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Abstract

C*-algebras from tilings are of particular interest. In 1998 J. Anderson
and I. Putnam introduced a C*-algebra obtained from a substitution tiling that is
viewed today as a standard invariant for this tilings. In this thesis we introduce
another C*-algebra associated to a substitution tiling. We expect this C*-algebra to
be in some sense a dual C*-algebra to the one introduced by Anderson and Putnam,
but we were not able to make a precise statement. In our effort to characterize this
new C*-algebras we prove that they are simple and can be constructed as an inductive
limit of recursive subhomogenous algebras. We finish with K-theory computations
for a number of examples.
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Introduction

The mathematical study of aperiodical tilings was boosted in 1984
with the the development of the theory of quasicrystals. Geologists had always
thought that all crystals had a simple, periodic arrangement, but in 1982 Israeli
crystallographer Dan Shechtman discovered quasicrystals: metallic substances which
are crystalline but do not follow the usual rules of crystal structure (he actually
found some metallic alloys which exhibited a long-range atomic order with five-fold
rotational symmetry). It took him two and a half years to get his results published,
because the establishment refused to believe that such renegade crystals could exist.
Quasicrystalline materials are more than just a geological curiosity - their resistance
to wear means they could have many practical applications. One already in use is
that they make excellent non-scratch coating for frying pans.

For mathematics the interest part is that the quasicrystal structure can
be explained by an aperiodic tiling, see [10] or [30]. This prompted mathematicians
and physicists to search for new relations between a quasicrystal and its associated
aperiodic tiling. It also made the study of aperiodic tilings much more interesting.
Here is where C*-algebras play a role. Anderson and Putnam introduced a C*-
algebra, now considered the standard one, that can be obtained from an aperiodic
tiling, see [1]. There are other constructions, as introduced by J. Bellissard and
J. Kellendonk, see [11]. These C*-algebras are closely related with the physics of
quasicrystals, see [11]. The main goal of this thesis is to introduce another C*-
algebra for substitution tilings. This C*-algebra should be in some sense a dual
C*-algebra to the one introduced by Anderson and Putnam. A general idea of this
new C*-algebras is given bellow.

We start by introducing an equivalence relation on R?, that relates two
points, x and vy, if the patch defined by y on the tiling matches the patch defined
by x translated by y-x. We then associate a C*-algebra to this equivalence relation
through the groupoid approach, see [23], and finally use the inflation map on the
tiling to get an inductive limit of C*-algebras, which we call C*(UGy).



We expect this new C*-algebra to interplay in some dual way with the
Anderson-Putnam C*-algebra, because both are associated to a Smale space (see
[22] or [29] for details in Smale spaces) formed from the substitution tiling with
some mild conditions. Actually C*(UGy) is the C*-algebra associated to the stable
equivalence in the Smale space and the Anderson Putnam C*-algebra is associated
to the unstable equivalence (see[1] for details on the last statement).

The thesis is presented in the following manner:

In the first chapter we give a brief introduction to substitution tilings
and to the Smith Normal form of a matrix and give some references on K-theory.

The new C*-algebras we are going to define are built from equivalence
relations on IR?. So we describe the general method to obtain C*-algebras from
equivalence relations in chapter II and also give some important examples that are
necessary to understand the C*-algebras defined in the following chapters.

For any tiling (with some mild assumptions, but not necessarily a sub-
stitution tiling) we associate a new C*-algebra to it in chapter III. We also make
some general K-theory computations for this C*-algebras and illustrate our find-
ings for the Thue-Morse tiling. We finish the chapter with a characterization of the
positive cone of Ky in the 1 dimensional case.

In chapter IV it is essential that we work with substitution tilings.
We will use the C*-algebras defined in the previous chapter as steps to introduce
a C*-algebra that will encode the dynamics of the substitution rule. We will also
characterize these step C*-algebras as recursive subhomogeneous algebras and at
the end of the chapter we will make some K-theory computations, including a 1
dimensional example (the Fibonacci tiling).

Finally in chapter V we show, for some particular cases, how to com-
pute the K-theory of the C*-algebras introduced during the thesis.

We finish the work with some final considerations.



Chapter I

Background

I.1 Tilings

In this section we will give a brief definition of a substitution tiling and
introduce some conditions we want to be satisfied. Most of the omitted proofs can
be found in [1] and other references. We start with the definition of a tiling:

Definition I.1. A tile is a subset of IR® homeomorphic to a closed ball in IR%. A
Tiling is a collection of tiles that cover IR® with pairwise disjoint interiors.

In order to define a substitution tiling we need to make the definition
of a tiling a little bit more technical and introduce a few more terms. In particular
we also allow labels on the tiles.

Definition I.2. A partial tiling, or patch, is a collection of tiles in IR? with pairwise
disjoint interiors. The support of a partial tiling is the union of all its tiles as a
subset of IRC.

Observation 1.3. A tiling is a partial tiling with support the whole IR®.

We may think of a tiling, T, as a multi-valued function, i.e., for u € IR?

we set
Tu)={teT:uect}

and for U C IR? we set
T(U)= | JT()={t€T:tnU + 0}
velU

Consider a finite set of tiles, p1, ps, . . ., Pn, which we call prototiles and
let Q be the collection of all partial tilings that contain only translations of these



prototiles (so we are assuming none of the prototiles is a translation of another). By
the translation of a tile ¢ by a vector v € IR? we mean the set t+v = {z +v : z € t}.

Suppose there is an inflation constant A > 1 and a substitution rule
that associates to each prototile p; a partial tiling P; with support p; and such that
AP € Q. Let O(p;) := AP,. We will extend the definition of @ by translation for all
other tiles in T. If a tile is a translation of a prototile, say t; = p; + u, we define
@(pj + u) = @(p;) + Au for all tiles in T. Finally for any partial tiling P € Q we
have that &(P) := U w(t).

teP
The next proposition follows from the definitions introduced above.

Proposition 1.4. B(T +v) = &(T) + v for any v € IR? and any T € Q.

The set Q is still too big for our purposes. So we restrict our attention
to the set  of all tilings, T, in Q such that for any partial tiling P C T, with
bounded support, we have P C &% (p; + u), for some k > 1,1 <i < n and u € R%
The restriction of & to € is denoted by w.

Observation 1.5. The set Q) is non-empty, as shown in [1].
Definition 1.6. A substitution tiling is a tiling that is contained in 2 as above.

The following properties are standard conditions on a substitution:

1. w is primitive that is, there exists an integer Ny > 0 such that for all pair of
prototiles p; and pj, the partial tiling w™No(p;) contains a translation of p;.

2. () satisfies the finite local complexity condition that is, for all r in IR, there
are only finitely many partial tilings, up to translation, that are subsets of
tilings in Q and whose support has diameter less than 7.

3. w: 0 — Qis one to one. This condition is often referred as recognizability
of w.

Observation 1.7. The assumption that w is one to one implies that all tilings in
Q are aperiodic, i.e., if T € Q and T +v = T for some v € R? then v = 0. Also
with all three assumptions above it follows that w is actually a bijection. We refer
the reader to [1] for a proof of these facts.

We finish this section with a lemma we will need later on.



Lemma 1.8. Let py,po,...,pn be a finite set of tiles and A be a collection of tilings
such that every tiling in A contain only translations of the tiles p1,ps,...,pn- Then
there exists & > 0 such that, if T € A, t is a tile in T and u s a vector with
0 < |u| <6, then t +u is not a tile in T.

Proof:
For 1 < i < n, choose a point z; in the interior of each prototile p; and
find §; such that B (z;,d;) C p;. Then § = min {d;} has the desired property.

1.2 Smith Normal Form of a matrix

In this section we introduce the Smith Normal Form of a matrix in a
euclidean ring. Proofs will be omitted. We refer the reader to [26] for details.

Theorem 1.9. Every nonzero n X n matriz I' with entries in a euclidean ring R
can be written as the product T' = P[§ 3] Q, where P and Q are invertible matrices,
¥ = diag(o1, . ..,04), 01,09, ...,04 are nonzero and o; divides o;1; for all1 <i<gq
(the lower blocks of 0’s or the right block of 0’s may not be present).

Definition 1.10. The matriz [§ §] in the statement of the theorem above is called a
Smith normal form of .

I.3 References on K-theory

It is beyond the scope of this thesis to give the reader enough back-
ground in K-theory. We refer the reader to [24], [2] or [31] for a study in K-theory.



Chapter 11

Groupoid C*-algebras

Given an equivalence relation G on a locally compact Hausdorff space,
under some mild conditions, one can construct a C*-algebra from it. We refer the
reader to [23] for the general construction. In the language of [23] we are going to
consider the case when G is a principal, r-discrete groupoid with counting measure as
a Haar System. In the situation we want to consider these assumptions will translate
to properties P1, P2 and P3 below. For us it will be enough to describe how to obtain
a C*-algebra from an equivalence relation satisfying P1 - P3 below.

II.1 Etale Equivalence Relations

We start this section with the definition of a groupoid:

Definition II.1. A groupoid is a set G together with a subset G® of G x G, a prod-

G@® — G . . G = G . :
uct map (oo e and an involution 5 s et that satisfy the following

conditions:

1. if (z,y) and (y, 2) are in GP, then (zy, z) and (z,yz) are in G® with (zy)z =
2(y2);

2. (z,z7') and (z71,z) are always in G@ for all z € G with z7}(zy) = y and
(zz)z~! = 2z whenever (z,y) and (z,z) are in G?.
Definition I1.2. A groupoid has an unit space defined by G° = {zz™! : z € G}.

Example I1.3. Observe that any group is a groupoid with G@ =G xG.



In our work we are interested in C*-algebras obtained from equivalence
relations. So we show below that an equivalence relation is a groupoid and hence we
can use the approach of [23] to get C*-algebras from an equivalence relation.

Throughout this chapter, X is a locally compact Hausdorff space such
that the one-point compactification of X is metrizable.

Let G C X x X be an equivalence relation. Then G with partially
defined product given by

(z,9)(¥,2) = (z,2) ify =/

and inverse given by

(z,9)™ = (,2)
satisfies the properties of definiton II.1.

Also G can be equipped with two maps, called range and source defined
by:
ri G
(z,9)
Notice that above we are identifying the unit space of the groupoid,
G® = Ax = {(z, z)|z € X} with the space X itself through the map =z — (z,z).
We want G to have a topology such that the product and inverse

X s: G —- X
T (z,y) — vy

—
—

defined above are continuous and have the following properties:

P1. G must be o-compact, i.e., G is a countable union of compact sets.
P2. A ={(z,z) € G: z € X} is an open subset of G.

P3. For all (z,y) € G there exists a neighborhood U of (z,y) in G, such that r
restricted to U and s restricted to U are homeomorphisms from U to 7(U) and
s(U) respectively, and 7(U) and s(U) are open subsets of X.

Definition I1.4. If G satisfy propertys P1 to P3 above we say G is étale.

Observe that with the above conditions the topology of G is linked to
that of X. In particular, since A is open, the natural identification of A with X is a
homeomorphism.

We now can state the first proposition of this chapter:

Proposition I1.5. Let G be an equivalence relation as above.



1. G is locally compact and Hausdorff.

2. IfK is a compact subset of G and x € X, then r{z} NK and s7'{z} N K are
both finite.

3. r Yz} and s7{z} and hence the equivalence class of z, [z], are countable for all
zeX.

4. If (z,y) € G then there are neighborhoods V, of x and V, of y in X, and a
homeomorphism ~ : V, — V,, such that y(z) =y and

{(z,7(2)):z€e V;} CG

is pre-compact, i.e., its closure is compact.

Moreover, the above v is unique.

Observation I1.6. Item 4. above means that G is made up by the graph of ”local
homeomorphisms” of X.

Proof:

1. That G is Hausdorff follows from the facts that G is étale and X is Hausdorff.

To see that G is locally compact, let (z,y) € G. Since G is étale, there exists a
neighborhood of (z,y) such that the range r : U — r(U) is a homeomorphism.

Now, r(z,y) = = and since X is locally compact there exists an open set A C X
such that z € A and A is compact.

Then 7(U)NA is open and 7(U) N A is compact and this implies that »~*(r(U)N
A) is the neighborhood of (z,y) we are looking for.

2. Start by using that G is étale to cover K by open sets around each point where r
is a homeomorphism. Since K is compact it has a finite subcover, say Uy, ..., U,
and 7 is a homeomorphism on each U;. Let z € X. If (z,y) € KNnr~!{z} for
some y, then (z,y) € U; for some j and r(z,y) = z. Since r is a homeomor-
phism in U;, (z,y) is the only point of r~*{z} in U;. So KNr~{z} is bounded
by n and in particular is finite.

An analogous proof work for s~*{z}.

3. We have that G is o-compact, so G = U K;, where each K; is compact.
ieN
Then,



7 i) =g} NG = U rH{z} NK;

ieN

and by item 2 this is a countable union of finite sets, hence countable.

We proceed in an analogous way for s~'{z}, and for [z], it is enough to observe
that

[a] = s (1 {})

4. The neighborhoods V, = r(U), V, = s(U) together with v = sy o (r|y)™" will
have the desired properties.

We will now see some examples of groupoids that satisfy properties
P1, P2 and P3.

Example I1.7. Let X be any countable set with discrete topology and G = X x X,
the "trivial” equivalence relation with discrete topology. Notice that all points in X
are equivalent.

Example I1.8. Let X be any locally compact, Hausdorff, o-compact set and G = Ax
with the inherited topology from X, the ”co-trivial” equivalence relation. Notice that
a point in X is only equivalent to itself.

Example I1.9. Let X = [0,1]U[2,3] C R, G = AU{(z,z+2), (z+2,z) : 0 <z < 1}
with the relative topology from X x X.

Example I1.10. With X as in the previous ezample, G' = AU {(1,3),(3,1)} does
not satisfy P3.

Proof: Observe that r(1,3) =1 and 1 is closed on X but (1,3) is open in G'.

I1.2 C*-algebras from G

Given a groupoid as in the previous sections, it is possible to construct
a C*-algebra associated with it. In this section we will introduce the reader to
this procedure. Proofs will be mostly omitted as they can be found for the general
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case at [23]. We also refer the reader to [32] and [17] for an approach to groupoid
C*-algebras.

The approach we are going to take here is very similar to the approach
given in [21]. Examples will be given in the next section.

Begin with a topological equivalence relation, G, as in II.1. Let C.(G)
be the complex linear space of compactly supported, continuous and complex valued
functions on G. Define multiplication and involution as follows:

(f *9)(z,y) = ) f(z,2)9(2v)

2€(z]

f(z,y) = f(y,2)
where (z,y) € G and f, g € C.(G)

Observation II.11. The sum defined on the product is actually a finite sum, since
f has compact support, say K, and by II.5 we have that KN [z] is finite.

Observation I1.12. We refer the reader to [23] or [32] for the remaining proofs
that f * g and f* are well defined.

In order to obtain a C*-algebra from the equivalence relation G we still
need a norm on C,(G). For this we need to first define a topology in C.(G).

Definition I1.13. Given a locally compact Hausdorff space X, the inductive limit
topology is defined in C.(X) as follows. A sequence {fn} converges to f in C.(X) if
and only if there ezists a compact subset K of X such that supp(f) is in K, supp({fn})
is eventually in K, and for sufficiently large N, { fo}n>n converges uniformly to f on
K.

We are now able to define the full norm, which will be the supremum
over a class of representations of C.(G).

Definition I1.14. Let f € C.(G). Define:
[fllc+ = sup{lm(f)llop}

where 7 : C.(G) — B(H) is a bounded, non-degenerate *—homomorphism, that is
continuous from the inductive limit topology of C.(G) to the weak operator topology
of B(H). By bounded above we mean that ||7(f)||op < ||f|l« where

1£1]. = max § sup > If(@y)lsup > |f(z,w)|

vela] VEX cely)
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The completion of the x-normed algebra (C.(G), || - |
c+) is the full C*-algebra of G, C*(G).

c+) (with respect
to || -

Observation 11.15. Recall that a representation is non-degenerate if the linear span
{m(f)E: f € CG) and £ € H} is dense in H.

Observation I1.16. We refer the reader to [32] and [23] for the details that the
above norm is well defined, in particular that the norm above is finite.

To define the reduced C*-algebra we restrict our attention to a smaller
class of representations and define a reduced norm, which induces a reduced C*-
algebra. For the the cases we are going to be interested both the full and reduced C*-
algebras obtained will coincide. To see this we will later on show that the groupoids
we are considering are amenable and then use a result from [23].

Definition I1.17. Let f € C.(G). Let = € X. Consider the Hilbert space I*([z]) and
define )\, : C.(X) — B(1%([z])) by

Ce(DNOW) = 3 F(5,2)E(2)

z€[z]

for € € P[z], y € [a].

We can define the reduced norm as:

1£1lr = sup [|Az(f)llop
zeX

and the completion of C.(G) with respect to this norm is a C*-algebra, called the
reduced C*-algebra of G, C}(G).

Observation I1.18. Again we refer the reader to [32] and [23] to the details that the
above norm is well defined, in particular that the reduced norm above is dominated
by the full norm of definition II.14.

Observation I1.19. In general C*(G) is a quotient of the full C*-algebra of G.

Observation I1.20. Elements in C}(G) can be viewed as functions. Actually C}(G)
is included in Co(G), [23], (but not as a subalgebra).
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One interesting property of C*(G) is that the commutative C*-algebra
Cy(X), with pointwise product and sup norm, can be embedded into C}(G) by means
of the *—homomorphism

a:C(X) — C.(G)

;e a(f)(x,y):{f(x); ity

0; otherwise

One checks that « is isometric, hence extends do the completion of
CC(X)7 CO(X)

Moreover, in the case X is compact, C(X) is a subalgebra of C.(G) and
one can view C(X) in C.(G) as an analogue of the diagonal matrices in M,. Observe
that the image under « of the constant function 1 is then a unit for the *-algebra

C.(G).

I1.3 Examples

In this section we will see some examples of C*-algebras obtained by
from étale equivalence relations. Some of these examples will be used later on.

Example I1.21. Let X = {1,2,..,n} and G = X x X as in ezample II.7. Then

C*(G) & C*(G) = M,(C).

Proof:
Observe that G is the equivalence relation below:
(1,1) (1,2) ... (L,n)
2,1) (2,2) ... (2,n)
(n,1) (n,2) ... (n,n)

And this suggests that we have an isomorphism ¢ from C,.(G) onto
M, (C) given by:
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It is easy to check that 1 is a *-isomorphism. Now since every space
of finite dimension is complete we have that

Ce(G) = C*(G) = C7(G) = My (C)

In order to illustrate the reduced C*-norm we show bellow that || f||,
is equal to the norm of ¥(f) as an operator on C".

To compute the reduced C*-norm we need to evaluate the sup || A.(f)]|-
zeX

Observe that for any z € X, l5([z]) = C" and for £ € C" we have that

MO = F,2)-£()

z€[z]

so for any z,y € X we have that A, = A, (Notice that [z] = [y]). This implies that

[1£1l- = sup [IA(F)ll = M (NI = sup [M(FEll = sup [[$(F)E]l = 1Ll
zeX leli=1 leli=1

Example I1.22. Let X = {1,2,..,5} and G = {1,2,3} x {1,2,3} U {4, 5} x {4, 5}.
Then
Cr(G) = M;(C) ® M(C).

Proof:
As in the previous example one can see that ¢ : C.(G) — M;5(C) @
M,(C) given by

f(1,1) f(1,2) f(1,3)
f(4,4) 1(45)
v(f)=| (21 f(22) F(23)],
((f(s, ) f32) 16, 3)) (53 76 5)>)
is an isomorphism and hence C*(G) = C*(G) = C.(G) = M3(C) & M,(C)

Example I1.23. Let X be any countable discrete set, say X = {1,2,..} and G =
X x X as in example II.7. Then

C*(G) = K(I*(X)).
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Proof:
To see that the above isomorphism holds, we first define an isometric
*—homomorphism between C,(G) and the finite rank operators, FR(1*>(X)), by:

¥:C(G) — K(B(X))
o w(NEG) =D £, 2)6(2)
z€[j]
where ¢ € [2(X). Since the support of f is compact it is finite, i.e., there exists
N € N such that f(j,2) =0if j > N or z> N. So ¢(f) is well defined.

It is not hard to see that % is a *—homomorphism. In fact 1 is an
isometric *—homomorphism, since for all z € X we have A,(f) = ¥(f), because all
the equivalence classes are the same and so the sum on the definition of % is the same
as on the definition of ;. So we can extend ¥ to an isometric x—homomorphism, "
from C*(G) to the closure of the image of .

We now use that v is onto on the block operators of I5(X) to show that
¥ is onto on K(I5(X)) . Let {e,}22, be an orthonormal basis for l5(X) and let H,
be the subspace of l5(X) spanned by {e),es,...,e,}. Let P, in B(l3(X)) be the pro-
jection onto H,. Observe that for n > 1, ¢ is onto on the subalgebra P,B(ly(X))P,,
since operators in P,B(l3(X))P, can be represented by a n x n block matrix. Now
it is a standard fact that K(l3(X)) is the closure of the union U2, P,B(l5(X))P,, see
[18], and since the image of a C*-algebra under a *—homomorphism is always closed
we have that

Example I1.24. Let X be any locally compact o-compact set and let G = Ax as in
11.8. Then
Cr(G) = Co(X).

Example I1.25. Let X = [0,1]U[2, 3] and G = AU{(z,z+2), (z+2,z) : 0 < z < 1}
as in Example I1.9.
IfA={f:]0,1] = My(C) : fis continuous and f(1)is diagonal} then

C*(G) = A.

Proof:
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Define a *—homomorphism a : C.(G) — A by

f(t,t) ft,t+2)

o(F)(t) = fE+2,8) ft+2,t+2)
fLY 0 . if t=1
0 £(3,3)

 af 0=tk

With little trouble, one can check that « is a *—homomorphism. To
see that « is isometric we will consider a few cases.

First if € [0,1). Then the equivalence class of z is [z] = 2,2 + 2 and
if £ = (&, &x+2) belongs to ls[z] then

_( flzz)  flz,z+2) &
So
[Xe()Il = sup Ae(£)(€) = sup a(f)(2)(n) = [la(f)(z)]|

ll€l=1 [Imll=1

For z € [2,3) one proceeds analogously as above.
Now notice that [1] = 1 and [3] = 3 and hence | A(f)|| = ||f(1,1)]| as

well as [|A3(f)|| = ||f(3,3)||. Since the operator norm of the matrix (f(})‘l) f(g,a)
equal to max {||f(1,1)],]|f(3,3)]|} we have that
1£1lr = lle(F)lloo

We are left with the task of proving that a has dense range. As noted
earlier the range is closed so this will imply that « is onto. So let f € A. Since f
is continuous and f(1) is diagonal, there exists 6 > 0 such that || f(t)2]| < § and
|f(t)21]] < § for all ¢ € [1 — 6, 1). Define g € C.(G) by

f

gt,t)=f(t)nfor0<t <1

gt +2,t+2)= f(t)p for 0<t <1
g(t,t+2)=f(t)afor0<t<1-46

gt+2,t)=f(t)n for0<t<1-94§
g(1—6+1t4,1—-0+2+td)=—f(t)iet + f(t)r2for 0<¢ <1
gt,t+2)=0for1-$<t<1
g(1—6+2+t3,1—6+td)=—f(t)ut+ f(t)n for 0<t <1
lg(t+2,t)=0for1-$<t<1
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It follows that ||a(g) — flle = sup ||a(g)(t) — f(t)|| < € and hence we
t€[0,1]

have the desired result.

Example I1.26. Let X and Y be countable discrete sets, as in evample I1.23. Let
G=XxX)U(Y xY). Then

C;(G) = K(I*(X)) ® K(I*(Y)).

Proof:
The proof is basically analogous to the proof of I11.23. Just notice that
if 1 : C.(G) — K(1*(X)) and ¢’ : C,(G) — K(I*(Y)) are as in I1.23 then

VoY :C(G) — KX)o K(@E(Y))
foe @), %)

is an isometric *—isomorphism from C.(G) to FR(I*(X)) @ FR(I*(Y)) since for all
f € C.(G) we have

11l = sup.exuy 1A= (f)|l = max {sup,ex [|Xz(f)I] supyey 1A (£}

= max {[|¢ ()|, [¥'(HI} = [l ¥ @ ) (N
|

Example I1.27. Let X be a locally compact, o-compact space and Y a countable set
with the discrete topology. Let G = A, x (Y xY) on X XY with product topology.
So a point (z1,y1) is equivalent to (z2,ys) if and only if x; = z2. Then G is étale
and

Cr(G) = Co (X, K(13(Y)) -

Proof:

First we show that G is étale. Let ((z,v1),(z,%2)) € G and let U,
be an open neighborhood of z. Then U = {((z,v1),(z,2)) : € U,} is an open
set of G that contains ((z,¥1), (z,y2)) and such that the range map 7 is a homeo-
morphism from U onto 7(U) = {(z,y1) : * € U, }, which is open in X x Y. Anal-
ogously we can show that the source map is a local homeomorphism. Also no-
tice that for any y; € Y the set {((z,y;),(z,y;)) : * € X} is open and hence A =

U {((z,v;), (z,y;)) : z € X} is open. Finally let K be a compact set in X. Then
y; €Y
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for any y;,yx € Y the set {((z,y;),(z,yx)) : = € K} is compact in G and hence
{((z,y;), (z,y)) : z € X} is o-compact. It follows that G is étale.

We now turn our attention to the isomorphism part of the example.
For simplicity we assume Y = {1,2,3,...}. We define a isometric x—homomorphism
Y from C (G) into Cyp (X, K (3(Y))) by

Y(F)(E)( tha(tzf(z > F(49),(52)€(R)

2=1,2,.. (t.2)€[(t,5)]

forte Xand £ €l(Y)and j €Y.

We have some work to do. First we need to show that ¥(f) is well
defined, i.e., we need to show that 1(f)(t) is compact for all ¢ € X and that ¥(f) is
continuous and has limit 0 at infinity. Then we need to show that 1) is a isometric
*—homomorphism with dense range and hence we can extend it to C}(G). The
details follow below.

o Y(f)(t) € K(I[N]) for all t € X

Notice that for any ¢, j € Y the set X x{i} x {5} = {((z, ), (z,j)) : z €
X} is open and hence the collection of sets {X x {i} x {j}}ijey covers the support
of f. Since the support of f is compact there exists a finite subcover and so there
exists N € N such that if either ¢ > N or j > N then f ((¢,7)(¢,7)) =0 for all ¢t € X.
But this implies that for any j > N, ¥(f)(¢)(§)(j) = 0 for any £ € I5(Y) and hence
¥(f)(t) is a finite rank operator for all ¢ € X.

We could also see this by representing 1(f)(¢) in matrix form as below,

F(&D(@ 1) £((1)(52)
F(&2)% 1) f((#2)(¢2)

U(f)(t) =
F(((®,5)(tK))

and from the definition of N we have that the only possible nonzero
entries of the matrix above are in the first N x N block, i.e., the matrix looks like:

N
* x x 0 0
¥ x x 0 0
¢(f)(t) = _Nd* = = 00
00 O0O0O O
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We call operators of the form above the block operators and denote
then by BL(l5(Y)).

e ¢(f) is continuous
Let to € X and give € > 0.
Let N as above. Choose an open neighborhood Vy, such that if t € Vy,
£(6.3)E2) ~ £ ()t ) | < Y2
forallj=1,2,...,Nand forall z=1,2,...,N.
So, if £ € I5(Y) with ||€]| =1 and ¢ € V}, then

I @O =D EP= DY [ @()E) - (f)(t) €GP

j=1,23,...

then

= D 1 @()@) = ¢(f)(t)) €GP
j=1..N
Z I Z f (8, 5)(t, 2)) €(2) = f ((to, 5)(to, 2)) €(2)*

Z | Z t,5)(t, 2)) — f ((to, 1) (to, 2))) £(2) 2
j=1L..N 2z=1..N
((to, 5)(t0, 2)) |2I€(2) 2

<y Zlf(tytz —f
<Y Y Sk S PN Ol

j=1..Nz=1..N
: N z= 12,
=€

and this proves that 1 is continuous at any t, € X.

o lim ¥(f)(t) =0.

Give € > 0. Denote by 7, the projection of X xY onto X, i.e., m.(t,y) =
t. Let K = m,(r(suppf)) where r is the range map. Notice that K is compact since
it is the image by a continuous function of a compact set. Now if ¢ ¢ K then, for
any ¥, z in Y, we have that ((¢,y), (t,2)) € suppf and hence ¥(f)(t) =0

e 7/ is a homomorphism.
First we show that ¥(f * g) = ¥(f)¥(9).
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Let t € X and £ € [5(Y). Then
Y(Fxg)OEOG) = D Frg((td) (t2)ER)

z=1,2....

= > Y F(9),@9) g (1), (t,2) £(2)

2=12,... (¢',i)€[(t.5)]
and (t',7) € [(¢,7)] implies that ¢’ =t and 7 = 1,2, 3, ..., so the above sum is equal to
> F(9) (9) g ((£9), ( 2) £(2) (IL.1)
2=12,...i=12,..
On the other hand,

W(Ne@)®)E)G) = () t) o ¥(g)(#)] () )

(s
[W(f)(®) @(g) (&) (EN] ()
Y F(5),(42) [(@(9)0)E) (2)]

Il

- —Z F (@ 9), @ 2)) Z 9 ((¢,2), (£,7)) £(2)
= Y T S 662, 6)E

and this is equal to II.1 as desired.

e ¢ is a *—homomorphism.

We only need to show that ¥(f*) = ¢(f)* and for this it is enough to
show that ¥(f)*(t) = ¥(f*)(t) for any t € X.

Let t € X and &,7 € I5(Y). Then

V(BDEG = Y F(&2), & 0))ER)

On the other hand ¥(f)*(t) = (¢¥(f)(t))* and the computation below
gives the desired result.

<Y(HOE > = Y (Z f((tj),(t,Z))E(Z))@

7=1,2;:.:c. \2=1;2,::

= Z Z f((t’j)v(t’z))g(z)m

3=12;... 2=1,2,...

= > Y F(@D)&2)mG)ER)

z=1,2,... j=1,2,...

= SU(MOME > =< & B(f)(En >
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Observe that this also follows easily from the matrix representation of

U(£)()-

e 7 is *-isometric homomorphism.
Notice that for any (¢,7) € X XY the associated representation Ay ) (as
in definition I1.17) is equal to 1 (f)(t). Hence ||f|, = sup [Aual = sup lo(f)@)]| =
te

(t,7)eX
1% (H)II-

¢ ) has dense range.
First we observe that for a fixed t in X the set

(D) : f € Co(C)}

is dense in K(l(Y)). To see this let T € K(l5(Y)) and let € > 0. From the discussion
on example I1.23 we can find a function f’ on G|i(,i),5))i,jev}y such that [[¢'(f") —
T|| < €, where ¢’ is the homomorphism of example I1.23. By Tietze extension
theorem we can extend f’ to a function f € C.(G). It follows that ||(f)(¢)—T|| <e.
Let f € C.(X,K(l2(Y))) and € > 0. Cover the support of f by open
sets where f is uniformly compact, that is, for every ¢ in supp(f) let V; be an open
set such that ||f(z) — f(2)]| < € for all 2,2’ € V; (such sets do exist from continuity
of f). Since the support of f is compact, there exists a finite cover, say V;,,..., Vy,.
For each t;, 1 < ¢ < M, from the observation above, there exists
fi € C.(G) such that ||f(¢;) — ¥(fi)(t:)|| < e. For simplicity we put k; := ¥(fi)(t:)-
Let a; be a partition of the unity with respect to the open sets V;,
1 <i< M, see [28]. Then forall 1 <i < M we have that o; € C.(X), supp(a;) C V;,
0<a <1and Zgl a;(t) =1 for any t in supp(f). Now for any ¢t € X we define

gt)= Y ai(t)k:
i=1.M
This g is a good approximation for f. To see this let ¢ € X. Notice
that if a;(t) # 0, 1 < i < M, then ¢ € supp(a;) C V; and hence || f(t;) — f(t)]| < e
With this in mind we get that, for any ¢ in X,

lg@®) — fOI =1 > a®ki— > a®fOI< D lleu() ki — FO] ]
i=1..M i=1..M i=1..M
< Y o) (I1ki — FE)I + 11F &) — F@I) < ;(t) (e +€)
i=1..M i=1..M
< 2e¢
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so ||f —gll = Sup 1£(&) — g(®)I| < 2e.

Finally we have that g € C. (X, BL(l3(N))) since sums of block oper-
ators and multiplication by scalar yields another block operator. Since ¥(C.(G)) =
C. (X, BL(I3(N))) there exists h € C,(G) such that ¥(h) = g and hence 7 has dense
range as desired.

The next example is of particular importance, since we will later rely
on it to understand some ideals of the C*-algebras obtained from tilings that will be
introduced in the next chapter.

Example I1.28. Let X = U([O, 1],7). Let Z be the set of endpoints, i.e., Z =
i€N

{(t,i):i€eNandt=0 ort=1}. Let G = {((¢,),(¢,5)) : 5, E Nand 0 <t < 1} U

G'UG”, where G’ is any equivalence relation on the set of left endpoints, i.e., an

equivalence on {(0,7) : i € N} and G” is any equivalence relation on the set of right

endpoints, i.e. an equivalence on {(1,17) : i € N} . A basis for the topology in G is

given by sets of the form

U= {((t,7), (t,7)) : t € V, where V is an open set of [0,1] and i,5 € N} NG
Then 1z = {f € C.(G) : f|zxz = 0} is isomorphic to Cy ((0,1), K (I5(N))).
Proof:

The proof of this example is analogous to the proof of example I1.27.
We define a isometric *—homomorphism ¢ from Iz, = {f € C.(G) : f|zxz = 0} into
CO ((0’ 1)7 K (12(N))) by

YHBOEG) = D, F(ED)GDER) = D, (1) (2)ER)
z=12,... (t.2)€[(t.5)]

for t € (0,1).

Proceeding as in example I1.27 we can show ¥(f) is well defined and
that we can extend 9 to Iz.

We just show that }1_12 ¥(f)(t) = 0. Remember N is such that if either
i > Nor 7> N then f((¢,7)(t,5)) = 0 for all ¢,¢ € [0,1]. Give € > 0. Let N as
above. Since f|zxz = 0 and f is continuous there exists a compact set KX C (0,1)
such that |f ((¢,7)(¢,2)) | < -\/‘/l—é forallt¢ K,j=1,2,...,Nand 2=1,2,...,N. It
now follows by an estimate analogous to the one done to show that f is continuous
in example I1.27 that ||¢(f)(2)|| < efort ¢ K.
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Chapter III

C*-algebras from tilings

Given a tiling that satisfies the finite local complexity property and has
only a finite number of tiles up to translation, we will define a equivalence relation G
"on the tiling”. Once we have proved this equivalence relation is étale we can proceed
as in chapter II and construct the C*-algebra associated to the tiling, C*(G). The
C*-algebra we get is usually very hard to realize, so we turn our attention to some
subalgebras, namely the subalgebras obtained by restricting our equivalence relation
to the edges or vertices of the tiling. These are very interesting C*-algebras on their
own and they will be very important to the process of computing the K-theory for
C*(G).

We would like to reinforce here that the construction below is not the
standard one. For that we refer the reader to [1].

III.1 The C*-algebra of a tiling and ideals

Let T be a tiling on IR? with finite local complexity and only a finite
number of tiles up to translation.

We say two points = and y of JR? are equivalent if the patch defined
by vy on the tiling match the patch defined by z translated by y — z. Recall that by
the patch defined by x we mean T(z) ={t € T : z € t}.

More precisely, we define the equivalence relation by

G={(z,y) e R*x R*: T(z) —z=T(y) - y} (ITL.1)
and we give G the usual topology of IR? x IR?

The proof that G is étale, I1.1, is straightforward once we proved the
two lemmas below.
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Lemma III.1. Given z € IR?, there exists & > 0 such that if y is in the ball of center
z and radius 9, B(z,d), then T(y) C T(z).

Proof:
This follows from the fact that if y is contained in the interior of T(z)
then T(y) C T(z), and z is clearly contained in the interior of T(z), which is open.

d
The next lemma characterizes neighborhoods of a point (z,y) € G.

Lemma II1.2. Let (z,y) € G. Then there ezists o > 0 such that

B((z,y),8) NG = {(:v-l—v,y-l-v)iveB(O’%)}

for all 6 < ég.

Proof:

For simplicity we assume d = 2.

Let dp be small enough so that both lemmas III.1 and 1.8 hold.

Let 0 < %.

e First we show that if v € B (0, %) then (z + v,y + v) is contained
in GNB((z,y),d). It is straightforward to show that (z + v,y +v) C B((z,v),9).
We now show that (z + v,y +v) € G, i.e., that

Txz+v)—(z+v)=T(y+v)— (y +v).

By lemma IIL.1 and the choice of § we have that T(z +v)+y —z C
T(z) + y — =z = T(y) and hence T(z + v) + y — z is a patch in T. Since y +v =
(x 4+ v) + y — = we have that T(y + v) = T(z + v) + y — z as desired.

e To get the other inclusion, suppose (z,y') € B((z,y),d) N G. Then
¥ =z +aand y = y+ b, where a,b € B(0,9). Since (z/,y') € G we have that
T(y)=T(z')+y — 2/, ie., T(y+b) = T(r +a) +y+b— z — a, and by the choice
of ¢ and the fact that (z,y) € G, we have that

Ty+b) CT(z)+y—z+b—a=T(y)+b—a.

Also by the choice of § we have T(y + b) C T(y). We now can use
lemma 1.8 to prove that a = b. Fix a tile p; + w in T(y + b). From what is done
above we have that p; + w € T(y) and p; + w € T(y) +b—a. Let u =w — b +a.
Then p; + u and p; + u + (b — a) belong to T(y), and since |b — a| < |b] + |a| < &,
by lemma 1.8, we must have a = b.
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We proved that (z/,y') = (z+a,y+a) and since (2, ') € B((z,y),9)
we have that va? + a? < ¢ and hence |a| < % as desired.

The two lemmas above give us the
Proposition II1.3. G is an étale equivalence relation.

Lemma III.2 has also another interesting consequence. We can use it to
define a trace functional on C.(G). But first we need to define G-invariant measures:

Definition II1.4. A measure p on IR? is G-invariant iff for all f € C.(G) we have

[ 3 s 2@ = [ ¥ sea)iuta).

z€[z] z€[a]
Proposition IT1.5. Lebesgue measure is G-invariant.

Proof:

Let g € C.(G). Notice that we can cover the support of g by a finite
number of open sets as in lemma II1.2. By a partition of unity argument, see [28], we
can write g as a finite sum of functions in C.(G), where each summand has support
contained in an open set as in lemma III.2. So it is enough to show that for any U

as in lemma IIL1.2, if f € C.(U) then

|3 @ 2iuta) /Zfzz)du

z€E€[z]

So suppose U = {(zo +v,y0+v) : v € B(0,¢)} and f € C.(U). Ob-
serve that we only need to show that

,2)d = ,x)dp(x I11.2
/B(zoe)Zf(x)u(x)/ S £z, 5)du(z) (m.2)

¢ z€[z) B(yo.€) z€[z]

since if z ¢ B(zo, €) then 7~ {z} N U = 0 and if if = ¢ B(yo,€) then s {z} N U =0
(remember r and s are the range and source maps).

Now if z € B(z,€), say £ = zp + v for some v € IR?, then there
exists one and only one point (z,y) in 7~{z} N U. Notice that y = yo — zo + z, so
the left hand side in II1.2 is equal to fB(zu,e) f(z,y0 — zo + z)du(z). Analogously if
y € B(yo,€), say y = yo + u for some u € IR?, then there exists one and only one
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point (¢,y) in s7{y} NU and ¢t = zo — yo + ¥, so the right hand side in II1.2 is equal
to fB(yo,e) f(zo—yo+v,y)du(y). Finally since u(B(zo,€)) = p(B(yo, €)) we have that

/ f(z,y0 — To + z)dp(z) = / f(@o —yo+y,y)du(y)
B(zo.€) B(yo,€)

as desired.
|

The G-invariance of Lebesgue measure, denoted by p, allows us to
define a trace functional in C.(G) via:

7:C.(G) — C
f = Jgaf(z, 2)dp(z)

Observation IIL.7. 7 cannot be extended to a bounded trace on C:(G).

Definition III.6.

Observation IIL.8. It follows from the fact that Lebesgue measure is G-invariant
that 7(f*f) =7(ff*) for all f € C.(G) and hence T has the tracial property.

Later on we will compute traces for a few examples.

We now proceed as in chapter II and consider the full and reduced
C*-algebras associated to G, C*(G) and C}(G) respectively. It is a known fact that
if G is amenable then these two C*-algebras are isomorphic.

Observation II1.9. We will show in section IV.1 the G is amenable and as a con-
sequence we will restrict our attention to C}(G) for the rest of our work.

C7(G) is still usually very hard to realize. To understand it better we
will need to study its ideals. Some results are valid in general, when G is any étale
equivalence relation (or r-discrete principal groupoid). We refer the reader to [15]
for a detailed approach on ideals of C*(G).

From now until the end of this subsection G can be any étale equiva-
lence relation on a locally compact Hausdorff space X.

Definition II1.10. A subset Z of X is G-invariant if, whenever (z,y) € G and
T €Z, theny € Z.

We are now able to introduce the most important ideal in C}(G) for
our work.
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Proposition II1.11. IfZ is a closed, G-invariant subset of X then

Iz = {f € Ce(G) : flzxz = 0}
is an ideal in C}(G).

Proof:

Let Iz, = {f € C.(G) : flzxz = 0}. First we will show this set is an
ideal in C.(G). Let g € C.(G) and f € Iz,. Suppose (z,y) € Z x Z. Then for any
w € [z] we have that (z,w) € G and G-invariance implies that w € Z. But then,

(9% N),y) =D gz, w)f(w,y) =0.

we[z]

Analogously f * g|zxz = 0. So Iz_ is and ideal of C.(G).

Now let b € Iz and a € C:(G). Notice that b = limb; where each
b; € Iz, and a = lima; where each a; € C.(G). From the continuity of the product
we have that b-a = limb; - lima; = lign b; - a;. Since each b; - a; € Iz, we have that
b-a € Iz and hence Iy is a closed ideal of C*(G).

The ideals above are very important because we have a nice description
of the quotient of C}(G) by then; as the proposition below shows.

Proposition II1.12. IfZ is a closed, G-invariant subset of X then GNZ x Z is étale
with unit space Z. Moreover, the map that restricts a function in C.(G) to Glzxz is
a x—homomorphism, which eztends to a surjection from C}(G) onto C?(G|zxz) with
kernel equal to 1z.

Proof:

e GNZ x Z is étale.

We will show that the range map 7 is a local homeomorphism. The
proof for the source map s is analogous. Let (z,y) € GNZ x Z. Since G is étale
there exists neighborhoods U of (z,y) and V, of z such that r is a homeomorphism.
Now, z € Z and G—invariance implies that r;'{V,} NZ x Z = r5' {V, NZ} and
hence 7 is a homeomorphism from r5' {V,} NZ x Z onto V, N Z.

e Below we prove the second part of the proposition.
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We denote the restriction map by «, i.e., a is defined by

a:C(G) — C.AGNZxZ)
f o~ lexZ~

Using G—invariance we can show that « is a *—homomorphism. To
see it is a homomorphism, let (z,y) € Z. Then

a(f *g)(x,y) = fxg(z,y) = Y f(z,2)g(z,y)-
z€[z]a
Now for any z € [z]g, since z € Z and (z,2) € G, G-invariance implies that z € Z
and hence the above sum is equal to:

> f@2)e(z9) = (o) < alg)) (2,9)
2€[z]cnzxz

and hence o is a homomorphism. The proof that a(f*) = a(f)* follows from G-
invariance in in a similar way.

Our aim is to extend a to C;(G) and in order to do so we need to show
that it is continuous. So we will show that ||a(f)||, < ||f]| -

Observe again that since Z is G-invariant the G equivalence class of
a point z € Z is contained in Z, and hence [z]g = [z]grzxz. If we remember the
definition of the reduced norm, as introduced in I1.17, we conclude that ||A.(f)| =
[[Az(a(f))]| for all z € Z and A a representation as in II.17. This implies that

£l = sup [Aa(f)]| = max {sup Ia(£)l, sup IIf\x(f)II}
zeX T€Z r¢7Z

= max {sup,z || Az(2(f))|l, subsgz A (F)II}

= max {||a(f)l|r, supsgz | A (£)II} = lla(F)]lr-

Cr(G)

ker(3) IS 1ISOMOTI-

Call the extension of a to C;(G) by a. It is clear that
phic to the image of a.

Notice that C.(G N Z x Z) is contained in the image of @, since by
Tietze extension theorem, see [28|, we can extend f € C.(GNZ x Z) to C,(G). This
implies that & is onto, since the image of a C*-algebra under a *—homomorphism is
always closed. It remains to be shown that ker(a) is isomorphic to Iz.

By [15], page 53, there exists a closed set Q C G such that ker(a) =
I(Q) = {f€C.(G): flg=0}. We will show that Z x Z = Q. It is clear that

{f € Ce(G) : flzxz =0} CI(Q), so that
I; = {f € Cc(G) : flzxz =0} C I(Q)
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and hence Z x Z 2 Q.

Now suppose there exists a point p € Z x Z such that p ¢ Q. Then
p € Q°, which is open, and by Urysohn’s Lemma, see [28], there exists a function
f € C.(G) such that f(p) =1 and the support of f is contained in Q°. This implies
that f € ker(a) = I(Q). But a(f) = flzxz # 0 since f(p) = 1 and we have a
contradiction.

We conclude that Z x Z = Q and hence ker(a) = Iz as desired.

[ |
Corollary I11.13. It follows from the above proposition that 9@ = CHGNZx1Z).

The characterization of ideals in C*(G) used on the proof above will
be necessary later. We state it below as a proposition.

Proposition III.14. Let I be an ideal of C:(G). Then there exists a closed set
Q C G such that 1= {f € C,(G) : floq =0}.

Proof:
See [15], page 53.

I11.1.1 The Ideals of C}(G) that we need

In this section we use the results obtained in the general setting of sec-
tion IIL.1 to obtain d ideals of C}(G), where G is the equivalence relation associated
to a tiling as in III.1, that are very interesting on their own, but that also play a
crucial role on the computations of K-theory that will follow on next section.

We need one more assumption about our tilings. From now on we
assume every tiling has a cellular structure, for example if d = 2 we assume each
tiling has vertices, edges and faces. With this assumption we can consider the ideal
of all functions that vanish at the edges and the ideal of all functions that vanish at
the vertices. The details follow below.

Definition II1.15. For 0 < i < d we denote
K= {:1: € R*: ifx €t, for some tilet € T, then x is in the i-skeleton of t} :

That is, Xo is the set of vertices in T, Xy is the set of all points of IR® that are
contained in an edge of a tile in T and so on.
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Proposition II1.16. X; is closed and G-invariant.

Proof:
Remember that

G={(z,y) e R*x R*: T(z) —z=T(y) —y}.
Notice that the complement of X; is open, since

(X1)* = U int (t)

tileseT

Xo)y'= |J it ) |J int (e)

tiles€T edges€T

and

We now prove G— invariance. Suppose (z,y) € G and = € X;. By the
definition of G we have that T(z) — z = T(y) — v, i-e., T(y) = T(z) + (y — z). This
implies that if z is in a face o of T(z) then y is in the face o + (y — ) of T(y) and
hence y € X; as desired.

The proposition above combined with proposition I1I.11 gives us ideals
in C;(G), namely

Ix, = {f € C(G) : flxixx; = 0}
for 0 <i<d.

Observation II1.17. Ford =2, X; D Xy and hence Ix, C Ix,.

Our next task is to characterize the ideals above and the quotient of
C*(G) by them. From now on we restrict our attention to d = 2. Proposition II1.11
gives us the following exact sequence:

0 - Iy, — C*(C) = C*(Glx,) = 0 (IIL3)

where G|x, denotes G N (X; x Xj).

We can describe Ix, nicely but we are unable to do the same for
C*(Glx,)- Allis not lost though as we can apply proposition IT1.11 for Xox X, C Glx,
and get the following exact sequence:

0 — C2(Clxs—xo) = Cr(Clxy) = Cr(Clxo) — 0 (I1L.4)
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where C*(Glx,—x,) = {f € C.(Glx,) : flxoxxo =0} and we can realize both end
terms of the exact sequence.

In order to characterize the ideals and quotients mentioned above we
need a few lemmas:

Lemma II1.18. Let G be the equivalence relation given in the beginning of the chap-
ter, II1.1, where T is a tiling with finite local complezity, only a finite number of tiles
up to translation and a cell structure (i.e. vertices, edges and faces). Then the equiv-
alence class of any x € IR® is countable. In particular if T is a substitution tiling
with finite local complezity, recognizability and primitivity then the equivalence class
of any = € IR? is infinitely countable.

Proof:

If we denote the equivalence class of z by [z] then y € [z] if and only
if T(y) = T(z) + y — z. So all we need to show is that any patch P in the tiling
T appears countably many times on T (In particular T(z) appears countably many
times).

Since the number of tiles in T is countable it is clear that P appears at
most a countable number of times in T. To see that it appears infinite many times
first notice that from the definition of €2 there exists n, i, u such that P C w™(p; +u).
For this n, from bijectivety of w, there exists T” such that w™(T”) = 7. Now p;
appears infinite many times on T”, since if we choose N from primitivity then the
fact that w is a bijection implies that there exists T € Q such that wN(T") = T”. So
we have infinite many translations of w™(p;) in T as desired.

Observation II1.19. From now until the rest of this chapter we assume our tilings
have finite local complezity, only a finite number of tiles up to translation and a cell
structure (i.e. vertices, edges and faces).

Lemma II1.20. There is only a finite number of vertices equivalence classes in G,
i.e., there is only a finite number of vertices patterns up to translation.

Proof:

Choose a vertex xp in a tile p;. Let R be such that if every tile in
a partial tiling P contains zo then P has diameter less than R (can choose such
R since we have only a finite number of tiles up to translation. So each T(z) is
contained in B(zo, R)). By finite local complexity there is only a finite number of
such partial tilings P, up to translation, and hence there is only a finite number of
possible equivalence relations on .



31

Observation II1.21. We denote the set of all vertex equivalence classes by V. So
from the lemma above we can write the set of vertices, Xo, as a finite disjoint union
U [l
[v]ev

We have a similar result for the edge patterns. In order to state it we
need to introduce some notation. We say two edges are equivalent if the pattern

defined by the interior points of the edges are the same up to translation. We can
now state the next lemma:

Lemma II1.22. There is only a finite number of edge equivalence classes in G, i.e.,
there is only a finite number of edge patterns, defined by the interior points of the
edges, up to translation.

Proof: Proof is analogous to lemma III.20.
O

Observation II1.23. We denote the set of all edge equivalence classes by £. So

from the lemma above we can write the set of edges as a finite disjoint union U €]
le]leg

Proposition III.24. C}(Glx,) = @ K(1*([v])) where [v] are as in observation
[v]lev
I11.21.

Proof:
From the lemmas above and observation II1.21 we can write the set of

vertices, Xg, as a finite disjoint union U [v] where each v is a representative of a
[v]ev

vertex equivalence class. Observe that Gx, = U {[v]} x {[v]} and from examples

[vlev
11.23 and I1.26 we have the desired result.

Proposition II1.25. C}(Glx,-x,) @CO e, K(I*([e]))) where [e] are as in ob-
le]e€
servation II1.23.
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Proof:

For each edge equivalence class we have that [e;] = e; + v}, €; + v}, e; +
v}, e;+v3, ... where v} are translation vectors in JR®. If we restrict G to only one edge
equivalence class [e;] then we are in the case of example I1.28. But this is not exactly
what we want. We need to restrict G to all edges of G. Notice that X; — X, is a
disjoint union of open line segments and G|x, and a point z in the interior of an edge
e; is equivalent to all points of the form = + u, where u € IR? and e; +u € [e;]. This
is not true for endpoints. Moreover the open sets in G|x, that contain the endpoints
are not the same as in example I1.28. But since the functions we are looking at
vanish at the endpoints the isomorphism % of example I1.28 still works. We define

a: CGlx,—x,) — EB Co (e, K(*([e])))

le]e€

f = {w[e](f)}[e]es

where Y1 (f) = ¥(flj), ¥ is the isomorphism of example I1.28 and the edge e is
identified with [0,1]. Also #(f) is an abuse of notation and rigorously v¥g(f) =
Q»b(fl{(I,y)GG:er;eE[e]})-

The proof that « extends to an isomorphism is analogous to the proof
of example I1.28.

Finally remember we only have a finite number of tiles up to transla-

tion. This means we can also write the set of tiles as a disjoint finite union U (],

[pleP
where [p] denote the equivalence class of p, i.e., the set of all tiles that are transla-

tions of p and P denote the set of all tile equivalence classes. We can now state the
last proposition of this section.

Proposition II1.26. Ix, = @Co (p, K(©*([p]))) where [p] are as described above.

peEP

Proof: This proposition is analogous to the proposition II1.25, only in a higher
dimension.
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II1.2 Computing K-theory

Our aim in this section is to compute the K and K; groups of C}(G).
In order to do so we need to equip each edge and tile of T with an orientation. This
should be done in a way that if two edges are equivalent in the sense of II1.22 then
they have the same orientation and analogously if two tiles are equivalent in the
setting of proposition I11.26 then they have the same orientation. Also each in tile
in T is oriented counterclockwise.

With the extra hypotheses above we can use the two exact sequences
IT1.4 and II1.3 of the previous section, in conjunction with the six term exact sequence
in K-theory, to find the K-groups of C*(G), which we will show that depend only on
the vertex, edge and tile patterns of the tiling. The details follows below.

At first we consider the exact sequence I11.4 obtained by restricting G
to the edges and considering the ideal of functions in C:(Glx,) that vanish at the
vertices, i.e.,

0 — C7(Glxi-xo) = C7(Glx,) = C(Glxo) — 0

where ¢ is the inclusion map and % is the restriction map.
This exact sequence induces the six term exact sequence in K-theory
below

Ko(b)

Ko (C2 (Clxioxo)) 2 K, (C2(Glxy)) 2L

Ko (C7(Glx,))

81 8o (I1L5)

), (oreta)) 2 K, (63(Glxox)

K, (C7(Glx,))

where Ko(¢) and Ky(¢) are the induced maps in K-theory, d; is the exponential map
and d; is the index map.

The computation of the K-groups above will heavily depend on the K-
groups of the compact operators, K, (K), on K,(Cp((0,1), K)) and on K,(Co(U, K))
where U is an open set of IR%. So we state some facts about this groups below. We
refer the reader to [24] and [31] for a proof of the statements below.

We start with K. We have that Ko(K) = Z and the isomorphism takes
a projection in K and evaluates its dimension. Also K;(K) = 0.

For K.(Co((0,1), K)) notice that Cy((0,1), K)) is isomorphic to the
stabilization of Cy(0,1) (for the reader familiar with tensor products notice that
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Co((0,1),K)) = Co(0,1) ® K) and hence the K-groups of Cy((0,1), K)) are iso-
morphic to the K-groups of Cy(0,1), which we know are Kq(Cg(0,1)) = 0 and
K;(Cq(0,1)) & Z. Furthermore the last isomorphism takes the K; class of a function
that winds once in (0, 1) (for example f(\) = exp(27iA) for A € (0,1)) to 1 € Z.
Finally Co((U), K) is isomorphic to Co(U) ® K) and so we only need
the K-groups of Cy(U). If we denote the closed disk by D and the circle by T
then it is clear that Co(U) = Co(D — T) and we have that K;(Co(D — T)) = 0
and Ko(Co(D — T)) = Z. Furthermore the last isomorphism takes 1 in Z to the

1
famous Bott element, given by = -t | _ |1 0 , where z denotes the
Z1-2)2 1|z |, 00 5

identity function on the unit disc D in C. Notice that if r is a homeomorphism from
U to D — T then 1 in Z is mapped to the "Bott element” in Kq(Co(U)) given by

|zor|? zor(l—|zor|2)% . 10
zTr(l—|zor|2)% 1—|zor|? 0 00 0.

Our last remark about the K-groups above is that once we are dealing
with A ® K, we can define K,(A) directly using the projections and unitaries on
A ® K instead of the system of all matrix algebras over A. This happens because
A ® K already contain all matrix algebras over A. We refer the reader to [24] for
more details.

We can now go back to the task of computing the K-groups on the six
term exact sequence III.5. From propositions I11.24 and II1.25 we have that

C;(Glx,) = €D K(([v])) and C;(Glx,-x,) = €D Co (e, K(*([e])))
[v]eV le]leg
and this implies that

Ko (C}(Glx,) 2 EPZ : Ki(CH(Glxi—x,) = EPZ

\Z [

I

and
K1 (C7(Glxo)) = Ko (C7(Glx,-x0)) =0
Using the above isomorphisms we can rewrite the six term exact se-
quence IIL.5 as below:
( G|X1 @ Z

0
| do (I11.6)
0

Ki (Cr(Glx,)) — D Z
£
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And from exactness we get that

Bl

So all we need to compute the K-theory of C}(Gl|x,) is to find a de-
scription for the exponential map d;. This is our next proposition. But first we
introduce some notation.

Ko (C:(Glx,)) 2 kerdy and K; (C;(Glx,)) =

Notation II1.27. Given an edge e we write i(e) for its initial point and t(e) for its
terminus point. This can be done since every edge has an orientation.

Proposition III.28. The ezponential map &y of IIL.6 is a group homomorphism

from @ Z in @Z which we can represent in a matriz form, denoted by [d]. The

v £
matriz is defined as follows. To find the value at the entry ([e], [v]) of [do] we take

a representative of the vertez [v], call it v, and look at the edges defining v. If there
is a representative of [e], call it e, such that the i(e) = v then [do] ([e], [v]) = 1. If
t(e) = v then [d) ([e], [v]) = —1. If both i(e) = v and t(e) = v then [d] ([e], [v]) = 0
and (o] ([e], [v]) = 0 otherwise.

A better description is obtained if we leave behind the bracket notation
for equivalence classes and use the same notation for equivalence classes and its
representatives. It should be clear from the context whether we are referring to one
or the other. With this notation we have:

1ifi(e) =w
[00] (e,v) =< —1 ift(e) =

0 otherwise

Proof:
The proof of the proposition is mostly an isomorphism chase, as we
know how to evaluate dy from Kg (CF(Glx,)) to K; (C}(G|x,-x,)) and hence &y from

@ Z to @ Z is such that the diagram below commutes:
v 3

Pz

8o =7 8o (IIL7)

(2

12

P Ko (K(*([]))

1=1.n

Ko (C7(Glx,))

Bz P Ki (o (e KP(el)))) — K (C:(Clr—xo))
E

i=1..k
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Since 4y is a group homomorphism it is enough to show where the basis
element e; € @ Z is mapped by dg (e; is equal to 1 in the v; coordinate and 0 in all
v

others).
Observe that e; is taken to (0,...,0, [E]o,0,...,0) on Ko (K(l2[v:])),
——
where E is a one dimensional projection on lp[v;]. Let [v;] = ¥, v}, 02, ... be an

enumeration of [v;] and £ € ly[v;]. For simplicity we denote v by v;. Then

E€)(]) = {g(?;() ji=0

Now from proposition III1.24 we have that (0,...,0, [E],0,...,0) is
——

Ui

taken to [f]o € Ko (C:(Gx,)), where the function f is defined by

fay) = {1 if (z,9) = (o0, 9)

0 otherwise

We now apply dp to [f]o. In order to do so we first need a self-adjoint
lift for f. So we look at the pattern defined by v;, i.e., T(v;) and consider T (v;)NXq =
{vi, zo,...,zn}. Let 7 be a parametrization of the edge e connecting v; to z; that
agrees with the orientation of the edge, i.e., r(0) = i(e) and r(1) = t(e). Define

1 -\ if (z,y) = (rk(A), (X)) for XA € [0,1], k € {0, ..,n} and 74(0) = v;
g(z,y) = ¢ A if (z,y) = (re(A), ri(N)) for A € [0,1], k € {0, ..,n} and (1) = v;
0 otherwise

So g € Cx(Gx,) is a self-adjoint lift for f and by the characterization
of dp given in proposition 12.2.2. of [24] we have that &([f]o) = —[u]:, where
u = exp 2mig. We have reached the bottom line of the diagram II1.7 and our next
step is to follow the isomorphisms to find the image of —[u]; in @Z. Before we

£
proceed notice that u is isomorphic to (u — 1,1) in the unitization of C:(G|x,_x,),

Cz(Glx,-x,) and hence we can use the isomorphism of proposition II1.25 to map

(’LL i 1’ 1)1 to (@ CO (61‘, K(l2([€,]))) C) e
£

Suppose all edges in T(v;) are not equivalent. Then (u — 1)(z,y) # 0
on all edges in T(v;) and u—1 is mapped to (u — 1|e;, u — 1ey, ..., u — 1|, ). Observe
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that if no representative of an edge [¢;] belongs to T(v;) then u — 1|, = 0. On the
other hand if the edge e; has a representative in T(v;) then this representative is
parametrized by one of the 7, above, say 7;,, and we have that if r;,(0) = v; then

(u = 1)]e,(rig (M) () (1 (X)) = (exp(—=2miA) — 1) €(r45(N))
(u—1)e,(11,(X))(€)(y) = 0 for all other coordinates y

where £ € ly[r,(A\)] and A € [0, 1]. Now if 7,(1) = v; then

(= 1), (715 (M) (€) (15 (A)) = (exp(2miA) — 1) §(r1p(A))
(u—1)e,(re(N)(€)(y) = 0 for all other coordinates y

where € € ly[r;,(A\)] and A € [0, 1].

Suppose 73,(1) = v;, i.e., t(e;) = v;. Observe that (u — 1)|,, belongs
to the suspension of the compact operators, S(K), and so by the the Bott map
isomorphism from K;(S(K)) into Ko(K) (see the remarks about K-theory before
this proposition) we have that [(u — 1)|¢,]1 is mapped to 1 € Z. This implies that
—[(u —1)|¢,])1 is mapped to —1 € Z.

Analogously if r,(0) = v;, i.e., i(e) = v; then —[((u—1)|,1)], is
mapped to 1 in Z and the proposition follows (except for the case below).

Finally we have to consider the case when two edges in T(v;) are equiv-
alent. Suppose the edge [¢;] has two representatives in T(v;) and call then ¢; and
e; +s. Then if i(e;) = v; then t(e; + s) = v; and analogous if t(e;) = v; then
i(e;+s) = v;. We assume without loss of generality that i(e;) = v; and t(e; +s) = v;.
Let 7, be a parametrization of ¢;. Then r;, + s is a parametrization of ¢; + s. Now
for £ € la[r,,(N\)] and A € [0, 1] we have that

(u )]el (Tlo( ))( )(Tlo(’\)) ( exp(27Ti/\) - 1) g(rlo(’\))
( )Iez (Tlo( ))( )(Tlo( ) Ll 5) (exp(2" Z)‘) - 1) g(rlo(’\))
(u— 1)]e,(r,(AN)(€)(y) = 0 for all other coordinates y

We will show that [(u — 1|, 1)], = [(0,1)]; = [1] = 0 in K; and for
this we only need to show that (u — 1|, 1) is homotopic to (0,1). We use the idea
of the Whitehead lemma, see [24], and define

_ (—exp(2mi)) cos?(tZ) + sin®(tZ) — 1) £(ry, (V) +
A() (e (A)(E)(rin(V) = Er (sin(tZ) cos(tZ) — exp(2mi)) sm(tg)) corsl(tg)) £(ri,(N) + 5)

(—sin(t 7r)cos(t”)-l—exp(27rz)\ ) sin(¢Z) cos(t )) E(ri,(N\)+

RO @) +9) = 7 C2 S S _f) 4 o)

h(t)(r,(A))(€)(y) = 0 for all other coordinates y
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for £ € ly[r;,(N)], A € [0,1] and ¢ € [0, 1].
Observe that h(0) = (u — 1), (1) = 0 and A(t) is a unitary in
Co(er, K(lo]er])) and hence (h, 1) is the homotopy we are looking for.

Now that we have a good description of K, (C%(Glx,)) we can look for a
description of the K-theory of C:(G). The idea is very similar to what we did above.
We start by considering the exact sequence obtained by including the functions in
G that vanish at the edges in C}(G) and then restricting C;(G) to the functions on
the edges, i.e, we consider the exact sequence II1.3,

0—Ix, = CI(G) = C7(Glx,) = 0

This exact sequence induces the six term exact sequence in K-theory
below

Ko (Ix,) — 2, g, (c2(@)) K2®) K, (2(Glxy))
o1 5o (IIL.8)
K: (C1(Cla)) 2 g, (or(@y) B9k, (1)

where Ko(¢) and Ky(2) are the induced maps in K-theory, J is the exponential map
and ¢; is the index map.
From proposition II1.26 we have that

Ix, = € Co (. K(*([p])))
[pleP

and this implies that

Ko(Ix,) *@DZ and K (Ix,) =0
P

Using the above isomorphism and the description of the K-theory
groups of C}(Gl|x,) obtained before we can rewrite the six term exact sequence II1.8
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as below: - -
Dz Lk, cx(@) 22 ser(ay)

P
81 (111.9)

@5 Z *
Im((so) * Kl (Cr (G))

where dg is the exponential map associated to the exact sequence II1.6 as described

0

in proposition III.28.

From exactness we get that Ko (C3(G)) = Imlzeég‘(’m. Since Ky (C:(G))

is an abelian group and ker dy is isomorphic to a free abelian group we have that

Ko (C:(G)) = ker dg & Im(Kp(¢)). Still from exactness of the six term sequence above
we have that Im(Kp(¢)) %ﬁ—% and we conclude that Ko (C%(G)) = ker §p © %{%Z)

Also K; (C:(G)) = ker(dy).
In order to describe the K-theory of C}(G) any further we need to
understand the index map 4,. That is our next proposition.

Definition IT1.29. Let e be an edge and p a tile in T. Then < e,p >= 1 if the
counterclockwise orientation of the boundary of p matches the orientation of e and
< e,p >= —1 if the counterclockwise orientation of the boundary of p is contrary
to the orientation of e. If none of the equivalent edges to e are contained in p then
<ep>=0.

D Z
Im(éo)

sequence II1.9 is a group homomorphism, that maps the generator element f, =

Proposition 1I1.30. The index map 6; : — @Z of the siz term ezxact
P

(0,0,...,0, 1 ,0,...,0), i.e., the generator element that is one at the coordinate

[e] and 0 otheerwise, into an element (a;)i=1.m defined as follows. First we fiz a
representative of the edge equivalence class [e], say e, and look at the two tiles that
define this edge. These tiles belong to some tile equivalence classes, say [p;] and [py].
If [pj] = [px] then a; = 0 for alli. Otherwise we define a; =< e,p; >, ar =< €, pr >
and a; = 0 for all other i # k;i # j.

Proof: -
Let f. be one of the generators of Iﬂ?& y’ By the isomorphism be-
0
Z
tween D2 and K;(C:(Glx,)), given by the six term exact sequence IIL.6, and

Im(dy)
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the isomorphism chase done in proposition II1.28, we know that f. is taken to
[f]1 € K1(C:(Glx,)), where f is defined bellow:

exp(2mi)) if (z,y) = (re(A),7e(N)) , for A € [0, 1]
f(z,y) =<1 if =y and (z,z) not as above
0 otherwise

where 7. is a parametrization of the edge e such that r.(0) = i(e) and r.(1) = t(e).
Let p; and p;. be two tiles defining the edge e. Without loss of generality
assume that the orientation of p; matches the orientation of e and that pj. has contrary
orientation to e (since all tiles are oriented counterclockwise we always have matching
and contrary orientations).
We will use the description of the index map given by proposition 9.1.4
f 0
0 £y
Let 7, be a map from the tile p; onto the disk D such that , (7¢(0)) =

1, 7p;(re(A)) = exp(2mi}) for A € [0,1], 7, is a homeomorphism from the interior
of p; into the interior of D and 7,,(z) = 1 for any other z in an edge different
from e of p;. Similarly let r,, be a map from the tile p; onto the disk D such that
Tpe(Te(0)) = 1, 7, (re(A)) = exp(—2miA) for A € [0, 1], 7, is a homeomorphism from
the interior of p; into the interior of D and 7, () = 1 for any other z in an edge
different from e of py. Notice that 7, and r,, agree on e.

Now let z denote the identity map on ID. We define

of [24]. So we need to find an unitary v € M»(C;(G)) such that v|g), =

i 2 O Tp; (.’I)) (1 w |2: °© Tp; (I)P)%

(1=|ze ij(:l,')|2)
Zory,(z) (1—|zom,(z)?)

v(z,y) = ¢ \(1— |z 0mp (2)?)3 z o1y, (z)

1 0

01

0 otherwise

N

if z=vy and z € p;
Zor,(z) ) Y Dj

(S

) if z=yand z € pi

) if 2=y and (z,z) not in p; or p;

We then have that if p = v L D v* then 6;([f]1) = [plo — 4
00 0 0],

(see proposition 9.1.4 and exercise 9.3 of [24]).
Notice that if z = y and = € p; then

il i) = ( z 0 1p,(2) —zor,(z)(1—|zom, (sc)ma)

—Z o7y, () (1 — |z 07y, (2) ) Z o 1p,(x)

(S
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analogous if z = y and x € p; then

plz,y) = ( Z oy, (2) —Zor, (z)(1 - [zorpk(x)|2)5)

—zorp,(z)(1 = |z 07, (2)]?) z 01y, (2)

N

0 (1] if z =y and (z,z) not in p; or p; and 0 otherwise.

Observe that p is equal to zero on the off-diagonal points. So we can
think of p as a projection on the underlying space IR?, via the embedding of Cy(/R?)
into C.(G) explained right after observation II.20.

Next we need to follow the isomorphism of proposition I11.26 to see

and p(z,y) = (1

where [plo — [(1) 8] is mapped. But we can recognize [p]o — [(1) 8] as the Bott
0

element on p; and the conjugate of the Bott element on p;. This implies that if
p; and p; are not equivalent then 6,([f];) = (a:) € ®pZ where a,, = 1, ap, = —1
and ap, = 0 for all other p; different of p; and pi. If p; and pi are equivalent then

51([f]1) =0.
|}

Observation II1.31. A matriz representation of §; was not given in the proposition

£
But in the examples, where we know the basis of this quotient, a matriz for 6; can

be easily derived from the description above.

because in general we do not know what are the basis elements of the quotient

Observation II1.32. If one wants to pursue the a matriz representation for §, this
can be obtained in the following manner. Let 6, : @;Z — @pZ be the matriz
defined by

0 if the edge e is defined by two tiles in [p]
<e,p> otherwise.

o1([p le]) = {

Then Im(6:) = Im(31) and K (C3(G)) = ‘=),

As a consequence of this proposition we get the following corollary:

Corollary II1.33. %%Z) = Z and hence Ko (C:(G)) = ker & © Z.

Proof:
Let {p;}™, be the set of prototiles and denote the canonical generators

of @Z by ep, for 1 <i < m. Then a set of generators for 1%%7(% is {ep } %y
P
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We will show that for every 1 <1i,57 <m, €, =¢€,..
Suppose p; and p; share and edge, say e;;, in the tiling. By this we
mean that there exists some translations of p; and p; that share the edge e;;. Let

= Z

fij be the element of 1?65 ) defined as one at the coordinate [e;;] and 0 otherwise.
0

Then & (fi;) = £ (e, — €p,) so that e,, —e,, € Im(6;) and hence ey, is equivalent to

By

If p; and p; do not share and edge then we can find a path, call it =,
of tiles in T, connecting p; to p;. Now from transitivity of the equivalence relation

on 1%1(%- and the proved above we have that e, ~ e, (notice that e,, is equivalent

to ep, where p is the adjacent tile in 7, and so on until we reach e,,).

So we proved that %% is isomorphic to the subgroup generated by
€,- We still need to show that &, # 0, ie., that e, ¢ Im(d;). We prove by
contradiction. Suppose that e,, € Im(d;). Then 4, is onto, what implies that Kq(¢)
is the zero map and hence Ky(%) is 1-1. We now define an element in ker(Kq(?)).
Let 7, be a homeomorphism from the tile p; into the disc D such that

the border of p; is taken to the circle. Now for (z,y) € Gy define

] = ( 2 o1y,(2) —zory(@)(1—|zom, (x)|2)f)

—EOTpl(I)(l = ]zorpl(:z,‘)|2) EOTPI(:E)

(S

ifr=yandz € py; p(z,y) =1if z =y and = ¢ p; and p(z,y) = 0 otherwise. Then

[plo — {(1) 8J is on the kernel of Ky(¢) and it is not the zero element (notice the
0

Bott element on the tile p;).
Finally observe that K, (C:(G)) is an abelian group and ker 4y is a free
abelian group on a finite set of generators. So Kq (C:(G)) = ker 6o @ ker(Ko(?)) and

since ker(Ko(?)) = Im(Kq(¢)) = 1%1(% we have that

Ko (C5(G)) = ker 6, ® Z
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I11.3 The Thue Morse Tiling example

The Morse tiling is given by the substitution represented below, where
the segments have length 1 and are inflated by 2. Observe that since both segments
have the same length, labels are needed to distinguish between then.

U 0 1

And we can tile the line as show below

0 1 1 0 1 0 0

*
4

[ ]
[ ]
®
L]
¢
[

Observe that in the one dimensional case C:(G) = C}(G|x,) and we
only need to use the six term exact sequence II1.6 to compute the K-theory groups.

Remember that in order to use the results of section II1.2 we need to
give an orientation to all edges in the tiling. We do so by giving all edges the same
orientation, to the right, as shown below.

0 1 1 0

—|
o
o

o
¢
¢
¢
.

We can easily see that there are four equivalence classes of vertices,
namely v; = Oe 6, Uy = Oe T, v3=1e 0 and vu=1e 1. Also there are two edge
equivalence classes, namely e; = 0 and e, = 1. So the six term exact sequence IIL.6
becomes

Ko (C}(Glx,)) — Z*

0
0

K, (Cr(Glx,)) z?
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where dg is the matrix given by

0 -1 1 0
18] = (0 1 -1 0)
as described in proposition II1.28.

The vectors (1,0,0,0), (0,1,1,0) and (0,0, 0, 1) generate the kernel of
dp and (1, —1) generates the image of 3. So we can conclude that

Ko (C3(Q)) 2 ker(8) 2 Z° and K, (C}(G)) =

III.4 K, as an ordered group for the 1 dimensional
case

In this section we will completely characterize the positives elements
in C*(G) when T is a tiling covering IR, i.e., when the equivalence relation restricted
to the edges is in fact the whole equivalence relation. We remind the reader that
in this case we only need (actually only have) one six-term exact sequence, I11.4, to
compute the K-groups. Our motivation to do this follows from the fact that K, as
an ordered abelian group is a much better invariant for C*-algebras.

We start by reminding the reader of the definition of the positive cone
of Ko(A).

Definition IT11.34. Let A be a C*-algebra. The positive cone of Ko(A) is the set
{[plo : p € Pxo(A)}. We denote this set by Ko(A)*.

To make the discussion more clear we repeat below the exact sequence
I11.6.

Ko (C2(Glx,)) =) Pz
v

do

o —F—O

Ki (C;(Glx,) —— Pz
&

Since Ko(¥) ([plo)) = [¢(p)]o we have that Ko (C*(G|x,))" is ”con-
tained” in (ker §g)*. Furthermore since Ko(%) is injective this is actually an inclu-
sion. We will prove that Ky(v) is actually an order isomorphism, and for that we
only need to show that a positive element in (ker §g) can be lifted to a positive in
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Ko (C*(Glx,)) (i-e., Ko(v) is surjective). Once we have this it is enough to charac-
terize the positive elements in (ker §,)™ to get a complete picture of Ko (C#(Glx,))™.
We do the work below.

Proposition II1.35. Under the isomorphism of Ko (Cr(Glx,)) with (kerdg), the
positive cone, Ko (C*(G|x,))" is identified with (ker 8)* which is defined as:

+
(ker 6g) " = ker dp N (@ Z) "
v

Proof:

We have to lift a positive element in ker dp to a positive element in
Ko (C*(Glx,))™. Solet (by, by, ...,b,) = aju; +. ..+ arui be an element in (ker &) 7.
Observe that b; > 0 for alli =1, ..n.

Our first step is to find where (by,bs,...,b,) is mapped under the
isomorphism from ker dg to Ko(C:(Glx,)). For this we will choose a rather special
representative of the equivalence class in Ky that is isomorphic to (b, bs,...,by).
Details follows.

For each vertex equivalence class v; choose b; representatives of v;, so
that they do not intersect (so there is a gap between then). Name this representatives
by v; + 8%, v; + 85, ..., v; + sf,i and define

1; if 3 = i i-, i . ’ f ) = 1, ooy dj= 1b,
flzy) =15 if (z y) (vi + 8%, v; + 85), for i n and j
0; otherwise

It is clear that f is a projection and that [f]o is taken to (b, ba, . .., by).
We now have an element in Kq(C}(G|x,))!!

Our next task is to lift [f]o to Ko (C;(Glx,)). For this we need the
lemma below.

By an edge e in the representation of f we mean an edge such that
either ¢(e) or i(e) is equal to some vertex v; + s} for some i = 1,..,n, j = 1,..,b;. By
an edge equivalence class in the representation of f we mean an equivalence class
that contain an edge in the representation of f.

Lemma II1.36. Let {v,- — s;}f::‘ as above. Then for any edge equivalence class
[e], the number of times i(e) € {v; + s} }f::‘, for some edge e in the representation
of f and e € [e], is equal to the number of times t(e) € {v,- + 8} }1:11:’ for some edge
e in the representation of f and e € [e].
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Proof:

Very shortly the lemma follows from the information on the lines of
the matrix for dp and the fact that (by,...,b,) € (ker d)*. We elaborate more below.

We denote the number of times i(e) € {v; + s;}f::’ by Ni(e), and
the number of times t(e) € {v; + s}}f::' by Nt(e).

Since (by,...,b,) € (kerdp)* we have that each b; > 0 and

Z (50(6,’01')1)1' —(})

i=1L..n

for any fixed edge equivalence class [e].
We can rewrite the above equation as

Z 50(6, ’U,‘)b,' + Z 50(6, ’Ui)bi =)

i:80(e,vi)>0 1:80(e,vi)<0

and hence
> do(evibi=— > dole,v:)b; (I11.10)
1:00(e,v;)>0 1:80(e,v; ) <0
Finally observe that dy(e, v) = 0 iff both i(e) and ¢(e) are different from
v;, or i(e) = t(e) = vy,. So for each v;, such that dp(e,v;,) = 0 and i(e) = t(e) = vy,
we add b;, to both sides of equation III.10 and get Ni(e) and Nt(e) respectively.

0

From the lemma the number of edges equivalent to e in the repre-

sentation of f is even, and we can write the edges as e + wf,e + w5, ...,e + w5,
where

t(e +wf) = v; + s} for [ even
i(e +wf) = v; +s; for I odd
forsomei=1,.,n,j=1,.,b.
From the choice of vertex equivalence classes representatives it is clear
that we can write the edges in the representation of f as a finite disjoint union.
Summarizing for each edge equivalence class [e] in the representation
of f we have chosen a representative e and written the equivalent edges in the
representation of f in an appropriate manner, namely e + wf,e + w5, ..., e + w5, .
For each representative e as in the paragraph above let 7, be a parame-
trization of e such that r.(0) = i(e) and r.(1) = t(e). We want to define functions
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ge : € = My, (C). To do this let A € [0, 1] and define g, (r.(A)) by the matrix below

e+ wi e+ w5 e+ ws,,,
—e+ws—|[ VA1 —A) A
1= A1=N)
—€ + Whp,, — A1 =N A

Observe that g (r.(A)) is a direct sum of blocks of 2 by 2 matrices
and hence the only non-zero entries of the matrix are on the diagonal and secondary
diagonals.

We can now finally define a function f € C*(G|x,) such that [f]o lifts
[f]o as desired. Let f(z,y) = ge (re(N)) [k, 1] if (z,7) = (re(N) + w§, Te(N) + wf), for
some k,l € 1, .., m. and some edge e as above and let f (z,y) = 0 otherwise. Since f
is a projection we have that [f]o € Ko (C*(G|x,))" and it follows that

Ko (C(Glx,))™ = (ker &))"
a

II1.5 C*(G) as a Recursive Subhomogeneous C*-
algebra

The notion of a recursive subhomogeneous C*-algebra, was introduced
by N. C. Phillips in [19]. In this section we will describe C;(G) as a recursive
subhomogeneous algebra. But we will need a slight generalization of the notion
introduced in [19]. Basically we will have to replace continuous functions taking
values on the nxn matrices by continuous functions taking values on the compact
operators on some [y space. This is a rather natural generalization, but doing this
we get C*-algebras that are non-unital. This means we will not be able to apply
the results about recursive subhomogeneous C*-algebras of [19] for C; (G). But we
expect that this new description of C* (G) will help with the classification of these
C*-algebras (see [25], [13] and [19] for references on Elliott’s classification program).
Also the ideas used in this section were very usefull in the computation of traces
done in the next chapter and hopefully the results in [19] will be generalized in the
future. Below we introduce the definition of a recursive subhomogeneous C*-algebra,
RSA, already modified to fit our needs.

4
:
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Definition II1.37. Let X be a compact Hausdorff space. Then,
1. C(X,K(l3[N])) is an RSA.

2. If A is RSA; X© C X; X© 4s closed; ¢ : A — C (X(O),K(lg[N])) is any
homomorphism, and p : C (X, K(I2[N])) — C (X, K(L2[N])) is the restriction
homomorphism, then the pull back

A@C(X(O),K(IQ[N])) C (X, K([N])) ={(a, f) € Ao C(X,K(2[N])) : ¢(a) = p(f)}
is a RSA.

Observation IT1.38. X© = ( is allowed in which case the pull back is the ordinary
direct sum.

Example I11.39. Any direct sum of RSA is an RSA.

We will show that C* (G) is an RSA. We start by showing that C} (G|x,)
is isomorphic to an RSA which we construct below.

From lemma II1.22 we know that there is only a finite number of edge
equivalence classes. So we can write the set of edges, E, as

E={ej+ul:j=1.k1=0,12..}

where each u{ is a vector in IR", ug = 0 for every j and each e, is a representative of
one edge equivalence class.

Consider the set [0,1] x E and identify each point (t,e;+u]) in this set
with the point 7, (%) +u{ , where 7, is a parametrization of the edge e;. On [0,1] x E
introduce the equivalence relation Ax ~, where ~ is the equivalence relation on the
edges (so e;+u] is equivalent to any other translation e;+uj},). Observe that (0, ej+u] )
and (1,e; +u}) are the endpoints of the edge e; +u] and we also consider the set
{0,1} x E with the equivalence relation Ax ~. Also notice that C:([0,1] x E, Ax ~)
is isomorphic to @ C ([0, 1], K(l2([e;])) and C:({0,1} x E, Ax ~) is isomorphic to

j=1..k A

EB C ({0,1},K(lx([e;])) and hence the restriction map p from C;([0,1] x E, Ax ~)

j=1.k
onto C:({0,1} x E, Ax ~) is defined as required by definition III.37.

Now observe that C:(G|x,) is an RSA, since from proposition II1.24
Ci:(Glx,) = @K(F([v])), and let ¢ : C.(Glx,) — C.({0,1} x E,Ax ~) be the

vey
homomorphism defined by

o(f) (i ej +ul), (b5 +uf)) = f (re;(6) +uf e, (3) + )
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if (e, (3) + ul, Te; (1) + u}) € G, i € {0,1} and to be equal to 0 otherwise.

The homomorphism ¢ above can be extended to a homomorphism
from C*(Glx,) onto C:({0,1} x E, Ax ~). We will still denote the extension by ¢ as
this should not bring any confusion. Also a proof that ¢ can be extend (is isometric)
is ommited here, as this proof is analogous to the proof that the homomorphism as
defined bellow is isometric (with ¢ € {0, 1}).

With this setting we can consider the pull back C*-algebra,

C;(Glxo) ®c:({o,13xE.ax~) Cr([0,1] x E, Ax ~)

which by definition I11.37 is an RSA.
We will show that the pull back C*-algebra above is isomorphic to
C:(Glx,). For this we need a lemma:

Lemma II1.40. ker pN C,([0,1] x E, Ax ~) is dense in ker p.

Proof:

From proposition III1.14 we know that there exists a closed set QQ C
([0,1] x E, Ax ~) such that kerp = {f € C.(([0,1] x E,Ax ~)) : f|q =0}. With
this characterization of ker p it is clear that ker p N C.([0,1] x E, Ax ~) contains
{f € C.(([0,1] x E,Ax ~)) : f|lq =0} and hence the lemma follows.

We are now able to show the proposition below.
Proposition II1.41. C;(Glx,) = C:(Glx,) ®c:(o1}xEax~) Cr([0,1] x E, Ax ~)

Proof:
Let a be the homomorphism defined by

a:Cy(Glx,) — Ci(Glx,) Dez(fo13xE.ax~) Ci([0,1] X E, Ax ~)
f = (al(f)’ a2(f))

where a;(f) is the restriction to the vertices map (a;1(f) = flx,xx,)) and
1) (65 + ) 6+ 1) = £ (r 0+ 7y 9 +0)

if (re, (t) + ul, Te; (t) + u{,) € G and to be equal to 0 otherwise.

It follows from the definitions above that ¢(a;i(f)) = p(az(f)) and
hence a(f) is well defined. One can also check that « is a x—homomorphism. below
we show that « is isometric and has dense range.
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e « is isometric.
Since ||a(f)|| = max{||la1(f)|,||e2(f)]|} it is enough to show that
|71l = lla2(f)||. From definition I1.17 we have that

laa(Hll = sup  [Age,puty(@2()]

(tej+u])€[0.1]XE

where /\(t' e;-+ul) WaS defined in I1.17.

So if ¢ € (0,1) then L[(t,e; +u])] = Io([re, (t) + u]]) and hence
)\(t,ej+u{)(a2(f)) = Arej (t)+u.17 (f)

Also if t € {0,1} then [(t,e; + u])]ax~ is equal to the disjoint union
ho
U[(t, e; + u})]o, where each 7, (t) + uj, is a representative of a different vertex
h=1
equivalence class in G and [(¢, e; +u})]o is the set of all points (¢, €) in [0, 1] x E such
that 7., (t) + uj, is equivalent to r.(t) in G. This implies (the proof is analogous to
proposition IV.9) that

ho

A(tﬁj"'"{)(az(f)) = ée >\T:j (t)+ul (f)
=1
and hence ||’\(t,ej+u{)(/\2(f DI = Jnax le\rej O+ul (f)|| which implies that « is isomet-

T1C.

e o has dense range.

Let (a2, a1) € C;(Glx,) Sc:(f0,13xE,ax~) Cr ([0,1] x E, Ax ~). Notice
that ¢(az) = p(a1).

Let € > 0. Using the continuity of ¢ find a; € C.(G|x,) such that
|lay — as|| < € and

llp(as) — plaz)|| <€

Since p is onto there exists a] € C,. ([0,1] x E, Ax ~) such that p(a}) =
©(ay) (This is actually the Tietze extension theorem (see [28]), i.e., since ¢(a}) be-
longsto C, ({0,1} x E, Ax ~) we can extend it to a function in C, ([0,1] X E, Ax ~).
It follows that

lp(ar — a1)ll = llo(as — az)|| <€

Next observe that ||p(a} — a;)|| is a quotient norm, that is, since p is

onto and SE[OUXBAXY) o 1y, via f + ker p — p(f), we have that llp(a) — a1)|| =

ker p
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() — a1) + ker p|| = inf{||a} — a1+ ¢|| : ¢ € ker p}. Hence there exists ¢ € kerp
such that ||a} + ¢ — a;]| < 2e. Furthermore from lemma II1.40 there exists ¢’ € ker p,
d € C.([0,1] x E, Ax ~), such that

la} + ¢ —a1]| < 3e

Now notice that p(a] + ) = p(a}) = (a}) and hence (a3, a} + ')
belongs to the pull back C;(G|x,) ®c:({0,1}xE,ax~) Ci ([0,1] x E,Ax ~). Also

I(a2, a1) — (a3, a1 + )| < 3e

Finally since (a}, a}+c’) belongs to the pull back and both a’, and a}+¢
have compact support, we can find f € C.(G|x,) such that a(f) = (a}, @] +¢’), which
implies that o has dense range.

|
Corollary II1.42. C; (G|x,) is an RSA.
Our next task is to show that C; (G) is an RSA C*-algebra.
Theorem II1.43. C; (G) is an RSA.

Proof:
Since there are only a finite number of prototiles we can write the set
of tiles, T, as
r= {4 1 =1ml=0,1,2;. ..}

where each u{ is a vector in R", ug = 0 for every j and each ¢; is a prototile. Notice
that the vectors u{ are not the same as on the previous proposition.

Let D denote the disk {z € C : |z| < 1} and S denote the unitary circle.
Consider the set D x 7 and identify each point (s,#; +u]) in this set with the point
Ty, (s) + u{ , where 7, is a homeomorphism from the tile ¢; into the disk D. On D x 7
introduce the equivalence relation Ax ~, where ~ is the equivalence relation on the
tiles (so t; + uf is equivalent to any other translation t; + uﬁl)

To construct an RSA, let ¢ : C.(Glx,) — Cc(S x 7,Ax ~) be the
homomorphism defined by

P(£) (st +ud). (it + 1)) = f (e, () + i () o)

if (e, (s) + ul, Tt;(8) + u{l) € G and to be equal to 0 otherwise. As in the previous
proposition this homomorphism can be extended to C;(Glx,).
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Remember we just proved above that C:(Glx,) is an RSA and hence
we can consider the pull back C*-algebra,

C:(Glxl) @C;(SXT,AX»\:) C:(D X T, AX N)

which by definition II1.37 is an RSA.
Now let a be the homomorphism defined by

a:C(G) — CiGlx,) ®cy(sxrax~) Cr(D x 7,Ax ~)
f = (aa(f), e2(f))

where a;(f) is the restriction to the edges map (o1(f) = f|x,xx,)) and
as(f) ((s,t; +ud), (s, 85 + 1)) = f (re,(s) +ud, 7, () + 1))

if (r4,(s) +uf,,(s) +u}) € G and to be equal to 0 otherwise.
It follows analogous to what we did for C}(Glx,) that a is an isomor-
phism and hence C; (G) = C:(Glx,) ®cs(sxrax~) Cr(D x 7, Ax ~) as desired.
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Chapter IV

C*-algebras that Encode the
Dynamics on the Tiling

The C*-algebras from tilings defined in the previous chapter could
be constructed not only for substitution tilings, but for any tiling with finite local
complexity and a finite number of tiles up to translation. This is not the case in this
chapter and for what follows we need a substitution tiling with primitivity, finite
local complexity and recognizability.

We now want a way to capture the dynamics of the inflation rule on
the equivalence relation induced by the tilings w*(T), k = 1,2,3,.... For this we
define a equivalence relation on each tiling w*(T) and show that these relations are
comparable by inclusion. This gives rise to a inductive limit of C*-algebras that we
intend to study.

IV.1 The C*-algebra Induced by the Inflation Map

From now on call Gy what we were calling G and define:
Gr = {(z,9) € R? x R?: Ti(Nez) — Xz = T (\Fy) — My}
where Ty = w*(T); k=1,2,3,...

Proposition IV.1. Each Gy is contained in Gpyq, i.e., GgC G C G, C ...

Proof:
We will show that Gy € G;. The others inclusions are proved analo-
gously. Let (z,y) € Go. We need to show that (z,y) € Gy, i.e.,

w(T)(Az) — Az = w(T)(A\y) — \y.
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From the definition of w, w(T)(Az) C w(Tz). Also (z,y) € Go implies that w(Ty) =
w(Tz) + Ay — z). So we have

w(T)(Az) + My — z) C w(Tx) + Ay — z) = w(Ty)

and hence w(T)(Az)+A(y—z) is a patch in w(T). Moreover, since A\y = Az+A(y—z)
this patch is exactly w(T)(Ay) and it follows that (z,y) € G;.

The next step is to show that each Gy is open in the next. In order to
do so we need two lemmas that are generalizations of lemmas III.1 and III.2.

Lemma IV.2. Fiz N € N. Given x € IR%, there exists § > 0 such that if y belongs
to the ball of center z and radius 8, B(z,d), then Ty (\*(y)) C Tk(z) (A¥(z)) for all
0<k<N.

Proof:

For any 0 < k < N the set U = 3¢ (int (Tx(A\*z))) is open and z €
U. So there exists 0 such that B(z,8;) € U. Now if y € B(z,d;) then Ny €
int (Tx(\*z)) and hence Ty(A\fy) C Tx(A\*z). Finally choose § as the minimum of all
5k~

[ |
The next lemma characterizes neighborhoods of a point (z,y) € G.

Lemma IV.3. Let (z,y) € Gy with k € Z, k > 0. Then there exists 6, > 0 such
that

B((z,y),0) NGy = {(:r+v,y+v) ZUEB(O’%”

for all § < 6.

Proof:

Let ¢ be small enough so that both lemmas IV.2, applied for z, and 1.8
hold. Let & < %E. The rest of the proof is a straightforward adaptation of the proof
of lemma II1.2, just replacing T with T} and multiplying by A\*¥ where necessary.

Observation IV.4. It is clear from the lemma above that each Gy is étale.
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Proceeding as in chapter III we can show that Lebesgue measure is
Gj— invariant and hence we have a trace functional in C.(Gx). We state this below.

Proposition IV.5. For any k € N, Lebesgue measure is Gy invariant and

Cc(Gk)
f

C
Jre £z, 2)dp(z)

_.)
—
is a trace functional.

Proof: Analogous to proposition IIL5.

Latet we will need a better description for the trace formula to use it
on examples. We give it below.

Lemma IV.6. Forz € IR? let 7, be the representation on ly([x]) as in the definition
of the reduced norm. Then

(=% [ Dm(n)ds.

[pleP Y Z€P

If f is a projection then

T(f) =) Tr(m(f))u(p)
pleP

where for each [p| € P, x is a point in the interior of p and p is Lebesque measure.

Proof:
Remember that if {8, },e[z) is the orthonormal basis of l3([z]) given by

§,(€) = 1if € = y and §,(€) = 0 if £ # y then Tr(mo(f)) = Y (ma(£)5;,6,) =
y€la]
> fwv).

yEla]
Also we already know that for each [p] € P we can write [p] = {p +

w? °°1, where w? € IR?. Notice that if z is a point in the interior of p then [z] =
{z +wF}2,. Denote the interior of p by int(p). We now have



56

/Bdf(za:d,u Z/fxmd:r—zz flz,z)d

te{tiles} [pleP telp]
—ZZ fa:xdr—zz flz +w? z+wh)dz
[pleP i=1 [pleP i=1 P

/ :z:+wf,x+wf)d:v=2/ > fly,y)dz
int(p) = int(p) yE[fL‘]

[pleP [pleP
= (m2(f))dz = Tr(m.(f))dz
h%;/mt(p) [I%’ p

and the first part of the proposition is proved.

Now suppose f is a projection. Then Tr(m,(f)) € Z and for any
tile ¢t the map = — Tr(m,(f)) is a continuous function from the interior of ¢ into
the integers, and hence a constant function. This implies the second part of the
proposition.

At first sight, for two dimensional examples, the formula for the trace
above do not appear to be helpful, since we usually do not know the values of a
projection on the interior of a tile. But we usually know the values at the vertices
and we use this to get a better description of the trace:

Lemma IV.7. For each [p] € P we choose one and only one vertex on the tile p,
which we call v,. Using the language of lemma IV.6 we have that [p] = {p + w?}2,,
where wf € R®. LetV,, = {[v] € V : 3 w! such that v, + w} € int(T(v))}. Then for
any projection f € C.(Gy) we have

7(f) = Z Z Tr(my(f))1(p)

[PIEP [v]€Vy,

Proof:
Observe that for z € int(p) we have Tr(7,(f)) = > o, f(z+w?, z+uw?)
and for each v, we have

o0

Zf(vp"‘wfvvp‘*‘w?): Z Zf(z,z)z Z Tr(my(f))-

i=1 [v]€Vy, z€[v] [vl€Vy,
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Let [p] € P. Notice that  — Tr(m,(f)) is not necessarily continuous
on the border of p. Actually we have that

lim Tr(m(f)) = Y Tr(m(f))-

T—vp

zeint(p) V] EVy,

Now since z + Tr(m,(f)) is constant in the interior of p we have that for any
z € int(p), Tr(m.(f)) = Z[v]evv,, Tr(m,(f)) and the lemma follows.

[ |
Proposition IV.8. Each Gy is open in Gry1; k=0,1,2,...

Proof: We will show that Gy is open on G;. The proof for k is the same, one just
need to change indices.

Let (z,y) € Go. Notice that (z,y) is also in G;. Let § = min{do, d:},
where §, and d; are obtained from lemma IV.3 applied for Gy and G;, respectively.
Then

B((z,y),0) NG, = {(:I:—}—v,y-i-v) :vGB(O,\%)} — B((z,y),5) N Go

and hence B ((z,y),0) N G; is a neighborhood of (z,y) in G; completely contained
in Go.

With the two propositions above we are now able to show that C;(Gy)
is a sub-algebra of C}(Gg+1).

Proposition IV.9. Cf(Gy) is a subalgebra of C(Gyt1), for allk =0,1,2,.. ..

Proof:

It is enough to show the proposition for £ = 0.

The idea is to include a function f € C.(Gy) into C.(G;) by extending
it to 0 on G; — Go. We show that this is an isometric x—homomorphism and hence
it can be extended to an isometric *—homomorphism from C}(Go) into C;(G,).

More explicitly, we define ¢ : C.(Gg) — C¢(G;1) by

f(z,y); (z,y) € Go

L(f)(.’L'y) =f(£l?,y)= {0’ (z,y) EGl_GO
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Observe that f € C.(G;) since from proposition IV.8 G is an open
subset of the locally compact space G;.

We now show that ¢ is an isometric x—homomorphism. We denote the
equivalence class of a point z in G by [z]i.

e  is a *—homomorphism.
Notice that

_— frg(z,y)= Zf:rz 9(z,y); if (z,y) € Go
fxg(z,y) z€[z]o
0; lf (‘Ta y) = Gl == GO

On the other hand, f * §(z,y) = Z f(z,2)g(z,y) and we have two
z€[z]1
possibilities. If (z,y) € G; — Gy, then for all 2z € [z]; either (z,2) € G; — Gg or

(2,y) € G; — Gg otherwise we would have (z,y) € Go. So for all z € [z]; either
f(z,2) =0 or §(z,z) = 0 and hence f * §(z,y) = 0 if (z,y) € G; — Go.

If (z,y) € Go. Let [z]o be the set {z € [z]; : (z,2) € Go} and [z]; —
[z]o = {z € [z]1 : (z,2) € G; — Go}. Observe that if z € [z]o then (2,y) € Go and if
z € [z]; — [z]o then (z,y) € G; — Gp and hence §(z,y) = 0. This implies that

Fra(@y) =Y f@,2izy)+ Y, Ffl@2)dzy) =Y f&2)g(zy)=f*g(v)
zE[z]o ze[z]l [.’l?]o 26[1:]0
and ¢ is a homomorphism.
The *-condition follows promptly and hence ¢ is a *—homomorphism.

e , is an isometric x*—homomorphism.
Remember that ||f|| = sup || Az(f)| where
zeX

for £ € ly([z]).

We have that [z]; is equal to the disjoint union [z)o U [z1]o U [z2]o U
and hence ly([z];) = l2~([xo]o) = {2([:51]0) & ly([z2]0) & i

Let AL(f) :== A:(f) and AJ.(f) = A;,(f). Observe that A;(f) acts on
1?([z]1) and A, (f) acts on ly([xi]o)-

Once we show that AL(f) = @2 (f), we have that

11l = sup [Az(H)]l = sup || @ AL, (£l
zeX zeX
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It is a fact from functional analysis that if a Hilbert space H = @&H;,
T = &T; is a bounded operator in H and ||T;|| is uniformly bounded than ||T|| =
sup ||T;||. Using this fact we have that

sup || @ Az, (f)ll = Sup{ sup ||/\2,.(f)||} = sup [A2(H)ll = |I£]
zeX zeX | z;:[z]i=Uz:]o zeX
and hence ¢ is isometric.

It remains to be proved that AL(f) = @2 (f).

Notice that Iy([z;]o) C lx([z];) is invariant under AL(f) for any i € N.
To see this let let i € N, and £ € ly([z];) be supported in l3([z;]o). Now suppose
y ¢ [z:]o. We want to show that AL(f)(€)(y) = Z f(y,2)&(z) = 0. But this follows

z€[z]1
promptly once we notice that if (y, z) ¢ Go then f(y, 2) = 0 and if (y, z) € Go then
z ¢ [z;]o and hence &(z) = 0.

Next we show that AL( f)llz([zi]o) = X2 (f) and hence the desired results
follows since lx([z]1) = la([zoo) @ la([z1]0) @ la([z2]o) ® ... So take & supported
on ly([z;]o) and let y € [z;]o. Also let Zy = {z € [z]1 : (y,2) € Go & z € [zi]o} and
Zo ={z € [z], : (y,2) & Go}. Observe that f(y,2) =0 in Z,. Then

MAOOW = D f@,28() =D fw, 2=+ ) f,2)4(z)

z€[z]1 2€7Z, 2674
= Y f@:2)6(2) = 2,(F) Eliwito) )
z€[zi]o

as desired.

As promised in section III.1 we now prove that Gy is amenable.
Proposition IV.10. G, is amenable, for every k € N.

Proof:
The definition of amenability in [15] requires us to show that there
exists a sequence of functions {f;},.y € Cc(Gi) such that:

1.z Z |fi(z, 2)|? is uniformly bounded in the sup norm.

z€(z]

2. (z,y) — Z fi(z, 2) fi(y, z) converges to 1 uniformly on compact subsets of Gy
z€[z]
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First we show that G is amenable. For this, let 7 : [0,00) — [0,1] be
any function such that

e 7 =1 on a neighborhood of 0
e 7 is continuous and the support of r is contained in [0, 1)

For any (z,y) € Gy, define

d(z,y) =sup{d <1:T(x+2)—z—2=T(y+2)—y—=z Vz,|z| <d}. (IV.1)

From lemma IV.3 one can see that §(z,y) > 0 for any (z,y) € Gy,
since there exists € > 0 such that {(m +v,y+v):vEB (0, %)} is a neighborhood
of (z,y).

We will show that § is a continuous function. We prove that 67*((a, b)),
0 <a<b<1,isan open set in Gg. The proof that §7!((a,1]) is open is
analogous. So let (z,y) € 6 '((a,b)). Then é(z,y) = ¢; a < a3 < ¢c < by <
b. Let ¢ be small enough so that ¢ — € > a;, by — € > ¢ and B((z,7),¢) =
{(z +v,y+v):vEB (O, %)} (use lemma IV.3). Then B((z,y),€) is a neigh-
borhood of (z,y) contained in §~*((a,b)). To see this suppose (z’,v’) € B ((z, ), €).
Then (2/,y’) = (z+v,y+v) for some |v| < e. Now if |z| < ay then [v+2| < e+a; <
c—ay+a; = cand hence T(z+(v+2))—z—(v+2) = T(y+ (v+2))—y—(v+2) for all
z with |z| < a; so that §(z’,9y') > a; > a. On the other hand if |z| > b; then |v+2| >
|2| —|v| > by —€ > c and hence T(z+ (v+2))—z—(v+2) = T(y+(v+2))—y—(v+2)
do NOT hold for all z with |z| < b; so that d(z,y') < by < b. We conclude that
0(z',y') € (a,b) as desired.

Back to the construction of a net of functions that will satisfy the
amenability conditions, for each n € N, define

[

gn(@,y) = r(lzln")r(lyln™") (1 — r(nd(z,y)))

One can easily check that each g, € C.(Gp). Finally we define, for
each n € N,

fn(a:,y)= (1+ Z grzz(xvz)> gn(xay)

(z,2)eGo

We need to check conditions 1 and 2 of the amenability definition.
Observe that if |z| > n then g,(z,y) = 0 so that f,(z) = 0. Also if [z| > n then



61

gn(z, z) = 0 and the sum in the definition of f is actually finite. To see that condition
1 holds, let z € X. Then

2
gn(z, w ga(z, w)
S ih@ol| = ¥ Bw) | - :
2 1+ Z g.(z,2)
we[z] we(z] we(z] n\*
1+ Y giz,2) (2,2)€C0
(z,2)eGo
> gn(a,w)
we(z]
<1
T Z g2(z, 2)
(z,2)eGo

We still need to prove condition 2. So let K be a compact in Gy.
Let §p = (m)inK d(x,y). Observe that since 4 is continuous and K is
T,Y)e

compact, ¢ has a minimum which is attained in K. This implies that dy > 0.

Choose N € N such that r(|z|N~!) = r(Jy|N~') =1 for all (z,y) € K
and such that Ndog > 1.

Let (z,y) € K. Let z € [z]p such that |z| < N (remember that if |z| >
N then gy(z,2) =0). Then §(z, z) = d(y, 2) or both é(z, 2),d(y, 2z) > J. To see this
observe that if w € IR and |w| < § < §(z,y) then T(z+w)—z—w =T(y+w)—y—w
and hence for such w we have that T(z +w) —z—w =Tz +w) -z —w &
Tz+w)—z—w=Tly+w)—y—w.

Remember that we need to prove that (z,y) E Fo(z, w) fu(y, w)

we[z]
converges to 1 uniformly on compact subsets of Gg. Observe that

z gN('T7 w)gN(y’ w)

we[z]

S fwle, w)n(yw) =

we(z]

and uniform convergence follows once we prove that
> gn(zw)gn(y,w) =Y gi(z,2) = Y gi(2,v) (Iv.2)
we[z] z€[z] z€[z

To do this we define Z; = {w € [z] : §(z,w) > J; |w| < N} and Z; =
{w € [z] : §(z,w) < d;|]w| < N}. Observe that gy(z,w) = gn(y,w) in Zy. Also if

—
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w € Zy then gy(z, w)gn(y,w) = r2(lw|N"Y) = gh(z,w) = &y, w). So if we
separate the above sums as the sum in Z; plus the sum in Z it is clear that equality
holds in equation IV.2 above.

For Gy the proof is analogous. We only need to use the tiling w*(T) =
Ty instead of T. For example the function §(z,y) of equation IV.1, is defined by

Orx(z,y) = sup {5 <1: Tk(Ak(J: +2)=Mz+2)=Ti(My+2)— ANy +2)) Vz,|z| < 5}
for any (z,y) € Gy, and the rest of the proof follows.
E

It is natural for us now to consider the inductive limit of the C*-
algebras C*(Gy), with inclusion as connecting map. This is the C*-algebra encoding
the inflation map that we were looking for. Next proposition characterizes this
inductive limit.

Proposition IV.11. The inductive limit C} (Gy)_, is isomorphic to C; (| Gi) where
a basis for the topology of UGy, is given by sets Uy such that Uy is open in Gy (So a
set U is open in (UGy) if UN Gy, is open in Gy for all k).

Proof:

In order to prove this proposition we first need to define a family of
inclusions of C}(Gy) into C; (|JGk). We define this inclusions in the same way we
included C;(Gy) into C(G;) on proposition IV.9. So for n = 0,1,2,... we define
An Cc(Gn) — G, (U Gk) by

f(z,y); (z,y) €Gn
0; (xvy) = (U Gk) - Gn

Each )\, is an isometric x—homomorphism and hence it can be ex-
tended to an isometric *—homomorphism from C}(G,) into C; (|J Gx) (the proof of
this statements is analogous to proposition IV.9).

Now denote by ¢, the inclusion of C?(Gy) into C}(Ggs1). Then A, =
Ant10t, foralln = 0,1, 2, ... and by definition 6.2.2ii) in [24] it follows that C; (| Gx)
is isomorphic to the inductive limit C} (Gy)_, as desired.

)‘n(f)(x y) - {

|
We finish the section with a brief note about traces.

Proposition IV.12. Lebesgue measure is UG,—invariant and hence the trace func-
tional of proposition IV.5 is well defined.
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IV.2 C}(Gy) is simple.

One of the very interesting properties of C} (|JGy) is its simplicity.
This gives us hope of using Elliott’s classification program to characterize C; (|J G)
completely in terms of its K-theory.

In order to prove simplicity we need the following characterization of
ideals in C¥(G) given by [15].

Proposition IV.13. Let G be principal, r-discrete groupoid with counting measure
as a Haar system and 1 an ideal of C*(G). ThenI1=1(Q) = {f € C.(G) : flq = 0},
where Q is a closed subset of G such that GoQoG C Q, i.e., if (z,y) and (z,w) € G
and (y, z) € Q then (z,w) = (z,y)(y, 2)(2,w) € Q.

Observation IV.14. If Q is a set as above and (z,y) € Q then (y,z) € Q since
(y,2) € G and (y,z) = (y,2)(z,y)(y, 2).

Observation IV.15. Furthermore, if Q is a set as above and (z,y) € Q then [z] x
[z] C Q, where [z] denotes the equivalence class of x.

We now return to our problem at hand of showing that C;(|JGk) is
simple. We still need two more lemmas. From now on we denote the union | J G by
G and the equivalence class of a point z € IR? with respect to G by [z].

Lemma IV.16. Let p; be a prototile. Then there exists M > 0 such that w™ (p;)
contains at least one translation of all prototiles, vertex patterns and edge patterns.

Proof:

Take N from primitivity (as defined right below definition 1.6). Then
wN(p;) contain a translation of any prototile. Notice that if & € N then w**N(p;)
also contains a translation of all prototiles, since w*N(p;) = wN(w*(p;)) (use the
definition of primitivity once again).

Now let P be a translation of one of the prototiles or a translation of
a vertex pattern or a translation of an edge pattern. Then there exists np € N such
that w™?(p;) contains a translation of P (to see this notice that from definition 1.6
there exists a prototile p; and m € N such that w™(p;) contains a translation of P.
So take np = m + N).

Let M X be the maximum of all np as above. Observe that this is
really a maximum since we only have a finite number of prototiles, vertex and edge
patterns.
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We will show that M X +N satisfies the lemma. So let P as before, that
is, P is a translation of one of the prototiles or a translation of a vertex pattern or a
translation of an edge pattern. Then w!(p;) D P for some [ € N. Now observe that
WwMXHN(p) = WHWMX=D+N(p,)), and from the first paragraph of the this proof we
have that w™X=D+N(p,) contains a translation of p;. We conclude that w™X+N(p,)
contains a translation of P as desired.

|
Lemma IV.17. For any z € IR%, [z] is dense in IR%.

Proof:

Given a ball B(y,¢) in IR? we want to find a point in the equivalence
class of z within the ball.

Since the ball has a fixed radius we can find a n € N such that one
tile of A™"w"(T) is completely contained in B(y,€). Choose M as in lemma IV.16.
Let N = M + n. Then a translation of any prototile, vertex and edge patterns of
A~NWN(T) appear at least once inside the ball B(y, €). In particular a translation of
AN (wN(T)(ANz)) is contained in B(y, €) and hence there exists a point y € B(y, €)
such that (A™Nw™(T)) (y) = AN (wN(T)(A\Nz)) +y — z. This last equality implies
that wN(T)(A\Ny) = WN(T)(A\N(z)) + AN(y — z) and hence (y,z) € Gn. So y is
equivalent to z in G and the proof is complete.

o
Corollary IV.18. For any z € IR%, [z] x [z] is dense in IR x IR%.

We are now able to prove the theorem of this section. Remember a
basis for the topology of G is given by the sets of the form U, N G, where Uy is any
open set of Gy.

Theorem IV.19. C: (| Gi) is simple.

Proof:

Let I be an ideal of C(G) = C? (|J Gx). By proposition IV.13 we know
that I = I(Q) for some closed set Q satisfying all the conditions of proposition IV.13.

‘We will show that either Q is empty, which implies that I = C}(G), or
Q is dense in G, which implies that I = {0} since Q is closed.

Suppose Q is not empty.

Let U # 0 be an open subset of G. Then there exists £ € N such that
UNGy # 0. So let (z,y) € UNGg. From lemma IV.3 and the fact that UN Gy, is an
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open set of G we have that there exists § > 0 such that UNGy 2 B((z,y),6)NGy =
. 5
{(ac-i—v,y-l—v) :vEB (O’E)}
Now by corollary IV.18 there exists (z,w) € Q such that (z,w) €
B ((_)',4%/5). So z =z + u; and w = y + uy where |y, |uz| < ﬁ < %.
From the choice of 8, (z+uy,y+u1) € B((z,y),0)NGy C G and hence
(y + u1, ¢ +u;) € G. This implies that (y + u;,y + u2) € Q since

(y+u1,y+us) = (y+u, z+w)(z+u1,y + u2)(y + uz, y + us)

and from observation IV.14 we have that (y + us,y +u1) € Q. But this implies that
(z +uy,y +up) € Q since

(z+u1,y+w) = (T +u1,y + u2)(y + u2,y + u1)(y + u1,y + u1)

It is clear that (z 4+ w1,y +u1) € B ((z,v),d) N Gxr € UN Gy and hence
Q is dense in G as desired.

In our effort to further characterize C} (|J Gg) in the next section we
turn our attention to computing its K-theory.

IV.2.1 K-theory of C: (| JGy)

Unfortunately we can not find a general description for the K-theory of
the inductive limit C*-algebra C} (|J Gx) as we did for C; (Gyp). Nevertheless we will
show in this section what can be done without restricting our attention to specific
examples. We refer the reader to [24], [31] or [2] for the results in K-theory used
below.

Remember that C*(|JGy) is isomorphic to the inductive limit C-*
algebra, C: (Go) — C:(G;) — C;(G3) — ---, as showed in prop. IV.11. This
direct limit of C-* algebras induces a direct limit in K-theory, namely

* K. (e * Kt * Ks L
K. (C; (Go)) “¥ K.(C; (G) VK. (C1 (@) - (v3)
and from continuity of K-theory, see [24] section 6.2, we have that the K-groups of
C: (U Gg) are isomorphic to the direct limits IV.3 above.

In order to find the direct limit IV.3 we need to compute the K-groups
of C: (Gy,) for each k and to find the connecting maps K,(¢). A closer look in the
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terms of the direct limits tell us that the K,-groups are all isomorphic and that is
enough to compute the connecting map from K, (C; (Gp)) into K, (C; (G1)), since
all others are equal to this one. This is our next proposition. But first we need to
introduce some formal definitions.

Definition IV.20. A vertez in Gy, is a point (z,x) such that X¥z is a vertez in Ty.
A point (z,z) belongs to an edge of Gy if \*z belongs to an edge of Tx. An edge e in
Gy is the collection of all points of the form (x,z) such that \*z belong to the same
edge in T.

Proposition IV.21. For any k € N, K, (C:(Gy)) is isomorphic to K. (C:(Go)).
With these identifications the connecting map between the groups K. (C; (Gy)) and
K, (C: (Ggs1)) is equal to the connecting map between K, (C; (Go)) and K, (C; (G1)).

Proof:
Just note that the K-groups of C*(G;) depend on the same vertex,
edge and tile patterns used to compute the K-groups of C}(Gy)

In light of the above proposition we only need to compute the con-
necting map between K, (C: (Gop)) and K. (C; (G1)). Unfortunately we do not have
a way of doing this in general, but rather we have a method that can be used in the
specific examples. To illustrate the method suppose

Ko (C5 (Go)) = Z* 2 Ko (CF (G1))

Then the connecting map ¢, from Z? to Z2, is such that the diagram
below is commutative.

z? S Ko(C:(Co))
C Ko(b)
72 S Ko (CI(G)

where ¢ is the inclusion map from C; (Gg) into C; (G;) as described in proposition
Iv.9.

The rest of our work is dedicated to computing K-theory for a number
of examples.
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IV.3 The Fibonacci Tiling

1
10
and has inflation constant <, the golden mean. The substitution can be represented

as below, where the segment labeled 0 has length one and the segment labeled 1 has
length 1/7.

The Fibonacci tiling is associated with the substitution matrix

0 0 1

And we can tile the line as shown below

0 1 0 0 1 0 1 0

®
¢
[ ]

¢
&
¢
&
®

Since this tiling satisfies the finite pattern condition, primitivity and
recognizability we can build C;(Gy) and C; (|J Gx). Our task here is to compute the
K-theory of these C*-algebras. The K-theory of C; (| Gx) will be computed using
the method described in the previous section. But first we need to find the K-theory
of C:(Gop) and to this end we proceed analogously to section III.3.

Remember that in the one dimensional case C;(G) = C;(G|x,) and we
need to give an orientation to all edges in the tiling. We do so by giving all edges
the same orientation, to the right, as shown below.

- |
o

o 1 0 0 1 o0

&
L g

L]
*
L]

&
b

[ ]
@
L}
L ]
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We can easily see that there are three equivalence classes of vertices,
namely v; = Oe 1,09 = Te0 and v3 = 0e 0. Also there are two equivalence classes
of edges, namely e; = 0 and e, = 1. So the six term exact sequence II1.6 of section
III.2 becomes

0 Ko (C;(Golx,)) — Z°
do
0 K, (C}(Golx,)) ~—— Z*

where §, is the matrix given by

-1 1 0
[30] = ( 1 -1 0)
as described in proposition II1.28.

The vectors (0,0,1) and (1,1,0) generate the kernel of §, and (1,—1)
generates the image of dg. So we can conclude that

YASY
Im(5o)

114

Ko (C:(Go)) == ker(&o) = Z2 and K] (C:(Go)) = Z

We now proceed to compute

* Ko (C7(UGr))

From what is done above and proposition IV.21 we conclude that
Ko (C: (Gy)) is isomorphic to Z? for all k € Z" and the connecting maps from
Z? to Z? are all the same.

Our next step is to compute the connecting map. In order to do so we
need to specify the isomorphism between ker(dy) and Z2. As expected we will use
the isomorphism that maps (0,0, 1) to (0,1) and (1, 1,0) to (1,0).

Since the connecting map is a group homomorphism it is enough to
find where the basis elements (0, 1) and (1,0) are mapped.

We start with (0,1). By our choice of isomorphism (0, 1) is mapped
to the vector (0,0,1) in the kernel of dp. Proceeding analogously to the first part
of the proof of Proposition II1.28 we conclude that (0,0,1) is mapped to [f]o €
Ko (C: (Golx,)), where the function f € C.(Golx,) is defined to be 1 at one repre-
sentative of the vertex vz and 0 otherwise. Letting (a + 1,a + 1), for some a € IR,
be the representative of v3 we have the following very illustrative picture of f.
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e — . 4 — —&
a 0 a+1 0 a+2

1 if (z,y)=(a+1,a+1)
0 otherwise

Unfortunately we can not include this function in Kg (C} (Gqlx,)) di-
rectly as we do not have this map. But we know that [f]o lifts to an element in
Ko (C? (Gy)). Moreover [f]o lifts to [f]o where f € C.(Gy) is the projection defined
below.

and we can write f as f(z,y) =

if (z,y)=(a+t,a+t) for0<t<1
=(a+1+t,a+1+4+t) for0<t<1

z,y)=(e+t,a+1+t) for0<it<1
Vi—£ if (z,y)=(a+1+ta+t) for0O<t<l1
|0 otherwise

So we have that (0, 1) is "lifted” to [f]o € Ko (C; (Go)), which we can
include in Kq (C; (Gy)) via Ko(¢), where ¢ is the inclusion map as in proposition IV.9.
Our next task is to follow the isomorphism from K, (C} (G;)) to Z? to

find out where Ko(¢)([f]o) is mapped. The first step in this direction is to restrict
Ko(¢)([flo) to the vertices in Gy, i.e., we need to compute Ko (%) (KO(L)([f]o)) where
% is the restriction map. So we need to recognize the points in G;|x, where the
function f is non zero. Following the definition IV.20 of a vertex in G;, we have that
Ko(2)([f]o) is mapped to [glo € Ko (C*(Gi|x,)) = ker § where g is the projection
below: T ) .

2 i (zy)=(+35,a+3)
1 if (z,y)=(a+1,a+1)

-2 if (zy)=(a+1+,a+1+7)

9@y)=\ [i_1 (z,y)=(a+3,a+1+7)

=] =21
)

ik

if (x,y)=(a+1+%,a+%,)

{ 0 otherwise
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Observe that (@ + 1,a + 1) is a representative of the vertex v, in Gy,
as (a+ %, a+ %) and (a+1+ %, a+1+ %) are representatives of the vertex v; in G;.
The picture of g below makes this more clear.

=]
|

0

Y —o *—o
a + a

a+1 a

|-

0

Following the isomorphism of proposition I11.24 from K (C: (G4|x,)) to
@ Ko (K(I2[v;])) we have that [g]o is mapped into ([T1]o, [T2]o, [Ts]o), where T3 =0

i=1.3
in lp[vs] and T; and Ty are both rank 1 projections on ls[v;] and l5[v,] respectively.

Since the isomorphism between @ Ko (K(l2[v;])) and Z3 is given by
i=1..3
the dimension of the operators we have that ([71]o, [T2]o, [T3]o) is mapped to (1,1,0)

and from our choice of isomorphism from kerdy into Z2? we have that (1,1,0) is
mapped to (1,0).

So we conclude that the connecting map ¢ in K, takes the vector (0, 1)
to the vector (1,0). We believe that all the steps of this isomorphism chase were well
explained but maybe it is not so clear why T, is a one dimensional projection. We
explain this in further detail now.

Let £ be a vector in ly[v;]. We have that

Ti(é)(a+3) =3¢+ +4/53 -z &la+1+3)

Ti@)@+1+3) =/ 2-% &a+)+ (1-1)ga+1+1)
T1(¢)(y) =0 for all other y € [v;]
Using the fact that 4> = 7 + 1 it is not hard to see that T, is
a projection. Furthermore if a basis for the range of T, is given by the vector
(%, A /% - ;’17, 0,0,0,.. ) and hence T, is a one dimensional compact operator.
We still need to find out where the basis element (1,0) is mapped by
the connecting map. We proceed analogously as above. Remember that by our
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choice of isomorphism between Z? and ker g, (1,0) is mapped to (1,1,0). Looking
once more at the first part of the proof of proposition I11.28 we conclude that (1,1, 0)
is mapped to [f]o € Ko (C; (Go|x,)), where the function f is defined to be 1 at one
representative of the vertex vy, to be 1 at one representative of the vertex v, and 0
otherwise. Letting (a + 1,a + 1), for some a € IR, be the representative of v; and
(a+1+ "lr’ a+1+ %) be the representative of v, we have the following very illustrative
picture of f.

i

. 4 §—
a+1 a+ FHl

0 1 0

1 if (z,y)=(a+1,a+1)
and we can write f as f(z,y) =<1 if (z,y)=(a+1+ %,a—i— 1+$)
0 otherwise
_ We know that [f]o lifts to an element in Kq (C; (Go)). Moreover [f]o
lifts to [f]o where f is the projection defined below.

a+2

-

(¢ if (z,y)=(a+t,a+t) for0<t<1
1 if (z,y)=(a+1+ta+1+t) for0<t<:
- 1-t if (z,y)=(a+1+2+t,a+1+2+1t) for0<t<1

f(z,y)=<m i (x,y):(a+t,a+1+}1‘|‘t) forO0<t<1
z,y) =

Vi—1 if (a, (a+1+2+ta+t) for0<t<1
\0 otherwise

So we have that (0, 1) is "lifted” to [f]o € Ko (C? (Go)), which we can
include in Kg (C? (G;)) via Ko(¢), where ¢ is the inclusion map as in proposition
IV.9. Next we restrict KO(L)([f]Q) to the vertices in Gy, i.e., we need to compute
Ko(?) (Ko(L)([ f]o)) where v is the restriction map. So we need to recognize the
points in Gy|x, where the function f is non zero. Following the definition IV.20 of a
vertex in Gy, we have that Ko(¢)([f]o) is mapped to [g]o € Ko (Cz (G1|x,)) = ker &
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where g is the projection below:

(1 if (z9)=(a+2La+?)
1-2 if (z,y)=(@+1+2a+1+2)
1 if (z,9)=(a+1l,a+1)

gy =41 if @y =(a+1+3a+1+7)

ﬁ

= if (zy)=(a+3,a+1+2)
-» i (@y)=@+1+2a+7)

2=
2

(0 otherwise

Observe that (a + 1,a + 1) is a representative of the vertex v, in Gy,
(a+1+ %, a+1+4: ) is a representative of the vertex v3 in G; as well as (a+ =8+ )
and (a+ 1+ %, a + 1+ 7) are representatives of the vertex v; in Gy. The plcture of
g below makes this more clear.

o o
®
o ®
E _ R
® e
a a+3 a+1 G+T Y a+2

0 1 0

Following the isomorphism of proposition I11.24 from Kg (C: (Gy|x,))
to 69 Ko (K(I2[v;])) we have that [g]o is mapped into ([T1]o, [T2)o, [T3]o), where T},

i=1..3
T, and T; are 1-dimensional compact operators in ly[v;], la[vs] and l5[vs] respectively.

Since the isomorphism between @ Ko (K(lz[v;])) and Z? is given by

the dimension of the operators we have that ([f;"l]lo3 [T2]o, [T3]o) is mapped to (1,1,1)
and from our choice of isomorphism from kerdy into Z? we have that (1,1,1) is
mapped to (1,1).

So we conclude that the connecting map c in Kq takes the vector (1,0)
to the vector (1,1) and the connecting map in Z? is given by the matrix

-(10)
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The matrix ¢ above has determinant -1 and hence it is an isomorphism
from Z? into Z2. This implies that the inductive limit

(o). ,G0 .00

VTN PRV,
is isomorphic to Z? and hence
Ko (C; (UGy)) = 22

Before proceeding to K; we compute the trace of Ko(C:(UGy)) using
the formula of lemma IV.6.

Proposition IV.22. Ky(7)(Ko(C:(UGg))) = Z[%] @ YZ where Ko(T) is the map in
K-theory induced by T, and vy is the golden mean.

Remember that for any k € N, Ko(C:(Gx)) = ([fFlo, [f5]o), where
[f¥lo = (1,1,0) and [f¥]o = (0,0,1). We have explicitly defined f{ and f3 and the
definition of fF, f¥ are analogous. Once we have this we can just use the trace
formula to compute 7(fF) and 7(f5) (even the definition works!). Just observe that
edges in G, are scaled down by y~!. For example if (a+ %’“ (a+ ;1,;) is a representative
of v3 in Gy then

t if (z,9)=(a+zza+) 0<t<1
1—t if (x,y)=(a+%,a+%) 0<t<1

k
T, Y) =
f2(z,y) 0 if z =y not as above

x if z#y

Notice that the off diagonal values of f§ are irrelevant for the trace. With this
description we get Ko(7)([f3]o) = 7(f3) = -
Analogously we get that Ko(7)([fF]o) = ;lk- + ;;‘14,—1 = ,Y—kl.—l Observe
that Ko(7)([f7]o) = 7.
Finally for all k € N, let Ko(7) = Ko(7). Then Ko(7) = Ko(741) ©
Ko(¢) and hence the collection of maps {Ko(7%)};o, gives a well defined map 7, from

the direct limit Ko(C;(UGy)) onto Z[%] @ <Z as desired.
|
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e Ky (C7(UGr))

We know that K; (C:(Gy)) = Iffﬁ%) = Z. To compute K; (C; (I Gx))
we need to perform an isomorphism chase very similar to the one we did to compute
Ko (C: (U Gy)). Similarly we know that K; (C? (Gy)) is isomorphic to Z for all k € Z*

and the connecting maps from Z to Z are all the same.

Since the connecting map, ¢, in K; is an group homorphism it is enough

to find where 1 is mapped by c¢. Following the isomorphism from Z to Iﬁ%%)

that 1 is mapped to (0, 1) which in turn is mapped to (0,1) in @Z ~Z®Z. (We
£

we have

could also choose to take 1 to (1,0)).
We now choose a representative of the edge 1, say (a + \,a + \) for
somea € Rand 0 < A< % as in the picture below

Proceeding analogously to the second part of the proof of proposition
I11.28 we have that (1,0) is mapped to [g]; € K; (C; (Go|x,-x,)), where the function

g in Cz (Go|x,-x,) is defined as follows

exp(2mi)) if (z,y)=(a+Al,a+Al) for X€[0,]]
g(z,y) =11 ifz=y
0 otherwise

and we can include [g]; in K; (C; (Go)) and then in K; (Cf (G;)) via K;(¢). Our final
step is to follow back the isomorphism from K; (C (G;)) to Z.

Observe that our edge representative is still an edge in G;. Actually
(@4 Aa+A) with 0 < A < % is a representative of the edge 0 in G;. And we
have that g winds once in this edge (g here means the inclusion of g in C}(G;)). So
proceeding again analogously to the second part of the proof of proposition II1.28
we have that [g]; is mapped to (0, 1) in 15.%%) which is mapped to 1 in Z.

So the connecting map ¢ in K, is just the identity map and hence the
inductive limit Z % zZ2 %729 ... is isomorphic to Z what implies that

Ky (G} (UGk)) 2 Z
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Chapter V

Examples

V.1 The Thue Morse tiling revisited

The Thue Morse tiling was introduced in section III.3. It was shown
that
Ko (CH(G)) 2 ker(d) 2 Z° and K, (C}(G))

where the vertex equivalence classes are v, = Oe 6, vy =10e T, vz = Te0 and vy = Tel
and the edge equivalence classes are e; = 0 and e, = 1. Also the vectors (1,0,0,0),
(0,1,1,0) and (0,0, 0, 1) generate the kernel of d, and (1, —1) generates the image of
do-

We now compute the K-theory of C} (UG;) following the same ideas
used in section IV.3.

* Ko (C7 (UGw))

We have that K (C* (Gy)) is isomorphic to Z?3 for all k € Z* and the
connecting maps from Z2 to Z? are all the same (using proposition IV.21). In order to
compute the connecting map we need to specify the isomorphism between ker(dy) and
Z3. We will use the isomorphism that maps (1, 0,0, 0) to (1, 0,0), (0,1, 1,0) to (0,1,0)
and (0,0,0,1) to (0,0,1). Since the connecting map is a group homomorphism it is
enough to find where the basis elements (1,0, 0), (0, 1,0) and (0,0, 1) are mapped.

We start with (1,0, 0). By our choice of isomorphism (1, 0, 0) is mapped
to the vector (1,0,0,0) in the kernel of dy. Proceeding analogously to the first
part of the proof of proposition II1.28 we conclude that (1,0,0,0) is mapped to
[f]o € Ko (C: (Golx,)), where the function f is defined to be 1 at one representative
of the vertice v; and 0 otherwise. Letting (a + 1,a + 1), for some a € IR, be the
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representative of v; we we can write f as

f(z,y) = {1 if (z,y)=(a+1la+1)

0 otherwise

We know that [f]o lifts to an element in K (C:(Go)). Actually, [flo
lifts to [f]o where f is the projection defined below.

(¢ if (z,y)=(a+ta+t) for0<t<1

1-t if (z,y)=(a+1+t,a+1+t) for0<t<1
flz,y) = Vi— if (z,y)=(a+t,a+1+t) for0<t<1
Vi—t2 if (z,y)=(a+1+t,a+t) for0<t<1
(0 otherwise.

So we have that (1,0,0) is "lifted” to [f]o € Ko (C*(Go)), which we
can include in Ko (C; (G1)) via Ko(¢), where ¢ is the inclusion map as in proposition
IV.9. Notice that we could also have "lifted” (1,0,0) to [f]o where [f]o = [f]o and f
is either 1 or 0 vertices of G;. We could argue that it would be easier to find where
this projection is mapped under the isomorphism of Kq (C; (G;)) to Z3. We define

(2t if (z,9)=(a+ta+t) for0<t<1
1-2t if (z,y)=(a+14+t,a+1+¢) for0<t<3
2t — 42 if (z,y)=(a+t,a+1+t) forO<t<i
flz,y) = V2t—4a2 if (z,9)=(a+1+ta+1) for0<t<3
1 if (z,y)=(a+t,a+t) for 3 <t<1
1 if (z,y)=(a+1+t,a+1+t) for3<t<1
|0 otherwise.

Our next task is to follow the isomorphism from K, (C; (G;)) to Z3
to find out where Ko(¢)([f]o) is mapped. We proceed by restricting Ko(z)([f]o)
the vertices in G;. Following the definition IV.20 of a vertice in G, we have that
Ko(2)([f]o) is mapped to [glo € Ko (C*(Gilx,)) = ker §; where g is the projection

below: )

Lif (zy)=(a+3a+3)

1 if (z,y)=(a+1l,a+1)

. _ 1 1
sl d S 11f 1(z,yl) .(a+1+2,a+11+ 2) 1

% if (z,y)=(a+1+%,a+%)

\0 otherwise
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Observe that (a + 1,a + 1) is a representative of the vertice vz in Gy
as (a+3,a+3) and (a+1+ 3,a+ 1+ 3) are representatives of the vertice v in Gy.
Following the isomorphism of proposition I11.24 from K (C} (Gi]x,)) to
@ Ko (K(l2[v;])) we have that [g]o is mapped into ([T1]o, [T2]o, [T3o, [Talo), where

1=1.4
T, =0, Ty = 0 and T, and T3 are both rank 1 projections in ls[vs] and Ily[vs]

respectively.

Since the isomorphism between @ Ko (K(l5[v])) and Z* is given by

i=1..4
the dimension of the operators we have that ([T1]o, [T2]o, [T3)o, [T4)o) is mapped to

(0,1,1,0) and from our choice of isomorphism from kerdy into Z* we have that
(0,1,1,0) is mapped to (0,1,0).

We conclude that the connecting map C in K, takes the vector (1,0, 0)
to the vector (0,1,0). Analogously one can see that (0,0, 1) is mapped to (0,1,0)
and that (0, 1,0) is mapped to (1,1,1). So the connecting map C in Z3 is given by

the matrix
010

€C€=11 1 1
010
and K (C! (UGy)) is isomorphic to the direct limit induced by this matrix.

Next we give a partial description of the inductive limit above. We will
define a homomorphism from the direct limit in Z?, denoted by Z2,, onto Z[3], with
kernel Z. Notice that 2 is a nonzero eigenvalue of CT = C with associate eigenvector

= (1,2,1). Now let ¢; : Z3 — Z[3] be defined by ¢;(v) =< v,w > 27 where
v € Z3. Observe that for all i € N, ¢;(v) = ;41 0 C(v) and hence the collection of
maps {;}i-, gives a well defined map ¢, from the direct limit Z3, onto Z[3]. Notice
that each ¢; is a map from Z3 at step i of Z!%. It is clear that ¢ is onto in Z and this
implies that ¢ is onto. To find the kernel of ¢ we first notice that the definition of
@; implies that ker ; = ker ¢ for all i. One can check that a basis for the null space
of g is given by the vectors n; = (1,0,—1) and n, = (1,—1,1). Now we observe
that C - ny = 0 so this generator vanishes at the inductive limit. Also C(ny) = —ns
and this implies that any vector in the ker ¢;, for any i, is equivalent to a vector in
ker o in the inductive limit Z3,. This implies that ker ¢ =< 73 >= Z, where 13
is the inclusion of n, in the direct limit Z3,. We can now write the following exact
sequence:

1
0—=2Z— Ko (Cr(UGg)) — Z[i] —0

Unfortunately we can not say whether this exact sequence splits and
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hence this is the best we can describe Ky at the moment.
As we did for the Fibonacci tiling, before proceeding to K; we compute
the trace of Ko(C:(UGy)).

Proposition V.1. Ko(7)(Ko(C;(UGy))) = Z[3] where Ko(7) is the map in K-theory
induced by T.

Proof:
The proof is analogous to the proof of proposition IV.22. We elaborate
a little below.
Remember that for any k € N, Ko(C:(Gx)) = {[fflo [f5]o, [f¥]o), where
=~ (1,0,0,0), [f¥o = (0,1,1,0) and [f5]o = (0,0,0,1) . For example if (a +
a+ l,c) is a representative of v; in G, then

[f ]o

t if (z,y)=(e+FHFa+5%) 0<t<l1
1-t if (r,y)=(a+3Ea+3) 0<t<1
0 if z =y not as above

x if z#y

friza)=

Notice that the off diagonal values of ff are irrelevant for the trace. With this
description we get Ko(7)([ff]o) = 7(ff) = -
Analogously we get that Ko(7)([f5]o) = 5= and Ko(7 )([f3]0) = .
Finally for all k € N, let Ko(7:) = Ko(7). Then Ko(7:) = Ko(7k+1) ©
Ko(¢) and hence the collection of maps {Ko(7k)}io, gives a well defined map 7, from
the direct limit Ko(C}:(UGy)) onto Z[3] as desired.

e Ky (CH(UGw))
To compute K; (C; (| Gk)) we need to perform an isomorphism chase
very similar to the one in section IV.3. A new idea will be introduced though, as we

need to be careful with our choice of representative of the class in K; isomorphic to
L

We know that K; (C(Gy)) = Im(6 >~ Z and hence K; (C! (Gy)) is
isomorphic to Z for all k € Z™. Also the connecting maps from Z to Z are all the
same.

Again it is enough to find where 1 is mapped by the connecting map

c. Following the isomorphism from Z to % we have that 1 is mapped to (1,0)
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which in turn is mapped to (1,0) in @Z >~ 7 & Z. (We could also choose to take
£

1 to (0,1)).
We now choose a representative of the edge 0, say (a+ M\ a+ ) for
some a € IR and 0 < A <1 as in the picture below

>
a 0 a+1

If we proceeded in an analogous manner to section IV.3 we would have

—_—

(0,1) mapped to [¢']; € K1 (C} (Golx,-x,)), Where the function ¢’ in C (Golx,-x,)
is defined as follows
exp(2mi)\) if (z,y)=(a+Aa+A) for Xe|0,]1]
g(z,y)=41 ifz=y
0 otherwise

The next step would be to include [¢']; in K; (C? (G;)) and then follow
the isomorphism back to Z. Here is where the problem would arise as g’ does not wind
in only one edge of G; and hence we would not know how to follow the isomorphism
back to Z.

We solve this by choosing another representative for [¢'];, i.e., we will
find a function g that is homotopic to ¢’ and such that we know where [g]; is mapped.
The function g is defined by

exp(2mi2)) if (z,y)=(a+Aa+A) for Ae|0,3]

g(z,y)=<K1 ifz=y
0 otherwise

and we include [g]; in K; (C} (Gp)) and then in K; (C:(G;)) via K;(¢). Our final
step is to follow back the isomorphism from K; (C! (G;)) to Z.

Observe that (a+ A,a+ A) with 0 < \ < % is a representative of the
edge 0 in G; and g winds once in this edge. Also (a 4+ \,a + \) with ;<A<lisa
representative of the edge 1 in G; and g is equal to one in this edge. g here means
the inclusion of g in C; (G;)). So proceeding again analogously to the second part of
the proof of proposition II1.28 we have that [g]; is mapped to W in 1%%% which
is mapped to 1 in Z.

So the connecting map c in K is just the identity map and hence the
inductive limit Z $ 2 % 7235 ... is isomorphic to Z what implies that

K (CF (UGy)) = Z.
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V.2 Examples in two dimensions

V.2.1 The Octagonal Tiling

A patch of the octagonal tiling
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In what follows we will compute the K-theory groups for the C*-
algebras introduced in the previous chapter in the case of the octagonal tiling as
defined in [11]. This is actually called the triangular version of the octagonal tiling
and it is obtained by the substitution given below:

So the tiles in the octagonal tiling are triangles and rhombi. The pro-
totiles consist of the two tiles on the left hand side above and all its rotates around
% and reflections along the boundaries of the tiles. The substitution is extended
to all prototiles by symmetry. Thus the octagonal tiling has twenty prototiles; four
of them congruent to the rhombus and the remaining sixteen congruent to the tri-
angle. We refer the reader to [11] to check that the substitution is primitive and
recognizable. Local finite complexity follows readily.

In order to compute the K-theory groups it will be very useful to label
all prototiles, vertex patterns and edge patterns of the octagonal tiling. It is also
necessary to give orientation to the edges and tiles. We assume all tiles are oriented
counterclockwise and the edges are oriented as shown in the labeling below:

First we label the prototiles:



mwnw :

NN Y &
4D 4Py
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The vertex patterns are labeled below:

A Y A Y

>4~ P

§ 4% &

d X
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B %%
S e R K
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v@
PN
[9:/
4

Finally the edge patterns are labeled as shown
3
> i
13 145 l -
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This vertex and edge patterns were obtained by applying the substitu-

tion enough times to the rhombus prototile (p;7) so that the vertex and edge patterns

in w™(p7) are the same as in w™**(p;7) (in this case n

5).

(Go). We will

use both exact sequences II1.6 and III.9. We start by restricting our equivalence

*
T

We now proceed to compute the K-theory groups of C

Using proposition II1.28 we get the following 56x49

relation to the edges, Gx,.

matrix for do.

—

I 1
[=i=l=l=l=]lelelelelelelelelel=lelelelelelelelelelelelelelelelelelelelelelele]lelel-lefel-lelefef-Rol oL Lo R Ea o ko]

HOOOOOOOOOOCOOOOOOOOO0OO0O0O0OHOOOOOOOOOODOOHOOOOOOOOOOOHHOO M mm
CO00CO000OHOOOO0OO0OHOO0OO0O0OO0O0OO0O0O0O000O0OHOOO0O0OO0OOO0O0OO000O0O0O OO M mirrd
CO0O0O0OHOOO00O0O000OOHOOCOO00O00O0OO000DO000O000CO000CO0O0O00OOHOOHOOO M rrm
[e=Renjen Nen Nen Y e Jlon Jen N oo Jlemen e oo J o J an Y e N n Jlem oo Jlon Jlem oo Jen Jlen J wn Jlen Jlon R R Yoo oo B No oo How Nl o oo Hem Yoo Jon B R e e e Nl Hem e R New Ran L B B B Jeo
OCOO0OHOOOOOOOO0OOO0OO0OO0OO0O0O0O0O0OO0COO0OO0O0OHOO0OO0O0OOO0O-O00OO0O0O0CO0O0O0O-OH=-—~OO
COO0OHOOOOOO00OO0O00O0OOO0OO-O0OO0OO0OO0OHOOOOCOO0O0O0O0OOO0OO00OO0OCOO0HHHH-~OOO
OCOHOO0OO0O0OO00O0OO0O00CO000O0OHOOOOOO0OOOOOO0O0O0OO0O0OOOOCOO0OHOOOOOHHHHOOO ™
OO0 0000O000000000000CO00O000OO00000000O0OHOOOCOOOOOOO0OHOMHMMMHOO M ™
OO0 0O0OHOO0O0OO0COO0O0OHOHOOOOOOOO0OOOODO-HOOOOOOODOODOHOOOOODOHOOODOO~
O-HOO0O0OHOOOO00OOO0OO0OHOOOO0O0O0O0O000O0000O0OHOOOOO0OOOCOHOmMOOOOOO ™™
OCO-O0O0-HOOOO0OOCOO0O0OCO0OHOOOOOOO0OO0OO0O0OOHOOOCOOO0OO0OO-HHOOOOO-HOO-HOOOO
HOOHOOOOOOOOOOOOOOO-HOOOOHOO~MOOOOOOOOOHOOOOOOOOO0O0OHM=-OOO0OO
OO0 OHOOHOOOOOOOOHOOOOOO0OO00OOO0O0O0OHHOOOOCOOHOOOOOO0OOOO0OOO-HOO
OO0 OOHOOO0OO0OO0OO00OO0OHOOO0OO0OOOHOOOOOO0OO0O0OO0OO0O0O0O0O0OHOOHOOO~O0OO
HFOOOOHOOOOO0OO0O0O00OO000O00000OHOOOOOOOHOOOOHOOOHOOOOOO0OOOOO~HO
O-HOOHOOOCOOOOOOOO0OO0OO0OO0O0O0O0O0OOO0000O-HOOOOHOOHOOOOOOO0O~OO-H-HOOOO
OCOHMOHOOHOOO0OOO0OO0O~OHOOOOOOOO0OOOOHHOOOO0OO0OOOOOOOOO0O0O0OO0O00O0OO0O0O®
HOOHOHOOOHOOOOOOO0OOOO0OOOOHOOHOOOOHOOOOHOOOOOOOO0OOOOOOOOOO
OHOOHOHOOOHOOOOOO0OO0OOO0OOOO0OOO0O0O0OO0OOOOOHOOHODOOOOOHOHOOOOOOOO
OOrHOOHOHOOOHOOOOHOHOOOOOOOOOOOOOOO0OOOOOCOO-HOOOOOOOOOOOOO
—HOO~MOOHOO0OO0O0O~0000O-O-OO0O0O~O0OO0O~O0O0000000O000O0O000O0O00ODO0OOO0O00O0O0O00O
OO0 HOOHOOOOOHOOO0OOOO0OO0OOOOOOOO0OOOHHOOOHOOHOOOOOOOOOOOOOOOOO
HOHOOHOOOOOOCOOHOOOOOOOOOOOOOOOO0OOHOOOOHOOOHHOOOOOOOOOOOOOo
OO OO~NO00000O0O0OHOHOHOOOO0OO0OO0O0O00O0OO0O0O0O0O00O0O000O0O0O0OHOHOOOOOOOO

Cooo-HE0o0 0000000 CO0C0C00C000O-HHO0000CO-HHOO0000000C000000
HOOC000000000 000000000 HHOOO00OO0EO-HHOOOO00000000000000
000000 OHO000 | CoOHOOO0OOHOOOOHOOHOOO000000000000000C000000
CHOOO00C0OC000 | CO00C0000CE00000000HHOOO00OO00OHHOOO0O0O0O
CO000OHOO00 | CO0OOHOOOOHOCOOOO000000000000000HHOOOO0OODOO
COHO000000C00O0 | COHOOHOO00000C000000000000~HO0000000O000
C00H0000 0000000000 HHO0000HHOO00000000000000000000000000
COCoOHO000 | COO00000000000000000OHHOOOO0OHHOO000000000D00
coococoTooooooocooooooooooooooo oooooooooooooooooooooo oo
coofoocooooooooooooo0oo00oo000o000oooooo oooToocoooooToooo
coocoooocooocococoocooocoooooococooooocoooo0ooo0 ooooooo oocoocooo
coocoocooocoococooocoocoocooooocoooooooooooocooooooocooooe oo
coocoooo | oooooooooo0o00o0000oo0o00o0o (ooooooo oocoooooo e
coTooocooocooocoooooooo000ooo ooooooo oooooooooooooooooooo
olococococococococococoococoocooooToooTooooocoocooococooocooooooocoo(oooooo
Tococococoocococoococoocooooooooooocoooooooocoocooooooooooooooo”
o000 00000000000C00000000000-H-HO00000000000 oo oocoooooooe
cocooooo0000000000000000000 oo ooooooooo-HooHOD000000C00R
0000000000000 0000000000OHHO0000000000o00o oooo Toooooooo
©CO0CO000000000000000 | 0000000000000 HO0COHOO0000000000CO00
0000000000000 | PO00C000N00000OHOOHOOO0C00000000000000
coococooooooocooo0ocooooooo [oooocoo oooooooooocooHOHOO0000000
COo000000000000000000OHOH0O000000000o o oooooocoocooocooooo00

L ]
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Using the software gap, [9], we have that the kernel of d; is generated

by the 17 vectors below

(V.1)

I 1

00000000010100110011001110101010000000001_.41_;9_.444.9_~8

coo0o00OHOHOHHOOHHOORHOOO OO o ~oooooooo | TV T TV T

—

= i
coococo~oToco e T oo _0001_.01_..|_.0.|_.00000000221211214U

00010001000110010001000000001000000000000%0000001

00100001_.001_.01_.1_.01_:|_.1_..01_.1_.00001_.001_,1_.01_.00000000221121210_0

el
oHooooo~o00000 0001_.001_.01_.l_.001_.001_.000000000112112124

10000001000011011000000000000100000000001_.00000001
L ]

ker dg

(Golx,) is isomorphic to Z!".

*
r

and hence K, (C
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Also the integer image of dq is given by the matrix below:

I 1
[=]=lelele]lolelololelelolele]olelolele]elelele]elelelo]olo]e]e ool oo o oo ol ololololofe =Yoo oo ool ookl

00000000000000000000000000100001_.00000000001_.01000012 O = O~

000000000000000000000000010000010000000000001_.001_‘01_.9_~1_.01_.9_.1_.

— — — — -
[slelelalelele]oleleleleleleleleleleleleolelelelololelelolelolo Lo oo o o] | ocoocooo |@ococo | oo o

0000000000000 OHOO0000000O-H000000 1_.000001_A00 001_.9_~ Toocoo

Y =l=l=l=t=T=T==l=T=l=l=l=l=l= === Tl l= == =Tl T= ==Ll ==1=1=T=1=]=) .|_A cocoooo 004 4 1_.. —~o 1_.1_L

- - -

coooooooo0000000oHOo00o0o00o000 o fooooooooooroooo oo T ToT

COOOOO00O000OCOO-O000000000000o~0000 oooooooocooco~oo~-o~
cocooocoooooooooHO000000000000oo oo TooocooooTHoooco~~o oo
CO00000000000OHOO00000000000000000 ooooo000000 ooH—HHOO ~H
~ ~ ~{ - -
cocoooooo000oHO000000000000000o~0oo0 oooococoe oo oo Too o
COOO0000000O-HOO0000000000000000000000 (ooocoooo oooocoroocoo
00000000000100000000000000000001_.l_.00000000000000000100000

OO0 0000OHOOOO000000000000000000 [oooooo Joooooooo | Toooo

OOC00000OHOO0000COCO00000000000~0o00ooo oTooToooo T T~oo

(=lelelolelelelylelelelelolelelolalelelalelelelelolelelelolelelelefeleleRole e lelelelelafolelelelolele oo R o)
—

R A L R e e e e e e O e R e e e e L - A

COOHOOO00O000OCOO0000000000000000000000-H000-H0000000~O00O
COHOOOO000000OOO000000000000000—-O00-H0000000 1_.00001_.1_.1_.01_.9_7_.
OO0 C00000000000000000000000000HO0000000000 O MHHOO ——

10000000000000000000000000000001_.o0 OCOO0HOOOOOO-HO~OO~=—OO
L ]

756
Imég *

(Golx,) is isomorphic to
We now encounter a problem as we can not promptly identify this

We will solve this using the Smith Normal Form of g, introduced in
section 1.2. Again using the software gap we have that the Smith Normal Form of

*
T

and we have that K; (C

quotient.

.,0) with 32 1’s and 24 0’s.

., 1,0,..

diag(1,..
is isomorphic to Z** and hence K; (C

dp is given by the diagonal matrix ¢

756

*
r

So it is clear that

(Golxl) =

Imé

o~ Z24

Z56
Imdo

(Glx,) and can now use the

*
T

We have computed the K-groups for C
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(Golx, ))-

From the matrix description of the image of dy given before it follows promptly that

T

€55 — €54 — €53 — €52 —
Z**. Now using the

description of the index map given in proposition II1.30 we get the following matrix

for 51:

(Gg). Corollary IIL.33

Z'. In order to compute K;

o2

*
r

756
Iméo

o

alent to —

Also from the last column of the matrix
€56 1S equiv:

} is a basis for

5

ZSG
Imdg*

-, €5

€32, €33, . .

(Gp)) is isomorphic to ker dp & Z

we need first to compute the index map.
d hence {

*

:
To get a matrix for the index map we need a basis for K; (C

., €36} is a generating set for

for the image of &y, we conclude that

€32, €33, - -

six term exact sequence II1.9 to compute the K-groups of C

implies that Ko(C
€51 — €50 — €49 all

{

(V.2)

! 1
0000000000000000001_.1

Co000000000000000 T HO
00000000000000004100
0000000000000000001_.1
cooococoooooooo0000 | HO
cooocooooooooooo| ~oo
cooocoooooooooooo~00
coococooooocoocoo~oo00o
Toocococococooococoooccooo~

0000001_.0000000000001

000000000001.00000001_A T 1

- 000000000000000000001001_.
[=l=lelelelele]lelelo]o]lelele]lelyle]ole) |

— 00000000000000000001001_;0
oo | [=jelelelelelo]e]olele]olele]el=l]

. cooococooocoocoooco0oHo0 00
coocoooooo~ocooc0oD000

COOOCO0OO000O00 COOHOOOH —
10000000000001_.000000001_.1_.

00001_.000000000000001

00040000000000000010
0000000010000000001_.0
0000000000001000001_.0
00000001_.000000000010
04000000000000000010
0000000000000010001_.0
0000000000100000001_‘0

cooooTooocoocooooocoo~0o

And the following vectors are a basis for the kernel of d;:

000000000001000001_100
L ]

—
<

and hence K; (C(Gy)) = Z°.
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K-theory of the inductive limit C*-algebra

We have shown that Ko(C*(Gg)) = Z!® and K, (C:(Gy)) = Z5. We
now proceed to compute the K-theory of C3(UGy) as introduced in section IV.2.1.
But in the two dimensional case it is not so easy to follow all isomorphisms. We will
need to make some ”smart” choices for representatives and isomorphisms and this
will depend mostly on the map F defined below. Roughly F is a map that collapses
the new vertices and edges obtained by applying the inflation map to a tile into the
"old” vertices and edges of this tile. We start by defining F' on a rectangle prototile
and a triangle prototile. We then extend F to IR? by symmetry (using the fact that
the octagonal tiling covers the plane). To make it easier to define F' we name the
vertices of this prototiles and their inflation as show in the pictures below:

B F C

Now we define F' as a map that takes the rhombus vertices A, E, H,
I to the vertex A, the vertices J, F, G, C to the vertex C and leaves the vertices
B and D fixed. Moreover we require F' to be a homeomorphism from the interior
of the rhombus defined by BIDJ into the interior of the rhombus ABCD. Also F
should take the triangle vertices A, D, G to the vertex A, the vertices F, C to C and
the vertices H, E, B to the vertex B. Moreover F' should be a homeomorphism from
the interior of the triangle GHF into the interior of the triangle ABC. Finally we
require F' to be a continuous map. Since F' agrees on the borders of the matching
tiles of the octagonal tiling we can extend it to JR?> by symmetry. Observe that
vertices in w(T) are mapped to vertices in T under F and edges in w(T) are mapped
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to either vertices or edges in T. Furthermore notice that the deformation of the
tiles induced by F can be done in a continuous way, so that there exists a path of
continuous maps F; such that Fj is the identity and F; = F. For example we can
define Fy(z) = tF(z) + (1 —t)(z), for z € R, t € [0,1]. Now for f € C.(Go) we
define a4 : C.(Gg) — C.(Go) by

[ (Fi(z), F(y)) if (Fi(z), Fi(y)) € Go

0 otherwise

at(f)(wv y) = {

and this implies that a(f) := a;(f) is homotopic to f. We still need to show that
each a; is well defined, i.e., a;(f) is continuous and has compact support. We will
do the proof for a(f) and for a;(f) one proceed analogously.

e aff) is continuous.

Let (z,,yn) be a sequence in G such that (z,, y,) converges to (z,y) €
Gg. We have to consider two cases.

First suppose (F(z), F(y)) € Go. From continuity of F we have that
there exists N such that (F(z,), F(y,)) € T(F(z)) x T(F(y)) for all n > N. Further-
more we can choose N such that (T(F(z,)), T(F(y,))) C T(F(z)) x T(F(y)) for all
n > N. This implies that (F(z,), F(yn)) € Go for all n > N and from continuity of
F we have that (F(z,), F(y,)) converges to (F(z), F(y)). Now it follows from the
continuity of f that a(f)(z,,yn) converge to a(f)(z,y).

Now suppose (F(z), F(y)) ¢ Go. We have that a(f)(z,y) = 0. Let
K be the support of f. Observe that (F(z), F(y)) ¢ K since (F(z), F(y)) ¢ Go.
We will show that there exists N > 0 such that (F(z,), F(y»)) ¢ K for all n >
N. Suppose not. Then there exists a sequence (F(zy,), F(yn,)) in K and since
K is compact this sequence has a converging subsequence, say (F(zn, ), F(yn,,))-
Since (F(z4), F'(yn)) converges to (F(z), F(y)) we have that (F(zy,, ), F(yn, )) also
converges to (F(z), F(y)) and since K is compact this implies that (F(z), F(y)) € K,
_ which is a contradiction. We conclude that a(f)(z,,yn) = 0 for n > N and hence «
is continuous.

e af) has compact support.
Let K be the support of f and K, be the support of a(f). Also let D
be the maximum distance between two points inside the same prototile, i.e., D =

max max d(z,y) and let M be such that K C B(0, M). Then K, C B(0, M + 2D)
I’y

since f vanishes on (T(z)xT(y))NGq for any (z,y) ¢ B(0, M+2D) and Fx F(z,y) C
T(z) x T(y). We conclude that K, is totally bounded since B(0, M + 2D) N Gy also
is. Next we show that K, is complete.
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So let (z,,yn) be a Cauchy sequence in K,. Then this sequence con-
verges to a point (z,y) € IR? x IR? and it is enough to show that (z,y) € Go.
To do so first we show that (F(z,), F(y,)) is a sequence is K. Observe that if
a(f)(zn,yn) # 0 then (F(z,), F(yn)) is clearly in K. If a(f)(zn, yn) = 0 then, since
(Zn,yn) € Ka, there exists a sequence (z¥,y*) € K, such that a(f)(zX,y¥) # 0 and
(z¥, y*) converges to (z,,y,). But this implies that (F(zk), F(y¥)) is a sequence
in K that converges to (F(z,), F(y,)) and since K is compact (F(z,), F(y.)) € K.
Now this implies that (F(z), F(y)) = lim(F(z,), F(y,)) belongs to K and hence
(F(z), F(y)) € Go. Finally since F collapses points on the border of the tiles to
vertex points we have that (F(z), F(y)) € Go implies that (z,y) € Go. (Observe
that if (z,y) € Go then (z,y) has to belong to the 1-skeleton of a tile).

m
We are now able to compute some inductive limits.

Ko(Cr(UGy))

From what was done previously we have that Ko(C*(Gy)) = Z!8. We
want to compute the connecting map such that the diagram below is commutative

2 Ko (C}(Co)
C K()(L)
7% Ko (CH(G)

In order to make the isomorphisms chases more clear we repeat here
the six term exact sequence I11.9

20 2 Koflx,) 22 Ko (03(Go) T2 27
o1
24 ~ EBedgeZ *
7= = Tm(do) K1 (C7(Go)) 0

Here we need to make a choice of isomorphism. Since Ko(C#(Gy)) =
ker 8 @ Z we will say that, for ¢ = 1..17, the canonical basis vectors e; in Z!® is
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isomorphic to the column vector ¢; in the kernel of §; as described in the matrix V.1.
Also ey is isomorphic to an element [g]o € Ko(Ix,) included in Ko(C;(Gp)) that is
NOT on ker(Kg (7)) = Imd;.

We start with e;. We deal with the vectors e; to e;7 in a similar way.
From the choice of isomorphism above e; is mapped to the first column vector of
the matrix for ker dg, ¢;. This vector ¢; is isomorphic to [f]o, where f is a function
in ker 8. We then lift [f]o to Ko(C?(Go)) and call this lift [f]o, where f € C.(Go).
From what we did above we have that [f]o = [a(f)]o. We then include [a(f)]o in
Ko(C#(G1)) and restrict it to the vertices of G; in order to follow the isomorphism
from Ky(C#*(G;)) into ker §y. So far things do not look much simpler, but since the
definition of a(f) depends only on the values of f on the vertices, we can find a
matrix for ” F”, where for example the function d,, that is defined as 1 on the vertex
v; and 0 otherwise is taken to the function &y, + 0y, + Oyg + Oyg + 0p,o + 0uye- Actually
our matrix, which we call F, is a composition of homomorphisms. It takes a vector
in ker 8 in Gg to a vector in ker §; in G;. So once we compute F(c;) we only need
to write this vector as a linear combination of the basis of ker dy, i.e., as a linear
combination of ¢; to ¢;7. The coefficients of this linear combination is the vector in
Z'" we are looking for. The diagram below illustrates the definition of F.

Z' — ker &y C Ko (C}(Golx,)) — Ko (Cr(Go)) — Ko (C7(Go))

c1 = [flo [Flo [a(f)]o

€1

F(c1) = [a(f)]o

Z'" ~——ker do € Ko (C7(Gilx,)) Ko (C7(G))
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Proceeding as explained above we get the following matrix for F:

I 1
A A o e s e e o e = e e - O OO0 0 0000000000000 000O00O00CO00000000O

O rA r A QA r A A A A A A O OO0 0 0000000000000 O0O0000O000O000000O
A A O A O A A A e HH O OO0 000 CO0000000O0O0COO00OO0OO0OOO0OOOO -
A A OO A A A A A A A~ O 00 0000000000000 0COO00O0OO00OO00OO000O ™
L= e e T e e e e L L L L L [wlelelelelele]le]ole]le]ele]lo]ole]elolele lelololelololele o le]elo L]
OO M rAr A A r A A A~ O 00 0000000000000 00O00OO0OO000OO0000O
rHH OO A r A A r A A A A A A O OO0 0000000000000 0000000000O00000O
A A O A A A O r re r e O O O 000 0000000000000 0O0O0O0O0O0OCO0O00OO
OrArirdrAr A A O A A r A A =1~ O O 0 0 00 0000000000000 OOOO0OOOOCOOOO
almial=I=to =l Lol ol e el (el alelelolelelelelele]lele]lelolelelelolelelolelelo]ele lole el =]
OO OOt A~ O 0000000000000 00O0O0O0DO0O0O00OO0O0OO0OO0OO
OO O O A =~ OO0 000000000000 OO0O00O0O00O0O00O0O0O0OO0O0O
OO0 O A A~ O OO0 0000000000000 O00O0000O0O00OO0O00O ™
HOOAOMFOmrrdrdrdrd 0000000000000 00 00000000000 OOOO
HHOOOOMrr"Ardr A OO0 CO0 0000000000000 O0O00OO0O0O0O00000O ™
OOMHMHHOOMATA A~~~ O 0000000000000 0000O0O00O0O0OO0O000COOH
OO0 MmO r A~ O OO0 0000000000000 OO0OO0OOOOOO0OO0O0OO
HOOOOMHOOMHMHMHMHHMHHHOOOOCO0OOOCOOO0O0O00000000000O0OO0O0000O
CO0OAOOMHMHMHMMAMHMHHHOO0O000000000000000000O0O00OOOOO0OOO ™
OO0OOOMHOrrrrrrHO00000000000O000000O000O00O0O0O0O0OO000O -
HOHOOOOOHAHHHHHFHHOOOOO0O00O0OO0O0O0O0O000000OO000O0O00OO000O00O
(= lelelelelel ol e e e e L (e lelelelelelelelolelelelelolelolelelelelelelelelolele o]l el
COOHOmOOMHMHMrrHHHHHOOO0O0O00O0000CO00000000000O0O0OOO00O00O
COrHOmHOOOMHMrrdr -~ O 0000000000000 00O0OO0O0O0O0OOO0OOCOOOOO™
O-O000OHAOHATrH-—r—~OC 0000000000000 O0O000O000O0O0O0O0O0O00OO0O
O OO0~ 0000000000000 00OO0OO0OOO0OO0OOOOOOOOO~O
—HOOOHO—r-OO0HOHHHHOOOOO0O0OO0000O0O0O0O00000O0O00000O—O0O0OCO
HOCO~HHHOOMHHOOHHOOOOOOOOOO0OOOCOOOO00O0OCOOO0OHOOOOOO
—HOOHOOHHOOOHHH—OO0000000000000O000000O0O0000O0O~HO000O
OO0 O OO~~O000000000O00O0O0O0OCOO0O0O0O0O0O0CO0O~ODO000O00
HOA~OOO™—OOH~~O~00000000000000000O000OO0OOOOOO0O-OOO
(= el [=lalalol ol sl o lelel lelelelelele el elelel el lolo]lole]olele o] elololele ol o]e o ol ol e le]
OrArO~100MrH—~00~00000C0000O0000O0OO00O0O00O0O0OOHODOOOOOO
[slelelslelololelslelelelslelelelelelelellelel-lolnlelelele]lelelelelelolelelolelolo ool o]l o]
[elelololelolelolololelelelelelelelelelelelolelolelolelylele ol el lele el ol oo lole oo ool -]
(olololololelololelolelelolelelelelelel=lelelnlelolelplelelelole]elolololelololelo ool lolo [l o]
[elelelelelelelelelelelelelelolelelelilelolelelelolelolelolelele]olelo]e o]l o] ol ol oo ool o]
[elelelelolelslolalelelelelelelelelylelelelelele]eleleleleleleLole o]l Lo lolololo ool ool o)
[=lelalelslelelelelelelslolelelelelolelolelolelelelolelolojelsleslelelolele]ololole oo o] ol ol w)
[=lelelelelelelelslolelolelelelelylelolelelolelelo]olele]olylelololo]elole]lo]o ool ool le] o)
[elelelelelelelelelelolelelolelelelelelelelelelolelelelelelelolelelelelelole]elo o]l el ol le]w)
(=l leleliillelelellislelelelelele]elele]lo]ole]e]ololo]elole]elolole]olololelelolelo oo lole] o)
(= e [=lalelellelellelalelelalelelalelelelelolela]elele]lelela]olelolelebylelelololo]ololololo]
HOO~OOOHOOOOHOOHOOOOOOOOOOOOOO0OOO0OOHOOOOOOOOOO000O
COHHOOOHOOO-HHOOOOOOOOOOOOOOOOOO0O0OHOOOOOOOOCOOOOOO0O
(alalalelolollelelelinlelolellelalelelelelololelelelolelelolelebylelelelelelelelo ool ool le]
===l lelelelelelelolplelelelelelololelelelolele]lele]elele]olelelololelole]elolelo]olelolo)
lpl=l=lalelalololelelelalelolelolelelelelelelelelelololololole]lelolelo]elelelolole]lelo ool o)
OO0~ 00-O00000000O00O0OCO00OO0O0O0O0O0OOO0OHOOOOOOOOO
L ]

So proceeding as described above we can find where e; to e;7 are

mapped under the connecting map. We still need to find where e;s is mapped.

If we take [¢']o to be the Bott element in the tile p;; and 1 everywhere else then [¢']
do not belong to the ker(Kg(7)) = Imd; and hence e is isomorphic to [¢']o. But

this is not a great choice of representative. Instead we take [g]o to be equal to the
Bott element on one of the copies of p;7 obtained by applying the inflation map to

p17 and 1 everywhere else. One can see that g and g’ are homotopic and hence e;s

is isomorphic to [g]o. Now once we include [g]o in Ko (C

(G1)) we have that [g]o is a

*
r

Bott element in exactly one tile of G; (the copy of p;7) and 1 otherwise and hence

(G1)) is isomorphic to e;g in Z'¥®. With all this in mind we get the

following connecting map in Kg:

*
T

[9]o in Ko (
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1 0 —111-10 220000000007
30 -322-30 22000000000
2-1-212-2122000000000
1-1-212-1122000000000
2 0 —232-3-122000000000
30 -332-3-122000000000
10 -121-2022000000000
3-1-322-3 123000000000
(=140 -433-4-132000000000
00 0100 000000000000
00 0010 000000000000
01 0000 000000000000
00 0001 000000000000
11-111-1-100000000000
00 1000 000000000000
00 0000 100000000000
10 0000 000000000000
LOO 0000 000000000001

and hence Ko(C?(UGy)) is isomorphic to the direct limit in Z'® induced by C.
Unfortunately we can not describe this limit any further. We do have
a better description for K; though: -

Ky (C7(UG))

From what was done previously we have that K;(C*(Gy)) = Z°. We
want to compute the connecting map such that the diagram below is commutative

P

Z_5 — K; (C; (Go))
C KI(L)
75 Y K (CG)

To find ¢ we will use the fact proved above that a(f) is homotopic to
f for any f € C.(Gq) and then read the values of a(f) on the edges of G; from the
values of f on the edges in Go. But first we need to make some explicit choices of
isomorphisms.

Since K;(C7(G;)) & ker §; we will say that, for i = 1..5, the canonical
basis vectors e; in Z° is isomorphic to the column vector ¢; in the kernel of §; as
described in the matrix V.2. Now each ¢; is a vector in Z?* which is isomorphic to

Z 56 5 : >
®f§;";§ = 1§150 via the map e; — €31;; where e; are the canonical basis elements of

Z* and &; are the basis elements of %.
We may now proceed. We start with the vector es € Z°. All other
basis elements of Z> are dealt in a similar way. By the choice of isomorphisms above

es is mapped to €53 — €55 in 1%?3%. This element on its turn is mapped to [f]; in
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K1 (C?(Golx,)) where f is defined as

exp(2miA) if (7,9) = (rs2(A), (V)

0 otherwise

where 75, and 755 are parametrizations of the edges ez» and ess respectively.

Next we need to lift [f]; to K;(C;(Go)). Observe that the exact se-
quence I11.9 guarantees that such a lift exists. We call the lift [f]; where f is an
extension of f to C*(Go). From what we did above we have that [f]; = [o/(f)]:-
So we include [o(f)]; in K;(C#(G,)) and restrict it to the edges of G, in order to
follow the isomorphism from K;(C?(G;)) into K;(C(Gi|x,)). The diagram below
illustrates the chase so far:

Z° — ker 8; C K1 (C}(Golx,)) — K1 (CF(G1)) — K1 (CF(Gy))

€5 €2 — s — [flh [f]l [a(f)]l
[a(f)|x1]1 B [a(f)]l
z? K1 (C7 (Gilx,)) < K1 (CF(G))

Now from the definition of o (and so the definition of F), we have that
the values of a(f) on the edges of Gy can be read from the values of f on the edges
of Gg. This implies that a( f)|xl winds once on the edges esy, eg and e;; and winds
once with contrary orientation (one could say -1 times) on the edges eg, e4 and egs.
We conclude that [a(f)lxl]l is mapped to the vector €33 + €5 + €17 — €20 — €1 — €23
in %. Finally we write this vector as a linear combination of the basis vectors

of % and follow the isomorphisms described above between % and Z° to get
that €33 + €3 + €17 — €20 — €1 — €gg is mapped to (0,2,1,2,2).
We conclude that (0, 0,0, 0, 1) is mapped to (0, 2, 1,2, 2) and proceeding

analogous as above to the other four basis vectors e;, es, e3 and ey we get that the



connecting map in K is given by the matrix below

-1 0 0 0
0 1 -20
ce=12 -1 0 1
3 =1 @ 1
2 0 1 1

which is an isomorphism and hence K;(C?(UGy)) is isomorphic to Z°.

NN =N O

98



.- 99

V.2.2 The Table tiling

I8 NN N 6 N D 5O N SN NN N -

A patch of the table tiling
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We now focus our attention on the table tiling. We will compute the
K-theory groups for the C*-algebras introduced in the previous chapter for the table
tiling given by the substitution below:

—

And the inflation constant in this case is A = 2

The table tiling has the interesting property that tiles do not neces-
sarily match edge by edge. This will induce two natural choices for a cell complex
on the tiling. One being just the vertices and edges on the tiling and the other
being the previous one with added vertices on the middle of some edges so that the
tiles meet edge to edge. Notice that the choice of cell complex do not change the
equivalence relation in R x IR? and so do not change the C*-algebra of the tiling
at all. This implies we can use either of the two choices to compute the K-theory
groups. Actually it has proven easier to use the cell complex with added vertices to
compute Kq and the cell complex induced by the tiling to compute Kj;.

We will start with the cell complex induced by the tiling, compute the
K groups for C}(Gg) and then K; (C:(UGg)). Then we introduce the new vertices in
our cell complex and compute Kq (C*(Gyg)).

K-groups of C:(Gy)

Again we assume that all tiles are oriented counterclockwise. We also
assume that horizontal edges are oriented to the left (pointing left) and vertical edges
are oriented upwards (pointing up). We label the edges and vertices as follows (notice
we only have two tiles so do not need to label them):
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Vertex patterns are labeled below:

S0 b
SR E i
T | ‘—I

T T & =y

| |
F TP =0 =4
[ ]
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And edge patterns are labeled as shown:

"

1T

L—ﬁ

|

—

:

1 [P 0=

=

16

|
-

14

13

(Gp). We will use both exact

sequences II1.6 and II1.9. We start by restricting our equivalence relation to the

edges, Gx,. Using proposition II1.28 we get the following 16x22 matrix for 4.

We now proceed to compute the K-theory groups of C

I 1
0010001000000400

olooroocoocoooooTo
cocococoococoroToo~o
cococococco o Too~o0o
corooocoToo~oo00
oloocooToo~-oooo0
4410000100000000
~ooocococo | ~oocoooo
cocoococo|oooco~~ooT
coocoloocococoro oo~
0000000000000411
coocoocococoocoococo~TT
cooooco~oooo|~ooo
cooco~oocooo o ooo
coco~ococococoo~oooco
coccoofoo~o~00000
coco-oTo-ocooocoooo
~oocoococoo~TToocoooo
cocoforoToooocooo
cofoo~Tooooooooe
010%400000000000

4140000000000000
L J

Il
o
S

Using the software gap, [9], we have that the kernel of J, is generated

by the 9 vectors below:
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F00 1 111 0—107

01-100-1010

100 -10-10 10

000 00000 1

001 1110-10

000 000001

100 —10-10 1 0

01-100-10 10

IR
kerdg= [000 000100 V.3
9 000 000100 (V-3)

000 001000

000 001000

000 010000

000 010000

000 100000

001 000000

100 000000

G10 000000

010 000000

L100 0000 0 04

So we have that Ko (C?(Golx, ) is isomorphic to Z°.

We also know that K; (C*(Gglx,) is isomorphic to 1%?0' To identify
this quotient we will need to use again the Smith Normal Form of 4y, introduced in
section [.2.

Using the software gap we have that the Smith Normal Form of 4, is
given by the diagonal matrix ¢ := diag(1,...,1,2,0,...,0) with twelve 1’s and nine
0’s. Notice that the thirteenth diagonal entry of é is 2. So it is clear that % is
isomorphic to Z; @ Z3 and hence K; (C(Golx,) = % 7o, ® Z3.

We have computed the K-groups for C#(G|x,) and can now use then
on the six term exact sequence II1.9 to compute the K-groups of C(Gy). Corollary
I11.33 implies that Ko(C:(Go)) is isomorphic to ker §o®Z = Z'°. In order to compute
K; we need first to compute the index map.

Observe that we used above that I;Z:;(, = %. Since Imdy = P~!(Imd),

where P is such that § = PdpQ, the isomorphism above maps a basis element &; € %

to the element P—1(e;) € %1;;. We will need this isomorphism description to compute

the index map. The matrix for P~! is given below:

-—10 0 0 1 0 0 0 0 0 1 0—1000-
1 100000000 0O 0TU 0O000
-10-10000000O0O0O0 000D
0-10-101 110000 0-100
0-10 00001 1-100-1000
0 01 1 0-2-10020000 100
0 0-10 000001000 O0OHO
pl—|[000-1010000-101-100
=]10000 11100 0-1-10-100
000 0-10-1-100 1201 100
00000 T11-1-1120-1100-1
0 00 00O T1T1O0-100--1000
000 0O0O0GO0-1-1002020 000
000 0O0GOT® OO OTILIO0OT10-1100
000000 OUO0O-10-111-110
L0 0 0O0O0O0O0O0-11-111-101-

Now using the description of the index map given in proposition II1.30

we get the following matrix for 6;:
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5_[0—1—10—10101 1, =] 10000]
1—/|lo1 1010-10-1-11-10000

notice that this matrix take an element in % to an element in Z2. But we want
a 2x4 matrix from Z, © Z3 into Z?. So we do the necessary isomorphisms chases
to get the matrix for ;. For example the vector (1,0,0,0) € Z, ® Z> is mapped to
€3 € % hen mapped to P~1(ej3) € 1%?0 and finally mapped to (0,0) € Z? by &;.
Proceeding analogous to the other three generators we get the following matrix for

5]1
s _[000 1
Y000 -1
and it is clear that the kernel of é; is equal to ((1,0,0,0), (0,1,0,0),(0,0,0,1)) and
hence K, (C:(Gg)) = Z, ® Z2.
K-theory of the inductive limit C*-algebra
K, (C*(UG))

From what was done previously we have that K;(C}(Gy)) = ZySZSZ.
We want to compute the connecting map such that the diagram below is commutative

Z,0ZZ — K, (C; (Go))
¢! 0
7,077 — K1 (C*(G))

We have also shown that the generators of K; (C:(Gy)) = 1%:0 are
ny = P7Y(e13), no = P7Y(ey4) and n3 = P~(e;5), which are associated with (1,0, 0),
(0,1,0) and (0,0, 1) respectively. In order to find the connecting map ¢ we need to
find where each of this generators is mapped. But we are not able to just follow the
isomorphisms and find to which functions in K; (C;(Gg)) this generators are mapped.
This is due basically to our inability to extend unitary functions in the edges to the
whole tiling. We go around this problem by finding different representations of our
generators (or linear combination of then) such that we know how to follow the
isomorphisms. In particular we know how to extend to K; (C:(Gy)) a function that
winds the same number of times on the pairs of edges (5,7), (11,12), (3,10), (2,9),
(14,15) and (4,6).

Using a program in Mathematica, [14], we obtain that ejq + €15 ~ 2ny
(meaning that ejq + 15 — 2P~ (e14) € Im(dp)), €4 + €6 ~ 2ng — 2n3, €5 + €7 ~ 3ng,
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€11 +€eia ~ 3ng, ea+eg ~ ny+3ny—3nz, e3+e19 ~ Ny +3ny —3nz and ea +e4+ €19 ~
ny + 4ny — 4ns. Now a little bit of arithmetic yields that

2n3N814+615—€4—66

Ng ~ €11 + €12 — €14 — €15
TL1—3TL3N62+€9—65—€7
ny +4ng —4ns ~ e + €4 + €19

Once we find where each of the above elements is mapped by the
connecting map we will be able to find where the generators n;, ns and ng are
mapped and hence we will be able to compute the map c. This requires that we keep
the isomorphisms chase.

We start with 2n3. By above 2n3 ~ e14 + €15 — e4 — e and hence 2ng
is mapped to [f]; € Kj (C;(Golx,)), where f is a function that winds once on the
edges e;4 and e;; and winds once with contrary orientation on the edges es and eg
(we say it winds -1 on this edges). Since this function f will be eventually included
in C:(G,) we need to choose a representative of [f]; so that we can recognize [f];
in K; (C:(Gq|x,)). So we choose f to wind once on the right half of the edges ei4
and e;5 and to wind -1 on the top half of the edges ey and eg. We then need to
extend this function to C:(Gy). Notice that once we rotate e;4 and e;5 by 7 on the
counterclockwise direction we get the edges e4, and eg respectively but with contrary
orientation. So the right half in e;4 becomes the top half in e4 and hence the extension
of f to the tiles defining e; and eg can be easily derived from the extension of f to
the tiles defining e;4 and e;s.

In order to extend f we need to make a few precise statements. So
let 714 be a parametrization of e;4 such that r14(0) = i(eys), m4(1) = t(e14) and
r14(%) = ’—(%t(e“) Let 715 be a similar parametrization of e;5. We define f on this
edges by
exp(2mi2\) for X €[0,1]

1 for Xel3,1]
exp(2mi2\) for A€ (0,3]
1 for Ae(3,1]

f((T14()\)aT14(/\))) =

f((ri5(N),m15(A))) =

and f is defined accordingly in e4 and eg, f(z,y) = 1if y = z and f(z,y) = 0 in any
other point of G|x, not mentioned above.

Next we need to lift [f]; to K;(C¥(Gop)). Observe that the exact se-
quence II[.9 guarantees that such a lift exists. We call the lift | f]l where f is an
extension of f to C.(Gp). To define f let #; be the bottom tile defining e;4 and ¢,
be the top tile defining e;4. Similarly let ¢35 be the bottom tile defining e;5 and t4 be
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the top tile defining e;5. We will use the fact that {4 = ¢; + v and t3 = ¢ + v for
some vectors u, v € IR? to define f in the inside of the tiles t1, t9, t3 and t4 in a way
that f is equal to 1 on the border of the tiles (except where f winds). Once we do
this we can define f on the tiles defining e4 and eg by the rotation symmetry and on
all other points to be 1.

First we define f on ¢, and 3. In order to simplify notation we
identify the point (), 3) with (r14()\) + (0, 3), 114(X) + (0, 8)) in t5 for A € [0,1/2],
3 € [0, 1].Now for any (), 8) € [0,1/2] x [0,1/2] we define f via the matrix

(exp(2(;ri2/\) (1))

where the entry 11 of the matrix above defines f (X, 8), (N, B)), entry 12 gives
f(\B), (N B)+v), entry 21 gives f((A, )+ v, (A, 3)) and finally entry 22 gives
F(\B)+v, (N B)+v). For A €[0,1/2], 8 € [3, 1] we define f by

(e B ) (6™ D (@l ey

where the entries of the matrix define f in the same way as above.

To define f on ¢, and t3 we identify the point (X, 3) with the point
(r14(A) — (0, 8),714(A) — (0,3)) in ¢; for XA € [0,1/2], B € [0,1]. Now for any A €
[0,1/2], B € [0, 1] we define f by

(cos B% —sin ﬂ%) (exp(2m’2)\) 0) (cos BZ —sin 6%) =

sin 35 cosfB% 0 1) \sinf35 cosB3

where the entries of the matrix define f in an analogous way (for example the entry
12 of the matrix defines f ((\, 8), (\, 8) — v)).

Next we include f in K;(C7(G1)) and follow the isomorphism back to
%. We notice that f restricted to the edges of G; winds once on the edges 1,
5 and 7 and winds -1 on the edges 3, 10, 13 and hence f is taken to e; + es + 7
—e3 — €19 — €13 in 1—3%, which in turn is taken to the vector

(—2,2,3,2,-5,6,7,5,—4,4,—2,—4,—6,0, 4, 0)

in Z= via the matrix P of the smith normal form of d.

Imd
Finally notice that (—2,2,3,2,-5,6,7,5,—4,4,—2,—4,—6,0,4,0) is
equivalent to —6e;3 + 4e;s, since (—2,2,3,2,—5,6,7,5,—4,4,-2,—4,—6,0,4,0) +
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6e13 — 4e15 belongs to the image of §, and hence 2n3 is taken to (—6,0,4) = (0,0,4)
in Z, ® Z%. We conclude that nz = (0,0, 1) is taken to (x,0,2) (Observe we can not
say what * is yet).

Following in an analogous way as above we get that ny = (0,1,0) is
taken to (0,2,0), n; — 3ns is taken to (0,0, —6), n; = (1,0, 0) is taken to (x,0,0) and
ny1 + 4ny — 4n3 is taken to (1,8, —8). It follows that nz = (n; — 3n3) + 4ne(—n; —
4n, + 4nj3) is taken to (1,0,2) and this implies that n; is taken to (1,0,0). So the
connecting map in K; is given by

o N o

1
0
2

o
|
c oM

The final step is to identify the inductive limit in Z, @ Z? induced by
the matrix ¢ above. To do this we will show that the map c is conjugate to a map ¢
that induces a limit easily identified.

Observe that we can rewrite the map c as

e 2BLDZLy — ZOLSZy
" (a,b,c) —  (2a,2b,a+ c)

Now let

,. LOLOL, — LOLOL
" (a,b,c) —  (2a,2b,c)

To see that ¢ and ¢’ are conjugate we define

y: LOLOZ, > ZOLZOL
" (a,b,c) — (a,b,a+c)

which has inverse defined by ¢~*(a, b, ¢) = (a, b, a+c), and notice that ¢~'oco¢ = c.
Finally we notice that the inductive limit induced by ¢’ is isomorphic
to Z[1] @ Z[3] & Z, and hence K;(C}(UGy)) = Z[3] ® Z[3] @ Zs.

Ko(C7(UGy))

As we mention earlier it is easier to compute Kj if we add vertices in
the middle of some edges on the tiling so that tiles meet edge to edge. Basically we
add one vertex on the middle of the previous edges 1 and 13. With this complex we
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18

I8
N
™

13

24

17

B

The computations change slightly but for Ky we only need the matrix

New edge patterns 1, 13, 17 and 18:

replace our old edges 1 and 13 by the "new” edges shown below. We also add edges
New vertex patterns 23 and 24:

17 and 18 as show below. Notice that we also get two new vertex patterns, 23 and

24, as described below (we keep all the same orientation on tiles and edges).

for ég, which we show below:

cocococoocoococooooocoo~
Tococococoococooocoooo~O
coroocoroooooooocoo
Ll —_—
oToo~ocoococococoo(ooo
cocoococoocoorofooroo0
-
cocococococooToToo~oooo
- -
coro(ooco ooroooooo
olJoococoToo~~ocoocoooo
Ll Lonl
of~oococo~ocoococooooTo
~ooococoo|T~oocoooooo
L) ~
coococooToooo~—-oo oo
— —
coocoToocooco~cooo~o"
coooooocooo0eo HHOO
-
cooococoocoooco~T oo
coocooo~oocoo|~oooo0
i o ]
cooco~ooooofoocoooo]
coo~ooocooTo~oooooo
cocococoooro~oo00OOOO
coo~oTo~ooococooo000
~HoooocoocorTocooooo0
— -
cooforo Tooocooooooo
— -
cofoo~Toooocooooooo
oo loocooooooooooo

01%00000000000001_.0

As expected this matrix has kernel of dimension 9. We show a basis

[l
S

I 1

cocoocococooooooonHo o oro

O R E L e e N EE R
000000000 OHHOOOOCOO0 000D
coooocoo~Hooooooo~Too o

OCOO0HO~HOOOOOOOOOOOOOOOOOO
COr 0000000000000 O OO OO
O~O0000O0OHOOO0O0000O0OOO0O~=OOO

—HOOCOHOOOOOOOOCOOOO-HO O ~O
L ]

ker(dp) =

below:
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So, as before, corollary II1.33 implies that Kq(C;(Gp)) is isomorphic
to ker 6o @ Z = Z'°. In order to computer K for the inductive limit C*-algebra, we
will have to proceed analogous to what we did in the octagonal tiling and define a
F map that collapses the new vertices obtained by applying the inflation map to a
tile, into the ”old” vertices of this tile. We start by defining F' on the two prototiles
and then extend F to IR? by translation. To make it easier to define F' we name the
vertices of this prototiles and their inflation as show in the pictures below:

2 L ¢
s—F In
o
Lg $a
o, L L I @
Mg N—o2 P ¢n o
B AT
A E F G B

Now we define F' on the horizontal prototile as a map that takes the
vertices M, N, E to the vertex A, the vertices O, P, G to the vertex F, the vertex H
to the vertex B, the vertex I to the vertex J, the vertex L to the vertex D and leaves
all other vertices fixed. Moreover we require F' to be a homeomorphism from the
interior of the rectangle defined by NOJL into the interior of the rectangle AFJD
and a homeomorphism from the interior of the rectangle defined by PHCI into the
interior of the rectangle FBCJ. Also on the vertical prototile we define F' as a map
that takes the vertices J, P, O to the vertex L, the vertices M, N, E to the vertex A,
the vertex H to the vertex G, the vertex I to the vertex D, the vertex F to the vertex
B and leaves all other vertices fixed. Moreover we require F' to be a homeomorphism
from the interior of the rectangle defined by ICHC into the interior of the rectangle
DLGC and a homeomorphism from the interior of the rectangle defined by ONFG
into the interior of the rectangle LABG. Finally we require F’ to be a continuous
map.

Since F agrees on the borders of the matching tiles of the table tiling
we can extend it to JR? by translation. Observe that vertices in w(T) are mapped
to vertices in T under F but this is not true for the edges in w(T) (that is why we
can not use this method for K;). Following the same ideas already introduced for
the octagonal tiling we have that a(f) is homotopic to f, where f € C.(Go) and
a: C.(Gg) — C.(Gy) is defined by

f(F(z),F(y)) if (F(z),F(y)) € Go
0 otherwise

a(f)(z,y) = {
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Notice that the proof that « is well defined is analogous to the one we
presented for the octagonal tiling.

We are now able to compute Kj.

From what was done previously we have that Ko(C*(Gy)) = Z. We
want to compute the connecting map such that the diagram below is commutative

o7

20 Ko (C2 (Go))
c Ko(¢)
210 S Ko(C'(GY)

Remember that Ko(C}(Go)) = ker §p & Z and we say that, for i = 1..9,
the canonical basis vectors e; in Z'° is isomorphic to the column vector ¢; in the kernel
of dg. Also ejg is isomorphic to an element [g]p € Ko(Ix,) included in Ko(C}(Go))
that is NOT on ker(Kq(i)) = Imd;. Proceeding analogous to the octagonal case we
have that e;o is mapped to itself under the connecting map. We need to worry about
the other vectors. For this we proceed again as in the octagonal case and find the
matrix F for the table tiling. Remember F is a composition of homomorphisms.
It takes a vector in kerdy in Gy to a vector in kerdy in G;. The diagram below
illustrates the definition of F.

Z° —— ker & € Ko (C;(Golx,)) — Ko (C7(Go)) — Ko (C7(Go))

€ c1 — [flo = [f]o [a(f)]o
Fla) [a(F)lo
Z° ~——— ker & C Ko (C*(G1lx,)) Ko (CF(G1))

Proceeding as explained for the octagonal tiling we get the following
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I 1
[elalelelelelelelolelelelolele]lo]elelelelelo o)
(=lelelelolelelelaleloleleleby] el el ool o]
—HOOOOOOHOOOOOOOOO—HOHOOOO
[=lelelelyleleleleloleleloleleleloleloleleleole]
OCO-OO00O0O0O0O~-0O000O000O-OO~OO
CO0CO~OOO0O0OCCOO0O0OO0O0O0O~HHO~O
lpl=l=lelelelelolelelelelelelelelylelelelelo]e ]
CO-HOOOOO0O—~HOOOOOOO~HOOHOOO
—HOOOOOO~OOCOOOH~HOO0O00000O
OCO~OO0O0O0O0O-HOOOOO~HOOOOOO—~O
COCO00O00OOOHHOOOOOO-HOOO
—HOOOOOOOOOOOO~HOOOOOOO~O
HOOOOOOOO-HOOOOOOO-OOOOO M
CO0CO-HOOOHOOOOOOOHOOOOO O
OO0 O0O0O0O0CO-HOHO-OOOO-HOOOOO
OO0 O~HOOOOOHOOOOOOOOHOOHO
COO0O00OHOHOO0O00O0O0OHOOOOO ™
(=lpl=lalelelelololelelelelelelelo]olelelolelel]
CO0O—O00O0—0000000O—HOOOOO
(=l plelalelolelelolelolelelelelels]elolelelolel]
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matrix for F:

And so to find where the vector e; is mapped under the connecting

map we only need to write the vector F (c;) as a linear combination of the basis
of ker §p and take the coefficients of this linear combination. Doing this we get the

following connecting map in Kq

[=le]elole]lele]lelel]

ocoocoooooo
o™
coococococonTo

~ooo-omoT o

—HOO0OHOOO—O
COCOMMmm-Om~ O
—HOOOHOOO-O
HNOOHOOO~O
—HONO~HOOO~O
Nr—A—A——O O~ O
e — |

|
o

(UGy)) is isomorphic to the direct limit in Z!° induced by C.
What is the inductive limit above? Even though we can not give a

complete answer to this question we can elaborate more than on the octagonal case.

Details follows below.

*
r

We will work with C? in order to have only nonnegative eigenvalues.

We show the matrix below:

and hence Kg(

- 1
[e]elelelololelel-]]

OCO0O000O0OHO
CO0O0O00OWHO O
AN O
OVt vt d ON] 1t el e v O

Nooom—moT'o

ANrAA A N e O

D) e = ©

I A A A =N O

Y NOE—HNO

|
[&

'1)‘9

]. In order to do this we need to find all nonzero

1
4

onto Z*@Z[3]*®Z|
eigenvalues and associated eigenvectors of (C?)T. Using the software Mathematica

We will define an onto homomorphism from the direct limit in Z°,
we get that the eigenvalues are 1, 1, 1, 1, 4, 4, 4, 4, 16, which we name A, Ao, . .

10

—)

denoted by Z
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respectively, and the associated eigenvectors are

w1 =(0,0,0,0,0,0,0,0,0,1), ws = (—3,2,2,0,0,0,2,0,0,0),

_ (~1,0,0,2,0,2,0,0,0,0), ws=(—1,0,0,0,1,0,0,0,0,0),
ws = (0,1,0,0,-1,0,0,0,1,0), ws=(0,-1,0,0,0,0,0,1,0,0),
wr = (—1,-1,0,0,1,0,1,0,0,0), ws = (0,—1,1,0,0,0,0,0,0,0),
we = (3,2,2,1,1,1,2,0,0,0),
where w; is associated with A;.
Now let ¢; : Z'° — Z* @ Z[3]* @ Z[3] be defined by
QO,‘(U) = (< v, Wy > /\l_i,<v,w2—w3—w4 > /\Q_i,<v,w5 > )\s_i,...,<v,w9 > /\;2)
where v € Z!° and i = 0,1,2,.... Observe that for all i, p;(v) = ;41 0 C*(v)

(remember that Ay = A3 = A\y = 1) and hence the collection of maps {¢;};, gives
a well defined map ¢, from the direct limit Z!° into Z? @ Z[}]* ® Z[]. Notice that
each ¢; is a map from Z!° at step i of Z1°.

We proceed to show that ¢ is onto. To do this we notice that ¢y can
be represented by the matrix

0 000 0 00001
~122-2-1-22000
0 100-100010
Wo=]0-100 0 00100
-1-100 1 01000
0-110 0 00000
3 221 1 12000

and use the software GAP to find its integer column space. It happens that ¢ is
onto in Z™ and this implies that ¢ is onto.

To find the kernel of ¢ we first notice that the definition of ¢; implies
that ker y; = keryg for all i. Using the software GAP we get that a basis for
the null space of ¢q is given by the vectors n; = (1,3,3,0,13,-10,-9,3,10,0),

= (0,5,5,0,18,—12,-13,5,13,0) and n3 = (0,0,0,1,0,—1,0,0,0,0). Now we
observe that C? - n3 = 0 so this generator vanishes at the inductive limit. Also
C?(C?*(n;)) = C%*(n,) and C? (C?(ny)) = C?(ny) what implies that any vector in the
ker ¢;, for any i, is equivalent to a vector in ker g in the inductive limit Z!9. This
implies that ker ¢ =< 71,3 >= Z2, where 7; is the inclusion of n; in the direct
limit Z19.

The above discussion allow us to write the following exact sequence:
1 1
0 — Z% — Ko(C?(UGy)) = Z* ® 2[5]4 @ Z[Z] — 0.

Unfortunately we can not say whether this exact sequence splits and hence this is
the best we can describe Ko(C;(UGy)) at the moment.
We finish the chapter with a trace calculation.
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Proposition V.2. Ko(7)(Ko(C;(UGk))) maps onto Z[3] where Ko(1) is the map in
K-theory induced by T.

Proof:

For simplicity we will use the cell complex used to compute K;, that is,
the cell complex without added vertices. Remember that Ko(C:(Gg)) is generated
by the projections arising from the kernel of dy and one projection from Ix,. We
focus on the projections arising from ¢y as they have finite trace. Remember that
ker dg was given in V.3. Denote the column i of the matrix in V.3 by ¢;. Each ¢;
is isomorphic to the class of a projection fF in C}(Gy). We will use lemma IV.7 to
show how to compute the trace for f. The others are analogous.

Notice that f? is equal to 1 on the vertices v3, v7,v19 and vay. Also f7
is 0 on all other vertices (by v; we mean the point (v;,v;)). Call the prototile with
length greater than height p; (horizontal prototile) and the other one p,. Notice that
both prototiles have area 2. By lemma IV.6 we have that

T(f1) = Te(mz(f7)) - 2 + Tr(my (7)) - 2

where z is is the interior of p; and y is in the interior of p,. Now take z; to be the
bottom right corner point on p; and y; to be the bottom right corner point on p,.
Then by lemma IV.7 we have that if V,, = {[vs], [v7], [v12], [v13], [v15, [V17], [V20]} and
Vi = {[vs], [vs], [v10], [v14], [V6, [v1s], [v2e]} then

=Y )2+ Y flzz)-2=2+2=4

z€[v] z€[v)
[v]€Ve, [v]eVy,

Now observe that tiles in Gy are scaled down by 2% and hence 7(ff) =
28=2_ Also notice that for any 1 < i < 9, 7(f¥) = a - 2¥7 for some a,j € Z. This
implies that 7( fik) is contained in Z[%] for every k and every 1 <i < 9.

Finally for all k¥ € N, let Ko(7) = Ko(7). Then Ko(7) = Ko(7k+1) ©
Ko(¢) and hence the collection of maps {Ko(7)} -, gives a well defined map 7, from
the direct limit Ko(C;(UGy)) onto Z[3] as desired.
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Conclusion

C*-algebras associated to tilings have been object of study for a number
of years now and one of the milestones on the subject was the introduction by
Anderson and Putnam of a C*-algebra associated with a substitution tiling. The
Anderson-Putnam C*-algebra arises from an unstable equivalence relation on a Smale
space. In this thesis we studied the C*-algebras arising from the stable equivalence
relation in the same Smale space. The first step was to introduce an equivalence
relation on IR associated to a given tiling. We then constructed a C*-algebra from
this equivalence relation through the groupoid approach. The study of these C*-
algebras led us to a characterization of its ideals which was used to compute the
K-theory of these C*-algebras. We computed the K-groups for a few examples and
in the one dimensional case we were able to completely describe the order structure
of Kg. We also constructed these C*-algebras as recursive subhomogeneous algebras.
Up to this point the assumption of a substitution tiling was not necessary, but the
inductive limit C*-algebras defined in chapter IV only exist for a substitution tiling.
These C*-algebras were constructed using the C*-algebras introduced in chapter III.
We proved that the inductive limit C*-algebras are simple and that each of the
step C*-algebras used to build the inductive limit is a recursive subhomogeneous
algebra. We have also computed traces for the Fibonacci, Thue Morse and table
tilings. Finally on the last chapter we compute the K-theory of the octagonal and
table tiling.

The inductive limit C*-algebra of chapter IV is the C*-algebra associ-
ated to the stable equivalence relation mentioned before. So we expect it to interplay
in some sense with the Anderson-Putnam C*-algebra. We note that for the table
tiling example we obtained torsion on K; whereas for the Anderson-Putnam C*-
algebra this torsion appears on Ky. Also for the octagonal tiling we obtained Z3 for
K; which agrees with K; of the AP C*-algebra. We were not able to find a precise
relation between the K-groups of these two C*-algebras and this is one of many other
problems that we plan to study in the future.
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