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ABSTR AC T

This thesis presents a study on the design of two-dimensional (2-D) digital 

filters by using the singular-value decomposition (SVD).

A new method for the design of 2-D quadrantally symmetric FIR  filters with 

linear phase response is proposed. It is shown tha t three realizations are possible, 

namely, a direct realization, a modified version of the direct realization, and a 

realisation based on the combined application of the SV and LU decompositions. 

Each of the three realizations consists of a parallel arrangement of cascaded pairs 

of 1-D filters; hence extensive parallel processing and pipelining can be applied. 

The three realizations are compared and it is shown th a t the realization based 

on the SV and LU decompositions leads to the lowest approximation error and 

involves the smallest number of multiplications.

It is shown that the SVD of the sampled amplitude response of a 2-D digital 

filter with real coefficients possesses a special structure: every singular vector 

is either mirror-image symmetric or antisymmetric with respect to its midpoint. 

Consequently, the S^D  method can be applied along with 1-D FIR  techniques 

tor the design of linear-phase 2-D filters with arbitrary prescribed am plitude 

responses which are symmetrical with respect to the origin of the (uq, u>2) plane.

A method for the design of 2-D HR digital filters based on the combined 

Application of the SVD and the balanced approximation (BA) is proposed. It is 

shown that the approximation error in the phase angle is bounded by the sum 

of the neglected Ilankel singular values of the filter. Consequently, the phase 

response of the resulting filter is approximately linear over the passband region 

provided tha t only small Hankel singular values are neglected. It is also shown 

tha t the resulting 2-D filter is nearly balanced, which implies tha t the filter has 

low roundoff noise as well as low param eter sensitivity. Furthermore, the 2-D 

filter obtained is more economical and computationally more efficient than the



Ill

original 2-D FIR filter, and in the case where an IIR filler is obtained the stability 

of the filter is guaranteed.

Efficient general algorithms for the evaluation of the 1-D and 2-D grami- 

ans for 1-D and 2-D, causal, stable, recursive digital filters are proposed, which 

facilitate the application of the BA method in the design of digital filters. The at 

gorithms obtained are based on a two-stage extension of the Astrom-Jury-Agiiiel 

(AJA) algorithm. It is shown tha t the A.IA algorithm can bo modified to solve' a

1-D Lyapunov equation in a recursive manner. The recursive algorithm is then 

extended to the case where the rational function vector involved depends on two 

complex variables. It is shown th a t the two algorithms obtained can be combined 

to evaluate the 2-D gramians. The proposed algorithms are also useful in obtain 

mg optim al digital filter structures that minimize the output-iioise power due to 

the roundoff of products.
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C hapter 1 

In trod u ction

1.1 B  ackgr ound

Multidimensional (M-D) digital signal processing (DSP) is primarily concerned 

wit e representation, transformation and manipulation of signals that, can be 

represented as M-D arrays. M-D DSP, particularly two-dimensional (2-D) DSP, 

finds rx trn  ve applications in acoustics, sonar, radar, seismology, geophysical 

exploration, robotics and many other areas. In many cases, the central part 

of a 2-D DSP system is a specific piece of software or a dedicated hardware 

board implementing a filtering algorithm tha t can process signals received, and 

is referred to in general as a 2-D digital filter. This thesis presents a study on the 

design of 2-D digital filters by using the singular-value decomposition (SVD).

Two-dimensional digital filters can be classified as recursive or nonrecursive 

depending on whether or not the output of the filter depends cm previous values of 

the output. Alternatively, they can be classified as infinite-impulse response (lilt)  

or finite-impulsive response (FIR) filters depending on whether their impulse 

response is of infinite or finite duration. These types of 2-1) digital filters are 

consistent with their 1-D counterparts and have analogous properties. FIR filters 

have the advantages tha t they are free of stability problems and that linear phase 

can easily be achieved. HR filters, on the other hand, have the advantage that the 

am ount of com putation necessary for their operation and the required memory



resources are relatively low.

1.2 E x istin g  M eth o d s for th e  D esig n  o f  2-D  
F ilters

Methods for the design of 2-D FIR and HR filters have been investigated by a 

number of researchers during the past two decades. The main design approaches 

for 2-D FIR  and IIR  filters can be classified into the following four categories:

1.2.1 Window Method

In this method, an ideal frequency response HU'i ,  uj2) is approximated by an 

FIR filter by multiplying the ideal impulse response h(n i ,  n2) by a finite window 

array w(n.\, n2) to produce the filter impulse response.

hw(ni, n2) — h{n-i, n2)w{ni, n2) (1.1)

The frequency response of the resulting filter will be a good approximation to 

Il{u>u lo2) if W(wi,  u>2), th e  frequency spectrum of w(ni,  is a good approx­

imation to  a 2-D impulse function.

Huang [1] first described the circularly symmetric window formulation. The 

window used has a circular region of support and is formed as

<^c(ni, n 2) =  u( \Jn \  +  nj)  (1.2)

by sampling a ro tated  1-D continuous window function in the 2-D plane. Another 

type of 2-D window function has a rectangular region of support and can be 

formed as the outer product of two 1-D windows [2] i.e.

Wfl(nx, n 2) =  o;1(ni)o;2(n2) (1.3)

Several 1-D windows can be used in (1.2) and (1.3). Among the most popular

ones are the rectangular, von Harm, Hamming, and Kaiser windows [3]. The



advantage of using window functions is tha t they require less computation than 

optimization techniques and they are effective in reducing Gibbs’ oscillations.

1.2.2 McClellan Transformation Method

The McClellan transformation method [4-10] is used to design 2-1) linear phase 

FIR filters either with circularly symmetric am plitude responses or with fan filter 

specifications. The advantage of the method is tha t by using optimal 1-1) filters it 

is possible to design optimal 2-D filters tha t can be im plementated efficiently. The 

method starts with a high-order 1-D filter design tha t satisfies certain frequency 

response specifications. The 1-D filter is then transformed into a 2-D filter using 

the McClellan transformation. To be more specific, the frequency response of a

1-D zero-pha.se FIR filter of length (2N  +  1) is w ritten as

and h(n) is the impulse response of the filte . The function cos (nw) can be 

expressed as a polynomial of degree n in the variable cos w. The resulting p o l y ­

nomial is the n th  Chebyshev polynomial Tn[-]. Therefore

N

( 1 , 1 )
71=1

N
=  ^  a(n) cos (nuj)

71=0

where

n = 0 
n > 0

cos n u  =  Tn[cos cu] ( i . G )

By substituting (1.6) into (1.5), H{w) can be written as

N

H (u) = a(n)Tn[cos w]
n=0

(1.7)
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The generalized McClellan transformation v iich converts 1-D filters into 2-D 

filters possessing quadrantal symmetry can be written as

P Q

cos (u) =  t p v  cos I*-*-’1 ros ^  t1-8 )
p —0 q—0

where tpq are real constants.

The frequency response of the resulting 2-D FIR filter is

N

//(a ; i ,  u>2) =  YL a (n )
n —0

P  Q

Y1 tpicos i™1 cos (i^ 2
p = 0  q ~ 0

(1.9)

'Die coefficients of the original McClellan transformation arc' chosen as t u  — tw =  

fin = — too =  1/2 for circular symmetry. These coefficients result in nearly circular 

contours for low values of l u  and increasingly square contours for larger values of 

l u . Thus the McClellan transformation is quite useful for the design of lowpass 

or high.pa.ss filters with a low cutofF radius. The McClellan transformation is 

not quite suitable for designing either lowpass filters with large cutofF frequency 

or broadband bandpass filters since it cannot provide circular contours at high 

frequencies.

The coefficients of the McClellan transformation are computed using opti­

mization techniques [7, 8, 9]. The design usually requires a large amount of 

computation. Thus an approximate solution is sometimes used in order to re­

duce the  com putation burden. An approximate technique which results in simple 

Formulas for fast calculation of D e McClellan transformation coefficients has been 

described in [10].

1.2.3 Optimization Methods

An objective function can be defined in terms of the error between the actual 

and desired frequency responses. The filter coefficients can then be obtained by 

various optimization techniques [11, 12, 13, 14, 15, 16, 17, 18]. Filters designed



using different error criteria can be quite different. The most commonly used 

error criteria are the i 2 and the /J<x> norms. The design of HR filters is generally 

more complicated than tha t for FIR filters since stability constraints must also 

be imposed in the former case.

1.2.4 SVD Method

The m ain advantage of the SVD method is that 2-D filter designs can be ac­

complished by designing a set of 1-D subfilters and, therefore, the many well-

established techniques for the design of 1-D filters can be employed. In the

following two subsections, the theory of the SVD and its previous applicat ions in 

the design of 2-D filters will be given.

SVD of a M atrix

Theorem  l . i  If A  6 R LxM is a m atrix, then there are orthogonal matrices 11 

and V  such that

U t AV — (  ^  q )  (!■"»

where 53 =  diag (0 1 , 0 2 , ••• ,<rr ), and ai > > ■ ■ ■ > crT > 0. A proof of this

theorem can be found in Appendix A [19].

The decomposition in Theorem 1.1 is unique. From (1.10) we have

V tA t AV =  diag (532,0) (1.1 1 )

Thus the numbers cr\, cr%, ■ ■ • , of m ust be the nonzero eigenvalues of A 7 A ar­

ranged in descending order. This, along with the requirement that the crx be 

nonnegative, completely determines the ax.

Theorem 1.1 shows tha t any nonzero m atrix A of rank r may be written as 

the product of three factors



whore (?{ for * =  1,2, • • • , r  are the  singular values of A  with ai  >  cr2 >  • • • > 

ay >  0, u, is the ith  eigenvector of A A T associated with the ith  eigenvalue of,

An im portant property of the SVD can be stated in terms of the following 

theorem.
T h e o re m  1.2 Let

with L > M  where X =  diag (ay,<t2, ■ • •, (Tm ) and ay >  ay >  • • • >  a m . If

is the F'robenius norm of a m atrix A. A proof of Theorem 2 can be found in 

Appendix A [19].

Theorem 1.2 shows tha t for any fixed k (1 <  k <  r), J2i=i oyu;vf is a minimal 

mean-squarc-error (MMSE) approximation to A. A special case of Theorem 1.2 

is tha t the MMSE separable approximation to A  is given by

and v, is the ith  eigenvector of A r A  associated with the zth eigenvalue of.

,LxM

S ’ =  diag (ay, cr2, ■ • •, cr,., 0, • • ■, 0) and

then

|| A - A '  ||F = mm
rank(B)=r

I A - B  ||f (1.13)

where

I  M  1 1/ 2

A Ilf =  Y  Y  afm
./=! 7Tl = l

A  pa a y i^ v f (1.14)



where <?\ is the dominant, singular value, and U! and Vi an ' the corresponding 

dominant singular vectors [20].

For most digital signal and image processing applications, matrix A is non 

negative. It has been shown tha i for a nonnegative matrix A, all entries of iij 

and Vi are nonnegative [20, 21], and this property has been utilized in early 

developments of the SVD design method.

Previous Work on SVD D esign M ethod

The SVD design method was first, considered in [22] where Treitel and Shanks 

used the SVD of a m atrix formed by a given ideal impulse response to approx­

im ate a spatial nonrecurs" \  filter ov a sum of separable 2-1) filters. In [20]

the SVD method was extended to the froquencv-domain design of separable' ap­

proximations to desired amplitude responses. Assume that, matrix A — 

represents a desired am plitude response and

ai,m = 1 <  I <  L and 1 < ,n < M  (l . lo)
i  1 1 2

where fi; and vm are normalized frequencies such that

1— 1 in — 1
/i( =  T  "rn = a T = 7

and 0 < / / / < l , 0 < i / m < l .  Since the elements of the first pair of singular

vectors vy =  crJ^Vi and fill =  crJ^Ui are always positive, the problem of designing 

a 2-D filter characterized by A  is acomplished by designing two 1-D filters whose 

sampled am plitude responses are given by

/ ,  =  \ F ( e ^ ‘/T')\, / =  1.2, • • • , / ,  (1.10)

(1. 17)



This task can he carried out by using one of the standard optimization algorithms 

such as the Fletcher-Powell algorithm. In [20] the M arquardt minimization algo­

rithm  was used with an Lp error c iterion to design both FIR and HR filters. In 

the FIR  case, the user specifies p and the order N  of the desired 1-D filter and 

the optimization program yields a filter characterized by a transfer function

H ( z )  =  K ( l  +  ' E * n * ~ n )  (L18)
71=1

such tha t the error

M
Ep = J 2 { \ H (ejWn) \ ~ d n } p (1.19)

71= ]

is minimized, where dn is the desired response of the 1-D filter at u  — u n, p is an 

even integer, and M  is the number of sampling points. For the HR case, a filter 

characterized by

=  K  f t  n t f - ' t r C 1 (L2mn-1 (1 +  OniZ +  bn2* )

is obtained in the same way. The technique described in [20] has the lim ita­

tion th a t if A has more than one dominant singular value, the approximation 

achieved is poor since only the first set of the singular vectors is utilized for the 

2-D filter design. Therefore, the approximation error is relatively large. In [23] 

the SVD method is modified to include more than one set of singular vectors 

for the design of corresponding 1-D subfilters. Thus the 2-D design accuracy is 

increased. If 1-D HR subfilters are used, zero phase is required for each subfilter. 

This necessitates data transpositions at the inputs and outputs of subfilters and, 

as a result, the usefulness of these designs is limited to nonreal-time applications, 

where the delay introduced in the processing is unim portant.

Each method described in the above sections has its advantages and disad­

vantages and significant improvements and extensions are still possible.
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1.3 B ack grou n d  on  C o m p u ta tio n  o f  G ram ians

In practice, digital filters are implemented using finite-prooision arithmetic and 

hence it becomes necessary to quantize products and coefficients. As a result, 

roundoff noise is introduced which varies significantly from one realization to 

another. Previous work [24] has shown that an optimal local state-space 2 1) 

digital-filter realization tha t minimizes the output noise power due to the roundelf 

of products can be obtained. The key step in finding such optimal realization is 

the evaluation of two positive definite matrices K 2 and W 2 which are known as 

the controllability and the observability gramians of the digital filter, respectively. 

These gramians have also been used to obtain balanced approximations of 1-1) 

and 2-D systems [25, 26], which are very useful in the design of 1-1) and 2 1) 

digital filters [27, 28].

The most efficient method for the evaluation of the gramians for the 1-1) case 

is to solve two relevant Lyapunov equations, and reliable algorithms for com 

puting the gramians are available in the literature [29, 30]. For the 2-1) case, 

the corresponding Lyapunov equations depend on a complex param eter, as is 

dem onstrated in [25, 31], which varies on the unit circle of a complex plane. In 

other words, if the Lyapunov approach is chosen for the ('valuation of the 2-1) 

gramians, one needs to solve a family of 1-D Lyapunov equations as opposed to 

two constant Lyapunov equations in the 1-D case. A Lyapunov approach for the

2-D case was described in [32] but the transfer function of the digital fillers under 

consideration m ust have separable denominators. For general, 2-1), causal, s ta­

ble, recursive digital filters, the most commonly used method is the truncation 

m ethod described in [31] which provides numerical approximations of the grami­

ans in terms of truncated double summations to guarantee acceptable numerical 

error. This is particularly the case when the filter under consideration has small 

stability margin in which case the convergence of the infinite series is rather slow. 

Therefore, an efficient and general method for the evaluation of gramians for the
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case of 2-D, causal, stable, recursive digital filters is needed.

1.4 C on tr ib u tion s o f  T h is T h esis

The main contributions of this thesis can be summarized as follows:

1. A new design method based on the SVD is proposed for the design of 2-D 

FIR  filters with linear phase response. It is shown tha t three realizations 

are possible, namely, a direct realization, a modified version of the direct 

realization, and a realization based on the combined application of the SV 

and LU decompositions. Each of the three realizations consists of a parallel 

arrangement of cascaded pairs of 1-D filters; hence extensive parallel pro­

cessing and pipelining can be applied. The three realizations are compared 

and it is shown tha t the realization based on the SV and LU decompo­

sitions, leads to the lowest approximation error and involves the smallest 

number of multiplications.

2. A new design method based on the balanced approximation (BA) for the 

design of 2-D HR digital filter is proposed. It is shown that, the approx­

imation error in the phase angle is bounded by the sum of the neglected 

Hankel singular values of the filter. Consequently, the phase response of the 

resulting filter is approximately linear over the passband region provided 

that only small Ilankel singular values are neglected. It is also shown that 

the resulting 2-D filter is nearly balanced, which implies tha t the filter has 

low roundoff noise as well as low param eter sensitivity [32]. Furthermore, 

the 2-D filter obtained is more economical and computationally more effi­

cient than the original 2-D FIR  filter, and in the case where an HR filter is 

obtained the stability of the filter is guaranteed.

3. An efficient method for the evaluation of the controllability and observabil­

ity gramians of 2-D digital filters is proposeu. The algorithms obtained are 

based on a two-stage extension of the /Istrom-Jury-Agniel (AJA) algorithm
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which was originally used for the evaluation of the scalar loss function of 

a stationary random process with rational spectral density [33, 31]. It is 

shown tha t the A jA  algorithm can be modified to solve a 1-1) Lyapunov 

equation in a recursive r  anner. The recursive algorithm is then extended to 

the case where the vector rational function involved depends on two complex 

variables. It is shown tha t the two algorithms obtained can be combined to 

evaluate the 2-D gramians. The proposed algorithms are useful in obtain­

ing optimal digital filter structures tha t minimize the out put-noise power 

due to the roundoff of products [35, 36], and in obtaining a balanced ap­

proximation of a given discrete-time dynamical system [37] or digital filter 

[27, 28].

1.5 O rgan iza tion  o f T h is T h esis

In Chapter 2, the new SVD method for the design of 2-D quadrant ally symmetric 

FIR digital filters is presented. The SVD, the McClellan transformation, and the

2-D window methods are used to design a bandpass and a fan filter, and the 

results obtained are compared.

In Chapter 3, a m ethod for the design of 2-D FIR filters by using tin* SVD is 

presented. It is shown th a t the SVD of the sampled amplit ude response of a 2-1) 

digital filter with real coefficients possesses a  special structure: every singular 

vector is either mirror-image symmetric or anti-symmetric with respect to its 

midpoint. Consequently, the SVD method can be applied along with 1-1) FIR 

techniques for the design of linear-phase 2-D filters with arbitrary prescribed 

am plitude responses which are symmetrical with respect to the origin of the 

(wi, u^) plane.

In Chapter 4, a design method using the well-known balanced approximation 

[26, 27, 28, 38] is applied to linear-phase 2-D FIR filters of the type that may 

be obtained by using the SVD methods presented in Chapter 2 and 3. The BA
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method leads to a lower-order separable 2-D filter, usually an HR filter. It is 

shown th a t the designs obtained are causal and locally quasi-balanced, and in 

cases where IIR designs are obtained stability is quaranteed.

In Chapter 5, an efficient general method for the evaluation of the 1-D and

2-D gramians for 1-D and 2-D, causal, stable, recursive digital filters is presented. 

The proposed method is compared with other known methods for the evaluation 

of the 2-D gramians with respect to accuracy and computational efficiency.
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C hapter 2 

D esign  o f Q uadrantally  
Sym m etric 2-D  F IR  D ig ita l 
F ilters by U sing th e  S V D

2.1 In tro d u ctio n

The design of 2-D digital filters by using the SVD and other similar decompo­

sitions has been investigated by a number of researchers [20, 22, 23, 28, 39, 10] 

[41, 42]. This design approach has several advantages. First, the design can 

be accomplished by designing a set of 1-D subfilters and, therefore, the many 

we! established techniques for the design of 1-D filters can be employed; second, 

the resulting 2-D filter is stable if the 1-D subfilters employed are stable; and 

third, the 1-D subfilters form a parallel structure which allows extensive parallel 

processing, hence the structure obtained is suitable for VLSI implementation. 

As pointed out in [23], the SVD approach can be used for the design of either 

infinite-impulse response (HR) or finite-impulse response (FIR) 2-D filters. While 

high selectivity can be achieved by using low-order HR designs for the parallel

1-D subfilters, zero phase is required for each subfilter. This necessitates data 

transpositions at the inputs and outputs of subfilters and, as a result, the use­

fulness of these designs is limited to nonreal-time applications, when; the delay 

introduced in the processing is unim portant. On the other hand, by using higher
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order FIR designs for the parallel 1-D subfilters, high selectivity and linear phase 

2-D FIR filter can be achieved.
In this chapter, the SVD method is applied in conjunction with 1-D FIR 

design techniques for the design of 2-D quandrantally symmetric FIR filters. It 

is shown that by using linear-phase 1-D filters, linear-phase causal 2-D filters can 

be designed which are suitable for real-time or quasi-real-time applications.

In Section 2.2 some preliminary material regarding 2-D digital filters is pre­

sented. In Section 2.3 the design of 2-D quadrantally symmetric FIR  filters by the 

SVD method in conjunction with 1-D FIR techniques is described. In Section 

2.4 three realizations schemes are proposed for the design of 2-D quadrantally 

symmetric FIR filters. It will be shown tha t in all three realization methods, 

the outcome is a 2-D causal, linear-phase, parallel filter. In Section 2.5 an error 

analysis is presented for the SVD design m ethod. This would facilitate the deter­

mination of the number of singular values tha t should be used in the design and 

the maximum approximation error tha t should be achieved in the design of the

1-D filters. In Section 2.6 two examples are included to illustrate the effectiveness 

of the proposed design m ethod and the results obtained are compared with those 

obtained by using the 2-D window and the McClellan transformation methods.

2.2 P re lim in aries

A 2-D linear FIR  digital filter with support in the rectangle defined by — N i / 2  <  

» ,  <  N i / 2 ,  i — 1, 2, can be characterized by the transfer function

N i / 2  n 2/ 2

I I ( z u  z 2) =  £  J 2  h (n r, n 2) z i n iz 2 n2 (2.1)
Tl\ ~ —N \  /2 1X2= —N2/ 2

where /i(«i, n 2) is its impulse response. If the filter is causal, then we have

N1 ih
H {zu  z2) =  Y ,  h(nu  n 2) z^ niz ^ n2

711=0 712=0
(2 .2 )
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Similarly, a linear, causal, recursive 2-D HR digital filter can be characterized by

... E S = . « K ,  " . K " - - , -  ......
H(Zu  zj) -  e 5 _ o  (-  ’

If Zi — eJ“‘T' where T, =  27r/cus:- for z =  1, 2 are sampling periods and a.\„ art' ( Ik- 

sampling frequencies, we have

H{ejwiT\  ejw2̂ )  = M { u u  uj2)cjB̂ 1' (2.4)

where

and

M { u u  * 2) =  |/ / (e M T l, cM )\ (2.5)

0{wu  uz2) =  arg [H(ej“'T\  e ^ T*)] (2.6)

M(u>i, cu2) and 0(u>i, u;2) are the amplitude and phase responses of the filter, 

respectively.

For some digital signal applications such as image processing, it is important, 

to have distortionless transmission. If an input signal is represented by .r(/i j , n 2), 

distortionless signal transmission is achieved if

y(ni ,  n 2) =  ax (n i -  n01, n2 -  n 02) (2.7)

where a  is constant and nji and n02 are integers. This means tha t the output of

the linear system is a scaled and shifted version of the input signal. By using the

z  transform, (2.7) can be expressed as

y ( ejwiTi ejw2T2 j _  ctX(e ÛlTl, c^<JJ2T2)e~^ul'1'in° (2.8)

Therefore the am plitude and the phase responses of a distortionless system can 

be w ritten as

\H(ejuiTl, ejuJ2Ti)\ = a  (2.9)

arg [H(e3u)lTl, e1W2T2)] -  - u ^ n o i  -  u)2T2nQ2 (2.10)
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respectively. Equations (2.9) and (2.10) show tha t if the signal is to be trans- 

mi '.ted without distortion the am plitude response of the linear system should be 

constant and the phase response should be linear over those frequencies where 

.Y(cJWl / l , cJUJ2T2 ) is nonzero. The linear phase requirement can also be specified 

by group delay functions defined by

darg [H(eJUJlTl, e ^ ) }
n ( " l)  = -----------------f a , --------------- (2 J1 )

and

^  (2 . 12)

A linear system is distortionless with respect to phase response, if its associ­

ated group delays with respect to u>i and cu2 are constants over frequencies where 

X ( Tl t c^ ,2T2'j js noilzero> Consequently, in the design of 2-D filters, the ampli­

tude response and group delays are usually required to be constant in the filter’s 

passband.

2.3 D e s ig n

A quandrantally symmetric 2-D FIR  filter requires tha t the impulse response 

h(n i, n 2) of (2.1) satisfy

h(ni,  n 2) =  /i(« i, - n 2) =  h ( - n i ,  n 2) =  h { - n x, - n 2)

Further, if h{n\, n 2) is real, then the frequency response of the filter

N i l  2 N i l 2

/ / ( c MTl, c ™ T') J 2  £  /;(ni, n2)e - ju,iniT'e~jw2n2T2
nj = —N\  /2 U2=—JV2/2

— ^ ( wl) w2) (2.13)

is a real function which is even with respect to lox and u>2.
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The transfer function given in (2.1) can be rewritten as

H (z u  z2) = j2  ^ 1) ^ 2) (2.11)
1=1

where F{(z\) and G{(z2) are transfer functions of 1-D subfilters in the C! and 

z2 domains, respectively. If these subfilters are FIR filters with support in the 

rectangle defined by —Ni/2 < n,- <  TV,-/2, 7 = 1 ,  2, we have

N i / 2

Fi( z 1) =  £  ./;■(»!)~~rni (2 . 15)
n i = - N i / 2

and
N2/2

Gi{z2) =  £  gi{n2)z^n2 (2.16)
ri2=—N2/2

and if F{(zi) and G{(z2) are assumed to represent zero-phase filters, then their 

frequency responses are given by

N i / 2

F i ( e ^ )  =  £  /,-(n1) e - ^ " lTl
n i = —N i / 2

= M “ i) (2-17)

and

N2/2

Gi{ejw2T*) =  £  gi(n2)t~m T 2
712 — — Â2/2

=  r t(w2) (2.18)

where $i(u>i) and T ,- ^ )  are real functions which are even with respect to uq and 

u>2 , respectively. Consequently, from (2.14)-(2.18) the frequency response; for a
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quadrantally symmetric 2-D filter can be written as

K
II(ejuJlTl, eM ) =  ^ F t( f ^ lTl)G't-(e^2T2)

i=1

=  ^ $ i(w1) r i(w2)
i= l

=  A(u)i, UJ2) (2.19)

Now assume tha t m atrix A  ■= {a;.m} represents a desired frequency response,

i.e.

o;,m = A & - ,  1 < 1 < L  and 1 <  m  < M  (2.20)
«1 J- 2

where /q and vm are normalized frequencies such tha t

/ — 1 m  — 1

and 0 <  /q <  1, 0 <  v m <  1. The SVD of A  gives

A =  Y ,  W i v J
t=i

=  i t * # !  (2 .21.)
i=1

where <7,- are the singulai values of A  such tha t oq >  <72 >  • ■ • >  crr > 0,
X 1

u, =  (tf  u t', and v,- =  of v,.

On comparing (2.19) with (2.21) and assuming tha t u t- and v t- are sampled 

versions of the frequency responses of the 1-D filters characterized by Fi{z\) and 

(?i(*2), respectively, a 2-D zero-phase FIR  filter can be designed by designing 

two sets of 1-D zero-phase FIR subfilters characterized by Fi(zi) and G,-(22)j

where 1 <  i < r. A 2-D, causal, linear-phase filter can readily be obtained by
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shifting the impulse response by N i /2  and N 2/2 with respect to the n\ axis and 

n2 axis, respectively. This can be accomplished by multiplying 1) and (ii (z2)

by zx Nl^2 and z ^ 2'*, respectively.

The design of the 2-D filter can be completed by using any one of the st andard 

methods for the design of 1-D FIR filters. Using the Frequency sampling method 

in conjunction with window techniques [3], designs can be obtained very quickly 

with a  small amount of com putational effort. Thes? designs are not optimal 

although the approximation error can be made arbitrarily small by increasing 

the order of the 1-D filters used. On the other hand, by using methods based on 

the Remez algorithm [43], it may be possible to obtain optimal designs alt hough 

a large amount of computation would be required.

2.4 S V D  R ea liza tio n s

In this section, three distinct realizations are obtained through the application of 

the SVD. They are referred to as the direct-SVD realization, the modified-SVI) 

realization, and the SVD-LUD realization.

2.4.1 Direct-SVD Realization

The direct-SVD realization is based on the direct application of the SVD to a 

m atrix representing the required am plitude response and as in the HR realizations 

reported in [23], the number of parallel filter sections is equal to the number of 

singular values used in the design. In practice, a designer would attem pt to 

keep the error introduced by the application of the SVD as low as possible by 

using as many singular values as possible in the design. However, as more' and 

more singular values are used, more and more parallel sections are required which 

increase the com putational complexity or the cost of hardware involved in the 

implementation.

The direct-SVD realization is obtained by using the design method described
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in Section 2.3. The steps involved are as follows:

1) Specify the desired am plitude response and thereby obtain the corresponding

sampled amplitude-response m atrix A  given in (2.20).

2) Decompose m atrix A  using the SVD as in (2.21) to get u, and v,, where 

1 <  i < r.

3) Design K  2-D FIR  filters, each of which is obtained by designing two 1-D 

zero-phase FIR  filters characterized by transfer functions Fi(z\)  and G't-(z2) 

corresponding to the desired amplitude responses u; and v,-, respectively, 

where 1 <  i < K  and 1 <  K  < r .

4) Obtain the resulting 2-D zero-phase transfer function through (2.14).

5) M ultiply the resulting 2-D zero-phase transfer function by Z iNl^2 and z~N2^2 

to obtain the linear-phase 2-D transfer function.

If Ni  =  N 2 = N,  the number of the multiplications needed in the direct SVD 

realization is 2K N  where

N  =
' ( N  + l ) /2  if JV is odd 

N /2  +  1 if iV is even

is the number of multiplications needed in the implementation of a 1-D FIR  filter. 

Integer K  is the number of singular values tha t must be used in the design to 

reduce the approximation error introduced by the SVD 1 o a satisfactory level.

2.4.2 Modified-SVD Realization

The second realizat ion is a modified version of the first which takes advantage of 

the sym m etry of the impulse response of a linear-phase 2-D FIR  filter. The design 

is reformulated in term s of the singular values of a m atrix C of rank r c, where 

rc does not exceed half of the order of the 1-D FIR  filters used. This allows the
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designer to eliminate the error introduced by the application of tin* SVD using a 

smaller number of parallel sections.

The modified-SVD realization can be obtained by manipulating the transfer 

function of the 2-D filter. From (2.14) to (2.18), we can write

K  N/ 2  N/ 2

» ( * ! . =  El  E  /i(»i)=r”‘][ E  9i(»2)--n
*=1 m = —N/ 2  n 2 ~ —N/ 2

N/ 2  N/ 2  K

13 J 2  [J2 f i{ni)g,(n2)}z^ 
n \ = —N/ 2  n2 =—N/ 2  i= l

-«l „-n-2 
2

where

N/ 2  N/ 2

= E  E  =(».. »2)rr"'=r' <*»)
n j = —N/ 2  ii2 ——N/ 2

K
c(nu n 2) = Y ^ M n i)</«(” 2 ) (‘2-2:1)

;=i

The SVD of m atrix C  =  {c(ni, 7*2)} can be written as

Tc

c  =  ^cfUc-vJl ct * Cl

t=1

TC
=  5 > « * S  (2.24)

i=i

where rc is the rank of C. Nov/ if all the singular values of C for i > K r can be 

neglected, we can write

Kc
C « 5 3 u c;v^ (2.25)

t=i

and on combining (2.22) and (2.25), we have

N/2 N/ 2 K c

” ‘ '1 "2H{zu  z2) & 5 3  /L  J ^ ^ c i (n i ) vd (n 2)^ n iv- n2
n i= -A T /2  U2—- N / 2  t= l
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«  Y^Fciiz^Gciizi)  =  H { z u z2) (2.26)
1=1

where

N/ 2

Fci{z\) =  uci(n1)z~ri1
n \ ~ - N / 2

and

N/ 2

G c{( z 2) =  J 2  Vci(n2) z 2 "2 
n2=-AT/2

'I'herefore, a realization can be obtained by connecting I \ c (1 <  K c < rc) 2-D 

zero-phase filters in parallel, where each 2-D filter consists of two cascaded 1-D 

FIR filters represented by F ci ( z i )  and G ci ( z 2).

A step-by-step procedure for the modified-SVD realization starts with steps 

(l)-(4) given in section 2.4.1 and concludes with the following additional steps:

5) Form coefficient m atrix C using (2.23).

6) Perform the SVD on m atrix C to obtain vectors uc; and v c,-, 1 <  i < rc, 

as in (2.24) and retain the vectors corresponding to the K c most significant 

singular values.

7) O btain the 2-D zero-phase transfer function using (2.26).

From (2.23)

c  =  E  t 'is f  =  [fi • • ■ M te i  • • • g /c f
t= l

where

f, =  [/i( - f V / 2 ) . . . / t(A72)]T
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and

g. =  [ff.(-iV /2)---5 l (A72)]r

Hence it follows tha t he rank of C satisfies the inequality rc <  A’. Moreover since 

f; and gt- are mirror-image symmetric, matrix C is quadrantally symmetric (see 

(A .l) in Appendix A). Consequently, there are at most N  linearly independent 

row (or column) vectors in C  and, therefore

r c <  min (N,  K )  (2.27)

In the modified-SVD realization, vectors u c, and v tl in (2.2-1) are all mirror 

image symmetric, as shown in Appendix A. Consequently, /'li(~i) and Cl((~^) 

mpresent 1-D zero-phase F IR  filters which can be readily designed using one of 

the standard methods. A 2-D, causal, linear-phase realization can be obtained 

by multiplying Fci{zx) and Gci(z2) by z ^ N/2 and r.JN/2. respectively.

The number of multiplications required by the modified-SVD realization is 

2KCN . If K  <  N  then from (2.27) we have K c <  i\. < I\ and, therefore, the 

modified-SVD realization is more economical than the direct-SVD realization. 

If I< > iV, we have K c <  r c < N  and, once again, the modified-SVD realiza­

tion is more economical than  the direct-SVD realization. In the later case, the 

modified-SVD realization has the additional advantage tha t the value of A' can bo 

increased to r, the number of singular values in A , without increasing the number 

of multiplications. Consequently, the approximation error can be reduced further 

at no additional cost.

2.4.3 SVD-LUD Realization

The SVD-LUD realization is, in effect, a modified version of the second realiza­

tion. As in the second m ethod, the error introduced by the application of the 

SVD can be reduced by increasing the number of parallel sections and, in addi­

tion, the  number of multiplications can be reduced further through the use of the 

LU decomposition.
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Instead of decomposing C using the SVD, the LUD is used [44] to give

C =  LCU C (2.28)

where L„ and U c € R NxN are the lower- and upper-triangular matrices, respec­

tively. Since m atrix C given by (2.23) is quadrantally symmetric, it can be shown 

that L f =  and U c =  {iq,j} satisfy the relations

k j

/jv-i+ij for 1 <  i, j  < N  

0 for j  > rc 

0 for i < j  and j  < rc

and

u,-tA,T- j +1 for 1 <  i, j  <  N  

0 for i > rc

0 for j  < i and i < rc

res])ectively, i.e. L c and U c have the forms of

L c =

*

*  0

*  0 
0

0
0
0

0
0
0

and

U  c =

* % *

0 * :
0 * 

0

* % *

: * 0
* 0 
0

0 0 0 ••• 0 0 0



resectively, (see Appendix B) where the nonzero columns (rows) in L,. (U,.) are 

also mirror-image symmetric.

Now if we let Z; =  [zf^2, 1 z J N^2]. z — 1, 2, then (2.26) can be

written as

H {zu  z2) =  ZrLcVcZl

= Y . L ci{zx)Uci{z2) (2.29)
i= i

’./here 1 <  K c <  rc and

{ N / 2 + l ) - i

L ci(Zl) =  £  Lc(nu i ) z ^
m = i - ( N /  2+1)

and

( N / 2 + l ) - t

Ud{z2) =  £  Uc(i, n 2)z,-na
n2= i—(JV/2+1)

A 2-D, causal, linear-phase realization can be obtained by multiplying L ci { z i)

and Uci(z2) by z±N^2 and z2N^2, respectively.

A step-by-step procedure for the SVD-LUD realization starts with steps (1 )- 

(4) given in Section 2.4.1 and concludes with the following additional steps:

5) Form coefficient m atrix C using (2.23).

6) Perform the LUD on m atrix C to obtain matrices Lc and U r by (2.2d).

7) O btain the 2-D zero-phase transfer function through (2.29).

As in the modified-SVD realization, full accuracy can be achieved by using 

rc parallel sections along with K  = r , according to (2.27). The number of mul­

tiplications required in this realization is K C(2N  — K c +  1), when- 1 < K r <  ry,
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Table 2.1: Number of Multiplications Required by the Realization Schemes

Realizations Direct SVD Modified SVD SVD-LUD

No. of Multipli. 2I<N 2 K J i K J 2 N  -  K c + 1)
Upper Bound 2r N 2 N 2 N { N  + 1)

which is always less than 2KCN,  the number of multiplications required in the 

modified-SVD method. Also note tha t by (2.27), K C(2N K c + 1) has an upper 

bound N ( N  +  1) which is less than 2IV2, the upper bound for the modified SVD 

method. Consequently, the SVD-LUD method usually leads to the most econom­

ical realization. The numbers of multiplications required by the three realization 

schemes are given in Table 2.1.

2.5 Error A n a ly sis

As was dem onstrated in Section 2.4, in the direct-SVD realization a number 

of singular values of A  and in the modified-SVD and SVD-LUD realizations a 

number of singular values of A and/or C may be neglected in practice. In this 

section, a quantitative error analysis is undertaken which would facilitate the 

determination of the number of singular values tha t should be used in the design 

and the maximum approximation error tha t should be achieved in the design of 

the 1-D filters.

2.5.1 Direct-SVD Realization

Assume that the direct-SVD method has been used to design a 2-D FIR filter for 

a desired frequency response A  and that its transfer function H { z \ ,  z 2) is given 

by (2.14). Let f, and g ,• be the column vectors obtained by evaluating $,-(uq) 

and I\(uq) at frequencies oq =  7r/q/7'i and uq - 7rz'm/l2 . where 1 <  I < L and



1 < m  <  M,  respectively, i.e.

Si =  [ r , ( ^ )  ( ^ ) f
J- 2 i  2

The am plitude response of the 2-D filter at frequency point (uq, w2) =  {irpi/'I\, 

WmlT?)  is given by E f  f ig f  and, therefore, the approximation error at this 

frequency point is the ( l ,m)  entry in the error m atrix E  defined by

E — {c/,m}

=  E f i s f - A
t=i

=  -  w f )  -  Y  (Tiu.vf (2.30)
i= l  i= A '+ l

If we define

A fii =  fi -  Uj, A  Vi =  g; -  v,-

then A fl; and Av,- represent the approximation errors in the 1-D frequency re­

sponses and r f(w2 ), respectively. From (2.30), we can write

K  r
E =  ^ ( A u ; v f  +  u ,-A vf +  A u tA v f)  -  Y

t= l  i=A ’+ l

=  E [ ° ‘t1/2(A fi«v f  +  u iA v f)  +  A u .A v f]  -  Y  a'u 'v f
i= l  i=A‘+J

The (/, m) entry of m atrix E  can be expressed as

e/,m = \pi P2 ■■■ PL] E  [<7i (pi ■ • • <ImY
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where

arid

_  1 for i = I
^ ' ] 0 otherwise

_  1 for i — m
| 0 otherwise

and hence

K  r
£ l , m  — ^  ( / ^ . U n V i m  ~\~ U { I & V i m )  -(- A ftj'/Z V ejm ] ^

t '= l t= A '+ l

where uu denotes the Zth component of vector u,, etc. Since vectors u, and v,- 

are all unit vectors for 1 <  i < r , an upper bound on the magnitude of e/,m can 

be obtained as

|e/,m| S  £2t’) el*e2t] +  X / ai (2.31)
i= l  i=I<+l

where cu and represent the  maximum approximation errors in the frequency 

responses $j(w i) and respectively.

If the approximation error in each 1-D filter design is reasonably small, then 

the high-order terms 1 <  i <  A', in inequality (2.31) can be neglected.

We note also tha t the right-hand side in (2.31) is independent of I and m, and 

hence (2.31) holds also for the maximum of |e/,mj. We have, therefore, obtained 

an upper bound for the maximum approximation error over the set of sampled 

frequency points as

Coo — ^pK d" trK (2 .32)1< /<L, l < m < M

where the principal error ep/v- and the residual error ctk  are defined by

K

tpi< (£l* d" C2i) (2.33)
i=i
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and

r

eTK = J 2  ai
t= A '+ l

respectively.

The error bound given by (2.32) shows clearly how the choice of K  and the ap­

proximation error introduced by a specific 1-D design technique affect the overa 1 

approximation error in the 2-D filter. In practice, K  should be chosen to keep the 

number of parallel sections small and the residual error (VK acceptable. Having 

determined the value of K , the principal error fpK can also be made acceptable 

by controlling the 1-D design errors eu and e2« for 1 <  i <  A', by increassing the 

orders of the 1-D filters or by using a better design m ethod for the 1-D filters. 

From (2.33) it follows tha t small approximation error should be obtained in the 

design of those 1-D filters that correspond to the large singular values.

2.5.2 Modified-SVD and SVD-LUD Realizations

In this section, an error analysis is given for the modified-SVD and SVD-LUD 

realizations. As in the direct-SVD realization, a trade-off exists between the 

number ot parallel sections used and the approximation error. An error analysis 

is, therefore, useful to  the designer.

Assume tha t a 2-D FIR filter has been designed using K  singular values of 

the desired frequency response A  and tha t its transfer function //(~ i, z-2) is given 

by (2.22). If a modified-SVD or a SVD-LUD realization is obtained comprising 

K c parallel sections, where 1 <  K c < rc, the error introduced is given from (2.22) 

and (2.26) as

H ( z i ,  Z 2 )  -  H { Z U  Z 2 )  =  Z j( C T d U c i l f y Z l

i = K c +1
(2.35)
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where Z\, i =  1, 2, are row vectors as defined in Section 2.4.3 and

K c

H(zi ,  z2) =

= Y  Fci{z\)Gci{z2)
i= i

Under these circumstances, the approximation error at frequency point 

(wi, u 2) = (tt/ii/ T i , ■Kvm/ T 2) is given by

k m |  =

=  |al}7n- H { e M , eju2T*)\ + \H{ej“'T\  e ^ 2) -  H{ejuJlT\  ej“2T2)\

=  |e,,m| +  |II{ej“xT\  ejw2T2) -  H{ejwiT\  eM )\ (2.36)

where |e/,m| has an upper bound given by (2.32), the second term  on the right- 

hand side in (2.36) can be estim ated as

| II (rJu;s T' , ĉ T2) - I I ( ĉ t \  e ^ ) |  =  |Z j( Y  ^ iU civTci)ZT2 \
i=A 'c+ l

< IIZ.II IIZill IK £  w S ) l l
i=A 'c+ l

= N  Y  aci (2.37)
i= K c+ 1

where || • || denotes the Euclidean norm of the m atrix involved. The estim ate in 

(2.36) in conjunction with (2.32) and (2.37) leads to

e^o = max |e/,m| <  epK + erK +  es (2.38)
1 < / < L ,  1 < m < M

where e,,/v- and fr/v- are given by (2.33) and (2.34), respectively, and cs given by

£5 =  N  Y  aa (2.39)
i=Ac+l
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is the error introduced by using a reduced number of sections.

W ith K  =  r, the residual error in (2.38) vanishes and (2.38) becomes

ôo ^  £pr ”1” f-s (2.-10)

In other words, one can design a linear-phase 2-D F ill  digital filter using only A',, 

parallel sections if all the 1-D filters involved are designed such that the principal 

error epr is. sufficiently small and, if I \c is chosen such tha t the error in (2.39) is 

also sufficiently small.

2.6  E x a m p les

In this section, the design of a bandpass and a fan 2-D filler are presented to 

illustrate the effectiveness of the proposed design method.

2.6.1 Two-Dimensional Bandpass FIR Filter

The desired am plitude response of a circularly symmetric 2-D bandpass FIR filter 

is specified by

ejuJ2T2)\ =
0 0 <  VtUi2 +  U>22 <  UJai
1 WP1 <  vW  +  ofr* <  u V2
0 Wa2 <  i/W |2 +  U>22 < 7T

where wai = 0.247r, coPl =  0.367T, ix>P2 =  0.647T and lo,12 =  0.767T and is illus­

trated  in Figure 2.1. The corresponding sampled am plitude response A i = 

| t f i ( e ^ ‘, eJ’r"m)| can be expresed as

|R 1(e,>w, ) | =
0 0 <  y/fl[2 +  Um2 <  UCl /7T

1 U c J l T  <  y/ f l j 2 +  l / m 2  <  U )C 2 / n

0 UC2/tT < y /m 2 + flm2 <  1

where
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for / =  1,2, • • •, L and m  — 1,2, • • •, M  with L = M  = 36.

An easy-to-use numerically reliable software package called MATLAB has 

been used to perform SVD on m atrix A j in order to obtain the necessary data 

for the designs in the following steps.

The 1-D FIR  filters were designed by using the Fourier series method along 

with the Kaiser window function, which is known for its simpli ;ity and flexibility 

[3]. As may be expected, the higher the order of the 1-D filters, the lower the 

approximation error. By trial and error, a value of 29 for N  was found to give 

satisfactory results.

As is shown in Figure 2.2, there are 19 nonzero singular values resulting from 

the SVD of m atrix A j but, as is shown in Table 2.2, if only the first 9 are used 

in the design, the approximation error is less than 4%. The 3-D plot and the 

contour plot of the am plitude response obtained for a direct-SVD realization 

with 9 sections are shown in Figures 2.3 and 2.4 (each contour plot used in this 

chapter has 12 levels), respectively.

If all 19 nonzero singular values of A i are used in the design, then the rank 

of m atrix  C defined in (2.23) is 15. If singular values 10 to 15 are neglected, the 

digital filter can be realized using the modified-SVD or SVD-LUD scheme with 

I \c — 9- The 3-D plot and the contour plot of the am plitude response obtained 

are shown in Figures 2.5 and 2.6, respectively. The maximum passband and 

stopband errors for different values of K  and K c are shown in Table 2.2. The 

number of multiplications required by the three realization schemes are listed in 

Table 2.3. An examination of Tables 2.2 and 2.3 suggests tha t the best choice for 

the designer is to  use I\ — 19 and I \ c — 9, and realize the filter by the SVD-LUD 

scheme.



Table 2.2: Approximation Errors (Bandpass Filter)

Direct SVD Modified SVD or SVD-LUD
K 9 15 19 A' =  19, K e = 9

Passband 0.0332 0.0276 0.0275 0.0282
Stopband 0.0290 0.0287 0.0263 0.0274

Table 2.3: Number of Multiplications

K Direct SVD Modified SVD SVD-LUD
K c =  9 II Ol K c = 9 A',. =  15

9 270 270 N/A 198 N/A
15 450 270 450 198 240
19 570 270 450 198 240
22 660 270 450 198 240

Table 2.4: Approximation Errors (Fan Filter)

Direct SVD Modified SVD or SVD-LUD
K 9 15 22 K  = 22, K c =  9

Passband 0.0475 0.0391 0.0390 0.0411
Stopband 0.0331 0.0267 0.0250 0.0281
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2.6.2 Two-Dimensional Fan FIR Filter

The above approach has also been applied for the design of a fan filter having an 

amplitude response

1 w2 <  0.6wi -  0.02857tt
0 U>2 > O.6W1 +  0.11437T

for 0 < uji, cj2 <  7r, as depicted in Figure 2.7. The corresponding sampled 

amplitude response A 2 =  |/ / 2 (eJ,rw, eJ'7rt'm) | can be w ritten as

where / =  1 ,2, • • •, L and m  = 1,2, • • •, M  w ith L =  M  — 36.

There are 22 nonzero singular values resulting from the SVD of m atrix A 2 

as depicted in Figure 2.8 but if the last 13 are neglected in the design, the 

approximation error is less than 5%. The am plitude response obtained for a

If all 22 nonzero singular values of A 2 are used in the  design, then the m atrix C 

defined in (2.23) has 15 nonzero singular values, but the last 6  may be neglected. 

Therefore, the digital filter can be realized using the modified-SVD or SVD-LUD 

realization scheme with K c =  9. The am plitude response obtained is illustrated in 

Figures 2.11 and 2.12. The maximum passband and stopband errors for different 

values of K  and K c are shown in Table 2.4. The number of multiplications 

required by the three realization schemes are given in Table 2.3. An examination 

of Tables 2.4 and 2.3 suggests tha t the best choice for the designer is to use 

I\ =  22, K c =  9 and realize the filter by the SVD-LUD scheme.

2.6.3 Comparisons

To compare the proposed design method with other well-established design m eth­

ods, the McClellan transformation method [2 , 9] and the 2-D window m ethod [1]

J  7Tl/m vm <  0.6/q -f 0.0457 
vm >  0.6m +  0.0457

direct-SVD realization with K  =  9 is illustrated in Figures 2.9 and 2.10.
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have been used to design the same bandpass and fan filters.

A 1-D bandpass FIR filter of order 29 was first designed and the linear Mc­

Clellan transformation recommended in [9] was then used to obtain a 29 x 29

2-D, circularly symmetric, bandpass filter. The am plitude response obtained is 

illustrated in Figures 2.13 and 2.14. The application of the window method re­

sulted in a 29 x 29 bandpass filter whose am plitude response is illustrated in 

Figures 2.15 and 2.16.

The maximum passband and stopband errors obtained are summarized in 

Table 2.5 along with the results obtained in the SVD-LUD realization with A' = 

19 and K c — 9. As can be seen, the SVD approach gave the lowest approximat ion 

error with respect to the passband and stopbands and, in addition, it. resulted 

in highly circular contours in the am plitude response. The window method gave 

a fairly good approxim ation but a  relatively large number of multiplications is 

required in the implementation. The McClellan transformation, on the other 

hand, resulted in the most economical realization [65] but, unfortunately, the 

approximation error is quite large in the upper stopband. Furthermore, the 

circularity of the  contours of the am plitude response deteriorates rapidly as u>\ 

and u>2 are increased.

The McClellan transformation and window method were then used to design 

the fan filter. T he am plitude response obtained is illustrated in Figures 2.17 and 

2.18. The application of the window m ethod gives a 29 x 29 fan filter whose 

am plitude response is illustrated in Figures 2.19 and 2.20. The results obtained 

are summarized in Table 2.6 along with the results obtained in the SVl)-L(Jl) 

realization with K  =  22 and K c =  9. Evidently, these results are fairly consistent 

with those in Table 2.5 and one is, therefore, tem pted to conclude that the afore­

mentioned m erits and demerits of the three approaches are applicable to other 

types of filters.
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Table 2.5: Comparison with the McClellan Transformation Method and Window 
Method (Bandpass Filter)

SVD-LUD realization 
with K  =  19, K c =  9

McClellan
method

Window
method

Passband 0.0262 0.0381 0.0281
Stopband 0.0274 0.3709+ 0.0714

No. of Multipl. 198 169 240

Table 2.6: Comparison with the McClellan Transformation Method and Window 
Method (Fan Filter)

SVD-LUD realization 
with K  =  19, K c — 9

McClellan
method

Window
method

Passband 0.0411 0.0325 0.2905
Stopband 0.0281 0.9634+ 0.0220

No. of Multipl 198 169 240

2.7 C on clu sion s

The SVD has been applied in the design of 2-D FIR  digital filters and three 

realizations have been proposed. The direct-SVD realization is based on the 

principles used in [23] for the design of 2-D HR filters. However, the modified-

SVD and SVD-LUD realizations are new.

Each of the three realizations consists of a parallel arrangement of cascaded 

pairs of 1-D digital filters. Hence extensive parallel processing and pipelining 

can be applied. The 1-D FIR filters can be designed using well-known standard 

design methods and by using linear-phase causal 1-D filters, linear-phase causal

2-D filters can be obtained.

A quantitative error analysis has been carried out which can facilitate the 

determination of K  and A'c, the number of singular values of matrices A  and C, 

that should be used in the design and the maximum approximation error tha t 

should be achieved in the design of the 1-D filters.

The three realizations were used to design a bandpass and a fan filter and 

These designs may not be optimal



the results obtained were compared. It was found tha t when the same number of 

parallel sections are used in the three realizations, the modified-SVD realization 

results in a smaller approximation error than the direct-SVI) realization and the 

SVD-LUD realization results in the same approximation error as the modified- 

SVD realization but requires a reduced number of multiplications. Therefore, 

the SVD-LUD realization is the best of the three and should always be preferred. 

However, this does not obviate the need for the other two realizations si net' the 

direct-SVD realization must be obtained before the modified-SVD realizat ion can 
be obtained and, in turn , the modified-SVD realization must be obtained before 

the SVD-LUD realization can be obtained.

The bandpass and fan filters were also designed using the McClellan transfor­

m ation and the 2-D window method and the results obtained wen* compared with 

the results obtained using the SVD approach. The SVD-LUD realization resulted 

in very good approximations both with respect to the passband and stopband(s) 

while the com putational complexity was moderate in both examples; in the cast1 

of the bandpass filter, excellent contour circularity was achieved in the passband. 

The 2-D window method resulted in fairly good approximations but tin* number 

of multiplications required in each design was very high. The McClellan t rans­

formation resulted in the most economical designs but the approximation error 

was found to be quite large in the upper stopband of the bandpass filter and the 

stopband of the fan filter; in addition, in the bandpass filter the circularity of the 

contours was found to deteriorate at higher frequencies.



;ure 2.1: Ideal am plitude response of 2-D FIR  bandpass filter.
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Figure 2.2: Singular-value distribution of m atrix Aj,.
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Figure 2.3: Three-dimensional plot of the am plitude response of the bandpass
filter obtained by using the direct-SVD realization with K  =  9.
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Figure 2.4: Contour plot of the  am plitude response of bandpass filter obtained
by using the direct-SVD realization with K  = 9.
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Figure 2.5: Three-dimensional plot of the am plitude response of bandpass filter
obtained by using the modified-SVD or SVD-LUD realization with I< = 19 and
K c = 9-
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Figure 2.6: Contour plot of the am plitude response of bandpass filter obtained
by using the modified-SVD or SVD-LUD realization with K  — 19 and K,~ =  9.



Figure 2.7: Ideal am plitude response of 2-D FIR  fan filter.



20

18

16

14

12

10

8

6

4

2

0

Figure 2.8: Singular-value distribution of m atrix A 2
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Figure 2.9: Three-dimensional plot of the am plitude response of fan filter obtained
by using the direct-SVD realization with K  =  9.
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Figure 2.10: Contour plot of the am plitude response of fan filter obtained bv
using the direct-SVD realization w ith K  =  9.
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Figure 2.11: Three-dimensional plot of the am plitude response of fan filter ob­
tained bv using the modified-SVD or SVD-LUD realization with K  =  22 and
Kc = 9.
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Figure 2.12: Contour plot of the am plitude response of fan filter obtained by
using the modified-SVD or SVD-LUD realization with K  = 22 and K c — 9.
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Figure 2.13: Three-dimensional plot of the am plitude response of bandpass filter
obtained by using the McClellan transform ation method.
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Figure 2.14: Contour plot of the am plitude response of bandpass filter obtained
by using the McClellan transform ation method.



Figure 2.15: Three-dimensional plot of the am plitude response of bandpass filter 
obtained by using the window method.



Figure 2.16: Contour plot of the am plitude response of bandpass filter obtained
by using the window method.



Figure 2.17: Three-dimensional plot of the am plitude response of fan filter ob­
tained by using the McClellan transformation method.



Figure 2.18: Contour plot of the am plitude response of fan filter obtained by
using the McClellan transformation method.
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Figure 2.19: Three-dimensional plot of the am plitude response of fan filter ob­
tained by using the window method.
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Figure ‘2.20: Contour plot of the am plitude response of fan filter obtained by
using the window method.



C hapter 3

D esign  o f  G eneral 2-D  F IR  
D ig ita l F ilters by U sin g  th e  SV D

I

3.1 In tro d u ctio n

A lim itation of (lie SVD method as presented in Chapter 2 is that the am plitude 

response of the filter is required to have quadrantal symmetry with respect to the 

(u-’i, ui‘2 ) plane. This limits the application of the method.

In this chapter, it is shown tha t the SVD of the sampled am plitude response 

of a 2-D digital filter with real coefficients possesses a special structure: every 

singular vector is either mirror-image symmetric or antisymmetric about its mid­

point. As a result, the SVD method can be applied along with 1-D FIR filter 

techniques for the design of linear-phase 2-D filters with arbitrary am plitude re­

sponses which are symmetrical with respect to the origin of the (nq, u,’2) plane. 

A quantitative error analysis is then described which can facilitate the determ i­

nation of the number of subfilters to be used and the required design accuracy 

for each 1-D subfilters to achieve a desired approximation error.

In Section 3.2 the general SVD 2-D FIR design method is discussed and an 

im portant property of a class of 2-D FIR filters is presented. In Section 3.3 an 

error analysis is given for the general SVD design method. In Section 3.4, a 2-1) 

lowpass FIR filter with rotated elliptical passband is designed to illustrate the 

effectiveness of the proposed method.



3.2 G eneral SV D  D esig n  M eth o d

3.2.1 Design

The impulse response h(rii, n 2) of a general 2-D linear-phase FIR filter must 

satisfy the relation

h{n\, n2) = h ( - n u  - n 2) (2.1)

Furthermore, if h(ni, n 2) is real then the frequency response' of the filter given 

by (2.13) is a real function which is symmetrical with respect to the origin of the 

(uq, u>2) plane such tha t

A^uq, ui2) = A'( — u.’i, —u!2) (3.2)

where — w <  uq, u>2 <  7r.

A 2-D FIR filter having an arbitrary am plitude response satisfying (3.2) can 

readily be designed by using a parallel arrangement of I\ 2-1) FIR sect i ons  each 

comprising two 1-D subfilters in cascade as will now be dem onstrated. Such an 

arrangement can be represented by the transfer function as in (2.13)-(2.1S) and 

if F i ( z i )  and G i ( z 2) are assumed to represent zero-phase or f-phase filters, then 

their frequency responses are given by

Ari /2

W Tl) = ]T /.(mb

and

A2/2

Gi(eju*T*) = £  m (u2)<
n2= - N 2/ 2

=  Tl(u22)c:,e' (3.1)
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If f i t 11i) and {h(n 'i) a« ’ mirror-image symmetric, then 0, =  0 in (3.3) and (3.1) 

and 4>,(u;i) and Fi(u;2) are real functions which are even with respect, to nq and 

respectively; if f i (n \)  and gi(i>2) are mirror-image antisymmetric, then 0, =  tt/2 

and and F;(u72) are real functions which are odd with respect to uq and

‘jj2 , respectively. Under these circumstances, a zero-phase 2-D filter is obtained 

whose frequency response is given as

K

t 1̂ )  = Y , Fi{ciuJlTl)Vt{(3“2T*)
i=I

=  E ± $ , - ( u ; i ) r i (u;2) (3.3)
i=i

where the *+' sign corresponds to 0; =  0, and the ‘ — ’ sign corresponds to 0,- =  tt/ 2 .  

On comparing (3.5) with (2.19), we obtain

K
■d(uq, u;2) =  i$ { ( u ,’1)r,(n;2 ) (3 .0)

i = l

Now assume tha t m atrix A  =  {a/,m} represents a desired arbitrary frequency 

response such tha t (3.2) is satisfied, i.e.

«/,m =  4̂(7r/q, 7ri/m) =  /! (—7r/q, - i r v ni) (3.7)

where4 1 <  / <  F and 1 <  m  <  M .  The quantities /q and vm are normalized

fr<'quenci<\s over the entire baseband such tha t

, ,  ( - 1  . , m  — 1 ,
w - - i  +  2(— ), =  + T )

and — 1 <  /q <  1, — 1 <  vm <  1. The SVD of A is given by (2.21). In the next

section, an im portant property of a class of FIR filters can be stated in term s of

the following tlu'orem.
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3.2.2 Property

T h e o re m  3.1 If the frequency response of an FIR filter satisfies (3.‘2). then 

vectors u, and v, in (2.21) are either mirror-image symmetric or antisymmetric 

simultaneously for i = 1, 2, • • •, r.

P ro o f: Let H  =  {h ij ,  1 <  j  < 2N}  he an 2N  x 2.V arbitrary matrix

with real elements such that

hi,j — h2N+i-i;2N+i-j (3.S)

and, for the sake of simplicity, assume that the matrix is square* and of oven si/e. 

and has distinct singular values. If matrices I, I, and H  an* defined by

1 =

0 . . .  0 1
0 . . .  1 0

1 . . .  0 0

1 = Iv  0 
o  t v

. and H  -  IH I H , l l 2 
H , H ,

respectively, where the sizes of I N, I n ,  H i and H 2 are .V x .V, and the sizes of 

I  and H  are 2 N  x 2N,  respectively, then m atrix H  can b<> decomposed as

H  =  IH I  =  U S V T =  [Ul ■ • • Ui • • • u 2iV]S [Vl • • • v, • • • v a.v]7'

where u; and v t- are normalized eigenvectors of H H 7 and H 7H . respectively.

Assume that u,- is a normalized eigenvector of H H 7, i.e. there exists a rr, such 

that

H H TU, =  <7 ; Uj  

Substituting (3.9) into (3.10), we have

IH I(IH I)  u, =  (IH H  I)u , =  it,u,

(3.10)

(3.11)

and

H K  I  u, =  a, I  u, (3.12)
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If we let

then

iu , =

and, therefore, (3.1*2) becomes

HH 3

Note that

U; =
U,1

u *

U,1 X,1

i u * X *

X ,l X ,i
- a ,

X,-2
. x ' 2 .

(3.13,

H H 7
A B 
B A H H t = H! H2 

H 2 H x
H f H3* 
H i  H f

' A B
B A

HxHf + H 2H l  H iH j + H2H f  
H 2H?’ + H 1H3’ HaHj + HxHf

where A is positive semidefmite and B is symmetric. Therefore, 

expressed as

c a n  b e

A B X;1 X,1

B A X *
=  <*i

. X ‘2 .
(3.11)

By writing (3.11) in another m atrix notation, we have

A B x * X{2
B A x «i

=  CTj
Xil

Now on comparing (3.15) with (3.14), we note that both vectors

X ,l
a n d

x,2

X * . X11 .
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are eigenvectors of matrix H H T associated with the same eigenvalue rr, an> 

therefore, the two vectors must he linearly dependent, i.e. they must satisfy

X ii
=  ±

X,2

X,'2 x ; i

which implies that

— X j2 Ol X jj  —

If x ti =  x t'2 =  x,-, we can write

Iu,

which means that U; is mirror-image symmetric. On the other hand, if x,i 

—x ,2 =  x,-, we have

X, and u —
r nx,

X, i x ,

u,
X,

- i x ,

which implies that u* is mirror-image antisymmetric. Furthermore, by (3.!))

(d.Ki)v  = Ih t!(u t ) 1s ~1

Since, I  is symmetric and U  is orthogonal, i.e. ( U 7 ) 1 =  U, matrix V  can

expressed as

v  =  i h t ! u s - ' (d.iT

if

u, =
x,
ix ,

then (3.17) implies

v, =  a ~ 1I H TIu ; =  a~ i ' (H 1 + H 2 ) t x , ■ y.
. i(H ! H 2)/ x , . i y . .
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where y, = + H 2)Tx„ If

x t

U k*ii ( 3 . 1 7 )  i m p l i e s

Yi
. - i y . .

whore y, = o ~ ‘(Hi — H 2 )7 x,. This shows that the two vectors u, and v, have the 

same symmetry prop rties simultaneously, that is. they are either both mirror- 

image symmetric or antisymmetric. □

On comparing (3.5) with (2.21), u, and v,- may be taken to be sampled versions 

of the frequency responses ^ ( ^ l )  and r,-(u>2), respectively. By designing the 

I I) FIR filters characterized by F{{zi) and (^(z?)  (1 <  > <  A”, 1 < A' < r) 

as zero-phase or ((-phase filters and then interconnecting the filters obtained as 

in Figure 3.1, a zero-phase 2-D filter is obtained whose amplitude response is 

a good approximation to the desired amplitude response in the minimal mean- 

square-error sense (see Theorem 1.2). The impulse response of the resulting filter 

is given by

K
h{nu  n2) =  ]T  /i(nx)<jf,-(n2) (3.18)

1=1

A 2-1) causal linear-phase filter can readily be obtained by shifting the impulse 

response by N i f 2 and -V2/2  with respect to the Hi axis and n 2 axis, respectively.

This can be accomplished by multiplying F,(ci) and fr,(~2) by and z ^ ^ 1.

respectively. The design of the 2-D filter can be completed by using any one 

of the standard methods for the design of 1-D FIR filters. Using the Fourier 

series method in conjunction with window techniques [3], designs can be obtained 

very quickly with a small amount of computational effort. These designs are

V , =  (J, ' i H 7 ! ! ! ,  =  (Tj 1
(K 2 —HO xi 

- i ( H 2 - H x ) r x,



not optimal although the approximation error can be made arbitrarily small In- 

increasing the order of the 1-D filters used. On the other hand, by using met h o d s  

based on the Remez algorithm [43], it may be possible to obtain optimal designs 

although a large amount of computation would be required.

In the above design approach, the sampling density must be high enough 

in order for matrix A to represent the ideal amplitude response well. However, 

since the dimension of A, namely L x A/, determines the dimensions of vectors u, 

and v,-, a high sampling density leads to high-order FIR filters. Furthermore, the 

SVD of matrix A is time-consuming and may entail numerical ill conditioning, 

particularly if L  or M  > 100. Based on a variety of designs we carried so far. a 

sampling density L x M  with 60 <  /,, M  < 90 is appropriate if the order of the 

FIR filter to be designed is in the range 25 x 25 to 11 x 11.

3.2.3 Design procedure

To summarize, the general SVD design can be accomplished t hrough the f o l l o w in g  

procedure:

1) Specify the desired amplitude response and thereby obtain the corresponding

sampled amplitude response matrix A.

2) Decompose matrix A using (2.21) to get u, and v,, where 1 < i < r.

3) Obtain K  (1 <  K  <  r) 2-D FIR filters by designing either two I I) zero 

phase or two —phase FIR filters characterized by transfer functions |) 

and Gi{z2) assuming sampled frequency responses u, and v t, respectively.

4) Obtain the impulse response of the resulting zero-phase 2-D filter through 

(3.18).

5) Multiply the resulting 2-D zero-phase transfer function by ;i|1(l 

Z<i ^  l ^ 2 to obtain a causal linear-phase 2-D FIR filter.
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3.3 Error A n alysis

Assume that the SVD method has been used to design a 2-D FIR filter for a 

desired frequency response A and that the transfer function / / ( c 1? z2) is given

by (2.14). Let f, and g,• be the column vectors obtained by evaluating $i(wi) 

and r,(u;2 ) at frequencies u>x =  wfn/Ti and u 2 — TTVm/ T 2, where 1 < I < L, 

1 < in < M  and 7\, T2 are the sampling periods, i.e.

-I i 1 1

~   rr  / \ r* tgi — |f i( ) ' ' ' i{ rp )J
l  2 J 2

'I'lie amplitude response of the 2-D filter at frequency point (u,’i. uj2) =  (7r /q /7 i, 

TTf'm/7 2 ) is the (I, ni ) entry of matrix Yli f ig f  and, therefore, the approximation 

(*rror at this frequency point is the (l , m ) < .try in the error matrix E defined by

E  =  {c/,m}

=  E f . g f - A
i=i

=  -  u . v f )  -  ir  a w l (3.19)
t = l  i=A "+l

If we define

Aii, =  f, -  u ;, A v , =  g, -  v t

then A u , and A v , represent the approximation errors in the 1-D frequency re­

sponses $i(uJi) and r ;(oj.2), respectively. From (3.19) it follows that

I\ r

t=l i=I<+l
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where uu denotes the Ztli component of vector u,, etc Since vectors u, and v, 

are unit vectors, an upper bound on the magnitude of e/,m can be obtained as

K  r

|e;,m| <  +  e2i) +  cn'e2t] +  X] a ' (-5.20)
i = l  t= /C + l

where eu and e2; represent the maximum approximation errors in the frequency 

responses <fq(cei) and r,-(ce2), respectively.

If the approximation error in each 1-D filter design is reasonably small, then 

the high-order terms £1,62; in inequality (3.20) can be neglected. We note- also 

that the right-hand side in (3.20) is independent of / and /», and hence (3.20) 

holds also for the maximum of We, therefore, have obtained an upper

bound for the maximum approximation error over the set of sampled frequency 

points as

e~  =  ^ (Pl< + <rK (;5-‘2l)1 <1<L, l < m < M

where the principal error cvk  and the residual error c,-k are defined by

K
evK =  e‘2‘) (3.22)

1 =  1

and

r
(r K — }  / ;

i=A'+l

respectively.

The error bound given by ( 3 . 2 1 )  shows clearly how the choice o f  K  and t h e  

approximation error introduced by a specific 1-D design technique alfect the over­

all approximation error in the 2-D filter. As I\ —> r, the residual error < , k  will 

tend to zero and the approximation error in the design of the 2-D filter is re­

duced to that introduced in the design of the 1-D FIR filters but the number



of multiplications required becomes very large. Hence in practice, K  should be 

chos‘*n to keep the number of parallel sections small and the residual error <, ;v- 

acceptable. Having determined the value of K,  the principal error cpk  can also 

be made acceptable by controlling the 1-D design errors and o2i for 1 < i <  A\ 

by increassing the orders of the 1-D filters or by using a better design method for 

the 11) filters. From (3.22) it follows that small approximation error should be 

obtained in the design of those 1-D flit era that correspond to the large singular 

values.

In this section, a 2-D lowpass FIR filter with a rotated elliptical passband is 

designed to illustrate the effectiveness of the proposed method.

The desired amplitude response of the 2-D lowpass FIR filter, shown in Fig­

ure' 3.2, is specified by

With /. = M  = (il, the corresponding sampled amplitude response A = 

| c a n  be expressed as

3.4 E xam p le

wneiv

d?] =  u,’i cos a +  a.’2 sin n

a .’2 ”  —u-'i sill O -f* u?2 COS O

and

a — 7r/(i. =  0.327T, <jJP2 =  (l.-Tdx. =  0. 18tt. =  O.GSx.

Jjl'ml I _  /   ̂ (/b/wc'l ) T (i'm / u' ) — l/^T2
1  ̂ \  0 otherwise



(if)

Table 3.1: Maximum Passband and .Stopband Errors for FIR Filter Designed by 
Using the General SVD Method

K Passband Stopband

4 0.1360 0.1025
5 0.0851 0.0771
12 0.0393 0.0255
14 0.0365 0.0129
15 0.0295 0.0121
16 0.0150 0.0115
18 0.0121 0.0113
25 0.0117 0.0102

when'

f!i =  fit cos a  + vm sii; o. 1 < I < (il 

I'm —fit s i n  a  +  cvr, a .  1 <  in <  (>1

and

7J ( a i +  a.’,1, ) .  --C- ~  "  (A\,^ } . ).

I he software package MATLAB has Ix'en used to obtain the SVD of matrix 

A. The 1-D FIR filters were designed by using the Fourier series method along 

with the Kaiser window function. As may lx* expected, the higher the order of 

the 1-D filters, the lower the approximation error. By trial and error, il h a s  been 

found that a value of 29 for both Ay and Ay gives satisfactory results.

There were 25 nonzero singular values resulting from the SVD of matrix A. 

The resulting amplitude response of the lowpass 2-D FIR tilter for l\ 12 

is shown in Figure 3.3. The maximum passband and stopband errors for A’ ~ 

4, 5, 12, 14, 15 ,16, 18 and 25 are given in Table 3.1.
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3.5 C on clu sion

In l.Iiirf chapter, the SVD has been applied in conjunction with I-I) FIR filter 

techniques for the design of 2-1), causal, linear-phase FIR filters with arbilmrij 

amplitude responses. The method is relatively simple to apply and leads to a 

parallel arrangement of pairs of cascade sections. This configuration is. therefore, 

suitable for parallel processing and is amenable to VLSI implementation.
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Figure 3.1: Parallel realization of 2-1) digital filter.

i
I
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Figure 3.2: Ideal am plitude response of 2-D filter with rotated elliptical passband.



Figure 3.3: Amplitude response of 2-D FIR filter with rotated ellipt ical passband 
obtained by using SVD method (iVi — No =  29. K  =  12).



C hapter 4 

D esign  o f 2-D  H R  D ig ita l F ilters  
by U sin g  B alanced  
A pproxim ation  M eth od

4.1 In tro d u ctio n

I 'wo  d i m e n s i o n a l  H R  f i l t e r s  h a v e  a d v a n t a g e s  o v e i  2-1)  H R  f i l t e r s  i n  t e r n i '  o f  

s t o r a g e  r e q u i r e m e n t  a n d  c o m p u t a t i o n  e f f i c i e n c y .  T h e  m a j o r  d r a w b a c k  o f  1) 

H R  f i l t e r ;  is t h a t  s t a b i l i t y  h a s  t o  b e  c o n s i d e r e d  d u r i n g  t h e  d e s i g n  a n d  t h a t  l i n e a r  

p h a s e  is g e n e r a l l y  d i f f i c u l t  t o  o b t a i n .  I n  t h i s  c h a p t e r ,  a  m o d e l  r e d u c t i o n  t e c h n i q u e  

k n o w n  a s  b a l a n c e d  a p p r o x i m a t i o n  ( H A )  m e t h o d  [2(>. 2 5 .  2 7 .  TSj is a p p l i e d  in t h e  

d e s i g n  o f  2 1) d i g i t a l  f i l t e r s .  T i n 1 d e s i g n  s t a r t s  w i t h  a l i n e a r - p h a s e  2-1)  F I R  f i l t e r  

o f  t h e  t y p e  t h a t  m a y  b e  o b t a i n e d  b y  u s i n g  t h e  p i o p o s e d  g e n e r a l  S Y I )  m e t h o d  

a n d  c o n c l u d e s  w i t h  a l o w e r  o r d e r  2 1) d i g i t a l  f i l t e r ,  u s u a l l y  a n  H R  f i l l e r .  T h e  

r e s u l t i n g  2 1) f i l t e r  h a s  a s p e c i f i e d  a m p h t u d e  r e s p o n s e  a n d  i t s  p h a s e  r e s p o n s e  is 

a p p r o x i m a t e l y  l i n e a r  o v e r  t h e  p a s s b a n d .  F u r t h e r m o r e ,  i h e  2-1)  f i l t e r  o b t a i n e d  is 

m o r e  e c o n o m i c a l  a n d  c o m p u t a t i o n a l l y  m o r e  e f f i c i e n t  t h a n  t h e  o r i g i n a l  L'-I) F I R  

f i l t e r  a n d  t h e  st a b i l i t y  of t h e  f i l t e r  is q u a r a n t e e d .  ( ’o m b i n i n g  t h e  g e n e r a l  S Y I )  a n d  

H A  m e t h o d s  l e a d s  <o exc e l l e n t ,  r e s u l t s  a s  is d e m o n s t r a t e d  b y  d e s i g n i n g  a  l o w p a s s  

f i l t e r  w i t h  a r o t a t e d  el l i j  t i c a l  p a s s b a n d .

In Section 1.2, the background information regarding model reduction using



the balanced approximation (BA) will be briefly reviewed, and some preliminary 

material regarding 1-D and 2-D gramians and balanced realizations is also pre­

sented. In Section 4.3 the 2-D HR filter design using the BA method is discussed. 

In Section 4.1 an algorithm that implements the BA design procedure is given. 

In Section 4 .0  properties related to the BA design are presented. It will be shown 

that, the designs obtained are causal and locally quasi-balanced, and in cases 

where IIR designs are obtained, stability is quaranteed. In Section l.ti the BA 

method is applied to the linear-phase 2-D FIR digital filter designed in Chapter

3 to illustrate the effectiveness of the method.

4 ^lim inaries

cground Information

■ to approximate a model of a linear system by a lower older 

f m of reduced order can bo implemented more economically

am ease of discrete systems, reduced computational c o m p l e x i t y

can .vlodel reduction techniques have been an active r e s e a r c h  a r e a

for the i,..M two decades. The BA technique initiated by Moore [2h] is one of 

the most frequently used techniques. By using the B \  technique, any weak 

subsystem which contributes lit tie to the impulse response of t lie t otai sysl c m  will 

be eliminated. More specifically, the least reachable and least o b s e r v a b l e  s t a t e s  

of the state-spare representation of the original system will be eliminated. 1 his 

is accomplished by first using a balanced transformation to transform t h e  s t a t e  

space representation of the given system to a coordinate system where each s l a t e  

is equally reachable and observable: then the least reachable and least o b s e r v a b l e  

states are deleted.

The controllability and observability gramians carry useful informal ion re­

garding the input-output behaviour of the system and they are. a*-- .-suit, the 

two key factors used to determine' the balanced transformation matrix. ! ; the 

following section, some preliminary material dealing with '-D and 2-D gramians



and the BA technique is presented.

4.2.2 One-Dimensional Balanced Realization

Consider a 1-D stable nth-order digital filter characterized In’ the state-space 

difference equations

x ( A - - j - l )  =  A x (A ’) +  b a ( k )

y(k)  =  cx(A-) 4- du(k)  (1.1)

where A € R nx“. The controllability and observability gramians are delined by

Kj =  A fcb b 7'(A7V' *
Jt=()

and

W j =  ^ l A ' ^ V c A *  (l.:l)
k=()

respectively, The two gramians can bo obtained by solving the following two 

Lyapunov ('((nations [bl]

A K iA 7 -  Ki =  - b b 7 (1.1)

A r W , A -  W ,  =  - c r c (l.b)

Alternatively by writing

fi(~) =  \ ~ 1 -  A ) -1b (.l.fi)

g!(c) =  c ( c l -  A )_t (4.7)

and applying Barsova" -elation, the two gramians K t and W j can also be ex­

pressed in terms of complex integrals as



( i

and

=  8 " ( “ )8i(-)= '* <h  ( l-!*)(2ttj) J\t \=i

where f / ^ s )  denotes the conjugate transpose of f](r). For a stable system, a 

nonsingular similarity transformation can b e  obahied [51] ,  which can t r a n s f o r m  

the original system to a balanced system by simultaneously diagonalizing the two 

gramians such that

K d =  W d = S  =  diag [ax {-1.ID)

where ay >  • • • >  an > 0. Since gramians contain measures of input to s t a l e  

and state-to-output couplings, and the balanced realization provides the system 

a coordinate setting where these couplings are equally weighted so that those 

state components which are weakly coupled may be discarded.

For example, if

> * • • >  > >  <T,+1 > • • • > (T, • 0

then A, b. and c of (1.1) can be partitioned as

'  An Ai2 ' b = bi
A 22

.  .

with A n  € Hrxr. bi G /f>rxl, and C] G R lyr. Therefore. a reduced system 

(A n , b i,  Ci) of order r can be formed. It has been proven that such a lower 

order system represents \  good approximation of the original system in lenns of 

the I x  norm.

In the next section, it is shown that 1-1) gramians can be extended to the 2 I) 

case. In this way. a 2-D balanced realization and model reduction using the DA 

technique can be obtained.

4.2.3 Two-Dimensional Balanced Realization

In this section, some preliminary material regarding *he 2-1) balanced realization 

and model reduction using the BA technique' is reviewed.
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A 2-1) digital filter of order (N\,  N 2) can be represented by Roesser's local 

state-space equation

' X*(* +  1, j )  ' ' A x A 2 ' ’ x*(i, j )  ' . r b . 1

+  [ b 2 .. x"(f, j  + 1) A;j A 4 . Xl’(?, j )
u(i , j )  =  A x  +  b«

cj c 2 x A(/, j )  
x ”(b j )

+  d u( i , j )  = cx +  du

where A! € HX' /Xh  A , £ ItN>*s *. and x h(i, j ) £ /?*>. x ’(/. j )  £ />>v- form 

the local state for the system at ( i . j ) .  The 2-D ~ transform of the above state 

equations yields the transfer function

/ / ( n .  ; 2) =  c[I(: i . =2) - A } ~ lb + d »(-!> -~2) 
/>(-!- -D

( 1. 1 2 )

where I ( r j ,  z2) =  sjl.y, •}.< c2Iv2 and p(ri, r 2) =  (let [I(ci. c2) — A]. Throughout 

the chapter, we assume that

1 } (-1.13)p(~i' ~i) 0 for (~i- ~2) £ {(~i> ~x) ■ !~i| > I-

which guarantee's the HIIK) stability of the system.

If

=2) =  [K=i, - a) -  A ] - ‘b

and

g2( r 1, c2) =  c[I(c1, ^ J - A ] " 1

then the generalized reachability and observability gramians of (4.11) [25] are 

defined as

K 2 =  7T^T-2 I  f  U - U  ~2)f27/ (~X, ~2)~ 1 *~2 1 dzi dz2 
{ 2 k  j )  4 | ; 1|=1 J | ; 2| =  l

(4.14)
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and

W '2 =  , g 2 ^ C l' ~ 2 ) ~ r X- J *  </~i  ^  I 1 - 1 5 )
{ 2 w j )  J \ z j \= l  J \ z i \ = l

respectively. Further denote the N \-dimensional upper left hiocks and ihe AV 

dimensional lower left blocks of K 2 and W 2 by K n ,  K 22 and W n ,  W 22. respec 

tively. Just as in the 1-D case, the generalized gramians provide' certain s'-stem 

invariants which play an essential role in extending the concept of balanced real 

ization to the 2-D case. It has been proven that [25] the* eigenvalues of K |W |  and 

K 2W 2 are invariant under 2-D similarity transformations and, further. Iv„ (W „) 

for i = 1,2 are positive definite if system (1.11) is locally reachable' (observable1) 

[25].

System (4.11) is said to be (locally) balanced if

K n  =  W n =  diag (ern , <r12, • • •. rrt v, )

and

K 22 =  W 22 =  diag (<j 2i , «r22, ■ • •, <t2j\ J

where ern (1 < i <  Ari) and <r2; (1 <  / <  A r2 ) are calk'd the Ilankel singular values 

of the system with <Tn >  ••• >  eruv, >  0, er21 > > rr2>v̂  > 0. If system

(4.11) is not locally balanced, then a 2-D balancing transformation T  - T | V T 2 

can be found (assuming that (4.11) is locally reachable' and obseu-vabh' ) sue h t hat 

the system realization (T- 1AT, T _1b, cT, d) is locally balance'd. A bakuning 

transformation T can be computed by using K„ and W tI (i — 1. 2 ) thremgh any 

reliable algorithm for the 1-D balancing transformation [54] (se-e* alse; Appemdix 

D). Once a  balanced realization, say (A, b, c,d),  is found, a re-eluce'el state' spaee- 

model (Ar, br, cT,d) of order (r i,  r 2) can be obtaine*d by subpartilieming A. b,
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arid c as
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1 
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1

1 
>
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1 
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1

i 
— 

I

*

*  1 I * 1 *  1 *

b =

b lr

b'2r
*

and

c =
r  I

Clr
T2

s
C2r *

respectively, and then taking ( \ r , b r , cr ,<7) where

1.10)

Ar
Ajr

i< i----

jS1

. A;ir 1 A4r

iit.

b2r
and cr = 1 r C2r (1-17)

to be an approximation for (A, b, c , d). In the next section, particular attention 

will be given to the application of this reduction approach to 2 D FIR filters. 

It will be shown that the filter with reduced order is usually an HR filter with 

separable denominator, which is always stable.

4.3 D es ig n

The BA method has been applied extensively in the past in both 1-D as well as 

2-1) dynamical systems [47, 48, 49, 51, 52]. The method leads to more economical 

systems and in tile case of discrete systems to reduced computational complexity.

Recently, it has been shown by Kimurd and Honoki that the BA method is 

also applicable in the design of 1-D digital filters [27]. These researchers have 

demonstrated tha t given a 1-D linear-phase FIR filter, a corresponding 1-D dig­

ital filter of reduced order can be obtained, which preserves approximately the
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amplitude and phase responses of the original FIR filter. In this section, it is 

shown that the BA method can be put to good use in the design of 2 1) digital 

filters as well.
Let

h {zu z2) = 5 3  5 3  »2 )~ rni--r" 2 i-i.isi
ni=0 7i2—0

be the transfer function of a 2-D FIR filter of order {Nu N 2). In Roessers local 

state-space characterization, (4.18) can be represented by (4.11) with

A  =

' 0 1 0 .. 0 h-iN-i ■ /Mi '

0 0 0 . . 1

0 u 0 . . 0 h'NiNi • / 'M i

0 1 0 0

0 0 0 0 1

- 0 0 0 0

-10

tViO

0
, C = [ 1 0 . .. 0 • lim ] a n d (I — /((II)

Note that in A, A 3 =  0 means that the filter is separable. In addition, both A ( 

and A 4 are nilpotent since A f 1 =  0 and A),'2 =  0. These properties considerably 

simplify the procedure of solving two Lyapunov equations which are described 

below.
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To compute K,-,- and W a (i =  1, 2), we write //(~i, s^) as

Ni N2 Ni

=  £  [ £  H n u  n ^ r ’K " 1 =  E
7 1 i= 0  712= 0 711 = 0

Na Ni N2
=  £  [ E  h(n U n 2)21" ni]~2n2 =  £  <*2na( = l ) - r " ‘'

712 = 0  T il = 0  ''l 2 = 0

and define

A i(z2) =- Ax +  A 2(*2I  — A 4 ) A

( 1.2 0 )

b i ( 2 2) -■= b x +  A 2 (z2I  -  A,,) ‘b i

cx(z2) =  cx c2 (c2I  -  A,|) 1A 3 ( 1 . 2 1 )

A 2(2x) — Ax A 3(~xI — Ax) A 2

b 2(^x) =  b 2 +  A3(^i I  — Ax) b

C2( l̂) — c 2 +  Cx(~xl — Ax) 1 A '2 

It is known that Kxx can be found through the integral (25]

K n  -  7^ —  Kx(z2)S?  ds-2 (1-22)
(2?Tj) j | « 3 |= 1

where K x (^ )  is the positive-definite Hermitian solution of the Lyapunov equal ion

Ax(z2 )Kx(2 2 )A ;(z2) - K r ( z 2) =  - b x t e j b ^ ) (T2.2)

For an FIR filter, Ax(z2) =  Ax and

bx(*2) =
bn(z2)

blNi(z2)



83

whore bini (z2), 1 <  r?i < N±, are defined by (4.20). Hence (4.23) becomes

A lK 1(z2) A j  - K 1{z 2) =  - b x(z2)b t( r2)

Since Aj is nilpotent, the solution K i (jz2) is given by

Nt-l

n i  = 0
(4.25)

Therefore

with

JV i-l

K „  =  £  A f P ( A f )
n A=0

ny

(2tt j )

Evaluating the above integral shows that

h )

(4.26)

(4.27)

P  =  H 6H f (4.28)

where Hi, is defined as

H a

hio hn  
fl-20 fl2l

■ ■ h \ N 2

h 2A’2

flNiV f l N i l  f lNiN2

On the other hand, since both A 2(:q) =  A 4 and b 2(zi) =  b 2 are independent of z x 

and of the filter coefficients, K 22 is the positive-definite solution of the Lyapunov 

equation [38]

A 4K 22A [  — K 22 =  —b 2b^

i.e.
n 2-  i

K 22 =  £  A f b 2b J ( A [ ) " 2 =  Lv,
U 2 = 0

(4.31)
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Similarly, it can be shown that

W 11 =  i-Ni (•1.82

and

with

and

at2- i
W SI =  £  (A jy -Q A ;

712=1

H„ =

hoi
h\\

hoi
h a

ho,\j
h\N2

h,W11 /l,Vi 2 hA'i N 2

(1.28)

( 1 . 2 1 )

1.85)

Note that matrices H&, H c are formed using subsets of the filter coellieieul s 

h(n i, n 2) for 0 <  m  <  A'i, 0 <  n2 <  N 2 and can be obtained by properly 

segmenting the coefficient matrix H  =  { h (n u n 2)} = 0 < //, < N u

0 <  n 2 <  -/V2 as follows:

H  =

hoo hoi hoi

1
o 

1

h u h\2
h2o h n h u

H Nl0 ftjVil h'Ni 2

1‘oNj

hiN2
h-iN2

hNiNi

(■1 . 8 ( 1)

Once Ku  and W a ( i= l ,  2) are found, a  balancing transformation T  -- T t ■: 

T 2 with T j ,  T 2 nonsingular can be computed such that the system realization 

(A, b , c, d) =  (T _1A T, T -1b, cT , d) is locally balanced. A reduced state-spare



model (A r , b r , cr , d) of order (rj, 7-2 ) can be obtained by partitioning A, b, 

and c as

A ir A i2 A 2r a 22

! 
^

1
cr **

1

'  A x a 2 A 13 Al4 A 23 3 
1 

<
 

1 cr> II

*

. a 3 A , . 0
0 o 

o A-4r
A 43

A42

A 44
. b 2 .

1
CN 

*
1

and

and then letting

, * ,1  =  1 C jr  *  I C2r * (4.37)

A jr
1<

blr
A r —

0 A 4r .

, b r
t>2r

and cr =  Cir | c2r

The transfer function of the reduced model is given by

~2) — ^r[Ir(^li ^2 ) A r] b r T d

where I r (~i, ~2) =  ~iI,i © ~2l r 2 -

The above method usually results in an HR design which has approximately 

the same frequency and space-domain responses as the original FIR filter. The 

reduction in the filter order achieved in (4.37) l c ^ s  to a more economical and 

computationally efficient design. Furthermore, if the original FIR filter has a 

linear phase response, an approximately linear phase response is achieved irre­

spective of whether an FIR or HR filter is obtained.

4 .4  A lg o r ith m

An algorithm implementing the above design procedure is as follows:

1) Form A, b, c and calculate d according to (4.19) and obtain A,-, (1 <  i <  4) 

b j,  b 2, c t and c2 by subpartitioning A, b  and c, respectively.
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2) Obtain Hf, anu H e by properly segmenting matrix H as in (4.36). Then 

compute matrices P and Q using (4.28) and (4.34), respectively.

3) Calculate K n  and W 22 using equations (4.26) and (4.33), respectively. 

Then obtain K 22 and W n  through (4.31) and (4.32).

4) From K n W n  and K 22W 22, compute the balancing transformations T t and 

T 2, respectively, by using Laub’s algorithm (see Appendix I) ) and thereby 

obtain T  =  T x © T 2.

5) Form the balanced realization (A, b, c,r/) with A =  T -1AT, b — T  ’b 

and c =  cT .

6) Determine the order ( rx, r 2) of the reduced fiber by neglecting the insignif­

icant singular values calculated using Laub’s algorithm.

7) Obtain the reduced state-space realization (A r , b r , cr, </) of order (r i . r->) 

by subpartitioning A, b, and c as shown in (4.16) and (1.17).

4.5  P ro p er tie s

The balanced approximation has been used extensively for the design of automatic 

controllers of 1-B linear systems owing to its good approximation accuracy. The 

maximum error introduced in 2-D separable discrete systems can be estimated 

as [50]

•Vi

er =  max \Hrir,, z2) -  / /(~ i,  z2)\ < «i a i‘
M = 1 - l*al=l 1=n + i

N2
+ o 2 cr2t- (1.38)

/ -
i=th + 1

where

Hr{zi, z2) =  c r [Ir (zt , z2)---A,.] lb r + d
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vu  (r i +  1 5: * <  M )  and <T2t (r2 +  1 <  i <  jV2) are the Hanked singular values 

of the original FIR filter, and au, 0-2 are constants determined by {hij}. An 

important property of the BA method is that the stability of the reduced-order 

2-1) system is guaranteed provided that the original system is stable and has a 

separable denominator [50]. Since our design approach starts with an FIR filter, 

the above-mentioned properties apply. In what follows, we present two more* 

properties of the BA method, which are especialy desirable for digital filters.

T h e o re m  4.1 If ipr(u)i, u>2) and <p(tui, ^ 2) are the phase responses of the 

reduced and the original filter, respectively, and Op denotes the passband region 

of the original filter, then

max l^fuii,  u>2) -  u 2)| «  8m < (4.39)
“ r  1 -  t p

provided that er «  1, where er is defined in (4.38), ep is the maximum error 

over the passband region for the original FIR filter,

K =  max |1 -  “-'2i | l
Ar (cu1, U>2 )] A (ulj , UI2 ) j

A'(o»i, ui2) is the frequency response of the original filter given by (3.2), and

A'r (Wl, wj) =  HT((JJJlTl, e ^ )

P ro o f :  Writing

A'(Wl, W2) =  M { u U u;2y ^ Tl' ^

A'r(wi, u)2) =  l l r ^ u  «^t2)

the approximation error in the phase angle can be expressed as

1 / \ t u 11 / A(laj, 102)-/!/,.(coi, CU2 ).,|V>r(uJl, UJ2) -  ^(u-’l, u,’2)| = In ( —  ------ ——-------- -)
X r{u)\, 0/2 I

=  [In (1+<5)1
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where 8 can be est imated as

X M r \ x r M  -  A'rMr + X rAIr -  X Mr
H  =  |1 X r M ' ALAI

<  -  A/r )| +  \Mr(X r -  „Y)| 11 -V1 -  |AV11 + |A',.
M rM  M

X

< 2\Xr -  X\  
M

Hence

N  '>{■c \ c\ ^  1 TJiar . —c ro » --------max |^| <
IX

<

where

NmaX = 2 max LY, -  A’I

and

An in =  mill M

Since for a good FIR filter ep fa 0, (4.-10) indicates that 

Under these circumstances, we have

( 1 . 1 0 1

< <  1 if <*r I.

max \<pr(ui,  w2) — u;2}\ — max (In (1 -f rt)|

«  max |i |S2n

< □

If the BA method is used to approximate a high-order FIR filter, then by 

(4.38) the approximation error can be made very small if both

Ah N2

53  a u and 53  a-,»
t=ri+l i=T2 + l
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arc very small. In such a ease, the phase-response linearity of the original filter 

will be well preserved in the reduced filter by virtue of Theorem 1.1 .

It is known that a locally balanced 2-D state-spare digital filter has the lowest 

output roundoff noise and. further, its sensitivity to coefficient quantization is low 

[2 '), 32, 5 .}]. The second property, stated in term s of Theorem 1.2 below ensures 

that like* the original filter the reduced filter has low roundoff noise and low 

sensitivity to coefficient quantization since it is nearly balanced.

Theorem  4.2 If S Jri =  diag (rru , •••, <rlr i ), Si,. =  diag (<xIri+1. ••• . n-,.Vl). 

S 2r, =  diag (rr21, • • •, (T2rJ ,  E 2c =  diag ((T2,2+1. • • •. cr2A-2). then

•A-IrSiri A jr — S j ri ~

A jrS i ri A ir S j ri ~

A.lrE 2r2A?r — S 2,.j ~

A,lrS 2r.2 A.ir 'Su2r2 ~

(b irb lr +  A 2rS 2r2A 2r;

-cfrC lr

b2rb2'r

"(^2r^2r A.*2r )

(-1.41)

provided that

^lri + l < <  and (T2r2 +1 < <  V2r2 ( 4 , 1 2 )

Proof: Since (A, b, c, d) given by (4.37) represents a balanced realization

of the original system, it satisfies [32] the relations

A ^ A f - E i  =  

A ^ S jA j — S i =

A.(E2A][ — S 2 — 

A ]  S 2A 4 — S 2 =

- (b ib f  +  A .E .A j)

-cf C!

- b 2b2

— (c^c2 +  A 2 S iA 2) (4,10)

where

Sx =
S in 0

and E 2 =
S 2rj 0

0 Sic 0 S 2c
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By taking the upper-left n  x r t suhinatrices from (4.43) and (4.41) and the 

upperdeT r2 X r2 submatrices from (4.45) and (4.46), we obtain

AlrSlrj A^r ~ S i r, =  — (birbjr + AjrS'2rj A .|r ) — Ej(, ( t.lS(f)

A'lrS iri Air Sir, = C , r Ci r  — Ej,. ( |. |S/))

A-lrSir^ A4r — S 2r2 =  —b 2rb.]r — E2f, ( |. INc)

A 4rSn r2 A4r S 2rs —( c 2rC;;r -f- A 2,-Siri A 2r ) — E 2l- ( I. \Sl l )

Since the balanced realization (A , b ,  c ,  d)  is obtained from a canonic realization 

of the FIR filter which is locally reachable and observable [2 N], it is also locally 

reachable and observable. Moreover it can be shown the ||A ] || < 1 . |jA ,!| • 1

and ||A 2|| <  1 (see Theorem 5.2.3 an<l Appendix 5(' of [50]) which imply that 

|[A12|i <  1, ||A 42|| <  1 , and |jA^a[[ <  1. respectively. Therefore, matrices E,,, 

and E ,c (i =  1 . 2) can be estim ated as

|| E ji || = || A 12E!,A?2 + A 22S 2A L  ||< II A ,2 ||2|| S,,. || + || A,2 ||“ I! S., ||

tf’l n  + l +  a 2r j  + l

II E lc II -  || A[2S lt.A 12 ||< II A I2 ||2|| St,. II < I7lrt+1

|| E26 || = || A,i2E2cA Tl2 ||< || A42 ||21| S 2,- || < (Tjrj+i

II E2c || = || a 12t.2ca A2 + a£ 2E 1cA 22 ||< crlr]+i -t- ct2t,+{

Consequently, matrices E,& and Elc ({ =  1 , 2 ) can be neglected from equations 

(4.48) if the conditions in (4,42) are satisfied. This modifies (4.48) to (4.11;. I t

4 .6  E xam p le

In order to dem onstrate the effectiveness of the BA method, it was applied to the 

linear-phase 2-D FIR digital filter designed with K  =  25 in Chapter 3. Following
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the steps of the algorithm described above, the balanced realization was first 

obtained. Then by examining the two sets of singular values and neglecting tne 

insignificant ones, reduced HR realizations of orders (r i . r2) = (10, 1 2 ) and 

(13, 15) were obtained. In the first realization, all (?u and a2t that are less than 

0.4% of (Tn and a21, respectively, were ignored and in the second realization all 

crj| and (t2, that are less than 0 .0 2 % of <rn  and a2i. respectively, were ignored. 

For the sake of comparison, the BA method was also applied to an FIR filter of 

order (31, 31) to obtain an HR filter of order (15, 17). The maximum passband 

and stopband errors for the three designs are given in 'Fable 1.1. The amplitude 

response of the reduced Filter for the case (rj, r2) =  (13. 15) is depicted in Figure 

1 . 1 .

'Flu’ group delays of the 2-1) HR filter, namely

d {arg [ //(e iu,lTl, eĵ 2~12 )j)
T, =  -------------

and

d  {arg [H((JuJlTl, e.M27’2)]}
r'2 =

were used to construct the contour plots of Figures 1 .2  and 4.3. respectively, for 

the case (n ,  r2) =  (13, 15), assuming fifty layers. It is clearly seen that the 

linear-phase characteristic of the original FIR filter is well preserved over the 

entire passband of the 2-D filter. The maximum relative errors in the group 

delays are given in Table 4.2.

W- conclude this section with a brief discussion on the efficiency of the filters 

obtained by the BA method. We observe in Tables 1.1 and 4.2 that if the errors 

in the amplitude response and the group delays are required t o be less than 3 .0 % 

and 1.5%, respectively, an IIR filter of order (13, 15) is required. The same 

amplitude-response accuracy can be achieved by using an FIR filter of order 

(29, 29) comprising 15 parallel sections, as can be seen in Table 3.1. The number



Table 4.1: Maximum Passband and Stopband Errors for Reduced Reali/atiou

(f*ii r 2 ) Passband Stopband

(10. 12) 0.09:. 5 0.0716
(13, 15) 0.0230 0.0202
(15, 17) 0.0102 0.0087

Relative Errors in Croup Delays for

H i, r2) T\ T-l

(10, 12) 6.30% 5.52%,
(13, 15) 1.48% 1.49%
(15, 17) 0.79% 0.93%

{ e d u c e d  R e a l i z a t i o n

of multiplications needed for a direct realization of the KIR filter is (15+ lb) ■ 15 - 

450 as compared to  (13x 15) + (1 3 + 1 5 ) ; 223 multiplications required by a direct 

realiz.dion of the reduced IIR filter. If the FIR filter is implemented using I I )  fast 

convolution with block size 512 x 512, then the total number of multiplications 

required to  process an array of size 512 x 512 is 166 x 5122 [2]. On the  other 

hand, by writing the transfer function ot the (i.'j x 15) IIR filter as

rr / V N r [ Z i ,  ~ 2 )
H r[ z u  s2) =

D r ^ D ^ S i )

the filter can be implemented using the scheme of Figure 1.4. Through 1 lie SVI) 

of the 13 x 15 coefficient m atrix of AV(~i, - 2 ), implementation can be achieved 

by using at most 13 parallel 1-D sections. Consequently, tin* application of

1-D fast convolution to the FIR filters in both feedforward and feedback paths 

leads to  an implementation of the IIR filter which requires a total of 156 x 5122



multiplications in the worst ease. Experience with a variety of practically useful

2-D  filters has shown that s o m e  of the singular values of the coefficient matrix 

of Nr(zi, z-j) are often negligible (less than I0 - '1) and, therefore, the numbei of 

multiplications required is usually less than that of the worst case.

Now if the errors in the amplitude response and the group delays are required 

to be less than 1.2% and 1.0%, respectively, an IIR filter of order (15, 17) is 

required according to Tables 4.2 and 4.3. The same a m p l i tu d e - r e s p o n r e  accuracy 

can be achieved by using an FIR filter of order (29, 3) comprising 25 parallel

sections as seen in Table 3.1. In this case, the implementation of the FIR filter by 

1-1) fast convolution requires 266 x 5122 multiplications while its IIR counterpart 

requires only 176 x 5122 multiplications.

At the other extreme, if the error in the am plitude response* is allowed to be 

as high as 9%,, an IIR filter of order (10, 12) is required. The same accuracy 

can be achieved by using an FIR filter of order (29. 29) comprising only five 

parallel sections. In this case, the FIR implementation is more efficient than its 

IIR counterpart.

In effect, if the amplitude-response approximation error is required to be 

low, say less than 5 %,, and a small variation in the group delays of the order of 

1 to 2%> can be tolerated, the BA method is very likely to yield a more efficient 

IIR design Furthermore, a nearly balanced state-space realization is achieved 

which has low roundoff output noise as well as low sensitivities to coefficient 

quantization, according to Theorem 4.2.

4 .7  C on clu sion s

In this chapter, the BA method has been applied for the design of 2-D digital 

filters. In this approach, the design starts with a 2-D causal, linear-phase, FIR 

filter of the type tha t can be obtained using the SVD and concludes with a 

design of reduced order, which is almost always an IIR design. The method



leads to  computationally efficient designs and tends to preserve the linear phase 

response of the original FIR  filter irrespective of whether an FIR or an II i design 

is obtained. Furthermore, the designs obtained are causal and locally quasi­

balanced, and in cases where IIR designs are obtained, stability is guaranteed. In 

other words, the method is highly suitable for the design of 2-D. causal, linear- 

phase IIR filters, which are very difficult to design by oilier methods.

T he design approach has two im portant advantages. First, it leads to more 

efficient implementations in applications where ihe amplitude-response approxi­

mation error is required to be low. Second, nearly balanced state-spa.ee realiza­

tions are achieved which have low roundoff output noise as well as low sensitivity 

to coefficient quantisation.
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Figure 4.1: Amplitude response of 2-D IIR filter with ro tated elliptical passband
obtained by using SVD and BA methods (Ni  =  13, JV2 =  15).



10 20 30 40 50 60

Figure 4.2: Contour plot of group delays of 2-D IIR filter with respect to uii.
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Figure 4.3: Contour piot of group delays of 2-D IIR filter w ith respect to



1 -  DnizADri lz t )

Figure 4.4: A realization of IIr {zi, z2).
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C hapter 5 

E valuation  o f  th e  C ontrollab ility  
and O bservability  G ram ians o f  
2-D  D ig ita l F ilters

5.1 In tro d u ctio n

As has been demonstrated in Chapter 4, the computation of 1-D and 2-D gram i­

ans is an im portant step in obtaining balanced approximations of 1-D and 2-D 

systems and also in finding optimal digital-filter structures tha t minimize the 

output-noise power due to the roundofF of products [24, 31, 35, 36].

The most efficient method for the evaluation of the gramians for the 1-D 

case is to solve two relevant Lyapunov equations, and reliable algorithms for this 

purpose are available in the literature [29, 30]. For the 2-D case, the Lyapunov 

equations depend on a complex param eter, as is dem onstrated In [31, 25]. which 

varies on the unit circle of a complex plane. In other words, should the Lyapunov 

approach be chosen for the evaluation of the 2-D gramians, one would need to 

solve a family of 1-D Lyapunov equations as opposed to two constant Lyapunov 

equations 'n the 1-D case. A Lyapunov approach for the 2-D case was described in 

[32] but the transfer function of the digital filters under consideration must have 

separable denominators. For general, 2-D, causal, stable, recursive digital filters, 

the most commonly used method is the truncation method described in [31] which
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provides numerical approximations of the gramians in terms of truncated double 

summations. In practice, a large number of terms must be used to guarantee 

acceptable numerical error. This is particularly the case when the filter under 

consideration has small stability margin in which case the convergence' of the 

infinite series is rather slow.

In this chapter, a general and efficient method for the evaluation of the grami­

ans for the case of 2-D, causal, stable, recursive digital filters is presented. The 

method is based on a two-stage extension of the Astrom-Jury-Agniel (AJA) al­

gorithm which was originally used in [33, 34] for tH  evaluation of the scalar loss 

function of a stationary random process with rational spectral density. In Sec­

tion 5.2 some preliminary material regarding the AjA  algorithm is reviewed. In 

Section 5.3 the A jA  algorithm is first extended to the vector case. It is shown 

tha t the  modified AjA  algorithm can be used to solve a 1-D Lyapunov equation 

in a recursive manner. In Section 5.4, the recursive algorithm obtained is further 

extended to the case where the vector rational function involved depends on two 

complex variables. It is shown tha t the two algorithms obtained can be combined 

to evaluate the 2-D gramians. In Section 5.5 the proposed method is compared 

with other known methods for the evaluation of the 2-D gramians with respect to 

accuracy and com putational efficiency and is illustrated by a numerical example.

5.2 P re lim in a r ies

It is known that for a stationary stochastic process with a rational spectral density 

<f>(uj), there exists a proper rational function H(z)  with poles inside the unit circle 

such th a t

#(w) =  I / / ( O  i 1

To evaluate the performance of a stochastic system and to optimize it with respect 

to system parameters, it is often required to evaluate the loss function L defined
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i>y

1 Z-2̂  1 /• ,  ,

L — —  6> v j duj = —  f  dz (5.1)
2tt Jo 2tcj J\z\=i

Let II(z) = n(z) /d(z)  where

n(z)  = n (0n)zn + n[n)z n- 1 + ■■■+ 11̂  + 71̂

d(z) = 4 n)^  +  4 n )^ _1  +  - ’ - +  4 - i -  +  4 n) (5-2)

are scalar polynomials with real coefficients. A recursive formula tha t enables one 

to evaluate the loss function (5.1) in n steps was proposed by Astrom [33, 34].

To describe the formula, let d(z) be the polynomial defined by

<*(.-) =  *-nM(i/--)j (5.3)

=  4 ”’ + 4 n,z 5 -' • • +  4 " ,*“ (5.4)

Further, let nk(z) and dk(z) (k = n, n — 1, • • -, 1, 0) be a set of recursive

polynomials given by

nn(z) = n(z)

dn(z) =  d(z) (5.5)

nk- i( z )  =  2 - 1 [nfc(z) -  £kdk(z)]

dk- \ ( z )  =  z_1 [4 (z )  -  T)kdk(z)] (5.6)

where

rik(z) = n ^ )z h + n[k)z h 1 4------ 1- n[k) (5.7)

dk(z)  =  d{0k) z k +  d[k) z h- ' +  ■ ■ ■ + d[k) (5.8)

6  =  4 k)/ d {k) (5.9)

t1k = d[k)/ d {0k) (5.10)
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The coefficients of the polynomials Mid d are given by the recursive (‘(illa­

tions

n\k~1] =  n |fc)- a - 4 - t ('r>-H)

d ( * - 0  =  ,/(*) _  (5 .P2 )

Astrom ’s algorithm computes the complex integral Lk defined by

1 /  njb(z)nfc(s -1 ) . - i  
i i = 2 « - - ) * ( = - > ) -

by using the following recursive equation

T fc =  ( l _ r , | ) L fc_ 1 + ^ .  (A* =  1 , 2 ,  • • u)  (5-11)

To =  ^  (5 .15)

Since integral L  defined by (5.1) is equal to L n, the evaluation of (5.1) can be 

carried out by applying (5.6)-(5.15) n times recursively. It is also shown in [33] 

that

,  i Y - r i ' 1)2 . . . . . . .

CIq i=0 <*o

Thus the integral L in (5.1) is given by

l  = - L ± ^ 1  (.-j.it,,{n) ,(t) I
o. 0 1=0 Uq

2

The derivation of formid.t (5.16) is quite lengthy and the interestered reader 

is referred to references [33, 34]. In the next section, it is shown that the above 

algorithm can be modified to include the complex matrix case so tha t the modified 

algorithm can be used to solve the 1-D Lyapunov equations in (4.4) and (1.5).



5.3 N e w  R ecu rsiv e  A lg o r ith m  for th e  S o lu tion  
o f  1-D L yapunov E q u ation s

It, follows from (4.2)-(4.3) tha t matrices K i and W i can be evaluated by solving 

the 1-D discrete Lyapunov equations in (4.4) and (4.5). Note th a t equations (4.4) 

and (4.5) are linear in K j and W j and a unique positive-definite solution (W j) 

exists if the filter represented by (4.1) is a stable and controllable (observable) 

system.

Several algorithms are available for the solution of equations (4.4) and (4.5)

[29, 30]. In this section, a new recursive algorithm for the solution of these

equations based on the AJA algorithm is presented. As will be dem onstrated, 

the new algorithm is much more efficient than other known algorithms and leads 

to an accurate solution of the problem at hand. Furthermore, it can readily 

be extended to the 2-D case and can be applied for the evaluation of the 2-D 

gramians given in (4.14) and (4.15).

In what follows, attention is focused on the evaluation of m atrix K j but the 

algorithm obtained can also be used for the evaluation of m atrix W i. Let

*(--) = ( * I - A ) - b  = 5jfl

where

n{z) = adj ( z l  -  A )b  =  4 n ) - n _ 1  +  ■ ■ • +  n l„n) (5-18)

d(z) =  det ( r l  -  A) =  4 n)zn +  4 n ) - n _ 1  +  ' • ’ +  4 B) (5-19)

with nj"^ €  Rnxl for i =  0 ,1 . • • • ,n  and — 1, then equation (4.8) becomes
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where z — z 1 for z 6  T  — {z : \z\ =  1}.

The original A jA  algorithm provides a recursive formula for the evaluation of 

the scalar loss function of a stationary stochastic process with a rational s p e c t r a l  

density <j> = \H[e3u))\2. More specifically, it can be used to compute the l o s s  

function L  defined by (5.1). On the other hand, the new algorithm evaluat.es the 

series of integrals

n  k(z)
dk(z)

n k{z)
dk(z)

H
d: (5.21)

for k =  1,2, recursively. Functions nfc(~) and dk{z) for k — n, n

1 , • • •, 1 , 0  are vector and scalar polynomials, respectively, defined as

n n(z)

dn(z)

n*-i(~)

dk-i{z)

=  n(z)

d(z)

Z_1 [n A:(z) -  6k4(-)] 

~_1 [4(~) -  :lkdk(z)}

(5.22)

(5.25) 

(5.21)

(5.25)

where

n k(z)

dk{z)

dk(z)

6

Ik

n l0k)z k +  nSfc)zfc_1 +  • • • +  n[k)

d{0k)zk +  d\k)z k~l +  • • • +  d[k) 

d{0k) +  d\k)z  +  • • • +  d\k)z k

nikW  

4 kW

(5.20) 

(5.27) 

(5.2S)

(5.20) 

(5.50)

and d denotes the complex conjugate of d.

From (5.20) and (5.21), it is noted tha t K! =  Y„ and. therefore, K j can be 

evaluated in a recursive manner through the following steps:



Algorithm  1 O ne-Dim ensional M odified AJA Algorithm

1) Compute n n{zj = n(z)  and dn(z) = d(z) using (5.18) to (5.19).

2) Compute n k~i(~, and d/.-i(z)  for k = n, ■ ■ -, 1 and ?/* for k =  /?, • • • ,0  

using (5.24) to (5.3P).

3) Form

Y 0 =  6 £o" (5.31)

4) Compute

Y* =  (1  -  |7Jt|2 )Y *-i +tk£k  (5.32)

for =  1 , 2 , • • •, n.

A closed-form solution of the Lyapunov equation (4.4) can be obtained as

K i =  - 4 i i > ! i,(n!il)" ]/4 ,i) (5-33)
« 0  1= 0

by using (5.26) to (5.32). This is the counterpart of Corollary 2.1 of Chapter 5,

Theorem 2.3 in [33] when k = n.

It follows from (5 28) and (5.31) that Algorithm 1 is applicable in the case 

where A and b are complex. Moreover, by repeating the arguments presented 

in [33] it can be shown tha t Algorithm 1 is valid even for the case where b is a 

complex matrix of dimension n x rn with m  > 1 . These properties will prove of 

significant importance when we attem pt to extend Algorithm 1 to the 2-D case 

in the following section.
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5.4 A  R ecu rsiv e  A lgorith m  for E va lu atin g  2-D
G ram ians

The im portant parts of the 2 -D gramians K 2 and W 2 defined by ( l.U ) and (1.15) 

are their diagonal blocks of dimension n 1 x m  and n 2 x n2, namely matrices K u , 

K 22, W n  and W 22 matrices specified below [28, 25, 2 1 ]:

K 2 = K „  K 12 

K f2 K 22
, W 2 = W „ W 12 

W" w 22

In what follows attention is focused on the evaluation of m atrix K n , but with 

some straightforward modifications, the recursive algorithm obtained ea.i also be 

used to evaluate matrices K 22, W X] and W 22.

From Section 5 of [25], matrix K n  can be written as

K "  = i t ]
(5.31)

where z2 E T2 — {z2 : \z2\ — 1} and K p(c2) is the unique positive-definite 

Hermitian solution of the param etric Lyapunov equation

with

A i( 2 2)Kp(^2 )A! (z2) -  K p{z2) -  - b i ( c 2) b f  ( r2), z2 E 72 

A j(s2) =  A i + A 2(^2I  — A,j)_l Aa 

b i(z 2) =  b j +  A 2 (z2I  — A,()_ 1b 2

(5.35)

(5.3(>)

(5.57)

It follows tha t the evaluation of K n  can be carried out by first solving the para­

metric Lyapunov equation in (5.35) and then computing the complex integral in

(5.34). Since the resulting K p{z2) has the form

k=z 0
(5.38)
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where each fik(z2) is a stable rational function of dimension r?i x 1 (i.e. its poles 

are located inside the unit circle \z2\ =  1 ), the evaluation of the complex integral 

in (5.34) can readily be carried out by applying Algorithm 1 described in Section 

S.3, assuming th a t K r(z2) is known. We shall now develop an algorithm tha t can 

be used for the evaluation of K p{z2).

The Ilerm itian solution of equation (5.35) can be expressed as the complex 

integral

K „ (--2 ) =  v A t f ,  [--1I - A I (.-2) ] - ‘b I (_-! ) b f ( . - 2 )
Z7TJ J j ^ l = l

x[z tI  -  A 1(z2)]~h z^ 1 dzi (5.39)

where [m l—A j( r2)]_// denotes the complex-conjugate transpose of j~xI —A i(z2)]-1 . 

We can write [m l — Ai(c-2)]_1b 1(^2 ) in the form

[ml -  A 1(m)]~1b 1(m) =  Z2\ (5.40)
(t(Z 1 , z2)

where

n{z t , z2) =  adj [ m l - A i ( m ) ] b i ( r 2)

— n in,(s2)s" 1 4—  +  +  n[jn)(m) (5-41)

d(zi< z2) =  det [^il — Ai(m)]

=  4 n,(-2)--r +  '"  +  <ii").(=2) - - i + 4 ”)(--2) (5.42)

and 4"*(=2) : 1 ■ Further, we can define vector and scalar polynomials n 2 (a ,, ;;2j

and dk{zi, m). respectively, for k = n, n -  1 . • • •, 0  in terms of the recursive

relations

=  n(m, -2) (5.43)
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dn(2 l, ^2 ) 4 ^ 1  > ^2 )

Uk -i i zx ,  z 2) =  -2 ) -  A-(~2)4(-i, -2 )]

4 - i (2 1 , 2 2) = 2 2 ) -  afc(c2)4 (- i ,  - 2 )]

(5,15)

(5,1(1)

where

njk(zi, 2 2) 

4 (^1 , 2 2 )

Qtfc(22)

^ ( 2 2 )

nofc)(^ )2 1fc +  • ■ • +  n^l)1 (r2)2 1 +  nj.fc)(2 2) 

d \ ) \ z 2)zk +  • • • +  ^ 1 (2 2 )2 1  +  d]^\z2) 

d f \ z 2)/dik\ z 2)

4 k\ z 2) / 4 k\ z 2)

(5.17)

(5.18)

(5.19) 

(5.50)

and

4(21, 2 2 ) = 2"4(z11, 2 2 )

=  2 ”4 ( z r1, 2 .7 1) for € T2

(5.51)

(5.52)

Function K p(2 2) can be determined by evaluating the series of integrals

nfc(2 i, 2 2)

4 0 i) 22

n*(.-1 , 2 2J

[ 4 0 It ~2

H
'l 1 5.53)

for k =  0,1, • • • ,n  and then noting from (5.39)-(5.44), and (5.53) that K v(z2) =  

4 i(2 2 )- The steps involved are detailed in Algorithm 2 below.

Algorith 2 Two-Dim ensional AJA Algorithm

1) Compute n„(2i, z2) =  n (z i, 22) and 4 (2 1 , z2) =  d(2i, 22) using (5.41)- 

(5.42).

2) Compute nfc_i(,2i, z2) and 4 —1 (2 1 , n 2) for k ~  n, • • •, 1 and ak(z2), lh ( z2) 

for k — n, • ■ •, 0 using (5.43)-(5.52).
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3) Form

Jo(*2) -  & (z2)0* (z2) (5.54)

4) Compute

J ,( c 2) =  [1 -  |a * (^ )!2]J*_i(sa) +  (5.55)

for = 1 , 2 ,••■, ?i.

The derivation of formulas (5 .54)  and (5.55) is based on the theorems given 

in the following section.

5.5 T h eorem s

The following theorems are very im portant for the iterative com putation of 2-D 

gramians.

Theorem  5.1

If (z2) >  0 for z-2 G 72 where 7\ = {?2 ’• |~a| — 1}, then polynomial 

<k{z i ,  ~2) is stable with respect to (w.r. t .) z\ for z2 G T2 if and only if dk-\(z\,  z2)

is stable w.r.t. z\ for z2 G 7 2 and c/oi-1^ 2) >  0 for z2 G T2.

Theorem  5.2

If do"*(~2) > 0 f°r z-2 G T2, then dn{z\ , z2) is stable uar.t. ^  for ̂ 2 G 7 2 if and

only if S ^ \ z 2) > 0 for ~ 2 G T2 and for k 0, 1, • • •, n -  1.

W ith the 2-D reciprocal polynomial <4(~ii - 2 ) given by (5.51) properly de­

fined, Theorems 5.1 and 5.2 can be proved by using the arguments adopted in 

the pi oofs of Theorems 2.1 and 2 .2  of [33, Chap. 5, Sec 2]. Now if we regard 

the complex variable z2 in J,tt~2) as an arbitrarily fixed param eter on the unit 

circle, then 3^(c2) is very much the same as the integral Yjt defined by (5.32). 

Consequently, the  argument presented in the proof of Theorem 2.3 of [33] in 

conjunction with Theorems 5.1 and 5.2 leads to formulas in (5.54) and (5.55).
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The following analysis is of usefulness in the com putation of the integral in

(5.34). From (5.54) and (5.55), we have

K „  =
27Tj j L i  1 dZ22 t t j  J \ z 2 \--

2nj i z 2\=l^  ~  \OLn{z2)\]23n-l{Z2)z2 1 (lz2

d~-‘

~  2 T j  ^2s|=l^ I f-jj|]2[{ -  k ' r . ( j - - ' 7 '  1IZ2

+  2 ^  ^32|=1^  _  la n ^ 2^  1

+ 2h L ^ )l3HAẑ ' 4

=

(5.5(5)

2 ,ri f c W = i

n+1

I I  ( l - | a / ( ^ ) |2) 
/=*:+!

/̂ Ar(~2 )/?jt7 (~a) ~2 1 (5.57)

where a n+i(^2) =  0  is assumed. Further notice tha t as in the proof of Theorem 

2.1 of [33], it can be shown tha t

K f z 2)| = dk \*2)
d(o \ z 2)

Consequently, the scalar factor

< 1 for all z2 £  T2 and k  =  0 , 1 , • • •,; 5.58)

n+X

n  [i - m *j ) h
l=k+l

(5.59)

in (5.57) is strictly positive for z2 £ T2 and k = 0,1, • ■ • and,  therefore, has 

the spectral factorization [3 3 ]

n+1

n  t1 “  M ^ ) ! 2] =  rk(z2)rk(z2 *) for k ~  0 , 1 , • • •
l=k+l

:5.G0)



where r k(z2 ) is a stable rational function. Since z2 1 =  z2 for z2 €  7o, (5.57) and 

(5.80) imply tha t

(5.61)

where

K p) =  ^  dz,
2,-k j  J \ z2 | = i  

h ( zz) ~ rk{z2)0k(z2)

(5.62)

(5.63)

Note thax $k\z2 ) defined by (5.63) is a stable rational function of dimension ?ii x 1

and, therefore, Algorithm 1 can be applied to the integral in (5.62).

In summary, a two-stage method for the evaluation of the controllability and 

observability gramians of 2-D digital filters and systems has been developed. In 

the first stage, Algorithm 2 is applied to obtain the positive Hermitian solution 

of the param etric Lyapunov equation (5.35), and in the second stage the 1-D 

spectral factorization technique is used to express the resulting K p(z2) in the 

form of (5.38) and Algorithm 1 is applied for the evaluation of the integral in

(5.34).

5.6 C o m p u ta tio n a l Issu es

It is known tha t the nj x rii and n 2 x n2 diagonal blocks in K 2 and W 2 can be 

expresed as [25]
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( OO OQ \
E Z ( A ? ; c t cA , j ) [I„ , 0 ]t

i=0 j=0 J

( CO OO \

i nf

,=o j= 0 /

(5.66)

(5.07)

where

q{i, j )  =  A ,_ ij bi
0 +  A ij- i

0

b2
(5.(58)

with A y  defined by

A y — A i o A i - i j

A—i,j 11 > '1. II 0

OO<

Ini+«2> A

(5.09)

'  Ax a 2 A 0 0

0 0
5 A 01 —

.  As A , _

The most commonly used approach to  the numerical evaluation of K lt and 

W a (i =  1, 2) has been the truncation method [25, 24, 62, 63]. In this approach, 

(5.64;-(5.67) are approximated by truncating the double summation as

( N i  n 2 \

K n *  [In 0] [ X) £  ?(*> j) ) Pn °3
\ i = 0 j = 0  j

T

where Ni  and JV2 are sufficiently large positive integers to guarantee a small 

approximation error. A problem with the truncation method is its low computa­

tion efficiency, in particular, when the 2-D digital filter under consideration has 

a small stability margin, since A y  tends to zero (as i —> 0 0 , j  —► 0 0 ) rather 

slowly. In practice, the indices N x and N 2 need to be large to obtain a satisfac­

tory approximation of K xl. Consequently, a very large amount of computation 

is required.

Another approach is to express K 2 and W 2 as double integrals over the rect­

angle R  =  {(0 1 , 02) : — < 01 5: 7Tj —7T <  02 < 7r} he.
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K 2 =  - i -  ej02) f ? ( e - ^ ,  e ~ ^ )  dOxd62 (5.70)
\'Ki Jo JO

1 /*27T r27r .. „

W a =  T~i I I  ’ e~ )S2 (eJI\  e302 ) dOid02 (5.71)4IT* Jo Jo

and then approximate them  by the double summations

1 AT, N2
K 2 rj e - jmSfj) (5.72)

A) 2 fc 0 m = :0

1 M ^ 2

w 2 ~  7 r v E E g ^ ' i,s\ ^ ) g 5 (ejlt\ ^ )  (5.73)
7vj /V2 ,= 0 m = 0

where 86i =  2tt/ iVi, <5# 2 =  2 n /N 2. This method is less sensitive to the stability 

margin of the filter than the truncation method but it also requires a very large 

amount of computation since each term  at the right-hand side of (5.72) and (5.73) 

involves the inversion a complex m atrix of dimension (7^1 +  n 2) x (ni +  n 2).

By contrast, the new approach provides an exact solution to the problem of 

evaluating matrices K 2 and W 2 ' ’-ith a much improved com putation efficiency 

as compared to the truncation and numerical integration methods. As will be 

demonstrated by an illustrative example below, the basic types of operation used 

in Algorithms 1 and 2 and the 1-D spectral factorization include constant matrix- 

m atrix addition and multiplication, polynomial addition and multiplication, com­

putation of the characteristic polynomial of a square m atrix and computation of 

the roots of an algebraic equation containing one unknown. Furthermore, all 

these operations can be programmed in term s of numerically reliable subrou­

tines. Multiplication of two 1-D polynomials can be performed by computing the 

convolution of two finite sequences formed by the coefficients of the polynomi­

als involved, the roots of an algebraic equation can be obtained by computing 

the eigenvalues of the corresponding companion m atrix, and the product of an 

adjoint m atrix and a vector as required in equations (5. IS) and (5.41) can be
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formed by using the formula

c adj ( z l  — A )b  =  det [zl — (A — be)] — dot (~I — A ) (5.71)

which requires the computation of two characteristic polynomials.

5.7  E xam p le

The effectiveness of the new 2-D gramian computation method can be illustrated 

by the following example. Consider a 2-D, stable, state-space digital filter of 

order (n j, 772) =  (2,2) characterized by (4.11) with

A , =
-0.5583 0.5825 
-0.0558 0.0583

A? — -0.3744 0.7525 
-0.0374 0.0753

A 3 —

b i =

-0.1185 -0.0356 
-0.0047 -0.0014 , A 4 —

-0.4527 -0.1665 
0.1037 -0.0723

' 1 .0  ' ' - 1 .1  '
1 . 2

, b2 =
2 . 0

0.5 T ' 0.5 '
-1 .0 , c.j = 2.0

Following Algorithm 2, n ( z i , z 2) and d(z i , z2) defined by (5.41) and (5.12), 

respectively, are first computed. M atrix A i(22) and vector b j(22) are given by 

(5.36) and (5.37). By repeatedly applying (5.74), we find that

n(zi, z2) = n ii \ z 2)zi + n ^ ,(z2),(2),

d{zu z%) = d o \ z 2);rf +  d f

with

n i2\ z 2 )  =
'  1 .0 0 0 0 2.4418 0.7999 ‘

1.2000 0.8217 0.1350 A (z2)

n f ’f e )  =
' 0.6408 

0.6141
0.6863
0.5998

0.2451
0.2157

0.0329
0.0346

<7i(z2)/A (s2)
q2(z2) / A ( z 2)

z2
A 2 ( z 2 )

q-4(z2) / A 2(z2) 
<h(z2)f A'2(z2)
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4>]( ^ )  =  i

4 2,(s2) =  [ 0.5000 0.2204 0.0332

4 2)(~-i) =  o

A (z2) = [ 1.C000 0.5250 0.0500 j z2

z2 =  [ z\  Z2 l

z2 = [ 4  4

Z2 _  p(z2 ) 
A (z2) “  A (z2)

.3 „2 „ 2 “2 "2

Using Eqns. (5.43)-(5.52), we compute

^ 2 (^2) =  0

fi2(z2) = ni,2̂ )

n i(« i ,« 2) =  + n | 1)(32)

di{zu z2) =  4 o ){z2)z1 + d {i ){z2)

whore

n i1}(22)

ni1)(s2) = n S2)(z2) - 4 2)(z2)42)(52)

|A (2r2)|2<7i(z2) — q3(z2)p(z2) 
|A(22)|292(^2) - q ^ M h ) A(22)|A (22)|2

< S \ ^ )  =  1

4 %  2) =  p(--2)/A(--2)

Hence

«l(2T2) =  p(z2) /A (z 2) 

& {z2) =  n ^ ( c 2)
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no(zi,s2) =  n̂ 0)(^2) = - 4 1)(=2)n(i1)(~-2)

rfo(~l,22) =  db°\z2) =

a 0(z2) = 1

<0)/„ ,  |A(22) |2 -  |p(~-i)l2
=  i A ^ ) P -------

and

A,(z2) -  4 % 2) / 4 % 2)

By applying (5.49), (5.50), (5.54) and (5.55), wo have

|A (22)|2
•f 2 (^2 ) =

|A (22) |2 -  Ip (22)|2

where the second term  can be written as 

n 22 ) ( * 2 ) [ n  ̂ {z^f  =

On applying Algorithm 1 to (5.75), we obtain 

n [? \ z 2) { n f \ z 2)}Hz ^  dz2 =
Z K J  J \ z 2 \ = l

0i{z2)0{f (z2) +  n^2)( ~2)[n^2)( ~2)]"

«s(^2) 1 ) ( ?3(-a)
. 9 4 (^2 ) A2(~~2)j I . 94(-2 ) A 2 ( ~ 2 )

11

0.4109 0.3925 
0.3925 0.3804

(5.75)

(5.76)

Note th a t on the unit circle T2, the spectral factorization of |A (2 2) |2 — \j)(z2)\z 

leads to

|A (z2)|2 -  \p{z2)\2 =  A (z2)A (2 2 1) ~ v { ^ ) p { z 2 l ) = u(«2)w(C2 1)

where

v (z2) =  0.863722 +  0.480722 +  0.0387

Hence on T2 the first term  on the right-hand side of equation (5.75) becomes

|A (z2)I2
|A (22)|2 -  |p(z2)j2Pi(z2 W ? { z 2) =

q u ( z 2) q n { z2)
H

_v(z2)A 2(z2) y ( z 2)A 2(z2)
(5.77)
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where;

<112(22)

Z2

0.0287 0.5093 2.1844 3.7150 2.2886 0.5463 0.0393
0.0396 0.5473 1.5470 1.4374 0.5699 0.0978 0.0058 Z2

r* - .3

and the application of Algorithm 1 to (5.77) gives

—  I |A ( .2)|2
2trj J\zt\^i |A (z2) |2 -  \p(z2)\2 

Equations (5.75), (5.77), and (5.78) now imply that

5.5320 1.3018 
1.3018 1.4894 (5.78)

K n
5.9427 1.6943 
1.6943 1.4894

With several straightforward modifications, Algorithms 1 and 2 can be used 

to obtain K 22, W u , and W 22 as follows:

K 22 =

W n =

W 22 =

1.3363 -2.2425
-2.2425 4.0696

0.3233 -0.5691
-0.5691 1.0758

0.5282 -1.0647
-1.0647 4.1374

In order to compare the proposed m ethod with the truncation and integration 

met hods with respect to computational efficiency and accuracy, the three methods 

were programmed in MATLAB (version 3.5e) on a Sun workstation using double­

precision floating-point arithmetic. The total number of floating-point operations 

(flops) required to  compute K,-; and W;; (i =  1,2) by the proposed method was 

found to  be 3.82 x 103. In order to obtain the solution to an accuracy of 4 

significant digits, the truncation method required N i = N 2 =  15 and a total of 

7.2 x 104 flops while the integration method required JVi =  No =  20 and a total 

of 2.96 x 105 flops.



5.8 C onclu sion s

A general and computationally efficient method for the evaluation of the con 

trollability and observability gramians of 2-D digital filters and systems has boon 

proposed. The new method yields a high-accuracy closed-form solution of the 

problem at hand and, in addition, it requires only a fraction of the computation 

required by existing methods. In the case of a 2-D digital filter of order (2, 2), t he 

new method required only 5.3% of the computation required by the truncation 

m ethod and only 1.3% of tha t required by the numerical integrat ion method. The 

theoretical foundation of the method is the AJA algorithm which was originally 

proposed for the evaluation of scalar loss functions of stationary random pro­

cesses with rational spectral density. Through a two-stage extension of the .1.1 A 

algori im , the evaluation of 2-D gramians can be carried out by recursively com­

puting the positive Hermitian solution of the param etric 1-1) Lyapunov equation 

given in (5.35) and then recursively computing the complex integral in (5.31) by 

means of the 1-D spectral factorization technique.
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C hapter 6 

C onclusions and  
R ecom m en d ation s for Further  
W ork

6.1 C on clu sion s

This thesis presented a study on the design of 2-D digital filters. In the first 

part of the work, new methods for the design of 2-D quadrantally symmetric and 

general FIR and IIR filters using the SVD and BA have been presented. The 

advantages of the SVD methods are:

• Two-dimensional designs can be achieved by using well-known 1-D design 

methods. By using 1-D linear-phase F IR  filters, linear-phase causal 2-D 

FIR filters can be obtained which are suitable for real-time or quasireal- 

tim e applications.

•  The resulting filters consist of parallel arrangements of cascaded pairs of 1-D 

filters, hence extensive parallel processing and pipelining can be applied.

A new design method using the BA has been applied to linear-phase 2-D FIR 

filters of the type that may be obtained by using the SVD method. It has been 

shown tha t the BA method leads to a lower-order separable 2-D filter, usually an 

IIR filter, and the phase response of the resulting filter is approximately linear 

over the passband region provided that the approximation error in the phase
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angle is bounded by the sum of the neglected Hankel singular values of the filter. 

Consequently, the phase response of the resulting filter is approximately linear 

over the passband region provided tha t only small Hankel singular values art' 

neglected. The resulting 2-D filter is nearly balanced which implies that the filter 

has low roundoff noise as well as low param eter sensitivity. Furthermore, it has 

been shown tha t the 2-D filter obtained is more economical and conmutationally 

more efficient than the original 2-D FIR filter and, in the case when' an IIR 

filter is obtained, the stability of the filter is guaranteed. In the second part 

of the work, new efficient and general methods for the ('valuation of t l i ' 1-1) 

and 2-D gramians for the case of 1-D and 2-D, causal, stable, recursive' digital 

filters have been presented. The algorithms are based on extensions of the ,4JA 

algorithm which was originally used for the evaluat ion of the scalar loss function 

of a stationary random process with rational spectral density. It has been shown 

tha t the AJA algorithm can be modified to solve a 1-D Lyapunov equation in 

a recursive manner. Furthermore, the recursive algorithm can be extended to 

the case where the vector rational function involved depends on two complex 

variables. It has been shown that the two algorithms obtained can be combined 

to evaluate the 2-D gramians and the new method yields an accurate closed- 

form solution. In addition, it has been shown tha t the new method requires 

only a fraction of the computation required by existing methods. The proposed 

algorithms are useful in many applications, e.g. in obtaining optimal digital filter 

structures tha t minimize the output-noise power due to the roundoff of products, 

and in obtaining a balanced approximation of a given discrete-time dynamical 

system or filter.

6.2 F urther W ork

In Chapters 2 and 3, the error bound for the 2-D filter is given as a summation 

of the approximation error introduced by a specific 1-D design technique and 

the residual error. A method for choosing the approximation error in each 1-D
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subfilter in such a way as to achieve the most economical 2-D design should be 

developed.

Presently, a fixed order is chosen for all 1-D subfilters. However, it may be 

possible to use a different order for each 1-D subfilter so as to achieve minimum 

error while using the least amount of computations.

In the present work, for simplicity, the Fourier series and window method were 

used for the design of the 1-D subfilters. However, other available 1-D FIR design 

methods may also be used. In particular, if the Remez method is employed, it is 

expected tha t reduced approximation error can be achieved.

In Chapter 4, the BA method was developed for the design of 2-D IIR filters 

with linear phase characteristics. It will be worthwhile to compare the BA ap­

proach with other methods for the design of linear phase filters, for example, the 

equalization method.

Presently, only the design of 2-D FIR  filters with quadrantal symmetry has 

been studied. Preliminary work has shown tha t the SVD method may also be 

applied for the design of 3-D FIR filters. The SVD may be obtained by using 

an iterative least-square method. Further research is needed to prove tha t the 

decomposed vectors posess the symmetry property in Section 3.2.2. This property 

will allow the design of linear-phase 3-D FIR filters.

The SVD design method with compensation has been studied previously [23]. 

If the number of parallel sections is restricted, the design of 2-D FIR filters using 

the compensation scheme may under certain circumstances give better results. 

To investigate this possibility, a comparison of the SVD design method with and 

without compensation should be undertaken.
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A p p en d ix  A

P roofs o f  T heorem s 1.1 and 1.2

A . l  Proof of Theorem  1.1:

Since A t A  is positive semidefinite, its eigenvalues are nonnegative. Let them 

be • • • , al f ,  where <ri > <r2 >  • • • >  oy >  0 =  o>+] =  oy+2 =  -

o ' L e t  v 1; v 2, • • • ,  V a /  be a set of orthonormal eigenvectors for a f ,  c r | ,  • • • ,

and let V j =  (vj, v 2l • • • , v r) and V 2 =  (vr+J, v r+2, • ■ • , v  f/). " ’hen if S  =

diag (cr1 , a 2 , ■ ■ ■, o>), we have V f  A t AVi =  E 2 and consequently

E ~ 1V ?’A r AV 1S - 1 = 1  ( /l .l)

Also V 2 A T A V 2 =  0, who ace

Now let

A V 2 =  0

U j =  A V iE -1

Then from (A .l) U f l J h  =  I ;  tha t is the columns of U j  are orthonormal. Let U 2 

be chosen so tha t U  =  (U i, U 2) is orthogonal. Then

t jT a v  _  ( ( U f)A V x U f(A V a) 
“  \  U^AVx) UJ(AV2) 

(  fE “1V?,A r )AVi U f(0) 
U 2 (U iE ) UftO)
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P ro o f  o f  T h e o re m  1.2:
Let B  be a m atrix of rank r such tha t || A  — B  ||p is minimal. Let the SVD

of B be

c  = q tb p

where C n  =  diag (7 1 , 7 2 , • • • , 7 r ). Let

f c u 0 \
-  { 0 0 )

D  =  q T a p  =  ( d ”  d ”

be partitioned conformally with C.

We claim tha t D u =  C n, D i2 =  0, and D 2i =  0. Suppose, for example, that 

D i2 ^  0. Then the  matrix

C n  D i 2 
 ̂ 0  0

has rank r and || D — C* ||f  <  || D — C ||p. However, if we set B* =  Q C P T,

then B is also of rank r  and

|| A -  B ' ||f  =  || D  -  C' ||f <  || D  -  C ||f  =  || A  -  B ||f

contradicting the minimality of B. Similar arguments show th a t D 2i =  0 and 

D n  =  C m

It follows th a t D has the form

D =  f  ° n °
V 0  D 22

and || A — B | |f = |I  D — C | |f = | |  D 22 | |f * Since Cn is diagonal, it consists of 

singular values of A, and || D 22 ||p will be the sum of squares of those left over. 

Obviously, this is a minimum when

|| D 22 ||p =  a*+l +  &r+2 -I =  || A -  A  ||p □



V . Y 2

A p p en d ix  B

SV D  o f a Q uadrantally  
S ym m etric  M atrix

Let C  =  {Cij, 0 <  i, j  < N  — 1, N  = odd} be an N  x N  quadrantally-symmetric 

m atrix, i.e.

Ci,j =  C i 'N - i - j  =  =  c j v - i _ t , j v - i - j  ( f L l )

If a m atrix  I  is defined by

r o . . 0 1 0 ]

II o . . 1 0 0

i  . . 0 0 0

where the size of I  is I x k,  and k = ( N  -f 1 )/2, / =  (Ar — l) /2 , then matrix C 

can be decomposed as

h  0 ■ C l 0 i k  i 7
.  I  1 / . r o o Q 1 ‘ .

where C i is the k x  k principal minor of C . Assume that the SVI) of matrix C[ 

is given by

C i =  U iS jV f  (HA)
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From (B.3) and (B.4), m atrix C can be expressed as

Uj 0 ’ S, 0 ■ Vx 0
iUx o 0 0 iVx 0

=  (
U x 0 
IUx 0

x r 2 Sx o 
’ [ 0 0

Vi 0 
IVx 0

= [ o .  o]
2Sx 0 
0 0 V i 0

where

U i =
x/2

Ux
iUx

and Vx =
v/2

Vx 
t v  i

(5 . 5)

(5 .6)

If U '2 and V 2 are the orthonorm al complements of Ux and Vx, respectively, 

then the SVD of m atrix C can be obtained from (B.5) as

c  =  U S V T

t = l

i = l
(5 .7)

where U  = [Uj U 2] and V  =  [Vx V 2] are orthogonal matrices, u,- and v, represent

i  1
the fth column of U and V , respectively, u,- =  j f u v, =  crfv, and

S = 2Sx 0 
0 0

<7X 0
0 02 0 . . .

<Trc 0
. . .  0

0
0

0

0



i;w

From (B.2) and (B.6), we now observe that the first k columns of U and V 

are all mirror-image symmetric and, consequently, the vectors u, and v, in (11.7) 

are all mirror-image symmetric.
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A p p en d ix  C

L U D  o f  a Q uadrantally  
S ym m etric  M atrix

If the LUD of m atrix  Cj is given by

C 1 = L 1V 1 (C .l)

where L i and U i are lower- and upper-triangular matrices of size Ni ,  then (B .l) 

implies tha t

■ Ifc 0 ' In 0 Ui 0

1
1—1

 
?r hH>

•

I I; . 0 0 0 0
.  0  .

io• £»

IL! 0

Oo
«

and, therefore, the LUD of C is given by

C =  LCU C

where L<. and U c are of the form given in Section 2.4.3.
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A p p en d ix  D  

L aub’s A lgorithm

Step 1 O btain the Cholesky factorization of K  as

K  =  LLr

where L is lower triangular.

Step 2 Form LTW L

Step 3 Solve the symmetric eigenvalue/eigenvector problem

U r (L TW L )U  =  A2

Step 4 O btain m atrix  T  as

T  =  LU A "1/2


