Double Circulant Self-Dual Codes from Legendre Sequences
by

Najme Sahami
B.Sc., Kourdestan University, 2003
M.Sc., University of Yazd, 2007
Ph.D., University of Kashan, 2020

A Thesis Submitted in Partial Fulfillment of the

Requirements for the Degree of
MASTER OF APPLIED SCIENCE

in the Department of Electrical and Computer Engineering

© Najme Sahami, 2024

University of Victoria

All rights reserved. This Thesis may not be reproduced in whole or in part, by

photocopying or other means, without the permission of the author.



Double Circulant Self-Dual Codes from Legendre Sequences
by
Najme Sahami
B.Sc., Kourdestan University, 2003

M.Sc., University of Yazd, 2007
Ph.D., University of Kashan, 2020

Supervisory Committee

11

Dr. T. Aaron Gulliver, Supervisor

(Department of Electrical and Computer Engineering)

Dr. Majid Mazrooei, Departmental Member

(Department of Electrical and Computer Engineering)



111

ABSTRACT

A Legendre sequence s of length p, p an odd prime, is used to create a circulant matrix
S. An alternative Legendre sequence S is employed to form another circulant matrix
S. By concatenating these two matrices, we obtain the matrix D’ which is used to
form a bordered double circulant code with length 2p + 2 and dimension k = p + 1

over IF,, ¢ a prime, and ged(p, ¢) = 1. We demonstrate that for p = 2gm — 1 the code

1t T _
generated by D = ~—| over F, is self-dual.
10| S | S

The idempotent elements of the ideals generated by s(x) and 3(z), the leading
polynomials of the p x p matrices S and S, respectively, for p = 4kq—1 are investigated
and used to find the rank of these matrices over F,. We define a specific row-column
permutation of [S|S] which leads to a non-singular matrix, revealing that these codes

can be defined as a direct sum of codes.
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Chapter 1
Introduction

Coding theory studies techniques to correct errors in data transmission and storage
based on concepts such as finite fields, polynomials, group theory, and linear algebra.
These mathematical structures form the foundation for designing efficient codes to
detect and correct errors due to noise, interference, or physical damage. Coding
theory is essential for guaranteeing the reliability of data as it is transferred across
networks and stored in media.

In 1947, at Bell Labs, Richard Hamming made a key contribution to coding theory.
Hamming worked with calculating machines and the loss of results due to errors
sparked his interest in error detection and correction. His insight led to the concept
of Hamming distance [I4] and this paved the way for Hamming codes, the first family
of error-correcting codes. The primary challenge in coding theory is to generate good
codes with a small number of parity check symbols and large minimum distance for
a given dimension. In addition, given a minimum distance, the goal is to find a code
with a large dimension. However, these goals often conflict with each other, requiring
the optimization of one parameter while keeping the other two fixed.

The best-known error-correcting codes, such as those of Hamming, Golay, Bose-
Chaudhuri-Hocquenghem [19], and Reed-Solomon [29], have algebraic structures that
allow for efficient encoding and decoding. Moreover, cyclic codes typically possess

good error-correction abilities while being simple to use.

Linear Code
A linear [n, k] code C' over F, is a k-dimensional vector subspace of Fy, where F, is
the finite field of size ¢, ¢ a prime power. The parameter n is called the length of C'.

The elements of a code C are called codewords and have the form ¢ = (¢y, o, ..., ¢p),



where ¢; is an element of F,, ¢ = 1,2,...n. The weight of a codeword is the number
of non-zero coordinates. Denote the weight of a codeword ¢ by wt(c). The minimum
weight of C' is the smallest weight among all non-zero codewords of C'. An [n, k,d],
code is an [n, k] code over F, with minimum weight d. Two linear codes are equiva-
lent if one can be obtained from the other by a permutation of coordinates and/or a

permutation of the symbols in a given position.

Optimal Linear Code
An optimal linear code has the largest possible minimum distance d for given values
of n and k. This is important because the minimum distance d determines the ability

of a code to detect and correct errors. Specifically, a code with minimum distance d

detects up to d — 1 errors and corrects up to L%J erTors.
Dual Code
The dual code C* of C' is defined as
CL:{JZGFZ | (z,y) =0 VyeC}, (1.1)

where (z,7y) denotes the inner product of two vectors. It is clear that C* is a linear
subspace of dimension n—k over F,, so C* is an [n,n — k, d*] code, where d* denotes
the minimum distance of C*. A code C is called self-dual if C' = C*. In this case
k =n—k, son =2k and thus n must be even and k = n/2. An [n, k] code C can be
defined by a generator matrix G or a parity-check matrix H [20].

Generator Matrix

G is a k x n matrix such that the codewords ¢ € C are generated as
c=mG@G,

where m is a row vector of length k.
Parity-Check Matrix

H is an (n — k) X n matrix such that a vector ¢ is a codeword if and only if

He' =o.



Direct Sum
Let C; be an [n;, k;, d;] code, i € {1,2} over F,. Their direct sum is the [n + ng, k1 +
ko, min{dy, dy}] code

01 D 02 = {(Cl,CQ) ’01 < 01,02 < 02}

Let GG; and H; be the generator matrix and the parity check matrix for C;, respectively,
then

e
Gi®Gy= |— ,
i 0 | Gy
and _
H | O
Hl@HQZ 9
i 0 | H

are a generator matrix and parity check matrix for C; @ Cy [20, Section 1.5.4].

Linear Complementary Dual (LCD) Codes
A pair of linear codes C' and C*+ over F, is called linear complementary dual (LCD)
if their direct sum C' @ C* spans the entire space . In other words, the two codes

have complementary dimensions and their intersection is trivial, i.e., CNC* = {0} [4.

Cyclic Code
A cyclic code is a linear code in which every cyclic shift of a codeword results in

another codeword
(co,C1y--sCn1) € C = (Cpo1,€05 .-, Cn2) € C.

Algebra of Polynomials Over F, Modulo z" — 1

Let R = F,[z] be the ring of all polynomials in x over F, and let f be the ideal
in R generated by 2" — 1. The polynomials of degree less than n form a complete
set of representatives for the residue classes of the ring R modulo f. The quotient
ring R modulo f, when considered as an additive group, is isomorphic to R, =
F,[z]/(«™ — 1). This isomorphism is given by

1

0 1 -
apx” + a1z + -+ a1 — (ap, a1, .- Ap_1)-

Thus, we identify codewords of length n with polynomials of degree less than n. The



polynomial za(z) modulo (z™ — 1) corresponds to the vector (a,_1,ag,ai,...,a, 2).
This means that multiplication by x in the ring R modulo f results in a cyclic shift.
Consequently, a linear code C' is cyclic if and only if C' is an ideal in R modulo f.
Every ideal in R,y = F,[x]/(z™ — 1) is a principal ideal, meaning it is generated by
a polynomial g(z) of degree less than n that divides ™ — 1. This polynomial g(z)
is referred to as the generator polynomial of the cyclic code C. For cyclic codes of
length n over F,, the condition ged(n,q) = 1 is imposed to ensure that ™ — 1 does

not have repeated roots [I].

Theorem 1.0.1. [2], §3, Theorem 1] Let C' be a non-zero ideal in R, i.e., a cyclic
code of length n.

1. There is a unique monic polynomial g(x) of minimal degree in C.
2. C = {(g(x)), i.e., g(x), is a generator polynomial of C.
3. g(z) divides " — 1.

4. Any c(x) € C can be written uniquely as c(z) = f(z)g(x) in Fylz], where
f(z) € F,[z] has degree < n —1r, r = degg(z). The dimension of C is n —r.
Thus, the message f(z) becomes the codeword f(x)g(x).

In this chapter, we provide the definitions and key properties of circulant matrices,
group algebra, and quadratic residues modulo a prime p. We then introduce double
circulant codes which are generated by circulant matrices formed using quadratic

residue sets.

1.1 Group Algebra

Group algebras can be defined more generally for any group and over any field.

However, in the context of coding theory, we will focus on finite groups and finite
fields.

Definition 1.1.1. Let G be a finite group written multiplicatively and K a finite

field. The group algebra of G over K consists of formal linear combinations

a = Zagg, where a4 € K.

geG



Given

a:Zagg and B:Zﬁgg,

geG geG
we have

a= %< a,=p3, forall gcG.

The support of an element o € KG is

supp(a) = {g € G | oy # 0}

The representation KG depends on the field K, in particular, the characteristic
of K.

Theorem 1.1.2. [1, Theorem 3.3.1]. Let . be an ideal of R,, = F,[z]/(z" — 1) and
ged(q,n) = 1. There exists a unique polynomial e(x) € &, known as the idempotent,

with the following properties
(1) e*(x) = e(x), i.e., e(x) is idempotent.
(ii) e(x) generates the ideal .7

(iii) For every polynomial a(x) € &, a(x)e(x) = a(x). In other words, e(x) acts as
a unit for & .

The following theorem extends this concept to the intersection and sum of ideals,

and demonstrates how idempotents behave under these operations.

Theorem 1.1.3. [23, Lemma 2.11]. Let % and S be ideals in R, with ged(n,q) =1

and idempotents e1(x) and es(x). Then
(i) F1 N0 Fy has idempotent ey (x)es(x),
(ii). A1 + F5, has idempotent e (x) + ea(x) — e1(x)ea(x).

In the context of coding theory, circulant matrices play an important role, es-
pecially when considering their relationship with group algebras. Notably, circulant
matrices formed from elements of a finite group G over a field [F, are closely related to
the elements of the group algebra F,G. This connection highlights the properties and
structure of circulant matrices used in coding theory. A circulant matrix is defined

as follows.



Definition 1.1.4. A circulant matrix is a square matrix of size n with elements a;

from the ring R, where each row is a right shift of the previous one. We denote this

matrix as A = circ(ag, ay,...,a,-1), and has the form
ap ay az ... Qp—1
ap—1 QG A1 ... Qp—2
A= (1.2)
aq as asz ... Qo

Rows and columns are numbered from 0 to n — 1. An element a; = a;_; (row 4,

column j) is determined solely by (5 — ) [21].

Circulant matrices are fully described by the polynomial derived from their leading
row

a(r) = ap + ayx + agx® + ... + ap_12" (mod 2" — 1), (1.3)

which is denoted by the leading polynomial of the circulant matrix. It is well known
that the algebra of n x n circulant matrices over I, is isomorphic to the algebra of

polynomials in the ring F,[z]/(z" — 1).
Remark 1.1.5. [33]. Let the set of all n x n circulant matrices over F, be denoted
by C,F,. Let G = (z) be the cyclic group of order n. Then the mapping

¢:F,G— C,(F,)

defined by
n—1
1) (Z aixZ) = circ(ag, at, ..., an_1),
i=0

is an isomorphism from F,G to C,(F,).

From this, we can conclude that the isomorphism between the algebra of polyno-
mial a(z) modulo 2" — 1 and circulants over [, is thorough. In other words, when
we multiply two polynomials a(z) and b(z) modulo 2™ — 1, the result is identical to
the leading polynomial of the circulant product AB, where A and B are the circulant
matrices associated with a(z) and b(z), respectively [21]. Using this relationship, a

polynomial a(z) is regarded as invertible if there exists a polynomial a(z)~! such that



a(z)a(z)™r = 1 modulo (z" —1). AT is a circulant matrix corresponding to the poly-
nomial a”(z) = ag + a, 1@ + -+ + a;2""'. The transpose polynomial a(z)”, which

corresponds to the first column of the matrix A, can be defined as

a(z)! = Z a;x"" mod (z" —1).

Matrix A is called orthogonal if AAT = I. Thus, the polynomial a(z) is said to be

an orthogonal polynomial if
a(r)a(z)’ =1 mod (z" —1).

This implies that a(x) is invertible in F,/(z? — 1) [21].

Theorem 1.1.6. [28, Theorem 8.1]. In the algebra of the polynomials modulo x™ —1,

a subspace is a cyclic subspace if only and if it is an ideal.

Theorem 1.1.7. [30, Theorem 1.14]. Let U and W be subspaces of a vector space
V. Then
dim (U+ W) = dim U + dim W — dim (UNW). (1.4)

Corollary 1.1.8. The rank of an n x n circulant A over the F, is the dimension of

the principal ideal generated by the leading polynomial a(x) in F,[x]/(xP — 1).

Proof. According to Remark and Theorem [[.1.6] the dimension of the ideal
generated by a(z) = Z?:_ol a;x" as a cyclic subspace is the same as the dimension of the
subspace spanned by the n x n circulant matrix formed by a(z). The vector subspace
generated by a circulant matrix is the set of all vectors obtained by multiplying the
circulant matrix by any vector in F. Since the rank of the matrix equals the number
of linearly independent rows (or columns), it determines the dimension of the vector
subspace generated by the matrix. Therefore, the dimension of the vector space

generated by a circulant matrix is equal to the rank of the matrix. O

1.2 Double Circulant Codes

We now define double circulant codes which are a specific class of linear error-
correcting codes derived from double circulant matrices. These codes have appli-

cations in various fields such as telecommunications, data storage, and cryptography.



Definition 1.2.1. Let D’ and D be matrices of the form
D= [P P} , (1.5)

and

1T

5 | (1.6)

11 17
D=
10 P

respectively, where P and P are n x n circulant matrices, 1 is the n x 1 all-ones vector
and 0 is the n x 1 all-zeroes vector. The codes generated by D’ and D are called

double circulant and bordered double circulant codes, respectively.

There are several good reasons to examine and investigate double circulant codes.

1. Numerous good codes such as quadratic residue codes, symmetry codes, and

extended cyclic codes over F, and their binary images are double circulant [1].
2. The encoding of double circulant codes is simple.

3. Many known self-dual codes are double-circulant [3] [8, 9] 10, [15].

1.3 Partition of Quadratic Residue Circulants

Let p be a prime and a be an integer in the set {1,2,...,p — 1}. If the powers of a
generate all residue classes coprime to p, then a is a primitive root modulo p. The
quadratic residues modulo p are the even powers of a mod p and the quadratic non-
residues modulo p are the odd powers of @ modulo p [2, 17]. We denote & = {a*}
as the set of quadratic residues modulo p and & = {a**1} as the set of quadratic
non-residues modulo p. There are ;%1 residues and p%l non-residues modulo p, i.e.,
there are (2t —1) quadratic residues modulo (p = 4¢—1) and 2¢ quadratic non-residues
modulo p = 4t + 1 [21].

Example 1.3.1. Let p = 7 so a = 3 is primitive root modulo p. The sequence of

powers of a = 3 forms the residue set modulo 7 in a consecutive manner as follows

Zr | 3132383335
4 2 4 1
B | 3 6 5




The set of residues, denoted by & = {1,2,4}, is in the first row of the table (even
powers of 3) and the set of non-residues, denoted by % = {3,5,6}, is in the second

row (odd powers of 3), with both sets containing three elements.

Let p = 4t — 1 be a prime. The polynomials for the sets &7 and £ are defined as
l(x) = le and n(x)= Z ", (1.7)
leod ne#

Given that the residues and non-residues cover all residues modulo p, we can rewrite
the sum of their polynomials as
p—1
l(z)+n() =) o' (1.8)

=1

This is because every residue and non-residue modulo p appears exactly once in
the sum. Hence, the sum of the polynomials representing residues and non-residues
modulo pisz+ 2%+ ...+ 2P L If j(z) =1+ x+ 2>+ ...+ 2P~!, then we have

j(z) = 1+ 1(z) + n(z). (1.9)

Let {(z) = >, 2" be the leading polynomial of the circulant matrix Q with size
(p—1) x (p—1) and let n(z) = >, ., 2" be the leading polynomial of the circulant
matrix N with size (p — 1) x (p — 1) [21]. In Example|1.3.1} the polynomials

l(z) =z +2*+2* and n(r) =2+ 2° + 2°,

are the leading polynomials of the circulant matrices

(110100 (001011
011010 100101
L B R (110
100110 011001
010011 101100
101001 010110

respectively. For prime of the form p = 4t + 1, we add 1 = 2° to keep the weight of
1+, 2t odd [21].
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Theorem 1.3.2. [16, Theorem 85]. Multiplying two quadratic residues or two non-
residues produces a residue, whereas the product of a quadratic residue and a non-

restdue results in a non-residue.

As a consequence

where [; is an element of &7 and n; is an element of # [21].
The properties of double circulant codes rely heavily on the form of p. To inves-
tigate these codes further, we require the following elementary results from number

theory.

Theorem 1.3.3. [16, Theorem 82]. Let p be a prime of the form p = 4t — 1, then
—1=(p—1) mod p is a quadratic non-residue. —1 is a quadratic residue of primes
of the form p =4t +1, .

Therefore, for p = 4t — 1, if 2 € [(x) then we have
v =a""€n(z) and I(z)" =n(x). (1.12)
For primes of the form p =4t + 1
I(x)" =1(x) and n(z)=n(z)". (1.13)

For example, for p = 7 we have [(2)T = o'+ 272 +27* = 2% + 2° + 23 = n(x)
mod z7 — 1. The following lemma refers to Theorems 89, 96 and Theorem 97 in [16].
Lemma 1.3.4. [10]. Let p be a prime.

i) If p=8k £ 1, then 2 is quadratic residue mod p.

it) If p = 8k £ 3, then 2 is a quadratic non-residue mod p.

iit) if p = 6k + 1, then —3 is a quadratic residue mod p and if p = 6k + 5, then

—3 1s a quadratic non-residue mod p.

i) If p =10k £ 1, then 5 is a quadratic residue mod p and if p = 10k &+ 3, then

5 18 a quadratic non-residue mod p.
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Theorem 1.3.5. [1, Theorem 4.5.1]. Let p be a prime. Then 3 is a quadratic residue
mod p if and only if p = 12k £ 1.

Theorem 1.3.6. [20, Theorem 1.2]. Let p be an odd prime and set

p—1l =
d, = {pil iFop=1 m°d4}. (1.14)
= if p=3 mod4

Then every quadratic residue [non-residue] can be written as a sum of two quadratic
residues [non-residues] in exactly d, — 1 ways. Every quadratic residue [non-residue/
can be written as a sum of two quadratic non-residues [residues/ in exactly d, ways.
Moreover, every non-zero residue can be written as a sum of a quadratic residue and

a non-residue in exactly p — 1 — 2d, ways.

If p is a prime of the form p = 4k—1, then 1 1(p—3) = k— 1€ Zand 1 ip+l) =k e Z
Furthermore, if p =4k + 1, then ;(p—5) =k—1€Z and ;(p—1) =k € Z.

Theorem 1.3.7. [1, Theorem 4.5.3]. Let p be a prime, o the set of residues modulo
p, and A the set of non-residues modulo p. Then in the polynomial ring Z[x]/(zP —1),
the following relations hold.

(i) If p is of the form p = 4k — 1, then

O -ah)?= p SZx—i— (p+1)> 2", (1.15)

led les ne#

(Zx”)zz i(p—l— 1)le+i(p—3)2x”, (1.16)

neAp leos neR

()X a") = 1o~ i) + 50+ 1), (117

led neRB

where j(z) =1+z+ 2>+ ...+ 2P and 2 — 1 = (v — 1)j(x).

(i) If p is of the form p = 4k + 1, then

Ca = 1o-9 Y+ - DY+ -1, (1)

led led neA

e = -0+ -5 e -1, (119

ne#A leo ne#A
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(e e = 30— 1) + 10— 1), (1.20)

leod neA

where j(x) =1+ x4+ 2°+ ... 4277 and 2P — 1 = (z — 1)j(z).

In this thesis, p is an odd prime. In Chapter 2, we begin with defining the Legendre
sequence of length p [31]. We review the structure and properties of this sequence that
was investigated in [I1]. This work employed the Legendre sequences to construct
p X p circulant matrices S and S, and bordered double circulant matrices D of size
n = 2p + 2. In Chapter 3, we demonstrate that when p = 2¢gm — 1, ¢ prime, the
code generated by D over F, is self-dual with dimension k£ = p + 1. Furthermore, we
present an LCD code which is the decomposition of the associated double circulant

codes of length 2p where p = 4kq — 1 is a prime over [F,.
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Chapter 2

Double Circulant Codes

In this chapter, the structure and properties of Legendre sequences are reviewed and
then the results in [I1] are studied and extended to obtain non-binary double circulant

codes.

2.1 The Structure of Legendre Sequences

Let p be an odd prime and a be a primitive root modulo p. We begin with the
definition of Legendre sequence of length p using the sets of quadratic residues and

non-residues modulo p, & = {a*} and & = {a**1}, respectively.

Definition 2.1.1. [I1]. Let p be an odd prime. The binary Legendre sequence s of
length p is defined as follows

) 1 ifted,
s = (S0,51,---,5-1) with so=0, and s = (2.1)
0 ifte A

Definition 2.1.2. [T1]. The alternative Legendre sequence §, has 5o = 1 and 5, = s;
if 10,

Definition 2.1.3. [11I]. Consider a sequence u = (ug,uy,...,u,_1), where p is an

odd prime. the jth component of the cyclic autocorrelation u is defined as

p—1

uj = Z(_l)\sr%ﬂd\’ (2.2)

t=0

where the index t is taken modulo p.
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The cyclic autocorrelation of s is a measure that quantifies the similarity between
the sequence and its cyclic shifts. Similarly, we define u as the cyclic autocorrelation
vector for the binary sequence s. The following lemma gives the autocorrelation

vectors u and u for p prime.

Lemma 2.1.4. [11, Lemma 1] Let p is an odd prime, the cyclic autocorrelation vectors

u and u possess the following values

up =up = p,
uj,u; = —1, j#0, p=4k+3,
uj, ;€ {1,-3}, j#0, p=4k+1,
uj +u; = —2, Jj#0.

The property, u; + @; = —2 for j # 0, plays a particular role in the construction of
double circulant codes of length 2p. Such codes are constructed by concatenating the

sequence s and its shifted version, providing a balanced structure.

Example 2.1.5. Let p = 5. The sequence of powers of a = 2 forms the following

sets modulo 5

z: |2t [22 28] 2
o 4 1
B | 2 3
The Legendre sequence of length 5 is s = 01001, where s, = 1 for t € o = {1,4}
and s, = 0 for t € # = {2,3}. The alternative Legendre sequence is § = 11001. It
follows that u=5,—-3,1,1,-3andu=5,1,—-3,-3,1, sou+u = 10, -2, -2, —2, —2.

This means that by adding two extra columns to the combined circulant matrices

generated by s and S, we can create a matrix with orthogonal rows.

2.2 Doubly-Extended Code Construction

In this section, the form r = s|§ and some properties of this structure are introduced
[T1]. They are used to obtain new results for r for primes of the form p = 2gm — 1, ¢

prime.

Lemma 2.2.1. [{])]. Let r= s|3, then

wt(r) = p. (2.3)
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Proof. From the definition of s, there are (p—1)/2 non-zero elements, wt(s) = (p—1)/2
and as 5o = 1, wt(8) = (p—1)/2+ 1. Thus wi(r) = wt(s) +wit(8) =2(p—1)/2+1 =
D- [l

Lemma 2.2.2. [T1]. let p = (po, p1,---,p2p—1) be the cyclic autocorrelation of r,

where

where the index of r is taken modulo 2p. Then
pi=—2 0<j<2p.

Theorem 2.2.3. Let w = (wg, w1, ..., wy_1) be the {0,1}-cyclic autocorrelation of r,

where
2p—1

Wy = E TtTt+j,
t=0

where the index of r is taken modulo 2p. Then
wj=qgqm—1, p=2¢gm—-1, 0<j<p. (2.4)

Proof. We can alternatively define w; by w; = [{t|ry = ri; =1, 0 <t < 2p}|. Define
the set A = {t|ry # ri4;,0 <t < 2p}. As r, and 744, cover the same set of values as ¢
varies, it follows that

wt(r) = |{t|r, = 1}| = w, + %. (2.5)

Lemma implies that |A| = p 4+ 1 which, together with Lemma and (12.5)),
O

_ p—1

give w; = and the theorem follows.

2

Definition 2.2.4. [I1]. Let p be an odd prime, and S and S be the p x p circulant

matrices with s and s as their first rows, respectively. Then the matrix
D' = [sjs].
generates a length 2p double circulant linear code.

A direct corollary of Theorem [2.2.3]is as follows.
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Corollary 2.2.5. [T1]. Let ¢ =2 and d; be the ith row of D', then
wt(d; + d;) =p+ 1.

Therefore, the inner product of any pair of rows of D' is zero.

Remark 2.2.6.
D = [S]S] ,

is a circulant matrix.

Proof. Based on the definition of S, which has the same entries as s except for 5y = 1,

the matrix D’ is a circulant matrix, as follows

, ~
EEH
0 S1 S ... Sp-1 1 S1 S2 ... Sp—1
Sp—1 0 S1 ... Sp—2 | Sp-1 1 S1 ... Sp-2
= Sp—2  Sp—1 0 Sp—3 | Sp—2  Sp—1 1 Sp—3
S1 S9 S3 0 S1 S9 S3 1

O

Definition 2.2.7. [I1]. Let 1 be the p x 1 all-ones vector and 0 be the p x 1 all-zeroes

vector. Then the matrix
11 17 |17
D= _ (2.6)
10| S | S

generates a length 2p + 2 bordered double circulant linear code.

Example 2.2.8. Let p = 5. The Legendre sequence of length 5 is s = 01001, and

the corresponding alternative Legendre sequence is § = 11001. Concatenating the
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circulant matrices formed from these sequences gives

01001 | 11001
10100 | 11100
D’ = | 01010 | 01110
00101 | 00111
10010 | 10011

This is a double circulant generator matrix for a [10, 5, 5] optimal ternary linear code
[13]. According to Remark [2.2.6, D’ always generates a cyclic code. The above
matrix can be bordered by the all-ones and all-zeroes columns, and then the all-ones

row resulting in

1111111 | 11111
10 { 01001 | 11001
10 | 10100 | 11100
10 | 01010 | 01110
10 | 00101 | 00111
10 | 10010 | 10011

D is a generator matrix for the [12,6, 6] extended ternary Golay code g2, which is

an optimal self-dual code [20].

Double circulant binary codes for p = 8k & 3 were constructed in [11], including a
number of self-dual codes. Self-orthogonal codes and other codes with good minimum
distance were also constructed. In the following section, we study the extended linear

codes derived from Legendre sequences for the case p = 8k & 3 as introduced in [I1].

2.3 Extended Binary Linear Codes from Legendre

Sequences

Let p be a prime integer of the form p = 4t — 1, and let s be the Legendre sequence
of length p. Define s(z) = >, , « as the leading polynomial of a circulant matrix S.
Additionally, let §(x) be the leading polynomial of the circulant matrix S=S+ I,.
Furthermore, let n(z) = >, ., 2" be the leading polynomial of a circulant matrix N,
and let n(z) be the leading polynomial of the circulant matrix (N + [,,) where 1, is

the p x p identity matrix. It is often preferred to have a code in systematic or reduced
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echelon form
7]

where I, is a p x p identity matrix. Transforming the double circulant code constructed
previously to this form depends on the invertibility of either S or S. This, in turn,
implies that the leading polynomials s(z) or §(x) must be invertible in F [z]/(zP — 1).
The invertibility of the polynomials s(z) and 5(z) depends on the value of p. In the
binary case, for p = 8k £ 1, neither s(x) nor 5(x) is invertible. For p = 8k + 3, s(z) is
always invertible, while for p = 8k — 3, 5(z) is always invertible. These conditions are
derived from the fact that 2 is a quadratic residue for p = 8k 4+ 1 and a quadratic non-
residue for p = 8k + 3 [2I, Lemma 12]. A row echelon form for the doubly-extended
binary generator matrix D, which includes the identity matrix in either the first p+2
or the last p+2 columns, was introduced in [11] for p = 8k+3. In this matrix, neither
the columns from 0 to p+ 1 nor the columns from p+ 2 to 2p+ 2 can be considered as

information sets. The following results are taken from [I1] for the polynomials s(z)
and §(x) defined in the ring Fy[x]/(2? — 1)

()t =3@)*=n(r) forp=8k—3,
s(z) ' =s(x)* =n(x)  for p=8k+3,
5(z)ts(x) = n(x) for p = 8k — 3,
s(z) '5(z) = i(x) for p = 8k + 3.

Therefore, when 2 is a quadratic non-residue modulo p, a p X p circulant matrix P
can be obtained such that the first row of the circulant matrix is the coefficients of
n(z) when p = 8k — 3, and for p = 8k + 3, it is the coefficients of n(x) [II]. In these
cases, a double circulant binary code can be constructed with the specified first row
of the circulant matrix. When p = 8k + 3, the codes obtained (whether bordered or
pure), are equivalent to those described in [12] 18| 21], 27].

Example 2.3.1. [I1, Example 2.4.1]. Let p =5, so § = 11001 and §(z) = 2* + z + 1
is a polynomial in Fy[x]/(xP — 1) such that 3(z)® = 1 so it is invertible [21]. Then



19

()"' =23+ 2% + 1. Thus

VAR

(11001 | [10110]
11100 01011
S = |01110 and S~ = |10101
00111 11010
10011 | 01101 |
As g_lg =1
S'D=P[L,
where ) )
00110
00011
P = |10001] ,
11000
01100 |

as §(x)ts(x) = (¥ +22+1)(z*+2) mod 2°+1 = z*+ 2% The systematic generator

matrix then has the form

100000[011111]
010000]100011
001000|110001
000100|111000
000010|101100
000001|100110

This is a bordered double circulant generator matrix for a [12, 6, 4] binary linear code.

In Chapter 3, we will show that the polynomials s(z) and 5(z) are not invertible
in F,[z]/(z? — 1) when p = 4kq — 1.
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Chapter 3

Double Circulant Self-Dual Codes
from Legendre Sequences for

p=2qm — 1 over [,

In this chapter, we present bordered double circulant codes of length 2p+2 for primes
of the form p = 2¢m—1 over F,. We show that this construction results in a large class
of self-dual codes. Toward the end, we introduce a decomposition of the corresponding
double circulant codes of length 2p. The motivation for this approach comes from
[11], which presented the construction of doubly-extended circulant binary codes of
length 2p + 2 and dimension p + 1. From Chapter 2, S and S are the p x p circulant

matrices with s and s as their first rows, respectively. Then

D — [S|S} :

1117 |17
10/ S|S |’ (3:1)

is a matrix with size (p + 1) x (2p + 2).

is a matrix with size p x 2p and

Theorem 3.0.1. Let p be a prime of the form p = 2gm — 1. The code C' with

generator matriz D is a self-dual code over F,, g prime.

Proof. From Theorem for D', w; = gm — 1,5 =1,2,...p — 1. Then the inner

product of any pair of rows 2 to p + 1 of D is gm, which means these rows of D
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are orthogonal over F,. From Lemma the weight of rows 2 to p+ 1 of D is
p+1 = 2gm, so these rows are self-orthogonal and are orthogonal to the all-ones row.
Since n = 2p + 2, the block length is 4gm, so the all-ones row is also self-orthogonal.
Thus, all rows of D are orthogonal, so D generates C' and C*. Therefore, these linear

codes are equal. O

Remark 3.0.2. The dimension of the self-dual code generated by D is (2p+2)/2 =
p + 1. The minimum distance of this code is upper bounded by p + 2.

Table gives the values of p that result in a self-dual code generated by D over
F, from Theorem [3.0.1} In the next section, we show that the code generated by D’

for m even is degenerate, i.e. it can be decomposed as the direct sum of two codes.

Table 3.1: Values of p for the Double Circulant Degenerate Codes over F,

q p

2 | 8k—1
3| 12k —1
5 | 20k —1
7| 28k —1
11 | 44k —1

3.1 The Structure of Double-Circulant Codes for
the Case p = 4qk — 1 over F,

In this section, we discuss some properties of the ideals generated by s(z) and n(z)
and their idempotent elements. Then we obtain the dimensions of these ideals. As
mentioned in Corollary [I.1.§] the rank of the p x p circulant matrix S over F, is the
dimension of the ideal generated by s(z) in F,[z]/(z? — 1) as a cyclic subspace over

F,. Then we present a direct sum construction of the codes generated by S and S.

Remark 3.1.1. [I, Remark 2.2.3], Let b € #. Then the mapping oy, : 27 — 7%, for
j=1,2,...,p—1, (exponents mod p), interchanges the ideals with generators >, _, «'

and Y., ", that is Ry(> .., 2")op = Ry(Y,c» ™). Hence, they are equivalent.

Let J be the matrix of order p with 1s in all positions, and let j(z) be the leading

polynomial of J over F,.
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Corollary 3.1.2. Let p be a prime of the form p = 4kq — 1. Let </ be the set
of quadratic residues modulo p and 9B the set of non-residues modulo p. Then the

polynomials s(x) and n(z) in the polynomial ring F,[x]/(xP — 1) defined by

s(x) = le and n(z) = Z ",

satisfy
s(z) + n(x) = j(z) — 1, (3.2)
s(x)? = —s(x), (3.3)
n(z)? = —n(x), (3.4)
s(z)n(z) = —j(z) (3.5)

Proof. Let p = 4kq—1. Then from Theorem[1.3.7] part (i) and (1.15) in F,[]/(2?—1),

we have

s(z)? = }l((élk:q —1)—3)s(x) + i((élk:q — 1)+ D)n(x) (3.6)
= (kg — 1)s(z) + (kg)n(z) (3.7)
= —s(x) mod q. (3.8)

Similarly, using (1.16]) in F,[z]/(z? — 1)

n(z)? = }l((zufq — 1) = 3)n(a) + %l((élkq — 1)+ 1)s(a) (3.9)
= (kg — 1)n(x) + (kq)s(x) (3.10)
= —n(z) mod g. (3.11)

Then from (1.17)) in F,[x]/(z? — 1)

s(@)n(r) = 1(4kq — 1) = 8)j(x) + 3 (kg — 1) + 1) (3.12)
= (kg — 1)j(x) + (ko) (3.13)

= —j(x) mod gq. (3.14)

O

Corollary [3.1.2, (3.3) and (3.4) in F,[x]/(z? — 1) imply that the idempotent ele-
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ments of the ideals generated by s(z) and n(x) are

It is clear that

Now, based on Theorem —s(x) —n(x) — s(x)n(z) is an idempotent element of
the ideal (s(x)) + (n(x)) and

(s(x)) + (n(x)) = (=s(x) — n(z) — s(z)n(z)). (3.19)
Applying and , we get

(s()) + (n(x)) = (=j(x) + 1 +j(x)) = (1), (3.20)

which is an ideal of dimension p.
On the other hand, since s(z)n(z) is an idempotent element of the ideal (s(z))N(n(z)),

according to Theorem [1.1.2

(s(2)) N (n(x)) = (s(x)n(z)) . (3.21)

Now, we examine the structure of D' = S]g Let S/ be the matrix formed by r
consecutive rows of S, starting from row f, where the row after the last row is the

first row. We state the following lemmas.
Lemma 3.1.3. Let p be a prime of the form p = 4gk — 1. Then over Iy, q prime

1
rank 8%., = rank § = ]% (3.22)
2

Proof. The proof for ¢ = 2 is given in [21, Lemma 12].
If ¢ > 2 then according to Corollary [1.1.8] the rank of the p X p circulant matrix S
over [F, is the dimension of the ideal generated by s(x) in F,[z]/(z? — 1) as a cyclic

subspace. Therefore, we show that the dimension of the ideals generated by s(x) and
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n(zx) over F, equals 2 L for primes of the form p = 4¢k — 1. From (3.20))
dim (s(z)) + (n(z)) = p over F,.

From Theorem [1.1.6, we can consider (s(z)) and (n(z)) as the cyclic subspaces. Using
(1.4) from Theorem

dim (s(x)) + (n(z)) = dim (s(z)) + dim (n(z)) — dim (s(z)) N (n(z)) over F,.
From (3.21]

dim (s(z)) + dim (n(z)) — dim(s(z))(n(z)) =p over F,,. (3.23)

Using (3.5]), we have

dim (s(x)) +dim (n(x)) — dim (j(z)) = p over F, (3.24)
= dim (s(z)) +dim (n(z)) — 1 = p over F, (3.25)
= dim (s(z)) +dim (n(z)) = p+1 overF,. (3.26)

By Remark [3.1.1] both ideals are equivalent, implying that

1
dim (s(2)) = dim (n(z)) = 22— over F,. (3.27)
Therefore .
rank S% =rank S = Z%, over F,. (3.28)
0

Remark 3.1.4. Let p be a prime of the form p = 4kq—1, g prime. The ideal generated

by j(x)+1 in the algebra of polynomials modulo 2” —1 over F,, has dimension p — 1.

Proof. Since j(1)+1=p+1=4kq—1+1=0 (mod ¢), there exists a polynomial
h(z) in Fy[z]/(z? — 1) such that j(z) + 1 = (x — 1)h(x). Let I = (z — 1) be an
ideal in F,[x]/(z? — 1). Therefore, j(z) = 2? — 1/(x — 1) is the factor of ¥ — 1 in
F,[z]/(«P — 1). Since, ged(p,q) = 1, for the ideals in Fy[x]/(zP — 1), 27 — 1 has no
repeated roots, hence ged(x — 1, j(z)) = 1. Since j(x)* = —j(z) in F [z]/{zF — 1)
we have (x — 1)h(z) + j(x)j(x) = 1. Furthermore, h(z) and j(x) are co-prime. As
(j(x) +1)? = j(x) + 1, it is an idempotent element of the ideal generated by (x — 1).
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Since

ged((j(x) + 1), 2" = 1) = ged((z = Dh(z), (z = 1)j(2)) = (x = 1),

(x — 1) is an element of the ideal generated by 1 + j(z), so (1 + j(x)) = (x — 1).
According to Theorem [1.0.1} the dimension of (x — 1) is p — 1. O

Lemma 3.1.5. Let p be a prime of the form p = 4gk — 1. Then over IF,, q prime

~ ~ —1
rank ST_, = rank S = pT (3.29)
2

Proof. We show that in case of p = 4¢k — 1 the ideals generated by §(x) = s(z) + 1
and n(x) = n(z) + 1 are idempotent over F, . From (3.3]) in Corollary we have

(s(z) +1)* = s(x)*+2s(x) +1
= —s(x)+2s(zx)+1
= s(z)+1,

and based on (3.4 in Corollary [3.1.2 we have that

(n(z) + 1) n(z)? +2n(r) + 1

= —n(z)+2n(z) +1
= n(zr)+ 1.

On the other hand
(5(2) + D) +1) = s(@)n() + s(z) +n(z) + 1,
from in F,[x]/(zP — 1), we have

(s(z) + D(n(z) +1) = —j(x) +j(x)

Therefore, based on Theorem [1.1.3

(s(z)+ )N {n(x) +1) = ((s(x)+ 1)(n(z) +1)) =0. (3.30)
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From Theorem [1.1.3] the polynomial (s(z) + 1+ n(x)+ 1) is an idempotent element
of the ideal (s(z) +1) + (n(z)+ 1) such that

(s(x)+ 1) + (n(z)+1) = (s(z)+1+n(x)+1). (3.31)

By , we get
(s(z)+1) + (n(x)+1) = (j(x)+1). (3.32)

By Remark 3.1.4] (j(z) + 1) is an ideal with dimension p — 1 over F,, so
dim (s(zx) +1) + (n(z)+1) = p—1 overF,. (3.33)
From over [F,
dim (s(z) +1) 4+ dim(n(z)+1) — dim (s(z) + 1) N {(n(z)+1) = p—1,
and from ([3.30))
dim (s(z) +1) + dim(n(z)+1)— 0 = p—1, overF,.
According to Remark the ideals (s(x) + 1) and (n(x) + 1) are equivalent, so
dim (s(z) + 1) = dim(n(z) + 1) = 5 over F,. (3.34)

This results in

~ ~ -1
rank S% =rank S = pT’ over [F,. (3.35)

]

As a consequence of Lemmas [3.1.3 and |3.1.5| for p = 4gk — 1, the matrices S and

S do not have maximum rank in [F, and so are not invertible over FF,. Therefore,

we cannot convert D’ to systematic form where the first p columns are the identity

matrix. However, other sets of p columns of D’ do form an information set.

Definition 3.1.6. A row-column permutation of D’ gives

0., | §.2,
= (3.36)

2

fee

PD = A|B =

fee

1
1

| no

v ‘



where A and B are p X p matrices.

In the following lemma we prove that matrix A is a non-singular matrix.

Lemma 3.1.7. The matriz A is non-singular over F,, and

Al =

—Iyvn FE
—F I
2

1 p-1 -1 1 : :
where E and F are ’% X P= and P x % matrices, respectively.
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Proof. The non-singularity of A follows as we can explicitly construct its inverse,

A~'. From Lemma [3.1.5 we know that a matrix E exists such that

pt1l
2

S22 ES

~0 . . . .
as from Lemma|3.1.5/a row of Sp+1 can be written as a linear combination of the rows
2

1

~ 2t
of S . Thus

e\ T _ptl

(—Im E) (S?, 1 Sp21> = S‘Q)H —i—ESi
= —S(;))-H + SL‘H
B 2

= —Shu + (S?il +IL+1>
2 2 2

- (ILH o).

Similar arguments that a matrix F exists follow from Lemma [3.1.3| such that

pt1
SL_FSPH Thus
2
o\ T - Bl
( FI, ) (S?Hsp%) = —FS%. +S,4
2 2 2 2
p+1 _ ptl
- _szl _'_Sé
= 2
p+1 p+1
= =S, + (S, +1ey)
r 2 2

I
/N
=]
(=

s
w“
—
~——

The lemma follows by concatenating the rows of (—I pi1 E) , with the rows (—F I = ) ,
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and observing that A™! is unique. O]

Corollary 3.1.8. The vector spaces spanned by S and by S are disjoint and of sizes

p+1

q =z and qu_l, respectively.

Proof. From Lemmas |3.1.3|and [3.1.5] and Definition [3.1.6] it is evident that the first
p+

! rows and the last b= L rows of A each independently achieve maximum rank. Given
that we previously estabhshed an explicit form for A™' in Lemma m it follows
that the vector spaces spanned by the first 2= rows and the last ’%1 rows of A are
disjoint. In other words, the vector spaces spanned by S pi1 and S = respectively,
must be disjoint. Moreover, from Lemmas [3.1.3] and [3.1.5] we deduce that these

vector spaces are generated by S and S, respectively. O
Lemma 3.1.9.
. I,... 0 |E 0
(A|B)=| >
0 I% 0 —F

1

~ b+l
Proof. In the proof of Lemma |3.1.7| we defined E such that Sp+1 = ESp 1. More

~ ~ P+1
generally, this means that SJ;;Ll ES{: , where the superscripts are taken modulo

p. In particular, we have SE = S% Thus
_p=1 T _p=1 0
<—I¢l E) (Spil S%) = —S,5i +E(Sp-1 +1,1)
2 2 2 T 2 2
_p=1  _p-1
= -S -?— Spil +EIL*1
B = 2
= (EO0).

pF1
Similar arguments for F show that S]L 2= FSJQ where the superscripts are

2
pt+1

taken modulo p. Specifically, we have Sp 1 = FS 2,. Thus

p—1 T _p—1
(-Fr)(sish) - -Fsiesi

2

The result follows by concatenating the rows of (E 0) and (0 — F). O
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-

T
~P—1
Given B = (Spil S[,),l) , Lemma [3.1.5| indicates that there are 21 linearly
2

2

L p-l
independent rows in S,%,. Similarly, Lemma [3.1.5] shows that the last ’%1 rows of B
2

are linearly independent. This implies that the rank of B over F, is p — 1, so B™*

does not exist.

Lemma 3.1.10. The vector space spanned by <—Im E) 1s identical to the vector
2

space spanned by S. Similarly, the vector space spanned by (—F Iprl> 18 identical to
the vector space spanned by S.

~ ~ fpPtL
Proof. Let W = span(S) and W' = span(—IpTH E) Using S% = ESJ;2 , where
2

the superscripts are taken modulo p. We have

(—1%1 E) S = (—1%1 E) (I, +8), (3.37)
S + ES - (—1%1 E) S+ (—I%l E) . (3.38)
In particular, 3221 = ENZE. We also have
S + 8o = (—Ip%l E) S + (—IPTI E) , (3.39)
0 — (—IPTH E) S + (—IpTl E) , (3.40)
- (—I% E) S = (-I% E) . (3.41)

We know that (—I% E) has maximum rank, so dim W = I%l. Let v € W, there
exist C1,Co,- -0 Co1 € F, such that v = (¢, co,. .. ,c%) —Ip%l E) From (3.41),
we have v = (¢1,¢9, ... ,cpTH) (—I% E) (—S), so v.€ W’. This results in W C W".

Since dim W = dim W' = ’%1, so W = W’. Therefore, the vector space spanned by
S is identical to that spanned by <—Iﬂ E>
2

/N

A similar argument as above can be used to verify the claim for <—F I p-1 ) Since

f"r& f . ptl 0
S, > =FS,.,, where the superscripts are taken modulo p, we have S,?>, = FS;.,.
n En o 2

2
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Thus
<—F L,Q;l> S = (—F I%) (S . Ip) , (3.42)
~FS). + 831 - (—F I%) S (—F I%) , (3.43)
ptl ptl ~
-S4 48,5 = (—F 17) S (—F 17) , (3.44)
0 = (—F 17) S (—F 17) , (3.45)
(—F 1,72;1> S = (—F I%) (3.46)

Let U = span (—F Ip2;1> and U’ = span(S). we know that (—F IpT—l> has maximum
rank 7%1, therefore dim U = ’%1. Let u € U, there exist dy,ds, ... ,d% € F, such
that u = (dy, dy, ..., dy.1) <—F 1;> and from (3.46) u = (dy, da, ..., dp1) <—F 1;> S,
sou € U’. This results in U C U’. Since dim U = dim U’ = ’%1, so U = U’. There-
fore, the vector space spanned by S is identical to that spanned by <—F Iprl ) .o O

The linear codes generated by S and S are [p, 2L dg) and [p, 251, dg) codes over

IF,, respectively. From Lemmas [3.1.3| and [3.1.5] the ranks of the generator matrices S

Q p+1 p—1 :
and S over [, are %~ and *5=, respectively.

Lemma 3.1.11. The [2p,p,d] code generated by D' has Hamming distance
d =min{ds,dg}.

Proof. From Lemma |3.1.10, the linear codes generated by S and S are equivalent to

those generated by <—IL+1 E) and (—F | Y >, respectively. So the code generated
2 2

by D’ is the direct sum of these two codes. O]

Corollary 3.1.12. The [2p,p,d] code generated by D' is an LCD code over F,,.

Proof. From Corollary [3.1.8] the vector spaces spanned by S and S are disjoint, and
using (3.3)) in Corollary [3.1.2] we get

(S)(S) = (8)(S+1)
— 8°+S=-8S+S=0,

so the code generated by S is the dual code of the code generated by S. They also
partition [F/. O
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The following example demonstrates the construction of the binary code for 2p =

14.

Example 3.1.13. Consider the length p = 7 Legendre sequence s = 0110100. The
alternative Legendre sequence is § = 1110100. Concatenating the circulant matrices

formed from these sequences gives

0110100 | 1110100 |
0011010 | 0111010
0001101 | 0011101
D’ = | 1000110 | 1001110
0100011 | 0100111
1010001 | 1010011
1101000 | 1101001

The matrices corresponding to p = 7 with the permutation given previously are

110

011 1110

E = and F= (0111
111

1101
101

Thus, the linear codes generated by S and S are the [7,4,3] Hamming code and the
7,3, 4] simplex code, respectively. Note that (I F) does not generate the dual code of
(I E), but rather a code equivalent to the dual code. In addition, (I F) is equivalent
to the even weight subcode of (I E).

For p = 23, and ¢ = 2, S and S generate the [23,12,7] Golay code and its even
weight [22, 11, 8] subcode, respectively. The resulting length 2p code has parameters
46,23, 7]. The next example gives ternary codes generated by S and S with length
p = 11 and their direct sum.

Example 3.1.14. Let ¢ = 3 and p = 11. The consecutive powers of a = 2 generate

the set of residues mod 11 as follows

Zr, |20 [ 22 [ 28 | 24| 25 | 26| 27 [ 28 | 29 | 210
o 4 5 9 3 1
B | 2 8 10 7 6
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01011100010, the alternative Legendre sequence is

§ = 11011100010. Concatenating the circulant matrices formed from the Legendre

and alternative Legendre sequences gives

D/

The row-column permuta

PD’

01011100010
00101110001
10010111000
01001011100
00100101110
00010010111
10001001011
11000100101
11100010010
01110001001
10111000100

tion of D’ is

01011100010
00101110001
10010111000
01001011100
00100101110
00010010111

11011100010
01101110001
10110111000
01011011100
00101101110
00010110111
10001011011
11000101101
11100010110
01110001011
10111000101

00010110111
10001011011
11000101101
11100010110
01110001011
10111000101

(3.47)

(3.48)

10001011011
11000101101
11100010110
01110001011
10111000101

01011100010
00101110001
10010111000
01001011100
00100101110
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The matrices corresponding to p = 11 with the permutation given previously are

11210 _ .
211120

01021
021112

11022
E = and F = 1021021

20222
110012

21112
111202
21201 - -

Thus the linear codes generated by S and S are [11,6, 5] and [11,5, 6] optimal codes
over [s. NMBthm;(—FIQ;)(kmsnotgmwnmetheduM(mdeof(—I%gﬁv,but
rather a code equivalent to the dual code. The resulting length 2p code has parameters
22,11, 5] over Fj



34

Chapter 4

Conclusion and Future Work

In this chapter, we summarize the key findings of this research and discuss their
implications. We conclude by highlighting the contributions made to the theory and
construction of double circulant codes from Legendre sequences. We also propose
several directions for future work that could extend the results presented in this

thesis.

4.1 Conclusion

This thesis investigated the application of Legendre sequences in constructing bor-
dered double-circulant self-dual codes and double-circulant LCD codes that can be
decomposed as the direct sum of two codes. The Legendre sequence of length p is
characterized by sets o/ and % that represent quadratic residues and non-residues
modulo p, respectively, where a is a primitive root modulo p. The binary Legendre
sequence, denoted by s, has values 1 and 0 based on membership in &/ and #. In
[T1], an alternative Legendre sequence, §, was defined with §; = 1 instead of sy = 0.
Then for an odd prime p, the Legendre sequences s and s of length p were utilized to
create the circulant matrices S and S.

The second chapter reviewed Legendre sequence properties and structure, drawing
on previous work. In particular, the study delves into the results in [I1], which
explored the construction of doubly-extended codes over F,.

In the third chapter, we established that bordered double circulant Legendre codes
with length 2p + 2 for p = 2¢gm — 1 form a large class of self-dual codes over F,. We
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demonstrated that the generator matrix

111717
D= _
10/ S| S

yields self-dual codes, supported by proofs of orthogonality and self-orthogonality of
the rows.

For primes of the form p = 4kq—1, the idempotent elements of the ideals generated
by the leading polynomials of S and S over F, were obtained. The investigation
into the structure and rank of these circulant matrices highlighted the non-singular
matrices through specific row-column permutations of D = S|§. This results in a
decomposition into a direct sum of codes generated by S and S that yields LCD

codes.

4.2 Future Work

This thesis has established a framework for constructing bordered double circulant
self-dual codes and double circulant LCD codes over F, using Legendre sequences of

length p = 2¢m — 1. However, several directions for future research remain.

e Generalization to Other Primes: Expand the results to include a broader
range of primes beyond p = 2gm — 1, particularly when m is odd. Investigate

the non-singularity of S and S to generate non-degenerate codes of length 2p.

e Exploration of Alternative Sequences: Investigate the use of other se-
quence families, such as generalized Legendre sequences, to construct circulant

matrices to obtain new code constructions.

e Optimization of Code Constructions: Focus on optimizing the construc-

tion methods for computational efficiency or improved minimum distance.
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