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ABSTRACT 

A mult1set is a set m which elements may repeat A permutation of a multiset is a 

permutation of the sequence consistmg of all elements m the multlset An algonthm is given 

that generates all permutations of a multtset such that consecutively generated permutations 

differ by an mterchange of elements On average the permutat10ns are generated m time 

bounded by a constant, mdependent of the number of symbols and n, the length of each 

permutation Rankmg and unrankmg algonthms of order O(n2) for the generat10n algonthm 

are also given 

An adjacent mterchange generation algonthm for multiset permutations has the 

followmg property consecutively generated permutations differ by an mterchange of adjacent 

elements However it is not always possible to generate all permutations of a multtset by 

adjacent mterchange The problem of determmmg if an adJacent mterchange algonthm exists 

for a multiset is equivalent to determimng if a Hamilton path exists m the graph whose 

vertices are the mult1set permutations and whose edges represent adjacent mterchange 

Necessary conditions are given for such graphs not to contam any Hamilton path 

A rooted ordered tree with n0+ 1 leaves and n1 mternal nodes with i children each, for 

i = l, ,t, can be represented uruquely by a sequence cons1stmg of n1 occurrences of i, 

i = 0, ,t Such sequences are permutations of multlsets The results for multiset generation 

by adjacent mterchange are extended to rooted trees represented by these sequences 

ll 



Jell. 

Necessary cond1b.ons on n,, 1 = 0, ,t, are given for cases where 1t 1s 1mposs1ble to generate 

by adJacent interchange all trees with the prescnbed number of leaves and internal nodes 

Examiners 

Professsor Frank Ruskey 
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CHAPTER 1 

INTRODUCTION 

A muluset is a set m wluch each element may appear a number of times, for example 

{O, 0, 1, 2, 2} A permutation of a multiset is a permutation of the sequence consistrng of 

all the elements of the mult1set Several algonthms have been found to generate all permuta­

tions of multisets See [1-5] A desirable feature for the generation algonthm to possess is 

for consecutively generated permutations to differ as little as possible In the hst generated 

by [5] consecutive permutauons differ by an mterchange of two elements However tlus 

generation algonthm 1s not efficient In Chapter 2 a constant average ume recursive algo­

nthm IS presented that generates multiset permutations by mterchange Tlus algonthm IS an 

extension of B1tner's algonthm [6] that generates combmations by mterchange Rankmg and 

unrankmg algonthms are also given for tlus generation algonthm m the bmary case 

A more desirable feature for generation algonthms IS for successively generated permu­

tations to differ by an mterchange of adpcent elements However with the adjacency restnc­

t10n It may not always be possible for such an algonthm to exist In the binary combmauon 

case [7], [8] and [9] showed independently that if either the number of O's or the number of 

1 's IS even then it 1s 1mposs1ble to generate all combinations by adjacent interchange In the 

mult1set permutation case, a graph can be defined such that the vertices are the permutations 

and an edge between two vertices exists 1f and only 1f one vertex can be obtained from the 

other by an adjacent interchange The problem of finding an adjacent interchange generation 



2 

algonthm 1s equivalent to findmg a Haffillton path m t:Jus graph In Chapter 3 It 1s shown 

that no Harrulton paths exist m such a graph 1f at least two of the elements of the multiset 

occur more than once, and at most one element occurs an odd number of times 

In a tree define the degree of a node as the number of children It has If a rooted 

ordered tree has n, nodes of degree z, z ~ 1, and n0 + 1 leaves, then It can be uruquely 

represented by a sequence of mtegers, called the degree sequence of the tree, cons1stmg of n0 

O's and n, z's for z ~ 1 [10] used these sequences to generate rooted ordered trees lexico­

graphically An advantage of representmg trees usmg these sequences 1s that when two 

sequences differ by an mterchange of adjacent degrees, then the correspondmg trees also 

differ httle The method used m Chapter 3 to determme when an adjacent mterchange gen­

eration algonthm 1s possible IS extended to the degree sequences In Chapter 4 1t 1s shown 

that no adjacent mterchange generation algonthms can exist 1f 

(a) nI ~ 0, all other n,'s = 0, or 

(b) at least one n1 ~ 2, 1 > 0, and 

(b 1) n0 IS odd, one n, 1s odd for I even, and< 2 n/s are odd for j odd, 

(b 2) n, for all even 1 1s even, < 2 n/s are odd and at least one n1 > 0 for j 

odd, except when n0 = 4, n1 = 0, n2 = 2, and n3 = 1, m which case the 

parity difference 1s 1 



CHAPTER 2 

MULTISET GENERATION BY INTERCHANGE 

Define a mult1set as a set m which each element may repeat a fixed number of times 

For example S = { 0, 0, 1, 2, 2, 2 } 1s a multiset Let 0, ,t denote the distinct elements 

of a muluset such that element z occurs n, umes Then the muluset can be represented by the 

Onol111 tn' sequence A pennutatlon of a mulaset 1s a permutation of its representatlon 

sequence The problem 1s to generate all perrnutaaons of a mult1set, with each permutatlon 

generated exactly once 

When the mulaset contams only two symbols, 0 and 1, with k occurrences of 1 and n-k 

occurrences of 0, the problem reduces to that of generatmg all n/k-combmations, or 

eqmvalently, that of generating all subsets of size k of a set of size n Tlus problem has 

been well studied However comparatively little research has been done with the problem of 

generatmg muluset permutations The followrng secaon exammes five known mult1set per­

mutation generaaon (mpg) algorithms and two combmat1on generation algorithms that are 

closely related to our new mpg algonthm How each algonthm generates the permutaaons 

are mtu1t1vely explamed, and lower bounds on its complexity are determmed, m order that 

compansons with the new algorithm are possible 

3 
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2 1 PreVIous Research 

Histoncally most mpg algonthms try to solve the problem by reducmg It to the comb1-

nat1on generat10n case and this is the method used by four out of the five mpg algonthms 

that are discussed here Another charactenstic of all but one of these algonthms is that the 

permutations are generated m some lex1cograplucal order When reduced to the bmary case, 

these algonthms generate all combmauons m either mcreasmg or decreasmg lexicograplucal 

order Algonthm 5 is the only exception, where successively generated permutations differ 

m exactly two positions Tlus type of generation 1s referred to as generation by interchange 

Algonthrns 6 and 7 generate combmations by mterchange and our algonthm may be con­

sidered as a generalization of Algonthrn 7 

2 1 1. Algorithm 1 (Sag) 

Tlus algorithm is due to T M Sag [I] It proceeds as follows 

1 Let the symbols be 0, 1, , t-1, t Define an arbitrary ordenng on the symbols, say 

0 < 1 < < t-1 < t 

2 Take the two largest symbols, t-1 and t Generate all permutations of these symbols 

lexicograplu.cally, where an element 1s more s1gruficant than an element on its left, con­

trary to the usual ordenng 

3 If t = I then stop Otherwise for each permutation generated m step 2, treat t and t-1 

as one symbol, say a, and recursively generate all permutations for 0, 1, , t-2, a 

Figure 2 01 shows the order the permutations of { 0, 0, 1, 2 } are generated m 



2100 ➔ 2010 ➔ 0210 ➔ 2001 ➔ 0201 ➔ 0021 

➔ 1200 ➔ 1020 ➔ 0120 ➔ 1002 ➔ 0102 ➔ 0012 

Figure 2 01 
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In the bmary case, this algorithm 1s eqmvalent to one that generates combmations lex1-

cograplucally by iteration It 1s lmown (see [11]) that m this case the complexity of the algo-

[n+2] nthm 1s of the order k+l , where k 1s the number of 1 'sand n 1s the number of O's and l's 

In general, the last level of the recursion 1s reached [
n1+ 

n1 
+n1] 

n1 
times, and at this level the 

symbols 1, , t are treated as one symbol 1, and all permutations of O's and l's are gen­

erated Hence the complexity of the algonthm 1s at least of the order 

Clearly m general tlus algonthm 1s not constant average time 

2 1 2 Algorithm 2 (Bratley) 

Tlus algonthm 1s due to P Bratley [2] The roam idea 1s that, when the mult1set 1s 

Ono t"1 all symbols except for tare treated as one, say a, and all combmat1ons of t's and a's 

are generated For each of these combmations, all permutations of 0"0 (t-1)"1
-

1 are generated 

to replace the a-subsequence Figure 2 02 shows the order m which the permutations for 

{ 0, 1, 2, 2 } are generated 



2210 ➔ 2201 ➔ 2120 ➔ 2021 ➔ 2102 ➔ 2012 

➔ 1220 ➔ 0221 ➔ 1202 ➔ 0212 ➔ 1022 ➔ 0122 

6 

In tlus algonthm, every time a permutat10n 1s generated the entire sequence 1s scanned 

Thus the average complexity for the iterative version 1s Q(n) 

2 1 3 Algorithm 3 (Hu-Tien) 

ThIS algonthm 1s due to TC Hu and B N Tien [3] Hu and Tien VIewed the lexico­

graphical generation of n/k-combmauons as "sweepmg" the k l's from the nght side to the 

left, so that the 1mtial sequence 1s on-kl k and the termmatmg sequence 1s 1 kon--k To generate 

n0 n 
all permutat10ns of the mulaset O t I the n1 t's are mterwoven mto each pennuta□on of the 

symbols 0, , t-1, m such a fashion that 1f the latter are treated as one symbol ex, with ord­

enng ex < t, then all combmations composed of ex' s and t' s are generated alternately m 

mcreasmg and decreasmg lex1cograplucally order for successive permutations of the symbols 

0, , t-l The permutaaons for the symbols 0, , t-1 are s1m1larly generated 

Figure 2 03 shows how the permutations of { 0, 1, 2, 2 } are generated by Algonthm 3 

From the bnef descnpt10n above 1t 1s obvtous that the action of sweepmg the t's from 

one side to the other has the same complextty of bmary combmaaon generation with n1 1 's 

t 

and n-n1 O's, where n = ~n, 
t=O 

[n+2] From [11] the complexity for each complete sweep 1s ni+l 



0122 ➔ 0212 ➔ 0221 ➔ 2012 ➔ 2021 ➔ 2201 

➔ 2210 ➔ 2120 ➔ 2102 ➔ 1220 ➔ 1202 ➔ 1022 

Figure 2 03 
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One complete sweep 1s executed for each permutation of the symbols 0, , t-1, which 

[ 
n-n ] number ' 

no n,-1 
Therefore as m the case of Algonthm 1, the complexity of the algo-

nthm 1s at least of the order 

(n+l)(n+2) 
(n-n1+ l)(n1+ 1) 

Hence m general Algonthm 3 1s not constant average time 

2 1 4. Algorithm 4 (Ruskey & Roelants van Barona1g1en) 

Tlus algonthm 1s due to F Ruskey and D Roelants van Baronaig1en [ 4] and generates 

all permutations of a mult1set lexicographically by recurs10n The basic idea 1s that 1f 

n ~ 
,t ') denotes all permutations of the mult1set 0 

I 

/') = U z-perm(On°, 
i=O 

.n,-1 
,z ' 

n,) ,t 

r, then 

where z-penn(0"-o, / ') denotes all sequences formed by concatenatmg the symbol I with 

all permutations of the multiset Ono r, Figure 2 04 shows the order m which the permuta-

tions of { 0, 0, 1, 2 } are generated 



2100 ➔ 2010 ➔ 2001 ➔ 1200 ➔ 1020 ➔ 1002 

➔ 0210 ➔ 0201 ➔ 0120 ➔ 0102 ➔ 0021 ➔ 0012 

Figure 2 04 
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Ruskey and Roelants van Baronaig1en showed m their paper that if the symbols are 

ordered so that n0 > n1 > > n1, then their algonthm generates all permutations of a mul-

uset m constant time per permutation on average, mdependent of n and t 

215 Algorithm 5 (Chase) 

A desirable property m the generation of multtset permutations is to have successively 

generated permutat10ns diffenng as little as possible, for example, to have successive permu­

tations d1ffenng m exactly two pos1t1ons Th.ts type of generation 1s referred to as generation 

by mterchange m thts thesis, whereas 1t 1s called generation by transpos1t1on by P J Chase 

Algonthm 5 was called Extended Twiddle by Chase and was first published as Alg 

383 m CACM [5] It is a general1zat1on of algonthm Tmddle, published as Alg 382 m 

CACM [12], which generates all n/k-combmauons by mterchange The proof of correctness 

of these two algonthms was given by Chase m [13] 

To understand Algonthm 5, one must first examme Twiddle Suppose there are n sym­

bols m all, k of them l's, the rest O's T, ddle treats each combmation as a sign sequence 

which is a sequence with k l's and n-k signs, + or - Certam mtervals m a sign sequence 

are called blocks An R-block 1s an mterval of +'s which 1s followed by a number but which 
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is not preceded by a + An L-block is an mterval of signs of wluch the last, and only the 

last, 1s a -, and wluch is preceded by a number The successor of a sign sequence s wluch 

has at least one block 1s a sign sequence cr obtamed as follows Fmd the leftmost block m s 

If 1t 1s an R-block, then shde the entire block one place to the nght, puttmg the displaced 

number m the place vacated by the block's leftmost sign If It 1s an L-block, perform the 

symmetnc operations In either case, if a sign shdes, then the next sign to the left, if there 1s 

one, changes To obtam an n/k:-combmat1on, simply replace all signs m a sign sequence by 

O's Figure 2 05 shows how TWiddle generates the combmauons for n=5 and k=2 The 

slufung blocks are underlmed 

In [13] P J Chase showed that with the lilltlal sequence +n-kl ni all combmations can be 

generated by mterchange To generate permutations for the multiset O"o t\ consider the fol­

lowmg extens10n 

1 Use TWiddle to generate all combmattons of (t-1t•-1t 1 If tis 1, qmt 

2 For each combmauon p of (t-1t•-1t\ consider the symbols t-1 and t as one symbol a 

"o n 2 n 1+n and generate recursively all permutations of the muluset O (t-2) •- a ,_ ', replacmg 

+++ll ➔ l--+1 ➔ -1- + l ➔ +-1+1 ➔ ++11+ 

➔ l-+1+ ➔ -1+1+ ➔ + 11 ++ ➔ 1+1++ ➔ 11+++ 

Figure 2 05 
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each a subsequence by p Let pi, P2, , p1 be the hst of combmatlons generated ID 

"o n 2 n 1+n step 1 Let C(s) be the hst of permutations of O (t-2) ,_ a ,_ 'generated recursively, 

and c!(s) the reverse hst, where the a subsequence 1s replaced by the sequence s 

Then the complete hst generated 1s C(p 1)CR(pi) C(p) (or cR(p), dependmg on the 

panty of J) This alternate ordenng 1s necessary to preserve the IDterchange property 

Figure 2 06 shows the order m wluch the permutations of { 0, 1, 1, 2, 2 } are gen­

erated 

Twiddle must be analyzed first ID order to obtam a lower bound for the complexity of 

Algorithm 5 In each step of Twiddle, to find the leftmost block, the leftmost block of signs 

must be exammed always This corresponds to scanrung the m1t1al subsequence of O's 

Then 1f the rightmost sign of tlus block 1s -, the next block of 1 's must also be scanned At 

tlus pomt we have to make note of the followmg property of the sign sequence 

Observation 2 1 Let t be a sign sequence obtained from the initial sequence s after at least 

one step If in t the /h O (J = 2, ,n-k) 1s displaced an odd (resp even) number of places 

01122 ➔ 10122 ➔ 11022 ➔ 11202 ➔ 11220 

➔ 21120 ➔ 21102 ➔ 21012 ➔ 20112 ➔ 02112 

➔ 01212 ➔ ➔ 02211 

Figure 2 06 
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from zts position m s, then the (J-lf' sign is different (resp the same) mt ands (See [13]) 

In the bmary case, the m1tial sequence 1s always +<n-k)1k Thus to determme the right­

most sign m the leftmost block of signs, one only needs to know the panty of the size of the 

block of l's unmediately after the leftmost block of signs By summmg over all sizes of the 

leftmost sign block (say i) and all sizes of the I-block immediately followmg (say j) a lower 

bound on the complexity of this algonthm, denoted by T(Alg5), 1s given by the followmg 

expression, where k 1s assumed to be odd without loss of generality 

T(Alg5) 

~ i n!l (J+l) [n-1=1-t] 
Fl 1=0 J 

= 

J odd 

k [ ] n-1 
L (j+l) k-1+1 
pl 

J odd 

k n-k-1 [ ] 
+ L L l n-1=1-l 

pl 1=0 J 

> ~ [;={] - k + [k~ 1] - (n-k) 
pO 

J even 

n1 n 
In the multtset case, each permutation of I t ' 1s treated as a sequence of one symbol 

and combmed with n0 O's usmg Twiddle Then clearly the complexity 1s at least 
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Therefore m general Algonthm 5 is not constant average time 

216. Algorithm 6 (Lam & Smcher) 

This algonthm is due to CW H Lam and L H S01cher [14] It does not use the bmary 

representation for combmations Recall that an n/k-combmauon is a subset of size k of 

{l, ,n} Thus a combmation can also be represented by an mcreasmg sequence of size k 

such that the mteger z 1s m the sequence 1f and only 1f z 1s m the subset Algonthm 6 gen­

erates all mcreasmg sequences (of length k) of mtegers ~ n 

This algonthm 1s a slight vanat1on of the usual recursive method that generates combi­

nat1ons m reverse lexicographical order The order m which the z1h element is generated 

depends on the panty of the mteger z If z is even mcreasmg order is used, decreasmg order 

otherwise In the followmg let AL6 denote Algonthm 6 and let the combmat1on sequence be 

stored m a[l], ,a[k] 

AL6( i) 

1 If z 1s even then for J = z, , a[z+l]-1 do the followmg a[z] f- J and AL6(z-l) 

2 If z is odd then for J = a[z+l]-1, ,z do the followmg a[z] f- J, if z=l then PROCESS 

else AL6(z-l) 

PROCESS signals that a new combmat10n has been generated Irutially the value n+l is 

assigned to a[k+ l] and AL6(k) is called to generate all combmations 

Figure 2 07 shows how the size 4 combmattons of { 1, 2, 3, 4, 5, 6 } (the bmary 

representat10ns are m parentheses) are generated 



1234 (111100) 
1245 (110110) 
2345 (011110) 
1345 (101110) 

1346 ( 101101) 
1236 (111001) 

Figure 2 07 
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By usmg a stack Lam and Smcher obtamed a nonrecurs1ve vers10n of tlus algonthm 

The worst case complexity for each combmauon of the nonrecurs1ve version 1s bounded by a 

constant (See [14) ) 

2 1.7. Algorithm 7 (Bitner, Ehrlich & Remgold) 

This algonthm 1s due to JR Bitner, G Ehrhch and EM Remgold [6) and IS based on 

bmary reflected Gray codes A bmary Gray code IS an ordenng of all bmary sequences of 

fixed length n such that successive sequences differ m exactly one pos1t1on Denote the 

bmary reflected Gray code for sequences of length n by G(n) and the same Gray code m 

reverse order by G(nl G(n) has the followmg recursive defirution 

G(n) 

G(l) 

= roG(n-1) l 
l1G(n-ll 
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The list of combinations Algonthrn 7 generates is equivalent to the bmary reflected Gray 

code except all bmary sequences without the correct number of l's are deleted Let C(n,k) 

denote the sequence of n/k-combmations generated by tlus algonthm, and C(n.kl denote the 

same sequence hsted m reverse order Then a recursive defirution surular to that for G(n) 

can be given 

C(n,k) 

C(n,0) 

C(n,n) 

= roccn-1,k) l 
liccn-1,k-ll 

The hst C(n,k) always begins with the sequence on-kl k and ends with the sequence 10n-k1 k-l 

Inductively It is easy to see that C(n,k) has the interchange property 

The recursive defirution of C(n,k) gives nse naturally to a recursive algonthm that gen­

erates the hst. Algonthm 7 is similar to Algonthm 6 m that the /h element of the combma­

tlon 1s generated alternately m mcreasmg and decreasing lexicographical order (of 0 and 1) 

For example m the expansion of C(n,k), shown m Figure 2 08, the second bit 1s generated 

first from 0 to 1 and then from 1 to 0 The recursion tree can be simplified by replacmg 

C(n,k) with + and the reverse hst by - at each node Thus a + would mdicate that the chil­

dren of the current node are to be generated m mcreasmg order, and a - would mdicate the 

opposite The complete generation of the combmatIOns of { 0, 0, 1, 1 } by Algonthm 7 is 

shown m Figure 2 09 



C(n,k) 

======= OOC(n-2,k) 
0C(n-1,k) 

/ ~ OlC(n-2,k-l)' 

~ ~ llC(n-2,k-1) 
lC(n-l,k-1/ 

lOC(n-2,k-2/ 

Figure 2 08 

0+-1+-1 

/

0+~1 _,,..-1-- 0 

- "-.., 0+-1 = 0101 

0011 

0110 

1+/ 
+\ 0-- 0 1100 

/ '-..,_, 1+- 0 1010 
1---..........._ 

0--0--1 

Figure 2 09 
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Bitner, Ehrlich and Remgold found an iterative eqmvalent of tlns algorithm It can be 

shown that the iterative vers10n always generates each combmat1on m time bounded by a 

constant [15] 
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2 2 A New MPG Algorithm 

The new mpg algonthm, MPerm, satisfies two properties (1) generauon by mter­

change, (2) the generation 1s constant average time This algonthm 1s closely related to 

Algonthms 6 and 7 m that the lex1cograplucal order m which an element m the sequence 1s 

generated alternates In fact when restncted to the bmary case the recursion tree of MPerm 

and that of Algonthm 7 are the same 

Extending the defirut:Ion of C(n,k) to the muluset case, let C(n0, ,n1) denote the hst 

of mult1set permutat10ns generated by :MPerm, and C(n0, 

Then, w 1 o g assummg t 1s odd, 

C(n0, 

C(n0, 

C(n,) 

,n,_1,0,n,+I• 

OC(n0- 1,n1, 

1C(n0,n 1-1,n2, 

2C(n0,n1,ni-1, 

tC(n0, 

,n,-1,n,+1• 

,n1/ denote the reverse hst 

(2 1) 

(2 2) 

(2 3) 

Note that when the parameter hst n0, ,n1 1s contracted as m (2 1) because some n, 1s O, 

none of the subscnpts 1, which also md1cate the symbol, are changed Figure 2 10 shows the 

recurs10n tree with which the permutations of the mult1set { 0, 1, 2, 2 } are generated 

Algonthm MPerm ts denved from the recursive defirut1on To keep a record of the 

lexicographical order that 1s used at each level, a global array d1r 1s needed The value of 
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4 Whenever dzr[z] 1s updated, M[z+l] r M[z+l] + M[z] and M[z] 1s reset to 0 

For example, let pi, p2, p 3 and p4 be four successively generated permutations Suppose 

before p1 1s generated M[z] 1s O for all z Let p2 contam a 0-path from level J+l on and p 3 

contam a 0-path from level J on The effect on the arrays M and dzr when the tree 1s 

traversed to generate the permutations 1s shown m Figure 2 11 

NOTE It 1s not neccessary to keep the count of the number of nodes suppressed at a level 

The panty of the count suffices to detenmne the value of dzr 

The result of these mod1ficat1ons to Algorithm MPerm 1s Algonthm 8 Two new global 

vanables are added Integer skzphere 1s used to store I,M(.'1 where z 1s the current level 
pl 

Integer array skzpmem 1s used m place of M The 1mt1al call 1s Alg8(0) with all elements of 

skzpmem and skzphere set to 0 

Lemma 2 4 Algorzthm 8 executes zn constant tzme on average 

Proof Qmte clearly Algonthm 8 still satisfies conditions 1 and 2 To show that 1t also 

sausfies cond1t1on 3, first count the number of degree one nodes There 1s a node of degree 

one for every symbol z * 0 m a sequence such that either (a) 1t 1s at the end of the sequence, 

or (b) the remamder of the sequence 1s an z-path. Usmg the mult1nom1al 1dent1t1es 

and 

n,] = [no n n,] 



M= 
dir = 

M= 
drr = 

M= 
dir = 

M= 
dir = 

0 0 0 
+ 
0----0---0--

J 

0 0 

C>----0----0---

0 

~ Pl 

0 

-o---0 P2 
1........_ ___ suppressed 

J 

1 0 0 

0---0---0- --0-----0 p3 
L suppressed -------

J 

0 0 0 0 
+ + + 

0---0---0- -o----0 p4 
J 

Figure 2 11 
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Alg8( level mteger ), 

BEGIN 
IF level = n-1 

THEN BEGIN 
a[ n) f-- whatever symbol remammg, 
output a, 
slaphere f- 0, 
a[n] f-- 0, 

El\1D 
ELSE BEGIN 

slaphere f- slaphere + slapmem[level], 
1f slaphere 1s even then 

dir[level] f-- reverse of dir[level], 
skipmem[level] f-- 0, 

IF 0 1s the only symbol to be placed 
THEN BEGIN 

mcrement sktphere, 
add sktphere to skipmem[level+l], 
sktphere f- 0, 
output a, 

END 
ELSE BEGIN 

m the order md1cated by d1r[level] 
LOOP through 1 E { 1 n, > 0 } 
BEGIN 

n1 f-- n
1 

- l, 
a[level + 1] f-- 1, 

Alg8( level+l ), 
n, f-- n1 + l, 
a[level+l] f-- 0 , 

END, 
END, 

END, 
END 

Algonthm 8 
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and summmg over all j's, where J 1s the length of the ,-path, the number of such occurrences 

IS 

"·[ n,] ;~ no 
n-1 

n,_1 n,-J n,+l 

k •rl [ n-n,+J l = ;~ 1 

'L (n-n,)+(n,-1)+1 [ (n-n.)+{n,-1) l = 
,=l (n-n,)+ 1 n,1 

k [ n-l l z: n = n,-1 r-l n-n,+l 

~ 
n ![ n-l l n-n1+l n,-l 

n [no n n,] < 
n-n1+l 

~ 2 [no n n,] 

Consider the tree with all degree one nodes removed The resulting tree has the same 

number of leaf nodes as the former tree and all Its internal nodes have m1rumum degree 2 

A simple proof by mducuon can show that the number of mtemal nodes m this tree 1s less 

than the number of leaf nodes Summanzmg all the results we have the number of all nodes 

m the recursion tree for Algonthm 8 1s less than four times the number of leaf nodes, 1 e 

less than 4 [ n ] Therefore condition 3 1s satisfied and Algonthm 8 on average gen-
n0 n1 

erates each permutat10n m constant time 
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2.3 Rankmg and Unrankmg Algorithms m the Bmary Case 

Rankmg and unrankmg algonthms are associated with generat10n algonthms For an 

algonthm A that generates all objects m a set S, a rankmg algonthm takes as mput an object 

0 m S and returns the number of objects before O m the list generated by A An unrankmg 

algonthm performs the mverse operation of a rankmg algonthm For example let A be an 

algonthm that generates all combmat10ns lexicograplucally, R the rankmg algonthm for A, 

and U the unrankmg algonthm A generates all combmations with two O's and two l's m 

the order 

0011 ➔ 0101 ➔ 0110 ➔ 1001 ➔ 1010 ➔ 1100 

R(OOl 1) gives 0, R(1010) gives 4, and U(3) gives 1001 

In the followmg rankmg and unrankmg algonthms for Alg 8 m the bmary case are 

given Smee Algonthm 8 generates bmary combmat1ons m the same order as B1tner's algo­

nthm (Alg 7), the rankmg and unrankmg algonthms also work for the latter 

2 3 1 Rankmg Algorithm 

For both rankmg and unrankmg operauons we need to know the lexicographical order 

used at each node In other words to rank or unrank the element a[z+l}, where a 1s a per­

mutation, we need to know the value of dzr[z} Iruually (for the permutat10n On°t1
) all dzr[z} 

are set to + To determme the value of dzr[z} along a branch m the recursion tree, we must 

know the panty of the number of nodes at level z before the current node For example m 



Figure 2 12 the number of nodes at level 5 before node * 1s the followmg sum 

the number of nodes at level 4 m T1 

+ the number of nodes at level 3 m T2 

+ the number of nodes at level 2 m T3 

Let S1 denote the number of nodes at level I m the recurs10n tree for C(n,k) 

[1-l] [1-l] Lemma 2.5 The panty of S, = the panty of k + n-k , 1 ~ I 

27 

Proof At level I let A be the set of nodes with no s1bhngs and B be the set with s1blmgs 

Clearly IBI 1s even Therefore the panty of the number of nodes at level I depends on IAI 

Figure 2 12 
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only Define the prefix of a node x m the tree as the sequence obtamed by recordmg the 

symbol generated at each node while traversmg from the root to the parent of the node x If 

a node x 1s m A then m the prefix (of lenght z-1) of x, either all O's or all l's are used 

[z-1] [z-1] There are k + n-k such nodes 

Usmg this lemma 1t 1s easy to determme the value of dir[l] For example 1f a[ 1 J 1s 0 

and the lex1cograplucally first symbol 1s 1 (1 e d1r[0J 1s -) then the subtree of all combma­

t10ns begmnmg with 1 1s ormtted Lemma 2 5 can then be used to adJust the panties of 

dir[l] dir[ n] When the branch representmg the combmation m the recursion tree 1s 

traversed, the par1t1es of dir can be s1m1larly updated, as shown m Figure 2 12 

The rest of the algonthm 1s very much the same as the usual rankmg algonthm for the 

lexicographical generation of n/k-combmauons, where 1f a[ 1 J 1s the lex1cograplucally first 

symbol (0), 0 1s added to the rank, and otherwise the number of n/k-combmatlons begmrung 

with 1 1s added to the rank The combmation stored m a[2] a[n] 1s recursively ranked, and 

the final accumulated rank 1s the rank for the combmatlon 

For Algonthm Rank, the combmation 1s stored m the array a[l] a[n] 1rut1ally, and 

d1r[l] set to +, i = 0, ,n A Pascal vers10n of the algonthm 1s given m Appendix A 2 

For pl, ,n-1, the FOR loop m Algonthm Rank executes n-1-I times Everything else 

1s performed m constant time The bmom1al coefficient table can be constructed m O(n2
) 

time Therefore the Rankmg procedure has time complexity O(n2
) 



Alg Rank( J, n, k mteger ), 
returns an mteger, 

{ n 1s the size of the combmat.Jon } 
{ k 1s the number of l's m the combmat1on} 
{ J 1s the mdex of the element of a bemg exammed } 
{ B(1J) 1s the bmonual coefficient "1 choose j" } 
{ m 1s the end of the combmation m array a } 

BEGIN 
IF n=k OR k=0 THEN return Rank f- 0 
ELSE BEGIN 

IF (( a{j] is O AND dir[J-J] 1s + ) 
OR ( a[j] is 1 AND dir[j-1] is - )) 

THEN first f- true 
ELSE first f- false, 

IF a[j] 1s 1 THEN BEGIN k1 f- k, k f- k-1, END 
ELSE k1 f- k-1, 

IF first 
THEN 

return Rank f- Rank( J+l, n-1, k) 
ELSE BEGIN 

mvert dir[J], 
FOR I = J+2, ,m DO 

IF B(l-J-2,k0)+B(l-J-2,k1) 1s even THEN mvert dir[l-1] , 
return Rank f- B(n-1,k1) + Rank( J+l , n-1 , k-1 ), 

END, 
END, 

END 

Rankmg Algonthm for Algonthm 8 
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Alg Unrank( rank, J, n, k mteger ), 

{ rank 1s the rank of the combmauon to be found } 
{ J 1s the mdex of the element to be assigned } 
{ n 1s the size of the combmauon } 
{ k 1s the number of l's m the combmat1on } 
{ m 1s the end of the combmauon m array a } 

BEGIN 
IF n=k THEN a[j] to a[ m] are all set to 1 
ELSE IF k=0 THEN a[j] to a[m] are all set to 0 
ELSE BEGIN 

IF dzr[j-1] 1s + 
THEN BEGIN 

first f--- 0, k1 f--- k, k f--- k-1, 
END 
ELSE BEGIN 

first f--- 1, k1 f--- k-1, 
END, 
ko f--- n-1 - k1, 

IF B(n-1,k1) > rank 
THEN BEGIN 

a[j] f--- first, 
Unrank( rank, J+l, n-1, k1 ), 

END 
ELSE BEGIN 

a[JJ f--- 1 - first, 
mvert dzr[j], 
FOR 1 = J+2, ,m-1 DO 

IF B(l-J-2,k0)+B(l-J-2,k1) 1s even THEN mvert dzr[l-1), 
Unrank( rank-B(n-1,k1) , J+l, n-1, k ), 

END, 
END, 

END 

Unrankmg Algonthm for Algonthm 8 
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2 3 2 Unrankmg Algorithm 

The unrankmg algonthm 1s slightly modified from the usual unrankmg algonthm for 

lexicograplucal generation of combmauons and is also very similar to the rankmg algonthm 

discussed above To find a[l], the value of the rank IS checked Let m be the number of 

combmaaons begmnmg with the lex1cograplucally first symbol If rank 1s less than m, then 

a[ 1 J IS the lex1cographlcally first symbol and m IS subtracted from rank Otherwise a[ 1] 1s 

the second symbol The values of dzr are then updated as m the ranking algonthm and the 

rest of the combmauon IS unranked recursively 

Iruually the array dzr is set up as m the rank.mg case The combmaaon is returned m 

the array a As m the ranking case, the unrankmg procedure has time complexity O(n2) A 

Pascal vers10n is given m Appendix A 3 



CHAPTER 3 

IMPOSSIBILITY OF MPG BY ADJACENT INTERCHANGE 

It was shown m Chapter 2 that all permutations of a multJset can be generated by an 

mterchange algonthm A more severe restnct10n may be imposed on the algonthm so that 

two consecutive permutations must differ m two adJacent posit:Ions An algonthm with this 

property is called a generation algonthm by adjacent mterchange However with this restnc­

t:Ion It may not always be possible to generate all permutatJons 

n0 n 
For the rnultiset 0 t ' define a graph G(n0 ,ni, ,n1) where the vertices are all the 

permutations of the multiset, and an edge (pi,pi) 1s m the graph 1f and only 1f the permuta­

tlons p 1 and p 2 differ by an adjacent mterchange Then for a mult1set 1t 1s possible to have a 

generation algonthm by adjacent mterchange 1f and only 1f there 1s a Hamilton path m the 

corresponding graph For example the graph G(2,2) m Fig 3 1 does not have a Hamilton 

path and so 1t 1s 1mposs1ble to have an adjacent mterchange algonthm for the multiset { 0, 0, 

1, 1 } 

To find an adjacent mterchange algonthm for mult:1sets 1t 1s important to know when 1t 

1s possible for such an algonthm to exist This chapter exammes and answers this quesaon 
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0011 

0101 

1001 0110 

1010 

1100 

Figure 3 1 

3 1 Prevrnus Research 

3 11 Bmary Cornbmat10ns 

For bmary combmat1ons tlus problem has been studied and solved by Ruskey and 

Miller [7], Buck and Wiedemann [8], and Eades, Hickey and Read [9] mdependently The 

necessary cond1t10n on n0 and n1 for the existence of a Hamilton path m G(n0,n1) 1s given m 

Lemma 3 1 

Lemma 3 1 For n0, n1 ~ 2 no Hamilton path zn G(n0,n1) exists if either n0 or n1 is even 

This result was only stated by Buck and Wiedemann, but was proved by Ruskey and 

Miller and Eades, Hickey and Read Both proofs are based on the observation that G(n0,n1) 
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1s b1part1te 

Observation 3 2 G(n0,n1) zs bzpart1te 

Proof For each combmation define a score as follows Let C be a combmanon and let c1 

n 

be the /h bit m C The score of C 1s the sum I,zc1, where n 1s the sum of n0 and n1 Part1-
r-l 

t10n the vertices of G(n0,n1) mto two sets O and E 

0 = { all combmat1ons with odd scores } 

E = { all combmations with even scores } 

If two combmations differ by an mterchange of adjacent mtegers clearly their scores differ 

by exactly 1 Therefore no two combmations from the same set, 0 or E, can be adjacent m 

G(n0,n1) The observation follows 

Let D = IEI - 101 Smee G(n0,n1) 1s bipartite, 1f 1t 1s to have a Hamilton path IDI must 

be ~ 1 Let D(n0,n1) denote D, the parity difference of the two partitions for G(n0,n1) Then 

by calculatmg D(n0 ,n1) It can be determmed whether or not 1t 1s possible for a Hamilton path 

to exist m G(n0,n1) The values D(n0,n1) satisfy recurrence relation (3 I) m the followmg 

lemma 

Lemma 3.3 D(0,0) = 1 and if n0, n1 ~ 0 then 

(3 1) 

(See [7]) 
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Ruskey and Miller observed that the values of D(n0,n1) satisfy expression (3 2) in 

Lemma 3 4 which they proved mductively using recurrence relation (3 1) 

Lemma 3 4 

l;J 0 1f n0 odd, n1 odd 

D(n0,n1) = s wheres= (3 2) l :! J (-lJ; l otherwise 

Eades, Hickey and Read also discovered expression (3 2) by way of generating func­

tions They considered the problem of enumerating all combmat10ns with score N The zth 

bit m a combmation, if 1t 1s 1, contnbutes 1 to the mteger n1 and z to the mteger N If it is 

0, it contnbutes O to both Hence the solution is the coefficient of xn1-J' m the generatmg 

function 

n 

F(x,y) = IJ(l+xyr) (3 3) 
r-=1 

Now 101 is the sum of those coefficients of xn1
/' for which N is odd, while IEI is the 

sum of those such coefficients for which N is even It follows that the generatmg function 

for D(n0,n1) is obtained at once by putung y = -1 m (3 3) 

If Il is even, say n = 2m, this generatmg function is (1-.x2r, and 
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0 1f n 1 is odd, 

= 

(-1) 2 

If n IS odd, say n = 2m + 1, the generatmg funct:10n IS c1-x2r(l-x), and 

D(n0 ,n1) = coefficient of xn1 m (I-x2r(l-x) 

n1 m 
(-1) 2 1f n1 LS even, 

n1 

2 

= 
n 1+1 

m 
(-1) 2 1f n1 LS odd 

n1-I 

2 

It 1s easy to see that these express10ns concur with expression (3 2) exactly 

If either n0 or n1 1s I then a Hanulton path tnv1ally exists If n0, n1 ~ 2, then n ~ 4 

l; J 
and the bmomial coefficient 1s always at least 2 Thus unless both no and n1 are 

l ~ J 

odd, G(n0,n1) cannot have a Haffillton path 
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In addition to givmg conditions on the rmpossible cases, Ruskey and Miller gave a con­

stant average time generauon algonthm for all other cases, thus demonstrating directly that 

n0, n1 odd is a necessary and sufficient condition for a Ham1lton path m G(n0,n1) to exist, a 

result that Buck and Wiedemann and Eades, Hickey and Read also proved Their mductive 

proofs give bases for recursive generation algonthms 

3 1.2. A Slightly Different AdJacency Restriction 

A van ant of the adjacency restnction was studied by Jo1clu and Wlute [ 16] In tlus 

vanation the first and last pos1uons of the combmauon are also considered adjacent With 

tlus extended defirut1on of adjacency let G*(n0,n1) denote the graph analogous to G(n0,n1) 

J01clu and Wlute were also concerned with "closed hstmgs" of the combmauons, 1 e the last 

and the first combmauons m the list are to be adJacent m the graph G*(n0,n1) In the graphi­

cal sense, the problem 1s now to find a Hamilton cycle m G*(n0 ,n1) 

With these variauons the problem becomes far more complicated than our ongmal 

problem m the combmauons case J01clu and Wlute managed to show that 

1 G* (n0 ,n1) does not contam a Hamilton cycle 1f one of n0, n1 1s odd and the other 1s 

even, or 1f either 1s 2 and n 1s odd and ~ 7 

2 G* (n0 ,n1) has a Hamilton cycle 1f k = 3, k = 4 and n 1s odd, or k = 5 and n =t:- 7, where 

k can be either n0 or n1 

It 1s not known m other cases whether G*(n0,n1) has a Harrulton cycle 
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3 2 Imposs1ble Cases m the Multiset Case 

Tius problem 1s solved m a manner similar to that used m the combmat1on case For 

,n,) 1s defined and shown to be bipartite 

Lettmg D(n0,ni, ,n,) denote the difference m size between the two partitions of the ver-

t1ces, a recurrence relation for D(n0,n1, ,n,) 1s found and solved, thus revealing when 1t 1s 

impossible for G(n0 ,ni, ,n1) to have a Harmlton path 

3 2 1 The Underlymg Graph 1s Bipartite 

For the mult1set S = On°(1 

vertex set V and edge set F, where 

t• define the underlymg graph G(n0,ni, 

1 the vertices m V are exactly the permutations of S, 

2 the edge (pi,p2), where p 1, p2 are permutations of S, is m F if and only if one 

can be obtamed from the other by an mterchange of adJacent mtegers 

Lemma 3 S G(n0,nI, 

Proof To prove the lemma it suffices to show that there are no odd cycles m the graph Let 

Pm Pm+I=PI) be a cycle m the graph. Suppose the transpos1t1on takmg PI to 

p 2 mvolves mterchangmg x•, an occurrence of the symbol x, and y*, an occurrence of the 

symbol y, and that m PI there are ry occurrences of y to the nght of x• and there are lx 

occurrences of x to the left of y* (see figure 3 2) If m the rest of the cycle x• and y* are not 

mterchanged agam, then after the first transposition all permutations m this cycle, mcludmg 

Pm+I• contam less than ry y's to the nght of x• and less than lx x's to the left of y* In other 
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words p 1-:t=pm+1, a contrad1c11on Therefore each transpos1t1on has a umque mverse m the 

cycle, all transpos1t1ons m tins cycle can be patred with its mverse, and so the cycle must be 

even m length. 

a 

3 2 2. A Recurrence Relation for the Parity Difference 

The vertices of G(n0 ,n1, ,n1) can be part:J.tloned mto two sets, 0 and E, as follows 

t 1 be the canonical permutat10n and let 1t be m the set E Define the distance 

of a permutat10n of the mult1set as the least number of adJacent mterchanges necessary to 

• • 
PI ~~ 

l:x x's 

P1 
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transform It mto the canorucal form If the distance of a permutation 1s even, let the permu­

tation be m E, 1f its distance 1s odd, let 1t be m 0 Define the panty difference 

Lemma 3.5 A recurrence relatwn for the panty difference zs 

D(l) = 1 

D(n0, 

D(n0, 

,n1) = D(n0, 

I 

,n1) = L(-1 t• D( ) 
1=0 

(3 4) 

(3 5) 

(3 6) 

Proof If there 1s only 1 occurrence of one symbol, then IEI = 1 and IOI = 0, so (3 4) 1s 

correct (3 5) merely says that 1f there are no occurrences of a symbol, ignore 1t To see that 

(3 6) 1s true, consider the graphs G = G(n0, ,n1) and G1 = G( ) Let E and 

0 be the part1aons of the former, and E1 and 0 1 the part1t1ons of the latter Consider the sub­

graph m G mduced by the set of all permutations begmrung with the symbol z This sub-

graph 1s 1somorpluc to G1 If cr
1 

1s odd, then ,Ono Jl-1 
l I t' 1s rn 0 and therefore E1 1s a 

subset of 0, while 0 1 1s a subset of E Conversely, 1f cr1 1s even then E1 1s a subset of E and 

0 1 1s a subset of O Thus all permutaaons begmrung with the symbol z contnbute 

) to the overall panty difference D(n0, ,n1) The sum m (3 6) 

follows 

The solution of the recurrence relation 1s g1Ven by Theorem 3 7, where the followmg notation 

1s used 



l 1s denoted by ( m, mo, 
ml 

Theorem 3.7 For any t ~ 0 and n1 ~ 0, 1 = 0, ,t, 

I 

1f ~ 2 n/s are odd 

,m1 ) otherwise 

Proof The proof 1s by mduct1on on n = ~>1 

r-0 

For n = 1, clearly D(l) = 1 (0,D) = 1 also Therefore the basis case 1s true 

Assume that expression (3 7) 1s true for n = N-1 
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(3 7) 

Let n be N Because of (3 5) assume w log that all n/s ~ 0 We have the followmg 

cases 

(a) Let all n/s be even From (3 6) we have 

I 

L ( m-1, m0, 

r-0 

since n, is even 
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I (m-l)'m 
= L 

I 

t=O mo' m,' 

= 
(m-})I I 

mo' m' Lm, 
I t=0 

= ( m, mo, ,m,) 

(b) Let there be exactly one odd n,, say n1 Then when k -:I:- J D( ,nk-l, ) always 

has 2 odd n/s, namely nk-l and n
1 

By the mduction hypothesis, this panty difference 

1s O and therefore 

D(n0, ,n,) 

= (-It'D( ,n
1
-l, ) 

= ( m, m0, ,m;, ,m1 ) since n
1 

1s odd 

(c) Suppose exactly 2 n.'s are odd, namely n1 and n1o with J < k If r -:I:- J or k then 

D( ,n,-l, ) always has at least 3 n/s that are odd, and so by the mduct10n 

hypothesis has value O Therefore, 

D(n0, ,n1) 

= (-lf'D( ,n;-I, ) + (-It1D( ,nk-1, ) 

= ( m, mo, ,m;, ,mk> ,m1 ) - ( m, m0, ,m;, ,mk, ,m1 ) (3 10) 

0 

The two quantities m (3 10) are equal smce n1 and nk are both odd and 

m1 - l i J- l"1
;

1 j and ditto form, 
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(d) Let there be more than 2 n,'s that are odd Clearly then for any i D( ,n,-1, 

has at least 2 odd n,'s and therefore must be O Thus D(n0, 

If at least 2 n,'s > 1 the multinomial coefficient r m lmo m1 

case there can be no Hamilton path m G(n0 ,nl, ,n1) 

■ 

] 
is always> 1, m which 

m1 

Corollary 3 8 If at least 2 n/ s > I, at most I n, odd, then there is no generation algorzthm 

by ad1acent interchange for the multiset On°1 ni t• 



CHAPTER 4 

lmposs1b1hty of AdJacent Interchange Generation of Trees 

Much interest m the generation of combinatonal ob3ects has been associated vmh trees, 

and there 1s an abundance of tree generat10n algonthms For example [ 17] and [ 18] gave 

algonthms to generate bmary trees lex1cographlcally [19] and [20] gave algonthms to gen­

erate k-ary trees [21] discovered a constant average time algonthm to generate all ordered 

trees on n vertices [22] gave an algonthm that generates bmary trees by interchange [10] 

showed an algonthm that generates all rooted ordered trees lex1cographlcally Hov. ever so 

far no ad3acent interchange algonthm has been discovered for trees Tlus chapter considers 

the problem of when 1t 1s possible for an ad3acent interchange algonthm to exist 

The work m this chapter 1s motivated by [10], m which trees are represented by mul­

tlset sequences In Chapter 3 It was shown when multiset permutations cannot be generated 

by adJacent interchange In this chapter the idea 1s extended to the generation of trees 

represented by these sequences 

4 1. Representat10ns of Trees 

The trees we are concerned with here are rooted ordered trees A tree 1s rooted 1f a 

distinct vertex u 1s designated the root The tree 1s also ordered 1f there 1s an ordenng on the 

subtrees rooted at the children of u For example, the trees T1 and T2 in Figure 4 I are 1so­

morph!c rooted trees, both rooted at vertex u, but are different rooted ordered trees An 

44 
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ordered forest is one m which there is an ordenng on the trees In the remamder of this 

chapter, unless otherwise specified, all trees are understood to be rooted ordered trees, and all 

forests ordered forests 

There are many ways of constructmg mteger sequences to represent trees umquely 

The followmg are typical examples 

Level Sequence The level number of a vertex u is 1 if 1t 1s the root, or it is one greater 

than the level number of u's parent For example the level numbers of the vemces m T1 m 

Figure 4 1 are 1 for u, 2 for v and 3 for w A tree T can be umquely represented by its level 

sequence obtarned by traversmg T m preorder and recordmg the level numbers of the nodes 

See Figure 4 2 [21] gave an algonthm that generates all such sequences correspondmg to 

rooted trees on n vertices 

w w 

Figure 4 1 Two different rooted ordered trees 
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Level Sequence of tlus tree 123344323 

Figure 4 2 Tree Representation by Level Sequence 
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Well-formed Parenthesis Strmgs Label each mternal node of a bmary tree B with (, and 

each leaf node with ) The sequence obtamed by traversmg B m preorder and recordmg the 

symbol at each node except at the last leaf node is a umque representation of B The 

representation sequence of each tree corresponds to a well-formed parenthesis strmg -- m any 

prefix of the stnng there are at least as many ('s as )'s An mteger sequence can be denved 

from a parenthesis stnng by replacmg ('s with 1 's and )'s with O's See Figure 4 3 [22] 

used these sequences to represent bmary trees and gave an algonthm that generates all such 

sequences by mterchange 

The representation for trees used m tlus chapter 1s the same as the one used m [10], 

namely each node of the tree is labelled with the number of children lt has, and the represen­

tation sequence is obtamed by traversing the tree m preorder and recordmg the label at each 



Well-formed Parenthesis Stnng ( ( ( ) ( ) ) ( ) ) ( ( ) ) 
Correspondmg Bmary Sequence 11101001001100 

Figure 4 3 A bmary tree and its representat10n sequences 
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node, except the last leaf, as It IS v1sited See Figure 4 4 (The last node's label need not be 

recorded smce m a preorder traversal, the last node vis1ted IS always a leaf node ) Define the 

degree of a node m a tree as the number of cluldren It has, the degree of a tree as the max­

imum degree among all nodes m the tree, and the representat10n sequence descnbed above as 

the degree sequence of the tree If a tree T has degree t and has n, nodes of degree 1, n, 2 0, 

z = 0, ,t, then the degree sequence of T 1s a permutation of the mult1set Onol "1 

ever not all permutations of the mult1set correspond to trees A tnvial example IS any 

sequence of length > 1 begmrung with O Such a sequence cannot represent a tree smce 

unless the tree 1s the tnvial tree with one node, its root must have degree > 0 A sequence 
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represents a tree only if 1t possesses the dominating property and has the correct number of 

O's 

a1) denote the number of tzmes the integer I appears in the 

an with n1 occurrences of 

the integer l, l=O, ,t, has the dommatmg property if the number of O's is not greater than 

I 

L(i-l)#i(a1a 2 
1=! 

I 

In a tree the number of leaves (degree O nodes) must be L(i-l)n1 + 1 Hence the 
1=1 

I 

representation sequence of a tree must have L(i-l)n, O's Note that a sequence with more 
r-1 

0 

degree sequence 231000 

Figure 4 4 The degree sequence representallon of a tree 
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than tlus number of O's corresponds to a forest See Figures 4 5(a)-(c) 

Figure 4 5(a) Tree degree sequence 231000 

□ 

Figure 4 5(b) Forest degree sequence 2031000 
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□ □ 

Figure 4 5(c) Forest degree sequence 02301000 

If a tree has n1 nodes of degree z, z=O,l, ,t, call (n0,ni, ,n1) the degree vector Let 

t 

,n1), n1 ~ 0, z=O, ,t, n0 = I,(z-l)n1 Let T(N) be the set of all trees with 
r-1 

n0+ 1 leaves and n1 nodes of degree z, z=l, ,t Let A(N) be the set of all mteger sequences 

with n1 z's, z=O, ,t which satisfy the dommating property It is known ([10]) that 

Theorem 4 2 There zs a 1-1 correspondence between T(N) and A(N) 

I 

If m the vector N no > I,(z-1 )n1 then T(N) is now a set of forests [10] showed that m 
1=1 

this case the 1-1 correspondence m Theorem 4 2 continues to hold 

It is worth notmg at this pomt that for the degree sequences the usual lexicographical 

ordering of mteger sequences correspond to a natural ordenng of trees Let rT denote the 

degree of the root of a tree T, and T1 the subtree rooted at the zth son of the root of T Then 
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Two trees, T and T, are m B-order, T < T', 1f 

(1) rr < rr or 

(2) rr = rr and for some z, 1 ~ z $: rr we have 

a) T1 = T'1 for J = 1,2, ,z-1 and 

b) T1 < 1 1 

It can be shown that 1f T < T 10 B-order, then the degree sequence of T 1s lex1cographtcally 

less than the degree sequence of T Zaks [10) gave an algonthm that generates all trees 10 

T(N) lex1cographically by generat10g all degree sequences m A(N) See §4 2 1 

When an algonthm 1s said to generate trees, 1t actually only generates the representation 

sequences of the trees One important question 1s whether properties of the sequences are 

reflected m the structures of the correspondmg trees In this case, 1f there 1s an adJacent 

mterchange generation algonthm for A(N), do the trees correspondmg to degree sequences 

successively generated by this algonthm also differ httle m structure? 

Figure 4 6 shows the effect of an adJacent mterchange m the degree sequence on the 

actual trees themselves By mterchangmg the degrees of 2 nodes, only the subtree rooted at 

the first node 1s changed More generally, 1f nodes u and v are interchanged, their subtrees 

are exchanged As an example, let node u be the root of the tree T and v its leftmost child 

Suppose u has degree p, v has degree q, p > q > 0, T1, T2, , Tq are subtrees rooted at the 

children of v, and S1, S2, , SP are subtrees rooted at the children of u (S1 1s the subtree 

cons1stmg of v and T1, ,Tq) See Figure 4 7 Let a(T) denote the degree sequence of the 

tree T Then a(T) a(Sp) From this 
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sequence 1t 1s apparent that after the mterchange the root u now has only q children and its 

leftmost child v hasp duldren, T1, ,(Sp-q+i) are now rooted at the children of 

v, and the tree has the form m Figure 4 8 The cases where p < q or q = 0 are s1m1lar 

Therefore usmg the degree sequence representallon the adJacent mterchange property 1s 

reflected m the sense that differences m successively generated trees are httle 

As an 1llustrat1on of the importance of the little change property, consider the follow­

mg It 1s well known [23] that there 1s a 1-1 correspondence between trees m general and 

bmary trees The transformation from a tree to a bmary tree 1s as follows 

(1) the left most child of a node w, 1f 1t exists, becomes w's left child m the 

bmary tree, 

(2) the sibling to the immediate nght of w, 1f 1t exists, 1s w's nght child m the 

bmary tree 

For example m the bmary tree correspondmg to the tree m Figure 4 7 vertex v 1s vertex u' s 

left child, vertex 2 1s v's nght child, vertex 3 1s vertex 2's nght child, etc In the bmary tree 

representation, to replant the subtrees S2, S3, , S p-q+ 1, It 1s an easy operation to change 

the parent of vertex p-q+2 to vertex v, and to change the parent of vertex 2 to the root of Tq 

This efficiency m replantmg 1s important when many trees are generated and marupulated 
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321000 312000 

Figure 4 6 

Figure 4 7 
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Figure 4 8 

4.2 Previous Works 

4 21 Number of Rooted Ordered Trees 

Zaks [10] was the first to give an algonthm to generate all degree sequences for any 

degree vector N = (n0,n1, 

I 

,n1), where n0 = I,(i-l)n, He also showed that IT(N)I, denoted 
i=l 

,n1), satisfies the followmg recurrence relation 



Lemma 4.3 

Its solution zs gzven by 

0 

1 

0 

I 

L,C(no, 
pO 

,n,) = [ n 
'1D n1 

I 

where n = L,n1 

1=1 

,n.,-I, 

1f n1 < 0 for z = 1,2, ,t 

1f n0 = n1 = = n1 = 0 
I 

1f n0 = L,(z-l)n1 - 1 
r-1 

n,] 
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(4]) 

Note that the recurrence relation and (4 1) also apply for forests, 1 e when 

Zaks sunplrfied the degree sequences m A(N) to form a new set of sequences B(N) and 

he gave an algonthm of order O(n) that generates lex1cographlcally all sequences m B(N), 

+n1 Rankmg and unrankmg algonthms of order O((t+l)n) were also 

given 

4 2.2 Imposs1b1hty of Bmary Tree Generation by AdJacent Interchange 

The degree sequence of a bmary tree with n mternal nodes 1s of length 2n and consists 

of n occurrences of each of the mtegers 2 and O If all the 2's are replaced by 1 's then the 

degree sequence becomes the one used by [22] (See also §4 1 ) If an undirected graph Hn 

1s defined such that the vertices are all sequences representmg bmary trees with n mtemal 
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nodes, and two sequences (vertices) are adjacent if and only if one can be obtamed from the 

other by an mterchange of adjacent mtegers, then Hn is a subgraph of G(n0,n1) defined m 

§3 1 1 Thus Hn is bipartite with partitions O and E of the vertices, 0 contammg all 

sequences with odd scores and E all sequences with even scores, where the score function is 

as defined for combmatlons m §3 1 1 Letting Dn denote the difference m size of the two 

partitions of H n• and usmg a techruque similar to the proof of Lemma 3 4 by Ruskey and 

Miller [7], the followmg lemma can be proved 

Lemma 4 4 If n lS even then Dn ISO and if n = 2m+I lS odd then Dn = (-1r-
1
- [2m] 

m+l m 

Therefore 1f n ~ 5 1s odd then there 1s no adjacent mterchange algonthrn to generate all 

brnary trees with n mtemal nodes 

4.3. Imposs1b1hty of Tree Generation by AdJacent Interchange 

In this section we shall prove a theorem for forests analogous to Theorem 3 7 for mul-

tlsets Let N = (n0 ,ni, 
I 

,n1) be a degree vector, with n0 ~ L(1-l)n, Define a graph 
r-1 

,n1) with all degree sequences m A(N) as vertices, two sequences are adjacent m 

this graph 1f and only if they differ by an mterchange of adJacent degrees Smee each degree 

sequence is a permutation of the multlset on°1n1 ,n1) 1s a subgraph of 

,n1) which is defined m §3 2 1 From Lemma 3 5 H(n0,ni, 

As m the multiset case, 1f we can compute the difference m size between the two partitions 

of the vertices, we can determme whether an adJacent mterchange algonthm may exist 
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Lett· 1 "101to be the canonical degree sequence We shall classify all other degree 

sequences m relation to this If a degree sequence can be obtained from the canonical one 

by an even number of adjacent mterchanges, let it be m the set E Otherwise let it be m the 

set O If two degree sequences m the same set, 0 or E, are adjacent, then there must be an 

odd cycle m the graph, a contradicuon Therefore (0,E) is a b1part1t1on of the graph The 

panty difference D(n0, ,n1) denotes !El - 101 

Lemma 45 

0 if any n1 < 0 

1 1f all n1 = 0 
D(n0,n1, ,n,) I 

0 if n0 = I:,(i-l)n, - 1 (4 2) 
r-1 

I 

L,(-ltD( ,n,1, ) otherwise 
r-0 

Proof 

The value of the panty difference for the first 3 cases 1s obv10us For the recurrence 

relation, consider the panty difference as the sum of panty differences of sequences begm-

rung with 0, with 1, , with t We need to show that for each z, z = 0, ,t, there is a 1-1 

correspondence between forests with sequences begmrung with degree i and forests with 

degree vector (n0, ,n1) Let the former be called a-forests and the latter b-

forests Let zS be a degree sequence for an a-forest Then the root of the leftmost tree m 

this forest has degree i, and by removmg it we obtam a b-forest that has degree sequence S 
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See Figure 4 9 Th.Is and the reverse process are clear I y uruque, and so the 1-1 correspon­

dence 1s estabhshed 

Now consider all degree sequences begmrung with degree z The parity difference for 

these sequences 1s D(n0, ,n1-l, 
n 

,nt) However if cr1 is odd, zt ' 
11-l 
l ' Ono IS 1Il 

0 and so the contnbutton to the total panty difference from these sequences 1s 

-D(n0, ,n1-l, ,nt) Clearly then the sign of the contnbution to the total panty 

difference from sequences prefixed with degree z, z = 0,1, ,t, 1s dependent on the part1y of 

cr1 The recurrence relation follows 

The solution to recurrence relation (4 2) 1s given m Theorem 4 6 The followmg nota­

tlon is used m the statement and proof of the theorem 

t 

m = L,m1 

1=0 

q = L, m1 
odd 1 

,mt ) denotes the multmom1al coefficient [ m ] 
mom1 mt 

t 

E(O) = L, (z-1)( m, m0+1, 
1=2 
by 2 

E( 1) = L, ( z-1 )( m-1, mo, 
1=2 
by 2 

,m1-l, 
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D 

a-forest 2031000 

D D 

b-forest 031000 



I 

0(0) = L(z-1)( m, m0+1, 
1=3 
by 2 

I 

0(1) = L(z-1)( m-1, mo, 
1=3 
by 2 
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,m,-1, ,m,) 

,m,-1, ,m,) 
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/ 

Theorem 4 6 The value of D(n0,ni, ,n1), where n0 2". L,(z-l)n" zs determmed by the fol­
r-1 

lowing cases 

(a) 1f n, = 0 for all I except for z = 1, n1 2". 0, then D(n1) = 1 

(b) 1f n0 zs odd, exactly one n, zs odd, where z 1s an even mdex > 0, and < 2 n1 are odd, 

where J 1s odd, then 

D(n0, ,n1) = p{ m+l [ ( m, mo, 
m+l-q 

,m1 ) - E(O) ] - m+ 1 0(0)} 
m+2-q 

{

1 tf there 1s no odd J such that n1 1s odd, 
where p1 = a 

(-1) ' where J 1s the only odd mdex such that n
1 

1s odd 

(c) 1f nJor all even 1 1s even, < 2 n
1 

are odd, where J 1s odd, then 

m 
,n1) = --[ ( m-1, m0-1, D(n0, ,m1 ) - E(l) ] - m 0(1) 

m+l-q m-q 

( d) if n, zs even for all z > 0, n0 odd, then 

D(n0, 

where C(m0, 

(e) D = 0 otherwise 

Proof 

,m1) 1s defined zn expresswn (4 1) 

(4 3) 

(4 4) 

(4 5) 

Case (a) 1s clearly true smce there 1s only one tree, and thus one degree sequence We 

prove cases (b) to (e) by mduction on n = no+ n1 + + n1 
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If n = l, then either n0 or n1 1s 1 If n0 = 1 then case (d) apphes and the panty 

difference 1s 1 If n1 = 1 then by (a) then the panty difference 1s 1 Suppose the theorem 1s 

true for number of nodes < n For a forest with n nodes, we have the followmg cases 

Case (b) 

Let k > 0 be the even mdex such that nk 1s odd 

Suppose there 1s one n1 odd, J odd Consider D( ,n,-1, ), 1 even If 1 = k then 

n0 1s odd and n, 1s even for all even r, 1f 1 -:t:- k then there are two even md1ces, r = 1 and k, 

n, 1s odd In either case the degree vector satisfies none of the cond1t1ons m cases (a) to (d), 

and so by the mducuon hypothesis D( ) = 0 Consider D( ,n,-1, ) ' 1 

odd, 1 -:t:- J Then n, 1 and n1 are both odd, 1 and J are odd, and so by mduct1on 

D( ) = 0 Therefore 

D(n0, ,n1) 
a 

,n
1
-l, ,n1) = (-1) 1D(n0, 

= { m+I 
P1 m+l-q 

[ ( m, m0, ,m1 ) - E(O) ] -

Suppose there 1s no odd nl' for J odd Then as before D( 

even, 1 -:t:- k Therefore, 

I 

= ~(-lt'D( 
,=I 
by 2 

) + D( ) 

m+I 
0(0)} 

m+2-q 

,n,-1, ) = 0 for 1 



= ±HJ"•p{ m [< m-1, ,m,-1, ) 
r=l m+l-q 
by 2 

I 

- I,(J-1)( m-1 , mo+l, ,m,-1, ,m1-l, 
p2 
by 2 

- m [ ±(/-!)( m-1 , mo+!, ,m
1
-l, 

m+2-q F 3 
by 2 

I m 
= I, ' [( m, mo, 

r=l m+l-q 
,m1 ) - E(O)] 

by 2 

- I,-- I,(J-l)miC m, mo+l, 1 1 I 1 
r=l m+2-q F 3 

by 2 by 2 

+ ( m, m0, 

~t 

I 

,m1 ) - I,(i-1)( m, m0+1, 
1=2 
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)] 

,m,-1, )]} 

) 



m+l = ---[ ( m, m0, 
m+l-q 

Case (c) 

,m
1

) - £(0)] - m+l 0(0) 
m+2-q 
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Suppose there 1s only one n
1 

odd, J odd If all n, 1s 0 except for ni, then we have case 

(a) which 1s already proved Therefore assume n1 > 0 for some 1.t:l, m which case n0 > 0 

Consider D( ,n,-1, ), 1 even This degree vector does not satisfy any of the condi-

tions m cases (a) to (d) Hence by induction this quantity is 0 S1m1larly D( ,n,-1, ) 

1s O for 1 odd, 1 ;t: J Therefore, 

D(n0, ,n,) ) 

= D( ) 

which by mducuon has the express10n as stated 

Now suppose there 1s no n1 odd, J odd The analysis for this case 1s similar to that m 

I I 

the proof of (b), except when n0 = ~)i-l)n, For this value of n0, m0 = L,(z-l)m, 

D(n0, ,n1) 

= L, (-lt'D( 
r-1 

by 2 

1=2 1=2 

) 



I 

= I, m-l [c m-2, mo-1, ,m,-1, ) - I, (/-1)( m-2, 
i=l m-q 
by 2 

I 1 [ I I, m- I,(J-1)( m-2, 
•=l m+l-q F3 
by 2 by 2 

,m,-1, 

F2 
by 2 

I m 
= I,--1 

[ ( m-1, m0-1,ml, 
i= l m-q 

,m1)-E(l)] - I, 1 
- -- 0(1) 

[ 

1 

m 1 l 
i=l m+l-q m+l-q 

by 2 by 2 

Subtractmg tlus from expression (4 4), we have 

I 

,m1) - I,(z-1)( m-1, ) 
1=2 

,m,) 

= 0 

Thus (c) 1s proved 

Case (d) 
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Here we have all n, even except for no Consider D( ), where 1 1s even, 

1 > 0 Tots degree sequence 1s covered by case (b) For D(n0-1, ni, 
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sequence IS covered by case (c) D( 

and recurrence relation ( 4 2) Therefore, 

) where I IS odd must be 0 by mduct10n 

D(n0,n1, ,n,) 

I 

= L(-I)°'D( ,n1-I, ) 
r-0 

by 2 

= ±{.....!!!_ [c m-1, 
1=2 m-q 
by 2 

I 

) - L (j-1 )( m- 1, m0+ I, 
p2 
by 2 

m I 
- -- L(;-1)( m-1, m0+1, 

m+I- q F 3 
by 2 

m + --[ ( m- 1, m0-l, m-q 
) - E(I) ] - m 0(1) 

m+I-q 

= [±~]( m, mo, 
1=2 m-q 
by2 

-[[±~]- _I] £(0) _ [± m1 

] 0(0) 
1=Z m- q m-q 1=2 m+ 1-q 
by 2 by2 

mo 
+ --( m, m0, 

m-q 

m0+I -- 0(0) 
m-q+l 
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I 

= ( m, m0, ,m1) - L(z-1)( m, m0+1, ) 
1=2 

Case (e) 

If the degree vector does not satisfy the cond1t10ns m cases (b) to (d), then It must be 

m one of the followmg five categones 

(1) At least two n,'s odd, i odd, AND at least two n/s odd, J > 0 1s even 

(2) Two n,'s odd, 1 odd, AND one n1 odd, J > 0 even 

(3) Two n,'s odd, i odd (or even), all other n/s with J > 0 are even 

(4) One n1 odd, J even, n0 even, < 2 n,'s odd for 1 odd 

(5) For all even i > 0 n, is even, one n1 odd for J odd, and n0 odd 

Subcase el At least two n/s odd, I odd, AND at least two n/s odd, J > 0 IS even The 

result follows directly from the mduction hypothesis and the recurrence relation 

Subcase e2 n,, ns are odd, where r > s are odd md1ces, AND n1 IS odd, where J IS an even 

mdex, and all other nk' s are even. 
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If n0 1s even, then the result follows directly from the mducuon hypothesis and recurrence 

relauon (4 2) If n0 1s odd, then 

D(n0, 

crr even => CJ3 even 1f r > J > s 

crr odd => crs even 

In any case 

ID(no, 

But from expression ( 4 3) nr and ns odd implies that 

ID( 

The result follows 

,nr, )I= ID( 

= ID( 

) 

)I - ID( )II 

,nr, )I 

,nr-1, )I 

Subcase e3 nr, ns are odd, where r > s are odd md1ces, and all other n/s, k > 0, are even 

If 1 -:t- r or s, then from mduct1on and recurrence relauon ( 4 2) D( 

Therefore, 

D(n0, ,n1) = (-l)°''D( ,nr-1, ) + (-l)°''D( ,ns-1, ) 

= D( ,ns, ,nr-1 , ) - D( ,ns-1, ,nn 

= 0 as in subcase e2 

) = 0 

) 
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The subcase for two n/s odd, where 1 1s even, 1s similar 

Subcase e4 One n1 1s odd for J even, and n0 1s even. Agam from recurrence relation (4 2) 

and mduct1on D( ) 1s O except for I=J and t=O Hence 

D(n0, ) 

Consider the case where there 1s one k, k odd, such that nk 1s odd, and k > J The 

cases where k < J and where there IS no such k are similarly solved From case (c), 

) 

= (-1) {~[ ( m-1, m0-1, 
m-q 

) - E(l) ] - m 0(1)} 
m+l-q 

From (b), with the number of degree zero nodes bemg n0-1, where n0 and m0 are even, we 

can see that p IS +1 and we have the same express10n as above Therefore the panty 

difference 1s O as claimed 

Subcase eS n0 is odd, for all even I > 0 n1 IS even, and there Is one n
1 

odd, where J 1s odd 

Consider D( ) where 1 1s odd but It:J This degree vector has two odd md1ces, 

1 and J, such that n1 1 and n1 are odd Thus D( ) = 0 by mduct10n In the fol-

lowmg assume n0 > 1 or there 1s an even mdex 1 ~ 2 such that n1 > 0 The special case that 

n0 1s 1 and n1 1s O for 1 > 0 will be treated later 
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D(n0, ,n1) = L, (-It'D( 
t=O 
by 2 

= (-1) {± .!2_( m, mo, 
t=O m-q 
by 2 

[ 

1 
m 1 1 m0+1 l ,m1 ) - I,-- - -- + -- £(0) 

.-2 m-q m-q m-q 
by 2 

- I, 1 + -- 0(0) + C(m0, 

[ 

1 

m m
0
+1 l } 

.-2 m+l-q m+l-q 
l:ry 2 

+ ( m, m0, 

= 0 

I 

,m,) - I,(1-l)( m, m0+1, 
1=2 

I 

,m1) - I,(1-l)( m, m0+1, 
1=2 

If n0 = 1, n1 = 0 for all 1 > 0, and n1 > 0 1s odd, then 

=0 

70 



71 

By mduction all cases have been proved and so Theorem 4 6 1s true 

■ 

I 

For trees n0 = ~)z-I)n, This restriction 1mphes that 1f ni, ,n1 are all even, n0 must 
1=! 

be even also Consequently expression ( 4 5) does not apply for trees 

Corollary 4 7 The value of D( n0,ni, ,n1) for trees zs determined by the following cases 

(a) if n, = 0 for all z except for z = 1, n1 ~ 0, then D(n 1) = 1 

(b) if n0 zs odd, exactly one n1 zs odd for z > 0 even, and < 2 n/ s are odd for J odd, then 

D( n0, ,n1) has values gzven by expression ( 4 3) 

(c) if n, for all even z zs even, < 2 n/ s are odd and at least one n
1 

> 0 for J odd, then 

D( n0, ,n1) has values gzven by expression ( 4 4) 

(d) D = 0 otherwise 

Proof 

All cases follow from Theorem 4 6 except when n, for all even 1 1s even and all n/ s 

are 0, J odd For this case m0 = I,m., q = 0, and (4 4) becomes 

= ( m-1, m0-1, 

= ( m-1, m0-1, 

1=2 
by 2 

,m1 ) - I,(z-1)( m-1,m0, 
1=2 
by 2 
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= ( m-1, m0-1, 
[ 

(z-l)m,l 
,m1 ) - L,--- ( m-1,m0-1, 

,=2 mo 
by 2 

= ( m-1, m0-1, 

= 0 

■ 

Corollary 4 8 There LS no ad1acent interchange algonthm for trees if 

(a) n1 ~ 0, all other n/ s = 0, OR 

(b) at least one n, >= 2, L > 0, and 

(b 1) n0 LS odd, exactly one n, LS odd for L even, and < 2 n/ s are odd for J odd, 

(b 2) n, for all even L LS even, < 2 n/ s are odd and at least one n
1 

> 0 for J odd, 

except for the degree vector (n0 = 4, n1 = 0, n2 = 2, n3 = 1) 

Proof The panty difference for the degree vector (n0 = 4, n1 = 0, n2 = 2, n3 = 1) is 1 For 

the rest of the corollary it can be easily venfied that expressions ( 4 3) and ( 4 4) are al ways 

greater than 1 with the condinons stated above 



CHAPTER 5 

CONCLUSIONS 

In Chapter 2 Algonthm 8 is presented It 1s a generalization of Algonthm 7, a combi­

nation generat10n algorithm due to Bitner Algorithm 8 generates all permutations of any 

mult1set by interchange so that the average time used to generated each permutation is 

bounded by a constant, mdependent of t, the number of symbols, and n, the length of each 

permutation It is also shown that bmary combmations generated by Algorithm 8 can be 

ranked and unranked, and that both the rankmg and unrankmg algonthms are of order O(n2
) 

In Chapter 3 the e:x1stence problem of mult.J.set generation algonthms by adjacent mter­

change is exammed and solved It is shown that for a multiset with n, occurrences of the 

symbol z, z = 0, ,t, a graph G(n0 ,ni, ,n1) can be defined such that the vertices are the 

permutations of the multiset and an edge between two vertices exists if and only if those two 

permutations differ by an adjacent mterchange, and the existence problem is equivalent to the 

existence problem of a Harmlton path m this graph 'flus graph is shown to be b1part1te and 

the vertices can be partitioned mto two sets, 0 and E, such that no two vertices from the 

same set can be adjacent It 1s proved that the parity difference !El - 101 is as follows 

(a) if;;::: 2 n/s are odd, then it is 0, 

(b) otherwise it is the multmomial coefficient 
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,n1) is bipartite implies that if the panty difference 1s greater than 1, then 1t is 

not possible for a Hamilton path to exist It follows that if at least 2 n/s are > 1 and at most 

one n, is odd, then the multrnom1al coefficient 1s > 1 and no adJacent mterchange algonthm 

1s possible 

In the bmary case [7] showed that when the panty difference 1s 0, there 1s an adjacent 

mterchange generation algonthm In a multiset permutatlon p of the same length as a combi­

nation c, there are more possibilities of adjacent mterchange Smee m general the more 

edges there are m a graph, the more likely 1t is to contam a Hamilton path, the chances are 

great that an adjacent mterchange generaaon algonthm exists for mulaset permutatlons when 

the panty difference is 0 

ConJecture 5 1 If~ 2 n/ s are odd, then the permutations of the multzset Ono I ni 

be generated by an ad1acent interchange algorithm 

Degree sequences represenang ordered forests of rooted ordered trees are multiset per­

mutations In Chapter 4 results for such forests analogous to those for multisets m Chapter 3 

are found For all degree sequences consisting of n0 O's, n1 1 's, , n1 t's, a b1partlte graph 

,n1) 1s defined with bipartlt1on (0,E) The panty difference 1s found to be as 

follows 
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(a) If n, = 0 for i ~ 1 and n1 ~ 0, then the panty difference is 0, 

(b) 1f n0 is odd, exactly one n, is odd, 1 > 0 even, and< 2 n/s are odd, J odd, then 

the panty difference is 

l] 

m+l ± [ 
- m+2-q ,=3 mo+l 

by 2 l} 
if there zs no odd J such that n

1 
zs odd, 

where p1 = {l cr 
(-1) I where J zs the only odd zndex such that n1 zs odd 

where cr, = Dz,, 
J>t 

(c) 1f n, for all even i 1s even, and < 2 n/s are odd, J odd, then the panty difference 

is 

m L I [ 

m+l-q ,=3 mo 
by 2 

) 

(d) if n, for all i > 0, no is odd, then the panty difference is 

)] 



(e) the panty difference 1s O otherwise 

I 

m 
m,1 
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l 
For trees n0 = L,(z-I)n, Consequently case (d) does not apply Furthermore if n, = 0 for all 

r-=2 

odd i' s and n1 1s even for all even j's, then the express10n m case (b) 1s O Therefore 1t can 

be concluded that no adJacent interchange algonthm for trees can exist if 

(a) n1 ~ 0 and all other n,'s = 0, OR 

(b) at least one n, >= 2, i > 0, and 

(b 1) n0 1s odd, exactly one n, 1s odd for 1 even, and < 2 n/ s are odd for J 

odd, 

(b 2) n, for all even 1 1s even, < 2 n/s are odd and at least one n1 > 0 for J 

odd, 

except when no = 4, n1 = 0, n2 = 2, and n3 = 1 



APPENDIX A 

A 1: Pascal Version of Algorithm 8 

Type Defiruuons 

nPtr = ' nRecord, 
nRecord = record 

ptr ARRAY [BOOLEAN] OF nPtr, { ptr[FALSE] ->parent} 
{ ptr[TRUE] -> chtld } 

val, cnt INTEGER, { val = symbol } 
{ cnt = occurrences of the symbol } 

END, 
{ Circular Doubly Lmked List used to hold the mult1set, one symbol per 

record, symbol can be any mteger between O and 9 } 

STRING= ARRAY [0 max.length] OF 0 9, { muluset pattern } 

DIRARRA Y = ARRAY [0 maxlength] OF BOOLEAN, { order ( +/-) of generation } 

{ --------------- Mam V anables ---------------------------- } 

dir DIRARRAY, 
Remains nPtr, 
length INTEGER, 
permutation STRING, 
symcount INTEGER, 
skipmem DIRARRAY, 
skip here BOOLEAN, 

{ direction of generation } 
{ dummy header of circular symbols list } 
{ size of mult1set } 
{ muluset pattern } 

{ number of symbols left } 
{ remembers 1f a path deleted here } 

{ no of nodes deleted at thts level } 

{ Thts PROCEDURE traverses the recursion tree Each leaf node 
represents a generated permutation All V ARiables updated 
before and after a recursive call } 

PROCEDURE ALG8( where INTEGER ), 
VAR 
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cur nPtr, 
d BOOLEAN, 

{ Thts PROCEDURE updates the pomters m a delet:1on from or an 
msert1on mto the doubly hnked hst of symbols } 

PROCEDURE update( pl, p2 nPtr ), 
BEGIN 

WITH cur' DO BEGIN 
ptr[NOT dF ptr[ d] =pl, 
ptr[dF ptr[NOT d] = p2, 

END, 
END, 

BEGIN { ALG8 } 

skzphere = skzphere <> skzpmem[where], 
skzpmem[where] = FALSE, 

IF NOT skzphere THEN dzr[where] = NOT dzr[where], 

{ set up direction of generatlon for this level } 

d = dzr[where], 
cur = Remazns' ptr[d], 

{ generate this level, 1f last level, output the mulnset pattern, 
1f not generate the next level } 

IF where >= length THEN BEGIN 
permutatzon[where] = cur' val, 
skzphere = FALSE, 
doout, 
permutatzon[where] = 0, 

END 

ELSE 

IF ( symcount = 1 ) AND ( cur' val = 0 ) THEN BEGIN 
skzphere = NOT skzphere, 
skzpmem[where+l] = skzphere <> skzpmem[where+l] , 
skzphere = FALSE, 
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doout, 
END 

ELSE 
WHILE cur <> Remains DO WITH curA DO BEGIN 

cnt = PRED( cnt ), 

permutatzon[where] = val, 

IF cnt = 0 THEN BEGIN 
update( ptr[ d] , ptr[NOT d] ), 
symcount = PRED( symcount ), 

END, 

ALG8( where + 1 ), 

IF cnt = 0 THEN BEGIN 
update( cur, cur ), 
symcount = SUCC( symcount ), 

END, 

permutatzon[where] = 0, 

cnt = SUCC( cnt ), 

cur = curA ptr[ d), 

END, 
END, 

{ do delet10n } 

{bmld next level} 

{ do msertton } 
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A.2: Pascal Version of Rankmg Algorithm for Algorithm 8 
(m the bmary case) 

FUNCTION rank( VAR a STRING, var d DIRARRAY, 
J, n, k INTEGER ) INTEGER, 

VAR 
kl, kfJ INTEGER, 
l INTEGER, 
dd BOOLEAN, 
first BOOLEAN, {a[j] expanded first or second} 

{ a[j] to a[ nn] contams the combmauon to be ranked } 
{ d[j] to d[ nn] contains the 1rutial directions } 
{ k 1s the number of l's m the combmaaon } 
{ n-k 1s the number of O's } 
{ the bmomtal coefficient (1,.1) 1s stored m the array Cfz ,Jl } 

BEGIN 
IF ( n = k ) OR ( k = 0 ) THEN rank = 0 
ELSE BEGIN 

first = ( ( a[j] = 0) AND d[j] ) 
OR ( (a[j) = 1) AND (NOT d[j]) ), 

IF a[j] = 1 THEN BEGIN 
kl = k , k = k - I, 

END ELSE kl = k-1, 
kO = n-1 - kl, 

IF first THEN 
rank = rank( a, d, J+l, n-1 , k) 

ELSE BEGIN 
d[j+l] = NOT d[j+l], 
FOR l = ;+2 TO nn-1 DO BEGIN 

END, 

dd = ODD( C[l-J-2,kOJ + C[l-;-2,kl] ), 
d[l] = d[l] <> dd, 

rank= C[n-1,k]J + rank( a, d,J+l, n-1, k ), 
END, 

END, 
END, 
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A 3 Pascal Version of Unrankmg Algorithm for Algorithm 8 
(m the bmary case) 

PROCEDURE unrank( r, J, n, k INTEGER, VAR a STRING, 
VAR d DIRARRA Y ), 

VAR kO, kl INTEGER, 
dd BOOLEAN, 
l INTEGER, 
first O l, 

{ r IS the rank for which the combmation IS to be found } 
{ a[j] to a[nn] contams the combmat:Ion that IS unranked } 
{ d[j} to d[nn] contams the 1mt1al directions} 
{ k IS the number of l's m the combmation } 
{ n-k IS the number of O's } 
{ the bmomial coefficient (1J) 1s stored m the array C[l,J] } 

BEGIN 
IF n = k THEN FOR l = J TO nn DO a[l] = 1 
ELSE IF k = 0 THEN FOR l =J TO nn DO a[l] = 0 
ELSE BEGIN 

IF d[J] THEN BEGIN 
first = 0, 
kl = k, 
k =k-1, 

END ELSE BEGIN 
first = 1, 
kl = k - 1, 

END, 
kO = n-1 - kl, 

IF C[n-1,kl] > r THEN BEGIN 
a[j] = first, 
unrank( r, J+l, n-1, kl, a, d ), 

END ELSE BEGIN 
a[j] = 1 - first, 
d[j+l] = NOT d[J +l], 
FOR l = J+2 TO nn-1 DO BEGIN 

END, 

dd = ODD( C[l-J-2,kO} + C[l-J-2,kl] ), 
d[l) = d[l] <> dd, 

unrank( r-C[ n-1,kl ), J+l, n-1, k, a, d ), 
END, 
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END, {need to recurse block} 
END, 
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