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Abstract

A k-uniform hypergraph H = (X, B) of order n is a family of k-subsets
B of an n-set X. A k-uniform hypergraph H = (X, B) is disjoint union-free
(DUF) if all disjoint pairs of elements of B have distinct unions; that is, if
for every A,B,C,D € B, ANB=CND=0and AUB = CU D implies
{A, B} = {C,D}. DUF families of maximum size have been studied by Erdds
and Firedi, and in the case £ = 3 this maximum size has been conjectured
to equal (3). In this thesis, we study DUF 3-uniform hypergraphs with the
main goals of presenting evidence to support this conjecture and studying
the structures that have conjectured maximum size.

If each pair of distinct elements of X' is covered exactly A times in B
then we call H = (X, B) an (n,k,\)-design. Using a blend of graph- and
design-theoretic techniques, we study the DUF (n, 3, 3)-designs that are the
conjectured unique structures having maximum size. Central results of this
thesis include substantially improving lower bounds on the maximum size
for a large class of n, giving conditions on pair coverage in a DUF 3-uniform
hypergraph that force an (n,3,3)-design, and providing constructions for
DUF 3-uniform hypergraphs from families of DUF hypergraphs with smaller
orders.

Let H = (X, B) be a DUF k-uniform hypergraph with the property that
H U {E} is not DUF for any k-subset E of X not already in H. Then H is
mazimally DUF. We introduce the problem of finding the minimum size of
maximally DUF families and provide bounds on this quantity for k£ = 3.
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Chapter 1

Introduction

We begin with the necessary definitions:

Definition 1.1 A k-uniform hypergraph of order n is a pair (X, B) where
|X| = n and B is a collection of subsets of X of cardinality k. The set X
will be referred to as the vertex set of the hypergraph, and the set B will be
called the edge set. The cardinality of the edge set, |B|, will be called the size

of the hypergraph.

We may abuse notation and identify a hypergraph with its edge set. We
will assume throughout this thesis that all hypergraphs are simple, meaning

that repeated edges are not permitted.

Definition 1.2 A subhypergraph of a k-uniform hypergraph (X, B) is a pair
(X1, B,) where Xy C X, By C B, and B is a collection of subsets of X, of

cardinality k.
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Definition 1.3 A graph is a 2-uniform hypergraph, and a subgraph is a
subhypergraph of a graph.

For other standard graph and hypergraph terminology we refer the reader

to Bollobds [2]. This thesis will focus on 3-uniform hypergraphs.

Given a family of forbidden k-uniform hypergraphs F, EXy(n;F) is the
set of k-uniform hypergraphs of order n not containing any forbidden hyper-
graph as a subhypergraph and having maximum size. This maximum size
was classically denoted exi(n; F). Elements of EXj(n;F) are called the ez-
tremal hypergraphs for the family . Any hypergraph with a larger size has

an unavoidable forbidden subhypergraph.

The determination of exs(n;G) for a family of graphs G is referred to as
a Turan-type problem. For arbitrary families, this is often an intractable
problem. Most of the previous work on Turan-type probleﬁls in graphs has
focused on forbidden cycles of even length, or on forbidden cycles of multiple
lengths, at least one of which is even. It is in general the lower bounds on

exs(n; G) for families of cycles that are difficult to obtain.

Definition 1.4 A k-uniform hypergraph H is disjoint union-free (DUF) if
all disjoint pairs of edges of H have distinct unions, that is for A, B,C,D €
H, ANB=0=CND and AUB = C U D together imply that {A, B} =
{C, D}.
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When we let £ = 3, the forbidden disjoint union configuration, which
we will refer to as a forbidden union, consists of six points which can be

partitioned into two 3-sets in two different ways. Any such configuration is

isomorphic to {{z,y,a}, {z,y, b}, {u,v,a}, {u,v,b}}.

Definition 1.5 An (n,k,\)-design is a pair (X,B) where X is a set of n
points and B is a collection of k-subsets of X (called blocks) in which each

pair of distinct points in X occurs together in exactly A elements of B.

An (n, k, X)-design is essentially a k-uniform hypergraph of order n with
a global regularity property dictating how often pairs of vertices occur to-
gether in edges. For more background on this topic, see the Handbook of

Combinatorial Designs [6].

Definition 1.6 An (n,k, \)-covering is a pair (X,B) where X is a set of n
points and B is a collection of k-subsets of X in which each pair of distinct

points in X occurs together in at least \ elements of B.

Definition 1.7 An (n,k, \)-packing is a pair (X,B) where X is a set of n
points and B is a collection of k-subsets of X in which each pair of distinct

points in X occurs together in at most A elements of B.

Here (n,k, A)-designs, (n,k,\)-coverings and (n,k, A)-packings will be
called DUF if the corresponding hypergraphs are.
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Given a 3-uniform hypergraph (X,B), we can define a new system by
looking at the third points occurring in B with each pair of distinct points
in X as follows. For notational convenience, we define the set (f ) to be the
set of all subsets of cardinality 7 of a set X. We note that any 3-uniform
hypergraph with a finite edge set (or finite order) is an (n, 3, A\)-packing for
some fixed A\ < oo.

Definition 1.8 Let (X,B) be an (n,3,\)-packing. Define the mapping 6 :
(3) = Uo(T) by 0({z,y}) = A if and only if {a : {z,y,a} € B} = A. Let
A= 0((“;)) be the multiset whose (;) elements are the images of 6 over all

pairs in X.
We can restate the DUF property of a 3-uniform hypergraph as:
18({u, v}) N 6({z,y})| > 2 implies that {u, v} N {z,y} # 0.

This will be referred to as the theta condition.
The edge-set of a hypergraph will sometimes be referred to as the B-
system, especially in the context of the associated .A-system as constructed

above.

Definition 1.9 The extremal size, fi(n), represents the mazimum size of a

disjoint union-free k-uniform hypergraph of order n.

In classical notation fi(n) would be represented as exy(n; Dy) where Dy

represents the forbidden union in a k-uniform hypergraph. This thesis will
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study the extremal hypergraphs with respect to the conjectured value for
fs(n):

Conjecture 1.10 (Fiiredi’s Conjecture [12]) For sufficiently large n, |H| <

(g) for any simple DUF 3-uniform hypergraph H of order n.

The study of this problem began in 1977 when Erdés [12] asked to de-
termine fi(n), the maximum size of a DUF k-uniform hypergraph of order
n. Firedi [12] conjectured that for sufficiently large n, fy(n) < (,",). He
further constructed an infinite family of 3-uniform hypergraphs of order n
with (;‘) edges, with the edge sets of these conjectured extremal hypergraphs
being the block set of (n, 3, 3)-designs. Since a DUF hypergraph generates an
infinite class of DUF families by the repetition of any number of sets already
in the hypergraph, we will consider only simple hypergraphs, those without

repeated edges.

In undertaking a study of the DUF 3-uniform hypergraphs of maximum
size, it is useful to examine classes of 3-uniform hypergraphs that are maximal

with respect to the forbidden union.

Definition 1.11 A k-uniform hypergraph ‘H is maximally DUF if it is DUF
and the addition of any k-set not already an edge in the hypergraph produces

a hypergraph which is not DUF.

Any DUF k-uniform hypergraph is a subhypergraph of a maximally DUF

one. It should be noted that elsewhere in the literature, the term DU-



CHAPTER 1. INTRODUCTION 6

saturated is also used to mean maximally DUF.

Three classes of 3-uniform hypergraphs will be referred to repeatedly
throughout the thesis. The order of each hypergraph should be taken to be

n, unless specified otherwise:

Construction A. The standard result against which any DUF 3-uniform hy-
pergraph construction should be measured is Fiiredi’s pencil through a point
construction [12]. By considering all possible triples through a fixed point *
plus an arbitrary set of L”s;lj pairwise disjoint triples not containing x, we
see that a DUF 3-uniform hypergraph of order n can always be constructed
with size (") + |25

Construction B. The simple DUF (n, 3, 3)-design. These are unique up to
isomorphism and order, and exist iff n = 1,5 (mod 20) [9]. The construction
is described in Chapter Two.

Construction C. The simple (n, 3, 2)-design produced from an (n, 4, 1)-design
by breaking up the blocks with (4,3,2)-designs. These exist iff n = 1,4

(mod 12) and have size (7).

Using techniques from design theory and graph theory, we study local and
global properties of simple DUF 3-uniform hypergraphs to solve the following

problems:

e For which values of A do there exist simple DUF (n, 3, \)-designs?
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e Give upper and lower bounds on pair coverage in a DUF 3-uniform

hypergraph that force an (n, 3, 3)-design.

e Construct a reasonably good upper bound on the extremal size using

elementary techniques.

e Substantially improve the known lower bound on the extremal size for

a large class of hypergraph orders.

e Provide examples of 3-uniform hypergraphs of large size that are max-

imal with respect to the forbidden union.

e Provide constructions for DUF 3-uniform hypergraphs from families of

DUF 3-uniform hypergraphs with smaller orders.

e Give the order of the minimum size of 3-uniform hypergraphs that are

maximal with respect to the forbidden union.

e Provide an example of a 3-uniform hypergraph of relatively small size

that is maximal with respect to the forbidden union.

We further present partial results towards the following:
e Settle the existence problem for simple DUF (n, 3, 2)-designs.

e Present evidence that (n,3,3)-designs are the unique extremal hyper-

graphs for the DUF problem.



Chapter 2

DUF and Maximally DUF

Designs

In this chapter DUF (n, 3, \)-designs are investigated and partial existence
results are given. We are particularly interested in the designs with A = 2 as
this is the only open nontrivial case.

If an (n,3, \)-design has (}) blocks, then /\((T;)) = (3). Thus A = 3 in this
case. The following result says that this is the largest possible A for a DUF
(n, 3, \)-design:

Theorem 2.1 For a DUF (n,3, \)-covering to exist, A < 3.

Proof: Take a DUF (n,3, \)-covering with vertex set X. The A-system
(defined in the Introduction) consists of (’21) sets of cardinality at least \. We

have [{({a,b},A4) : a,b € X,A € A and {a,b} C A} > (}) ('2\) Since there
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are (}) pairs of vertices in X', some pair occurs at least (}) times in A.
Now |0({u,v}) N 6({z,y})| > 2 implies that {u,v} N {z,y} # 0 for all
u,v,z,y € X since the covering is DUF. Consider a pair {a,b} occurring
together in the A-system (’2\) times. If no vertex is common to all pairs
{w,y} having 0({z,y}) = {a,b,+}, then |{{z.y} : 0({z,y}) = {a,b,%}}| <3
because four or more pairs intersecting pairwise must intersect in a vertex.
Otherwise all pairs {z,y} having 6({z,y}) = {a,b,*} must be of the form
{w,w;}, for some fixed w. In this case, the number of sets in the A-system
containing the pair {a,b} is bounded by the number of triples in the B-
system containing the pair {w,a} (or {w,b} similarly). In either case, A < 3

or (’2\) < )\, and the result follows. ‘ O

We examine (n, 3, 3)-designs before looking at the case for A = 1,2. A
result of Hanani (as cited in [12]) states that (n, 5, 1)-designs exist whenever
n = 1,5 (mod 20). Replacing each block of this design with all of its 3-
subsets produces an (n, 3, 3)-design. Dukes and Ling [9] showed that simple
(n,3,3)-designs are DUF if and only if they come from this construction.
These are the unique designs meeting the conjectured bound for £ = 3, and
will be referred to as Construction B, for appropriate order n. Here we see
that the designs described by Dukes and Ling cannot be extended to a larger

DUF hypergraph:

Proposition 2.2 The (n, 3, 3)-designs coming from Construction B are maz-

imally DUF.
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Proof: Let B be the block set of a simple DUF (n, 3, 3)-design. Adjoin a
new set S = {s1, S2, 53} to B. We will show that the larger family B U {S}
is not DUF, establishing the result. The set S is not contained in any block
of the original (n,5,1)-design as it is not in B. Choose any pair of points of
S (without loss of generality say s; and s;) and say this pair lies in block
B of the (n,5,1)-design. Now let = € B — {s;,s2}. The points z and sz lie
in a block C of the (n,5,1) design. Note that C' # B since if s3 € B then
S C B, a contradiction. Now C — {z, s3} contains three points disjoint from

B; choose two of these, say ¢; and ¢,. We have:

M, = {z,s1,s,} € B since M; C B;
My = {s3,c1,c2} € B since M, C C;

M; = {z,c;,¢} € B since M3 C C}

Thus A/II,A/IQ,¢M3,S eBU {S} and ]\/[1 N M2 = @, ]\'5[3 NS = @
with M, UM, = M; U S so that BU {S} is not DUF. 0

DUF (n, 3, 3)-designs are a restricted class of (n, 3, 3)-designs. The fol-
lowing example gives an infinite family of (n, 3, 3)-designs with a forbidden

union.

Definition 2.3 Let G be an additive abelian group of order n. Then t k-
element subsets of G, B; = {bi1,...,bix} (1 < i < t) form an (n,k,\)-
difference family if every nonzero element of G occurs A\ times among the

differences bi o —biy (=1, G290 =1, o s 0,2 £ ).
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Example 2.4 A family of (n, 3, 3)-designs which are not DUF.

When n =2t+1 (¢t > 2), {{0,7,2i} : 1 <i < t} is an (n, 3, 3)-difference fam-
ily over Z, [6]. Taking the translates b; + g, where b; = {0,4,2i}, 1 <i <,
and g € Z,, we get an (n, 3, 3)-design. When n is not divisible by three and
n > 7, this is an infinite family of simple (n, 3, 3)-designs with a forbidden
union since {0,1,2}, {3,4,5} and {0,2,4}, {1,3,5} are always in the block sets

of these designs.

Note that when n is divisible by three this family is not simple because
the base block {0, %, %’”} generates three copies of each block in its orbit
under translations by group elements g. The following result describes the

(n, 3,3)-designs which can be constructed as an .A-system to a B-system:

Proposition 2.5 Every simple DUF (n,3,3)-design can be constructed as
an A-system to a B-system. Moreover, any simple DUF (n, 3, 3)-design has

itself as its A-system.

Proof: Let (X,B) be a simple DUF (n, 3, 3)-design. We know that (X, B)
comes from an underlying (n, 5, 1)-design (X, S). The block set B = Uses(3).
Let S* = {s1,...,85} € S. Then 9((52)) = (“";’) Since each pair of points
in X occurs exactly once in a block of S , and since the block S* was chosen

arbitrarily, it follows that A=0((3)) =1{0((3)): S€S}={(}):SeS}=
B, as desired. O
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The theta condition on a DUF 3-uniform hypergraph restricts the B-
system relative to the A-system. It is therefore useful to study DUF B-
systems together with the A-systems they generate. The above result is a
first step in that direction, saying that one possibility for a B-system which
generates a DUF (n, 3, 3)-design as its A-system is the design itself. While
any such B-system must be a simple (n, 3, 3)-design, it is not clear that the

system must also be DUF.

In order to consider DUF hypergraphs with cover index one, we require

the following:

Definition 2.6 A Steiner triple system of order n, denoted STS(n), is an

(n,3,1)-design.

A Steiner triple system of order n exists if and only if n = 1,3 (mod 6).
It is an easy fact that any 3-uniform hypergraph in which any pair of vertices
appear in at most one edge is DUF. This is true because a forbidden union
requires two disjoint pairs to be covered twice. We can deduce an even

stronger result:

Observation 2.7 Any 3-uniform hypergraph in which any pair of vertices

appears in at most one edge is DUF, but not mazximally DUF if n > 3.

Thus any ST'S(n) is DUF. If n > 3, an ST'S(n) is not maximally DUF.

We now consider the more interesting case of simple DUF (n, 3, 2)-designs.
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When n = 0,1(mod 3) and n > 3, there is always a simple (n, 3, 2)-design [6].

Such designs are often called twofold triple systems of order n, or TT'S(n).
Example 2.8 The unique DUF (4,3, 2)-design:

Four is the smallest number of points which admits a simple index-two design
with block size three. To construct this design, simply take all possible 3-sets
of the set of points. This design is trivially DUF because the point set has

fewer than six elements.
Example 2.9 A DUF (6, 3, 2)-design that is not mazimally DUF:

Construct a regular pentagon and place an additional point in its centre. The
vertices, together with the additional point, form the point set of the design.
The block set of this design consists of the sets of vertices of all triangles
containing exactly one edge of the pentagon [3]. There are % = 10 blocks
out of a possible (g) = 20. Notice that no block has a block as its complement
in the set of six points. Thus a forbidden union occurs only if at least two

sets are added to the family. We can therefore add any set to this family and

it will still be DUF. (This design is unique up to isomorphism).
Proposition 2.10 All simple (7,3,2)-designs are mazimally DUF.

Proof: We construct the unique simple (7, 3, 2)-design, up to isomorphism,
by taking the vertices of a regular heptagon H as the set of points and choos-
ing as blocks the sets of vertices of all scalene triangles in H [3]. We will

see that the addition of any triple to the block set causes a forbidden union.
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Note that the block set is symmetric with respect to orientation and rotation
of the heptagon.

Any triple that is a subset of the vertices of H can be regarded as a
triangle, and as such, has associated with it the multiset of shortest dis-
tances between the three pairs of vertices. These distances are either 1, 2
or 3, as measured by the number of points to be travelled around the circle
circumscribing the heptagon. The configuration [1,2, 3] represents a scalene
triangle, and any vertices in such a configuration form a block of the design.
Since the multisets [1, 1, 1], [2,2,2], [3,3,3], [1,1,3], [1,2, 2] and [2, 3, 3] are all
geometrically inadmissible, we need to check that the configurations [1,1, 2],
[1,3,3] and [2,2,3] all result in forbidden unions when a triple of this form
is added to the block set.

Let H ={0,1,2,...,6} so that distances may be calculated modulo 7.

Case I: Configuration [1,1,2]. Without loss of generality, add the triple
{0,1,2} to the block set. The triples {1,5,6} and {0,2,3} are blocks of the
design, resulting in a forbidden union together with the block {3,5,6}.

Case II: Configuration (1,3, 3]. Without loss of generality, add the triple
{0, 1,4} to the block set. The triples {0,1,3} and {2,4,5} are blocks of the
design, resulting in a forbidden union together with the block {2,3,5}.

Case III: Configuration (2,2, 3]. Again without loss of generality, add the
triple {0,2,4} to the block set. The triples {2,3,5} and {0,4,6} are blocks
of the design, resulting in a forbidden union together with the block {3, 5, 6}.

The three other non-isomorphic (7, 3, 2)-designs are not simple. O
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Observation 2.11 There are no simple DUF (9, 3, 2)-designs.

In the Appendix, we have listed the nonisomorphic simple (9, 3, 2)-designs

and exhibited a forbidden union in each instance.

Definition 2.12 A group divisible design (GDD) is a triple (X, G, B) which
satisfies the following properties:

(1) G is a partition of a set X of points into subsets called groups;

(2) B is a set of subsets of X called blocks such that a group and a block
contain at most one common point;

(3) every pair of points from distinct groups occurs in ezactly \ blocks.

A GDD is said to be a k-GDD if for every block B in B, |B| = k. We
note that an (n,k, \)-design is a k-GDD where the groups in G consist of
the individual points of X. Chee, Colbourn and Ling [4] defined a 3-GDD
(X,G,B) to be weakly union-free (WUF) if:

(1) whenever {{a,b,z},{a,b,y}} C B, the points z and y are in different
groups, and;
(2) whenever four distinct blocks By, Bs, B, By are chosen from B, it does

not happen that B; U By = B3 U By.

The second condition rules out blocks of the following four forms:

Cl: {{a,b,c},{a,b,d},{a,c,d},{b,c,d}};
C2: {{z,a,b},{z,q,c},{z,b,d},{z,c,d}};
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C3: {{z,a,b},{z,a,c}, {z,b,d}, {a,c,d}};
C4: {{z,a,b},{z,c,d},{y,a,b},{y,c,d}}.

The configuration C4 is a forbidden union, so that a weakly union-free

family is a (more restricted) DUF family.

The following theorem due to Chee, Colbourn and Ling provides a strong

existence result for DUF twofold triple systems (TTS):

Theorem 2.13 (Chee, Colbourn, Ling [4]) A WUF TTS(n) exists whenever
n = 0,1 (mod 3) except when n € {3,4,6,7,9,10} and possibly when n €
{12,15,18,22}.

It was later established by Denny and Gibbons [7] that n = 12 is a defi-

nite exception to the existence of WUF T'T'S(n).

Because the only (3, 3, 2)-design contains a repeated block, a simple 77°S(3)
does not exist. Simple DUF T'T'S(n) were exhibited earlier for n € {4,6, 7},
and it was shown that simple DUF T7'S(9) do not exist. The last definite

exception to explore then is the case n = 10.

Dukes (8] defined an anti-firm TTS(n), also called an AFTTS(n), as a
TTS(n) with the following properties:
(1) it has no repeated blocks;

(2) it contains no forbidden union (fifa in his terminology), i.e. avoids con-
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figuration C4 above;
(3) it contains no minififa, which is obtained from a fifa by identifying two

nonadjacent points.

Configuration C2 above is an example of a minififa. Given a T7'S(n), say
B, we have the following chain of implications:

B WUF = Bis an AFTTS(n) = B is a simple DUF TT'S(n).

To illustrate the minififa, the four blocks in configuration C4 above be-
come {{z,*,b},{z,*,d},{y,* b}, {y,*,d}} when the nonadjacent points a
and c are identified. (This can be transformed into C2 under the isomor-

phism sending (b, d, z,y, *) to (b,c,a,d,z)).

A theorem of Dukes [8] states that there is no AFTTS(10). This was
proved by listing, up to isomorphism, the 77°'S(10) without repeated blocks
and exhibiting a forbidden union in each. This gives the following more gen-
eral result that there is no simple DUF T'T'S(10), closing the case of the six

definite exceptions raised by Chee, Colbourn and Ling.

An existence result among the possible exceptions is also due to Dukes:

Theorem 2.14 (Dukes [8]) Let eo = {9, 10,12, 15, 18, 24, 33, 45, 75, 87}. For
alln=0,1 (mod 3), n & &g, there exists an AFTTS(n).

This implies that there exists a simple DUF T7'S(22). Of the remaining
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cases, n = 12,15, 18, the case n = 15 is special because there exist ST'S(15).
A twofold triple system T7'S(n) is said to be separable if its block set is the

union of the block sets of two ST'S(n).

Two Steiner triple systems, S; = (V,B;) and S = (V, B;), are said to be
orthogonal if B; N By = 0 and if {u,v} # {z,y}, {u,v,w},{z,y,w} € By,
{u,v,s},{z,y,t} € Bs, then s # t. The pair is then referred to as an orthog-
onal Steiner triple system, or OST'S(n), for appropriate n. Here is a partial

non-existence result for simple DUF TT'S(15):

The orthogonality of S; and S, is necessary if the union of the two block-
sets is to be DUF. Dukes and Mendelsohn [10] showed that each OST S(15)
contains a forbidden union in its blockset, implying that if a simple DUF

TTS(15) exists, then it is not separable.
Example 2.15 A simple DUF TTS(18):

Let the point set X be given by {0,1,...,16} U {oo}, where the first 17
elements are understood to be elements of Z;;. The collection of blocks
{o0,0,1},{0,1,4},{0,2,8},{0,2,12}, {0, 3,8},{0,4, 11} developed with the
automorphisms of Z;7 U {oo} yield a simple DUF TT'S(18).

To see that a T'T'S(18) results, we note that every unordered pair of points
corresponds to a difference in the set {o0,1,2,3,4,5,6,7,8}, and the blocks
have differences {00, 1,00}, {1,3,4},{2,6,8},{2,5,7},{3,5,8},{4,7,6} so
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that each difference in {00, 1,2,3,4,5,6,7,8} appears exactly twice. The re-
sulting design is simple since none of the six blocks above are in the orbit of
any other under any automorphism (again the differences in the blocks will
verify this).

To see that the design is DUF, we list the pairs of the form {0, z} and the
correspondihg pairs ({0, z}). We then calculate the 6-difference of 6({0,z}),
in other words the quantity a — b € {c0,1,...,8}, where 8({0,z}) = {a,b}.
Forbidden unions will result if two pairs 6({0, z}) and 6({0, y}), with = # +y,
have the same #-difference and {a, z+a} N {0,y} = 0 where 6({0,2}) +a =

6({0,y}). For the list of pairs and associated calculations, see the Appendix.

The results extending the work of Chee, Colbourn and Ling can be sum-

marized as follows:

Theorem 2.16 There ezist simple DUF TTS(n) for all n = 0,1 (mod 3)
ezcept when n € {3,9,10} and possibly when n € {12,15}.

It is not clear which of the simple DUF TTS(n) are maximally DUF.
We give an infinite class of examples in either case. Breaking up the blocks
of any (n,6,1)-design with the blocks of the unique (simple DUF) (6,3,2)-
design produces a simple DUF (n, 3, 2)-design. Plenty of blocks can be added
to this design without creating a forbidden union. Since (n,6,1)-designs
exist asymptotically for n = 1,6 (mod 15), we have an infinite class of such
examples. On the other hand, breaking up the blocks of an (n,4,1)-design

with the blocks of the unique (simple DUF) (4, 3, 2)-design produces a simple
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DUF (n,3,2)-design which is maximally DUF, as we will see in Chapter Six.
Since (n,4,1)-designs exist whenever n = 1,4 (mod 12), we have an infinite

class of such examples.



Chapter 3

The Structure of DUF )\ =3

Coverings

In this chapter, the main structural characterisation of the thesis is presented.
The techniques involve studying DUF 3-uniform hypergraphs whose covering
and packing indices are close together. The hypergraphs can then be reduced

to graphs encoding the same structural information.

Theorem 3.1 A simple DUF (n,3,3)-covering which is also an (n,3,4)-

packing is an (n,3,3)-design.

Proof: Let (X,B) be a simple DUF (n,3,3)-covering which is also an
(n,3,4)-packing. Define the graph of excess Gz as the graph with vertex set
X in which an edge occurs between vertices a and b with multiplicity m if

and only if the pair {a,b} is covered m + 3 times in B. Note that Gz is

21



CHAPTER 3. THE STRUCTURE OF DUF A\ =3 COVERINGS 22

a simple graph since pairs occur only with multiplicities three and four in
B. Define the graph of excess G4 similarly (the A-system is defined in the
Introduction). Note that if Gg is a simple graph, then so is G4. (Suppose
not. Say the edge {z,y} occurs twice in G4. Then this pair is covered at
least five times in the A-system. By the theta condition, the pairs in the
B-system whose images under the § mapping include both a and b must all
intersect pairwise. So these pairs in the B-system are of the form {w,w;}
for i = 1,...,5. This means that the pairs {a,w} and {b,w} occur with
multiplicity at least five in the B-system, so that Gp is not simple.)

Each edge in Gp represents a pair whose image under the #-mapping
has cardinality four. Counting pairs with multiplicity in the A-system gives
3(3) +3|Gsl, where |G| is the number of edges in Gg. Note that a three-fold
covering of the B-system does not a priori imply a three-fold covering of the
A-system. However, if some pairs are covered fewer than three times in the
A-system, this will mean additional edges in G4. Thus |G4| > 3|Gs|.

Fix a point z in X and let its degree in G 4 be d, with neighbours y,. .., y4.
This means that = and each y; occur together four times as third points of
pairs in B. Since the covering is DUF, the theta condition means that these
four pairs intersect pairwise (say in z;, so that = and each y; are third points
of pairs of the form {z;,2;;} fori =1,...,d and j = 1,2,3,4). A pair can
be covered at most four times in .A. This means that there are at most
eight choices, not necessarily distinct, for third and fourth points in the sets

{z,y;,*} in A. Thus there must be at least a third as many z;’s as y;’s; it is



CHAPTER 3. THE STRUCTURE OF DUF X = 3 COVERINGS 23

not possible for more than three of the y;’s to contribute to the same edge
{z,z} in Gp since otherwise the pair {z,2;} would be covered more than
four times in B. The degree of z in Gp is therefore at least g. Since x was
arbitrary, |Gg| = 3, degg, (z) > § >, degg,(z) = 3|G4|. Combining this
with the bound above we have 3|Gg| = |G 4|.

This equality forces the folhlowing g sets to occur with multiplicity four in
the A-system: {z,y1,v2,ys}, {Z, %4, 95, %}, - - - » {2, Ya—2, Ya—1,%a}, producing
g Ky'sin G4. Since x was arbitrary, each edge in G 4 is part of a K;. Note that
the K, in G4 containing the edge {z,y;} is unique since if {z, i, y;, ¥} € Ga
with multiplicity four and (z, ;, *) induces a K4 in G4 then * = {y;, yx} since
otherwise the pair {z,y;} is repeated more than four times in \A. Again, this
argument can be made for any vertex so that G4 consists of edge-disjoint
copies of K, (along with possible isolated vertices).

Now for 0 < k < % —1land j =1,2,3,4, let z; be the common point in
the four pairs {2, 2} such that 6({z, 2;}) = {®, Yr+1, Yr+2, Yr+3}. These
2z’s are distinct since if z; = 2;, 0<i< j < g — 1, the pair {z, z;} would be
covered more than four times in B.

The g Ky'’s in G4 containing vertex x contribute 2d edges to G4, where
d is the degree of z in G4. The g z’s contribute ‘g—d edges of the form
{z, 2t} {Uk+1: 26} {Uk+2, 26}, OF {Yrs3, 2k} to Gs. We know that an edge in
Gp cannot have both its endpoints acting as a z; since if, say, 0({e,e;}) =

{a,b,c,d} and 0({a,a;}) = {e, f,g,h} fori = 1,2,3,4 then §({a,e}) = {e;} =
{a:} so that 0({a,h}) = 0({a,g}) = 0({a, f}) = 0({a,e}) = 0({b,e}) =
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6({c,e}) = 6({d,e}). Any pair in {e;} is therefore covered more than four
times in the A-system unless {b,c,d} = {f, g, h} and a = e. This contradicts
the existence of such an edge in Gp.

Summing over all vertices and dividing by four to account for the four
vertices in a Ky, we get: [Gg| > 33, 3degy(z) = 2[G4l.
This means |G 4| = 3|Gg| > 2|G 4|, so that |G 4| = |Gs| = 0.

Since B is an (n, 3, 3)-covering with no pairs covered more than three
times, it is necessarily an (n, 3, 3)-design. We require the hypothesis that the
covering of the B-system be simple because the repetition of triples already

in the B-system cannot cause a forbidden union to occur. O

We observed in the proof of the theorem that if Gp is simple, then so is
Ga. In general, by a similar argument, if the B-system is a DUF (n, 3, A)-
packing for some A > 4, then the A-system is also an (n, 3, A)-packing. This

is again due to the theta condition (defined in the Introduction).

If the B-system is an (n,3,3)-covering, then B consists of at least (})

blocks. We now consider the case of a simple, DUF (n,3,4)-packing and
(n, 3, 2)-covering with at least (’2‘) blocks. Taking the simplest case when
|B| = (3), the pair deficit to the (n,3,3)-covering, in other words the num-
ber of pairs which are covered only twice in the B-system, is equal to |Gg|.

In the A-system, we have () —2|Gg| triples, |G| pairs, and |Gg| four-tuples,

contributing a total of 3(}) —6|Gs|+|Gs|+6|Gs| = 3(5) +|Gs| pairs occurring
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together, counting multiplicity.

We know from Proposition 2.5 that a simple DUF (n, 3, 3)-design has as
its A-system an (n, 3, 3)-design. In the proof, the hypothesis of the (n,3, 3)-
covering is used only to establish |G4| > 3|Gg|. Unfortunately, a counting
argument cannot be used to get this bound when the hypotheses are changed
to an (n,3,2)-covering together with |B| > (}). We also need a structural
result showing that there is at least a 2|Gp| pair deficit to the three-cover in
the A-system. We worry that the A-system may fill better than this, in the
sense that the pair deficit may not be as big as 2|Gg|, so that |G4| < 3|Gg|.

In this case, the technique of the proposition’s proof could not be applied.

Conjecture 3.2 The only simple DUF (n,3,4)-packings with at least (3)

blocks are (n,3,3)-designs.

Note that the conjecture is formulated with a lower bound on the num-
ber of blocks despite the fact that any (n,3,3)-design has exactly (}) blocks

because the DUF (n, 3, 3)-designs were shown earlier to be maximally DUF.

Another question is whether the result stated in the proposition might
be true if the (n, 3, 4)-packing hypothesis is weakened to an (n, 3, 5)-packing.
This is a weaker hypothesis because less is known about the graphs G4 and
Gp in this case; they are no longer even required to be simple graphs. In
order to understand this situation better, we iqtroduce an extension of the

graphs of excess introduced earlier.
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Definition 3.3 Let m > 4. Let Gg' be the simple graph with vertex set X in
which an edge occurs between vertices a and b if and only if the pair {a,b} is
covered ezactly m times in B. Define G} similarly, based on the number of

times a pair is covered in A.

Suppose the B-system is a simple DUF (n,3,5)-packing and (n,3,3)-
covering. The A-system has 3(}) + 3|Gg| + 7|G3| pairs occurring together,
counting multiplicities. This gives |G%|+ 2|G%| > 3|G§| + 7|G3|. Thus either
IG4| > 3|G| or |G%| > I|GE| > 3|G3|. So the lower bounds on the |G| are

in line with what we had in the proof of the proposition.

In general, for an (n,3, \)-packing and (n, 3, 3)-covering with A > 4 we
have: 3%, (i — 3)|Gy| > Z;\=4[(;) — 3]|Gg|. This means that

1G4 > (1+ £)|GE| > 3]Gyl for at least one i such that 4 <i < .

Obtaining upper bounds on the |G} | based on the proof of the proposition

is not as fruitful.

Proposition 3.4 Let the B-system be a simple DUF (n,3,\)-packing and

let4 <m < \. Then Y0, |G5] > soig1G%I-

Proof: Fix m such that 4 <m < A. Fix a point z in & and let its degree
in G’} be d, with neighbours y, ..., ys. This means that z and each y; occur
together exactly m times as third points of pairs in B. Since the covering is

DUF, the theta condition means that these m pairs intersect pairwise (say
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in z;, so that  and each y; are third points of pairs of the form {z;, z;} for
i=1,...,dand j = 1,2,...,m). A pair can be covered at most \ times
in B. This means that there are at most m(A — 2) choices, not necessarily
distinct, for filling in the sets {z,y;,*} in A. Thus there must be at least
T(,(nTn as many z;’s as y;’s; it is not possible for more than @ of the y;’s
to contribute to the same edge {z, 2;} in Gp since otherwise the pair {z, z;}
would be covered more than A times in B. The point z therefore occurs in
at least % pairs occurring together in B, each with multiplicity at least

m. Since x was arbitrary,

A 1 A m m
S iem |8 = 3 Xoiem 2 deggy (7) 2 55fyy 2, deggn () = 51941 O

On the left-hand side, the same edge cannot be counted more than once,
by definition of the G’}’s. Knowing, for instance, exactly how many times z
and each z; occur together as pairs in B would allow us to improve the above
bound by not having to allow for the possibility that these points could occur

together anywhere from m to A times in B.

As an example, in an (n, 3, 5)-packing, the above bound yields:
|Ga| + |G2| > 2|G%4| and |GE| > 3|G%|. The techniques used in the proof of
the proposition do not allow us to force enough structure to conclude that
|GE| = 0 for all 4 < m < X when we cannot compare the sizes of the G}'’s
among themselves, or the G§*’s among themselves, for the various values of

m.
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Conjecture 3.5 The only simple DUF (n, 3, 3)-coverings (for any (n,3,\)-

packing, A\ > 4) are (n,3,3)-designs.

Based on the two previous conjectures, this leads to another structural

conjecture:

Conjecture 3.6 The only simple DUF 3-uniform hypergraphs of size at least

(;) are (n,3,3)-designs.

Recall Fiiredi’s Conjecture (FC), Conjecture 1.10 in this thesis:
For sufficiently large n, |H| < (3) for any simple DUF 3-uniform hypergraph
‘H of order n.

Proposition 3.7 Conjecture 3.6 implies (FC), for all values of n.

Proof: Suppose for contradiction that H is a simple DUF 3-uniform hy-
pergraph of order n and size > (7). Then there exists a subhypergraph of H
with (3) edges; this subfamily is necessarily both simple and DUF. By Con-
jecture 3.6 this subfamily is an (n, 3, 3)-design; DUF (n, 3, 3)-designs were
shown earlier to be maximally DUF. This is a contradiction to [H| > () as

an (n, 3, 3)-design contains exactly (’2') edges. g

The desire to prove (FC) motivates the work and conjectures in this sec-

tion.

Conjecture 3.6 would imply that DUF 3-uniform hypergraphs of order

n

7) exist only when n = 1,5 (mod 20). A small example below

n of size (
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shows that no 3-uniform hypergraph of order 6 can be simple and DUF with

(g) = 15 edges:

Consider a simple DUF 3-uniform hypergraph of order 6. At most one
pair of edges which are complements in the vertex set can co-exist in this
hypergraph, otherwise the DUF condition is violated. This hypergraph there-

fore has at most £(3) + 1 = 11 edges.



Chapter 4

Upper Bounds on Extremal

Size

An unpublished result of Erdés and Frankl from 1975 [12] states that f.(n) <
O(n™=°%) for all r > 2. For completeness, we give a proof that f3(n) € O(n?).
A much better upper bound established by Fiiredi [12] is f(n) < Z(,",) for
all » > 3. In this chapter upper bounds are obtained on the extremal size

by using the concept of variance to study pair coverage in DUF 3-uniform

hypergraphs.

Let (X, B) be a DUF 3-uniform hypergraph with |X| = n and |B| = ¢(}),
for some real constant ¢ > 1. We wish to study upper bounds on the extremal
size in any potential cases where Fiiredi’s Conjecture (see Conjecture 1.10)

does not hold. Let b: (3) — Z* U {0} be given by b(T) = |6(T)|. We will

30



CHAPTER 4. UPPER BOUNDS ON EXTREMAL SIZE 31

write b for é ZTE(,;) b(T).

The variance of b is by definition Var(b) = é)- Zre(’;)(b(T) —b)%. We

will write V' for Var(b) throughout.

Let a : (3) — Z* U {0} be defined by a(T) = (b(g )), recalling that

(3) = (3) = 0. Again we write @ for @ ZT&(;’) a(T).

Suppose the 3-uniform hypergraph (X,B) has packing index A\. Then

x> (%) = ;% forall T € (3). It follows that b > ;2@ We can also

express a in terms of the variance, V:

Proposition 4.1 The relation @ = 3 [V + (9¢* — 3c)] holds for all DUF 3-

uniform hypergraphs with size c(;), e 1.

Proof: Clearly b = ?—E)l =3t

2

v = (l—)TZ(j) [6(7) — B
= (i_) Te% [(T)? — 20(T)5 + 7]
_ %Te% [b(Ty-b(T)_zb(T) (b—§>+52]
3 (D) g5 [am(-
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_ % > <b(2T))—25('6—%) B

7 re(3)

_ % > (”(;”)_52+5

2 1e(3)

This implies that @ = é ZTE(;:) (T =1 [V + (9¢ - 3¢)). O

We can also deduce further inequalities relating @,b and V' by exploiting
the DUF hypothesis:

Proposition 4.2 The inequalities A > @ > (g) > b hold for all DUF 3-

n

uniform hypergraphs with packing index A and size c(z), ¢ 1.

Proof: The existence of a pair covered more than three times in the .A-
system implies the existence of a pair covered more than three times in the
B-system by the theta condition. This gives the first inequality. The second
inequality is deduced from the previous proposition with V' > 0 and b = 3c.

The last inequality is trivial since b > 3. O

Corollary 4.3 If A < 50, a DUF 3-uniform hypergraph of order n with

packing index A\ has size less than %(’2‘)

Proof: By the previous proposition, A > (12’) = (3‘;) If A < 50, then

(%) < 50, which gives ¢ < . O
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This means that we have an improvement on Fiiredi’s upper bound when

A < 50.
Corollary 4.4 The extremal size f3(n) € O(n%)

Proof: The packing index A is at most n — 2 by definition. Thus (3’2':) <.\
gives ¢ € O(n%), for any choice of A\. But f3(n) < c(’;) by definition of the

extremal size, so that f3(n) € O(n%), as desired. O

Note that a lower bound on V improves Corollary 4.3. Suppose we could
show that V' > (3)(@ — b)? for some positive constant s and for any DUF
3-uniform hypergraph of order n with packing index A and having variance
of pair coverage V. Then by Proposition 4.1, we could solve a quadratic
equation in v/V' by taking square roots of both sides and get an upper bound

on c as follows:

Wz \[3a-p
- 2 @ [V + (96 — 30)] — 3c>
-2 G [V + (9 9c)])
- (E+0)
giving 1V — /Y +9(%) < 0. Solving this in vV yields:

VEA-2-18() < vV <242 - 18(9),
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which implies that % > 18 (;) since the discriminant must be positive. Thus

(£) < £, and we have an upper bound on the extremal size.

The possibility of finding a constant s to prove such a statement about
the variance lends hope for an eventual lowering of the constant % in Fiiredi’s

upper bound.



Chapter 5

Lower Bounds on Extremal Size

In this chapter we will be interested in bounding f3(n), the maximum size of
a DUF 3-uniform hypergraph of order n, from below. We have already seen
that f3(n) > (3) when n = 1,5 (mod 20). This construction comes from
the simple DUF (n, 3, 3)-designs. Known lower bounds are improved here for
some congruence classes modulo 20 using design and packing constructions.

For a table of results, see the end of this chapter.

Definition 5.1 A pairwise-balanced design PBD(n, K;\) of order n with
block sizes in K = {k;} is a pair (X,B) where X is a set of cardinality n and
B is a family of subsets of X which satisfy the following properties:

(i) If B € B then |B| € K;

(ii) Every pair of distinct points of X occurs in exactly \ blocks of B.

The notation PBD(n, K) will be used in the case A = 1.

35
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Proposition 5.2 Suppose there ezists a PBD(n, K), say (X, B), and for all
k € K there ezists a DUF 3-uniform hypergraph Hy. = (X, By) with |Xx| = k.
Then the 3-uniform hypergraph constructed from (X,B) by mapping each
block B to Hy on vertex set Xy = B, where |B| =k, is DUF.

Example 5.3 As an illustration before proving the proposition, consider the

following PBD(10,{3,4}) with blocks in columns:

11122 2 3 334 4 4
25856 7 5 675 6 7
36989 10 10 8 9 9 10 8

4 7 10

together with the following two 3-uniform hypergraphs of orders 3 and 4 re-
spectively: Hy = {{1,2,3}}; H2 = {{1,2,3},{1,2,4},{1,3,4},{2,3,4}}.

The DUF 3-uniform hypergraph H is below, with four edges coming from
each block of size four in the PBD, and one edge coming from each block of

size three in the PBD:

111211158511 1 8 22 2 3 334 4 4
2233556628 8 9 9 56 7 56735 6 7
34446 777910 10 108 9 10 10 8 9 9 10 8
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Proof: (Proposition) Suppose for contradiction that the 3-uniform hyper-
graph H contains a forbidden union so that {u,v,a}, {u,v,b},{z,y,a},

{z,y,b} € H(B) with {u,v,a} N {z,y,b} = 0 = {u,v,b} N {z,y,a}. If two
edges of H share two vertices, these edges must belong to H(B;) for some
j since (X,U;B;) has index one. Thus {u,v,a} and {u,v,b} belong to, say,
H(B,); {z,y,a} and {z, y, b} belong to, say, H(B;). But now {u,v,a,b} C B,
and {z,y,a,b} C B; so that {a,b} C B, N Bs, implying that B, = B,. Now
{u,v,a}, {u,v,b},{z,y,a},{z,y,b} € H(B,). Therefore the hypergraph H.,

is not DUF, contrary to the hypothesis. O

This proposition says that the DUF property is PBD-closed, meaning
that the DUF structure is preserved by building a larger-order hypergraph

from smaller-order hypergraphs and a PBD of index one.

The above result can be generalized by noting that the only structural
fact that we used about the PBD was that no pair of points ever appears in

distinet blocks:

Corollary 5.4 Construct a 3-uniform hypergraph H = (X, H) from a hy-
pergraph G = (X, G) in which no pair of vertices appears in more than one
edge of G (acting as the PBD in the previous proposition) by breaking up the
blocks in G with DUF 3-uniform hypergraphs of the appropriate orders (as
in the previous proposition) and taking the union of the edges of the resulting

hypergraphs to be H, the edge set of H. Then H is DUF.
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Necessary conditions for the existence of a PBD(n, K) are:

n—1=0 (mod a(K)) and n(n —1) =0 (mod B(K))
where a(K) =ged{k —1:k € K} and B(K) = ged{k(k—1): k € K}.

When K = {4, 5}, these conditions imply that n(n—1) =0 (mod 4), so that
n = 0,1 (mod 4). These necessary conditions are asymptotically sufficient
and have only three exceptions for n > 4, namely when n = 8,9, or 12 no
PBD(n,{4,5}) exists [6]. This existence result, together with the previous
result that the DUF property is PBD-closed, will allow us to construct DUF

3-uniform hypergraphs of large size and with arbitrary order.

Proposition 5.5 Construction A (defined in the Introduction) is DUF.

Proof: We argue by contradiction. Let % be a fixed point used for the
construction. Suppose {u,v,a} N {z,b,y} = 0 = {u,v,b} N {z,y,a} is a
forbidden union in the edge set. If three or more of these edges are pairwise
disjoint, then more than the allowed six vertices are involved in the forbidden
union, so at least two edges must be triples through . Since each point of
the forbidden union appears in exactly two edges, there are exactly two edges
not passing through *. These will be disjoint, forcing the edges through * to

be disjoint, a contradiction. O

Now consider a PBD(n,{4,5}), where the block set is composed of by

blocks of cardinality 4 and b5 blocks of cardinality 5. By counting the occur-
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rences of pairs in the design, we have 6b, + 10b5 = (}).

When all blocks are of cardinality 5, 10bs = (3). Taking all possible
triples in each block therefore gives (}) triples forming an (n, 3, 3)-design.

This can only occur when n = 1,5 (mod 20), yielding Construction B.

On the other hand, when all blocks are of cardinality 4, 6by = (}) and
each block yields only four triples. We therefore end up with Z(3) triples.

This situation occurs whenever n = 1,4 (mod 12), yielding Construction C.

It is easy to verify that

() > ("5) + 1557

and (";') + [252] > £(}) for n > 5.

These inequalities justify the further study of these PBD(n,{4,5}).

Definition 5.6 The packing number D(n,k, ) is the mazimum number of

blocks in an (n, k, \)-packing.

An upper bound on D(n,k, ) is D(n,k,\) < [} [A(” 1) JJ let B(n,k,\)
represent this upper bound. This is known as the Schoenheim bound. Note
that for admissible parameters (n, k, \) for a design, B(n, k, \) is the number
of blocks in an (n, k, A)-design [6].
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Ling [14] showed that when n = 2,6,10 (mod 20) there exists an op-
timal (n,5,1)-packing, (a packing having B(n,5,1) blocks), with at most
32 possible exceptions. When n = 14,18 (mod 20) there exists an optimal

(n, 5, 1)-packing with a finite (large) number of possible exceptions.

In any case, these (4m + 2,5, 1)-packings consist of
L@ [9"1—“)“ = |_"’(4—';H“21J blocks and so can generate

2m(4m+ 2) edges when m = 0,2 (mod 5), or > 2m(4m + 2) — 4 edges when

m=1,3,4 (mod 5), in a DUF 3-uniform hypergraph of order 4m + 2.

Let n =4m + 2. Then 2m(dm +2) —4 = (";2)77, —4.

When n > 28,

n—1 n—1 (n—2) 2(n—1)

( 2 >+L 31 S 3 ["_Hs(n—z)]
_ (n=2) 3n—2) (n—4)
= 3 ["‘”3(77,—2)_3(71-2)}
_ n-=2 (n—4)
R
< n;Qn—él.

In this case the DUF 3-uniform hypergraph construction via (4m + 2,5, 1)-

packings is at least as good as Construction A.
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We want to compare this result with those coming from a PBD(n, {4,5})

construction. Suppose:

6bs + 1065 = (3)
)

4by + 10bs = &2p,

2

Then by = 1((2) — &52n) = In. This means any PBD(n,{4,5}) with 2

blocks of cardinality 4 will beat the bound above on f3(n).

To construct an example meeting the bound above we return to the no-
tion of GDD’s which were defined previously; the group type of a GDD G is
the multiset {|G| : G € G}, and is usually expressed in exponential notation
112%23% ... which denotes the occurrence of i; groups of cardinality j. A
GDD is said to be uniform when all groups are of the same cardinality, i.e.

when the group type is g*.

Necessary conditions for the existence of a uniform k-GDD of
type g*(u > 1) are [1]:
u > k;
(u—1)g=0 (mod k — 1);
u(u—1)g*> =0 (mod k(k —1)).

We will consider 5-GDDs of type 4*. The necessary conditions for exis-

tence are: u > 5, u = 0,1 (mod 5). These conditions have been shown to be
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sufficient in this case [1].

Any 5-GDD of type 4%, (v = 0,1 (mod 5),u > 5), produces a
PBD(4u, {4,5}) with exactly u blocks of cardinality 4. The blocks of car-
dinality 5 contain exactly %4u(4u — 4) pair occurrences, so that there are
2u(4u — 4) blocks of cardinality 5. We can use this PBD to produce a DUF
3-uniform hypergraph with 4u + 2u(4u — 4) = 4u(2u — 1) edges. Letting

n = 4u this gives n@ edges as in the case n = 2,10 (mod 20). Thus we
have an infinite family of DUF 3-uniform hypergraphs which are not (n, 3, 3)-

designs but which do have more than (";') + %52 edges.

When n = 3 (mod 4), there are no specific results on (4m + 3,5,1)-
packings to give a lower bound on f3(n). We might consider using the DUF
construction for n—1 = 2 (mod 4) on n—1 points to give ("—;31(11— 1) triples

and compare this to Constructions A and C (as defined in the Introduction).

Since ("'_1)2("_3) = (";3) (5) > 2(3) for n > 9, this is better than Construc-

tion C. However, (—"1‘0’—2}";12 < (") < (") + [%2], so that Construction A

is better than the one coming from the (n — 1,5, 1)-packing.

In this case where no general PBD(4m + 3,{4,5}) structure is known,

the lower bound on f3(n) can best be stated as:

max{(";") + [%5*],a(n)},
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where a(n) = max{4bs+10b; : 3PBD(n, {4,5}) with by blocks of cardinality
4 and b; blocks of cardinality 5}.

As is easily seen, (";') + |25 > £2=1(7).
We also have (71_;22n = ( ) (";2)77, —4= (1‘;2 L) ( ) Since

n—1 n(n—1)

: 3n—T7 _ n—2 n—-2_ _ 8
hmn_.oo -3 — hmn—-»oo n—1 hmn—‘oo (n—l n(n—l))’

both Construction A and the (4m + 2,5, 1)-packing construction can pro-
duce DUF 3-uniform hypergraphs of sizes arbitrarily close to the conjectured

bound of (3), for sufficiently large n.

This is particularly interesting in the former case since Construction A is
structurally quite different from the simple DUF (n, 3, 3)-designs which we

have conjectured to be the unique structures meeting the conjectured bound.

Even better results in the cases n = 9,13,17 (mod 20) give bounds of
f3(n) > (3) — ¢, where ¢; (i = 9,13,17) are constants which vary with the

congruence class of n.

Consider the following special PBD(n, K) where the block set consists

of blocks of size five along with exactly one block of a different size:
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Table 5.7 [6] PBD(n,{5,k*}) with ezactly one block of size k

k| n=z (mod 20) n  |exceptions(*)

9In=9,17 (mod 20)|n>9 2d; 1p

13| n=13 (mod 20) |n > 13 1d

17in=9,17 (mod 20)|n > 17| 4d;13p

(*) d, p indicates the number of definite and possible exceptions respectively

Let F(n) = ("7!) + [252].
We will use

F9) = (") + 5 =28+2=30; (3) =36

F(13) = (") + |82 =66 +4="70; (§) =78

FA7) = (71 + [ =120+ 5 =125; () = 136

In the case of the PBD(n,{5,9*}),

(*1+9) = 10b5 + (5) and

£3(20m +9) > 1065 + F(9) = (*7*°) — 6.

This is in contrast to the case of the PBD(n, {5,17*}), which gives

(*°7+9) = 10b5 + () and
20m+9) _ 11

f3(20m +9) > 10bs + F(17) = (*°7

Similarly from the PBD(n,{5,9*}),
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(*°m+T) = 10b5 + (3) and

f3(20m +17) > 10b5 + F(9) = (**3*°) —6.
Using the PBD(n,{5,13*}), we have

(*°mH13) = 1065 + (%) and

£3(20m + 13) > 10bs + F(13) = (**%) —8.

45

A final point is that for n = 0,1 (mod 4), PBD(n,{4,5}) exist except

for n = 8,9,12. For these values of n, Construction A gives the best lower

bound on f3(n). We have F(8) = 23, F(9) = 30, F(12) = 58.

The following table summarizes the lower bounds on f3(n) by the methods

described in this section.
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Table 5.8 Lower bounds on f3(n) for various n

n f3(n) 2
=1,5 (mod 20) ()
=9,17 (mod 20),n > 9(+) () -6
=13 (mod 20),n > 13(xx) (5) —8
= 14,18 (mod 20),n > 66(* xx)|(2=2)n—4=(}) -2 —4
=2,10 (mod 20)(x * *x) ()= (3 -2
=6 (mod 20),n > 66(x * +x) |(Z=Z)n—4=(T)—2—4
=0,4 (mod 20),n > 20 (En=(3)—%
all other n ";1) + |25t

*): except n =

(
(%)
(
(

#4%): with a finite (large) number of exceptions, all at most 17578

*kxK): with at most 32 exceptions ranging between 10 and 1186

17,29 and possibly 49

except n = 33
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Chapter 6

The Minimum Saturation

Problem

This chapter presents an asymptotic result on the minimum size of maxi-
mally DUF 3-uniform hypergraphs. The dual restrictions of minimum size
and maximality combine to establish the upper and lower bounds necessary
for the result. Before presenting the main theorem, we first study several
maximally DUF structures to provide further evidence in support of previ-

ous structural conjectures.

Observation 6.1 Construction A (described in the Introduction) comes from
listing 3-sets lexicographically: {1,2,3},...,{n—2,n—1,n} and choosing sets

as edges for the hypergraph in this order if and only if they do not cause a

forbidden union with the edges previously chosen.

47
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Clearly, there exists an ordering for the sets {1,2,3},...,{n — 2,n —
1,n} for which the greedy algorithm above will produce a simple DUF 3-
uniform hypergraph of maximum size. We make the observation above to
point out that there is hope that such an ordering has a structure that is

easily described, and therefore easily studied.

Proposition 6.2 Adding an edge to Construction B produces exactly 27 for-

bidden unions.

Proof: Suppose we add the edge {z,y, z} to a simple DUF (n, 3, 3)-design.
In the underlying (n,5,1)-design, say the pair {z,y} occurs in the block
{z,y,a,b,c}. The pair {a,z} also occurs in exactly one block of the under-
lying (n,5,1)-design, say {a,z,u,v,w}. We then have the following three

forbidden unions in the new system:

{z,y, 2}, {z,y,a}, {a,u,v}, {z,u,v} ;
{x’ y’ z}’ {:U! y’ a}7 {a7 u? w}’ {z, u? w} ;

{z,y,z},{z,y,a},{a,v,w}, {z,v,w}.

We had three choices for which pair to isolate in the beginning ({z,y},

{z,z} or {y, z}) and also three choices for the second pair to choose (in the
case of the pair {z,y}, we could have paired z with a, b, or ¢) and finally three
choices for the pair which will share two third points with the first pair. Each
of these choices results in a distinct forbidden union otherwise a contradiction
to the structure of the underlying (n, 5, 1)-design arises. Thus the addition

of any edge produces 27 forbidden unions in a simple DUF (n, 3, 3)-design.[]
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Proposition 6.3 Adding an edge to Construction A produces an average of
nine forbidden unions as n — oo, where the average is taken over all edges

not present in the hypergraph.

Proof: Suppose we add an edge to Construction A. Let the points con-
tained in the L"a;lj disjoint edges be denoted P; and the points in X — P,
that are not equal to * be denoted P,. Denote the set of [+ | disjoint edges
by D. Recall that * is the point with all possible edges through it.

A new edge may contain up to three points of P; and up to two points of
P,. There are five types of edges which can be added:
(1) those with three points in P, which intersect exactly two elements of D;
(ii) those with three points in P; which intersect exactly three elements of
D;
(iii) those with two points in P, which intersect exactly two elements of D;
(iv) those with two points in P; which intersect exactly one element of D;
(v) those with one point in P;.

Below is a table listing the configuration of the new edge and the total
number of forbidden unions produced by adding this edge. The constructions

that give the forbidden union are outlined following the table.
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Table 6.4 Adding an edge to Construction A

edge type|new forbidden unions

(2) n—4
(27) 3
(id) 2
(1v) n=5

(v) 1

Consider the new edge, together with each element of D, one at a time. In
case (i) we either have a configuration of four points, which forms a forbidden
union involving the two other points {#,a}, where a is any point not equal
to x and not in the set of four points, or a configuration of five points which
forms a forbidden union with the point .

Each configuration in cases (ii), (iii), (v) produces a single forbidden union
(on the five points together with %) for each choice of element of D. In case
(iv), we again have a forbidden union involving the two other points {*,a},
where a is any point not equal to * and not in the set of four points.

Summing the number of possible edges of each type times the number of

forbidden unions resulting from each type of addition we have:
n__l n— n—
[(n =4O 2211252 + BN (KT ) + 91232 1252 (@)

+(n = 5)(3) %57 )(a) + (1(3) %51 (8)]
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where a =n —1 (mod 3) and S =1if n—1=2 (mod 3) and 0 otherwise.
Call this quantity M(n). Dividing by the number of edges missing in the
original construction, we find that approximately 9 forbidden unions are

added on average as n — 0o:

limn—co ety ity = e’ + ] = 0.

Proposition 6.5 Construction C is mazximally DUF.

Proof: This hypergraph is DUF by Proposition 5.2. Suppose {z,y,z2} is
not an edge of this hypergraph. We will see that adding this edge produces a
forbidden union. The pair {z, y} occurs in exactly one block of the underlying
(n,4,1)-design, say {z,y,a,b}. The pair {a,z} also occurs in exactly one
block of the underlying (n,4, 1)-design, say {a,z,u,v}. By the construction
of the hypergraph all triples in {z,y,a,b} and {a,z,u,v} are edges, so in
particular {z,y,a}, {a,u,v} and {z,u,v} are all edges of the hypergraph.
These three edges together with {z,y, 2z} form a forbidden union. The two
pairs of blocks are disjoint as required, otherwise a contradiction arises to

the structure of the underlying (n,4, 1)-design. O

Proposition 6.6 Adding a new edge to Construction C produces exactly siz

forbidden unions.

Proof: Suppose we add the edge {z,y, 2} to the hypergraph H coming

from Construction C. Each pair of vertices occurs in exactly two edges of
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H: say the pair {z,y} occurs with third points a and b. In the underlying
(n,4,1)-design both a and b occur in distinct blocks with z, say {a, a;, as, 2}
and {b, by, bo, z} respectively. Thus {{z,y,a},{z,v,z},{a,a1,2},{a,as,2}}
and {{z,y,b},{z,y, 2}, {b, b1, z}, {b, bs, z}} are two forbidden unions in H U
{z,y,z}. We obtain two other forbidden unions for each of the pairs {z, 2}
and {y, z}. The six forbidden unions are distinct otherwise a contradiction

arises to the structure of the underlying (n,4, 1)-design. d

In order to compare various maximally DUF constructions, we have looked
at the average number of forbidden unions formed when an edge is added.
The simple (n, 3, 3)-designs pack in significantly more potentially forbidden
union-forming structures per block, giving more evidence to support our
earlier structural conjecture that they are the unique extremal 3-uniform hy-

pergraphs with respect to the forbidden union.

Interestingly, we can show that a maximally DUF 3-uniform hypergraph
of minimum size is not a design: we will show the existence of a maximally
DUF 3-uniform hypergraph of order n with size less than (7). This, together

with the fact that ST'S(n) are not maximally DUF, will be sufficient.

Definition 6.7 Let the 3-saturation number of n, denoted ¢3(n), be the

minimum size of a mazimally DUF 3-uniform hypergraph of order n.

The previous proposition shows that ¢3(n) < %(}). We will now examine

the asymptotic behaviour of ¢—3;1(2’l—).
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We begin with a result due to Mantel [2] in 1907:

Lemma 6.8 The mazimum size of a triangle-free graph of order n is L"TZJ

¢3(n) >

n2

w["‘

Proposition 6.9 The 3-saturation number ¢3(n) has liminf, .

Proof: Given a simple maximally DUF 3-uniform hypergraph H, we wish
to show that its size is at least "—2 +0(n?), for a < 2. We proceed by showing

that any simple DUF hypergraph with size less than == is not maximal.

Let H be such a hypergraph. Then |H| < 2 ‘2” =B ;2" n(n2_1) "6_ U Thus

2

we can write |H| < g(n)2%Y, where g(n) = (( ) — "T) (’2’)_1. Since 221
is the size of an ST'S(n), a 3-uniform hypergraph of this size will cover each
pair of vertices exactly once, on average. We associate H with the multigraph
G on the same vertex set by adding A edges between two vertices in G if and
only if they occur together exactly A times in edges of H. Thus G has fewer
than ('2‘) — "Tz edges. Define the complement G of this multigraph as follows:
the edge zy occurs in G if and only if the edge zy does not appear in G.
Thus the complement G is a graph, and has size strictly greater than "Tz. It
follows, by Mantel’s result, that G contains a triangle, say zy,yz, zz. The
triple {z, y, z} is by definition a triple in H in which no pair of vertices appear
together in an edge of H. The hypergraph H is not maximally DUF because
if a forbidden union were to result from the addition of the edge {z,y, 2z}, at

least one of these pairs would have to be covered in another edge of H. [

Proposition 6.10 The 3-saturation number ¢3(n) has
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$3(n) o~ 1

limsup,, ., =3 -

Proof: We first construct a simple DUF 3-uniform hypergraph H = (X, B)
of order n = 2,4 (mod 6) with size % + O(n) and show that we can add a
linear number of edges to make the hypergraph maximally DUF. Let
X ={A, B,u,... ) Uncd, Vo, - - - ,'UnT—4}. Form two STS("T_z) on the point sets
{uo, - .. ,’U;nT—‘l} and {v,. .. ,'UnT—‘i}. We then add additional edges {A, ug, vo},
{B,ug,v0}, {A,B,uo}, {A, B,v} and additional edges of the form
{A, B,u;},{A, B,v;},{A, uo,u;}, {B,vo,v;}, where 1 <i < "7_4.

To check that this 3-uniform hypergraph is DUF, we first list the pairs

that are covered at least twice, together with their images under the theta

mapping:
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Table 6.11 Pair coverage in a mazimally DUF hypergraph of size ’—11; + O(n)

pair covered at least twice 8 (pair)
(A, B) {Uo, .. s, v, ..., Uas}
{A, uo} {ui, v, B}
{A, u;} {uo, B}
{B,w} {A, up, v;}
{B,v;} {A, v}
{uo, ui} {A, 0.({uo, ui})}
{vo, vi} {B,0,({vo, vi})}
{ug,v0} {A, B}
{A, v} {B,uo}
{B,uo} {A, v}

where 6, ({uo, u;}) refers to the third point of {ug,u;} in the STS(252) on

points {uo,...,uL;;}, and similarly for 6,({vo,v;}). As before 1 < i <

n—4
-

Looking at the theta images, we see that no two disjoint pairs have
images that intersect in more than one point. We now consider the edges
that can be added to this hypergraph. Adding an edge that is a subset of
{uo, - .. ) Unt, Vg, - - ., Und } causes a forbidden union as this will cause a pair
in one of the STS to be covered twice, and this pair together with {A, B}
yields disjoint pairs sharing the same two third points. The only option is
to add an edge containing exactly one of A or B. By symmetry, we will

assume we are adding an edge through A. We consider adding edges of
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the form {A1 Ug, vi}; {AJ Ui, Uk}s {A: Ug, uj}a {A7 Vi, vj}u {A7 Ui, Uo}, {A7 Vo, vi}v

where 1 <4,k < 25% or 1 <i < j < 252 as appropriate.

* The edge {A, up,v;} forms a forbidden union with

{A1 Up, B}v {vi= Yo, ev({via UO})}7 {By Vo, ev({vi: vO})}'

The edge {A, u;, vy} forms a forbidden union with
{Aa Ug, U’O}’ {’Uk, Vo, B}s {‘U(), Vo, B}

The edge {4, u;,u;} forms a forbidden union with
{0u({wi, u;}), wi, us}, {A, uo, 0u({0u({wi, u5}), uo}) },
{0u({ui, u;}), uo, 0u({6u({ws; uj}), uo})}

unless 6, ({u;,u;}) = up. Define M as the set of edges that can be added to
the hypergraph to preserve the DUF structure. The set M consists of three
types of edges. Firstly, {{A,*,*x} : {ug,*,*x} is in the first STS } C M.

The edge {A,v;,v;} forms a forbidden union with

{ev({vivvj})r Ui’v]'}r {A,’Uo, B}= {OV({UI':U]'})’UO:B}

unless 6,({vi,v;}) = vo. Secondly, {{A,x,*x} : {vg,*,**} is in the second
STS } C M. Finally, all edges of the form {A,u;, v} or {A,v;, v} are con-
tained in M. There are no other edges in M except for the symmetric case of
edges through B. The set M of edges that can be added to the hypergraph

to preserve the DUF structure is therefore linear in cardinality. Since some
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subset M of M has the property that the new hypergraph (X,B U M) is

maximally DUF, the result follows in this case.

When n = 0,1,3 or 5 (mod 6), we add at most three additional points
so the new order falls into one of the congruence classes 2 or 4 modulo 6.
Again a linear number of edge additions suffices to make the new hypergraph
maximally DUF. We can possibly add an edge on the new points, an edge
through a pair of new points, an edge through one of the new points and at
least one of A or B, or an edge through a new point and a pair of points in the
set {ug, ... ) Uns, Vg, .. . ,v%}. Since in the latter case the pairs chosen from
the set above and associated with any new point must be pairwise disjoint to
ensure that the hypergraph is DUF, the upper bound on total possible edge

additions is linear, and the result follows. O

We can summarise the results on this minimal saturation problem as

follows:

Theorem 6.12 The asymptotic behaviour of 037(2"2 s quven by

¢3(n) _ 1
2 T 12

lim,, .o
Definition 6.13 A hypergraph is said to be linear if any pair of edges share
at most one verter in common. In other words, a linear hypergraph is a

1-packing.

Corollary 6.14 The minimum size of a mazimal linear 3-uniform hyper-

graph of order n is % + O(n).
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Proof: Suppose H is a linear 3-uniform hypergraph of order n with fewer

than "21‘22" edges. As in the proof of Proposition 6.9, we can add an edge
without violating linearity. This gives the lower bound. On the other hand,
for n = 2,4,6 (mod 12), we can take two disjoint ST'S of as close to the
same order as possible. This gives a construction for the upper bound. For
the other congruence classes of n, the minimum size is still 11‘—; + O(n) since,

as before, if we add a small number of points, only a linear number of edge

additions are required to make the resulting hypergraph maximally linear.[]

While this corollary may not be a useful result in a design-theoretic set-
ting, where we usually look for the best packings, it is useful in the study of
3-saturation numbers. For many forbidden subgraph problems in 3-uniform
hypergraphs the construction for the upper bound will rely on a result such

as this one.

The quantity sat(n,H) has been used by Erdds, Fiiredi and others [11]
to denote the minimum size of a maximally H-free k-uniform hypergraph
on n vertices for any forbidden k-uniform hypergraph H. Here we use the
notation satg(n,H) to make the cardinality of the hyperedges explicit. In
this context, ¢3(n) = sats(n, D3), where Ds is the forbidden union formed by
four hyperedges in a 3-uniform hypergraph. In general, let D, represent the

forbidden union in a k-uniform hypergraph.

It is a theorem due to Ollmann, as cited in [16], that
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saty(n,Cy)=|2%2] forn > 5

where C} is the forbidden union D;. We have established here that
satz(n, D3)= '1‘—; + O(n). For arbitrary k-uniform hypergraphs H, the conjec-

ture [11]
satg(n, H)< O(nF1)

remains open, even for the case k = 3. In light of this, we note that a study

of the quantity lim,, . ﬂﬁ{@ may prove instructive for k > 4.



Chapter 7

Further Attacks and Summary

In Chapter Three a structural characterisation was made of DUF 3-uniform
hypergraphs with specific packing and covering indices. In Chapter Five
lower bounds on the extremal size were improved. These results support
both Fiiredi’s Conjecture (Conjecture 1.10) and the structural conjectures
made earlier in this thesis. In this chapter, two possible lines of further at-
tack on Fiiredi’s Conjecture are presented and future research directions are

highlighted.

Proposition 7.1 Let (X, B) be a 3-uniform hypergraph of order n with |B| =
('2‘) +a, a > 0. Then the number of pairs occurring together in the A-system

of B is at least 6a more than the number of pairs occurring together in B.

Proof: Let z; be the number of pairs in the B-system that are covered

exactly ¢ times, where 0 < ¢ < X\ (X represents the maximum pair coverage,

60
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which is finite since |B]| is finite). We have:

To+...+T) = ;‘) (7.1)

ZiH... ATy = 3(;)-1-301 (7.2)

(7.2) = (T1) > z2+ ...+ (A—Dzy > 2<g)+3a (7.3)
(71) > Za+...+ 25 < (g) (7.4)

(7.3) — (74) > z3+...+ (A= 2zy > (72‘>+3a (7.5)
(7.5) = 33 +...+ (3A — 6)zy > 3(’;)+9a (7.6)
(7.6)—>3x3+...+<;)x,\ > 3(Z)+9a (7.7)

since (;) > 3i — 6 for all i > 3. This implies that the number of pairs
occurring together in the A-system of B is at least 6a more than the number

of pairs occurring together in B. O

Definition 7.2 Let By be the multiset of pairs occurring together in the B-
system. Let By be the multiset of pairs occurring together in a mazimum
3-packing of the B-system. Define Ay and Ay similarly with respect to the

A-system coming from B.

Proposition 7.3 Let B be an (n,3, \)-packing for some X\ > 3, and let |B| =
(2) + (a2 0). Then [ < 3]
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Proof: Suppose |A;| > 2|B;|. Since |A4;] < 3(?) by definition, 3(") >
3 2 ; 2
2|B|, implying that |By| < $(3). We have [B;| < 4[Ba| so that £|B,| < 2(2),

contradicting |Ba| > 3(%). O

It may be possible to use this result, or a similar one, together with the
proposition above to get an upper bound on «. This may prove difficult,
however, as the results here derive from counting arguments and give little

structural information.

Another way of studying the problem of DUF 3-uniform hypergraphs
(X,B) is to use a matrix formulation of the DUF property. Index the rows
and columns of a matrix B with (}) and define B, ) to be 1 if {z,y,a}
and {z,y,b} are in B and 0 otherwise. If a column ab has two 1’s in rows cor-
responding to disjoint pairs (say {u,v} and {z,y}) then a forbidden union
is present in B (namely {u,v,a}, {u,v,b}, {z,y,a}, {z,y,b}). If the dot
product of any two rows corresponding to disjoint pairs is greater than 0
then a forbidden union is present in the system. The 0’s in BT B may tell
us something about the number of 0’s in B but further investigation using

techniques from linear algebra is required to answer this question.

It is natural to ask the following: If a 3-uniform hypergraph H = (X, B)
is maximally DUF must every pair be covered in its A-system? This is still

an open question. We constructed a maximally DUF hypergraph of size less
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than 2(7), the size of an (n,3,2)-design, in the proof of Proposition 6.10.
All pairs are covered in the A-system of this hypergraph despite its small
size due to a few pairs being covered a large number of times in the original
hypergraph.

We close with a list of additional open problems, ranging from specific

structural questions to generalized versions of the problem studied here:

e Show whether a 3-uniform hypergraph that is a maximally DUF 2-

packing must necessarily be an (n, 3, 2)-design.

o Give the spectrum of size values for maximally DUF 3-uniform hyper-

graphs.

e The original disjoint union problem for r-uniform hypergraphs with
r > 3 is still wide open. No r-uniform hypergraphs of order n and of

conjectured extremal size (") are known to have been constructed.

e An even bigger challenge lies ahead: in 1994 Erdés [5] asked for
ezr(n; M) where the forbidden k-uniform hypergraph M is a collection

of m disjoint pairs having the same union, with £ > 3,m > 2.
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Appendix

The (9, 3,2)-designs

The nonisomorphic simple (9, 3, 2)-designs [6] with a forbidden union
exhibited:

000000001111112222233333
112445672445674455644556
233567883567887868778687

(01) 012,013,247, 347

000000001111112222233333 000000001111112222233334
112445672445674455644556 112445672345673455644565
23356788356878786T7878687 233567884576886878778876
(02) 045,057, 146,167 (03) 057,078,156, 168
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000000001111112222233334
112445672345673455644565
233567884567888768778678
(04) 012,013,247, 347

000000001111112222233334
112445672345673455644565
233567884568787868778687
(06) 045,057,146, 167

000000001111112222233334
112445672345673455644565
233567884568788767878678
(08) 012,013,247, 347

000000001111112222233344
112355672344673345645655
234467885568787868776878
(10) 237,238,457,458

000000001111112222233344
112345672345673345645655
234567885468787876886778
(12) 237,238,457,458

000000001111112222233334
112445672345673455644565
233567884576888678778678
(05) 012,013,267, 367

000000001111112222233334
112445672345673455644565
233567884586787768868877
(07) 012,013,258, 358

000000001111112222233334
112445672345673455644565
233567884586788768767788
(09) 012,013, 247, 347

000000001111112222233344
112355672344673345645556
234467885658786778887867
(11) 012,013,258, 358

000000001111112222233344
112345672345673345645655
234567885468787886 776878
(13) 012,013, 256, 356
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A simple DUF TT7T5(18)
We list the pairs {0,z},0({0,z}) and the associated 6-differences.

Table 8.1 The 6-differences associated with 6({0,z})

{0,z} [6({0,z})|0 — difference

{0,00}| {1,16} 2
{0,1} | {c0,4}
{0,2} | {8,12}
{0,3} | {8,16}
{0,4} | {1,11}
{0,5} | {14,7}
{0,6} | {15,10}
{0,7} | {5,13} 8
{0,8}| {2,3} 1
{0,9} | {11,12} 1

e S T R (TS %

[y

{0,10}| {15,6}
{0,11}| {9,4}

8

5

{0,12}| {9,2} 7
{0,13}| {14,7} 7
8

4

{0,14}| {5,13}

{0,15}| {6,10}

{0,16}| {oc,3} 00




CHAPTER 8. APPENDIX 67

It is necessary to check the two cases where #-differences are repeated,
that is 7 and 8. Recall that forbidden unions will result if two pairs ({0, z})

and 6({0,y}) have the same f-difference and {a,z + a} N {0,y} = 0 where
0({0,2}) + = 0({0,y}).

Observe that if 6({0,z}) + @ = 6({0,y}) then 6({0,z}) + (o — y) =
0({—y,0}) since 8({-y,0}) + y = 0({0,y}). Now {a,z +a} N {0,y} =
y+ ({a—y,z+a—y}N{—y,0} so we need only check two sets of pairs for
each f-difference.

For f-difference 7:

6({0,5}) +4 = 6({0,4})but{4,9} N {0,4} # 0
6({0,12}) + 5 = 6({0,13})but{0,5} N {0,13} # 0

For #-difference 8:

8({0,7}) + 3 = 6({0,3})but{3,10} N {0,3} £ 0
6({0,10}) + 7= 6({0, 14})but{7,0} N {0, 14} # 0

Finally, no pair other than {z,c0} has a 6-difference of 2, so we know
that no pair of the form {z,c0} can be covered twice to form a forbidden

union. We have thus exhibited a simple DUF TT'S(18).
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