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ABSTRACT

Recently, B.C. Carlson and D.B. Shaffer introduced a linear
operator defined by means of a Hadamard product (or convolution},
and showed how this operator can be fruitfully applied to a
systematic study of certain interesting classes of starlike,
convex, and prestarlike hypergeometric functions. The object of
the present paper is to prove several new characterization
theorems involving this general operator and such subclasses of
analytic functions as the families of starlike and convex
functions of order a (O i a < 1). Some further consequences of

our main results are also indicated.

1. INTRODUCTION

Let o denote the class of functions of the form:

[+4]

(1.1) £(z) = E a2
n=0

o~
o

—
I

which are analytic in the open unit disk

a4 = {z: |z| < 1}.

A function f(z) belonging to the class o is said to be starlike of

order a if and only if it satisfies the inequality:

1)



(1.2) Re{Z%%§§l} > a

for some a (0 { @ < 1) and for all z € 4. We denote by 9*(a) the
class of all functions in o which are starlike of order a in 9.
A function f(z) belonging to the class o is said to be convex of

order a 1if and only if it satisfies the inequality:

(1.3) Re{l + E%;%§§l} > a

for some a (0 { a < 1) and for all z € 4. Denoting by ¥(a) the class
of all functions in o which are convex of order a in %, it is easily

seen that
(1.4) f(z) € K(a) & zf'(z) € ¢ (a) (0<a<1)

and that

(1.5) Ha) « $(a) CH(0) =¥ and A(a) C #(0) = A (0 ¢ a<1).

For the functions fj(z) (j =1, 2) defined by

o
<o

n+l
(1.6) £i(2) = ) L

n=0

we denote (as usual) the Hadamard product (or convolution) of fl(z) and

f5(z) by



w0

(1.7) fl * fz(z) = E al,n+1a2.n+lz
n=0

n+l

Making use of (1.7), we recall a linear operator <(a,c) defined by

n zn+1 *x £(2)
n

o (a)
(1.8) ¢(a.c)f(z) = | ) o
n=0

lar)

f(z) €4 and ¢ #0, -1, =2, ===,

where ()\)n is the Pochhammer symbol given by

(19) ()\) =F§7\+n[ ={ | 1, if n =0,
n r(z) A(A+1)eee(A+n-1), if n € ¥ = {1,2,3,...}.

Clearly, 9(a,c) maps o onto itself, and ¥£(c,a) is an inverse of

¥(a,c) provided that

a0, -1, -2, ===

The operator ¥(a,c) was introduced by Carlson and Shaffer [1] in
their systematic investigation of certain interesting classes of starlike,
convex, and prestarlike hypergeometric functions. The special case of the
operator ¥(a,c) when a = 2 is closely related to some operators of

fractional calculus considered in the literature (cf. [4] and [8]). In the



present paper we give several new properties and applications of the
general operator ¢(a,c) involving various subclasses of analytic

functions introduced above.

2. STARLIKENESS AND OONVEXITY OF ¢(a,c)f(z)
We begin by recalling the following results which will be needed in

our investigation of starlikeness and convexity of the function

LEMMA 1 ([6, Lemma 2.4]). Let h(z) and g(z) be analytic in the

open unit disk 4 and satisfy

h(0) = g(0) =0, h'(0) # 0. g'(0) # O.

Suppose that, for each o (o] = 1) and p(|p]| = 1),

(2.1) hz) * [F222g(2) # 0 (z €% - {0)).

1 - o0z

Then, for each function F(z) analytic in the open unit disk % and

satisfying the inequality:

Re{F(z)} > O (z € %),

(2.2) Re{%} >0 (z € q),



where G(z) = F(z)g(z).

LEMMA 2 ([5. Theorem 1]; see also [9] for the special case a = 0).

Let the function f(z) defined by (1.1) be in the class 9*(a). Then

zf'(z)

r log{(l+r)2(1-a)|f(z)|/r} +1
f(z)

(2-3) £ T(1-1) Tog{(1+1)7(1-1)}

for |z| =r < 1. Equality in (2.3) holds true for the function f(z)

defined by

(2.4) f(z) = —2——
z) (1_2)2(1—a)

LEMMA 3 ([7, Corollary 1]). Let the function f(z) defined by (1.1)

be in the class 9*(a). Then

: i) [V
(25) Re{z—i‘,—(%l} Z. a + (l—a)(l—rz)[ frZ ]
and
(2.6) R {Zf'(Z)} 1+ (1-2a)r . 2r log{(1-r)>1™ |s(2) |/r}
' Ty ST 1o °

(1-r2) log{ (1+1)/(1-1)}



By appealing to Lemma 1, we shall prove our first result stated as

THEOREM 1. Let the function f(z) defined by (1.1) be in the class

9*(a) and let
(2.7) %(a,c){%—;—ggz f(z)] #0 (z € 4 - {0})
for each o (|o] =1) and p (]pl = 1). and for

- n 9 cee
c #U, -1, —=2, =°=°

Then ¢(a.c)f(z) is also in the class 9*(a).

PROOF. It is sufficient to show that

(2.8) Re{z(igz:zgigzg}' > a

for =z € 4. Since

$(a,c)f(z)}' $(a,c){zf"
(2-9) re{2ig(a-clilall ) _ po G A n (0
(a)n n+l1

'(g);z * {zf'(z)}

|n=0

o

(a)n n+l
- (c),

. o

* f(z)

setting



v (@) .
h(z) = z %ZTE Zn+1. F(z) = Z%(%%l - a, and g(z) = f(z)
n=0 n
in Lemma 1, we readily observe that
)
%ng-zn+l ® {zf'(z) - af(z)}
(2.10) Re{%—;—g%g%} _Relnz0 " )
[ \ (), zn+1] x £(z)
l / (C)n J \Zj
L n=0 ]

¢(a,c)f '
- R

> 0,

which evidently completes the proof of Theorem 1.

OOROLLARY 1. Under the hypotheses of Theorem 1,

‘ 2(l—«a
(2.11) z{¥(a,c)f(z)} r log{(1l+r) ( )li(a.c)f(z)l/r} + 1
) ¢(a.c)f(z) = (1-r)log{(1+r)/(1-r)}
Py | ] PR TV sans 2o £ 11Y L1 3 s £ sl fienaed e e
IOr |L| =r 1 Lgual Y 1 (&-.11) No1asS Cru€ ior uiic 1uiiG L rorl I\4Zj
given by

(2.12) f(z) = ¥(c.a) {z—l-_—z)—;—(—l:&-)—] (a #0, -1, =2, =++),



side is_in the class 9*(a).

provided that the function on the right-hand

that is, that
(c)
= e 40 H(a) (0 <Ca<1).
n=0 n
PROOF. Corollary 1 follows immediately from Theorem 1 if we apply
Lemma 2.
Next, by applying Lemma 3 to Theorem 1, we deduce
COROLLARY 2. Under the hypotheses of Theorem 1
i/(1-a)
z{¢(a.c)f(z)}" _ |¢(a,c)f(z)]
(2.13) Re { F(a.c)f(z) g a+ (1-a)(1-r7) =
and
z{¥(a.c)f(z)}
(2.14) Re { F(a.c)f(z)
(L (12a)r , 2r log((1- r)2(1 ) \¢(a, c)£(z) /1)
= 1o (1-r%) Log{(1+r)/(1-r)}

1 1 P
jzj = r <1

for .
Our main result involving the convexity of the function $(a,c)f(z)

is contained in
defined by (1.1) be in the class

Let the function f(z)

THEOREM 2.

K(a) and let



(2.15) £(2,1)%(a.c) [%%;E;-Z- f(z)] #0 (z € 4 - {0})

for each o (lo|l = 1) and p (|p| = 1), and for
c #0, -1, =2, e .,

Then ¢(a,c)f(z) is also in the class ¥(a).

PROOF. By using (1.4) and Theorem 1, we observe that

w*

zf' I (C‘L)

£~ &= <
\(Ll N L ~

(2)
> ¢(a.c){zf'(z)} € ¢ (a)
& z{¢(a.c)f(z)}' € ¢ (a)

< $(a,c)f(z) € %(a),

which completes the proof of Theorem 2.

3. FURTHER APPLICATIONS OF THE OPERATOR ¢(a,c)
With a view to deriving some further results characterizing the

operator $(a.,c), we recall here the following lemmas.

LEMMA 4 ([6. Lemma 2.7]; see also [2]). Let h(z) € X and g(z) € 9.

Then, for each function F(z) analytic in 4% and satisfying

Re{F(z)} > O (z € %),



10.

where G(z) = F(z)g(z).

LEMMA 5 ([3, Theorem 1]). Given p, with -o {(p < ®, let

1 n+l
(3.2 £ =
) u(?) nZO (n+1)# i

for z € 4. Then fu(z) is in the class * whenever pu > O.

THEOREM 3. Let the function f(z) defined by (1.1) be in the class

4 and let
(3.3) ¢(a,c) B‘{‘;zﬂ {fu*f(z)}] #0 (z € % - {0})

for each o (Jo| =1) and p (|p| = 1), where fH(Z) is given by (3.2),
and

>0 c#0, -1, -2, =--

Then f(a,c){fu*f(z)} is in the class ¢ = 9*(0).

PROOF. Since



11.

z[%(a.c)(fp*f(z}]'
(3.4) R\ 2@ I < (=)

{%(a,c){f*zf'(z)}}
= Re 7 =
(a'c){f*fu(z)}

() .
(;72'3n+1zn+ * {zf (z)}
n
= Re{'n=o L
(a) ]
[ ) (c)n'an+1zn+1 * £,(2)
. ln=0 " J J

we find from Lemma 5 that

£,(z) €4 ¢ for p> 0.

Setting
(a) " 2t (2)
(3.5) h(z) = (C)E am_lzn , F(z) = ¥;%;7_ ., and g(z) = fu(z)
n=0

in Lemma 1, we conclude that
2(a.c) {f ¥ (2)} € ¢,
which precisely is the assertion of Theorem 3.

The following immediate consequence of Theorem 3 is worthy of mention.

COROLLARY 3. Let the function f(z) defined by (1.1) be in the class

¢ and satisfy the condition (3.2) for each o (lo| = 1) and »p (le] = 1).

Then S(a.c){fu*f(z)} is also in the class ¥

Finally, we prove



12.

THEOREM 4. Let the function f(z) defined by (1.1) be in the class

A(a) and let
(3.6) 9(2,1)2(a,c)[%{§—§g£ {fu*f(z)}] #£0 (z € 4 - {0})

for each o (|lo| = 1) and p (|p| = 1), where fu(z) is given by (3.2),

and
L>0; c#0, -1, -2, -
Then %(a c){fu*f(z)} is also in the class ¥(a)
PROOF. Putting
(3.7) F(z) = zig%T%g%l_ - @, g(z) = 28'(2). and h(z) = { (2)

in Lemma 4, we have

£ % [z{zf'(2)}' - azf'(z)]
h » G(z
(3.8) Re{ﬁ‘;“g‘%;%'} = Re{ . fll x {zf'(z)} }

2[£ *{(2f " (2)}]
B EERCHO N

> 0,

which shows that fu ® {zf'(z)} € 9*(a). Therefore, by appealing to

Theorem 1, we find that



13.

(3.9) f(z) € K@) »f, * {zf'(2)} € ¢*(a)
> #(a.c)[f *(zf'(2)}] € ¢*(a)
& z[#(a.c){f *(2)}]" € ¢ (a)

= Q(a.c){fu*f(z)} € %(a),

which indeed is asserted by Theorem 4.
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