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Abstract: In this article, by using the concept of the quantum (or ¢-) calculus and a general conic
domain () ;, we study a new subclass of normalized analytic functions with respect to symmetrical
points in an open unit disk. We solve the Fekete-Szego type problems for this newly-defined subclass
of analytic functions. We also discuss some applications of the main results by using a g-Bernardi
integral operator.

Keywords: analytic functions; quantum (or g-) calculus; conic domain; g-derivative operator;
Hankel determinant; Toeplitz matrices; Fekete-Szegd problem; g-Bernardi integral operator
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1. Introduction and Definitions

Let A denote the class of all functions f which are analytic in the open unit disk
E={z:ze€¢C and |z| <1}

and has the normalized Taylor-Maclaurin series expansion of the following form:

flz)=z+ i anz". (1)
n=2
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Let S be the subclass of all functions in A that are univalent in E (see [1]): If f and g € A,
the function f is said to be subordinate to the function g, written as f < g, if there exists an analytic
function w in E, with

w(0) =0  and lw(z)| <1 (z€E),

such that f(z) = g(w(z)). Furthermore, the following equivalence will hold true (see [2]), if g is
univalent in E.

f(z) <g(z) = f(0) =¢(0) and f(E) C g(E).

Let P denote the well-known Carathéodory class of functions p, which are analytic in the open
unit disk E with
R(p(z)) >0 and p(0)=1.

If p € P, then it has the form given by
p(z) =1+ ) cuz", )
n=1

where |c,| £2 (n € N).
If f is univalent in E and f(E) is a star-shaped domain with respect to the origin, then f is called
starlike in [E with respect to the origin. The analytical condition of a starlike function in E is given

as follows: /
R (j{é’?) >0 (zeE).

The class of all such functions is denoted by S*. A function f € A is said to be starlike with respect to
symmetrical points (see [3]) if it satisfies the inequality:

zf (2)
%(W> >0 (zeE).

The class of all functions in & which are starlike with respect to symmetrical points is denoted
by S.. Furthermore, we denote two interesting subclasses of S by k-L/CV and k-ST (0 < k < o) of
functions which are, respectively, k-uniformly convex and k-starlike in E defined for 0 < k < co by

2 ()] |,
f<z>|< EE)}
o7l o w (@) e
k ST-{f.feS d §R<f(z>>>k B 1 (zeE}.

Kanas et al. (see [4,5]; see also [6]) defined and studied classes of k-starlike functions and
k-uniformly convex functions subject to the conic domain ) (k = 0), where

k—ucvz{f:fes and %(HZ]{/(S)) >k

and

Qk:{u+iv:u2>k2((u—1)2+v2)}. ®)
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For this conic domain, the following functions play the role of extremal functions:

Aq(z) (k=0)
Aq(z) (k=1)
pi(z) = 4)
Az(z) (0<k<1)
Ay(z) (k>1),
where 14z
Ai(z) = 7
2
Az(z):l—i-% log(iiﬁ)],
5 (2 arccosk)
Asz(z) =1+ -1 sinh? ,

(arctan(hy/z))
B 1 [ 1 1
Ay(z) =1+ 21 sin <2K(i) /o T xz\/l ) dx) + =12

g (7KW
k= h( K(i) )

K(i) is the first kind of Legendre’s complete elliptic integral (see, for details [4,5]). Indeed, from (4),
we have

pr(z) =14 Piz+ Pyz® + P25 + ... (5)

The quantum (or g-) calculus is an important tool which is used to study various families of
analytic functions and has inspired the researchers due to its applications in mathematics and some
other related disciplines. Srivastava (see, for details [7]) was the first who used the basic (or g-)
hypergeometric functions in Geometric Functions Theory. The extension of the class of starlike
functions in the quantum (or g-) calculus was first introduced in [8] by means of the g-difference
operator. After that, some remarkable research work was conducted by many mathematicians,
which has played an important role in Geometric Function Theory. In particular, Srivastava et al. [9,10]
studied the class of g-starlike functions related with the Janowski functions. Mahmood et al. [11]
studied the class of g-starlike functions associated with conic regions. The upper bound of the
third Hankel determinant for a class of g-starlike functions was investigated in [12] (see also [9]).
Kanas and Raducanu [13] introduced the g-analogue of the Ruscheweyh operator by using the concept
of convolution and studied some of its properties (see also [11,14-20]). Many other g-derivative and
g-integral operators can be written by using the idea of convolution (we refer, for details, to [21-24]).
For a comprehensive review of the quantum (or g-)-calculus literature, we refer to a recently-published
survey-cum-expository review article by Srivastava [25]. In this article, we will use the conic domain
(4,5 and the quantum (or g-) calculus to define and investigate new subclasses of starlike functions
with respect to symmetrical points in the open unit disk [E. We will investigate the Hankel determinant,
the Toeplitz matrices and the Fekete-Szegt inequalities, and discuss some applications of the main
results by using the g-Bernardi integral operator.
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We first give some basic definitions of the quantum (or g-) calculus that will help us in the
upcoming sections. We also provide some notations and concepts used in this investigation.

Definition 1. Let g € (0,1) and the g-factorial [n],! be defined as follows:

1 (n=0)

n—1 (6)
[T [k]4 (n € N).
k=1

(gt +1]g[t +2]4... [t +n—1], (n eN).
Definition 3. The q-Gamma function is defined as follows:
Lp(t+1) = [t];T4(t) and Ty(1)=1 (t>0).

Definition 4. (see [26]) For f € A, the q-derivative operator or q-difference operator are defined as follows:

D) = {EZLE) (ze) )
From (1) and (7), we have
Dyf(z) =1+ i[n]qanz”l. (8)

Moreover, for n € Nand z € E, we get

o0 o0
Dyz" = [n],z""!, D, { ) anz"} = Y [n]qanz""".

When q — 1—, the q-difference operator Dy approaches the ordinary differential operator:

/

lim (D;f) (z) = f (2).

g—1—

Definition 5. (see [8]) We say that a function f € A belongs to the class Sy if

£(0)=1= £ (0) ©)
and ( )()
z(Dyf) (z) 1 1
f(z) 1—gq él—q' (10

By applying the principle of subordination, the conditions (9) and (10) can be written as follows (see [27]):

z (Dyf) (2) . 1+z
f(z) 1—gqz

Now, making use of the quantum (or g-) calculus and the principle of subordination, we define
g-starlike and g-convex functions with respect to symmetrical points as follows.
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Definition 6. An analytic function f is said to be in the class Sf(q) if

2z (Dgf) (z) 1 1
flz)=f(=2) 1-q|=1-q

A

(11)

By applying the principle of subordination, the condition (11) can be written as follows:

2z (Dyf) (z) . 14z
fz)=f(=2) 1-4qz

Definition 7. (see [9]) Let k € [0,00) and q € (0,1). A function p is said to be in the class k-Pg if and only if

p(z) < prgq(2), (12)

where
Pra(z) = 2pi(2) {1 +49) + (1 —q) pi(z)} (13)
and py(z) is given by (5).

Geometrically, a function p € k-P, takes on all values from the domain () ;, which is defined

kg = {w‘%(w(ﬁ)?)%) >k\(q(iﬂf,ﬁ2 1’}

Remark 1. If g — 1—, then O, = QO is given by (3).

as follows:

Remark 2. For g — 1—, then k-Py = P(py), where P (py) is defined in [4].

In the present investigation, by using the quantum (or g-) calculus and the general conic domain
(4, we focus on the Hankel determinant, the Toeplitz matrices and the Fekete-Szegd problems for
the function class S; (7).

Definition 8. An analytic function f is said to be in the class k-S} (q) if

22(Dyf) (2).
o) — ) <P
ot, equivalently, 2( )@ 2(Dyf) (2)
<1+q2> e )f G (qu)zﬁ, B (14)
0= 77t (=1 77t +2

Special Case:
For k = 0and q — 1—, then the class k-S} (q) reduces to S} (see [3]).

Letn € Ny and j € N. The jth Hankel determinant was introduced and studied in [28]:
an Ap+1 - Aptj—1

An+1 An+2- .- Aptj-2

Ap+j—1 An4j—2 - On42j-2
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where a; = 1. Several authors have studied H;(n). In particular, sharp upper bounds on Hy(2)
were obtained in [29-31] for several classes. The Hankel determinant Hy (1) represents a Fekete-Szego
functional |a3 — a3|. This functional has been further generalized as |a3 — pa3| for some real or complex
u and also the functional |a2a4 — a%‘ is equivalent to H»(2) [30]. Babalola [32] studied the Hankel
determinant Hz(1).

The symmetric Toeplitz determinant T;(n) is defined as follows:

an  Apy1---Aptj—1

T]-(n): An+1 ,
Apgj-1 - ay
so that
a, as as  dy f2. A3 04
T(2) = 05 |’ T(3) = o s | T3(2)=|a a2 a3,

ag az ap

and so on. The problem of finding the best possible bounds for ||a,11| — |a,|| has a long history
(see [33]). It is known from [33] that
ansa] = lan|| <¢,

for a constant c.
Lemma 1. (see [31]) If p is analytic in E and of the form (2), then
200 =cF+x(4—c})

and
deg = +2(4—cF)erx — (4 — e +2(4—c3)(1 - ‘xz‘)z

and, for some x, z € C, with |z| £ 1, and |x| < 1.
Lemma 2. (see also [34]) If p is analytic in E and of the form (2),and if u € C(1 £k <n —1), then
0 — pexen il < 2max (1,2 — 1)
Lemma 3. (see [35]; see also [33]) If the function p given by (2) is analytic in E, then
len] =2 (n € N).

The above inequality is sharp for the function f given by

1+z
f(Z) - 1— Z'
Lemma 4. (see [35]) If p is analytic in E and of the form (2), then
—4v+2 (v<0)
\cz—vcﬂ§ 2 0<v<1)
4v -2 (v>1)

The equality holds true for the function p given by

_1+z
p(z)il_z
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or by one of its rotations, when v < 0 or v > 1. In addition, the equality holds true for the function p given by

1+ 22
e =1z

or by one of its rotations, when 0 < v < 1. if v = 0, the equality holds true if and only if
1 1.\1+z 1 1 \1-z
=(=+= — — = <A
p(z) (2+2/\)1—z+(2 2/\) , (0=AZT)

or one of its rotations. If v = 1, the equality holds true if and only if p(z) is the reciprocal of one of the functions
such that the equality holds true in the case when v = 0. In addition, the above upper bound is sharp and it can
be improved as follows when:

)

N —

2= o[+ ol <2 (0<os
and

1
‘cz—vcﬂ+(1—v)|cl|2§2 (;<v=1).

2. Main Results
Theorem 1. Let the function f given by (1) belong to the class k-S; (q). Then

1
laz| = 5P
1 (q—1P}
|LZ3| é% P+ |P— P+ s
and
1 2¢2 —2q+1
(24> =29 +1) /5 (-1 (*—qg+1) 5
B (Pl +P1P2) + i P3|}
Proof. For f € k-S}(g), we have
2z (Dg4f) (z)
T = <) 1

where
Hi(z) = 2pi(2) [(1+9) + (1= ) pu2)] !
and py(z) is given by (5).
The function p(z) with p(0) = 1 is given as follows:
1+ H, 1 (h(z))

= _ :1+clz+czzz+--~. (16)
1-H;(h(z))

p(z)
After some computation involving (16), we have

h(z) = Hy <p(z)+1) .
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—1)p?
<P2—P1+(q 2) 1)0%}22
2
1

Therefore, we find that

% (o) = ()

| =

Prcqy Picy
2 z+{ 5 +

Pic3 p, P (g—1)P P, P
+{ 2 (22 4 >C1C2+(84
_ 2
7(‘] 81)P1 I;é(ql)P1P22(q1)2P13> C%}Zg’] (17)
We also have
2z (Dyf) (2)
m =1+ [Z]qﬂ22+q[2]qu3zz+ {[4]q’14— [2]qa2a3}z3+ o (18)

Comparing the corresponding coefficients in (17) and (18) along with Lemma 3, we obtain the
required result. [

Theorem 2. Let the analytic function f € A be in the class k-S;(q). Then

2 2

I3(2) = 1;1+2(11+qz>(01+02>] 1}+1603|+21’;2+2pr52& ,
where
O =P+ ‘2P2—2P1+Q6P12 ,
and

0, = ]P3 + P — 2P, — QP2 + QP Py + (g — 1) Qspf’ .
Furthermore, we have

P P, 1 1 1
o2 §Q6P12 + §Q7P1P2 + 3 (q — 1) Qgp%>

P
Q3 = 2P0 <83+ i
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and
o= (5
Here Py and P, are given in (5).
Proof. By comparison of coefficients in (17) and (18), we can obtain

1
ap; = Eplq (19)

_ 1)1 P P ((@-DPF) ,
az = 2 {2P1C2+ <4 1 + ( 3 1 (20)

1 p-P  (22-29+41) ,
ag = 2(1+Q) 2P1 3+< 5 + 87 Pr ] cic
1
{ <P3+P1 2P2——q<2q —2q+1)P1)
Lo _ _
NG +2q)PP2+(q D (gzq q+1)p%}c% 2

A detailed calculation for T3(2) yields

T3(2) = (ap — ag) (a% —2a3 + a2a4> .
Now, if f € k-8 (g), then we have

|z — ay| < |az| + [as],

1 1
,p _l’_i
T2+ 2)

> (O +My). (22)

lay —ay| =

We need to maximize ’a% - Za% + a2a4] for f € k-8 (q). Thus, by writing ay, a3, a4 in terms of ¢y, ¢, c3,
with the help of (19) and (21), we get

2 2 PZ
714 1 + ()'J*CzlL — Q4C%62 —

2
8q -|— Q5Pl c1C3] . (23)

’ 2a3 + a2a4’ <

Finally, applying the triangle inequality, Lemma 2 and Lemma 3 along with (22) and (23), we obtained
the required result. O

Theorem 3. If an analytic function f € Ais in the class k-S (q), then

'a2a4 —a3| < 421
Proof. Making use of (19), (20) and (21), we have
aray — a3 Aqcies + /\2c1c2 A3C% + /\4c‘11, (24)
where
Pt

-~ 16(1+4¢2)’



Mathematics 2020, 8, 842 10 of 18

1 1
A= (b N (1
? (16q2(1+q2))p1 (166/2(1+f12)>plp2

n 2—q P2
642 (1+q2) ) "V

164>

and
/\ — # _ ; 2+ ; + L 3
T+ P e+ T s+ ) PP T\ + ) ) P

4> — 4> —q +2\ g—1 4 1Y
+( 2821+ )PP\ e+ )1 \eagz ) P2

By using Lemma 1, we take

Y=4-¢} and (1—x|>
Without loss of generality, we assume that ¢ = ¢; (0 < ¢ £ 2), so that

ayay — a3 = ()\1 +2Ay — A3 +4Ag) ct 4 = ()\1 + A2 — A3) Yc?x

AlY 22 A3\/2x2+ %cyz. (25)

Taking the moduli on both sides of (25) and using the triangle inequality, we find that

1
‘a2a4—a§‘ < ‘4(}\1 +2/\2—/\3+4A4) ¢t Y62|x|

1
+‘2(/\1+/\2—A3)

Mly o2, [As]v2 M
+‘4 Yo |x|° + Y2 |x* + 5 (1—\x\)
This can be written as follows:
A
’a2a4—a3‘ <|Ax|c* + Byl x| Yc? —i—‘ %2 Yc? + ‘21 (1—|x|2> Yc

= G(|x]), (26)
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where

1
A, = 1 (M +2A — Az +4My)

1
B/\ZE()\1+/\2—/\3).

Now, trivially, we have
G (c|x]) >0

on the closed interval [0, 1], which shows that G(c, |x|) is an increasing function in the interval [0, 1].
Therefore, the maximum value occurs at x = 1 and we have

max{G (¢, [1])} = G(c),

M
4

Yc2+’/\3

2
1 Y

G(e,11]) = |Ax] ¢ + B YO + ]

and

A3

4

A
g(c):|A/\|c4+|BAYc2+’41 Y2+ Y2,

Hence, by putting Y = 4 — ¢ and after some simplification, we have
A
>#+4<Bﬂ+’£

We consider Q,(c) = 0, for the optimum value of G(c), which implies that ¢ = 0. Thus, G(c) has a
maximum value at ¢ = 0. Hence, the maximum value of G(c) is given by

A

A
6(c) = (14nl - 13al = | | + |3

Tl

A3

2)8+Mhy

max{G(c)} =4|A3|, (27)
which occurs at ¢ = 0 or
M| |As
o 4(|B?\|+ 1 2) .
|An| = [Ba| — |3 + | %
Hence, by putting
2
P1
Ay = ——
> 16g2

in (27) and after some simplification, we obtain the desired result. [

Forg — 1—,k =0, and p; = 2 in Theorem 3, we have the following known result for the class S
Corollary 1. (see [36]) If an analytic function f € A that belongs to the class S*, then
’a2a4 — a%‘ <1.

2.1. The Fekete-Szego Problem
Theorem 4. Let the function f € A given by (1) belong to the class k-SJ(q). Then
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27 2P+ (q(1 — ) = 1)P}) (n < 61)
‘”3_7‘”%‘ = (61 Su<o)
—z; 2P+ (q(1 =) = 1)P}) (n < 61),

where

2P+ Pi[(g—1)P 2]
qP?

1

7

_ 2P+ P [(q—-1) P +2]
a qP7

)

Proof. From (19) and (20), we have

where

1/ B (q-1)P | ugP
0= (1 P st ) (28)

By applying the triangle inequality and Lemma 4, we obtain Theorem 4. [J

If we set k = 0 and ¢ — 1— in Theorem 4, we thus obtain the following known result.

Corollary 2. (see [37]) If an analytic function f € SF(¢p), then

3(Pr— 5P} (1 < 01)
o3 —pa3| <4 & (01 = p =)
—3(P, = 5P}) (n < 01),
where
5 2(P,—Pp)
1 ——
Pl
2(P, + Py)
52 T.
1

Let d; = p < 6,. Then, in view of Lemma 4, Theorem 4 can be improved as follows.

Theorem 5. If the function f given by (1) belongs to the class S& (q) and if

51§M§53=$£i,

then

1 P
. 2 . i - 2 2 2< 1
22 = |+ 3 (2P = P) = (=) PR+ PR Il < 7.
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Furthermore, if 65 < u < &y, then

1 P
. 2 2 2 2< 1
‘ﬂ3 WZ‘JFTP% (2(P2+P1)*(’1*1)P1 Wpl)|“2| :7211'

If we set k = 0 and ¢ — 1—, we obtain the following known result.

Corollary 3. (see [37]) If an analytic function f € S} (¢) and if

1

then 1 P
2 2 2 1
’113—]/1112‘4-7 2(P2—P1)+‘MP1 |{Il2| <=,

qP? ( ) 2

Moreover, if
BEpsdy,

then
’11 —ya22)+—(2(P2+P)—yP2) |az| <1
3 12 1 1 = .

2.2. Applications of the Main Results

In this section, firstly we recall that the Bernardi integral operator Fg given in [38] as follows:

@) = [ ar (feap> ).

Z

The g-integral of the function f on [0, z] is defined as follows (see, for example [39]):

[ fod = -0z ¥ ¢,
k=0

and g-integral of the function z" is given by
= 2 29
b= ——,
/o = [n+1], @9

where n # —1 and for § — 1—, Equation (29) becomes

z Zn+1
/0 m(tdt = =—.
Noor [39] introduced the g-Bernardi integral operator B;(z) as follows:
4Bl 2,
By(2) = Fp(f(2) = —5— [ #7 (gt (B> ). (30)

Let f € A. Then, by using Equations (29) and (8), we obtain the following power series for the function
B;(z) in the open unit disk E as follows:

anz". (31)

Clearly, B;(z) is analytic in the open unit disk E.
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Let 1+ ]
q
B, = [ ﬁ]q (n=1). (32)

Applying Theorem 1 on Equation (31), we obtain the following result.

Theorem 6. If the function B,(z) given by (31) belongs to the class k-S¢(q), where k € [0, 1], then

1
a| < —Py,
|2|_282 !

P, — P+ <(q _21>P12> |}

2(B,Bs-1) (=1 +(1+q)
Pl

2 ([3]q Bs — 1)
oo (IR

(4-1) ((q—l)([31q83—1)+<1+q>> 3]
Pl 7
4 ([3]q83—1)

Applying Theorem 2 to Equation (31), we obtain the following result.

. (4o {
|a3|_2([3]ql33—1) o

and

(1+4)
las] < 21[4], By

P+2(P,—P)+

q

+

_|_

where By, B3 and By are given in (32).

Theorem 7. If the function B,(z) given by (31) belongs to the class k-Sg (q), then

p? (1+4q)° P

P 1+
: d (010+011)} —5 +16 Q| + ( )2
2 (3], Bs — 1

T3(2) < {232+2[4]

483
q

+2P2(0)y4 |2 —
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where
Oy = P, + ]2192 — 2P + Oy5P?,
O = ‘Pa + Py — 2Py + OysP? + QgPy Py + (g — 1) 7 P3|

P P P 1 1 1
O = 2P Oy (83 + §1 - ZZ - §015P12 + §016P1P2 t3 (a—1) Q171’13>

_<1+q>2<1’z_1°1+(q_1)1°%>2,

2([3}q83—1)2 44 8

__ (+9’P (Pz Py P%) B 1.
Qp=——""—-|=—-"4(@q—-1)—= | +2P1 s | = — =+ Q5P ),
13 2([3]q83—1>2 1 1 q 3 1 14(2 5 T g5 1>

__(+q)
QM_M'
o (2(BB-1) @D+ +a)

e 2([3]q83—1) '

(<1+q>—z([31q63—1) <q—1>)
e = ,
2([3]ql§3—1)
1

(([31q83— )<q—1>+<1+q>)
M7 = ,

4([3]{183—1)

where Py and P, are given in (5).
Applying Theorem 3 to Equation (31), we obtain the following result.
Theorem 8. If the function By(z) given by (31) belongs to the class k-S{ (q), then

1+q)° P

2l (497
‘am QB‘ = 4 ([3]5733—1)2.

150f18

Forqg —1—,k =0, B = 0and p; = 2 in Theorem (8), we have the following known result for the

class S
Corollary 4. (see [36]) Let f € S be of the form (1). Then

’a2a4 - a%‘ <1
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Theorem 9. If the function By(z) given by (31) belongs to the class k-S; (q), then

) C1y BB g .
4([3}q33*1> <2P2 + <(q 1) H (1+9) B2 P; (],{ <6)
_(A+ph _
’ﬂ?} - ﬂa%’ § 4([3],73371)’ (51 < V < 52)
__(+gp _py - BB <
where
o = (1+q) B3 <ZRr+P1Gq—1)H——a>
(13,85 1) P2
and

5 (1t B (ma+m<w—1ﬂa+m>
2 — > .
([3]q83—1) P

If wesetk =0, 8 = 0and g — 1— in Theorem 9, we obtain the following known result.

Corollary 5. (see [37]) If an analytic function f € A belongs to the class S (¢), then

3(P = 5P}) =N
‘{13—]4{1%‘ << 4 (1S p =)
—3 (= 5P7) (n 2 62),
where
5 — 2 (Pz - D)
1= T
1
and
2(P,+ Pyp)
b= ——F——".
Py

3. Conclusions

We have made use of the general conic domain () ; and the quantum (or g-) calculus to introduce
and investigate several new subclasses of g-starlike functions with respect to symmetrical points in
open unit disk [E. We have studied some interesting results such as the Hankel determinant, the Toeplitz
matrices, and the Fekete-Szego inequalities. We have also discussed some applications of our main
results by using a g-Bernardi integral operator.

For further investigation, we can easily follow a known relationship between the g-analysis and
(p,q)-analysis (see [25] (p. 340, Equations (9.1), (9.2) and (9.3))) and the results for the g-analogues,
which we have included in this paper for 0 < g < 1, can then be easily transformed into the related
results for the (p, g)-analogues with 0 < g < p < 1 by adding a rather redundant (or superfluous)
parameter p (see, for details [25] (p. 340)).
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