CALCULATIONS OF MAGNETIC VARTATIONS
ASSOCIATED WITH INTERNAL OCEAN WAVES
by
H.T. BEAL

B.Sc., University of Victoria, 1968

A THESIS SUBMITTED IN PARTTAL FULFILILMENT

OF THE REQUIREMENTS FOR THE DEGREE OF
MASTER OF SCIENCE
in the Department
of

Physics

We accept this thesis as conforming
to the required standard

© H.T. BEAL, 1970
UNIVERSITY OF VICTORIA
April, 1970

U"J VWES Or VilTONy

e I
L,\ ',.; AR Y

i
Vietoriz, B . J




ii

ABSTRACT

Supervisor: Dr. J.T. Weaver

In this thesis calculations are obtained for the magnetic
field induced by intermal waves of periods in the range 1 min--30 min.
Solutions for the induced magnetic (and electric) field are derived for
a two-layer ocean of finite depth. The results show that the magnitude
of the magnetic fileld associated with intermal waves 1s, in general,
less than that induced by the shorter period surface-waves. However,
under suitable conditions the magnetic field can become quite appreciable.
For instance, an internal wave of amplitude 2 m and period 4 min, located
at a depth of 100 m below the sea surface, induces a field of 0.1 y at
50 m above and below the surface. A similar wave of only 1.5 min period
induces the same field at a depth of 100 m below the surface.
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CHAPTER 1

INTRODUCTION

1.1 Purpose of the thesis

Sea water is a reasonably good electrical conductor.
Consequently, any motion of sea water across the ever present Earth's
magnetic field lines induces electric currents within the sea, as originally

predicted by Faraday in 1832 (see Hutchins, 1952).

The purpose of this thesis is to discuss the nature of the
magnetic field associated with the induced currents generated by subsur-
face undulations between water layers of different density. These undula-
tions are commonly referred to as internal waves. It is believed that
this study will be helpful for the proper interpretation of the measure-
ments of geomagnetic variations taken at sea. Specifically, it is important
to understand the nature of this type of "wave noise" before attempting to
interpret signals detected at sea, by floating, submerged or airborne

magnetometers.




1.2 Summary of previous investigations of the magnetic variations

assocliated with ocean waves

To view this study in its proper perspective, it 1s necessary
to glve a brief historical survey of previous studies of the electro-
magnetic fleld assoclated with ordinary surface sea waves. It was
established both theoretically and experimentally that surface waves do
indeed give appreciable " wave noise " detectable by both submarine and
alrborne mgnetometers. One may, therefore, speculate on the possibility
of internal waves having significant electromagnetic effects.

The problem of determing the electric currents induced by ocean
waves was considered in some detail by Longuet-Higgins et al. (1954).
Crews and Futterman (1962) first calculated the magnetic field above the
sea surface arising from currents induced by wind driven waves. They
concluded, for example, that a sea-state 5 (1.2 m - 1.8 m wave amplitude)
was necessary to give a field of 0.1 y (the gamma, y, 1s a measure of the
megnetic flux density in the emu system frequently used in geomagnetism,
defined by 1y = 107 G or in MKS units 1 y = 1 nT) at an altitude of
30.5 m. The corresponding calculations for the field below the sea sur-
face were given by Warburton and Ceaminiti (1964). A sea-state 6 (1.8 m
- 3.0 m wave amplitude) was found necessary to give the same field at a
depth of 95 m for a 100 m wave. In the above two papers, the magnetic
field was obtained by integrating the contributions of all the induced
current elements, a procedure which led to some rather cumbersome inte-

grals. However, Weaver (1965) found a much more elegant approach in




3.
which the exact solutions for the magnetic field, both above and within
the sea, are simply obtained by solving the differential equations for
the magnetic vector directly and applying the usual electromagnetic
boundary conditions at the sea surface. Furthermore, his paper showed
the importance of ocean swell in generating significant magnetic fields.
For Instance, an ocean swell of 20 sec period and only 10 cm amplitude
induces a magnetic field of 0.2 y at a depth of 100 m below the surface
and a fleld of 0.1 y at an altitude of 50 m above the sea. This impartant
fact seems to have been overlooked by Crews and Futterman and by Warburton
and Caminiti, for they restricted thelr discussion to short-period waves.
Measurements corroborating Weaver's theoretical results were made by Baker
and Graefe (1968) using an airborne magnetameter and by Maclure et al.
(1964) using a magnetometer suspended beneath the ocean surface from a
buoy. In addition, Weaver pointed out that his approach could easily be
extended to give the field for a sea of finite depth (useful in situations
where long-period waves are present in shallow waters). This calculation
was undertaken by Woods (1965). His results show, however, that little
generality is lost by assuming the ocean to be of infinite depth. Never-
theless, Woods' results are helpful in interpreting magnetic signals
recorded at the sea bottom. For example, Wynn (1967) obtalned good
agreement between his recorded magnetic variations, arising from surface
waves, at the sea floor and the predicted wave-induced field by applying
the theoretical results obtained by Woods (see also Fraser, 1966).

Weaver's study was extended to include the electramagnetic

field induced by very long-period ocean waves, Larsen (1970). The model
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used by Iarsen included a layer of conducting sediments just below the
sea floor and further down a conducting mantle. In all cases it was
found that the effect of bottom sediments was essentially negligible,
but the conducting mantle influenced the electromagnetic field in the
frequency range of 1 to 10 cycles per hour for very deep oceans (i.e.
5000 m). For the above frequency range and a wave amplitude of 20 cm
the induced magnetic field components were found to be of order 1.5 y

for very deep oceans and of order 0.7 y for shallow oceans (i.e. 200 m ).

Another possibility is whether or not artificially generated
gravity waves may induce a time-varying magnetic field of importance.
To this end, Weaver and Woods (1965) examined the electromagnetic field
of a pressure impulse in a conducting fluid (a moving impulse of this
type 1s the simplest way of describing the so called Kelvin wake of a
ship). In addition to the familiar Kelvin wake, however, a ship may
produce internal waves, especially if a large discontinuity of density
exists Just below the sea surface. In such a situation there is also
the strong possibility of the presence of naturally occuring internal
waves. To estimate the magnetic fleld assoclated with such internal
waves, Weaver (1966), using a simple two layer ocean of constant electrical
conductivity everywhere, found that for a thin upper layer (4 m) an
internal wave (amplitude 1m and.of 500 m length) produced a correspon-
ding magnetic signal of about 0.02y at an altitude of 30 m above the sea

surface.

For an ocean having a constant electrical conductivity every-



where and composed of many layers of varying density ILarsen (1966), also
reported by Cox et al. (1970), found the magnitude of the magnetic field
components to be of order 0.1 y for an intemal wave of tldal frequency.
However, Larsen evaluated the electromagnetic field components only at

the sea floor.




1.3 Description of thesis

In this thesis we choose to examine the magnetic fleld induced,
both above and within a two layer ocean of finite depth, by an intermal
wave located at the bourdary separating the two superposed fluid layers
each having a different density and conductivity. This particular model

was chosen for three reasons:

(1) It 1s a reasonably good description of internal waves occuring
naturally within the sea and has the advantage of ylelding exact
solutions of a relatively simple form.

(11) A finite bottom was chosen to examine the behaviour of the field
in shallow waters.

(111) The model provides an opportunity to study the behaviour of the
wave-induced field when the conductivity of the two fluid layers
is changed. In both of the two previous papers this effect has not

been considered.

We begin in Chapter 2 by giving some background information con-
ceming intemal waves; as to their origin, wavelength, period, amplitude
and occurence., In Chapter 3 we develop the linearized field equations
and boundary conditions necessary for an exact analysis of the problem
and point out the limitations impbsed by the linearized theory. The
general solution for the internal wave-induced magnetic field is obtained
in Chapter U4 and, in addition, some useful approximate solutions have
been derived from the general solution. Also, the complete solution for

the magnetic field arising from a surface wave in the two layer ocean 1is



presented. The results are discussed, in detaill, in Chapter 5.

The results show that the electromagnetic field generated by
internal waves, in general, of much smaller magnitude than the field
induced by surface waves. However, it is shown that under certain con-
ditions, appreciable " magnetic noise " fram internal waves can occur

within the sea, and just above the surface.



CHAPTER 2

A BACKGROUND DISCUSSION OF INTERNAL WAVES

2.1 Introcuction

In such a non-homogeneous element as the sea, undulations
exist between subsurface water layers of varying density which are

camonly called intermal waves.

Internal waves exist in all oceans and most bays and lakes,
and vary widely in amplitude and period. Internal waves have slower
speeds than surface waves (ordinary ocean waves) but the amplitude
may be much greater. The simplest type of internal wave 1s shown in
Figure 1, where the maximum displacement occurs at the boundary between
a homogeneous top layer and the more dense lower layer. The surface
displacement caused by the internal wave motion has been greatly exaggerated
in relation to the intemal wave arplitude as shown in Figure 1.

The theory of internal waves was first developed in 1847 by
Stokes (Lamb, 1932) for two superposed fluids. Since internal waves are
present at each boundary, it follows that in a stratified ocean (i.e. an
ocean compesed of many superposed layers of varying density) a great number
of Internal waves may be present simultaneously. Furthermore, if the
density varies continuously with depth, as i1s the case in nature, an
infinite number of internal waves may occur with the maximum vertical dis-
placement in the region of steepest density gradient. Wave motion in a
stratified fluid (with or without density discontinuities) has been treated

theoretically by Yift (1960). Usually a two or three-layered ocean model is con-
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Fig. 1. A schenatic representation of an internal wave at
the boundary between two flulds of different densities.
The arrows indicate the rapnitude ard the instantaneous
direction of th=s fluld nmarticle velocities.
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sidered to examine a property of internal waves or their interaction

with beaches, sound waves and so forth.

The exact causes of internal waves are not yet firmly established,

but are thought to be of varied origin.
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2.2 The density distribution

We shall now discuss, very generally, the main factors which
influence the vertical density distribution within the sea. From this
brief discussion, it may be seen that the ocean is naturally stratified,

hence Internal waves may occur frequently.

The density of seawater continuously increases by about 0.0045
g/cm:‘l for every 1000 m increase in depth, to a maximum value of approxi-
mately 1.07 g/cm3 (Fairbridge, 1966). While in such an ocean where the
density is solely a function of pressure no internal waves can exist,
energy may still be transmitted by acoustic waves. However, the density
also depends on the temperature and salinity (total concentration of dis-
solved salts, expressed in parts per thousand by weight) of seawater.

The density gradients are thus linked to temperature and salinity gradients.
Relatively steep gradients of temperature (thermocline) and salinity
(halocline) are quite common and normally coincide, see Figure 2. The
relationship between density, salinity, temperature and the electrical

conductivity is shown in Figure 3.

Roughly the sea may be divided into four layers, separated by
three transition regions where the density changes relatively quickly.
The change in density is mainly due to the differences in temperature.
The three thermoclines are, in order of descending depth, the diurnal,
seasonal and main thermocline. The diurnal thermocline has a depth be-
tween 6 m to 10 m with a corresponding temperature change of 1 to 2°C
across it. The main cause is the daily heating effects of the sun.
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Prolonged heating gives rise to the seasonal thermocline, which is most
clearly marked towards the end of the summer months. It has as much as
abto lOo C temperature change across the transition region at a depth
between 50m to 100 m. Finally, the main thermocline, separating the deep
ocean waters from the upper water masses, lies samewhere between 300 m
and 1000 m with a temperature difference of 10 to 20° C across it.

Moving towards the colder latitudes, this temperature distribution gra-

dually disappears and the sea tends to one constant temperature.

In addition, local meteorological conditions, the vicinity of
land masses and subsurface currents may also greatly influence the dis-
tribution of density within the sea. For instance, Parker (1968) observed
a hamogeneous surface layer up to 100 m thick, apparently due to a cold
air outbreuic over the Gulf of Mexico. The density may be decreased by
the addition of melt-water fram ice or run-off from land. In the Arctic
waters and near the mouths of some lorwegian fiords a thin top layer of
nearly fresh water is forued Ly this nrocess. liis situation gave rise
to the " dead water " phenomenon (Ekman, 1904). It was observed at times
that vessels moving in these waters behaved very sluggishly. Ekman
established that slowly moving vessels created internal waves at the
surface of density discontinuity, so that the energy otherwlse used for
propulsion now went into the genération of intemal waves. Excess pre-
cipitation and heating in equatorial regions often produces a homogeneous
surface layer with a well defined lower boundary, especlally after the
surface layer has been well stirred by wind action (Munk and Anderson,

1948). When a surface layer of density greater then the water mass below
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is formed (e.g. in regions where evaporation is dominant), an instability
is formed. If this condition persists then the heavier water must sink
until 1t encounters water of equal density. This gives rise to wvertical
convection currents which may form a new homogeneous layer after they
have been active some time. Subsurface currents can sometimes cause a
denser layer of sea water to overlie a less dense layer, and again ver-
tical convection currents can result. The vertical currents may well
have been responsible for the stratification observed by Tait and Howe
(1968) midway between Cape St. Vincent and Madeira. They found, at a
depth between 1280 m and 1500 m, nine descicte temperature and salinity
steps of the order of 0.25°C and O.OMO/oo, ranging in thickness from

15 m to 30 m.

Since temperature measurements are easily accomplished and the
salinity gradient is usually much less than the temperature gradient,
intermal waves are usually observed by recording the temperature fluctua-
tions caused by the periodic vertical displacements of the isotherms,
Figure 4. However, care must be taken when interpreting temperature
fluctuntions because variations of temperature may also be caused by
horizontal currents. (Helland-Hansen, 1930 and Voorhis and Perkins,
1966),
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2.3 Observed features of internal waves

Ekman (1904) first suggested that internal waves occurred in
the sea. For the purposes of this thesis, we will be mainly concerned
with the properties of short-period internal waves (i.e. periods from
1 sec to 30 min) for reasons glven in sections 3.2 and 3.5. Observations
of internal waves of tidal character (i.e. waves with periods ranging
from hours to several days) up to 1956 have been summarized by Davis and
Patterson (1956). Later observations have been obtalned by Summers and

Emery (1963), Rainer et al. (1967) and Zalkan (1969).

Valdez (1960) and Chindonova and Shulepov (1965) observed
internal waves on their echo sounder records due to sound waves reflected
off layers of small organisms undergoing periodic motion from the intermal
wave train. Chindonova and Shulepov observed 19 internal waves, taken
in the Atlantic Ocean. Three of the waves occurred in the 100 m - 400 m
depth range with amplitudes between 5 m to 50 m, all three waves had an
apparent wavelength of 3200 m. Unfortunately, the true wavelength was
not known since the direction and propagation rate of the waves was un-
determined. These observations seem to indicate that large amplitude
internal waves with relatively short periods are possible within the sea.
Furthermore, large scale intermal waves with relatively short perdiods
have also been observed near Indonesia (Perry and Schimke, 1965). The
maximum amplitude observed was 40 m with a wavelength of about 2000 m.
This motion occurred between two nearly homogeneous layers (density

1,021 g/ crdand temperature 28° C for the upper layer, and a density
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1.026 g/cm3 with a temperature of 14° C for the lower layer).

Visible evidence of the presence of internal waves is often
glven by sea-surface slicks. Slicks are long streaks or patches of
relatively calm surface water surrounded by rippled water. They are
formed by the rippled-damping action of a surface film of organic matter.
The ability of films to dampen ripples varies radically with the degree
of compation of the film molecules. Such compaction can be produced
by wind stress or by a horizontally convergent flow produced by internal
waves (Ewing, 1950). LaFond (1966) found that 10% of his observed intermal
waves had surface-slicks associated with them, and that in 85 out of 105
such cases, the slick was located between the crest and the trough of
the internal waves (Figure 4). Slick-type phenomena have also been
observed in the Geargla Stralt and the mainland inlets of British Columbia.
Pickard (1954) and Shand (1953) observed streaks which appeared to be
assoclated with the internal wave motion having wavelengths of 900 m with
periocds of about 20 min. Shand noted that the speed of the internal wave
was about 75 ecm/sec. later, Pickard (1961) recorded internal waves,
approximately 4 m to 8 m below the surface, with amplitudes up to 5 m
and periods from 1 - 4 min,

ILaFond (1963) made a series of experiments on the characteristics
of internal waves off San Diego in water 18 m deep. Average wave period,
speed and amplitude observed were 7.3 min, 15 cm/sec and 0.85 m respec-
tively. The thermocline was located at about 5 m below the surface.
Again in the same area Armstrong and LaFond (1966) made further obser-
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vations and found that the average period and amplitude was 7.2 min and
0.82 m respectively. Some of the internal waves had a period of 10 min
with an amplitude of 2.5 m. Also near San Diego, Ufford (1947) measured
two internal waves which had periods of 12 and 16 min, wavelengths of

130 m and 330 m, and amplitudes 1.52 m and 2.28 m. On the opposite coast
Gaul (1961) observed internal waves near Hudson Canyon (off the coast of
New York) in water 56 m deep. The internal waves had nominal periods of
several minutes travelling at an average speed of 50 cm/sec. He also
mentlons that for purposes of a two-layer calculation the salinity,
temperature and density could be taken to be 31.5 and 32.5°/00, 20 and
10° C, 1.0225 and 1.0247 g/cm3 for the upper and lower layer respectively.
The thickness of the upper layer was approximately 20 m. While measuring
undercurrents in the Equatorial Atlantic region, Metcalf et al. (1962)
observed small scale structure on their records which they attributed to
internal waves. The estimted velocity was 50 cm/sec, with a wavelength
of 500 m and a pericd of 17 min. The average amplitude was 5 m wlth the
maximum density gradient between 40 to 100 m below the surface. The
average salinity was about 35.5%/00 with the temperature 27° C and 14° C

Just above and below the density gradient.

In summry, we note that the period and amplitude of intemal
waves usually differ appreciably from those commonly found in surface
waves. For example, sur*faée waves have periods in the 1 - 30 sec range
with 50% of the waves having amplitudes less than 0.6 m and only 10%
having anplitudes greater than 3 m (Kinsman, 1965), while internal waves
generally have periods of the order of minutes and amplitudes greater



than 0.6 m. Furthermore, wavelengths of 250 m or more are common for

internal waves, but large amplitude surface waves of this wavelength only
oceur during heavy gales. Most surface waves whose wavelengths are com-

parable to those of intermal waves are ocean swells which usually have

extremely small amplitudes.
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2.4 Generation of internal waves

There are a number of different mechanisms avallable for the
generation of internal waves. Most of these are due to natural causes,
but their artificial production by ships has also been observed, by
Ekman (1904). He showed experimentally that a vessel moving near the
critical intermal wave velocity (i.e. the velocity of waves for which
the wavelength 1s large compared to the thickness of the surface layer)
strongly excites internal waves, provided the keel depth 1s near the
boundary of the density discontinuity. The internal wave system generated
by a ship in a two layer ocean was theoretically investigated by Hudimac
(1961).

Sources of natural origin include seismic disturbances on the
ocean floor. Fedosenko and Cherkesov (1969) treated long and short waves
on the free and division surface resulting from such disturbances.

Again, Just as surface waves can be developed by atmospheric pressure
fluctuations, so can intermal waves be generated by slowly varying
atmospheric disturbances. However, these waves tend to have long

periods and wavelengths corresponding to the scale of the slowly moving
force (Proudman, 1953 and Krauss, 1959). Phillips (1966) mentions that
under appropriate conditions, internal waves of significant amplitude can
be developed this way. Another cause of internal waves 1s a strong shear,
developed when two layers of different density flow in opposite directions.
This unstable situation, at the common boundary, may be a source of grow-

ing internal waves as well as turbulence (Proudman, 1953 and Miles, 1961
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and 1963). Pickard (1961), Metcalf et al. (1962) and, Perry and Schimke
(1965) all attributed the observed internmal waves to the strong shear
flow. On the other hand, a weak shear has the effect of reducing the
frequency and vertical scale of smll scale intermnal wave motions

(Phillips, 1966).

If the surface of density discontinuity lies near the ocean
bottam, then bottom topography will effect the behaviour of internal waves
(Sandstrom, 1966). Zeilon (1913) first demonstrated that long surface
waves on passing over bottom irregularities (in a stratified ocean) can
generate internal waves. For example, Proudman (1953) proved analytically
that a long surface wave passing over a thin vertical barrier rising from
the bottom and just reaching up to the surface of separation of the two
layers may glve rise to an internal wave. Furthermore, Zellon (1934)
demonstrated that the incidence of a surface tide upon the continental
shelf (which often rises to the level of the density discontinuity)
results in the production of internal waves. At the transition region
between the deep and shallower water, the oscillatory fluld motion from
the surface wave suddenly encounters the shallower bottom which results
in a disturbance creating the internal wave. Rattray (1960) gave a
simple analysis of this problem using a two layer ocean. He found that
the intermal wave behaved as a stahding wave in the coastal region and
that further offshore it was a progressive wave travelling seawards.
Welgand et al. (1969) further found that long surface waves (l.e. wave-
lengths long compared with the shelf width) may also generate internal
waves by this mechanism. In addition, frictional effects may decrease
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the amplitude and change the character of the standing wave to that of a
progressive wave propagating coastwards. Model studies gave favourable
results with the thearetical predictions. Moreover, an undulating ocean
floor with a current flowing over it can produce a train of standing waves
in a stratified fluid (Long, 1953, 1954, and 1955). However, if the
current is oscillatory (e.g. due to the presence of long or tidal waves),
Intermal waves of a progressive nature can result.

Yet another mechanism arises from the interaction between sur-
face and intermal waves. The simplest situation occurs when the fluid
motion due to a long surface wave, induces an internal wave at a density
discontinuity beneath the surface. Cox and Sandstrom (1962) have analysed
the coupling between long surface waves ard internal waves in water of
variable depth. On the other hand, when two surface waves interact at
second order, a bounded disturbance results which may interact with an
Internal wave and cause amplification. A similar situation can occur
when two internal waves interact and transfer energy into a third inter-
nal wave (Ball, 1964, Thorpe, 1966 and Phillips, 1966). Thorpe has
indicated that under certain conditions internal waves could possibly
be generated in this manner. Kenyon (1968) used oceanographic measure-
ments to evaluate the energy transfer rates for the above two processes.
Generally the energy transfer rates for mutual internal wave interactions
are much larger than for the surface - internal wave interactions. Both
interactions are strongest in highly stratified water whose depth is

shallow campared with the wavelength.

In summary we see that the above mechanisms when combined with
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the varied distributions of density within the sea, can produce complex
internal wave motion. Consequently the induced electromagnetic effects
arising fram such motion of sea water, across the Earth's magnetic field
lines can be very camplicated. However, by assuming a reasonably simple
mathematical model, we can obtain an explicit solution for the magnetic
field induced by internal and surface waves, as is shown in the following

chapter.
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CHAPTER 3

THE FIELD EQUATIONS

3.1 The mathematical model

We shall investigate an ocean consisting of two homogeneous,
incompressible fluid layers of different densities in a rectangular
coordinate system. The z axis is directed downwards into the sea, with

the plane z = 0 representing the mean free surface and z = L the ocean
floor. The plane z = D divides the ocean into an upper and lower layer

of densities P and P respectively. We assume that the ratio of the
density In region D < z . < L to the density inregion 0 < z < D 1is
a (1.e, a = pz/pl > 1). The earth's atmosphere occuples the half space
z < 0 and the earth's crust fills the space z > L.

A progressive harmonic internal wave causes the lower surface
of density discontinuity to undergo harmonic oscillations of amplitude
Ia2|, say, so that its equation is z =D + n, where n, is the instantaneous
vertical displacement. The presence of the internal wave causes the mean
free surface to undergo a similar harmonic motion of amplitude |a.1| with

the equation z = where Ny is the instantaneocus vertical surface dis-

n
placement. The irrotational fluid motion resulting from the above dis-
placements will be specified by velocity potentials ¢1 and ¢2 in regions
0 <z <DandD < z < L respectively. The x axis is defined to be
along the direction of wave propagation, and the y axis perpendicular to

the wave profile to form a right-handed triad. Denote by i, j and k
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the three unit vectors along the coordinate axes.

We assume that the earth's magretic field F is constant every-
where. Thus the model will be two dimensional, all quantities being

independent of the variable y . We may write

F . F(cosTcosoi - cosTsin®j 4 simI k) (311

where I 1s the angle of dip and 6 is the eastward inclination of direction
of wave proragation from the magnetic meridian. The mathematical model

is 1llustrated in Figure 5.

The electromegnetic system of units (emu) will be used, so
that the magnetic induction is identical with the magnetic field every-
where because air, seawater and the earth's crust all have very nearly
tre free space values of permeability. The electrical conductivity of
seawater and the earth's crust is at least nine orders of magnitude greater
than that of alr, therefore, the electrical conductivity of air is set

to zero (i.e. 9, = Q).

In the following analysis we shall make use of a subscript j
to denote to which layer of the model a gquantity belongs. The subscript
J has the values 0, 1, 2 and 3 desipgnating the reglons z <0, 0 <z <D,
D < z< Land - > L respectively, this notation is in agreement with
quantities elready subscripted. Vhen the values of j are not explicitly
written out, it is understocd that j ranges over all its allowed values.

We must keep in min¢ that by = ¢ =0 and g =0,

3
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3.2 The basic equations

The continuity equation expressing the conservation of mass of
the fluid reduces to the Laplace equation

2
’ 2.1
when the density p 3 is constant.

We denote by p 3 the excess pressure of the fluid above atmos-
pheric pressure. This means, for instance, that at the surface z = Ny
the pressure is zero (i.e. p, = 0). The pressure p 5 is given by Bernoulli's
equation.

28, /ot + £(V4) -3z + B/p, -,

s J= 1,7_ (3.2.2)

where g is the gravity field strength, and ¢, is a constant of integration.

J
The Coriolis force, due to the earth's rotation of period T - has been
neglected. The ratio of the Coriolis force and the acceleration of the
fluid particles caused by the wave motion with period T is proportional

to 2T/'I‘e , and this quantity is of order 10"2 for a wave period of about

1/2 hour. Thus the Coriolis force is only important for waves with periods
of more than half an hour. We do not consider such waves in this thesis.
Furthermore, the ratio of the electromgnetic body force and the force of
gravity is proportional to chZ/pg where o and v are the conductivity of
seawater and the fluid particle speed respectively (Longuet-Higgins et

al., 1954). Taking F = 0.5 gauss, v = 50 cm/sec, o = 4 x 10"11 emu,

p= 1.0 g/cm3 and g = 1 X 103 cm/sec we find that the ratio is of order
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5 X 10713, Thus the electromagnetic body force is entirely neglible

for seawater.

The electric and magnetic vectors gj and E—j respectively, due
to the induction effect of the periodic .fluid motion across the magnetic

field lines, satisfy Maxwell's equations in the form

CuRL EJ = -BHJ/at , (3.2.3)

: ) , , - (3.2.4)
CURL HJ - 4.TI'G;{ ‘EJ - V¢dx(f +|'_'|&3} - ,ﬁJBE._J/c ot |

Here o 3 and k 3 are the electrical conductivity and the dielectric constant

respectively and ¢ denotes the speed of light. Taking the divergence of
(3.2.3) , we obtain

div ﬂ& - O © {3.2.5)

This result simplifies the identity

t CUrRL cunrl t‘(} = gead div H&- = I _H_d-
(o] 5

-V'H. | (3.2.6)

curlL curl H j

=y =
Hence, by taking the curl of (3.2.4) and using (3.2.3) and (3.2.6), we

obtain the differential equation satisfied by H

]
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2

VH - 4ms {3 /ot - CURL[V¢JX (F+B)1)

+ASH /3t (32T

We expand the second term on the right hand side of (3.2.7) to glve

cuRL[V¢JX(f+ HP] = V¢J div(F+ H}) - (F +ﬂd-)Vz¢d-

«[(E+H)V]ve - [V, - VI(E+H),
which after substitution of(3.2.1) and (3.2.5) reduces to
cont Log x (E+ 1)) = WEXHIVIVE - Lvg ViH, .

Thus the differential equation (3.2.7) takes the form

VH, - 4ams 3H /ot - [E+H) V]VE, + [vg, ViR, )

SH./c*3t? 2.8
hé:jaﬂd/cét , (3.2.8)
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3.3 Linearization of the basic equation

It 1s postulated that ¢ j may be expanded in the form

) 2 ;
¢&= €¢J + O , d=1,2 (3.3.1)

(Wehausen and Iaitone, 1960) and where e¢ is a smll non-dimensional
parameter. As we shall sée in section 4.6, ¢ is chosen to be the ampli-
tude to wavelenght ratio of the fluid oscillations, and provided this is
smll the linearized theory will be valid. This is a natural condition
since in practice it 1s unusual to meet waves of heights exceeding one
tenth their wavelength (Sverdrup and Munk, 1947). We also assume that

”J-’ E,j i E_J may be expanded in powers of e as follows

7(".: 7;0) + 5'7;) + OCe®) ; d=1,2 (3.3.2)

_H}: t‘:)+ € ':‘:) + O(e?-) 5 (3:3.3)
gd.g E_::;’ + el;;" + O®) . (3.3.4)

Substituting these expressions for EJ and ¢ 3 into (3.2.8) and

2
equating like powers of e together with discarding terms O(e ), we find
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that Iigo) and ggl) satisfy respectively
2 2/ angn ¥ (3.3.5)
V H . (4o d3/at + A3/cd3t*) H.
4 4 d ¢ ?
' Q)
Vzﬂ;,z (+Tre; 3>t + /&d. S/t H_&

(o) ‘ (-)_ «-)' (o) (3.3.6)
-4 {L(E+H)V1Ive, - Lvg, 71, | EER
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3.4 Boundary conditions

The pertinent boundary conditicns in this model are of

both fluid dynamical and electromagnetic nature.

From fluid dynamics it is required that
(a) the pressure is continuous across a surface of density dis-
continuity; and
(b) any fluid particle which is on a boundary surface must remain

on it.

The electromagnetic boundary cenditions we shall use are
(¢) that tlie magnetic field is continuous across a surface of
discontinuity (because in this problem the magnetic induction
and the magetic field are identical) and that the tangential
electric field is likewise contlnuous; and

(d) the magnetic field vector must vanish at infinity.

The constants ¢y and ¢, appearing in (3.2.2) are evaluated
by considering the special case of a fluld completely at rest (i.e.
¢J = Ay = 0) and applying boundary condition (a). This gives p; =0

at z = 0 so that (3.2.2) shows that ¢ 0. Similarly at z = D,

l =
boundary condition (a) requires that Py = Py, thus we find that

02 = (pl/p2 = l)@’

Returning to a fluid in motion, we may expand the term

3 ¢l/ 3t evaluated at z = n, as a Taylor series about z = 0, to give
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[24 /0t _[24/ht]  , (/1134 /s7d3t] + -
Z=7] Z=0 1 1 Z-0

1

Substituting in this expansion the expressions for ¢l and n, as

defined by (3.3.1) and (3.3.2) respectively, we then obtain

[3¢1/at]z_ =e[6¢:)/at . 17i°’az¢i"/azst] 2 OIS

7, Z=0

This can, in turn, be substituted in equation (3.2.2), evaluated at
z = n,. Boundary condition (a) again requires that p; = 0, whence
it follows that

el24/5t + 171‘°’31¢:')/az>t]2_0- g7 €71 + OE) - 0.

Here we have again expanded nq and ¢, according to (3.3.2) and (3.3.1)
respectively. Equating like powers of e we obtain, after discarding
terms 0(32),

1 2
(1) 0
L3¢ /ot ]zw -39, =© . (3.4.1)

The boundary condition (a) applied at z = D + o
requires p, = p, there, where by Bernoulli's equation (3.2.2) with
J=1

LpR] =,°1‘3.(D+772)_@[B¢1/3t+"i(V¢1)z]

Z=D+7, Z_.D+,
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and with j = 2

[P] =@&(D+7z)_(02[3¢2/3t+"i(V¢2) ]Z=D

2 Z2=D+7, % .

+p(6/l6,-1)8D .

Equating the two expressions, we obtain

(6,-0)37, - [("23962/31: - (;bgéi/at " ‘zf;(\?qbz)l

-.'2- P"(V¢t) ]Z=D+177_ .

Expanding the partial derivatives about z = D, i.e.

[bé,z/at]z___ S [Mi,z/at]z.:o + (/1) [qui‘z/az)t]zgg

Then substitute this into the previous equation and using the
expansions (3.3.1) and (3.3.2) for ¢1 o and n, respectively we now
b

have

(-7 €71 - elGhot + 773 foz3t) e - 04)]

where terms of order e2 have been discarded. Equating coefficients

of powers of € , we obtain

(o)
7 2. = O >

' (1) ) (3.4.2)
(e,-e)g7" -Deg, - e¢Net] .
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We now concider boundary condition (b). Let the equation
of a boundary surface be S(x,z,t) = 0. This equation may be regarded
as describing the position of the fluid particles lying on the surface
and the boundary con:iition requires tiwse narticles to remain on the
surface. s the toual rate of cha o of position of such particles

relative to the surface must vanish, i.e.

dS/dt = o

Expanding the total derivative of S, we arrive at

3S/5t , (3S/ax)dx/dt) . (3S/52)(dz/dt) - 0  (B:4.3)

where dx/dt and dz/dt are respectively the x and z components of the

velocity of the surface particles, i.e. dx/dt = [2 4>J/ X ]s=o

and dz/dt = [» ¢J/ 3z ]s=o . The equations of the three boundary

surfaces are;

5

1 2—71=0 ’
52 2 -(D+7) = o0
S

3
Putting S = S; in (3.4.3) we obtain

n

7’

Z“L ==O

37 /5t 4 (azlax)[agéi/ax]z_,;_ [a;él/azlz_7 . o.
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Similarly, when S = S2 we have the two equations

37, /ot (37‘,/a><>[a¢1/aﬂz_D " [asél/azlz_bm _ o,
. 2 - .
¥ /ot + (37, /201 g/ax]z:mz [angz/azlzzmz o,

since (3.4.3) applies both just above and below the surface S, = O
Finally, when S = S3, we have

[34 /521 - o
2 =L
When ny , and ¢, , are replaced by their expansions (3.3.2) and
] 5

(3.3.1) respectively, the above four equations become

z
Z=7,

€37t _elagz] . O . o

37 ot - el2¢,/5z O(e) = ©
€ 72. 3 € ¢1 ]Z=D+7z+ € >

€37 %at - e[a¢2‘"/azl + O - o

D+

el28%z] ., O . o
2 z=L

1
The terms 3 ¢1 z/a z are expanded about the undisturbed surfaces z =0
3= .
and z = D in exactly the same way that we expanded? ¢l 2/'az previously.
3
If these terms are then substituted into the above equations and terms

2
0fe ) discarded, then we arrive at, the linear boundary conditions
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[3¢ /2= 1 =27t

= , (3.4.1)
[og /o2 L o= LAV (3.4.5)
[28/>2 1 =3/t (3.4.6)
(247221 | - o . (3.4.7)

Furthermore the electromagnetic boundary condition (c)
demands that

[H, - H, ] - o
Z=71.
H =
[H, - _Z]Z=ZD+'72' o
(d,-H, 1 =0

Expansion of the magnetic vectors as a Taylor series about the surfaces
z =0and z = D ylelds

[H,- 1, (/a0 1 Doz ]+

Z=0 i

[H, - H,1 o+ (/1! ) a(H _ H—z)/az-'lz=b+
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We now substitute the expansions (3.3.2) and (3.3.3) for ny

and Eﬁ respectively in the above three equations and after equating
like powers of e obtain

(o) (o)
[H_H 1 .o | (3.4.8)
a 1 "z.0 ’
() Q)
H_H 1 _-o (3.4.9)
(o) (o)
[H _ H ]Z=L -0 (3.4.10)
® () o (o) Co)
[H _H RH_H D)3z = O (3.4.11)
0] 0] 0] (o) ()
H_H d po) _ (3.4.12)
[—1- _"]Z=:D+ ,72[ CH‘V' Hz)/ Z]Z-_-'D = <,
W Q)
(3.4.13)
[H,-H;1 =0 .
Boundary condition (¢) alsc requires that
nix [§°-§1]Z=’7x = &
n,x LE _E = O
Tk 1 -2 ]thﬁ-'vz o
é X [_E.l- §3]ZI=L = O
where n, and n, are unit vectors norml to the surfaces z = ny and

z =D # n, respectively. ILet us denote by z the angle of slope measured

from the horizontal of the wave
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£

Fig. 6. Orientation of the unit vectors.

profile at a general point on a surface of discontinuity as shown in
Figure 6. The unit tangent vector t at this point is clearly given
by t =1cos ¢ -ksing . If follows that the unit normal vector

n, being perpendicular to t, 1is
. . PR
n=-_c_sin§_,éc°s§=-(£tan§+é)(1+tan’§) .

On the surface z = nqs tan z = -anl/ax, and on z =D + N5 s
tan g = -3 n2/ 3 X, the negative sign arising because n 3 is measured
positively downwards, i.e. in the direction of k. Hence the above

three boundary conditions become

(can/ox - B x LE - E_‘-Jz,a;f o
(<day/lox - Y% LE,- §232=D+72= o,
4 x[E - Ed |, =0
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Expanding the boundary values of the electric field wvectors as a
Taylor series about the undisturbed surfaces z = 0 and z = D, we

obtain

(_L'_B’yl/ax_ A)x L( E-E)D+ ("71/1!)3(50- 'c;_)/az +-1 -0,

Z2=0

(ia fox - é)XL(E; E)+ ('72/1!)3(5_1- E)/3z+]

Substituting the expansions (3.3.2) and (3.3.4) for ny and E,
respectively into the y component of the above three cross products,

we arrive at the following boundary conditions

(e -E, 3L =9, (3.4.18)
[LE, - _‘;’)x] - o, (3.4.15)
e - ML = o, (3.4.16)

() (o)

(el D), 4 (e £, foz o (€7 E)27x ) - 0,300y
£z0

LEe~e") +7 3(E - £?) /oz +(F_ :”)2372"’/3,(] . 0 (3.4.18)

=L —a X + B

[(e”- ™) ] o . (3.4.19)
R N

Here we have equated like powers of e and discarded terms of

second and higher order in € .
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3.5 Further simplification of the basic equations and boundary

conditions

Since we are dealing with a periodic wave, propagating in
the positive x direction, the vertical displacements about the mean

free boundaries must be of the form

¢ VR : .
’76._____ga.&. exp(cwt—cmx) ,

j=4,2 (3:5.1)
where 1 = (- 1)1/2, |a§k)| the wave amplitude ( agk) is complex),

w the ocean wave angular frequency and m the ocean wave number

(i.e. m = 2n/)\ where A is the wavelength). The index k , here,

refers to the k™ term in the expansion (3.3.2) for p ;- Itis
understood, of course, that the real part of (3.5.1) and all subsequent
expressions is to be taken. Since particles lying on the surface
undergo harmonic oscillations as well, we may assume that all the fluid
particles within the ocean undergo a similar motion, i.e. that the
veloclty potential takes the form

(k)

¢& _ Sb;k)(Z) exp( it -cmx) j=1,2 . (352

J

The induced electromagnetic field resulting from this fluid
motion will clearly have a similar dependence on x and t , i.e.

we can write

k) (k)
t'} = bé(Z)exp(c'cot—i‘mX) , (3.5.3)
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k) k) _
gé - _G_?& () exp(lwt -imx) (3.5.4)

With this simplification we note that the operators? /a3t andd/9x

correspond to multiplication by iw and -im respectively. For example,

(3.2.5) now takes the simple form

k (
s lh) o dEY Jdz . (3.5.5)
; ¢ X 4 =

We now direct our attention to the differential equation

(3.3.5) for H,°) . Upon substitution of (3.5.3) with k = 0 into
=
(3.3.5) ,we have

2, (o & 2 . ” (o)
d h})/dz = (m's 4TS o - ﬁ&w/c‘7 h .

whose solution for the 2z component everywhere is

(b)), = AD exp(f,2)

(b“: z = B(: EXP(§IZ) + C;’ exp(—flz) ,

o) (o) o (3.5.6)
(b(z)z - Dz exp<f22) + E(; exp(-'fZZ) ,
(h)), = Fexp(-£2)

where

jd - (mz+ c'q-T!'G}(,o- ,Ac-}r.oz/(‘,z)-?'T



by,
and in accordance with boundary condition (d) the field vanishes
in air and the earth's crust as z approaches infinity. The boundary
conditions (3.4.8) and (3.4.10), together with relation (3.5.3),
require (g§°))z and (ggo))x to be continuous across the boundaries.
The latter condition, by virtue of (3.5.5), is equivalent to d(g‘go))z/dz
being continuous across each boundary. Applying the above conditions

to the solution for (1_1_§°))Z, we obtain

LAY - £,Bp + 05 - o,
B‘: G C, 5P D:)ef‘b_ £V ™ -
5, Bf:ef‘ > 5, C‘: 2 5D f’LD+ (: 5 o :
D: it et zwe-ﬂ_ o
_)(z D:)E’EL_, '-"z (o) —j-,_L+ fs Fz(o)e_f}L o

This system of six homogeneous equations in six unknowns possesses
only the trivial solution, Aé°) =...= F;°) = 0. A nontrivial
solution would require that the determinant of the coefficient matrix
vanish, thereby implying a relationship between f, , f‘l, f2 and f3
which 1s physically impossible since w, o©

and k, are independent.

J J
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Therefore, we may conclude that

(o)

ChJ)z _ 0
ands by (3-5-5):
(h”) - o

The solution for (Qéo))y is clearly similar to that obtained for
(Qéo))z in (3.5.6). However, after substitution from (3.5.3),
we see that the boundary conditions (3.4.8) to (3.4.10) require
(géo))y to be continuous across each of the three boundaries.

Three additional conditions are needed to determine explicitly all
six constants in the solution.

Solving for E 1in equation (3.2.4), we obtain

-EJ - (4-Trc;. - é,k}co/c*sl{.cwl. ﬂ‘.} - 41T65_[V¢}X (F+ L'léﬂ }

Substituting the expansions (3.3.1), (3.3.3) and (3.3.4) for
¢J’ Eﬁ and ge respectively into the above equation and, as usual,

equating like powers of e while discarding terms 0(52), we arrive at

O) . 2 e ) (3:5:7)
EJ - (+1r<§+4,&}w/c ) corL H

?

E(c)

2-1 4] ' e
; = (476 ik w/c*) {chLH}_ 4-TI'G'J[.V¢:X (E + t‘}ﬂ J, e

When (3.5.7) is used in conjunction with the boundary
conditions (3.4.14) to (3.4.16) we find that the expression



L4é.

3 + 1kjw/c2)_ld(géo>)y/dz must be continuous across each boundary.

This condition yields the three extra conditions required to determine

the constants in the solution for (g;o))y .

six homogeneous equations in six unknowns which, by the same argument

(Umo

In fact, we again obtain

as before, can possess only the trivial solution, from which it follows

that (Eéo))y = 0. We have now shown that all components of Qéo)

vanish, and we may therefore conclude that

(o) °
H. = F_(.) - O
L =}

the latter result following by (3.5.7).

We shall now consider the differential equation (3.3.6) for

, whose y component is

(1)
i

&) [ 2wt (44 cqmg e/ - A S/ (h,),

First, we note that the approximation

A}TF(Tiag;/vni (T& # O‘)
ﬂéw’“/mzc’“ <« d (3.5.9)
1 (j=0)

is valid under all conditions encountered in this problem. Certainly
(3.5.9) must always hold in air (j = 0, G ™ Oy o ™ 1) since

(w/m)/c, the ratio of the wave speed to the speed of light, is clearly

much less than unity for all wave speeds. In the sea (cl g™ b x 10741 emu,
b

kl g ™ 80) and the earth's crust (03 =1x 10_14
b )

the approximation is well satisfied for all ocean wave periods greater

emu, k3 = 10),
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than 10"“ seconds. As we shall not consider waves of periods less

than one second in this problem (because such periods are associated
with caplllary waves, which on account of their small amplitude and
wavelength produce no significant magnetic field), we are completely
Jjustified in using (3.5.9). This approximation is, of course, equivalent
tc neglecting displacerment currents everywhere. It follows that we

may write

d (b‘i),&/dzz _m (1, 4T o/ m 34 h})y

Furthermore, putting the expansions (3.3.3) and (3.3.4)
into the y component of (3.2.3) and equating the like powers of e agaln,
we obtaln a relation between the y component of the magnetic field

and the x and 2z corporents of the electric field, viz:

M

d(e) /dz , im(e)), - -<w(h,), .

Taking the diverpence of (3.5.8) and using the identity div curl= O,

we obtain
¥ Q) )
cm(go)i = d<—¢o)z/dz
which when substituted in the above equation yields

| [d7/dz"_ mll(g‘f)z - \mco(k\‘_'))y , (3.5.10)
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(%)

Replacing the ter: (30 )v by means of
J

()
(e”). - - (mc /o) (h)
o X o \/ )

obtained by taking the 2z component of (3.5.8) with j = 0 we arrive

at

2 2 2 2 2. 2 Q)]
[d7dz* - m™ (1 _ S/mc*)] (e), = ©
Comparing this result with the previous differential equation
(3.5.10), we first note that the additional term o°/m"c® arises

from (gél))y. However, by approximation (3.5.9), the above equation

reduces to

[d7dz"_ mt1(e’), - O

o Z

For this equation to be consistent with (3.5.10), we must have

Of course, (Qél))y, only vanishes because of the approximation (3.5.9).
What we have actually shown, is that (_k}él))V is of the same order
as the magnetic fields produced by displacement currents and is there-

fore negligibly small in this problem.

The complete solution for (gﬁl))y is thus of thz ferm
J

)

(ho)y . O
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(‘:,) B(; exp(mg Z) o C;)exp(—mg-li) ]

J
X
]

(h), . D"Y' exp(mgz) | E‘; exp(-mgz) |

F;m exp (- mﬁgZ)

Lo
g = (1 + c'4Tr<>‘<;co/m")z

and (I_l_gl ) )y vanishes as 2z approaches infinity as demanded by boundary
condition (d). Boundary conditions (3.4.11) to (3.4.13) require

that (r_1§l))y is continuous across each of the three boundaries.

Two additional conditions are still required to determine all five
constants in the above solution. Taking the x component of (3.5.8)

and using the approximation (3.5.9) in the first factor, we have

[0 ® (D)
(_[-;J)x=-é(ﬂ )7/+1r0352 + (_F)YB¢}/BZ

J.- ) J:l,ZJB ,

By substituting for (ggl))x in boundary conditions (3.4.18) and

(3.4.19), the two extra conditions are easily found to be

[d(h _ o h ) /dz ] . O
2 ~4q i 2 Y Z2=D

0]

[d(s;h, - s3h,), /dz ]
Z=

L
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Here we used the fluid dy..umical conditions (3.4.5) to (3.4.7)
and relation (3.5.3). From the above conditions, we obtain five
homogeneous equations in five unknowns which, by the same argument
as before, can again possess only the trivial solution. Therefore we

conclude that the y component of gél) vanish~s everywhere, i.e.

()
(H, - ©
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3.6 Statement of the final equations and boundary conditions

The induced magnetic field is now of the form

HY - < CHD), + 4 CHD), (3.6.1

where, by (3.5.3),

(ﬂ;’)x £ = (b_(;)x zexp(émt - {mx) . (3.6.2)

2

Fortunately, from (3.5.5), we also have that

Q) Q)

(h.). - dCh.) /imdz . . (3.6.3)
& X d =

Thus it is only necessary to solve for the z component which satisfies
the differential equation

2, () T . 0)
d(h&)!/dz A (h})z + 4Trt§.(tmf;:— Fd /dz)dsg. /dz  (3.6.4)
where, as before,

L
5 - (1 + A41rc§w/m‘)z . (3.6.5)

The terms Fx and F‘Z denote the x and z components of the earth's
magnetic field vector F respectively. Here (3.6.4) has been found by
taking the z component of (3.3.6), using relations (3.5.2) and

(3.5.3), and the first factor on the right hand side of the resultant

equation was reduced, by approximation (3.5.9), to its present
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ftunlngqg . The boundary conditions (3.4.11) to (3.4.13) governing

the differential equation (3.6.4) are, by (3.6.3), equivalent to the
following set of conditions:

[(h _ h_(':)z] =B (3.6.6)
Z2=0
[W- k)] -o | (3.6.7)
1 2'Z2%.p >
[(.l:(iu- k(w" )z] =0 | (3.6.8)
. 8% z.l
[d(h - _L;:) [dz ] - o | (3.6.9)
[ z z= [o)
[d(hml_ bm ) /dz ] e O (3.6.10)
2z Zz-D
[d(l_"_ldz_ h‘:)z/dZ]z.-.L . O . (3.6.11)

Prior to solving (3.6.4), it is clear that an expression
for the velocity potential,

)

¢;, = 90&” ex p (coot = <mx) (3.6.12) |

is needed. The expression (3.6.12) must satisfy the Laplace equation
(3.2.1) in the form

(d7/d4z* - m*) ‘;U; L © (3.6.13)
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Substituting (3.6.12) into the fluld dynamical boundary conditions

(3.4.1), (3.4.2) and (3.4.4) to (3.4.7), together with (from (3.5.1)
with k = 1)

7" . -ca? exp(cot - mx) (3.6.14)
& ¢

2

we obtain respectively:

[ ‘/jm]zg R --a'g/w (3.6.15)
[@ A @‘7":’]&3 = - c:(@_ ﬁ)g/co , (3.6.16)
[d(ﬁ"’/dz]ggo s A, (3.6.17)
[d‘;”im/dz]ng - X w (3.6.18)
[d?zm/dz ]Z=D - Qo (3.6.19)
[clsf’z"'/clz—_lz=L . O ' (3.6.20)

In the next chapter we shall devote our attention to solving
the above equations. Since they involve only first order quantities,
we may henceforth delete all superscripts (1) without introducing

any ambiguity.
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CHAPTER 4

THE INDUCED MAGNETIC FIELD

4,1 The velocity potential

Solutions for the velocity potential of a two layer fluid
are developed in many texts on Hydrodynamics (e.g. Lamb, 1932 and
Milne-Thomson, 1968). However, we shall derive the solutions anew here

for completeness.

The solution of equation (3.6.13) with j = 1 is

¥ - M cosh(mz) + N sinh(mz) (4.1.1)
and with j = 2

¥ = M, coshIm(L-2)] (4.1.2)

since w2 must satisfy condition (3.6.20). Substituting expression

(4.1.1) into the conditions (3.6.15) and (3.6.17), we obtain respectively

M1= —alg/ua , (4.1.3)

N, = a 0o/m . (4.1.1)

By substituting for y, in (3.6.19) from (4.1.2), the remaining constant

N% is readily found to be,

M, = -a,w/msinhlm(L-D)] (4.1.5)

2
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Equating conditions (3.6.18) and (3.6.19), we have
Ld(¥ _ #)/dz ] = @
Z=D
Upon substitution of expressiins (4.1.1) to (4.1.5) into the above
condition, we immediately arrive at the ratio of the intermal to

surface wave amplitude, viz

a,/a, - (P.b)cosh(mD)/P (4.1.6)
where

P - Coz/am , (4.1.7)

L = tanh(mDdD) | (4.1.8)

c —tanh[m(L-D)] . (4.1.9)

We note that even though a; and a- are comnlex, their ratio as given

by (4.1.6) is real.

Furthermore, using expressions (4.1.1) to (4.1.9) in
conjunction with the last fluid dynamical condition (3.€.16), we
obtain

(<t + be)P _ X (b+ )P, (x-1)bec - ©

The two solutions, of course, are

g: {"‘(‘M' c)x [°(z(B+C)z_. 4bc (x-1)(ct + bC)]Ji,}/o? (x+be), (4.1.10)
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This expression will always give a real and positive value for
P, since a 21, 0 <b <land 0 <c <1 . Therefore, two possible

frequencies for a wave exist for a given wavelength.

The above quadratic equation in P may be rewritten, so as
to take the form

(ot be)(P-b) + d(P-b) - (1-B)be < ©
where

d.abc + x(b-¢)

The solution clearly is

R-b o{-dt [d* 4bc (1-B)xxbe) 1T} /2 (xv be)

fram which it 1s easily seen that (P+-b) 2 0 and (P_-b). <0 under

all possible conditions. Hence by (4.1.6), we see that
alz/a1 2 0 (ix. az/a1= lqz/ai' )
when the P 1 root 1s used. For the P_ root, we have

¢
a,/a, ¢ o (ia a,/a, -la/ale")

Thus the ratio of ns and Ny for each of the roots P+ and P_

1s respectively

la,/a |

72/,

(4 g

/7, = la,/a | e
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When an internal wave 1is generated, it will induce a surface wave at
the air-sea interface, such that the crests (troughs) of the surface
wave overlie the troughs (crests) of the internal wave as shown in
Figure 1. Thus the waves are out of phase by = radians and must
propagate with a frequency given by P_ . The above situation may be
reversed, l1.e. 1t is possible for a surface wave to cause an intermal
wave at the boundary of the density discontinuity such that the crests
(troughs) of the internal wave lie directly below the crests (troughs)
of the surface wave. The waves are, therefore, in phase and must
propagate with a frequency given by P e For example, when o =1
(constant density) the expression (4.1.10) glves P, = tanh (mL)
and P_ = 0. Since no internal wave 1s possible in a sea where the
density is the same everywhere, we know that the non-vanishing solution
must describe a surface wave, thus confirming that P + 18 Indeed

associated with surface waves and P_ with internal waves.
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4.2 The general solution for the magnetic field

In this section we shall denote derivatives with respect
to the variable z by the prime symbol in the usual manner. Thus
the differential equation (3.6.4) may be conveniently rewritten in

the form

(b&-)f M}E(h})z +m (1-70) 6, () (4.2.1)

where

G @) - ct (imF ¢! - R,

(4,2.2)
G, = & ;3 = O
When J = 1,2, we also note that G:j’(z) = mng (z) because the functional
dependence of GJ on z 1s always of the form exp(j_-mz). The solution

of (4.2.1) is clearly

Ch)

Bl Ao exp (mz)

~

1=
~7
{]

Alexp(mglz) + B, exp(-mz.2) + G, (),
(4.2.3)
(h). - AlexP(‘mg-zZ) + BZ exp(-miZZ) : 2 Gz(Z) ’

(h,), = A, exp(-misz)-

where (b)), +0as z -+ -« , and (Qa)z+0asz++mas 1s required
by boundary condition (d). We also note that qq = 1 since o = 0 .
The complete solution for (I‘_IJ)X is now immediately obtainable from
(4.2.3) by means of (3.6.3).
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Application of the conditions (3.6.6) and (3.6.9) to the
solution (4.2.3), ylelds

A, = A+ B, + G,

i

mA = Mg A - mg B ¥ G;.(o)- ’

whence
A=A - W (4.2.4)
61 - Q'le - Wl- (4.2.5)
where
Qf _ (;1:1)/2;1 ) (4.2.6)
W= [mgg@ ¢t 61 /amg . @27

Similarly conditions (3.6.8) and (3.6.11), glive

""‘83“ mg, L 'mﬁzL
/\349 - /\2.6' + E52<?

-mg. L mg, L -mg, L '
-mg3A3e 3 =mg-zAze -kaze + G, (L)



60.

leading to
Az=[Q;A3ém&3L— W, Jexp(-mg,L) | (4.2.8)
B,-Lq A, gkt _ W, lexp(mgL) (4.2.9)
where
Q, - (3,+8)/283 (4.2.10)
W . [mgeOx el /amg, . @2

The remaining two conditions, (3.6.7) and (3.6.10), yield

mg D -mg D mgD smg, D
Ae ™+ Be " A e+ Be "y g (D-c(D),
mg, D -mg D mg, D -, D
mz"lAle " - m&j_ B_Le to= m?zAze = mngze

+ G, (D) - GL(D) ,

These equations can be written in the form

mg D - —M?tb mjzb +
Q;Ale b + R,B,¢ = A,e " LW, (h2a2)

- mg D + -m%. D -mg, D -
Q3A1€’ b1 . Q3 Bie 723 _ Bze N W3 (42.13)
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where

Qz (32 t3)/ 23,

) (4.2,14)

x

W, . (mg[s,(™- 6 (MItle(d- 6/m1)/amg, . (t.2.15

Substituting (4.2.4), (4,2,8), (4.2.5) and (4.2.9) for A and B

1,2 1,2
respectively into equations (4.2.12) and (4.2.13), we arrive at two

equations in two unknowns, viz:

* + +\y mfD - - - -mg—LD
Q,(QA-W e ™, (g A-W e ™ .

[Q;Ase""?’L_ W, Jexp(mg D-mg L) + W,
and |
= + + m "mﬁi
(A~ W, G(QA-W e

[Q;A e-”‘z'sl-_ Wz- ]e"P<mZ}_L' mZ',_:D) N W..

3

We now define

b = Q.Q; + §,Q, exp(-2mg D) ,  (4.2.16)

[
I

b, = Q:@; + C?;Q; exp(—zm&])) , (4.2.17)
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Gy 1. W;— W, expl-mg (-D) 1} exp (- mg, D)

+Q‘; W:+ Q, Wl_ exp (-2mg D) | (4.2.18)
C,= {W;exp[—m32(L-D)—] - Wz- ! exp(-mg-lD)

+ {Q; W: - Q: Wi_exp(-z‘mz.ib) } exp[—mﬁz( =D} ] LA

so that, the previous two equations become

Ab, - A,q,expl-mg (L-DY-mg,D-mg L1 - c

1 >

A.b, expl-mg, (1-D)] - A @ expL-mg D-mg L1 . C_ .

The constants AO and A3 are clearly given by -

A - A—t{Q—zcz exp[-m3z(L- By = Q: c, 1 (4.2.20)
and
A, - A bc, - Bzclexp[-M3z(L-D)_l Yexplmg D+mg L](u.2.21)

where

A w Q-zlazexp [—zmiZ(L—Dj] e Q+ b (4.2.22)

2 1



63.

and b in the constants A_and A,,

Substituting for c 1,2 " 3

1,2
we obtain

A - AU(QW, - Q W, ) expl-mg, (- DY -mg D]
+Q; [Q; W:-r- (\,\/3-—+ Q; Wl- e-mz,D) e—‘mﬁD]exP[_lmi_z(L-:Dﬂ

+ + . -m%, D
-QLAW, (W, @ W, e KEST M I (4.2.23)
and

- zth)

A, £'1-W, (QQ, + §.Q, €
AW (@G, + §,q;e ) exp lomg, (L-D)]
-q (W, - @, W, Jexpl-2mg, D]
~(5/8)(Q W, - W, D exp(-mg D)

¥ = mg. L
‘QI(Q;\/\Q - QW )] exp[-mgz(L-D)]} "B (u.2.24)
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Replacing the constants A_ and A3 , by the expressions (4.2.23)

0
and (4.2.24) in equations (4.2.4), (4.2.5), (4.2.8) and (4.2.9)

respectively, we obtain after some lengthy algebra
A &1Q LW QW Jexpl-mg, (L-D)1
¥ -( -\ st + 47N ~M§D
A KA N AV AP LI

- + = + B t + - _msl:D
+q LW - qy(@w - w e ™ 1

- D
explamg (-2 1] 7D (22

2

B1 - A.li Q‘1 [Q;W:- Q; W,_- ] exp - W‘ZZ(L-D) —mglb‘_\

- -m

v @, LG (@W - @W) G, € " Terpl-2mg, (D))
+ +/ A=y st +, /- = + -m31D
_Q,-L[CPs(QlWi - QW )+ P W, e 113 , (12.26)
A, S(@WS - W (QL% « @, )

-mg D

RASEACAUSEAVSL

e"m'hb

+ (5,18 (W, - QLW
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*G@W W) Jeplmg (oD €7

(4.2.27)

and

B, - 8 L@ W, - W)@, + 9,67 € " denp [ mg, D))
UV D
+ Bl (G W - QW) ™

-+ el P 1"Gij>
+QUeW, -@W, )1l e - (4.2.28)

We have established the general form of the solution in
terms of the six constants AO, Al, A A3, B and B defined in this
section. In this solution, the explicit form of G, ,(z) and w*l 5

b ] 3 ’3
determines whether the solution represents the magnetic field due to a
surface or internal wave. When G, ,(z) and w are expressed in
1,2 1,2,3

terms of a, and P+ , the solutions give the magnetic field arising from

1
a surface wave of amplitude |a1| , whereas when they are expressed
in terms of a, and P_ , the field is that of an Intemal wave of

amplitude |a2| . The magnetic field corresponding to each of the

above two situations will be obtained in the followling two sections.
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4,3 The magnetic field induced by an internal wave

We shall now determine the magnetic field arising from an
intermal wave. The frequency of propagation of the wave will be
obtained from P_ , by equation (4.1.10). All the terms Gl,2(z) and
wi1,2,3 in the general solution will be expressed in terms of the

internal wave amplitude a, and P_ .

After substitution for ¥, 5 from (4.1.1) and (4.1.2)
3
respectively, equation (4.2.2) becomes

-mZ
6@ - tmius {(F L BN MIE T (E_iEXN_M)E ]

J)

- L- ' -m(L-2)
Gz(z)=-‘5_mzco1Mz{(Fx_cF)e - (F‘;...cf’_z)e 3
Replacing the constants M; , and Nl by (4.1.3), (4.1.5) and (4.1.4)

respectively, the above equations take the form

G, . ‘zalélmF'{(kE’)(C'«cS)emi (1+E)(c_cs)émzl

(4.3.1)
and

G, (%) -iasz{ (c.&i8) e:"a":i) (C+cS) éM(L-Z)}/sinh[m(L-Dﬂ

whereFX=FC, FZ=FS,C=cosIcos  and S = sin I. Changing
a; to a,, by (4.1.6), we obtain after some manipulation the following

expressions
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G (&) a,mFU (@) exp[-m(D-2)]

b

G,@). amFU(2) expl-m(p-2)]

J

(4.3.2)
G,(®).-amFU(2)expl-m(z-D)]

G @). amFU (@ expl-m(z-D) ]

where we have put

Uf(z) LR criS)t (14 PYC=cS)e I (P-1+ (rerl)e"z"'D}-l

)

( W (4.3.3)
—zn’L-Z)j{ ézm(L } |

U@ . {Cc-crcris)e

In conjunction with (4.3.2) and (4.3.3), the expressions (4.2.7),

(4.2.11) and (4.2.15) may be rewritten as

+=

W1—= + mszVLi exp (-mD)

]

(4.3.4)

W: & aszV:exP[-m(L-D)]

-

2

=

W, - tamF SOV;

3
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where
Vf - {6(1;}19) tS(g 7 E)}/gli(8_1)+(8+ 1)e*™"P} ,

(4.3.5)
~-2m(L=-D)

V: -(cresgd/gls_ e 3

and

§- LR, (P D™ MR-, (B, DE™T 36

The six constants, defined by expressions (4.2.23) to (4.2.28),
may be written as follows, by using (4.3.4) and (4.3.5),

L

A -amFA_ exp [-mD]
A;‘ azvaF\1 exp [-mgilﬂ ,
B, - asz E1 expl-mD]1 | (4.3.7)
A, a;“" = Rz exp[-m(L-D)-mgzL 1,

B,-a,mFB, expl mg D]

>

Ay=amFA explmgl - m(L-D)]
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where
A . A—I{Sz expl-m(g , D(L=D) _ m(g-1D]
+Q;(Q;V;_ 18V, + Q,V expl-m(5 4 DD] }-
rexplom(g - DD expl- 2mg, (L-DY] - Q; (Q, V;
+{5°V:_ Q;Vl—exp[-M(ZrﬂD]}G’XP[‘M(&- ND1)} | .3.8)
'Al = 51{ Q’;Sz exp [-m(;z+ DL-D ]
- (8, Q8 expl-mig . DD-_‘.)exp[‘lm;z(L"D)-.‘
-Q(Q8 V. 4 §, 8 explm(z . DY |, @39
B, - 41q8, expl-m(z. (D) _m(z_ D]
+ §,(q,8, - Q8. explom(z_ DD expl-2mg (1-D)]

-9, (.8, + Q.8 V:exP[‘M(jl_ Hd1)} | (310
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/—\zz A-i{SzLi— Q;[{Q-lg:éo exP[—YH(Zl_'D)]
+ (}1/5,2)51} exp [—m(51+ D]

+Q 88 Jexpl-mg-D(L-2>11 | (4.3.11)

Ez = A-i{ 62 |:>2 eXP[“m(ﬁzd— OHL-D) ]
-Q, [q] Sgéoexp[-m(ii- OD] 4 (/518 }-

'exP[-m(jln)D] " QIS; §, 13 (4.3.12)

J)

L
A3=A{v

2

Li + (\/2+l>z exp[-m(fz+ 1)(L—D)]
-§ 8;80 expl-2mg DT - (£/3)6, expl-m(g+1)D]
-QIS;SO) exp[-m(]—z-l)(L-:D)] o (4.3.13)

and ,

-2mD
3

S, = (Pe1)(c-¢8)/e1(P-1), (Petde

g = )

S, - (CH’S;B)/h{ 1- expl-am(L-D)] }

+ (4.3.14)
83 - (c= c'Sii)/jz{ 1- exp[-.‘lm(L—:D)] §
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With the help of (4.3.7) and (3.6.3), the amplitudes

x.z Of the magnetic field Ej are expressed as follows
3

()
(h), - -camFA_ explm(z-1y]

(bo)z -amFA explm(z-Dd1
(h), =-ca,mF{gA expl-m(z-D(D-2Y1-28 -
-exp[~m(§1+1)z] + U:(z) Jexpl-m@-2)] |
(bi)z = am F { Ki exp [—Wn(jl-— D(d>-2)] + .61.
- exp [‘M(}i-i- Nz] + U:(Z)} exp[-M(:D—Z)—J )
(hz)x= -c'asz: { 52 Rzexp [—m(jzi-l)(L‘Z)_J - }ZEZ'
»exp[-m(g.z—i)(z—bﬂ + U:(z)} expl-mE-D)], (4.3.15)
(b2)2= Clz‘mF{Kzexp[-m(j-;l)(l:Z)_] + éz .
-expl-m(z-DE-»] - U (@] explm(z-»],
(h) - camFg A expl-mg(z-L)-mL-D]

(b3)2= a,mF 75\3 @xp[~mf3(2-L)—m(L-D)]

The above solution completely describes the magnetic field

induced by an internal wave of amplitude a5 and ocean wave number m .
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4.4 The magnetic field induced by a surface wave

Turning to the magnetic field produced by a surface wave in
a two layer ocean, we note that the field should now be expressed in
terms of the surface wave amplitude ay with its corresponding frequency

obtained from P+ :

Changing a, to a;, by (4.1.6), and letting P_ be P, now,

the expressions (4.3.2) and (4.3.4) take the form

61(2) - (aim F/iE) U;(Z) e—mz i

G;(EB = (alsz/i P) U:(z) g

)

G,@. - (aim F/2P) Dz'(z) s

G, (). (aisz/:zE)U;(z) S
(4.4.1)
W* . (amF/apY V"
L | i + 1
+ ~+ _mlL
W™ - t(amF/2P)YV e
2 { + o 2 )
W; - * (am F/:zfi)‘(ivzi expl-2m(L-D)-mD]
where
Uf(z) = (1-RPY(Cc+¢8) ezmzz (1+PY(C-¢S)



o T3«
U @ -y Lce) s (cristenpl-am-2)1 §

(4.4.2)
'\Zt - lclusgRyresgs O3 /3,
\7; s LC *eSgd/g
and
y =1(P-1 e, (fi+1)}/{1_exp[—2m(L—D)]} ,
(4.4.3)

amb

v -lR-ne L (PLD 1 explame=Dd1}

In conjunction with the expressions (4.4.1) and (4.4.2), the six

constants defined by (4.2.23) to (4.2.28) become after some algebra

A, - (amF/aP )Ko

=}

A

1

(amF/2P)A expl-m(z ., OD]

B, - (amF/2P) ﬁl , (4.k.H)
A, = (amF/2P)A_ expl-m(z, 1)L

B, - (amF/2P) B,

A, = (amF/aR)A  explm(g-DL ]
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where
Ko _AY V;(Q';Q'a exp[-lmj-l])] - Q;Q; expl-amg L
+am(g_ 2001 - ¥ (Q) V)" 4 @V expl-2mg (LDY])-

2 "2

. exP[-.‘ZmL-m(;i-DD] +Y,Y, exp[—m(tf DL+m (32-51)])]
(4.4.5)

)

'AVT(Q;Q; ~ Q;Q; QXP[-:szZ( L-Y)1)}

A, - Eli(q‘:\foy?’ - Q95 Yzexp[-m(zz_ DL +m(g-2)D] R

. exp[— Wl(52+ (LD Q‘Z y 7] (Q:_ \7: + Q;Vz-exp [-i‘mzz(L-D)] )s

cexpl-am-»] , q v, @ expl-mp DD} | (46)

Lo d -

B, - At Q (@, Y expl-amg (-D)] - cQ;)(iVZ'exP[—m(;i+ 0D
-am (3 DD QL (], + 9, v,V expl-am(-D)

-m(g +0D1) 4 § XY, expl-m (52+1)L+m(£_;1)])] IINCR'RS

A, - 8Ly Q.(v,[8/3 explmlz-DLem(z 23D
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(@Y, + ¢ ¥ eplramz] eplm(p e DI | GLk®)

B - EliC\:YaQ:Q; expl-m(g+OL + mig-2)0]- @ (2/8)v,)-
'QXP[-m(;z.gt)])] “ (\Q’sQ:Q; explm (- D=DY] - QT -

-{Q:x;+ q{y:exp [—2m}1 p11) expl-2m(L-D)+ m(g-0D1} (4.4.9)

,K‘s - &' \:V; b, + (qu‘iq; \7;9)(,3[-M(}z-!-i)Li-m(Zz-ﬁ)D]
-(3;/52)}’2) exp[-m(;z-i)L % /m(g;-;i)])-.\
+ (Yo Q:Q; \Z+exp[-M(5z-1)(L-D)-_\ - Y, { Q: (;

+Q—1YIQXP[‘2M;‘£D]})exp[-M(}z.+1)(L-D).]} : (4.4.10)
Here we have defined
\/2=(E+1)<C":S)/5’1 )
Y,- (Crespd/p | (4.4.11)
\(;= (c = (:Si:t)/fz

Therefore, substituting (4.4.1) and (4.4.4) into the

general solution (4.2.3), we arrive at
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(h), < - (@mF/2R)A_ explmz]

)

)

(ho)zz (amF/2 E)KO expLmz]
(b)), = -c(amF/2R){g A expl-m(g+)(D-2)]

-iigl exp[-Wl(ZL-i)Z] i U:(Z)} exp [-mz] )

(h), - (amF/2P){ A explm(g+(D-2))]

+§1 @xp[-m(ﬁ-i-l)z-.l + Gi'(z) } exp[—mz] .

. (4.4,12)
(bz)x == (Clim F/fo_){jzxzexp - W(j;—i)(l:?) ]

_i; Ezexp[-m(ﬁz—i)Z] + U;(Z)} QKP[-YY\Z] B
(h)_ - (amF/aRYLA explom (g i)i-2) ]

+ ézexp[‘m (};i)Z] =~ D;(Z) } exp ["W\Z] ,

(b33x= c'}g(aimF/:ZE)Z\/s exp[-m;3(2~L)-ij )
<h3)z= (aimF/-‘ZE)Kzepr:W\;s(z-L)-mL_.\

These equations everywhere describe the magnetic field induced

by a surface wave, for a two layer ocean.
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4.5 Special cases

The results (4.3.15) and (4.4.12) are the exact solutions
to the problem, but are cumbersome to examine analytically. It is
possible, however, to obtain the solutions of the magnetic field in a
simple form for two special cases. The first case treats surface waves
only, and we will show that the solutions reduce to those obtained by
a direct solution of the simple surface wave model (Weaver, 1965),
thereby providing a useful check on the validity of the general
solution obtained here. The second case describes the simplest

possible model involving an 1nternal.wave.

(a) We now consider an ordinary surface wave over an infinitely
deep ocean with respect to the wavelength (i.e. mL >> 1). Furthermore,
the density and the electrical conductivity of the sea are assumed to
have everywhere the constant value p and o respectively, i.e. Py =Py =P

and 0, = 0, = 0. Thus no induced wave is present since a = 1 .
Equation (4.1.10), with o = 1, becomes
P+ = tanh (mL). (4.5.1)

As the depth to wavelength ratio is large, the frequency of propagation

of the surface wave is
2
Fl= w/gm = 1 (4.5.2)

by (4.5.1). Since 0, = 0, = 0 , it is clear that q; = q, = q now,

from this we see that Q; = 1 and Qg = 0, Substituting (4.5.1) into
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(4.4.3), we readily find Yo © 2 and y; = 0. In conjunction with the

above simplifications, we may establish from (4.4.2)

Uitexp[-mZ] =T 3(Cc-4¢5) exp L-mz]

s

g | (4.5.3)
Y, expl-mz] = 2(Cc-¢3) expl-mzl |
P
Vi =tlcligzp) £ cSigz1)l/g
and, from (4.2.22)
+ o+
A= -Q KR, - (4.5.8)

Therefore, remermbering that the ratio mL >> 1, the constants defined

by (4.4.5) to (4.4.10) take the simple form

~ PURS 4
Ao = vi/Ql g
. - N (4.5.5)
B, = B, =Y,/], .
’&1 A _ A _ o
2 3

where
Yz = 2(C-c'5)/3»

Here the constants Al 2.3 have been set to zero since when substituted
33
into the solution (4,4,12) each term involving one of these constants

is at least of the order of exp(-mL). Substitution of (4.5.3) and

(4.5.5) into the solution (4.4.12), yields
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(h) - _c'ai‘m F(c- L'S)(l-ﬁ)(l*- 3)-1€xp(YY|Z) ;

(h) . almF(C-dS)(1_3)(1+;fiexp(mz) ,

(4.5.6)
(h) - ca m F(c-cs)iz;(u;)'lexp[—m(;—ﬂz]-1} e M,

—

I>=

S
|

: ‘ -1 -m2
- amF(c-cs )il(u;) exp[- m(g—ﬂZ] -1l e
Z 1
We note that (23)X = (}13)2 = 0. Previously, the ocean was divided
into two layers with correspording solutions for each layer. However,
by assuming the same density and conductivity throughout the ocean the
distinction between the two layers disappeared. Consequently, the two
solutions for the layers became identical, i.e. (}—l-l)x = (D_Q)X = (h )X

and (n), = (b)), = (n,), -

The result (4.5.6), describing the magnetic field induced

by a surface wave of arplitude |al[ , may be simplified by noting that

#= (1+ép)t= Ly /2 o O
where

ﬁ: 4—77‘0_60/%11

Thus the terms involving q ray be approximated. This is possible

since B is at nost of order 10'l for a surface wave of one minute
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period, while at shorter periocds typical of surface waves B

becomes much smaller. The term exp(-1/28mz) in (4.5.6) may also be
approximated by the first two terms of its Taylor expansion, provided
1/28mz is less than unity. Thus expansion of the terms involving B8

in (4.5.€), while neglecting terms 0(82), yields the approximate solution

(h), - -7a,cF(3/m)(c_iS) exp (mz)

o X ’

H

(b)g -(ra, < F(&/M)L‘(C— ¢S) exp(mz)
(4.5.7)

( J =TFQIG‘F(Q/M)%(C-(S)(.‘ZMZ-13 exp (-mz)

I>=

(b)z - -dvals'F(gf/m)J"(c_ (S)amz, Dexpl-mz) .

Here we have substituted for B and used (4.5.2). Apart from an arbitrary
phase factor-1l, the solutions (4.5.€) and (4.5.7) agree with those

obtained by Weaver (19(5), who has treated this case in detail.

(b) Next, we will examine the special case of an internal wave
whose wavelength is negligible when compared with the depth of the
lower fluid layer (i.e. m(L-D)>>1). As before, we assume that the sea
has a constant electrical conductivity o everywhere (l.e. g = 0, = a).

The propagation frequency will be given by P_ , from (4.1.10)

E=C02/3‘m= (¢=1)b /(x4 b) (4.5.8)

where ¢ = tanh [m(L—D)] has been approximated by unity since m(L-D)>>1.
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Because o, = 0, =0, it follows that we may put qQ =q =Qq,

+—

thus Q
3

1 and Qg = 0. Using (4.5.8), we immediately find
-2mD
(P-1) 4, (P+1) e - —2P /(x-1) . (4.5.9)

The six constants, defined by expressions (4.3.8) to (4.3.13),

become with the help of the above relations

A

[

L-0/(1+p)PILCegp . cSIP _(Cr iSp)-
(1 - [1-PJexpl-m(z-nDI},

)

A - (t=1)( 1-PY(C & ch)/z;._

i

B, - Lx-13/23P(1+2)11 (g-1(1-PI(C+<Sp)-

rexpl-m(z-OD] - 22 (14 PYI(C- SO} | (4.5.10)

Ez = [(=13/24P (14 4)] {(1+;)(1—E)(c- <S2) + Lp-D(1-£)-
(c+iSp) expl-m(3-DD1 - 2g (1eRI(c- ) Jexpl-m (z+ DI}

A . O

2 = 3 -

A
Here the constants Eé 3 have been set to zero, since in the general
, -

solution (4.3.15) they will form terms of order exp [ -m(L-D)].

Furthermore, the expressions f‘or',Ut1 2(z) , from (4,3.3), take the form
=9

Ult(z) _-[E-D/2PT1(-P)(C+cs) (1+I?3CC-°'S>@-MZ}, (4.5.11)

U (@ oxpl-m(z-2)1 = (c-cS)expl-m(z-D)1 .
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Substituting (4.5.10) and (4.5.11) into the general solution
(4.3.15), we obtain the magnetic field induced by an internal wave.
The resultunt solution is still rather cuniersome. However, the formulas
for the inducecd field above the ocean are relatively simple compared
with those for the field below the surface. Moreover, we will simplify
the solution for the field above the ocean even further so as to check
ouwr result against that obtained by a direct solution of the sirmple
internal wave model (VWeaver, 19GC). To examine the field above the
ocean, we assune that the internal wave lies close to the sgrface
(i.e. the depth of the boundary of‘density discontinuity D 1is small

compared with 1/m). T propagation frequency will now be

]

P = coz/am = (t-1)MD/ (4.5.12)

obtained by expanding b = tanh (mD) in (4.5.0) and discarding terms

O(m?Dz). Ilence, usine (4.5.10) and (4.5.12), we obtain

A o (p/a)f(coes)x-1) _ (cacs)ex § |

Here, as in the previous case, the terms containing q in Kg

have been expanded in terms of 8 (of order 10_3 or less for typical
conditions) and, terms 0(82) and 0(BmD) have been neglected. Sub-

stituting the above expression into (4.3.15) and expanding exp(-mD)

we immediately obtain

(h - ¢(h)
‘°)Z = ° 0t Belx (4.5.13)

(h), - -ra,cFlc+ cS(au- 1D} gD(t- 173%™



83.

Here we have substituted for B and, again, discarded terms 0(BmD).
Thus (4.5.13) completely describes, in air, the induced field from an

internal wave of amplitude | a This solution was first obtained

> |-
by Weaver (1966).

Since, measurements of the magnetic variations within the
sea are also made, it is of Interest to obtain a simple expression
for the solutions near the internmal wave itself. This 1s more easlly
accomplished if we first assume that the wavelength is very small
compared with the depth of the internal cdensity discontinuity,

l.e. mD>>1. This effectively removes any influence that the free
surface has on the solutions. With this approximation the propagation

frequency 1s now
Pow/gm - (a-1)/ (x4 1) (4.5.14)

obtained from (4.5.8) with b = 1. From the above result, it is clear
that |

(x-1)(1-PY/2P = 1 . (4.5.15)

In conjunction with the above assumption, (4.5.14) and (4.5.15),

expressions (4.5.10) and (4.5.11) become

/-&:»(C.FL'SJ)/; .

1

(]|
I

(C-—CSZ)/;
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A_B. -A _A .o

o 1 2 3 L

- (C+ {S) QXP[‘M(D-Z)3 ,

UF(Z) exp[-m(fD-Z)] '

U:(Z)exp[-M(Z—D)] - (c.¢S)expl-m(z-m1

The constants Ké and Ei have been set to zero since in the solution
(4.3.15) they will form terms of order exp(-mD). After substituting
the above five expressions into (4.3.15), we then expand the expressions
containing q 1in powers of 8 and neglect all terms 0(32). Terms of the
form exp| +1gm(D-z) | are present in the solution; these can also be
approximated by the first two terms of their Taylor expansion 1if

1/2gm| D-z | 1s less than unity. The approkimate solutions for the

induced field directly above and below the intermal wave are now

(h) - az{Cm'i v+ (S(LemE)} explmzl |

(h) B § {Smi « ¢C(1 _ m-Z_)} exp[‘mij ,
1’z 2 | (4.5.16)

(h). - azi(hmi . S(1-m2)} expl-mz1

2%

(bz)z=-a2{5m'z‘ + cClL+ mivkexp[-mil

where

&= 27a & F{(-1)g/(xtsr 1Im ¥
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4.6 The expansion parameter

It is now possible to see precisely how the expansion

parameter e should be chosen. Let us use the inverse wave number as

our scale of length, and denote by primes the distance measured in these

units (e.g. nj = njm , X' = xm). We can also define a non-dimensional

velocity potential ¢3. and megnetic field Hj by the expressions
' 2
- (m/w) @,
g - 3

H . H/F
¢ &
where F dis the Farth's magnetic field strength. Substituting (4.1.1)

into the expressions for ¢5 with J = 1 and then (4.1.2) into cp& with

J = 2, we obtaln respectively
_l . : .
¢' Q'L{sinh(z') _ Pcosh(2)} exp (oot - ¢x')

and

¢|2.= —dzi_Cosh(t-Z’) /SI.‘P\"I(L'_—])' ) }exP( ceot - (’X') .

Note that P 1s a non-dimensional quantity. Since we originally
defined e to be a non-dimensional parameter such that the velocity

potential was of the form

€¢& + OCe™)
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we see Immediately that for surface waves a suitable choice for e is

€ = la'1|

Since
] § ]
|<11|= |<1,_/Cl1|€ < €

we note that both ¢i and ¢é are now of the required form. If, on the

other hand, we are considering internal waves, we choose

]
€ = |a2|

and then

] ] ]
€
lo.1|=|a1/azl€ < .

We now have

[} . ) . I i
35,1 = -c& , E*P (oot - ix') i

J

hence ni 5 is of the order of e also, as required by the theory in
]
chapter three. Furthermore, because of the factor ai 2F in front of
3

the solutions (4.3.15) and (4.4.12), the magnetic field Hj is of the

order of € also.

Thus the linearized theory is valid provided that the
amplitude-wavelength ratio of the surface or internal waves is smll
(1.e. € <«<1). This condition imposes a severe restriction on the
allowed anplitudes of the waves, but for wavelengths of practical

interest in this study the linearized theory will be entirely adequate.
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4,7 The induced electric field associated with surface and internal

ocean waves

We have restricted this study to the induced magnetic field.
However, with very little difficulty the induced electric field can

be obtained from the solutions in this chapter.

Substituting the expansions (3.3.3) and (3.3.4) for Eﬂ and

Eﬂ respectively into the equations (3.2.3) and (3.2.4), we obtain

(with superscripts (1) omitted)

curt E. < _B_Hé_/at , (4.7.1)

: - 4.7.
curt ﬂJ'= (+Tl’6<‘} + &.}/c ot ) E} " +1'|'03_(V¢& x F ) . (7.2)

Here we have neglected all terms 0(52). Taking the divergence of

(4.7.2), we have

("f‘m} +£&5/c*at) divE, - o (4.7.3)
Replacement of Ej in (4.7.3) by (3.5.4), yields
(%)x - d(gé)z/cmdz , (4.7.4)

Taking the y component of (4.7.1) and using (3.5.3), (3.5.4) and

(4.7.4), we arrive at the differential equation

[dz/dzz _ mz] (gé)z _o (4.7.5)
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Here, we made use of the result (gd)y = 0 obtained in section 3.5.
The solutions of (4.7.5) for J = 0 and J = 3 are clearly of the form

(e). = A exp(mz)

/2

(4.7.6)

(e)), = B exp(-m=z)

respectively, since the electric field must wvanish at infinity both
within the alr and the ocean bed. Within the ocean, the component

(gﬂ)z can be obtained directly by taking the z componént of (4.7.2)
in conjunction with (3.5.2), (3.5.3), (3.5.4) and the approximation

(3.5.9). Thus we obtain with little difficulty

™ ¢, | = . .7,
(e), = im¥ R e I,2 (4.7.7)

To evaluate the constants A and B in (4.7.6), we may use the expressions
(3.4.17) and (3.4.19) which state that the x component of the electric
fileld is continuous across the undisturbed surfaces z = 0 and z = L.

But by (4.7.4), this is equivalent to demanding that d(gﬂ)z/dz shall

be continuous across these two surfaces. Application of this boundary

condition to (4.7.6) and (4.7.7), yields

A < (d¢gfdz), F

]
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and

B e -d(dsf;_/dz)hLFy exP("‘L) = 0O (4.7.8)

since there can be no fluld motion normal to the ocean floor. Taking

the z component of (4.7.1), we obtain

(e), = (w/m)(bd-_)z (4.7.9)

In summry we see that the components of the electric fileld

are glven everywhere by

(d%/dz),  Fexplmz) .o

(_e_&)x,_ (dsg/dz) 5 jot2
© =3 w110
(Qé)yz_. (C«J/m)(h&_)z §=0,1,2,3

(d/dz) Fexp(mz)  j.o

(Q})Z= c'msli Fy §= 1,2
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Here the x component of the field was found by (4.7.4). The above
expressions give the induced electric field everywhere for a surface
or internal ocean wave in a two layer ocean. The exact form of the
solutions can be found by substituting the appropriate expressions

for the velocity potential and the 2z component of the induced magnetic
fleld.

The principal component of the induced electric field is,

of course in the y - direction. It 1s simply related to the vertical
magnetic field by the formula (4.7.10).
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CHAPTER 5

DISCUSSION OF MAGNETIC VARTATIONS

INDUCED BY INTERNAL OCEAN WAVES

5.1 Introduction

It was pointed out in Chapter 1 that the magnetic field
generated by surface waves has already been described in some detall
by Crews and Futterman, Warburton and Caminiti, Weaver, and Larsen.
Therefore, in this chapter we shall restrict our discussion to the

fields assoclated with intermal ocean waves.

From the general solution (4.3.15), we shall derive some
useful algebraic approximations which are valid under certain stated
conditions. The simplified formulas so obtained are useful for
discussing the physical interpretation of the general solution under
relevant conditions, and will also be helpful in checking the numerical
results which were obtained by programming (4.3.15) for solution on a

digital computer (Appendix A).

Most of the accurate magnetometry at sea has been done with
"total field" magnetometers, which record the magnetic field in the
direction of the Earth*s main fiéld F. Thus, in addition to (QJ)x
and (r_lj)z, we shall compute the component (Q_J),, defined by

(5.1.1)
(h), = (1), C . (h),S
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where

C:COSICOSG S=S|V\l

>

The components at time t and position x other than zero can be
obtained by multiplying the appropriate component of (h.) by the factor

J
exp(lut - imx).

In all the calculations we take o« = 1.01, and F = 0.5 G,
I= 700, which are typical values for mid-latitudes in the northern
hemisphere. The curves shown are for the case ¢ = o® only, i.e. waves
travelling in the direction of the magnetic north. The modified
behaviour for different values of 6, and of I, will be indicated by

the approximate solutions to be discussed shortly.

Figure 7, depicts graphically the relationship between
wave length and period for an internal wave under various conditions,
as given by the formula (4.1.10). Note that the wavelength-period |
relationship is not particularly sensitive to changes in ocean depth L ;

unless the wavelength is large compared with the depth.
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5.2 The induced mapgnetic field in a deep ocean of constant

conductivity

In this section we shall discuss a deep ocean for which

=0, =0 . The numerical results were obtained for L = 5000 m
11 &

1
and 0 = 4 x 100" emu. Curves showing the variation of |(EJ)11|
with altitude and depth are shown for upper layer thicknesses of
100 m and 10 m in Figures 8 and 9 respectively. In both the figures,

it is readily apparent that [(}_15)ll

as the wavelength is smaller or larger than the depth of the upper layer.

| behaves quite differently according

For wavelengths small compared to the depth of the upper
layer we can use the approximate solution (4.5.16). The magnitude

of the components are glven by

i

aicimz) . Samar}* e |

ni-

ICh) |

X

Nj-

mE

Ith) ) - Z, 1S (m3) , Cli-maY}* e |

(5.2.1)

i~

Ih) |- 2 LCme), S1-mzd} e
S 3 3 "i - Z
() |- &S mzy , C(Lemz)] e

whence, by (5.1.1),

Ithy 1 - & (c*+ s Imzl €
in 2
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—_ 2 2 — -m:i.
I(bz)"l - az(c +S)Imzl e (5.2.2)
where
Z - 2_D
&, = a2wa 6 F {(d-i)}/(o(»f Owm }Ji

We note that the parallel component, as defined by (5.2.2), will
always vanish at the interface z = D. By considering the derivative
of |(Qd)lll_with respect to z , we can readily show that this
component reaches 1ts maximum value of

Iy | =a (s et

“¢ N Max &= 1% (3:2:3)

>

at z =D + 1/m. Thus a magnetometer suspended at either one of thése
depths will measure the largest signal. Figures 8 and 9 clearly
1llustrate this behaviour of |(I_1_J)ll

. Furthermore, the angles I
and 6 are seen to only affect the magnitude and not the position of
I(BJ)IIIMAX' For wavelengths less than 100 m, we see from the two
figures that an amplitude of several metres is required to generate
measurable signals. For example, from Figures 8 and 9 we note that
at least an amplitude of 3.5 m is required to glve the appreclable
value of 0.1 y for I(g_j)lllMAX . Since amplitudes of 3 m or more are
not common for short internal waves, we may conclude that these waves

do not induce significant magnetic signals.
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Figure 10 illustrates the variation of |(§J)x[ ard
I(Qd)zlwith depth and latitude for an upper layer thickness of 100 m.
We first note that above the ocean surface I(Eo)xl and |(§O)z| are
the same. In fact, it is immediately apparent from (4.3.15) that

when J = 0

1 Ch) 1 = 1Ch)_ |

For wavelengths which are smll compared with the thiclmess of the
upper layer, 1t is easily established from (5.2.1) that I(Qj)xl
possesses two turning points above the density interface and two

below 1t. The turning values are given by

-1

Kbﬁ,‘ =a,lcl e j=1,2 (5.2.4)

at z =D+ 1/m and
Ih) |- @, [8lexpl-28/Cch sD], jo1,2 25
at z=DF%¥ 282/(02 + S7)m. The component |(D§)z| has one turning value

1th_ 1= 1Ch) 1 =&, lcl (5.2.6)

-1
at the iInterface z = D, and the turning values
- 2 Z 2 2 .
I(b})zl -a,lsl exp[-(S-¢*/(+ DT, j-1,2 5.2.7)

above and below the interface at z = D + (S2 - 02)/(02 + Sz)m.
The above turning points, as predicted from the approximate solution
(8.2.1), do indeed describe the behaviour illustrated in Figure 10

for the case I = 70o and 8 = 0°, The shape of the curves for any other
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values of I and 6 can be predicted with the help of the above turning
points. In addition, we shall find the schematic diagram shown in
Figure 11 useful in explaining the physical behaviour of the field

for two cases, (1) S=0 (I =0° andC # 0, and (i1) C = 0 (8 = 90°)
and S # 0. Surface and bottom effects are neglected in Figure 11,
since the wavelength is very small compared with the depth of both

the upper and lower layer.

(1) Vhen I = 0°, we note that there 1s no z component of the
Earth's field present, and hence only the vertical fluid motion will
induce a magnetic fleld. For thls sltuation we may deduce from
Figure 11 that the magnitude of the x component should vanish at
the boundary of the density discontinuity, while the 2z component
should attain its maximum value at this boundary. This is confirmed
by substituting S = 0 in the turning values for I(QJ)XI and I(Q_J)Zl .
The diagram in Figure 11 also indicates that it is not possible for
|(QJ)Z| to have turning values other than its mximmat z =D ,
since the induced (QJ)Z fields are all in the same direction and
diminish smoothly away from the interface. However, when S = 0,

the locations of the turning values of (Ej)z given by (5.2.7)
reduce to z =D + 1/m, for J = 1,2 respectlvely. These positions

are clearly not valid since they are not within the appropriate ranges
0 2. sDand D <z <L for j = 1 and J = 2 respectively, and we may
conclude in fact that I(QJ)ZI has only one maximum when S = 0.
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(11) If o = 90°, we note that now there is no x component of
the Earth's main field present, and only the horizontal fluid motion
induces the magnetic field. From Figure 11, we see that this time

the x component of the induced field should attain its maximum
value at the density interface, while the 2z component of the field
should vanish at this boundary. This is easily confirmed by substitut-
ing C = 0 into the expression (5.2.1) for l(gj)xl and into the turning
value (5.2.6) for I(QJ)ZL Furthermore, from Figure 11 we see that

a net value of I(EI)x|exists Just above the interface. Now the

x component of the field generated by the fluid motion just below the
interface 1s oppositely directed to the x component of the fleld
generated by the motion just above the interface. Thus the com-
bination of these two fields in the neilghbourhood of the interface
will cause |(h;) | and |(h,), | to pass through minimm values there.
This behaviour 1s indeed confirmed by substituting C = 0 in the
turning values (5.2.4) and (5.2.5).

We shall now discuss the variation of the components of
|_11‘_1 | when the wavelength 1s very large compared with the depth of the
upper layer but not so large as to invalidate the approximation of a
very deep ocean. Under these conditions, this behaviour illustrated
in Figures 8, 9 and 10, can be discussed in terms of some simple
approximate expressions. Above the ocean surface, we have from (4.5.13)

that N

2.4
I(h), 1 = 1Ch) | - ATCh ST (2a- 17} €™
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whence, by (5.1.1),

Ch), 1= (e sHF1Ch), | (5.2.8)

where

sl-

A _ W'azu-Figb(i_ 1/x)}

For the components within the sea, we can obtain sultable approximate
expressions by substituting (4.5.10) into the general solution
(4.3.15). The resultant expressions are expanded in terms of the |
parameter 8 , and all terms 0(32) and 0(Bmz) are neglected by a
procedure analogous to the one used to derive (4.5.13). After some

algebra, we obtain for j = 1

1(h), | - Alc*y S*L(aw-1) - 4z/D] }*
Ih) 1. ALC s 8 (au-a¥ }2
[Ch) |

it S | I

(5.2.9)

A
A { CCz-t- Sz)[c—z-v- Sz(i’d-iv-_\ - 1é°‘zSzCz(1- Z/D)Z/D }l )

and for j = 2

1h) | - AlCT, S @+t Fexplm(z-D)]

2 , 2 9% (5.2.10)
‘(b)zl _ALCT e S (ax-1) ) exp[-m(z-bﬂ ,

l(bz)" | « Al 89", 51(2x-132] I* exp Lm(z-D]
The approximate expressions (5.2.10) are perfectly valid when Am(z-D)

can be neglected in comparison with unity. At the very worst, this

implies that the formulas are accurate up to depths z = 2D.
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We should note that the expressions (5.2.8) evaluated at z = 0,
(5.2.9), and (5.2.10) evaluated at z = D, are all independent of the
wavelength. This 1s a consequence of our approximation and shows
that for long wavelengths the field depends only upon the fluild
motion near the observation point. Again by taking the derivatlve
of |(ri1)ll| with respect to 2z , we readily establish that this component
reaches 1ts minimum value of

ICh) ) o Al c*- 8%(2e-1)) (5.2.11)

=41 MIN

at z = 1/2 D. Any change in the angles I and 6 only alters the
value of this minimm and not its position. We also note that at
the free surface and at the density interface |(h,),;| has the same
magnitude, i.e. |

L
ICh), 1 2 1Ch) | o ALC sHLcH sax-1Y (5.2.12)
Z=0 1n Z=D

Furthermore, in the lower layer it is seen from (5.2.10) that |(}_12)11|
should Just decrease exponentially with depth. This behaviour of
I(_klj)lllis best illustrated in Figure 9 with the 10 m upper layer

and for the curve A = 1500 m.

In Chapter 2, we saw that the longer internal waves (i.e.
wavelengths of 200 m or more) had amplitudes of the order of 2 m and
that amplitudes of 5 m were common for waves of 500 m length. Thus,
we conclude immediately from Figures 8 and 9 that for these internal

ocean waves the induced magnetic signals may indeed be of appreclable
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strength. For instance for an upper layer of 100 m, we note from
Figure 8 that an 800 m wave of amplitude 2 m induces a field of

0.16 y and 0.2 y at 50 m above and below the sea surface respectively,
while at a depth of 300 m the field has the value 0.16 y. Even when
the upper layer i1s only 10 m deep, Figure 9 shows that a 500 m wave
of the same amplitude still induces a field of 0.1 y at 10 m above

and below the sea surface.

Turning now to the components |[(h;) | and |(h;), | as defined
by (5.2.9), we note that the 2z component remains constant throughout

the upper layer and that the x component possesses the minimum.
IChY | . - Alc) (5.2.13)
=1 X MIN

at z = (20 -1) D/ba. From (5.2.9) and (5.2.10), it is clear that the
maximm values of |(h;) | and |(1_12)x| s Xl

l(h&) |MM= Afc’, ST (ax+1) 17 , $=1,2 (5.2.14)

coincide at the density interface =z = D. In the lower layer both
the x and 2z components decrease exponentially with depth. This
behaviour 1s depicted in Figure 10 for an upper layer of thickness
100 m.

Figure 10 also shows quite clearly the trend in the variation
of the 2z component of the induced magnetic fleld as the wavelength
increases. It will be cbserved that when A = 1500 m, |(h,),| 1s
fairly constant throughout the upper layer, and this variation becomes
progressively smaller as the wavelength further increases. This confirms

the concluslions drawn from the approximate solution.
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The physical behaviour of the x and 2z ccu.ponents of the
magnetic field can be understood by referring to Figure 11. Note,
for example, that when C = 0 only the horizontal component of the fluid
motion will contribute to the induced magnetic field. Also, since
the upper layer depth is nuch less than one wavelength, the fluid
particles there rove in very long and flat elliptical orbits,
whereas in the lower layer the orbits are nearly circular. Thus
the horizontal rotion in the upper layer is much greater than below,
so that the largest magnetic field is generated above the density
interface. Since the 2z component of the masnetic field generated by
the fluid motion above the interface is oppositely directed to that
generated by the motion below, we expect the resultant field
I(EQ)ZI to pass through a minimum value at that depth where the fields

originating above and below the interface most nearly cancel each

other. Although, this minimum is not given by the approximate expression

(5.2.10), this is only because it occurs outside the range for which
(5.2.10) is valid. Using an argument similar to that in (11), we

can readily establish that I(gl)xl and l(ga)xl will also pass through
minimum values. The minimum value of I(El)xl has been predicted
(5.2.13), while for |(§Q)x| it lies outside the range for which
(5.2.10) is valid.
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5.3 The induced magnetic fileld in a deep ocean with a fresh water

upper layer

In Chapter 2, we saw that a layer of nearly fresh water
is often formed on the ocean surface. In this case, the conductivity
of the upper layer may be much less than that of the more saline
seawater below, thereby modifying the behaviour of the induced

magnetic field. In this section we examine this effect.

Figure 12 shows the variation of I(Ej)lll with depth and

-11

altitude for L = 5000 m, D = 100 m, =4 x 10 em and 01/02 = 0.1,

%2
and, for the same conditions Figure 13 shows the behaviour for I(QJ)xl

and !(gﬂ)z| . Figure 14 shows the curves of |(§d)11| , for D = 10 m,

If we compare Figures 12, 13 and 14 with Figures 8, 10 and 9 respectively,
we see that a change in the upper layer conductivity appreciably

affects the behaviour of l(gj)lll , and the x and 2z components,
within the sea. To gilve just one example, we note from Figure 8

(cl = 02) that a magnetometer should be placed at the free surface

to record the greatest signal of long internal waves at D = 100 m,

while in Figure 12 (cl = 0.102) the best position for the magnetometer

1s just below the density interface.

It will be noted that when 01/02 = 0.1, the field displays
the same general variation above and below z = D as does the field of
a surface wave on a deep ocean computed by Weaver (1969) and shown in

Figure 15. This strongly suggests that an upper layer conductivity
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of one tenth of that of the lower layer conductivity diminishes the
electromgnetic screening effect of the upper layer to such an extent
that it behaves almost as an insulator. In other words, as far as

electromgnetic effects are concerned, the internal wave behaves as

an ordinary surface wave on the "surface" z = D.

To check these conclusions, some calculations were made
for the same conditions applying in Figures 12, 13 and 14 but with
o = 0 i.e. the upper layer a perfect insulator. The results of
these calculations are indicated by dots in Figures 12, 13 and 14. The
similarity in the shapes of the graphs for the two cases o) = 0.102

and o,= 0 is readily apparent.

il

As a further check on the algebraic correctness of the
general solution (4.3.15), the special case corresponding to o) = 0

was considered. When L = «», the equations reduce to the form

(b.) =._((fb )
o X o Z . -1 m.z.
=-ca2mF(c_as)(1-;)(1+;) e (5.3.1)
(h), =-c(h)_
(h) = camF(c-cSHizy (1+})-texp[-m(i-1)i] _1te™,
-mZ

(hz)r a,mF(c-csHi 2(1;;)'lexp[—m(;_ Nzl-1le

where

M
I
M
[
o)
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which are in complete agreement with the formulas giving the field
induced by surface waves on an ocean whose surface is z = 0 (see
equation (4.5.6)). Note however, that the presence of the upper
layer modifies the wavelength-frequency relationship in (5.3.1) from
that which applies to (4.5.6). By (4.5.2), this relationship for

surface waves 1s
2
QJ,/gvn - 1 ,
while for intemal waves it is

wz/a,'m = (x-Dtanh(mdD)/ [« + 2anh(mD) ] |

by (4.1.10).

We may again explain the physical behaviour of the x and
z components of the magnetic field by referring to Figure 11. For
simplicity we will neglect the magnetic field induced by the motion
of the fresh water layer above the density interface, so that we need
only consider the fileld induced by motion of the more saline water
below. It can be seen that the 2z components of the fleld assoclated
with the current lines in one vertical plane all reinforce each
other. Thus we expect |[(h,),| to diminish smoothly away from the
interface with its largest value near the interface. Between two
current lines lying in one vertical plane, the x components are
seen to be oppositely directed but are unequal in magnitude. At a
certain depth, the resultant x component due to all the current

lines in a vertical plane above the depth will just cancel an equal but
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opposite resultant x component from all current lines below it.
The expected behaviour of I(I_le)xl and |(I_12) ZI is clearly shown in

Figure 13.

From Figures 12 and 14, we may conclude that the magnetic
field associated with internal wawves, in the presence of a relatively

fresh water upper layer, has an appreciable magnitude.
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5.4 The induced magnetic field in a shallow ocean

Here we shall briefly discuss the effect of a shallow ocean
on the induced magnetic field. This 1s of some importance since the
majority of internal waves which have been observed, have occurred
over the continental shelves which range in depth from 20 m to 500 m.
The numerical computations were made for two ocean depths with three
different upper layer conductivities. Figure 16 shows the variation

1 emu, 01/02 =1,

of I(EJ)11| with depth and altitude for o, = 4 x 10~
01/02 = 0.1, 01/02 =0, L=150 mand D = 100 m. Figure 17 shows the
same behaviour for L = 20 mand D = 10 m. We immediately note that
when 01/02 = 0.1 the field is appreclably higher than the field for
the case 01/02 = 1, and that in the latter case the variations of
|(Q_J)| again behave as though produced by an ordinary surface wave.
Often in shallow depths, bottom mounted magnetometers have been used
to record the induced magnetic signals. From the curves in Figures
16 and 17, it 1is clear that the longer internal waves of moderate
amplitude can indeed be detected by bottom mounted magnetometers.

For example, from Figure 16, we note that a 500 m wave of amplitude
1.5 m for the case gy = 0y glves a field of order 0.1 y at the ocean
floor, while the same field is easily induced by a similar wave for

the case gy = O.lc:2 but of amplitude 1 m;
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5.5 Conclusions

It has been found that the magnitude of the magnetic field
Induced by internal ocean waves is, in general, less than that induced
by surface waves. However, we have seen that for moderate perlods and

amplitudes of the order of 4 min and 2 m respectively the internal
wave-motion can induce fields in the general neighbourhood of 0.1 ¥.

Flelds of this magnitude can be detected by both airborne and sub-
merged magnetometers but it seems that no such measurements have yet
been reported in the literature. Because the predicted fields are of
smll mgnitude, it is probably not worth while investigating more
sophisticated ocean models (e.g. with continuously varying density)

at this time.

In addition, it has been found that when the upper layer
conductivity is one tenth that of the lower layer the electromagnetic
screening effect of the upper layer is diminished to such an extent

that it behaves almost as an insulator.

Finally, a Fortran computer programme has been written which
willl compute the magnetic field induced by an internal wave for a
two-layer sea of any depth, conducting and density. With slight
modification this programme could also compute the field induced by

surface waves on a sea of any depth.
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APPENDIX A,

THE COMPUTER PROCRAM FOR THE MAGMETIC FIELD
INDUCED BY AN IMT.RNAL MAVYE IN A THO-LAYER
JCEAN OF FINITE DcPTH.,

REAL*3 DISA, DISi, DISL
- REAL*8 ONE

REAL*3 ABGAB 2 yCU2 EL2yTLy TR UD S THETAZNENGL

1,ELZ,ELZ2

REAL*E G+l ALPHAZDZNSLDy DENSUP oM, LATDALWL,DyMLDyMD,4D,B0,
1ABALZAZB P ALMyFREQyPERINDy FL 4y EULELyEF,CONDY,CONDL y CONDF
2EF2ySEUWSEL 9SEF,SUPySUMySLP ¢SLMySFPySFMaTU2,TL2sF3TF2,TU,
3LDyQ11491240214°032,R32yUULsFFL,y"31,241 4,351 926142EGeRIy1y
GRTHETAGCySoMO2s L2 ¢ MLN29yEN2yEL2yELN2,DELDZNENIDy Ay MZyMZ 2,
SMLZ Wy MLZ2 yMDZAZHDZY g MZIDLyZAIR,ZUPOER, ZILNIERyZFLODRLWEZHEZ2

6 sEDZAGEDZUZEZDL yLAM(LZ) y 204 AYF

REAL®E8 HXA(2C,12)y, HZA(2CT,12)y HPA(23(,12),

1 HXU(4C,12)y HZU(40,12),HOU(42,12),

2 HXL(S5C,12)yHPLISD,12), HZL(51%,12),

3 HXF(2412)yHZF(24,12)y HPF(2,12)

REAL®8 ZA(2D),ZUP(4C)y ZLAOWN{S )y 2FLO(2)

REAL*8 FREQ(12),P5R(12)

COMPLEX#%16 ELLD2,NUPP4BR555,LT111,0 ISP ,HXFLIR

CCMPLEX* 16 NUyMLyMFyNUMGNLMy MFY QU QL PF41,02,039Q4905,06,
INLLDMGMLLDP G NLLD2yNURP s NUDMyNUD2 s NLLONU #NLUD?2 LELLDM,ELLOP,
2EUDP, EUDMFUD2 yELLNNUZFLUD2 3y BRRIZBRITZTRIANG,ISyPNUPy PNUM,
INUPMy V1 V2,V5,V5H,GAM] ,GAM2,5AM3,5AM4,58R111,83P222,48R333,PR444
4,8R6664BRT77TTHyBRIZELBRIV9,R1]1,PRR22,HAN,R1I,HO00,ST111,5T222,
SLT222yIAMFNUDZ W NUZ G NLLZyNLZDyNF7 4=5UDZ4FEUZyELLZHyELZDYEFZ,
6CTISMyVUZ ¢ VPUZ yWVLZ yVPLZ yHX ATV GyHZATR yHXUPyHZUP yHXLOW g HZLGY o
THZFLCGR yHPAIR 4 HPUP,, HPLOWLHPFLGE

MUST READ IN THE FILLOWING DATA,
DENSITY,GRAMS/CUBIC C*.

DEPTHS,, AMPLITUDE y HAVELENGTHS,C,

DIP AND DECLINATION AMGLES,DEGRFFES,
CONDUCTIVITY OF WATER,E.M,U, '
EARTH'S MAGMETIC FIFLD, GAUSS.

FIELD POINTS, C4.

READ(S,100Q) (LAM(J)yd=1,12)

111 READ(5,121) DENSUP,DENSLC
IF(DENSUPENDe N ANDJDENSLNLEA.N D) CALL EXIT
READ(5,102) I,THETA
READ{5,123) COMDU,CONDL,yCONDF,F
READ(54,104) AyL4D

READ(5,178) ZA(1), DISA,M]
REAC(5,1C8) ZUP(1l)y DISU, N2
READ(5,1C8) ZLOW(1), DISL, N3 -



READ(5,17G) ZFLI(1), ZFLC(?) 124,
FOPMATL 2F%° 24110
FORPBATAZFZ )
N1l= N1-1
N22= N2-1
NB?J: ll";"'].
DI 2& Ji=1,Vv1
ZA(JLI+1))=Z2A00J
26 CONTIMNUE
DO 27 J2=1,M27
ZUP(J2+1)=7200(J2)42ISU
27 CONTINUE
DY) 23 J3=1,M32
ZLOW(J3+1)=ZLJv (J3)+DISL
26 CONTINUE
100 FURMATIBFIC.0)
101 FORMATI2F2540)
102 FORMAT(2F2:,0)
193 FORMATI(3E1C3,F20.7)
174 FORMAT(3F20.0)

p—
5 S
J o

1
1)+DISA

WRITE(6420¢) DEMSUP,DENSLO I, THETA,CONDOU,CINDL,CONDF,A,DyL,F

DO 969 J=1,12
LAMDA=LAM(J)

FIND THE FREQUENCY,GIVEN DENSITY ANODDEPTHHS AND WAVELENGTH,.
NOTE, G IS IN CM. PER SECOND PE® SFCOMD,

G=98C.710

ONE=1.00D

0=C.00
P1=3.1415926535499¢9
ALPHA=DENSLGC/DENMSUP
M=(2.09%P1)/LANDA

MLD=M%(L=D)
MD=HMD

AO=1.00

8C=1.00

IF(HMLDLTe17.0) AQ=DTAMH(MLD)
[F(MCLLTe1762) 3J=DTANH(MD)

AB=ALPHAR(AT+50)
AB2=AB*AQ3

ABA=ALPHA+\D430

ABB=4 , CORATVEBNHAS A X ALPHA=-1,7 7 )

P=(AB=DSQRT(AB2=-ARB3)})/(2.70%434)
ALM=ALPHA=]1,79

IF{MLDGES17,0) P=(ALMEEC)H/ (ALPHA+RD
[F(MD«GEa17aN) P=(ALY%AD)/(ALPHA+AN)

COMPUTE FRFNQUENCY ANC THE PERIOD.



e

FREQ(J)=( GSORT(GHMEP)) /{2, 77%PT)
PER(J)= 1o " /FE(J)

COMPUTE NU, ML AND NF,

FL=2 OCREREDI(J ) EL AIDALL AN DA
EU=FL*CONDU!
EL=FL*COMDL
EF=FL*CONDF

CU2=EU~CU
EL2=CL*elL
EF2=EFXET

SEU=DSQRT(1.,0C+FU2)
SEL=DSORT(1.,0C+%L2)
SEF=DSORT(L.C7+EF2)

SUP=DSART( 5 20%(SEU+Y N0
SUM=DSQAT( 500 (SEY=-1,70
SLP=0SORT(_.50C{SEL+Y .. C
SLM=DSQRT (T 5C % (SEL-1.NC
SFP=0CSURT(D800%{SE=+]1 .00
SFM=DSOIT(I.520% (SEF=1,90

NU=DCMPLX (SUP,SUM)
NL=DCHPLX(SLP, SLM)
NF=DCMPLYX (SFP,SFY)

NUM=NU=1.C0
NLM=NL=-1.0C"
NFM=PNF=1.07

FIND Q1,02,224Q4,05,06.

QU=1.00/NU
QL=NU/NL
QF=NF/NL

Q1=C045C0%(1.02+QiJ)
Q2=0.50G0*(1.,20-9U)
Q3=C.500%(1.,20+0L)
Q4=",5C0*{1.00-0L)
Q5=050D% [ L, 0C~0F)
Q6=0.500%(1.Cr+7F)

APPROXIMATE FOPM OF MU,ML, AND NF,.
TU2=EU2/ B.07

TL2=EL2/8.7C

TF2=EF2/8.70

TU=EU/2.00

TL=EL/2.CD

TF=EF/2.00

IF(EU2.GE.).CD=-5) GO TC 1N
NU=DCMPLX(1.0C+T12,TU)
NUM=DCHMPLX(TUZ,TU)
IF(EL2.G5.1.0D=-5) GO 70O 11

125. -



11

12

13

NL=DCHMPLX() 204+TL2,TL) | 126.
NLH=DCHPLX(TL2,TL) :

IF(YF2.5E.)00=5) G TO 12

NF=DCMPLX() JD0+TF2,TF)

NFM=DCHMOLX(TF2,TF)

CONTINUE
APPROXIMATE FOPM OF THE Q'S.

IFIFUZ2:6541a0D=5.AMDLEL246E1470=5) 60 T 13
UD=1.07+EU2/2.07
LD=1.20+C5L2/2.01

QlI=(1.20+(5.30/16.,0CY=EU2) /UD
012=(C.257%EU) /1D
Q21={3OTFEU2 I /1 16 ., 205D )
Q32=0,250%FL%(CONDI=CONDL ) /LD
Q52=C,257% L% (CNAMNDF=CONDL ) /LD
UUL=EUR( J,530%F1+EL)
FRL=CFX( 2 50N%FFLEL)
Q31=(1.00+72,125%(2.5C%EL2+UUL)) /LD
041=0,125:(1,50=CL2=-UUL) /LD
Q51=C4125%(1.5"%EL2=-FFL) /LD
Q61={1.0C+7,12%%(2,5C%EL2+FFL))/LD

QI=CCMPLX{O11,(-Q12))
Q2=DCMPLX(1221,012)

€3=DCHPLX(221,032)

Q4=0CHPLX(41,(=032))
Q5=DCMPLX(Q51,(-052))
Q6=DCMPLX{261,052)

COMTINUE

IF(CONDU.FQ.CONDL)Y Q3=DCMPLX(CNE, 717}
IF(CONDULEQCONDL) Q4=DCMPLXY(70,20)
IFUCONDF EQ«CONNL) Q5=DCHPLX (21, Z2D)
IF(CONDFLEQCONDL) Q6=DCMPLX (NNEy 211)

COMPUTE C AMND S. .
READ IN I AND THETA IN DEGRELS,
MUST CONVERT TO RADIANS.

DEG=C.0174532%252

RI=DEG™*]

RTHETA=DEOH*THETA
C=DCOS(RII*DCAOS(RTHETA)

S=DSIN(RIT)
TF{IoEQeIN, 0, 0P THETAGFQ.93.7) C=2,70

NLLOM=MLO®ENLM
NLLDOP=M¥MLND=(NL+1.30)
NLLD2=2 ,072%NL*=MALD

NUDP=MDx (MU+1.C?)

NUDM =MD NU*

NUD2=2,13%:D%RNU

MULDNU=M*((ML+1.0C) % (L-D) 42,77 %=NU*D} .



14
15

NLUDZ2=2.00%M% (NLA(L=D)+NU%D) ' ' 127.

MD2=2.,00%M)
ML2=2,00% ML
MLD2=2.2C%MLD

ELLDM  =DCMPLX(7D,20)
ELLDOP =DCHMPLX(Z3,20)
ELLD2 =DCMPLX(73,20)
EUDP =DCMPLX(Z214y293)
EUDM =DCHPLXY(10,20)
EUD2 =0CMPLX(ZDy2Z)
ELLDNU =DCMPLX(729y20)
ELUD2 =DCMPLX(Z0,2ZD)

ED2=0.CD
EL2=0,C0
ELD2=C.00

IF(REAL(MNLLDM) 4LEa145,7) SLLDVM=CDEXP (-NLLDM)
IF(REAL(NLLDOP)LE«14%.C) ELLOP=CDEXP(-NLLDP)
IF{REAL(MNLLDZ) «LEL145,C) ELLD2=CDEXP(-=NLLD2)
IF(REALINUDP) (L% e14547) FUDP=COEXD(~-NUDP)
IF(REALINUZY) LEL145,7) EUUDM=CIEXP(=~NUDM)
IF(REAL(NUD2)LFEG145.0) FEUDZ2=CDEX?(-NUD2)
IF(REALIMLLDNY) JLEL145.7) ELLDNU=COEXP (-NLLDNU)
IF(REAL(NLUD2)LEL145.0) ELUD2=CDEXP (-NLUD2)
IF(MD2.LE145.0) FED2=DzXF(=432)
IF{ML2.LEa1%5.,C) EL2=DEXP({-ML2)
IF{MLD2.1LE.145.2) ELD2= DEXP(-LD2)

CCMPUTE TRIANG.
FIRST FIND (I) AND (I1).

BRI=Q3*Q1+0Q4%Q2xEUD2

BRII=04%1+4Q3%(Q>%EUD2
IF(REAL(QA) eEQeNaT e ANDJATMAG(DA) 0 5Q4040) GO TO 14
TRIANG=0Q5%3RII*LLD2-06*BR]

GO TO 15 '
TRIANG=0Q5%03%Q2%ELUN2-Q6*BM ]
CONTIMNUE

FIND DELTA SUB ZEZR0.

DELO=((P=1.0)+(P+1,FC)XEL2)/((P=1.00)+(P+1.00)%ED2)
CCMPUTE THE DENAMINATORS,. '

DENOD=(P=1.C2)+(P+]1.702)*ED2
DENUL=1.7CG=ELD2

CCMPUTE V1,4,V2,V5 AND V6.

IS=DCMPLX(ZD 4S)
PNUP=P*NII+1,230
PNUM=P*NU-1.,2%
NUPP=NU+P
NUPM=NU-P



Vi=(CHPNUM=ISENYPM) / (NUXEDENTIN) 128
V2=(CHPNUP=T SRR ) /(LU0 ™ 0 5)) ¢
VO=(C+IS%NL)Z (i LxpreL)
V6= (C=I1S%NL)/ (NL=DENDL)

DEFINE GAMMA 1,2,32 AND 4,

GAM1=Q4%*VA+Q3%V5
GAM2=Ql*V2-Q2%V1
GAM3=Q2%Vh+04%V5
GAM4= (Q55VE+0E%Y 3 ) 2ELLEP= =V §2NE ()

CCMPUTE THE NINE RRACKETS.

BR111=Q2*(DELO*GAMI-ELLDP=Q2%VT)
BR222=Q1*{DELO*GAM3-ELLDP %Q%*V5)
BR333=DELC*0Q1%VA+Q3+GAMN2%LUDP
BR444=Q6*Q4%GAM2*EUDP +Q1 %5414
BR555=DEL*Q2XVEXEYDM=04%G A2
BR666=Q2*GAMAXEUDM=-QE* Q235042 ‘
BRTTT=Q3*Ve*(Q1%N6XDELO=NEx02xELLONY )=01%Q4%GAMG
BR838B={NU/NL)*CAI12+43F111%EUDM

BROQI=DELNM:( QL*GAMI+Q2XGAMI=FUN2 ) + (NU/ML ) *GAA2*EUDP

CCMPUTE R1!l AND BRACKZT R?22,

R11=Q5%*(Q4*V1I+C3xV2XEUDZ2+DILTAVEEENDNM)
BRR22=Q6*(Q3%V1+04%V23*FUD2 ) +GAM4=EUDM
CCMPUTE HOO.

HOO=BR88S8*ELUDP+3222

COMPUTE THE PRINCIPAL COMSTANTS.

RO=(R11*ELLD2-BRR22)/TRIANG
HOCO=(HOO*ZLLOM=BRI*V6)/TRIAMG
ST111=(Q5%BR333IXCLLN2-BREA4)/TRTANG
ST222=(Q5%8R555%ELLD2-2P665 )/ TRIANG

LTL11=(QS*BRIIEHFLLDM=ERI* (N 5%VE+IEXV5)) /TRTANG
LT222=(Q6*BR83BXEULP+ARTTTI/TRIAMNG

AMF=A%MkF
IAMF=DCMPLX (713, AMF)
CISP=DCHPLX(C,S)
CISHM=DCMPLX (Cy (-S))

DEFINE.

FIND MAGNETIC FIELD AMPLITUDES.
CHANGE THE ABSCLUTE VALULS T GAYHAS
IN AIR.

DO 888 Jl=1,N1

ZAIR=ZA(J])

MDZA=M*(D-ZAIR)
EDZA=C.TD
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1777

IF(MDZAGLELL145.0) EDZA=0EXP(=4DZ4)
HXAIR=TANFEN0RENZA
HZAIR=(=A8F ) 2RO*=ED LA
HPAIR=HXAIR*C+HIAIR*S
HXA(J14J)=COARS(HXAIR) *(1.°
HZA(J1,J)=CRA3S(HZAIR) *({1,7N+5)
HPA(J1,J)=CDABS(HPAIR) *{1],
CONTINUE

IN THE UPPER CCEAN LAYER,

DO 777 J2=1,M2

LUPPER=ZUP(J2)

MZ=M*xZUPDER

MZ72=2.C0%M%ZUPPER

MDZU= Mk (D=ZUPPER)

NUDZ=MUMEM) 7Y

NUZ=(NU+1 .0 )*xM7

EZ=0.00

EZ2=C .0

EDZU=C .00

EUNZ =OCMPLX(Z0,721)

EUZ =DCMPLX(20,20)

IF(MZ LEL145,0) EZ=DFXP(="27)
IFIMZ2.LE.145.0) EZ22=0FEXP(=-M722)
IF(MDZU.LES14547) EDZU=DEXP(=A4DZIY)
TFIREAL(NUNDZ) «LE 145.0)EUDZ=CNEXP(=NI1INZ)
IFI(REALINYZ) dLEW145.0) CUZ=CDEXP(=UZ)
VUZ=((1.20=-P)%#CISP=-(1,27+P)>CI[SM*FZ2)/DENDTD
VPUZ=({(1.0r=P)XCISP+(1.,CC+P)*CISH=FZ2)/DENOD

HXUP=TAMF = (NU*(ST1L1*EUDZ-ST222%F ) -VOUZ)*EDZY

HZUP=(=AMF)%(ST1L1I%EUNZ+ST222#3yZ=VUZ)*EDZU
HPUP=HXUO %=L +H{ZUP*S )

HXU(J24J)=COABS(HXUP) *(1,00+5)
HZU(J2,yJ)=COABS(HZUP) *(1.02D+5)
HPU(J2,J)=CNDABS(HPUP) *(1.7D+5)
CCNTINUE

IN THE LOWER OCEAN LAYER,

DO 666 J3=1,N3

ZLONER=ZLDW(J3)

MLZ=M%(L-ZLOWER)

MLZ2=2,00%HLZ

MZDL=M*( ZLOWER=-D)
NLLZ=(NL+Y 30 )02

NLZD=NMLM*MZDL

ELZ=C.CO

ELZ22=C.00

EZDL=C.00

ELLZ =NCHPLX(Z0,20)

ELZD =DCMPLX(Z0, 20)
IF(MLZLEY45,0) EL2=DFXP (=ML Z)
IF(MLZ2.LF.145.7) ELZ2=DEXP(=-MLZ?)
IF(MZOL.LEL145.7) EZDL=DEXP(-120L)
IF(REALIMNLLZ)oLZe145.0) ELLZ7=COEXP(=NLLZ)

129.



IFIREAL(NLZD) L= 414540) FLZD=CNDEXP{=-NLZD)
VLZ=(CISH=C ISPz 22)/00N0L
VPLZ={CISICISOREL 22 Y/ ERL

HXLOWw=TAMF = (NL*{LTY1L1*cLL 2L T222%ELZD)~VPLZY*EZDL

130.

656

HZLOW=(-AME)*(LT111*CLLZ+LT222%ELZ0+VLZ)*EZDL

HPLOW=HXLCH=C+HZLGW*S

HXL{J24J)=CDA3S(HXLO)
HZL(J3,J)=CDARBS
HPL({J2,J)=CDAES{HPLOK)

CONTIMUE

*(1.0D+5)
*(1.0D+5)
%{ 1l +C0%5)}

HILOW)

IN THE QCEAN FLTOR,

DN 555 J4=1,2

ZFLOOR=ZFLI(J4)
NFZ=(NF*(ZFLOOR=L)+(L=2) ) *#

EFZ

=DCMPLX(Z20,2Z17)

IF(REALINFZ)WJLFL145,7) EFZ=CNEXP(=-NF2)
HXFLOR= (= [ANF ) I FSHOOOXFF 7 |
HZFLOR= (= AMF) #HIN%ER 7

HPFLOP=HXFLOR*C +HZELOR:S

HXF (J4,J)=CDASS(HXFLIR)

#(14C0+5)

HZF(J&4,J)=CDA3S(HZFLUR) *(1.0D+5)
HPF{J4,J)=COARS(HPELOR) *(1s0D+5)
555 CONTINUE
939 CONTINUE
PRINT THE QUTPUT,
WRITE(6,212)
WRITE(6,211) (LAMOJ)y J=1,412 )

WRITE(6,212)
WRITE(6,4212)
WRITE(6,212)
WRITE(6,4212)

(ZA(JL)y (XA (JL1sJ)9d=1,12),J1=14N1)

(ZUP(J2) 4 (HX(J29d)9d=1412)9J2=1,N2)
(ZLCHIJI3) s (XL UJ39J)9J=1912)9J2=1,N3)
(ZFLO(JI& )y (HXF(J49J)9d=1412)yJ4=1,2)

WRITE(6,213) ( PFR(J)y J=1,12)
WRITE(6,214) ( FREQ(J)y, J=1,12)
WRITE(A,215)

ARITE(6+¢211) (LAM(J)y J=1,12 )

WRITE(64212)
WRITE(6,212)
ARITE(6,212)
WRITE(642172)

(ZA(JL) o (HZANLJ1,3) 9 Jd=1,12),J01=1,N])
(ZUP(J2) s (MZULJ29J)9J=1,412),J2=1,N2)
(ZLOA0I3) 2 (HZL(J39J) 9J=1,12),J03=1,N3)
(ZELN(JA)yTHZF{JGyd) 9J=1,412)4J4=1,2)

WRITE(6,213) ( PER(J)y J=1,12)
WRITLE(6,214) ( FREQCJ)y J=1,12)
WRITE(6,4211) (LaMi(d), J=1,12 )

WRITE(64212)
WRITE(6,212)

WRITE(6,212).

WRITE(64,212)
WRITE(6,213)
WRITE(6,4214)

READ MORE

(ZA(JL) o (HOA(JL,4d)yJd=1,1204J1=1yN1)
(ZUP(J2), (HPU(J24J) 4d=1,412),J2=14N2)
(ZLOA(JI3) y (HPL(J33J)4J=1,12)4J3=1,N3)
(ZFLO(JG) s (HPF(JbGyJ) yJ=1422)4yd4=1,2)
( PER(J)y J=1,12)

{ FREQ(J), J=1,12)

DATA CARDS,



GO TO 111
FORMAT STATEAENTS. 131.
200 EORMAT('19,45X,'THE  INPUT  PARAMETERSY,///
1//7' THE UPPER DENSITY =9,F15,3,' GRAMS/CUBIC CM,
297/ THE LOWER DFMSITY =1,F15,3,' GRAMS/CUBIC CM.
3v/////% THE DIP AMGLE =',F15,3,' DEGRFEES,?*
4//' THE DECLINATION ANGLE =1',F15.2,' DEGREES,!
5/////" THE CONDUCTIVITY OF UPPER LAYER=1',1PE15.,2,"' EMU!
6//" THE CONDUCTIVITY OF LOWER LAYFR =t ,1PE15.2,'EMUY!"
77/ THE CONOUCTIVITY OF CCEAM FLOOR=Y,1PE15,2,'EMU!
8/////% THE AMPLITUDZ DF INTERMAL WAVE=1 ,OPF15,0, 1CM?
9//% THE DEPTH CF UPPCR LAYER =1,7DF15, 7,10y
1//' THE ODEPTH CF THE OCEAN FLOOR =',3PF15.0, "CM?
2//7/7% THE MAGNITUDC OF EARTHS FIELD=*',0PF15,3, 1GAUSSY)
210 FORMAT(*1',' THE ABSOLUTE VALUS OF THT HORIZONTALsXs',
1'COMPONENT OF MAGNETIC FIELD AMPLITUDRE,IM GAMlAY///)
211 FORMAT(' WAVE?'/' [ ENGTH 1, OP12F19.C/' IN CM.Y//
1' POSITICN'/' IN CM.v//)
212 FORMAT(' ',CPF9.7%,1P12E1C.3)
213 FORMATI(///" PERILUD "LOPL12F1< 1/ IN SEC'/ )
214 FORMAT(' FREQUENMCY 'y NP12F10.5/' IN HZ.?)
215 FORMAT('1',* THE A3SGLUTE VALUE NF THF VERTICAL.Zy',
1'COMPONENT OF MAGMETIC FIFLD AMPLITUDS yGAMMA:IY///)
216 FORMAT('1v,% THE ABSOLUTE VALUE NF THE CNMPONTNTY,
1' OF THE MAGNCTIC FIELD AMPLITUNE THAT 1S ALIGNFED?®,
2' ALONG THE /¢ DIRECTIAN CF THE FAPTHS MAGMETIC FIELGY,
3' VECTOR Fy IN GAMMAS'///)

END
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