consideration 

of figure(5.3.7) we note that by increasing the temperature of the corona 

by a factor of about two the rate of mass loss from the corona will be 

Increased by a factor of about 15. An increase of the density further 

enhances this effect. 

An interesting feature of figure (5,3,7) is that It Illustrates 

the perhaps surprising fact, already noted in figures (5.3.3) and (5.3,4), 

that the rate of mass loss from a corona is a much more sensitive function 

of coronal temperature than It is of coronal density. 

We note also that for a given coronal temperature the particle 

flux is quite dependent upon density, providing that the coronal 

densities are low, while at high coronal densities the particle flux Is 

specified almost entirely by the coronal temperature and is nearly 

independent of density. The curves of constant J- appear to converge 

as the density Increases, indicating that the particle flux becomes an 

increasingly sensitive function of coronal temperature, as the coronal 

density Increases. 

Although our results certainly allow no definite predictions to be 
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made, it is interesting to speculate that the rapid fluctuation in the 

rate of mass ejection observed in the F and G-type supergiants may be due 

to relatively small fluctuations in the temperature of their upper 

atmospheres. It would be necessary to postulate that the density of their 

coronas would be rather higher than that of the sun. 

Figure (5.3.8)demonstrates that higher coronal temperatures are 

required to produce a given asymptotic velocity in increasingly dense 

mass flows; a not altogether surprising result. It shows that u~ is a very 

sensitive function of the coronal parameters and fluctuations In the 

temperature will produce sharp changes in the velocity of the flow. 

Consider for example a corona with log N0 = 7.2 and T(x0 } = 0.98. From 

figure (5.3.7} we see that this corresponds to a particle flux J' = 1.0 

x 1035 and from figure (5.3.8} that u00 , ~ 4.95. If the temperature increases 

by a factor of 1. 13 to T(x0 } = 1. 11 at constant density the particle 

flux is doubled and from figure (5.3.8} the asymptotic velocity will 

decrease to 3.45. 

Figure (5.3.8} casts doubts on the hypothesis that mass loss from 

red giants is due to the stellar wind mechanism . From the discussion in 

chapter 2 we would expect a, red giant to have a high particle flux, a low 

coronal temperature, and a low asymptotic velocity. Figure (5.3.8} shows, 

however, that although low asymptotic velocities are possible for high 

rates of mass loss, high · coronal temperatures are required to produce them. 

Perhaps the most interesting feature of figure (5.3.8} is the behaviour 

of the curves as u~ + 0. In the region of small asymptotic velocity there 

appears to be an almost linear dependence of the particle flux J' upon u00 

and ~(x0 ). This enables us to extrapolate our curves for J' = 2.0, 4.0, 

and 8.0 with reasonable confidence to determine the value of the abscissa 

(Tm, say} at which Uoo vanishes in each case. The values at which this 

occurs are shown in table(5,3 , 2}. 

We now return to consider figure (5,3,7}. Since the asymptotic 

velocity u00 + 0 at a finite value of the coronal temperature the curves 

of constant J' must approach this limiting value of T(x0 } as log N0 + 00 • 

Consequently, for sufficiently high coronal densities the loci of constant 

J' ·wt 11 be essentially parallel. In this region the rate of mass ejection 
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TABLE 5,3.2 

TEMPERATURES AT WHICH u00 • 0 

log J' 

0.30 

0.60 

0.90 

!m. 

1.01 

1. 16 

1.32 

will be determined entirely by the coronal temperature and will be 

completely independent of the coronal density. 

The apparently linear variation of log J' with 'm' and the similar 

shape of the curves in figure (5,3.8) enco•Jrages us to suppose that the 

logarithm of the particle flux and the temperature at which the asymptotic 

velocity vanishes. tan. be -related b~ mea~s ·of an .equation, 

log J' = C 'm + D, (5,3,5) 

where C and Dare constants to be determined. C and D can be evaluated 

by means of the data in table (5.3.2). We obtain, 

(5,3,6) 

where we recall that as in figure (5 ·,3,7), (5,3.8) and (5.3,9), J' ls in 

units of 1035 particles/ster/sec. 

Equation (5,3,6) fits the data in table (5.3.2) to an accuracy of 

about 2% and thus allows us to make estimates of the rates of mass 

ejection from hotter coronas~ We must emphasise that equation (5,3,6) 

represents an upper limit to the rate of mass loss which can occur at any 

coronal temperature since it has been derived for the case in which 

u~ = 0. Real cases,where u > 0, will have rather smaller particle 
• CX> 

fluxes as some of the coronal thermal energy is required to provide 

the kinetic energy of the stellar wind flow. 
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In figure (5.3. 11) we show the approximate rates of mass loss from 

dense stellar coronas as a function of coronal temperature. It will be ·5.een. 

that very high rates of mass loss are probably attainable. We note that 

a rate of mass ejection of about 10-6 M
0
/year could be produced from a 

corona with a temperature of 9.2 x 106 °K providing that equation (S.3.6) 
holds in this region. This is a rate of mass loss typically observed in 

the 0 and B supergiants. Although the stellar wind mechanism thus appears 

capable of producing these high flux rates its applicability to these stars 

is doubtful since, as we pointed out in chapter 2, there is observational 

evidence to indicate that the mass flow occurs at a temperature considerably 

lower than 107 °K, and that radiation pressure must certainly be taken into 

account. 

We should repeat that our predictions of very high rates of mass loss 

from hot coronas have been obtained from equations (S.3.S) and (5,3.6) by 

a linear extrapolation of our computed results. They are therefore subject 

to considerable error, and should be considered only as a general 

indication of the effects likely to occur. 

5.3.3 Models with rotation 

We expect that the magnetic field of the sun will result in a 

sizeable modification of the solar wind flow. In order to make a simple 

estimate of this we suppose that the only effect of the magnetic field 

is to enforce co-rotation of the solar wind with the sun, simulating a 

solid body out as far as the critical point. The effect of the rotation 

will be to produce a centrifugal force term in the radial momentum 

equation. Beyond the critical point we assume that the azimuthal 

velocity decreases so that angular momentum is conserved. This model 

results in a modification of the solar wind equations. They may be 

obtained from equation (4.3.8) -(4.3. 12) by ignoring the magnetic field 

terms. These become, 
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(5.3.10) 

On transforming these variables to the variable for computation x, T, ur, 

and v4> where ur Is the dimensionless variable ur = svi and u4> = Bv4>2 ' 

equations (5.3.8) - (5.3. 10) become, 

du --dx 

1 - 4!. - 2~ - ~ x dx x 
• ' (5.3.11) 

(5.3.12) 

We allow angular momentum to be conserved beyond the critical point and . " 

require there to be solid body rotation inside the critical point. · 

Thus from equation (5.3,9) we have that, 

or, 

where, 

For solid body rotation, 

du-4> = 2u4i 
dx x 

u = B(nA/x) 2 
4> 

where O is the angular velocity of the sun. 

when x < Xe .,. (5.3.13) 

(5.3.14) 

(5.3.15) 

when x >_ Xe (5.3.16) 
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The introduction of the term u alters the position of the critical 

point, which is found by the method described for the non-rotating case. 

Simllarily the velocity gradient at the critical point may be found in the 

same way, although now the expression is more complicated. We obtain: 

(5.3, 17) 

The expression for (d 2./dx2)c is the same as in the non rotating case and 

may be evaluated by equation (5.1.9). 
We computed a number of models for various values of n for 

J"' c 4.0 x 103S/cm3 and compared the results with the non rotating cases. 

The data is summarized in table (5.3.3) and the results plotted in 

figure (5.3.12). 

TABLE 5,3.3 

·- -

EFFECT OF ROTATION ON MODELS WITH J"' = 4.0 X 1035 ster-1 sec- 1 

n lo~ No .(xc) 
(x 10- 6 sec-3,) 

2.887 7.307 1.238 
3.464 7.308 1. 238 
4.157 7.309 1.238 
4.988 7,309 1. 237 
5.986 7,311 1. 236 
7. 184 7,314 1. 235 
8.620 7.318 1.233 

10.000 7,321 1 . 231 
22.500 7.380 1 .202 
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Figure (5,3,12) represents a small part of figure (5 , 3,7),where the 

linen= 0 is a section of the line J~ = 4.0. It will be seen that the 

effect of a rotation rate similar to that of the sun (n ~ 2.9 x 10-6 sec- 1) 

is quite small. The model similar to the rotating model but with n = 0 

is presumably the one defined by the intersection of then= 0 line and 

the line joining the rotating models. This point has the coordinates 

(7,304, 1.2393) in the (log N0 , , (x
0

)) plane. The effect of the rotation 

is thus to decrease the coronal temperature and increase the coronal density 

required to produce a given rate of mass loss. 

5,4 Conclusion 

We have shown that a hydrodynamic model can reproduce· with reasonable 

accuracy the observed behaviour of the solar wind. If the temperature at 

the base of the corona is taken to be 2.0 x 106 °K an d the den s ity to be 

J. l x 10 7 protons/cm3 the sun wi 11 be losing mass at the rate of about 

3, 3 X 10- 14 M
0
/yr. This model of the solar wind wi 11 produce a velocity 

at the earth of about 310 km/sec, a density of 14 protons/cm3, and a 

temperature of about 1.2 x 10s °K. 

There are indications,however, that thermal conductivity, which 

has been assumed to be the only heating mechanism above the base of the 

corona, is not sufficient to produce exactly the obs~rved effects, and 

that other heating mechanisms are operative. It is most · likely that the 

heating effects due to the dissipation of shock and magneto-ac·oustic 

waves responsible for the high coronal temperatures , extend for some 

considerable distance into the solar wind. Theoretical work is 

necessary to elucidate the damping mechanism of these waves before more 

accurate solar wind models can be produced. 

In order to estimate the importance of a stellar wind as a 

mechanism for producing mass loss from stars, we have computed models 

with_ particle fluxes of up to 1.6 x 1036 protons/ster/sec, corresponding 

to rates of mass loss of about 5,3 x 10-13 M0 /year. We have shown that 

the rate of mass loss is very dependent upon the coronal temperature and 

that this dependence increases with increasing density. However, the 

dependence of mass loss upon density is much less and at sufficiently 

high densities the rate of mass loss is a,lmost independent ·of density . ~-
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at constant temperature. 

In the regions of the (log N0 , ~(x0 )) plane for which we have 

calculated models there was found to be an exponential dependence of 

the upper limit of the particle flux, J' upon the coronal temperature, 

.(x0 ), which can be expressed by means of equation (5 . 3.6) as, 

J' = 0.0447 exp [4.47 . (x0)] 15.4.1) 

This relationship, when applied to coronas with temperatures of about 

107 °K was found to produce rates of mass loss in excess of 10-6 M0 /year. 

It is appreciated that extrapolation to these regions is quite speculative 

and this result should be taken to indicate only the general trend of 

behaviour at high temperatures. 

It is interesting to consider the regions in which equation (5.4.1) 
is likely to hold more accurately. De Loore (1970) has calculated model 

coronas for main sequence stars and found that the most active occur in 

the early F region, where the temperature of the corona is around 

3.7 x 106 °Kand the density log N0 ~ 10.5. From figure (5.3. 11) we see 

that this would correspond to a rate of mass loss, ~~0 ~ 3 x 10-1 2 M0 /year. 

It is difficult to make firm predictions about giant stars as their 

surface conditions are not well known. We have shown, however, that the 

strong dependence of the particle flux upon the coronal temperature in 

hot, dense coronas could account for the rapid changes in particle flux 

observed to occur in F and G-type supergiants. It seems reasonable that 

these stars, with their turbulent atmospheres, should generate sufficient 

magneto-acoustic energy to support a very dense, hot corona; and 

furthermore that sporadic small ~xclt~ions of the corona should occur, 

leading to rapid increases in the mass flux. 

Our calculations also show that it is unlikely that mass ejection 

from red giants is due to the solar wind mechanism since the high particle 

fluxes which are observed could only be produced by very high coronal 

temperatures 

Finally we calculated some models in which the rotation of the 

star was taken into account. It was hoped to approximate in this way 

the effect of a magnetic field by artificially enforcing co-rotation 

of the solar wind plasma with the star out as far as the critical point. 
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We found that only smal 1 changes were produced for even large rotation :· 

rates. Thi-s should perhaps be taken to imply that our model of a magnetic 

field is unsatisfactory rather than that the effect of a magnetic field 

upon the solar wind ls smal 1. 
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APPENDIX A 

COMPUTER PROGRAM FOR THE SOLUTION OF THE SOLAR WIND EQUATIONS 

INCLUDING A HEAT EQUATION 

Two different computer programs were constructed in order to carry 

out the numerical integration of the equations of motion for the solar 

wind problem. The program in Appendix A solves the set of equations 

(including a heat equation) by iteration. The momentum equation ls solved 

by means of an Adam's Bashforth predictor-corrector method while the 

heat equation is integrated by means of a S~mpson's rule routine. 
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'j7 CCl'dINL[ ·--be ··· rt"KTr5:rG·-i"-1:-----------------------------------------

• CYf)(l1=3.i*DlCX(ll 
CALL Sl~S GN ( D2Y DX,DYDX,H ,Ml, l) 
CALL S[MSON (C2Y OX,CY DX,bl,M?,~ll 
UVC)I(P2J--DVOXIM2l*CEXPI-Xl(M2ll 



CALL SIMSON ( C2 YDXl, CYCX I, H2 , M3 , ~2) 
CALL S I MSON ( 0 YDX,Y, h ,~l, l) 

_______ c;..:.:-At-~- ~~~-a~IBfE¼r'!i ~ ~~ ~ ~~ ~ Jd-..---------------------------------
C ALL rcu~o ( N~ ,LL,~~,Y, Df DX(l),Yl,&60,~3, KK ,Ell5) 
LL=C 
MM=( 

IF ( Kk. EQ .IJ GD Tu 55 
IT EJ;= IT E~ +l 
I I- ( ;~LI" ti E r< • ~ (.; . l ) G C TC l 2 C 
IF ( NU ~BfR .L E.10) GU TO l 0C 

- ---- - - ·ri:,TIF K-:-G 1-:-1<:,-r,rTL--n rc-- "---- ---
o o ftl I=l, ~O 
IF ( 0A85 (TAU(l)-TAC1(1)). GT.T µ~ (l)*l. C0- 3 ) GC TC 55 

fl C CC!\ 1 I NLf: 
l CC CCl\ 11 ,' Lc c•••• cr~F~~ ~ G~ lGI NAL ~ CALCLLATfC VF LCC ITY & Tf~Pf~A TL RF 

CC 11 0 l =l ,P-13 
I F (f:-\t ;S ( L!1(l)- l! (I)). CT.PJ\ f: T*l(I)) GC TC PC 

---- [I- ( ,1/\HS (f A(l)-T AL ( l)) . G I . P .\ 1< T*T,1u{l)) r;L 1L 12 0 
llC CCf\Tl NlJf: 

GC 10 l4 C 
Ll5 Ctt\ T U.; L;[ 

l Z=llA 
Yl='r li\ 

--------w□-□ I lb l -= l f" ? 7(L( TT=TAl -r--
C TC >c ( J) =CT C X A I I> 
lJ( J )=UA( I) 
OU [> I I )=CU DXA( I) 

00 117 I=M2, M3 
T Al ( I ) =TA ( I ) 

----------i□~rTC)l(I)=DTOXIA(I) 
m =OAf 

0UC)l(l)=OU0XIA(I) 
117 CONll NliE 

GL.i l U 54 

C I S TPIRU TI CNS 

---------------------------------------------- ---------



FLLXA=FLUX 
ll~= Zl 

- --------~Y-=l~=Vl -.-----r--=-...------------- - ------------------------------CO I ~7 = ,M 
OTC~A(l)=OTCX(I) 
OUC) i\( I )=OUDX( I) 

127 CG~llNLE 
t 

OTC)[A(l)=OTCXl(I) 
OUCJII A(l)=DUCXl(I) 

l2E COf\ 1 L \I LE ---- - ~12~ CUK l r l'c c r-__ - ------ --------------- ------------- -------

00 130 l=t,l'n 
UA(l)=L(I) 
TA ( I ) =- T Al, ( I ) 

13 

-------- ------------------ --------

r. .{ I t E ( 7 , 7 (10 J ( X ( I J , I A C ( I J , D I U X ( I J , I = I , k .2 J 
~RllF (7,7CC) (X(l),Xl(l),TA~(l),DT CXl(l),l=~2,M1) 
WRllE (7,7CO) (U(l),CUCX(l},l=l, ~2) 

----------.;.~+~-H-~---1-l:-+hlJ--i~+~~--i! ~r fi~JJJ ,.,. 1 
=~ 

2
, ~ 3 , 

~Kll f. (7,7C2) xc,uc,cuc xt,TAL(,CTCXC, C2TCXC 
~. R I 1 I: ( 6 , 7 t; 0 ) 
wRilf (6,Jgl) Cl,RLCG(l),lfl),V(l),LOGN(l),MACH(l),1=1,~3) 
RC=tLUGIC(,57:XCJ 

---- ----- --------------------------------------------------------- ------ --------------- -- --- -- -------- - - ---- - ------ ---------- ---



VC=CS QRT(UC/B) 
TC=TAUC*TZERO 
XXX=3.336 0-50*FLUX ------------.v,-'Ir,~r..,F.....-=~D-ii,:-S-Q!TT'-,(TiO,Yl;.l'l-..F..-'i/ri'n<'-------------------------------------
;iR IT E (6,740) 
WRIT E (6,75G) KC, VC, TC 
WRllE (6,735) NZERC 
WRil E (6,725) .VI NF 
WRll E (6,7 80 ) FL UX 
WRllE (6,770) XXX 
NUfl ( l )=N IJ ~( l )+l 

---- ~Tr-i>rrrr- T.~Ti:.J.J , -"1"-7-;NuP-> 
NUfl(l)=NUM(l)+l 
CALl PLOT (RLOG,V, ~3, NU ~) 
NU P,(l)= NUM (l)+l 
CALL PLOT (RLGG,LCG N,M3, NO~J 
NUf'(l)=NUM(l )+l 
CALL PLCT (RLCG, ~~C H,~ 3 , ~u~) 

_________ .._;..,NUflEEK=l 
N = 1 

IF ( NXZ.EQ.C) GO TC 1qc 
IF ( NXZ+~3.GT.f') CALL EXIT 
CU 17 0 l=l NXZ 
XI(~3+1)-Xf( M3)+ H2*1 
X(~3+1)=C EXP(-Xl( ~3 +I)) 

l 7C COi\ I I NLE 
TAL( MJ +NXZ1=(1. 0 *FLLX* RK* Y( M1 +NXZ)/(A*KZ ER C*T Z~R 0 **2. 5 )) * * 0 .4 --~hltl ( ;, ·{ T AL ( )11, J+ K'XZT =-r ~cn, 3) J , ,,xr -·------ ·--- - . -----. ----·. ·-·· 

H 

DO 18 l' I=l,NXL 
TAL(M 3 +Il = T~ U( ~3 )+1*HT AL 
C TC )i I U'- ·1 + I ) = 0 TC X I ( ~ 3 ) + ( 0 ro XI ( M 3 ) - 0 TO X I ( M 3- l ) ) * I 
M3=._ 3+NXZ 
~C[El =P' CCt l+l 

IR 

_____ ________________ GG 1 0 2~ l gr-c UKTt N-;-i'O~'E...------------------------------------------
7CC FOA,AT (10A8) 
1 0 1 FOR~AT (2A8) 
7GL FO-R~AT C 6A8) 
/0 5 FU RPI A J ( 5 A 4 J 
711 FORFwAT (JlO,'FAILS TO CC NVE RG E AFTE R 20 ITER ATIC , 'S') 
72C FOR~AT ('1',T22,'TAU(l)',T52,'0TCX(l)',T82,'TAU1(1)',Tl12,' DTDXl(l 

--------~ 2·s1f~ "1 ·Af7T/T!,f l O, • AS"YR'P'T Gl IC VE L CC IT 'v : 1 ,TI 4 . 5 ,147, 'TEN7TJT,ETR-FS_ P-__________ _ 
lR 5~COND') 

73C FO~FwAT (/,4E30.5) 
735 fO ~~AT (////,T10, 1 CC RONAL 0£ NSITY :',El4.5,T43,'PA RTTCLES PER c ue 1 

IC CtNIIMEfRE•J 



74C FO R~AT (////,TlO,•CRITICAL POINT PARAMETERS, RC, VC, TC') 
75C FOR~AT (////,3E20.5) 
76C FOR~A T (////,T20,'FAILS TO CC NVE RGE AFTER tC ITE RATIGNS') 

---------1,..:;;,c FORt,iAT Tn/7,TIO,•RATE OF MASS LCSS : 1 ,El4.5,T48, 1 SCLAR MASSES PE 
lR YE AR') 

78C FOR~ Ar (////,flO,'PARTICL E FluX : ',E14.5,T42, 1 PE R STE RA CIAN PERS 
lECCr- D•) 

7gc fOQ~AT l 1 1 1 ,f22,'RdOIUS',f45,•tEPPERAfORE 1 ,lll, 1 Vt LCCIIV',t91, 
l 1 CE NS ITV'IT12 0 ,'MAC H NUMBEK') 

791 FOR ~AT (/, 5,5E25.5) 
RE TL ~N 

-------.Er1f 

-- ·---- --- --· ---------

\0 

-------·-- . - ------ -··· ··--· - --



RE~l FUNCTION ~OTB*8 (~I,U,TAU,OTOXI) 
IMFLICIT REAL*8 (A-~,O-Z) 

,---------M□Te=(4.0*TAU-OEXP(-Xl)-2.0* 0TOXl)/(0.5-TA~/U) 
RETCRN 
ENC 

kE ~L FUNCTIO N ~OTI C~ *8 (X, U,TAU, DTOX) 
I MFLICIT REAL* 8 (A-H,0-Z) 

-------~~OTIO N=(l.C-4.C*TAU/X-2. G*O TCX)/(0.5*(1.C-2.G*TAL/U)) 
,rETnr~ 
fNC 

sueROUTINE PI ECE (F, f ,W) 
l~FLICIT RE AL* A (A-H,G-Z) 

__________ .C_!J~ ~-QN __ ~_,L .:t..e_,_li_,_l_t_ .._Z""-'=-Z ___________________________________ _ 
f-;2=1-1 2 . 0 
Tl=l- * YP 
1 2=1- *f(X+ H2,Y+Tl/ 2 . C,ll,Z 2 ) 
T3=1- *F (X+H2 1 Y+T2/ 2 . f. ,Zl,Z 2 ) 
14=1- 0 f(X+ H,V+T · , _ . , .~ 
~=l•(T1+ 2 . 0 *T ? +l . C*l 3 +T4)/ 6 . C 
f, ::T l ,{!\ 

··-·c.:·, c ....... ---· --·---- --· -----·--·----·------· ••• ---·-···· •--·------- -------.. ------ .. ------- ----------·-·····-·-----.. ------------·-····-··--·· ... 

lC Z(lJ-Zll-2)+h/3.0*lVll-2)+4.C*V(I-I)+V(l)J 
REH-RN 
EN C 

·····-··--··-···· ···········--



C 

SUEROUTI NE PREOCO (H, ~ , N1 F,X,Y,Zl,Z2,YP,J) 
IMPLICIT KEAL * 8 (A-H,0-ZJ 

C s c·cv-~ITB~CJAtifs-13A"SHFURTfi------p-f{E O IC TOR --c c ffRFCTU~-U ST N°G"KUT-rG F -
e ~fT HCC AS START~R 
C****J KtFK EStN TS NL~B ER OF fX f~A STAR TI NG PGl ~ TS TO BE CAL CulAT CC BY R­
C 
C SPECIFY (Nlf(AL CON OIJI ON S Vl - A Al X- Xl, NUPeE R LF PCI KIS P , SIEPSIZ 
C A~D F(X,Y), N KEPR ESEN TS THE VALUE FRO~ kHICI- CA LC ULATI C~S STA RT 
C 

-----~~ _ __;;D=--:I=...:_~f . .NSI!JN X ( M), Y ( M), Z l (_M), Z 2 { fJ ), YP ( ~) 

C 
C 

C~LCULATE Y(() ANO Y'(I) FOR 1ST FGUR POINTS BY RUNGE-KUTTA 

Y P ( ~ ·) = F ( )( ( N ) , Y ( N ) , Z l ( N ) , Z 2 ( N ) ) 
H2=F/2.0 
M"1l=M-l 
NP2= +2+J 

---------·-··--9~-;-~J)-f'."f~-1 i ·~~~{T>,TITIT;LzTT ·..-.------------------------------
T 2= 1- *Fl X l I )+1-12,Y( I )+Tl/2. C,Zl( I) ,22( I)) 
T3=1-*F(X(l}+H2,Y(I)+T?/ 2 .0,ll(I),Z2(1)) 
14=1-*F(X(I)+H Y(I)+T 3 Zl(l) Z2(1)} 
YCI+l)=Y(I)+lfl+2.0*T~+2.0*f3+f4)/6.C 
YP(l+l} =F(X(l+l),Y(l+l),Zl(l+l),Z2(1+1)) 

lC CCt-.l I r-J UE 

L. 
NU~=O 
Y ( I-+ l) =Y( I )+ H/24. 0* ( 55. 0* YP( I )-s g . C*YP ( I-l )+ 37. G*YP( 1-2 )- S .C * YP ( I -

\0 
88 

-----------"'·1-l;frT+r..-----------------------------------------
2 78 vP < 1+1 >=F < x< 1+ 11 ,v 11+1 > ,z 111+1,, z211+1 > > 

Y(l+L)=Y(l)+ H/24.0*(9. 0*YP(l+l)+l9.0*YP(l)-5. 0 *YP(l-l)+YP(1- 2 )) 
1F (OABS( OEXP(A)- OEXP(Y(l+l))).L E.OEXP(A)*l.00-4) GO TO 22 0 

If ( ~UM. NE .5 0 ) GO TO 2 00 
WRllE (6,80C) 

-------~ 8~0~C~ ~ -r -r..:_~l x-f.fJQ...,__!._f_tUJ ... S TO CO NVERGE AFTER 5 0 IT ER AT IONS • ) 

20C COl\ll NlJE 
A='Y(l+l) 
GO 10 278 

RETLKN 
ENC 



sueROUTINE BOUND (NN,LL,~M,Y,OTCX,Yl,*,M,KK,*) 
IMPLICIT REAL*8 (A-H,O-Z) 
DI~ENSION Y M) C .. ** .. * .. •1:·rn:x=1rrnxT·n ·'-'-'-"----------------------------------- --
KK=c 
[F ( NN .NE.Ol GO TC 5 
Dl=C. C 

= • 
' A=Y(M) 

5 CO!\lINlH: 
NN=PHl 

---------.....:..:-F -T··. nr: -GT-:-3c· .. r , r ~TCrU-J-· 
C***~SEE IF ALL Y(I) AR~ GREAT E~ THAN lERC 

00 10 I=l,M 
IF (Y(Il.GT.O.C) GO 10 lC 

26C CAll EXIT 
21 CCNlINLE 

LL=LL+l 
JG=C _______ ___,r F ... T iil:t ... NE . or·cc 1c .. ·2 e 
0 TC )I = 0 . 'j 'l'I .. ; 1 C X 
t'i R= 1 
t,,,~Il f (6, 8 CC) f\tt,Nr-..,Dl,El,CTCX,Y( t-' l,Yl,A 

JO=l 
IF (MM.NE.O) GG TO 20 

---------~DTCX=0.9*DTDX~---------------------­NB=3 
WRilE (6,800) NB,NN,01,El,CTOX,Y(M),Yl,A 
RETLRN l 

2C CONl!NlJE 
DTC)=(El*(Yl-YCl)-Ol*(Yt-YD2JJ/(VC2-VClJ 

------------------------------······· .. ··· .. ···--· .. ···· ...... ....... ...... -- .................... _ .. 



NB-=4 
WRITE (6,800) NB,NN,Cl,El,OTCX,Y(M),Yl,A 
RETLRN 1 1--r-coNTTf.ftJE _________________ ___ ______ _______ _____ _ 

C****CHEC~ IF BOUNDARY CGNDITIC NS ARE CBEYEO 
IF(CA BS (V(~)-Yl).LT.Yl*l. OC-3) GC TC 2 00 

C****IF eCUNCARY CO~OITI ONS NOT CBE YEC, ITERATE. IF OYOX(~) IS NEGATIVE 
C****Y(MJ)Yl OVOX(LJ MUST BE I NCRE ASEC. OVOX(IJ FE~E IS A LC~ER BCCND LN 
C****REQLI ~E O VALUE. IF OYCX(M) IS POS ITIVE G Y(~)>Yl OYOX(l) ~CST AGAIN 
C***itINCREASED 

IF (Y(~).LT.Yl} GO TC 12 0 
---------~ ··y=f-""R+r 

Ol=C TOX 
YDl=Y(M) 
IF (LL.N E. Cl GC TO 110 

Nli-=t 
~RilE (6,BC O) NB,~ ~ ,Cl, El, DT[ X,Y( M),Yl,A 
A=Y(~) --~ ETCRtr -·..------------------- ---------·------- -- ·- ·-·-- ---· 

l l( cu~ 1 I NLE 
IF (JO. f~ .l) GO TU 11~ 
IJTC)=0.5*(Cl+ El) 

8CC FOR~AI (715,6E20.5) 
A=Y( M) 
REllRN 1 

..... 
0 . 

125 CO~llNUE 
--------~~- TIT=TETfTYT::::-Yurr= oT~TYT=Yo 2 J J 7 ( VO 2- Y □-I ----------- -------

SS CC~llNljE 
IF (NN.E C.l) RETURN 1 
lf ( OABS(A-Y(~)).LT.CA RS(YiM))*4.0C- 4 ) GC TO 180 



RETL RN l 
18C COI\TI NU E 

KK=l 
------~2- c- CTINlTNU -

NB='; 
WKll E (6,800) N8, NN ,Cl, El,OTCX,Y( M),Yl,A 
RETLRN 

.... 

.... 



SUBROUTINE CRITIC (M2,*l 
IMPLICIT R£AL*8 (A-H,0-Z) 

--------------..O~l=~ENSION X(l00) 1 TAU(lOO),OTCX.~(Tl=C~O~)----=-C=U=O~X~(=l =C=O~)----=U~(=l ~O~O~) _ _ _ _______ _ _____ _ _ 
lltrf'r -xc-;uc,-·m:rrrxc-;1-mc,1Tmx-r.~ 

co~~ON /TWO/ X,TAU,CTOX,CUCX,U,~~IN,HPLUS,J,Jl 
D2lCX(X,fAU, DTDX, U,CLOXl=ZZ/3.5*(2.0*TAU/X-l.5*0TDX-C.S*TAU*CUCX/U 

1 l/(TAU**2.5)-2.S*OTDX*DTOX/TAU 
C ( >c, TAU, 0 T DX J - I. 0-4. O* t AU 7 X-2. O* 0 IDX 
CO 10 l=l,M2 
J= I 
B=C(X(J),TAU(Jl,OTDX(Jl) 

--------c--;;-c: ·r xTJ-+ n -; rAUTT +T r;-cTOXTJ+T r 
IF (8.LT.U.O.AND.C.GT.C.Cl GO TC 2C 
lF ( R.GT.O.O.ANO.C.LT.C.C) GO TC 20 

lC COf\ll NLE 
- ' 20C FOR~AT (T2 0 ,'CRITICAL PC I NT CA l\ f\ CT BE CE TER ~ It [ C' l 

CALL f XIT 
2C CCNlINLE - - ------=-=-- ff=E7 rn-c~ ------------ -------- ··--· - --·------ ----

xc =, c J l •H * tX < J + 11- x < J > l 
TALC=TAU(J ·l+H*(TAU(J+ll-TAU(Jl) 
LC=~ . 11*TIIUC 
t tt>c C=C.5*(1.U-4. C*lAOC/XCJ 
D2 HXC=C2TOX(X(Jl ,TAL(J) , IJ TDX(Jl ,Li(J) ,r:l . .:t : X(Jl l+ H '( ti 2 Tl.i< (X(J+l l, 

1 TA L ( J + l l , 0 TC~ ( J + l ·l , L ( .J + l l , Cl. r, X ( J + l l l - C 2 T ll X ( X { J ) , T 'I L ( J l , f T l' '/. ( J l , 
2 U( J ) ClJC X(J)ll 

·------ I F - ( l ! C- 2 U • C * t; C7 X C + 5· 2 • C-* ( t; C l f (7 ~-,:; ? - l 6 • <l* l, C ffl 2 TD X C • l T . C • C ) ~ E TUR , l 
CU[>C=O.S*(l.0-2. C*LC/XC)- C.5*CS~RT(l. 0-2r..O*UC/X C+,? . r. *(LC/ XCl* *2 

1 - le • G *UC * C? TO X C-) 
Hf'JI~=X(J)-XC 

Jl= J +l 
RElL K, 

I-' 

0 
N . 

-----------N [ __________ ·-·--······-·--···---------·--•···-- ··--· ... .• --··· --·--- -- ----- - • ----· -----··--·--· . ---·-



103. 

APPENDIX B 

COMPUTER PROGRAM FOR THE SOLUTION OF THE SOLAR WIND EQUATIONS 

INCLUDING AN ENERGY EQUATION 

The program in Appendix B solves the set of equations of motion, 

including an energy equation, simultaneously. The method used is 

Harrming's modified predictor-corrector method which was obtained 

from the IBM Fortran library subprograms manual and adapted for 

use in this situation. 



- . 
BK=l. 3 8 05460- Ll: 
KZ EP0 = ~ . 00-7 
TZ ER0=2 . 0D 6 ---------------.-·r0=7-:-ffC-TF-'J----------------------------------
R ZE I< O=-l. l .t.<KSU 
A=G* EM SU N* E~ P/( BK *TZfR O) 
B=E~P/( f1K *TZ FKC ) 

i< 
CALL MA I N2 
CALL EXIT 
ENC 

SUER OU TI NE FCT( OI S T,Y 00ER Y) 
IM PLI CIT ~E AL *H ( 6-b, -2} 
Olt'E NS I C • Y( ?.> , 0tx Y( 2 l 
C L ~ ~ UN X C , UC , u; 0 X C , T AL C , CT DX C , l l , lJ I N F , /H" I , • , /I ~ /I X , C ? T O X C 
COt' ~ON / NI NF. / I HLFl ·-· ·- -· .. - --- -----·-·- ··-·-· -·····-- --------··-.:=--r -rr 1 ") . LT ~-C ~-r,~1-·•·· c1rcr ·· s-c ffT f D TCX C , A.t-' I \r;nP-ft X ) --- -- -- --- ----- --
C E R 't ( L l = l l I 'J • '::J * Y ( l ) * * ( - 2 . ":> ) * ( C • 5 * IJ I S T + C • ? 5 * ( t; I '\ F - Y ( 2 ) ) - 2 • 5 * Y ( 1 ) ) 
UEP't(2)=(l. C-4. 0* Y(l l/ CI ST- 2 . 0 *CERY(l))/( 0 .5 * (1. C- ? . C* Y(ll/Y( 2 )}) 
iU :ll Rr-i 

N 

..... 



sue~OUTIN ~ SUB (DT,AMIN,AMAX) 
IMPLICIT HEAL*8 (A-H,0-Z) 

----- ----------..:..A;:..;.Mµl....,,"~=D:'T'.T.-.:.--.-r.,.,-,...-.......----,......-....,...,.,---.-,..------------------- ---------M • 
DT=l.05*Cl 
GO 10 30 

lC CUtfllNU E 
OT=tMIN+O.B*(APAX-APINJ 
GO 10 30 • 
ENTRY SU Dl ( CT ,A~lN,A~AX) 
At-1,>c=DT 

--------,-~TAl-lT ·--:-r~c:-cT-car,u-zc 
DT=f.5*(AMIN+A~AX) 
GO 10 .:.rn 

2( co~ 1 I NUI::: 

------------------------- ---------- -------- ----

..... 
Vt 

-·--·---------·-·· .. --- -



sueROUTINE OUTP(OIST,V,OERY,IHLF,NOIM,PRMT) 
IMPLICIT REAL*8 (A-H,0-Z) 

----------,------_,,.c.o~~ON xw.c,ouo. XC,TAUC,OTDXC,Z.LtUI~N~F'--'-,A_~_.~I~N~, _A_M_A_X~,_0_2_T~O_X_C ___________ _ owatr-r~ l: VENTXT,T"AlT,TITITx,OUUX-, u , w-
c o ~~ON /ElGHT/ XFA~ 
co~~ON /NINE/ IHLFl 
Dl~E~S10~ Y(2),0E~Y(2),PRMT{20),Xl(lCO),TAL(lOO),CTDX(lCC),DUOX 

I (ICOJ O(IOOJ,XX(IOOJ,ll(IIJCJ,OUllOOJ,ClllCCJ,OUllOOJ 
WRITE (6,700) OIST,V(l),CERY{l),Y(2),DERY(2),APl~,A~AX,PR~T(l0), 

l UII\F,IHLF 
- ------------'7~G~Cc___.;...FUR~AT (5El3.5,2E2C.10,F6.1,El3.S,15) 

R-P.-TTfIT=O • 
IF (PN~T(9).EQ.l.C.~NC.OERV(l).LE.0Tl) CALL SUB ( DTDXC,A~IN,AMAX) 
CTI=OERY(l) 
IF (Y(2).LT.LI~F.CR.1HLF.EQ.ll) GO TO 2cc 

lF (0lNF.lE.Y(2l+D~BS(PRPl(3)/(2.0**lRLFIJJ PRMI (ll)=I.C 
PR t- 1 ( 12 ) = Y ( 2 ) - L I ;\If 

22( COf\lI l:f.: 
PR"'l ( 13) =U INF 

-----,,-F-· ·rrHL r--:rr;rr r -cc--rc··s 
IF (X ~A~. EC.G.Cl GC TO 2 
If (C AESIA~AX-A ~ l ~ ).LT.l. CU-l C .CR.OIST.LE.PRMT(3)l CO TC~ 
Ir (PH1 T(LO). r_ r..o.C) GC r e l 
IF l01Sl-1J~IOJ 80,'1C,ICO 

8C CGl\lINUE 
AM1"=/\~IC 
XFM<=OlST --~_;-c---T ,r -rr -·-; ----

q C C U /\' 1 If, l f: 
IF (DERY(l).LT.DTLASTl GO 10 80 

lOC CCNlINLE ' 
= • 

XFJ!"=CJ~(O 
CALL SUBl (AMIO,AMIN,AMAX) 

1 COf\lINUE 
---------- - ----=--.-,rTOTST:-:-GT:-XF"A"RT.U[T- S{TB"----rcTlJXC, AM I N, AP "fi. 

llC CGt\llNLE 
PRJ'tll(LO)=l.C 
AM IC =OTD.XC 

.... 
0 



DTLJ!ST=DERY(l) 
DERIV=C.S*(AMID+AMAX) 
CALL MAIN4 (OERIV) ClJ"'l lNUE •• --~ ~~------------------------------
X FJ! Fl =DIST 
CALL SUHl (DTDXC,AMI~,AMAX) 

5 CONTINUE 
IF (DERY(l).[f.O.O) CALL SUB (OfCXC,APIN,A~AXJ 
IF (P R~T(8).EQ.l.O) GO TO 10 
X X ( f\' ) = D I S T 
TT("')=Y(ll ----- ·---------------··u r"- r=-vT 2 ·------------------------------------
0 T <"' )=CERY( l) 
DU(f\)=OERY(2) 
GO 10 30 

IF (PRMT(9).EC.l.O) GO TO 20 
N=l\-l 

----------------vi,0-~Tl~1~1+~~xrr~-------------------------------
TALCN+t-I>=TT<I> 
U(l\+1-I)=Uli(I) 
DTC)(N+l-ll=OT(I) 
DOC)' (N+L-1 >=OU( I I 

15 CUI\TI NUE 
Pt{~l ( Yl=t. n 
GfJ l !J 3 C 

lt CGi\ 11 , L. c .. 
XL(I\ )= D IST 
TAL( N )=Y(l) 
CT[) (N)=O FHY( l) 
U I\ =Y 
CUC X ( N) =C F. in ( 2 ) 

3C CCl\1I d;E 

.... 
0 
....... 
. 

----------------+N_l=I\_ _____________________________________ _ 
N=~•l 
IF (IHLF. NE .1 1 ) RETL.RN 
CALL MAIN3 ( "1 1) 
RETLRN 



c o~ ~0 N/0 NE /R SGN ,E~SL~,EMP, G, EK ,KZERC,IZER U,F[UX,RZERL,A,B,XZER0 
c o~~O N /S EVEN / X,TAL,OTOX,UU CX,L,N 
co~~O N /EIGHT/ XFAR 

---------------~t~{=~~ZE~O,L □GN(lOG),MACH(lOO),KZERC,NP(lOC) 

NU~(l)=G 
NU~(2)=l 
NU fl/(3)=0 
NUt,, _!<= 
AM1" =0 .C 
A MJI.X = n . o 

----~N~Dl ~=~2~-------------------------------------XF~"F= O .. C 
Pf~/111 (l C)= O. C • 
XC =C.l -0 1">1 0 1 
IA =U.l7 36CCO 

"' = u •• · 'J 
PKfot1{ 8 )= C.O 
PRr--1(9)=0.0 

.... 
00 . 

-----------·--·--------·- -- ----- ----. ------------·· 

_______ .......,... _______ ~ )' ({.JJ_ = J.A U:C,__ _________________________________ _ 
Y 2:1 =UC 
CEµ'l(l')=CTDXC 
OER'1(2)=0LDXC 
CALL OhPCG(PR MT,Y,OE ~Y, NO IM,IHLF,FCT, CU TP,A UX) 



PR~l(2)=0.05*0.2**(NUMBER-l) 
PRt'l ( 3) =-0 .2 

-
_______________ _...,_PRt'l(8)=1-■ =0 _________________________________ _ 

rrn·=rAO-..... 
VV(2)=UC 
OER'I ( l )=DT DXC 
OER'f (2)= 0UD XC 
CALL URPCG (P RM T,YY,CERY,~OIM,IHLF,FCl,GOIP,A UX ) 
OUCl<=DliDXC 
Nl=~-1 

- _______________ I_F (T AL ( Nl ).LT.TAU(Nl-1).AN O. LJ TCX( Nl ).GT. OlCX(Nl-l)) GC TC 90 
iPTf'i=tfflTXC 
IF (A MA X. E~ . 0 .C) GO TO 7C 
CTC)C=C.5*(AMIN+AMAX) 
GO 10 80 

CTC )C=l . 2*DTDXC 
GU 1 0 f1 0 

___________ EN TRY ~Al~l ( Q,r.1 ,,2) 
·TC) C=Q 

A~O -=Q l 
AMlf\=Q2 
GO 10 8 0 
ENl~Y ~~[ N5 l L ~MJ 
IF ( DUC K. EC . C. C) GC TO 75 
CIJ [) ·,= C . ':i* ( CUr-'. +OUCK) 
GC l i.l cU 

..... 
0 
\0 

--7 i;- (C\ 1 I !\ CE - -------------- ------·---

CLC )C=c.g~*Cl.J M 
GC 1 0 BC 
E; HY ~Al ~ !t ( CEiUV) 

:SC C Ct\ 1 I N LI: 
TALC= U.2':i*XC*(l. 0 - 2 . C*DTUXC) 
UC=2 . 0~ TII UC -------- ·c -.r-o-J..,:.,;....-=-=-------------------------

·9c co~ 1 I NuE 
IF tA ~ax- A~ [ N.LE.A~I ~*l . CD -5) GC TO 100 
Nur,; EEr{=NUMeFR +l 

· l, .:.> 
ENTRY ~AI N3 ((\l) 

l O C .C 0-1\ 1 I NU E 
0-0 t .o I L l , N 1 ---------------~N=P n -) =F· U X *D SQRT ( B /U ( fIT:tXTI >* X l I J / ( 
LOG~(I)=CL OGl0(NP(I)) 

6'C CO~l l NUE 
WRITE (6, 850 ) (X(l),TAU(l),0TOX(I),U(I),CUCX(l), ~P (l),I=l,Nl) 

-wRif E (6,800) XC,OC,IAOC,OIOXC,CGCXC,021CXC 



WRITE (6,400) Ul NF,FLUX,ZZ 
~RITE (6,300) AMIN,AMAX 

, _____________ ~4~0~C~ FO~~AT (// 1 3E4C. ~5--'-'-r/ ~/ +) __________ _________________ _ 
3CC FOITTJAT Ill, 2"E41r; , _ 
80C FGR~AT (//,6 E2C.5,//) 
85( FOR~AT (6 ( 2 0 .~} 

REcll~1!~l~~lotA/xt1,, 
llC CONTI Nt..; E 

NU.,(l)=NUM(l)+l 
CALL PLOT (RL OG TAU Nl N~M} ----------------rc,rn,rIT=fffffflTT+ 1•··'------'-'...c.=--'--'--"----L--'...:..=-:C...:....:.....-------------------------
CAL l PLOT (RLOG, U,Nl,NU~) 
NUP'(l)=NlJ M(l)+l 
CALL PLOT (RL OG,LOGN,Nl, NU~) 

.... 
0 
• 

ENC 



..... --------------•··· .. ·•------~ 

C 
C 

-C 

C 

C 
.c 

·-C 

sueROUTINE OHPCG(PR~T,Y,OERY,NOIM,IHLF,FCT,OUTP,AUX) 

OOLfLE PRECISI ON Y,DERY,A UX,PRMT,x,A,Z,OELT 
Dl~ENSION PRMT(20),Y(2),UERY(2),AUX(l6,2) 
N=l 
IHlf=O 

f:R~ CR RET UR NS 
2 IHLF -= 12 ' 

GOJ( 4 ~- lll"l:l=:--=-r,.--- - ----------------------------------
4 CQf\lI NLE · ·• 

R( C( ~UING GF s r~RTI NG VALUES 
,cA·Lt HLTP(.X,Y,Gf ~Y, l t': LF-,1\0t~,P R~T) 

T N·-C.QE!-'£NT -i-i ·r.s H : S·T:E-D tiY M[ Al\S CF HI Sf CTICf\ 
11 • ' • , = I h l F + l 

T2 

..... 

..... ..... 

DO "I 2 I= l, r-,rc IM 
AU)Lf 4, ··U =A UX ( 2, l -·) 
h=.~OO*t-1 --~-------------. · '::'I. 

·-C 

1SWl=2 
GC:H · 100 



CALL FCT(X,Y,OERY) 
N=2 

M , = 
14 AUX(9,I)=OERY(l) 

I S~= J 
GOT( lCO 

C CO~FUfATI ON CF TEST VALU E CE LT 
15 OELT =O .OC 

00 16 I=l NCI M cl:TIT= ;TimTX (1 5 ,l) *CAES ( Y~(~[~)~-~A~C~x~c-~, ~ ~ -------------------
OELT=.C666666o6666666667 UO*D ELT 
IF(CELT-PMMT(4))19,19,17 

17 IF(I HLF-10)11,18,1 8 

C NO ~ATISFACT OR Y ACCuRACY AFT ER 10 BISECTIO~S. ER~ GR ~E SSAGE. 

C 
C 

le I hlf = ll 
X=)(+H 

THER E IS SATISFACT CRY ACCURACY AFTER LESS THAN 11 BISECTIGNS. 
LS X=)(+H 

CA LL FCf(X,Y, DERYJ 
CO 20 I=l, ND I ~ 
.A U '.!C (3, I }= Y( I) 

..... .... 
N 

• 

--------·-·· _________________________ ... _ .. ---···----·-···-------=-? C AU)( ( l O, I ) =DER Y ( I~>__ _____ ___ __ _ ______________ ____ _ ·- ;\ = ~ -· -----·-- ···-·- ••••• ------------------··----

C 

( S\.. = 4 
GG H 100 

J(=X+H 
CALL FCT(X,Y, OERY) 
X =P Rt-H (ll 

--------ia.i··-u - 2 2 1=-r:;-No , 
AUX(ll,Il= 0E~ Y([) 

22CY(I)=AUX(l,Il+P*(.375D O*AUX(8,I)+.79166666f66666670C*ALX(9,I) 
l-.2C83333333 3 333333DC*AUX(l0,I)+.041666666666666661 0 C*OERY(I)) 

= + 
N=N+l 
CALL FCT(X,Y,OERY) 

_______________ ---;CALL OUTP(X_r__)'._1 CERY IHLF NOIM PRMT) 
rFTP-RMTI-5T16, t 4, 6 

24 IF(N-4)25,200,200 
25 00 26 1=1,NOIM 

AUX( ,' ,I)=Y(I) 
.26 AU~( N+l,IJ =OERV(IJ 



C 
IF(ft-3)27,29,200 

27 DO 28 l=l NOIM 
DEll-AOX(~,IJ+AOX(9,IJ 
OELl=DELT+OELT 

2e Y(l)= AU X(l,1)+.33333333333333333CO*H*(AUX(8,I)+OELT+ALX(10,Il) 
GOTC 23 

2~ 00 ~O I=l,NOIM 
OEL1=AUX(9,l)+AUX(1C,1) 
OELl=OELT+DELT+DELT ---------------_.;::,._:;TI= UX (l,I}+.375DC~H* (A u~x~,~E~,~1~1~+~o~E~L- T~+~A~L ......... X~(~1~1-,~1~1~1---------------

C 
C 
C 
C 

C 
C 

lCC 

GUH 23 

THE FOLLOWING PART CF SUBROUTINE OHPCG CO~PUTES ev ~fANS CF 
RU~(E-KOI IA MEIHOD SIARIING VALUES FOR IRE NGI SELF-Sl~RIING 
PRECICTCR-CORKECTCR METHGO. 
DO J OL 1-=l,NDIM 
Z=rtAUX(T\+7,1) 

' 101 Y(I)=ALX( N,I)+.400*Z 
Z 15 AN AUXILIARY STCRAGE LOCATI GN 

- )( .. 
CALL fCT(l,Y,CERY) 
CO 102 I=l,NI.Jl~ 
l=t-*DERY(I) -----·llGYTh-;-n-=~ c_____ - ----·· 

C 
102 Y(l) =AU Xl N,l)+.29 t9 776C9 24 77 5 36CLlC*ALX(5,I)+.1 5875Yt44S 7JC35 8300*l 

l=)(•.45573725421878S43 DO*H 
CALL FCf(Z,V,CEKYJ 
UC 103 I=l,N DI~ 
Z=HtOl:RY( I) 

..... 
w . 

-----------------,1,....,0"""3,---;.~~Yt-~ ! A~}~-; ·n -+-:-zreTic'.TTf872s91u47fftr~-irc-xT5; rr= 3-:-cs cq 6"5Tz;·e1: 'Tmc-au1:r*------
1 Aux< 6, 1>+J.s32e6476c467o 1030 c * Z 

C 
Z=X+H 
CALL FCtlZ,V,CERYJ 
DO 104 I=l,NCI,., 

l04CY(ll=AUX(N,l)+.17476028226269C3700*AUX(5,I)-.551480662878732Y400* 
---------------~l.AULlftiJ)+l.20553559939652350C*A~X(7 l)+.1711847812lq51gc3oc• 

2H*CERYr 
GOTC(9,13,15,2l),1Sw 

C 
C POSSIBLE BREAK-POINT FOR LINKAGE 



C ST~~TING VALUES ARE COMPUTED. 
C NO~ START HA~MINGS MODIFIED PREOICTOR-CORRECTOR METHGD. 

2cc ISTEP=] L- ----------------';201 IF(~-8 
C 
C N=€ CAUSES THE ROWS GF ACX TO CHANGE THEIR STCRAGE LCC~TIC NS 

202 DO ~03 N=2 1 7 
0 0 ·L O 3 I = I , NO I M 
AU~(N-1,ll=A UX( N,1) 

203 AUX(N+6 , ll=AUX ( N+7,1) 
N=7 

C N LESS THAN 8 CAUSES N+l TO GET N 

C 
c 

204 N=t\-tl 

CG~FOTATI GN Of NEXT VECTGR Y 
CO L O~ l=l,NOIP4 
AUX (~-1 , I )=Y( I) 

205 - AUX( N+6 f)=DE ~Y(I) 
X= -t 

2Ct ISlEP=IST EP+l 
00 L 0 7 1=1,NCI~ 

CC t L 1 = ~L X ( N""'"4 l l ) + l . 3 3 3 3 3 3 J J ~ 3 3 3 3 3 .3 3 0 0*• ' * ( tit)( ( ~ + t , I ) +AL X ( I\ + 6 , I I -
· .I A~ x( ~+S~l>+A AIN+4 , tl+hCA(N+4,1)) 

· y( I ) ::.:Lf: Lf-.<1? 5 61983471C7438CC*AlX( 16,1) 
7.01 AUX ( I t., , [ ) =CCLT 

.... .... 

C Pf::l:11 CT0~ I S 1,Cr'i GtNER.ATEG I N RCr. 16 Of AU )( , ~CC[FfEC PREOICT CR 
C - - -;.•--s- -r F !~ t .~TT E 0-"T~-- y . C E r,-FrANS A" AOXTTI Atrv-·s-T CRAG F: :-- - ------- ------
c 

CALL • t- CT ( X , Y, iJ E i< Y ) 
C O.E ~ I VA l T v E Of • I'/ 0 0 I F I t O PR ': D I CT OR I S GE NER A 1 E O I ~ r FI~ Y 

DE ~ 0d -1=1,NO.Ip,t 
CD.El 1 ~ • l 2 5 [. 0 * { 9 • 0 u * AL X ( 1 - l , I ) - f\ ll X ( N - 3 , I ) + 3 • C C * H * ( 0 I: is: Y ( I ) -+ /IL X ( N + 6 , I ) 

l+"Al) 0'4 ♦ ·6, 1.)-AUX{ N+S,I))) 
-----=-.-i-·-;-x:( l 6-;J )-=-tiUXlTb--;Tr==-cTrr ---------- --

Y 1 l 1 = UE LT ♦ . C143&0lt52892562 0 CC * AL X ( l 6, I) : " ' '(. 

:2 0 E 
C 
C lE Sl Wh~~H~R H MUST BE HALVEC OR OC~E LFC 

• ~"'= ·• J 

20<; 
00 ~09 I=l,NOI~ 
0Ell=OELT+AUX(l5,I)*DABS(AUX(l6 , I)) 

- --.-ilf ( ·P fHH-( 1u . Ec . 1 . o , ·GC -TO 22.2 _____________________ _____ _ 
• -F"""Trr;rr.GT:.T.RlffTIT TT- GuT~ 2L~ 
IF1C ELT-PRMT(4r)2·10,222 , 222 

C 
C H ~lST NCT BE HALVEC. ThAT MEANS Y(I) ARE GCCC. 

ZIC -CA.[ L f C I l_ X , Y , C ER Y J 



C 
C 
C 

CALL OUTP(X,Y,OERY,I HLF,NOIM,PRMT) 
IF(FRMT(5))212,2ll,212 
IF(IHLF-11)213 212 212 
K H 
IF(~*(X-P ~~ T(2)))214,212,212 
If(CA HS(X-PRMf(2))-.lUC*CABS(H))212,215, 2 15 
IF(CELT-.02DO*PRMT(4))21f,21f,2Cl 

H C(ULC BE OCUBLEC IF ALL NECESSARY PKE CEECING VALUES ARE 
AV/JILA l::! LE 

U-ITTTH[FTTCT,ZCT-;71 
217 IF(~-7)201,218,218 
21E IF(ISTEP-4)2Cl,21Y,219 
21S IMCC =IST EP /2 

IF(lSIEP-IMOD-IMOCJ201,220,201 
22( H=r-tH 

H1Lf = l l-, LF- l 
ISTEP=C 
0L.~ · . 

AUX(N-1,l)=AUX(N-2,I) 
AUX(N~2,I)=AUX(N-4,I) 
AUX(N-3,l)=AUX(N-6,I) 
Aux(N+6,[)=AUX(N+5,I) 
AUX(N+5,I)=AUX(N+3,I) 
AUX(N+4,I)=AUX(N+l,1) 
~E Ll =AU X( ~+6,Il+AUX( N+5 I) ··-····· ....... .... ...•...•.... - •· -··-··· ·····- lff: t ·1 =Cl LT+ Lil: CT +1J t: LT -·- -· ' .... -·-· - ·---··· .. -· .. . 

C 

221CAUX(l6,1)=8. 96 2962962962Y630C*(Y(I)-ALX( N-3,I)) 
l-J.36llllllllllllllCC*H*(OERY{l)+OELT+ALX(~+4,Ill 

GOH 2C 1 

C H ~L ST Df H~LVED 
2 22 IHLF=Jt-:Lf+l -------------= ---TF TTHLFTO-l:-rrT;DT,7 
223 H=.~DO*H 

IF (H.GT.PRMT(l2)) PRMT(ll)=O.O 
IS TE P=O 

= -

.... .... 
VI 



OELl=X-(H+H) 
CALL FCT(DELT,Y,OERY) 

---------------~0~0~ 2~2=5 l=lrL-iNr.D'H-IT~----------------------~--------­
U)( N-T;T = 

AUX(N+5,l)=OERY(I) 
225 Y(l)=ALX(N-4,I) 

OELT=DELT-(H+H) 
CALL FCT(OELT,Y,OERYJ 
DC ;.26 I=l,NDIM 
DEL1=AUX(N+5,l)+AUX(N+4,1) 
OEll=OEll+OELT+DELT --------------- '.Al Tx- rn, ;-n = ~ '--"6-2.--,.9"""6;...;;2....,;g..-6- 2- 9- 6- 2-z;- 6- 3 0 c * ( ~ L X TN - , 

.... -·- ··----··-·-···· ·-----

l-3.36llllllllllllllCC*H*(A~X(N+t,l)+CELT+OERY(I)) 
22t AU)((N+3,l)=CERY(I) 

GOTC 2C6 
N 

- -----------------------------------------------· -·•····· ··-··· 

.... 
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