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ABSTRACT

A multiset 1s a set 1n which elements may repeat A permutation of a multiset 1s a
permutation of the sequence consisting of all elements 1n the multiset An algorithm 1s given
that generates all permutations of a multiset such that consecutively generated permutations
differ by an interchange of elements On average the permutations are generated in time
bounded by a constant, independent of the number of symbols and n, the length of each
permutation Ranking and unranking algorithms of order O(n?) for the generation algorithm

are also given

An adjacent 1interchange generation algorithm for multiset permutations has the
following property consecutively generated permutations differ by an interchange of adjacent
elements However 1t 1s not always possible to generate all permutations of a multiset by
adjacent interchange The problem of determining 1f an adjacent interchange algorithm exists
for a multiset 1s equivalent to determiming 1f a Hamilton path exists in the graph whose
vertices are the multiset permutations and whose edges represent adjacent interchange

Necessary conditions are given for such graphs not to contain any Hamilton path

A rooted ordered tree with ng+1 leaves and », internal nodes with : children each, for
1=1, ., can be represented umquely by a sequence consisting of n, occurrences of i,
1=0, ,t Such sequences are permutations of multisets The results for multiset generation

by adjacent interchange are extended to rooted trees represented by these sequences

11



b B 1 8

Necessary conditions on n,, 1 =0, ,t, are given for cases where 1t 1s 1mpossible to generate

by adjacent interchange all trees with the prescribed number of leaves and internal nodes
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CHAPTER 1

INTRODUCTION

A multiset 1s a set 1n which each element may appear a number of times, for example
{0, 0, 1, 2, 2} A permutation of a multset 1s a permutation of the sequence consisting of
all the elements of the multiset Several algonthms have been found to generate all permuta-
tions of multisets See [1-5] A desirable feature for the generation algorithm to possess 1s
for consecutively generated permutations to differ as little as possible In the list generated
by [5] consecutive permutations differ by an interchange of two elements However this
generation algorithm 1s not efficient In Chapter 2 a constant average time recursive algo-
nithm 1s presented that generates multiset permutations by interchange This algorithm 1s an
extension of Bimer’s algonithm [6] that generates combinations by interchange Ranking and

unranking algorithms are also given for this generation algorithm 1n the binary case

A more desirable feature for generation algonthms 1s for successively generated permu-
tations to differ by an interchange of adjacent elements However with the adjacency restric-
tion 1t may not always be possible for such an algonthm to exist In the binary combination
case [7], [8] and [9] showed independently that 1f either the number of 0’s or the number of
I’s 1s even then 1t 1s 1mpossible to generate all combinations by adjacent interchange In the
multiset permutation case, a graph can be defined such that the vertices are the permutations
and an edge between two vertices exists if and only 1f one vertex can be obtained from the

other by an adjacent interchange The problem of finding an adjacent interchange generation



algonithm 1s equivalent to finding a Hamulton path 1n this graph In Chapter 3 1t 1s shown
that no Hamulton paths exist in such a graph if at least two of the elements of the multiset

occur more than once, and at most one element occurs an odd number of times

In a tree define the degree of a node as the number of children 1t has If a rooted
ordered tree has n, nodes of degree 1, 1 2 1, and ny + 1 leaves, then 1t can be uniquely
represented by a sequence of integers, called the degree sequence of the tree, consisting of ng
0’s and n, i’s for 121 [10] used these sequences to generate rooted ordered trees lexico-
graphically An advantage of representing trees using these sequences 1s that when two
sequences differ by an interchange of adjacent degrees, then the corresponding trees also
differ little The method used 1n Chapter 3 to determune when an adjacent interchange gen-
eration algorithm 1s possible 1s extended to the degree sequences In Chapter 4 1t 1s shown

that no adjacent interchange generation algorithms can exist if
(@) ny; 20, all other n’s =0, or
(b) atleastone n, 2 2,1> 0, and
(b 1) ng 1s odd, one n, 1s odd for 1 even, and < 2 nj’s are odd for j odd,

(b 2) n, for all even 11s even, < 2 ns are odd and at least one n, > 0 for
odd, except when ng =4, n; =0, n, = 2, and n3 = 1, 1n which case the

parity difference 1s 1



CHAPTER 2

MULTISET GENERATION BY INTERCHANGE

Define a multiset as a set in which each element may repeat a fixed number of times
For example S={0,0, 1, 2, 2, 2 } 1s a muluset Let O, ,t denote the distinct elements
of a multset such that element : occurs #, tmes Then the multiset can be represented by the

no. n n
sequence 0°°1" ¢*

A permutation of a multiset 1s a permutation of its representation
sequence The problem 1s to generate all permutations of a multiset, with each permutation

generated exactly once

When the multiset contains only two symbols, 0 and 1, with k occurrences of 1 and n-k
occurrences of 0, the problem reduces to that of generating all n/k-combinations, or
equivalently, that of generating all subsets of size k of a set of size n This problem has
been well studied However comparatively little research has been done with the problem of
generating muluset permutations. The following section examines five known multiset per-
mutation generation (mpg) algorithms and two combination generation algorithms that are
closely related to our new mpg algonthm How each algorithm generates the permutations
are ntuitively explained, and lower bounds on its complexity are determined, 1n order that

comparisons with the new algorithm are possible



21 Previous Research

Historically most mpg algonithms try to solve the problem by reducing 1t to the combi-
nation generation case and this 1s the method used by four out of the five mpg algorithms
that are discussed here Another charactenistic of all but one of these algorithms 1s that the
permutations are generated in some lexicographical order When reduced to the binary case,
these algonthms generate all combinations in either increasing or decreasing lexicographical
order Algonithm 5 1s the only exception, where successively generated permutations differ
mn exactly two positions This type of generation 1s referred to as generation by interchange
Algorithms 6 and 7 generate combinations by interchange and our algorithm may be con-

sidered as a generalization of Algonthm 7

211. Algorithm 1 (Sag)
This algorithm 1s due to TM Sag [1] It proceeds as follows

1 Let the symbols be 0, 1, , #-1, ¢+ Define an arbitrary ordering on the symbols, say

O0<l< <tlx<t

2 Take the two largest symbols, +-1 and ¢+ Generate all permutations of these symbols
lexicographically, where an element 1s more significant than an element on 1ts left, con-

trary to the usual ordering

3 If t =1 then stop Otherwise for each permutation generated in step 2, treat ¢ and -1

as one symbol, say o, and recursively generate all permutations for 0, 1, , -2, &

Figure 2 01 shows the order the permutations of { 0, 0, 1, 2 } are generated 1n



2100 — 2010 — 0210 — 2001 — 0201 — 0021
— 1200 — 1020 — 0120 — 1002 — 0102 — 0012

Figure 2 01

In the binary case, this algorithm 1s equivalent to one that generates combinations lexi-

cographically by iteration It 1s known (see [11]) that 1n this case the complexity of the algo-
rithm 1s of the order [ﬁ%], where k 1s the number of 1’s and n 1s the number of 0’s and 1’s

+n,
. times, and at this level the

ny+
In general, the last level of the recursion 1s reached [ ;
1 1

symbols 1, , r are treated as one symbol 1, and all permutations of 0’s and 1’s are gen-

erated Hence the complexity of the algorithm 1s at least of the order

ny+ +n, n+2 _ n (n+1)(n+2)
ny o | |4+ 4ny ng M| (ng+1)(n—ngtl)

Clearly 1n general this algorithm 1s not constant average time

212 Algorithm 2 (Bratley)

This algorithm 1s due to P Bratley [2] The main 1dea 1s that, when the multiset 1s
0™ ¢ all symbols except for ¢ are treated as one, say @, and all combinations of #’s and os
are generated For each of these combinations, all permutations of 0" (=1)"" are generated

to replace the a-subsequence Figure 202 shows the order in which the permutations for

{0, 1, 2,2} are generated



2210 — 2201 — 2120 — 2021 — 2102 — 2012
— 1220 — 0221 — 1202 - 0212 — 1022 — 0122

Figure 2 02

In this algonithm, every time a permutation 1s generated the entire sequence 1s scanned

Thus the average complexity for the iterative version 1s Q(n)

213 Algorithm 3 (Hu-Tien)

This algonithm 1s due to TC Hu and BN Tien [3] Hu and Tien viewed the lexico-
graphical generation of n/k-combinations as "sweeping" the k 1’s from the night side to the
left, so that the mmitial sequence 1s 0" *1* and the terminating sequence 1s 1¥0™* To generate
all permutations of the multset 0™ % the n, £'s are nterwoven nto each permutation of the
symbols 0, , #—1, 1n such a fashion that if the latter are treated as one symbol ¢, with ord-
ering o < t, then all combinations composed of s and f’s are generated alternately in
increasing and decreasing lexicographically order for successive permutations of the symbols

0, ,t1 The permutations for the symbols 0, , #—1 are similarly generated
Figure 2 03 shows how the permutations of { 0, 1, 2, 2 } are generated by Algorithm 3

From the brief description above 1t 1s obvious that the action of sweeping the £'s from

one side to the other has the same complexity of binary combination generation with n, 1’s

t

and n—n, 0’s, where n = Y n, From [11] the complexity for each complete sweep 1s [::21]
=0 {



0122 —» 0212 — 0221 — 2012 — 2021 — 2201

— 2210 — 2120 — 2102 — 1220 — 1202 — 1022

Figure 2 03
One complete sweep 1s executed for each permutation of the symbols 0, , z-1, which
n—-n
number [no ; 1 Therefore as 1n the case of Algonthm 1, the complexity of the algo-
l_

nithm 1s at least of the order

n—n, n2 | _ n (n+1)(n+2)
ny np| |nctl no M| (n—nA1)(nAt1)

Hence 1n general Algorithm 3 1s not constant average time

214. Algorithm 4 (Ruskey & Roelants van Baronaigien)

This algonthm 1s due to F Ruskey and D Roelants van Baronaigien [4] and generates
all permutations of a multiset lexicographically by recursion The basic 1dea 1s that 1f

perm(0™, ) denotes all permutations of the muluset 0™ ™ then

t
perm(0n°, ,t"’) = U z—perm(0"°, F f 79
=0

where z-perm(O"’, ,£") denotes all sequences formed by concatenating the symbol : with

all permutations of the multiset 0% ™ Figure 2 04 shows the order in which the permuta-

tions of { 0, 0, 1, 2 } are generated



2100 — 2010 — 2001 — 1200 — 1020 — 1002
— 0210 — 0201 — 0120 — 0102 — 0021 — 0012

Figure 2 04

Ruskey and Roelants van Baronaigien showed 1n their paper that if the symbols are
ordered so that ny > n, > > n,, then their algonthm generates all permutations of a mul-

tiset 1n constant time per permutation on average, independent of n and t.

215 Algorithm 5 (Chase)

A desirable property 1n the generation of multiset permutations 1s to have successively
generated permutations differing as little as possible, for example, to have successive permu-
tations differing 1n exactly two posittons This type of generation 1s referred to as generation

by interchange 1n this thesis, whereas 1t 1s called generation by transposition by PJ Chase

Algonithm 5 was called Extended Twiddle by Chase and was first published as Alg
383 in CACM [S5] It 1s a generalization of algornthm Twiddle, published as Alg 382 1n
CACM [12], which generates all n/k-combinations by interchange The proof of correctness

of these two algorithms was given by Chase 1n [13]

To understand Algorithm 5, one must first examine Twiddle Suppose there are n sym-
bols 1n all, k of them 1’s, the rest 0’s Twiddle treats each combination as a sign sequence
which 15 a sequence with k 1’s and n-k signs, + or - Certain intervals 1n a sign sequence

are called blocks An R-block 1s an interval of +’s which 1s followed by a number but which



1s not preceded by a + An L-block 1s an interval of signs of which the last, and only the
last, 15 a -, and which 1s preceded by a number The successor of a sign sequence s which
has at least one block 1s a sign sequence ¢ obtained as follows Find the leftmost block 1n s
If 1t 1s an R-block, then slide the entire block one place to the right, putting the displaced
number 1n the place vacated by the block’s leftmost sign If 1t 1s an L-block, perform the
symmetric operations In either case, if a sign shides, then the next sign to the left, 1f there 1s
one, changes To obtain an n/k-combination, simply replace all signs 1n a sign sequence by
0’s Figure 205 shows how Twiddle generates the combinations for n=5 and k=2 The

shifting blocks are underlined

In [13] PJ Chase showed that with the mitial sequence +"7%¥1™ all combinations can be

generated by interchange To generate permutations for the multiset 0™ % consider the fol-

lowing extension

Ry Py
t

1 Use Twiddle to generate all combinations of (+—1) If 15 1, quit

2 For each combination p of (t=1)"{", consider the symbols #-1 and ¢ as one symbol o

ny ety
(04

and generate recursively all permutations of the multiset 0™ (t-2) , replacing

kil lechlDelekldtltlass+1l+

2>1-41+>2-141+>+11++>2>1+1++—>11+++

Figure 2 05
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each o subsequence by p Let py, p5, , p, be the list of combinations generated 1n
step 1 Let C(s) be the list of permutations of 0" (t—2)""2a""’+"‘ generated recursively,
and CR(s) the reverse hist, where the o subsequence 1s replaced by the sequence s
Then the complete list generated 1s C(p,)CR(p,) C(p)) (or CR(pJ), depending on the
parity of j) This alternate ordering 1s necessary to preserve the interchange property

Figure 2 06 shows the order in which the permutations of { 0, 1, 1, 2, 2 } are gen-

erated

Twiddle must be analyzed first in order to obtain a lower bound for the complexity of
Algorithm 5 In each step of Twiddle, to find the leftmost block, the leftmost block of signs
must be examined always This corresponds to scanming the imitial subsequence of 0’s
Then 1f the nghtmost sign of this block 1s -, the next block of 1’s must also be scanned At

this point we have to make note of the following property of the sign sequence

Observation 21 Let t be a sign sequence obtained from the imtial sequence s after at least

one step If intthe /0 () =2, k) s displaced an odd (resp even) number of places

01122 — 10122 — 11022 — 11202 — 11220
— 21120 - 21102 — 21012 — 20112 — 02112
— 01212 - — 02211

Figure 2 06
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from its position in s, then the (j—1)" sign 1s different (resp the same) intands (See[13])

In the binary case, the imtial sequence 1s always +01%  Thus to determine the right-

most sign 1n the leftmost block of signs, one only needs to know the panty of the size of the
block of 1’s immediately after the leftmost block of signs By summing over all sizes of the
leftmost sign block (say ) and all sizes of the 1-block immediately following (say j) a lower
bound on the complexity of this algorithm, denoted by T(Alg5), 1s given by the following
expression, where k 1s assumed to be odd without loss of generality

T(AlgS)

k  n—k-1 n—l—j—l k n—k-1 n—l—_]—-l
RS el s o)
j:dld 1=0 =1 =0
J

é o) + ) - oo

J odd

v

Vv
2 [ —
IMT
T
&=,

+
Ts
;S

3

In the multiset case, each permutation of 1" " 15 treated as a sequence of one symbol

and combined with ny 0’s using Twiddle Then clearly the complexity 1s at least

MIHARRE

n n+1 + o
no Myl | 2(ngt+1) n—ng+1
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Therefore 1n general Algornithm 5 1s not constant average time

216 Algorithm 6 (Lam & Soicher)

This algorithm 1s due to C W H Lam and L H Soicher [14] It does not use the binary
representation for combinations Recall that an n/k-combination 1s a subset of size k of
{1, ,n} Thus a combination can also be represented by an increasing sequence of size k
such that the integer z 15 1n the sequence 1f and only 1f 1 1s 1n the subset Algonthm 6 gen-

erates all increasing sequences (of length k) of integers < n

This algorithm 1s a slight variation of the usual recursive method that generates combi-
nations 1n reverse lexicographical order The order in which the i'* element 1s generated
depends on the parity of the integer : If 1 1s even increasing order 1s used, decreasing order
otherwise In the following let AL6 denote Algorithm 6 and let the combination sequence be

stored 1n a[1], ,a[k]
AL6(1)
1 If 1 1s even then for j =1, , a[i+1]-1 do the following a[:] « ; and AL6(:-1)

2 If 7 1s odd then for j = a[i+1]}-1, 1 do the following a[i] < J, 1f i=1 then PROCESS
else AL6(:-1)
PROCESS signals that a new combination has been generated Imtally the value n+1 1s

assigned to a[k+1] and AL6(k) 1s called to generate all combinations

Figure 2 07 shows how the size 4 combinations of { 1, 2, 3, 4, 5, 6 } (the binary

representations are in parentheses) are generated
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1234 (111100)
1245 (110110)
2345 (011110)
1345 (101110)

1346 (101101)
1236 (111001)

Figure 2 07

By using a stack Lam and Soicher obtained a nonrecursive version of this algorithm
The worst case complexity for each combination of the nonrecursive version 1s bounded by a

constant (See [14])

21.7. Algorithm 7 (Bitner, Ehrlich & Reingold)

This algonithm 1s due to JR Bitner, G Ehrlich and EM Reingold [6] and 1s based on
binary reflected Gray codes A binary Gray code 1s an orderning of all binary sequences of
fixed length n such that successive sequences differ in exactly one position Denote the
binary reflected Gray code for sequences of length n by G(n) and the same Gray code 1n
reverse order by G(n)R G(n) has the following recursive definition

0G(n-1)
G = |G-

i

G(1)
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The lList of combinations Algorithm 7 generates 1s equivalent to the binary reflected Gray
code except all binary sequences without the correct number of 1’s are deleted Let C(nk)
denote the sequence of n/k-combinations generated by this algorithm, and C(n,k)R denote the
same sequence listed 1n reverse order Then a recursive defimition simular to that for G(n)

can be given

0C(n—-1,k)
Cnk) = 14 cnm1 f=1)R
cinD} = 0"
Cnn) = 17

The list C(n,k) always begins with the sequence 0™ *1% and ends with the sequence 10" %1%

Inductively 1t 1s easy to see that C(n,k) has the interchange property

The recursive defimition of C(n,k) gives nse naturally to a recursive algorithm that gen-
erates the list. Algonithm 7 1s simular to Algorithm 6 1n that the i* element of the combina-
tion 1s generated alternately 1n increasing and decreasing lexicographical order (of O and 1)
For example 1n the expansion of C(n,k), shown 1n Figure 2 08, the second bit 1s generated
first from O to 1 and then from 1 to O The recursion tree can be simplified by replacing
C(n,k) with + and the reverse list by - at each node Thus a + would 1ndicate that the chil-
dren of the current node are to be generated in increasing order, and a - would 1ndicate the
opposite The complete generation of the combinations of { 0, 0, 1, 1 } by Algorithm 7 1s

shown 1n Figure 2 09
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00C(n=2,k)
0C(n—1,k) <

01C(n-2,k—-1)R

11C(n=2,k1)
1C(n—1,k—1)R <

10C(n—-2,k=2)R

Figure 2 08

C(n,k)

/\

O+—1+—1 = 0011

- == = 0110
1 -~

e Dol = O1HI

0-—0 = 1100
/

/ \1+—0 = 1010

0-— 0-—1 = 1001

/

Figure 2 09

Bitner, Ehrlich and Reingold found an iterative equivalent of this algorithm It can be

shown that the iterative version always generates each combination 1n time bounded by a

constant [15]
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22 A New MPG Algorithm

The new mpg algonthm, MPerm, satisfies two properties (1) generation by inter-
change, (2) the generation 1s constant average time This algorithm 1s closely related to
Algonithms 6 and 7 1n that the lexicographical order in which an element 1n the sequence 1s
generated alternates In fact when restricted to the binary case the recursion tree of MPerm

and that of Algorithm 7 are the same

Extending the defimtion of C(n,k) to the multiset case, let C(ng, ,n,) denote the list
of multiset permutations generated by MPerm, and C(ny, ,n,)R denote the reverse list

Then, wlo g assumung f 1s odd,

C(”O’ 9n;—],oyn,+1) :nl) = C(nO’ )ng—l)n‘-}»l’ ’nl) (2 1)
rOC(nO—l,rll, ,n,) ]
1C(n0,n1—1,n2, ,n,)R
2C(ng,nq,ny—1, )
C(ng, ) = (22)
tC(no, ,n,_l,n,—l)R
Cn) = 1" 23)
Note that when the parameter list n, ,n, 1 contracted as 1n (2 1) because some #, 1s 0,

none of the subscripts z, which also indicate the symbol, are changed Figure 2 10 shows the

recursion tree with which the permutations of the multiset { 0, 1, 2, 2 } are generated

Algorithm MPerm 1s derived from the recursive defimtion To keep a record of the

lexicographical order that 1s used at each level, a global array dir 1s needed The value of
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4 Whenever dir[i] 1s updated, M[1+1] < M[1+1] + M[1] and M[1] 1s reset to O

For example, let p;, p,, p3 and ps be four successively generated permutations Suppose
before p; 1s generated M[:] 1s O for all 1 Let p, contain a O-path from level j+1 on and p;
contain a O-path from level ; on The effect on the arrays M and 4ir when the tree 1s

traversed to generate the permutations 1s shown 1n Figure 2 11

NOTE It 1s not neccessary to keep the count of the number of nodes suppressed at a level
The panty of the count suffices to determine the value of dir

The result of these modifications to Algorithm MPerm 1s Algorithm 8 Two new global

i
variables are added Integer skiphere 1s used to store » M[j] where ¢ 1s the current level
=1

Integer array skipmem 1s used 1n place of M The imtal call 1s Alg8(0) with all elements of

skipmem and skiphere set to 0

Lemma 24 Algorithm 8 executes in constant ime on average

Proof Quite clearly Algorithm 8 still satisfies conditions 1 and 2 To show that 1t also
satisfies condition 3, first count the number of degree one nodes There 1s a node of degree
one for every symbol z # 0 1n a sequence such that erther (a) 1t 1s at the end of the sequence,
or (b) the remainder of the sequence 1s an :-path. Using the mulunomal 1dentities

"o oy, _ ngn+tl ngtn
L n n n+1 ng Ny n

b

=0

and

t
=0l n_y n—1 ng n ny n
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M = 0 0 0 0
dir = - - - -
o 0 —0 —-o0——{ p
J
M = 0 1 0 0
dir = - - -
o-—O0—0— —o0—-- p,

Mo suppressed ———————
]

= 1 1 0 0
dir = - - = -
o O —0 —o0————1 p3
‘— suppressed —
]
M= 0 0 0 0
dir = - + + -
o o 0 —o——10 py
J

Figure 2 11
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Alg8( level 1nteger ),

BEGIN
IF level = n-1
THEN BEGIN
a[n] <« whatever symbol remaining,
output a,
skiphere « 0,
afn] « 0,
END
ELSE BEGIN
skiphere « skiphere + skipmem[level],
if skiphere 1s even then
dir[level] « reverse of dir[level],
skipmemf[level] « 0,

IF 0 1s the only symbol to be placed
THEN BEGIN
increment skiphere,
add skiphere to skipmem/[level+1],
skiphere « 0,
output a,
END
ELSE BEGIN
in the order indicated by dir[level]
LOOP throughi1€ {1 n,>0}
BEGIN
n ¢« n-1,
aflevel+1] « 1,
Alg8( level+1),
n < n +1,
allevel+1] « 0,
END,
END,
END,
END

Algonthm 8
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and summing over all ;’s, where j 1s the length of the i-path, the number of such occurrences

18

km
n—j
EZ ["0 n_yn—j) Ny nl]

=17=1
kTl pna
i)
=zz{ :
=1 =0

= Z n,—l

k (n—n)Hn—11+1 | (n—n)Hn=1)
=1 (n—nl)+1

L n n—1
B Eln—n;i-l ni—1
k
n n—1
n—ny+1 g[ n—1 ]
N n n
n—ny+1 |70 i,

2 n
no n

Consider the tree with all degree one nodes removed The resulting tree has the same

IA

IA

number of leaf nodes as the former tree and all its internal nodes have minimum degree 2
A simple proof by induction can show that the number of internal nodes 1n this tree 1s less
than the number of leaf nodes Summarizing all the results we have the number of all nodes

in the recursion tree for Algonithm 8 1s less than four times the number of leaf nodes, 1€

less than 4

o s n] Therefore condition 3 1s satisfied and Algonthm 8 on average gen-
(]

erates each permutation in constant time
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2.3 Ranking and Unranking Algorithms in the Binary Case

Ranking and unranking algonthms are associated with generation algorithms For an
algonithm A that generates all objects 1n a set S, a ranking algorithm takes as 1nput an object
O 1n § and returns the number of objects before O 1n the list generated by A An unranking
algonthm performs the inverse operation of a ranking algonithm For example let A be an
algonithm that generates all combinations lexicographically, R the ranking algorithm for A,
and U the unranking algorithm A generates all combinations with two 0’s and two 1’s 1n

the order

0011 — 0101 — 0110 — 1001 — 1010 — 1100

R(0011) gives 0, R(1010) gives 4, and U(3) gives 1001

In the following ranking and unranking algorithms for Alg 8 in the binary case are
given Since Algonthm 8 generates binary combinations 1n the same order as Bitner’s algo-

nithm (Alg 7), the ranking and unranking algonithms also work for the latter

231 Ranking Algorithm

For both ranking and unranking operations we need to know the lexicographical order
used at each node In other words to rank or unrank the element afi+1], where a 1s a per-
mutation, we need to know the value of dir/:] Imnally (for the permutation 0"°1"‘) all dir[1]
are set to + To determuine the value of dir[i] along a branch 1n the recursion tree, we must

know the panty of the number of nodes at level : before the current node For example 1n
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Figure 2 12 the number of nodes at level 5 before node * 1s the following sum

the number of nodes at level 4 1n T
+ the number of nodes at level 3 1n T
+ the number of nodes at level 2 1n T;

Let S, denote the number of nodes at level 1 in the recursion tree for C(n,k)

Lemma 2.5 The parity of S, = the parity of [17(1]+ [:1_—}(] 12 ]

Proof At level 1 let A be the set of nodes with no siblings and B be the set with siblings

Clearly |B| 1s even Therefore the panity of the number of nodes at level : depends on |A]

Figure 2.12




28

only Define the prefix of a node x 1n the tree as the sequence obtained by recording the
symbol generated at each node while traversing from the root to the parent of the node x If

a node x 1s 1n A then 1n the prefix (of lenght :-1) of x, either all 0’s or all 1’s are used

There are [’7{1]4- [;:}J such nodes

]
Using this lemma 1t 1s easy to determune the value of dir[i] For example if a/1] 1s O
and the lexicographically first symbol 1s 1 (1e dir[0] 1s -) then the subtree of all combina-
tions beginming with 1 1s omitted Lemma 25 can then be used to adjust the panties of
dir[l] dir[n] When the branch representing the combination in the recursion tree 1S

traversed, the parities of dir can be similarly updated, as shown 1n Figure 2 12

The rest of the algorithm 1s very much the same as the usual ranking algorithm for the
lexicographical generation of n/k-combinations, where 1if afl] 1s the lexicographically first
symbol (0), 0 1s added to the rank, and otherwise the number of n/k-combinations beginning
with 1 1s added to the rank The combination stored 1n a/2] a[n] 1s recursively ranked, and

the final accumulated rank 1s the rank for the combination

For Algornithm Rank, the combination 1s stored in the array afl] a[n] imtially, and

dir[1] setto +,1=0, ,n A Pascal version of the algorithm 1s given in Appendix A 2

For j=1, ,n—1, the FOR loop 1n Algonthm Rank executes n—-1 times Everything else
1s performed 1n constant tme The binomial coefficient table can be constructed in O(nz)

time Therefore the Ranking procedure has time complexity O(n%)
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Alg Rank( j, n, k 1nteger ),
returns an integer,

{ n 1s the size of the combination }

{ k 1s the number of 1’s in the combination }

{ j 1s the index of the element of a being examined }
{ B(1y) 1s the binomual coefficient "1 choose j" }

{ m 1s the end of the combination 1n array a }

BEGIN
IF n=k OR k=0 THEN return Rank « 0
ELSE BEGIN
IF (( a[j] 1s 0 AND dir[j-1] 1s +)
OR (a[j] 1s 1 AND dir[}-1] 15 -))
THEN first « true
ELSE first « false,

IF afj] 1s 1 THEN BEGIN k; « k, k < k-1, END
ELSE k; « k-1,

ko(— n-1 'kl,

IF first
THEN
return Rank < Rank( j+1, n-1, k)
ELSE BEGIN
nvert dirfj],
FOR 1 =3;+2, ,m DO
IF B(1-3-2,kg)+B(1-)-2,k;) 1s even THEN 1nvert dir[l-1],
return Rank < B(n-1,k;) + Rank( j+1, n-1, k-1 ),
END,
END,
END

Ranking Algonithm for Algorithm 8




Alg Unrank( rank, j, n, k 1nteger),

{ rank 1s the rank of the combination to be found }
{ j 1s the 1ndex of the element to be assigned }

{ n 1s the size of the combination }

{ k 1s the number of 1’s 1n the combination }

{ m 1s the end of the combination 1n array a }

BEGIN
IF n=k THEN a/j] to a[/m] are all set to 1
ELSE IF k=0 THEN a/j] to a[m] are all set to 0
ELSE BEGIN

IF dir[j-1] 18 +
THEN BEGIN
first < 0, k; « k, k « k-1,
END
ELSE BEGIN
first < 1, k; « k-1,
END,
ko < n-1 - k],

IF B(n-1,k;) > rank
THEN BEGIN
afj] « first,
Unrank( rank, j+1, n-1, &; ),
END
ELSE BEGIN
afj] « 1 - first,
nvert dir(j],
FOR 1 =j+2, ,m-1 DO
IF B(1-)-2,kg)+B(1-3-2,k;) 1s even THEN 1nvert dir[l-1],
Unrank( rank-B(n-1,k;), j+1, n-1, k ),
END,
END,
END

Unranking Algorithm for Algorithm 8
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232 Unranking Algorithm

The unranking algonithm 1s shghtly modified from the usual unranking algorithm for
lexicographical generation of combinations and 1s also very similar to the ranking algorithm
discussed above To find af1], the value of the rank 1s checked Let m be the number of
combinations beginmng with the lexicographically first symbol If rank 1s less than m, then
a[1] 1s the lexicographically first symbol and m 1s subtracted from rank Otherwise a[l] 18
the second symbol The values of dir are then updated as 1n the ranking algonthm and the

rest of the combination 1s unranked recursively

Initially the array dir 1s set up as 1n the ranking case The combination 1s returned 1n
the array @ As 1n the ranking case, the unranking procedure has time complexity oY A

Pascal version 1s given in Appendix A 3



CHAPTER 3

IMPOSSIBILITY OF MPG BY ADJACENT INTERCHANGE

It was shown 1n Chapter 2 that all permutations of a multiset can be generated by an
interchange algorithm A more severe restriction may be imposed on the algorithm so that
two consecutive permutations must differ in two adjacent posiions An algorithm with this
property 1s called a generation algorithm by adjacent interchange However with this restric-

tion 1t may not always be possible to generate all permutations

For the muluset 0 ¢ define a graph G(ng,n;, ,n) where the vertices are all the
permutations of the multset, and an edge (p;,p,) 1s 1n the graph if and only 1f the permuta-
tions p; and p, differ by an adjacent interchange Then for a multiset 1t 1s possible to have a
generation algorithm by adjacent interchange 1f and only if there 1s a Hamilton path 1n the
corresponding graph For example the graph G(2,2) in Fig 3 1 does not have a Hamilton
path and so 1t 15 1mpossible to have an adjacent interchange algorithm for the muluset { 0, 0,
1;1}

To find an adjacent interchange algorithm for multisets 1t 1s 1mportant to know when 1t

1s possible for such an algonithm to exist This chapter examines and answers this question

92
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0011

0101

1001 0110

1010

1100

Figure 3 1

31 Previous Research

311 Binary Combinations

For binary combinations this problem has been studied and solved by Ruskey and
Muller [7], Buck and Wiedemann [8], and Eades, Hickey and Read [9] independently The
necessary condition on ng and n; for the existence of a Hamilton path 1in G(ng,n;) 1s given 1n

Lemma 3 1
Lemma 31 For ny, n; 2 2 no Hamulton path in G(ng,n;) exists if either ny or ny 1s even

This result was only stated by Buck and Wiedemann, but was proved by Ruskey and

Miller and Eades, Hickey and Read Both proofs are based on the observation that G(ng,n;)



34

1s bipartite
Observation 3.2 G(ng,n;) is bipartite

Proof For each combination define a score as follows Let C be a combination and let c,

n
be the /# bit in C  The score of C 1s the sum Y ic,, where n 1s the sum of ny and n; Parti-
=1

tion the vertices of G(ng,n;) 1nto two sets O and E
O = { all combinations with odd scores }

E = { all combinations with even scores }

If two combinations differ by an interchange of adjacent integers clearly their scores differ
by exactly 1 Therefore no two combinations from the same set, O or E, can be adjacent in
G(ng,n;) The observation follows

Let D = |[E| - |O] Since G(ng,n) 1s bipartite, 1f 1t 1s to have a Hamilton path |D| must
be <1 Let D(ng,n;) denote D, the panty difference of the two partiions for G(ng,n;) Then
by calculating D(ng,n;) 1t can be determined whether or not 1t 1s possible for a Hamilton path
to exist 1n G(ng,n;) The values D(ng,n;) satisfy recurrence relation (3 1) in the following

lemma

Lemma 3.3 D(0,0) = 1 and if ny, ny 2 0 then

D(ng,ny) = (=1)" ( D(ng,ni=1) + D(ng=1,ny) ) (31)

(See [7])
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Ruskey and Miller observed that the values of D(ngp,n;) satisfy expression (3 2) 1n

Lemma 3 4 which they proved inductively using recurrence relation (3 1)

Lemma 34

- . 1 _
D} 0 if ng odd, n, odd
D(ngym) = s where s = | (32)

L 2 J -1 # otherwise

Eades, Hickey and Read also discovered expression (3 2) by way of generating func-

tions They considered the problem of enumerating all combinations with score N The 1th
bit 1n a combination, 1f 1t 1s 1, contributes 1 to the integer n; and : to the integer N If 1t 1s

0, 1t contributes 0 to both Hence the solution 1s the coefficient of x'y" in the generating

function

F(xy) = TI(1+xy") (33)

r=1
Now |O| 1s the sum of those coefficients of x"‘yN for which N 1s odd, while |E| 1s the
sum of those such coefficients for which N 1s even It follows that the generating function

for D(ng,n;) 1s obtained at once by puttung y = -1 1n (3 3)

If n 1s even, say n = 2m, this generating function 1s (1-x2)", and



D(ng,n,) = coefficient of X" 1n (1-x2)"
0 if ny 15 odd,
) 2 | m
-1 4 if ny 1s even
ny
2
.

If n1s odd, say n = 2m + 1, the generating function 1s (l—xz)"'(l—x), and

D(ng,n) = coefficient of ' n (1-x2)™(1-x)

Zlm
G2 & if ny 1s even,
n
2
= <
n+1
m
-1 2 if ny 15 odd
nl_l
2

It 1s easy to see that these expressions concur with expression (3 2) exactly

36

If erther ny or n; 15 1 then a Hamulton path trivially exists If ng, ny 2 2, thenn = 4

i
2

and the binomuial coefficient 1s always at least 2 Thus unless both ny and n; are

n
. 2 7/

odd, G(ng,n,) cannot have a Hamulton path
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In addition to giving conditions on the impossible cases, Ruskey and Miller gave a con-
stant average time generation algorithm for all other cases, thus demonstrating directly that
ng, n; odd 1s a necessary and sufficient condition for a Hamilton path in G(ng,n;) to exist, a
result that Buck and Wiedemann and Eades, Hickey and Read also proved Their inductive

proofs give bases for recursive generation algorithms

31.2. A Shghtly Different Adjacency Restriction

A vanant of the adjacency restriction was studied by Joich1 and White [16] In this
vaniation the first and last positions of the combination are also considered adjacent With
this extended definition of adjacency let G (ng,n;) denote the graph analogous to G(ng,n;)
Joichi and White were also concerned with "closed listings" of the combinations, 1e the last
and the first combinations 1n the list are to be adjacent in the graph G*(no,nl) In the graphi-

cal sense, the problem 1s now to find a Hamilton cycle in G (ng,n)

With these variations the problem becomes far more complicated than our onginal

problem 1n the combinations case Joichi and White managed to show that

1 G‘(no,nl) does not contain a Hamilton cycle if one of ng, n; 1s odd and the other 1s

even, or 1f either1s 2 and n1s odd and = 7

2 G*(no,nl) has a Hamuilton cycle if k = 3, k = 4 and n 1s odd, or k = 5 and n # 7, where

k can be either ng or n;

It 1s not known 1n other cases whether G (ng,n ) has a Hamulton cycle
0. Y
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32 Impossible Cases in the Multiset Case

This problem 1s solved 1n a manner similar to that used 1n the combination case For
the multset 071" " the graph G(ng,n, ,n,) 18 defined and shown to be bipartite
Letting D(ng,n;, ,n,) denote the difference in size between the two partitions of the ver-
tices, a recurrence relation for D(ng,n;, ,n,) 1s found and solved, thus revealing when 1t 18

impossible for G(ng,ny, ,n,) to have a Hamilton path

321 The Underlying Graph 1s Bipartite

For the multuset S = 071" {" define the underlying graph G(ng,ny, ,n,) with

vertex set V and edge set F, where
1 the vertices 1n V are exactly the permutations of S,

2 the edge (p;,p,), where p;, p, are permutations of S, 1s 1n F 1f and only 1f one

can be obtained from the other by an interchange of adjacent integers
Lemma 35 G(ng,n,, ,n,) 1s biparnte

Proof To prove the lemma 1t suffices to show that there are no odd cycles 1n the graph Let
C={@p Pm Pm+1=P1) be a cycle 1n the graph. Suppose the transposition taking p; to
p, 1mvolves interchanging x", an occurrence of the symbol x, and y*, an occurrence of the
symbol y, and that 1n p; there are r, occurrences of y to the right of x and there are [,
occurrences of x to the left of y* (see figure 3 2) If 1n the rest of the cycle x" and y‘ are not

interchanged again, then after the first transposition all permutations 1n this cycle, including

Pm+1, contain less than ry y’s to the nght of x and less than I, X’s to the left of y* In other
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words p;#p,.4+1, a contradiction Therefore each transposition has a umque inverse 1n the

cycle, all transpositions 1n this cycle can be paired with 1ts inverse, and so the cycle must be

even 1n length.

32 2. A Recurrence Relation for the Parity Difference

The vertices of G(ng,n;,

Let 0™1™

,n,) can be partitioned 1nto two sets, O and E, as follows

" be the canonical permutation and let 1t be in the set E Define the distance

of a permutation of the multiset as the least number of adjacent interchanges necessary to

P1

P1

IL-1x’s ry-ly’s
xtyt
\_\/__—JW’-J
Lx'S ryy’'s

Figure 32
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transform 1t 1nto the canonical form If the distance of a permutation 1s even, let the permu-
tation be 1n E, 1f 1ts distance 1s odd, let it be in O Define the parity difference

D(nO’nl’ ’nt) = IEI i |Ol

Lemma 3.5 A recurrence relation for the parity difference is

D(1) = 1 (34)

D(ny, M-1:0,7415 ;n) = D(ny, e RE ) (35)
T

D(ny, n) = SDPD( a1, ) whereo, = >n, (3 6)
=0 J<t

Proof If there 1s only 1 occurrence of one symbol, then |E| = 1 and |O| = 0, so (34) 1s
correct (3 5) merely says that 1f there are no occurrences of a symbol, 1gnore it To see that
(3 6) 1s true, consider the graphs G = G(ny, ,n) and G, = G( ,n—1, ) Let E and
O be the partitions of the former, and E, and O, the partitions of the latter Consider the sub-
graph 1n G 1nduced by the set of all permutations beginming with the symbol : This sub-
graph 1s 1somorphic to G, If ¢, 1s odd, then 10" /! " 1s 1 O and therefore E, 1s a
subset of O, while O, 1s a subset of E Conversely, if o, 1s even then E, 1s a subset of E and
O, 1s a subset of O Thus all permutations beginning with the symbol : contribute
(—1)0' D( ,n—1, ) to the overall panty difference D(n, ,n) The sum 1 (3 6)

follows

The solution of the recurrence relation 1s given by Theorem 3 7, where the following notation

1S used
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n
m, = \‘j‘:lzo, ot

m=ym,

=0

- 1s denoted by ( m, m )
my m, m, | 18 Genotec by L m, m, 7y

Theorem 3.7 Foranyt>0andn,20,:=0, ,t,

0 if 22 n/s are odd

D(ng,n;, M) = { (37)

(m, mg,my, ,m, ) otherwise

1
Proof The proof 1s by induction on n = ¥n,
=0

For n = 1, clearly D(1) =1 (0,0) = 1 also Therefore the basis case 1s true
Assume that expression (3 7) 1s true for n = N—1

Let n be N Because of (35) assume wlog that all n’s 2 0 We have the following

cases

(a) Letall n’s be even From (3 6) we have
D(ng,ny, )

t
> EDTDC nel, )

=0
4

= Y (m-1, mg, m—1, ;) since n, 1S even
=0

. i (m=1)"

=0 Mo’ (m~1)! m,!



(b)

©)
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( m, mo, g )

Let there be exactly one odd n, say n, Then when k # j D( -1, ) always
has 2 odd n,’s, namely n,~1 and n, By the induction hypothess, this parity difference

1s 0 and therefore

D("o, ’nt)
= 1)°D( -1, )
= (m, my, M, Jm, ) since ny is odd

Suppose exactly 2 n’s are odd, namely n, and n,, with j < k If r # j or k then
D( n—1, ) always has at least 3 n,’s that are odd, and so by the induction

hypothesis has value 0 Therefore,

D("O: ’nl)

D™D -1, )+ D™D el )

( m, m09 7mja 9mk$ $m1 ) - ( m, mOa ’m]a 7mka am[ ) (3 10)
= 0

The two quantities i (3 10) are equal since n, and n;, are both odd and

7
Nk n—1
m= = 5 and ditto for m,
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(d) Let there be more than 2 n,’s that are odd Clearly then for any 1 D( n—1, )

i

has at least 2 odd »,’s and therefore must be 0 Thus D(n, ,n,) 1s 0 also
|
If at least 2 n,’s > 1 the multinomial coefficient [ = ] 1s always > 1, in which
Iy My ny
case there can be no Hamulton path in G(ng,nl, ;)

Corollary 38 If at least 2 ns > 1, at most 1 n, odd, then there i1s no generation algorithm

by adjacent interchange for the multiset 0°1™ £



CHAPTER 4

Impossibility of Adjacent Interchange Generation of Trees

Much 1nterest 1n the generation of combinatorial objects has been associated with trees,
and there 1s an abundance of tree generation algorithms For example [17] and [18] gave
algornithms to generate binary trees lexicographically [19] and [20] gave algonthms to gen-
erate k-ary trees [21] discovered a constant average time algornithm to generate all ordered
trees on n vertices [22] gave an algorithm that generates binary trees by interchange [10]
showed an algorithm that generates all rooted ordered trees lexicographically However so
far no adjacent interchange algorithm has been discovered for trees This chapter considers

the problem of when 1t 1s possible for an adjacent interchange algorithm to exist
The work 1n this chapter 1s motivated by [10], in which trees are represented by mul-
tiset sequences In Chapter 3 1t was shown when multiset permutations cannot be generated

by adjacent interchange In this chapter the idea 1s extended to the generation of trees

represented by these sequences

41. Representations of Trees

The trees we are concerned with here are rooted ordered trees A tree 1s rooted 1f a
distinct vertex u 1s designated the root The tree 1s also ordered 1f there 1s an ordenng on the

subtrees rooted at the children of u For example, the trees T} and T, 1n Figure 4 1 are 1so-

morphic rooted trees, both rooted at vertex u, but are different rooted ordered tress An

44
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ordered forest 1s one 1n which there 1s an ordering on the trees In the remainder of this

chapter, unless otherwise specified, all trees are understood to be rooted ordered trees, and all

forests ordered forests

There are many ways of constructing integer sequences to represent trees umquely

The following are typical examples

Level Sequence The level number of a vertex u 1s 1 1f 1t 1s the root, or 1t 1s one greater
than the level number of u’s parent For example the level numbers of the vertices 1n T; 1n
Figure 4 1 are 1 for u, 2 for v and 3 for w A tree T can be umquely represented by 1ts level
sequence obtained by traversing T 1n preorder and recording the level numbers of the nodes

See Figure 42 [21] gave an algorithm that generates all such sequences corresponding to

rooted trees on n vertices

T, T,

Figure 4 1 Two different rooted ordered trees
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Level Sequence of this tree 123344323

Figure 42 Tree Representation by Level Sequence

Well-formed Parenthesis Strings Label each internal node of a binary tree B with (, and
each leaf node with ) The sequence obtained by traversing B 1n preorder and recording the
symbol at each node except at the last leaf node 1s a umque representation of B The
representation sequence of each tree corresponds to a well-formed parenthesis string -- 1n any
prefix of the string there are at least as many (’s as )’s An integer sequence can be derived
from a parenthesis string by replacing (’s with 1’s and )’s with 0’s See Figure 43 [22]
used these sequences to represent binary trees and gave an algornithm that generates all such

sequences by interchange

The representation for trees used 1n this chapter 1s the same as the one used 1n [10],
namely each node of the tree 1s labelled with the number of children 1t has, and the represen-

tation sequence 1s obtained by traversing the tree in preorder and recording the label at each
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Well-formed Parenthesis String (( () ()) ()) (())
Corresponding Binary Sequence 11101001001100

Figure 43 A binary tree and 1ts representation sequences

node, except the last leaf, as 1t 1s visited See Figure 4 4 (The last node’s label need not be
recorded since 1n a preorder traversal, the last node visited 1s always a leaf node ) Define the
degree of a node 1n a tree as the number of children 1t has, the degree of a tree as the max-
mmum degree among all nodes 1n the tree, and the representation sequence described above as
the degree sequence of the tree If a tree T has degree ¢ and has n, nodes of degree 1, n, 2 0,

n n
1 =0, ,, then the degree sequence of T 1s a permutation of the multiset 0"1™ £

How-
ever not all permutations of the multiset correspond to trees A trivial example 1s any

sequence of length > 1 beginming with 0 Such a sequence cannot represent a tree since

unless the tree 1s the trivial tree with one node, its root must have degree > 0 A sequence



48

represents a tree only 1f 1t possesses the dominaning property and has the correct number of

0’s
Defimtion 41 Let #i(aja, a;) denote the number of nmes the integer 1 appears in the
integer sequence a,a a; An integer sequence a = aja, a, with n, occurrences of

the integer 1, 1=0, ,t, has the dominating property if the number of 0’s is not greater than
4

Y. (i—D#i(aa, aj) 1n every prefix aja, g l1<i<n

=1

t
In a tree the number of leaves (degree 0 nodes) must be Y (:—1)n, + 1 Hence the

=1

t
representation sequence of a tree must have Y (i—1)n, 0’s Note that a sequence with more
=1

degree sequence 231000

Figure 4 4 The degree sequence representation of a tree
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than this number of 0’s corresponds to a forest See Figures 4 5(a)-(c)

Figure 4 5(a) Tree degree sequence 231000

Figure 4 5(b) Forest degree sequence 2031000
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Figure 4 5(c) Forest degree sequence 02301000

If a tree has n, nodes of degree 1, 1=0,1, ,z, call (ng,n, ,n,) the degree vector Let

t
N = (ng,n, ), n,20,1=0, 1, ng=Y(-1)n, Let T(N) be the set of all trees with

=1

ngtl leaves and n, nodes of degree 1, 1=1, ,t Let A(N) be the set of all integer sequences

with n, 1’s, 1=0, ,t which satisfy the dominating property It 1s known ([10]) that

Theorem 42 There 1s a 1-1 correspondence between T(N) and A(N)

t
If in the vector N ng > 3 (1—1)n, then T(N) 1s now a set of forests [10] showed that in
=1

this case the 1-1 correspondence 1n Theorem 4 2 continues to hold
It 1s worth noting at this point that for the degree sequences the usual lexicographical
ordering of integer sequences correspond to a natural ordering of trees Let rr denote the

degree of the root of a tree T, and T, the subtree rooted at the ith son of the root of T Then



51

Two trees, T and T, are in B-order, T < T, 1f
(1) r<rpor
(2) rp=rpand for some 1, 1 <1 < rp we have
a) T,=T,forj=12, ;—1 and
b) T,<T,
It can be shown that 1f T < T" 1n B-order, then the degree sequence of T 1s lexicographically

less than the degree sequence of T Zaks [10] gave an algorithm that generates all trees 1n

T(N) lexicographically by generating all degree sequences in A(N) See §42 1

When an algonithm 1s said to generate trees, 1t actually only generates the representation
sequences of the trees One important question 1s whether properties of the sequences are
reflected 1n the structures of the corresponding trees In this case, if there 1s an adjacent
interchange generation algorithm for A(N), do the trees corresponding to degree sequences

successively generated by this algorithm also differ little 1n structure?

Figure 4 6 shows the effect of an adjacent interchange in the degree sequence on the
actual trees themselves By interchanging the degrees of 2 nodes, only the subtree rooted at
the first node 1s changed More generally, 1f nodes u and v are interchanged, their subtrees
are exchanged As an example, let node u be the root of the tree T and v 1ts leftmost child
Suppose u has degree p, v has degree ¢, p > ¢ >0, T, T,, , T, are subtrees rooted at the
children of v, and S, S5, , S, are subtrees rooted at the children of u (S; 1s the subtree
consisting of v and T, ,T,) See Figure 47 Let o(T) denote the degree sequence of the

tree T Then o(T) = pqoT;)00(T,)0 (T )00(S,)00(S3)0 o(S,) From ths
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sequence 1t 1s apparent that after the interchange the root ¥ now has only g children and 1its
leftmost child v has p children, T}, ,Tq, Sy, ,(Sp_q+1) are now rooted at the children of
v, and the tree has the form in Figure 48 The cases where p < g or ¢ = 0 are similar
Therefore using the degree sequence representation the adjacent interchange property 1s

reflected 1n the sense that differences 1n successively generated trees are little

As an 1llustration of the importance of the lttle change property, consider the follow-
mg It 1s well known [23] that there 1s a 1-1 correspondence between trees in general and

binary trees The transformation from a tree to a binary tree 1s as follows

(1) the left most chuld of a node w, 1f 1t exists, becomes w’s left child in the

binary tree,

(2) the sibling to the immediate nght of w, 1f 1t exists, 1s w’s night child in the

binary tree

For example 1n the binary tree corresponding to the tree 1in Figure 47 vertex v 1s vertex u’s
left child, vertex 2 1s v’s nght child, vertex 3 1s vertex 2’s right child, etc In the binary tree

representation, to replant the subtrees S,, Ss, .

—g+1» 1L 1S an easy operation to change

the parent of vertex p-g+2 to vertex v, and to change the parent of vertex 2 to the root of T,

This efficiency in replanting 1s important when many trees are generated and manipulated
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321000

Figure 4 6

312000

Figure 47
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T; T, & -

Figure 4 8

4.2 Previous Works

421 Number of Rooted Ordered Trees

Zaks [10] was the first to give an algonthm to generate all degree sequences for any

t
degree vector N = (ng,n, ,n,), where ny = ' (1—=1)n, He also showed that [T(N)|, denoted

=1

by C(ng,ny, ,n,), satisfies the following recurrence relation
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Lemma 4.3
0 ifn,<0fori=12, ,t
1 if ng=n; = =n=0
C(nO,nly )n[) = t
m 0 if ng=Y,(=1n, — 1
=1
t
> C(ny, M1, ,n) otherwise
F‘O
Its solution 1s given by
-
t
C(ng,n,, n) = . - Y (-1 n 41
(ng,ny 0) g iy n,] :2;( ) ngtl ny n—1 n, (3.4

!
where n= Yn,
=1

Note that the recurrence relation and (41) also apply for forests, 1e when

t
ng > Y. (—1)n,
=1

Zaks simplified the degree sequences in A(N) to form a new set of sequences B(N) and
he gave an algorithm of order O(n) that generates lexicographically all sequences 1n B(N),
where n = nytn;+ +n, Ranking and unranking algorithms of order O((t+1)n) were also

given

42.2 Impossibility of Binary Tree Generation by Adjacent Interchange

The degree sequence of a binary tree with » internal nodes 1s of length 2n and consists
of n occurrences of each of the integers 2 and 0 If all the 2’s are replaced by 1’s then the
degree sequence becomes the one used by [22] (See also §4 1) If an undirected graph H,

1s defined such that the vertices are all sequences representing binary trees with » 1nternal
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nodes, and two sequences (vertices) are adjacent 1f and only if one can be obtained from the
other by an interchange of adjacent integers, then H, 1s a subgraph of G(ng,n;) defined 1n
§311 Thus H, 1s biparite with partiions O and E of the vertices, O containing all
sequences with odd scores and E all sequences with even scores, where the score function 1s
as defined for combinations in §311 Letung D, denote the difference 1n size of the two
partitions of H,, and using a techmque simuilar to the proof of Lemma 3 4 by Ruskey and

Miller [7], the following lemma can be proved

Lemma 44 If n s even then D, 15 0 and if n = 2m+1 15 odd then D, = (—-1)’"—1— [Zm]

m+1 Lm

Therefore 1f n2 5 1s odd then there 1s no adjacent interchange algonthm to generate all

binary trees with » internal nodes

4.3. Impossibility of Tree Generation by Adjacent Interchange

In this section we shall prove a theorem for forests analogous to Theorem 3 7 for mul-

1
usets Let N = (ng,ny, ,n;) be a degree vector, with ng = Y (1—1)n, Define a graph
=1

H(ng,ny, ,n,) with all degree sequences 1n A(N) as vertices, two sequences are adjacent 1n
this graph 1f and only 1f they differ by an interchange of adjacent degrees Since each degree
sequence 1s a permutation of the multiset 0™1™ £ H(ng,ny, ,n;) 1s a subgraph of
G(ng,ny, ,n) which 1s defined 1n §321 From Lemma 35 H(ng,n;, ,n,) 18 bipartite
As 1n the multset case, 1f we can compute the difference in size between the two partitions

of the vertices, we can determune whether an adjacent interchange algorithm may exist
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Let ¢ 110™ be the canonical degree sequence We shall classify all other degree
sequences 1n relation to this If a degree sequence can be obtained from the canomical one
by an even number of adjacent interchanges, let it be 1n the set E Otherwise let 1t be 1n the
set O If two degree sequences 1n the same set, O or E, are adjacent, then there must be an
odd cycle 1n the graph, a contradiction Therefore (O,E) 1s a bipartition of the graph The

parity difference D(ng, ,n,) denotes |E| — |O]

Lemma 45
"
0 if any n, <0
1 ifalln,=0
D(ng,n;, n) = "
10 if ng=Y0-n, -1 (42)
=1
£ O,
2(-1)"D( n—1, ) otherwise
=0

where 6, = ¥'n,
Pt

Proof

The value of the panity difference for the first 3 cases 1s obvious For the recurrence
relation, consider the panty difference as the sum of panty differences of sequences begin-
ning with 0, with 1, , with ¢ We need to show that for each 1,1 =0, ., there 1s a 1-1
correspondence between forests with sequences beginming with degree 1 and forests with
degree vector (n, n—1, ,n) Let the former be called a-forests and the latter b-
forests Let 1S be a degree sequence for an a-forest Then the root of the leftmost tree 1n

this forest has degree 1, and by removing 1t we obtain a b-forest that has degree sequence S
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See Figure 49 This and the reverse process are clearly unique, and so the 1-1 correspon-

dence 1s established

Now consider all degree sequences beginming with degree : The parity difference for
these sequences 1s D(n, n—1, ,n) However if ¢, 1s odd, ™ ! 0™ 1s 1
O and so the contrbution to the total parnty difference from these sequences 1s
-D(ny, n—1, ,n) Clearly then the sign of the contribution to the total party
difference from sequences prefixed with degree 1, 1 = 0,1, ,t, 1s dependent on the partiy of

o, The recurrence relation follows

The solution to recurrence relation (4 2) 1s given in Theorem 4 6 The following nota-

tion 18 used 1n the statement and proof of the theorem

nl
m, denotes >

m=ym,
=0
q= 2 m
odd
m
(m, my,my, s, ) denotes the multinomial coefficient [mo my m, ]

t
E(O) = Z(l_l)( m, m0+1) ’mf_lr 9m1 )
5

t
E(l) = Z(l—l)( m—l’ my, 7ml_1! I )
=2
by2
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a-forest 2031000

b-forest 031000

Figure 49




0 = X (-1)( m, mot1,
b2

o(1) = i(l—-l)( m—1, my,
b2

60
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/]
Theorem 4 6 The value of D(ngy,n;, ), where ny 2 Y (1—1)n, 1s determined by the fol-

=1

lowing cases

(@) ifn,=0 for all 1 except for1 =1, ny 20, then D(n;) = 1
(®) if ng 1s odd, exactly one n, 1s odd, where 1 1s an even index > 0, and < 2 n, are odd,
where j i1s odd, then
1 m+1
D(rg, m) = P [ (mymg ) —EQ)] — 00
(no n) p{m-*-l—q [ (m, mg m; ) — E(0) ] -y ©) (4 3)
1 if there 1s no odd j such that n; 1s odd,
where p, = ¢
(=1)’ where j 1s the only odd index such that n, is odd
(¢) if n, for all even 115 even, < 2 n, are odd, where j 1s odd, then
D(ng, .n) = ——[(m-l,me1, m)-ED] - —=—0(1) (44
— mt+l—q
(d) if n,1s even for all 1 > 0, ny odd, then
D(no, n) = Clmg,  my) (45)
where C(my, ,m,) is defined in expression (4 1)
() D =0 otherwise
Proof

Case (a) 1s clearly true since there 1s only one tree, and thus one degree sequence We

prove cases (b) to (¢) by inductionon n = ng+ n; + + n,
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If n = 1, then either ng or ny 1s 1 If ny = 1 then case (d) applies and the panty
difference 1s 1 If n; = 1 then by (a) then the panty difference 1s 1 Suppose the theorem 1s

true for number of nodes < n For a forest with n nodes, we have the following cases

Case (b)
Let k > 0 be the even index such that »; 1s odd

Suppose there 1s one n, odd, j odd Consider D( n—1, ), 1 even If 1=k then

13
ngy 1s odd and n, 1s even for all even r, 1f 1 # k then there are two even indices, r =1 and k,
n, 1s odd In either case the degree vector satisfies none of the conditions 1n cases (a) to (d),

and so by the induction hypothesis D( n—1, ) =0 Consider D( n—1, ), 1

i

odd, 1 # 3 Then n—1 and n, are both odd, 1 and j are odd, and so by induction

D( n—1, ) = 0 Therefore

D(”O, 2n1) = (_1)GJD(nOa ,fl]—l, ’nx)
m+1 m+1
= ’ » » = E —
P;{ - [ (m, mg m, ) — E0) ] -t 0(0)}

Suppose there 1s no odd n, for j odd Then as before D( n—l, ) =0 for 1

even, 1 # k Therefore,

D("O’n 1> 7"1)

t
= YDD( -1, ) + D(oamel, )
=1
by 2



_ L 180 m

by2

1
Y. (F1)( m=1, mg+l, ,m—1,

=2
by2
- t
= -1)( m—1, mgt+1,
e PHGS 0

by2

+ C(mO’ ’mt)

= ; — E0
gmﬂ_ ((m,mg, ) = EO)]
by 2
t 1 t
= Z 2(1_1)"11( m, m0+ls
=1 mt2—q | 3
by2 by 2
#

+ (=1)(m~1)( m, my+1, m—1,

63

[ m—ly ,771"—1, )
q

,mj—l, )
mi—1, m—1, )
,m_l’ )

t
+ ( m, my, My ) i 2(1_1)( m, m0+1, ,'nx_l’ My )

=2
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m+1 m+1
- _ - 0
m+1__q[ (m, my, ;) — EQ) ] T 0(0)
Case (¢)

Suppose there 1s only one 7, odd, j odd If all #, 1s O except for n;, then we have case
(a) which 1s already proved Therefore assume n, > 0 for some 1#1, 1n which case ny > 0

Consider D( ni—1, ), 1 even This degree vector does not satisfy any of the condi-

3

tions 1n cases (a) to (d) Hence by induction this quantity 1s 0 Simularly D( n—1, )

18 0 for 1 0dd, 1 # ) Therefore,

D(ng, ) = (-1)°D( -1, )

which by 1nduction has the expression as stated

Now suppose there 1s no n, odd, j odd The analysis for this case 1s simlar to that in

t t
the proof of (b), except when ng = 3 (1—1)n, For this value of ny, my = > (i-1)m,
=2 =2

D (nOs ’nl)

= YEDDC el )
b2
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t
- z”‘—“l (m=2, my-1, m=1, )= 3 ¢-1) m-2,
=1 M—q =2
by 2 by 2
) ¢ 4
m—1
= _l —27 9 _1’ _1)
Z_} g F3(1 )(m m; m; )
by2 by2
%1 T8 0 el el g y-ED)] - |3 —
= — m—1i, mg—i,ml, ) — ==
=1 M9 . ; =1 m+1_q
by2 by2

Subtracting this from expression (4 4), we have

t
( m_ly mO—lam], amt) o Z(l_l)( m_ly ’ml'_ly )
=2

t
(m=1, mg-lmy, ) = |—— 3 (=1ym,|( m=1, mg—1,my,
my =

( m_l’ mo_l’ml’ ’mi) - ( m-ls mo_lymla ,"11)

Thus (c) 1s proved

Case (d)

Here we have all n, even except for ny Consider D( n—1,

1 > 0 This degree sequence 1s covered by case (b) For D(ng-1, ny,

m—1, mi—1,
1
= o
m+l—q 1
;)

), where 1 1s even,

,n,) the degree
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sequence 1s covered by case (c) D( n—1, ) where 1 1s odd must be 0 by induction

and recurrence relation (4 2) Therefore,

D(n07n1 ’ 7"1)

4
>EDDC a1, )
=0

by2
t 1
= Z - ( m_—l) 7mi_17 ) - 20_1)( m_ly m0+1, ,mz_l’ :mj_la
=2 | Mm—q 2
by2 by2
m t
- Yy (—-1)( m=1, mgtl, m—1, ,m]—l, )
by?2

+ [ (m=1,me-1, )= E(1)]-———0(1)
m—q m+l—q
t m‘
= Z'—'— (m, my, 1My )
=2 M—q
by2
iom 1 ! m,
-||IZ—=|-—]E® - 0(0)
Zi m—q | m—q Eé l-g
by 2 by 2
+1 m
b —=(mmy  m) — —— EQ) = ——— 0(0)

m—q m—q m—g+1
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t
= (m, my, Jm) — > =1)( m, mytl, m—1, )
=2

I
Q
R
S
K

Case (e)

If the degree vector does not satisfy the conditions 1n cases (b) to (d), then 1t must be

1in one of the following five categories
(1) Atleast two n,’s odd, 1 odd, AND at least two n,’s odd, j > 0 1s even
(2) Two n’s odd, 1 odd, AND one n, odd, j > 0 even
(3) Two ns odd, 1 odd (or even), all other n’s with j > 0 are even
(4) One n, odd, ) even, ng even, < 2 n,’s odd for 1 odd

(5) For all even1> 0 n,1s even, one n, odd for j odd, and ny odd

Subcase el At least two n,’s odd, 1 odd, AND at least two nj’s odd, j > 0 1s even The

result follows directly from the induction hypothesis and the recurrence relation

Subcase e2 n, ng are odd, where r > s are odd indices, AND 7, 1s odd, where j 1s an even

index, and all other n,’s are even.
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If ny 1s even, then the result follows directly from the induction hypothesis and recurrence

relation (4 2) If ng 1s odd, then

D(ng,  m)=1"D( -1, )+ (DD ngl,

r

o, even => o, eveni1fr>j>s
G, even =>0c,o0dd 1f j<s
o, odd => o, even

In any case

ID(nO’ ant)l = ‘ ID( Mgy 9nr_1’ )I = ID( 1ns_1’

But from expression (4 3) n, and n; odd implies that

lD( 7ns_1) 7nr9 )I = |D( ’ns’ ,nn )l

= |D( Mgy ’nr—l’ )l

The result follows

Subcase e3 n, ng are odd, where r > s are odd indices, and all other n;’s, k > 0, are even

If 1 # 1 or s, then from induction and recurrence relation (4 2) D(

Therefore,

D(ny, n) = (=1)7D( -1, Y+ (=1)"D( =1,
= D( Mgy n—1, ) — D( ng—1,

=0 as in subcase e2

N

1—1’ ) =0
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The subcase for two n,’s odd, where 1 1s even, 1s similar

Subcase e4 One n, 1s odd for j even, and ng 1s even. Again from recurrence relation (4 2)

and 1nduction D( n—1, ) 1s O except for 1=) and 1=0 Hence

D(ng, .m)=(D"D( -1, )+ (D™Dl )
Consider the case where there 1s one k, k odd, such that n, 1s odd, and k > ) The

cases where k < j and where there 1s no such k are similarly solved From case (c),

DD -1, )

=(—1){—’ﬁ—[(m—1,mo—1, )—E(1)] - —= 0(1)}
m—q m+l—q

From (b), with the number of degree zero nodes being ny-1, where ny and m, are even, we
can see that p 1s +1 and we have the same expression as above Therefore the panty

difference 1s 0 as claimed

Subcase €5 ny 1s odd, for all even 1> 0 n, 1s even, and there 15 one n, odd, where ) 1s odd
Consider D( n—1, ) where 11s odd but 1##) This degree vector has two odd indices,
1 and J, such that n~1 and n, are odd Thus D( n—1, ) = 0 by induction In the fol-

lowing assume ng > 1 or there 1s an even index 1 2 2 such that n, > 0 The special case that

ng1s 1 and n, 1s 0 for 1 > 0 will be treated later



D ) = TEDPD( el ) + (1D 1,
=0

by 2
' m, ' m, 1 mgt1
= (—1) Z_( m, my, 1My ) - Z -
=0 M—q =2 M—q m—q m—q
by 2 by 2
! m, m0+1 0(0) + C( )
— + g
,ZZZ m+l-q  m+l—q Mo 7
by 2

=2

t
= ("1){( m, my, rmt) == E(l_l)( m, m0+ls ”nl_17 )}

+ ( m, my, ’mt) i i(l_l)( m, m0+1s 7m1_ls )

=2

If ng=1,n, =0 for all1>0, and n; > 0 1s odd, then

D(1,ny) = D(1,n;—1) = D(0,n;)
= (ml, O,m;) — 1

=0

E(0)
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By induction all cases have been proved and so Theorem 4 6 1s true

t

For trees ng = > ,(1i—1)n, This restricton 1mplies that if n;, ,n, are all even, ny must
=1

be even also Consequently expression (4 5) does not apply for trees

Corollary 47 The value of D(ng,ny, ,n,) for trees 1s determined by the following cases

(@) ifn,=0 for all 1 except for1 = 1, ny 2 0, then D(n;) = 1

(®)  of ng 1s odd, exactly one n, 1s odd for 1 > 0 even, and < 2 n/s are odd for ] odd, then
D(ng, ,n;) has values given by expression (4 3)

(©) o n, for all even 1 1s even, < 2 n's are odd and at least one n, > 0 for j odd, then
D(ng, ,n;) has values given by expression (4 4)

(d) D = 0 otherwise

Proof

All cases follow from Theorem 4 6 except when », for all even 1 1s even and all n’s

are 0, ) odd For this case mg= Y ,m, q =0, and (4 4) becomes
=2
by2

= (m-1, my—1, m, ) — E(1)

I
~
3
|
—

g
S

o
L

) = Y, (=1)( m=1,my, Jn—1, My )
=2

by2
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(l_l)mx
= (m-1, mp—1, me)— | Y ( m—1,my—1, ,m )
=2 0
I:y 2
= (m-1, my—1, m; ) — (m=1, mg—1, m,)

Corollary 4 8 There 1s no adjacent interchange algorithm for trees if
(@) ny 20, all other n’s = 0, OR
(b) at least one n,>=2,1> 0, and
(b 1) ng 1s odd, exactly one n, 1s odd for 1 even, and < 2 n/'s are odd for j odd,
(b 2) n, for all even 1 1s even, < 2 n/s are odd and at least one n, > 0 for j odd,
except for the degree vector (ng =4, ny =0,ny, =2, n3 = 1)

Proof The panty difference for the degree vector (ny =4, n; =0, ny =2, n3=1)1s 1 For

the rest of the corollary 1t can be easily venfied that expressions (4 3) and (4 4) are always

greater than 1 with the conditions stated above



CHAPTER §

CONCLUSIONS

In Chapter 2 Algorithm 8 1s presented It 1s a generalization of Algorithm 7, a combi-
nation generation algorithm due to Bitner Algorithm 8 generates all permutations of any
multiset by nterchange so that the average time used to generated each permutation 1s
bounded by a constant, independent of ¢, the number of symbols, and ~, the length of each
permutation It 1s also shown that binary combinations generated by Algorithm & can be

ranked and unranked, and that both the ranking and unranking algorithms are of order O(n%

In Chapter 3 the existence problem of multiset generation algonithms by adjacent inter-
change 1s examined and solved It 1s shown that for a multiset with n, occurrences of the
symbol 1,2 =0, ,t, a graph G(ng,n, ,n,) can be defined such that the vertices are the
permutations of the multiset and an edge between two vertices exists 1f and only 1f those two
permutations differ by an adjacent interchange, and the existence problem 1s equivalent to the
existence problem of a Hamilton path 1n this graph This graph 1s shown to be bipartite and
the vertices can be partiioned into two sets, O and E, such that no two vertices from the

same set can be adjacent. It1s proved that the parity difference |E| - |O] 1s as follows
(@) 1f =2 n’s are odd, then 1t s O,

(b) otherwise 1t 1s the multinomial coefficient

13
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(—1)"'["10 ml’" m,]

n, f
where m, = l—Z—J, m= Y m, and G,= Y)m,
=0 J<
G(ng,ny, ,n,) 1s bipartite 1mplies that 1f the panity difference 1s greater than 1, then 1t 1s

not possible for a Hamilton path to exist. It follows that if at least 2 »,’s are > 1 and at most

one n, 1s odd, then the multinomial coefficient 1s > 1 and no adjacent interchange algorithm

18 possible

In the binary case [7] showed that when the panty difference 1s 0, there 1s an adjacent
interchange generation algorithm In a multiset permutation p of the same length as a combi-
nation c, there are more possibilities of adjacent interchange Since 1n general the more
edges there are 1n a graph, the more likely 1t 1s to contain a Hamilton path, the chances are

great that an adjacent interchange generation algorithm exists for multiset permutations when

the parity difference 1s 0

Conjecture 51 If > 2 n/s are odd, then the permutanions of the multiset 0™°1™ & can

be generated by an adjacent interchange algorithm

Degree sequences representing ordered forests of rooted ordered trees are multiset per-
mutations In Chapter 4 results for such forests analogous to those for multisets in Chapter 3
are found For all degree sequences consisting of ny 0’s, n; 1’s, , n, t’s, a bipartite graph
H(ng,ny, ,n) 1s defined with biparttion (O,E) The panty difference 1s found to be as

follows



(@) Ifnm =0for1# 1 and n; 20, then the panty difference 1s 0,

(b) 1f ny1s odd, exactly one n, 1s odd, 1> 0 even, and < 2 ns are 0dd, j odd, then

the panty difference 1s

m+1 m
P m+l—q mg my m,

- X [m0+1 mm—l }

=2 L
by2

__mtl ¢ m
m+2—q 5| motl  mil
2

1 if there 1s no odd j such that n, 1s odd,
where p, = -

(=1)" where j 15 the only odd index such that n;1s odd
where G, = D‘Il],

24

() 1f n, for all even 11s even, and < 2 n,’s are odd, j odd, then the panty difference

1S

m m
m+l—q ;é [mo m—1
by 2

(d) 1f n, for all 1 > 0, no 1s odd, then the parity difference 1s
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t
m m
[mo m m,] - Fzz[moﬂ m—1 ]

(e) the panty difference 1s O otherwise

1
For trees ng = Y, (1—1)n, Consequently case (d) does not apply Furthermore 1f n, = 0 for all

=2
odd 1’s and n, 1s even for all even j’s, then the expression 1n case (b) 1s 0 Therefore 1t can

be concluded that no adjacent interchange algorithm for trees can exist if
(@) n; 20 and all other n,’s = 0, OR
(b) atleast one n,>=2,1> 0, and

(b 1) ng 1s odd, exactly one n, 1s odd for 1 even, and < 2 n/s are odd for |

odd,

(b 2) n, for all even 11s even, < 2 n/’s are odd and at least one n, > 0 for j

odd,

except when ng=4,n, =0,n2 =2, and n3 =1



APPENDIX A

A 1: Pascal Version of Algorithm 8

Type Definitions

nPtr = “nRecord,
nRecord = record
ptr  ARRAY [BOOLEAN] OF nPtr, { ptr[FALSE] -> parent }
{ ptr[TRUE] -> child }
val, cnt INTEGER, { val = symbol }
{ cnt = occurrences of the symbol }
END,

{ Circular Doubly Linked List used to hold the multiset, one symbol per
record, symbol can be any integer between 0 and 9 }

STRING = ARRAY [0 maxlength] OF 0 9, { multiset pattern }

DIRARRAY = ARRAY [0 maxlength] OF BOOLEAN, { order (+/-) of generation }

{ e Main Variables }

dir DIRARRAY, { direction of generation }

Remains nPtr, { dummy header of circular symbols list }
length INTEGER, { size of multiset }

permutation STRING, { multiset pattern }

symcount INTEGER, { number of symbols left }

skipmem  DIRARRAY, { remembers 1f a path deleted here }
skiphere  BOOLEAN, { no of nodes deleted at this level }

{ This PROCEDURE traverses the recursion tree Each leaf node
represents a generated permutation All VARiables updated
before and after a recursive call }

PROCEDURE ALGS( where INTEGER ),
VAR
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cur nPtr,
d BOOLEAN,

{ This PROCEDURE updates the pointers 1n a deletion from or an
nsertion 1nto the doubly linked list of symbols ¥

PROCEDURE update( pl, p2 nPtr ),
BEGIN
WITH cur” DO BEGIN
ptrINOT d]” pr[d] = pl,
ptr[d]” ptr[NOT d] = p2,
END,
END,

BEGIN { ALGS }

skiphere = skiphere <> skipmem[where],
skipmem[where] = FALSE,

IF NOT skiphere THEN dir[where] = NOT dir[where],

{ set up direction of generation for this level }

d = dir[where],
cur = Remains” ptr[d],

{ generate this level, 1f last level, output the multiset pattern,
if not generate the next level 1

IF where >= length THEN BEGIN
permutation[where] = cur” val,
skiphere = FALSE,
doout,

permutation[where] =0,
END

ELSE

IF ( symcount = 1) AND ( cur® val = 0 ) THEN BEGIN
skiphere = NOT skiphere,
skipmem[where+1] = skiphere <> skipmem[where+1],
skiphere = FALSE,



doout,
END

ELSE
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WHILE cur <> Remains DO WITH cur” DO BEGIN

cnt = PRED( cnt ),
permutation[where] = val,

IF cnt = 0 THEN BEGIN
update( ptr[d], ptr[NOT d] ),
symcount = PRED( symcount ),

END,

ALGS( where + 1),
IF cnt = 0 THEN BEGIN
update( cur, cur),
symcount = SUCC( symcount ),
END,
permutation[where] =0,
cnt = SUCC( cnt ),

cur = cur” ptr(d],

END,
END,

{ do deletion }

{build next level}

{ do insertion }



A.2: Pascal Version of Ranking Algorithm for Algorithm 8
(in the binary case)

FUNCTION rank( VAR a STRING, var d DIRARRAY,
J, n, k INTEGER ) INTEGER,
VAR
kI, k0 INTEGER,
l INTEGER,
dd BOOLEAN,
firstt . BOOLEAN, {a/j] expanded first or second}

{ a[j] to a[nn] contains the combination to be ranked }

{ d[j] to d[nn] contains the imitial directions }

{ k 1s the number of 1’s 1n the combination }

{ n-k 1s the number of 0’s }

{ the binomual coefficient (1,)) 1s stored 1n the array C[1,] }

BEGIN
IF(n=+k)OR (k=0)THEN rank =0
ELSE BEGIN

first = ((a[j] = 0) AND d[j] )
OR ( (a[j] = 1) AND (NOT 4[;]) ),

IF a[;] = 1 THEN BEGIN
kl =k k =k-1,

END ELSE kI = k-1,

kO = n-1-kl,

IF first THEN
rank =rank( a, d, j+1, n-1, k)
ELSE BEGIN
d[j+1] =NOT d[j+1],
FOR I = j+2 TO nn-1 DO BEGIN
dd = ODD( C[l-j-2,k0] + C[l-}-2,k1] ),
dfl] =d[l] <> dd,
END,
rank = C[n-1,kl] + rank( a, d, j+1, n-1, k),
END,
END,
END,

80



A 3 Pascal Version of Unranking Algorithm for Algorithm 8
(in the binary case)

PROCEDURE unrank( , j, n, k INTEGER, VAR a STRING,
VAR d DIRARRAY ),
VAR k0, kI INTEGER,
dd BOOLEAN,
| INTEGER,
first 0 1,

{ r 1s the rank for which the combination 1s to be found }
{ a[j] to a[nn] contains the combination that 1s unranked }
{ d[j] to d[nn] contains the imtial directions }

{ k 1s the number of 1’s 1n the combination }

{ n-k 1s the number of 0’s }

{ the binomual coefficient (1,)) 1s stored 1n the array C[1,)] }

BEGIN
IF n = k THEN FOR ! = TO nn DO afl] =1

ELSE IF k = 0 THEN FOR ! = TO nn DO a[l] =0
ELSE BEGIN

IF d[;] THEN BEGIN
first :=0;
kl = k,
ki=k-1I;

END ELSE BEGIN
first =1,
kl =k-1,

END,

kO = n-1 -kl,

IF C[n-1,kl] > r THEN BEGIN
a[j] = first,
unrank( r, j+1, n-1,kl, a,d),
END ELSE BEGIN
afj] =1- first,
d[j+1] = NOT d[;+1],
FOR I =j+2 TO nn-1 DO BEGIN
dd = ODD( C[l-j-2,k0] + C[l-j-2,kl1] ),
dfl] =d[l] <> dd,
END,
unrank( r-C[n-1,kl], j+1, n-1, k, a, d ),
END,
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END, {need to recurse block}
END,
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