GRAM-SCHMIDT PROJECTIONS

C.R. Jonwsor, D.D. OLESKY
AND

P. VAR DEXR DRIESSCHE

DHS—544-1R

HAY 1990



Gram-Schmidt Projections

CHARLES R. JOHNSON(l)
Depariment of Hathematics, College of William and Hary,
Filliamsburg, V4 25185

D.D. ULESKY(2)
Department of Computer Science, University of Victoria,
Victoria, British Columbia V8K 2Y2

P. vAN DEN DBJESSCHE(B)
Department of Mathematics and Statistics, University of Victoria,
Victorta, British Columbia V8K 3P4

Hathematics Subject Classification Number: 15404

(1)

(2)

The work of this author was supported in part by the National Science
Foundation grant DMS88-02836 and a grant from the 0ffice of Naval
Research.

The work of this author was supported in part by NSERC grant A-8214 and
by the University of Victoria Committee on Faculty Research and Travel.

The work of this author was supported in part by NSERC grant A-8965 and
by the University of Victoria Committee on Faculty Research and Travel.



May 24, 1990. 1.

Gram—Schmidt Projections

Given a linearly independent set in an inner product space, the
Gram—Schmidt orthonormalization process is an algorithm that replaces it with
an orthonormal set that spans the same subspace. Gram—Schmidt is mentioned in
many linear algebra books; see, e.g., [3, 0.6.4]. If {Xl""’xn} is a

linearly independent set in Rm, m > n, the sequential calculation of the

resulting orthonormal set {Zl""’zn} is given by
k-1
_ N
Ve = ) (#%)7g
i=1
(1)
T %
zk:yk/(ykyk) , k=1, ..., n.
If X is the m-by-n matrix with columns X{s weey X and Z the m-by-n
matrix with columns Zis +ees Zpo this results in the factorization X = ZR,

with 7 orthogonal and R wupper triangular. We work with x. € R", but note
that with obvious modifications, our results hold for x; € Cm; for example,
the matrix Z is then unitary.

The factorization of an m-by-n matrix A into a product @R, where {
is an m~by-n matrix with orthonormal columns and R is upper triangular, is
called a QR factorization of A (see [3, 2.6]). This factorization is
used, for example, in numerical methods for solving least squares problems and
computing eigenvalues and singular values (see [2]). When 4 has full column
rank, it has a unique factorization A = QR, where § is an m-by-n matrix
with orthonormal columns, and R is an n-by-n upper triangular matrix with
positive main diagonal entries.

Here we consider a fixed m-by-n real matrix A having full column rank,
and define a sequence of m-by-m matrices B(k), k=0, ..., n—1, which ve note

are the linear transformations that implement the Gram—Schmidt process. This
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provides an alternate (and we believe novel, though elementary) way of viewing
the process and of building up the matrix @ of the QR factorization. This
paper is an outgrowth of our detailed study of the combinatorial structure of
the matrices § and R of this factorization [4].

Let ai,y Q4 denote the ith column of matrix A, (, respectively, and let
L denote the m-by-m identity matrix. Given an m-by-n matrix A, we claim
that the Gram-Schmidt process applied to the column vectors of A can be

written in terms of matrix transformations as follows:
(k-1)

I
[y
-
=}
-

T 4
Vi = B a5 q = v/ (vyy)? for k (2)

where

3O -1, M o g gl for k-1, ., 0 (3)
For the first term, Vi = a4 and qq = al/(a$a1)%. For k=1, ..., n-1, from

(3) we have

k
R ()
i=1

k-1

a — 2 (q?ak)qi. Identifying a, with x and q;
i=1

with z., this is exactly the Gram-Schmidt process given by (1) as claimed.

Thus (2) gives 1y,

A column of matrix A can be written as the sum of two orthogonal
vectors, namely
k-1
T
o + ) (Ga)g
i=1
a is orthogonal to Span{ql,...,qk_l}, whereas the

a = B(k"l)

The first vector B(kwl)

second vector (involving the summation) is in Span{q1,...,qk_1} and is the
projection of a, on this subspace.

The matrices B(k) have some interesting basic properties which depend
only on the fact that they are defined from an orthonormal sequence. We now

summarize these (in Theorems 1 and 2) and then (in Theorem 3) prove a result
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k)

which shows explicitly how zero rows can occur in B( and so force zero

entries in the output of Gram—Schmidt.

THEOREM 1.

(1) Given k (0<k<n—1) , the matriz B(k) is positive semidefinite with
rank m-k.

(i) If 0<i<j<nd, then B »80) ey s 31 () 44
positive semidefinite.

(iii) If 0<i,j <nd, then BRI - () - (D ppepe

q = max{i,j}.

Proof.

(i) The fact that B(k) is symmetric is obvious from (4). As ngi =1

and qjg; = 0 for i#j, then 332 - 3, that is BX) s idempotent.

Thus the eigenvalues of B(X) {0,1}, and g(k) is positive

semidefinite. (Note that B(O) =1 is, in fact, positive definite.) FEach
product qiqg is symmetric and has rank 1, and qiq§qjq§ = qjq§qiqz =0 for
all i 4 j; so {qiq$}, i=1, ..., n, form a commuting family of symmetric
matrices.  Thus there exists a single orthogonal matrix U such that
U(qiqrir)UT =D., vhere D, is an m-by-m diagonal matrix for i=1, ..., n
(see, e.g., [3, 2.5.5]). Each D, has rank 1, so it has exactly one nonzero

T T.,T _ .
.q.q.

entry (equal to 1), and if i # j, then D.D, = Ug,q; 3950 = 0. From (4) we

1]

K
see that BT =1~ D, and thus rank B - m - 1.
i=1

(ii) This follows directly from (3). Note that (1) # Bld)  for

i43j.
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(iii) Suppose q =i > j, and consider

(D)g(3) = [p(I)_ r _ —q T5(3)
_ g(3) T T q I_ —q !
=B 94195417 T94Y T 99— 9

H

(3) _ T T _ g(d)
B qj+1qj+1+...+qiqi =B\,

The other products follow in a similar manner. g

As B(k) is symmetric and idempotent, it follows that it is a projection

k)

matrix, hence we call B( a Gram-Schmidt projection. If the range of B(k)

is Sk’ then B(k)

is the orthogonal projection onto Sk' Ve can deduce more
about the spectrum of p(k) by using the rank result in theorem 1 (i). In
fact, B(k) has eigenvalue 1 with multiplicity m — k, and eigenvalue 0
with multiplicity k. The spectral properties show immediately that rank
p(k) - trace p(¥). From theorem 1 (iii) and also the fact that
p(UpMpA) - B for 153, we note that BU)  is a  {1,3,4,5)
generalized inverse of B(i); see, e.g., [1]. Also B(k) is its own
{1,2,3,4,5} inverse.
We use the properties of {B(k)} to deduce the following.

TueoREM 2. If a sequence of m-by-m matrices B(k)

, k=0, ..., n-1, have
the properties of theorem 1 (i), (ii) end (iii), then they must satisfy (3)
for some orthonormal set of vectors {qk}.

k1) _ B(k) > 0 from theorem 1 (ii), so if

Proof. TFirst note that C(k) = B(
xTB(kﬂl)x = 0 then xTB(k)x = 0. With 5, denoting the subspace onto which
B(k) projects, we have Sk C Sk—l' Letting Si denote the orthogonal
complement of Sk’ if x ¢ Sk U Si—l then C(k)x =0 (as B(k_l)x = B(k)x =0

k1)

L
if x €8 4; and M)y = x - Bl if x € §;). Thus, by theorem 1 (i),

the null space of C(k) has dimension at least (m-k) + (k-1) = m-1. But
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C(k) is not the zero matrix, so the dimension of the null space of C(k) is
exactly m—1, which implies that C(k) has rank one. We can therefore write
C(k) = fkfi for some vector fk e R". As trace C(k) = 1, we must have
fifk = 1. Also, by theorem 1 (iii), C(i)C(j) =0 for i#j, so
fif}fjf§ - (f?fj)fif§ - 0, which implies f?fj -
orthonormal set of vectors which we can identify with {q;}. =

0, and  {fi} is an

Given k (2<k<n), t (1<t<k-1) and indices 1 ¢ j1 < Jg < unn X jt < k-1,
note that B(r), r > k-1, projects into the orthogonal complement of

Span{aj ,...,aj }, since it projects onto the orthogonal complement of

1 t

Span{al,...,ar}. In particular, Span{aj ,...,aj } is in the null space of
1 t

B(r). In the event that aj y ey aj collectively have nonzero entries in
1 t

only the t  rows il’ ceey it’ then Span{ajl,...,ajt} is exactly the
coordinate subspace of R" in which there are arbitrary entries in positions
i1, ceey it and O entries elsewhere. For B(r) to have such a subspace in
its null space, each row of B(r) must have zeros in the positions

il’ ceey it' Ve have thus proved the following combinatorial result.

TueoreEM 3. If columns a. , ..., a. for 1< j1 < .o <]
J1 Jg t

2 <k <n collectively have nonzero entries only in rows 1

<k-1 and

EICERTIE oF
FRN
of B\ are zero for k-1 (Tt <n-1. g

then

rows and columns il’ ceey it

It follows from (2) that if some subset of the columns of A has the property
stated in Theorem 3, then the entries ify «eey it of vectors Appqs ++os 9
are zero.

The following example illustrates the construction and some properties of

the Gram—Schmidt projections.
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1 3 1
Consider A = |0 O 1|. Then (2) and (3) give:
2 4 2
0 1 T
5(0) _ I,, q = -5(1, 0, 2)",
4 2]
5 0 —3
1 T 1 T
B =1y - qay =] 0 1 0], g =12, 0, 1),
R R
| 5 5]
0 0 0
2 1 T T
B2 ) _ gl -0 1 o, ag = (0,1,0)".
0 0 O
Here columns ays g have nonzero entries only in rows 1, 3; thus rows and
columns 1 and 3 of B(2) are zero and the 1 and 3 entries of qg are
ZET0. B
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