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ABSTRACT

Second-order optimality conditions usually offer more precise insights into local op-
timality compared to their first-order counterparts. Concurrently, there has been a
growing prevalence of bilevel programs and minimax problems in recent years. In our
research, we intricately explore second-order optimality conditions within the realm
of bilevel programs and minimax problems.

First, we provide a comprehensive exploration of second-order combined approaches
for bilevel problems. Building on the well-known first-order combined approach, the
research introduces novel techniques that incorporate lower-level second-order infor-
mation to overcome the difficulty of the constraint qualification for bilevel problems.
By characterizing lower-level optimal solutions using both first and second-order nec-
essary optimality conditions, together with the value function constraint, we give
some new single-level reformulations for bilevel problems for which the important
partial calmness condition can be more likely to hold.

We then focus on the introduction and analysis of calm local minimax points,
which is an appropriate local notion for nonconvex-nonconcave nonsmooth minimax
problems. We study the properties of calm local minimax points, establishing their
strong connections with existing optimality concepts. We provide a comprehensive
exploration of first-order and second-order sufficient and necessary optimality condi-

tions for calm local minimax points.
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Chapter 1
Introduction

This chapter introduces the main focus of our research, providing clarity on the key
problems under investigation. A concise summary of the contributions made by this
research is provided. Additionally, essential background materials are presented to

establish a foundational context for the subsequent discussions.

1.1 Symbols and notations

Our notation is standard. We denote by R" the r-dimensional Euclidean space, R’
(R") the nonnegative (nonpositive) orthant in R”, and R = [~o0, 00] the extended
real line. We use e; € R to denote the unit vector whose j-th component is 1, while
all other components are zero. For any z € R", ||z|| denotes its Euclidean norm. For
z € R" and € > 0, we denote by B.(z) := {2’ |||z’ — z|| < €} the closed ball centered
at z with radius € and by B the closed unit ball centered at 0. For z € R", B(z)
denotes the open ball centered at z with radius e. For any z € R” and § C R", the
distance of z to S is dist(z,5) = inf,cs ||z — 2/||. For a set S C R", we denote by
s : R” — R the indicator function, i.e., §g(z) = 0 when z € S and d5(z) = oo when
z ¢ S. The notation St := {a € R"|{a,2) = 0,Vz € S} denotes the orthogonal
complement. We denote by cl S, co S, S° the closure, the convex hull, and the polar
of S, and by og(Z) := sup,cg(Z, s) the support function of S at z, respectively. For a
set S C R", a point Z € R", and a sequence z;, the notation z 5 7 means that the
sequence z;, € S goes to z. The inner product of two vectors z, y is denoted by 27y or
(x,y). We denote by S™ the set of symmetric m x m matrices equipped with the inner
product (A, B) := tr(AB), A, B € S™, where tr(A) denotes the trace of the matrix



A. For a matrix A € R™™ AT is its transpose. For a symmetric matrix A € R"™*",
A <0 (> 0,=0) means that the matrix A is a negative definite (positive semidefinite,
negative semidefinite) matrix and A~! is the inverse matrix. The set of symmetric
positive semidefinite matrices is denoted by S''. For an extended real-valued function
¢ R" = [—00, 0], the domain of ¢ is defined by dom g := {z € R" | p(2) < +o0}.
For a set-valued mapping I' : R = R™, dom I" := {z € R"|I'(x) # 0} denotes the
domain of T, gph T" := {(z,y) € R" x R™|z € R",y € I'(x)} denotes the graph
of I'. For a differentiable mapping h : R” — R!, we denote its Jacobian matrix by
Dh(z) € R™" and by Vh(z) := Dh(z)T the transpose of the Jacobian, and in the case
where [ = 1, its gradient vector by V(z) and its Hessian by V2h(z). By ¢(t) = o(t),

we mean that o(¢) is a function such that lim £ = 0.

tlo t

1.2 Research objects

Our research focuses on the following bilevel programming problem (BLPP):

min F(z,y)
Y (BLPP)
s.t.y € S(z), G(z,y) <0,

where S(z) denotes the solution set of the lower-level program
min f(z,y) st g(z,y) <0. (P(x))

Here x € R", y € R™ and the mappings F, f : R" x R™ — R, G : R* x R™ — RY,
g:R" xR™ — RP.

When we define f(x,y) := —F(z,y), problem (BLPP) transforms into a specific
type known as minimax problems. In Chapter 3, we will study local optimality for
minimax problems. Specifically, we study minimax problems in the following general
form.

min max f(z, y),

where the objective function f : R™ x R™ — R is possibly a nonsmooth function, the

nonempty sets X C R" Y C R™ are closed but may be nonconvex.



1.3 Main contributions

We summarize our contributions as follows.

In Chapter 2, we introduce the second-order combined approaches for bilevel prob-
lems. We characterize optimal solutions of the lower-level problem through the lower-
level value function, first-order necessary optimality conditions, and second-order
necessary optimality conditions. The original bilevel problems are then reformulated
into a single-level problem, incorporating constraints involving the lower-level value
function and its optimality conditions. Through examples, we illustrate that the par-
tial calmness condition for second-order combined problems is more likely to hold
compared to existing approaches such as the value function approach, first-order ap-
proach, and combined approach.

In Chapter 3, we study the local optimality of minimax problems with simple
constraints, where the maximum constraint is independent of the minimum variable.
To characterize local optimality for general nonconvex-nonconcave constrained min-
imax problems, we introduce the concept of calm local minimax points. We explore
the relationships between calm local minimax points and existing minimax concepts,
such as global minimax points, local saddle points (Nash equilibrium), and local min-
imax points. Subsequently, we give first- and second-order sufficient and necessary
optimality conditions for calm local minimax points, demonstrating their advantages

among existing ones through examples.

1.4 Background materials

In this section, we review some fundamental concepts in the field of variational anal-

ysis.

Definition 1.4.1 (tangent and normal cones [12, 73]). Given S C R",z € S, the

tangent/contingent cone and inner tangent cone to S at z are defined by

Ts(z) := {wERT}Htkio, wy — w with 2+tkwk65},

Ti(z) == {weR |V 10, 3w, —w with zZ+tw, € S},

respectively. For w € Ts(Z), the outer second-order tangent set and the inner second-



order tangent set to S at z in direction w are defined by

Ti(z;w) = {V eR"

1
dt 40,1, — v with 2+tkw+§til/k65},

, 1
Tgﬁ(g;w) = {VE]R’" Vit 10,3y, — v with z+tkw+§til/k65},

respectively.
The regular/Fréchet normal cone, the proximal normal cone, and the limiting/Mordukhovich

normal cone to S at Z are given, respectively, by

Ns(z2) = {z"€eR"|(z",2—2) <o(||z—2||) Vz € 5},
NE(Z) = {ZeR|F3y>0:(*2—2) <Alz—z||” Vz € S},
Ns(z) = {z* ER (T 2 >z, 2 — 2% with z; € ]vs(zk)}

The regular normal cone to S at z [73, Proposition 6.5] can also be characterized
by
Ng(z) = {z" e R" | (z",w) <0 Vw e Ts(2)} = Ts(2)°. (1.4.1)

For a closed set S, one always has NE(z) C Ng(z) C Ng(2), where all the cones agree
and reduce to the normal cone of convex analysis if S is convex.

A set S is said to be normally regular at z € S if Ng(2) = Ng(2). It is said that a
family of sets {€%;},t > 0, in R” converges to a set Q CR" as ¢t | 0 if Q is closed and

13&)1 dist(z, ;) = dist(z,Q) for all z € R".

S—Z%

T Convex sets

A set S C R" is geometrically derivable at z € S if Tg(z) = limy g

are geometrically derivable.
It is well-known that in the convex case, the normal cone and the tangent cone

are polar to each other.

Definition 1.4.2. (Subdifferentials) Let ¢ : R™ — [—00,00] and z € domg. The
Fréchet (regular) subdifferential of ¢ at Z is the set

0p(2) = {E €R" | p(2) 2 9(2) + (€, 2 — 2) + oz — 2|},



the limiting (Mordukhovich or basic) subdifferential of ¢ at Z is the set
0p(z) = {f cR"| 3 = 2,68 » € st (zk) — p(2),&" € 5g0 (zk)}

Definition 1.4.3 (subderivatives, superderivatives and semiderivatives; Clarke gener-
alized directional derivative and Clarke generalized gradient [73, Definitions 8.1 and 7.20],
(16, page 10]). Consider a function v : R" — R, a point Z with (Z) finite, and

w € R". The subderivative and the superderivative of 1 at z for w is defined by

dp(3)(w) = limint LETH) = V()

7,5i0 t 9

~ t y _ —

FH(E)w) = limsup LET u;> v
t]0

respectively. When the limit

dw(g)(w) _ d+¢(2)(w) _ lggl w(E—F twt') — 1/1(2)

w! —w

exists, we say v is semidifferentiable at zZ for w (or Hadamard differentiable at Z in
direction w). Further if 1 is semidifferentiable at Z for every w, we say that ¥ is

semidifferentiable at z. It is easy to see that if Y 1s semadifferentiable at Z for w, then

d(=¢)(2)(w) = —dy(2)(w). (1.4.2)

When 1 is Lipschitz continuous, the Clarke generalized directional derivative of ¥ at

Z along the direction w is defined as

ol N P(Z 4 tw) — ()
V(Z;w) = hrriﬁ)up ; .

Moreover, the Clarke generalized gradient is defined as
°Y(z) = {£ e R"|(§,w) <9Y°(z;w) Yw € R"}.
We know from [16, page 10] that

V(7 w) = 55510%)@’ w). (1.4.3)



By [73, Theorem 7.21], if ¢ is semidifferentiable at z, then di(z)(w) is finite for
any w € R", 9 is continuous at z and w — di(z)(w) is homogeneous and continuous.
When v is semidifferentiable at z for w, ¢ is also directionally differentiable at Z in
direction w and the subderivative/superderivative coincides with the classical direc-

tional derivative at z in direction w. That is,

dip(2)(w) = d"(2)(w) = ¢/ (Zw) = lim

(1.4.4)

Moreover when 1) is Lipschitz around Zz, the directional differentiability is equivalent
to the semidifferentiability. Hence when ) is Lipschitz and semidifferentiable around
Z, we have
tw) — z+tw) —Y(z
°(Z;w) = limsup Ylz+ u;) ¥(z) > lim sup Pz + u;) v(2) = dy(2)(w).
t10 tl0

2=z

If v is continuously differentiable at z, it is semidifferentiable at z and for any w, one

has dy(2)(w) = ¢/ (z;w) = Vi (2)Tw [73, Exercise 8.20].

Definition 1.4.4. [second subderivatives, twice semiderivatives, and twice epi-derivatives,
twice semidifferentiability, twice epi-differentiability [73, Definitions 13.3 and 13.6]]
Let i : R" — R, (%) be finite and v,w € R". The second subderivative of 1 at Z for

0 and w 18

¥Wzmmy:m%ﬁ¢@+wwgga—u@wx

w/—Hu

On the other hand, the second subderivative of 1 at z for w (without mention of v)

1s defined by

() (w) = lim int LEH ) —9(E) — Wd(Z)(w)

149 )
10 L
5t

w! —w

(1.4.5)

where the sum of co and —oo is interpreted as co. The function v is twice semidif-
ferentiable at z if it is semidifferentiable at Z and the “liminf” in (1.4.5) is replaced
by the “lim” for any w € R". The function i is said to be twice epi-differentiable at
Z for v if for any w € R" and any sequence tj | O there exists a sequence wy — w
such that

A2z ) (w) = lim LE T 10e) = ¥(Z) = (0, W)

142
k—oo th

. (1.4.6)



When v is twice semidifferentiable at z for w, v is also twice directionally differ-
entiable at z in direction w and the second subderivative coincides with the classical

second directional derivative at z in direction w. That is,

Yz + tw) = P(2) — ' (2 w)

2 = (5. — 15
d*Y(z)(w) = P"(Z;w) == lgfon I . (1.4.7)
It is easy to see that if v is twice semidifferentiable at z, then
(=) (2)(w) = —d*P(2)(w). (1.4.8)

With twice epi-differentiability, the function v is properly twice epi-differentiable at
z for v if in addition the function d%y(z;v) is proper [73, Definition 13.6]. By [73,
Exercise 13.7], if ¢ is twice semidifferentiable at z, then d?i(z)(w) is finite for any
w € R". If ¢ is twice continuously differentiable at z, then it is twice semidifferentiable
at z and for ¥ = Vi(2), and one has d*y(z;0)(w) = d*¥(2)(w) = wI V2 (2)w [73,
Example 13.8].

For a function ¢(z,y) : R® x R™ — R and w = (u, h) € R® x R™, we denote the
subderivative of ¢ at (z,y) with respect to x for u and y for h by d,(Z,y)(u) and
dy,(z,y)(h), respectively. Similarly we denote the second subderivative of ¢ at (z,y)
with respect to = for u and y for h by d2,4(Z,7)(u) and d7 ¥ (Z,7)(h), respectively.

When 1) is twice semidifferentiable, it is also semidifferentiable and by (1.4.4) we have

(5, 5)(0, h) = lim LTI+ th) = (&,

i 0

and by (1.4.7)

w(‘%? Y+ th) — 1/}<j7 ?j) B td¢(j7 g)(()? h)

d*)(2,9)(0, h) = lim

10 %tQ
= lim (9 +th) — @D(Sf;g) — tdy¥(z,9)(h) (1.4.9)
tl0 )

= dy, (2, 7)(h).

Now, we consider the constraint system

S={zeRg(z) € £}, (1.4.10)



where g : R" — R? and ¥ C R? is closed.

Definition 1.4.5 (metric subregularity constraint qualification). Let z € S where
S is the constraint system defined by (1.4.10). We say that the metric subregqularity
constraint qualification (MSCQ) for S holds at Z if there exist a neighborhood U of z
and a constant p > 0 such that

dist(z, 5) < p dist(g(2), %) Vz e U.

Sufficient conditions for MSCQ of the equality and inequality system can be
found in [86, Theorem 7.4], e.g., the first-order sufficient condition for metric sub-
regularity (FOSCMS), the second-order sufficient condition for metric subregularity
(SOSCMS), the Mangasarian-Fromovitz constraint qualification (MFCQ), and the
linear constraint qualification, i.e., ¢ is affine and X is the union of finitely many

polyhedral convex sets.



Chapter 2

Combined approach with
second-order optimality conditions

for bilevel programming problems

In this chapter, we study new combined approaches for bilevel problems, and discuss
constraint qualifications and optimality conditions for the combined problem. In
Section 2.1, we introduce bilevel problems and state the motivation of our work. We
propose a combined approach with second-order optimality conditions of the lower
level problem to study constraint qualifications and optimality conditions for bilevel
programming problems. The new method is inspired by the combined approach
developed by Ye and Zhu in 2010, where the authors combined the classical first-order
and the value function approaches to derive new necessary optimality conditions. In
our approach, we add a second-order optimality condition to the combined program
as a new constraint. We show that when all known approaches fail, adding the second-
order optimality condition as a constraint makes the corresponding partial calmness
condition and the resulting necessary optimality condition easier to hold. We also
give some discussions on advantages and disadvantages of the combined approaches
with the first-order and the second-order information.

All work in this chapter has been published as a journal paper, see [51].
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2.1 Introduction

In this chapter we consider the bilevel programming problem (BLPP). For conve-

nience, we denote the feasible set of (P(z)) by
Y(x) = {y € R"|g(x,y) <0}.

Unless otherwise specified, we assume that F, G are continuously differentiable and
f, g are three times continuously differentiable.

The bilevel programming problem has many applications including the principal-
agent moral hazard problem [60], hyperparameter optimization and meta-learning in
machine learning [27, 43, 48, 82]. More applications can be found in [6, 18, 22, 74].
For a comprehensive review, we refer to [21] and the references therein.

It is well known that optimality conditions of the lower level program are very
useful in the reformulation of BLPPs both theoretically and computationally. The
classical Karush-Kuhn-Tucker (KKT) approach is to replace the lower level program
by its KKT condition and minimize over the original variables as well as multipliers.
When the lower level program has inequality constraints, the KKT reformulation
has been studied in the framework of the mathematical program with equilibrium
constraints (MPEC). However there are some problems associated with the KKT
approach. First, the KKT condition may only be necessary but not sufficient. In
this case the KKT approach will enlarge the feasible region and hence the resulting
single level problem may not be equivalent to the original bilevel program. Moreover
an example in Mirrlees [60] shows that the solution set of the equivalent single level
reformulation may not even include solutions of the original bilevel program. Second,
even in the case where the KKT conditions are necessary and sufficient for y €
S(x), treating multipliers of the lower level as extra variables can still make the
resulting single level reformulation different from the original BLPPs in the sense
of local optimality; see [19]. Recently [9] has discussed the issue of equivalence for
more general problems for which some reformulations may include implicit variables
with the BLPP as an example. Recently reformulations using the Bouligand (B-)

stationary condition for the lower level program:
0e vyf(x’y) + NY(x)(y)a

to replace the lower level program have been investigated; see [1, 32, 33, 42]. Calmness
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properties for the KKT reformulation and the B-stationarity reformulation have been
compared in [1, 32] in the context of MPECs and it was discovered that usually the
B-stationarity reformulation is easier to satisfy the calmness condition than the KKT
reformulation. Note that extra assumptions (at least the smoothness of the objective
function of the lower level program) are always required for a reformulation using
optimality conditions for the lower level program.

Contrast to any reformulation using optimality conditions for the lower level pro-
gram, the value function approach proposed by Outrata [69] for numerical purpose
and used by Ye and Zhu [83] for optimality conditions does not require any extra
assumptions. By this approach, one defines the value function as an extended real-

valued function

V(z) := inf {f(z,y)|g(z,y) <0},

and replaces the original BLPP by the following equivalent problem:

Ile}yIl F(z,y) st. f(z,y)—V(zx) <0, g(x,y) <0, G(z,y) <O0. (VP)
However, since the value function constraint f(x,y)—V (x) < 0 is actually an equality
constraint, the nonsmooth Mangasarian-Fromovitz constraint qualification (MFCQ)
for (VP) will never hold [83, Proposition 3.2]. To derive necessary optimality condi-
tions for BLPPs, Ye and Zhu [83, Definition 3.1 and Proposition 3.3] proposed the par-
tial calmness condition for (VP) under which the difficult constraint f(x,y)—V(z) <0
was added as a penalty term to the objective function.

Although it was proved in [83] that the partial calmness condition for (VP) holds
automatically for the minmax problem and the bilevel program where the lower level
program is linear in both upper and lower level variables, the partial calmness condi-
tion for (VP) is celebrated but has been shown to be restrictive (cf. [20, 38, 57, 62, 80]).
To improve the value function approach, Ye and Zhu [84] proposed a combination of
the classical KKT and the value function approach. The resulting problem is the
combined problem using KKT condition:

min F(x,y)

.I,y,u
st. flz,y) —V(z) <0, Vyf(z,y) + Vyg(z,y)u=0, (CP)
g(z,y) <0, u>0, u'g(z,y) =0, G(z,y) <0.

Problem (CP) is equivalent to problem (BLPP) (in the sense of [84, Proposition 3.1])
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when the KKT condition holds at each optimal solution of the lower level program.
Similar to [83], to deal with the fact that the nonsmooth MFCQ also fails for (CP),
the corresponding partial calmness condition for (CP) was proposed in [84, Definition
3.1].

Note that the reformulation (CP) requires the validity of the KKT conditions at
each optimal solution of the lower level program. To deal with the case where the
KKT condition may not hold at all the solutions of the lower level program, the Fritz
John (FJ) condition was considered. In [2], Allende and Still replaced the lower-
level program of BLPPs with the F.J condition (without a value function constraint).
Regarding the combined approach, Ke et al. [42] proposed the following combined
program using the FJ condition:

min F(x,y)

x’y7u0 7u

s.t. f(x,y) = V(z) <0, uoVyf(z,y) + Vyg(z,y)u =0, (CPFJ)

p
g($7y) S 07 (Uo,U) Z 07 uTg(JJ,y) = 07 Zul = 17 G(l’,y) S 0.
=0

The equivalence of problem (CPFJ) and problem (BLPP) (for both local and
global optimal points) is a special case of [9, Theorem 4.5].

Similar to Ye and Zhu’s work in [84], Ke et al. proposed the following partial
calmness condition for (CPFJ) in [42].

Definition 2.1.1 (Partial calmness for (CPFJ)). Let (Z,y,uo,u) be a local solution
of (CPFJ). We say that (CPFJ) is partially calm at (Z,y, uo, w) if there exists p >0
such that (z,y, Uy, w) is a local solution of the partially penalized problem:

min  F(z,y) + p(f(z,y) — V(z))

Z,Y,u0,u

st. wVyf(z,y) + Vyg(z,y)u =0, (CPFJ,)

P
g(z.y) <0, (ug,u) >0, ug(z,y) =0, > uw =1, G(z,y) <0.
=0
Moreover, they analyzed the partial calmness for the combined program based on
FJ conditions from a generic point of view and proved that the partial calmness for
(CPFJ) is generic when the upper level variable has dimension one.

The following two combined problems and the corresponding partial calmness
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conditions are also discussed in [42].

min F(z,y)  s.t. f(z,y) - V(2) <0, (#,y) € Zpy, Gl,y) <0, (CPry)
where Yp; = {(z,y) € R""™|y satisfies the FJ condition for P(z)}, and the com-

bined program with the B-stationary condition for the lower level program:

min F(z,y) st f(e,y) = V() <0, 0€ V,f(z,y) + Ny 1), Glz.y) <0.
(CPB)
Although the partial calmness for the combined program may hold quite often,
there are still cases where it does not hold; see e.g. Examples 2.3.1, 2.4.1, 2.4.2 in

this chapter. The main goal of this chapter is to investigate the following question:

How to derive necessary optimality conditions for bilevel problems

when necessary optimality conditions for problems (VP) and (CP) do not hold?
(Q)

Contributions. To answer (Q), we propose to use second-order optimality con-
ditions of the lower level program on top of the value function constraint and the
first-order optimality constraint. The key point of adding the second order condition
is to increase the freedom of choosing multipliers. Since each extra redundant con-
straint is associated with a multiplier, the more redundant constraints we add, the
weaker is the optimality condition and hence easier for the resulting necessary opti-
mality condition to hold. In this sense, the resulting necessary optimality condition
by adding the second-order condition is much more likely to hold than the one adding
the first-order condition only, i.e., (CP), which is in term more likely to hold than the
one without adding any optimality condition, i.e., (VP).

To illustrate our approach, consider the following KKT combined program:

min F(z,y) st f(z,y) = V(z) <0, (z,y) € Zkxr, G(z,y) <0, (KKTCP)

:E,y

where

Ykkr = § (2,y) | Just. V,f(z,y)+ V,g(z,y)u =0,
g(z,y) <0, u>0, ulg(z,y) =0
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and its partially penalized problem:
min F(z,y) + pu(f(z,y) = V(z)) st (2,y) € Zkkr, G(z,y) <0. (KKTCP,)

Note that the combined program (CP) is a relaxed problem of (KKTCP) in the sense
that the minimization is also performed on multipliers in problem (CP). To use the
second-order information, we propose the following second-order combined problem:

min F(z,y) st. f(z,y)—V(z) <0, (z,y) € Xsoc, G(z,y) <0, (SOCP)

I7y

where
Y500 = {(m, y) € R™"™|y satisfies a second-order optimality condition for P(:p)},
and its partially penalized problem:

min F(z,y) + p(f(z,y) = V(z)) st (2,y) € Ssoc, G(z,y) <0. (SOCP,)

x?y

When both the KKT condition and a certain second-order optimality condition hold
for y € S(x), one has

gphS = {(x,y) S R“+m|y S S(SL’)} - ZSOC - EKKT- (211)

In general, the inclusions above are strict. If the second inclusion is strict, i.e., the set
Yk is strictly larger than the set Ysoc, then obviously it is easier for a local optimal
solution of (BLPP) to be a solution to (SOCP,) than to (KKTCP,). This means
that the partial calmness for the combined program with second-order optimality
conditions is more likely to hold than the one for the combined program with first-
order optimality conditions.

For the bilevel programming problem where the lower level is unconstrained, when
we add the second-order optimality condition, the partially penalized problem be-
comes a nonlinear semidefinite programming problem. For the general (BLPP) where
the lower level problem is a constrained optimization problem, there are several dif-
ferent second-order optimality conditions. We propose the corresponding combined
program with each second-order optimality condition. Similar to the KKT approach

where one minimizes over the original variables and the multipliers, we also propose
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some relaxed version of these second-order combined programs where multipliers are
used as variables.

Another difficulty of the value function or the combined approach is that the value
function is usually nonsmooth and implicit. Since the set of second-order stationary
points Ysoc is in general smaller than the set of first-order stationary points kkr,
it is more likely that the set of second-order stationary points coincides with gph S.
In particular, if it happens that Xsoc = gph S, then the value function constraint
f(z,y) — V(z) <0 can be removed from (SOCP) and so the partial calmness of the
problem (SOCP) holds with penalty parameter ;1 = 0. Consequently, the resulting
necessary optimality condition is much easier to obtain and does not involve the value
function. This is another advantage of using the combined program with second-order
optimality conditions.

We organize this chapter as follows. In Section 2.2, we gather some preliminaries
and preliminary results that will be used later. An illustrative example will be given
in Section 2.3. In Section 2.4, we introduce the combined problems with different
kinds of second-order optimality conditions and the relaxed problems, discuss the
partial calmness conditions and optimality conditions, and also give some examples.

Conclusions are given in Section 2.5.

2.2 Preliminaries and preliminary results

In this section, we review and obtain some results that are needed in this chapter.

2.2.1 Second-order optimality conditions for the lower level

program

In this subsection, we review some results on second-order optimality conditions for
the lower level program of (BLPP).
We first recall some second-order optimality conditions for the following nonlinear

optimization problem:
mtin f(t)st. g(t) <0, h(t)=0, (NLP)

where f : R™ — R, g : R™ — RP!, b : R™ — RP2 are twice continuously differentiable.
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Denote the Lagrangian function for (NLP) by
2t
L(t,u,v) := f(t) + X:UigZ )+ sz i(t), for (t,u,v) € R™ x RE! x RP2,
i=1
and the generalized Lagrangian function for (NLP) by
Lo(t, ug, u,v) = ugf(t) —Fz:u,gZ +sz i(t), for (t,up, u,v) € R™ xR xRE xRP2,

Given a feasible point ¢ of problem (NLP), we denote the set of KKT multipliers at

t as follows:

M) = {( v) € RP x RP?

Vi L(t,u,v) =0, u>0, ZuzgZ —0}

=1

We define the critical cone at ¢ as follows:
aw:{deRﬂDﬂmthD%@dgaVje%@%Dm@d:Qi:me*,

where Jy(t) = {j|g;(t) = 0} denotes the set of indices of active inequalities at t.
When (u,v) € M'(t), by using the KKT condition, the critical cone can be written

as

) - {d

Another important set is the critical subspace given by

Dhi(t)d =0,i=1,....py I

S(t) = {d € R™|Dg,(t)d = 0, ¥j € Jo(t), Dhi(t)d = 0,i = 1, ...,pQ}. (2.2.2)

Note that when M!(t) # 0, the critical subspace S(t) is the lineality space of the
critical cone C(t) (i.e., the largest linear space contained in C(t)) and then S(t) =
C(t) N (—=C(t)). If the strict complementarity holds, i.e., u; > 0, Vj € Jy(t), we have
S(t) =C(2).

Now we review some classical second-order conditions.

Definition 2.2.1. Let t be a feasible point of problem (NLP). If M (t) # 0, we say
that
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(i) the basic second-order optimality condition (BSOC) holds at t, if Vd € C(t),
there exists (u,v) € M*(t) such that d'V4L(t,u,v)d > 0;

(i1) the weak second-order optimality condition (WSOC) holds at t, if there exists
(u,v) € M*(t) such that d"V3L(t,u,v)d > 0,Vd € S(t);

(1i1) the strong second-order optimality condition (SSOC) holds at t, if there exists
(u,v) € M*(t) such that d"V%L(t,u,v)d > 0,Yd € C(t).

Note that when the linear independence constraint qualification (LICQ) holds at
a feasible point ¢, there is a unique multiplier, i.e., the set M*(¢) is a singleton. Hence,
BSOC is equivalent to SSOC under LICQ. All KKT type second-order optimality con-
ditions such as BSOC, WSOC and SSOC hold at (local) minimizers only if certain
constraint qualifications are valid. BSOC requires a fairly weak constraint qualifica-
tion. In classical results, MFCQ was required for BSOC to hold, c.f., [12, Proposition
5.48]. Recently under a much weaker constraint qualification called the directional
metrical subregularity condition [31, Theorem 5.2|, it was shown that BSOC holds.
However, WSOC and SSOC require much stronger constraint qualifications. It is
known that SSOC (and hence WSOC) holds under the relaxed constant-rank con-
straint qualification (RCRCQ) [59, Theorem 6] and it is known that MFCQ was
shown to be not enough for SSOC to hold [3, page 1350]. Another condition called
the critical regularity condition, which is not stronger than RCRCQ), is enough to
give SSOC at local minimizers [58, Theorem 2.1]. Recently, it was shown that WSOC
holds under MFCQ plus the weak constant rank property [7, Theorem 3.1].

Even when no constraint qualification is assumed, a Fritz John second-order op-

timality condition (FJSOC) always holds at a local minimizer.

Theorem 2.2.1. [12, Proposition 5.48] Suppose t is a local minimizer of (NLP).
Then, for all d € C(t), there is a Fritz John multiplier (ug,u,v) such that

d"N3Lo(t, ug,u,v)d > 0.

Since we will use the above concepts for the lower level program of BLPPs fre-
quently, we give the following notation. For fixed upper level variable z of (BLPP),
we denote the Lagrangian function and the generalized Lagrangian function for the
lower level program by L(y,u;x) and Lo(y, ug, u; x), respectively. For any y € S(z),
we denote the set of KKT multipliers for the lower level program (P(x)) at y by
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M*'(y; ). For any u € M'(y;z), we call (y,u) a KKT pair of program (P(z)). We
use C(y; ) and S(y;x) to denote the critical cone and the critical subspace at y for
fixed x, respectively.

Since it is difficult to deal with the set of indices of active inequalities in the
definition of the critical cone, we introduce slack variables z := (z1, ..., 2,)" € R for

the lower level program, and obtain

min f(z,y) st g(z,y) +2° =0. (P(x))
Y,z
Here, 2° := (z{,...,2})". The above problem is equivalent to (P(z)) in the following

sense. For fixed z, if y* is a global (local) optimal solution of (P(z)), then there

exists z* such that (y*, 2*) is a global (local) optimal solution of (P(z)). Conversely,
if (y*,2%) is a global (local) optimal solution of (P(x)), then y* is a global (local)
optimal solution of (P(x)).

Let (y, z) be a feasible point of problem (P(z)). By definition, we say that u is a
multiplier and (y, z,u) is a KKT triple of problem (P(z)) provided that

Vi Ly, z,u;x) =0,

where L(ya Z, U; -T) = f(xa y) + 25;1 U; L%(x? y) + 212:| . That iS,

p
Vyf(xa y) + Zuzvygz(xvy) = Oa

=1

u;z; =0, g,;(x,y)—i—zf:O, 1=1,...,p.

Note that, different from the KKT multipliers in M (y;z), the multipliers u; above
are not necessarily nonnegative.

Since the problem (P(z)) has only equality constraints, if the KKT condition
holds, then the critical cone and the critical subspace of problem (P(z)) are equal

and given by
Cly,zx) =Sy, z;2) == {(d, v) € R™ x RP|Dyg;(z,y)d + 2zv; = 0, Vz’}. (2.2.3)

As an optimization problem with equality constraints, WSOC and SSOC for problem
(P(x)) coincide and hence we call it SOC. Let (y, z,u) be a KKT triple of problem
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(P(x)). We say that SOC holds at (y, z,u) if
(d, V)TV?W)L(y,z,u;x)(d, v) >0, V(d,v)eCl(y,zx). (2.2.4)

Note that
V2 L(y,u;x) 0
V%y,z)L(y7zau;x) = v )
0 2diag(u)
where diag(u) denotes the p x p diagonal matrix with the elements of vector v on the

main diagonal. Thus

P
(d, I/)TV%W)L(y, zu;x)(d,v) =d"V,, Ly, u; x)d + 2 Z u;v}. (2.2.5)

i=1

It is a simple matter to show that if (y*,u) is a KKT pair of (P(z)) then there

exists z* such that (y*, z*, u) is a KKT triple of (P(x)). Moreover suppose that (y*, u)
satisfies WSOC for (P(z)). Then

T2 . .
d"V,, L(y,u;x)d > 0 Vd € S(y; ).
By (2.2.3) and (2.2.2), we have
(d,v) € S(y,z;2) = d € S(y; x).

Since u > 0 for KKT pair (y*,u) of (P(x)), by (2.2.5), the following result is valid.

Proposition 2.2.1. Let (y*,u) be a KKT pair of (P(x)). Then there exists z* such
that (y*, 2%, u) is a KKT triple of (P(x)). Furthermore, if (y*,u) satisfies WSOC for
(P(z)), then (y*, 2*,u) satisfies SOC (2.2.4) for (P(x)).

But the converse is not always true, that is, even if (y*, 2* u) is a KKT triple
of (P(x)), (y*,u) is not necessarily a KKT pair of (P(z)). In fact, the condition
u > 0, concerning the sign of the multiplier, may not hold. For a counterexample,
we refer the reader to [28, Example 3.2]. Under the second-order sufficient conditions
and some constraint qualification, it has been proved that KKT points of the origi-
nal (P(z)) and the reformulated (P(x)) problems are essentially equivalent, cf. [28,
Proposition 3.6]. Moreover in the final remarks of [28], the authors asked if there are

other conditions which guarantee equivalence of the KKT points. In the next result,
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we answer this question by showing that the converse holds under the second-order

necessary condition and hence improve the result of [28, Proposition 3.6].

Proposition 2.2.2. Let (y*, z*,u*) be a KKT triple of (ﬁ(a:)) Assume that (y*, 2%, u*)
satisfies SOC (2.2.4). Then uf >0 for alli=1,...,p. Hence (y*,u*) is a KKT pair
of (P(z)) satisfying WSOC.

Proof. First, since (y*,z*,u*) is a KKT triple of (P(x)), we have ufz} = 0 for all
i=1,...,p. Thus ulgi(z,y*) = —ui(z)* = 0, which implies that uf = 0 if 2} # 0 or
equivalently g;(z, y*) # 0.

Now we consider the index j such that g;(z,y*) =0 = z;. Let us prove that in
this case uj > 0. Taking d* = 0, v; = 0 for ¢ # j and v; = 1, by the formula for

S(y*, z%;x) in (2.2.3), we have (d*,v*) € S(y*, 2*;x). By (2.2.5), we have
0 < (d7, V*)TV%yvz)L(y*, 2 utx)(d vr) = 2uj,

which implies that u} > 0. Hence, we conclude that (y*,u*) is a KKT pair of (P(z)).

Next we show that (y*,u*) satisfies WSOC. For every d € S(y*;x), we have
Dygi(z,y*)d = 0 for all j € Jo(y*;x). For i ¢ Jo(y*;x), ie., 25 # 0, we take
v; = —Dygi(x,y*)d/(22]). For all j € Jo(y*; x), take v; = 0. Then it is obvious that
(d,v) € S(y*, z*; ). Hence by (2.2.5)

p
0 < (d,v)"V, Ly, 2" w5 x)(d, v) = d"V2, L(y" usx)d + 2> uf]
i=1

T2 * *
=d Vny(y Jutsz)d

since uj = 0 for all ¢ ¢ Jo(y*;x) and v; = 0 for all j € Jy(y*;z). Therefore, (y*,u*)
satisfies WSOC. O

2.2.2 Lipschitz continuity of the value function and the up-
per estimate of the Clarke subdifferential of the value
function

For convenience, we quote the original result obtained by Gauvin-Dubeau in [30]

below. For results under weaker assumptions and sharper upper estimates, the reader

is referred to [37, Corollary 4.8] and [80, Proposition 2]. Note that under extra

assumptions, the convex hull operation in the formula below can be removed and a
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tighter bound for the subdifferential can be obtained; see e.g. [80, Proposition 1] for
the case where the lower level program is linear, and [63, Section 5] for the case where
the solution map S is V-inner semicontinuous at the point of interest. Note that in

the last case, the uniform boundedness of Y assumption can be removed.

Proposition 2.2.3. [30, Theorem 5.3] Assume that the set-valued map 'Y is uniformly
bounded around T, i.e., there exists a neighborhood U(Z) of & such that Uycyz)Y () is
bounded. Suppose that MFCQ holds at each y € S(Z). Then the value function V is
Lipschitz continuous near T and the Clarke subdifferential of V at T has the following

upper estimate:

V() C co{ Vo f (2,9) + Vay(z,y )|y € S(z),u' € M'(y; 1)}

2.2.3 Constraint qualifications and optimality conditions for

the combined problem

As discussed in the introduction for this chapter, there are various reformulations of
(BLPP). To simplify the discussion, in this section we consider the following general

combined problem:

min F(x,y)

x7y7u7w

st f(z,y) = V(z) <0, g(z,y) <0, u>0, u'g(z,y) =0,
Hi(z,y,u) =V, f(z,y) + Vyg9(z,y)u =0,
Hy(z,y,u,w) € C,

(GCP)

where z € R", y € R™, u € R?, w € R! and the mappings F, f : R* x R™ - R, ¢ :
R" x R™ — RP, Hy : R®" x R™ x R? x R — K are continuously differentiable, K
is a Fuclidean space, and C' is a nonempty convex subset of K. Here the constraint
Hy(z,y,u,w) € C represents a constraint which comes from a second-order optimality
condition. Note that for simplicity we have omitted the upper level constraint in this
section.

We define the partial calmness for (GCP) as follows.

Definition 2.2.2 (Partial calmness for (GCP)). Let (z,y,u,w) be a local solution of
t

(GCP). We say that (GCP) is partially calm at (Z,y,u,w) if there exists u > 0 such
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that (Z,y,u,w) is a local solution of the following partially penalized problem:

st g(x,y) <0, u>0, u'g(z,y) =0, Hy(z,y,u) =0, Hy(x,y,u,w) € C.
(GCP,)

For any feasible point of problem (GCP,), say (x,y,u,w), the triplet (z,y,u)
always satisfies the KKT conditions of the lower-level problem, which means (z,y, u)
must also be a feasible point of the partially penalized problem corresponding to
(CP). Thus, the partial calmness condition for problem (GCP) is more likely to hold
than that for problem (CP).

Proposition 2.2.4. Let (z,y,u) be a local optimal solution to problem (CP). Suppose
that (CP) is partially calm at (Z,y,u) and there is w such that (Z,y,u,w) is a local
optimal solution for (GCP), then (GCP) is also partially calm at (Z,y,u,w).

We now study the constraint qualification and optimality condition for problem
(GCP). If the value function is Lipschitz continuous and K = R?® then problem
(GCP) is an MPEC with Lipschitz continuous problem data. Due to the value func-
tion constraint, the nonsmooth MFCQ fails to hold at any feasible solution of the
above problem [83, Proposition 3.2]. Furthermore, the complementarity constraint
remains present in the partially penalized problem, which contributes to the violation
of the MFCQ), as discussed in [85, Proposition 1.1].

Recall that in MPEC literature, one usually defines a Mordukhovich (M-) or
a Strong (S-) stationarity condition based on whether the multipliers are taken
from the limiting normal cone or the regular normal cone of the complementarity set
respectively. Similar to [79, Definition 4.2], we define M-/S- stationarity condition
based on the value function for (GCP). Given a feasible vector (z, g, u, w) of problem
(GCP), we define the following index sets:

Definition 2.2.3 (Stationary conditions for (GCP) based on the value function). Let
(Z,y,u,w) be a feasible solution to (GCP).
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(i) We say that (Z,y,u,w) is an M-stationary point based on the value function if
there exist ;1 > 0, N € RP, \* € RP and M\ € R™ A\ € R® such that

0 € |VF(@,9) + u(VF(@,5) = V(@) x {0}) + Va(z,9)7] x {(0,0)}
(2.2.6)
- (07 07 )\u’ 0) + vI{l(jv Y, a)/\{l + VHZ(fa Y, u, w)Aga
N=0,Vjel, X=0 Vjel, X\ €Nc(Hzyuuw), (227)
and either N >0, Xj >0, or M{AY =0, Vj € I.

(i1) We say that (Z,y,u,w) is an S-stationary point based on the value function
if there exist p > 0,\9 € RP. A € RP and A\ e R™ M\ € R® such that
(2.2.6)—(2.2.7) and the following condition hold:

X >0, N >0, Ve I

By Definition 2.2.3, an M-/S- stationary point of problem (CP) must correspond
to an M-/S- stationary point of problem (GCP), but the converse is not true since
the multiplier AY can be nonzero. When the multiplier A}’ is nonzero, the combined
approach of using only the first-order condition fails but the one using the second-
order condition is useful.

To obtain M-stationary conditions, we reformulate problem (GCP) equivalently
as the following optimization problem:

min F(z,y)

m’y7u7w

st. f(z,y) —V(z) <0, (9(z,y), —u) € Dby, (2.2.8)
Hl(l"y;u) = 07 H2<x7y7u7w) € Cu

where Q% = {(a, b) € R? x RP|la < 0,b <0, (a,b) = 0} is the negative complemen-
tarity set.
Denote the set of feasible solutions for problem (2.2.8) by F and the perturbed
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feasible map by

f(z,y) = V(z)+r <0,

xT,y) — 1o, —u+13) € W,
F(r17r277ﬂ37P1>P2) = (%?h% 'lU) (g( y> ? 3) s . (229)
Hy(z,y,u)+ P, =0,

Hy(x,y,u,w) + P, € C

\

We now define the Clarke calmness for problem (GCP) as the one for its equivalent

reformulation (2.2.8) as follows.

Definition 2.2.4. (Clarke calmness for problem (GCP)). Let (Z,y,u,w) be a local
optimal solution of (GCP). We say that (GCP) is Clarke calm at (Z,y,u,w) if
there exist € > 0 and p such that, for all (ry,79,73, P, P2) in B.(0), for all

>0
N F(r,re,13, Py, Py), one has

(x,y,u,w) € Bg(i’,ﬂ,ﬂ,w)
F(;E,y) - F(£7§) +/LH(T1770277,37P17P2>H > 0.

Similar to Burke [14, Theorem 1.1], the Clarke calmness defined in Definition 2.2.4
is equivalent to the exact penalization, i.e., (GCP) is Clarke calm at (z,y, u, w) if and

only if there exists > 0 such that it is a local solution of the penalized problem:

$7y7u7w

min F(‘T?y) + (f(x,y) - V(l’) + Z ‘H1’7;<l’,y,u>|
+ dist((g(z, y), —u), Qg) + dist(Ha(z, y, u, w), C)).

It is well-known that the calmness of the perturbed feasible map (2.2.9) or equiv-
alently the existence of a local error bound for the feasible region F is a sufficient
condition for Clarke calmness; see e.g. [24, Proposition 2.2]. Moreover many classi-
cal constraint qualifications can be used to guarantee the Clarke calmness at a local
minimizer; see e.g. [24, Proposition 2.3].

Similar to the equivalence between the Clarke calmness and exact penalization,
it was pointed out in [83, Proposition 3.3] that there is an equivalence between the
partial calmness and partial exact penalization. The Clarke calmness condition is in
general stronger than the partial calmness. The partial calmness condition plus a
usual constraint qualification for the partially penalized problem implies the Clarke

calmness condition [83, Theorem 3.1]. One may derive sufficient condition for the
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calmness for the general combined program using the results on the relaxed constant
positive linear dependence constraint qualification (RCPLD) [56, Theorem 3.2], [78,
Theorem 3.2].

We can now state the optimality conditions for the general combined program
below. In fact, one can also apply the directional calmness and optimality conditions
in [4, Theorem 3.1], which was developed using the directional approach to variational
analysis in [10], to the general combined problem. To obtain S-stationary condition,

we introduce the following constraint qualification.

Definition 2.2.5 (MPEC LICQ). Let (z,y,u,w) be a feasible solution to prob-
lem (GCP,). We say that MPEC LICQ holds at (Z,y,u,w) if the following non-

degeneracy condition holds:

0= > NVg(z,5) x{(0,0)}- { <0,0, > A;fej,())}

j€Jo(Z,7) j€lLUIp
+VH (7,7, 0)MT x {0} + VHy(z, 7,0, 0)\Y,
| A3 € span Ne(Ha(2, 9, 4, w)),
= (A, N =(0,0,0,0),

where span(Il) denotes the affine hull of the set I1.

Theorem 2.2.2. Let (z,y,u,w) be a local optimal solution to (GCP). Suppose that
(GCP) is Clarke calm at (Z,y,u,w), then (Z,y,u,w) is an M-stationary point based
on the value function. If (GCP) is partially calm at (z,
value function is smooth, and MPEC LICQ holds, then (

point based on the value function.

y,u,w), either u =0 or the
X

.Y, U, W) is an S-stationary

Proof. Since (GCP) is equivalent to (2.2.8), by [24, Theorem 2.1] and the expression
for the limiting normal cone of the complementarity set, we get the result for the M-
stationary point. Similarly, by Corollary 6 in [34] and the expression for the regular
normal cone of the complementarity set, we get the result for the S-stationary point.
Alternatively, if the set C'is a polyhedral set, then we can also use the [55, Theorem
3.8] to derive the desired result. O

Remark 2.2.1. By definition, it is easy to see that if (GCP) is partially calm and
problem (GCP,) is Clarke calm at (Z,y,u,w), then the Clarke calmness for (GCP)
holds.
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2.3 An illustrative example

To illustrate the difficulties of BLPPs and our approach, we consider the following

example for which all known approaches fail.

Example 2.3.1.

1\? 1, 1
min (z— =) +%° st ye€S(z):=argmin? -y* — ~ay?
Y 2 y 4 2

y € R} . (2.3.0)

The first-order necessary condition for optimality of the lower level objective func-
tion with respect to y is y*> — 2y = 0, which is equivalent to saying that y = 0 or
x = y?. Its graph is shown in Figure 2.1.

Since the objective of the lower level program is not convex in lower level variable
y, for each fixed x, not all corresponding y’s lying on the curve are global optimal
solutions of the lower level program. The true global optimal solutions for the lower

level problem are shown in Figure 2.2. It is easy to see that

S(z) = {+/x} ?fm>0, Vi) = —1g2 ?fx>0,
{0} if © <0, 0 if z <0,

and (Z,y) = (0,0) is the unique global optimal solution.

/yz—m
T
y=0 0\ y=02<0 0

Figure 2.1: Feasible set of problem Figure 2.2: Feasible set of problem
(2.3.2) (2.3.5) (also the graph of S(-))

Now we claim that the partial calmness for (CP) does not hold at (0,0). Indeed,

the associated partially penalized problem is given by
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Take any p > 0. For the objective values, we find

F, (% o) Ry %W + 411’ F,(0,0) = 411' (2.3.3)
Thus, for k > 1+p/4, F, (+,0) < F,(0,0) holds, and this shows that (z,7) = (0,0) is
not a local minimizer of the associated partially penalized problem (2.3.2). Hence the
partial calmness for (CP) does not hold at (0,0). Moreover since (CP) is a standard
nonlinear program, it is easy to check that the KKT condition does not hold at (0, 0).

To explain our new approach, we now consider the following optimization prob-
lem in which we add the first and the second-order conditions to the value function

reformulation of problem (2.3.1):

2
%’iyn <x — %) +y* st f(z,y) = V() <0,y —ay=0, 3> —2>0. (2.3.4)
Since both the first and the second-order conditions for the lower level program hold at
y € S(z) without any further assumption, the constraints y*> —xy = 0 and 3y*—z > 0
are redundant. Hence (Z,7) = (0, 0) is still the optimal solution to the above problem.

From the graph in Figure 2.2, we can see that any point (z,y) satisfying the first
and the second-order conditions together lies in the graph of the solution mapping
S(-). This means that the value function constraint can be removed and hence (0, 0)

is a (local) minimizer of the following partially penalized problem with pu = 0:

2
rg’iyn <x - %) + v+ p(flzy) = V(z) st y*—ay=0, 3y —z>0. (2.3.5)
Problem (2.3.5) is a one-level optimization problem. Furthermore, it is easy to check
that its KKT condition holds at (0,0).

Next we present a geometric explanation for Example 2.3.1.

For Example 2.3.1, the partial calmness for (CP) at (z,y) = (0,0) means that for
some p > 0, (Z,y) is still the optimal solution of the associated partially penalized
problem (2.3.2), whose feasible set is given by Figure 2.1. But by (2.3.3), this is
violated by taking points {(3,0)}72; on the line {(x,y)|z > 0,y = 0} in the feasible
set.

To fix the above issue, we add the second-order necessary optimality condition

of the lower level program in the combined problem (2.3.4). The advantage of using
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the second-order necessary optimality condition is that the feasible set of the new
associated partially penalized problem (2.3.5) ruled out all of the points on the line
{(z,y)|z > 0,y = 0} which are actually local maxima for the lower level objective

function with > 0 (see Figure 2.2).

2.4 Combined with second-order optimality con-
ditions

A natural idea that comes from Example 2.3.1 is to add the second-order necessary
optimality conditions of the lower level program in the combined problem. In this
section, we consider combined problems with different kinds of second-order optimal-

ity conditions.

2.4.1 Unconstrained case

For the unconstrained bilevel programming problem

min F'(z,y) s.t. y € argmin f(z,y), G(z,y) <0, (UBLPP)
T,y y
we propose the following combined program using the second-order necessary opti-

mality condition:

min F(z,y)
=y (CPSOC)
st. f(z,y) = V(z) <0, Vyf(z,y) =0, Vi, f(x,y) €ST, G(z,y) <0.

We denote the corresponding partially penalized problem for (CPSOC) (as in
Definition 2.2.2) by (CPSOC,). The problem (CPSOC,) is a nonlinear semidefinite
optimization problem. To derive an optimality condition for it, we may apply some
constraint qualification, e.g., Robinson’s constraint qualification (or a generalized

MFCQ) of nonlinear semidefinite optimization problems.

Theorem 2.4.1. Let (Z,7) be a local optimal solution to (UBLPP). Suppose that the
partial calmness for (UBLPP) holds with either p = 0 or with p > 0 and the value

function V' is Lipschitz continuous near T. Then under some constraint qualification,
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there exist Q € ST, 1> 0, « € R™, and [ € RY such that

0€ VF(ja g) + M(Vf(i’,ﬂ) - aoV(ZZ‘) X {0}) + V(Vyf)(iv,g)oz - Dv?/yf(jv g>*Q
+ VG(z, )8,
(Vi [(2,9),Q) =0, 87G(z,y) =0,
where

0 0

T
DV f(z,7)"Q = (<8—$1V§yf(az,y), Q> e <%v§yf(x,y), Q>) .

2.4.2 Constrained case

In the constrained case, as we reviewed in Section 2.2, there are four kinds of second-
order optimality conditions: FJSOC, BSOC, SSOC, and WSOC.

Combined with the Fritz John second-order optimality condition

We say that y € Y(z) is an FJSOC-point if for all d € C(y;x), there exists (ug,u)
such that

uﬂvyf(xa y) + vyg(xa y)u = 07
p

9(z,y) <0, (up,u) >0, Zuz =1, u"g(z,y) =0, (2.4.1)
i=0

dTVZyEO(y,uo,u;x)d > 0.

By Theorem 2.2.1, if y € S(x) then y is an FJSOC-point for (P(x)).

Now we define
S rsoc = {(x,y) e R™™Yd € C(y: x), I(uo, u) s.t. (2.4.1) hold.},
and consider the following combined problem with FJSOC:

min F(l’,y) s.t. f(xay) - V(x) S 07 (xay) € Z:FJSOCa G($,y) S O (FJSOCP)

z?y

Since it is not easy dealing with the set of indices of active inequalities in the
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critical cone, we propose to use the following set to relax the critical cone:
{d € R"|D,f(x,y)d <0, u;Dyg;(x,y)d <0, Vj=1,...,p} 2 C(y;z), (2.4.2)

where (ug, u) is an FJ-multiplier. Under the strict complementarity, “ O ” becomes

=" in the above relationship. Hence y € S(z) implies that there are (uo, u, d) such

that the following relaxed FJ system holds:

Uovyf(l’, y) + Vyg(xa y)u = 07
p

g(xay) < 07 (Uo,u) > 07 U; = 1a uTg<m7y) = 07
2 243

dTvzy‘CO(y?uOvu;x)d > 07

Denote by
K(z,y) = {(up,u,d) € Z(z,y)|uweVyf(z,y) + Vyg(x,y)u = 0}, (2.4.4)
where
‘ P \
(UO,U) Z Oa Zuz = ]-7 uTg(x,y) = Oa
i=0
E(il?,y) = (UQ,U,d)

p
dTvzy |:u0f<m7 y) + Z UiGi (‘Ta y)} d 2 07

i=1

D, f(x,y)d <0, ujDyg;(x,y)d <0, Vj=1,....p)
(2.4.5)

Then problem (FJSOCP) can be reformulated as the following problem equivalently.

\

min F(x,y)

s.t. fz,y) = V() <0, g(z,y) <0, G(z,y) <0, (FJSOCP-2)
oe J  {uwVyf(,y) + Vygla,yu}.

(uo0,u,d)EE(z,y)

Problem (FJSOCP-2) can be considered as an optimization problem with implicit
variables as studied in recent paper [9]. Since problem (FJSOCP-2) is still not prac-

tical to solve, we consider its explicit version—the relaxed combined problem with FJ
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second-order condition:

min  F(z,y)
T,Y,u0,U,d

M%@w%ﬂﬂ)<0wvﬁuw+vw@w =0, g(z,y) <0,

P

<u07u) 207 Zulzl, ’LLTg(CC,y)IO, dTVQ uOf x y Z zgz x y dzO,

i=0 Py

Dyf(x,y)d <0, u;Dyg;(x,y)d <0, Vj=1,...,p, G(z,y) <0.
(R-FJSOCP)

Recall that a set-valued map I' is inner semicompact at (Z,y) with respect to
doml if for each sequence {(zx,yx)},eny € doml such that (zy,yx) — (Z,7), there is

a convergent sequence {(ug, u, d* )} and a subsequence {(xi, yg)} such that
CeN CeN

(ug,ug,dc) el (xi,y,g) holds for all ¢ € N; see e.g. [9, page 7]. Note that the
mapping [" defined in (2.4.4) is automatically inner semicompact since the set of FJ
multipliers (ug,u) are uniformly bounded, and the sequence d¢ in the definition can
always be taken as zero. Hence by [9, Theorems 4.3 and 4.5] we have the following

equivalence between the problem with implicit variables and its explicit form.

Proposition 2.4.1. Let (Z,y) be a local (global) optimal solution to (BLPP). Then
for each (ug,u,d) € K(z,9),(Z,y,u,u,d) is a local (global) optimal solution of
(R-FJSOCP). Conversely, let (Z,q,up, u,d) be a global optimal solution to (R-FJSOCP).
Then (Z,7) is a global solution of (BLPP). Moreover if for each (ug,u,d) € K(Z,y),
(Z, Y, up, u,d) is a local optimal solution to (R-FJSOCP), then (z,y) is a local solution
of (BLPP).

As in Definition 2.2.2, we can define partial calmness for (FJSOCP) and partial
calmness for (R-FJSOCP), and denote the corresponding partially penalized problems
by (FJSOCP,) and (R-FJSOCP,,), respectively.

Different from the relation between the partial calmness condition for (CPg;) and
the partial calmness condition for (CPFJ) in [42, Theorem 4.4], the partial calm-
ness condition for (FJSOCP) could not imply the partial calmness condition for
(R-FJSOCP) directly because the critical cone has been relaxed in (R-FJSOCP).
But as we will show in Proposition 2.4.2, the partial calmness condition for (CPFJ)
implies the partial calmness condition for (R-FJSOCP). Note that this relation co-
incides with the result in Proposition 2.2.4. On the other hand, since Ygjsoc C Xy,
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it is immediate that

partial calmness for (CPp;) = partial calmness for (FJSOCP), (2.4.6)

where Ypy denotes the set of points which satisfy the Fritz John condition.

In the following proposition, we show that the partial calmness for (R-FJSOCP)
at (z, 9, Uo, U,d) with d # 0 is not stronger than the one for (CPFJ) at (Z, ¥, U, @).
Hence when the critical cone C(y; ) # {0}, one can always take a nonzero critical

direction d to obtain a combined program with weaker partial calmness condition.

Proposition 2.4.2. Let (z,y,up,u) be a local solution of (CPFJ). Suppose that
the partial calmness condition for (CPFJ) holds at (Z,%, o, u). Then, for each d €
C(y;z), (Z,9,0,u,d) is a local optimal solution of problem (R-FJSOCP) where the
partial calmness condition holds. Conversely, suppose that problem (R-FJSOCP) is
partially calm at a local solution (Z,y,ug,u,0) and (T,y,up,u) is a local solution of

problem (CPFJ). Then problem (CPFJ) is partially calm at (z,y,uo, @).

Proof. The first assertion can be obtained similarly to Proposition 2.2.4.
Now suppose that problem (R-FJSOCP) is partially calm at (z, 3, 4o, 4, 0). Then
there exist p > 0 and a neighborhood U (Z, y, ug, 4, 0) of (Z, ¥, 4o, @, 0) such that

F(f7g> < F(I7y) +/~L(f(x7y) - V(l‘)), V(x,y,uo,u,d) S ]:R N U(jvga ﬂ07a70)7

where Fp, is the feasible region of problem (R-FJSOCP,,). Let (z,y, uo, w) € U(Z, 7y, o, @)
be a feasible solution of problem (CPFJ,). Then (z,y,uo,u,0) is feasible to prob-
lem (R-FJSOCP,). Hence it follows that the problem (CPFJ) is partially calm at
(Z,y,up,u). O

Note that (R-FJSOCP) and its partially penalized problem (R-FJSOCP,) are
MPECs. Based on the discussions on the partial calmness condition, Theorem 2.2.2
can be used to derive S-/M- type necessary optimality conditions for problem (R-FJSOCP)

under appropriate constraint qualifications.

Combined with the basic second-order optimality condition

As reviewed in Section 2.2, under certain constraint qualifications, M*(y;x) # 0 for
y € S(z) and one of the second-order optimality conditions BSOC, WSOC, and SSOC
holds. In this subsection, we study the combined problem with BSOC. We say that
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y is a BSOC, WSOC, or SSOC point of (P(x)) respectively if Definition 2.2.1(i),
2.2.1(ii), or 2.2.1(iii) holds respectively. Now we define

YBsoc = {(:U,y) € R"|y is a BSOC-point for P(x)},

Ywsoc = {(x,y) € R""™y is a WSOC-point for P(x)},

Yssoc 1= {(x, y) € R"™|y is an SSOC-point for P(x)}
It is easily seen that
LICQ
Yissoc € Xpsoc, Yssoc € Ywsoc, and Yssoc = Xpsoc- (2.4.7)

Similar to the combined problem (FJSOCP), we consider the combined prob-
lem with basic (weak, strong) second-order optimality conditions (SOCP) where
Ysoc = 2BSOC, Lwsoc, 2ssoc, respectively. Different from FJSOC, none of BSOC,
WSOC, and SSOC is necessary without extra constraint qualifications. Thus this
reformulation requires that BSOC, WSOC, and SSOC hold at the optimal solution
of the lower level program. At least it requires that the KKT conditions hold at the
optimal solutions of the lower level program (i.e., M*'(y;x) # 0).

Since it is difficult to express the set of indices of active inequalities directly in the
combined problem (SOCP) with Ysoc = X psoc such that it is still an optimization

problem with equality and inequality constraints, we relax the critical cone (2.2.1) as
= {d € R™u;Dygj(x,y)d=0, Vj=1,... ,p}, (2.4.8)

where w is a KKT multiplier and (2.4.8) follows from

0> Dyf(z,y)d=— > u;Dyg;(w,y)d > 0.

Jj€Jo(y;z)

Hence we propose to consider the following relaxed problem for the combined problem
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(SOCP) with ZSOC = EBSOC:

min F(z,y)
z,y,u,d

s.t. fa,y) = V() <0, Vyf(z,y) + Vyg(z,y)u=0, g(z,y) <0,
p (R-BSOCP)
u > 07 uTg(fL’,y) = 07 dva/y [f(xay) + Zuzgz(xvyﬂd > Oa

=1

u;jDyg;i(z,y)d=0,Vj=1,....p, G(z,y) <O0.

Similar to Proposition 2.4.1, since there is the value function constraint, the com-
bined problem (SOCP) and the relaxed combined problem (R-BSOCP) are both
equivalent in global solutions to the original problem when the corresponding second-
order optimality conditions hold [9, Theorem 4.3]. To state the relationship on local

solutions, we define the following mapping:

K(z,y) = {(u,d) € Z(x,y)|V,f(z,y) + Vyg(z,y)u = 0}, (2.4.9)
where

u>0, u'g(z,y) =0,

[

(2,y) =3 (w,d) | d"Vo, [f(z.y)+ > wigi(z,y)]d >0, ;. (2.4.10)

i=1

uw;Dygi(r,y)d =0, Vj=1,...,p

\ Ve

Proposition 2.4.3. Let (Z,y) be a local optimal solution to (BLPP). Suppose that
the basic second-order optimality condition holds for the lower level problem P(Z) at y.
Then for each (u,d) € K(Z,7),(Z,7,u,d) is a local optimal solution of (R-BSOCP).
Conversely, let (z,y,u,d) be a local optimal solution to (R-BSOCP) for each (u,d) €
K(Z,7), Furthermore, let K be inner semicompact at (z,7y) with respect to domK.
Then (Z,7) is a local solution of (BLPP).

Remark 2.4.1. The function K defined in (2.4.9) is inner-semicompact when MFCQ
for the lower level holds at (Z,y).  This is true because at the optimal solutions,

MFCQ is equivalent to the property of the set of KKT multipliers being nonempty
and bounded [29].

Next, we study the relation between the partial calmness for (R-BSOCP) and the

partial calmness for (CP). Similar to Proposition 2.4.2, we can prove the following
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proposition.

Proposition 2.4.4. Suppose that (Z,y,u,0) is a local solution of (R-BSOCP). Then
the partial calmness for (R-BSOCP) holds at (Z,y,u,0) if and only if the partial
calmness for (CP) holds at the local optimal solution (Z,y,u). Furthermore, if BSOC
holds at § for the lower level problem P(Z), then for all d € C(y;%), validity of
the partial calmness condition for (CP) at the local optimal solution (Z,y,u) implies

validity of the partial calmness condition for (R-BSOCP) at the local optimal solution

(Z,9,u,d).
Finally, (R-BSOCP) and its partially penalized problem (R-BSOCP,,) are MPECs.

Theorem 2.2.2 can be used to derive S-/M- type necessary optimality conditions under

appropriate constraint qualifications.

Combined with the weak second-order optimality condition

If WSOC holds at the lower level, we can consider the following combined problem
with WSOC:

min F(z,y)

m72}711

s.t. f(l', y) - V(ZE) S 07 Vyf(x, y) + vyg(x7y)u — 07
g(z,y) <0, u>0, u'g(z,y) =0, G(z,y) <0, (WSOCP)

Y
Y S(y;x)

and propose the corresponding partial calmness condition. Here 0 < Viy [ flzy) +

S uigi(w,y)) ‘r’ with I' := S(y; ) means that

p
A"V [f(xy) + > wigi(z,y)]d >0, VAT,

=1

i.e., the matrix V2, [f(z,y) + >0 uigi(z,y)] is a T-copositive matrix.

But the copositive matrix condition in (WSOCP) is not easy to tackle because the
critical subspace S(y; ) involves the set of indices of active inequalities of (P(x)). To
cope with this difficulty, the equivalence between the KKT points satisfying WSOC
of the original problem (P(z)) and the reformulated problem (P(z)) by introducing
the squared slack variables is very useful. Indeed, by Propositions 2.2.1 and 2.2.2,
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problem (WSOCP) is equivalent to the following reformulated problem by introducing
the squared slack variables:

min F(z,y)

T,Y, 2\
p
! ; ! (WSOCPZ)
gz(xvy) + Zz2 - 07 >\’LZ7, = Oa VZ = 17 Y 42 G(I,y) S Oa

0= V%y,z)L(ya 2 )‘; $)

S(y,z;x)

Now it is worth noting that the critical subspace
Sy, z;x) = {(d, v) € R™ x RP| Dyg;(z,y)d + 2zv; = 0, Vi}

does not involve the set of indices of active inequalities of (P(z)).
Note that in contrast to all the other reformulations derived before, (WSOCPZ)
is not a complementarity - but a generalized copositive programming problem with

switching constraints [44, 54] which has slightly different properties than an MPEC.

Combined with the strong second-order optimality condition

If SSOC holds at the lower level for each y € S(z), we can consider the following
combined problem:

min F(z,y)

x?y?”

s.b. fz,y) = V(z) <0, Vyf(z,y) + Vyg(z, y)u =0,

u
g(z,y) <0, u>0, ulg(z,y) =0, G(z,y) <0 (SSOCP)

C(y;z)

0 < Viy [f(x, y) + Zuigz’(%yﬂ

=1

Recall that for a closed convex cone I', the class of all I'-copositive matrices is the
dual cone of the convex hull of {dd” € S7'|d € I' C R™} [25, Lemma 2.28]. This pro-
vides a natural generalization of the constraint ng f(x,y) € ST in the unconstrained
case. The problem (SSOCP) can be viewed as generalized semi-infinite programming
problem [76, 81] or generalized copositive programming problem (set-semidefinite op-
timization) [13, 25]. Similarly as in section 2.4.2, to deal with the difficulty of the
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active index set, one can also use the squared-slack-variable trick here.

2.4.3 Examples and Summary

In this section, we have discussed different types of combined problems with second-
order optimality conditions, called (FJSOCP), (SOCP), (SSOCP) and (WSOCP).
To address the issue caused by the set of indices of active inequalities, we come
up with the related relaxed problems, called (R-FJSOCP) and (R-BSOCP), and
also the problem with squared slack variables (WSOCPZ). All of the combined and
relaxed problems are equivalent to the original (BLPP) under some mild and necessary
assumptions.

Similarly to [42, 83, 84], we have proposed various partial calmness conditions
based on the combined problems above. We summarize the relationships between

various partial calmness conditions in Figure 2.3.

Second-order with

extra variables: [Pc for (R_FJSOCP)]@{PC for (R-BSOCP)]
First-order witl 2] o]
irst-order with .

extre e o [Pc for (CPFJ)]—»[PC for (CP) in [84]J
® T since EKKT T Q EB

First-order: [Pc for (VP) in [83]]@{PC for (CP) in [42]]@{% for (CPB) in [42]]
@

Second-order: [PC for (FJSOCP)]@{PC for (SOCP)]

Second-order with [Pc for (SSOCP)}Q[PC for (WSOCP)]

copositive matrix:

al

[PC for (WSOCPZ)]

Figure 2.3: Relationship between various partial calmness conditions. Here we denote
“partial calmness” briefly by PC. By Proposition 2.2.4, we have relations ®-®. For
relations ®, @, and ®, we refer the reader to [42, Theorem 4.4], Proposition 2.4.2, and
Proposition 2.4.4, respectively. One may prove other relations by a similar argument
of the proof of Proposition 2.4.2. The equivalent relation *x follows from Propositions
2.2.1 and 2.2.2. An arrow between two PCs means one implies the other under certain
constraint qualifications. Specifically, both the relations @ and @ require the validity
of the KKT condition of (P(z)) for y € S(x).

Under the validity of the KKT condition, we can even establish the relationship



38

between partial calmness for the FJ and the KKT type combined programs when the
FJ multiplier considered satisfies g = 0. For example, even if the partial calmness
for (CPFJ) holds for (7,7, @y, u) with iy = 0, if the set of multiplier M*(y; T) is not
empty and @ € M!(jy; ), it can be shown that the partial calmness for (CP) holds
for (Z,y,u + ku) when k > 0 is sufficiently large. This comes from the fact that
L300 (0 + k) = k14370 g, (1, a+ ka) /(14 350 (@5 + kuy)) — (0, @) as
k — 4o00.

Next, we use some nonconvex BLPPs to illustrate the combined approach with
second-order optimality conditions and the necessary optimality conditions.

We first give an example for which the combined approach in [42, 84] fails, but
the partial calmness and the necessary optimality condition will hold if one adds the
basic second-order optimality condition for the lower level program in the associated

combined problem.

Example 2.4.1.

min y? —
z,yeR

1 1
st. —1<z<1, yeSx):= argmin{—y4 — —axy?
y

Claim: In this ezample, we will show that

e the partial calmness for (CP) does not hold at (z,y,u) = (0,0,0);

the partial calmness for (SOCP) with Ysoc := Xpsoc = Lssoc holds at (Z,7) =
(0,0);

the partial calmness for (R-BSOCP) holds at (Z,4,,d) for any d # 0;

the partial calmness for (WSOCP) does not hold at (z,y,u) = (0,0,0);
e necessary optimality conditions fail to hold for (CP);

e the S-stationarity condition holds for (R-BSOCP).

It is easy to see that

{(V2} if x> 2, l—z ifz>2,
Sx)=< {Va} ifo<z<2, V(=4 -1a? ifo<a<2 (2412
{0} if x <0, 0 if x <0,
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and (z,y) = (0,0) is a global optimal solution. Moreover, M*(0;0) = {0}.
Now we show that the partial calmness for (CP) does not hold at (0,0,0). Indeed,
the associated partially penalized problem is given by

x,Yy,u 4 2
s.t. y3 —xy—uy+us =0, uy >0, —uy =0, (2.4.13)
uy > 0,un(y —v2) =0, 0<y < V2, 1<z <L

1 1
min Fu(x,y) = y2 —Tr+pu (—y4 - —ify2 - V@))

Note that when x = +(k > 0), V(z) = —12%. For any fized p, the objective
function value F,(+,0) = =k~ + (u/4)k™? < 0 = F,(0,0) when k > p/4. Hence
(z,y,u) = (0,0,0) is not a local minimizer of the associated partially penalized problem

(2.4.13) and the partial calmness for (CP) does not hold at (0,0,0).

Let us consider adding the second-order optimality conditions. The critical cone
15 given by

R, ifxeRy=0,
Cly;a) =4 R if 2 €(0,2),y =V, (2.4.14)
{0} if 2>2,y =2

Since LICQ) holds, BSOC coincides with SSOC and hence Y¥gsoc = Xssoc. Problem
(SOCP) is given by

min y* — z
x?y

L (2.4.15)
s.t. Z—l?fl - §$92—V($) <0, (,y) € ¥ssoc, —1 <z <1

Suppose (x,y) € Lgxr. Then it must satisfy the KKT condition
Py —utus =0, u >0, —uy =0, up >0, ups(y —v2) =0, 0<y < V2,
with a unique multiplier w. It follows that
SkKr = {(m,0)|x c R} U {(x, Vo) € (0, 2)} U {(m, V2)|z > 2}. (2.4.16)

But SSOC states that d*(3y* —z) > 0,V d € C(y; ), which is equivalent to saying that
3y*> — x > 0. This means that the point (x,y) with x > 0 and y = 0 does not satisfy
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SSOC and hence is not included in the set Yssoc. By the expression for the solution
set (2.4.12), we have Xssoc = {(z,y)|y € S(x)}. Hence the value function constraint
in problem (2.4.15) holds for all (z,y) € Yssoc. We therefore can remove the value
function constraint from problem (2.4.15). This means that the partial calmness for
(SOCP) with Ysoc = Yissoc holds at (z,y) = (0,0) with p = 0.

Now consider the (R-BSOCP):

min y? —x
x7y7u7d

1 1
s.tzy4 — §xy2—V(x) <O —ay—u +u=0,0<y<v2 —1<z<1,

w, >0, —ugy =0, —urd = 0,up >0, us(y — v2) =0, ugd =0,
(3y* — x)d*> > 0.
(2.4.17)
Let d # 0. Then for any d sufficiently close to d, condition (3y?> — x)d*> > 0 is
equivalent to 3y*> —x > 0. So similar to the analysis for the partial calmness for

(SOCP) with Ysoc = Xssoc, the value function constraint can be removed. Then the

partial calmness for problem (R-BSOCP) holds at (z,y,u,d) = (0,0,0,d) with = 0.
Recall that YXssoc C Ywsoc and the partial calmness with the larger set Ywsoc
would be harder to hold. By the expression for the critical cone in (2.4.14), we can

obtain the expression for the critical subspace of the problem (2.4.11)

S(y:7) {0} ifzeR,y=0or+2,
Jx) =
Y R ifzeR0<y< V2

WSOC states that
d*(3y* —x) >0, VdeS(y;x).

Since when x > 0,y = 0, d € S(y;x) is taken as zero, these points are still in the
set Ywsoc and hence Ywsoc = Xkkr. Since Ywsoc = LKKT, for this example, the
partial calmness for (SOCP) with Ysoc = Xwsoc does not hold at (z,y) and the
partial calmness for (WSOCP) does not hold at (z,y,u).

Point (z,y,u) = (0,0,0) does not satisfy the stationary conditions for (CP) based
on the value function as in Theorem 2.2.2. Indeed, there do not exist n > 0, 5, n?
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and n¢ such that

0. € VF(0,0)+ 1 (V(0,0) = 9°V(0) x {0}) + Viry (V, L) (0, 0;0)8
+Vg(0,0)n? + VG(0,0)n“
since VF(0,0) = (=1,0)T,Vg1(0,0) = (0, —1)T and other terms are all zero.
Problem (2.4.17) is an MPEC. The S-stationary condition based on the value func-

tion (Definition 2.2.8) holds at (z, 4, @, d) = (0,0,0,1). Indeed, since View)(V,L)(0,0;0)
= (=1,0)T, there exists v =1 (let other multipliers be all zero) such that

0= VF(0,0) — Vi (vij) (0,0;0)7.

In the following example, we show that the partial calmness for (WSOCP) may
hold.

Example 2.4.2.

min y* — z
Y
1 1 (2.4.18)
st. —1<z<1, yeS(x):= argmin{iy4 — E:L’yQ —-1<y< 1}
y
It 1s easy to see that
{£1} if x> 1,
Sx)y=49 {£vz} if0<z<1, (2.4.19)

{0} if 2 <0,

SkKr = {(x,0)|x € R} U {(x,iﬁﬂx e (0, 1)} U {(x,il)|x > 1},

and (z,7y) = (0,0) is a global optimal solution. Moreover, M'(0;0) = {0}. Similarly
to Examples 2.3.1 and 2.4.1, we can show that

e the partial calmness for (CP) and necessary optimality conditions do not hold
at (j7 Ys ﬂ) = (07 0, O);

e the partial calmness for (SOCP) with Ysoc := Ypsoc = Lssoc holds at (Z,y) =
(0,0);
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e the partial calmness for (R-BSOCP) and necessary optimality conditions hold
at (z,7,u,d) for any d # 0.

Howewver, different from Fxample 2.4.1, we can show that the partial calmness for

(WSOCP) also holds at (z,y,u) = (0,0,0). In fact, for problem (2.4.18),

Sy ) {0} if z €eR,y =41,
) =
Y R ifzeRye(-1,1).

But WSOC states that d*(3y* — z) > 0,V d € S(y; x). Since points (z,0) with x > 0
do not satisfy the above WSOC, we have Ywsoc = gph S (see Figure 2.2). Hence the
partial calmness for (WSOCP) holds at (z,y,u) = (0,0,0) with = 0.

We compare the results for the two examples in the following table.

Examples CP SOCPp SOCPs R-BSOCP WSOCP

Example 2.4.1 No Yes Yes Yes No

Example 2.4.2 No  Yes Yes Yes Yes

Table 2.1: Comparison in the examples. Here we denote (SOCP) with with Ygoc =
Ypsoc or Xssoc by SOCPpg, SOCPg, respectively. “Yes” or “No” answers the

question “Does the partial calmness for the combined problem hold?”

2.5 Conclusions

In this chapter, we demonstrate that although the partial calmness condition is generic
for a combined program with a first condition information, there are still cases where
the partial calmness condition and the corresponding necessary optimality conditions
do not hold. To deal with these cases, we propose to add both the first-order and the
second-order optimality conditions of the lower level problem as constraints. There
are several advantages in this approach. First, by adding extra constraints to the
first-order combined problem, the new partial calmness condition and the resulting
necessary optimality condition are easier to hold. Second, by adding second-order
optimality conditions, it may be possible that the graph of the solution set to the
lower level problem coincides with the set of second-order stationary points and hence

the difficult value function constraint can be removed. However there are also some



43

drawbacks to our second-order approach. First, by using a second-order optimality
condition, we may need to introduce more extra variables other than the multipliers.
Then similar to the difficulty in dealing with the reformulation involving with the
KKT condition, the problem is no longer equivalent to the original bilevel program in
the sense of local optimality. Second, since there are second-order optimality condi-
tions in the feasible region of the partially penalized problem, constraint qualifications
may be harder to verify for the partially penalized problem. Third, numerically the
combined program with the second-order condition may sometimes be harder to solve

than the combined program with the first-order condition.
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Chapter 3

Calm local optimality for
nonconvex-nonconcave minimax

problems

Nonconvex-nonconcave minimax problems have found numerous applications in var-
ious fields including machine learning. However, questions remain about what is a
good surrogate for local minimax optimum and how to characterize the minimax op-
timality. Recently Jin, Netrapalli, and Jordan (ICML 2020) introduced a concept of
local minimax point and derived optimality conditions for the smooth and uncon-
strained case. In this chapter, we introduce the concept of calm local minimax point,
which is a local minimax point with a calm radius function. With the extra calmness
property we obtain first and second-order sufficient and necessary optimality condi-
tions for a very general class of nonsmooth nonconvex-nonconcave minimax problem.
Moreover we show that the calm local minimax optimality and the local minimax op-
timality coincide under a second-order sufficient condition for the inner maximization
problem. This equivalence allows us to derive stronger optimality conditions under
weaker assumptions for local minimax optimality.

All the content of this chapter has been submitted as a journal paper, see [52].
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3.1 Introduction

In this chapter, we consider the following minimax problem

mip max f(z,y), (Min-Max)
where the objective function f : R" x R™ — R is possibly a nonsmooth function,
the nonempty sets X C R", Y C R™ are closed but may be nonconvex. Through-
out the chapter, we assume that for each x € X, the inner maximization problem
max,cy f(x,y’) has an optimal solution.

There are two ways to understand the minimax problem. One way is nonsequen-
tial /simultaneous and leads to the concept of a Nash equilibrium. That is, given z,
the function f(z,y’) is maximized over 3’ € Y while given y, the function f(z',y)
is minimized over 2’ € X. Another way is sequential and leads to the concept of a
Stackelberg equilibrium. That is, for any given x, the function f(x,7’) is maximized
over y € Y and the inner maximum value max,ey f(2’,y) is minimized over 2’ € X.
In a convex-concave case which means that f(x,y) is convex in z and concave in
y and the sets X, Y are convex, by the celebrated minimax theorem [75], the order
between the minimization and maximization can be switched and these two concepts
are equivalent in the sense that the resulting optimal value of the minimax problems
for the two concepts are the same. However for the nonconvex-nonconcave minimax
problem where the objective f(z,y) may be nonconvex in x and nonconcave in y and
X,Y may not be convex, the order between the minimization and maximization is
crucial, these two concepts may be different.

Theoretical investigations and numerical algorithms for convex-concave minimax
problems have been extensively studied [23, 47, 64, 65, 66, 75, 88]. Nevertheless, recent
advances in machine learning, such as generative adversarial networks [35], adversarial
training [53], and reinforcement learning [68], have introduced new challenges for
studying nonconvex-nonconcave minimax optimization. In recent years, there are
more and more works for nonconvex-nonconcave minimax problems (e.g., [40, 45, 46,
49, 77]).

In most applications of minimax problems, in particular those from the machine
learning, the sequential/Stackelberg concept of minimax is required. Denote the value
function of the maximization problem as V' (z) := maxyey f(z,y). Then the minimax

problem is equivalent to minimizing V' (z) over z € X, see e.g. [36] . But the value
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function is global which means one has to solve a nonconcave maximization problem
globally. In practice for solving a nonconvex/nonconcave minimization/maximization
problem, many algorithms aim to find stationary points or local optimal solutions as
local surrogates for optimal solutions. What is an appropriate definition for local
surrogates of the sequential /Stackelberg concept of the minimax problem? To answer
this question, we should consider some concepts where both x and y are optimized
locally. Since we consider problem (Min-Max) as a sequential game, i.e., the second
player (the one selects y) can observe the action taken by the first player (the one
selects z) and adjust her action accordingly, the radii of the local neighborhoods
where maximization or minimization takes place can be different. Based on these
considerations, Jin et al. [40] introduced the concept of local minimax points which
is equivalent to saying that a point (z,¢) is a local minimax point if there exists a
radius function 7 : Ry — Ry satisfying 7(d) — 0 as § | 0 such that g is a maximum
point of f (Z,-) on Y NBs(y), and T is a minimum point of the localized optimal value

function

‘/’r = 5
() sy f(z,y)

on X NBs(z), for any small enough ¢. They demonstrated that under mild conditions,
all stable limit points of gradient descent ascent (GDA) are exactly local minimax
points up to some degenerate points. Recently, extensions and optimality conditions
for local minimax points for problem (Min-Max) have been studied in [17, 39, 40, 87].
Jin et al. [40] focus on optimality conditions for the smooth unconstrained case, i.e., f
is twice continuously differentiable, X = R™ and Y = R™. Dai and Zhang [17] study
optimality conditions for the smooth minimax problems with equality and inequality
constraints, i.e., f is twice continuously differentiable, X and Y are described by
equality and inequality constraints. Jiang and Chen [39] derive optimality conditions
for the nonsmooth and constrained case where X and Y are required to be convex.
Zhang et al. [87] study the smooth constrained case where X and Y are sometimes
assumed to be convex or even the whole space based on the local optimal value

function V,(x) := maxyep, g)ny f(2,y).
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3.1.1 DMotivating example

In fair classification [67], the objective is to minimize the maximum loss over multiple

categories. An example formulation is the problem

min max {;(x),
z€R™ ie{1,...,m}

where ¢;(x) represents the loss on category i with = denoting neural network param-
eters. A reformulation [67] of this problem where Y is a simplex in R™ is given by

the zero-sum game

We observe a subclass of local minimax points in the fair classification problem,

whose radius function 7 in Definition 3.3.4 has good properties.

Example 3.1.1. Consider the fair classification problem

min max f(x,y) = yli(z) + (1 — y)la(z),

z€R ye[0,1]
where (1(x) = —x® + x and ly(x) = —x3. Then (0,0) is not a local Nash equilibrium
(which means that T = 0 is not a local minimizer of f(z,0) = —z3 or y = 0 is not

a local minimizer of f(0,y) over y € [0,1]), since x = 0 is not a local minimizer of
f(z,0) = —a3. On the other hand, for 0 < <1, we have

!
a o
nax flz,y)

{—x3+(5x, if £ >0,

—% ifx < 0.

Thus, the point (0,0) is a local minimax point with 7(J) := 9 since for any 0 < 6 <1
and |z] <0 < V3,
f(0,y) < £(0,0) < max}f(l’/y’)-

y'€[0,6

Actually, we find that in many minimax examples presented in the literature,
see e.g., [40, Figure 1], [39, Examples 3.21 and A.1], the radius function 7 is calm
at 0. Moreover, the strict local minimax point defined in [40, Proposition 20] and
the differential Stackelberg equilibrium defined in [26, Definition 4] also turn out
to be local minimax points with a calm radius function. Recall that a function
¢(x) : R — R is said to be calm at z if there is K > 0 and U, a neighborhood of z,
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such that |¢p(x) — ¢(Z)| < kl|lz — Z|| for all z € U.

Motivated by the above observations, in this chapter, we introduce a new notion

of local minimax point, which requires the radius function 7 in the definition of a local

minimax point to be calm at 0. Note that this is equivalent to imposing a bound

on the ratio of the radii of the local neighborhoods where the maximization and

minimization takes place respectively. It turns out that this extra calmness property

is essential for us to develop optimality conditions for minimax problems.

3.1.2 Contributions

We summarize our main contributions as follows.

(i)

We introduce the concept of the calm local minimax point, and analyze its
relationship with various types of minimax points. In particular we give a gen-
eral sufficient condition under which the calm local minimax optimality and the
local minimax optimality coincide. The concept of calm local minimax points
alleviates the issue of non-existence in local Nash equilibria and properly reflects
the order of the minimization and maximization problems. Furthermore, since
the calm local minimax optimality and the local minimax optimality coincide
under the second-order sufficient condition for the inner maximization prob-
lem, our optimality conditions based on the new concept give a more precise
and comprehensive characterization of local minimax points than the existing

ones.

We derive first-order optimality conditions in primal and dual forms for nons-
mooth constrained minimax problems, as well as the second-order sufficient and
necessary optimality conditions. When reducing the problem to some special
cases, e.g., when f is smooth, X and Y are set-constrained systems, we give
explicit form for the optimality conditions. Our findings effectively capture the
nested structure of minimax problems and offer explicit optimality conditions
derived for the initial problem data. We have demonstrated that in the case
of a smooth problem with some easily satisfied properties of X and Y and
the fulfillment of a second-order sufficient condition for the inner maximization
problem, our necessary conditions can be sharper, and our sufficient condition
requires weaker assumptions compared to the existing results. In particular, for

the smooth and unconstrained minimax problem, our second-order optimality
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condition recovers the one derived by Jin et al. [40] in the case where sz f(z,9)
is negative definite and is sharper otherwise; for the smooth and constrained
case with equality and inequality constraints, our second-order optimality con-
dition is sharper and our assumptions are weaker than the ones in Dai and
Zhang [17]. Unlike those in Zhang et al. [87], all of our optimality conditions
are based on the point (Z, y) of concern and not requiring any other information
such as the local optimal solutions of the maximization problem on Y. Since
we do not require the convexity of the constraint sets X and Y, our optimality
conditions apply to more general problems than those in Jiang and Chen [39].
By using an example, we show that even in the smooth and unconstrained case,
our optimality condition can be used to rule out the possibility of a non-local

minimax point while the one in Jiang and Chen [39] can not.

The remainder of this chapter is organized as follows. In Section 3.2, we introduce
the necessary background, including techniques in variational analysis and obtain
some preliminary results on optimality conditions for nonsmooth optimization prob-
lems. In Section 3.3, we discuss different types of minimax points and introduce a
new notion for local optimality in the minimax problem — calm local minimax point.
In Section 3.4, we give our new optimality conditions for the general case. In Section
3.5, we focus on some special cases and compare our results with existing results in

the literature.

3.2 Preliminary results

In this section, we will first introduce some preliminary materials and results that

will be instrumental in deriving optimality conditions for the minimax problem.

3.2.1 Variational analysis

Definition 3.2.1. Let ¥(x,y) : R" x R™ — R. We say that the separation property
holds for the subderivative of ¥ at (Z,y) if for all (u,h) € R™ x R™,

do(z, 9)(u, h) = detp (2, ) (u) + dyo (T, §) (h). (3.2.1)

We say that the separation property holds for the second subderivative of 1 at (Z,7)
if the separation property holds for the subderivative of 1 at (Z,y) and for all (u,h) €
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R™ x R™,

d*(@, ) (u, h) = 245,00 (7, §)(u, h) + dppdb (2, 9) () + dy (2, 5) (h), (3.2.2)

where

di«yw(f y)(u, h) := liminf dy(z + tu', ) (W) — (7, g)(hl),

t10 t

uw! —u,h! —h

The separation property will be useful in deriving the optimality conditions. Next,

we give a sufficient condition for the separation property.

Proposition 3.2.1. Suppose that ¢ is semidifferentiable around (z,y). Moreover
suppose that either d,y(z,y)(h) is a continuous function of x around T for all h or
d0(Z,y)(u) is a continuous function of y around y for all w. Then the separation

property holds for the subderivative of 1 at (Z,7).

Proof. By the definition, we have

A(z. ) (. h) = lim LEF T T Hth) = (7, 5)

t10 t
iy Y@t g 4 th) — (T + tu,g) — (7,5 + th) + (7, 9)
10 n
+lim (T + tu, y) — (7, 7) i O(Z, 7+ th) — (T, 7)
10 t 110 :

= Aot (7, 9) (u) + dyp (7, ) (h).

The last equality holds by [73, Theorem 7.21], i.e.,

Y(T +tu, g+ th) — (@ +tu,y) = d(T+ tu,g)(th) + o(t) = td, (T + tu, g)(h) + o(t),
V(g +th) —¢(@,9) = dy(z,9)(th) + ot) = tdy(z,y)(h) + oft).

Similarly, if ¢ is semidifferentiable around (z,y) and d,¥(Z,y)(u) is a continuous
function of y, then (3.2.1) holds. O

Proposition 3.2.2. Suppose that 1) is twice semidifferentiable around (Z,y), the
separation property holds for the subderivative of ¥ at (Z,y), and diyw(f,gj)(u, h) =
2 - . 2 — . . .
d,(z,y)(u, h). Suppose further that either d; (x,y)(h) is a continuous function
of x around T for all h or A2 (Z,y)(u) is a continuous function of y around iy for

all w. Then the separation property holds for the second subderivative of ¥ at (%,y).
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Proof. By the definition, we have

d*p(z,9)(u, h)
1/}(-% + tu, y+ th) — w(jv :‘7) — td?ﬂ(@ g)(uv h)

= lim T
t10 §t2
= lim T3
tl0 5t
4l YO0 —9E@0) — WA @) | g, T+ ) — V(@ D) — 1@ PR)
tl0 §t tl0 Et
gy W@+t G)(th) + 5245, + tu, g)(B) + o(t?) — dyy(@, ) (th) — 5875, (, §)(R) — o(?)
tl0 %tQ

+d2,0(2,9)(u) + d2,(z, ) (h)
= 2d3,0(Z, §) (u, h) + A2, (2, §) (u) + & (2, ) (h).

The third equality holds by [73, Exercise 13.7 and Proposition 13.5], i.e.,

V(Z +tu, §+th) — (T +tu,y) = db(T + tu, §)(th) + %t2d§y¢(x + tu, ) (h) + o(t?),
V(@ g +th) —d(@,g) = d(z,9)(th) + %t"’dzw(a‘:, g)(h) + o(t?).

Similar discussions can be given under the assumption that d2, ¢ (z, y)(u) is a contin-

uous function of y around y. O

The condition d2,¢(Z,7)(u, h) = d2,4(Z,7)(u, h) required in the above proposi-
tion can be satisfied when 1) has a special structure. For instance, this holds when
U(x,y) = ¢(x) + o(y) + c(z,y) where ¢(-) and (-) may be nonsmooth and ¢(-,-) is
twice continuously differentiable.

The computation of subderivatives is crucial for applying the optimality condi-
tions. In cases where ¢ is a composition of certain special functions, we provide
the following chain rule for computing subderivatives which will be used in Exam-
ple 3.5.1. In fact one can easily extend the result to the more general case where

(T, .., xn) = @(g(x1),. .., 9(x,)), where ¢ is a C? function.

Proposition 3.2.3. Let ¢(x,y) := ¢(g(z), g(y)) where p(a,8) : R x R — R is C?
and g : R™ — R is Lipschitz continuous and directionally differentiable around z and
y. Then 1 is Lipschitz continuous, twice semidifferentiable at (Z,y) in any direction

(u,h). Moreover, the separation property holds for the subderivative of v at (Z,y),



52

and

do(z,9)(u, ) = Ve(g(z), 9(1) (9" (T;u), 9 (7; b)),
doth(Z,9)(u) = Vaplg(T),9(9))g'(Z;u),
dyp(z,9)(h) = Vap(g(®),9(5))g (7;h),

Proof. We know that ¢ is Lipshitz continuous, as it is a composition of Lipshitz

functions. Since

Y(T +tu, g+ th') — (2, 7)

t
_ plg(@ + ), g(§ + ') — (9(2), 9(7))
t
_ Vele(®),9)"(9(@ + tu') = 9(2), (g + th) = 9(5)) |, o(t)
t t’

the limit exists when ¢ | 0,4" — u,h’ — h, 1 is also directionally differentiable at
(Z,y) and the formula for di)(z, g)(u, h) is obtained. Similarly for each x,y around

(z,7),
do (2, y)(u) = Vap(9(2),9(y))g (Z;u),

dytp(2,9)(h) = Vap(g(),g(¥))d (; h).

Hence d,¢(Z, y)(u) and d,¢(x, ) (h) are continuous in y, x respectively. Therefore by
Proposition 3.2.1, the separation property holds at (Z, ). Since

Y&+t y + th') — (2, §) — tdy (2, §)(u, h)

v
_ elg@+ 1), g(F +th)) — o(g(2), 9(7)) — tVe(9(2), 9(5)" (¢' (1 u), ' (5 1))
1
_ Velg(@).9@)" (9@ + tu') — g(z) — tg'(#;u), 9(5 + th') — 9(§) — tg'(5;h)) | o(t?)
e i

1(g(x+ ) = g(z),9(7 + th') — 9(9))" V?0(9(7), 9(9)) (9(Z + tv) — g(z), (7 + th') — 9())
2 %tz )
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and the limit exists when ¢ | 0,4 — u, h’ — h, 1 is twice directionally differentiable
at (z,y) and the formula for d?¢)(Z, §)(u, k) is obtained. Similarly, we have the result

for d2 ¢ (z,7)(h). O

By Definition 1.4.4, for a set S CR",zZ € S, and v, w € R", the second subderiva-

tive of the indicator function dg at z for v and w is

_ . ozt —tow’y L —=2(v,w)
d*05(2;0) (w) == hrﬂénf e = tlg%gli — (3.2.3)
w! —sw zZ4+tw/ €S

Proposition 3.2.4 ([11]). Consider a closed set S CR",z € S, and v,w € R". The

following statement hold:
(i) If w € Ts(2) or (v,w) <0, then d*d5(z;v)(w) = co.
(i1) We have
d255(2; 17)(11)) < _UTg(E;w) (@)

if and only if w € Ts(2) and (v,w) > 0 or TE(Z;w) = 0, where o73(zu)(0)

denotes the support function of the second-order tangent set T2(z;w).

Consider a function ¢ : R" — R. If ¢ is differentiable, then by taking v as Vi (2)
in (3.2.3), we have

ds(z + tw') — t{V(2),w')

—9 N

d2(5s(5; Vi(2))(w) = limiinf s — liminf <V1/;(Z), w >
Ho 5 t10,w! —w
w! sw 2 e s

In order to deal with a nonsmooth function v, we propose the following definition.

Definition 3.2.2. Let S C R", ¢» : R" — R be semidifferentiable at z € S. The

second subderivative of 0s at Z for di(z) and w is

d25s(5; dip(2))(w) == tliiﬁm inf Os(Z + tw )I;td@/z(z)(w ) — liminf _2d¢§52)(w ),
w'—w = 10w —sw
7 2 Zt+tw' €S

where the sum of oo and —oo s interpreted as oo. We say that dg is twice epi-
differentiable at z € S for di(z) if for any w € R" and any sequence tj, | O there

exists a sequence wy — w such that

52 dp(2)) (w) = lim 2SET00) ~ Bd(Z) (i)

142
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Suppose that ¢ is semidifferentiable at z for w, then we have lim,,_,,, di(2)(w’) =

di(Z)(w). It follows that
d?65(z; dy(2))(w) = oo if wgTs(z) or dy(z)(w) < 0. (3.2.4)

We now introduce parabolic properties of a set.

Definition 3.2.3 (parabolic properties of sets [61]). Let S C R" be nonempty. S
is said to be parabolically derivable at z € R" for w € R" if T2(z;w) # O and for
each v € T2(z;w) there exist a number € > 0 and an arc £ : [0,e] — S such that
£(0) =2, ,.(0) =w, and £ (0) = v with

6D —E0) o1 (o) iy SO 11,0
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tJ0 it

/ R
€4 (0) = lim >

S s said to parabolically reqular at z € S for v € R" if for any w € R" with
d?65(z;0)(w) < oo there exist, among all the sequences ty | 0 and wy — w satis-

fying the condition

55(2 + tkwk) — 55(2) — tk<17, wk>

WD — d2(55(2; v)(w) as k — oo,
2

[|we—w]]

n < Q.
k

those with the additional property that limsupy_,

The following results show that a set that has parabolic properties has useful

properties.

Proposition 3.2.5 ([61, Theorems 3.3 and 3.6]). Let S be a closed subset of R" with
z €S, and let v € NE(Z). Assume further that S is parabolically derivable at Z
for every vector w € Tg(z) N {v}*. If S is parabolically regular at z for v, then
the indicator function dg is properly twice epi-differentiable at z for v, its second
subderivative is finite for all w € Ts(2) N {v}* and is calculated by d?6s(z;v)(w) =

_UTg(Z;w) (1_)) .

The following sets are parabolically derivable at z for every vector w € Ts(2)N{v}+
and are parabolically regular at z for any o € NE(Z): the convex polyhedral set [61,
Example 3.4], the disjunctive set [61, Remark 3.5], the second-order cone [61, Example

5.8], and the cone of positive semidefinite symmetric matrices [61, Theorem 6.2].
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Now, we consider the constraint system
S={zeRg(z) € X}, (3.2.5)

where g : R" — R? and ¥ C R? is closed.

Under the MSCQ), the parabolic properties of the set S are guaranteed under the
parabolic properties of the set 3 provided that X is convex. Note that a convex set
satisfying the following conditions (i)-(iii) with g(z) = z includes a polyhedral convex

set, the second-order cone and a semidefinite matrix cone.

Proposition 3.2.6 ([61, Theorems 4.5 and 5.6, Propositions 4.2 and 5.2]). Let z €
S where S is the constraint system defined by (3.2.5) and v € Ng(Z). Suppose that g
18 twice continuously differentiable, the MSCQ holds for S at z, and

(i) 3 is convex,

(i1) 3 is parabolically derivable at g(Z) for all vectors Vg(z)n satisfying Vg(z)n €
Ts(g(2)) andn € {v},

(111) ¥ is parabolically regular at g(Z) for every A € A(z,0) := {\ € Nx(g(2))|Vg(z)\ =

v}.

Then, the set S is parabolically reqular at zZ for v and is parabolically derivable at z
for all vectors w € Ts(Z) N {v}+. Moreover, N5(z) = Ng(z) = Ng(z),

Ts(z) = {w e R"|Vg(2)w € Tx(g9(2))}, (3.2.6)
and for any w € Ts(z) N{v}*, the second subderivative is finite and

d*65(z;9)(w) = max ){()\, V2g(2)(w, w)) + d*0s(g(2), \)(Vg(Z)w)}. (3.2.7)

AEA(Z,D

Let z € S, ¥ := R” x {0}7, and suppose that the MSCQ holds for S at z. We
have then that

(2)Tw=0,i=1,...
vg’b(z) w 07Z 7_ 7q7 }7 (328)
w <0 )

where
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denotes the set of inequality constraints active at z. For w € Tg(Z2),

T:(z,w) = {1/ eR"

Vg:(2) v+ w' Vi (2w =0,i=1,...,q, (3.2.9)
Vi (2) v +wTV2g(2)w < 0,i € I,(2,w) |’ o

where
L(zZw):={i€I(z)|Vg(2)"w=0}.

Let S be convex polyhedral. Consider z € S, v € Ng(z), and w € Ts(z). By
(73, Exercise 13.17], we have d205(z;7)(w) = 0 for any w € Ts(2) N {v}+. By [73,
Proposition 13.12],

T3(zZw) = Trys(w) = Ts(2) + Ruw. (3.2.10)

When the set S has the parabolic properties, the second subderivative of the

indicator function dg can be given.

Proposition 3.2.7 (calculation of the second subderivative of the indicator function).
Given S CR", Zz € S, and v € Ng(2).

(i) Suppose that S =R". Then, d*55(z;v)(w) = 0 for all w € R".

(i1) Suppose that S is convex polyheral. Then,

0 ) € Tg(z)N {v}t,
d25s(5, T]) (U]) _ wa S(Z) {U}
oo otherwise.

(iii) Suppose that S := {z € R"|g(2) € X} where S and 3 satisfy the conditions in
Proposition 3.2.6. Then, for any w € Ts(z) N {o}t, d%6s(z;0)(w) is finite and
d*6s(z; ) (w)

MAX\eA (z,0) {Q\a V2g(2)(w, w)) — aTg(g(Z),Vg(E)w)()‘>} if we Ts(2) N{v},

00 otherwise.

Here, the tangent cone Ts(Z) can be characterized by (3.2.6).

Proof. (i) and (ii) can be derived by [73, Exercise 13.17]. (iii) follows from Proposition
3.2.5and (3.2.7). DO
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3.2.2 Optimality conditions for nonsmooth optimization prob-

lems

The following first-order conditions for optimality for unconstrained problems can be
found in [12, Proposition 3.99].

Proposition 3.2.8 (first-order optimality conditions for unconstrained problems).
Let v : R" — R and z be a point where 1(Z) is finite. Then.:

(a) If Z is a local minimum point of the function 1, then

dv(2)(w) >0 Yw e R".
(b) If dyY(z)(w) > 0 for all w € R" \ {0}, then Z is a local minimum point of the
function .

The following result was given in [12, Proposition 3.100]; see also [73, Theorem

13.24].

Proposition 3.2.9 (second-order optimality conditions for unconstrained problems).
Let ¢ : R" — R and z be a point where 1)(Z) is finite. Then.:

(a) If Z is a local minimum point of the function 1, then

d*y(z;0)(w) >0 Vw € R".

(b) The condition d?y(z;0)(w) > 0 for all w € R™\ {0} holds if and only if the
second-order growth condition holds at z, i.e., there exist € > 0 and n > 0 such
that

U(z) 2 () +ellz = 2|° when ||z — z[| <,

which implies that Z is a local minimum point of the function 1.

Based on the aforementioned results, we can obtain optimality conditions for the
constrained problems, which are essential for analyzing the optimality conditions of

the minimax problem.

Proposition 3.2.10 (first-order optimality conditions for constrained problems). Let
P :R" =R, S CR" be nonempty and closed and zZ € S.
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(1) If z is a local minimizer of ¥ on S, then dT¢(z)(w) > 0 for any w € Tg(Z).
Suppose further that v is semidifferentiable at z. Then, we have dip(Z)(w) > 0
for any w € Tg(Z).

(11) If dyp(2)(w) > 0 for any w € Ts(Z) \ {0}, then z is a local minimizer of 1 on S.
Proof. (i) For any w € Ts(z),

4+ (2) (1) = limsup LEF ) = V()

t}0,w’—w t
54t — _
> lim sup Yz + ) — ¥(2) > 0.
t10,w! —w t
zZ+tw’ €S

If f is semidifferentiable at z, then d)(z)(w) = d*¢(Z)(w). The desired result holds.
(ii) Given ¥ : R" - R and z € S C R". For any w € Ts(2z) and v € R",

() + 85)(2) (w) = Timinf LET ) = U(E) +05(2 + t)

tl0,w’ —w t
N (3.2.11)
~ limint Ak t“;) Y S qu(z)(w).
For any w ¢ Ts(Z),
d(¢ + 65)(2)(w) = 0. (3.2.12)

The desired result follows from Theorem 3.2.8 (b), (3.2.11) and (3.2.12). O

We now derive second-order optimality conditions for constrained minimization
problems. This kind of results can be traced back to Penot [71, Theorems 1.2 and 1.7].
For the smooth problems, under more conditions on set S, second-order optimality
conditions with d?ds(z; —V1(2))(w) replaced by the support function of the second-
order tangent set o72(z,,,)(Vi)(2)) have been established in Bonnans and Shapiro [12,
Sections 3.2.2 and 3.3.3]. The term o2z, (V¢(2)) is referred to a “sigma” term and

it can not be dismissed in general if the set S has some curvature.

Proposition 3.2.11 (second-order optimality conditions for constrained problems).
Lety :R" — R, S CR" is nonempty and closed and z € R". Suppose that 1) is twice

semidifferentiable at z.
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(1) If Z is a local minimizer of 1 on S, then dy(2)(w) > 0 for any w € Ts(2), and
for any w € Ts(z) N {w'|dy(z)(w') = 0},

d*(2)(w) + d*ds(2; —dep(2))(w) > 0.

(i1) Suppose that di(Z)(w) > 0 for any w € Ts(Z), and that for any w € Ts(Z) N
{w'ldp(2)(w’) = 0} \ {0},
d*(2)(w) + d*65(z; —dyp(2))(w) > 0. (3.2.13)

Then, z is a local minimizer of 1 on S with the second-order growth condition,

i.e., there exist € > 0 and n > 0 such that

Y(z) > Y(2) +ellz — 2> when z € SNB,(2).

Proof. (i) The first-order necessary optimality condition follows from Proposition
3.2.10. Let w € Tg(z) N {w'|dy(2)(w') = 0}. Since ¢ is twice semidifferentiable at

zZ € S, we have

d* (¥ + 65)(2:0)(w)
Y(Z+tw') —P(2) + dg(Z + tw')

= liminf

t}0,w’ —w %t2
T ¢(2 + tw’) — 1/J<§) o tdl/)(,?)(w/) + 55(2_{_ tw’) 4 td¢(2)(w/) (3.2.14)
= Jiminf e

— 2p(2) (w) + d20 (2 —du(2)) (w).

The desired result follows from (3.2.14) and Theorem 3.2.9 (a).

(ii) By assumption, di¢(z)(w) > 0 for any w € Ts(2). Let w € R". If w & Ts(Zz)
or w € Ts(2z) but di(z)(w) > 0, then we have d?dg(z; —dw(z))(w) = oo by (3.2.4).
Since 1) is twice semidifferentiable, d®y)(z)(w) is finite. By (3.2.14), it follows that

d*(1 + 05)(Z;0)(w) = 00 >0 either w & Tg(2) or dy(2)(w) > 0.

If we Ts(z) N {w|dy(z)(w) = 0} \ {0}, (3.2.14) and (3.2.13) imply d*(v +
d5)(Z;0)(w) > 0. Finally we obtain

d*(¢ + 65)(2;0)(w) >0 Vw € R"\ {0}.
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Applying Theorem 3.2.9 (b), we obtain that z is a local minimizer of ¢» on S. O

3.3 Concepts of optimality for the minimax prob-

lem

In this section, we introduce a new notion for local optimality of the minimax problem
(Min-Max). Before that, we first review several existing optimality concepts for the

minimax problem.

Definition 3.3.1 (global minimax point/Stackelberg equilibrium). A point (z,y) €
X XY is a global minimax point or a Stackelberg equilibrium of problem (Min-Max),

if for any (z,y) in X XY,

f(@,y) < f(2,9) < max f(z,y).

Define the (global) value function as V(z) := maxyey f(z,y). Then (z,7) is a
global minimax point if and only if 7 is a global maximum point of f (z,-) on Y, and

7 is a global minimum point of V' (z) on X.
Definition 3.3.2 (saddle point/Nash equilibrium). A point (z,y) € X XY is a saddle

point or a Nash equilibrium of problem (Min-Max), if for any (z,y) in X XY,

f(@y) < f(2,9) < f(z, 7).

Definition 3.3.3 (local saddle point/local Nash equilibrium). A point (Z,y) € X XY
is a local saddle point or a local Nash equilibrium of problem (Min-Max) if there ezists
d > 0 such that for any x € X NBs(Z),y € Y NBs(y),

f(@,y) < f(z,9) < f(2,9).

Definition 3.3.4 (local minimax point [40, Definition 14]). A point (z,y) € X x Y
is a local minimaz point of problem (Min-Max), if there exist a 6o > 0 and a radius
function T : Ry — Ry satisfying 7(6) — 0 as 6 | 0, such that for any é € (0,d0] and
any z € X NBs(Z),y € Y NBs(y), we have

fEy) < f(2,9) < max  f(z,y). (3.3.1)
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Given € > 0 and y € Y, define the local optimal value function at y by

Viw) = Viwig) = max_ f(z,y). (3:3.2)
yeY NB.(y)

Note that V.(z) = V.(Z;y) = f(Z,y) when gy is a maximum point of f (z,-) in YNB. (7).

So (Z,y) is a local minimax point if and only if there exists a function 7: Ry — R,

satisfying 7(0) — 0 as 0 | 0 such that y is a maximum point of f (z,-) on Y N Bs(y),

and Z is a minimum point of the local optimal value function V) (z) on X NBs(Z),

for any small enough 9.

Under the continuity assumption of f, Jin et al. [40, Lemma 16] showed that
(z,7) € X xY is a local minimax point of problem (Min-Max) if and only if 7 is a
local maximum point of the function f(z,-) on Y, and z is a local minimum point
of the function V,(x) on X for all € | 0. Later on, the continuity assumption on f is
removed by Zhang et. al. [87, Proposition 3.9].

It has been shown in Jin et. al. [40, Remark 15] that Definition 3.3.4 remains
equivalent even if we further restrict function 7 in Definition 3.3.4 to be either mono-
tonic or continuous. Thus, we assume 7(0) = 0 throughout the chapter. The concept
of local minimax points is a celebrated idea for characterizing the local optimality for
the minimax problems. However, when we tried to characterize the local optimality,
we found it important to consider the calmness property of the function 7. Thus,
we introduce the following new concept for the local optimality which is the local

minimax point with the function 7 being calm at 0.

Definition 3.3.5 (calm local minimax point). A point (z,y) € X XY is a calm
local minimaz point of problem (Min-Max) if it is a local minimax point of problem

(Min-Max) with the radius function T being calm at 0.

In Definition 3.3.4 of local minimax points, the radius R, of the neighborhood
of y for maximizing f(z,y) in y is 7(9), i.e., the radius R, in the local optimal
value function (3.3.2) is 7(6). Concurrently the radius R, of the neighborhood of
7 for minimizing V;)(x) is 6. Thus the ratio R,/R, of these two radii is 7(d)/d.
In Definition 3.3.5, the calmness of 7 at 0 implies that for any sufficiently small ¢,
we have 7(0) < kd for some x > 0. This is equivalent to imposing a bound on
the ratio R, /R, of the radii of the local neighborhoods where the maximization and
minimization takes place respectively. Next we can give an equivalent definition of

calm local minimax point, without introducing a radius function 7.
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Proposition 3.3.1 (an equivalent definition of calm local minimax point). The point
(Z,y) € X xY is a calm local minimazx point, if and only if there exist a 6o > 0 and
a k>0, such that for any 6 € (0,9y] and any x € X NBs(z), y € Y NBs(y), we have

[Ey) <J@a < max [y (3.3.3)

Proof. “=" Let (z,y) € X XY be a calm local minimax point. Then, the relation
in (3.3.1) holds with 7 being calm at 0, i.e., 7(0) < kdé for some x > 0. Thus,
MaXy ey B, s (5 (T, Y) < maxyeyrp, 4 f(2,y') and (3.3.3) holds for any d € (0, d],
re XNBs(z), y e Y NBs(y).

“«<” This is obvious since we can let 7(0) = k6. O

The following example demonstrates that the concept of calm local minimax op-

timality is not equivalent to the concept of local minimax optimality:.

Example 3.3.1. Consider

. 2 3 6
min ma; = — 2 — .
min yeﬂgcf(x,y) x4 2xy” —y

We show that (0,0) is a local (and also global) minimaz point but not a calm local

minimax point.

o Tuke 7(8) = 63 and 6y = 1. Then for any |z| < 6 and |y| < & with 6 € (0, &)

we have

—y° = f(0,y) < f(0,0) < max —a®+ 2y’ —y° =0.
YEB,(5)(0)

Hence (0,0) is a local minimaz point.

e For each x, we have

—y® = f(0,y) < £(0,0) < max —2* + 22y° — y® =0,
v

where x5 is the mazimizer. Hence (0,0) is a global minimaz point.

e By Proposition 3.3.1, one can check that (0,0) is not a calm local minimaz
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point. Indeed, it is easy to see that f(0,0) = 0, and for all positive 9, K,

0, if |z| < k36
max f(z,y) = 2 353 6 56 ; 353
S () —x° 4 2|x|k°0° — K200 < 0, if |x| > K7

Since 63 = o(d), for any given k, there always exists sufficiently small § and
some x such that k36° < x < §. Thus, there does not exist k in the equivalent

definition in Proposition 3.5.1.

Next, we study the relation between the global minimax point and the calm local
minimax point. Generally, a global minimax point may not be a local minimax
point (and thus not a calm local minimax point); cf. [40, Proposition 21] for an
explicit example, where the global minimax point can be neither local minimax nor a
stationary point (i.e., Vf(Z,y) = 0 in the unconstrained smooth case). Nevertheless,
global minimax points can be guaranteed to be calm local minimax points if the
optimal solution set of the inner maximization problem satisfies the following inner

calmness condition.

Definition 3.3.6 (inner calmness [10, Definition 2.2]). Consider a set-valued map
[':R*"=R™. Givenz € X and y € ['(Z), we say that the set-valued map T is inner
calm at (z,y) w.r.t. X if there exist k > 0 and 6y > 0 such that

geTl(z)+kllz—z|B Vo e B, (z)NX,

or equivalently ([10, Lemma 2.2] or [8, Definition 2.2]), if there exists k > 0 such
that for any x), — & with x, € X there exists a sequence yy, satisfying yx € I'(zg) and
for sufficiently large k, ||yx — y|| < K|lxx — Z||.

Using the inner calmness, the following result gives a condition under which a

global minimax point is always a calm local minimax point.

Proposition 3.3.2. Let (z,y) be a global minimazx point of problem (Min-Max). If

the solution mapping S(x) := argmax f(x,y) is inner calm at (Z,y) w.r.t. X, then
yey
(Z,9) is a calm local minimaz point.

Proof. By the inner calmness of S at (Z, ), there exist k > 0 and dy > 0 such that
for all x in By, (z) N X there exists y(x) € S(x) satisfying ||y(x) — || < kl|lz — z|.
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This implies the existence of g(x) € S(z) in B,s(y) NY for any 6 € (0,dp] and any x
in Bs(z) N X. It follows that

ma z,y) = max f(x,y).
Jeinax | f(e,y) = max f(z,y)
Thus, a global minimax point (Z,y) is a calm local minimax point with 7(§) = k0.
O

In [15, Proposition 6.1], Chen et al. gave conditions under which the solution
mapping is Lipschitz continuous, and thus is inner calm. We use their result to give

the following corollary.
Corollary 3.3.1. Suppose that'Y is convex and f satisfies the following properties:

(1) the function f is Ly-smooth w.r.t. x, that is,

IVyf(z,y) = Vyf (@ )l < Ly lle = 2" Vr,a'e X,y e,

(i1) and it is gradient dominant in y for some a > 0, i.e.,

Llly = Py (y+ (/L) Vyf(z, ) = ally —yp(@)]|  Vee X,yeY,

where Py (-) is the projection operator associated with Y and y,(x) is the pro-

jection of y onto the solution set S(x) := argmax,cy f(z,y).

Then, the solution mapping S is inner calm w.r.t. X at any point (Z,y) € gphS,
and thus a global minimax point is a calm local minimazx point. Particularly, by [15,
Example 6.1], if Y is convex, f is Ly-smooth and and a-strongly concave, then a

global minimax point is a calm local minimax point.

Note that the condition (ii) in Corollary 3.3.1 for the unconstrained case (i.e.,
Y = R™) is the error bounds of Luo and Tseng [50], and is equivalent to the well-
known Polyak-Lojasiewicz condition, which is weaker than the strong concavity by
[41, Theorem 2.

From the definitions, it is clear that a calm local minimax point must be a local
minimax point. Next, we give conditions under which they are equivalent. To this
end, we need some equivalent descriptions for the local minimax point and the calm

local minimax point.
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Lemma 3.3.1. The point (z,y) € X X Y is a local minimaz point, if and only if,
there ezist a 8o > 0 and a function 7 : Ry — R, satisfying 7(6) — 0 as § | 0, such
that for any 6 € (0,60 and any x € X NBs(Z),y € Y NBs(y), we have

f@y) < f@y) < max f(z,y).
YEYMB,(jo—z))(9)
Proof. Since we have assumed 7(0) = 0, maxyeyre, ,_. @ [ (,¥) = f(2,7).
“<” Similar to the proof for [40, Remark 15|, we have the facts that 7(§) <
7(0) = Supye(o 7(0') for any d € (0,00], 7(0) — 0 as 6 | 0, and 7 is monotonic.
Thus, without loss of generality, we assume that 7 is monotonic. Since ||z — Z|| < 0

for z € X NBs(Z) and 7 is monotonic, we get 7(||x — z||) < 7(J). Thus

/ /
max z, < max T,y ).
Y EYNB (j—z) (%) fey) y' €Y NB.(5)(9) f@y)

“=" For any given x € X NBs(Z), denote &' = ||z — z||, then ¢’ < § < §y. Thus, by
(3.3.1) in which ¢ be ¢’, we have

f(z,9) < max f(x,y) = max f iz,
( ) y'eEYNB_ (5 (9) ( ) Y EYNB,(jo—z) (D) ( )

which finishes the proof. O

Lemma 3.3.2. Suppose that f(x,-) is continuous for all x near . The point (Z,7) is
a calm local minimax point of problem (Min-Max), if and only if, it is a local minimax

point and the optimal solution mapping

S-y(z) = argmax  f(z,y)

erﬁBT(Hmf‘iH)(g)
is inner calm at (Z,y) w.r.t. X.

Proof. “=" Since 7 is calm at 0, there exists £ > 0 such that for any z, — =,

Yk € Sr(y(wx), and sufficiently large k,
lyr = ll < 7(lzx — Z[]) < Kllzy — 2|

By Definition 3.3.6, S;(y(x) is inner calm at (z,y) w.r.t. X.
“<" By the inner calmness of S;(y(x) at (Z, ), there exist x > 0 and dy > 0 such
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that
y € Sroy(x) +kllz —z|B VreBs(z)NX.

This means that for any 0 < 0 < ¢y and any x € Bs(Z) N X, there exists y(z) €
Sry () satistying [|7(z) — 9| < sl|lz — Z|| < k6. Hence, with Lemma 3.3.1, we have

f(Z,y) < f(z,9) < yeveil flx,y) = fz,y(x)) < jenax f(z,y).

Thus, (Z,y) is a calm local minimax point with 7(0) = xé. O

With the above equivalent description for the calm local minimax point, we can
now give conditions under which the calm local minimax point is the same as the

local minimax point.

Proposition 3.3.3. Let (Z,y) be a local minimaz point of problem (Min-Max). Sup-
pose that f(x,-) is continuous for all x near T. Suppose that f is twice semidiffer-

entiable at (Z,y) and the separation property for the subderivative holds at (Z,7y). If
for any h € Ty (y)N{H'|d, f(Z,)(R') = 0} \ {0},

then (z,9) is a calm local minimazx point.

Proof. Suppose that (Z,7) is a local minimax point. Then there exist a o > 0 and a
function 7 : Ry — R, satisfying 7(6) — 0 as § — 0, such that for any § € (0, §p] and
any z € X satisfying ||z — Z|| < §, we have

f@p) < max flzy). (3.3.5)
y' €Y NB, (5 ()

By Lemma 3.3.2, to prove that (Z,7) is a calm local minimax point, we only need
to show that there exists k > 0 such that for any z;, — Z with z; € X and any
Yk € Sr(y(wr), we have ||yr — || < &||zr — Z||. To the contrary, suppose that for some
Ty — T with a3, € X, there exist y, € Sr(y (@) such that ||y, — y||/|lzr — Z|| diverges.
First, since |lyx — 9|l < 7(||zx — Z||) for any k , we have yp — y. Let hy :=
(ye — ¥)/llyr — y|| for all k£ € N. Then ||hg|| = 1, and thus without loss of generality,
we can assume that hy — h. Set tx := ||yr — y|| for all k& € N, we have t; | 0 and
Yk = § + tihg, which implies h € Ty (y) \ {0}. Denote uy := (xx — Z)/|lyx — ||, then
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T = T+ tpug. Since ||y — Y| /[lzx — 2| — oo, we have [Jug[| = ||z — Z[| /|y — 4ll — 0
and thus u, — 0 = u.

By Proposition 3.2.10 (i), since 7 is a local maximizer of f(z,y) on Y, d, f(Z,y)(h) <
0 for any A’ € Ty(y). On the other hand, by the semidifferentiablity of f and
Y € Sr(y(xx), we have

df(:f g>(u h) — lim f(xk’ayk’) - f(jvg> > lim f(xk’g) - f(f>g)

k—o0 tr T k—oo tr

Since the separation property for the subderivative holds at (z, §), we have d f (z,y)(u, h) =
do f(Z,7)(u) + dy f(Z,9)(h) = dof(Z,7)(u). Thus, dyf(Z,7)(h) = 0. Since (z,7) is a

local minimax point,

[(Z + tyug, ¥ + tehy) — f(Z,7)

0 < limsup 1 by (3.3.5),
k—ro0 2k
_ [(& + tiug, § + tehy) — f(2,9) — ted f(Z,9) (uk, i) + ted f(Z, ) (wg, hi)
= lim sup 1
k—o0 ok

— &2(2,5)(0, h) + limsup 23 (@) (i, 1)

142
k—o0 §tk

tdf(z,y)(u', h
< d?f(z,9)(0,h) + limsup i 1y)2( )
10, (! k)= (0,h) 515
Z4tu' €X,g+th/ €Y

—td - = / h/
=@ g)On - | i EDUT)
10, (! ,h)—(0,h) =2
Z+tu' € X, y+th’ey 2

= dzyf(ffa g)(h) - d25X><Y((i‘7 ?j), df(*fa g))(oa h),

since f is twice semidifferentiable

where the last equality follows from (1.4.9), a contradiction to (3.3.4). O

To calculate the second subderivative term in (3.3.4), we need certain qualification
conditions. In a more specialized case, when f is differentiable, X is convex polyhe-
dral, and V,f(z,y) = 0, the condition (3.3.4) reduces to the second-order sufficient

condition for the inner maximization problem.

Corollary 3.3.2. Let (Z,y) be a local minimaz point of problem (Min-Max). Sup-
pose that f(x,) is continuous for all x near T. Suppose further that f is twice

semidifferentiable at (Z,7), the separation property holds for the subderivative of f at
(Z,9), and for any h € Ty (y) N {N'|dy f(2,5)(h') = 0} \ {0},

dy, f(Z,9)(h) — A0x(; d. f (7, 9))(0) — 0y (: dy f(Z, 7)) (h) <0, (3.3.6)
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and either d*0x (z; d,. f(z,9))(0) or d*6y (y; d, f(Z,9))(h) is finite, then (Z,y) is a calm
local minimax point. Particularly, if f is differentiable, X is convex polyhedral, and
V. f(Z,5) =0, then d*0x(z;d, f(Z,7))(0) = 0 and the condition (3.5.6) is the second-

order sufficient condition for the inner maximization problem max,ecy f(Z,y) at y.

Proof. Since the separation property holds for the subderivative of f at (z,%), by
(3.2.1) we have

-9 7. ) () =2 . 7)) (h
Poxer (@D df @O =  liing 2l @D =24,/ D))
£10,(u’ ,h!)— (0,h) t
Z+tu' €X,g+th/ €Y

—2d..f (7, y)(v')

2d, f(, y)(h')

> liminf 4+ lim inf
t10,u’ —0 t10,h! —h t
Z+tu/ €X g+th!/cy

= A*6x(7; Ao f(7,9))(0) + A6y (7; dy £ (2, 7)) (R),

where the inequality holds since the assumption that either d*0x (z;d, f(z,%))(0) or
d%dy (y;dy f(z,9))(h) is finite. It follows that

~ 0y ((,5); 4f(2,9))(0, h) < —d*0x (3 Ao f (2,9))(0) — d*dy (3: dy f (. 7)) (h).

Hence (3.3.6) implies (3.3.4). By Proposition 3.3.3, we have the desired result. Par-
ticularly, by Proposition 3.2.7, if f is differentiable, X is convex polyhedral, and
Vaf(2,9) =0, then d*x(%;d..f(7,9))(0) =0. O

To end this section, we summarize relationships between Nash equilibrium, local
Nash equilibrium, calm local minimax points, local minimax points, and global min-
imax points. Note that unlike in nonconvex optimization where global optima are
always local optima (thus local optima always exist if global optima exist), without
additional assumptions, a global minimax point may not be a local minimax point
(and thus may not be a calm local minimax point) [39, Example 3.4].

Relations in the general case:
DNash - DlocalNash - ,Dcalmflocal C Dloca17 DNash C Dglobal~

Relations for the smooth minimax problems under the second-order
sufficient condition for the inner maximization problem (see Corollary
3.3.2):

DNashC DlocalNash C Dcalm—local = Dlocah DNash - Dglobal~
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Relations for the smooth nonconvex-strongly-concave case (see Corol-
lary 3.3.1):
DNash C Dglobal C Dcalmflocal = Dlocal-

DNash C DlocalNash C ,Dcalmflocal = Dlocal-

Here, the notation “C” entails that the inclusion can be strict. The notations
DNashaDlocalNashaDcalmflocalaplocab and Dglobal denote the set of Nash equilibrium,
local Nash equilibrium, calm local minimax points, local minimax points, and global

minimax points, respectively.

3.4 Optimality conditions for the minimax prob-

lem

In this section, we give first-order and second-order optimality conditions for the

minimax problem (Min-Max).

3.4.1 First-order optimality conditions for minimax prob-

lems

First-order optimality conditions in the primal form are given as follows.

Theorem 3.4.1 (first-order optimality conditions in primary form). Let (Z,y) €
X xY.

(a) Suppose that

do f(Z,9)(u) >0 VueTx(z)\ {0}, (3.4.1)
d f(z,7)(h) <0 VYheTy(y)\{0}. (3.4.2)

Then (Z,y) is a local Nash equilibrium and hence a calm local minimax point to
problem (Min-Max).

(b) Suppose that either Y is the whole space or f(Z,-) is semidifferentiable at .
Suppose further that f(x,-) is continuous for any x € X near z. If (Z,y) is

a calm local minimaz point to the minimaz problem (Min-Max), then for any
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u € Tx(Z), there exists h € Ty (y) such that
d*f(z,y)(u, h) > 0. (3.4.3)

Besides,
d; f(z,9)(h) <0 VheTy(7). (3.4.4)

(c) Suppose that f is semidifferentiable and the separation property holds for the
subderivative at (Z,y). Suppose further that f(x,-) is continuous for any x €

X near z. If (Z,9) is a calm local minimaz point to the minimax problem
(Min-Max), then

Ju) >0 Vue Tx(7), (3.4.5)
Jh) <0 Yhe Ty(p). (3.4.6)

< )
=
8 8
QL

Proof. (a) By Proposition 3.2.10 (ii) and the fact that d;} f (7, 4)(h) = —d,(—f)(Z, ) (h),
we have that 7 is a local minimizer of f(-,7) on X and ¥ is a local maximizer of f(z,-)
on Y. Thus, (z,y) is a local Nash equilibrium to problem (Min-Max).

(b) First, since ¢ is a local maximum point of f(z,-) on Y, (3.4.4) or equivalently,
dy(—f)(x,y)(h) > 0 follows from Proposition 3.2.8 (i) (when Y is the whole space)
or Proposition 3.2.10 (i) (when f(Z,-) is semidifferentiable at y). We now prove
(3.4.3). For this purpose we let v € T'x(Z). Then there exist ¢ | 0,u — u such that
x =T+ tpug € X. Take 0 := ||zx — Z||. Then since (Z,y) is a calm local minimax

point, there exist k > 0 and a sequence

Yr € argmax f<$k7 y)7
YEYNB, (5, (7)
where 7(§) is the function defined in the definition of the calm local minimax point,
such that ||yx — 9|l < k|lxx — Z|| for sufficiently large k. Thus, by passing to a
subsequence if necessary (without relabeling), there exists h € R™ such that hy :=

(yx — 9)/tx — h. By the definition of the contingent cone, we have h € Ty (y). Hence
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we have

f(rye) — [(Z,9)

0 < lim by (3.3.1)
k—o0 tk:
_ , N oprm -
< Timsup f(fc+tu,y+tth) f(Z,7)
tl0

(u k)= (u,h)

= d"f(2,9)(u, h).

(c) Since f is semidifferentiable, d* f(z, §)(u, h) = df(Z,9)(u, k) and d;} f(z,5)(h) =
dy, f(Z,y)(h). Together with the separation property, the results follow from (3.4.3)
and (3.4.4). O

Remark 3.4.1. The first-order necessary condition (3.4.5) is sharper than the one
in Jiang and Chen [39, (3.2a)-(3.2b)] by the analysis in [39, Remark 3.13]. Theorem
3.4.1(c) is stronger than Zhang et al. [87, Theorem 3.12] even in the smooth case since
the tangent cone is larger than the inner tangent cone. From the proof of Theorem
3.4.1(a), we can see that (3.4.2) is only used to show that y is a local mazimizer
of f(z,-) on'Y. Thus even in the smooth case, if we replace (3.4.2) by that y is a
local mazimizer of f(z,-) on'Y in Theorem 5.4.1(a), then this sufficient optimality
condition is weaker than Zhang et al. [87, Theorem 3.14].

Next, we give first-order necessary optimality conditions in the dual form for the

minimax problem (Min-Max).

Theorem 3.4.2 (first-order necessary optimality conditions in the dual form). Let
Y :={y € R"|g(y) € D} and (z,y) be a local minimax point to the minimax problem
(Min-Max). Suppose that f and g are Lipschitz continuous around (z,y) and that the
MSCQ holds for the system g(y) € D aty. Then,

0€ -9, f(Z,9) + Ny (¥).

Moreover, denote Ss(T) := arg MaX,cy g, (7) f(z,y) for some sufficiently small § > 0.
We have
0e |J &/ y) + Nx(@)

y€S55(7)

Proof. Since f is Lipschitz continuous and gy is local maximizer of f(z,y) on Y,
we have 0 € 5y(—f + Ornxy )(Z,y) by the Fermat’s rule [73, Exercise 8.4]. By the
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subdifferential sum rule in [62, Theorem 2.19] and the fact that 5¢(2) C 0°¢(z), we
have 0 € 95(—f)(z.9) + Ny () =~ £(2.9) + Ny (3).

Now, we give an upper bound for the subdifferential of the value function Vy(z) =
maxy,eyng; f (7, y) for some sufficiently small ¢ > 0. To apply the findings in [5], we
must initially establish that requiring the MSCQ holds for the system g(y) € D at g
is equivalent to requiring that the MSCQ holds for the system g(y) € D, |ly — gl < 6
at . This equivalence is evident, since the constraint ||y — g|| < 7(J) is not active at
7. Then, with [5, Theorem 3.3 (i)] and the fact that Y := {y/|y/ € Y, ||y — 7| < 6} is

compact, we have Vj is Lipschitz continuous around z and
ovs(r)c | sy
y€Ss ()

Since T is a local minimizer of V5 on X, by the Fermat’s rule, we have 0 &€
OVs(Z) + Nx(Z). The desired result holds. O

3.4.2 Second-order optimality conditions for minimax prob-

lems

In this section, we give second-order optimality conditions for the minimax problem

(Min-Max) for the general case.

Theorem 3.4.3 (Second-order optimality conditions for the constrained minimax
problem). Let (z,y) € X x Y. Suppose that [ is twice semidifferentiable at (z,7),
the separation property for the subderivative holds at (Z,7y).

(a) Suppose that the first-order necessary optimality conditions

for all u € Tx(Z), (3.4.7)

>0
<0 forall h € Ty (y), (3.4.8)

and the second-order sufficient condition for problem max,ey f(Z,y) holds at g,
i.e., for any h € Ty (y) N {N|d, f(z,9)(h') = 0} \ {0},
dy, f(,9)(h) — d*6y (g; 4, f (7, 7)) (h) < 0. (3.4.9)

Suppose that the value d*6y(z;d, f(z,y))(h) is finite for any h € Ty(y) N
{P'|d, f(z,g)(K') = 0}.  If 6y is twice epi-differentiable at y for d,f(Z,7y)
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and for any u € Tx(z) N{v|d, f(Z,y)(u") = 0} \ {0}, there exists h € Ty (g) N
{W|dy,f(z,y)(h) =0} such that

d*f(z,5)(u, h) + d*0x (75 —do (2, 9)) (u) — d*0y (7; dy (2, 7))(h) > 0, (3.4.10)

then (Z,y) is a calm local minimaz point to problem (Min-Max) and the fol-
lowing second-order growth condition holds: there exist 69 > 0, p > 0 such that
for any § € (0,00], x € X NBs(Z), and y € Y NBs(y), we have

f@y) +ely—gl* < f(,9) <  max f(z,y) — pllz — 2"
y' €Y NB;(Y)

(b) Let (z,y) € X xY be a calm local minimaz point to problem (Min-Max).
Suppose that f(z,-) is continuous for any x € X near T and that the value
d*5x (7; —do f(Z,9))(u) is finite for any u € Tx(x) N {u/|d.f(Z,y)(u') = 0}.
Then the first-order necessary optimality conditions (3.4.7)-(3.4.8) hold, the

second-order necessary condition for the mazimum problem max,ecy f(Z,y) holds
at y, i.e., for any h € Ty (y) N {I'|d, f(z,9)(h') = 0}, we have

42,1 (2,5)(h) — By (5: 4, £ (2.9)) () < 0. (3.4.11)

We also have that for any v € Tx(z) N {d|d.f(z,y)(u") = 0}, there exists
h e Ty (g)N{l'|dy f(z,§) (W) = 0} such that

Proof. (a) Since f is twice semidifferentiable at (z,y), by (1.4.2) and (1.4.8), we have

—dy f(2,)(h) = dy(=f)(@,9)(h), —dg, (@, 9)(h) = dy,(=F)(@,5)(h).

By Proposition 3.2.11 (ii), the second-order sufficient condition for the maximum
problem implies that gy is a local maximizer of f(Z,-) on Y and the second-order
growth condition holds. Thus, there exist 69 > 0, > 0 such that for any 6 €
(0,00),y € Y satisfying |ly — y|| < 6, we have f(z,y) + ¢|ly — y||*> < f(z,7). Let
7(9) := 4, then 7(d) — 0 as 6 | 0. Since Vs(x) := Vs(;9) := maxyeyrp, () f(2,y), we
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have
Vs(x) > f(z,y) Y(z,y) € Bs(Z,y) N (X xY), and Vys(z) = f(Z,y). (3.4.13)

We break the rest proof for (a) into two steps.
Step 1: We show that for any fixed u € Tx(z) N {u/|d.f(Z,9)(v') = 0} and
0 € (07 50]5

d*(Vs + 0x)(7; 0) (u)

> sup {@f(z,9)(u,h) + AP6x(T; —do f(Z,§) (u) — A6y (§; dy f(Z, 7)) (R) } .
heTy (g)N{h’|dy f(z,5)(h')=0}
(3.4.14)

Since u € Tx(z) N{u'|d, f(Z,y)(u') = 0}, by definition of the second subderivative in
Definitions 1.4.4 and 3.2.2, there exist t; | 0, uxp — u such that & + t,u, € X and

142

. (3.4.15)

Since dy is twice epi-differentiable at y for d,f(z,y), by Definition 3.2.2 for any
h € Ty (y) N {I|d, f(z,y)(h') = 0}, we can find a sequence hy — h such that

142

If yp == y+tphy € Y for each k € N, d%dy (y;d, f(Z,9))(h) = oo but this is impossible
since we have assumed the finiteness of d?dy (y;d, f(z,7))(h). Hence we may assume
that y, := y + tphy € Y for each k € N. Then
2d, f(z,y)(h
@y (5,4, f (3, 5) () = lim 200 (T 9) ) (3.4.16)

k—o0 tk




5

Hence we have

Vs (T + truy,) — Vs(Z)

d*(Vs + 0x)(z;0)(u) = lim inf — by (3.4.15)
_ liminf{f (@ + tpug, y + tphy) — {(257?3) — tpdf (2, y)(uk, hi)
N def(ft?,g)(uk) n 2dyf(fta @?)(hk)}
k k

2 d2f<j7 g) <u7 h) + d25X<j; _dxf(‘fa g))(u) - d25Y<g; dyf(‘fa g))(h>7

where the last inequality follows due to (3.4.16), that df(Z,7)(u, h) = d. f(Z,7)(u) +
d, f(z,y)(h) for any (u,h) € R™ x R™, the assumption that for any h € Ty (y) N
(W]d, f(z,5) (W) = 0}, A28y (5;d, f(z,7))(h) is finite. Thus (3.4.14) holds.

Step 2: We show that for any § € (0, and x € X satisfying ||z — Z|| < J, we

have
max f(x,y) — f(z,9) > Bllz — z|? (3.4.17)

Y €Y NB5(7)

for some 3 > 0.
To the contrary, suppose that for some 6 € (0, ] and z; € X with ||zy — z| <6,

max £ (w,y) — £(3,5) < olt?), (3.4.18)

y' €Y NBs(Y)
where ty := ||zx — Z||. Let uy := (2 — z)/||zx — Z||, we have ¢, | 0 and ||ug|| = 1. By
passing to a subsequence if necessary, we may assume that u, — u with ||ul| = 1. We

have u € Tx(z) \ {0}. The assumed first-order condition gives us d, f(Z,7)(u) > 0.
If d, f(z,9)(u) > 0,

Jenax S (@ y') =S (@,9) 2 f o, )= [(7,9) 2 teda f(7,5) (u)+oll) > olte) 2 olty),

which is a contradiction to (3.4.18). If d,f(Z,y)(u) = 0, by the result we showed in

Step 1, we have

/ _ _ 1 o
max  f(zx,y) — f(Z,9) = Vs(ax) — Vs(Z) > =20(Z, §,u, h) + o(t}),
y' €Y NB; () 2
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0(z,7,u, h) = sup {d*f(2,9)(u, h) + d*0x (7 —do f (2, 5)) (1)
RETy (7)1 |dy £(2.9)(W)=0}

— %0y (3;d, f (7, 9)(h)}.

It follows from (3.4.10) that 6(z,y,u,h) > 0. Hence we have a contradiction to
(3.4.18) and consequently (3.4.17) holds.

Combining with the fact that § is a maximizer of f(z,-) on Y NBs(y), it follows
that

f@y) < f(2,9) < max f(z,y) V(z,y)€Bs(z,5)N (X xY).
Y €YNBs(y)
Thus, (Z,y) is a calm local minimax point to problem (Min-Max).

(b) First, by Theorem 3.4.1 (c¢) and Proposition 3.2.11 (i), we have the first- and
second-order conditions for the maximization problem.

Second, since (Z,y) is a calm local minimax point to problem (Min-Max), by
Lemma 3.3.1, there exist a §9 > 0 and a function 7 : R, — R, which is calm at 0
satisfying 7(6) — 0 as 6 | 0, such that for any § € (0, ] and any xz € X NBs(z), we
have

fER < max flny). (3.4.19)
Y EYNB(|ja—z|)(F)

For any u € Tx(z) N {v/|d.f(Z,y)(uw') = 0}, there exist ¢; | 0, up — u such that
Ty =T+ tyu € X and

P (7 —do f(2.7))(w) = lim 20T @) (e)

k—o0 tk

Since 7 is calm, there exist k > 0 and

Yk € argmax f (x/m y/) ;
Y EYNBr(|lzy,—z) (V)

such that ||y — || < k||lzx — Z||. Thus, by passing to a subsequence if necessary
(without relabeling), there exists h € R™ such that hy := (yx — y)/tx — h. By
the definition of the contingent cone, we have h € Ty(y).  We now prove that
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dyf (z,7) (h) = 0. Since yp € Sy(s,)(zx), we have

= daf (2,9) ().

(3.4.20)
Since d, f (z,y) (k') < 0 for any A’ € Ty(y) by (3.4.8), we obtain by (3.4.20) that
dyf (z,y) (h) =0. Thus,

[ (Z + tyug, § + tphe) — f(Z,7)

0 < lim sup Y by (3.4.19)
= lim sup F (4 teun, § + tehy) — {(Q%y) — ted f(Z,7) (ug, h)
| e (2, 9) () + taly (2, 5) ()
7
tedy f(Z,7)(h
= @1 (, 7). D)+ oy o] (7,)) () + limsup 2 (7))
k—o0 ol
. td, f(z,g)(h
< Q2@ ) (1, h) + A%6x(F: ~d  (7,5))(u) + Linnsup yf(l—tf)()
t10,h! —h B
g+th’eY
= &*f(2,9)(u, h) + &*0x (2; —d, f (7, 9))(u) — lim inf _tdyfgﬂ;,y)(h )
t10,h' —h 3

g+th/ey

= d2f<j7 g) (U,, h’) + d26X(j; _dxf(fa g))(u) - dzéY(g; dyf(fv g))(h)7

where the first equality follows from the assumption for the separation property and
the second equality follows from the assumption that d25x (Z; —d. f(Z,7))(u) is finite
for any u € Tx(z) N {v/|d. f(Z,y)(u') =0}. O

When the separation property holds for the second subderivative, our second-order
necessary optimality conditions are reduced to the following simpler but relaxed

forms.

Corollary 3.4.1. Let (z,y) € X x Y be a calm local minimaz point to problem
(Min-Max). Suppose that f is twice semidifferentiable at (Z,y), the separation prop-
erty holds for the second subderivative of f at (Z,%), and the value d*0x (z; —d, f(Z, ¥))(u)
is finite for any u € Tx(z) N {u'|d.f(z,9)(v') = 0}. Then, for any u € Tx(Z) N
{|d.f(Z,y)(w) = 0}, there exists h € Ty (y)N{I|d, f(Z,g)(R') = 0} such that

Ao f (2, 9)(u) + 2d3, f (7, §) (u, h) + d*0x (% —du f (2, 7)) (u) > 0, (3.4.21)
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and for any h € Ty (y) N{M'|d, f(z,y)(h') = 0}, we have

dyyf (@, 5)(h) — d*0y (75 dy. f (2, 5)) (h) < 0.
Proof. (3.4.11) together with (3.4.12) and (3.2.2) give us (3.4.21). O

By Proposition 3.2.11, the condition d2_f(Z,9)(u) + d?0x(7; —d. f(Z,9))(u) >
0 Vu € Tx(z) N{u|d,.f(Z,y)(v') = 0} is necessary for & to be a local minimizer
for the problem min,cx f(z, 7). But this corresponds to the concept of local Nash
equilibrium. Since a local Nash equilibrium must be a calm local minimax point but
not vice versa, the term d2, f(Z, ) (u, h) can not in general be dismissed in Corollary
3.4.1.

Jiang and Chen gave necessary optimality conditions for local minimax points in

[39, Theorems 3.11 and 3.17], our approach differs in the following ways:

(i) We do not require the convexity of sets X and Y. Additionally, by utiliz-
ing second subderivatives of indicator functions, we characterize optimality
in all critical directions, namely Tx(Z) N {«'|d.f(Z,y)(v') = 0} and Ty (y) N
{W|d,f(z,y)(h) = 0}. However, [39, Theorems 3.11 and 3.17] only focus on a

subset of critical directions.

(ii) Our optimality conditions effectively capture the nested structure of the min-
imax problem. Specifically, we incorporate second-order information on ¥y in
(3.4.21) (or (3.4.12)) by leveraging the property of calm local minimax points.
We will provide an example in the last section to demonstrate that even when
calm local minimax points are identical to local minimax points, our optimality

conditions can be sharper than those in [39].

3.5 Special cases and comparisons with existing

related works

In this section, we derive optimality conditions for some special cases when the func-
tions have more properties and the constraint sets have some specific structures. To
derive the corresponding optimality conditions for other cases, one can use the cal-
culation rules presented in Proposition 3.2.7 in conjunction with the method we use

in this section. We also compare our results with existing works and demonstrate
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that our optimality conditions for local optimality can be more appropriate for some

minimax problems.

3.5.1 Set-constrained systems

In this section we consider the minimax problem

min max f(x,y), (3.5.1)

zeX yeY

where f is twice continuously differentiable and the constraints are defined by
X:={zeR¢(x) e C}, Y :={yeR"p(y) e D},

where ¢ : R — RP and ¢ : R™ — R? are twice continuously differentiable, C' C RP
and D C RY are convex and closed.
Define the critical cones for the minimization and the maximization problem at

(Z,y) respectively:
Conin(7,9) = {u € RV, f (2,9) Tu = 0, Vo(2)u € To(4(2))},

Cunax(Z,7) == {h € R™|V, f (Z,9) "h = 0, Vo(y)h € Tn(e()))}-

Define the set of multipliers corresponding to the minimization and the maximiza-

tion problem at (Z,y) respectively:

min(Z,7) = {a € Ne(o(z)) | Vof(Z,9) + Vo(T)a = 0}
y) = {B€Nplp®) |-V, f(2,9)+ Ve(y)s =0}.

Denote the Lagrangian functions to the minimization and the maximization prob-

lem by

Luin(z,y, 0, 8) := f(z,y) + ¢(x) o — o(y)"B,  Lumax(y. B;z) == fz,y) — ¢(y)" B.

Now, we can give second-order optimality conditions for the minimax problem

(3.5.1).

Theorem 3.5.1. Let (Z,y) € X x Y. Suppose that the MSCQ holds for the system
¢(x) € C at T and p(y) € D at g, respectively. Suppose C' is parabolically derivable
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at ¢(x) for all vectors Vo(T)u where v € Cuin(Z,7y), parabolically regqular at ¢(7)
for every a € Apin(Z,9); D is parabolically derivable at o(y) for all vectors Vp(y)h
where h € Chax(Z,7), parabolically regular at o(y) for every B € Anmax(Z,9) (e.g.,
when C and D are convex polyhedral sets, or second-order cones, or cones of positive

semidefinite symmetric matrices).

(a) Suppose the second-order sufficient optimality condition for the mazimization
holds, i.e., for any h € Cuax(Z,9) \ {0}, there exists a multiplier 5 € Apmax(Z, Y)
such that

thzyLmaX(g’ B;T)h + JTI%(W(Q);V@D@)*L)(B) <0.

If for any u € Cuin(Z,79) \ {0}, there exist h € Cunax(Z,y) and a multiplier
a € Anin(Z, 9) such that for any 8 € Aax(Z, ),

V%%y)Lmin(fa Y, 6)((u7 h)7 <u> h)) - UTé(d)(a’c);sz)(a’:)u) (CO + UT%(w(g);Vgo(ﬂ)h)(ﬂ) > 07

then (Z,y) is a calm local minimaz point to problem (3.5.1) with the second-

order growth condition.

(b) Suppose that (z,y) is a calm local minimaz point to problem (3.5.1). Then
the following second-order necessary optimality conditions for the mazximization

hold: for any h € Cyax(Z, ), there exists a multiplier € Amax(ZT,7) such that

WV Linax (9, 85 2)h + 072 (oyivp@mm (Vo f (7,9)) <0,

and for any u € Cuin(Z,7), there exist h € Chax(Z,y) and a multiplier o €
Anin(Z,9) such that for any f € Anax(T, 9),

V?x,y)Lmin(ja Y, ﬁ)((ua h)7 <u> h)) - UT%((;&(:Y:);Vd)(i)u) (Oé) + UT%(@(Q);V@(g)h) (5) > 0.

Proof. (i) Since f is twice continuously differentiable, it is obvious that f is twice
semidifferentiable, Lipschitz continuous, and the separation property holds at any
points.

(i) We show that the value d?dx(z; —V,.f(Z,7))(u) is finite for any u € Tx(z) N
{V.f(z,§)}* and the value d*y(7; V,f(Z,7))(h) is finite for any h € Ty(y) N
{V,f(Z,9)}*+. Besides, the nonemptyness of the multiplier sets A (7, 7) and Apax (T, 7)
is equivalent to the first-order conditions (3.4.7) and (3.4.8).
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By Proposition 3.2.6, N%(z) = Nx(z) = Nx(z) and N%(§) = Ny (j) = Ny ().
Since @ € Apin(Z,y) and S € Anax(Z,7), we have that —V,f(z,y) = Vo(T)a €
Vo(z)Ne(p(z)) and V, f(Z,9) = V()5 € Vo(y)Np(e(y)). With [61, Proposition
4.2], this is equivalent to saying that

—V.f(z,§) € Nx(z), V,f(z,5) € Ny(y),

which, by (1.4.1), is equivalent to saying that

V. f(2,9) u
Vyf(.f, g>Th

for all v € Tx(z),

>0
<0 forall h € Ty (7).

By Proposition 3.2.7, the value ddx(Z; —V,f(Z,7))(u) is finite for any u € Tx(z) N
{V.f(z,9)}* and the value d?0y(y;V,f(z,))(h) is finite for any h € Ty (y) N
[V f@ )

(iii) We show that dy is twice epi-differentiable at g for V,, f(Z, 7). By Proposition
3.2.6 and the MSCQ assumption, Y is parabolically regular at g for V, f(Z, y) € Ny (9)
and is parabolically derivable at g for all vectors in Ty (y) N {V,f(Z,y)}*. Applying
Proposition 3.2.5, dy is twice epi-differentiable at g for V, f(z, y).

(iv) Using Proposition 3.2.7 (iii), we have

d*0x (7 Vo f(2,9))(w) = max _{{a, Vo(2)(u, 1)) — 072 (42w ey (@)}

aEAmin(i‘,g)
_d25Y(g; Vyf(f, g))(h> = - ,361\1233((:?:,17){<6’ VZQO(ZJ)(}% h)> - an,(go(zj);th(g)h) (6>}
= min_ {—(8,V(9)(h, h)) + 072 (o) ve@m (B)}-

ﬁEAmax(iﬂU)

Thus,

V2@, 9)((u, h), (u, h) + P0x (2 =V f(2,9)) (w) — &0y (5; V, (2, 7)) (h)
= V(@ 9)((u h), (b)) +  max {{o, V2G(T)(, 1)) — 072 (g2, v 60y (@)}

a€Amin (Z,7)
+ min {—(8,V(y)(h, h)) + 072 (p@):vpmm (B)}-

BGAmax (:E,g)

With Theorem 3.4.3, we have the desired optimality conditions. O

Next, we consider the special case where the constraint sets X and Y involving



82

only equalities and inequalities. Let C' = R” x {0}?> and D = R? x {0}%. Then we

have
Cruin(Z,9) = {u € R" | Vy(Z)u < 0,7 € I4(Z); V;(T)u =0, =1,...,ps; Voo f (2,5) "u =0},
Conas (7,7) = {h € R™ | Vpi()h < 0, € I(7); Vg ()h = 0,5 = 1, . 3V f (7,5) Th = 0},
where I,(z) :={i=1,...,p1 | ¢;(z) =0} and I,(y) :=={i =1,...,q1 | vi(y) = 0},

) = {a:=(,a2) € RE xR |V, f(Z,9) + Vo(T)a = 0,01 L ¢p<(T)},
) = {8 := (b1, 02) € RE X R® | =V, f(Z,5) + V()5 = 0,51 L o<(¥)},

Rl
<

Amln(
A

&
NS

max(

where ¢<(z) := (41(2), ... ¢y, (7)) and o< (¥) := (1(9), -, 00 ()"

Theorem 3.5.2 (inequalities and equalities systems). Let C' := R”" x {0}F2, D :=
R x{0}% and (z,y) € X XY . Suppose that the MSCQ holds for the system ¢(x) € C
at T and p(y) € D at 3y, respectively (e.g., when the MFCQ holds or the functions
o(z) and @(y) are linear).

(a) Suppose that for any h € Ciax(Z,9)\{0}, there exists a multiplier € Apax(Z,7)
such that
h'N2 Liax(¥, 8; T)h < 0,

and for any u € Cuin(T,y) \ {0}, there exist h € Chax(T,y) and a multiplier
a € Apin(Z, 9) such that for any 5 € Apax(Z, ),

V2, Lnin (@, 7, @, B)((u, h), (u, b)) > 0. (3.5.2)

Then, (Z,9) is a calm local minimax point to the problem (3.5.1) with the second-

order growth condition.

(b) Suppose that (Z,7y) is a calm local minimaz point to problem (3.5.1). Then for

any h € Cyuax(Z,7), there exists a multiplier € Amax(Z,y) such that
T2
BTN, L (3, 85 ) < 0, (3.5.3)

and for any u € Cuin(Z,7), there exist h € Cunax(Z,y) and a multiplier o €
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Anin(Z,9) such that for any f € Anax(T, 9),

v%xyy)[’min(fvg7057ﬁ)<<u7h>7 (ua h)) Z 0 (354)

Proof. Since C' and D are convex polyhedral, the result follows from Proposition 3.2.7
(ii) and Theorem 3.5.1. O

To compare our results with the existing literature, which primarily focused on
local minimax points, we first establish the following sufficient condition under which

calm local minimax points coincide with local minimax points.

Lemma 3.5.1. Let (z,y) be a local minimaz point of problem (3.5.1) with C' =
R x {0}F2 and D = R" x {0}%. Suppose that V. f(Z,§) = 0 and that the MSCQ
holds for the system ¢(x) € C at T and p(y) € D at g, respectively. Moreover, assume
that the second-order sufficient condition for the inner mazximization problem holds,

i.e., for any h € Chax(Z,7) \ {0}, there exists a multiplier 5 € Anax(Z,y) such that
T2 o
h vnymaX(%Ba T)h < 0.

Then (Z,y) is a calm local minimax point.

Proof. By Proposition 3.2.7 (ii) and (iii), d?0x(z; V. f(z,7))(0) = 0 and

~d%0y (7: V, f(7,9)(h) = = _max (B8, V?p(g)(h,h)) = min (B, =V>p(7)(h, h)).

BEAmax(Z,7) BEAmax (T,7)

Thus, the condition (3.3.6) in Corollary 3.3.2 holds and we have the desired result.
O

We now compare our results with the one obtained by Dai and Zhang in [17,
Theorems 3.2 and 3.1] for the case where the constraints for the maximization problem

is independent of x.

Corollary 3.5.1. Let C = R” x {0}>, D = R x {0}% and (z,y) € X x Y.
Suppose that V. f(Z,y) = 0 and that the MSCQ holds for the system ¢(x) € C' at T
and ¢(y) € D at i, respectively (e.g., when the MFCQ holds or the functions ¢(x)
and o(y) are linear).

(i) Suppose that there exists a multiplier B € Apyax(Z, ) such that szLmaX(ﬂ, B;x) <
0. Suppose further that for any u € Chin(Z,y) \ {0}, there exist h € Chax(Z, )
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and a multiplier a € Ayin(Z,y) such that for any B € Anax(Z,7),

V2, 3 Lin(Z, 7, o, B)((u, B), (u, h)) > 0. (3.5.5)

(z,y)

Then, (Z,y) is a local minimaz point to problem (3.5.1) with the second-order

growth condition.

(i1) Let (Z,q) be a local minimaz point of problem (3.5.1). Assume that there exists a
multiplier 5 € Amax(Z,7) such that the matriz ViyLmax@, B; ) is nonsingular.
Then for any u € Cmin(Z, ), there exists a multiplier o € Apin(Z,y) such that

p
i=1
(3.5.6)

Proof. By Lemma 3.5.1, the local minimax is equivalent to the calm local minimax
under the assumption in (i) or (ii).

(i) Since V2, Linax (¥, 5; ) < 0, Theorem 3.5.2 (a)(i) holds and we have the desired
result.

(ii) Since Luin(Z, ¥, @, ) = Liax (¥, B3; Z)+0(Z)T a, we have that szLmin(f, y,a, ) =
V2 Lmax(¥, 8; T) is nonsingular. For each u € Cyin(T,7), let

W= _vzyLmin (jja Y, 5)_1v?&yLmiﬂ(fa Y, a, B)TU

Then we have

sup v?x,y)Lmin(ja g7 «, ﬂ)((UW h)’ (U, h))

h€Cmax (i,g)

< sup Ve, Luin(®, 9, @, B)((u, 1), (u, 7))

heRm™

= Sup {thzyLmin(jv gv «, ﬁ)h + QUTViyLmin(ja g7 «, 5)h + uTvimein(j7 gv «, B)U}
heR™

= V2, ) Luin (T, §, @, B)((u, 1), (u, h*))
= u" [V, Linin — Vi Lin(Voy Linin) ™' Vg Linin] (Z, 7, o, B)u

p
= uT (Z azv2¢z<i'> + [v?m[/max - viyLmax(viyLmaX)ilvzmeax] (ga 5; E)) Uu.
i=1

Hence (3.5.6) follows from Theorem 3.5.2 (b)(ii). O
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From the proof of Corollary 3.5.1, we can see that (3.5.2) and (3.5.4) implies (3.5.5)
and (3.5.6) respectively and hence our sufficient and necessary conditions in Theorem
3.5.2(a) and Theorem 3.5.2(b) are sharper than the one in Corollary 3.5.1(i) and
Corollary 3.5.1(ii) respectively. Note that Corollary 3.5.1 obtains the same sufficient
and necessary optimality conditions as the one given in [17, Theorems 3.2 and 3.1]
under much weaker assumptions. In particular we do not need to assume that the

Jacobian uniqueness condition holds.

3.5.2 Unconstrained case

In this section we consider the unconstrained minimax problem

i . 3.5.7

min max f(z,y) (3.5.7)

In [40, Propositions 19 and 20], Jin et al. gave some second-order optimality
conditions for local minimaxity for the unconstrained minimax problem when f is
twice differentiable. For the case where f is nonsmooth, Theorem 3.4.3 gives necessary
and sufficient optimality for the calm local minimaxity. An illustrative example is

given as follows.

Example 3.5.1. Consider

3, . .
. 19 2Bl — 113
minmax f(z,y) = —|z|" + <|al*ly| — |yI"
We will show that (0,0) is a calm local minimaz point and the necessary optimality
condition in Theorem 3.4.3 holds.

Take T(0) = \%\/33 Then for any |z| < 0 and |y| < § with sufficiently small

5
d € (0,1/2) we have

3
3 9 3 3 9
= f(0,y) < f(0,0) < max x|+ <|x = —|z|” +

2 9
5—\/5|17\2
where :I:\/Lg |x|3 is the maximizer of the above maximization problem. Since T is
calm at 0, (0,0) is a calm local minimazx point.

Obviously, f is not differentiable at (0,0). We first verify that the assumptions in
Theorem 3.4.3 hold at (0,0). Then, we show that the necessary optimality conditions

in Theorem 3.4.3(b) hold at (0,0).
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(i) Denote p(a,B) = —a® + 2038 — B, g(z) = |al,g(y) = |yl, ond (7,5) =
(0,0). Applying Proposition 3.2.3, we know that f is twice semidifferentiable at (0,0)
and the separation property holds for the subderivative holds at (0,0). Moreover, for
any u € R and h € R,

df(0,0)(u, h) = Ve(g(z),9(5)" (¢'(Z;u), g (7: h)) = 0,

d.(0,0)(u) = Vap(9(2), 9(¥))g (T;u) = 0, (3.5.8)
dy f(0,0)(h) = Ve(g(), 9(5))g (55 h) = 0, (3.5.9)
d*£(0,0)(u, h) = (¢'(z; ), ¢'(5; 1)) V>e(g(z ) 9(@))(g'(T;u), g'(G; 1))
+V(g(2), 9(9))" (g(7)(u), dg(7)(h)) = 0,
A3, f(0,0)(h) = ¢'(5: 1) V350(9(2), 9(9))9' (5: h)+V s0(9(2), 9(5))d*9(5) (h) = 0.

(ii) We show that for anyu € Tx(0)N{v|d,f(0,0)(u') = 0}, the value d*5x (0; —d, f(0,0))(u)
is finite. This can be seen from the fact that for any u € R,

d%6x(0; —d, £(0,0))(u) = liminf w

t}0,u/ —u %t2

=0.

(iii) We show that the necessary optimality conditions in Theorem 3.4.3 (b) hold
at (0,0). By (3.5.8) and (3.5.9), we know that Tx(z) N {v|d.f(Z,y)(u) = 0} =
Ty (y) N{k'|dy f (z,y) ' = 0} = R. Besides, for any h € R,

Ve e —tdy f0,0)(R)
43y (0;d,.£(0,0))(h) = lim inf 172

=0.
Thus, for any u,h € R,
d*£(0,0)(u, k) + d*0x (0; —d, f(0,0)) () — d*dy (0;d,.f(0,0)) (k) = 0.
Besides, for any h € R, we have
d?,f(0,0)(h) — d?6y(0;d, f(0,0))(h) < 0.

Theorem 3.5.1 has the following immediate corollary. We state it here for the

convenience of comparison with the existing results.

Theorem 3.5.3 (second-order conditions for the unconstrained smooth case). Sup-
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pose that f is twice differentiable at (T,7).

(a) Suppose that Vf(z,5) = 0, V2, f(Z,§) < 0, and for any u € R™\ {0}, there
exists h € R™ such that

V£ (@,5)((u, h), (u, h)) > 0.

Then (z,y) is a calm local minimax point to problem (3.5.7).

(b) Let (z,y) be a calm local minimaz point to problem (3.5.7). Then V f(Z,y) =0,
and for any u € R™, there exists h € R™ such that

V2f(z,5)((u, ), (u, h)) > 0. (3.5.10)

Moreover, the necessary condition Viyf(i’,gj) =< 0 holds.

We can use the above necessary condition to verify that (0,0) is not a calm local
minimax point for the problem in Example 3.3.1, since V f(0,0) = (0, 0), szf(o, 0) =
0 and for any u # 0 and any h € R, V2£(0,0)((u, h), (u, h)) = —2u? < 0.

By Corollary 3.3.2, when X = R",Y = R™ and (Z,y) is a local minimax point
with V2 f(Z,7) < 0, we have that (Z,7) is a calm local minimax point. Letting
V2 f(Z,5) < 0and h* .= V> f(z,5)"'V2,f(Z,7)"u, the result in [40, Propositions
19 and 20] can be recovered from Theorem 3.5.3.

Corollary 3.5.2. Let (z,y) € R" x R™.

(a) Suppose that the following first-order and second-order sufficient conditions
hold.

Vof(2,9) = Vyf(2,9) =0, V,,fzy) <0,
(Viel = Ve, [(V5, /)7 Vi f1(z.5) = 0.
Then (z,q) is a (calm) local minimaz point to the problem (3.5.7).

(b) Let (z,%) be a local minimaz point for problem (3.5.7). Suppose that Vs, f(Z,7) <
0. Then

(V2= V2, (V2 ) Ve fl(Z,9) = 0.

Proof. For each u € R\ {0}, let h* := =V? f(z,7)"'V2, f(Z,7)"u. With Theorem
3.5.3, the rest of the proof can be given similarly to the proof for Corollary 3.5.1 (ii).
O
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Note that Corollary 3.5.2 (b) is only applicable when V7 f(Z,7) < 0. This is
restrictive. In contrast, Theorem 3.5.3 (b) is applicable even when V3 f(Z,7) is
only negative semidefinite. The following example from [39, Example 3.21] shows
that there exist minimax problems for which the optimality conditions in Theorem
3.5.3(b) are applicable while the one in Corollary 3.5.2 (b) is not.

Example 3.5.2. Consider

: 4 2.2 4
= — 4 -y .
glelﬂgr;lggf(fc,y) rt +4aty” —y
We first exam that (z,y) = (0,0) is a calm local minimazx point, and thus is also a
local minimax point. Let T(8) = /20 and 6y = ‘/75 Then, for any 6 € (0,d] and any
(z,y) € R? satisfying |z| < & and |y| < 4§, we have

—y* = f(0,y) < f(0,0) < max f(z,y) = 3z".
ly'|<7(3)
Since szf(:i,gj) = 0, the optimality conditions in Corollary 3.5.2(b) cannot be ap-

plied. However, we can easily verify that necessary optimality conditions in Theorem

3.5.3(b) holds at (z,y) since
0 0
Vif(z,7) = :
f(z,9) (0 0)

Besides, it is easy to verify that (0,0) is the unique global minimaz point (by the
definition) and the unique local minimaz point (by using the first-order condition
Vf(z,y) = 0). However, (0,0) is not a local Nash equilibrium since f(0,0) = 0 >
f(z,0) = -zt

When reducing to the unconstrained case, the second-order necessary and suffi-
cient optimality conditions for local minimax points in [17, Theorems 3.1 and 3.2]
are the same as the result in Corollary 3.5.2. We have shown in Example 3.5.2 that
our necessary optimality condition extends the result in Corollary 3.5.2 (a), and thus
extends the result in [17, Theorem 3.1].

In [39], Jiang and Chen studied local minimax points and derived some necessary
optimality conditions. We state their result [39, Theorem 3.17] for the unconstrained

case so that we can compare it with Theorem 3.5.3 (b).
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Proposition 3.5.1 ([39, Theorem 3.17]). Let (Z,y) be a local minimax point for the
unconstrained minimazx problem (3.5.7) where [ be twice continuously differentiable.

Then it holds that V f(Z,7) = 0,V}, f(Z,7) =0, and
u' V2 f(Z,9)u >0 for allu € cl{u|35 > 0,7 € Couin(Z, %) V' € Bs(7)}, (3.5.11)

where
C(rnin(j; y/) = {U S R" | fo (IZ', y,) u = 0}

In general we can not directly show that our condition (3.5.10) is sharper than
(3.5.11). However when the set cl{a |30 > 0,0 € Cruin(Z,y') VY € Bs(y)} in (3.5.11)
is equal to {0}, our condition (3.5.10) is shaper. To be more specific, consider the
problem

min max —y° + zy + 2> + 2.
zeR yeR

Using the first-order condition V f(z,y) = 0, there are three stationary points (0, 0),

(—%, —1), and (—%, —%). Using the second-order sufficient condition in Corollary
1

3.5.2 (a), we can identify that (0,0) and (—3, —1) are local minimax points.

Using the second-order necessary condition in Corollary 3.5.2 (b), we can identify

that (—i, —%) is not a calm local minimax point. The problem is a smooth nonconvex-

strongly-concave minimax problem satisfying the conditions required in Corollary

3.3.2, and thus local minimax points are identical to calm local minimax points.

_le, _%) and any § > 0,y € Bs(y) with ¢ # 3, we have

Y +372+47% =y + § # 0, and thus

However, for (z,7) = (

Coin(Z,7) = {u € R| (y +32% + 42°)u = 0} = {0}.
Therefore,
c{a]30 > 0,u € Cuin(Z,y') VY € Bs(y)} = cl{0} = {0},

which means that the second-order condition for a local minimax point (3.5.11) holds.
Therefore the second-order condition for a local minimax point(3.5.11) cannot rule

out the possibility that (—}l, —%) is not a local minimax point.
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Chapter 4
Conclusions

In this thesis, we discuss bilevel programs and minimax problems from a theoretical
perspective.

In Chapter 2, we propose a second-order combined approach for solving bilevel
problems, which allows us to derive new single-level formulations for bilevel problems.
This approach enhances the likelihood of satisfying the partial calmness qualification
condition. Moving forward, we need to study the algorithms aligned with our pro-
posed second-order combined approach. Potential challenges may arise from two
perspectives. Firstly, the value function constraint may cause difficulties. Typically,
satisfying the partial calmness condition along with the usual constraint qualifications
is necessary for this constraint. Secondly, challenges may arise from the second-order
constraint, which transforms the problem into a nonlinear semidefinite problem.

In Chapter 3, we study a specific case of bilevel problems—minimax problems.
We introduce a proper definition of local minimax points and give first-order and
second-order necessary and sufficient optimality conditions. Looking ahead, several
related issues require further investigation. Firstly, we need to ascertain whether
the concept of local minimax points and the associated optimality conditions can be
extended to minimax problems with coupling constraints. In this context, minimax
problems with coupling constraints involve constraints where the maximization prob-
lem is contingent upon the minimization variable, denoted by y € Y (x) rather than
y € Y. Challenges may arise in the first-order and second-order sensitivity analysis
of the value function, as the constraint depends on the parameter. Secondly, in our
work, we use second-order tangent sets to give second-order optimality conditions
for set-constrainted minimax problems, see Theorem 3.5.1. This needs the second-

order tangent sets to be nonempty. However, second-order tangent sets can be empty
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even when the set is convex. Since the second-order tangent set and the asymptotic
second-order tangent cone cannot be empty simultaneously [72, Proposition 2.1], in
cases where the second-order tangent sets are empty, we may turn to the asymptotic
second-order tangent cone, as discussed in [70]. However, challenges may arise in

analyzing the maximal value function, given that it is typically nondifferentiable.
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Appendix A

Author Contributions

In response to the external examiner’s advice, this statement outlines the specific
contributions made by each author in the papers included in this thesis.

Combined approach with second-order optimality conditions for bilevel
programming problems:

Xiaoxiao Ma:

Completed the introduction with Dr. Wei Yao. Listed four different second-order
optimality conditions for the general nonlinear optimization problem. Defined the
partial calmness condition, M-stationary, S-stationary points, Clarke calmness, and
MPEC LICQ. Compared equivalence between local and global solutions of the orig-
inal bilevel problem. Found examples illustrating relations between different partial
calmness conditions. Wrote the first version of the conclusion.

Dr. Wei Yao:

Wrote the first version of the introduction. Introduced slack variables for the
lower-level program. Wrote the second-order reformulation. Proposed discussing
second-order optimality conditions and relaxed critical cone indices. Found the illus-
trative example.

Dr. Jane Ye:

Polished the entire paper and provided detailed suggestions. Proposed citing
results on Lipschitz continuity and upper estimate of Clarke subdifferential. Suggested
giving stationary conditions for the general combined problem (GCP). Polished the
conclusion.

Dr. Jin Zhang:

Proposed studying the second-order combined approach. Polished the entire first
draft.
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Calm local optimality for nonconvex-nonconcave minimax problems:

Xiaoxiao Ma:

Wrote the initial draft of the introduction. Integrated variational analysis tools.
Established first- and second-order optimality conditions for nonsmooth constrained
problems. Initiated defining calm local minimax points. Proved relationships between
various existing minimax points. Proved first-order and second-order optimality con-
ditions and all results/examples in Section 3.5.

Dr. Wei Yao and Dr. Jin Zhang:

Discovered an example in fair classification problem. Provided advice on minimax
points and checked results. Offered many detailed suggestions.

Dr. Jane Ye:

Explored separation properties of subderivatives and second subderivatives. Pro-

vided detailed guidance and assistance in formulating the paper.
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