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ABSTRACT 

Supervisor: Dr. J. T. Weaver 

In this thesis calcuJations are obtained for the na@'letic 

field induced by internal waves of periods in the range 1 rnin-30 min. 

Solutions for the induced na@'letic (and electric) field are derived for 

a two-layer ocean of finite depth. The results show that the na@'litude 

of the na@'letic field associated with internal waves is, in general, 

less than that induced by the shorter period surface-waves. However, 

under suitable conditions the nagnetic field can becone quite appreciable. 

For instance, an internal wave of an:plitude 2 m and period 4 min, located 

at a depth of 100 m below the sea surface, induces a field of 0.1 y at 

50 m above and below the surface. A similar wave of only 1. 5 min period 

induces the sane field at a depth of 100 m below the surface. 
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CHAPTER 1 

INTRODUCTION 

1.1 Purpose of the thesis 

Sea water is a reasonably good electrical conductor. 

Consequently, any motion of sea water across the ever present Earth's 

magpetic field lines induces electric currents within the sea, as originally 

predicted by Faraday in 1832 (see Hutchins, 1952). 

The purpose of this thesis is to discuss the nature of the 

ma.gpetic field associated with the induced currents generated by subsur­

face undulations between water layers of different density. These undula­

tions are cornrronly referred to as internal waves. It is believed that 

this study will be helpful for the proper interpretation of the rreasure­

rrents of geanagnetic variations taken at sea. Specifically, it is llll)ortant 

to understand the nature of this type of "wave noise" before atterr:pting to 

interpret si~ls detected at sea, by floating, subirerged or airborne 

nagnetoireters. 



1.2 Summry of previous investieetions of the rragnetic variations 

associated with ocean waves 

2. 

To view this study in its proper perspective, it is necessary 

to give a brief historical survey of previous studies of the electro­

rra~etic field associated with ordinary surface sea waves. It was 

established both theoretically and expe~ntally that surface waves do 

indeed give appreciable " wave noise " detectable by both subrrarine and 

airborne rra~etoneters. One nay, therefore, speculate on the possibility 

of internal waves having si~ficant electrona@'letic effects. 

'Toe problem of determing the electric cur-rents 1.muced by ocean 

waves was considered in sane detail by Longuet-Higgins et al. (1954). 

Crews and Futterrran (1962) first calculated the na~etic field above the 

sea surface arising from currents induced by w1rrl driven waves. 'Tuey 

concluded, for exan:ple, that a sea-state 5 (1.2 m - 1.8 m wave aJ!l)litude) 

was necessary to give a field of 0.1 y (the gp.mna, y, is a neasure of the 

m~etic flux density in the emu system frequently used in geom~etism, 

defined by 1 y = 10-5 G or in MKS units 1 y = 1 nT) at an altitude of 

30. 5 m. 'Toe coITesponding calculations for the field below the sea sur­

face were given by Warburton and Caminiti (1964). A sea-state 6 (1.8 m 

- 3. 0 m wave amplitude) was foun~ necessary to give the same field at a 

depth of 95 m for a 100 m wave. In the above two papers, the IIB~etic 

field was obtained by integrating the contributions of all the induced 

current elenents, a procedure which led to sone rather cunt>erscme inte­

gr>als. However, Weaver ( 1965) found a much more ele~t approach in 
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which the exact solutions for the nagnetic field, both above and within 

the sea, are sirr.ply obtained by solving the differential equations for 

the rtag11etic vector directly and applying the usual electromagnetic 

boundary conditions at the sea surface. Furtherm::>re, his paper showed 

the inportance of ocean swell in generating significant nagnetic fields. 

For instance, an ocean swell of 20 sec period and only 10 cm an:plltu~ 

induces a nagnetic field of 0.2 y ·at a depth of 100 m below the surface 

and a field of 0 .1 y at an altitude of 50 m above the sea. This irr.pat'tant 

fact seems to have been overlooked by Crews and Futternan and by Warburton 

and Caminiti, for they restricted their discussion to short-period waves. 

~suremants corroborating Weaver's theoretical results were nade by Baker 

and Graefe (1968) using an airborne nagnet~ter and by Ma.clure et al. 

(1964) using a rnagpetomater suspended beneath the ocean surface from a 

buoy. In addition, Weaver pointed out that his approach could easily be 

extended to give the field for a sea of finite depth (useful in situations 

where long-pericd waves are present in shallow waters). This calculation 

was undertaken by Weeds (1965). His results show, however, that little 

generality is lost by assuming the ocean to be of infinite depth. Never­

theless, Woods' results are helpful in interpreting nagnetic signals 

recorded at the sea bottan. For example, Wynn (1967) obtained good 

agreemant between his recorded nagnetic variations, arising fran surface 

waves, at the sea floor and the predicted wave-induced field by applying 

the theoretical results obtained by Weeds (see also Fraser, 1966). 

Weaver's stuiy was extended to incluie the electranagnetic 

field induced by very long-pericx:l ocean waves, Iarsen (1970). '!he model 
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used by Iarsen included a layer of conduct1ng sed1rnents ju.st below the 

sea floor and further down a conducting nantle. In all cases it was 

found that the effect of bottom sediments was essentially negligible, 

but the conducting nantle influenced the electronB.erietic field in the 

frequency range of 1 to 10 cycles per hour for vecy deep oceans (i.e. 

5000 m). Far the above frequency range and a wave amplltuie of 20 cm 

the induced merietic field COil¥)onents were found to be of order 1.5 y 

for vecy deep oceans and of order 0. 7 y for shallow oceans ( 1. e. 200 m ) • 

Another possibility is whether or not artificially generated 

gravity waves may induce a t~-varying merietic field of inportance. 

To this em, Weaver am Wocxis (1965) examined the electram.erietic field 

of a pressure 1.npulse in a conducting fluid ( a m:>ving int)ulse of this 

type is the sinplest wczy of describing the so called Kelvin wake of a 

ship). In additiai to the familiar Kelvin wake, however, a ship may 

produce internal waves, especially if a large discaitinuity of density 

exists ju.st below the sea surface. In such a situation there is also 

the strong possibility of the presence of naturally occur1ng internal 

waves. To estiIIB.te the naerietic field associated with such internal 

waves, Weaver (1966), using a sirrple two layer ocean of constant electrical 

conductivity everywhere, found that for a thin upper layer ( 4 m) an 

internal wave (an;,lltude 1 m and of 500 m length) produced a correspon­

ding naerietic signal of abrut 0. 02y at an altitude of 30 m above the sea 

surface. 

Far an ocean having a constant electrical conductivity evecy-
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where and conposed of nany Jayers of varying density Iarsen (1966), a~o 

reported by Cox et al. (1970), found the nag;d.tude of the nagnetic field 

components to be of order 0.1 y for an internal wave of tidal frequency. 

However, Larsen evaluated the electronagJ1etic field COiq)Onents only at 

the sea floor. 
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1.3 Description of thesis 

In this thesis we choose to examine the magnetic field induced, 

both above and within a two layer ocean of finite depth, by an internal 

wave located at the boundary separating the t wo superposed fluid layers 

each having a different density an:i conductivity. This particular model 

was chosen for three reasons: 

(1) It is a reasonab:y good description of internal waves occuring 

naturally within the sea and has the advantage of yielding exact 

solutions of a relatively simple form. 

(ii) A finite bottom was chosen to examine the behaviour of the field 

in shallow waters. 

(iii) The model provides an opportunity to study the behaviour of the 

wave-induced field when the conductivity of the two fluid layers 

is changed. In both of the two previous papers this effect has not 

been considered. 

We begin in Chapter 2 by giving sorre background information con­

cerning internal waves; as to their origin, wavelength, period, a.Jll)litude 

and occurence. In Chapter 3 we develop the linearized field equations 

and boundaJ:'IJ conditions necessary for an exact analysis of the problem 

and point out the limitations imposed by the linearized theory. The 

general solution for the internal wave-induced rra(?11.etic field is obtained 

in Chapter 4 and, in addition, soIIE useful approxinate solutions have 

been derived from the general solution. Also, the complete solution for 

~ e rragnetic field arising from a surface wave in the two layer ocean is 
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presented. The results are discussed, in detail, in Chapter 5. 

The results show that the electronagnetic field generated by 

internal waves, in general, of much smaller nagnitu:ie than the field 

induced by sur.face waves. However, it is shown that under certain con­

ditions, appreciable II rnagrietic noise II fran internal waves can occur 

within the sea, and just above the surface. 



CHAPIBr1 2 

A BACKGROUND DISCUSSION OF INTERNAL WAVES 

2.1 Introcuction 

L"'l such a non-horogeneous elenEnt as the sea, undulations 

exist between subsurface water layers of varying density which are 

carm:>nly called interml waves. 

8. 

Internal waves 2xist in all oceans and rost bays and lakes, 

and vary widely in an:plitude and period. Int~rnal waves have slower 

speeds than surface waves (ordinary ocean waves) but the an:plitude 

rray be nn.1ch greater. The sj_rr:plest type of internal wave is shown in 

Figure 1, where the nnxinn.ml displacement occurs at the boundary between 

a horoogeneous top layer and the more dense lower layer. The surface 

displacerent caused by the internal wave m:,tion has been greatly exaggerated 

in relation to the internal wave al':l)litude as shewn in Figure 1. 

The theory of internal waves was first developed in 1847 by 

Stokes (Iani:>, 1932) for two superposed nu1as. Since internal waves are 

present at each boun::lar'IJ, it follows that in a stratified ocean (i.e. an 

ocean corr:posed of na.ny superposed J.a.yers of varying density) a great number 

of internal waves rra.y be present .simultaneously. Furthenoore, if the 

density varies continuously with depth, as is the case in nature, an 

infinite nuni:)er of internal waves nay occur with the ma.x1nrurn vertical dis­

placement in the region of steepest density gradient. Wave motion in a 

stratified fluid (with or without density discontinuities) has been treated 

theoretically by Ylli' (1960). Usually a two or three-layered ocean nodel is con-
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sidered to examine a property of :internal waves or their :interaction 

with beaches., sound waves and so forth. 

The exact causes of :internal waves are not yet finnly established, 

but are thougpt to be of varied origin. 
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2.2 'lhe density distribution 

We shall now discuss, vecy generally, the na1n factors which 

influence the vertical density distribution within the sea. From this 

brief discussion, it nay be seen that the ocean is naturally stratified, 

hence internal waves nay occur frequently. 

'lhe density of seawater continuously increases by abrut 0.0045 
3 

g/cm for every 1000 m increase in depth, to a naxinum value of approxi-
3 

nately 1.07 g/cm (Fairbridge, 1966). While in st.eh an ocean where the 

density is solely a function of pressure no internal waves can exist, 

energy nay still be transmitted by acoustic waves. However, the density 

also depends oo. the ten:perature and salinity (total concentratioo. of dis­

solved salts, expressed in parts per thrusani by weight) of seawater. 

'Ihe density gradients are thus linked to ten:perature ani salinity gradients. 

Relatively steep gradients of ten:perature (the:rmxline) and sa11nity 

(halocline) are quite conman and norne.lly coincide, see Figure 2. 'Ihe 

relationship between density, sallru.ty, tenperature and the electrical 

condootivity is shown in Figure 3. 

Roughly the sea nay be divided into frur layers, separated by 

three transition regioo.s where the density changes relatively quickly. 

The change in density is nainly due to tbe differences in tenpera.ture. 

'Ihe three thenooclines are, in order of descending depth, the diurnal, 

seasonal and nain therroocline. 'lhe diurnal thermocline has a depth be-
o 

tween 6 m to 10 m with a corresponding ten:perature change of 1 to 2 C 

across it. 'lhe na1n cause is the daily heating effects of the sun. 
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Prolcnged heating gives rise to the seasonal thennocline, which is roost 

clearly narked towards the end of the su:rmrer roonths. It has as rrruch as 
0 

a 5 to 10 C tenperature change across the transition region at a depth 

between 50m to 100 m. Finally, the rrain thermocline, separating the deep 

ocean waters from the upper water masses, lies sanewhere between 300 m 

and 1000 m with a tenperature difference of 10 to 20° C across it . 

.r-t>ving towards the colder latitudes, this tenperature distribution gra­

dually disappears and the sea tends to one constant tenperature. 

In addition, local meteorological conditions, the vicinity of 

land rrasses and subsurface currents nay also geatly influence the dis­

tributicn of density within the sea. For instance, Parker (1968) observed 

a hanogeneous surface layer up to 100 m thicl<, apparently due to a cold 

air outbreal~ over t he Gul f of Mexico. The density ITRY be decreased by 

the addition of rrelt-wat er fran ice or run-off from land. In the Arotic 

waters and near the raouths of some :Jor,ver;ian fiords a t hi n top layer of 

nearly fresh i~at t}I' i s fo:::~,i2d uy t \,j_~, ~,rocess . ~::':: 1j_s situation gp.ve rise 

to the '! c.ead wat er i : phenomenon (Ekrran, 1904). It was observed at times 

that vessels moving in these waters behaved very sluggishly. EknBn 

established that slowly rooving vessels created internal waves at the 

surface of density discontinuity, so that the energy otherwise used for 

propulsion now went into the generation of internal waves. Excess pre­

cipitation and heating in equatorial regions often produces a horoogeneous 

surface layer with a well defined lower botmdary, especially after the 

surface layer has been well stirred by wind action (Munk and Anderson, 

1948). When a surface layer of density geater then the water nass below 
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is forrred (e.g. in reg1.ons where evaporation is dominant), an instability 

is forned. If this condition persists then the heavier water must sink 

until it encounters water of equal density. 'Ihis g1.ves rise to vertical 

ccnvection currents which nay form a new hanog;eneous layer after they 

have been active sane time. Subsurface currents can sonEtimes cause a 

denser layer of sea water to overlie a less dense layer, and agp.in ver­

tical convection currents can result. 'Ihe vertical currents may well 

have been responsible for the stratification observed by Tait and Howe 

( 1968) midway between Cape St. Vincent and Mideira. 'Ibey found, at a 

depth between 1280 m and 1500 m, nine desc1'Cte ten:pemture and salinity 
0 0 

steps of the order of 0. 25 C and 0. 044 / oo .· rang1.ng in thickness fran 

15 m to 30 m. 

Since tenperature nEasureIJEnts are easily accoq,lished and the 

salinity gradient is usually much less than the terrperature gradient, 

internal waves are usually observed by recording the terrpemture fluctua­

tioos caused by the periodic vertical displaceIJEnts of the isotherms, 

Figure 4. However, care nu.st be taken when interpreting tenpemture 

flictoctions because variations of terrpemture nay also be caused by 

horizontal currents. (Helland-Hansen, 1930 and Voar'his and Perkins, 

1966), 
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2.3 Observed features of internal waves 

EknBn (1904) first suggested that internal waves occurred in 

the sea. For the purposes of this thesis, we will be mainly concerned 

with the properties of short-period internal waves (Le. periods from 

1 sec to 30 min) for reasons given in sections 3.2 and 3.5. Observations 

of internal waves of tidal character (Le. waves with pericxls ranging 

from hours to several days) up to 1956 have been summ.rized by Davis and 

Patterson (1956). Iater observations have been obtained by Sumners am 

Emery (1963), Rainer et al. (1967) and Zalkan (1969). 

Valdez (1960) an:i Chindonova and Shulepov (1965) observed 

internal waves on their echo sounder records due to sotmd waves reflected 

off layers of sJIB.11 orgp.n.isrns tmdergoing pericdic rotion frcm the internal 

wave train. Ch:1ndonova and Shulepov observed 19 internal waves, taken 

in the Atlantic Cbean. 'Ihree of the waves occurred in the 100 m - 400 m 

depth range with anplltudes between 5 m to 50 m, all three waves had an 

apparent wavelength of 3200 m. Unfortunately, the true wavelength was 

not known since the direction and propagation rate of the waves was un­

detennined. These observations seem to indicate that large ~lltu:ie 

internal waves with relatj_vely short periods are possible within the sea. 

Furthernx>re, large scale internal.waves with relatively short pericxls 

have also been observed near Indonesia (Perry and Schimke, 1965). 'Ihe 

maxim.ml amplitude observed was 40 m with a wavelength of about 2000 m. 

'Ihis motion occurred between two nearly hom:>geneous layers (density 

l. 021 y cm3and temperature 28° C for the upper layer, and a density 
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1.026 g/cm3 with a telll)erature of 14° C for the lower layer). 

Visible evideme of the presence of internal waves is oi'ten 

gt ven by sea-surface slicks. Slicks are long streaks or patches of 

relatively calm surface water surrcunded by rippled water. They are 

forned by the rippled-damping action of a surface film of or8f3l11.c mtter. 

'lhe ability of films to dalll)en ripples varies radically with the degree 

of colll)ation of the film rolecules. Such coo:paction can be produced 

by wind stress or by a horizontally convergent flow produced by internal 

waves (Ewing, 1950). IaFand (1966) found that 10% of his observed internal 

waves had surface-slicks associated with them, and that in 85 out of 105 

such cases, the slick was located between the crest and the trough of 

the internal waves (Figure 4) • Slick-type phenarena. have also been 

observed in the Georgia Strait and the IIBinland inlets of British Colunbia. 

Pickard (1954) and Shand (1953) observed streaks which appeared to be 

associated with the internal wave rotion having wavelengths of 900 m with 

periods of about 20 min. Shand noted that the speed of the internal wave 

was about 75 cm/sec. later, Pickard (1961) recorded internal waves, 

approximately 4 m to 8 m below the surface, with amplitudes up to 5 m 

and pericxis from 1 - 4 min. 

IaFond (1963) na.de a series· of experiroonts an the characteristics 

of internal waves off San Diego in water 18 m deep. Average wave period, 

speed and ant>litude observed were 7. 3 min, 15 cm/sec and 0.85 m respec­

tively. 'Ihe therroocl1ne was located at about 5 m below the surface. 

AE§llll in the sane area Armstrong and I.aFcn:i ( 1966) nade further obser-
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vations and found that the average period and anplitude was 7.2 m:1n and 

0 .82 m respectively. Sone of the intemal waves had a pericxi of 10 m:1n 

with an ant>litude of 2.5 m. Also near San Diego., Ufford (1947) neasured 

two internal waves which had periods of 12 and 1.6 min., wavelengths of 

130 m and 330 m., and amplitudes 1. 52 m and 2. 28 m. On the opposite coast 

Gaul (1961) observed :internal waves near Hudson Canyon (off the coast of 

New York) m water 56 m deep. The internal waves had naninal periods of 

several minutes travelling at an average speed of 50 cm/sec. He also 

mentions that for purposes of a two-layer calculation the salinity., 

tenperature and density could be taken to be 31. 5 and 32. 5° /oo., 20 and 

10° C., 1.0225 and 1.0247 g/cm3 for the upper and lower Jayei-• respectively. 

The thickness of the upper layer was approxinately 20 m. While neasuring 

undercUC'rents in the F.quatorial Atlantic region., ~tcalf et al. (1962) 

observed small scale strt.eture ai their records which they attributed to 

1."'lternal waves. The estirm.ted velocity was 50 cm/sec., with a wavelength 

of 500 m and a pericd of 17 min. 'Ihe average anplitude was 5 m with the 

naxinun density gradient between 40 to 100 m below the surface. 'Ille 

average salinity was about 35.5°/oo with the telll)emt~ 27° C and 14° C 

just above and below the density gradient. 

In surmary., we note that the period and anplltude of internal 

waves usually differ appreciably fran those COIIITO'lly found in sur.face 

waves. For example., sUC'face waves have periods in the l - 30 sec range 

with 50% of the waves having anplltu:les less than o.6 m ani only 10% 

having anplltu:les greater than 3 m (Kiruman, 1965)., while internal waves 

genemlly have periods of the order of minutes and an:plltu:les greater 
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than 0.6 m. Furthermore, wavelengths of 250 rn or more are comrn:,n for 

internal waves, but large arrplitude surface waves of this wavelength only 

occur during heavy gp.les . Mc,st surface waves whose wavelengths are com-

parable to those of 1.ntern.-=i.1 waves are ocean swells wh.tch usually have 

extrerely snall arnplitudt~s. 
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2.4 Generation of internal waves 

There are a mmlber of different rrechanisrns available for the 

generation of internal waves. Most of these are due to natural causes, 

but their artificial production by ships has also been observed, by 

Eknan (1904). He showed experinentally that a vessel moving near the 

critical internal wave velocity (i.e. the velocity of waves for which 

the ·wavelength is large conpared to the thiclmess of the surface layer) 

strongly excites internal waves, provided the keel depth is near the 

boundary of the density discontinuity. The internal wave system generated 

by a ship in a two layer ocean was theoretically investigated by Hudinac 

(1961). 

Sources of natural origln incluie seismic disturbances on the 

ocean floor. Fedosenko and Cherkesov (1969) treated long and short waves 

on the free and division surface resulting fran such disturbances. 

Ag:3.in, just as surface waves can be developed by atroospheric pressure 

fluctuations, so can interra.l waves be generated by slowly varying 

atroospheric disturbances. However, these waves tend to have long 

pericxis and wavelengths corresponding to the scale of the slowly 100ving 

force (ProudnBn, 1953 and Krauss, 1959). Phillips (1966) rrentions that 

under appropriate conditions, inte~ waves of significant an:plitude can 

be developed this way. Another cause of internal waves is a strong shear, 

developed when two layers of different density flow in opposite directions. 

This unstable situation, at the conm:m boundary, nay be a source of grow­

ing internal waves as well as turbulence (Proudnan., 1953 and Miles, 1961 
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and 1963). Pickard (1961), Metcalf et al. (1962) and, Perry and Schimke 

(1965) all attributed the observed internal waves to the strong shear 

flow. On the other hand, a weak shear has the effect of reducing the 

frequency and vertical scale of snail scale internal wave motions 

(Phillips, 1966). 

If the surface of density discontinuity lies near the ocean 

bottan, then bottan topography will effect the behaviour of internal waves 

(Sandstran, 1966). Zeilon (1913) first demnstrated that long surface 

waves on passing over bottom irregularities (in a stratified ocean) can 

generate internal waves. Far exanple, Proudrnan ( 1953) proved analytically 

that a long surface wave passing over a thin vertical barrier rising fran 

the bottan and just reaching up to the surface of separation of the two 

layers nay give rise to an internal wave. Furtherroore, Zeilon (1934) 

denxnstrated that the incidence of a surface tide upon the continental 

shelf (which often rises to the level of the density discontinuity) 

results in the prcx:luction of internal waves. At the transition region 

between the deep and shallower water, the oscillatory fluid nntion from 

the surface wave suddenly enc01.mters the shallower bottom which results 

in a disturbance creating the internal wave. Rattray ( 1960) g;3.ve a 

sinple analysis of this problem using a two layer ocean. He found that 

the internal wave behaved as a standing wave in the coastal region and 

that further offshore it was a progressive wave travelling seawards. 

Wei~d et al. (1969) further found that long surface waves (i.e. wave­

lengths long canpared with the shelf width) nay also generate internal 

waves by this rechanism. In addition, frictional effects nay decrease 
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the anplitude and change the character of the standing wave to that of a 

progr-essi ve wave propa.gp.ting coastwdI'ds. Model stuiies g;ave favourable 

results with the theoretical predictions. Moreover, an undulating ocean 

floor with a current flowing over .it can produce a train of standing waves 

in a stratified fluid (Long, 1953, 1954, and 1955). However, if the 

current is oscillatory (e.g. due to the presence of long or tidal waves), 

internal waves of a progressive nature can result. 

Yet another nechanism arises from the interaction between sur­

face and internal waves. The s1nI>lest situation occurs when the fluid 

JlX)tion due to a long surface wave, induces an internal wave at a density 

discontinuity beneath the surface. Cox an:l Sandstrom (1962) have analysed 

the coupling between long surface -waves an:i internal waves in water of 

variable depth. en the other han:l, when two surface waves interact at 

second order, a bounded disturbance results which may interact with an 

internal wave and cause anplification. A similar situation can occur 

when two internal waves interact and transfer energy into a third inter­

nal wave (Ball, 1964, Thorpe, 1966 and Phillips, 1966). Thorpe has 

indicated that under certain con:ii tions internal waves could possibly 

be generated in this manner. Kenyon (1968) used oceanographic maa.sure­

nents to evaluate the energy transfer rates for the above two processes. 

Generally the energy transfer rates for mutual interr.al wave interactions 

are much larger than far the surface - internal wave interactions. Both 

interactions are strongest in highly stratified water whose depth is 

shallow canpared with the wavelength. 

In summry we see that the above nechanisms when combined with 
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the varied distributions of density within the sea, can produce conplex 

internal wave zootion. Consequently the in:iuced electronagnetic effects 

arising f'ran such motion of sea water, across the Earth's ne.gnetic field 

lines can be very canpllcated. However, by assuming a reasonably sin\:>le 

nathenatical nrdel, we can obtain an explicit solution for the ne.gnetic 

field irrluced by internal and surface waves, as is shown in the following 

chapter. 
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CHAPI'ER 3 

'lliE FIEID EQJATICNS 

3.1 'Ihe mthenatical m:xiel 

We shall investig;3.te an ooean consisting of two homogenec:us, 

inconpressible fluid layers of different densities in a rectangular 

coordinate system. 'Ihe z axis is directed downwards into the sea, with 

the plane z = 0 representing the rean free surface and z = L the ooean 
noor. 'Ihe plane z = D di vi des the ocean into an upper and lower layer 

of densities pl and p2 respectively. We assl.lm:! that the ratio of the 

density in reg1.oo D < z . < L to the density in region O < z < D is 

a (i.e. a -= p~pl ~ l). '!be earth's atmosphere occupies the half space 

z . < 0 and the earth's crust fills the space z > L. 

A progi:-essive harm::nic internal wave causes the lower surface 

of density discootinuity to undergo harm:>nic oscillations of anplitude 

la21, say, so that its equation is z = D + n2 where n2 is the instantaneous 

vertical displacerent. 'Ihe presence of the internal wave causes the rean 

free surface to undergo a similar hanoon1c moticn of anpli tude I~ I w1 th 

the equatioo z = n1 where n1 is the instantanec:us vertical surface dis­

placement. 'Ihe irrotatia1al fluid motion resulting fran the above dis­

placerents will be specified by velocity potentials +1 and +2 1n reg1.cns 

O < z < D and D < z < L respectively. 'Ihe x axis is defined to be 

along the d1rect1oo·of wave pro~tion, and they axis perpendicular to 

the wave profile to fonn a rigtit-handed triad. Denote by !, J.. and !£. 
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the thr2e unit vectors along the coorc~nate axes. 

We assurre that the earth 's rragr.etic field F is constant every­

where. Thus the model will be two dirrensional, all quantities being 

independent of the variable y. We nay write 

F = F( cos Icose i. cos I sine J + si-n I .h ) (3.1.1) 

where I is the engle of dip and e is the eastward inclination of direction 

of wave propagation from the magnetic meridian. The mathematical model 

is illustrated in F'igur¥2 5. 

The electroITB.grietic system of l.-h'1lts (enru) will be used, so 

that the magpetic induction is identical with the nE.gnetic field every­

where because air, seawater and the earth's crust all have very nearly 

tre free space values of penreability. The electrical conductivity of 

seawater and t:,e eartl:.' f , crust is at least nine orders of magnitude greater 

than that of a.1.r, the~.:.fore, the elec.trical conductivity of air is set 

to zero (Le. a 
O 

= 0) . 

In the follrnv:ing analysis we shall make use of a subscript j 

to denote to which layer of the rrodel a quantity belongs. The subscript 

j has the values O, 1, 2 and 3 designating the regions z < O, O < z <D, 

D < z < L and , , > L respectively, this notation is in agr-eement with 

quantities already subscripted. When the values of j ax--e not explicitly 

written out, it is understood that j ranges over all its allowed values. 

We must keep in mind that cp 
O 

= cp
3 

= O ,-:u1a cr 
O 

= O. 
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3.2 'Ihe basic equations 

The continuity equation expressing the conservation of nass of 

the fluid redmes to the lapJace equation 

2. 

v¢. _ o 
ct - , 

when the density pj is constant. 

d-= 1,2. 
(3.2.1) 

We denote by p j the excess pressure of the fluid above atms­

pheric pressure. This rreans, for instance, that at the surface z = n1 

the pressure is zero (i.e. p1 = 0). 'Ihe pressure pj is given by Bernoulli's 

equation. 

q~ + P/,,. - C­o d J - d J= 1,2. (3.2.2) 

where g is the gravity field strength, and cj is a constant of integration. 

'Ihe Coriolis force, due to the earth's rotation of period T, has been 
e 

neglected. 'Ihe ratio of the Coriolis force and the acceleration of the 

fluid particles caused by the wave notion with period Tis proportional 
_2 

to 2T/re, and this quantity is of order 10 for a wave period of about 

1/2 hour. 'Illus the Coriolis force ia only inportant for waves with periods 

of more than half an hour. We do not consider such waves in this thesis. 

Furthenmre, the ratio of the electronagpetic body force and the force of 
2 

gravity is proportional to ovF /pg where o and v are the conductivity of 

seawater and the fluid particle speed respectively (Longuet-Higgtns et 
11 

al., 1954). ~aking F = 0.5 gp.uss, v = 50 cm/sec, o = 4 x 10- enu, 
3 3 

p = 1.0 g/cm and g = 1 x 10 cm/s~ we find that the ratio is of order 
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-13 5 x 10 • 'Ihus the electronagnetic body foroe is entirely neglible 

for seawater. 

'lhe electric and nagnetic vectors Ej and Hj respectively, due 

to the induction effect of the pericdic .fluid notion across the nagnetic 

field lines, satisfy M::txwell's equations in the form 

(3.2.3) 

(3.2.4) 

Here oj and kj are the electrical corrlmtivity arrl the dielectric constant 

respectively and c denotes the speed of light. Taking the divergence of 

(3.2. 3) , we obtain 

(3.2.5) 

'!his result sin:plifies the identity 

to 

(3.2.6) 

Heme, by taking the curl of (3.2.4) and using (3.2.3) and (3.2.6), we 

obtain the differential equation satisfied by Hj ~ 
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(3.2.7) 

We expand the second term on the rigpt hand side of (3.2. 7) to give 

z. 
c. v ra. L [ v¢. x C F + 1-1 . ) 1 _ Vr'-. d i v ( F + H . ) - ( F + H . ) v ;.,(d_ 

J - - J - ~ - - d- - -d 'f/ 

+ [ ( F + H .) · V] V¢. - [ \7<1' . · V 1 ( F + H . ) 
- -J d 'f'J- - d- ' 

which after substitution of(3.2.l) and (3.2.5) reduces to 

Thus the differential equation (3.2. 7) takes the form 

/ 
(3.2.8) 
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3.3 Linearization of the basic equation 

It is postulated that <Pj nay be expanded in the form 

d- = 1,2. (3.3.1) 

(Wehausen and Iaitone, 1960) and where£ is a snall non-dinEnsiona.l 

paraneter. As we shall see in section 4.6, £ is chosen to be the an:pli­

tude to wavelenght ratio of the fluid oscillations, and provided this is 

snail the linearized theory will be valid. This is a natural condition 

since in practice it is unusual to meet waves of heights exceeding one 

tenth their wavelength (Sverdrup and Munk, 1947). We also assume that 

nj' Hj and Ej nay be expanded in powers of£ as follows 

(3.3.2) 

(3.3.3) 

(3.3.4) 

Substituting these expressions for Hj and ~j into (3.2.8) and 
2 

equating like powers of £ together with discarding tenns 0(£ ) , we find 
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(o) (1) 
that Hj and Hj satisfy respectively 



3.4 Boundary conditions 

The pertinent boundary conditions in this model are of 

both fluid dyna.Trical c11d electrormgrietic nature. 

From fluid dynamics it is requ:tred that 

(a) the pressu..""e is continuous across a surface of density dis­

continuity; and 

(b) any flui.d partlcle which is on a boundary surface rust renain 

on it. 

The electronagpetic boundary conditions we shall use are 

(c) that t lie nngnetic field i s continuous across a surface of 

discontinuity (because in this problem the nagnetic induction 

and the mag1etic field are identical) and that the tangential 

electric field is likewise continuous; and 

(d) the nagpetic field vector nn.1St vanish at infinity. 

33. 

The constants c1 and c2 appearing in (3.2.2) are evaluated 

by considering the special case of a fluid corrpletely at rest (i.e. 

4>j = rij = O) al"ld applying boundary cond~tion (a). This gives p1 = 0 

at z = O so that (3.2.2) shows that c1 = O. Similarly at z = D, 

boundary corrlition (a) requires that p1 = p2, thus we find that 

c2 = (pl/p2 - l)gj). 

Returning to a fluid in mtion, we na.y expand the term 

3 <t,1/ 3 t evaluated at z = ri
1 

as a Taylor series about z = O, to give 



Substitut ing i n this expansion the expressions for ¢1 and 111 as 

defined by (3.3.1) and (3.3.2) respectively, we then obtain 

34. 

This can, in turn, be substituted in equation (3.2.2), evaluated at 

z = 111. Boundary condition (a) agpin requires that p1 = O, whence 

it follows that 

Here we have agp.in expanded 111 and ¢1 according to (3.3.2) and (3.3.1) 

respectively. Equating like powers of e: we obtain, after discarding 

terms O ( e: 2 ) , 

(o) 

o/ 1 = 0 , 

[a¢''1/ot J _ q_ '7<•> = o 
1 r:= 0 er 1 

(3. 4.1) 

The boundary condition (a) applied at z = D + n2 

requires p1 = p2 there, where by "Bernoulli's equation (3.2.2) with 

j = 1 



and with j = 2 

Equating the two expressions, we obtain 

(~ _ f'1) a '72. = [ f~ o<p.t /;)t - ~ 'a¢1 /at + ~ f2. ( v¢2. )2. 

- ½ t;_ ( v¢1 ) 2. ] • 

~ = ]) +- "'I 2. 

Expanding the partial derivatives abrut z = D, i.e. 

Then substitute this into the previous equation and using the 

expansions (3.3.1) arrl (3.3.2) for t1 2 and 112 respectively we now , 
have 

35. 

2 . 
where terms of order t have been discarded. F.quating coefficients 

of powers of£ , we obtain 

(o) 
,,,, = 0 
/ 2.. , 

(3.4.2) 
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We nm\' co:1r. i der boundary condition (b). Let the equation 

of a boundary surface be S ( x, z, t) = 0. This equation ma.y be regg.rded 

as describing the P?Sition of the fluid particles lying on the surface 

and the bound.1.ry conat ion requires t i 1...::s2 •·1~1.rticle:1 ',;o r er:nin on the 

relative to the surface must vanish, i.e. 

d S / d t = 0 

Expanding the total derivative of S, we arrive at 

(3.4.3) 

where dx/dt and dz/dt are respectively the x and z components of the 

velocity of the surface particles, i.e. dx/dt = [a ~j/ax Js=o 

and dz/dt = [ a ~ j/ a z J s=o • '!he equations of the three boundary 

surfaces are; 

52 == ~ 

5 
3

:. 2 -

(])+?7) 
12. 

L = o 

Putting s = s1 in ( 3. 4. 3) we obtain 

- 0 
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Similarly, when S = s2 we have the two equations 

= 0 

since (3.4.3) applies both just above am below the surface s2 = O. 

Finally, when S = s
3

, we have 

When n1 2 and 4,1 2 are replaced by their expansions (3.3.2) and , , 

(3.3.1) respectively, the above four equations becone 

€~?Jtldt e[o¢;'tai!1 + O(e2
) - 0 ., 

~=o/1 

€CJo/:',h,t - E[o¢t/a~J + O(E
2

) = 0 
i!: D+ 112. ' 

€ d'7,''>/c}t - E [ c'> ¢">/~ ~ ] + O(E
1

) = 0 
7. 2 z!=l)+o/2. 

. J 

E [ a¢''1/o z! 1 + O(e2
) = 0 

2. Zc L 

., 

(1) 
The terms a 4,1 .j a z are expanded about the undisturbed surfaces z = 0 

' '- . 

and z = D in e:xactly the sane way that we expanded a 4,1 2; a z previously. , 
If these terms are then substituted into the above equations and terms 

2 
O{e:) discarded, then we arrive at, the linear boundary conditions 
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(3.4.4) 

(3.4.5) 

(3.4.6) 

Furthe:rnore the electrormgnetic boundary condition (c) 

demands that 

[H 
-o 

, 

Expansion of the mgnetic vectors as a Taylor series about the surfaces 

z = 0 and z = D yields 

- 0 J 
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We now substitut e the expansions (3.3. 2) and (3.3.3) for nj 

and H;j respecti vely in the above three equations and after equating 

like powers of e obtain 

[ H 
(o) 

(o) ] 

H - 0 -o -1 -'i!:O 
(3. 4.8) 

[ (o) (o) ] H H - 0 -1 - :z. - , 
~ .. D 

(3.4.9) 

(3.4.10) 

(3.ll.11) 

(3.4.12 ) 

[ c,, H c,, ] - o 
H2. - -3 ~=L -

(3.4.13) 

Bot.m'.11.ry 0 ondi tion ( c ) a l so requires t h,1.t 

)1 X [ E E J - 0 -1 -o-
- 1 z!'.= 111 

)1 2. X [ E E ] = 0 -1-
-2. Zal>+~z. 

., 

) X [ E2. - E J . = 0 
-3 L '2 :: 

where n1 and ~ are uni t vectors nor'P.'.A.l to t he surfaces z = n1 and 

z = D + n2 respectlvely . Let us denote by l.: t he angle of slope rreasured 

from the horizontal of the wttve 
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Fig. 6. Orientation of the unit vectors. 

profile at a general point on a surface of discontinuity as shown 1n 

Figure 6. The unit tangent vector tat this point is clearly given 

by t =!_cos s - k sins . It follows that the unit norrml vector 

n, being perpendicular to !_, is 

- .L 
!l = - , s i l'1 t _ A Cos ~ == - ( £ ta. l'l ~ + .-k )( 1 -t tcu•f ! ) 2. • 

On the surface z = nl' tan 1; = - 3 111/ a x, and on z = D + n2 , 

tan s = - a n2/ a x, the negative sign arising because nj is reasured 

positively downwaros, i.e. 1n the direction of k. Hence the above 

three boundary conditions become 

, 

0 
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Expanding the boundary values of the electric field vectors as a 

Taylor series about the undisturbed surfaces z = 0 and z = D, we 

obtain 

Substitut~ the expansions (3.3.2) and (3,3,4) for nj and Ej 

respectively into the y corrponent of the above three cross products, 

we arrive at the following boundary conditions 

Here we have equated like powers of e: and discarded terms of 

second and higher order in e: • 

(3.4.14) 

(3.4.15) 

(3.4.16) 

(3.4.19) 
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3.5 Further simplification of the basic equations and boundary 

conditions 

Since we are dealing with a periodic wave, propagating in 

the positive x direction, the vertical displacements about the mean 

free boundaries must be of the form 

<.A> c.A> ( . . ) 
o/ . _ -<'.a. . ex.p c..wt - c.)l"lx 

er - J 
, J = 1, 2. 

(3.5.1) 

where i = (- 1)112, la~k)I the wave arrplitude ( a1k) is complex), 

w the ocean wave angular frequency and m the ocean wave number 

(i.e. m = 21r/>.. where >.. is the wavelength). The index k , here, 

refers to the kth term in the expansion (3.3.2) for nj • It is 

understood, of course, that the real part of (3.5.1) and all subsequent 

expressions is to be taken. Since particles lying on the surface 

undergo harmonic oscillations as well, we nay assurre that all the fluid 

particles within the ocean undergo a similar motion, i.e. that the 

velocity potential takes the form 

ct= 1,2... (3.5.2) 

The induced electromagrietic field resulting from this fluid 

m:>tion will clearly have a similar dependence on x and t , i.e. 

we can write 
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With this sirTl'.)lification we note that the operators a/ at and a/ ax 

correspond to multiplication by iw and -im respectively. For exal'l'l)le, 

(3.2.5) now talces the sirTl'.)le form 

We now direct our attention to the differential equation 

(3.3.5) for Hj (o) • Upon substitution of (3.5.3) with k = 0 into 

( 3. 3. 5) , we have 

d2. 1<_0) /d -:7 2. ( 7- I ) Co) n ~ - Wl + c.+,rcr.w - .J?. w1/c2. h. 
-d- d- d- -d-

whose solution for the z col'l'l)onent everywhere is 

(o) 

A exp ( f ~) 
~ 0 

, 

(3.5.6) 
I 

where 
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and in accordance with boundary condition (d) the field vanishes 

in air and the earth's crust as z approaches infinity. The boundary 

conditions (3.4.8) and (3.4.10), together with relation (3.5.3), 

require (hj 0 ))z and (hjo)\ to be continuous across the boundaries. 

The latter condition, by virtue of (3. 5. 5), is equivalent to d(hjo) )z/dz 

being continuous across each boundary. Applying the above conditions 

to the solution for (hj O) ) z, we obtain 

Co) (o) C Co) 

A~ - B = 0 ) 
~ ~ 

ACo) t :i! - BCo} 

f1 ~ + f1 
C Co) 

:i! 
= 0 > 

BCo) f,D ( Co) -ijD D(O) f D (o) -f]) 
e + i: e - e,. E e '- - 0 > l j! ~ 

f B'0)et.l)_ f co> -5 D f D(o) et2.D (o) - f J) 
C e' tEle,. = 0 

1 if 1 ~ - 2. ~ + , 

= 0 , 

o. 

This system of six homogeneous equations in six unknowns possesses 

only the trivial solution, A~o) = ••• = F~o) = O. A nontrivial 

solution would require that the determinant of the coefficient rratrix 

vanish, thereby inplying a relationship between f0 , fl' f2 and f 3 
which is physically inl>ossible since w, oj and kj are indeperxlent. 



Therefore, we may conclude that 

and, by (3.5.5), 

( l,t~) = 0 
- d- X 

The solution for (h_~ 0 )) is clearly similar to that obtained for 
- c.J y 

( (o) 6 hj )z in (3.5. ). ~owever, after substitution fran (3.5.3), 

we see that the boundary conditions (3. 4. 8) to (3. 4 .10) require 

(h_~ 0 )) to be continuous across each of the three boundaries. 
-c.J y 

Three additional corx:litions are needed to determine explicitly all 

six constants in the solution. 

Sol v1ng for E in equation (3. 2. 4) , we obtain 

Substituting the expansicns (3.3.1), (3.3.3) and (3.3.4) for 

'j' Hj and Ej respectively into the above equaticn and, as usual, 

equating like powers of e while discarding terms O(e
2), we arrive at 

, 

When (3.5.7) is used in conjunction with the boundary 

conditions (3.4.14) to (3.4.16) we find that the expression 
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2 -1 (o) 

( 4,ra j + ikj w/c ) d(hj \/dz must be continuous across each boundary. 

This condition yields the three extra conditions required to dete:rnrine 

the constants in the solution for (hj(o)) • In fact, we agp.in obtain 
- y 

six homogeneous equations in six unknowns which, by the sa.ITE argurrent 

as before, can possess only the trivial solution, from which it follows 

that (h(o)) = 0. We have now shown that all components of h(o) 
-j y -j 

vanish, and we my therefore conclude that 

Co) 
E . -
- J- -

0 

the latter result following by (3.5. 7). 

We shall now consider the differential equation (3.3.6) for 

H(l) whose y component is .....:.j , 

First, we note that the approximation 

'2-;2.2. { 
4 1r (). w I wt ( J + 0) 

· W WI C <<. J- (3.5.9) 
J- 1 ( J = 0) 

is valid under all conditions encountered in this problem. Certainly 

(3.5.9) must always hold in air (j = 0, a
0 

= 0, k
0 

= 1) since 

(w/m)/c, the ratio of the wave speed to the speed of light, is clearly 

4 -11 much less than unity for all wave speeds. In the sea (a1 2 = x 10 emu, , 
8 -14 ) k1, 2 = 0) and the earth's crust (a3 = 1 x 10 emu, k3 = 10, 

the approximation i s well sat i sfied for a ll ocean wave periods gr:1eater 



__ 11 
than 10 seconds . As we shall not consider waves of periods less 

than one second in this problem (because such periods are associated 

wi.th capillary w:wes, which on account of tht;ir srmll amplitude and 

wavelength produce no significant m_qgnetic f'1eld) , we are completely 

justified in using (3.5. 9) . This approximation is, of course, equivalent 

t o neglecting dispJ.ace1:1ent currents everywhe1-,e . It follows that we 

may write 

Furthermore, putting the e}..1)8.Ilsions ( 3. 3. 3) and ( 3. 3. 4) 

into the y conponent of (3.2.3) and equating the like powers of e: again, 

we obtain a relation between the y component of the rmgnetic field 

and the x and z components of the electrlc field, viz: 

- -c.w 

Taking the divere;ence of (3. 5.8) and usins t:-ie identity div curl= O, 

we obta in 

. ( (1)) 
l'11 e 

- 0 ")( = J 

which when substituted in the above equation yie lds 

(3.5.10) 
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obtained by taldng tho z component of (3.5.8) with j = 0 we arTive 

at 

2. ( '2../ 2. z. ) J ( (1) 
wi 1_evmc e) == 

-o e 0 

Corrparing this r f sult with the previous differential equation 

(3.5.10), we first note that the additional term w2;m2c2 arises 

from (h(l)) . However, by approxirration (3.5.9), the above equation 
-0 y 

reduces to 

For this equation to be consistent with (3.5.10), we must have 

0 

Of course, (h(l)) , only vanishes because of the approximtion (3.5.9). 
-0 y 

What we have actually shown, is that (h( l)) is of the same oroer 
-0 y 

as the rragnetic fields produced by displacement currents and is there-

fore negligibly srra.11 in this problem. 

The co1111letG ::;olution fop (:1~ 1)) is t:-ms of th~~ f ern 
----:i y 

= 0 , 



' 

(1) 

E. exp (-m~ ~) y Uz , 

where 

J... 
e ( 1 · r:- I 2.)-z. v· = + ,41rv . Cu m 

<i J-

and (h
3
(l)) vanishes as z approaches infinity as denended by boundary 

- y 

condition (d). Boi.mdary conditions (3.4.ll) to (3.4.13) require 

that (h_~l)) is continuous across each of the three boundaries. 
-J y 

Two additional conditions are still required to determine all five 

constants in the above solution. Taking the x con:ponent of (3. 5. 8) 

and using the approxinE.tion (3.5.9) in the first factor, we have 

By substituting for (EJ1))x in boundary conditions (3.4.18) and 

(3.4.19), the two extra conditions are easily found to be 

( (t) er- h1

) ) / d ~ ] [d ~ h
1 

_ - 0 
1 - 2. y 

i! = D ' 

(1) 

~~t.\/dz \=L [d ( a; h ,_ _ 0 -



Here we used the fluid dy, kuTrl.cal conditions (3.4.5) to (3.4.7) 

and relation (3.5.3). From the above conditions, we obtain five 

hooogeneous equations in five unknowns which, by the same argurrent 

50. 

as before, can agp.in possess only the trivial solution. Therefore we 

conclude that the y co!ll)onent of hjl) vanish"s everywhere, i.e. 

0 
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3.6 Statenent of the final equations arrl boundary corrlitions 

The induced nagpetic field is now of the fat'IIl 

(3.6.1) 

where, by (3.5.3), 

(3.6.2) 

Fortunately, !'ran ( 3. 5. 5) , we also have that 

Thus it is only necessary to solve for the z cooponent which satisfies 

the differential equation 

(3.6.4) 

where, as before, 

(3.6.5) 

The terms Fx and Fz denote the x · and z conponents of the earth's 

~etic field vector F respectively. Here (3.6.4) has been fourxl by 

tald.ng the z canpaient of (3.3.6), using relations .(3.5.2) and 

( 3. 5. 3), and the first factor on the rigjlt hand side of the resultant 

equation was reduced, by approxinB.tion (3.5.9), to its present 
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form m2qi . The boundary conditions (3.4.11) to (3.4.13) governing 

the differential equation (3.6.4) are, by (3.6.3), equivalent to the 

following set of comitions: 

(3.6.6) 

[ch., - h}) J = 0 -, 2 '.l l•D 
, (3.6.7) 

[ ( h,, _ h, ) J = 0 
-2. -3 z L , 

i!: 
(3.6.8) 

[d( h1

) - hi)) Id~ J - 0 
-o -1 l! -.g = O I 

(3.6.9) 

[ d ( ~;' - hi) ) / d ~ ] = 0 (3.6.10) 
-1 -2. l! D Z= 

[d ( h1

) - h1

) ) / d -z J 0 (3.6.11) 
= 

-2. -a i! . Z= L 

Prior to solving (3.6.4), it is clear that an expression 

for the velocity potential, 

(3.6.12) , 

is needed. 'Ihe expression (3. 6 .12) must satisfy the Iaplace equation 

(3.2.1) in the form 

(3.6.13) 
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Substituting (3.6.12) into the fluid dynamical boundary conditions 

(3.4.1), (3.4.2) and (3,4.4) to (3.4.7), together with (from (3.5.1) 

with k = 1) 

(3.6.14) 

we obtain respectively: 

{I) / - -a q w 
- 1 0 

(3. 6.15) 

[ d <f.<'1/ dz 1 (3.6.17) 
1 ~= O 

(11 

= °'- CJ ) 

1 

(I) 

- ct Cc:) 
.2 

, 

-
QI) (.J 

J 2. 

0 (3.6.20) 

In the next chapter we shall devote our attention to solving 

the above t-quations . Since they involve only first order quantities, 

we my henceforth delete all superscripts (1) without introducing 

any ambiguity. 
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CHAP'IER 4 

THE INDUCED MAGNErIC FIELD 

4.1 The velocity potential 

Solutions for the velocity potential of a two layer fluid 

are developed in nany texts on Hydrodynamics (e.g. Lamb, 1932 and 

Milne-Thomson, 1968). However, we shall derive the solutions anew here 

for completeness. 

The solution of equation (3.6.13) with j = 1 is 

(4.1.1) 

am with j = 2 

~ = M2. c.os h [ m ( L- ~)] (4.1.2) 

since ~2 must satisfy condition (3.6.20). Substituting expression 

(4.1.1) into the conditions (3.6.15) and (3.6.17), we obtain respectively 

., ( 4. 1. 3) 

(4.1.4) 

By substituting for ~2 in (3.6.19) from (4.1.2), the renaining constant 

~ is readily found to be, 

(4.1.5) 



Equatinc conditions (3.6.18) and (3.6.19), we have 

= 0 

Upon substitut:ton of expressj, ns ( 4. 1. 1) to ( 4. 1. 5) into the above 

condition, we irmediately arrive at the ratio of the internal to 

surface wave amplitu:ie , viz 
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a. I a _ ( P_ b) cos h ( m D) / P (4.1.6) 
2 1 -

where 

(4.1. 7) 

(4.1.8) 

(4.1.9) 

We note that even thoug.l-i a1 a:1d a2 are complex, their ratio as given 

by (4.1.6) is real. 

Furthem.ore, using expressions (4.1.1) to (4.1.9) in 

conjunction with the last fluid dyna.JT1ical condition (3.6.16), we 

obtain 

2.. 

( o<. + be) P _ o< ( 6 + c) P + ( «- 1) 6 c _ o . 

Tue two solutions, of course, are 

.1. 

~ = { odb+ c) :t [0 t°( b+ c )2._ 4bc (o<-t)(o< +be) ]
1 J /: (o<+ be). ( 4.1.lO) 



56. 

This expression will always give a real and positive value for 

P+ since a ~ 1 , 0 sb . ~ 1 and O s c s 1 • Therefore, two possible 

frequencies for a wave exist for a given wavelength. 

The above quadratic eqw.tion 1n P nay be rewritten, so as 

to take the form 

where 

d = ~ boa. C + o< ( b - C ) 

'!he solution clearly is 

~ - b = l -d :t [ d 2. + t b c ( 1- b~) ( o< + b c ) ] ½ } / ~ ( o< + b c) , 

rrcm which it is easily seen that (P+-b) ~ o and (P_-b) . ~o under 

all possible conditions. Hence by ( 4 .1. 6) , we see that 

when the P + root is usAd. For the P _ root, we have 

Thus the ratio of n2 and n1 for each of the roots P + and P _ 

is respectively 

C:ir 
e 

) 
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When an internal wave is generated, it will induce a surface wave at 

the air-sea interface, such that the crests (troughs) of the surface 

wave overlie the troughs (crests) of the internal wave as shown in 

Figl.lI'e 1. 'Ihus the waves are out of phase by 1r radians and must 

propagtte with a frequency given by P _ • The above situation nay be 

reversed, i.e. it is possible for a surface wave to cause an internal 

wave at the boundary of the density discontinuity such that the crests 

(trougtis) of the internal wave lie directly l>elow the crests (troughs) 

of the surface wave. The waves are, therefore, in phase am. must 

propagate with a frequency given by P + . For exarr:ple, when a = 1 

(constant density) the expression (4.1.10) gives P+ = tanh (mL) 

and P = 0. Since no internal wave is possible in a sea where the 

density is the sa.rre everywhere, we know that the non-vanishing solution 

nn.ist describe a surface wave, thus confirming that P+ is indeed 

associated with surface waves and P with internal waves. 



4.2 The general solution for the rnagpetic field 

In this section we shall denote derivatives with respect 

to the variable z by the prinE symbol in the usual nanner. Thus 

the differential equation (3.6.4) rra.y be conveniently rewritten in 

the form 
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(4.2.1) 

where 

G. Ce) _ c: w1 
( c: m F t:' - F <f.") 

d- - x~ ~d-, 

G 0 = G 3 = o 
(4.2.2) 

2 , 
When j = 1,2, we also note that G:{(z) = m Gj (z) because the functional 

dependence of Gj on z is always of the form exp(~). The solution 

of (4.2.1) is clearly 

( h
1

) ~ = A
1 

e>'-p ( Yr1j
1
~) + B

1 
exp (-mJ1 ~) + G1 (z) , 

(4.2.3) 

(h2.)~ = AA exp(m3
2
~) + B

2 
exp(- m1

2
~) + G

2
("e), 

where (h ) -+ O as z -+ - 00 , and (h ~ ) -+ 0 as z -+ + 00 as is required 
~ z -"1 z 

by boundary condition (d). We also note that q
0 

= 1 since o
0 

= 0. 

The canplete solution for (hj )x is now imroodiately obtainable from 

(4.2.3) by means of (3.6.3). 
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Application of the conditions (3.6.6) and (3.6.9) to the 

solution (4.2.3), yields 

mA - m~ A - n-iq. B + G
1 
(o) 

o - 01 1 01 1 1 · ' 

whence 

(4.2.4) 

(4.2.5) 

where 

(4.2.6) 
J 

( 4.2. 7) 

Similarly conditions (3.6.8) and (3.6.11), give 

' 

-~a: L A n,f L B -lnf L I -m9 A e 3 _ m tZ.. e 2. - n,, ~ e '" + G ( L) 
03 3 - 02. 2. · D2. 2. % ' 
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leading to 

(4.2.8) 

(4.2.9) 

where 

(4.2.10) , 

(4.2.11) 

The remaining two conditions, (3.6.7) and (3.6.10), yield 

A 'Wli .1) -mj, D mj J) ->'wz D 
e 1 B e ' - A e 2. B e 02 G (D) - G ( n) 

1 + 1 - 2. + 2. + .:t 1. ' 

tri'l..J) -'thj .D 
mt:1- A e 01 m 'l- B e 1 

-
V1 1 - D1 1. -

miD -ltlin 
rn~ A e 2. - mcz B e z. 

02. 2. 02 2. 

+G~(D) - G~(D). 

These equaticns can be wri tten in the form 

(4.2.12) 

(4.2.13) 
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where 

(4.2.14) 

Substituting (4.2.4), (4,2,8), (4.2.5) and (4.2.9) for A1 2 and B1 2 ' , 
respectively into equations (4.2.12) and (4.2.13), we arrive at two 

equations in two unknowns, viz: 

and 

We now define 

(4.2.16) 

(4.2.17) 
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(4.2.18) 

c - l W- e,c.p [-tt,'l (L-D)l - W- J exp(--m'l. D) 
2.- 3 IJ2. 2. 01 

so that, the previous two equations becane 

The constants A0 and A
3 

are clearly given by 

(4.2.20) 

and 

where 

~ = <.\- b e)(p [-J. Wt~ ( L- D) 1 n + b 
~ 2. 2. 02. - ' 2. 1 . 

(4.2.22) 



Substituting for c1 2 and b1 2 in the constants A and A 
, , O 3' 

we obtain 

(4.2.23) 



Replacing the constants A
0 

and A
3

, by the expressions (4.2.23) 

and (4.2.24) in equations (4.2.4), (4.2.5), (4.2.8) and (4.2.9) 

respectively, we obtain after sorre lengthy algebra 

Ai= i'l Cy: [ ~:~+ -q~ w:L-] exp[-mi2(L-D)1 

- + [ +\,J+- - ( -'w+ + 'vJ-) eltlf1D] 
q2. <y1 3 - ~3 Q1 1 - ~1 1 

- - [ l - ( + w+ - t:)- w-) e-MS-1D 
~:l Qi <v3 3 'f3 3 

+ (1
1 

/ 1,.) ( cf, w/ _ ey: w:)} e 1t1J, :o 

64. 



(4.2.27) 

and 

(4.2.28) 

We have established the general form of the solution in 

terms of the six constants A0, A1, A2 , A
3

, B1 and B2 defined in this 

section. In this solution, the explicit form of a1, 2(z) and w±1, 2, 3 
determines whether the solution represents the rragnetic field due to a 

+ surface or internal wave. When a1 2 ( z) and w-1 2 3 are expressed in , , , 
terms of a1 and P+, the solutions give the rragnetic field arising from 

a surface wave of arrplitude la1 I , whereas when they are expressed 

in te:rnJS of a2 and P_, the field is that of an internal wave of 

anplitude la2 I • The rragnetic field corresponding to each of the 

above two situations will be obtained in the following two sections. 
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4.3 The mgnetic field induced by an internal wave 

We shall now determine the rragnetic field arising from an 

internal wave. The frequency of propa.gp.tion of the wave will be 

obtained from P_, by equation (4.1.10). All the terms G1 2(z) and , 
w± in the general solution will be expressed in ternis of the 1,2,3 

internal wave arrplitude ~ and P_. 

After substitution for ~l 2 from (4.1.1) and (4.1.2) , 
respectively, equation (4.2.2) becomes 

Replacing the constants M1 2 and N1 by (4.1.3), (4.1.5) and (4.1.4) , 
respectively, the above equations take the form 

where F = PC, F = FS, C = cos I cos 8 and S = sin I. Changing 
X Z . 

a1 to a2, by ( 4 .1. 6) , we obtain after sorre manipulation the following 

expressions 



(4.3.2) 

where we have put 

± £ -2m~ -2.m.]) - 1 
U ( ~) _ ( 1 - P) ( c + i 5) ~ ( 1 + P) ( c - <-. S) e J l ( P-1) + ( P + 1) e J 

1 - - - - - , 

(4.3.3) 

In conjunction with (4.3.2) and (4.3,3), the expressions (4.2,7), 

(4.2.11) and (4.2.15) may be rewritten as 

+ + 
W

2
- = ± a

2 
lY1 F V

2
-ex.p [-m(L- D)] ,, 

(4.3.4) 
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where 

v/ = t cc 1 + 11 e) ~ (.-s ( 1
1

;: e) J / 11 l ce- o + c e + 1) e2l'tll)} 

(4.3.5) 

and 

(4.3.6) 

'Ihe six constants, defined by expressions (4.2.23) to (4.2.28), 

nay be written as follows, by using (4.3.4) and (4.3.5), 

A
1

= a~ FA e,<p [-»itl- D1 
2. 1 01 1 

B - am F B exp [- W11) 1 
1 - 2 1 

A _ a m F A ex p [- m ( L- b) - m 'l L ] 
2 - 2. 2. · 02. 

B _ a 111 F B ex p ( l1'l i- l) ] 
2 - . 2. 2. ()2. 



where 

(4.3.10) 



A,_= i
1l~2. bi - ~ [ lq-1s:ao exp [-m(,1_1))] 

+ ( '1 / U-2.) ~ i J e ><. p [ - rn ( 11 + i') D 1 

and> 

81= ci: ... 1)(C-iS)/,1tC~-l)+<~+1)e
2 mDJ , 

S 2. = ( C + i. S j
3 

) / ff 2. l 1 _ exp l - .:l m ( L-])) 1 } , 

+ 
S; = ( c ± ,· S 3-

1
) / g.

2 
[ 1 - ex p [ - :z m ( L - J)) 1 l . 

70 . 

(4.3.11) 

(4.3.12) 

(4.3.13) 

(4.3.14) 



With t!1e help of (4.3.7) and (3.6 . 3), the amplitudes 

(h;j )x,z of the ma.gnetic field !ij are expressed as follows 

(h) _ - ,amFA exp[»t(~-b)J 
-o )( - 2. 0 J 

, 

(h) _ -ia m F {~A exp[- n,(t-!)(D-2)1 _ q B · 
-1 X - 2 ti 1 1 P1 ~1 1 

( i-, 
3
) x = i a. 

2 
-»i F u-

3 
A 

3 
ex p [- m ~ ( ~ - L) - m ( L- l'>) 1 ., 

( b 
3 
\l = a 2 WI F A 

3 
ex p [- l'l1 '3 ( ~ -L) - lVl ( L-b) 1 

71. 

The above solution coill)letely describes the mgnetic field 

induced by an internal wave of amplitude a2 and ocean wave number m. 
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4.4 The rmgnetic field induced by a surface wave 

Turning to the rmgnetic field produced by a surface wave in 

a two layer ocean, we note that the field should now be expressed in 

terms of the surface wave amplitude a1 with its corresponding f requency 

obtained from P+. 

Changing a2 to a1, by (4 .1.6) , and letting P_ be P+ now, 

t he expressions (4.3.2) and (4. 3. 4) t ake the f orm 

, 

I 2. / ~ + -m~ 
G (z!) = (am F ~ P) U (~) e 

1 1 + 1 ' 

(4. 4.1) 

\.,± """+ vv _-t(a.mF/.2P)V-
1 - 1 + 1 J 

+ ( /. ,v ± - ~L w- = ± a»,F :zP)yV e 
2 1 + 02. , 

where 
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(4.4.2) 

) 

and 

~= l(~-1) e:J.ml>+ (~+1')}/{ 1- exp[- ..i~(L-1))] 1 , 
(4.4.3) 

:lml 
Y
1 

= l ( ~ - 1) e + ( ~ + 1) ! / { 1 - exp [ - .2 n, ( L- D) 11 . 

In conjtmction with the expressions (4.4.1) and (4.4.2), the six 

constants defined by (4.2.23) to (11. 2.28) become after some algebra 

,,.._, 

A = (a W1F/.2P) A 
0 1 + o > 

= (a WiF/.2.P )A exp[-m('l+ 1)D] 
1 + 1 P1 

...... 
= (ct mF/2.P) B 

1 + 1 
(4.4.4) 

A = (a 111F/.1P )A exp[-¥>1('1+1)L J 
2. 1 + 2 //1 ~ 

B,. = (a mF/.zP) B 
... 1 + 2 ' 

A
3 

= (a mF/~P)A exp [ m('l--1)L] 
1 + J V3 



where 
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• exp [ - :i m L - wi ( j
1 

- 1)]) l + '(, y
3 

ex p [ - m ( 'J
2 
+ 1) L + m ( i 

2 
- 'I 

1
)]) ] 

(4.4.5) 

-V + (Cl+ r.t - ~ - Q- exp [ - :i m i ( L- D) 1 ) J 
1 '2.~3 ~ 3 {J.i. 1 

· e~pL-:lm (L-])) 1 + c{ y q exp(-m(~ _ 1)]) 1 J - ( 4.4.6) 
.2 2. 3 P1 ' 
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-('f./'l )y) exp [-rn (~-1)L + 1M (~ - ~ YD 1 
1 fl2. 2. 02. (l'Z. flt 

+ (y'r+<r V+exp[-rn(t-1)(L-l))l -Y. {ey+y::-
0 1 3 2. Oz i. 1 4 

+({y+ exp[-.2w,cz.l)J J) exp[-n•1(~+1)(L-'D)l J .. 
i + 0 i P2. ( 4 • 4 .10) 

Here we have defined 

¥
3 

= ( C + i S /j ) / ff 2. 

y"t = ( C ± i S ff. ) / ff. 
+ 1 2 

, 

'Therefore, substituting ( 4. 4 .1) and ( 4. 4. 4) into the 

general solution (4. 2.3), we aITive at 

(4.4.11) 



"-' 

(b
0
)x = -,·(cc.

1
b'IF/.:2J:)A

0 
exp [»1i!1 , 

( Vl ) = - i. ( a M F / :z P ) l ~ A eK p [ - rn ( ~ + 1) (D - '2) ] 
1 >< .t + Pi 1 P.t 

These equations everywhere describe the rragnetic field induced 

by a surface wave, for a two layer ocean. 

76. 

(4.4.12) 
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4.5 Special cases 

The results (4.3.15) and (4.4.12) are the exact solutions 

to the problem, but are cumbersome to examine analytically. It is 

possible, however, to obtain the solutions of the rragnetic field in a 

sirrple form for two special cases. The first case treats surface waves 

only, and we will show that the solutions reduce to those obtained by 

a direct solution of the sirrple surface wave rrodel (Weaver, 1965), 

thereby providing a useful check on the validity of the general 

solution obtained here. The second case describes the sirrplest 

possible model involving an internal wave. 

(a) We now consider an ordinary surface wave over an infinitely 

deep ocean with respect to the wavelength (i.e. mL >> 1). Furthermore, 

the density and the electrical conductivity of the sea are asst.l!red to 

have everywhere the constant value p and cr respectively, i.e. pl= p2 = p 

and cr1 = cr2 = a. Thus no induced wave is present since a= 1 • 

.Equation (4.1.10), with a= 1, becomes 

(4.5.1) 

As the depth to wavelength ratio is large, the frequency of propagation 

of the surface wave is 

1 , (4.5.2) 

by (4.5.1). Since cr1 = cr2 =a, it is clear that q1 = q2 = q now, 

from this we see t hat Q; = 1 and Q3 = O. Substituting (4.5.1) into 



78. 

(4.4.3), we readily find Yo ::c, 2 and y1 = O. In conjunction with the 

above sirrplifications , we rray establish from (4.4.2) 

,v+ 
U1. - ex p [ - WI~ 1 = + :2. ( C - i S ) e x p L - WI~ ] 

""'+ 
u!l-exp[-m21 - .2.(C - iS) expL-Wl~] 

(4.5.3) 

and, from (4. 2.22) 

(4.5.4) 

Therefore, rem2mbering that the ratio mL >> 1, the constants defined 

by (4 .4.5) to (4.4.10 ) take t he sirrple form 

,,.,_ 
rv+ I -t-A = v1 Q1 0 ~ 

""" 
y2 /q: B1 = B = 2. 

(4.5.5) 

,...,, -
A1 : 

where 
A 

2 = A 
3 = 0 

y2. = 2.. ( c_ ,· 5 ) / ?;-

Here the constants A1 2 3 
have b_een set to zero since when subst ituted , , 

into the solution (Ll. 4.12) each term involving one of these constants 

is a t least of the order of exp (-mL). Substitution of (4. 5.3) and 

(4. 5.5) into the solution (ll.4.12), yields 
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(4. 5.6) 

( h )x == ia.
1
111F(c-iS)l..2JC1+Jf

1
expl-»i(j-1)~1-1 J e-trii!, 

We note that (h3) = (h3) = 0. Previously, the ocean was divided 
- X - Z 

into two layers with c orrespoming solutions for each layer. However, 

by assuming the same density and conductivity t:rroughout the ocean the 

distinction between the two layers disappeared. Consequently , the two 

solutions for the layers becarre identical, i.e. 

and (h) = (h
1

) = (h,J . - z - z -,c_ z 

(h1) = (h~) = (h) 
-X -,c.X -X 

'The result ( 11. 5 . 6) , describing the rmgnetic field induced 

by a surf'ace wave of arrplitude IFl.1 I , nay be sirrplified by noting that 

where 

Thus the terr:is involvine; q my be approxirmted . Th.is is possible 

since ~ iG at n_ost of order 10-l for a surface wave of one minute 
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pericd, while at shorter periods typical of surface waves e 

becol'l'E s much srra ller . The term e A'P ( -1/2 Bmz) in ( 4 . 5. 6) my also be 

approximted by the first two terms of its Taylor expansion, provided 

l/2ernz is less than unity. Thus expansion of the terms involving e 

in (4.5.6), wh.lle neglecting terms O(s2), yields the approximte solution 

J. 

(h)~ = - 7T'a.
1

cr-F ( eflm ,~( C- i S) exp ( rn2) , 

I 

(h)~= -,:-rra.
1

cr-F(~h·n)1 (c-,:S) exp(m-g) 

t4.5.7) 
I 

( h J = ir o. 
1 

G" F (} / »1 )
1 

( c - ,· S ) ( !l m ~ - 1) exp ( - WI~ ) , 

Here we have substituted for Sand used (4.5.2). Apart from an arbitrary 

phase factor-1, the solutions (4.5.6) and (4.5.7) agree with those 

obtained by Weaver ( 1965), who has tre:.':ted this case in detail. 

(b) Next, we will examine the special case of an internal wave 

whose wavelength is negliEr,1ble when con:pared with the depth of the 

lower fluid layer (i.e. m(L-D)>>l). As before, we assure that the sea 

has a constant electrical conductivity a everywhere (i.e. a1 = a2 = a). 

'Ihe propa53,tion frequency will be given by P_ , from (l~.1.10) 

(4.5.8) 

where c = tanh [m(L-D)J has been approxirrated by unity since m(L-D)»l. 
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Because a1 = a2 = a , it follows that we may put q1 = q2 = q, 

thus Q; = 1 and Q3 = 0. Using (4.5.8), we imrediately find 

-2mD 
(P-1) + CP+1')e =-.2P/(~-1) - - -

'Ihe six constants, defined by expressions (4. 3.8) to (4.3.13), 

become with the help of the above relations 

Ao= [(o(-1)/(1+7)~Jlcc,-+ iS)~ _ Cc+ i.S;). 

(4.5.9) 

· (1 - [1-f:1exp[-rn(;-1)D])J, 

A 1 = ( o( - 1) ( 1 - F: ) ( C + ,· s 1 ) I 2. '! ' -
) 

B 1 = [ ( o(- 1) / !l if: ( 1 + l) 1 t ( ,-- 1) ( 1 - f: ) ( C + ,.-~ 1 ) . 

·exp[-»1(;-1)D] - 2..J-(1+ f:)(c_ c.· S)} , 
(4.5.10) 

B
2 

= [(o(-1)/.21r:<1+;)J[C1+;)(1-F_:>)(c_,s;) + [<;-1)(1-f:)· 

· ( C + i. S 1) exp [ - rn ( ;- 1) D l - :JJ ( 1 + ~) ( C - , S ) lex p [- m ( 3 + 1) D 1} ., 

Here the constants A2, 3 have been set to zero, since in the general 

solution ( 4. 3.15) they will form terms of order exp [ -m(L-D)]. 

+ Furtherrrore, the expressions for _u-1 2(z) , from (4.3.3), take the form 
' 

+ 

u;e:~)Qxp[-wiC-z-n)l = (c-c:S)e,,.p[-m(z-D)J . 
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Substituting (LI. 5 .10) and ( 1-1. 5 .11) into the general solution 

(LI . 3 .15) , we obtain the ll.O.P:]"letic field induced by an internal wave. 

r:::~1e result::mt solution i s still rather crnnbersorre. However, the formulas 

for the induced field above the ocean are relatively simple corr:pared 

with those for the fjeld below the surface . Moreover, we will simplify 

the solution for the field above the ocean even further so as to check 

our result agp.inst that obtained by a 1lirect solution of the sirr:ple 

interna l wave mcx.ie 1 (Weaver, 19G6) . To exaTTline t he fi.e l d above the 

ocenn, i.ve 2ssume that t :1e i nternal wave lies close to the surface 

(i.e. the depth of t he boundclr'J of density discontinuity D is small 

corr:pared with 1/□) . 'Y.:1e propagition frequency will now be 

(4.5.12) 

obtained by expc-mdinf~ b = t::u-:u11. (m:) ) in ( 11 . 5. f1 ) ;:me discarding terms 

2 2 0 (r.1 D ). Hence, usin;:: (4. 5.10) and (4. 5.12), we obtain 

Here, as in the previous case, the termc; containing q in A
0 

have been expg.nded in terms of S (of order 10- 3 or less for typical 

2 conditions) and, terrrs 0(S) and 0(SmD) have been neglected. Sub-

stituting the above expression into (4.3.15) and expanding exp(-mD) 

we irranediately obtain 

(4.5.13) 



Here we have subst:'_tuted for S and, again, discarded terms O(SmD). 

Thus (4.5.13) completely describes, in air, the induced field from an 

internal wave of amplitude I a2 1- This solution was first obtained 

by Weaver (1966). 

Since, measurerrents of the rragrietic variations within the 

sea are also made, it is of interest to obtain a simple expression 

for the solutions near the internal wave itself. This is more easily 

accomplished if we first assume that the wavelength is very small 

compared with the depth of the internal density discontinuity, 

i.e. mD»l. This effectively removes any influence that the free 

surface has on the solutions. With this approxirration the propagp.tion 

frequency is now 

(4.5.14) 

obtained from (4.5.8) with b = 1. From the above result, it is -clear 

that 

(4.5.15) 

In conjunction with the above assumption, (4.5.14) and (4.5.15), 

expressions (4.5.10) and (4.5.11) become 

, 

., 
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-
A0 = B1 = A2 = A 3 = o 

The constants A
0 

and B1 have been set to zero since in the solution 

(4.3.15) they will form terms of oroer exp(-mD). After substituting 

the above five expressions into (4.3.15), we then expand the expressions 

containing q in powers of sand neglect all terms O(s2). Terms of the 

form expj ~iSm(D-z) I are present in the solution; these can also be 

approximated by the first two terms of their Taylor expansion if 

1/2 Sm.I D-z I is less than unity. The approximate solutions for the 

induced field directly above and below the internal wave are now 

( h) x = a. 2. { C nr~ + ,· 5 ( 1- m 2! ) J e )(. p [ - m E 1 

(h)c=-a.
2
lSrn~ + ~CCt+ mc.'>!e"pL-Ync1 

where 

' 
.L 

a.
2 

= 2 7Ta.2. rs- F { (a- 1) ~ / ( o< + 1) m } '-

, 
(4.5.16) 

' 
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4.6 The expansion parameter 

It is now possible to see precisely how the expansion 

pararreter £ should be chosen. Let us use the inverse wave number as 

our scale of length, and denote by primes the distance rreasured in these 

units (e.g. nJ = njm, x' = xm). We can also define a non-dime~sional 

velocity potential <PJ and magnetic field HJ by the expressions 

H'. = 
cf-

H. / F 
J-

) 

where F is the Earth's ma.grietic field strength. Substituting (4.1.1) 

into the expressions for <P j with j = 1 and then ( 4 .1. 2) into <P j with 

j = 2, we obtain respectively 

and 

Note that P is a non-dimensional quantity. Since we originally 

defined£ to be a non-dirrensional pa.ra.rreter such that the velocity 

potential was of the form 

+ ) 
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we see iITIIEdiately that for surface waves a suitable choice for £ is 

€. = I ~ I 
1 

Since 

I a2. I = la'/a.' IE 
2. 1 < E 

J 

we note that both <pi and <?2 are now of the required form. If, on the 

other hand, we are considering internal waves, we choose 

e: _ l Q~ I 

and then 

Id/a.' IE 
1 2. < E 

We now have 

I I ( · t • I) t = - i a. e")( p c.w - c.. ?<-. , 
1,2.. 1,2. 

hence n 1 2 is of the order of £ also, as required by the theory in 
' 

chapter three. Furthermore, because of the factor a12F in front of 
' 

the solutions (4.3.15) and (4.4.12), the magrietic field HJ is of the 

order of£ also. 

Thus the linearized theory is valid provided that the 

aJll)litu:ie-wavelength ratio of the surface or internal waves is srrall 

(i.e. £ << 1). This condition imposes a severe restriction on the 

allowed ampli tudes of the waves, but for wavelengths of practical 

interest in this stu:iy the linearized theory will be entirely adequate. 



4.7 The induced electric field associated with surface and internal 

ocean waves 

We have restricted this study to t he induced rragnetic field. 

However, with very little difficulty the i nduced electric field can 

be obtained from the solutions in this chapter . 

Substituting the expansions (3.3.3) and (3.3.4) for Hj and 

Ej respectively into the equations (3.2.3) and (3.2.4), we obtain 

(with superscripts (1) omitted) 

' 

curt H. - (4ir<r: + J :?J/c2.dt) E. + +ir(). ( Vi¢. X F ) 
-J- - <t .J- -ct- ct- d' -

Here we have neglected all terms O ( e 
2) • Taldng the divergence of 

( 4. 7. 2), we have 

(4.7.3) 

Replacement of Ej in ( 4. 7. 3) by (3. 5. 4 ), yields 

(e . ) = d(e .) /c:md;g 
-d' )( -d' z 

Taking the y component of (4.7.1) and using (3.5.3), (3.5.4) and 

(4.7.4), we arrive at the differential equation 

(4.7~5) 



Here, we rmde use of the result (Hj) = 0 obtained in section 3.5. - y 
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The solutions of ( 4. 7. 5) for j = 0 and j = 3 are clearly of the form 

= 

respectively, since the electric field must vanish at infinity both 

within the air and the ocean bed. Within the ocean, the corrponent 

( e j) z can be obtained directly by taking the z corrponent of ( 4. 7. 2) 

in conjunction with (3.5.2), (3.5.3), (3.5.4) and the approxirmtion 

(3.5.9). Thus we obt-ain with little difficulty 

(e.) = C:m~ FY 
-d- ~ 'J. c}- = 1,2.. . (4.7.7) 

To evaluate the constants A and Bin (4.7.6), we may use the expressions 

(3.4.17) and (3.4.19) which state that the x corrponent of the electric 

field is continuous across the undisturbed surfaces z = 0 and z = L. 

But by ( 4. 7. 4), this is equivalent to dermn:ling that d ( e j ) z/ dz shall 

be continuous across these two surfaces. Application of this boundary 

corrlition to (4.7.6) and (4.7.7), yields 



and 

since there can be no fluid motion norrml to the ocean floor. 

the z corrl)onent of (4.7.1), we obtain 

(4.7.8) 

'l.1aking 

In stu11ITB.ry we see that the corrl)onents of the electric field 

are given everywhere by 

J = 1, 2. 

0 
(4.7.10) 

J-= 1,2.. 

0 
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Here the x component of the field was found by ( 4. 7. 4) . The above 

expressions give the induced electric field everywhere for a surface 

or internal ocean wave in a two layer ocean. The exact form of the 

solutions can be found by substituting the appropriate expressions 

for the velocity potential and the z component of the induced nagnetic 

field. 

The principal component of the induced electric field is, 

of course in the y - direction. It is simply related to the vertical 

magrietic field by the formula ( 4. 7 .-10) . 
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CHAPIER 5 

DISa.JSSIOO OF MAGNETIC VARIATIONS 

INDUCED BY INTERNAL OCEAN WAVES 

5.1 Intrcduction 

It was pointed out in Chapter 1 that the rragnetic field 

generated by surface waves has already been described in soire detail 

by Crews and Futterrran, Warburton and Caminiti, Weaver, and Larsen. 

Therefore, in this chapter we shall restrict our discussion to the 

fields associated with internal ocean waves. 

From the general solution (4.3 .15), we shall derive soire 

useful algebraic approximations which are valid tmder certain stated 

conditions. The simplified formulas so obtained are useful for 

discussing the physical interpretation of the general soluti.on under 

relevant conditions, and will also be helpful in checking the numerical 

results which were obtained by programming (4.3.15) for solution on a 

digital computer (Appendix A). 

Most of the accurate rmgnetometry at sea has been done with 

"total field" magnetometers, which record the magnetic field in the 

direction of the Earth'-s main field F. Thus, in addition to (hj)x 

and (hj) z, we shall compute the component (hj) 11 defined by 

(5.1.1) 
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where 

C = cos I cos e , 5 = SiYI 1 

The components at time t and position x other than zero can be 

obtained by nn.lltiplying the appropriate component of (hj) by the factor 

exp(iwt - imx). 

In all the calculations we take a= 1.01, and F = 0.5 G, 

I = 70°, which are typical values for mid-latitudes in the northern 

hemisphere. The curves shown are for t he case e = o0 only, i.e. waves 

travelling in the direction of the magnetic north. The modified 

behaviour for different values of e, and of I, will be indicated by 

the approxinE.te solutions to be discussed shortly. 

Figure 7, depicts graphically the relations~p between 

wavelength an:i period for an internal wave under various conditions, 

as given by the formula ( 4 .1.10) . Note that the wave length-period 

relationship is not particularly sensitive to changes in ocean depth L, 

unless the wavelength is large compared with the depth. 
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5. 2 The induced rragnetic field in a deep ocean of constant 

conductivity 

In this section we shall discuss a deep ocean for which 

o1 = o2 = o. The nUTTErical results were obtained for L = 5000 m 

94. 

ani o = 4 x 10-11 emu. Curves showing the variation of I (h;j )11 I, 
with altitude and depth are shm-m for upper layer thiclmesses of 

100 m and 10 m in Figures 8 and 9 respectively. In both the figures, 

it is readily apparent that !(hj)11 ! behaves quite differently according 

as the wavelength is srraller or larger than the depth of the upper layer. 

For wave lengths srrall compared to the depth of the upper 

layer we can use the approximate solution (4.5.16). The rragnitude 

of the components are given by 

.I ( b 1) X I a l c2.(m~)'° + s2.<1+mxt}~ 
lrl=a 

= e , 
.2 

.I( bl)"! I l 'I. 2.. 
2. 2 .L m~ 

= 0..2 s ( n,~) + C (1-mi) } 2 e 
(5.2.1) 

' 
I Ch ) I a l C2.(m~)°2' + 

2. 'I.} 'i -lrl~ 

= S ( 1- l'n2) e 
' -2. )( 2. 

-1 ( b
1
)i I = a2. l S2.( lh2 )

1 

+ 
2 'Z. l. -lnE 

C ( 1 + mi) J z. e 

whence, by (5.1.1), 
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(5.2.2) 

where 

.l.. 

a,2. = ~ 1T Q2. u F { (d.- 1) d' / ( o( + 1) Wl } 
1 

We note that the parallel component, as defined by (5.2.2), will 

always vanish at the interface z = D. By considering the derivative 

of I (hj )11 1 _with respect to z , we can readily show that this 

conponent reaches its mximum value of 

, (5.2.3) 

at z = D + 1/m. Thus a magnetometer suspended at either one of these 

depths will rreasure the largest signal. Figures 8 and 9 clearly 

illustrate t~s behaviour of I (hj )11 1. Furthermore, the angles I 

and e are seen to only affect the mgnitude and not the position of 

I (hj )11 IMA.x· For wavelengths less than 100 m, we see from the two 

figures that an amplitude of several iretres is required to generate 

measurable signals. For example, from Figures 8 and 9 we note that 

at least an amplitude of 3.5 mis required to give the appreciable 

value of 0.1 y for I (hj )11 IMA.x • Since amplitudes of 3 m or more are 

not comrron for short internal waves, we my conclude that these waves 

do not induce significant ITE.gnetic signals. 
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Figure 10 illustrates the variation of I (hj \ I ani 

i(hj)zlwith depth and latitude for an upper layer thickness of 100 m. 

We first note that above the ocean surface I (h ) I and I (h ) I are ~x ~z 

the same. In fact, it is immediately apparent from (4.3.15) that 

when j = 0 

l(h) l - lCh) I 
-o )( - -o ~ 

For wavelengths which are srra.11 compared with the thiclmess of the 

upper layer, it is easily established from (5.~.l) that !(hj)xl 

possesses two turning points above the density interface and two 

below it. The turning values are given by 

ICh .) I_ a. let 
-J X - 2. 

at z = D + 1/m and 

-1 
e , J= 1,2. 

ICh) 1- ICh) I-a. let 
-1 ~ - -~ 2 - .2 

at the interface z = D, and the turning values 

(5.2.4) 

(5.2.6) 

l(h.) I - a I SI exp[-(s2-e,~)/(c4
+ s~)l, l= 1 ~ (5.2.7) -<f l - :i . <1 , 

above and below the interface at z = D + (s2 - c2)/(C2 + s2)m. 

The above turning points, as predicted :f'rDm the approxirra.te solution 

(5.2.1), do indeed describe the behaviour illustrated in Figure 10 

for the case I = 70° an:l e = o0
• The shape of the curves for any other 
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values of I and e can be predicted with the help of the above turning 

points. In addition, we shall find the scherratic diagram shown in 

Figure 11 useful in explaining· the physical behaviour of the field 

for two cases, (1) S = 0 (I= o0
) and C ~ o, and (11) C = 0 (e = 90°) 

and S ~ 0. Surface and bottom effects are neglected in Figure 11, 

since the wavelength is very small compared with the depth of both 

the upper and lower layer. 

(1) When I= o0
, we note that there is no z component of the 

Earth's field present, and hence only the vertical fluid motion will 

irrluce a rragnetic field. For this situation we nay deduce from 

Figure 11 that the rragnitude of the x component should vanish at 

the boundary of the density discontinuity, while the z component 

should attain its naximum value at this boundary. This is confirned 

by substituting S = 0 in the turning values for I (hj) x I and I (hj) z I . 
The diagram in Figure 11 also indicates that it is not possible for 

I (hj) z I to have turning values other than its rraximum at z = D , 

since the induced (hj)z fields are all in the sa.ITE direction and 

d1minish snoothly away from the interface. However, when S = 0, 

the locations of the turning values of (hj )z given by (5.2. 7) 

reduce to z = D ± 1/m, for j = 1,2 respectively. These positions 

are clearly not valid since they ·are not within the appropriate ranges 

0 ~z ~D and D ~z ~L for j = 1 and j = 2 respectively, and we may 

cone lude in fact that I (hj ) z I has only one rraximum when S = 0. 
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(ii) If e = 90°, we note that now there is no x conponent of 

the Earth's nain field present, and only the horizontal fluid n:otion 

induces the magnetic field. From Figure 11, we see that . this time 

the x corrponent of the induced field should attain its maximum 

value at the density interface, while the z corrponent of the field 

should vanish at this boundary. Thl s is easily confirmed by substitut­

ing C = 0 into the expression ( 5. 2 .1) for I (hj) x I and into the turning 

value (5.2.6) for I (hj )z 1- Furthermore, from Figure 11 we see that 

a net value of I (h1) x I exists just above the interface. Now the 

x corrponent of the field generated by the fluid nntion just below the 

interface is pppositely directed to the x corrponent of the field 

generated by the motion just above the interface. Thus the com­

bination of these two fields in the neighbourhood of the interface 

will cause I (h1)x I and I (~)x I to pass through minimum values there. 

This behaviour is indeed confirmed by substituting C = 0 in the 

turning values (5.2.4) and (5.2.5). 

We shall now discuss the variation of the coIJl)onents of 

lhj I when the wavelength is very large con:pared with the depth of the 

upper layer but not so large as to invalidate the approxination of a 

very deep ocean. Under these conditions, this behaviour illustrated 

in Figures 8, 9 and 10, can be discussed in tenns of sone s1.IJ¥)le 

approximate expressions. Above the ocean surface, we have from (4.5.13) 

that 4 

l(h) I= ICh) I 
-o Jl -o ~ 
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whence, by (5.1.1), 

(5.2.8) 

where 

I 

A = 7T a.1 cr- F l ~ D ( 1 _ 1 / o1. ) J 2 
. 

For the conponents within the sea, we can obtain suitable approximate 

expressions by substituting (4.5.10) into the general solution 

( 4. 3 .15) • The resultant expressions are expanded in terms of the 

pararrEter 13 , and all terms 0 ( 132) and 0 ( l3InZ) are neglected by a 

procedure analogous to the one used to derive (4.5.13). After so:rre 

algebra, we obtain for j = 1 

I 

I ( b 
1
) >t I = A l C 2. + 5 

2 
[ ( :lo< - 1) - o/' oCz! /D J :a. } -;: , 

(5.2.9) 

and for j = 2 
I 

I ( b 
2

) x l = A { C z. + S z. (.:lo<+ 1) 
2 J "i: exp [- m ( ~ - l:>) ] 

2 ..t. (5.2.10) 
I< h ) I - A l c~ + s 2 

( .:zo<- 1) J z. e,c. p [ - rn (2 - 1>) 1 , 
-2 Z 

I 

I< b,\, I = A t(c2.,. S 2
)[ C

2
+ ~~(:Zcx-1)

2
] J"i: exp [-m(2!-D)] 

The approxinate expressions (5.2.10) are perfectly valid when srn(z-D) 

can be neglected in comparison with unity. At the very worst, this 

implies that the formulas are accurate up to depths z = 2D. 
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We should note that the expressions (5.2.8) evaluated at z = O, 

(5.2.9), and (5.2.10) evaluated at z = D, are all independent of the 

wavelength. This is a consequence of our approxination an:i shows 

that for long wavelengths the field depends only upon the fluid 

nntion near the observation point. Again by taking the derivative 

of I (h1) 11 1 with respect to z , we readily establish that this co!ll)onent 

reaches its minimum value of 

2 2. 

I ( h ) ' . = A I C 
4 

- s ( .:lo<-1) \ 
-1 II MIN 

(5.2.11) 

at z = 1/2 D. fmy change in the angles I and a only alters the 

value of this minirrn.lIIl and not its position. We also note that at 

the free surface and at the density interface I (h1)11 I has the sanE 

nae1rltude, i.e. 

Furthernnre, in the lower layer it is seen from (5.2.10) that I (~)11 1 

should just decrease exponentially with depth. This behaviour of 

I (hd )11 lis best illustrated in Figure 9 with the 10 m upper layer 

an:i for the curve A= 1500 m. 

In Chapter 2, we saw that the longer internal waves (i.e. 

wavelengths of 200 m or more) had amplitudes of the order of 2 m and 

that amplitudes of 5 m were conmen for waves of 500 m length. Thus, 

we conclude 11nrTEdiately from Figures 8 and 9 that for these internal 

ocean waves the induced nagnetic signals may indeed be of appreciable 
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strength. For instance for an upper layer of 100 m, we note from 

Figure 8 that an 800 m wave of 8.IJI)litude 2 m induces a field of 

0.16 y an:i 0.2 y at 50 m above and below the sea surface respectively, 

while at a depth of 300 m the field has the value 0.16 y. Even when 

the upper layer is only 10 m deep, Figure 9 shows that a 500 m wave 

of the same a.I}l)litude still induces a field of 0.1 y at 10 m above 

an:i below the sea surface. 

Turning now to the components I (h1)x I and I (h1)z I as defined 

by (5.2.9), we note that the z conponent renains constant throughout 

the upper layer and that the x corrponent possesses the mininrum •. 

l<h) I . _ Ale\ 
-1 X MIN -

(5.2.13) 

at z = (2a -1) D/4a. From (5.2.9) and (5.2.10), it is clear that the 

rmxinn.nn values of I (h1) x I and I (~) x I , i. e • 

I I 5 2 2. 2. I 

(h .) -AlC+S(.:to<+1)} 1 
-d- MA'lt - > 

(5.2.14) 

coincide at the density interface z = D. In the lower layer both 

the x and z con:ponents decrease exponentially with depth. This 

behaviour is depicted in Figure 10 for an upper layer of thickness 

100 m. 

Figure 10 also shows quite clearly the trend in the variation 

of the z con:ponent of the induced rmgnetic field as the wavelength 

increases. It will be observed that when A= 1500 m, l(h1)zl is 

·fairly constant throughout the upper layer, and this variation becorres 

progressively smaller as the wavelength further increases. This confinns 

the conclusions drawn from the approximate solution. 
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The phys ica l behaviour of the x and z ce,,.~onents of the 

rragnetic field can be understood by referring to Figure 11. Note, 

for example, t hat when C = 0 only the horizontal component of the fluid 

motion will contribut e t o t he induced rra erietic field. A.lso, since 

the upper layer dept h i s :n:uch l ess t ;1an one wavel enrth, t he fluid 

particles t her e move i n ve-Y'Y lonr, and flat elliptical orbits, 

whereas in t h~ l ower L1.y0r t he orbits are nearly circular. Thus 

the horizontal motion in the upper layer is much greater t han below, 

so that the 11.rc;es t r.acnetic field is gener a t ec~ above the density 

interface . ~Jincc t he z compon .. .>nt of the rmr71etic field generated by 

the fluid motion above t he i nt erface is oppositely directed to that 

generated by the motion below, we expect t he resultant field 

1(~)
2
1 to pass through a minimum value at that depth where the fields 

originating above and below t he Lriterface n:ost nearly cancel each 

other. Althoug.'1, this minimum is not given by the approxirrate expression 

(5.2.10), this is only because it occurs outside the range for which 

(5.2.10) is valid. Using an argurrent similar to that in (ii), we 

can readily establish that l(h1)xl and 1(~2)xl will also pass through 

minimum values. The mininum va lue of I (h1) x I has been predicted 

(5.2.13), while f or IC~)xl it lies outside the range for which 

(5.2.10) is valid. 
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5.3 'Ihe induced :rmgnetic field in a deep ocean with a fresh water 

upper layer 

In Chapter 2, we saw that a layer of nearly fresh water 

is often forrrro on the ocean surface. In this case, the corrl.uctivity 

of the upper layer may be nru.ch less than that of the nore saline 

seawater below, thereby nndifying the behaviour of the induced 

magnetic field. In this section we exa'lline this effect. 

Figure 12 shows the variation of I (hj \ 1 I with depth and 

4 
-11 . 

altitude for L = 5000 m, D = 100 m, o2 = x 10 . em.1 and o1/o2 = 0.1, 

and, for the sa.rre conditions Figure 13 shows the behaviour for I (hj) x I 
am I (hj) z I • Figure 14 shows the curves of I (hj) 11 1 , for D = 10 m. 

If we compare Figures 12, 13 and 14 with Figures 8, 10 and 9 respectively, 

we see that a change 1n the upper layer conductivity appreciably 

affects the behaviour of I (hj) 11 1 , and the x and z corrponents, 

within the sea. To give just one ex.a.Dl)le, we note from Figure 8 

(o1 = o2) that a :rmgnetoITEter should be placed at the free surface 

to record the greatest signal of long internal waves at D = 100 m, 

while in Figure 12 (o1 = 0.102) the best position for the rna.gnetoITEter 

is just below the density interface. 

It will be noted that when o1/o2 = 0.1, the field displays 

the saITE general variation above and below z =Das does the field of 

a surface wave on a deep ocean con:puted by Weaver (1969) am shown in 

Figure 15. This strongly suggests that an upper layer conductivity 
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of one tenth of that of the lower layer conductivity dim:1.nishes the 

electromgnetic screening effect of the upper layer to such an extent 

that it behaves almost as an insulator. In other words, as far as 

electromgnetic effects are concerned, the internal wave behaves as 

an ordinary surface wave on the "surface" z = D. 

To check these conclusions, some calculations were :rrade 

for the sanE conditions applying in Figures 12, 13 and 14 but with 

a1 = 0 i.e. the upper layer a perfect insulator. The results of 

these calculations are indicated by dots in Figures 12, 13 and 14. The 

similarity in the shapes of the graphs for the two cases a1 = O.la2 

and a1 = 0 is readily apparent. 

As a further check on the algebraic correctness of the 

general solution (4.3.15), the special case corresponding to a1 = 0 

was considered. When L = 00 , the equations reduce to the form 

(5.3.1) 

1 -~~ (b)x = ,·a2.w,F(c_ iS)l.1; (1+Jf exp[-rn(1-1)~l-1 J e 

( h ) - a m F ( C - ,· s ) l ~ ( 1 ~ ~ ) 1 e X pr.- l'l1 ( fl - 1) z 1 - 1 l em~ 
-2. 15 - 2. P I 

where 

> 

, 
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which are in complete agreenent with the fornulas giving the field 

induced by surface waves on an ocean whose surface is z = 0 (see 

eqwtion (4.5.6)). Note however, that the presence of the upper 

layer nxxlifies the wavelength-frequency relationship in (5.3.1) from 

that which applies to ( 4. 5. 6). By ( 4. 5. 2), this relationship for 

surface waves is 

:z 1 

while for internal waves it is 

by ( 4 .1.10) . 

We ma.y agp.in explain the physical behaviour of the x and 

z conponents of the nagnetic field by referring to Figure 11. For 

simplicity we will neglect the nagnetic field induced by the nx:>tion 

of the fresh water layer above the density interface, so that we need 

only consider the field induced by nx:>tion of the nx:>re saline water 

below. It can be seen that the z components of the field associated 

with the current lines in one vertical plane all reinforce each 

other. Thus we expect I (~)z I t~ diminish smoothly away from the 

interface with its largest value near the interface. Between two 

current lines lying in one vertical plane, the x conponents are 

seen to be oppositely directed but are unequal in magpitude. At a 

certain depth, the resultant x conponent due to all the current 

lines in a vertical plane above the depth will just cancel an equal but 



opposite resultant x component from all current lines below it. 

The expected behaviour of I (~)x I and I (~)z I is clearly shown in 

Figure 13. 
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From Figures 12 and 14, we my conclude that the magnetic 

field associated with interrial waves, in the presence of a relatively 

fresh water upper layer, has an appreciable mgnitude. 
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5.4 The induced rna.gpetic field in a shallow ocean 

Here we shall briefly discuss the effect of a shallow ocean 

on the induced magnetic field. This is of sone inportame since the 

majority of internal waves which have been observed, have occurred 

over the continental shelves which range in depth from 20 m to 500 m. 

The nurrerical corrputations were nade for two ocean depths with three 

different upper layer conductivities. Figure 16 shows the variation 
11 . 

of l(h~)11 1 with depth and altitude for a2 = 4 x 10- enru., a1/a2 = 1, 

aJ!a2 = 0.1, a1/a2 = 0, L = 150 m an:l D = 100 m. Figure 17 shows the 

sane behaviottt' for L = 20 m and D = 10 m. We inmediately note that 

when a1/a2 = 0.1 the field is appreciably higher than the field for 

the case aJ!a2 = 1, and that in the latter case the variations of 

I (h~ ) I ~in behave as though produced by an ordinary surface wave. 

Often in shallow depths, bottom nx:nmted magnetometers have been used 

to record the induced nagnetic signals. From the curves in Figure~ 

16 and 17, it is clear that the longer internal waves of mderate 

anplitude can indeed be detected by bottom IIDl.mted nagnetoneters. 

For exan:ple, from Figure 16, we note that a 500 m wave of a.nplitude 

1.5 m for the case a1 = a2 gives a field of order 0.1 y at the ocean 

floor, while the sane field is easily induced by a similar wave for 

the case a1 = 0.la2 but of amplitude 1 m. 
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5,5 Conclusions 

It has been found that the rragnitu:le of the mgnetic field 

induced by internal ocean waves is, in general, less than that induced 

by surface waves. However, we have seen that for moderate periods and 

amplitudes of the order of 4 min and 2 m respectively the internal 

wave-motion can induce fields in the general neighbourhood of 0.1 y. 

Fields of this rragnitude can be detected by both airborne and sub­

rerged IIB.gnetometers but it seems that no such rreasurerents have yet 

been reported in the literature. Because the predi9ted fields are of 

srmll rmgnitude, it is probably not worth while investigating more 

sophisticated ocean models (e.g. with continuously varying density) 

at this time. 

In addition, it has been found that when the upper layer 

conductivity is one tenth that of the lower layer the electrorragnetic 

screening effect of the upper layer is diminished to such an extent 

that it behaves almost as an insulator. 

Finally, a Fortran computer progranme has been written which 

will compute the rragnetic field induced by an internal wave for a 

two-layer sea of any depth, conducting and density. With slight 

modification this progrannne could. also compute the field induced by 

surface waves on a sea of any depth. 
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THE COMPUTER PROCP. -\!·1 FOR THE \',\G~IFTIC r=rcLD 
HJDUCED BY At,: ll'JTc:::: i';AL \-IA\/F J\I A T •./IJ-L ,\Y:=R 
JCE4N CF FINITE D~PTrl. 

~EAL,'.<8 DIS!'., l)IS:J, lJISL 
R!:,\Lt.'8 ONE 
R E AL* 8 A 8 , A i3 2 , C: U 2 , C L 2 , T L , T F , l JO , T >-I'.: T ,\ , n E t~ •J L 

1,Ell,ELZ2 

123 •. 

RE AL* 6 G , ~ I , ALP H I\ , 0 =:,,;SL :J , '.':'IE N SUD , '11 , L :\. 1 D I\ , L , D , 11 L D, MO, AO, BO, 
1 AB A, AB f-3, P , ·'\ l ,''., Pt [ Q, P ~ ~ l(l D, FL , ::U, F. L, f F , C CND' J, C Ot--JD L, C ONDF, 
2 E F 2 , S f U , S EL , S !: F , SUP , S t.H' , S L P , SL ,\1 , S F P , S F '-i , Tl J Z , T L 2 , F , T F 2 , TU , 
3LD,O11,~12,D21,032,Q52,UUL,Ffl,~31,141,15l, 06l,JEG,Rl,I, 
4 RT HE T I\ , C , S , ~1 D 2 , ·.1 L ? , t1 L f1 2 , E i) 2 , E l 2 , f: L ') Z , D ~ L :1 , ') E i'l:l O , A , M Z , M Z 2 , 
5 ML Z , ~: L Z 2 , MfJ Z A , t n Z U , ~-: Z D L , Z \ I ~ , Z UP O c ~ , Z U\ H; K , 7. FL 00 R , E Z, E Z 2 
6 , E D Z ,\ , !: 0 Z ll , E lf' L , L :, :-', ( l 2 ) , l Cl , ,\ 'ff 

REAL*8 HX,"..(3(: ,1 2 1, HZA(3(',12), HD?\(3(',12), 
1 H X U ( 4 0 , l 2 ) , ~ I Z U ( 4 0 , l 2 ) , ri O IJ ( 1t ') , 1 2 ) , 
2 HXL(5C,12),HPL(50,12l, HZL(5~,12), 
3 HXF(2,l?.),HZF(2,l21, HPFl?,121 

RE AL*8 Z .'\( 3.')), ZllP ( 4C· ), ZLCH ( 5 ·.: l, lFV.J(? l 
REAL*R FkEQ (l2),P~~(l~l 
COMPLEX*l6 ELLD2,NUPP,RR5S5,LT111,CIS~,HX~LOR 
COMP L [: X * 1 6 NU , r l L , ~: F , NU ~1, NL ~-1, ~ff\~ , ()lJ , C) L , 0 F , Q l , Q? , Q 3, Q 4, Q 5 , Q 6, 

1 NL L f),'1 , t:L L Dr, ~l l L 02 , t,llJ 8 P , NU:) M, ~HD 2, ~:LLD NU, r--i LU D 2 , El L OM, El LOP, 
2EUOP,EUD~, ~UD2,ELLDNU,fLUD2,A~I,R ~ II,TRIA~G,IS,PNUP,PNUM, 
3 NU PM , V 1 , V 2 , V 5 , V ~> , G A ;., 1 , GM, 2 , ·:; \ '·13 , G .'\ :' 14 , P, i-'. 1 l 1 , '3 R 2 2 2 , 9 R 3 3 3 , P., R 4 4 4 
4,BR666,~R777,RR98B,~R999,~11,BQ~?~,~lGO,~Q,HOUO,STlll,ST222, 
5LT222,IAMF,~UDZ,~UZ,NLLZ,~LZD,NF7,;uoz,[UZ,ELLZ,ELZD,EFZ, 
6C I S,'1, vuz, VP uz, VLZ, VD L Z ,!IX ,\ Ii.:·. ,H ll\ IP,, ~1xur, HZiJP, HXL Oil, HZ LOW, 
7 HZ FLOP. , HP An~, H PUP, Y PL mi, I! r I= LO~ 

MUST READ 1N TH :: F-)LLOWIN,; 0/:T,\. 
DENSITY,GR .\ ,,1S/CU3IC C'1. 
0 E PT H S , A .'-111 L I TU O C: , '-1 ti V E L UJ G f :i S , C' • 
DlP A~n OECLIN\TIO~ ~~GL~S,nfG~~rs. 
CONDUCTIVITY OF WA TER,E.M.U. 
EARTH'S :,1AG~:ETIC flF.Ln, G:\USS. 
F I E L D P O UJT S , C 1 • 
R E AD ( 5 , l 0 (I ) ( L A '.1( J l , J = l , l 2 ) 

1 11 RE AD ( 5 , 1 J 1) '.) E ~JS LI O , 0 f. NS LC• 
IFlDf~SUP. EQ.~.~.~ND.O~~SL8.E0.0.il Ctll EXTT 
READ(5,1 0 2) I,TH[T~ 
R E AD ( 5 , 1 2 3 ) C O ~ i iJ U , C O ~JO L , C Of\! D F , F 
READ(5,1C4) A,L,D 

R E A D ( 5 , l 0 8 l · Z A ( 1 ) , D I S ,'i. , f-.1 l 
REi\D(5,1 C8 ) ZUP(ll, OISU, "12 
R E A O ( 5 , l O 8 ) Z L Cl'.'/ ( 1 ) , D I SL , ~ l3 



RF.;\'1 ( 5, H":~ l 7 FL 'J ( l), ZFLC'(? I 
1 1~ i F c1 , • .' · 11 1 ( ~ r-- ·, . - .• •: , r 1 , · l 
1 ·1 ? FU i:; : :\ 1 ( 2 f? • r: l 

~Jl 1 = ~H -1 
N?.2= \:2 -1 
,\J 3 3 = t' ·: :'i - l 
D CJ 2 6 J 1 -= 1 , '~ 1 1 
ZA( Jl+l 1-=Z!d Jl l +DIS,'\ 

26 CONT I t JUE 
D Cl 2 7 J 2 == l , f·l 2 ;> 
ZI__IP(J2+1. l =lU? (J ? ) 4:: rsu 

2 7 C Ui'·i T I ~ l U t 
o u 2 a J 3 = 1 , ~n ? 
ZL J\ (J 3+ 1J =ZLJ~ (J 3 l+ DISL 

.?.8 CON Ti f\!IJE 
100 FU RMA T( AF l ~ . 0 ) 
101 FUR ~A T( 2F2 ~ . 0 ) 
1 •') 2 F iJ r~ ;,1 ;\ T ( 2 F 2 : -. • 0 ) 
103 FO ~M~ T( 3El 0 . 3 , F~0 . ~ I 
l ') 4 FOR ,'1 AT ( 3 f'. 2 :~·· • ') ) 

Dll 999 J =l ,12 
L AM DP. = L A :-H J ) 

124. 

F It W p-i E F :, E Q U [ 01 CY , G I V f N DE ~I S l TY :\ .'J:J D t PT H S ANO WA V f: L ENG TH. 

NOTE, G IS I :\J C ·1. PER SEC '. JND p~o SFCC~!IJ . 

G=9 8c . rn 
m~E=l .r. 00 
ZO =C. ("1 1) 

PI=3.14l~Q2 65351~P 
ALPHt= D~NS LO/~ ~~SLJD 
M = ( 2. 0 ') ,::PI ) / L M1 '.) t. 

ML D=M':, ( L -D ) 
MD= r-1,:, [) 

AO=l.CO 
BC = 1. C•0 
I F ( !·l L D • L T • 1 7 • n l t, r:i = o T !\ '' H ( :i L r1 I 
1 F ( :-1 C • L T • 1 7 • C; ) J J = D T ;\ ''i H ( ,':l f) l 

A 8 = AL PH ,\ ~:, ( .\ 1 + S :J l 
AG2 =f18':,,\3 
AB/\-=/. LP HA+\ Ct.: S1J 
A B 8 = 1t • 1: ,, ,:, A •l ,:,. ~ :1,:, i\ :~ J, "' ( .\ L P Hf, - l • :· ·~ l 

AL~=ALPH,\-1 . SO 
I F ( t>! L D • GE • l 7 • (', ) P = ( \ L '• 1 t.: ?, C ) / ( 1\ L 0 H :\ + J a") ) 

I F ( i· ID • G ': • 1 7 • I) ) ? = ( ;\ L '1 * f , 11 ) / ( AL O H A+ /\ 'l ) 

CO MPUT E FPFQU E1\J CV t\NC THf P!:: r inD. 

• 



F R [ Q ( J ) = ( L S f) ·~ T ( (-; ~' \1 ·:, P l l / ( 7 • . -, -~, ,:, P I l 
r = ~: ( J ) = 1 • · ' . h i- L: 1 ( J l 

F L -= 2 • 2 r_· ,:, F r,J'. ) ( J ) '.: L_ : • • ~ r) f. :'.: L_ :'. ~' .) \ 

EU=rL*C O~~[')lJ 
EL=FL ,::uwoL 
EF=FL*C rrn nF 

!.=U?.=EU:'=cu 
E L 2 =- '::. L ,:, t l 
EF?=EF ,:q=r 

SEU=DSO~T (1. or+~Ll2 ) 
SEL~DS 0~ T(l. 0C +~L2 l 
SfF=DSO ~T(l. 0~ +~~2 ) 

SUP= D S '.'JR T { ,- • i:; :: (' 7- ( S ~ U + 1 • '1 r ) l 
SU ~=DS8~r , ~ . 5C(*(S[u-1. ~r, l 
SL P = D SO P, T { ~ • 5 (• C"' ( SE L -+ 1 • . ·· C• l l 
S L M = D S O r:; T ( r: • 5 C ' ~' ( S F L - l • r·, 0 ) ) 
SF P = C S C :, T ( ~• • 5 C' C ·:, ( S r.= :-= + 1 • C' C' ) l 
SH~= 0 <; 0 -, T ( ': . 5 ':(· ,;, ( Sc r: - 1 • · ·1 ': ) ) 

> 

NU=DC MPL~(SUP , SU~ ) 
NL= DC:111 L X ( SL P , SL " I l 
NF=DC~PLX{SFP,SFM) 

NUM=N U-1. CO 
NL '1=NL-1.c,r. 
NFM=~lF-1.0 "." 

FIND Ql,0? , 13 , 04 , 05 ,06. 

ou= 1. oc• tr-J u 
Q L = rill It ; l. 
QF= NF n JL 

Ql =0 . 5GO *(l . G~+OU ) 
Q2=0.50D* {l. 00-1U l 
03~C .50 0* (1. ~r+ 1L l 
0 4 = ~ . sr J:." ( 1. 0(;- •)L) 
Q5=(.5 ~1 * (1.Sr-1F l 
Q6= C' . 5 C) ~'( 1. c r •+ -:ir= ) 

A f> P RC X I 1" :'I T [ F C P : 1 0 F ~ J LI , '1 L , 11 'l D I\J F • 
TU2 ·=!::lJ.?/ fs . r-: ~ 
TL2 =E L 2 /~i .,~C' 
TF2=EF2/ 13 J O 
TU=f:U / ?.IJ0 
TL= EL / ?.C0 
TF=EF/ 2 .00 

IF( EU2.GE. ~. C0-5l GO TC 10 
NU= DC MP L X ( 1 • 0 C + T 1 .. I? , TU } . 
NUM=DCMPLX {T U2 ,TU) 

l (' IF(EL 2 . G':: .t. r. D- 5 l GO TO 11 
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NL= DC ;,1 PL X ( 1 • '::' !) + TL 2 , TL ) 
i'i L:; ::: DC :•: P L X ( TL 2 , r L ) 

11 I F ( •: F 2 • •:; t • ~ • ,; [: - r, ) G • 1 H 1 12 
NF==DCMr>LX ( l . •1 C1+TF2, TF) 
NF~=DC~ 0 LX(TF?,T~) 

12 cmn PJUF. 

APPROXI~AT[ For~ UF THF o•s. 

IF(FU?.G':.l. 0'.)-5 . /i ~! IJ . C:.:L.? . t; i:: .!. "D- S l r·," 7:1 13 
U!)= 1. C -: + EU.: / 2. 1.'--: 
L D= l • C):: + '.: L 2 / 2 • '; ( 

012 = ( 0 .2 5~ ~, f:U )/UD 
021=(3. 0n * EU2 )/(l 6 . "C. *UD ) 
Q 3 2 =0 • 2 5 C ~,FL t~ ( CO ;m ! 1- C 1_, ~; Ol ) / LL) 
Q52=C . z5·~•~''L':< ( UV·iOF-C 1JN!)L) /LO 
UUL=[lJ''.'( J . 5 .. , '.) ~< '.? IJ+ ~ L) 
FfL= EF * ( S . ~0 ~ *f ~ ◄· ~L) 

Q 31 = ( 1 • 0 0 +,:: • l 2 5 ,:, ( ? • '1 C ~' [ L 2 + U U U ) / L n 
Q 4 1 = C • 1 2 5 ,;, ( 1 • 5 ( ,·, [ L.~ - lJ i.J L l / L i) 
Q 5 1 = 0 • 1 2 5 ·'< ( l • ':> ·~ ~' F L 2- F F L ) / L 1) 

Q 6 1 = ( l • ~ C: +r:· • 12 5 ,:, ( ? • 5 C .,,, [: L 2 +F F L l ) / L ) 

Ql=CCMPLX ( 0 11, (- (H 2 I) 
. 02=0CMPLX(~21, 0 12) 
·e-3= OU'. ? l. X ( 1J?. 1 , C13 :~ I 
Q4=LJCMPLX Uhl , (-13?} ) 
05=DCMPLXI051,( - 052) ) 
Q6=DCMPLX(Q61,R52) 

13 COMTinlJ [ 
I F ( c c i'-! o u • c c • c 1J I\J :1 L l 1) 3 = D o 1 r L x ! r · ·~ ': , ~ '1 1 
IF ( CONDU. F. <J . CJ :~i)L ) Q4 = DCM PL X ( 7.'.J , ?.Cl ) 
IF ( CONC1 F . f:'. ,) . (:(J;~f) L) Q"i=DCM:-,LX ( zn , Z'J ) 
I F ( C O i', D F • t '.) • C :7 ~: :) L ) Q 6 = D U 1 P L X ( i""; '--l t: , L J l 

COMPUT E C ~~ □ S. 
READ I N I ,\i'~O TH [ TA I N O[ ;"; i<_E [S. 
MUST CUN VE RT Tr RADI ANS . 

DEG=C. 0 174 53 21252 
R. I= DE r. ~' I 
~TH~T~=D': G~' TH : T:\ 
C=DCOS( Rll ~D CO S l ~TH ~T~) 
S=OSIN( R I) 
I F < I • E o • ,:J n • o • or • TH ET A • i= Q • 9 1) • '"· I c = ; • ,. ,, 

NL U F-1= >1 L 'J :'.: 1·1L '~ 
NLLDP=~Ln * (NL+l. ~0) 
NLLD?=2 . Ci*NL*~ LO 

NUD P= MD ,~ (~HJ+ 1. C: ) 
NUf>M=MDi.! i\U ~-1 
NU O 2 = 2 • ,., ·) ,:-- 1 , D * '\JU 
~IL L D NU = M ·'< ( ( i'l L + l • 0 C ) ,:q L -D ) ~ 2 • r1 r: ,;, \JU ,.,') ) 
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MD 2 = 2 • G ~) '~ ',U 
ML2=2. oo,:, ,•~ ~<L 
ML D 2 = 2 • 0 r:: * ,,,, L i) 

ELLDM 
ELLDP 
ELLD2 
EU!JP 
EUDM 
EUD2 
ELLONU 
ELUD2 

= 0 C1 P L X ( 7. :J , Z O ) 
=DC rw L X ( LO, l O l 
=DCillPLX ( ?D, ZO) 
= 0 C ,'1 P L X ( Z 1.l , Z ~1 ) 
=DCriPLY ( l'.J, Zf) l 
=DCM PL X (/Cl, l ;)) 
= DC·' P L X ( 7. :l , Z U l 
= DC ,'1 i> L X ( l O , Z il ) 

ED2=0.00 
~L2=0.CO 
ELD2=C.OO 

I F ( RE 1\ L( r 1 LL :1 1,1 ) • L I: • l •t ') • ~-) L L r; ·,1 = C D E X P ( - NL L D M ) 
IF(REAL(NLLDP).LE.145.C) LLDP=COEXP(-NLLDP) 
IF(REAL( NLLD2).LE.!45.0) ELLD2=CDEXP(-NLLD2) 
IF(REAL(NUOP).L~.14S. ~ ) FUJ 0 =CDEX~(-NUOP) 
I F ( RE i\ L ( t J lJ ~ ·.A l • L t: • 1 1~ 5 • r ) ~ U '1 '1 = C ,) C X P ( - NU OM ) 
IF(REALC:·~uo2).1.f=.1t+5.C) FUD2=CJE'<'J(-NUfJ2) 
I F ( RE:: AL( t-r LLD :'J'J ) • L F. • 11~ 5 • '; ) E:: L L D,'J lJ =CO I: X P ( -NL L DN U } 
I F ( R E t-. L ( ~R !JD 2 l • L !: • 1 4 '> • r, ) EL lJ n. ~ = C i) E X l' ( - NL U D 2 ) 
IF(MD2.Lf.145.C) FD2=DEXP(-~D~l 
IF(ML2.LE.1~5.CJ EL2=0EXP(-~L2l 
I F { M L D 2 • t. E • l'+ 5 • 1 ) E L f) 2 = C E X P ( - '·1 L D 2 l 

CC'1PUTE TR I A~lG. 
FI~ST Fl~O (I) AND (II). 

BRl=03*0l+Q4*C2 *E UD2 
BR I I= 01+* :H +Q 3~,o ' ~:EtJJ 2 
IF(REAL(Q~).EQ.~.~.l~D.~I~~G(J4).~Q.O.O) GO TO 14 
TRIANG=05*~RII*ELL02-0b *R~I 
GO TO 15 

l 1t TR I ANG= Q 5 ,;, 1B ~• Q 2 ,:, F. L IJ i) 2 -Q6 ::, l3 r:. I 
15 cmJTIMUE 

FIND DELT~ SUR z: Rn. 

DELO:: ( ( r-1. ') ~- )+I P+l. r ,~· ) ;.;EL2} / ( ( f>-1.c')(') +( P+l .00 )*E02) 
cc~wuTE TH:: Dc N'~il-11\l AL-:Rs. 

DENUO=(P-l.00)+(P+l.r~)*rn? 
DENUL -= l. :(,-[LD2 

COMPUTE Vl,V2,VS ANn V6. 

I S= DC MP L X ( Z O , S ) 
PNUP=P* :'-lU+l.}0 
PNUM=r ,:: Nu-1.CI') 
NUPP=NU+P 
NU PM=~JU-P 
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V 1 = ( C * P N !J j~- I S * N !J P '. 1 l / ( f\j lJ * ri F. t,n n l 
V2=(C~P ~,JUP-!S>'.,; :1JP::>)/ i: w,r ·~ :.-: ·,, 
V 5 = ( C + I S :~ :·J L l / ( i. L ~' L' L . ; 1 : L l 
V6= ( C-1 S"~~1L l / { tJL ;<DE ,~CL) 

GAMl=Q4*V~+03*V5 
GAM 2=01 •~v 2-02::,v 1· 
GAM3=Q3*V6+04*V5 
GAM 4= ( () 5 ,:,vo+i'.)6 t.,v ~ I >'.:I: LL DP- n;, ,·,v ~ ,:::)[; Lf) 

COMPUTE THE NINE RR~CKETS. 

BR1ll=Q2*(DELO*GAM1-ELLDP*13*V5) 
BR222=Ql * (OELO~•GMi3-f LLDP ~Qt.,.,:,y5 I 
BR 3 33=i)E L f*O 1 ::, V ',+ ()3 ·:'. r, t''.12 ,:, [ 1.lui' 
BR444=Q6*Q4*GAM2*FU□ P+01*~~~4 
BH 5 55 =DEL n,:,02 *V 6 *f. UDM-C1t~'r, ~i-1 ~ 
8R666=Q2*SAM4*EUDM-Q~*Q?~S~M2 
BR 777 =Q3 ,):v 6 >:<( Q 1 ,:: ;)6 ::,oE L 0-') 5-~<i) 2~[: L l. ()~HJ}-(..)1 *04 *G AM4 
8 R 8 3 8 = ( NU/ NL l * G ·\ f ·12 + 3 F l 1 1 ,:, E lJ D '•? 

BR 999=0 EL n•'.: ( \:n ,:: :; ,\ /13 +C' 2~,r, .~'.11 ~' i:_ un 2 I + ( NU/ Ml. ) *G A.'-12*E UOP 

CCMPUTE Rll AND BRACKET P?2 • . 
R 11 = Q 5 * ( Q 1t >': V l + Q V• V ~ ,:, E U D ? + 0 ~ L ~: ,:, V l *- E ! JO M l 
BRR22=Q6*(03*Vl+04*V2*FU02)+G~W4*EUO~ 
CGMPUTE HOO. 
tiOO= B RS 8 9 *EUDP +~ ?- 2 2 2 

COMPUTE THE PRl "JCIP,\L COt-tSTMJTS. 

RO=(kll*ELLD2-B~R22)/TRIA~G 
HOOO=(HOO*CLL~M-BRI*V6)/TR[ANG 
STlll=(OS*aR333*ELLD2-BR~44)/T u JA~G 
ST?22=(Q5~8R555*ELLD2-BP6661/T~IANG 

LTlll=(Q5~dR999*FLLOM-BRI*(05*V6+0b*V5))/TRIANG 
L T2 22 = ( Q6 ,::nr.s 3 si:: Ell DP +'\R 77 7 1 /TRI l'.~·i r, 

AMF=A*M*F 
IAMF=DCMOLX(ZG, AMF) 
C I SP= DC'-! PL X ( C , S I 
CISM=OCMPLX (C, (-Sl) 

DEFINE. 

FINO MAGNETIC FIELD A~PLITUDES. 
CHANGE TH~ ASSGLUTF VALUES TU GA ~~AS 

IN AIR. 

DO 8 8 8 J l = 1 , "Jl 
lAIR=Z .~(Jl I 
MDZA-=M,:t ( D-Z .\ IR) 
EDZA=C.')0 
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IF(~DZA.LE.145. ~ ) EDZ~=D[XP(-~DZ~l 
H X !\ I R = I .\ .· : F ·:, f' 0 ,:, r- i" J Z '\ 
HZ ,\ I P.= ( - /·. >i F ) ,:, P, i..; ,:, c r l. ~ 
HP fd R= HX /\ IR ,:, c i·H Ud R 1~s 
HXA(Jl,J)=C O~~ S( HXA IRl * (l. ~D+5 ) 
1-f l.'\ { J 1 , J l = C fL.\ 3 S ( HZ \ Ir~ l , .. ( l • ·· 'J + 5 l 
HPA{Jl,J)=CDi\ f3S (HD:\Ir.) ,~11.00+5) 

88 i3 CONTINUE 

777 

DO 777 J2=1 ,~12 
ZUPPE R= ZU P(J2) 
MZ=,\1*ZUPr>E: ;?_ 
M7.2=2 . ::o,:,~l*ZUP PI::~: 
M D Z ll = :-i * ( D - Z U P i") f. ~ ) 
NUDZ=MLJ ,<.A*MDZU 
NUZ=(NU+l. C0)*~Z 
EZ= o . on 
EZ2=C . () ,') 
EDZU=C. tC: 
EUOl =OC ~P LX(Z 0 ,7 0 ) 
EUZ =DCMPLX(! O,ZO) 
IF(MZ.Lf.145. 0 ) El=D~Xr>(-~Z) 
IF(MZ2.L E .145.rl f=Z2==DEXP(-'.1Z2) 
1 F ( 110 Z U. L E • l't 5. :J ) E OZ U-= D ': X P ( - ,-10 ll.J) 
I F ( RE ti. L ( 1\J lJ f) Z l • L I: • 1 4 5 • Q ) EL' D Z = C') E X I) ( - 'I II'."'\ Z ) 
I F. ( R E AL ( N' J Z ) • L E ·• l 4 5 • (' ) E U Z .= C O f: )( P ( - \! U l ) 
VU Z = ( ( l • 8 0-P ) t.: C I SP - ( 1 • ·'.' (: + P I ,:, C I S 1~ ~: F: Z ::> ) /DENO D 
VPUZ-=({1. 0r -P) *CISP+(1. r0 +P)*CIS ~~~ l~)/DENOO 
H X UP= I A ~, F !.:( i1-W ,:q S f 1 l 1 ,:, Ell O Z - S T 2 ?. :~ ,:, U Z ) - VP U Z ) * ED Z U 
HZ Ur-= ( -1\ c1 F ) * ( ST l 11 ,:, EU DZ. + S T 2? ~ t, .= U -VU Z ) * f. DZ U 
HPUP=HX U o ,:,c +IIZU r> ,::s 
HXU(J2,J)=C')A GS(HXUP) 
HZU(J2,Jl=C OAGS(H ZUi>) 
HPU(J2,J) =COARS (HPUr>) 
CCNTINUI: 

~' ( l • O ,) ~ 5 I 
>::( 1. ')i) +5 l 
>:: ( 1 . ,...,D +5 l 

IN THE L O'.-IER OCEAM l f,YFR . 

DO 666 J3=1, N3 
ZL O'·JER=ZLD'.•:( J3) 
MLZ='1* ( L-ZLOh'::F ) 
MLZ2=2.0C-* ;'1 LZ 
MZDL-=M*(ZLO~ER-)) 
NLLZ= ( NL+l. .10 l ,:,rill 
NL Z D-= r,J L •1-1, ~1 Z D L 
ELZ= C: . C0 
ELZ2 =C . 00 
EZDL=C. 00 
ELLZ =f1C~P LX(Z O,ZO) 
ELZD =DCMPLX(ZO,Znl 
1 F u~ L z • L E • , 4 5 • o , ~ L z = u r- x P 1 - , -1 L z. , 
IF(MLZ2.LF.l45. 0 ) ELZ2=DEX 0 (-~LZ?) 
IF( ,'-1 ZDL. U= .145. •~ ) =ZD L= O[XP (- 'H J L ) 
I F ( RE Al ( "IL l Z ) • L c • l 't 5 • 0 ) EL L 7-= C;) ['. X P ( - NL L Z ) 

. 129. 



IF ( RE 1\L ( ~ll 7 f) ) • L.:: . 14 '>. r. ) FL Z D= C f)E X P (- NL. ZD) 130. 
V L L = ( C I S : :- C I S lJ :'::: l /. ? ) / ~: ~ ,' i: 1 L 
V P L Z = ( C I S · 1 + C IS c' :: :.: L U: ) /:. c ; ! r : L 
H XL G~=IA~F*(NL~illll l~~ LL Z-LT 2 22*ELZO)-VPLZ)*EZJL 
H Z UJ \•; = ( - 1\ \ l F ) * { L T 1 1 1 ,:, [ L L l + L f ? 2 ;? * EL Z U + V L Z ) * E Z D L 
HP L Q:,,i=H X L C\·l* C +l-1 Z L 0:1:::, S 
H XL ( J 3 , J ) = C DA 3 S { Y XL O :·1) "'{ l • I) D + 5 l 
HZL (J 3 ,J) =CD ,H l S ( HZLDvi ) ,x ( l. C•0 + 5 ) 
HPL ( J3, J l=C9A bS ( YPLCli--i ) * (l . (D t 5 ) 

6 66 C LJ:HI~!ll;: 

IN THE OCE~N r L CO~ . 

Dfl 555 Jl+=l, ~ 
Z F L OOR=ZF L 1 (J t+ ) 
NF Z = ( NF* ( Zr- L 00 P - L ) + ( L - J) ) '~ !A 

E F Z = D e,,, P L X { Z O , Z n ) 
I F ( RE AL ( NF l ) • L F • 11• 5 • r. ) E Fl = C [) f X P ( - NF Z ) 
H X F L U ~-= ( - I .\ '. ~ F ) ::, ' I r- ,:d1 0 t7 r:1 ~' F F 7 
H Z F UJ R = ( - :\ 'ff ) ,:: I· If 1 l 17 ,:, ~ r- Z 
HP FLO P= Ii X F L iJ P ,:, C + HZ f'" L OR,:, S 
HX F (J4,J) =CD,\~S ( HXFUlR ) * ( l . GD+5) 
HZF(J4,Jl =C')A3S ( f 1Zr-llJR_ ) * (l. OD+5l 
HP F {J4,Jl=COA~S { ~P~ L OR l * (1.00+5) 

5 55 C QrH HlUE 

9g 9 CON TI NUE 

PRHJT TH ': OUTPUT. 

WR I ·TE ( 6 , 2 l J ) 
WR ITE ( 6 , 211 ) 
',-J D, JT E {6 , 2 1 ? ) 
WRI TE ( 6 , 212) 
\-JR IT F: ( 6 , ? 1 2 1 
WRIT [: { 6 , 2l.: ) 
;.JR IT E ( 6 , 213 ) 
\·!R I TE ( 6 , ? 1 ·+ ) 

~i R I T E ( fJ , 2 1 "i ) 
;~ R I T F ( 6 , 2 1 1 ) . 
WR ITf( 6 , 2 1 "2 l 
1-lR ITE ( 6 , 2 1 7- l 
>I R I TE ( 6 , 21 :..: ) 
vi R I T [ ( 6 , 2 1 : l 
W~ IT f: ( 6 , 2 1 3 ) 
\·IR I Tl ( 6 , 2 l ·'t l 

.-rnIT E (o, 2 1 ,S ) 
'.1 Q_ I TE ( & , 2 1 1 ) 
WR I TE ( 6 , ?. l ? ) 
WR ITE ( 6 ,2 12 ) 
~-: R I TE ( 6 , ? 1 2 ) . 
WR I TE (6, 2 l .~ ) 
\..JRI TE ( 6 , 2 1 3 ) 
W R I f E ( 6 , 2 l It ) 

(l t.'HJl, J =l ,1 2 l 
( 1. \ ( J l ) , I i, X \ ( J l, J ) , J = 1 , l 2 ) , J 1 = 1 , Nl ) 
(l LJ p ( J 2) , ( 1-1 -< 1 J I J 2 , J ) , J = l , 1 2 ) , J 2 = 1 , N 2 ) 
( L L C >/ ( J 3 l , ( l- 1 XL ( J 3, J ) , J = 1 , 12 ) , J 3 = 1 , N 3) 
( Z r= L rJ ( J 4 ) , ( ~1 X F ( J 4 , J l , J = 1 , 1 2 l , J 4 = 1 , 2 ) 
( I ) r: Q, ( J ) , J = l , l 2 ) 
( FK~Q (Jl, J = l,12) 

( L t, '·' I J l , J = 1 , l 2 } 
( Z~ (Jll, (H Z~ (J l ,Jl,J= l,12),Jl=l,Nl) 
( Z UP ( J 2 l , { H l lJ ( J 2 , J l , J = l , l 2 l , J 2 = 1 , N 2 ) 
I Z L O 1: ( J 3 ) , ( :, Z L ( J 3 , J ) , J = 1 , 1 2 J , J 3 = l , N 3 ) 
( z C L (l ( J 4 ) ' 1 Hz F ( J 4 ' J ) 'J = 1 '1?. ) ' J 1t = 1 ' 2 ) 
( Pr: ~ ( J ), J-= 1, 1 2) 
( F~EO (J), J =l ,1 2 ) 

(L ~M (J), J = l,1 2 ) 
( Zt. (J l l, ( Hr •\ (J l ,J),J= l ,12) ,Jl=l,Nl) 
( l UP ( J 2 ) , ( I-! PU ( J 2 , J l , J = 1 , 12 ) , J 2 = 1 , N 2 } 
( ZLOA (J 3 ),( HPL (J3,Jl ,J= l ,1 2 },J3=1,N3) 
( l.F L0( J 4 l, (IJ 1Ji= (J4,J) ,J = l,12),J4= 1,2} 
( Pf i~ (J), J = l,1 '2) 
( FP-!:Q(Jl, J=l,l 2 t 



GO TO 111 

2 no F of~ ,'i AT < • 1 • , ,~ s x , • T HE I l\ "u T Pt. r ,:\ ,.: E TE i, s , , / / / 
1// 1 THE UPP[R DE~SITY = 1 ,Fl5.3,' GR~MS/CUBIC CM. 
2 1 //' Ttl[ LiJ!,,,/f: ["~ DF:1'1SITY =',Fl5.3,' Gi< ;\MS/CUBIC CM. 
3'///// 1 THE OIP MtGLE = 1 ,Fl5.3,' DEGRf:ES.• 
4//' THE DECL!N~TirN ANGLE = 1 ,Fl5.3,' DEG~EES. 1 

131. 

5/////' TH[ c miDUC TIVITY C1 F UPPf P, . U\YEP,=•,H>f:15.?,' Fi·1U 1 

6// 1 THF: co ~rnuCT IVITY OF L 1NE R L/1YFR =',1P E15 .2,'EMU' 
7//' T~F. cr,;jr)lJCTIV!TY OF- re~.'\ ~! FL 171.H,= ',!PE15.2,'~ MU' 
6///// 1 THE t\t-1PL!Tllf")-: Of- I "!TEPl·J,\L 1,-/,\\/E= ' , 0DF15 . n , 1 CM1 

9//' TH[ DEPTH er- UPPcK. U1Yf i~ =', '~1 ;JF15 . " , 1 C.<l 1 

1//' THE DEPTH rF TH[: OCE1\ N Fl:JO R =' , ,wr1s. 1
.) , 'C M' 

2 I I I I I ' H l E M ,\ Gt~ I T U O C O F E A ?. T HS F 1 f: L O = 1 , '~\ P F 1 5 • ~ , • G C\ U S S ' ) 
210 FO~ ;~AT('l',' TH E ABSOLUTE: V:-\LU[ OF T H'.: HOf-~ lZ QNTt,L ,X,', 

1 • C tJ MP m ! ENT OF tA '\ s~; ~ T IC F I [ L D ,'\ l'-1 r L I n ! f: F.: , HJ GA in ,t,,: ' I I I > 

211 F □ rU~ .I\T(' \·i !WE '/ 1 L.!:=r~GTH •, C•Pl?Flr).('/• Jr,) Cr~. 1 // 

1 • P O S I T I ON ' / ' I >'l C :~ • 1 / / ) 

212 FORMAT(' ',0Pfq.0,1Pl2El0.3) 
213 FORi·iAT !/// 1 PERI CH'! ', C'P l2F L .l/' TN SEC . '/) 
2 1 4 F o R r· 1 ;\ T < , F P, ~ o 11 E "-J c v , , 1; P 1 2 F 1 0 • 5 1 • P~ H z • 1 > 

215 FIJR Mf\T('l',' THE: A,1SCLUTr VALUc riF THf= VER.TIC~L,l,', 
l 1COMPQ,'JENT OF M:'\G~JETIC FifLD -"l "'PLITU Ci: ,GA '-1:·1~ : '///) 

216 FORMAT('!',' TIIF 1\L~SOLl!T[ V,'\LJ= nF TliE C1l :·l?mJ'::i\JT 1 , 

l' OF THE MAGNETIC FI[LD A1 PLITUrr TH AT 1S \LIGN~~·~ 
2 ' AL Di'·! G TH t: ' / ' D I R EC T I t_1 ,\! 0 F PI F. F IW TH S ;\.1 1'. G :-JE T I C · f I EL D ' , 
3 I VE CT() R F ' I N G 1\1-'. MA : I / / / ) 

END 
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