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A NOTE ON A CERTAIN INVERSE PAIR OF
MULTIPLE SERIES IDENTITIES

R.K. Raina and H.M. Srivastava

Abstract

We develop a multiple-series generalization of certain series identities con-
sidered by T.J. Osler [2] and H.M. Srivastava [4] and derive its inverse. We
also apply our pair of multiple series identities to the generalized Kampé

de Fériet hypergeometric function in several variables.

1. Introduction

For a suitably bounded multiple sequence {C(ny,---,n)}, let a general function of r

variables be defined by

flz1,- -y 2r) = Z C(ni, -+,np) 27t 20" (1.1)

ny,--,n,=0
(lz]|<R17 R]>0a ]6{1777'})7
provided that the multiple series converges absolutely.

Srivastava [4, p. 197] gave the multiple series identity (see also Srivastava and Manocha

[6, p. 217, Problem 12]):

o0 Nl——l N,-—].
E C(”l;"')”’T): E R E
ny,,n,=0 M,=0 M,.=0

(1.2)
. ( > C(mMNy+ My, N, +Mr)>

ny, ey ne=0
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where N; (j = 1,---,r) are arbitrary positive integers.

The single-series analogue of (1.2), when r = 1, stated in [4, p. 193, Equation (8)] is, in
fact, an inverse series relation of a result given earlier by Osler [2, p. 889, Equation (2)]. The
general series identity in both of these papers generates precisely the same hypergeometric
series identity. The particular case of (1.2), when r = 2, was also considered by Sharma [3].
It would thus seem worthwhile to develop a multiple-series generalization of the aforecited
series identity and also derive its inverse. The applications of our pair of series identities
would be manifold. We, however, illustrate the use by deducing a series identity involving

the generalized Kampé de Fériet function.

2. A Theorem on Multiple Series Identities

The inverse pair of multiple series identities which we propose to derive is contained

in the following:

Theorem. For each positive integer N, let M; € {0,1,2,---,N; -1} (7 € {1,---,7}),
and suppose that there exzists a number w; = exp(2mi/N;) (5 € {1,---,r}). Then, corre-
sponding to the multivariable function f(z1,---,2,) defined by (1.1), there exist the follow-
ing pair of multiple series identities: '

Z C(miNi+ My, - ,m N+ M, )zm1N1+M1...ZmrNr+Mr

T
my,-,mMr=0

T -1 N1 1
— HNs E E f(zlw]_ , ,zrwfr)wl—‘Mlkl _._w:Mrkr
g==1

ki1=0

(2.1)

and
Ni-1 N,-1

flz1yeoy20) = Z Z Z

Mi=0  M,=0 my,-,m,=0 (2.2)
C(myNy + My, ,m N, + M) g Nt pme Net M

provided that each side of (2.1) and (2.2) has a meaning.
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Proof. Denoting the right-hand side of (2.1) by I, we have

o \ ! Mi-i Wi oo
I= (1;[1N3> Z Z ( Z C(ny,---,ny)

k1=0 kr=0 Ny, ne=0

—Mi)k —
- Z?l PN z:‘") w§n1 1)k .. wgnr M)k,

(2.3)
r -1 oo Nyp—1 N,—1
(=) ¥ (X%
s=1 ny,,n,=0 “k;=0 k.=0
. winlel)kl .« wg‘nr_Mr)kr> C’(nl, cee, nr) z{"l " e Z;’:""_
Now noting that (see also Osler [2])
N; -1 N;—1
n;—M;)k; .
Z w§- imMiki Z exp(2mi(n; — M;) kj/N;)
k;j=0 k;j=0
(2.4)

~—-Nj, ifnj—szijj (mj:O,1,2,'--)

=0, otherwise,

(2.3) leads to the desired left-hand side of (2.1), and this proves the multiple series identity
(2.1).
To prove the inverse relation (2.2), let us effect the multiple sum over M; from 0 to

N; —1,forall j=1,---,r, on both the sides of (2.1); then, keeping in mind the relation:

N;—1 N; -1
Z w;Mjkj = Z exp(27ri(——Mjkj)/Nj)
M;:=0 M;=0

(2.5)
=N;, ifkj=0,

=0, otherwise,
the multiple series identity (2.2) follows.

Remark 1. The identity (2.2) would also follow at once from Srivastava’s identity [4,
p. 197, Equation (24)] on replacing

C(ni,---,n;) by C(ni,---,ng)zit---27.

T
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3. Applications

We choose the multiple sequence {C(ny,---,n,)} as follows:

d n ! o (r)
H(aj)n1+---+nr H(bj)nl H(bj In.
j=1 j=1 j=1

C(nh e 7”1‘) -

F G | (7 ISR | (W (3.1)
j=1 1=1 =1
A(ng!--on )T

where, as usual, (A), = I'(A 4+ n)/T(}N).

From Gauss’s multiplication formula and the simple relations [6, pp. 22-23], we have

N—1 .
(N Nmim = (AN NV 1;[0 (%) N (3.2)

If we denote by (ag,il.)) the array of p; parameters

agi)7‘.-,a1(7ii) (pl:17273-)) i:]‘?“.’r)‘)

and by [(ag,.)) : N] the array of Np; parameters
AN, (@ +D/N, (@ HN=1)/N (G=1,,pi5 i =1,000,7),

then, upon substituting from (3.1) into (2.1), setting N; = N (i = 1,---,r), and suitably
using the relation (3.2), we arrive at the following result (¢f. [6, p. 65]; see also [5, p. 454]):

[(ap) + My +---+ M Nl 2 [(85,)+ My; NJ, 15005

FPN:pLN+ 1iespr N+ 1
[(ag) + My + -+ My N] 2 [(Bgyq0) + Mas NJo o5

[(B5) + My; NI, 15
[(B,1) + My N;

r N-1
= N""A(M,---,M,) H {zi—M; Z w—M;k.‘}
=1

k;=0

(21 Nh)N, o (2 Nx\r)N>
(3.3)

L TPPL P (L okl L, k)
Lgqe;igr (‘lw ) y ZrW ’

where



(i) IB;1+1 == ,BQ(I:ZH =1,
(ii) 1+¢q+qj—p—p; >0 (5€ {1, -,r}); the equality holds when |z;| are suitably

restricted;

Ai=p+pi—qg—q¢—1 (ze{1,---,1}), (3.4)
and

q q1+1 , qr+1 (r)
Hl(az‘)M1+---+Mr _1:[1 CHIYRRE '1———[1 (B;" ) m,

A(My, e, Mr) = p p1+1 petl . 39
_I_Tl(ai)M1+---+M, l:ll VAR I_Il (b ") m,

The inverse of the identity (3.3) can be deduced in a similar manner from (2.2). The

result thus obtained is

N-1 N-1
FRmsidr(a,yz)= o Y [AMy, M)
My1=0 M,=0
L My My ppNipiN+ Lespr N+ 1 (ap) + My -+ Mr; N (3.6)
1 r T gN:igi N+N;-iqr NN [(ozq) + M, +---+ M,;N]: ‘

(b)) + Mys N1, 155 [(857) + Mo N), 3

[(ﬂ;1+1)3 NJ;---; [(ﬁqr+1) + M,; N]§

provided that Conditions (i) and (ii) stated with (3.3) are satisfled, A(My, -, M;) and A;
(1=1,---,r) being defined by (3.4) and (3.5) above.

(lez\l)N,...,(erAr)N>’

Remark 2. It should be noted that any one of the numerator parameters 1 can get

cancelled by one of the denominator parameters
(Bgt1 + M1)/N, (Bgupr + My +1)/Ny- -+, (Bg 41 + M1+ N —1)/N,
and so on, which is due to the fact that
a1 == ﬁ(fll =1

Remark 3. For r = 1, the pair of identities (3.3) and (3.6) would correspond essen-

tially to the identities given in [2]. Furthermore, the pair of identities stated in [3] would
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© correspond to (3.3) and (3.6), when r = 2, and when z; is replaced by zz N~ (i =1,---,r),

A; being defined by (3.4).
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