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ABSTRACT

This thesis presents a study on the design of two-dimensional (2-D) digital
filters Ly using the singular-value decomposition (SVD).

A new method for the design of 2-D quadrantally symmetric FIR filters with
lincar phase response is proposed. It is shown that three realizations are possible,
nainely, a direct realization, a modified version of the direct realization, and a
reaiization based on the combined application of the SV and LU decompositions.
Fach of ke three realizations consists of a parallel arrangement of cascaded pairs
of 1-D filiers; hence extensive parallel processing and pipelining can be applied.
The three realizations are compared and it is shown that the realization based
or the SV and LU decompositions leads to the lowest approximation error and
involves the smallest number of multiplications.

It is shown that th= 3VD of the sampled amplitude response of a 2-D digital
filter with real coeflicients possesses a special structure: every singular vector
is either mirror-image symmetric or antisymmetric with respect to its midpoint.
Consequently, the SVD method can be applied along with 1-D FIR techniques
for the design of linear-phase 2-D filters with arbitrary prescribed amplitude
responses which are symmetrical with respect to the origin of the (w;, ws) plane.

A method for the design of 2-D IIR digital filters based on the combined
application of the SVD and the balanced approximation (BA) is proposed. It is
shown that the approximation error in the phase angle is bounded by the sum
of the neglected Hankel singular values of the filter. Consequently, the phase
response of the resulting filter is approximately linear over the passhand region
provided that only small Hankel singular values are neglected. It is also shown
that the resulting 2-D filter is n=arly balanced, which implies that the filter has
low roundoff noise as well as low parameter sensitivity. Furthermore, the 2-D

filter obtained is more economical and computationally more efficient than the




i

original 2-D FIR filter, and in the case where an IIR filter is obtained the stability
of the filter is guaranteed.

Efficient general algorithms for the evaluation of the 1-D and 2-D grami-
ans for 1-D and 2-D, causal, stable, recursive digital filters are proposed, which
facilitate the application of the BA method in the design of digital filters. The al
gorithms obtained are based on a two-stage extension of the Astréom-Jury-Agnicl
(AJA) algorithm. It is shown that the AJA algorithm can he modified to solve a
1-D Lyapunov equation in a recursive manner. The recursive algorithin is then
extended to the case where the rational function vector involved depends on two
complex variables. It is shown that the two algorithms obtained can he combined
to evaluate the 2-D gramians. The proposed algorithms are also usefnl in obtain-
ing optimal digital filter structures that minimize the output-noise power due to

the roundoff of products.
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Chapter 1

Introduction

1.1 Background

Multidimensional (M-D) digital signal processing (DSP) is priarily concerned
wit .« representation, transformation and manipulation of signals that can he
represented as M-D arrays. M-D DSP, particularly two-dimensional (2-1)) DSP,
finds exten “ve applications in acoustics, conar, radar, seismology, geophysical
exploration, rovotics and many other arcas. In many cases, the central part
of a 2-D DSP s;stem is a specific piece of software or a dedicated hardware
board implementing a filtering algorithm that can process <iguals received, and
is referred to in general as a 2-D digital filter. This thesis presents a study on the
design of 2-D digital filters by using the singular-value decompositicn (SVD).
Two-dimensional digital filters can be classified as recursive or nonrecursive
depending on whecher or not the output of the filter depends on previons values of
the output. Alternatively, they can be classified as infinite-impulse response {T1k)
or finite-impulsive response (FIR) filters depending on whether their impulse
response is of infinite or finite duration. These types of 2-D digital filters are
consistent with their 1-D counterparts and have analogous properties. I'IR filters
have the advantages that they are free of stability problems and that linear phasce
can easily be achieved. IIR filters, on the other hand, have the advantage that the

amount of computation necessary for their operation and the required memory
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resourc=s are relatively low.

1.2 Existing Methods for the Design of 2-D
Filters

Methods for the design of 2-D FIR and IIR filters have been investigated by a
number of researchers during the past two decac’es. The main design approaches

for 2-D FIR and IR filters can be classified into the following four categories:

1.2.1 Window Method

In this method, an ideal frequency response H(c1;, ws) is approximated by an
FIR filter by multiplying the ideal impulse response h(n;, ns) by a finite window

array w(ny, ng) to produce the filter impuise response.
hw(n1, no) = h(n1, ng)w(ng, ny) (L.1)

The frequency response of the resulting filter will be a good approximation to
H(wy, wy) if W(wy, ws), the frequency spectrum of w(ny, ), is a good approx-
imation to a 2-D impulse function.

Huang [1] first described the circularly symmetric window formulation. The

window used has a circular region of support and is formed as

we(n, n2) = w(y/nf + nj) (1.2)

by sampling a rotated 1-D continuous window function in the 2-I) plane. Another
type of 2-D window function has a rectangular region of support and can be

formed as the outer product of two 1-D windows [2] i.e.

wr(ny, n2) = wi(ng)wy(ng) (1.3)

Several 1-D windows can be nused in (1.2) and (1.3). Among the most popular

ones are the rectangular, von Hann, Hamming, and Kaiser windows [3]. The




advantage of using window functions is that they require less computation than

optimization techniques and they are effective in reducing Gibbs™ oscillations.

1.2.2 McClellan Transformation Method

The McClellan transformation method [4-10] is used to design 2-1) linear phase
FIR filters either with circularly symmetric amplitude responses or with fan filter
specifications. The advantage of the method is that by using optimal 1-1) filters it
is possible to design optimal 2-D filters that can be implementated efficiently. The
method starts with a high-order 1-I filter design that satisfies certain frequency
response specifications. The 1-D filter is then transformed into a 2-D filter using
the McClellan transformation. To be more specific, the frequency response of a

1-D zero-phase FIR filter of length (2N + 1) is written as

N
Hw) = ~0)+ ) h(n)fe™" + "] (1.1)
n=1
N
= Z a(n) cos (nw) (1.5)
n=0

where

_J R(0), n=0
aln) = { 2h(n), n>0

and h(n) is the impulse response of the filte:. The function cos (nw) can he
expressed as a polynomial of degree n in the variable cos w. The resulting poly-

nomial is the nth Chebyshev polynomial Ty,[-]. Therefore
cos nw = Ty [cos w] (1.6)

By substituting (1.6) into (1.5), H(w) can be written as

N
H(w) =" a(n)Ty[cos w] (1.7)

n=0




The generalized McClellan transformation v iich converts 1-D filters into 2-D

filters possessing quadrantal symmetry can be written as
P Q
cos (w) = Z Z tpg COS Py COS uy (1.8)
p=0g=0

where lpg are real constants.

The frequency response of the resulting 2-D FIR filter is

N P Q "
H(wy, w2) =Y a(n) DDty cos pwy cos qws (1.9)
n=0 p=0¢=0

The coeflicients of the original Mc('lellan transformation are chosen as ty; = t;o =
fur = —too = 1/2 for circular symmetrv. These coefficients result in nearly circular
contours for low values of w and increasingly square contours for larger values of
w. Thus the McClellai: transformation is quite useful for the design of lowpass
or highpass filters with a low cutoff radius. The McClellan transformation is
not quite suitable for designing either lowpass filters witn large cutoff frequency
or broadband bandpass filters since it cannot provide circular contours at high
frequencies.

The coeflicients of the McClellan transformation are computed using opti-
mization techniques [7, 8, 9]. The design usually requires a large amount of
computation. Thus an approximate solution is sometimes used in order to re-
duce the computation burden. An approximate technique which results in simple

formulas for fast calculation of t+e McClellan transformation coefficients has heen

described in [10].

1.2.3 Optimization Methods

An objective function can be defined in terms of the error between the actual
and desired frequency responses. The filter coeflicients can then be obtained by

various optimization techniques [11, 12, 13, 14, 15, 16, 17, 18]. Filters designed

at mime i e o wei e e o




using different error criteria can be quite different. The most ~ommonly used
error criteria are the Lg and the Ly norms. The design of IR filters is generally
more complicated than that for FIR filters since stability constraints must also

be imposed in the former case.

1.2.4 SVD Method

The main advantage of the SVD method is that 2-D filter designs can be ac-
complished by designing a set of 1-D subfilters and, therefore, the many well-
established techniques for the design of 1-D filters can be employed. In the
following two subsections, the theory of the SVD and its previous applications in

the design of 2-D filters will be given.

SVD of a Matrix

lleorem 1.:  If A € RI*M is a matrix, then there are orthogonal matrices U

and V such that

T . [Z 0
UTAV = (c 0) (1.10)

where ¥ = diag (01,02, -+,0.), and 0y 2> 09 2 -+ 2> 0, > 0. A proof of this
theorem can be found i Appendix A [19].

The decomposition in Theorem 1.1 is uinqgue. From (1.10) we have

VTATAV = diag (%2%,0) (1.11)

Thus the numbers 0?,02,---,0% must be the nonzero eigenvalues of ATA ar-

ranged in descending order. This, along with the requirement that the o, he
nonnegative, completely determines the o;.
Theorem 1.1 shows that any nonzero matrix A of rank r may be written as

the product of three factors




T
= ZO’,’H,‘V;T (112)
i=1
where o; for ¢ = 1,2,---,r are the singular values of A with oy > 0 > --- >

o, > 0, u; is the 7th eigenvector of AAT associated with the ith cigenvalue o?,
and v; is the ith eigenvector of AT A associated with the ith eigenvalue o?.
An important property of the CVD can be stated in terms of the following

theorem.
Theorem 1.2 Let

— %0 T LxAf
A—U(0 O)V €R

with L > M where ¥ = diag (01,00.---,0p) and 01 > 09 > -+ > oar. If

¥ = diag (01,02, ++,0.,0,-+-,0) and

A’:U(E, O)VT

0 0
then
|l A-A"|F= ain 1A =B (1.13)
where

L M 1/2
IA = [ZZ a%m]

=1 m=1
is the Frobenius norm of a matrix A. A proof of Theorem 2 can be found in
Appendix A [19].
Theorem 1.2 shows that for any fixed & (1 < & <r), 3% o;u;v7 is a minimal
mean-squarc-error (MMSE) approximation to A. A special case of Theorer 1.2

is that the MMSI separable approximation to A is given by

A %UIHIV{ (11‘1)




A s

where o7 is the dominant singular value, and u; and vy are the corresponding
dominart singular vectors [20].

For most digitai signal aud image processing applications, matrix A is non-
negative. It has been shown thai for a nonnegative matrix A, all entries of u,
and v; are nonnegative [20, 21], and this property has been utilized in early

developments of the SVD design method.

Previous Work on SVD Design Method

The SV'D design method was first considered in [22] where Treitel and Shanks
used the SVD of a matrix formed by a given ideal impulse response to approx-
imate a spatial nonrecurs’ « filter vy a sum of separable 2-D filters. In [20]
the SVD method was extended to the frequency-domain design of separable ap-
proximations to desired amplitude responses. Assume that matrix A = {«,,}

represents a desired amplitude response and

T WY
atm = A{— i

,—), I1<I<L and 1<n< M 115
T T, ) << ( < < (1.15)
where y; and v, are normalized frequencies such that

[—1 m—1
T VU =
-1 M-

=

and 0 < gy < 1, 0 € 1y, < 1. Since the elements of the first pair of singular

~ 1/2 ~ 1/2 - -
vectors vi = al/ vy and Gy = 01/ u; are always positive, the problem of designing
a 2-D filter characterized by A is acomplished by designing two 1-D filters whose

sampled amplitude responses are given by

fi=|F(&™/Ty|,  1=1.2,--- L (1.16)

Im = |G, m=1,2,--- M (1.17)




This task can be carried out by using one of the standard optimization algorithms
such as the Fletcher-Powell algorithm. In [20] the Marquardt minimization algo-
rithm was used with an L, error ¢ iterion to design both FIR and IIR filters. In
the FIR case, the user specifies p and the order N of the desired 1-D filter and

the optimization program yields a filter characterized by a transfer function

N
H(z)=K(1+ Y a,z™") (1.18)
n=1
such that the error
M .
E, = Z{lH(c’“’")| —d, }? (1.19)
n=]

is miniinized, where d,, is the desired response of the 1-D filter at w = w,, p is an
even integer, and M is the number of sampling points. For the IIR case, a filter

characterized by

(14 a1zt + apaz7?)
(1 4+ bpyz=t + bypz~2)

H(z)=K ﬁ (1.20
n=1

is obtaincd in the same way. The technique described in {20] has the limita-
tion that if A has more than one dominant singular value, the approximation
achieved is poor since only the first set of the singular vectors is utilized for the
2-D filter design. Therefore, the approximation error is relativel; large. In [23]
the SVD method is mcdified to include more than one set of singular vectors
for the design of corresponding 1-D subfilters. Thus the 2-D design accuracy is
increased. If 1-I) IIR subfilters are used, zero phase is required for each subfilter.
This necessitates data transpositions at the inputs and outputs of subfilters and,
as a result, the usefulness of these designs is limited to nonreal-time applications,
where the delay introduced in the processing is unimportant.

Each method described in the above sections has its advantages and disad-

vantages and significant improvements and extensions are still possible.




1.3 Background on Computation of Gramians

In practice, digital filters are implemented using finite-precision arithmetic and
hence it becomes necessary to quantize products and coefficients. As a result,
roundoff noise is introduced which varies significantly from one realization to
another. Previous work [24] has shown that an optimal local state-space 2-1)
digital-filter realization that minimizes the output noise power due to the roundel!
of products can be obtained. The key step ia finding such optimal realization is
the evaluation of two positive definite matrices Ky and W, which are known as
the controllakility and the ohservability gramians of the digital filter, respectively.
These gramians have also been used te obtain balanced approximations of 1-1)
and 2-D systems [25, 26], which are very uscful in the design of 1-1) and 2-1
digital filters 27, 28].

The most efficient method for the evaluation of the gramians for the 1-1) case
is to solve two relevant Lyapunov equations, and reliable algorithms for com-
puting the gramians are available in the literature [29, 30]. For the 2-1) case,
the corresponding Lyapunov equations depend on a complex parameter, as is
demonstrated in [25, 31], which varies on the unit circle of a complex plane. In
other woids, if the Lyapunov approach is chosen for the evaluation of the 2-1)
gramians, one needs to solve a family of 1-D Lyapunov equations as opposed to
two constant Lyapunov equations in the 1-I) case. A Lyapunov approach for the
2-D case was described in [32] but the transfer function of the digital filters under
consideration must have separable denominators. Ior general. 2-1), causal, sta-
ble, recursive digital filters, the most commonly used method is the truncation
method described in [31] which provides numerical approximations of the grami-
ans in terms of truncated double summations to guarantee acceptable numerical
error. This is particularly the case when the filter under consideration has small
stability margin in which case the convergence of the infinite series is rather slow.

Therefore, an efficient and general method for the evaluation of gramians for the
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case of 2-1), causal, stable, recursive digital filters is needed.

1.4 Contributions of This Thesis

The main contributions of this thesis can be summarized as follows:

1.

A new design method based on the SVD is proposed for the design of 2-D
FIR filters with linear phase response. It is shown that three realizations
are possible, namely, a direct realization, a modified version of the direct
realization, and a realization based on the combined application of the SV
and LU decompositions. Each of the three realizations consists of a parallel
arrangement of cascaded pairs of 1-D filters; hence extensive parallel pro-
cessing and pipelining can be applied. The three realizations are compared
and it is shown that the realization based on the SV and LU decompo-
sitions, leads to the lowest approximation error and involves the smallest

nuimber of multiplications.

. A new design method based on the balanced approximation (BA) for the

design of 2-D IIR digital filter is proposed. It is shown that, the approx-
imation error in the phase angie is bounded by the sum of the neglected
Hankel singular values of the filter. Consequently, the phase response of the
resulting filter is approximately linear over the passband region provided
that only small ankel singular values are neglected. It is also shown that
the resulting 2-D filter is nearly balanced, which implies that the filter has
low rouadoff noise as well as low parameter sensitivity [32]. Furthermore,
the 2-D filter obtained is more economical and computationally more effi-
cient than the original 2-D FIR filter, and in the case where an IIR filter is

obtained the stability of the filter is guaranteed.

An efficient method for the evaluation of the controllability and observabil-

ity gramians of 2-D digital filters is proposeu. The algorithms obtained are

based on a two-stage extension of the Astrom-Jury-Agniel (AJ A) algorithm
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which was originally used for the evaluation of the scalar loss function of
a stationary random process with rational spectral density {33, 34]. It is
shown that the AJA algorithm can be modified to solve a 1-D Lyapunov
equation in a recursive r. anner. The recursive algorithm is then extended to
the case where the vector raticnal function involved depends on two complex
variables. It is shown that the two algorithms obtained can be combined to
evaluate the 2-D gramians. The proposed algorithms are useful in obtain-
ing optimal digital filter structures that minimize the output-noise power
due to the roundoff of products [35, 36], and in obtaining a balanced ap-
proximation of a given discrete-time dynamical system [37] or digital filter

[27, 28].

1.5 Organization of This Thesis

In Chapter 2, the new SVD method for the design of 2-1) quadrantally symumetric
FIR digital filters is presented. The SVD, the McClellan transformation, and the
2-D window methods are used to design a bandpass and a fan filter, and the
results obtained are compared.

In Chapter 3, a method for the design of 2-D FIR filters by using the SVD is
presented. It is shown that the SVD of the sampled amplitude response of a 2-1)
digital filter with ceal coeflicients possesses a special structure: every singular
vector is either mirror-image symmetric or anti-symmetric with respect to its
midpoint. Consequently, the SVD method can be applied along with 1-D FIR
techniques for the design of linear-phase 2-D filters with arbitrary prescribed
amplitude responses which are symmetrical with respect to the origin of the
(w1, we) plane.

In Chapter 4, a design method using the well-known kalanced approximation
[26, 27, 28, 38] is applied to linear-phase 2-D FIR filters of the type that may
be obtained by using the SVD methods presented in Chapter 2 and 3. The BA
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method leads to a lower-order separable 2-D filter, usually an IIR filter. Tt is
shown that the designs obtained are causal and locally quasi-balanced, and in
cases where IIR designs are obtained stability is quaranteed.

In Chapter 5, an efficient general method for the evaluation of the 1-D and
2-D gramians for 1-1) and 2-D, causal, stahle, recursive digital filters is presented.
The proposed method is compared with other known methods for the evaluation

of the 2-D gramians with respert to accuracy and computational efficiency.
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Chapter 2

Design of Quadrantally
Symmetric 2-D FIR Digital
Filters by Using the SVD

2.1 Introduction

The design of 2-D digital filters by using the SVD and other similar decompo-
sitions has been investigated by a number of researchers [20, 22, 23, 28, 39, 10)
[41, 42]. This design approach has several advantages. First, the design can
be accomplished by designing a set of 1-D subfilters and, therefore, the many
we! _stablished techniques for the design of 1-D filters can be employed; second,
the resulting 2-D filter is stable if the 1-D subfilters employed are stable; and
third, the 1-D subfilters form a parallel structure which allows extensive parallel
processing, hence the structure obtained is suitable for VLSI implementation,
As pointed out in [23], the SVD approach can be used for the design of cither
infinite-impulse response (IIR) or finite-impulse response (FIR) 2-D filters. While
high selectivity can be achieved by using low-order IIR designs for the parallel
1-D subfilters. zero phase is required for each subfilter. This necessitates data
transpositions at the inputs and outputs of subfilters and, as a result, the use-
fulness of these designs is limited to nonreal-time applications, where the delay

introduced in the processing is unimportant. On the other hand, hy using higher
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order FIR designs for the parallel 1-D subfilters, high selectivity and linear phase

2-D FIR filter can be achieved.
In this chapter, the SVD method is applied in conjunction with 1-D FIR

design techniques for the design of 2-D quandrantally symmetric FIR filters. It
is shown that by using linear-phase 1-D filters, linear-phase causal 2-D filters can
be designed which are suitable for real-time or quasi-real-time applications.

In Section 2.2 some preliminary material regarding 2-D digital filters is pre-
sented. In Section 2.3 the design of 2-D quadrantally symmetric FIR filters by the
SVD method in conjunction with 1-D FIR techniques is described. In Section
2.4 three realizations schemes are proposed for the design of 2-D quadrantally
symmetric FIR filters. It will be shown that in all three realization methods,
the outcome is a 2-D causal, linear-phase, parallel filter. In Section 2.5 an error
analysis is presented for the SVD design method. This would facilitate the deter-
mination of the number of singular values that should be used in the design and
the maximum approximatior error that should be achieved in the design of the
1-D filters. In Section 2.6 two examples are included to illustrate the effectiveness
of the proposed design method and the results obtained are compared with those

obtained by using the 2-D window and the McClellan transformation methods.

2.2 Preliminaries

A 2-D linear FIR digital filter with support in the rectangle defined by —N;/2 <

n; < N;/2,17=1, 2, can be characterized by the transfer function

N1/2 1V2/2

H(z, =)= ), > h(na, ng)zy ™™ (2.1)

ny =—N1 ‘/2 n2 =—N2 /2

where h(n;, ng) is its impulse response. If the filter is causal, then we have

N 1.’;
H(z, z0) = Z Z h(ny, no)zy™ 2™ (2.2)

n1=0 ny=0




Similarly, a linear, causal, recursive 2-D IIR digital filter can be characterized by

N. N - -1,
anl=0 En22=0 a(nl’ n,z)z:1 ny 32 7ny Y 3
Ny ZNQ —-ny (H" )

H(Zl 22) = -
’ ny=0 no=0 b(n'h 7?2)31

n

~
~

If z; = &7 where T} = 27 Jw,; for i = 1, 2 are sampling periods and w,; are the

sampling frequencies, we have

H(e™ D eirTe) = M(w,, wy)effts w2) (2.4)
where
M(wi, wp) = [H(' T, 322 (2.5)
and
O(wy, we) = arg [H(el1 T, iw2T2)] (2.6)

M(w;, wy) and 6(wy, w;) are the amplitude and phase responses of the filier,
respectively.

For some digital signal applications such as image processing, it is important
to have distortionless transmission. If an input signal is represented by w(ny, 1),

distortionless signal transmission is achieved if
y(m, nz) = az(nl — No1, Ng — 71()2) (27)

where a is constant and ny; and ng; are integers. This means that the output of
the linear system is a scaled and shifted version of the input signal. By using the

z transform, (2.7) can be expressed as
Y(ejw‘Tl, ejszz) — aX(ejwlTl, cjsz'z)C—j(w17'17101+w2’1‘zﬂ02) (2.8)

Therefore the amplitude and the phase responses of a distortionless system can
be written as
|[H(e T, e2T2)] = o (2.9)

arg [H(e1 T, 22)] = —wTyng — wyThng, (2.10)
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respectively. Equations (2.9) and (2.10) show that if the signal is to be trans-
m: ted without distortion the amplitude response of the linear system should be
constant and the phase response should be linear over those frequencies where
X (21T ¢392T2) s nonzero. The linear phase requirement can also be specified

by group delay functions defined by

o H jwlTl, JwaTo
mi(w) = — arg | (eawl )l (2.11)

and

Oarg [H (/1T ei2T2)]
3w2

To(w2) = — (2.12)

A linear system is distortionless with respect to phase response, if its associ-
ated group delays with respect to w;, and w; are constants over frequencies where
X(et T ¢32T2) is nongzero. Consequently, in the design of 2-D filters, the ampli-
tude response and group delays are usually required to be constant in the filter’s

passband.

2.3 Design

A quandrantally symmetric 2-D FIR filter requires that the impulse response
h(ny, ng) of (2.1) satisfy

h(nl, 71,2) = }L(Tll, —TI.Q) = h(——m, T’Lg) = h(—-’lll, '—'ng)
Further, if h(ny, ng) is real, then the frequency response of the filter
N1/2 N2 /2

]I(CJMTl, C.714J2T2) — Z Z h(n1, nz)e“jwlanle—jw2n2T2
m=—N1/2 ny=—N;/2

= X(wi, ws) (2.13)

is a real function which is even with respect to wy and w,.




The transfer function given in (2.1) can be rewritten as

K
H(z1, z2) = Y Fi(z1)Gi(z2) (2.14)
i=1

where Fi(z) and G;(z;) are transfer functions of 1-D subfilters in the z; and
zo domains, respectively. If these subfilters are FIR filters with support in the

rectangle defined by —N;/2 < n; < N;/2,7 =1, 2, we have

Ni/2
Fi(z)= Y film)=r™ (2.15)
TL1=—-N1/2
and
N2/2
Gi(z)= Y, gi(na)zz™ (2.16)
na=—Np/2

and if Fi(z1) and G;(z;) are assumed to represent zero-phase filters, then their

frequency responses are given by

Ni/2 .
Fi(eJ:u1T1) — Z fi(nl)e—-Ju}17llTl

n1=—N1 /2

pumaed (Di(wl) (2.17)
and

| M2 |
Gi(er2T2) — Z gi(nz)e—.?wznzﬂ

np=—N2/2

= F{(Wg) (218)

where ®;(w;) and I';(w;) are real functions which are even with respect to w; and

we, respectively. Consequently, from (2.14)-(2.18) the frequency response for a




quadrantally symmetric 2-D filter can be writien as

K
I](ej“-’lTl, ejszz) — ZE(ijlTl)G{(ejszz)
=1
K

= Y ®i(wi)Ti(wn)

i=1
= A(wr, we) (2.19)
Now assume that matrix A = {a;.,} represents a desired frequency response,
i.e.

wm = A IOy 1 <I<L and 1<m<M (2.20)
’ T, T

where 1 and v, are normalized frequencies such that

_l—l _m-—1
o= S v

and 0 € 1y <1,0< v, <1. The SVD of A gives

T
A = za;u;v?
i=1

T
o oT
= Y ;¥ (2.21)
i=1
where o; are the singulai values of A such that o > g2 > -+ 2 o, > 0,

1 1
ﬁ,' = (7',-2 u;, and Vi = O'i2 Vi.

On comparing (2.19) with (2.21) and assuming that @; and V; are sampled
versions of the frequency responses of the 1-D filters characterized by Fi(z;) and
(7i(z2), respectively, a 2-I) zero-phase FIR filter can be designed by designinug
two sets of 1-D zero-phase FIR subfilters characterized by Fi(z) and Gi(z2),

where 1 <7 < r. A 2-D, causal, linear-phase filter can readily be obtained by
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shifting the impulse response by N;/2 and N3/2 with respect to the ny axis and
ny axis, respectively. This can be accomplished by multiplying Fi(z1) and (;(=2)

N1/ Naj

by z;™/* and ;% respectively.

The design of the 2-D filter can be completed by using any one of the standard
methods for the design of 1-D FIR filters. Using the Frequency sampling method
in conjunction with window techniques [3], designs can be obtained very quickly
with a small amount of computational effort. Thes2 designs are not optimal
although the approximation error can be made arbitrarily small by increasing
the order of the 1-D filters used. On the other hand, by using methods based on
the Remez algorithm [43], it may be possible to obtain optimal designs although

a large amount of computation would be required.

2.4 SVD Realizations

In this section, three distinct realizations are obtained through the application of
the SVD. They are referred to as the direct-SVD realization, the modified-SV])
realization, and the SVD-LUD realization.

2.4.1 Direct-SVD Realization

The direct-SVD realization is based on the direct application of the SVD to a
matrix representing the required amplitude response and as in the IIR realizations
reported in [23], the number of parallel filter sections is equal to the number of
singular values used in the design. In practice, a designer would attempt to
keep the error introduced by the application of the SVD as low as possible by
using as many singular values as possible in the design. However, as more and
more singular values are used, more and more parallel sections are required which
increase the computational complexity or the cost of hardware involved in the
implementation.

The direct-SVD realization is obtained by using the design method described




in Section 2.3. The steps involved are as follows:

1) Specify the desired amplitude response and thereby obtain the corresponding

sampled amplitude-response matrix A given in (2.20).

2) Decompose matrix A using the SVD as in (2.21) to get G; and V;, where

1<:<r.

3) Design K 2-D FIR filters, each of which is obtained by designing two 1-D
zero-phase FIR filters characterized by transfer functions F;(z;) and G;(z2)
corresponding to the desired amplitude responses 1i; and V;, respectively,

where ]l <:< Kand1 < K<r.
4) Obtain the resulting 2-D zero-phase transfer function through (2.14).

1/ —N2 /2

5) Multiply the resulting 2-D zero-phase transfer function by z; M/2 and Zq

to obtain the linear-phase 2-D transfer function.

If Ny = N; = N, the number of the multiplications needed in the direct SVD

realization is 2K N where

. (N+1)/2 if N isodd
N =
N/2+1 if N is even
is the number of multiplications needed in the implementation of a 1-D FIR filter.
Integer K is the number of singular values that must be used in the design to

reduvce the approximation error introduced by the SVD ‘u a satisfactory level.

2.4.2 Modified-SVD Realization

The second realization is a modified version of the first which takes advantage of
the symmetry of the impulse response of a linear-phase 2-D FIR filter. The design
is reformulated in terms of the singular values of a matrix C of rank r., where

r. does not exceed half of the order of the 1-D FIR filters used. This allows the
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designer to eliminate the error introduced by the application of the SVD using a

smaller number of parallel sections.

The modified-SVD realization can be obtained by manipulating the transfer

function of the 2-D filter. From (2.14) to (2.18), we can write

H(Zl, 22)

where

K N/2 N/2
= Z [ Z fi(nl):l’nl][ Z gi(712):;1l2]
i=1 ny=-—N/2 na=—N/2
N/2 N2 K

= 2 > filni)gi(na)|zy™ =3

n1=—N/2 np=-N/2 i=1

N/2 N/2
= Y > e(ng, na)sy™ g™ (2.22)
ny=—N/2 np=-N/2
K
c(ny, ng) = Zfi(nl)gi(ng) (2.23)
=1
The SVD of matrix C = {¢(n;, n2)} can be written as
C = Z ac,-uc,-chi
i=1
= Y 0,V% (2.21)
i=1

where 7. is the rank of C. Now if all the singular values of C for ¢ > K, can bhe

neglected, we can write

K,
Cr Y Ve (2.25)

i=1

and on combining (2.22) and (2.25), we have

H(Z], 2’2)

N/2 N/2 K.

DY S0 Y tci(ng)bei(ng)zy™ 25 ™

711=—N/2 n2=—N/2 i=1




K. . . .
~ Z I’li(zl)Gc,‘(ZQ) = H(Z:l, 2’2) (226)
i=1
where
i N/2
Fa(z1) = Y ei(ng)zi™
n1=—N/2
and
. N/2
Gei(z2) = Z ei(ng)2y ™
ng=-N/2

Therefore, a realization can be obtained by connecting K. (1 < K, < r.) 2-D
zero-phase filters in parallel, where each 2-D filter consists of two cascaded 1-D
FIR filters represented by Fii(z;) and Gei(zs).

A step-by-step procedure for the modified-SVD realization starts with steps

(1)-(4) given in b2ction 2.4.1 and concludes with the following additional steps:
5) Form coeflicient matrix C using (2.23).

6) Perform the SVD on matrix C to obtain vectors @i.; and Vi, 1 < 7 < 1,

¢

as in (2.24) and retain the vectors corresponding to the K, most significant

singular values.
7) Obtain the 2-D zero-phase transfer function using (2.26).

From (2.23)

K
C= Zfig? = [f; - “flx’][gl ce gK]T

i=1
where

fi = [fi(=N/2) - fi(N/2)]"




and

g = [0:(=N/2) - (/2]
Hence it follows that :he rank of C satisfies the inequality r. < K. Morcover since
f; and g; are mirror-image symmetric, matrix C is quadrantally symmetric (sce
(A.1) in Appendix A). Consequently, there are at most N lincarly independent
row (or column) vectors in C and, therefore
r. < min (N, K) (2.27)

In the modified-SVD realization, vectors ti,; and V; in (2.24) are all mirror-
image symmetric, as shown in Appendix A. Consequently, [:‘vi(:l) and (‘/l.‘(:z)
1epresent 1-I) zero-phase FIR filters which can be readily designed using one of
the standard methods. A 2-D, causal, linear-phase realization can be obtained
by multiplying Fi;(z;) and Gei(z2) by =z N2 and 2y NP2 respectively.

The number of multiplications required by the modificd-SVI) realization is
2K .N. If K < N then from (2.27) we have K, < r. < K and, therefore, the
modified-SVD realization is more economical than the direct-SVD realization.
If K >N, wehave K, < r. < N and, once again, the modified-SVI) realiza-
tion is more economical than the direct-SVD realization. In the later case, the
modified-SVD realization has the additional advantage that the value of K can be
increased to r, the number of singular values in A, without increasing the number

of multiplications. Consequently, the approximation error can he reduced further

at no additional cost.

2.4.3 SVD-LUD Realization

The SVD-LUD realizat:on is, in effect, a modified version of the second realiza-
tion. As in the second method, the error introduced by the application of the
SVD can be reduced by increasing the number of parallel sections and, in addi-
tion, the number of multiplications can be reduced further through the use of the

LU decomposition.




Instead of decomposing C using the SVD, the LUD is used [44] to give
C=L.U. (2.28)

where L. and U, € RV*V are the lower- and upper-triangular matrices, respec-
tively. Since matrix C given by (2.23) is quadrantally symmetric, it can be shown

that L. = {l;;} and U, = {u;;} satisfy the relations

Li; = INwiy1; for 1 <4, 7N

L; =0 for j > r.

li; = 0 for i<jandj<r,
and

Ui; = UiN—j41 for 1<4, j<N

ui; = 0 for 1> r.

w,; = 0 for j<iandi<r,

respectively, 1.e. L, and U, have the forms of

F% 0 07
* x 0 0
* 0 . 0
L. = :
* 0 - 0
* 0 0
[ * 0 0
and
[ % % % * k% |
0 % : % 0
0 =* * 0
Ue = 0 -0
| 00 0 - 0 0 0




resectively, (see Appendix B) where the nonzero columns (rows) in i.. (U,.) are

also mirror-image symmetric.

Now if we let Z; = [zV/%, -, 1 -, 7N i =1, 2, then (2.26) can be

written as

H(z, z) = Z,LU.ZY
K.
= ZLci(zl)(Jci(:2) (229)
—

where 1 < K, < r, and

(N/241)—i
Lii(z) = Z L.(ny,0)zy™
ni=i—(N/241)

and
(Nj2+1)—i

Ui(z) = Z U.(2, ng)zy ™
ng=i—(N/241)

A 2-D, causal, linear-phase realization can be obtained by muiiplying L.(z)
and U.(z2) by 21 N2 and zq N/ ? respectively.
A step-by-step procedure for the SVD-LUD realization starts with steps (1)-

(4) given in Section 2.4.1 and concludes with the following additional steps:

5) Form coefficient matrix C using (2.23).
6) Perform the LUD on matrix C to obtain matrices L, and U, by (2.23).
7) Obtain the 2-D zero-phase transfer function through (2.29).

As in the modified-SVD realization, full accuracy can be achieved by using
1. parallel sections along with K = r, according to (2.27). The number of mul-

tiplications required in this realization is KC(2N — K.+ 1), where | < K, <7,
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Table 2.1: Number of Multiplications Required by the Realization Schemes

Realizations Direct SVD Modified SVD SVD-LUD

No. of Multipli. 2K N 2K,V K.(2N — K, +1)

Upper Bound 2rN 2N? N(N +1)

which is always less than 2K, N, the number of multiplications requiied in the
modified-SVD) method. Also note that by (2.27), K.(2N K, +1) has an upper
bound N(N + 1) which is less than 2N2, the uppcr bound for the modified SVD
method. Consequently, the SVD-LUD method usually leads to the most econom-
ical realization. The numbers of multiplications required by the three realization

schemes are given in Table 2.1,

2.5 Error Analysis

As was demonstrated in Section 2.4, in the direct-SVD realization a number
of singular valztes of A and in the modified-SVD and SVD-LUD realizations a
number of singular values of A and/or C may be neglected in practice. In this
section, a quantitative error analysis i¢ undertaken which would facilitate the
determination of the number of singular values that should be used in the design
and the maximum approximatic 1 error that should be achieved in the design of

the 1-1) filters.

2.5.1 Direct-SVD Realization

Assume that the direct-SVD method has been used to design a 2-D FIR filter for
a desired frequency response A and that its transfer function H(z;, z2) is given
by (2.14). Let f; and g be the column vectors obtained by evaluating ®;(w)

and I'y(wy) at frequencies wy = 7y /T and wy = 7y [Ty, where 1 <1 < L and




1 <m £ M, respectively, i.e.

F o= 1@,(TFy g, (TiLyT
fl - [(Dt( 7»11 Qi( Tl )]
5. — [r.(ﬂ’i)...p.'w)]'r
g = (L T2 1( T2

The amplitude response of the 2-D filter at frequency point (wy, wy) = (71 JUAT
mum[T2) is given by Z{" f‘,g? and, therefore, the approximation error at this

frequency point is the (I,m) entry in the error matrix E defined by

E = {el,m}
K .
= Y fEl -A
i=1
i % r g
= Y (Rl — v~ Y ou! (2.30)
1= i=KN+1

If we define
Al = —&;, AV =§-V

then Ail; ar.l AV; represext the approximation errors in the 1-1) frequency re-

spenses ®;(w;) and I';(ws), respectively. From (2.30), we can write

K r
E = Y (AGV +5A + ARAV )~ Y oiuv!

i=1 =K1

K 12 T T L -
= o (AwvV] + wAT]) + ARAT] ] - Y o]

1=1 i=K4]

The (I,m) entry of matrix E can be expressed as

em =12 Pl B g - qul”




o
[e]

where
1 fori =1
Pi=1 9 otherwise
and
)1 for:=m
%= otherwise

and hence

K r
€lm = 2[01'1/2(A'&1'1'Uim + uaAbim) + AdaAbim] — Y OUiVim

i=1 i=K+1
where u; denotes the [th component of vector u;, etc. Since vectors u; and v;
are all unit vectors for 1 <7 < r, an upper bound on the magnitude of e;,, can
ne cbtained as

K T
letm] < S[07 P (ers + €20) + v + Y. o (2.31)

=1 i=K+1

where ¢;; and e; represent the maximum approximation errors in the frequency
responses ®;(w;) and I';(w,), respectively.

If the approximation error in each 1-D filter design is reasonably small, then
the high-order terms ejie;, 1 < ¢ < K, in inequality (2.31) can be neglected.
We note also that the right-hand side in (2.31) is independent of ! and m, and
hence (2.31) holds also for the maximum of |e;,,]. We have, therefore, obtained
an upper bound for the maximum approximation error over the set of sampled

frequency points as

Cop =

i< lem] S 6r F e (2.32)

where the principal error ¢, and the residual error €, are defined by

K
o =Y 01 (e + €20) (2.33)
=1
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and

€ = ET: o; (2.3:D)
i=K+1
respectively.

The error bound given by (2.32) shows clearly how the choice of A and the ap-
proximation error introduced by a specific 1-D design technique affect the overa'l
approximation error in the 2-D filter. In practice, K should be chosen to keep the
number of parallel sections small and the residual error €5 acceptable. Having
determined the value of K, the principal error €, can also be made acceptable
by controlling the 1-D design errors €;; and ey; for 1 < ¢ < A, by increassing the
orders of the 1-D filters or by using a better design method for the [-D filters.
From (2.33) it follows that small approximation error should be obtained in the

design of those 1-D fiiters that correspond to the large singular values.

2.5.2 Modified-SVD and SVD-LUD Realizations

In this section, an error analysis is given for the modified-SVD and SVD-LUD
realizations. As in the direct-SVD realization, a trade-off exists between the
number of parallel sections used and the approximation error. An error analysis
is, therefore, useful to the designer.

Assume that a 2-D FIR filter has been designed using K singular values of
the desired frequency response A and that its transfer function I (z;, z3) is given
by (2.22). If a modified-SVD or a SVD-LUD realization is obtained comprising
K. parallel sections, where 1 < K. < r., the error introduced is given from (2.22)

and (2.26) as

Te
H(z, z2) = H(z1, 20) = Za( Y oeinteiv) 2y (2.35)

1=RKc+1
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where Z;, 1 = 1, 2, are row vectors as defined in Section 2.4.3 and

K,
H(z, z) = Zl(Zac,-uC;vz:-)Zg

=1
K. N .
= ZFci(zl)Gci(z2)
i=1

Under these circumstances, the approximation error at frequency point
q
(W, wp) = (rp/T1, Tvm[T2) is given by
e, ml = lam— ﬁ(ejwlT]a 6jszz”
— |al,m _ [](ejwlTl’ ejszz)l + IH(ejwlTl, ejszz) _ f__[(ejmTl, eszTz)l
= Jeum + [H(e T, i) — fi(eTs, ciort) (236)

where |e;m| has an upper bound given by (2.32), the second term on the right-

hand side in (2.36) can be estimated as

|H(eij7'1, ejwaTa)_f{(ejwlTl, ejszz)I — |Z1( Z Uciucivg;)zgl
i=K.+1

Te
S NZal Zall I D0 oeiteivs)

=K1

Te

= N Z Tt (237)
=K1

where || - || denotes the Euclidean norm of the matrix involved. The estimate in

(2.36) in conjunction with (2.32) and (2.37) leads to

s = 2l < eone + 6k 2

boo = g fmax o léml Serterte (2.38)

where ¢, and €. are given by (2.33) and (2.34), respectively, and ¢, given by

=N 3 ou (2.39)

i=K+1
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is the error introduced by using a reduced number of sections.

With K = r, the residual error in (2.38) vanishes and (2.38) becomes
éoo S €pr + €s (2-10)

In other words, one can design a linear-phase 2-D FIR digital filter using only K.
parallel sections if all the 1-D filters involved are designed such that the principal
error €y, it sufficiently small and, if K. is chosen such that the error in (2.39) is

also sufficiently small.

2.6 Examples

In this section, the design of a bandpass and a fan 2-I filter are presented to

illustrate the effectiveness of the proposed design method.

2.6.1 Two-Dimensional Bandpass FIR Filter

The desired amplitude response of a circularly symmetric 2-D bandpass IR filter

is specified by

. 0 0<vw’®+w? Sw,
lHl(er!Tl? er2T2)| — 1 Wy, < /w12 Fw? < Wy,
0 we, Vw24 w2 <1
where w,, = 0.247, w,, = 0.367, w,, = 0.647 and w,, = 0.767 and is illus-
trated in Figure 2.1. The corresponding sampled amplitude response Ay =

|Hi(ef™™, ei™m)| can be expresed as

. . 0 0 <V + vy <w, /7
[Hy(e™, &™m)| =< 1 We, [T SV + v S w,, [T
0 Wep [T < A+ 2 <1

where

Wey = (wa1 + wm)v Wey, = ?2(“’02 + wy, )-

N —
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for{=1,2,---,Land m=1,2,---, M with L = M = 36.

An easy-to-use numerically reliable software package called MATLAB has
been used to perform SVD on matrix A; in order to obtain the necessary data
for the designs in the following steps.

The 1-D FIR filters were designed by using the Fourier series method along
with the Kaiser window function, which is Lnown for its simpli :ity and flexibility
[3]. As ruay be expected, the higher the order of the 1-D filters, the lower the
approximation error. By trial and error, a value of 29 for N was found to give
satisfactory results.

As is shown in Figure 2.2, there are 19 nonzero singular values resulting from
the SVD of matrix A; but, as is shown in Table 2.2, if ounly the first 9 are used
in the design, the approximation error is less than 4%. The 3-D plot and the
contonr plot of the amplitude response obtained for a direct-SVD realization
with 9 sections are shown in Figures 2.3 and 2.4 (each contour plot used in this
chapter has 12 levels), respectively.

If all 19 nonzero singular values of A; are used in the design, then the rank
of matrix C defined in (2.23) is 15. If singular values 10 to 15 are neglected, the
digital filter can be realized using the modified-SVD or SVD-LUD scheme with
K. =9. The 3-D plot and the contour plot of the amplitude response obtained
are shown in Figures 2.5 and 2.6, respectively. The maximum passhand and
stopband errors for different values of K and K, are shown in Table 2.2. The
number of multiplications required by the three realization schemes are listed in
Table 2.3. An examination of Tables 2.2 and 2.3 suggests that the best choice for
the designer is to use K = 19 and K, = 9, and realize the filter by the SVD-LUD

scheme.




Table 2.2: Approximation Errors (Bandpass Filter)

Direct SVD Modified SVD or SVD-LUD
K 9 15 19 K=19,K.=9
Passband || 0.0332 | 0.0276 | 0.0275 0.0282
Stopband || 0.0290 | 0.0287 | 0.0263 0.0274

Table 2.3: Number of Multiplications

K || Direct SVD Modified SVD SVD-LUD
K.=9|K.=15|| K. =9 K. =15
9 270 270 N/A 198 N/A
15 450 270 450 193 240
19 570 270 45() 1938 24()
22 660 270 450 198 240
Table 2.4: Approximation Errors (Fan Filter)
Direct SVD Modified SVD or SVD-LUD
K 9 15 22 K=22, K.=9
Passband || 0.0475 | 0.0391 | 0.0390 0.0411
Stopband || 0.0331 | 0.0267 | 0.0250 0.0281

33
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2.6.2 Two-Dimensional Fan FIR Filter

The above approach has also been applied for the design of a fan filter having an

amplitude response

1 wo < 0.6w; — 0.02857

Jw T JjwaT: —
[Hy(e™1 T, eT2)| = { 0 wp>0.6w +0.1143x

for 0 < wy, wy < m, as depicted in Figure 2.7. The corresponding sampled
amplitude response Ag = |Hy(e’™, ¢/™m)| can be written as

I H, ( e]‘wuz , chVm

j= L vm < 06u 400457
10 vy > 0.6 +0.0457

where [ =1,2,---,Land m=1,2,---,M with L = M = 36.

There are 22 nonzero singular values resulting from the SVD of matrix A,
as depicted in Figure 2.8 but if the last 13 are neglected in the design, the
approximation error is less than 5%. The amplitude response obtained for a
direct-SVD realization with K =9 is illustrated in Figures 2.9 and 2.10.

If all 22 nonzero singular values of A, are used in the design, then the matrix C
defined in (2.23) has 15 nonzero singular values, but the last 6 may be neglected.
Therefore, the digital filter can be realized using the modified-SVD or SVD-LUD
realization scheme with K, = 9. The amplitude response obtained is illustrated in
Figures 2.11 and 2.12. The maximum passband and stopband errors for different
values of K and K. are shown in Table 2.4. The number of multiplications
required by the three realization schemes are given in Table 2.3. An examination
of Tables 2.4 and 2.3 suggests that the best choice for the designer is to use
K =22, K. =9 and realize the filter by the SVD-LUD scheme.

2.6.3 Comparisons

To compare the proposed design method with other well-established design meth-

ods, the McClellan transformation method [2, 9] and the 2-D window method [1]




have been used to design the same bandpass and fan filters.

A 1-D bandpass FIR filter of order 29 was first designed and the lincar Me-
Clellan transformation recommended in [9] was ther used to obtain a 29 x 29
2-D, circularly symmetric, bandpass filter. The amplitude response obtained is
illustrated in Figures 2.13 and 2.14. The application of the window method re-
sulted in a 23 x 29 bandpass filter whose amplitude response is illustrated in
Figures 2.15 an 2.16.

The maximum passband and stopband errors obtained are summarized in
Table 2.5 along with the results obtained in the SVD-LUD realization with A =
19 and K, = 9. As can be seen, the SVD approach gave the lowest approximation
error with respect to the passband and stopbands and, in addition, it resulted
in highly circular contours in the amplitude response. The window method gave
a fairly good approximation but a relatively large number of multiplications is
required in the implementation. The McClellan transformation, on the other
hand, resulted in the most economical realization [65] but, unfortunately, the
approximation error is quite large in the upper stopband. Furthermore, the
circularity of the contours of the amplitude response deteriorates rapidly as w,
and w, are increased.

The McClellan transformation and window method were then used to design
the fan filter. The amplitude response obtained is illustrated in Figures 2.17 and
2.18. The application of the window method gives a 29 x 29 fan filter whose
amplitude response is illustrated in Figures 2.19 and 2.20. The results obtained
are summarized in Table 2.6 along with the results obtained in the SVD-LUD
realization with K = 22 and K, = 9. Evidently, these results are fairly consistent
with those in Table 2.5 and one is, therefore, tempted to conclude that the afore-
mentioned merits and demerits of the three approaches are applicable to other

types of filters.
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Table 2.5: Comparison with the McClellan Transformation Method and Window
Method (Bandpass Filter)

SVD-LUD realization || McClellan || Window
with K =19, K, =9 methed method

Passband 0.0262 0.0381 0.0281
Stopband 0.0274 0.3709t | 0.0714
No. of Multipl. 198 169 240

Table 2.6: Comparison with the McClellan Transformation Method and Window
Method (Fan Filter)

SVD-LUD realization | McClellan || Window

with K =19, K, =9 method method
Passband 0.0411 0.0325 0.2905
Stopband | 0.0281 0.96341 || 0.0220

No. of Multipl 198 169 240

2.7 Conclusions

The SVD has been applied in the design of 2-D FIR digital filters and three
realizations have been proposed. The direct-SVD realization is based on the
principles used in [23] for the design of 2-D IIR filters. However, the modified-
SVD and SVD-LUD realizations are new.

Fach of the three realizations consists of a parallel arrangement of cascaded
pairs of 1-D digital filters. Hence extensive parallel processing and pipelining
can be applied. The 1-D FIR filters can be designed using well-known standard
design methods and by using linear-phase causal 1-D filters, linear-phase causal

2-D filters can be obtained.

A quantitative error analysis has been carried out which can facilitate the
determination of K and K, the number of singular values of matrices A and C,
that should be used in the design and the maximum approximation error that
should be achieved in the design of the 1-D filters.

The three realizations were used to design a bandpass and a fan filter and

of These designs may not be optimal
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the results obtained were compared. It was found that when the same number of
parallel sections are used in the three realizations, the modified-SVD realization
results in a smaller approximation error than the direct-SVI) realization and the
SVD-LUD realization results in the same approximation error as the modified-
SVD realization but requires a reduced number of multiplications. Therefore,
the SVD-LUD realization is the best of the three and should always be preferred.
However, this does not obviate the need for the other two realizations since the

direct-SVD realization must be obtained before the modified-SVD realization can

be obtained and, in turn, the modified-SVD realization must he obtaied before
the SVD-LUD realization can be obtained.

The bandpass and fan filters were also designed using the McClellan transfor-
mation and the 2-D window method and the results obtained were compared with
the results obtained using the SVD approach. The SVD-LUD realization resulted
in very good approximations both with respect to the passhand and stopband(s)
while the computational complexity was moderate in both examples; in the case
of the bandpass filter, excellent contour circularity was achieved in the passhand.
The 2-D window method resulted in fairly good approximations but the number
of multiplications required in each design was very high. The McClellan trans-
formation resulted in the most economical designs but the approximation error
was found to be quite large in the upper stopband of the bandpass filter and the
stopband of the fan filter; in addition, in the bandpass filter the circularity of the

contours was found to deteriorate at higher frequencies.
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Figure 2.2: Singular-value distribution of matrix A,.
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figure 2.3: Three-dimensional plot of the amplitude response of the bandpass

flter obtained by using the direct-SVD realization with K = 9.
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Figurc 2.4: Contour plot of the amplitude response of bandpass filter obtained
by using the direct-SVD realization with K = 9.
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Figure 2.5: Three-dimensional plot of the amplitude response of bandpass filter
k}btalned by using tlie modified-SVD or SVD-LUD realization with X = 19 and
=9
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Figure 2.6: Contour plot of the amplitude response of bandpass filter obtained
by using the modified-SVD or SVD-LUD realization with K =19 and K, = 9.
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Figure 2.9: Three-dimensional plot of the amplitude response of fan filter obtained
by using the direct-SVD realization with K = 9.
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Figure 2.10: Contour plot of the amplitude response of fan filter obtained by
using the direct-SVD realization with K = 9.




48

Figure 2.11: Three-dimensional plot of the amplitude response of fan filter ob-
Latned bx using the modified-SVD or SVD-LUD realization with K = 22 and
K. =9
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Figure 2.12: Contour plot of the amplitude response of fan filter obtained by
using the modified-SVD or SVD-LUD realization with K = 22 and K. = 9.
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Figure 2.13: Three-dimensional plot of the amplitude response of bandpass filter
obtained by using the McClellan transformation method.
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Figure 2.14: Contour plot of the amplitude response of bandpass filier obtained
by using the McClellan transformation method.
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Figure 2.15: Three-dimensional plot of the amplitude response of bandpass filter
obtained by using the window method.
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Figure 2.16: Contour plot of the amplitude response of bandpass filter obtained
by using the window method.




p e —

11175, %050 de:
{l/,,-;,-.,' ‘e
l[,'
v:a
/ |
i
A
i
// I

——————

vengu——
T
S e
e
———
S
I )
e e
e

et

=

o

P
——
- ——
—

1T S
"1,: i
it ':,/
N :
i
|

e

e —
)
s‘:::',

Figure 2.17: Three-dimensional plot of the amplitude response of fan fiter ob-
tained by using the McClellan transformation method.
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Figure 2.138: Contour plot of the amplizude response of fan filter obtained by
using the McClellan transformation metaod.




Figure 2.19: Three-dimensional plot of the amplitude response of fan filter ob-
tained by using the window method.
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Figure 2.20: Contour plot of the amplitude response of fan filter obtained Ly
using the window method.
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Chapter 3

Design of General 2-D FIR
Digital Filters by Using the SVD

3.1 Introduction

A limitation of the SVD method as presented in Chapter 2 is that the amplitude
response of the filter is required to have quadrantal symmetry with respect to the
(w1, wy) plane. This limits the application of the method.

In this chapter, it is shown that the SVD of the sampled amplitude response
of a 2-D digital filter with real coefficients possesses a special structure: every
singular vector is either mirror-image symmetric or antisymmetric about its mid-
point. As a result, the SVD method can be applied along with 1-D FIR filter
techniques for the design of linear-phase 2-D filters with arbitrary amplitude re-
sponses which are symmetrical with respect to the origin of the (w;, w,) plane.
A quantitative error analysis is then described which can facilitate the determi-
nation of the number of subfilters to be used and the required design accuracy
for cach 1-D subfilters to achieve a desired approximation error.

In Section 3.2 the general SVD 2-D FIR design method is discussed and an
important property of a class of 2-D FIR filters is presented. In Section 3.3 an
error analysis is given for the general SVD design method. In Section 3.4, a 2-D
lowpass FIR filter with rotated elliptical passband is designed to illustrate the

effectiveness of the proposed method.
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3.2 General SVD Design Method

3.2.1 Design

The impulse response h(n;, ny) of a general 2-I lincar-phase FIR filter must

satisfy the relation

h(ny, ng) = h{—ny, —ny) (3.1)

Furthermore, if h(n;, n3) is real then the frequency response of the filter given
by (2.13) is a real function which is symmetrical with respect to the origin of the

(w1, wq) plane such that
X(wr, wa) = X(—wr, —wy) (3.2)

where —7 < wy, wy < 7.

A 2-D FIR filter having an arbitrary amplitude response satisfving (3.2) can
readily be designed by using a parallel arrangement of & 2-1) FIR sections each
comprising two 1-D subfilters in cascade as will now he demonstrated. Such an
arrangement can be represented by the transfer function as in (2.13)-(2.18) and
if Fi(z1) and Gi(z2) are assumed to represent zero-phase or Z-phase filters, then
their frequency responses are given by

Ny /2

Iwi(ﬁ‘,jwlTl) = Z fi(”l)(‘—’]*r”'l’]"

ny=-N1/2

= O;(w)?® (3.3)

and

, /2 o
Gi(e™? ) = Y gilng)em et
ny==Ny/2

= Ty(ws)e® (3.1)
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If fi(n;) and g;(n2) are mirror-image symmetric, then ¢; = 0 in (3.3) an< (3.1)
and ®;{w; ) and [';(w;) are real functions which are even with respect to wy and w,,
respectively; if fi(ny) and g;(n2) are mirror-image antisymmetric, then §; = =/2
and ®;(w;) and I'j(wy) are real functions which are odd with respect to w, and
wy, respectively. Under these circumstances, a zero-phase 2-D filter is obtained

whose frequency response is given as

(Ve

H{e7 T, e.7'w2Tz) = Fi(cj“"T’ )(;i(c]’w’sz )

1

-
i

K

= Y £0;(w)li(ws) (3.5)

t=1
where the *4" sign corresponds to 6; = 0, and the ‘=" sign corresponds to 0; = 7 /2.
On comparing (3.5) with (2.19), we obtain
K
Alwy, wp) =D £®(wi) (i) (3.6)
i=1
Now assume that matrix A = {a;, } represents a desired arbitrary frequency
response such that (3.2) is satisfied. i.e.
aim = A(Tpy, Tom) = A(—Ty, —705,) (3.7)

where 1 <1 < L and 1 < m £ M. The quantities gy and v, are normaiized

frequencies over the entire baseband such that

-1 m—1
[y m:_’l y
I—i A

f=~1+2 )

and —1 < gy £ 1. =1 < vy < 1. The SVD of A is given by (2.21). In the next
section, an important property of a class of FIR filters can be stated in terms of

the following theorem.
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3.2.2 Property

Theorem 3.1  If the frequency response of an FIR filter satisfies (3.2). then
vectors u; and v; in (2.21) are either mirror-image symmetric or antisyimmetric
stmultaneously for i =1, 2, --., r.

Proof: Let H = {iz.i,j, 1 <12, j 2N} be an 2N x 2N arbitrary matrix

with real elements such that
71:‘.1' = iIZN+1—i.2N+1—J (3.8)
and, for the sake of simplicity, assume that the matrix is square and of even size.
and has distinct singular values. If matrices I, I. and H are defined by
0 ... 01

0...10] i—[I"V 0] [H, }12}

. and H = IHI = H, I,

-ty
fl

1 ... 00
respectively, where the sizes of In, In. Hy and Hg are V x N, and the sizes of
I and H are 2V x 2N, respectively, then matrix H can be decomposed as

H=IHI=UxVT = (o w e wan]E[vy oo v e van]! (3.49)

where u; and v; are normalized eigenvectors of HH? and HTH. respectively.

Assume that u; is a normalized eigenvector of HHY, i.e. there exists a o, such

that
IjII:ITu,» = o; u; {3.10)
Substituting (3.9) into (3.10), we have
iHI(HD W = (HA )y, = 0w, (3.11
and

JHTE u; = oy I u; (3.12)
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If we let
u; =
;2

then

Xi1 ]
Xi2 J

¥ | ba
Tu; = [ Lu;, ]

and, therefore, (3.12) becomes

HH? [ Xa } =0, [ X } (3.13,

Xi2 Xi2

Note that

v _ [A B) r [H H)[H H
HH =[BAHH‘H2H1 H] Hf

HH! +H,H] HH]+HH' | _[A B
HHT +H,H] H,HT +HH |[T|B A

where A is positive semidefinite and B is symmetric. Therefore. (3.13) can be

expressed as

A B X _ . X DI
aomlalz]

By writing (3.11) in another matrix notation, we have
A Bllxe| | X 2 1x
CHE P

Now on comparing (3.15) with (3.14), we note that both vectors

[ oy ] [ . ]
and
Xi2 Xi1
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are eigenvectors of matrix HH7 associated with the same eigenvalue a, an'.

therefore, the two vectors must be linearly dependent. i.e. they must satisfy
Xin | _ + 7%:’2
Xi2 Xi1

Xi1 = X2 Or Xy = —Xg2

which implies that

If x;1 = X2 = X;, we can write

1
iuiz[xi] and u :[3(' J
X; Ix;

which means that u; is mirror-image symmetric. On the other hand, if x,,

u; = i,

which implies that u; is mirror-image antisymmetric. Furthermore, by (3.9)

—X;2 = X;, we have

Vv = HT{(UT) g (3.16)

Since, Iis symmetric and U is orthogonal, i.c. (UT)_l = U, matrix V can he
expressed as

v = IHTiuzs~! (3.17)

If

then (3.17) implies

T o[ (H+HY) x, y:
; = o TH Iu; = ¢! (H A I .
Viz = [ I(H, - Hz)lxi Iy,
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where y; = o7 (H, + Hz)Txi. If

then (3.17) implies

T g, o ol (I‘Ig—Hl){‘X,; _ ]21‘
v; =0, IH 1u, = ¢7; [ _i(H, - Hl)Txi i3,

where ; = o7 ' (H; — Hz)Tx,'. This shows that the two vectors u; and v; have the
same symmetry prop rties simultaneously, that is, they are either both mirror-
image symmetric or antisymmetric. O

On comparing (3.5) with (2.21), @i; and v; may be taken to be sampled versions
of the frequency responses @ (w;) and I'i(wz), respectively. By designing the
I-D FIR filters characterized by Fi(z;) and Gi(z2) (1 £ 1 < K. 1 < K < r)
as zero-phase or 3-phase filters and then interconnecting the filters obtained as
in Figure 3.1, a zero-phase 2-D filter is obtained whose amplitude response is
a good approximation to the desired amplitude response in the minimal mean-
square-error sense (see Theorem 1.2). The impulse response of the resulting filter
is given by

K

h(ny, ng) = Y fi(m)gi(na) (3.18)

=1

A 2-1) causal linear-phase filter can readily be obtained by shifting the impulse
response by Ny/2 and Np/2 with respect to the ny axis and n; axis, respectively.
This can be accomplished by multiplying F;(z1) and G;(=2) by zl_N’/2 and 22—‘\'2/2.
respectively. The design of the 2-D filter can be completed by using any one
of the standard methods for the design of 1-D FIR filters. Using the Fourier

series method in conjunction with window techniques 3], designs can be obtained

very quickly with a small amount of computational effort. These designs are
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not optimal although the approximation error can be made arbitrarily small by
increasing the order of the 1-D filters used. On tie other hand, by using methods
based on the Remez algorithm {43], it may be possible to obtain optimal designs
although a large amount of computation would be required.

In the above design approach, the sampling density must be high enongh
in order for matrix A to represent the ideal amplitude response well. However,
since the dimension of A, namely L x M, determines the dimensions of vectors i,
and V;, a high sampling density leads to high-order FIR filters. Furthermore, the
SVD of matrix A is time-consuming and may entail numerical ill-conditioning.
particularly if L or M > 100. Based on a variety of designs we carried so far, &
sampling density L x M with 60 < L, M < 90 is appropriate if the order of the

FIR filter to be designed is in the range 25 x 25 to 11 « 1.

3.2.3 Design procedure

To summarize, the general SVD design can be accomplished through the following,

procedure:

1) Specify the desired amplitude response and thereby obtain the corresponding

sampled amplitude response matrix A.
2) Decompose matrix A using (2.21) to get @; and ¥, where | <7 <0 p,

3) Obtain K (1 < K < r) 2-D FIR filters by designing cither two 1-1) zero
phase or two Z-phase FIR filters characterized by transfer functions [(zy)

and (;(z,) assuming sampled frequency responses @; and V,, respectively,

4) Obtain the impulse response of the resulting zero-phase 2-1) filter through

(3.18).

5) Multiply the resulting 2-D zero-phase transfer function by = ™~ 4y

z;(Nz_lw to obtain a causal lincar-phase 2-1) FIR filter.
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3.3 Error Analysis

Assume that the SVI) method has been used to design a 2-D FIR filter for a
desired frequency response A and that the transfer function H(z;, z) is given
by (2.14). Let f; and & be the column vectors obtained by evaluating ®;(c)
and I';(w) at frequencies wy = myy/Ty and wy = 7wy, [Ty, where 1 < | < L,

1 <m < M and Ty, T, are the sampling periods, i.e.

~ T wiy, T
AUCORRIE S
ZVNt

&= [I‘A%)---ri( )]

T,

The amplitude response of the 2-D filter at frequency point (wy. wa) = (wu/T1.
o, [T2) is the (I, m) entry of matrix Z{" ?,ng and, therefore, the approximation

error at this frequency point is the ({,m) ¢ try in the error matrix E defined by

E = {('l,m.}
K
= > g A
i=1
!\ -~ ’ e r (2 ad
= Z(f,g{—ﬁ,{’f)— Z (J',‘U.,‘Vil (3.15))
1=1 i=RN+1

If we define
Au; =f—q;, AV, =g, —V;

then Au; and AV, represent the approximation errors in the 1-D frequency re-
sponses @;(wy) and [;(w,), respectively. From (3.19) it follows that
T

K

X 1/2 A~ A~ A~ AR

Clan = D [0} 2 (Abrigvim + 4 Aim) + At A — Y Oiliin
=1

i=R+1
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where u;; denotes the Ith component of vector u;, etc  Since vectors u; and v,

are unit vectors, an upper bound on the magnitude of ¢;,, can be obtained as

K r
letml < 2001 (0 + €0) + cuia] + Y o (3.20)
i=1 i=K 41
where €;; and €y; represent the maximum approximation errors in the frequency
responses ®;(w;) and I';(w.), respectively.

If the approximation error in each 1-D filter design is reasonably small, then
the high-order terms €j;€2; in inequality (3.20) can be neglected. We note also
that the right-hand side in (3.20) is independent of [ and m. and hence (3.20)
holds also for the maximum of |e,|. We, therefore, have obtained an upper

bound for the maximum approximation error over the set of sampled frequency
I { A

points as

€0y = max € < Gr + Gr 3.21
o 1<i<i, ls'm.SI\II l,mI = p]\+ i (; )

where the principal error ¢, and the residual error ¢, are defined by

K
1/2, .
e = 307 €1 + €ni) (3.22)
i=1
and
T
Y—‘
G = ‘Z_J o
i=K+1
respectively.

The error bound given by (3.21) shows clearly how the choice of K and the
approximation error introduced by a specific 1-I) design technique affect the over-
all approximation error in the 2-D filter. As A" -+ r, the residual error ¢, will
tend to zero and the approximation error in the design of the 2-D filter is re-

duced to that introduced in the design of the 1-D FIR filters but the number
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of multiplications required becomes very large. Hence in practice, K should be
chosen to keep the number of parallel sections small and the residual error ¢,
acceptable. ITaving determined the value of I{, the principal error ¢y can also
be made acceptable by controlling the 1-D design errors €;; and ¢y; for 1 <7 < K,
by increassing the orders of the 1-D filters or by using a better design method for
the 1-D filters. TFrom (3.22) it follows that small approximation error should he
obtained in the design of those 1-D filteis that corresp~nd to the large singular

values.

3.4 Example

In this section, a 2-I) lowpass FIR filter with a rotated elliptical passhand is
designed 1o illustrate the effectiveness of the proposed method.
The desired amplitude response of the 2-13 lowpass FIR filter, shown in Fig-
ure 3.2, is specified by
. 2 - 2
Lo (e fwy, ) + (@ /wy,)

0 (@rfwa,) 4 (B fw,)?

v <1

:Il((JWlll‘ (‘szlz)l — =
> 1

where

2 = wp Cos a4 wysina

&y = —wp SIN O 4wy COS O

and

a = 1[0, wy, = 0827, wy,, = 0527, w,, = 0187, @, = 0.637.

With £ = M = 61, the corresponding sampled amplitude response A =

[{I(e37m, (™ m)| can be expressed as

U (fufwe )’ + (hnfwe,)’ < 17

11 (jrrm (j.'rl'm\ —
|11 ’ ) 0 otherwise
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Table 3.1: Maximum Passband and Stopband Ecrors for FIR Filter Designed by

Using the General SVD) Method

K Passband Stopband

4 0.1360 (.1025
) 0.0854 0.0771
12 0.0393 1.0255
14 0.0365 0.0129
15 0.0295 0.0121
16 0.0150 0.0115
18 0.0124 0.0113
25 0.0117 0.0102
where
i = g cos a4y, sina, I <1 <6l
Uy = —sin a4 v, co.a, | << 6l
and
I 1
Wy = 5("“"11 +wp ) oy T 5("“"'; +w )

The software package MATLAB has been used to obtain the SV of matiis
A. The 1-D FIR filters were designed by using the Fonrier series method along
with the Kaiser window function. As may be expected. the higher the order of
the 1-D filters, the lower the approximation error. By trial and error. it has been
frund that a value of 29 for both Ny and .V, gives satistactory results.

There were 25 nonzero singular values resulting from the SV of matrix A.
The resulting amplitude response of the lowpass 2-1) FIR tilter for & - 12
is shown in Figure 3.3. The maximum passband and stopband errors for & =

4, 5, 12, 14, 15,16, 18 and 25 are given in Table 3.1.
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3.5 Conclusion

In this chapter, the SVID has been applied in conjunction with 1-I) FIR filter
techniques for the design of 2-D, causal, linear-phase FIR filters with arbitrary
amplitude responses. The method is relatively simple to apply and leads to a
parallel arrangement of pairs of cascade sections. This configuration is. therelore,

suitable for paraliel processing and is amenable to VLSI implementation.




e R

Figure 3.1: Parallel realization of 2-1) digital filter.

Fi(z) (1(z2) D
Y
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Figure 3.2: Ideal amplitude response of 2-D filter with rotated elliptical passhand.
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Figure 3.2: Amplitude response of 2-D FIR filter with rotated ellipticai passhand
obtained by using SVD method (:V; = Ny = 29, K = [2).




Chapter 4

Design of 2-D IIR Digital Filters
by Using Balanced
Approximation Method

4.1 Introduction

I'wo dimensional IR filters have advantages over 2-1) FIR filters in tenns of
storage requirement and computation efficiency. The major drawhack of 2 D
13 filtery is that stability has to be considered during the design and that fincar
phiase is generally difficult to obtain. Iu this chapter, a model reduction technigue
known as balanced approximation {BA) method [26. 25,27, 38] is applied in the
design of 2D digital filters. The design starts with a linear-phase 2.1 FIR filter
of the tyvpe that mayv be obtained by using the proposed general SVD method
and concludes with a lower-order 2-1) digital filter. nsually an HR filcer. The
resulting 2 D lilter has a specified amplitude response and its phase response is
approximately lincar over the passhand. Furthermore, the 2-1 filter obtained is
more economical and compatationally more efficient than the original 2-1) FIR
filter and the stability of the filter is quaranteed. Combining the general SV and
BA methods leads to excellent results ax is demonstrated by designing a lowpass
filter with o rotated elli; tical passhand.

In Section 1.2, the background information regarding model reduction using




the balanced approximation (BA) will be briefly reviewed, and somie preliminary
material regarding 1-D and 2-D gramians and balanced realizations is also pre
sented. In Section 4.3 the 2-D IIR filter design using the BA method is discussed.
In Section 4.4 an algorithm that implements the BA design procedure is given.
In Section 4.5 properties related to the BA design are presented. It will be shown
that the designs obtained are causal and locally quasi-balanced. and in cases
where 1IR designs are obtained, stability is quaranteed. In Section 1.6 the B\
method is applied to the linear-phase 2-D FIR digital filter designed in Chapter

3 to illustrate the effectiveness of the method.

4 =liminaries
tground Information

*to approximate a model of a linear systenm by o lower order

< m of reduced order can be implemented more economically
am case of discrete systems, reduced computational complextty
can Model reduction techniques have beenr an active rescarcl area

for the woc wwo decades. The BA technique initiated by Moore [26] 1 one of
the most frequently used techniques. By using the BA technigue, any weak
subsystem which contributes little to the impulse response of the total systens will
be eliminated. More specifically. the least reachable and least observable <tates
of the state-space representation of the original svstem will be eliminated. Tlhis
is accomplished by first using a balanced transformation to transform the state
space representation of the given system to a coordinate systemn where cacli state
is equally reachable and observable: then the least reachable and least observable
states are deleted.

The controllability and observability gramians carry useful information re-
garding the input-output behavionr of the system and they are. as sult, the
two key factors used to determine the balanced translormation matrix. | the

following section, some preliminary material dealing with *-1) and 2-I) gramiaus
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and the BA technique is presented.

4.2.2 One-Dimensional Balanced Realization

(‘onsider a 1-D stable nth-order digital filter characterized by the state-space

difference equations

Ax(k) + bu(k)

X
Fnd
.+.
I

cx (&) + du(k) (-1.1)

.Q_

=
i

N
il

where A € [, The controllability and observability gramians ave detined by

K, =Y A*bb’(AT) (1.2)
k=0
and
W, =Y (A7) cTeA” (1.3)
k=0

respectively. The two gramians can be obtained by solving the following two

Lyapunov equations [51]

AK AT - K, = -bb? (41.1)
ATW A - W, = —-c¢c (1.5)
Alternatively by writing
fi(z)=zI-A)"'b (-1.6)
gi(z) = c(zI - A)™ (4.7)

and applying Parseva®  -clation, the two gramians K; and W can also be ex-

pressed in terms of complex integrals as

1
K| =— f £ () (227 d= 4.8
1 277 Sl (=) (=) (4.8)




and
1
(27) Jjz1=1

g{I(z)gl(z)Cﬂl d= (L)

where £H(z) denotes the conjugate transpose of fi(z). For a stable system. a
nonsingular similarity transformation can be obained [51]. which can transforin
the uriginal system to a balanced system by simultancously diagonalizing the two
gramians such that

Ki;=W,; =Y =diag [ - a,] (-1 10)
where oy > --- 2 o, > 0. Since gramians contain measures of inprt to state
and state-to-output couplings, and the balanced realization provides the systemn
a coordinate setting where these couplings are equally weighted so that those
state components which are weakly coupled may be discarded.

For example, if

o) 2...20-,_ 3‘>"T1»+1 :;)"'2”1; )

then A, b, and ¢ of ({.1) can be partitioned as

A“ A b1 f
A= B = . and e = ¢ s |

Ay An

with Ay € 77, by € B amd ¢; € RV, Therefore, a redieed <vsten
(Aq1. b1, ¢;) of order r can be formed. It has been proven that such a Jower
order system represents . good approximation of the original system in terms of
the L. norm.

In the next section, it 1s shown that 1-I) gramians can be extended to the 21
case. In this way. a 2-D balanced realization and model reduction nsing the BA

technique can be obtained.

4.2.3 Two-Dimensional Balanced Realization

In this section, some preliminary material regarding *he 2-1) balanced realization

and model reduction using the BA technique is reviewed.
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A 2-D digital filter of order (N7, N;) can be represented by Roesser’s local

state-space equation

A vl e T P BT S

hre s
y(i,j) = [ c, C ] [ );,,((: j; ] +duli.j)=cx+ du (-L.11)

where Ay € RNv<N A € RNVN: and xM(i, j) € RM . xU(i. j) € R™N: form
the local state for the system at (7,7). The 2-D = transform of the above state

equations yields the transfer function

where I(zy, 23) = 211, b 20In, and p(zy, 2) = det [I(z;. z2) = A]. Throughout

the chapter, we assume that
Pz =) #0 for (210 z2) € {(z1. z2): Iz 2 10 |z > 1} (1.13)

which guarantees the BIBO stability of the system.

If

and

then the generalized reachability and observability gramians of (4.11) [25] are
defined as

1
(27j)*

K, = f f fo(z1n 7)™ (1, z)=tst dy o (4.14)
jz1l=1 J|z2]=1
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and

1
(2m)”

W, = % f gf(:l. 22)8a(z1s 22)z7 eyt dzy dzy (1.15)
laf=1 Jlal=1

respectively. Further denote the Nj-dimensional upper left bocks and the N,
dimensional lower left blocks of Ky and W, by Ky, Ky and Wy, Wy, respec
tively. Just as in the 1-D case, the generalized gramians provide certain svstem
invariants which play an essential role in extending the concept of halanced real
ization to the 2-D case. It has been proven that [25] the eigenvalues of K, W and
KW, are invariant under 2-) similarity transformations and, further, K;, (W,,)
for 7 = 1,2 are positive definite if system (1.11) is locally reachable (observable)
[25].

System (1.11) is said to be (locally) balanced if
K. = Wy, = diag (11, 0120 -+ o1ny)
and
Ky = Wy, = diag (021, 0. -+, oan,)

where 01; (1 <1 < Np)and gy (1 <1 < Ny) arve called the Hankel singular values
of the system with oy > - > oy, 2 0.0y 2 - > ayn, 2 0. system
(4.11) is not locally balanced, then a 2-D balancing transformation T = Ty . T,
can be found (assuming that (4.11) is locally reachable and observable ) such that
the systemn realization (T~!AT, T-'b, cT, d) is locally balanced. A halancing
transformation T can be computed by using K;; and W;; (i==1. 2) through any
reliable algorithm for the I-D balancing transformation [51] (see also Appendix
D). Once a balanced realization, say (A, b, ¢, d), is found, a reduced state-space

model (A,, b,, ¢,,d) of order (71, r2) can be obtained by subpartitioning A. f),
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and ¢ as

—~ e
Alr I * I A2r l * b
e 1r
N *
A= - 7T b= ==
b.
As, | o+ | Ay | x i'
I N | =
and
A 1 r2 .
respectively, and then taking (A,. b,. ¢,.d) where
[ Alr I 'A'ZT blr
A, = b= = == b,=| —— | and ¢, = [ i | ocar ] (-1.17)
L A:ir | A‘lr b‘).r

to be an approximation for (A, b, & d). In the next section, particular attention
will be given to the application of this reduction approach to 2-1 FIR filters.
It will be shown that the filter with reduced order is usually an IIR filter with

separable denominator, which is always stable.

4.3 Design

The BA method has been applied extensively in the past in both 1-D as well as
2-1) dynamical systems [47, 48, 49, 51, 52]. The method leads to more economical
systems and in the case of discrete systems to reduced comiputational complexity.

Recently, it has been shown by Kimurd and Honoki that the BA method is
also applicable in the design of 1-D digital filters [27]. These researchers have
demonstrated that given a 1-D lincar-phase FIR filter, a corresponding 1-D dig-

ital filter of reduced order can be obtained, which preserves approximately the
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amplitude and phase responses of the original FIR filter. In this section. it is
shown that the BA method can be put to good use in the design of 2-1) digital

filters as well.
Let
Ny N2

H(Zl, 3’2) = Z Z h(‘lll 712)2;”12;"“ (113)

ny=0 ny=0

be the transfer function of a 2-D FIR filter of order (N;. N,). In Roesser's local

state-space characterization, (4.18) can be represented by (4.11) with

0 1 0 0 | ]l]}\j2 /I.“ )
0 0 0 1|
0 U 0 0 ] hN1 Ny e .. h Nit
A= . . o o e
| 0 10 ... 0
I . : . .
0 | 0 0 0 1
L | ) 0 0 0 |
i hio |
tho
b = _0_ sye=(1 0 ... 0 | hony, .. hor | and d=hyy  (1.19)
b i -f

Note that in A, Az = 0 means that the filter is separable. In addition, hoth A,
and A4 are nilpotent since AN =0 and AL? = 0. These properties consideralily
simplify the procedure of solving two Lyapunov equations which are deseribed

below.
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To compute K;; and W; (i = 1, 2), we write H(zy, 2) as

) N Nz N
H(z1,20) = Z [Z k(ni1, ng)zy ™™ = Z bin, (22)27™
n1=0 ny=0 ny =0
N N Na
= > [> h(ng, na)ei™]™ = > camp(z)zp™ (120)
ne=0 n1=0 n2=0

and define

A1(Z2) = Ay + Ay(zed — Aa)_IA:s
151(32) = by + Ag(zoI - AJ)—lbz

C1(22) =C -k C‘Z(:QI - A‘()_1A3 (121 )

AQ(Zl) = A4 -- A3(311 — Al). " Ag

by(z1) = by + As{z I — A;)7'by

62(2’1) =cC9+ C1(31I - Al)_lAg

It is known that K;; can be found through the integral {25]

1
K =———_y{ 29)27 ! d=. 4.22
1T (2n)) lppo B2 (F2)72 22 (1:22)

where K;(22) is the positive-definite Hermitian solution of the Lyapunov equation

Ay (22)Ka(22)A%(22) — Ki(22) = -by(22)b}(22) (1.23)

For an FIR filter, A;(z;) = A; and




where byn, (z2), 1 £ n; < Ny, are defined by (4.20). Hence (4.23) becomes
ALK (2)AT — Ky z9) = —by(22)b%(22) (4.24)

Since Ay is nilpoteit, the solution K;(z2) is given by

Ni—-1 B 3 .
Ki(z2) = Y, AP'bi(2)d](22)(A]) (4.25)
ny=0
Therefore
Ny—-1 .
K= Y ApPATY™ (4.26)
n, =0
with
1 . .
= - b1 (22) 0t (2)25" dz 4.27)
(27r])~>6|32l=1 1( 2)”1( 2) 2 2 ( ()

Ivaluating the above integral shows that

P = H,HY (4.28)
where H,, is defined as
hl() h]l e h]]\r2
o0 ces
H, = hjo 2.21 }12'N2 (1.20)

h.Nln thl [N thN2
On the other hand, since both Az(.&'}) = A and Bz(zl) = b, are independent of z;

and of the filter coeflicients, K is the positive-definite solution of the Lyapunov

«quation {38]

A4K22AZ' - K22 = —bgbg (430)
Le.
Ny—1
Kn= ) APbb](A])" =1y, (4.31)

ny=0
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N
Similarly, it can be shown that
Wi =1y, (-4.32)
and
Na-1 nz
Wy =Y (AD)”QAR (1.33)
nap={
with
Q=HTH, (-£.30)
and
ho; 1102 [ hON‘I
Hc _ hll h.12 PN 111.;\]2 “V))
thl ]lng o /leN2

Note that matrices Hy, H, are formed using subsets of the filter coeflicients
h(ni, nz) for 0 < ny < Ny, 0 < ny < N, and can he obtained by properly
segmenting the coefficient matrix H = {h(ny, 1)} = {hny,}, 0 < 0y < Ny

0 < ny < N, as follows:

ho() | h()l 1102 e ]ION,) l
. | — e —_ N — I
! th | ]111 hlZ e 11,11\,'2 I I
H = | hao l har  hay ... h'zNz | l (1.36)
I : S
| Hyo | kv bz hvnv, |
| - - = -
- — = = — ]

Once K;; and Wy; (i=1, 2) are found, a balancing transformation T = T, -
Ty with T, T3 nonsingular can be computed such that the system realization

(A, b, & d) = (T-'AT, T-'b, cT, d) is locally balanced. A reduced state-space
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[

model (A,, by, ¢, d) of order (ry, 13) can be obtained by partitioning A, f),

and ¢ as
N R Alr
3 Ay | A A
A; | Ay 0
0
and
e=[é& |
and then letting
Alr l A2r
A = —— — ——
0 I Ay,

A12 I AZT A-22 R blr
Ay | A Ay X b, *
e — e =, b= | =] -
0 | Ay Ap b, bay
0 [ A Ay *
62]:[c1, * Car *] (4.37)
blr
, b= — | and ¢, = [ cir | ¢ ]
b2r A

The transfer function of the reduced model is given by

Hr(zla :2) = cr[Ir(Zlv 32) - Ar]—lbr +d

where 1.(z1, 22) = 2111 D 2o10.

The above method usually results in an IIR design which has approximately

the same frequency and space-domain responses as the original FiR filter. The

reduction in the filter order achieved in (4.37) le.us to a more economical and

computationally efficient design. Furthermore, if the original FIR filter has a

linear phase response, an approximately linear phase response is achieved irre-

spective of whether an FIR or IIR filter is obtained.

4.4 Algorithm

An algorithin implementing the above design procedure is as follows:

1) Form A, b, c and calculate d according to (4.19) and obtain A;, (1 < i < 4)

bi. by. ¢ and ¢, by subpartitioning A, b and c, respectively.
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2) Obtain H, anu H, by properly segmenting matrix H as in (4.36). Then

compute matrices P and Q using (4.28) and (4.34), respectively.

3) Calculate K;; and Wy, using equations (4.26) and (-£.33), respectively.
Then obtain K,; and Wy, through {4.31) and (4.32).

4) From K;; W, and K22 Wy,, compute the balancing transformations Ty and
T,, respectively, by using Laub’s algorithm (sce Appendix D) and thereby

obtain T =T, & T>.

5) Form the balanced realization (A, b, ¢.d) with A =T 'AT.b - T 'b

and ¢ = cT.

6) Determine the order (ry, r2) of the reduced fil’ or by neglecting the insignif-

icant singular values calculated using Lauly’s algorithm.

7) Obtain the reduced state-space realization (A, b,, €., d) of order (ry. r.)

by subpartitioning A, b, and & as shown in (1.16) and (1.17).

4.5 Properties

The baianced approximation has been used extensively for the design of automatic
controllers of 1-IJ linear systems owing to its good approximation accuracy. The
maximum error introduced in 2-D separable discrete systems can be estimated

as [50]

N
€ = max  |F. (=, z2) — H(z1, 22)] S Z a1
l1]=1. |z2}=1 i=ri+l
Na
+ag Y, on (1.35)
=141

where

Ho(z1, 22) = ¢, [L(z1, 22) ~ A.]7'b, +d
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g (rr+1<i< Ny)and o9 (rp + 1 <7 < N,) are the Hankel singular values
of the original FIR filter, and «a;, ap are constants determined by {;;}. An
important property of the BA method s that the stability of the reduced-order
2-1) systern is guaranteed provided that the original system is stable and has a
separable denominator [50]. Since our design approach starts with an FIR filter,
the above-mentioned properties apply. In what follows, we present two more
properties of the BA method, which are especialy desirable for digital filters.
Theorem 4.1 If ¢, (w1, wy) and (w1, wy) are the phase responses of the
reduced and the original filter, respectively, and €, denotes the passband region

of the original filter, then

max [Pr(w1, wa) — @(wy, wa)| & by < (-1.39)
P

provided that ¢, << 1, where ¢, is defined in {4.38), ¢, is the maximum error
over the passband region for the original FIR filter,

X(wl, W2)|J\,r(wla u.‘2)|
Xi (w1, w)|X{wr, ws)l

O = ng:x 1 —

X(wi, wy) is the frequency response of the original flter given by (3.2), and
Xp(wi, wy) = Hy(eM1T1 ) Jile)
Proof: Writing
X(wiy wa) = M(wy, wy)el#rTi welz)
Xo(wy, wo) = PMo(wr, w-z)ej“"(‘"lTl' waTy)
the approximation error in the phase angle can be expressed as

‘_Y(_wl) w2)1\"[r(w1, wz)
‘YT(wh wz)A[(wls w;)

)l

ler(wis w2) — @lwr, wa)| = |In(

= {In (1+ 8]




where § can be estimated as

6l = |1 XMTi B X, M — X AL 4 X, M. — XA,
- XM ALM
< | X (M - M,)J + |M.(X, — X)| _ X = I+ LX, t}'l
- MM M
2)X, - X|
< SRr T A
- M
Hence
5 8l < rma.r Zf'r
= ) < .
mEme PSS LA
where
Nipaz = 2max | X, — X|
QP
and

D7nin = IISIiII M
4

sSince for a good FIR filter ¢, ~ 0, (4.10) indicates that o] << Lil e, e |,

Under these circumstances. we have

max [op(wy, wa) — @(wi, we)] = max |In (1 + 4)]
Qp Q,,

4

max |é|
Qp

2¢, a
I ~¢,

IN

If the BA method is used to approximate a high-order FIR filter. then by

(4.38) the approximation error cau be made very small if both

N
Z o1;  and Z Ta;

i=r+1 t=rp 1




»Y

are very small. In such a case, the phase-response linearity of the original filter
will be well preserved in the reduced &lter by virtue of Theorem 1.1,

It is known that a locally balanced 2-1) state-space digital filter has the lowest
output roundoff noise and, further, its sensitivity to coefficient quantization is low
[25. 32, 53]. The second property, stated in terms of Theorem 4.2 below ensures
that like the original filter the reduced filter has low roundoff noise and low
seasitivity to coeflicient quantization since it is nearly balanced.

Theorem 4.2 If Xy, = diag (o1, -+, 011,), T1e = diag (O1r41. * -« T1x,)-

Yo, = diag (091, +++, 04p,), Ty = diag (020541 -+ T2x,). then

AR, AL - B, & —(b;,b], + ATy, AL)
AlLSiAL — B, = —che, (1.11)
AyZo, Al — By ~ —by bl
A};Ezrz Ay =%y, & —(cjc+ AL, Ay,)
provided that

Tiry+1 << Oy and Torpt1 << Tp, (-1.12)

Proof: Since (A, b, &, d) given by (4.37) represents a balanced realization

of the originar system, it satisfies [32] the relations

AZ AT -3 = —(b,bT + A,3,A7) (1.43)
ATSHA, -3, = &g (Lob)
ASLAT -3, = —byb! (1.45)
ATSHA -3 = —(&le,+ AT A,) (-1.16)

where
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By taking the upper-left r; x ry submatrices from (L243) and (L1 and the

upper-let ry x ; submatrices from (4.45) and {1.16). we obtain

AlrzlrlAf,- - Y, = _‘(blrb’lrr + AerzQAffr) - Eq (LAS«a)
AlZ, Ay~ 3y, = ~cley, ~ E,. (LA8B)
A‘{r22r;A4Tr - X, = _‘b'lrbg;- - Eyu (-1 18e)

ALSan Ay — By, = —(che, + ALS), AL) — E,. (1h8d)

Since the balanced realization (A, b. &. (i) is obtained from a canonic cealization
of the FIR filter which is locally reachable and observable [25]. it is also locally
reachabic and observable. Morcover it can be shown the [JA || < 1. HA -1
and ||Az|| < 1 (sce Theoren: 5.2.3 and Appendix 5 of [50]) which imply that
Al £ L [[Ag|l < 1, and [[Axn|] < L. respectively. Therefore, matrices Lo

and E;. (i = 1. 2) can be estimated as

IEull = || AnSiAL + A AL < Aw P S0+ 1] A P 1] 2. f
< Oir41l + Targqr
IEwll = | ALZ AL IS A P B || € airya

1Bl = I AnZaeAL <] Aw |°)) B2 || < 0ar,s)

” E’Zc ” = “ A'ngchu + Ag;zchzfz ”S Tirp+1r T Ter,4

Ceusequently, matrices Ey and Ey. (i = 1, 2) can be neglected from cquations

(4.48) if the conditions in (4.42) are satisfied. This modifies (4.43) to (1 11). {3

4.6 Example

In order to demonstrate the effectiveness of the BA method, it was applied to 1he

linear-phase 2-D FIK digital filter designed with K = 25 in Chapter 3. Following
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the steps of the algorithm described above, the balanced realization was first
obtained. Then by examining the two sets of singular values and neglecting tne
insignificant ones, reduced IIR realiz..ions of orders (ry. r2) = (10, 12) and
(13, 15) were obtained. In the first realization, all o1; and o4, that are less than
0.4% of oy, and oy, respectively, were ignored and in the second realization all
oy; and oy that are less than 0.02% of 011 and o4y, respectively, were iguored.
For the sake of comparison, the BA method was also applied to an FIR filter of
order {31, 31) to obtain an IIR filter oi order {15, 17). The maximum passhand
and stopband ecrors for the three designs are given in Table 1.1. The amplitude
response of the reduced filter for the case (ry, r2) = (13, 15) is depicted in Figure
1.1.
The group delays of the 2-I) IIR filter, namely

0 {arg [H(c7 T einT2)]}
8w1

T =

and

_0 {al‘g [H((:j““TI. 5.I~U2T2 )]}
(?UJQ

Ty =

were used to construct the contour plots of Figures 1.2 and 4.3, respectively, for
the case (rq, ro) = {13, 15), assuming fifty layers. It is clearly seen that the
linear-phase characteristic of the original FIR filter is well preserved over the
entire passband of the 2-D filter. The maximum relative errors in the group
delays are given in Table 4.2.

W conclude this section with a brief discussion on the efficiency of the filters
obtained by the BA method. We observe iu Tables 1.1 and 4.2 that if the errors
in the amplitude response and the group delays are required to be less than 3.0%
and 1.5%. respectively, an IIR filter of order (13, 13) is required. The same
amplitude-response accuracy can be achieved by using an FIR filter of order

(29, 29) comprising 15 parallel sections, as can be seen in Table 3.1. The number
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Table 4.1: Maximum Passband and Stopband Errors for Reduced Realization

(r1. r2) Passbacd  Stopband

(10,12)  0.09:5  0.0716
(13,15)  0.0230  0.0202
(15,17)  0.0102  0.0087

Table 4.2: Maximum Relative Errors in Group Delays for Reduced Realization

(r1, 72) 1 T2

(10, 12) 6.30% 5.52%
(13, 15) 1.A8% 1.19%
(15, 17) 0.79% 0.93%

nf muitiplications needed for a direct realization of the FIR filter is (154+15) = 15
450 as compared to (13x15)+(13+15) = 223 multiplications requiced by a direct
realiz..tion of the reduced IIR filter. If the FIR filter is implemented using 1-1) fast
convolution with block size 512 x 512, then the total number of multiplications
reqiired to process an array of size 512 x 512 is 166 < 512% [2]. On the other

hand, by writing the transfer function ot the (i3 x 15) [IR filter as

l\r( 2% :2)

He =) = 5 Y D)

the filter can be implemented using the scheme of Figure 4.4. Through the SVD
of the 13 x 15 coefficient matrix of N.(z;, z3), implementation can be acliieved
by using at most 13 parallel 1-D sections. Consequently, the application of
1-D fast convolution to the FIR filters in both feedforward and feedback paths

leads to an implementation of the IIB filter which requires a total of 156 ~ 5122
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multiplications in the worst case. Experience with a variety of practically useful
2-1) filters has shown that some of the singular values of the coefficient matrix
of Ny(z1, z2) are often negligibie (less than 107%) and, therefore, the nuniber of
multiplications required is usually less than that of the worst case.

Now if the errors in the amplitude response and the group delays are required
to be less than 1.2% and 1.0%, respectively, an IIR filter of order (15, 17) is
required according to Tables 4.2 and 4.3. The same amplitude-response accuracy
can he achieved by using an FIR filter of order (29, 5) comprising 25 parallel
sections as seen in Table 3.1, In this case, the implementation of the FIR filter by
1-1) fast convolution requires 266 x 5122 multiplications while its TIR counterpart
requires only 176 x H12% multiplications.

At the other extreme, if the error in the amplitude response is allowed to be
as high as 9%, an IR tilter of order (10, 12) is required. The same accuracy
can be achieved by using an FIR filter of order (29. 29) comprising only five
parallel sections. In this case, the FIR implementation is more efficient thaa its
IiR counterpart.

In effect, if the amplitude-response approximation error is required to be
low, say less than 5%. and a small variation in the group delays of the order of
1 to 2% can be tolerated, the BA method is very likely to yield a more efficient
[IR design. Furthermore, a nearly balanced state-space realization is achieved
which has low roundoff output noise as well as low sensitivities to coefficient

(uantization, according to Theorem 4.2.

4.7 Conclusions

In this chapter, the BA method has been applied for the design of 2-D digital
filters. In this approach, the design starts with a 2-D causal, linear-phase, FIR
filter of the type that can be obtained using the SVD and concludes with a

design of reduced order, which is almost always an IIR design. The method




H

leads to computationally efficient designs and tends to preserve the lincar phase
response of the original FIR filter irrespective of whether an FIR or an II'{ design
is obtained. Furthermore, the designs obtained are causal and locally (uasi-
balanced, and in cases where IIR designs are obtained, stability is guaranteed. in
other words, the method is highly suitable for the design of 2-D. causal, iincar-
phase IIR filters, which are very difficult to design by ocher methods.

The design approach has two important advantages. First, it leads to more
efficient implementations in applications where the ainplitude-response approxi-
mation error is required to be low. Second, nearly balanced state-space realiza-
tions are achieved which have low roundoff output noise as well as low sensitivity

to coeffi~ient quantiation.
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Figure 4.1: Amplitude response of 2-D IIR filter with rotated elliptical passband
obtained by using SVD and BA methods (\V; = 13, N; = 15).
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10 20 30 40 50 60

Figure 4.2: Contour plot of group delays of 2-D IIR filter with respect to w.




Figure 4.3: Contour plot of group delays of 2-D IIR filter with respect to wy.
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Chapter 5

Evaluation cf the Controllability
and Observability Gramians of
2-D Digital Filters

5.1 Introduction

As has been demonstrated in Chapter 4, the computation of 1-D and 2-D grami-
ans is an important step in obtaining balanced approximations of 1-D and 2-D
systems and also in finding optimal digital-filter structures that minimize the
output-noise power due to the roundoff of products [24, 31, 35, 36].

The most efficient method for the evaluation of the gramians for the 1-D
case is to solve two relevant Lyapunov equations, and reliable algorithms for this
purpose are available in the literature [29, 30]. For the 2-D case, the Lyapunov
equations depend on a complex parameter, as is demonstrated in [31, 25}, which
varies on the unit circle of a complex plane. In other words, should the Lyapunov
approach be chosen for the evaluation of the 2-D gramians, one would need to
solve a family of 1-D Lyapunov equations as opposed to two constant Lyapunov
equations 'n the 1-D case. A Lyapunov approach for the 2-D case was described in
[32] but the transfer function of the digital filters under consideration must have
separable denominators. For general, 2-D, causal, stable, recursive digital filters,

the most commonly used method is the truncation method described in [31] which
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provides numerical approximations of the gramians in terms of truncated double
summations. In practice, a large nuraber of terms must be used to guarantee
acceptable numerical error. This is particularly the case when the flter under
consideration has small stability margin in which case the convergence of the
infinite series is rather slow.

In this chapter, a general and efficient method for the evaluation of the grami-
ans for the case of 2-D, causal, stable, recursive digital filters is presented. The
method is based on a two-stage extension of the foist.riim—.lury-Agniel (AJA) al-
gorithm which was originally used in [33, 34] for tl~ evaluation of the scalar loss
function of a stationary random process with rational spectral density. In See-
tion 5.2 some preliminary material regarding the AJA algorithm is reviewed. In
Section 5.3 the AJA algorithm is first extended to the vector case. It is shown
that the modified AJA algorithm can be used to solve a 1-) Lyapunov equation
in a recursive manner. In Section 5.4, the recursive algorithm obtained is further
extended to the case where the vector rational function involved depends on two
complex variables. It is shown that the two algorithms obtained can he combined
to evaluate the 2-D gramians. In Section 5.5 the proposed method is compared
with other known methods for the evaluation of the 2-I) gramians with respect to

accuracy and computational efficiency and is illustrated by a numerical example.

5.2 Preliminaries

It is known that for a stationary stochastic process with a rational spectral density
#(w), there exists a proper rational function H(z) with poles inside the unit civele

such that
$(w) =) H(e) |*

To evaluate the performance of a stochastic system and to optimize it with respect

to system parameters, it is often required to evaluate the loss function I defined
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2r
L = _1_/ Ao dw = —-—1—— f[(Z)H(Z—l)Z—l dz (5.1)
21 Jo ’ 213 J)z|=1

Let H(z) = n(z)/d(2) where
n(z) = n(()")z" + ngn)z"—1 +- 4 nfﬁ_)lz + n{™
d(z) = d'2" 2 o d Dz 4 (5.2)

are scalar polynomials with real coeflicients. A recursive formula that enables one

to evaluate the loss function (5.1) in n steps was proposed by Astrém [33, 34].

To describe the formula, let d(z) be the polynomial defined by

d(z) = 2d(1/=)] (5-3)
R R e (5.4)

Further, let ng(z) and dp(z) (k = n, n —1,---, 1, 0) be a set of recursive

polynomials given by

na(z) = n(z)

do(z) = d(2) (5.5)

nee1(z) = 2 re(z) — Exdi(2)]

deo1(z) = 27 {dk(2) — medi(2)] (5.6)
where
np(z) = n{zF 4144 nik) (5.7)
dp(z) = dPz5+dPr1 4. 4 g (5.8)
& = n/df) (5.9)

n = d¥d (5.10)
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. . k k . )
The coefficients of the polynomials nﬁc ) and di ) are given by the recursive equa-

tions

A = gl 5:11)
L = g, 5.12)

Astrém’s algorithm computes the complex integral Ly defined by

1 (2)np(z7!
= — _—_-—"’“ (7). (5.13)
21j Nzl=1 di(=)di(=z~
by using the following recursive equation
Ly = (1=92)Liy+& (k=1,2,-- n) (5.14)
Ly = & (5.15)

Since integral L defined by (5.1) is equal to L,, the evaluation of (5.1) can be
carried out by applying (5.6)-(5.15) n times recursively. It is also shown in [33]
that

.2
1 & @) .
BETE D 10
Thus the integral L in (5.1) is given by
.2
1 () .
CEE G o

The derivation of formu's (5.16) is quite lengthy and the interestered reader
is referred to references [33, 34]. In the next section, it is shown that the above
algorithm can be modified to include the complex matrix case so that the modified

algorithm can be used to solve the 1-D Lyapunov equations in (4.4) and (4.5).




103

5.3 New Recursive Algorithm for the Solution

of 1-D Lyapunov Equations

It follows from (4.2)-(4.3) that matrices K; and W; can be evaluated by solving
the 1-D discrete Lyapunov equations in (4.4) and (4.5). Note that equations (4.4)
and (4.5) are linear in K; and W and a unique positive-definite sclution K; (W)
exists if the filter represented by (4.1) is a stable and controllable (observable)
system.

Several algorithmms are available for the solution of equations (4.4) and (4.5)
[29, 30]. In this section. a new recursive algorithm for the solution of these
equations based on the AJA algorithm is presented. As will be demonstrated.
the new algorithm is much more efficient than other known algorithms and leads
to an accurate solution of the problem at hand. Furthermore, it can readily
be extended to the 2-D case and can be applied for the evaluation of the 2-D
gramians given in (4.14) and (4.15).

In what follows, attention is focused on the evaluation of matrix K; but the

algorithm obtained can also be used for the evaluation of matrix W;. Let

2) = (I A)b = BE)
f1(“’)"'("’1 A) b—(l()

ty

b

where
n(z) = adj (zI—-A)b=rf’z"" 4. +nl (5.18)
dz) = det (zI—A)=dfPz" +d{"z T 4 4 d) (5.19)

with nf") € R*tfor i =0,1,---.n and d(()") = 1, then equation (4.8) becomes

_ L el
K, = 27rj.7§z|=1 \td(z)} {d(:)] e

S L Ol o
2 e L’(s)”d(z-l)j T (5.

(13
|8
o
~—




where 2 =z"1forz €T = {z: |z] =1}.
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The original AJA algorithm provides a recursive formula for the evaluation of

the scalar loss function of a stationary stochastic process with a rational spectral

density ¢ = |H(e’*)|2. More specifically, it can be used to compute the loss

function L defined by (5.1). On the other hand, the new algorithmi evaluates the

series of integrals

_ 1 ny(2)] [nu(z)]" 2~V dz
Y= 2mj jle'—"l [dk("‘)} [d"(z)} T

for & = 1,2,---,n recursively. Functions ng(z) and di(z) for k =
1, ---, 1,0 are vector and scalar polynomials, respectively, defined as
n.(z) = n(z)
do(2) = d(=)
nei(2) = 27 ne(s) — Eede(2))]

dia(2) = 27Mdi(z) — d(2)]
where
ng(z) = n{z* 4+ n®A1 44
di(z) = dPFpalrt gy di’f)
di(z) = d +dPz 4. 4 dP:H
& = n¥/dP

no= g

and d denotes the complex conjugate of d.

n, o n -

From (5.20) and (5.21), it is noted that K; = Y, and, thercfore, Ky can be

evaluated in a recursive manner through the following steps:




Algorithm 1 One-Dimensional Modifiea AJA Algorithm

1) Compute nu(z) = n(z} and dp(z) = d(z) using (5.18) to (5.19).

2} Compute ng_y(2, and dp_y(z) for k = n,---,1 and &. ng for b =n.--- .0

¥

using (5.24) to (5.30).

3) Form
Yo = &€ (5.31)
4) Compute
Yi = (1 — |mef?) Yior + &l (5.32)

fork=1,2,---,n.

A closed-form solution of the Lyapunov equation (4.4) can be obtained as

I Oy () i .
Ky = —gy > g (n))/ g’ (5.33)
g =0

by using (5.26) to (5.32). This is the counterpart of Corollary 2.1 of Chapter 5,
Theorem 2.3 in [33] when k = n.

It follows from (5 28) and (5.31) that Algorithm 1 is applicable in the case
where A and b are complex. Moreover, by repeating the arguments presented
in [33] it can be shown that Algorithm 1 is valid even for the case where b is a
complex matrix of dimension n x m with m > 1. These properties will prove of

significant importance when we attempt to extend Algorithm 1 to the 2-D case

in the following section.
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5.4 A Recursive Algorithm for Evaluating 2-D
Gramians

The important parts of the 2-D gramians K, and W, defined by (1.14) and (1.15)
are their diagonal blocks of dimension n; x n; and Ny X Ny, namely matrices Ky,

K32, W11 and Wy, matrices specified below [28, 25, 24]:

_ K11 K12 _ Wll Wl2
] owe= [ W

In what follows attenticr: is focused on the evaluation of matrix K. but with
some straightfo. ward modifications, the recursive algorithm obtained caa also be
used to evaluate matrices Ky, Wiy and W,

From Section 5 of [25], matrix K, can be written as

1
= K, ()" dz, (5.34)
1
21j Jizml=1 2
where 23 € Ty = {2 : [22] = 1} and K,(z2) is the unique positive-definite

Hermitian solution of the parametric Lyapunov equation

Ai(2)Kp(22)Af (22) — Kp(22) = =by(2:)bH(z5), 2 € T, (5.35)

with
Ai(z2) = A+ Ay(zI—Ay)7'A, (5.36)
bi(z2) = by + Ag(zI— Ay) " 'by (5.37)

It follows that the evaluation of Ky, can be carried out by first solving the para-
metric Lyapunov equation in (5.35) and then computing the complex integral in

(5.34). Since the resulting K, (z;) has the form

Z Br(z2) B (22) (5.38)
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where each fi(22) is a stable rational function of dimension ny x 1 (i.e. its poles
are located inside the unit circle |z3| = 1), the evaluation of the complex integral
in (5.34) can readily be carried out by applying Aigorithm 1 described in Section
5.3, assuming that X,(z;) is known. We shall now develop an algorithm that can
be used for the evaluation of K,(z3).

The Hermitian soluticn of equation (5.35) can be expressed as the complex

integral
\ ! -1 H
Kp(z) = 57 s [z11 = A1(22)] " b1(22)by (22)
x[z1] = Ay (2)] 7727t dxy (5.39)

where [z;1— A (22)] 7 denotes the complex-conjugate transpose of [z 1—A;(z3)] 7"

We can write [211 — A1(z2)] 7 by(22) in the form

n(z, =)

(21D — Ay (22)] " by(2s) = P (5.40)
where
n(z, 22) = adj [s11— Ai(z)]bi(z2)
= () o+ 0 (22)z + 0P () (5.41)
d(z1. z2) = det [5T— Ay(z,)]
= A (@)2p + - 4+ d(22)m + dP(2) (5.42)

(n .
and d, )(:2) = 1. Further, we can define vector and scalar polynomials ny(z;, 23)
and di(z1, 23). respectively, for ¥ = n,n — 1,---,0 in terms of the recursive

relations

nn(:;, 2’2) = n(::l, :2) (543)




N
dn(zla 32) = d(zlv 32) (511)
ng-1(z1, 22) = 27 [n(z1, 22) —/3k(32)(?k(31a 22)] (5.45)
dy—1(z1, z2) = 27'dr(21, zz)—ak(zg)czk(::l, 29)] (5.-16)

where
ng(z, z2) = ng,k)(zg)zf 4ot nﬁ.k_)l 2)z 4+ i (zy) (5.47)
(21, 22) = dg)(z)zk + -+ d (z) 21 + A (22) (5.13)
ar(z) = df(2)/df () (5.19)
Buz) = 0 (22)/d" (=2) (5.50)

and
di(z1, 22) = Ztdi(z1t, 3) (h.51)
= 20dp(z7", 2t for ;e Ty (5.52)
Function K,(z2) can be determined by evaluating the series of integrals
H
1 l'l]c(Zl.. Zz)] [nk(zl, Z9 ] -1

Jo(z) = —-—f : 27t dz 5.53
k( 2) 213 Jlzl=1 [dk(zla 22) | Lde(z1, 22) ! ! ( )

for k =0,1,---,n and then noting from (5.39)-(5.44), and (5.53) that K, (z;) =
J.(22). The steps involved are detailed in Algorithm 2 below.

Algorith 2 Two-Dimensional AJA Algorithm
1) Compute n,(z;1, 22) = n(z1, 22) and dn(21, 22) = d(z;, z2) using (5.41)-

t (5.42).

2) Compute ny_y(z1, z2) and di—1(z1, ng) for k =n,---,1 and ag(z2), fi(z)

for k =n,---,0 using (5.43)-(5.52).
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3) Form
Jo(22) = Po(22) B3 (2) (5.54)

4) Compute

Tu(z2) = [1 = Jan(22) "N kmr(22) + Br(22) B (=2) (5.55)
for k=1,2,--,n.

The derivation of formulas (5.54) and (5.55) is based on the theorems given

in the following sectiorn.

5.5 Theorems

The following thovems are very important for the iterative computation of 2-D
gramians.

Theorem 5.1

If d(z) > 0 for 2, € Ty where Ty = {z; : |2s] = 1}, then polynomial
dr(z1, z2) isstable with respect to (w.r.t.) z; for zp € T if and only if dp—1 (21, 22)
is stable w.rt. z; for z; € T, and d((,knl)(z2) >0for 23 € Ts.

Theorem 5.2

If (1((,")(:2) > 0 for z; € Ty, then dn(z1, 29) is stable w.r.t. z; for zo € T if and
only if d¥(z) > 0for zp € Tyand for k-~ 0, 1, -+, n—1.

With the 2-I reciprocal polynomial di(z1, z2) given by (5.51) properly de-
fined, Theorems 5.1 and 5.2 can be proved by using the arguments adopted in
the proofs of Theorems 2.1 and 2.2 of [33, Chap. 5, Sec 2]. Now if we regard
the complex variable z; in Ji(z2) as an arbitrarily fixed parameter on the unit
circle, then Ji(z3) is very much the same as the integral Yy defined by (5.32).
Consequently, the argument presented in the proof of Theorem 2.3 of [33] in

conjunction with Theorems 5.1 and 5.2 leads to formulas in (5.54) and (5.55).
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The following analysis is of usefulness in the computation of the integral in

(5.34). From (5.54) and (5.55), we have

1
K = 5= 'Tn z_l dz
1 277 Jizgl=1 ¥n(22)2; 2
: 2 -1 more
= o }1{22|=1[1 - lan(zZ)” Jn—1(32)22 dzy (5.56)
1 H »
n Z dz
+27rj ~£22I=1 CIQENCIENE
1 ) , .
- 27rj i22‘=1[1 - IQ’“"I(Z?)” [1 - ’Qn(:'l)” Jn—?(éz)z-z (122
! 2 I -1
'{’% _%,”2'21[1 — |an(22)]] Br-1(22) 1 (=2) =5t dzy
+ . }{ Bn(zz)ﬂf(zz)zgl dz,
275 J|zi=1

27r'7 k=0 I=k+1

1 n n+1 7 ]
= —> II (= lea(=)?) | Bulz) B (z0)25" dzy (5.57)
Jza|=1

where ay,11(22) = 0 is assumed. Further notice that as in the proof of Theorem

2.1 of [33], it can be shown that

P (z3)
P (z,)

lau(zs)] = <1 forallzp €T, andk=0,1,---.n (5.58)

Consequently, the scalar factor

n+1

IT [t =lau(z)P (5.59)

I=k+1

in (5.57) is strictly positive for zo € Ty and k = 0,1,--+,n, and, therefore, Las
the spectral factorization [33]
n4-1

II [ = |au(z) ] = relza)ra(zyt) for k=01, N (5.60)
=k+1
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where 71(2;) is a stable rational function. Since 25! = %, for z, € Th, (5.57) and

(5.60) imply that

k=0
where
1 ~ ~ _
KP = 5-f Bl do (5.62)
Br(z) = ri(z2)Pil(z2) (5.63)

Note thac ﬁk\’ z9) defined by (5.63) is a stable rational function of dimension ny x 1
and, therefore, Algorithm 1 can be applied to the integral in (5.62).

In summary, a two-stage method for the evaluation of the controllability and
observability gramians of 2-D digital filters and systems has been developed. In
the first stage, Algorithm 2 is applied to btain the positive Hermitian solution
of the parametric Lyapunov equation {5.35), and in the second stage the 1-D
spectral factorization technique is used to express the resulting K,(z2) in the

form of (5.38) and Algerithm 1 is applied for the evaluation of the integral in
(5.34).
5.6 Computational Issues

It is known that the n; x ny and n; x np diagonal blocks in K, and W, can be

expresed as [25)

Ky = [I, 0] (Z}:q(?, 7t )))[Inl o)” (5.64)

1=0 j=0

Ky = [01,] (}%iq et )) [01,)" (5.65)

1=0 j=0




Wi = [I,, 0] ZZ(A?chcA,-J-)) [L,, 0]" (5.66)
i=0 j=0
oo O -
Wy = 0L, 1YY (ALcTeA;) ) [0 L, (5.67)
1=0 j=0
where
. b 0 vo
q(z, 7) = Aicr; [ 01 ] + A [ b, } (5.68)
with A;; defined by
A = ApAi i +FAnA - for (7, 7)Y > (0, 0) (5.69}

A_i,j = A_i,_]' =0 for 22 1, ] Z 1

A, A 0 0
Ay = In;-}-nz) A10=[ 01 02}, Am:[Aq Ax}

The most commonly used approach to the numerical evaluation of K;; and
Wi (i =1, 2) has been the truncation method {25, 24, 62, 63). In this approach,

(5.64,;-(5.67) are approximated by truncating the double summation as

Ny N
Ky~ (I, 0] (quu, N, j)) L. o]
i=0 j=0
where N; and N, are sufficiently large positive integers to guarantee a small
approximation error. A problem with the truncation method is its low computa-
tion efficiency, in particular, when the 2-D digital filter under consideration has
a small stability margin, since A;; tends to zero (as ¢ — oo, j — oc) rather
slowly. In practice, the indices N; and N, need to be large to obtain a satisfac-
tory approximation of Kyy. Consequently, a very large amount of computation
is required.
Another approach is to express K, and W, as double integrals over the rect-

angle R={(6,, 05): —7<0; <7m,—7 <0 <7} i
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2r 2w R . R .
K, = 4—1—2- / / £,(e’%, 29T (e, ¢9%) df,db, (5.70)
T 0 o
Vo5 [ 1 ey ity (o010 -
W, = 4_;2./0 /0 gl(e=i%, e=it)gy(ei, ¢i%) df,df,  (5.71)

and then approximate them by the double summations

Nl N2 - . . .
Kg ~ N1N2 2 Z f2(e_71691 , egm692 )sz(e—Jlb'Gl , e—]m6(2) (572)
1 {==0 =0
1 MM , . : ‘
W2 ~ N N Z 2 gg‘(e—ﬂ&al , 6—]m692)g2(6ﬂ691 , 6]’"1.502) (5'73)
14¥2 j=0 m=0

where 66, = 27 /Ny, 60, = 27 [N,. This method is less sensitive to the stability
margin of the filter than the truncation method but it also requires a very large
amount of computation since each term at the right-hand side of (5.72) and (5.73)
involves the inversion a complex matrix of dimension (n1 + n3) X (11 + n2).

By contrast, the new approach provides an ezact solution to the problem of
evaluating matrices Ko and W, with a much improved computation efficiency
as compared to the truncation and numerical integration methods. As will be
demonstrated by an illustrative example below, the basic types of operation used
in Algorithms 1 and 2 and the 1-D spectral factorization include constant matrix-
matrix addition and multiplication, polynomial addition and multiplication, com-
putation of the characteristic polynomial of a square matrix and computation of
the roots of an algebraic equation containing one unknown. Furthermore, all
these operations can be programmed in terms of numerically reliable subrou-
tines. Multiplication of two 1-D polynomials can be performed by computing the
convolution of two finite sequences formed by the coefficients of the polynomi-
als involved, the roots of an algebraic equation can be obtained by computing
the eigenvalues of the corresponding companion matrix, and the product of an

adjoint matrix and a vector as required in equations (5.18) and (5.41) can be




formed by using the formula

cadj (2I~ A)b =det [zI— (A —bc)] —det (z:I - A) (5.7

11

which requires the comnutation of two characteristic polynomials.

5.7 Example

The effectiveness of the new 2-D gramian computation method can be illustrated

by the following example. Consider a 2-D), stable, state-space digital filter of

order (ny, na) = (2,2) characterized by (4.11) with

A - | 05583 0.5825 ) [ —037T41 0.7525
T —0.0558 0.0583 |> 2T | —0.0371 0.0753
A= | —0-1185 —00356 | [ —0.4527 —0.1665
7 | ~0.0047 —0.0014 | 7T | 0.1037 —0.0723
_|1o =11l 4 ] 05 [ 05
bl‘[m]’ b2"[ 2.0 | ’[4,0]’ c?‘[z.o}

Following Algorithm 2, n(z,2;) and d(z1, z3) defined by (5.41) and (5.42),

respectively, are first computed. Matrix A;(z2) and vector by(z2) are given by

(5.36) and (5.37). By repeatedly applying (5.74), we find that

n(zi, zz) =
d(z1, 22) =
with
® 1.0000 2.4418
n () = [1.2000 0.8217
O s

n{(z)z + n{?(z)

AP (20)2% + dB (22) 21 + diP (24)

0.7999 | 7o _
0.1350 | A(z)
0.2451 0.0329 0.0015 |
0.2157 0.0316 0.0020

q1(z2)/ A(z2) ]
q2(z2) /D22

A%(zy)

)

il

‘1:5{32)/13?(32)
ga(z) [ A% (zy)

|
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A z) = 1

0.2204 0.0332 ] A‘(”“" = Z((Z;))
<9 2

dP(z) =

dB(z) = 0

-~

A(z) = [ 1.6000 05250 0.0500 |z
Zy = [ Z% 2y 1 ]T
22 = [:21 323 322 5] 1 ]T

Using Eqns.

(5.43)-(5.52), we compute

02(22)
ﬂz(zz)

nl(zla 22)

= 0
= n(z)

= ngl)(zg)zl + llgl)(.;,’“g)

di(z,25) = d5(za)z1 + d(22)
where
n§(z) = 0
0iz) = 0i(z) -0l ()d(z)
_ | 1A(=2)I’a1(22) — gs(z2)p(Z2) !
|A(22)q2(22) — qa(22)p(Z2) | A(z)|A(22)[2
dN(z) = 1
dM (=) = plz2)/A
i (z2) p(z2)/Al=2)
Hence
a(z2) = pl22)/A(22)
Bi(z2) = n{V(z)
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no(z,22) = 0§ () = =iV (30l (=)

_ IA(32)12 - |P(22)12
lA(z‘z)P

5
~~
t
g
T
[ %]
s
il
&5
s
~~
e
S

and

Bo(=2) = 0§ (z2)/dy (z2)
By applying (5.49), (5.50), (5.54) and (5.55), we have

|A(=2))"

P = R GIE ~ ote

2 2
Al (=) + 0§ (z,)[nd) (=)
where the second term can be written as

@, AN B () H = ga(z2) 1 ¢3(=2) 1 " 5
my " (z)lna ()" = ([ qa(22) } AZ(::),)) ([ q4(=2) :l A'z(:z)) (5.75)

On applying Algorithm 1 to (5.75), we obtain

1 o Doa)lept doy = | 04109 0.3925 .
917 },{22, - (=)ns ()] "2" di = | 305 3504 (5.16)

Note that on the unit circle T3, the spectral factorization of |A(z)[* — |p(z2)]?

leads to

I8(22) 12 = p(z2)]* = A(z2)A(27") — plz2)p(25") = v(z2)v(=7")

where
v(z) = 0.8637z§ + 0.4807z9 4+ 0.0387

Hence on T3 the first term on the right-hand side of equation (5.75) becomes

|A(27)2 i :[ qialz2) ][ dia(zs) ]11 5
e e e el ey ees) I




where
0.0287 0.5093 2.1844 3.7150 2.2886 0.5463 0.0393 |
iz(22) 0.0396 0.5473 1.5470 1.4374 0.5699 0.0978 0.0058 | “*
~ T
Zg::[zg 2y 2y 2 2 oz 1]

and the application of Algorithm 1 to (5.77) gives

1 1A (z)? Moo 1 g _ | 5.5320 13018 .
%ﬂ{m:l R()P — p(e)pP () dea = [ 1.3018 1.4894 J (5.78)

Squations (5.75), (5.77), and (5.78) now imply that

Koo = 5.9427 1.6943
17116043 1.4894

With several straightforward modifications, Algorithms 1 and 2 can be used

to obtain Ky, W1, and Wy, as follows:

K., — | 13363 —2.2425
271 992425  4.0696

0.3233  —0.5691
W= [ ~0.5691  1.0758 }

0.5282  ~1.0647
Wae = [ ~1.0647  4.1374 ]

In order to compare the proposed method with the truncation and integration
methods with respect to computational efficiency and accuracy, the three methods
were programmed in MATLAB (version 3.5e) on a Sun workstation using double-
precision floating-point arithmetic. The total number of floating-point operations
(Bops) required to compute K;; and Wy; (i = 1,2) by the proposed method was
found to be 3.82 x 10®. In order to obtain the solution to an accuracy of 4
significant. digits, the truncation method required Ny = N, = 15 and a total of
7.2 x 10* flops while the integration method required Ny = N, = 20 and a total
of 2,96 x 10% flops.
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5.8 Conclusions

A general and computationally efficient method for the evaluation of the con
trollability and observability gramians of 2-D digital filters and systems has been
proposed. The new method yields a high-accuracy closed-form solution of the
problem at hand and, in addition, it requires only a fraction of the computation
required by existing methods. In the case of a 2-D digital filter of order (2, 2), the
new method required only 5.3% of the computation required by the truncation
method and only 1.3% of that required by the numerical integration method. The
theoretical foundation of the method is the AJA algorithm which was originally
proposed for the evaluation of scalar loss functions of stationary random pro-
cesses with rational spectral density. Through a two-stage extension of the AJA
algori 1m, the evaluation of 2-D gramians can be carried out by recursively com-
puting the positive Hermitian solution of the parametric 1-1) Lyapunov equation
given in (5.35) and then recursively computing the complex integral in (5.34) by

means of the 1-D spectral factorization technique.
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Chapter 6

Conclusions and
Recommendations for Further

Work

6.1 Conclusions

This thesis presented a study on the design of 2-D digital filters. In the first
part of the work, new methods for the design of 2-D quadrantally symmetric and
general FIR and IIR filters using the SVD and BA have been presented. The

advantages of the SVD methods are:

e Two-dimensional designs can be achieved by using well-known 1-D design
methods. By using 1-D linear-phase FIR filters, linear-phase causal 2-D
FIR filters can be obtained which are suitable for real-time or quasireal-

time applications.

e The resulting filters consist of parallel arrangements of cascaded pairsof 1-D

filters, hence extensive parallel processing and pipelining can be applied.

A new design method using the BA has been applied to linear-phase 2-D FIR
tilters of the type that may be obtained by using the SVD method. It has been
shown that the BA method leads to a lower-order separable 2-D filter, usually an
IIR filter, and the phase response of the resulting filter is approximately linear

over the passband region provided that the approximation error in the phase
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angle is bounded by the sum of the neglected Hankel singular values of the filter.
Consequently, the phase response of the resulting filter is approximately lincar
over the passband region provided that only small Hankel singular values are
neglected. The resulting 2-D filter is nearly balanced which implies that the filter
has low roundoff noise as well as low parameter sensitivity. Furthermore, it has
been shown that the 2-D filter obtained is more economical and comnutationally
more efficient than the original 2-D FIR filter and, in the case where an TIR
filter is obtained, the stability of the filter is guaranteed. In the second part
of the work, new efficient and general methods for the evaluation of the 1-D
and 2-D gramians for the case of 1-D and 2-D, causal, stable. recursive digital
filters have been presented. The algorithms are based on extensions of the AJA
algorithm which was originally used for the evaluation of the scalar loss function
of a stationary random process with rational spectral density. It has been shown
that the AJA algorithm can be modified to solve a 1-) Lyapunov equation in
a recursive manner. Furthermore, the recursive algorithm can be extended to
the case where the vector rational function involved depends on two complex
variables. It has been shown that the two algorithms obtainesl can be combined
to evaluate the 2-D gramians and the new method yields an accurate closed-
form solution. In addition, it has been shown that the new method requires
only a fraction of the computation required by existing methods. The proposed
algorithms are useful in many applications, e.g. in obtaining optimal digital filter
structures that minimize the output-noise power due to the roundoff of products,
and in obtaining a balanced approximation of a given discrete-time dynamical

system or filter.

6.2 Further Work

In Chapters 2 and 3, the error bound for the 2-D filter is given as a summation
of the approximation error introduced by a specific 1-D design technique and

the residual error. A method for choosing the approximation error in cach 1-1)
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subfilter in such a way as to achieve the most economical 2-D design should be
developed.

Presently, a fixed order is chosen for all 1-D subfilters. However, it may be
possible to use a different order for each 1-D subfilter so as to achieve minimum
error while using the least amount of computations.

In the present work, for simplicity, the Fourier series and window method were
used for the design of the 1-D subfilters. However, other available 1-D FIR design
methods may also be used. In particular, if the Remez method is employed, it is
expected that reduced approximation error can be achieved.

In Chapter 4, the BA method was developed for the design of 2-D IIR filters
with lincar phase characteristics. It will be worthwhile to compare the BA ap-
proach with other methods for the design of lincar phase filters, for example, the
equalization method.

Presently, only the design of 2-D FIR filters with quadrantal symmetry has
been studied. Preliminary work has shown that the SVD method may also be
applied for the design of 3-D FIR filters. The SVD may be obtained by using
an iterative least-sauare method. Further research is needed to prove that the
decomposed vectors posess the symmetry property in Section 3.2.2. This property
will zllow the design of linear-phase 3-D FIR filters.

The SVD design method with compensation has been studied previously [23].
If the number of parallel sections is restricted, the design of 2-D FIR filters using
the compensation scheme may under certain circumstances give better results.
To investigate this possibility, a comparison of the SVD design method with and

without compensation should be undertaken.
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Appendix A

Proofs of Theorems 1.1 and 1.2

A.1 Proof of Theorem 1.1:

Since ATA is positive semidefinite, its eigenvalues are nonnegative. Let them
H

be 0},02,-+-,0%, where 0y > 02 > -+ 2 0, > 0 = Oppy = Oppy = -+ =
op. Let vy, Vo, -+, vy be a set of orthonormal eigenvectors for o7, 02, - -+, o,
and let V; = (vy,vo,---,v,) and Vo = (Vrp1, Vg, oo,V ). Then if ¥ =

diag (03,09, ++,0,), we have VI ATAV,; = ¥? and consequently

SIVTATAV,Z 1 =1 (A1)
Also VIATAV, =0, whence

AV2 =0
Now let
U1 - A.Vl 2—1

Then from (A.1) UfUl = I; that is the columns of U, are orthonormal. Let U,
be chosen so that U = (U;, Uy) is orthogonal. Then

[ (UD)AV, UT(AV,)
vtav = (U;’I(Avl) U?(Av;)

Ui(U:iz) U0

=(§g) 0

( (BIVTAT)AV, UT(0) )
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Proof of Theorem 1.2:
Let B be a matrix of rank r such that || A — B ||z is minimal. Let the SVD

of B be

C-_—'QTBP — ((J;)ll 8)

where Cy; = diag (11,72, +,7-). Let

D;; D
— AT 4 _ 11 12
D=Q AP = (DZI Dzz)

be partitioned conformally with C.
We claim that Dy = Cy;, Dy2 = 0, and Dy; = 0. Suppose, for example, that
D;; # 0. Then the matrix

r [ Cn Dy
o= ()

has rank 7 and || D= C' || < | D — C ||r. However, if we set B' = QC'PT,

then B’ is also of rank r and
|A-B' lr=||D~C|r<||D-Cllr=]|A-B|r

contradicting the minimality of B. Similar arguments show that Dy; = 0 and
Dy, =Cy.
It follows that D has the form

_ C11 0
o= b
and || A —B ||p=|| D — C ||g=| D22 ||r. Since Cy; is diagonal, it consists of

singular values of A, and || Dy ||% will be the sum of squares of those left over.

Obviously, this is a minimum when

“D‘z‘z”%‘:‘73+1+Uz+2+"‘+012w=”A"A,”§‘ o




Appendix B

SVD of a Quadrantally
Symmetric Matrix

Let C = {cij, 0 <1, J < N—1, N =o0dd} bean N x N quadrantally-symmetric
matrix, i.e.

Cijj = Ci,N-1—j = CN—1—ij = CN—1—i,N—1—j (53.1)

If a matrix 1 is defined by

0 ... 010

5 0 ...100

i=|. . (13:2)
1 0 00

where the size of I is [ x k, and k = (N +1)/2, I = (N —1)/2, then matrix C

can be decomposed as

_ IkO Clo Ik iT .
c-[hellgel[sy] o

where C; is the k x k principal minor of C. Assume that the SV of matrix C,
is given by
Gy = U,S, V! (B.4)
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From (B.3) and (B.4), matrix C can be expressed as

c- [T 0][s, o][V: 0]
|0y 0] 0 0)lIv, 0

CIERIGHCPE

=[ﬁ1 O][2§1 g:l["'fl 0] (B.5)
where
I-Jl = __\}__.2_ [ i%ll ] and Vl = :/1—‘7 [ i‘(’ll jl (Bﬁ)

If U, and V, are the orthonormal complements of U, and V;, respectively,

then the SVD of matrix C can be obtained from (B.5) as

C = Usv”T

]
g
S
£
<

=Y ¥l (B.7)

where U = [U; Uy) and V = [V, V] are orthogonal matrices, 1:; and v; represent

1 1
the ith column of U and V, respectively, il; = o2 u;, ¥; = 0?v; and

(0'1 ] 0—

0 oo 0 ... 0

- 251 0 _ ces Op, 0 :
S"[ 0 0]— e 0

: 0

-0 0—
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From (B.2) and (B.6), we now observe that the first & columns of U and V

are all mirror-image symmetric and, consequently, the vectors @i; and v, in (B.7)

are all mirror-image symmetric.

TSP B S 3 ok S
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Appendix C

LUD of a Quadrantally
Symmetric Matrix

If the LUD of matrix C; is given by

Cl = LlUl (Cl)

where L and U, are lower- and upper-triangular matrices of size Ny, then (B.1)

co | 0][L 0][U; O] 17
"I Lflooj]o o]|l0 T

[ L o]fU;, U7
S lIL, o 0 o

implies that

and, therefore, the LUD of C is given by
C=L/U,

where L, and U, are of the form given in Section 2.4.3.

o s e nabaRaad
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Appendix D

Laub’s Algorithm

Step 1 Obtain the Cholesky factorization of K as

K =LL"
wuere L is lower triangular.
Step 2 Form LTWL

Step 8 Solve the symmetric eigenvalue/eigenvector problem
UT(LTWL)U = A®
Step 4 Obtain matrix T as

T = LUAY2




