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ABSTRACT

A haptic system is a robotic computer interface which aims to provide tactile feedback for
human operators when they manipulate virtual environments (VEs) or remote environments
(REs). The tactile feedback is emulated by applying forces, vibrations, or motions to the
human users through a haptic device/interface, e.g. a robot arm. Transparency and stability
are two important criteria for designing a haptic system. Transparency is related to the real-
ism of user’s touch sensation and stability guarantees the safety of the user while interacting
with VEs/REs. Because of the nature of the human tactile sensory system, a transparent
haptic system demands an update rate greater than 500 Hz, i.e. most commercial haptic
devices work at 1 KHz. On the other hand, many haptic applications are multirate systems.
The multirate property of a haptic system is due to either the slow update rate of the VE or
the impairments of computer networks such as limited transmission bandwidth or packet
loss.

Wave transformation is wildly used in teleoperation to cope with both constant and
varying time delays. This work aims to use wave transformation to tackle the challenges
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imposed by multirate property of a haptic system. First, passive multirate wave variables
control (PMWVC) is introduced. PMWVC guarantees the passivity of the communication
channels through which the fast haptic device is connected to the slow VE/RE. It is shown
that to maintain the passivity of the system, aliasing should be avoided in the communica-
tion channels, i.e. by using anti-aliasing filters.

Next, PMWVC strategy is applied to two different applications: i) multiuser cooper-
ative haptics and ii) haptic interaction with an unknown VE. In the first application, two
users at two different locations manipulate a common virtual object simulated on a central
server. The users are connected to the central server through a LAN network. The second
application is a single user application in which PMWVC is used to connect the haptic
device to an unknown slowly updated VE. Since in this application the VE is unknown,
the computational delay of the VE significantly affects the stability of the overall system.
To tackle this problem, a nonlinear algorithm based on passivity analysis is proposed. In
both examples, numerical and experimental results validating the analytical results are pro-
vided. The results show that by using PMWVC, it is possible to significantly improve the
performance of a multirate haptic system in terms of transparency and stability.

The second half of this work is devoted to improving the performance of PMWVC in all
frequency ranges. In order to study the performance of PMWVC, lifting is used to convert
the multirate haptic system to a unirate system. By using this technique, it is shown that
velocity estimation plays a critical role in a haptic application with PMWVC, especially in
high frequencies. Considering this fact, a method for designing a passive velocity filter in
wave domain is proposed.

Finally, a filter bank structure is introduced which enables utilizing a local model in
conjunction with PMWVC. In this structure, the outgoing signal sent to the VE is split into
two frequency ranges. Low frequency content of the signal is fed to the original VE and
high frequency content of the signal is sent to the local model. By using lifting the per-
formance of the proposed structure is studied. The results show that the proposed method
improves the transparency of the system in all frequency ranges and unlike utilizing a local
model in power domain, it does not impose any restriction on the stability of the system.
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Chapter 1

Introduction

1.1 Motivation

1.1.1 Haptics and its Applications

Haptic interfaces (or devices) are robotic computer interfaces through which users can
touch, manipulate and feel virtual and/or remote environments. For example, a joystick
with force feedback is a haptic interface. Haptic devices can be beneficial in several vir-
tual reality applications, including: medical simulators with force feedback, which can
eliminate the need for cadavers and/or animals during surgical training; immersive CAD
environments, which can allow engineers to feel a design before building a physical proto-
type; virtual reality (VR)-based physical rehabilitation programs, which can permit medical
personnel to assist remote patients much like they assist patients in traditional therapy pro-
grams; computer games with haptic feedback, which can offer a deeper sense of presence
in the game environment. Among these applications, medical training has been commer-
cialized. A haptic interface together with a human user and with computer software for
generating and rendering the feel of virtual objects (VOs) comprise a haptic system and
permits one operator to interact with a virtual environment (VE) using one hand. Because
the human user is part of the force control loop, stability and transparency are critical in
haptics. Stability guarantees operator’s safety. Transparency is related to the realism of
user’s touch sensations in the VE.



2

1.1.2 Networked Haptics

Manipulations with two hands and/or cooperation among multiple, potentially remote,
users are needed in applications like: supervision of the haptics-based training of a novice
resident by an expert surgeon; physical tele-guidance of a remote patient by an occupational
therapist; multi-user (on-line) computer games with force feedback. Such manipulations
can be enabled by connecting multiple haptic systems together over computer networks like
Local Area Networks (LANs), Metropolitan Area Networks (MANs) and the Internet. The
connection can be implemented using two different architectures: (i) the client-server archi-
tecture shown in Figure 1.1; and (ii) the peer-to-peer architecture depicted in Figure 1.2. In
the CS networking scheme, the clients send the user inputs to the server, the server updates
the VE state and sends it to the clients, and the clients determine the force feedback corre-
sponding to the updated VE state and apply it to the users. The client-server connectivity
is suitable for cooperation among a large number of users [57], but incurs communication
delays twice as large as the peer-to-peer connectivity. Furthermore, client-server architec-
ture is desirable in applications that VEs size or cost prohibit their replication at each user
(e.g., computationally intensiveVEs which need to run on cluster computers).

In the peer-to-peer networking scheme, each peer computer runs its own copy of the VE,
which it updates based on the data received from all other peers. Because it requires data
flows between each pair of peers, the peer-to-peer connectivity is suitable for cooperation
among a small number of operators [57]. Combinations of the client-server and peer-to-
peer architectures can also be used [60, 63].

Networked haptic cooperation removes physical barriers and allows force interactions
among distant users which in its turn improves task performance and the sense of immer-
sion [90]. Arguably, the low price and wide accessibility of the Internet (1,668,870,408
users [1]) make it the ideal communications means for networked haptics applications.
Unfortunately, Ethernet-based communications links like the Internet are characterized by
variable communication delay, jitter, packet loss, and limited packet transmission rate.
These characteristics are detrimental to the stability and performance of haptic coopera-
tion. To date, they have hindered networked haptics applications.

1.1.3 Challenges

Stable and transparent networked haptic cooperation is challenging to achieve because
stability and transparency place demands on the force control loop that conflict with the
characteristics of Ethernet-based networks. Specifically, the human touch requires a force
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Figure 1.1: Client-server architecture.

refresh rate of at least 500 Hz for convincing [91, 94, 104] interaction with rigid bodies 1.
Furthermore, the force setpoints should be provided at fixed time intervals to ensure the
stability of the interaction [24]. Yet, current Ethernet-based networks transmit data pack-
ets at frequencies of about 128 Hz [32], with variable delays (due to the packet-switched
nature of the communications), and even loose some data packets.

Because these network characteristics hinder the progress of network/Internet-based
haptic cooperation, much work has characterized the impact of the communications on sta-
bility and realism. The communication delay has been recognized as the major contributor
to instability and poor performance in haptic interaction over Internet [3, 6, 18, 30, 41, 43,
47, 65, 74, 103]. Besides degrading stability, the delay in the communication channel may
cause drift and thus, incoherency between the states of the different users. Jitter, i.e., the
variation in the communication delay, leads to instability [18, 30, 43, 74] and variations in
the perceived mass of the manipulated VO [64]. While suitable methods have been pro-
posed to cope with constant time delay, varying time delay remains a challenge. Packet
loss threatens stability [30, 43, 50] and can reduce the forces applied to users and change
the perceived mass of the VOs [64]. Limited and varying data transfer rate and slowly up-
dated VEs render networked haptic cooperation a multirate system with varying rate. Little
attention has been paid to the multirate issue until recently [32].

1Lower update rates can be used for haptic rendering of soft VOs.
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Besides the difficulties due to the network characteristics, haptic cooperation faces chal-
lenges due to the different properties of the operators’ hands and haptic devices. The un-
certainties associated with the physical damping and effective mass of these elements may
themselves make haptic cooperation unstable.

The network impairments can be tackled using: (i) computer networking techniques
like prediction, compression, buffering, and new effective network protocols; or (ii) clas-
sical and modern control tools. Computer networking approaches seek to improve the
network performance to bring it closer to the requirements of haptic cooperation. Methods
in this category are surveyed in [28, 29]. Control approaches strive to guarantee stability
and transparency for the given network performance. The research proposed in this work
aims to develop robust controllers for haptic cooperation in clinet-server architecture.

1.2 Statement of the Problem, Objectives and Approach

Limited packet transmission rate, slow update rate of the VE, packet loss, communication
time delay, and computational delay converts a unirate haptic system to a multirate sys-
tem with time delay [42]. This work adopts multirate wave variable control to tackle the
problems ensue from the multirate nature of a cooperative haptic system with client-server
architecture. Actually, a transparent haptic system requires an update rate greater than 500
Hz [91, 94, 104] and most commercial haptic devices work at 1 Khz. Connecting a fast
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force feedback loop to a slow or remote VE generates unphysical energy [67, 68] which
grows with the sampling time of the VE or update rate of the computer network [67] . The
injected energy violates the passivity of the system and has destabilizing effect [32]. The
main objectives of this work are to adopt multirate wave control to passively connect the
fast force feedback loop to the slow or remote VE and improve the performance of the
proposed control strategy in all frequency ranges.

Figure 1.3 depicts the proposed multirate wave variable control strategy. It illustrates
that wave [73] (or scattering [6]) variables are transmitted between the haptic interface
and the VE, and that the rate change between the fast haptic feedback and the slow VE
loops is modeled as wave downsampling and upsampling. In Figure 1.3, notation is used
as follows: M is the wave sampling rate drop/increase factor, and is represented as com-
munications downsampling/upsampling factor; ẋm is the velocity of the haptic interface; ẋs

is the velocity command transmitted to the VE through wave variable communications; Fs

is the VE force; Fm is the force applied to the haptic interface by the wave controller; um

and vs are the output waves; us and vm are the input waves; and b is the wave impedance.
The output and input waves are related to the velocities and forces at the haptic interface
(master) and VE (slave) sides via [73]:

um(t) =
Fm(t)+bẋm(t)√

2b
vs(t) =

−Fs(t)+bẋs(t)√
2b

vm(t) =
−Fm(t)+bẋm(t)√

2b
us(t) =

Fs(t)+bẋs(t)√
2b

. (1.1)

xm

.
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.
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Figure 1.3: Multirate wave variable control of haptic interaction. The drop/increase of the
wave sampling rate at the connection between the master side and the slave side is modeled
as communications downsampling/upsampling.

The haptic system in Figure 1.3 comprises three main components: (i) the human oper-
ator together with the haptic interface, sampler, Zero-Old-Hold (ZOH) and the left side of
the wave transformation, hereafter called the master side; (ii) the communication channels;



6

and (iii) the VE together with the right side of the wave transformation, hereafter called
the slave side. If all three components are passive, haptic interaction in slow VEs becomes
an interconnection of passive systems and hence, strictly stable [25]. The master and slave
sides can be made passive through suitable control [100]. The unirate wave communi-
cations are passive for constant transmission delay both for continuous time [6, 73] and
discrete time [13] implementation. When rate change happens the passivity of the com-
munication channels is unclear but by making the communication channels passive, it is
possible to gaurantee the stability of a haptic system with multirate wave variable control.

This research starts with an investigation of the passivity condition in the communi-
cation channels and proposes a method for making the channels passive. Next, the por-
posed passive multirate wave variables control is applied to two haptic system: i) a multi-
user client-server networked haptic system with time delay. 2) haptic interaction with an
unknown VE including computational delay which indeed is equivalent to a single-user
clinet-server haptic system. Stability and transparency analyses are provided to study the
performance of the haptic systems with multirate wave variables control. Multirate state
space model [7] and lifting [33] are utilized for this purpose. Second half of the research is
devoted to improving the performance of the proposed passive multirate wave control in all
frequency ranges. Especially a new filter bank architecture in wave domain is introduced
which enables passive velocity filtering of the velocity signal at the master side as well as
utilizing a local model in conjunction with passive multirate wave variables control.

1.3 Dissertation Outline

This dissertation is organized as following:

• Chapter 1 provides the Introduction, which contains the motivation of the work,
the statement of the problem, overall objectives and approach. The bulk of the work
presented in this thesis is contained in the Appendices. Each Appendix (AE) includes
a complete scientific publication. Except for the second paper which is currently
under review, all other peer-reviewed papers are published.

• Chapter 2 includes and overview of the research and previous work done to date on
the scientific problem.

• Chapter 3 The contributions in this dissertation are contained in the five papers pro-
vided in Appendices A through E. Chapter 3 summarizes each one of the articles,
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explaining the contribution of each publication, and how they are connected in order
to meet the objectives of this dissertation.

• Chapter 4 contains a brief summary of the overall contributions, conclusions, and
enumerates avenues of future work for further development.
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Chapter 2

State of the Art Review

Users manipulate and sense VEs in haptics similarly to how operators manipulate and sense
remote environments in bilateral teleoperation. The haptic interface, the manipulated VO
and the VE in haptics play roles analogous to the master robot, the slave robot and the
real environment in teleoperation, respectively, as schematically depicted in Figure 2.1.
Moreover, networking issues are germane to bilateral teleoperation, which presupposes
manipulation and sensing over distance. Therefore, this section presents the state of the art
in bilateral teleoperation over the Internet before focusing on haptic cooperation.

2.1 Background: Bilateral teleoperation over the Internet

Passivity-based controllers seek to monitor and control the flow of energy between sys-
tem components. They have provided good solutions for bilateral teleoperation with con-
stant time delays. Yet, their extensions to addressing the packet-switched network im-
pairments are scarce to date [21]. Passivity-based control of bilateral teleoperation over
packet-switched networks is based on wave/scattered communications [6] and on time do-
main passivity concepts [81]. Passivation of wave/scattering-based communications with
time varying, but upper bounded delay was achieved: (i) through wave filters [72]; (ii)
through defining a virtual delay and maintaining the delay apparent to the operator almost
constant, i.e., within 5% of the virtual delay [55, 77]; (iii) through combining Kalman-
based prediction with the monitoring of the energy flow into the communications for small
delay variations [69, 70]; and (iv) through a suitable gain in the wave/scattered commu-
nications [22, 23, 61]. All approaches lead to designs which assume the worst-case delay
throughout the telemanipulation and thus, have suboptimal performance when the actual
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Figure 2.1: Control analogy between a haptic and a teleoperation system.

delay is much smaller than its upper bound. Furthermore, all analyses were performed in
continuous time. The gain-based approach was extended through communication manage-
ment modules in [21] to address both time varying delay and packet losses in continuous
and discrete time. The results were restricted to unirate systems and transparency was not
discussed. Time domain passivation of communications with variable delay was imple-
mented through adding a passivity observer and a passivity controller to the communica-
tions [81]. The observer monitors the energy flow into the communications. The controller
adapts the injected damping to dissipate the excess energy when any is observed. Neither
the perception nor the limited packet transmission rate were addressed in this approach.

Classical control of bilateral teleoperation with variable delay uses state controllers and
proportional-derivative (PD) controllers. State controllers at the local and remote sites were
combined with delay compensation in [93]. The compensation strategy adjusts the position
command currently received from the human operator based on: (i) the force reflected to the
operator at the time when they generated the command; and (ii) the current force between
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the slave and the remote environment. The state controllers require accurate models of the
robots, the environment, and the communication channel. Two conventional PD controllers
connects the master and slave robots in [51, 76]. The D-gain was tuned based on the rate
of change of the delay in the first controller, and was fixed and selected to ensure stability
in the second controller. The P-gain provides position feedback/feedforward and thus,
guarantees the master-slave position coordination and static force reflection. Packet loss
or the multirate nature of the packet-switched communications were not addressed through
the design of the two PD controllers.

Robust control of bilateral teleoperation across the Internet was implemented within
the sliding mode and H∞ frameworks. A sliding mode controller with the nonlinear gains
set independently of the changes in the communication delay was presented in [79]. The
controller was designed in continuous domain and its transparency was not considered. An
H∞ controller robust to environment and communication delay uncertainties was introduced
in [88]. A graphical Nyquist-type procedure permits the computation of the maximum
delay uncertainty, for a constant delay, for which the system remains stable in the face of
environment uncertainties. A H∞ and l1 bilateral teleoperation control design based on a
new linear matrix inequality was introduced in [83]. The design presumes unknown and
randomly varying communication delay but with a known upper limit, and is applicable to
unirate continuous systems.

Besides stability, performance is also a key concern in bilateral teleoperation. Conven-
tional performance requires the teleoperation system to be transparent to the human oper-
ator. In other words, the ideal bilateral teleoperator enables the user to feel as if directly
interacting with the remote environment. For bilateral teleoperation over the Internet, per-
formance was primarily addressed in the context of scattered/wave-based communications.
Therefore, position tracking becomes another important performance indicator. In [106],
the wave-based communications were time stamped to ensure position tracking and the
energy balance was monitored from the reconstructed input energy at the receiver side
to guarantee passivity. The extension in [107] also considers communication blackouts.
Packet loss and multiple rates can not be easily incorporated into either approach. In [8],
predictors were used to increase the tracking performance of wave-based communications
with both constant and varying delay. Prediction requires accurate models of the master
and slave robots and of the environment, neither of which are typically readily available.
In [75], position tracking was ensured through a PD controller in parallel with scattered
communications. User’s perception was the concern in [97] and [98]. It was improved
by passively tuning the wave impedance on-line in [97], and by feedforwarding the high
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frequency components of the environment force to the operator in parallel with the wave
variables in [98]. The feedforwarding overcome the information lost in the filtering per-
formed by the wave impedance and improves the perception of hard contact.

For teleoperators with conventional communications via velocities and forces, model
based, discrete time Linear Quadratic Gaussian (LQG) control was used in [92] to im-
prove the performance of switching from free motion to rigid contact. A similar approach
was employed to increase the transparency of cooperative teleoperation during switching
in [89]. Neither the multi-rate nature of the cooperative teleoperation over packet-switched
networks nor the delay variation were considered in the LQG approaches.

2.2 Cooperative haptics

This section presents the work related to cooperative haptics over computer networks. Hap-
tic cooperation among multiple users was investigated through:

2.2.1 Experimental research

The effect of force feedback on the performance and efficiency of cooperative applica-
tions was examined in [90]. The results show that, when provided with haptic and visual
feedback, users manipulate VOs faster and more precisely than when provided with visual
feedback alone. The impact of time delay on the stability and performance of collaborative
networked haptic systems was investigated in [3, 4, 49]. Those studies confirm that com-
munication delays severely decrease the performance of haptic collaboration in terms of
stability and transparency.

Two peer-to-peer and one client-server schemes for Internet-based haptic cooperation
were studied in [53, 85, 87]. All schemes use virtual coupling1 [26] coordination between
peers and between clients and the server, respectively. In [85], the NIST Net network
emulator was used to emulate varying time-delay simulate the communication under the
Internet. All three studies concluded that the client-server architecture has better position
coherency than the peer-to-peer architecture, but that peer-to-peer architectures can achieve
similar position coherency as client-server schemes if suitable tuning of the virtual cou-
pling parameters is possible. Regardless of the architecture, the position discrepancy and
the forces rendered to the users increase as the network packet transmission rate decreases.

1The virtual coupler is a PD controller whose effect in haptics is to filter the impedances transmitted
across the communicationc link.
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Similar work with similar results were presented in [84] for constant communication de-
lay. A comparison of virtual coupling, wave variable and time domain passivity control
of peer-to-peer haptic cooperation was performed in [86]. It illustrate that tuned virtual
coupling achieves the best position coherency, whereas wave variable control renders the
most accurate forces to the users.

Practical implementation of multi-user, Internet-based haptics was presented in several
works, including Tele-handshake [78], which demonstrate hand shaking supported through
client-server communications. A system which allows users to impose forces on each other
and on shared VOs was introduced in [20, 40]. A prototype surgical simulation applica-
tion connected participants in Sweden and Australia over a standard Internet connection
in [38, 39]. Collaborative sculpting of virtual clay across the Internet was enabled by the
system in [37]. A preliminary networked haptic game implementation allowed online play-
ers to feel the handling a basketball in [96]. Collaborative haptic assembly was supported
by peer-to-peer and client-server communications in [45], and only by peer-to-peer com-
munications in [34,44,46]. Wave variable-based compensation of constant communication
delay and heuristic tuning of the wave impedance was demonstrated in [42] for a multi-
DOF haptic system. Most recently, distributed haptic interfaces along with deformable
object modeling were used within a collaborative product development and prototyping
framework in [60].

2.2.2 Analytical research

The time varying delay problem of haptic cooperation over packet-switched networks was
tackled in [9, 10]. The proposed solution employs a Smith-like predictor that, unlike the
conventional Smith predictor, does not require the estimation of the time delay. However,
precise models of the cooperating haptic interfaces are still needed. Furthermore, the anal-
ysis were performed in continuous time.

The multiple rates inherent in haptic cooperation over networks with limited packet
transmission bandwidth, like LANs, MANs, and the Internet, were modeled in [32] using
the multi-rate state space framework introduced in [7]. Virtual coupling coordination was
considered in the analysis. Both analysis and experiments indicate that: (i) stiffer contacts
can be rendered to peer users than to remote clients connecting to a centralized VE; and
(ii) larger communication delays increase the operator-perceived damping both over peer-
to-peer and over client-server architectures. Careful identification of the haptic interfaces
is required to compensate for the damping induced by virtually coupling the users among
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themselves or to the server in the presence of communication delay.
A linear matrix inequalities framework based on passivity and virtual coupling coor-

dination was introduced in [14, 15] for the analysis and design of multi-user/multi-contact
haptics systems without communication delay. Sufficient conditions for the passivity of
such systems were formulated as linear matrix inequalities. In turn, the matrix inequalities
allows the parameterization of a wide class of stabilizing virtual couplers. The framework
requires the models of the human operators and haptic devices to guarantee performance.
Furthermore, it does not include a transparency analysis.

Compensation, of the negative effect of communication delay on the stability and trans-
parency of networked haptic cooperation, based on state prediction was proposed in [71].
An optimization formulation allows control gains to be selected which maximally enhance
performance while maintaining the haptic cooperation stable.

A stability and transparency analysis of networked, cooperative haptic manipulation
of a simple spring-mass-damper VE was introduced in [57]. It determines the maximum
allowable delay without considering the effects of the zero-order-hold (ZOH), i.e., without
considering the sampled-data nature of haptic interaction. Delay compensation based on
the identified allowable delay guarantees the performance of the overall system. The impact
of the ZOH on the stability results is unclear. The extension of the proposed compensation
to cooperative haptic manipulation of more complex VE models is also not straightforward.

Since the developed passive multirate wave communications in this research also appli-
cable to a single-user haptic interaction and on the other hand part of the research is devoted
to improving the performance of the passive multirate wave control by using a local model,
the next section presents the works related to multirate control of slow VEs as well as the
techniques provided up to date for utilizing a local model in haptic systems.

2.3 Multirate haptics

2.3.1 Multirate Control

Multirate control has long been a key strategy for increasing the contact stiffness in slow
VEs. However, mostly multirate haptic control with power domain communications has
been studied to date. The power domain connection between a fast force feedback loop
and a slow VE was shown to generate un-physical energy [67, 68] which grows with the
sampling time and the stiffness of the VE [67] and destabilizes the interaction. To increase
the contact stiffness provided to users, existing research sought: (i) to decrease the VE
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sampling time; and (ii) to dissipate the artificial energy via passivity-based multirate control
or via hardware.

The VE sampling time was decreased: (i) via efficient collision detection algorithms;
and (ii) via local models of interaction. Efficient collision detection algorithms [36, 54, 59]
alleviates the collision detection bottleneck typical in rigid VEs with complex geometries
and allows the simulation to run at haptic rates. However, the stability of the haptic inter-
action in VEs employing those algorithms is not guaranteed [36].

The artificial energy due to sampling can be dissipated: (i) via hardware; and (ii) via
passivity-based control. Electrical damping [52, 66, 102], magneto-rheological brakes [5]
and eddy current brakes [35] were explored to increase the physical damping of the haptic
interface and thus, permit stable interaction with stiffer VEs. Hardware approaches can
be costly to implement and not trivial to extend to multi degrees of freedom haptic inter-
faces. Only proof of concept implementations have been presented to date. Passivity-based
multirate controllers were devised based on frequency, time and wave domain methods.
Frequency domain analysis connects the fast force feedback loop to a slow VE via vir-
tual coupling [67, 68]. The virtual coupler is a conservative design because it dissipates
energy throughout the interaction although the slow VE may be active only during cer-
tain simulation steps. Time domain analysis aims to dissipate only the spurious energy,
via passive sampling-and-hold [16, 80, 82, 95] or via passive-set-position-modulation [56].
Passive sampler-and-holds need to predict the energy balance over a VE step and therefore,
assume a sufficiently small VE sampling time [16, 80, 82] or additional physical damp-
ing [95]. Passive-set-position-modulation maps the modulated VE position to forces sent
to users through a virtual coupler. Hence, for significant VE sampling time, time domain
passivity-based multirate controllers still need fixed dissipation in the feedback loop. Wave
domain analysis connects the fast force feedback loop to the slow VE via multirate wave
communications [19]. The rate drop/increase was modeled as a series of time delays and
aliasing was not considered [19].

2.3.2 Local Model

A key approach to enabling a fast force control loop in the presence of computational delay
of the virtual environment exploits a fast local model of interaction either in conjunction
with the original slow virtual environment [12, 17] or in its place [48, 62, 101]. In essence,
the fast local model is a simulation with reduced numerical complexity that computes the
force feedback at typical haptic frequencies and thus, increases the stability and trans-
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parency of the haptic interaction. Local models of interaction were proposed for haptic
manipulation both of rigid [27] and of deformable [11,12,48,58,62] virtual environments.
Since this work does not address the development of a local model of interaction, the reader
is referred to [48] for a recent comprehensive overview.

A local model can be used in various architectures in conjunction with diverse con-
trol strategies. In [12], a local model comprising a fixed stiffness was used together with
virtual coupling [2, 25] control. Lifting [33] was employed to derive the closed loop sta-
bility of a multirate simulation with the constant stiffness local model [12], and to show
that the simulation loop is stable if the local stiffness is lower than the stiffness of the slow
virtual environment. The results in [12] indicate that a fixed stiffness local model cannot
be used to increase the gain of the force feedback loop and thus, to increase the range
of contact impedances that can be rendered to users interacting in slowly updated virtual
environments. In [62], pre-computed passive local models substitutes the slow virtual en-
vironment and a switching between the local models was devised to passively activate
them. The resulting passive interaction forces guarantee stable interaction, and the phys-
ical accuracy of the pre-specified local models ensures fidelity. The passive activation of
the local models [62] guarantees the stability of the haptic manipulation of any slowly up-
dated deformable virtual environment but requires passive local models to be pre-defined.
In [17, 48], a real-time technique was offered to generate a lower-order approximation of
a full order virtual environment model. The lower-order-approximation local model was
used in conjunction with the full-order virtual environment in [17], and was used in place
of the full-order environment in [48]. Substituting a local model for a slow virtual envi-
ronment improves the stability of the haptic interaction [62], but the transparency of the
interaction hinges on the accuracy of the local model. Oftentimes no guarantee is provided
for such accuracy. Using a local model in conjunction with the slow virtual environment
may threaten the stability of the haptic system [12].
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Chapter 3

Summary of Contributions

The contributions in this dissertation are contained in the five papers provided in Appen-
dices A through E. This chapter summarizes these contributions and explains how they are
connected toward the aims of the present work.

3.1 Passive Multirate Wave Communications for Haptic
Interaction in Slow Virtual Environments (Appendix
A)

Phase lag introduced in the control loop by the slow update rate of VEs or the limited
packet transmission rate of computer networks can make a haptic interaction unstable. To
overcome this problem, a multirate wave variable control framework is adopted for multi-
rate haptic interaction. In the multirate wave variables framework, wave communications
are used to connect the force control loop which runs at the fast 1-KHz haptic frequency
to the remote VE or/and the VE which runs at a slow and fixed frequency. In this frame-
work, the change of the sampling rate occurs in the wave communications. To investigate
the effect of the rate change, an analysis of the discrete-time energy balance in the wave
communications is performed. The rate changes in outgoing and incoming channels are
modeled by a domwnsampler and an upsampler respectively. By using Parseval’s theorem
it is shown that the communication channels remain passive in the absence of aliasing. An
illustrative numerical example is provided to prove that aliasing can violate the passivity of
the communication channels, i.e. by injecting unphysical energy to the system. It is con-
cluded that avoiding aliasing is the passivity condition for the wave communications in the
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presence of rate change. Hence, by using a low-pass anti-aliasing filter whose cutoff fre-
quency is less than the update rate of the wave communications, it is possible to guarantee
the passivity of the multirate wave variables framework. The obtained passivity condition
is validated through a numerical example in which multirate wave variables frame work
with anti-aliasing low-pass filter are used, i.e. a multirate haptic system with passive mul-
tirate wave communications. In this example, the stability region of the haptic system for
different cutoff frequencies and sampling drop rate factors is obtained. The stability region
is compared with the passivity region of the wave communications derived in the first part.

Lifting [33] is used to study the performance of the proposed control strategy in fre-
quency domain. By using lifting the multirate haptic system with wave control is converted
to a unirate system and its frequency response is compared with the frequency response
of an ideal haptic ineraction, i.e. fast direct coupling control. The results show that by
increasing wave impedance in low frequency the response of the haptic system with wave
control gets closer to the the response of the ideal system whereas in high frequency by
increasing wave impedance the response of the system deviates from the response of the
ideal system.

Finally, the performance of passive multirate wave communication is checked experi-
mentally. In the experiments, the Z-width of a haptic system with direct coupling control
is compared with the Z-wdith of the same haptic system with passive multirate wave com-
munications. The results show that by using passive multirate wave communications, it is
possible to render stiffer contacts to the users and passive wave variables control provides
a robust solution for multirate haptic systems.

The main contributions of this part of the research are:

• An analysis of the discrete-time energy balance in the multirate wave channels which
reveals that they are passive only if the rate drop does not introduce aliasing.

• Analytical and numerical verification of the passivity condition for multirate wave
communications connecting a fast haptic feedback loop to VEs with various stiff-
nesses and update rates.

• A frequency domain analysis of the transparency of multirate wave variable control
of haptic interaction in slow VEs.

• Experimental validation of the ability of passive multirate wave communications to
render stiffer slow VEs than direct coupling. The experiments also illustrate that the
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haptic interaction in a slow VE with multirate wave communications can become
unstable when the decrease of the wave sampling rate introduces aliasing.

For further information, the reader is directed to Appendix A. In the next part of this
research, the developed passive multirate wave communications is applied to a client-server
cooperative haptic system with two users.

3.2 Centralized Multirate Wave Variables Control of Hap-
tic Cooperation in Rigid Virtual Environments (Ap-
pendix B)

This part of the work is concerned with increasing the realism of haptic cooperation among
client users connected to a centralized VE over a LAN or a high-speed MAN. To enable
the clients to cooperatively manipulate stiffer centralized virtual objects across networks
with packet update rates lower than the rate of force control loops and in the presence of
time delay, the users are connected to the central server through passive multirate wave
communications, introduced in the first part of this research. The multirate state space
model [7] is used to derive the stability region for a cooperative haptic system with two
remote users. The stability regions are obtained for i) different time delays, and ii) dif-
ferent cutoff frequencies of the low-pass anti-aliasing filter which is used to maintain the
passivity of the wave communications. Also, in order to compare the performance of pas-
sive multirate wave variables with the traditional cooperative control strategy, i.e. direct
coupling, stability regions for different time delays are obtained for a cooperative haptic
system with traditional control. The analysis predicts two important advantages of passive
multirate wave variables control over traditional multirate control of centralized haptic co-
operation: (i) it enables users to manipulate much stiffer virtual objects together and hence,
it increases the realism of haptic cooperation in centralized virtual environments; and (ii) it
renders a maximum stiffness of the virtual environment that is unaffected by the network
delay. Hence, the stability analysis suggests that passive multirate wave variables commu-
nications have benefits for multirate haptic cooperation similar to their benefits for haptic
manipulation of slowly updated virtual environments. On the other hand, the results show
that by using inappropriate low-pass filter, i.e. a low pass filter with cutoff frequency greater
than the update rate of the communication channels, the stability region shrinks. The ana-
lytical results are validated experimentally. In the experiments two remote users are asked
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to move a common virtual cube along a prespecified trajectory. The virtual cube is simu-
lated on a central server and the users are connected to the central server though a LAN.
The experiments are repeated for different time delays in the communication channels.

On the other hand, the initial force feedback in the experiments was to noisy. To get
smoother force feedback, a First-Order-Hold (FOH) expander in the wave communications
is used in place of a Zero-Order-Hold (ZOH) expander. The results show that FOH signifi-
cantly mitigated the force feedback noise. By carrying out time domain passivity analysis,
it is shown that utilizing a FOH expander in the wave communications does not violate the
passivity of the system.

The main contributions of this part of the research are:

• A stability analysis of centralized haptic cooperation with passive multirate wave
variables communications that considers the constant delay and the bandwidth limi-
tation of the LAN/MAN networks.

• A comparative analysis of the stability of passive multirate wave variables control to
the stability of traditional control of centralized haptic cooperation.

• Experimental validation of the analytical results which proof that stiffer contact com-
pared to traditional control strategy is achievable.

• Using a FOH expander in place of a ZOH expander to alleviate the force feedback
noise.

For further information, the reader is directed to Appendix B. The second half of the
research is devoted to dealing with problems ensue from utilizing passive multirate wave
variables control. The problems to be addressed are: i) computational delay due to con-
necting a wave variable controller to an unknown VE, ii) noisy force feedback due to noisy
velocity signal, and iii) poor performance at some frequency ranges. In the next part of
this research the problem of connecting passive wave variable control to an unknown VE
is investigated.

3.3 Passive Wave Variable Control of Haptic Interaction
with an Unknown Virtual Environment (Appendix C)

This part of the work proposes a technique for passively connecting a wave variable con-
troller to an unknown VE. A VE is considered unknown when its properties such as damp-
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ing and/or stiffness are unknown or its mathematical model is not available. Since the
velocity command decoded on the slave side is a function of both the incoming wave vari-
able and the force output of the VE and on the other hand also the force output of the
VE depends on the decoded velocity command, an algebraic loop shows up when wave
communication is used to connect a haptic interface to a VE. To study the effect of the
algebraic loop on the stability of a haptic system, the Jury-Marden stability criterion is
used to analyze the stability of a haptic interaction with a virtual wall for two cases: i) the
algebraic loop can be unwrapped, either through iteration or through exploiting the model
of the virtual environment; and (ii) the algebraic loop is eliminated through one step com-
putational delay when the VE is unknown and/or a slow simulation update rate precludes
the use of iteration. To simplify the analysis and reduce the number of parameters the wall
parameters are converted to non-dimensional parameters. The results show that the compu-
tational delay significantly decreases the stability region of a haptic interaction system. On
the other hand by performing a time domain passivity analysis, the amount of unphysical
energy injected to the feedback loop by the computational delay is derived. By using the
result of passivity analysis an algorithm is proposed to compensate the destabilizing effect
of the computational delay and to guarantee passive connection of the wave variable com-
munication to an unknown VE. Lastly, the analytical results are validated via controlled
experiments.

The main contributions of this part of the research are:

• Non-dimensional Jury-Marden stability analysis of the haptic interaction with a vir-
tual wall with computational delay and without computational delay

• Time domain passivity analysis of the slave side of wave communications including
computational delay

• Developing an algorithm to compensate the nonphysical energy injected by compu-
tational delay

• experimental validation of the performance of the proposed algorithm

For further information, the reader is directed to Appendix C.
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3.4 Passive Velocity Filtering for Haptic Applications with
Wave Control (Appendix D)

This part of the research is concerned with designing a passive velocity filtering for haptic
applications with passive multirate wave variables control. When passive wave variables
control is used, the velocity of the haptic interface is directly fedback to the human oper-
ator with a large gain, i.e. wave impedance. To study the effect of the wave impedance
on the performance of a haptic system with wave control, lifting [33] is used to convert
the multirate system to a unirate system. Then, the frequency response of the unirate sys-
tem is obtained. The results show that in low frequencies, increasing the wave impedance
improves the performance of the haptic interaction but in high frequencies by increasing
wave impedance the frequency response of the haptic system deviates from the frequency
response of the ideal haptic interaction. On the other hand, since the velocity signal pro-
vided by most haptic devices is noisy, the direct feedback of the velocity signal results in
a noisy force feedback to the user. By low-pass filtering the velocity signal, it is possible
to tackle the problems induced by direct velocity feedback but low-pass filtering imposes
phase lag to the control loop and can make the system unstable. To overcome these prob-
lems, this part of the research proposes a new filter bank architecture for passive velocity
filtering. In this architecture, the outgoing wave variable in the master side is split into two
signals by using low-pass and high-pass filters. The output of the low-pass filter is fed to
the slowly updated/remote VE and the output of the high-pass filter is used to passively
filter the velocity signal. Actually, by some manipulations it is shown that having a high-
pass filter in the wave domain is equivalent to having a low-pass filter in the direct velocity
feedback loop. By passivity analysis of the proposed filter bank architecture, the passivity
condition of the proposed architecture is derived. Since available filters are not ideal, the
design of the filters are formulated as a minimax problem based on the passivity condi-
tion. By using lifting, the performance of the proposed architecture is studied in frequency
domain and it is shown that the proposed architecture improves the performance of the sys-
tem in high frequencies. The analytical results are confirmed experimentally, especially the
effectiveness of the proposed design method and appropriate performance of the filtering
scheme in terms of noise removal.

The main contributions of this part of the research are:

• Introducing a new filter bank architecture for velocity filtering

• Time domain passivity analysis of the proposed architecture
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• Formulating the filter design problem as a minimax problem

• Frequency response analysis of the proposed architecture

• experimental validation of the analytical results

For further information, the reader is directed to Appendix D.

3.5 Wave Filter Bank for High Fidelity Passive Multirate
Haptic Interaction with Slowly Updated Virtual Envi-
ronments (Appendix E)

This part of the work proposes a new filter bank structure for utilizing a local model of
interaction in the application with passive multirate wave communications. The proposed
structure comprises a low-pass and a band-pass filter. The outgoing wave signal in the
master side is split into two signals by using these filters. The output of the low-pass
filter is sent to the remote or slowly updated VE and the output of the band-pass filter
is fed to the local model of interaction. In order to obtain the frequency response of the
system, lifting [33] is used to convert the multirate haptic system to a unirate system. The
results show that the filter bank structure with local model improves the transparency of the
system in high frequencies, but have little effect on the performance of the system in low
frequencies. Increased transparency in low frequencies is achieved via adding an additional
term to the returning wave at the master side vm [31]:

vm = vm−Kp(xm− xs), (3.1)

where Kp is a constant gain, and xm and xs are the position of the haptic device and the posi-
tion of its avatar in the virtual environment, respectively. On the other hand this extra term
might have destabilizing effect on the system. By using lifting and converting the multirate
system including the extra term to a unirate system, the stability region for various local
model parameters, VE parameters, and Kp is derived. The result shows that the local model
parameters and Kp has little impact on the stability of the overall system and even by adding
a local model of interaction higher stiffness is achievable in the VE. The performance of
the proposed structure is investigated in frequency domain. The results show that the filter
bank structure with position feedback significantly improves the performance of a haptic
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system in both low and high frequencies and in some frequencies the response of the haptic
system with filter bank structure matches with the response of the ideal system. Finally, the
analytical results are confirmed by experimental results.

The main contributions of this part of the research are:

• Introducing a new filter bank architecture for utilizing a local model of interaction in
wave domain

• Stability analysis of the proposed structure

• Frequency response analysis of the proposed filter bank architecture

• Experimental validation of the analytical results

For further information, the reader is directed to Appendix E.
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Chapter 4

Conclusion and Future works

This dissertation is devoted to developing a robust control framework for multirate net-
worked haptic applications. Limited packet transmission rate, slow Virtual environment
(VE), packet loss, transmission delay, and computational delays make a networked haptic
system a multirate system with time delay. To tackle these problems, this work adopts
multirate wave variables framework. In this framework, instead of power variables, i.e.
force and velocity, wave variables are exchanged between the fast force loop control and
the remote/ slow VE and the rate change occurs in the communication channels. This
work starts with an investigation of passivity condition in the wave variables communica-
tions channels. Time domain passivity analysis shows that the communication channels
are passive if aliasing due to rate change does not happen. To avoid aliasing and guarantee
the passivity of the communication channels, an anti-aliasing lowpass filter whose cutoff
frequency is less than the update rate of the communication channels is used before the
rate change. The performance of the proposed passive multirate wave variables control
(PMWVC) is examined numerically and experimentally. The results proof that by using
PMWVC, it is possible to render much stiffer contact to the users compared to direct cou-
pling control and by appropriate filtering the system is robust against rate change in the
communication channels.

In the next part of this work, the proposed PMWVC is applied to a cooperative haptic
system. In this haptic system, two remote users cooperatively manipulated a common
virtual cube simulated on a central server. The clients are connected to the server through
a LAN network. By using multirate state space model, the stability regions of the system
are obtained for different time delays and different cutoff frequencies of the anti-aliasing
lowpass filter. The results show that compared to the traditional control strategy, higher
stiffness can be rendered to the users and the maximum stiffness is unaffected by the time
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delay. On the other hand, the results confirm the passivity condition obtained in the first
part of the research because by choosing a cutoff frequency greater than the network rate,
i.e. packet transmission rate, the stability region shrinks significantly. Experiments are
provided to support the analyses.

From the results of the first and second part of this research it can be concluded that
PMWVC provides a robust solution for cooperative haptic applications with rate change
and constant time delay. The second half of the research is devoted to addressing the
problems ensue from using PMWVC in a haptic system.

First, the problem of connecting wave communications to an unknown VE is addressed.
Indeed, connecting passive multirate wave communication to an unknown VE results in an
algebraic loop. The algebraic loop is eliminated by imposing one step computational de-
lay to the salve side of the wave transformation. The stability analysis of a haptic system
with an unknown VE shows that the computational delay significantly shrinks the stability
region. On the other hand, time domain passivity is performed to study the effect of the
computational delay on the passivity of the connection. The result shows that the com-
putational delay injects unphysical energy to the system. Based on the passivity analysis
an algorithm for passive connection of the wave communication to an unknown VE is
proposed. The performance of the proposed algorithm is examined experimentally. The
experimental results indicate that the proposed algorithm removes the injected energy and
makes the system stable.

In the next part of the research, a filter bank structure for passive velocity filtering is pro-
posed. In this structure the outgoing wave variables is split into two frequency ranges using
lowpass and highpass filters. The output of the lowpass filter is sent to the slow/remote VE
and the output of the highpass filter is used to filter the velocity. The design of the filter
bank structure is formulated as a minimax problem. Lifting is used to study the trans-
parency of the proposed structure and the performance of the velocity filter is examined
experimentally.

In the last part of the research, another filter bank structure is proposed for utilizing a
local model of interaction with PMWVC to improve the performance of a haptic system
with PMWVC in all frequencies. The proposed filter bank structure comprises of a lowpass
and a bandpass filter. The output of the lowpass filter is fed to the slow/remote VE and the
output of the bandpass filter is fed to a fast local model. For improving the performance
of the system in low frequencies an additional term, the difference between the position of
the haptic interface and the position of its avatar in the VE, is added to the incoming wave
variable. Again, lifting is used to investigate the performance of the proposed structure in
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frequency domain. The results show that the proposed structure significantly improves the
transparency of the system. On the other hand the stability region of the system is derived
for different parameters of the VE, local model, and the gain of the additional term. The
results proof that utilizing a local model in this structure has little impact on the stability of
the overall system.

The experimental and analytical results suggest that the proposed amendment to PMWVC
in the second half of the research makes it applicable to wider range of haptic applications,
provides smoother force feedback to the user, and significantly improves the transparency
of the haptic system in all frequency ranges.

The passive multirate wave communications share the limitations of wave variables
controllers [73, 99]. They: (i) may suffer from position drift; (ii) may degrade perception
via wave reflections; and (iii) cannot provide ideal kinesthetic coupling [108] because of
their intervening impedance, which acts as a spring inversely proportional to the VE sam-
pling time [73] and eliminates high frequencies from the forces rendered to users. Position
drift can be diminished via transmitting wave integrals together with the wave signals [73],
via modulation of the outgoing wave [73], or via adding user-perceived and environment
forces [105] to the outgoing wave. Wave reflections are opportunely eliminated by the pro-
posed anti-aliasing filter. As it is shown in Appendex A and Appendix E, the transparency
of the haptic system with PMWVC hinges on the wave impedance. Although PMWVC
gaurantees the passivity of the system, wave impedance must be tuned for the best perfor-
mance of the haptic system and this is the main weakness of the proposed frame work.

Extending the results to time varying multirate systems and formulating the design of
the proposed filter bank structure in the last part of the research as an optimal control
problem can be considered as the future works. Currently the filters of the proposed filter
bank structure are selected heuristically. Also all analyses and experiments in this research
are restricted to one degree of freedom (DOF) or 3 DOF point interactions. Extending
the results to include more degrees of freedom with virtual body twists and wrenches is
considered among the future works.
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Abstract

Haptic interaction in slow virtual environments (VEs) can become unstable due to the phase lag introduced

in the control loop by the slow update rate of the VE. Increasing the physical damping and/or limiting the contact

stiffness rendered to users can mitigate the destabilizing effect of the low VE update rate. However, large physi-

cal damping and compliant virtual contacts decrease the sense of presence in VEs, especially during interaction

with rigid virtual objects. To increase the maximum virtual contact stiffness can be rendered to users without

increasing the interface damping, this paper proposes a control strategy based on multirate wave communica-

tions between a haptic interface and a VE updated at a slow and fixed rate. The multirate wave communications

are shown to be guaranteed passive only if the decrease of the wave sampling rate at the connection between the

haptic interface and the VE does not cause aliasing. Therefore, an anti-aliasing low-pass filter is placed before

the wave rate drop in the communications. The passivity condition is verified analytically and numerically for

multirate haptic interaction in VEs with various contact stiffnesses and update rates. The transparency of hap-

tic interaction in slow VEs to which users connect via passive multirate wave communications is investigated

analytically in the frequency domain. Experiments validate that passive multirate wave communications can

render stiffer contact in slow VEs than conventional direct coupling, and illustrate the destabilizing effect of the

aliasing caused by the sampling rate drop in the communications.

keywords: Haptics, slow virtual environments, wave variables, multirate control.

1 Introduction

This paper aims to enhance the realism of haptic interaction in VEs updated at a slow and fixed rate. In slow

VEs, the update rate of the simulation limits the contact stiffness that can be stably displayed to users [1, 2] and

thus, degrades the fidelity of haptic feedback. To increase the maximum virtual stiffness which can be rendered

to users who manipulate slow VEs, this paper connects the haptic interface to the VE simulation through passive

multirate wave communications.

Multirate control has long been a key strategy for increasing the contact stiffness in slow VEs. However,

mostly multirate haptic control with power domain communications has been studied to date. The power domain
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connection between a fast force feedback loop and a slow VE has been shown to generate un-physical energy [3, 4]

which grows with the sampling time and the stiffness of the VE [3] and destabilizes the interaction. To increase

the contact stiffness provided to users, existing research has sought: (i) to decrease the VE sampling time; and

(ii) to dissipate the artificial energy via passivity-based multirate control or via hardware.

The VE sampling time has been decreased: (i) via efficient collision detection algorithms; and (ii) via local

models of interaction. Efficient collision detection algorithms [5, 6, 7] alleviate the collision detection bottleneck

typical in rigid VEs with complex geometries and allow the simulation to run at haptic rates. However, the stability

of haptic interaction in VEs employing those algorithms is not guaranteed [5]. Local models of interaction have

been offered for haptic manipulation both of rigid [8] and of deformable [9, 10, 11, 12, 13, 14, 15, 16] VEs,

for use in conjunction with the delayed VE [9, 11], or in its place [12, 10, 16]. However, stability guarantees

have been provided only in [11], based on multirate analysis, and in [12], based on passivity arguments. The

local model [11] is suitable only for high fidelity haptic feedback in compliant VEs because it lacks damping

and would lead to large oscillations when stiff contacts are initiated. The local models [12] are also restricted

to interaction with deformable VEs until a technique for pre-specifying local models of rigid body interaction is

devised.

The artificial energy due to sampling can be dissipated: (i) via hardware; and (ii) via passivity-based con-

trol. Electrical damping [17, 18, 19], magneto-rheological brakes [20] and eddy current brakes [21] have been

explored to increase the physical damping of the haptic interface and thus, permit stable interaction with stiffer

VEs. Hardware approaches can be costly to implement and not trivial to extend to multi degrees of freedom

haptic interfaces. Only proof of concept implementations have been presented to date. Passivity-based multirate

controllers have been devised based on frequency, time and wave domain methods. Frequency domain analysis

has connected the fast force feedback loop to a slow VE via virtual coupling [3, 4]. The virtual coupler is a

conservative design because it dissipates energy throughout the interaction although the slow VE may be active

only during certain simulation steps. Time domain analysis has aimed to dissipate only the spurious energy, via

passive sampling-and-hold [22, 23, 24, 25] or via passive-set-position-modulation [26]. Passive sampler-and-

holds need to predict the energy balance over a VE step and therefore, assume a sufficiently small VE sampling

time [22, 23, 25] or additional physical damping [24]. Passive-set-position-modulation maps the modulated VE

position to forces sent to users through a virtual coupler. Hence, for significant VE sampling time, time domain

passivity-based multirate controllers still need fixed dissipation in the feedback loop. Wave domain analysis

has connected the fast force feedback loop to the slow VE via multirate wave communications [27]. The rate

drop/increase has been modeled as a series of time delays and aliasing has not been considered [27].

This paper adopts a multirate wave variable control framework for haptic interaction in slow VEs. In the

multirate wave variable framework, the force control loop runs at the fast 1 KHz haptic frequency, the VE runs at

a slow and fixed frequency, and the change of the sampling rate occurs in the wave variable communications. The

first contribution of this work is an analysis of the discrete time energy balance in the multirate wave channels

which reveals that they are passive only if the rate drop does not introduce aliasing. To ensure passive multirate

wave channels, this paper places an anti-aliasing low-pass wave filter before the rate drop in the communications.

Low-pass wave filtering has previously been used in [28] to overcome instability due to a hold-last-sampler ad-

IEEE/ASME Transactions on Mechatronics, vol.18, no.1, pp.328-336, Feb. 2013



40

dressing packet loss in packet-switched communications. However, the low-pass filters [28] have been designed

heuristically, whereas the low-pass filter in this paper results from time domain energy considerations and guaran-

tees passive multirate wave communications. The second contribution is the analytical and numerical verification

of the passivity condition for multirate wave communications connecting a fast haptic feedback loop to VEs with

various stiffnesses and update rates. The third contribution is a frequency domain analysis of the transparency

of multirate wave variable control of haptic interaction in slow VEs. The fourth contribution is the experimental

validation of the ability of passive multirate wave communications to render stiffer slow VEs than direct coupling.

The experiments also illustrate that the haptic interaction in a slow VE with multirate wave communications can

become unstable when the decrease of the wave sampling rate introduces aliasing.

The proposed passive multirate wave communications have several advantages. (i) Unlike controllers that

enforce passive sampling-and-hold of power domain signals [22, 23, 24, 25], they maintain an exact energy

balance without requiring prediction and without assuming a sufficiently small VE sampling time. (ii) They

neither depend on a passive numerical integrator whose extension to rigid body interaction is unclear, like the

passive set-position-modulation strategy [26], nor require pre-computed local models of interaction, like the

passivity-based control in [12]. Therefore, the passive multirate wave communications should be extensible to

6DOF haptic interaction in slow VEs provided body twists and wrenches are mapped to 6DOF wave variables

as in [29]. Future work will investigate this extension. (iii) As shown in Section 3, the passive multirate wave

communications are practical to implement. They require only a low-pass filter with gain limited below unity

and cutoff frequency half the update rate of the slow VE to be placed in the forward wave path before the wave

sampling frequency drops.

The passive multirate wave communications share the limitations of wave variables controllers [30, 31]. They:

(i) may suffer from position drift; (ii) may degrade perception via wave reflections; and (iii) cannot provide ideal

kinesthetic coupling [32] because of their intervening impedance, which acts as a spring inversely proportional to

the VE sampling time [30] and eliminates high frequencies from the forces rendered to users. Position drift can

be diminished via transmitting wave integrals together with the wave signals [30], via modulation of the outgoing

wave [30], or via adding user-perceived and environment forces [33] to the outgoing wave. Wave reflections

are opportunely eliminated by the proposed anti-aliasing filter. High frequency forces can be applied to users

via asymmetric wave communications with force [31] or acceleration [34] feedback, or via reusing the energy

dissipated by the anti-aliasing wave filter in a local model of interaction. Work in progress is investigating the

latter option. Future work will also address the passivity of wave communications for haptic interaction in slow

VEs with variable update rate.

In the remainder of the paper, Section 2 introduces the multirate model of haptic interaction in slow VEs.

Section 3 derives the passivity condition for multirate wave communications. Section 4 checks this condition

analytically and numerically for multirate haptic interaction in slow VEs with various contact stiffness and sam-

pling rates. Section 5 investigates the transparency of haptic interaction in slow VEs with passive multirate wave

communications. Section 6 offers experimental support to the analysis. Section 7 presents the conclusions of this

work.
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2 Problem definition

2.1 Multirate wave transformation

This work uses wave variable control [30] to tackle the change of sampling rate which arises in a haptic system

due to a slow VE. Figure 1 depicts the proposed multirate wave variable control strategy. It illustrates that

wave [30] (or scattering [35]) variables are transmitted between the haptic interface and the slow VE, and that

the rate change between the fast haptic feedback and the slow VE loops is modeled as wave downsampling and

upsampling. In Figure 1, notation is used as follows: M is the wave sampling rate drop/increase factor, and is

represented as communications downsampling/upsampling factor; ẋm is the velocity of the haptic interface; ẋs is

the velocity command transmitted to the VE through wave variable communications; Fs is the VE force; Fm is

the force applied to the haptic interface by the wave controller; um and vs are the output waves; us and vm are the

input waves; and b is the wave impedance. The output and input waves are related to the velocities and forces at

the haptic interface (master) and VE (slave) sides via [30]:

um(t) =
Fm(t)+bẋm(t)√

2b
vs(t) =

−Fs(t)+bẋs(t)√
2b

vm(t) =
−Fm(t)+bẋm(t)√

2b
us(t) =

Fs(t)+bẋs(t)√
2b

. (1)

xm

.
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+

+
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+
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(wave transformation + VE)
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_
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Figure 1: Multirate wave variable control of haptic interaction in a slow VE. The drop/increase of the wave

sampling rate at the connection between the master side and the slave side is modeled as communications down-

sampling/upsampling.

The haptic system in Figure 1 comprises three main components: (i) the human operator together with the

haptic interface, sampler, Zero-Old-Hold (ZOH) and the left side of the wave transformation, hereafter called the

master side; (ii) the communication channels; and (iii) the VE together with the right side of the wave transforma-

tion, hereafter called the slave side. If all three components are passive, haptic interaction in slow VEs becomes

an interconnection of passive systems and hence, strictly stable [1]. The master and slave sides can be made pas-

sive through suitable control [36]. The unirate wave communications are passive for constant transmission delay

both for continuous time [35, 30] and discrete time [37] implementation. The discrete time passivity condition

for multirate wave communications is derived in Section 3, and requires aliasing to be prevented when the wave

sampling rate drops at the connection between the fast haptic feedback loop and the slow VE loop.
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3 Passivity condition for multirate wave communications

Hereafter, a wave downsampler and upsampler pair is used to model the change of the wave sampling rate that

occurs in the wave communications that connect a fast haptic loop to a slow VE loop, as shown in Figure 1. The

aliasing due to the wave rate drop is also considered in the time domain passivity analysis below.

The two-port mechanical system with velocities ẋm(t) and ẋs(t), forces Fm(t) and Fm(t), and initial energy

E(0) depicted in Figure 1 is passive iff it obeys [30]:

∫ t

0
(Fm(t)ẋm(t)−Fs(t)ẋs(t))dt +E(0)≥ 0

∀t, admissible Fm(t), Fs(t). (2)

This two-port system employs wave domain communications. If continuous time implementation is assumed and

the communications rate drop and increase are ignored, the passivity condition of the two-port system can be

written as [30]:

∫ t

0

1
2
(
uT

m(t)um(t)+ vT
s (t)vs(t)

)
dt

≥
∫ t

0

1
2
(
uT

s (t)us(t)+ vT
m(t)vm(t)

)
dt

∀t, admissible um(t), vm(t). (3)

In other words, the continuous time wave communications are passive if the energy provided by the output waves

is less than the energy received via the input waves [30].

After defining truncated signals via:

uθ (τ) =





0 if τ < 0

u(τ) if 0≤ τ ≤ θ

0 if τ > θ

, (4)

the passivity condition in Equation (3) can be written for discrete time wave communications as:

∆E (t) =
1
2

[
N

∑
k=0

u2
mt (kT ) ·T −

N/M

∑
i=0

u2
st (iMT ) ·MT

]

+
1
2

[
N/M

∑
i=0

v2
st (iMT ) ·MT −

N

∑
k=0

v2
mt (kT ) ·T

]

≥ 0 ∀t ≥ 0, (5)

where ∆E(t) is the energy stored in the multirate wave communications at time t, T is the sampling interval of the

haptic loop, N is the signal length before the wave rate drop, and the rate drop factor M relates the VE sampling

interval TV E to the control sampling interval T via TV E = MT . For simplicity, only MT is used in place of TV E in

Equation (5) and in the remainder of the paper.
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Given the definition of the truncated signals in Equation (4), Equation (5) can also be written as:

∆E (t) =
1
2

[
∞

∑
k=−∞

u2
mt (kT ) ·T −

∞

∑
i=−∞

u2
st (iMT ) ·MT

]

+
1
2

[
∞

∑
i=−∞

v2
st (iMT ) ·MT −

∞

∑
k=−∞

v2
mt (kT ) ·T

]

≥ 0 ∀t ≥ 0. (6)

Since the ZOH expander is used to increase the sampling rate, the vmt (kT ) and vst (iMT ) wave signals are related

via:

vmt (kT ) = vst (iMT ), for (i−1)M ≤ k < iM. (7)

It follows that:
∞

∑
k=−∞

v2
mt (kT ) ·T =

∞

∑
i=−∞

v2
st (iMT ) ·MT , (8)

which shows that the ZOH rate increase is passive.

From Equations (6) and (8), the passivity condition for the multirate wave communications can be written as:

∆E(t) =
1
2

[
∞

∑
k=−∞

u2
mt (kT ) ·T −

∞

∑
i=−∞

u2
st (iMT ) ·MT

]

≥ 0 ∀t, admissible umt (t), ust (t), (9)

and, after application of Parseval’s theorem the second term in Equation (9) becomes:

∞

∑
i=−∞

u2
st (iMT ) ·MT =

T M
2π

∫ π

−π
|Us(e jΩ)|2dΩ, (10)

where Us is the discrete-time Fourier transform of ust .

If the maximum frequency in umt is |Ωmax|< π
M , then the drop of the wave sampling rate does not introduce

aliasing in the multirate wave transformation shown in Figure 1, and:

|Um

(
e jΩ
)
|= 0 ∀Ω >

π
M

. (11)

Moreover, in the absence of aliasing [38]:

Us(e jΩ) =
1
M

Um(e
jΩ
M ) ∀|Ω|< Ωmax <

π
M

. (12)

Using Equations (11) and (12), Equation (10) can be further manipulated to give:

T M
2π

∫ π

−π
|Us(e jΩ)|2dΩ =

T
2πM

∫ π

−π
|Um(e j Ω

M )|2dΩ

=
T
2π

∫ π

−π
|Um(e j Ω

M )|2d
Ω
M

=
T
2π

∫ π
M

−π
M

|Um(e jΩ1)|2dΩ1

=
T
2π

∫ π

−π
|Um(e jΩ1)|2dΩ1 =

∞

∑
i=−∞

u2
mt (n)T , (13)

which shows that ∆E(t) = 0 and the multirate wave transformation is passive when the rate drop introduces no

aliasing.
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When the decrease of the wave sampling rate causes aliasing, Equation (12) does not hold and the energy

stored in the multirate wave communications, ∆E(t) in Equation (9), can be positive or negative depending on

the aliasing-induced phase change [39]. Experimental validation that aliasing may or may not inject energy in

the multirate wave communications is presented in Section 6. To ensure a passive multirate wave transformation,

this paper prevents aliasing by placing an anti-aliasing low-pass filter with gain limited below unity before the

rate drop in the forward wave path from the device to the slow VE. The filter does not endanger stability because

the passivity of the wave variables is unaffected by delays or phase lag [30], and adds dissipation that prevents

sustained oscillations if its gain is less than unity.

Section 4 presents an example where aliasing injects energy into the multirate wave communications and

thus, into the haptic interaction system. Section 6 demonstrates the need for the anti-aliasing wave filter via

experiments.

4 Verification of the passivity condition

4.1 Example multirate wave transformation with aliasing

This section verifies the necessity of the passivity condition derived in Section 3 through a counterexample. For

ease of computation, the VE is considered twice as slow as the force control loop, M = 2. The frequency content

of the exemplary wave signal umt sampled at the haptic frequency is shown in Figure 2(a), and is such that

Ωmax >
π
2 and |Um|= α for |Ω|< Ωmax. As shown in Figure 2(b), the decrease of the wave sampling rate in the

forward path from the haptic device to the slow VE expands the spectral images of umt by a factor M = 2, causing

them to overlap, and therefore, introducing aliasing into ust (Figure 2).

The energy stored in the exemplary multirate wave transformation is computed by investigating the two terms

in Equation (9) separately. After applying Parseval’s theorem, the first term can be written as:
∞

∑
k=−∞

u2
mt (kT )T =

T
2π

∫ π

−π
|Um(e jΩ)|2dΩ

=
T
2π

∫ Ωmax

−Ωmax

|Um(e jΩ)|2dΩ =
T α2Ωmax

π
. (14)

After applying the downsampling theorem in the Z-domain:

Us(e jΩ) =
1
2
(Um(e j Ω

2 )+Um(e j Ω
2 − jπ)) (15)

and Parseval’s theorem, the second term in Equation (9) can be written as:
∞

∑
i=0

u2
s (i ·2T ) ·2T =

2T
2π

∫ π

π
|Us(e jΩ)|2dΩ

=
T
4π

∫ π

−π
|(Um(e j Ω

2 )+Um(e j Ω
2 − jπ))|2dΩ

=
T
4π

∫ 2(π−Ωmax)

2(Ωmax−π)
|Um(e j Ω

2 )|2dΩ

+
T
4π

∫ 2(Ωmax−π)

−π
|Um(e j Ω

2 )+Um(e j Ω
2 − jπ)|2dΩ

+
T
4π

∫ π

2(π−Ωmax)
|Um(e j Ω

2 )+Um(e j Ω
2 − jπ)|2dΩ. (16)
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Figure 2: Frequency content of a sampled wave signal with aliasing.
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After considering Figure 2(c), Equation (16) is simplified to:
∞

∑
i=−∞

u2
s (i ·2T ) ·2T =

T α2(π−Ωmax)

π

+
T α2(2Ωmax−π)

π
+

T α2(2Ωmax−π)
π

=
T α2(3Ωmax−π)

π
, (17)

and the energy balance in the communication channels becomes:

∆E =
∞

∑
k=−∞

u2
m(kT ) ·T −

∞

∑
i=−∞

u2
s (i ·2T ) ·2T

=
T α2Ωmax

π
− T α2(3Ωmax−π)

π

=−T α2(2Ωmax−π)
π

< 0. (18)

Equation (18) shows that aliasing caused by the decrease of the wave sampling rate can inject energy into the

system and thus, destabilize the haptic interaction in a slow VE.

4.2 Numerical example

In this section, the stability region for an example haptic system with multirate wave communications is com-

puted using: (i) the passivity condition of the multirate wave transformation derived in this paper; and (ii) the

eigenvalues of the state transition matrix of the multirate state space realization of the haptic system derived as

in [40].

The example haptic system includes a virtual wall connected through multirate wave communications with

wave impedance b = 25 Ns/m to a haptic interface with mass mHD = 0.15 kg and bHD = 0 Ns/m. The transfer

function of the slow VE is:

HV E(z) =
KTV E

2
z+1
z−1

, (19)

where K is the virtual stiffness. In the absence of computational delay, the transfer function of the slave side is:

Vs(z)
Us(z)

=
b−H(z)
b+H(z)

=
(2b−KTV E)z− (2b+KTV E)

(KTV E +2b)z+(KTV E −2b)
. (20)

After substitution of z = e jΩ and algebraic manipulation, Equation (20) gives:

∥∥Vs(z)
Us(z)

∥∥= 1, (21)

which shows that the slave side is passive independent of the VE sampling time and stiffness. A similar argument

holds for the master side and its transfer function Um(z)
Vm(z)

. Since the slave and master sides are passive, suitable

low-pass wave filtering of the multirate wave communications ensures their passivity and thus, guarantees the

stability of the example haptic system.

Figure 3 plots the stability regions for the example haptic system for different wave sampling rate drop factors

M, up to 10, and for different cutoff frequencies λc of a first-order anti-aliasing low-pass wave filter:

H f (s) =
a

s+a
, (22)
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where a is a constant. Since the filter is not ideal, λc is considered to be the frequency at which the magnitude

response of the filter is −20 dB. The stability regions in this figure are the areas under the plotted curves, and are

derived: (i) by imposing passive communications through anti-aliasing low-pass wave filtering (dotted line); and

(ii) by imposing closed loop stability for different values of the VE stiffness K (continuous lines).

0 2 4 6 8 10
0

200

400

600

800
λ c (

H
z)

M 

K=1500
K=5000
Passivity

Figure 3: Stability regions for the example haptic system with multirate wave communications derived: (i) by

imposing passive communications (dotted line); (ii) by imposing closed loop stability for different VE stiffness

values K (continuous lines).

As Figure 3 illustrates, all stability regions show the same trend and stability depends on the wave sampling

rate drop factor, M. As expected, the stability region obtained by feedback interconnection of passive sub-systems

is more restrictive than the closed-loop stability region of the haptic interaction in a specific slow VE.

5 Transparency analysis

This section uses the transmitted admittance:

H(z) =
Xm(z)
Fh(z)

(23)

to compare the transparency of haptic interaction in a slow VE to which the user connects via passive multirate

wave communications to the transparency of the “ideal” interaction in a fast VE to which the user connects via

direct coupling. The transmitted admittance of the haptic system with passive multirate wave communications

is computed after converting the multirate system in Figure 1 to a unirate system using lifting [41]. In the

analysis, the haptic device has mass mHD = 0.15 kg and physical damping bHD = 1 Ns/m. The VE has stiffness

K = 3500 N/m and damping B = 25 Ns/m, and is updated at 50 Hz.

Figure 4 plots the transmitted admittance versus the normalized frequency: for the “ideal” interaction in the

fast VE (dotted line); and for the interaction in the slow VE with passive multirate wave communications and
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with various wave impedance b (continuous lines). The magnitude of the transmitted admittance in this figure

indicates the inverse of the transmitted stiffness, 1
Km

.
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Figure 4: Frequency response of transmitted admittance for different wave impedances and frequency ranges,

and for a VE updated at 50 Hz and having stiffness K = 3500 N/m and damping B = 25 Ns/m.

Figure 4(a) plots the transmitted admittance in the low low frequency range, i.e., during enduring contact with

the VE. It illustrates that passive multirate wave communications transmit lower stiffness to users interacting

in slow VEs than direct coupling transmits to users interacting in fast VEs. Figure 4(a) also shows that the

transmitted stiffness, i.e., the performance of passive multirate wave communications, increases as the wave

impedance b increases. This is expected because, in low frequencies, the wave channels behave like a spring with

stiffness [30]:

Kcomm =
b

TV E
. (24)

Figure 4(b) plots the transmitted admittance in the high frequency range, i.e., when new contacts are established.

It shows that a larger wave impedance can increase the stiffness transmitted to the operator during short-lived

contacts. Whether users perceive this increase requires further investigation.

6 Experiments

This section presents two sets of experimental interactions with a slow virtual wall through a Phantom Omni

haptic interface. In the experiments, the haptic device is connected to a personal computer running Windows

Vista on an Intel Core 2 Duo CPU at 2.67GHz with 2 GB RAM. The slow virtual wall runs as a C++ console

application on the same computer. The console application has two threads: (i) a fast thread which runs the master

side including the low level control of the haptic interface and the filtering of the outgoing wave variable, um; and

(ii) a slow thread which runs the VE simulation including the graphics on the slave side. The OPENHAPTICS
T M

API is used to run the haptic thread at 1 KHz and the VE thread at 50 Hz. Since the console application runs on

the Windows operating system, exact sampling time cannot be guaranteed. However, the observed variation of

the sampling time is negligible.
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In both sets of experiments, a constant force Fh = 1 N is applied to the handle of the haptic interface as

the operator input to ensure the “same” user during successive interactions. According to Section 3, the wave

communications need to be low-pass filtered using a filter with cutoff frequency less than 1
(2)(0.02) s = 25 Hz

before their sampling rate drops from the high haptic rate to the slow VE rate to eliminate aliasing and thus,

ensure their passivity. An IIR-Butterworth filter, designed according to the specifications in Table 1 and using the

Digital Filter Design toolbox in Matlab, is used in the experiments.

Table 1: Anti-alising wave filter specifications for the experiments and performance analysis.

Filter Passband Stopband Passband Stopband

Freq (Hz) Freq (Hz) Amp (dB) Amp (dB)

LP 25 50 20 40

The results of the first set of experiments are presented in Figure 5. This figure plots the experimental Z-width

of the Phantom Omni interface obtained for the cases that the device is connected to the slow virtual wall: (i)

via direct coupling (dotted line); and (ii) via passive multirate wave variables (solid line). The results in Figure 5

demonstrate that multirate wave variable control can render contacts at least four times as stiff as direct coupling

to operators who use a Phantom Omni device to touch a virtual wall updated at 50 Hz.
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Figure 5: Z-width of the Phantom Omni device derived when (i) multirate wave transformation free of aliasing

(solid line) and (ii) direct coupling (dotted line) are used to connect the haptic interface to a virtual wall updated

at 50 Hz.

The second set of experiments investigates interactions of the Phantom Omni with a slow virtual wall via

passive multirate wave communications and via multirate wave communications with aliasing caused by the

wave sampling rate drop, respectively. In these interactions, the slow virtual wall has stiffness K = 3500 N/m and

damping B = 25 Ns/m, and the wave impedance is b = 80 Ns/m. The low-pass filter has a cutoff frequency 25 Hz

in the first experiment, and it has a cutoff frequency 250 Hz in the second experiment. According to Section 3,
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the multirate wave communications are free of aliasing and thus guaranteed passive in the first experiment, and

they include aliasing and are not guaranteed passive in the second experiment.

The interactions with the slow virtual wall via passive multirate wave communications and via multirate wave

communications with aliasing are presented in Figures 6 and 7, respectively. In these figures, xm is the position of

the haptic interface, xs is the position command in the slow VE, Fm is the force fed back to the operator, and Fs is

the force computed in the VE. Note that the haptic device settles on the virtual wall, i.e., the interaction is stable,

when controlled via passive multirate communications (Figure 6). In contrast, a limit cycle-like behavior arises

and the interaction is unstable when controlled via multirate wave communications with aliasing caused by the

wave sampling rate drop (Figure 7). The results in Figure 7 illustrate that aliasing can have a destabilizing effect

and thus, confirm the sufficiency of the condition derived for the passivity of the multirate wave communications

in Section 3.
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Figure 6: Experimental interaction with a slow virtual wall (K = 3500 N/m, B = 25 Ns/m, TV E = 0.02 s) via

passive multirate wave communications. The low-pass filter has cutoff frequency λc = 25 Hz.
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Figure 7: Experimental interaction with a slow virtual wall (K = 3500 N/m, B = 25 Ns/m, TV E = 0.02 s) via

multirate wave communications with aliasing. The low-pass filter has cutoff frequency λc = 250 Hz.
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Further confirmation that elimination of aliasing is sufficient to guarantee the passivity of multirate wave

communications is offered by a set of experiments in which the hand input is set to be a chirp signal with

frequency range 0−10 Hz. The hand input is applied for 30 s and the VE has stiffness K = 3500 N/m, damping

B = 25 Ns/m and sampling time TV E = 0.02 s. The multirate wave communications are low-pass filtered with

various cutoff frequencies using filters with specifications given in Table 2. The energy balance ∆E = E1−E2 is

observed during the experiments, where E1 is the energy after the filter and before the downsampler, and E2 is the

energy after the downsampler. Figure 8 plots the minimum energy balance during the interaction ∆Emin and the

energy balance at the end of the interaction ∆E f inal for the various filter cutoff frequencies. Note in this figure that:

(1) the filters with cutoff frequencies 10 Hz and 25 Hz maintain the energy balance zero or positive throughout

the interaction; (2) some filters with larger cutoff frequencies (50 Hz and 250 Hz in these experiments) may also

maintain a positive energy balance throughout or during certain periods of the interaction. Hence, aliasing does

not necessary inject energy in the multirate wave communications, but avoiding it guarantees their passivity.
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Figure 8: The final (dotted line) and minimum (continuous line) energy balance ∆E of the downsampler during

experimental interaction with a slow VE (K = 3500 N/m, B = 25 Ns/m, TV E = 0.02 s) for a 30 s chirp input with

frequency range 0−10 Hz, for various filter cutoff frequencies λc.

7 Conclusions

This paper has proposed passive multirate wave communications for increasing the contact stiffness that can be

stably rendered to users interacting in slow VEs. It has shown that multirate wave communications are passive

only if aliasing is prevented when the wave sampling rate drops in the forward path from the haptic device to

the slow VE. This passivity condition has been derived by computing the energy stored in the multirate wave

communications. The paper has ensured passive multirate wave communications through anti-aliasing low-pass

filtering of the wave signal before its sampling rate drops in the forward path from the haptic device to the slow

VE. Experiments have verified that: (i) compared to direct coupling, passive multirate wave communications can
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Table 2: Filter specifications for the experiment with chirp hand input.

Filter Passband Stopband Passband Stopband

Freq (Hz) Freq (Hz) Amp (dB) Amp (dB)

LP1 10 25 20 40

LP2 25 50 20 40

LP3 50 100 20 40

LP4 100 150 20 40

LP5 150 200 20 40

LP6 200 250 20 40

LP7 250 300 20 40

render stiffer virtual contacts to operators interacting in a slow VE using a Phantom Omni haptic device; and (ii)

the haptic interaction can become unstable unless the aliasing caused by the sampling rate drop in the forward

wave path is prevented.

Future work will seek: to reuse the energy dissipated by the anti-aliasing wave filter to improve transparency;

to extend the passive multirate wave communications to 6DOF haptics; and to consider interaction in VEs with

variable update rate.
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Abstract

Centralized control of networked haptic cooperation offers higher consistency of the virtual world than

distributed control, but renders much more limited contact stiffness and thus, provides decreased fidelity in

rigid virtual environments. To increase the realism of force feedback in centralized rigid virtual environments,

this paper proposes a passive multirate wave variables control strategy that supports cooperative manipulations

of stiff virtual objects over a network with constant delay and with limited packet update rate, like a local area

network (LAN) or a high-speed metropolitan area network (MAN). The paper demonstrates through analysis and

experiments that passive multirate wave variables control has two important advantages compared to traditional

multirate centralized control: (i) it maintains the haptic cooperation stable in much stiffer virtual environments;

and (ii) it renders to users a maximum contact stiffness that is unaffected by the network delay. These results

indicate that centralized control of haptic cooperation in rigid virtual environments can achieve similar fidelity

to descentralized control when the cooperating client users are connected to the server through passive multirate

wave variables communications.

keywords: haptic cooperation, centralized control, passive multirate wave variables control.

1 INTRODUCTION

Force feedback can enhance task performance in virtual reality applications which require cooperation among

multiple networked users [1]. Promising applications include surgical training [2], telerehabilitation [3, 4, 5],

cooperative virtual reality-based industrial design [6, 7], and immersive online computer games [8]. Yet, only

a limited number of cooperative haptic manipulations have been reported to date [9, 10, 6, 7, 11, 2]. The wide

spread use of haptic cooperation over distance is still hampered by significant challenges arising from the network

characteristics. As demonstrated by several experimental studies [12, 13, 14, 15, 11], transmission delay, jitter,

packet loss and low transmission rate lead to non-deterministic and multirate communications which threaten the

realism and stability of the cooperation.

Control strategies have been proposed to stabilize haptic cooperation supported both through peer-to-peer and

through client-server communications. In [10], a peer synchronization scheme has combined linear compensation
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with Smith prediction. The scheme is proven stable for constant transmission delay, no packet loss and a packet

transmission rate equal to the update rate of the force feedback loop. Experimentally, the scheme [10] also

demonstrates robustness to delay variation. In [16], a method to adjust the force feedback gains at the clients

has been proposed which compensates for perceptual distortions due to packets arriving at the haptic frequency

with constant delay. In [17], haptic cooperation has been investigated assuming that the remote users exchange

position and force information over communications with constant and relatively small transmission delay and

constant and limited transmission rate, like those provided by LANs and high-speed MANs. The analysis in [17]

has shown that centralized control renders significantly lower virtual stiffness to the remote users compared to

distributed control.

Multirate control has been employed for increasing the contact stiffness rendered both to users interacting

with slowly updated virtual environments [18, 19, 20, 21, 22, 23, 24], and to cooperating users connected over

a network with low packet update rate [17]. However, work in multirate haptic manipulation of slowly updated

virtual environments has not considered communication delays, and research in multirate centralized haptic co-

operation has analyzed the stability of the interaction solely between networked users passing position and force

information to each other. The analysis has concluded that even small communication delays severely limit the

contact stiffness stably rendered to networked users exchanging position and force data. The interaction between

networked users exchanging wave variables [25, 26] has been investigated only empirically and only for dis-

tributed unirate control of the cooperation [3, 11, 27]. Neither a stability analysis nor a methodology for selecting

the wave impedance and the environment stiffness have been presented.

This work is concerned with increasing the realism of haptic cooperation among client users connected to a

centralized rigid virtual environment over a LAN or a high-speed MAN. Centralized control is advantageous in

applications that involve many users because it offers high consistency of the virtual environment [16]. Further-

more, centralized control is required in applications that demand virtual environments whose size or cost prohibit

their replication at each user (e.g., computationally intensive virtual environments which need to run on cluster

computers). LAN and high-speed MAN networks offer connectivity over a limited distance, but can neverthe-

less support multi-user haptic cooperations deployed over the internal network of an organization, e.g., military

training [8] and virtual reality-based industrial design [6, 7]. In this work, increased realism of centralized hap-

tic cooperation in rigid virtual environments is achieved through enlarging the maximum stiffness of the virtual

objects that client users can manipulate together over a LAN or a high-speed MAN.

To enable the clients to cooperatively manipulate stiffer centralized virtual objects across networks with packet

update rates lower than the rate of the clients’ force control loops, this paper connects the users to the central server

through passive multirate wave variables communications. The key contributions of the paper are: (i) a stability

analysis of centralized haptic cooperation with passive multirate wave variables communications that considers

the constant delay and the bandwidth limitation of the LAN/MAN networks, in which the jitter and packet loss

are negligible and can be ignored in analysis and delay is constant [28]; (ii) a comparative analysis of the stability

of passive multirate wave variables control to the stability of traditional control of centralized haptic cooperation;

and (iii) the experimental validation of the analytical results. For the stability investigations, the paper develops

the state space model of centralized haptic cooperation with passive multirate wave communications using the
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lifting approach in [29]. Thereafter, it derives the stability region of haptic cooperation between two clients

based on the eigenvalue analysis of the closed-loop state transition matrix. The analysis predicts two important

advantages of passive multirate wave variables control over traditional multirate control of centralized haptic

cooperation: (i) it enables users to manipulate much stiffer virtual objects together and hence, it increases the

realism of haptic cooperation in centralized rigid virtual environments; and (ii) it renders a maximum stiffness

of the virtual environment that is unaffected by the network delay. Hence, the stability analysis suggests that

passive multirate wave variables communications have benefits for multirate haptic cooperation similar to their

benefits for haptic manipulation of slowly updated virtual environments [24]. Controlled experiments as well

as experimental manipulations of a centralized virtual cube by two cooperating clients validate the analytical

predictions. Initial controlled experimental results have been presented in [30].

The paper introduces the centralized passive multirate wave variables control architecture for haptic coopera-

tion among multiple clients in Section 2. In Section 3, it develops the multirate state-space model of centralized

haptic cooperation with passive multirate wave variables control. In Section 4, it contrasts the stability of passive

wave variables control to the stability of non-passive wave variables control and to the stability of traditional

control for haptic cooperation between two clients connected to the server across a LAN or a high-speed MAN.

In Section 5, it supports the analytical results through controlled experiments and through experimental manipu-

lations of a centralized virtual cube by two client users. The paper ends with conclusions and directions for future

work.

2 CENTRALIZED HAPTIC COOPERATION with PASSIVE MULTI-

RATE WAVE VARIABLES

Figure 1 shows the centralized control architecture investigated in this paper. For clarity of presentation, only the

connection between client i and the centralized virtual object is detailed in this figure. As depicted in Figure 1,

the cooperating users connect to the centralized virtual environment as remote clients, via wave variables [25, 26]

controllers. For realistic force interactions within rigid virtual environments, the clients’ force control loops need

to run at a frequency of about 1 KHz. However, Ethernet-based LAN and high-speed MAN networks currently

offer packet update rates of the order of 125 Hz [17]. Running the local force control loops at the required high

haptic update rate in the presence of a lower packet update rate makes the haptic cooperation system in Figure 1

a system with two rates1: (i) the fast rate of the clients’ force feedback loops, with sampling interval Tc, this rate

depends on the haptic device specifications which for most commercial haptic devices is equal to 1 KHz and can

be considered as the available feedback force bandwidth.; (ii) and the slow rate of network updates, with sampling

interval Tn. A third rate may be present in centralized haptic cooperation when the sampling interval of the virtual

environment TV E is different from the sampling interval both of the force control loops and of the network updates.

In this work, the virtual environment sampling interval is considered equal to the network sampling interval,

1Haptic cooperation over a network with constant packet loss and Hold-Last-Sample implementation [31] can also be modeled as a system

with two rates.
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TV E = Tn, and centralized haptic cooperation is modeled as a system with two rates. However, the analysis can

be extended to allow for TV E 6= Tn. In Figure 1, the transition between the fast sampling interval of the force

control loop at client i and the slow network packet update rate is modeled through the downsampler M↓ and

upsampler M↑ placed in the communications. LP is a low-pass wave filter with output yfi and cutoff frequency fc

less than the network packet update rate. The low-pass wave filter eliminates aliasing due to downsampling and,

thus, ensures the passivity of the multirate wave transformation [24].

The remaining notation is used as follows: mHDi, bHDi, xHDi, and ẋHDi are the mass, damping, position and

velocity of the haptic device of client i; fhi is the force applied by client i to their haptic interface; fi is the force

feedback applied by the haptic interface to client i; xsi, and ẋsi are the position and velocity of the avatar of client i

in the centralized virtual environment; mO, bO, xO, and ẋO are the mass, damping, position and velocity of the

centralized virtual object cooperatively manipulated by the p clients; Ki, Bi and fsi are the stiffness, damping, and

the interaction force at the contact between the virtual object and the client i’s avatar in the centralized virtual

environment; b is the wave impedance; uci and usi are the wave signals sent by client i to the server and received

by the server from client i, respectively; vsi and vci are the wave signals sent by the server to client i and received

by client i from the server, respectively; Td is the communication delay.
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Figure 1: Centralized passive multirate wave variables control of haptic cooperation among p remote clients.

Only the connection between client i and the centralized virtual object is presented in detail.

The dynamics of the haptic cooperation system in Figure 1 comprise the dynamics of the p client haptic
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devices and those of the centralized virtual object:

mHDiẍi +bHDiẋi = fhi− fi, i = 1, . . . ,p

mOẍO +bOẋO = ∑p
i=1 fsi

. (1)

In Equation (1):

• ẍi and ẍO are the accelerations of the client i’s haptic device and of the centralized virtual object, respec-

tively;

• the force feedback to client i, fi, is decoded at the client’s site from the wave signal vci:

fi = bẋi−
√

2bvci = fbi−
√

2bvci, (2)

where fbi = bẋi is calculated at the fast rate of the force control loop, and −
√

2bvci is computed at the slow

rate of packet updates;

• the interaction force between the avatar of client i and the virtual object is computed on the server via:

fsi = Ki(xsi− xO)+Bi(ẋsi− ẋO) (3)

after decoding the velocity command ẋsi from the wave signal usi:

ẋsi =

√
2
b

usi +
− f si(t−Tn)

b
, (4)

and integrating it in discrete time to obtain the position command xsi. Note in Equation (4) and in Figure 1

that a delay equal to the network update interval Tn has been inserted in the path from fsi to ẋsi at the server

to avoid the algebraic loop typical when decoding velocity from wave signals.

The wave variables transmitted between client i and the server are given by [32]:

uci =
√

2bẋi− vci

vsi = usi−
√

2
b fsi

, (5)

and the following relations hold between the wave variables at the server and at client i at time t:

usi(t) = uci(t−Td)(M ↓)
vci(t) = vsi(t−Td)(M ↑)

. (6)

The discrete time implementation of the controller, virtual environment, and communications make the system

in Equation (1) a sampled-data system. The limitation of the communication ports make it a system with two

rates: the (fast) rate of the force control loops at the clients, with sampling interval Tc = 0.001 s; and the (slow)

rate of network packet updates, with sampling interval Tn = 0.008 s. Its stability is investigated in the following

section using the multirate state-space approach introduced in [29] and applied to haptic cooperation between

networked users exchanging position and force data in [17].
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3 MULTIRATE STATE-SPACE MODEL of CENTRALIZED HAPTIC

COOPERATION with PASSIVE MULTIRATE WAVE VARIABLES

CONTROL

The multirate state-space approach [29] uses a lifting technique to derive the state matrix of a closed loop multirate

system starting from the state-space continuous time open loop dynamics. Thereafter, it investigates stability by

determining the control parameters for which all eigenvalues of the closed loop state matrix have magnitude less

than unity. For centralized haptic cooperation, the open loop dynamics comprise the dynamics of the clients,

haptic devices and centralized virtual object in Equation (1). The details of how the lifting technique [29] is used

to derive the multirate state-space model of haptic cooperation inclusive of computational and network delay can

be found in [17]. In this section, its application to centralized haptic cooperation is detailed only in as much as

needed to incorporate the passive multirate wave variables communications.

3.1 Continuous time state-space open loop dynamics

The approach [29] distinguishes the system inputs and outputs based on the rate at which they are updated.

For centralized haptic cooperation among p clients, Equations (1) to (3), the distinction leads to the state-space

dynamics:

ẋ
n0×1

(t) = A
n0×n0

·x
n0×1

(t)+
[

Bcn0×ncu
Bnn0×nnu

]
·




u
cncu×1

(t)

u
nnnu×1

(t)







y
cncy×1

(t)

y
nnny×1

(t)


=




Ccncy×n0

Cnnny×n0


 ·x

n0×1
(t)

(7)

where: indices c and n are used to denote signals sampled at the control and network intervals, Tc and Tn,

respectively; the state x
n0×1

= x
(2p+2)×1

=
(

x1 ẋ1 · · · xp ẋp xO ẋO

)T
includes the positions and veloc-

ities of the haptic devices and centralized virtual object; the fast inputs (sampled at the control interval Tc) are

u
cncu×1

= u
cp×1

=
(

fb1 · · · fbp

)T
; the slow inputs (sampled at the network interval Tn) are u

nnnu×1
= u

n2p×1
=

(
vc1 · · · vcp fs1 · · · fsp

)T
; the fast outputs are

y
cncy×1

= y
c(2p+2)×1

=
(

x1 ẋ1 · · · xp ẋp xO ẋO

)T
; the slow outputs are y

nnny×1
= y

n(2p+2)×1
=
(

x1 ẋ1 · · · xp ẋp xO ẋO

)T
;

and the system matrices are given in the Section 6. For cooperation between two clients, as considered in the

stability analysis and in the experiments, p = 2, n0 = 6, ncu = 2, nnu = 4, ncy = 6, and nny = 6. Since asymptotic

stability of the closed loop is investigated in this work, exogenous hand inputs are ignored in the analysis.

3.2 Multirate state-space open loop dynamics

Assuming that the control Tc and network Tn sampling intervals are synchronized and commensurate, it follows

that they obey Tc = lcτ0 = T0/Nc and Tn = lnτ0 = T0/Nn, where lc and ln are positive integers whose largest

common measure is one, whereas Nc and Nn are positive integers with largest common measure one and least
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common multiple N0. Specifically, Tc = 0.001 s and Tn = 0.008 s in this paper, and thus τ0 = 0.001 s, T0 = 0.008 s,

lc = 1, ln = 8, Nc = 8, Nn = 1, and N0 = 8. Then, the discrete time realization of the open loop system in

Equation (7) can be written in the form [29]:

xD [k+1] = AD xD [k]+BD uD [k]

yD [k] = CD xD [k]+DD uD [k]
, (8)

where the discrete state comprises the continuous time states sampled at τ0 intervals:

xD
N0 ·n0

[k] =




x
n0
((k−1)T0 + τ0)

x
n0
((k−1)T0 +2τ0)

...

x
n0
(kT0)




, (9)

the input vector uD [k] =
(

uDc [k]
T uDn [k]

T
)T

includes the fast inputs:

uDcNc·ncu
[k] =




u
cncu

(kT0 +Tc)

...

u
cncu

(kT0 +(Nc−1)Tc)


 (10)

and the slow inputs:

uDnNn ·nnu
[k] =




u
nnnu

(kT0 +Tn)

...

u
nnnu

(kT0 +(Nn−1)Tn)


 , (11)

the output vector yD [k] =
(

yDc [k]
T yDn [k]

T
)T

includes the fast outputs:

yDcNc·ncy
[k] =




ycncy
(kT0)

...

ycncy
(kT0 +(Nc−1)Tc)


 (12)

and the slow outputs:

yDnNn ·nny
[k] =




ynnny
(kT0)

...

ynnny
(kT0 +(Nn−1)Tn)()


 (13)

and the matrices AD , BD , CD , and DD are computed starting from the continuous time system matrices as

described in detail in [29] and [17].

3.3 Multirate state-space open loop dynamics with passive wave transformations

Centralized haptic cooperation with passive wave variables control requires the server to decode velocity com-

mands from wave signals. As shown in Equation (4) and Figure 1, the decoding uses the delayed force fsi (t−TV E),

in this work is set to be equal to network rate TV E = Tn. Because time delays can be incorporated into discrete
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time dynamics without difficulty, the passive wave transformations are included directly in the multirate realiza-

tion of the open loop dynamics of haptic cooperation in this work. The integration is performed through adding

the dynamics of the users’ avatars and the dynamics of the low-pass wave filters.

For client i, the dynamics of their avatar are:

ẋsi(k+1) =
Ki (xsi(k)− xO(k))+Bi (ẋsi(k)− ẋO(k))

b
+

√
2
b

usi(k)

xsi(k+1) = Tnẋsi(k)+ xsi(k), (14)

whereas the dynamics of their anti-aliasing filter are:

ẋfi = − fcxfi +uci

yfi = fcxfi

. (15)

The dynamics in Equations (14) and (15) are incorporated into the multirate open loop haptic cooperation

through augmenting:

• the discrete state with the discrete time vectors of avatar states xDs and of filter states xDf :

xDw [k] =




xD
N0n0×1

[k]

xDs
Nn2p×1

[k]

xDf
Nc p×1

[k]




, (16)

• the discrete input with the discrete time vectors of incoming waves at the server uDs and of filter inputs

uDf :

uDw [k] =




uD
(Ncncu+Nnnnu)×1

[k]

uDs
Nn p×1

[k]

uDf
Nc p×1

[k]




, (17)

• and the discrete output with the discrete time vectors of wave signals sent by the clients uDc , of wave

signals sent by the server vDs , of interaction forces between the centralized virtual object and the avatars

fDs , and of filter outputs yDf :

yDw [k] =




yD
(Ncncy+Nnnny)×1

[k]

uDc
Nc p×1

[k]

vDs
Nn p×1

[k]

fDs
Nn p×1

[k]

yDf
Nn p×1

[k]




. (18)

In Equations (16) to (18), the discrete time state, input and output vectors which represent the dynamics of

the wave transformations and the anti-aliasing filters are obtained through sampling, at their respective sam-

pling interval, the continuous time vectors of avatar states xs
2p×1

=
(

xs1 ẋs1 · · · xsp ẋsp

)T
, of filter states

xf
p×1

=
(

xf1 · · · xfp

)T
, of incoming waves at the server us

p×1
=
(

us1 · · · usp

)T
, of filter inputs ufp×1 =

IEEE Transactions on Control Systems Technology, Under Review



64

(
uc1 · · · ucp

)T
, of waves sent by clients uc

p×1
=
(

uc1 · · · ucp

)T
, of waves sent by the server vs

p×1
=

(
vs1 · · · vsp

)T
, of interaction forces between the centralized virtual object and the avatars fs

p×1
=
(

fs1 · · · fsp

)T
,

and of filter outputs yf
p×1

=
(

yf1 · · · yfp

)T
.

Then, the multirate open loop dynamics of centralized haptic cooperation between two users with passive

wave communications become:

xDw [k+1] = ADw xDw [k]+BDw uDw [k]

yDw [k] = CDw xDw [k]+DDw uDw [k]
, (19)

where the system matrices ADw , BDw , CDw , and DDw are given in Section 6. The computational delays at the

clients and the server, and the network delays, are incorporated into the multirate model by augmenting the input

vector with the delayed input signals, as proposed in [17]. The new system matrices ÃDw , B̃Dw , C̃Dw , and D̃Dw

are used in the stability analysis after the outputs are connected to the inputs through the feedback law:

uDw [k] = FDw yDw [k], (20)

where the feedback gain matrix FDw , given in Section 6, is computed as in [29], and depends on the wave

impedance.

Lastly, the state transition matrix for the multirate closed loop system Acl
Dw is determined via:

Acl
Dw = ÃDw + B̃Dw FDw

(
I − D̃Dw FDw

)−1
C̃Dw (21)

and the parameter pairs (K1 , K2) for which all its eigenvalues have magnitude smaller than unity are determined.

The K1 and K2 parameters represent the stiffness of contact between the centralized virtual object and the users’

avatars for which passive multirate wave variables control maintains the haptic cooperation stable.

4 STABILITY REGION of CENTRALIZED HAPTIC COOPERATION

with PASSIVE MULTIRATE WAVE VARIABLES CONTROL

Because LANs and high-speed MANs are characterized by communication delays which are a small integer

(up to four) multiple of the network packet update interval Tn and jitter and packet loss are neglegible [17], the

stability region of passive multirate wave variables control of haptic cooperation between two users interacting

across such a network is derived for constant delays Td = 0, . . . ,3Tn in this section. Furthermore, the delays are

assumed equal in all paths, i.e., from both clients to the server and from the server to both clients; the wave

impedance is b = 25 Ns/m; the contacts between the virtual object and the clients’ avatars have damping Bi =

10 Ns/m; the haptic devices have mass mHDi = 0.25 kg and negligible damping, bHDi = 0 Ns/m; the cooperatively

manipulated virtual object has mO = 2 kg and no damping, bO = 0 Ns/m; the network packet update interval is

Tn = 0.008 s; the sampling interval of the clients’ force control loops is Tc = 0.001 s; and two anti-aliasing wave

filters, with cutoff frequencies fc1 = 50 Hz and fc2 = 100 Hz, are selected to ensure passivity of the multirate

wave transformation [24].
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Figure 2 illustrates the stability region, colored area, for centralized passive multirate wave variables control

of haptic cooperation for both wave filters and for network delays of up to three network packet update intervals.

Note in this figure that: (i) the network delay has little impact on the maximum stiffness of the manipulated virtual

object; and (ii) users can cooperate in stiffer virtual environments when the cutoff frequency of the anti-aliasing

wave filters is fc1 = 50 Hz than when it is fc2 = 100 Hz. This is because the wave filters are non-ideal, first

order low-pass filters. Hence, they totaly eliminate frequencies above the network update rate 1
Tn

= 125 Hz and,

thus, ensure passivity of the multirate wave communications [24], only when their cutoff frequency is sufficiently

lower than the network rate, fc <
1
Tn

.

The stability region for centralized multirate direct coupling control [17] of the same cooperative manipulation

is plotted in Figure 3, colored area. A comparison between Figure 2 and Figure 3 suggests two advantages of

passive multirate wave variables control over direct coupling control: it maintains the haptic cooperation stable

in centralized virtual environments that are much stiffer and whose maximum stiffness is largely unaffected by

the network delay.

5 EXPERIMENTS

This section validates the stability analysis in Section 4: (i) through controlled experiments; and (ii) through

experiments with human users. In all experiments, two Phantom Omni haptic devices are connected to two client

personal computers (PCs) running Windows Vista on Intel Core 2 Duo CPU at 2.67GHz with 2 GB RAM. The

client PCs communicate via the UDP protocol to the server PC, also running Windows Vista on Intel Core 2

Duo CPUs at 2.67GHz with 2 GB RAM. The one degree of freedom virtual environment runs as a C++ con-

sole application on the server PC. The network environment is simulated via the Wide Area Network Emulator

(WANem) [33] on a fourth PC running Linux. As depicted in Figure 4, the virtual environment contains a virtual

cube having mass mO = 2 kg and moving along the x-axis, and the avatars of the two cooperating clients. The

update intervals of the network and of the virtual environment are Tn = 0.008 s, and the sampling interval of the

client force control loops is Tc = 0.001 s. The wave impedance is b = 25 Ns/m, and the stiffness and damping

of the virtual contacts are K1 = K2 = 500 N/m and B1 = B2 = 10 Ns/m, respectively. The multirate wave trans-

formations are rendered passive through anti-aliasing wave filters with cutoff frequency fc = 50 Hz. The force

feedback to the clients is turned off when the avatars are not in contact with the virtual cube.

In the controlled experiments, the client users are replaced by forces equal to 1 N applied to the device han-

dles through motor commands. The controlled forces ensure the initial conditions and the “same user” during

successive cooperative manipulations. Because the haptic devices are impedance-type interfaces and the con-

trolled forces eliminate the adaptive human damping from the control loop, the controlled experiments represent

a worst case for stability of haptic cooperation system. Figure 5 plots the experimental results obtained during the

controlled cooperative haptic manipulation of the virtual cube under centralized passive multirate wave variables

control with various network delays. In Figure 5, x1 and x2 are the positions of the haptic interfaces, xs1 and xs2

are the position commands in the centralized virtual environment, fs1 and fs2, are the interaction forces between

the virtual cube and the users’ avatars, and f1 and f2 are the forces fed back to the two clients. The results in
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Figure 2: Stability region, colored area, for two-users haptic cooperation with centralized passive multirate wave

control, for a network packet update interval Tn = 0.008 s, and for two cutoff frequencies fc of the anti-aliasing

wave filter and four network delays Td .
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Figure 3: Stability region, colored area, for two-users haptic cooperation with centralized multirate direct cou-

pling control, for a network packet update interval Tn = 0.008 s and four network delays Td .
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Figure 4: Centralized virtual environment used in the experiments. The two spheres are the avatars of the clients’

haptic devices in the virtual environment.

Figure 5 validate that two clients coordinated using passive multirate wave variables control can manipulate in

cooperation a centralized virtual cube whose maximum stiffness is unaffected by the network delay.

In the experiments with human users, the clients cooperatively manipulate and move the virtual cube in the

virtual environment. To do so, in the first step of the experiments, the users are asked to grip the virtual cube and

hold it cooperatively. In the second step they are asked to follow a trajectory which is indicated by a moving arrow

in the graphical representation of the virtual environment. The experimental results are presented in Figure 6 for

centralized haptic cooperation with passive multirate wave variables control and with various network delays. In

Figure 6, solid black lines and dashed black lines demonstrate the center of the virtual cube and the trajectory

path respectively, x1 and x2 are the positions of the haptic interfaces, xs1 and xs2 are the position commands in

the centralized virtual environment, fs1 and fs2, are the interaction forces between the virtual cube and the users’

avatars, and f1 and f2 are the forces fed back to the two clients. The results in Figure 6 confirm that human

users can move together a virtual cube as stiff as the virtual cube that can be cooperatively manipulated through

controlled forces applied to the two client haptic devices.

The maximum stiffness of the virtual object for which centralized passive multirate variable control maintains

the haptic cooperation stable is K1max = K2max = 1200 N/m for Td = 0 ms, and is K1max = K2max = 600 N/m for

network delays Td > 0 ms. In contrast, the maximum stiffness for which multirate direct coupling control main-

tains the cooperation stable is K1max = K2max = 700 N/m for Td = 0 ms, K1max = K2max = 60 N/m Td = 8 ms and

K1max = K2max = 0 N/m for Td = 16 ms. The maximum virtual stiffness achievable in the experiments differs

from the analytical predictions both for passive multirate wave variables control and for multirate direct coupling

control. The difference is due to modeling uncertainties, sensor noise and quantization, actuator limitations, and

the switching off of the force feedback to the clients when their avatars are not in contact with the virtual object,

which all inject energy into the system [34]. Nonetheless, the ratio of the maximum stiffness achievable under

passive multirate wave variables control to the maximum stiffness achievable under multirate direct coupling

control matches the ratio predicted by the analysis in Section 4 for the respective network delays. Hence, the
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Figure 5: Controlled experiments: cooperative manipulation of a centralized virtual cube with stiffness K =

500 N/m, via passive multirate wave variables control with wave impedance b = 25 Ns/m, and for different

network delays Td.
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Figure 6: Experiments with human users: cooperative manipulation of a centralized virtual cube with stiffness

K = 500 N/m, via passive multirate wave variables control with wave impedance b = 25 Ns/m, and for different

network delays Td. First, the users are asked to grasp and hold the virtual cube, i.e. the forces become non zero

for the fisrt time. Then the users are asked to follow the trajectory, black dashed line.
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experiments validate two important advantages of passive multirate wave variables control over traditional mul-

tirate control of centralized haptic cooperation: (i) it enables the users to manipulate much stiffer virtual objects

together and thus, it increases the realism of haptic cooperation in centralized rigid virtual environments; and

(ii) it renders a maximum stiffness of the virtual environment that is unaffected by the network delay. These re-

sults suggest that passive multirate wave variables control is suitable for providing realistic force feedback during

haptic cooperation in centralized rigid virtual environments to which the client users connect across a LAN or a

high-speed MAN.

In all experiments, it was investigated that using a zero order hold expander as the upsampler, Figure 1, leads

to a noisy force feedback. This is expected because in this case according to Equation (2), the feedback force

fi is a linear combination of two signals with different update rates, i.e., velocity signal updated by control loop

rate and incoming wave vci updated by network updated rate, and the jumps in vci signal, due to zero order hold

expander, result in a noisy force feedback. To cope with this problem, in all experiments a delayed first order

hold is used in the place of zero order hold expander. In Section B it is shown that using a delayed first order

hold does not affect the passivity of the wave variable communication channel which guarantees the stability of

the overall system.

6 CONCLUSIONS

This paper has been concerned with increasing the stiffness of centralized virtual environments in which haptic

cooperation can be maintained stable across LANs and high-speed MANs. To this end, it has connected the users

to the central server through passive multirate wave variables controllers, and has investigated centralized haptic

cooperation with passive multirate wave variables communications both analytically and experimentally. For

the stability analysis, the paper has developed the multirate state space model of centralized haptic cooperation

with passive multirate wave variables control, and has employed eigenvalue analysis of the closed-loop state

transition matrix of the multirate system realization. The analysis has predicted that, compared to traditional

multirate control, passive multirate wave variables control has two important advantages: (i)it enables the clients

to manipulate much stiffer virtual objects together and thus, it increases the realism of haptic cooperation in

centralized rigid virtual environments; and (ii) it renders a maximum stiffness of the virtual environment that

is unaffected by the network delay. Both controlled experiments and experiments with human users have been

presented to validate the analytical predictions.

Future work will focus on maintaining the haptic cooperation stable in the presence of variable network

delays and packet loss in order to permit remote client users to connect to a centralized virtual environment over

the Internet.
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APPENDIX A

A CONTINUOUS TIME STATE-SPACE MATRICES

For centralized haptic cooperation between two clients, the state-space matrices of the continuous time open loop

system in Equation (7) are computed as follows:

A
n0×n0

=




0 1 · · · 0 0 0 0

0 −bHD1/mHD1 · · · 0 0 0 0
...

0 0 · · · 0 1 0 0

0 0 · · · 0 −bHDp/mHDp 0 0

0 0 · · · 0 0 0 1

0 0 · · · 0 0 0 −bO/mO




(22)

Bcn0×ncu
=




0 · · · 0

−1/mHD1 · · · 0
...

0 · · · 0

0 · · · −1/mHDp

0 · · · 0

0 · · · 0




(23)

Bnn0×nnu
=




0 · · · 0 0 0
√

2b/mHD1 · · · 0 0 0
...

0 · · · 0 0 0

0 · · ·
√

2b/mHDp 0 0

0 · · · 0 0 0

0 · · · 0 1/mO 1/mO




. (24)

The continuous time dynamics of the anti-aliasing wave filters in Equation (15) can be written in the form:

ẋf = Af xf +Bf uf

yf = Cf xf

, (25)

with Af
p×p

=− fcI
p×p

, Bf
p×p

= I
p×p

, Cf
p×p

= fcI
p×p

and I
p×p

the p× p unity matrix.

B DISCRETE TIME STATE-SPACE MATRICES

The multirate state-space realization of the anti-aliasing wave filters can be written in the form:

xDf [k+1] = ADf xDf [k]+BDf uDf [k]

yDf [k] = CDf xDf [k]+DDf uDf [k]
(26)
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with the matrices ADf , BDf , CDf , and DDf derived similarly to AD , BD , CD , and DD in Equation (8), as described

in detail in [29].

The multirate open loop matrices of haptic cooperation with passive wave variables communications are given

in the following formulae, in which matrix dimensions have been omitted when they can be easily inferred for

clarity of presentation. The state transition matrix is:

ADw =




AD 0 0

ADsCD As 0

0 0 ADf


 , (27)

with:

ADs
2p×(Ncncy+Nnnny)

=




0 0
1
b K1

1
b B1

...

0 0
1
b Kp

1
b Bp




SVO (28)

As2p×2p
=




1 Tn · · · 0 0

− 1
b K1 − 1

b B1 · · · 0 0
...

0 0 · · · 1 Tn

0 0 · · · − 1
b Kp − 1

b Bp




, (29)

and:

SVO
2×(Ncncy+Nnnny)

=

[
0

2×(Ncncy+Nnnny−2)
I2×2

]
(30)

selects the slowly updated states of the centralized virtual object.

The input matrix is:

BDw =




BD 0 0

ADsDD Bs 0

0 0 BDf


 , (31)

with:

Bs2p×p
=




0 · · · 0√
2
b · · · 0

...

0 · · · 0

0 · · ·
√

2
b




. (32)

The output matrices are:

CDw =




CD 0 0
√

2bCuCD 0 0√
2
b CvCD −

√
2
b Cs 0

−CvCD Cs 0

0 0 CDf




(33)
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and:

DDw =




DD 0 0

Du 0 0√
2
b CvDD I 0

−CvDD 0 0

0 0 DDf




(34)

with:

Cu
pNc×(Ncncy+Nnnny)

=




S11×ncy
. . . 0

1×ncy
0

1×nny
· · ·0

1×nny
...

0
1×ncy

. . . S11×ncy
0

1×nny
· · ·0

1×nny
...

Sp
1×ncy

. . . 0
1×ncy

0
1×nny

· · ·0
1×nny

...

0
1×ncy

. . . Sp
1×ncy

0
1×nny

· · ·0
1×nny




(35)

Cv
p×(Ncncy+Nnnny)

=




K1 B1

...

Kp Bp


SVO (36)

Csp×2p
=




K1 B1 · · · 0 0
...

0 0 · · · Kp Bp


 (37)

DupNc×(pNc+2pNn)
=
√

2bCuDD −




0
Nc×pNc

1Nc×1 · · · 0Nc×1 0Nc×pNn
...

0Nc×pNc 0Nc×1 · · · 1Nc×1 0Nc×pNn


 (38)

and:

Si1×ncy
=
[
0 0 · · · 0 1 · · · 0 0

]
(39)

has the 2i-th element equal to one.i-th client from the n0 = 2p+2 continuous time states of the p clients and the

centralized virtual object).

Lastly, the feedback matrix FDw is:

FDw =




FD
Nc p×(Ncncy+Nnnny)

0
Nc p×Nc p

0
Nc p×Nn p

0
Nc p×Nn p

0
Nc p×Nn p

0
Nn p×(Ncncy+Nnnny)

0
Nn p×Nc p

I
Nn p×Nn p

0
Nn p×Nn p

0
Nn p×Nn p

0
Nn p×(Ncncy+Nnnny)

0
Nn p×Nc p

0
Nn p×Nn p

I
Nn p×Nn p

0
Nn p×Nn p

0
Nc p×(Ncncy+Nnnny)

0
Nn p×Nc p

0
Nn p×Nn p

0
Nn p×Nn p

I
Nn p×Nn p

0
Nc p×(Ncncy+Nnnny)

I
Nc p×Nc p

0
Nc p×Nn p

0
Nc p×Nn p

0
Nc p×Nn p




(40)
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with:

FD
Nc p×(Ncncy+Nnnny)

= b




S
p×ncy

· · · 0
p×ncy

0p×Nnnny

...

0
p×ncy

· · · S
p×ncy

0p×Nnnny


 (41)

and:

S
p×ncy

=




S11×ncy
...

Sp
1×ncy




. (42)

APPENDIX B

The proof in this section is based on time-domain investigation of the energy balance in the communication

channels of wave variables. the claim is to proof that utilizing delayed first order hold expander in the place of

zero hold expander does not violate the passivity of the channels. The two-port mechanical system with velocities

ẋi(t) and ẋsi(t), forces fi(t) and fsi(t), and initial energy E(0) depicted in Figure 1 is passive iff it obeys [35]2:
∫ t

0
( fi(t)ẋi(t)− fsi(t)ẋs(t))dt +E(0)≥ 0

∀t, admissible fi(t), fsi(t). (43)

The system in Figure 1 employs wave domain communications. If continuous time implementation is assumed

and the communications downsampling and upsampling are ignored, its passivity condition can be written as [35]:
∫ t

0

1
2
(
uT

ci(t)uci(t)+ vT
si(t)vsi(t)

)
dt

≥
∫ t

0

1
2
(
uT

si(t)usi(t)+ vT
ci(t)vci(t)

)
dt

∀t, admissible uci(t), vci(t). (44)

In other words, the continuous time wave communications are passive if the energy provided by the output waves

is limited by the energy received via the input waves [35].

After defining truncated signals via:

uθ (τ) =





0 if τ < 0

u(τ) if 0≤ τ ≤ θ

0 if τ > θ

, (45)

the passivity condition in Equation (44) can be written for discrete time wave communications as, by considering

the fact that Tn = lnTc = MTc:

∆E (t) =
1
2

[
N

∑
k=0

u2
cit (kTc) ·Tc−

N/M

∑
i=0

u2
sit (iMTc) ·MTc

]

+
1
2

[
N/M

∑
i=0

v2
sit (iMTc) ·MTc−

N

∑
k=0

v2
cit (kTc) ·Tc

]

≥ 0 ∀t ≥ 0, (46)
2The same argument holds for each user therefore for simplicity only one client, i, is considered.
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where ∆E(t) is the energy stored in the multirate wave communications at time t. For simplicity, only MTc

will be used in place of Tn in the remainder of the paper. It is shown in [24] that the first term in Equation (46)

is greater than zero, i.e. it is passive, only if the aliasing due to downsampling is prevented, i.e. using a low pass

filter. It is also shown [24] that the second term in Equation (46) is passive when zero order hold expander is

used, i.e. it is greater than zero. The relation between vsit and vcit in a delayed first order hold, for which vsit is its

input and vcit is its output, is as follows:

vcit (kTc) =
vsit (iMTc)− vsit (i(M−1)Tc)

M
Nc + vsit (i(M−1)Tc)

Nc = 1,2, . . . ,M (47)

where Nc is a counter. Hence, when delayed first order hold is used the energy balance for the second term in

Equation (46) becomes:

1
2

[
N/M

∑
i=0

v2
sit (iMTc) ·MTc−

N

∑
k=0

v2
cit (kTc) ·Tc

]

=
1
2

N/M

∑
i=0

v2
sit (iMTc) ·MTc−

N/M

∑
i=0

M

∑
Nc=1

[
vsit (iMTc)− vsit (i(M−1)Tc)

M
Nc + vsit (i(M−1)Tc)

]2

·Tc (48)

the inner summaton in Equation (48) is equal to:

M

∑
Nc=1

[
vsit (iMTc)− vsit (i(M−1)Tc)

M
Nc +

vsit (i(M−1)Tc)]
2 ·Tc

=
M

∑
Nc=1

[(vsit (iMTc)− vsit (i(M−1)Tc))
2 · (M+1)(2M+1)

6M

+(vsit (iMTc)− vsit (i(M−1)Tc)) · vsit (i(M−1)Tc) · (M+1)

+v2
sit (i(M−1)) ·M] ·Tc (49)

for simplifying the summation in Equation (49) the following relations are used:

M

∑
Nc=1

Nc =
M(M+1)

2

M

∑
Nc=1

Nc
2 =

M(M+1)(2M+1)
6

(50)

after substutating Equation (48) in Equation (49) the proof of passivity is equivalent to showing the following

inequality holds:

N/M

∑
i=0

v2
sit (iMTc) ·MTc ≥

M

∑
Nc=1

[(vsit (iMTc)− vsit (i(M−1)Tc))
2 · (M+1)(2M+1)

6M

+(vsit (iMTc)− vsit (i(M−1)Tc)) · vsit (i(M−1)Tc) · (M+1)

+v2
sit (i(M−1)Tc) ·M] ·Tc (51)
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After some algebraic manipulation the problem reduces to:

N/M

∑
i=0

[v2
sit (iMTc) · (M−1) · (4M+1)

−(vsit (iMTc))(vsit (i(M−1)Tc)) ·2 · (M−1) · (M+1)

−v2
sit (i(M−1)Tc) · (M−1) · (2M−1)]≥ 0 (52)

moreover Equation (52) can be written as:

(M−1) · [
N/M

∑
i=0

[(vsit (iMTc)− vsit (i(M−1)Tc))
2 · (M+1)

+(v2
sit (iMTc)− v2

sit (i(M−1)Tc)) · (3M)]] (53)

since:

(3M) ·
N/M

∑
i=0

[v2
sit (iMTc)− v2

sit (i(M−1)Tc)] = (3M) · v2
sit (NTc)≥ 0 (54)

it can be concluded that Equation (53) is greater than zero and consequently Equation (52) holds and proofs

that using delayed fisrt order hold maitain the passivity of the channels .
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Appendix C: Passive Wave Variable Control of Haptic

Interaction with an Unknown Virtual Environment
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Abstract

The wave variable transformation cannot be exploited for the control of sampled-data and discrete-time

systems without precaution. This paper shows that connecting a haptic interface to a discrete time virtual envi-

ronment through a wave variable controller can inject energy into the haptic feedback loop and thus jeopardize

the stability of the haptic interaction. The connection involves a one step computational delay when the virtual

environment is not known prior to starting the interaction. Using the Jury-Marden stability criterion, the paper

investigates the effect of this computational delay on the stability of wave variable control of haptic interaction

with a virtual wall. It also develops a time domain passivity analysis to compute the energy injected in the wave

variable transformation by the computational delay. Then, it proposes an algorithm for dissipating the extra en-

ergy and restoring the passivity of the wave variable transformation. The paper concludes with the experimental

validation of the energy dissipating algorithm.

1 Introduction

The wave variable/scattering transformation provides a robust solution for addressing the destabilizing effect of

constant or variable time delay in bilateral teleoperation systems [1, 2]. The possibility of utilizing the wave

variable transformation as a control strategy in sampled-data and discrete-time systems has also been the focus of

recent research because of the similarities between bilateral teleoperation and haptics. In [3], the wave variable

transformation has been used to relate the virtual environment force Fs and velocity ẋs variables to the haptic de-

vice force Fm and velocity ẋm variables. The analysis in [3] has accounted only for reflecting delays, i.e., only for

delays in the communications. In [4], the wave variable transformation has been employed to connect the virtual

environment variables directly to the motor current i and voltage ew variables. Because the inductance of motors

typically used in haptics provides a stiffness higher than can be obtained through digital control, the approach

in [4] has led to stiffer virtual walls being stably rendered to users. Further work is required to apply forces that

arise from variable stiffness and along more than one direction. In [5], the wave variable transformation has pro-

vided a means to address the computational delay associated with 6 degrees of freedom (DOF) molecular docking
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simulations. Virtual damping has been added to maintain stability and no stability or performance analysis have

been offered in [5].

The use of wave variables in multirate haptic systems has been proposed in [6]. The change of rate between

the fast haptic feedback loop and a slow simulation loop has been modeled as downsampling and upsampling

of the communications, and wave variables have linked the haptic device and the virtual environment to render

their multirate connection passive. The negative impact of aliasing on the passivity of the multirate wave variable

transformation has not been considered in [6]. In [7, 8], the aliasing has been eliminated and the passivity

of the multirate wave variable transformation has been restored through wave low pass (LP) filtering before

downsampling. The work in [7, 8] has restricted the passivity analysis to the wave variable communication

channels and has neglected the computational delay that arises when the model of the virtual environment is

unknown.

The wave variable/scattering transformation has several practical limitations both in the continuous and in

the discrete time domains, including wave reflections and performance degradation due to the limited frequency

content of the forces rendered to users. Research has been devoted to alleviating those limitations in continuous

time [9, 10, 11], and proposed solutions include low pass filtering the outgoing master wave and integrating

the high frequency content of the environment force into the returning wave. Less attention has been paid to

the challenges posed by the wave variable transformation in the discrete time domain. Work focusing on wave

variables in sampled-data systems has investigated primarily the stability or passivity of haptic interaction. One

exception is [3] which has studied the effect of the reflecting delays.

This paper proposes a technique for passively connecting a wave variable controller to an unknown virtual

environment. Herein, a virtual environment is considered unknown when the virtual stiffness and damping are

computed during the interaction (i.e., simulated at run-time) rather than being known in advance. In such a case,

the algebraic loop that arises when computing the virtual environment velocity command cannot be unwrapped.

As a result, the virtual environment velocity is decoded using the wave arriving from the haptic device at the

current simulation step and the force encoded in the wave sent to the haptic device at the previous simulation

step. The paper shows that the one step computational delay incurred in the virtual environment velocity deriva-

tion injects energy in the feedback loop and severely shrinks the stability region of haptic interaction with the

unknown virtual environment. The Jury-Marden stability criterion is used to analyze the stability of haptic in-

teraction with a virtual wall for the case that: (i) the algebraic loop can be unwrapped, either through iteration

or through exploiting the model of the virtual environment; and (ii) the algebraic loop is eliminated through a

one step computational delay when the virtual environment is unknown and/or a slow simulation update rate

precludes the use of iteration. Similarly to the analysis in [12], the stability analysis in this work assumes that

the haptic interaction system is linear. Furthermore, the computational delay is considered constant. The stability

analysis predicts that this computational delay significantly decreases the stability region of the haptic interaction

system. The paper develops a time domain passivity analysis to derive the energy injected in the feedback loop

by the computational delay incurred when connecting the wave variable transformation to an unknown virtual

environment. Then,it proposes an algorithm to compensate the destabilizing effect of this delay and to guarantee

passive connection of the wave variable transformation to the unknown virtual environment. Lastly, the paper
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validates the analytical results via controlled experimental haptic interactions with a virtual wall.

In the remainder of the paper, Section 2 introduces the problem associated with passively connecting the wave

variable transformation to an unknown virtual environment. Section 3 proposes a stability analysis of haptic inter-

action with a virtual constraint based on the Jury-Marden criterion. Section 4 presents a time domain investigation

of the energetic behavior of the connection of a wave transformation to an unknown virtual environment. It also

derives a compensating algorithm to ensure the passivity of this connection. Section 5 validates the performance

of the compensating algorithm experimentally. Section 7 summarizes the conclusions of this work and the plans

for future work.

2 Problem definition

When wave variable control is used in haptic systems, Figure 1, the haptic device plays the role of the master

robot and the virtual environment plays the role of the slave robot in bilateral teleoperation. Therefore, notation

is used in accordance with this analogy. When the haptic interface is an impedance-type device, like the Phantom

Omni device used in the experimental setup in this paper, the virtual environment (“slave” side) decodes a velocity

command ẋs from the wave signal us, according to [1]:
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+

+
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Figure 1: A haptic system with wave control.
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Figure 2: Wave transformation, virtual environment, and algebraic loop arising at the connection between the

two.
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ẋs(t) =

√
2

bw
us(t)+

−F s(t)
bw

(1)

In Equation (1), bw is the wave impedance and Fs(t) is the force response of the virtual environment, as shown in

Figure 2. In discrete time, Equation (1) becomes:

ẋs(nT ) =

√
2

bw
us(nT )+

−F s(nT )
bw

, (2)

with n being the index of the current time step and T the time step of the virtual environment simulation. In

Equation (2), the virtual environment force Fs(nT ) depends on the velocity command ẋs:

Fs(nT ) = hV E(ẋs(nT )), (3)

where hV E is the transfer function of the virtual environment in continuous time. From Equation (3), it follows

that the right side is dependent on the left side in Equation (2). In other words, connecting a wave transformation

to a virtual environment creates an algebraic loop, as illustrated in Figure 2. This algebraic loop is similar to the

algebraic loop that arises in the wave variable control of bilateral teleoperators [13].

When the model of virtual environment is available, i.e. hV E is known prior to starting the interaction, or the

virtual environment simulation is sufficiently fast, i.e., T is sufficiently small, the algebraic loop in Equation (2)

can be unwrapped, either analytically by using hV E or numerically by iteration. For example, when the virtual

environment comprises a constraint with known stiffness K and damping B parameters, Equation (2) becomes:

ẋs(nT ) =
√

2bwus(nT )−Kxs(nT )
bw +B

. (4)

When the algebraic loop cannot be unwrapped, i.e. when the virtual environment is unknown or is updated

slowly, Equation (2) is implemented via:

ẋs(nT ) =

√
2

bw
us(nT )+

−F s((n−1)T )
bw

, (5)

which means that the algebraic loop is eliminated through introducing a one step computational delay, as shown

in Figure 2. The effect of this delay on the stability of haptic interaction is investigated in the following section

based on the Jury-Marden criterion.

3 The effect of the computational delay

In the discrete time implementation of wave variable control, one factor that has a significant impact on the

stability of the haptic interaction system is the location of the communication and computational delays associated

with the discrete time system. Figure 2 depicts the communication delays in the communication channels, and

the computational delay in the local feedback path in the virtual environment. This computational delay creates

the algebraic loop described in the previous section.

The passivity of the discrete time implementation of the wave transformation has been analyzed in [3] con-

sidering only the delays in the communication channels. To illustrate the importance of the computational delay,

this section investigates the stability of haptic interaction with a constraint with stiffness K and damping B via a
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pure mass haptic device for the case that: 1) the algebraic loop is unwrapped and no delay arises at the connection

between the wave transformation and the virtual environment; and 2) the algebraic loop cannot be unwrapped and

a one step computational delay needs to be introduced in the local feedback path at the virtual environment side.

The stability analysis is performed by deriving the characteristic equations of the closed loop haptic interaction

system using Equations (4) and (5) for the case 1) and 2), respectively. The stability regions are obtained using

the Jury-Marden criterion and the closed-loop characteristic equation. The characteristic equation is:

0 = (
1
2

mKT +mB+mbw)z4 +

(−2mbw−4mB+5bwT B−mKT+
5
2

bwT 2K +b2
wT
)

z3 +

(−9bwT B−3b2
wT +6mB+

1
2

bwT 2K +2mbw)z2 +

(3b2
wT − 3

2
bwT 2K +5bwT B−4mB−

2mbw +mKT )z−
1
2

mKT −b2
wT −bwT B+mbw +

1
2

bwT 2K +mB (6)

when the algebraic loop can be unwrapped, and it is:

0 = 2mbwz4 +

(4bwT 2K−2mB−2b2
wT +

8bwT B−mKT −2mbw)z3 +

(bwT 2K−2mbw−14bwT B+6mB+

mKT +4b2
wT )z2+

(2mbw +mKT −2bwT 2K−2b2
wT −

6mB+8bwT B)z+

2mB−mKT +bwT 2K−2bwT B, (7)

when the algebraic loop is eliminated via a computational delay. In Equations (6) and (7), m is the mass of the

haptic device. To simplify the analysis and reduce the number of parameters, the following non-dimensional

system parameters are used in the derivations:

α =
KT 2

m

β =
bwT

m

σ =
BT
m

(8)

For σ = 0 and negligible physical damping of the haptic interface, the stability regions for cases 1) (algebraic

loop unwrapped) and 2) (algebraic loop eliminated via one step computational delay) are depicted in Figure 3(a)

and Figure 3(b), respectively. Figure 3 shows that the stability region for case 2) is significantly smaller (note the
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different scales used in Figure 3(a) and Figure 3(b)). The major difference between cases 1) and 2) is the one step

computational delay in the local feedback path at the simulation side, required when the virtual environment is

unknown and the algebraic loop cannot be unwrapped. Hence, Figure 3 illustrates that the computational delay

considerably degrades the stability of haptic interaction under wave variable control. Further support for this

assertion is provided by [2], which has proven that a discrete time implementation of the wave transformation

retains its passivity in the presence of delay in the communication channels.
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(a) Case 1): algebraic loop unwrapped.
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(b) Case 2): algebraic loop eliminated via one step computa-
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Figure 3: Stability region of haptic interaction with a virtual constraint with no virtual damping, σ = 0, and using

a haptic interface with negligible physical damping. Note that different scales are used in (a) and (b) because of

the much smaller stability region of case 2).

The next section develops a time domain passivity analysis to derive the energy generated by the computa-

tional delay.

4 Time domain passivity analysis

The energy balance on the right (simulation or “slave”) side of Figure 2 is given by:

∆E =

n=N f

∑
n=0

1
2
[(uT

s (n)us(n)) − (vT
s (n)vs(n)]T . (9)

where N f is the current time step of the simulation. When the computational delay is negligible or the algebraic

loop shown in Figure 2 can be eliminated through numerical methods or through unwrapping Equation (2), the

following equation can be obtained upon suitable substitution of the wave variables:

n=N f

∑
n=0

1
2
[(uT

s (n)us(n)) − (vT
s (n)vs(n)]T =

n=N f

∑
n=0

Fs(n)ẋs(n)T . (10)
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When the computational delay cannot be eliminated, ẋs(n) is computed using Equation (5). Regardless of the

computational delay, vs(n) is given by:

vs(n) = us(n)−
√

2
bw

Fs(n). (11)

Pre-multiplication of Equation (1) by Fs(n) followed by integration in discrete time gives:

n=N f

∑
n=0

Fs(n)ẋs(n)T =

n=N f

∑
n=0

[

√
2

bw
Fs(n)us(n)+

−F s(n)Fs(n−1)
bw

]T . (12)

After substitution from Equation (11), Equation (9) becomes:

n=N f

∑
n=0

1
2
[(uT

s (n)us(n)) − (vT
s (n)vs(n)]T = (13)

n=N f

∑
n=0

√
2

bw
us(n)Fs(n)+

−F2
s (n)

bw
,

and after subtracting Equation (12), Equation (14) provides the energy generated by the computational delay:

∆Edelay(n) =
n=N f

∑
n=0

−F2
s (n)+Fs(n)Fs(n−1)

bw
. (14)

Now Parseval’s identity can be used to show that ∆Edelay(n) < 0 which means that the computational delay

always generates energy and thus, destroys the passivity of the wave transformation and threatens the stability

of the haptic interaction system in Figure 3. The next section devises an algorithm for dissipating the energy

generated by the computational delay.

5 Compensating algorithm

The compensating algorithm proposed in this section assumes that the virtual environment is passive. Work in

progress investigates modifications of the compensating algorithm to enable it to handle active virtual environ-

ments.

To restore the passivity of the wave transformation, the energy injected in the haptic feedback loop by the

computational delay has to be dissipated. The algorithm put forward in this work changes the value of vs(n) so

as to make ∆Edelay(n) = 0, as follows:

1. at each simulation step, ∆Edelay(n) is calculated from Equation (14);

2. if ∆Edelay(n)< 0, then vs(n) is changed using:

vsnew(n) = sgn(vs(n))
√

v2
s (n)−2∆Edelay(n), (15)

where sgn|.| is sign function.

After substituting vsnew(n) in Equation (14) and subtracting Equation (12), it follows that ∆Edelay(n) becomes

zero. By decreasing the wave command returned to the haptics device, the algorithm effectively decreases the

impendance
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6 Experiments

This section presents experimental haptic interactions with a virtual wall through a Phantom Omni haptic interface

and for two cases: (i) controlled experiments with a constant input as the human input and (ii) experiments with

human users. In the experimental setup, the haptic device is connected to a personal computer (PC) running

Windows Vista on an Intel Core 2 Duo CPU at 2.67GHz with 2 GB RAM. A simple one degree of freedom

virtual environment runs as a C++ console application on the same computer. The console application comprises

two loops; (i) a fast loop which includes all control computations at the haptic device (“master”) side and the

filtering of the outgoing wave um(n); and (ii) a slow loop which simulates the virtual environment (“slave” side).

The OPENHAPTICS API is used to run the fast loop at 1 KHz and the update rate of the simulation loop is

controlled via a counter synchronous with the fast loop. Since the console application runs under the Windows

operating system, an exact sampling time cannot be guaranteed. However, the variation of the sampling time is

very small and can be neglected. To ensure the “same” user during successive interactions, a constant force is

applied to the handle of the haptic interface through commands sent to the motors. The virtual environment is a

virtual wall updated every 0.02 s. The wave impedance is bw = 25 Ns/m . An anti-aliasing low-pass filter with

cutoff frequency equal to 1
2(0.02) s = 25 Hz is placed in the wave communications to ensure their passivity [7, 8].

The low-pass wave filter is required because the experimental setup is a multirate system, whereas the analysis in

Section 3 considers a unirate haptic system.

Figure 4 plots the Z-width of the Phantom Omni interface obtained through controlled experiments for the

case that the device is connected to the virtual wall via: (i) direct coupling (black lines); (ii) multirate wave

variables free of aliasing (blue stars); and (iii) multirate wave variables free of aliasing and with the proposed

energetic compensation of the computational delay (red triangles). The results in Figure 4 demonstrate that

multirate wave variable control with the proposed compensating algorithm can render contacts almost twice

as stiff as multirate wave control without compensation when users interact with a virtual environment with a

simulation step T = 0.02 s through a Phantom Omni haptic interface.

Figure 5 depicts the experimental human interaction with a virtual wall with stiffness K = 500 N/m and

through the same Phantom Omni device and controlled through multirate wave transformation free of aliasing

and with energetic compensation of the computational delay. To better illustrate the performance of the proposed

algorithm, the damping of the wall was set to zero, B = 0 Ns/m. In Figure 5, xm is the position of the haptic

interface, xs is the position command in the virtual environment (obtained through discrete time integration of

the velocity command ẋs decoded from the us wave), Fm is the force fed back to the operator, and Fs is the force

computed in the virtual environment. The energy balance at the simulation (“slave”) side in Figure 2 before

and after the proposed energetic compensation of the computational delay, as well as the energy injected by

the computational delay and by the virtual environment, are shown in Figure 5(c). Figure 5 illustrates good

force tracking and the ability of the proposed compensation algorithm to restore the passivity of the connection

between the wave transformation and the virtual environment in the presence of the computational delay which

arises when the algebraic loop in Equation (2) cannot be unwrapped. As shown in Figure 5, the VE is passive,

∆EV E > 0. However, the energy balance for the right side becomes negative, ∆E < 0, at certain time instances
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Figure 4: Z-width of the Phantom Omni device derived when (i) direct coupling (black lines), (ii) multirate

wave variables free of aliasing (blue stars), and (iii) multirate wave variables free of aliasing and with energetic

compensation of computational delay (red triangles) are used to connect the haptic interface to a virtual wall

updated every T = 0.02 s.

before applying the energetic compensation algorithm. This algorithm appropriately compensates the effect of

the computational delay and makes the energy balance of the right side almost equal to the energy balance of the

VE, ∆E ≈ ∆EV E .

7 Conclusions and future work

This paper has investigated the stability of haptic interaction with an unknown virtual environment under wave

variable control. First, the paper has shown that connecting a wave variable controller to an unknown virtual

environment introduces a one step computational delay in the local feedback path at the simulation side. Then, it

has used the Jury-Marden criterion to show that this computational delay injects energy into the haptic feedback

loop and severely restricts the stability of the haptic interaction. Based on a time domain passivity analysis, the

paper has derived the energy generated by the computational delay and has proposed a simple algorithm to dissi-

pate it and restore the passivity of the wave transformation. Lastly, the paper has validated the analytical results

and the performance of the proposed energy compensation algorithm through experiments. The experiments have

shown that the proposed algorithm doubles the Z-width of a Phantom Omni interface in interaction with a virtual

environment updated every T = 0.02 s. This means that stiffer contact is achievable in the virtual environment

when the energy injected in the haptic system is dissipated as suggested in this work.

Although the proposed compensating algorithm improves the Z-width of the haptic interface, our on-going

investigations show that the wave impedance considerably influences the impedance transmitted to the user.

Therefore, upcoming work focuses on the performance analysis that will inform a robust controller design. The

extension of the algorithm to handle active virtual environments is also underway.
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Figure 5: Experimental interaction with a virtual wall (K = 500 N/m, B = 0 Ns/m, T = 0.02 s) under multirate

wave variable control with energetic compensation of the computational delay.
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Abstract

This work proposes a passive velocity filtering for both unirate and multirate haptic application with wave control

to remove noise and improve the transparency of the system. In this method the velocity is computed by using

simple Euler velocity estimation and the filtering is performed in wave domain which is robust again constant lag or

time delay. A filterbank-like structure in wave domain is introduced to filter both the outgoing wave variable and

the velocity signal. The passivity condition for the proposed scheme including the filters is derived by considering

the energy balance in communication channels of the wave variables. This passivity condition is used as the design

criterion which is formulated as a minimax optimization problem. The performance of the proposed method in

terms of transparency is studied in frequency domain. Experimental results prove the appropriate performance of

the filtering method and confirms the analytical results.

1 INTRODUCTION

Digital velocity estimation by using position samples always has been a challenging task in different applications. There

are several methods available for velocity computation each of which is suitable for a specific kind of application. Good

reviews on these methods are presented in [1–3].

In haptic applications the velocity of the manipulandum is used to compute the virtual environment (VE) force

and stabilize the system as the controller input, e.g. in virtual coupling or wave control methods. Hence, estimating

accurate velocity is crucial for haptic applications. A suitable differentiator on one hand should be accurate and on

the other hand should not endanger the stability of the haptic system. Also the estimated velocity must be noise free

as much as possible since the human operator feels the nosily force feedback.

Wave transformation is widely used in teleoperation and haptic systems. It provides a robust solution for constant

communication delay [4] and/or slowly updated VEs [5]. When wave control is used, the velocity estimation becomes

more critical due to the fact that the velocity signal is directly used in feedback signal mostly with large gains, i.e.
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wave impedance. This large gain while is desirable for the transparency of the system in low frequencies, brings about

two problems: i) amplifies noise and ii) affects the transparency of the system in high frequencies.

There are few works that trying to address the need of a suitable differentiator for haptic applications and up to

our knowledge there is no work related to velocity estimation or filtering for applications with wave transformation.

Related works fall into two main categories. Some of them such as [6–10] demand a new haptic interfaces design which

are not commercially available or requires an accurate model of the haptic device which such an accurate and reliable

model is not available [11,12].

Beside these works, there are some works that provide software solution for haptic application by introducing new

algorithms for calculating velocity. [13] proposes an adaptive windowing for velocity estimation. Their results show

that the proposed method has poor performance for low frequency sampling rates. Also the stability and transparency

of the system with this velocity estimator is not clear. In [14] designing a suitable Finite Impulse Response (FIR)

differentiator for haptic application is studied. This differentiator is designed in a way that enhance the passivity of

the system but still suffers form the noisy output.

In this paper a new filter bank-like architecture Figure 1 involving passive multirate wave control [5,15] and passive

velocity filtering Figure 2 is presented. Beside removing noise, the proposed passive filtering improves the transparency

of the haptic system, especially in high frequencies.

As it is elucidated in Figure 1, the outgoing wave variable, um is split into two parts by using lowpass (LP) and

highpass (HP) filters. The first part of the wave signal, the output of LP, is fed to the virtual environment (VE)

and the output of the HP is used to filter the input velocity signal. The presented configuration in Figure 1 as it

is discussed later, is converted to an equivalent scheme shown in Figure 2. The role of the LP filter is threefold: i)

removes noise, ii) reduces wave reflection, and iii) by avoiding aliasing guarantees the passivity of the transmission

lines in the presence of any rate change. The rate change might be due to the computer network limitations or a slow

VE.

Since available filters are not ideal, the design of the filters are formulated as a minimax problem based on the

passivity criterion. The performance of the proposed architecture is study in frequency domain and it is shown that the

proposed structure improves the performance of the system in high frequencies. The analytical results are confirmed

experimentally, especially the effectiveness of the proposed design method and appropriate performance of the filtering

scheme.

The rest of this paper is structured as follows: Section 2 introduces the problem associated with the passive

multirate wave control. The passivity discussion about the proposed architecture and passive velocity filtering is

presented in Section 3. The filter design problem formulated in Section 4. The performance of the new architecture

is investigated analytically in Section 5 and Section 6 presents the experimental results. Finally Section 7 is devoted

to the conclusions and the future works.
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2 Problem definition

For an impedance haptic interface with wave control the feedback force is computed by:

Fm = bẋm −
√

2bvm (1)

where b is wave impedance, ẋm is the velocity of the haptic interface, and vm is incoming wave variable.

As it is shown later on in this section, in high frequencies the first term in Equation (1) becomes dominant and

it generates a large feedback force, i.e Fm, especially when wave impedance is large. On the other hand a large wave

impedance improves the performance of the system in low frequencies. Furthermore, due to noisy velocity signal,

which is computed from position signal, the feedback force becomes too noisy.

Utilizing a lowpass filter to filter the velocity signals provides a solution for these problems. It is a well-known

fact that filtering in power domain due to the imposed phase lag might make the system unstable. On the other hand

designing suitable velocity observer or filter in power domain demands an accurate model of the haptic interface. Such

a model due to nonlinearities in available commercial haptic devices and the change of physical properties usually is
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not available.

This work proposes a passive velocity filtering method which can be designed independent of haptic interface and

wave impedance.

Consider the second branch of outgoing wave variable um, which is the output of the HP filter, vHP . Since um is

found by:

um =
√

2bẋm − vm (2)

and on the other hand vm mostly involves low and medium frequencies, it can be concluded that the main signal

that contributes to vHP is the velocity signal. Hence, by feeding back vHP and dividing this signal by 2 and by some

manipulation Equation (1) in frequency domain can be written:

Fm(z) = bẊm(z)(1−HP (z))−
√

2bVm(z) (3)

(1 − HP (z)) actually is a low pass filter which removes high frequency content and noise from the velocity signal

xm . This explains how the structrue shown in Figure 1 is equivalent to the structure shown in Figure 2 where

LPv = (1 −HP (z)) As it is shown in the next section, this lowpass filter also takes care of the significant deviation

from the ideal response in high frequencies.

The same argument hold for admittance type haptic interface. By this difference that the HP feedback in this case

is used to filter the measured force.

2.1 Frequency Domain Analysis

In our earlier works [5,15], we have shown that in order to guarantee the passivity of the communication channels a low

pass filter with a cutoff frequency less than the update frequency of the VE should be used before the downsampler.

The aliasing due to the rate change might inject energy to the system and violate the passivity of the communication

channel. To better show the shortcomings of the multirate passive wave transformation without velocity filter, its

performance is studied by using frequency domain analysis.

Lifting [16] is used to convert the multirate feedback system, Figure 1 without HP, to a unirate system in order

to find the transmitted admittance:

H(z) =
Xm(z)

Fh(z)
, (4)

The VE is a virtual wall where its virtual damping and virtual stiffness are BV E = 10 Ns/m and KV E = 2000 N/m

respectively. The VE is updated every 0.02 s. The frequency response of the resultant transfer function in Equation (4)

is compared with the frequency response of the transfer function of the ideal case. The ideal case is considered to be

the transmitted admittance when direct coupling is used. Figure 3 plots the frequency response of the transmitted

admittance in low frequencies and for different wave impedances. In this frequency range, when the hand input can

be considered as a constant input, increasing wave impedance improves the perception. This is expected because for

constant input and in steady state, the low pass filter used in communication channels behaves like a virtual coupler

with the following spring stiffness [17]:
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Kfilter = 2bλ, (5)

where λ is the cutoff frequency of the lowpass filter. Hence it can be concluded that increasing wave impedance in

low frequencies, improves the perception. On the other hand increasing wave impedance in high frequency has an

adverse effect on the transparency of the system, Figure 4. In this frequency range increasing wave impedance is

similar to adding damping to the system which results in decreasing the first natural frequency of the system. It can

be shown that by increasing the cutoff frequency of the lowpass filter, it is possible to get closer to the ideal case at the

expense of the stability of the system [5]. In order to improve the performance in high frequency and remove noise,

the filterbank-like structure in Figure 1 is used instead. Filtering the velocity signal makes it possible to use larger

wave impedances which in turn improves the performance of the system in low frequencies as well.

In the next sections passivity analysis for the proposed architecture is presented and filter design problem is

introduced.
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Figure 3: Frequency responses of transmitted admittance for different wave impedances and in low frequencies for

BV E = 10 Ns/m and KV E = 2000 N/m

3 Passivity analysis

Consider the passivity condition for the right side of the haptic system in Figure 1:

∆E (t) =
1

2

[
N∑

k=0

u2mt
(k) · T −

N∑

k=0

v2mt
(k) · T

]
≥ 0

∀t ≥ 0, (6)
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Figure 4: Frequency responses of transmitted admittance for different wave impedances and in high frequencies for

BV E = 10 Ns/m and KV E = 2000 N/m

where umt
and vmt

are truncated signals defined as:

uθ(τ) =





0 if τ < 0

u(τ) if 0 ≤ τ ≤ θ
0 if τ > θ

, (7)

Considering Equation (7), Equation (6) can be written as:

∆E (t) =
1

2

[ ∞∑

k=0

u2mt
(k) · T −

∞∑

k=0

v2mt
(k) · T

]
≥ 0

∀t ≥ 0, (8)

Using Parseval’s theorem, the second term in Equation (8) can be written as:

1

2

[
TM

2π

∫ π

−π
|Um(ejω)|2 − Vm(ejω)|2dω

]
, (9)

where Um and Vm are the discrete-time Fourier transform of u and v respectively. Moreover, um is split into two

signals by using LP and HP filters.





ULP = HLPU

UHP = HHPU
, (10)

The first output of the filters, uLP , is fed to the VE and the output of HP filter is used to filter the velocity as

explained earlier in Section 2. On the other hand vm is generated by adding the outputs of VE and HP:

vm = vLP + vHP , (11)
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where vLP and vHP are the outputs of the VE and HP respectively. Hence Equation (9) can be written as:

1

2

[
TM

2π

∫ π

−π
|Um(ejω)|2 − |

[
VLP (ejω) + VHP (ejω)

]
|2dω

]
, (12)

Assuming that the VE is passive and by some manipulations Equation (12) becomes:

1

2

[
TM

2π

∫ π

−π
|Um(ejω)|2

[
1−

[
|HLP |2 +

|HHP |2
4

+ 2Real [HLPH
∗
HP /2]

]]
dω

]
, (13)

where H∗HP denotes complex conjunction of HHP . It can be concluded that the passivity condition is:

1 >

[
|HLP |2 +

|HHP |2
4

+ 2Real [HLPH
∗
HP /2]

]
, (14)

Equation (14) provides the passivity condition independent of VE and haptic interface, provided they are passive. If

LP and HP are ideal, Equation (14) is always satisfied. For practical filters Equation (14) gives passivity condition

which can be used to design the filters.

In the next section the design problem is formulated as a minimax problem to obtain the filter coefficients.

3.1 Passive velocity Filter

4 Filters design

The filter design problem is formulated as a constrained minimax optimization problem. The VE which is used in this

paper for analytical and experimental performance evaluation, is a slow VE with an update rate equal to 50 Hz. For

this VE, the LP1 filter, Figure 1, is designed based on the passivity analysis which is presented in [5], i.e. for avoiding

aliasing the cutoff frequency should be less than 50/2 = 25 Hz. Hence, the LP1 filter is considered to be a first order

filter with the following transfer function:

HLP (z) =
0.05

z − 0.95
(15)

Also the following structure is assumed for HHP :

HHP (z) =
z − 1

z − α (16)

where α is the optimization variable. The error function is defined by using right hand side of Equation (14) and by

evaluating it in 512 different frequency points. The constraint is defined in a way that guarantees the stability of the

filter and prevents the overlapping of the frequency bandwidth of the LP and HP filters, i.e. 0 < α < 0.95.

Matlab Optimization toolbox is used to solve the problem. Figure 5 demonstrates the evaluated error function

with optimized variable which found to be α = 929.134319755588e− 003.

5 Frequency domain analysis

Figure 6 and Figure 7 demonstrates the frequency response of transmitted admittance in low and high frequency with

the designed velocity filter. As it is cleared in these figures the new architecture significantly improves the performance
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of the system in high frequencies. In high frequency the significant deviation from the ideal case is removed which

makes it possible to utilize larger wave impedances in order to improve the low-frequency response.
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Figure 6: Frequency responses of transmitted admittance for different wave impedances and with velocity filter in low

frequencies for BV E = 10 Ns/m and KV E = 2000 N/m

To confirm the analytical results, experimental results are provided in the next section.

6 Experiments

This section presents experimental interactions with a slow virtual wall through a Novint Falcon haptic interface which

is connected to a personal computer (PCs) running Windows Vista on Intel Core 2 Duo CPU at 2.67GHz with 2 GB
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Figure 7: Frequency responses of transmitted admittance for different wave impedances and velocity filter in high

frequencies for BV E = 10 Ns/m and KV E = 2000 N/m

RAM. The one degree of freedom virtual environment runs as a C++ console application on the same computer. The

console application hast two loops; i) fast loop which comprises the master side and the filtering of the outgoing wave

variable, um and velocity filter and ii) slow loop which consists of the slave side and runs inside the fast loop. Novint

Falcon API is used to run the fast loop at 1 KHz and the update rate of the slow loop is controlled by a counter inside

this fast loop. Since the console application runs on the Windows operating system, no exact sampling time could be

guaranteed but the variation of the sampling times is negligible. The slow virtual wall is updated every 0.02 s. The

wave impedance is b = 30 Ns/m. The stiffness of the VE is equal to 2000 N/m.

Two sets of experiments are conducted. In the first set of experiments a sinusoidal hand input is used. The

frequency of the hand input is set to 5 Hz and its amplitude is 1 N . The main goal of this experiment is to show

the performance of the designed filter in terms of noise attenuation. The result of three different experiments are

provided: i) without using velocity filter, ii) with a velocity filter which differs form the designed velocity filter, and

iii) with the designed velocity filter. Figure 8, Figure 9, and Figure 10 plot the results of the first set of experiments

for these cases respectively.

Comparing Figure 8(b) and Figure 10(b), reveals how noise affects the force applied on the user. For the experiment

shown in Figure 8 the following filter is used:

HLP (z) =
0.05

z − 0.95
(17)

instead of the designed filter which is:

HLP (z) =
0.071

z − 0.929
(18)

the result in Figure 8 demonstrate how the stability of the system is sensitive to the filter parameters and using wrong

filters makes the system unstable. The results prove the effectiveness of the filter design method in Section 4.
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Figure 8: Experimental interaction with a slow virtual wall (K = 2000 N/m, B = 10 Ns/m, TV E = 0.02 s) via passive

multirate wave communications and without velocity filter. The frequency of sinusoidal hand input is 5 Hz.
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Figure 9: Experimental interaction with a slow virtual wall (K = 2000 N/m, B = 10 Ns/m, TV E = 0.02 s) via passive

multirate wave communications and with an impropriate velocity filter. The frequency of sinusoidal hand input is

5 Hz.
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Figure 10: Experimental interaction with a slow virtual wall (K = 2000 N/m, B = 10 Ns/m, TV E = 0.02 s) via

passive multirate wave communications and with the designed velocity filter. The frequency of sinusoidal hand input

is 5 Hz.

In the second set of experiments a step input is used as the human hand input to investigate the transient response

of the system. The results are presented in Figure 11 and Figure 12 for two cases i) without velocity filter and ii)

with velocity filter respectively. Beside the noisy force, note that the first peak of the applied force on the user in

Figure 11(b) is almost twice greater than the first peak of the force in Figure 12(b). This fact shows that using

velocity filter improves the performance of the system in high frequencies. The results confirms the analytical results

in Section 5.

7 Conclusions

This work proposes a new filter bank-like architecture for improving the performance of multirate wave control of

haptic system and filtering the input signal. The filters of proposed structure are designed based on passivity. Both

analytical and experimental results are provided to confirm the performance of proposed architecture. Advantages of

the proposed method is as follows:

1- the performance can be evaluated and improved. Unlike most time domain passivity based methods,

2- it can used for different haptic interface types and VEs, admittance or impedance,

3- controller, i.e. filters, design is independent of the haptic interface and VE.

4- noisy velocity input can be filtered passively.

5- filters design is a unirate problem

future works seeks two lines of research i) extending the results to passive position filtering which makes the

proposed method a general way of passive filtering and ii) the possibility of adding a local model to the proposed
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Figure 11: Experimental interaction with a slow virtual wall (K = 2000 N/m, B = 10 Ns/m, TV E = 0.02 s) via

passive multirate wave communications and without velocity filter. The hand input is a unit step.
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Figure 12: Experimental interaction with a slow virtual wall (K = 2000 N/m, B = 10 Ns/m, TV E = 0.02 s) via

passive multirate wave communications and with the designed velocity filter. The hand input is a unit step.
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filterbank-like structure to improve performance of the system.
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Abstract

This paper proposes a filter bank-like structure with a local model of interaction for improving the perfor-

mance of passive multirate wave variable control of haptic interaction with a slowly updated virtual environment.

In the proposed structure, the low frequency component of the outgoing wave at the user’s side is sent to the

slow virtual environment, and the high frequency component is sent to a local model of interaction. Low-pass

and high-pass filters separate the outgoing wave into the two components. Frequency domain analysis tools

and lifting are used to investigate the effect of utilizing a local model of interaction in conjunction with the

slow virtual environment. The analysis shows that: (1) the proposed control structure significantly improves the

admittance transmitted to the user at both low and high frequencies; and (2) the parameters of the local model

have little impact on the stability of the haptic system, unlike the parameters of local models developed in the

power domain. Experiments with a Phantom Omni haptic device probing a slowly updated virtual wall validate

the analytical results.

1 Introduction

The human touch requires a force refresh rate of about 1 KHz for convincing haptic interaction with virtual envi-

ronments [1, 2, 3]. Yet, physically-based virtual environments oftentimes cannot be simulated at the speed needed

for high-fidelity force control because they involve complex dynamics and/or collision detection computations.

The delay of computationally demanding virtual environments is a well-recognized factor degrading the stability

or passivity of haptic interaction [4, 5]. Providing stable and transparent haptic feedback to users interacting with

slowly updated virtual environments is a challenging issue in haptic systems research.

A key approach to enabling a fast force control loop in the presence of computational delay of the virtual

environment exploits a fast local model of interaction either in conjunction with the original slow virtual envi-

ronment [1, 6] or in its place [7, 3, 8]. In essence, the fast local model is a simulation with reduced numerical

complexity that computes the force feedback at typical haptic frequencies and thus, increases the stability and
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transparency of the haptic interaction. Local models of interaction have been proposed for haptic manipulation

both of rigid [9] and of deformable [10, 1, 7, 11, 3] virtual environments. Since this paper does not address the

development of a local model of interaction, the reader is referred to [7] for a recent comprehensive overview.

A local model can be used in various architectures in conjunction with diverse control strategies. In [1], a

local model comprising a fixed stiffness has been used together with virtual coupling [12, 5] control. Lifting [13]

has been employed to derive the closed loop stability of a multirate simulation with the constant stiffness local

model [1], and to show that the simulation loop is stable if the local stiffness is lower than the stiffness of the slow

virtual environment. The results in [1] indicate that a fixed stiffness local model cannot be used to increase the

gain of the force feedback loop and thus, to increase the range of contact impedances that can be rendered to users

interacting in slowly updated virtual environments. In [3], pre-computed passive local models have substituted

the slow virtual environment and a switching between the local models has been devised to passively activate

them. The resulting passive interaction forces guarantee stable interaction, and the physical accuracy of the pre-

specified local models ensures fidelity. The passive activation of the local models [3] guarantees the stability of

the haptic manipulation of any slowly updated deformable virtual environment but requires passive local models

to be pre-defined. In [6, 7], a real-time technique has been offered to generate a lower-order approximation of a

full order virtual environment model. The lower-order-approximation local model has been used in conjunction

with the full-order virtual environment in [6], and has been used in place of the full-order environment in [7].

Substituting a local model for a slow virtual environment improves the stability of the haptic interaction [3], but

the transparency of the interaction hinges on the accuracy of the local model. Oftentimes no guarantee is provided

for such accuracy. Using a local model in conjunction with the slow virtual environment may threaten the stability

of the haptic system [1].

This paper introduces a novel filter bank-like haptic control architecture which combines passive multirate

wave communications [14, 15] and a local model of interaction. The proposed architecture is shown to impose

few restrictions on the parameters of the local model and to improve the transparency of passive multirate wave-

based control of haptic interaction with a slowly updated virtual environment. The paper starts by investigating

the limitations of the passive multirate wave communications [14, 15] in terms of transparency. It then proposes

the new architecture, and contrasts its transparency to the transparency of the passive multirate wave control

strategy. Lastly, the paper presents experimental results which validate the increased transparency of the haptic

interaction with a slowly updated virtual environment through the novel filter bank-like architecture and the local

model of interaction. Frequency domain tools alongside lifting enable the performance analyses and comparisons

presented in this paper.

In the remainder, Section 2 introduces the performance limitations of passive multirate wave control of a

haptic system with a slow virtual environment. Section 3 introduces the new filter bank-like architecture with local

model, and investigates its performance. Section 4 presents the experimental performance validation. Section 5

summarizes the conclusions of this work.
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Figure 1: Passive multirate wave transformation with downsampling and upsampling in the communication chan-

nels, and with anti-aliasing low-pass filter in the wave sent from the user to the slow virtual environment.

2 Performance of passive multirate wave control of haptic interaction

with slow virtual environments

This section investigates the performance of the passive multirate wave variable transformation depicted in Fig-

ure 1. In this figure: a downsampler M↓ and an upsampler M↑ are placed in the communications to model the

rate change imposed on the haptic system by the slowly updated virtual environment; b is the wave impedance;

ẋm is the velocity of the user’s hand; Fm is the force feedback applied to the user through control; um and us are

the outgoing wave at the user and the virtual environment side, respectively; and Fs is the force response of the

slow virtual environment. We have shown in prior work [14, 15] that wave aliasing due to downsampling may

inject energy into the haptic system and destroy the passivity of multirate wave communications. To eliminate

aliasing and guarantee the passivity of the multirate wave transformation, a low pass wave filter LP with cutoff

frequency less than half the update frequency of the virtual environment is placed before the downsampler in the

communication channel.

Lifting [13] is used to convert the multirate feedback system to a unirate system whose admittance transmitted

to the user can be computed according to:

H(z) =
Xm(z)
Fh(z)

. (1)

Note that the hand position rather than the hand velocity is used to compute the admittance transmitted to the user.

Therefore, the DC transmitted admittance provides a direct indication of the environment stiffness transmitted to

the user. After simplification of the control loop, the frequency response of the admittance transmitted to the user

by passive multirate wave control is contrasted with the frequency response of the admittance transmitted by direct

coupling control, hereafter considered the ideal response. Throughout the analysis, the haptic device is considered

to have mass mHD = 0.1 kg and damping bHD = 1.5 ns/m, and the slowly updated virtual environment comprises a

virtual wall with stiffness KV E = 500 N/m, damping BV E = 1 Ns/m, and sampling interval TV E = 0.02 s. Figure 2

illustrates the frequency response of the transmitted impedance for various wave impedances. The low frequency

response is depicted in Figure 2(a) and the high frequency response is shown in Figure 2(b).
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Figure 2: Frequency responses of the admittance transmitted to the user through direct coupling (DC) control

and through passive multirate wave control for different wave impedances b and for a virtual wall with stiffness

KV E = 500 N/m, damping and BV E = 1 Ns/m, and sampling interval TV E = 0.02 s.

Figure 2(a) demonstrates that increasing the wave impedance improves transparency in the low frequency

range, where the user’s input can be considered constant. This is expected because the low-pass anti-aliasing

filter behaves like a virtual coupler with spring stiffness [16]:

K f ilter = 2bλ (2)

in the low frequency range. In Equation (2), λ is the cutoff frequency of the low-pass filter.

On the other hand, Figure 2(b) illustrates that passive multirate wave control adversely affects the transmitted

admittance in the high frequency range. Increasing the wave impedance is similar to adding damping to the haptic

system. Added damping decreases the first natural frequency of the system and thus degrades transparency. It

can be shown [15] that the transmitted admittance approaches the ideal transmitted admittance at the expense of

stability when the cutoff frequency of the low pass filter increases. To overcome this performance shortcoming

of passive multirate wave control without sacrificing stability, the next section proposes a novel filter bank-like

architecture with a local model of interaction.

3 Passive multirate wave control with filter bank and local model of in-

teraction

Figure 3 depicts the proposed architecture with filter bank and a local model of interaction. In this figure: LP1 is

the low-pass anti-aliasing filter which ensures the passivity of the multirate wave transformation; HP is the high-

pass wave filter whose decoded output is passed to the local model of interaction LM; and LP2 is a low pass wave

filter which reduces the wave reflections in the feedback loop which comprises the local model. The filter bank

divides the outgoing wave at the user’s side um into a low-frequency wave, which it sends to the slowly updated

virtual environment, and a high-frequency wave, which it passes along to the local model. It can be shown that

this filter bank structure maintains the passivity of the wave-based communication channels.
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Figure 3: Proposed wave-based haptic control architecture with filter bank and local model of interaction.

The filter bank and local model shown in Figure 3 improve the transparency of the passive multirate wave

control of haptic interaction with a slowly updated virtual environment in the high frequency range, but have little

effect on the performance of the system in the low-frequency range. Increased transparency in low frequencies is

achieved via adding an additional term to the returning wave at the user’s side vm [17]:

vm = vm−Kp(xm− xs), (3)

where Kp is a constant gain, and xm and xs are the position of the haptic device and the position of its avatar

in the virtual environment, respectively. The additional term in Equation (3) makes the low-frequency control

performance independent of the wave impedance.

The following section uses frequency domain analysis to derive the performance of the proposed wave-based

haptic control architecture with filter bank and local model of interaction, and to demonstrate that the local model

stiffness KLM and and the gain of the term added to the returning wave Kp do not affect the stability of the haptic

system.

3.1 Stability analysis

In this section, lifting is used to convert the wave-based haptic multirate system with filter bank and local model

of interaction into a unirate system and to derive its stability region. Figure 4 shows the Z-width of the haptic

interface with passive multirate wave control. This figure illustrates that the haptic device can stably render a

maximum environment stiffness KV E = 800 N/m for an environment damping BV E = 1 Ns/m.

Figure 5 plots the stability region of haptic interaction with a slowly updated virtual environment controlled

via passive multirate waves with filter bank and local model of interaction, for various values of the virtual envi-

ronment stiffness KV E , of the local model stiffness KLM , and of the gain Kp (Equation (3)). The wave impedance

is b = 25 Ns/m, and the damping of the virtual environment is BV E = 1 Ns/m for all stiffness combinations

depicted in Figure 5. All filters are IIR-Butterworth filters. They are designed using the Digital Filter Design

toolbox in Matlab, and according to the specifications in Table 1. As shown in Figure 5, the proposed passive
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Figure 4: Z-width of the haptic interface with passive multirate wave control.

multirate wave control with filter bank, local model and position feedback improves the stability of the system,

too. The improvement is largely brought about by the damping injected through the low-pass filter LP2. This filter

has been introduced to reduce the wave reflections caused by the feedback loop closed through the local model

of interaction.

Figure 5: Stability region of the proposed wave-based haptic control architecture with filter bank and local model

of interaction for various values of the virtual environment stiffness KV E , of the local model stiffness KLM , and of

the gain Kp (Equation (3)).
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Table 1: Filter specifications for analysis and experiments

Filter Passband Stopband Passband Stopband

Freq (Hz) Freq (Hz) Amp (dB) Amp (dB)

LP1 25 50 20 10

LP2 300 600 1 40

HP 40 70 40 20
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Figure 6: Frequency responses of the admittance transmitted to the user by: passive multirate wave control with

filter bank and local model(PMW+LM); direct coupling (DC); passive multirate wave control (PMW). The wave

impedance is b = 25 Ns/m both for PMW+LM and for PMW.

3.2 Performance analysis

Figures 6(a) and 6(b) plot the low and high frequency responses of the admittance transmitted to the user: by

the wave-based haptic control architecture with filter bank and local model of interaction (PMW+LM); by direct

coupling control (DC), herein considered the ideal response; and by passive multirate wave control (PMW). Note

in these figures that the passive multirate wave control with filter bank and local model of interaction (PMW+LM)

has much better performance that passive multirate wave control (PMW) both at low and at high frequencies. In

the low frequency range, the amplitude response of PMW+LM is much closer to the ideal response (DC). In the

high frequency range, the natural frequency approaches the natural frequency of the ideal system (DC). In other

words, the proposed architecture can render stiffer contact than the passive multirate wave controller without local

model of interaction.

The analytical results obtained in this section are validated experimentally in the following section.

4 experiments

The experimental interactions involve controlled haptic contact with a delayed virtual wall through a Phantom

Omni haptic interface. The haptic device is connected to a personal computer which runs Windows Vista on an

IEEE Haptics Symposium, pp.105-110, 4-7 March 2012



112

Intel Core 2 Duo CPU at 2.67GHz with 2 GB RAM. The virtual environment runs as a C++ console application

on the same computer. The console application has two loops: a fast loop that implements the device control, the

filtering of the outgoing wave variable um, the filter bank and the local model; and a slow loop that runs the virtual

environment simulation. OPENHAPTICS API is used to run the fast loop at 1 KHz and the slow loop at 50 Hz.

Since the console application runs on Windows, no exact sampling time can be guaranteed, but the variation of

the sampling time is negligible. A sinusoidal force is used to excite the system and to determine its frequency

response. The frequency of the sinusoidal input is variable and bounded in the [0,50] Hz interval. The stiffness of

the virtual environment and of the local model are KV E = KML = 500 N/m, the wave impedance is b = 25 Ns/m,

and the gain in Equation (3) is Kp = 20
√

W
m . A virtual wall with KV E = 500 N/m, BV E = 1 Ns/m, and an update

rate of 1 kHz is considered the ideal case in the experiments.

Figure 7 depicts the experimental frequency response of transmitted admittance for three control strategies:

passive multirate wave control with filter bank and local model (PMW+LM); direct coupling (DC); passive mul-

tirate wave control (PMW). Note in this figure that the proposed architecture PMW+LM: (i) increases the first

natural frequency of the system and thus, can be used to render stiffer contacts then passive multirate wave con-

trol; and (ii) at low frequency, approaches the ideal transmitted admittance regardless of the low update rate of

the virtual environment (equal to 0.02 s) compared to the fast update rate of the ideal virtual environment (equal

to 0.001 s).
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Figure 7: Experimental frequency responses of transmitted admittance for: passive multirate wave control with

filter bank and local model(PMW+LM); direct coupling (DC); passive multirate wave control (PMW).

Figure 8 depicts the impedance transmitted to the user Fm
Xm

by the three control strategies: passive multirate

wave control with filter bank and local model (PMW+LM); ideal direct coupling to fast virtual environment (DC);

passive multirate wave control (PMW). Note that the proposed architecture transmits to users an environment

impedance which is much closer to the virtual environment stiffness KV E = 500 N/m. compared to the passive
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multirate wave control strategy.
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Figure 8: The impedance transmitted to the user by: passive multirate wave control with filter bank and local

model(PMW+LM); direct coupling to fast virtual environment (DC); passive multirate wave control (PMW).

5 Conclusions and future work

This paper has aimed to improve the performance of a passive multirate wave variable controller for haptic

interaction with slowly updated virtual environments previously developed by the authors [14, 15]. To this end,

it has proposed a filter bank-like structure with local model of interaction in which low-pass and high-pass filters

have separated the wave leaving the haptic interface side into two components. The low-frequency component

of the outgoing wave has been sent to the slow virtual environment, and the high frequency component has been

sent to a local model of interaction. Frequency domain analysis and lifting have been used to derive the stability

and performance of the local model alongside the slow virtual environment. The filter bank together with the

local model of interaction have been shown to improve the admittance transmitted to the user by the passive

multirate wave controller both at low and at high frequencies. Further, the parameters of the local model have

been shown to affect little the stability of the haptic system, unlike the parameters of local models developed in

the power domain. Experiments with a Phantom Omni haptic device probing a slowly updated virtual wall have

been presented to validate the analytical results.

Upcoming work will investigate the formulation of the filter design problem as a multirate robust loop-shaping

problem. Robust control should decrease the sensitivity to changes in the virtual environment and/or in the haptic

interface, and should allow the haptic feedback system to cope with the errors involved in approximating the

virtual environment parameters in the local model.
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