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ABSTRACT

Following the method of Acker et a1,28 the

binding energies of the six lowest levels of muonic
atoms and the transitions among these levels are
calculated by solving the Dirac equations numerically.
The muon is assumed to move in a field produced by a
spherically symmetric charged nucleus. The Fermi-
type charge distribution with parameters ¢ and ¢t
determined by electron scattering experiments is used
in tne calculation. The vacuum polarization corresctions
are incluvded in the final results. It is found that
the results obtained are in satisfactory agreecment with
the experimental data, considering that a number of
theoretical corrections, even though small, have been
omitted.

The calculated energies of the transitions
(2})1/2 - 1s) , §3d5/2 - 2p3/2) , (28 - 2p1/2) and
their corresponding experimental values are used to
extract the parameters ¢ and t 1in the charge distri-
bution of the lead nucleus. The functional dependence
of a transition energy on the nuclear parameters is

represented by an iso-energetic line on the c¢-t diagram.



etic lines determines
the values of ¢ and t . It is found that the inter-
section obtained when the transitions (208 =S
P12
and (34.,, = 2p ) are used is in fairly good agreement

the transitions

with the intersection obtai
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the consistency of the model
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CHAPTER 1. INTRODUCTION

The muon is an elementary particle which was
discovered in 1937 in cloud-chamber studies of cosmic
rays by Neddermeyer and Anderson1 and independently by
Street and Stevenson.2 From the results of many experiments
and their interpretations, the properties of the muon are
well established. It is now known that the muon is a
Dirac particle which, like the electron, has spin 1/2
and has no significant interaction with nuclieons aside
'from the Coulomb interaction. It is also known that the
muon is 206.8 times heavier than the electron and has
exactly the same amount of charge as the electron. The
charge on the muon can either be positive (u+) or negative
(b ). It is an unstable particle and decays with a half
life of 2.2 x 10”° sec. 4nto an electron (e), a

neutrino (ve) and an anti-neutrino (UU)

u e

g
+
|

o> e + v+ Vv . (1.1)

When muons are slowed down in a target material
and captured by atoms, muonic atoms are formed. A muonic
atom is a system which consists essentially of a single
negative muon tound to a single atomic nucleus. Due to

the fact that the muon can be considered as a heavy electron,




the muonic atom is quite similar to the electronic atom.
However, because of the much larger mass of the muon,

the muonic orbits are about 207 times smaller than their
corresponding electronic orbits and the muonic energy
levels are about 207 times greater than their corresponding
electronic energy levels. The exiétence of the muonic

atom was predicted by Fermi and Telleru on the basis of

their calculations, and was confirmed bty Fitch and

13
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Rainweater in their first experiment on muonic x-rays.
In the laboratory, muonic atoms are formed according
to the following steps:
1) Fast pions are first produced by bombarding a
target with a high energy proton beam in an accelerator

and then negative muons are produced in the decay of

negative pions in flight:

The muons are then transported to the experimental area
by means of a muon-channel which consists of bending
magnets and quadrupoles. In the experimental area, muons
are slowed down by degrading material and are stopped
within a suitable target.

2) Inside the target, the muon loses its energy by

normal ionization from high energy to, say, 2 KeV . Fermi

Ui

and Teller predictedu the time required for this step 1

Loy

about 107" to 107!? sec. if the target is made up o



condensed matter.

3) The muon is further slowed down from 2 KeV to
thermal energy by collision with electrons of comparable
velocities and then captured by an atom into high orbital
angular momentum orbit to form a muonic atom. It was
predicted by Fermi and Teller that Lhe time needed for
this step is about 107'3 sec. if the target is a metal
or an insulator, and is about 10~°% sec. if the target
is gas.

4) The muon is thought to be captured in the vicinity
of the K-shell electrons; this corresponds to a muonic.
orbit with principal guantum number
B e s ag (1.3)

H mn,
where mu and m, are masses of the muon and the electron
respectively. Since all muonic states are unoccupied, the
muon will cascade down from this n = 14 orbit into lower
orbits, first by Auger transition (accompanied by the
emission of Auger electrons) and then by radiative
transitions. Eisenberg and Kessler5 pointed out that most

o~

of these transitions take place within a time of order

107'* sec. When the muon reaches the ground state, it
will either decay or will be captured by the nucleus with

a half 1ife of6

S

- % 1077 gec, (1.4)
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where 2z 1is the atomic number of the nucleus.
The usefulness of the muon as a nuclear probe

was first recognized by Wheeler,7’8

whose original

papers still serve as a basic guide'to the subject.
Wheeler pointed out that from measurements of muonic
x-rays the shape as well as the radial extent of the
nuclear charge distribution could be determined. This
method for determining nuclear charge radii has been used
extensively following the pioneer experiments of Fitch
and Rainwaterl3. It complements the determination of

the same quantity from high energy electron Scattering
experimentsg.

Since 1962, many careful experimental measure-
ments of the transition energies in muonic atoms have
been reported. In order to compare these experimental
results with the theory and to extract information about
the nuclear charge distribution from them, energy levels
and transition energies of muonic atoms must be calculated.
Several authorslo_12 have carried out this kind of
calculation for some nuclei. In particular, Ford and
Willslo have calculated the 2p - 1ls transition cenergies
for a large number of elements in the periodic table.

In their numerical solution of the Dirac equations, they
used a charge distribution which had been used previocusly
14,15

to fit electron scattering data " In their final results
bl

corrections for first order vacuum polarization were included.
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It was pointed out25’29 that when the calculated
energies of Ford and Wills are compared with the experi-
mental measurements, there appeared to be a small but
fairly systematic discrepancy; the Abserved energies were
one or two percent larger than the predicted ones. It
was suggested25’29 that the discrepancy is resolved if a
slightly denser charge distributicn of smaller radius were
used in the calculetions. Pustovalov11 has shown that
better agreements with the experimental energies were
obtained if the Fermi-type charge distribution was employed
in the calculations.

In this thesis, the energy of the six lowest
levels (1ls, 2s, 2p1/2, 2p3/2, 3d3/2 and 3d5/2) and some
transitions among these levels in muonic atoms are calculated.
The calculations are done for most of the nucleil 1n the
periodic table. Fcr each of the nuclei considered, a
spherically symmetric two-parameter Fermi-type charge
distribution is used. This charge distribution, characterized
by the half density radius ¢ and the skin thicknesé Tirs

is given by:
p(r) = p {1 + exp[h.4( f;—“ Y137} (1.6)

where o is the central charge density. For the
calculations, the averaged value of the parameters c¢
and t which have been used previocusly to fit the electron

scattering data are used. (See Sections 2.2 and 4.1).



o

In Chapter 2, the theory of the muonic atom
is reviewed and the Dirac equations for the muon in the
field of a spherically symmetric charged nucleus are
derived in dimensionless form.

Several radiative 'corrections are discussed in
Chapter 3. Among all the possible corrections, the
vacuum polarization is the most important one. It is
evaluated by first order perturbation theory and is
included in the final results. Other radiative effects
are not included in the calculations but a brief
description of each of them is given in this chapter.

In Chapter 4, a detailed description of the
computer program used in the calculations is given and
the method of calculation is outlined. The results of
the calculations are also presented in this chapter,
using the form of tables and figures.

A method for extfacting the nuclear parameters
¢c and t from the experimental energies is described in
Chapter 5. The observed transition energies of
(épl/2 - 1s) , (3d5/2 - 2p3/2) and (25 —A2p1/2) in

3

muonic lead from the work by Anderson et al” are used to
determine the nuclear parameters for the lead nucleus.
The results obtained are given in tables and figures.

In Chapter 6, a summary of the results obtained

is given. A brief account of changes which are neecded

for pionic atoms is also included.
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muon in the muonic atom, the main interaction comes from
the electrostatic potential produced by the charge distri-
bution inside the nucleus. This suggests we can use the
Dirac equation for a central field to describe a muonic
atom.

The hamiltonian of the muon can be written as
H=-co:p - Buc? + V(r) (2.1.2)

+ Y . . .
where o , B are the Dirac matrices given by

(09 ()
o O 0 -1

with o the Pauli spin matrix. 1w is the reduced mass of
the muon and V(;) is the electrostatic potential energy
of the muon in the field of the nucleus. In equation
(2.1.2) only the electrostatic potential is included; other
effects, such as vacuum polarization, are small or negligible.
They will be discussed later in Chapter 3.

1f p(;) denotes the charge distributicn of the

nucleus and has the ncrmalization -
- N o
[ o(¥) @®r = 2 | Bl

where 2 1s the atomic number of the nucleus, then the

: . —>. . . &
electrostatic potential energy V(r) is given by
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0 e

1
APt} g3 (2.1.4)
-> -
|¥ = .2']

V{r) = -e2 [
O

where e 1is the electronic charge. The expression
(2.1.4) can be expanded in a multipole expansion in
terms of spherical harmonics. The first term in the
multipole expansion is called the monopole term and is

3

given by the following expression—:

p(r) = - E%i + ﬂﬂ%i [ e(r')(r'? - rr') dr' (2.1.5)
r

where p(r) is called the angular averaged charge

distribution and is defined by

p(r) = f% / 0 () a9 . {2.3.53

The monopole term has no angular dependence. For a
spherically symmetric charge distribution, only the
monopole term appears in the multipole expansion.

For & spherical}y symmetric nucleus, the charge
distribution p(;) is angle independent. In this case,
the angular averaged charge distribution p(r) is the
same as the charge distribution ¢(r) .. Using this result,
the expression for the monopole term ¢(r) can be rewritten as:
o

¢lr) = - 25— 4 I, [ plr') (r'? - rr') dr' . (2.1.7)
ot , .

- - ~ e Uik . = -
Replacing the electrostatic potential energy V(r) by
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this monopole term, the hamiltonian of the muon in
the field of a spherically symmetric nucleus is obtained.

The new hamiltonian can be written as
H'= -cu'p - Buc? + ¢(r) : (2.1.8)

The Dirac equation that is solved is
H'Y = EY (2.1.99

where E is the total energy. Equation (2.1.9)
describes the muon in a central potential field. It can
be separated without approximation in spherical coordinates.

Following Schiffl6 and using the operator identity

(G-2)(3+B) = (A+B) + ig- (AxB) (2.1.10)

- ->
where 5 is the Pauli spin matrix and A and B are

any operators which commute with o s, We can write
RO <3
(3+7)(3+L) = (3T (TxD)] = i[(Z-#)(F+D) - r2(3-p)]  (2.1.11)

' TR
where L = rxp is the orbital angular momentum. From (2.1.11) we

oR'%

j = fg;f) [(3D) + 1(3-1)] (2.1.12)
b i)

..,.
have (o-

Sirice
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we have
g, W
> oxy (3-1) +k .
(a-p) = o, (p, + 1 : ) (2.1.13)
a-r
> = & 1.1k
where o, = (2.1.14]
is a hermitian matrix; and
(Tp) -1k _ . 08 L1
Py = r 1k’\8r *E) (215430

We define a new operator k which is related to the total

angular momentum by
o ¥
k = B(o*L +K) . (2.1.16)

The hamiltonien H' then becomes

ik

- 1hC 2 y
H' = co b, + - aer + Buc? + ¢(r) (2.1, 17)

The operator k commutes with the operators B, o,
and P, and thus also with the whole hamiltonian H' ,
so it is a constant of motion. The eigenvalues of k

can be inferred by squaring (2.1.16):

-
‘L)? + 2k(3-L) +% 2

Fv2 o, 1y _ T2 1z 2 \
0) + Et. = J + Hk« (2-]..18,

+
where J? 1is the operator of the square of angular
momentum and has eigenvalues j(j+1)k 2 . The operator

k2 can have eigenvalues

it

gy el ap it
K JGHLY v P

1 a
(j+ '72'-)2 g _ {2.3.1593
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Hence, the eigenvalue of k can be
ko= £(j+ 3) = #1, 2 (2.1.20)
"'—J 2 = - s - s . . . . . L <5

The angular and spin parts of the total wave function
in equation (2.1. 9) are fixed by the requirement that
Y be an eigenfunction of the operator k defined by
(2.1.16). For such purposes as the computation of
energy levels, we need be concerned only with the
radial part of the wave function. We are interested

in states with well-defined values of the total angular
momentum and thus with well-defined values of k

From equation (2.1.17), it follows that the energy of

such states can be evaluated from the equation

ike

(curpr + o Bk + Buc? + ¢(r) - E)y(r) = 0 (2.2.21)

where Y(r) 1is the radial part of the total wave
funetion VY
The matrices o, and B anticommute with

each other. We shall choose the representation in

s R 0 -1
g - . o = . (2.1.227
0 -1 E i 0

Because of the structure of g8 and a

which

. the radial part
of the wave function has two components and 1is written
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1 F(r) :
p(r) = f:( ( )) (2.1.23)
G(r

where F and G are called the small and large com-

ponents respectively and have the normalization

[ (F? + G2?) dr = 1 y (2.1.24)
O

Substituting (2.1.22) and (2.1.23) into (2.1.21) and
making use of (2.1.15) the following two coupled

differential equations are obtained:

dF(r) _ kFQr) - [E = pe? = ¢(x)IG(r)/ c

dr T '
(2:1.25)
ad(r) _ -kG(r) : B
el =+ [E + ue® ~¢(r)IF(r)/kc
with the quantum number k which is related to the
orbital and total angular momentum guantum numbers by
ko= 1If  § =28 - % )
(2.1.26)
K = ~(2+1) if =4 4+ %

2.2 Dimensionless Formulation for Spherically Symmetric
Muonic Atoms
For all the spherically symmetric nuclei
considered in this thesis, a two-parameter Fermi-type

model is used for the nuclear charge distribution:



S 18 Rt

o(r) = p {1 + exp[n( g - 3y t2.2.11

where ¢ 1s the radius at which the charge density is
one-half of the central charge density and n 1is the
parameter that determines the shape of the charge
distribution. With the normalization for a nucleus of
charge 2z (eqn. (2.1.3) ), the central charge density

3

I8 (normalization constant of p(r) ) is found to be

o, = 3z - _ (2.2.2)
Ymed (1 + Lo)
1'12

For n + « , the Fermi-type model approaches the

uniforn cherge distribution

A

(2.2.3)

0 Y > €

“p(r) Py : o A
{ p(r)

Some authors prefer to write the Fermi distribution in
terms of the skin thickness t ;3 1d1.e. the distance in
which the charge density falls from 90%.to 10% of its
central value. In this case, the Fermi charge distribution

is written as

p(r) = p, {1 + exp[4 1n3 (r-c)/t]}7 ! . (e




- h

The skin thickness parameter t 1is related to n and

¢ by the following equation:
= By <
t = 4 1n3 () = 4.40(3)

Using the Fermi-type distribution (2.2.1), the monopole

term ¢(r) in (2.1. 7 ) can be written as:

2

¢(r) = - z e p(r)

where

o 12 . aitas
i (r rlr) At

p(r) = % e

2 1 '
e3r(1+=) ¥ 1+exp[n( X - 1)]
" c

Substituting (2.2.6) intoc (2.1.25) we obtain the Dirac
equation for a muon in the field of a spherically

symmetric nucleus heving a Ferml charge distributicn:

dF(r) _ kF(r) a2 2 ;
5 = 47— - [E - uc® + ze®p(r)la(r)/kec

1 dgf’rl = kGﬁr) g [E £ U02 '_:_ ZCZp(I’)]F(l")/fLC

Equations (2.2. %) can be rearranged as

( {r KF (7 N TR 2 5
) W) pue (B 4 22 op(r) J6(x)
% ne?

l ag{r) kG{r} ,  uc , E \ ze? fwly T

k ar - r bk AT + 1) * ko P 17(r)

(2.2.6)

(2.2.T)

(2.2:9)

(2.2.9)
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Defining the dimensionless energy ¢ = ~E; where
pe

E 1is the total energy of the level considered, and

4 1is the reduced mass of the muon, and recalling that

%é = Xu s the reduced compton wave length of the muon,
e? 1 .
and ol M 147 » the fine structure constant, we

14

) in a dimensionless form:~

o W

can write (2.2.

ar(r) _ kF(r)

- [ 3 (e-1) + zop(r)6(r)

dr T "
( Qgéﬁl I Egéﬁl + [ %L (e+l) + zop(r)IF(r)

i

The dimensionless form is simpler to work with when we

solve the Dirac equaticon numerically.

2.3 Point Nucleus Solution

The simplest assumption we can make about a
charge distribution is that all the nuclear charge is
conceritrated at the center of the nucleus. This is the
so called 'point nucleus'. In this case, the electro-
static potential ¢(r) 1is given by the following

expression:

ze”
I'l

il
1

¢o(r)

Substituting (2.3.1) into 2.1.25), we get

(2.2.10)

(2.3:.1}



w 1T -

dF(r) _ kP{r)

2
T it (B g 4 E%_ ) G(r}/ ¢

(2.3.2)
d6(r) _ _ kG(r)
ar r

+ (E + pe? + X )F(r)/c .
This is the Dirac equation for a muon in the field of a

point nucleus; it can be solved analytically (see Appendix B).

The total energy E 1is found to be

2] _a ; &
Z0o \ e ;
s (2:3.3}
=)

with k = #1, 2, ... and N = 0, 1, 2, .... _The prinecipal

quantum nunber n 1is related to N by the relation

n=0N+ k] . (2.3.4)
The binding energies of various levels are given by

2 )
—

\ E/ = ue? - E = pe? {1 -1+ (—— a9 ¥ o (2+3.5)

b o

N+ sz 252

In this work, we arc interested in the six lowest levels.

The values of k and N for these levels are:

ls (k=-1, N=0), 2s (k=-1, N=1), 2p1/2 (k=1, N=1), 2p3/2 (k=-2, N=0),
3d /2 (k=2, N=1) and 365/ {k=-3, N:O).. For the lightest

lel or for the higher levels of the heavy nuclei, it is
sufficient to use the point nucleus eigenvalues which are given

by (2.3.5). A correction for the effect of finite size of

the nucleus may be cobtalned from a first order perturbation

calculaticn, using the second term in the expression (2.1.7).
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However, for most of the cases we are interested in,

i.e. the lowest levels in medium or high 2z nuclei, the
Dirac egquation (2.2.10) must be solved by numerical inte-
gration. The point nucleus solutlons obtained above are
used as starting values for the trail energies. The
detailed procedures for tThe numerical sclution of the

Dirac equation are given in Chapter 4.




CHAPTER 3. RADIATIVE CORRECTIONS

The energy eigenvalues which come from the
numerical solution of the Dirac equation (2.2.10) do
not describe the energy levels of the muonic atom
accurately eriough, even for a spherically symmetric
nucleus. Several radiative corrections must be taken
into account.

Among the possible corrections, vacuum polari-
zation 1s the most important one. It produces an appreciable
shift in the energy levels obtained by the numerical calcu-
lations. In this thesis, we evaluate these shifts, using a
first order perturbation theory and the numerically derived
functions. For other radiative corrections such as the
muonic Lamb shift, the muon anomalous magnetic moment,
the nuclear polarization and the electron screening, no
attemp?t has been made to éalculate them. Instead, a brief

qualitative description of each one of them is given.

3.1 The Vacuum Polarization Correction
It is predicted by quantum electrodynamics that,

Ky

in certain res;

(@]

€eC’

=

:s, the properties of free space are

'

analogous to those of a dielectric meq;um. The presence
of an electrostatic field in free space induces a slight

separation of virtual electrons and positrons, which is
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referred to as vacuum polarization. It is the most important
one among all the possible radiative corrections. While,

in the ordinary electronic hydrogen‘atom, the energy shift
due to the effect of vacuum polarization is much smaller

than those due to other radiative effects, this is not the
case when we deal with muonic atoms. At a distance of the
crder of the Compton wave length of the electron

(k= Ty 0.386 x 107*° em) , the vacuum polarization

e m cC
(<

of the virtual electrons and positrons leads to an alteration
of the electrostatic potential of‘the nucleus, regardless

of what pérticle, electron or muon, moves around the

nucleus. We know that for hydrogen-like atoms, the Bohr
orbit is inversely proportional to the mass of the particle,
so that the radius of the muon orbit is about 207 times
smaller than the radius of the electron orbit and its
dimension is of the crder of ~10"!'! cm. As a.result of this,
the muon will spend a greater part of its time in a region
where the electrostatic potential of the nucleus 1is changed
by the effect of the vacuum polarization, and which in

turn, leads to an appreciable shift of the energy levels.

The effect of vacuum polarization has been investigated

3,10,17~20 17

and calculated by several authors. Glauber et al
had developed a set of equations to calculate the first
order energy shift due to vacuum polarization for a

point-like nucleus. Here we follow qguite closely the steps



used by Ford and Willslo in the calculation of the vacuum
polarization correction.

To the order of the fine structure constant o ,
and for a general nuclear charge distribution p(;) , the

vacuum polarization potential energy due to the virtual

electron-positron pairs is given by21’22
2ae? (¥1) |77 |
¥ oe r 3
VvV (r) = - | /== ¥ (______> ddr! (3.1.1)
# S b
where o = Ei S is the fine structure constant
’ ke 437 &
o
Xe = 5o 1is the reduced Compton wavelength of the

(S

electron, and x_(x) 1s the integral given by
n

o 1
; 2 _oy
() =) 2 a+tya-Ly Vg (3.1.2)
2 2

1 Z 2y ¥
If the nuclear charge distribution p(r) is spherically
symmetric, then only the monopole term appears in the
muitipole expansion of equation (3.1.1). For a Fermi-type

charge distribution p(r) , the vacuum polarization

pctential energy Vp(r) is given by23
- . S ”()Z(:‘z - | (o T - oo | o 1 : 1
Vp(l) = [ dr'r' [H(|r-r'|) = H(r+r')] p(r') , (3.1.3)

where H(r) 1is given by , |



H(r) =

For pr << Xe

(3.1.4) is

H(r) - H(O)

where 1n vy
Fo

of 'za , onl

used. In sue

energy is gi

where ¢ (r)

in (2.1:F)
_ 21
T ie) = < =5
- (

where ¥y = 1
distribution
wave functio

polarization

- 22 =

ayr
X

T
A0 A T L R (3.1.1)
ee 2 212 y

y

S
«

s the asymptotic expansion of the_expreésion

- ryy 1 _3m »  1lr,* _ m,r,°
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y the first two terms in equation (3.1.5) are
h g case, the vacuum polarization potential
ven bylo
Vp(r) 3T [V (r) - = ¢(r)] (3.1.6)
is the electrostatic potential energy given
and VI(r) is given by
e [ plr') ' {|r-r'|[in fL ir-r'| -1]
& {3.3.7}
r+r')[1ln fL (r+r') - 11} dr! 3

e

.781 , and p(r') is the nuclear charge
. Using the numerically derived normalized
ns f and g , the energy shift due to vacuum

1s obtained from a first order perturbation



calculation:

AEp = | Vp(r) (f?2 + g?) dar L (3.1.8)

It is found that the vacuum polarization increases the
binding energy of the muon somewhat less than 0.7%
Thus, for the heaviest nucleli, the 1s level vacuum
polarization is on the order of 70 KeV . Wichmann and
»Krollzo had estimated the same corrections due to terms
in second and higher order in =zo . They found that the
corrections are very small,

(AEp/E ¥ 1.0 x 10™% ~ 1.5 x 10™"*) and therefore can often

be neglected.

3.2 Brief Description of Other Radiative Corrections

A. The Muonic Lamb Shift and Other Radiative Corrections
gt Order
In the Dirac theory for a point-like nucleus,
electroniec levels

the energies of the 2s and

1/2 SV
are equal (degenerate). But experiments fqund that the
251/2 level iz actually lower than the 2p1/2 Teveld . 1R
the case of an ordinary hydrogen atom these two levels
are found to be shifted with respect to one another hy

approximately 10% of the magnitude of the fine structure.
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This relative shift of the 231/2 and 2pl/2 levels
is called the Lamb shift and it can be largely accounted
for by quantum electrodynamics. It turned out that this
shift is basically caused by the interaction of the electron
with the vacuum. For muonic atoms, the interaction of the
muon with the vacuum will 1ift the energy levels slightly.
Thus the binding energy of the levels of the muonic atom
is decreased by this effect.

Barrett et al23 had estimated the muonic Lamb
shift for the lowest levels in muonic bismuth. They found

that to about 30% accuracy the shifts for the low-lying

states are given by the lowest-order formula:

0.

3mu?

_ 2 dv >, '
AE = <r o o*L> {3.2.,18

2 U - e
Ls VEV>[In mp= + Syt g - 51 4

8mu?
where Ae 1is the average excitation energy of the muon
defined by the Bethe sumll3 and u 1s the reduced muon
mass. They use the binding energy of the muon for a
particular energy level to shich the Lamb shift is beilng
calculated for Ae as an approximation. The 30%
uncertainty in the resuit is mostly due to this approxi-
mation. In equation (3.2.1) the (- %) term corresponds
to the vacuum polarization of muon pairs. The % and
the spin-orbit term correspond to the muon anomalous

magnetic moment. The expression <V2?V> 1is proportional

to the probability of overlap of the muon wave function



S
with the nuclear charge distribution and is given by
<V2V> = Umza <p> = bUmza [p(r) (f% + g?) dr . (3.2.2)

Equation (3.2.1) was evaluated numerically and they found

for 1ls 1level, AE = 3.0 + 1.0 KeV ; for

15 2Py /o

AE = 0.4 + 0.3 XeV ; for

$.3 AE = 0.7 £ 0.3 Ke¥V

2P3/0 > Ls

B. Nuclear Polarization Effect

In our calculation for the energy levels of
muonic atoms, the muon is treated in the static field
of the nucleus, i.e. the nucleus is assumed to be
unaffected by the presence of the muon. However, this
is not the case in reality. Interactions can arise by
the presence of the muon and these interaction may induce
changes in or polarize the nucleus. Nuclear polarization is
also known as the dispersion effect. The temporary exci-
tation of the nucleus leads tc a slight change in the
energy levels of the mucn. It increases the binding
energy by a small amount.

The encrgy shift due to this effe¢t has been

13,35-40

calculated by several authors. Depending on the

nuclear model used, they came up with widely different

results. The first estimate was made by Cooper and

13

Henley -, who have shown that the energy shift due to the
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effect of nuclear polarization could be written as

5 <Y dp|H' [Yyo > <Puo [H'[Y ¢, >
0'R N'm N k
AENp(‘) = 3 i g (3.2.3)
N,m (EO + e, EN - em)
N#0
m=K
where wo and wN are the initial and intermediate
wave functions of the nueleus, ¢O anc ¢m 5 ¢R are
the initial and intermediate wave function of the muon,
EO and EN are the initial and intermediate energies
of the nucleus, €, and e, are the initial and inter-
mediate encrgies c¢f the muon, and
ot = g° - <y |He|¢ > , (F.2.4)
0 0
with H® being the electric interaction which is given by
e - et
i = X ('T;T"‘ ) . (3.2.5
1=1 |r-R,|

Here r is the position vector of the negative muon, and
2 N - - .th .

Hi is the positicen vector of the i proton in the
nucleus. The superscript (2) in (3.2.3) indicated that

the nuclear polarization correction obtained by use of this
equation is a second order effect. The first order
correction to the total energy of the muon-nucleus system
13

is zero for any mucn state. Cooper and Henley crudely

estimated the snift for 1ls level for several muonic atoms by using
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closure over both the nuclear and muon states. They
took an average value for the energy denominator and

chose the value 13 MeV for (EO - E from the statis-

N)
tical model. They found that the shifts for the 1s
level were: -58 KeV in lead (82Pb) , =13 KeV in

Cu) and =-=1.2 KeV in aluminum (.. Al).

37

copper (?9

Lakin and Kohn

13
made an estimate of the same effect

and reported a smaller shift. They found that in muonic
mercury (80Hg) , the 1s 1level shift was =-16 * 8 KeV .
They also pointed out that the reduction in the
magnitude of the shift was mostly due to the correlated
moticn of the protons. Chen38, in his Princeton thesis,
repeated Cocper and Henley's calculation with the following
two improvements:
1) The intermediate muonic states in the continuum
are treated properly.
2) The two nucleon cross terms in the ground state
nucleus are included.

He found that the shifts in muonic lead are

AEN~p = -6 + 0.5 KeV for 1s
n B2 - 2 K

ALN»p 1.2 + 0.2 KeV for 2s

AE = ~-1.9 * 0.2 KeV for 2p

Nep

The nuclear pclarization effect was also estimated by

64 36 : : ,
Cole3 ‘3). He used an average nuclear model and the




o o

experimental inelastic electron scattering cross sections
to calculate the shift due to the giant dipole resonance.

The results obtained for muonic lead are:

'Y

AE -6 KeV in 1s

Nep

&

and AE -2 KeV in 2p

Nep

Reeently, Skardhamaruo has obtained similar results.

C. Electron Screening Effect

When an atomic electron is within the muon
orbit, the effective nuciear charge seen by the muon
will be changed. This change in turn will induce a
shift in the energy levels of the muon. Since the muon
orbits are 207 times smaller than their corresponding
electron orbits, the main contribution to this effect
comes from the K-shell electrons. The electron screening
effect has been calculated by Barrett et a123. They
found that the shifts in the energy levels of muonic
bismuth (838i> vary from 4.6 eV for the 1ls state
to 190 eV for the 5g states. The electron screening
becomes more important as the level goes'higher. For
the lowest levels which we are interested iﬁ, the correc~
tions are of the order of a few eV . Electron

screening lIncreases the transition energies.
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CHAPTER 4.

NUMERICAL METHODS FOR THE CALCULATION OF ENERGY LEVELS

The energy levels of the mﬁon in the field of
a Fermi-type charge distribution are obtained by the
numerical solutions of the dimensionless equations
(2.2.10). A computer program has been developed for this
purpose. In this chapter, first a description is giveéen
of the computer program and the procedures are outlined
for calculating the energy levels and also their
corresponding vacuum polarization corrections. Then.,
in the second part, the results of the calculation for
the lowest six levels (ls, 2s, 2p1/2, 2p3/2: 3d3/2

and 3d of the muonic atoms are presented, in the

)
5/2°
form of tables. In Table 4.2.1 , the mass number A ,
the nuclear parameters ¢ and n , the calculated binding
energies of the levels considered and thair corresponding

vacuum polarization corrections are tabulated, in increasing

order of =z . 1In Table 4.2.2, several energy differences

<t

between two levels are listed. These include the

~ - y N7 S 443 o e = S A - ., » . . b
cp3/2 Lpl/2 splitting and the transitions 2;)3/2 L8
2R = - o - 5 @
gu;/g 2133/,2 s 28 2pl/2 , and 3d1/2 2s . In the same

~

table, we also list the experimental values for some
transitions as a comparison with the calculated results.
The Fermi-type charge distribution, as well as the

numerically derived potentials, and the ncrmalized wave

o
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functions for lead (82Pb) are shown graphically in
figures 4.2.1 to 4.2.5 . A complete listing of the
computer program for the calculation is given in

Appendix D .

4,1 Detailed Calculation Procedures
In the computer program which has been developed

to calculate the energy levels of the muonic atoms, the
electrostatic potential of the nuclear charge distribution
and the effective potential due to vacuum polarization

are first evaluated. This is because these two potentials
are.functions of the quantities Z, ¢ and n which are
constant for a particular atom. This means that these

two potentials are the same {or all muonic levels in

this particular atom and therefore they only have to be
evaluated conce when the various energy levels and their
corresponding vacuum polarization corrections are calculated.
Throughout the calculation a two-parameter Fermi-type

charge distribution is used. This distribution is charac-
terized by the radial parameter c¢ , and the surface
thickness parameter n or the skin thickness parameter ¢t .
(See Section 2.2 .) These parameters., for some nuclei, have

9

been determined by Hofstadter” in high energy electron

scattering experiments. On averaging these experimental

values, it was found that the skin thickness parameter ¢

was approximately the same for all nuclei except the
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11,41

lightest cnes and 1t was given by

2.8 % 1622 am .

e
I

The dependence of the radial parameter

~

¢~ 1.08 AY® x 10"13>cm

c on A was

where A ig the atomic mass number of the natural

isotope mixture.

In the calculation, except for some cases, the

nuciear parameters given by (4.1.1) and

(4.1.2) are used

for all nuclei tonsidered. The exceptions are the ones

whose nuclear parameters have been determined directly

by the electron scattering experiments.

the values of ¢ and t for nuclei 2OCa
. o .
2?Nl : 49In : 51ub 5 79Au and 8381
g

the experimental results of Hofstadfer
values for the lightest nuclei 3Li 3

N and 80 are taken from the results

m

7 pee

.
et al™”,

In particular,
5 23Ja " 2700 3
are taken from

while the same

MBG 5 5B 3 6C 3

cf Meyer-Birkhout

The electrostatic potential prcduced by a

(4.1.1)

(h.1.2)

Fermi-type charge distribution is given by equation (2.2.6).

It cannot be expressed explicitly in an

and thus must be evaluated numerically.

-

analytical form

To this end, the

well-known Simpson's rule for the approximation solution

of a definite integral is used. The potential is calculated

for a series of values of r , the radial wvariable. -The
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calculation is started at r_ = 0.001 fm , (1 fm = 0™ tem),
an arbitrarily chosen point that is close to zero. The

second value of r i1s set equal to ¥ 4+ h = r and the

o} I.?
third value of r 1is set equal to T +2h = ry + h = r, etes
here h 1is a constant which is set equal to 0.25 fm. For
each value of r , the integraticn over r' in (2.2.7) has
to be done once and is calculated by means of Simpson's
rule. It is found that when r = 30 fm , the contribution
from the second term in (2.2.7) is very small and negligible.
This means that the electrostatic potential is practically
the same as the one produced by a point-like nucleus for
sueh a large value of r .

The effective potential due to vacuum polarization
given by equation (3.1.6) is calculated next. Simpson's
rule is also used to evaluate VL(r) s Bliven by £(3.1.7) »
The step size in the integration is chosen to be the same

as the onz used in the calculation of V(r) . It is

n

found that without loss of any significant contribution,

J

the upper limit of the integral in (3.1.7) can be set
equal to 30 fm , 1.e. the integration over r' runs from
r'* = 0 tor' = 30 fm .

After the electrostatic potential and the
vacuum polarization correction potential are obtained,
the energy levels of the muonic atom are then calculated.

28

Following Acker et al =, the Dirac equations are solved
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numerically, treating the dimensionless energy €

as the eigenvalue. Both of the Dirac equations for
a point-like nucleus and for a finite-size nucleus
with a Fermi-type charge distribution are solved.

At & certain distance away from the center of the
nucleus, called the matching radius, these solutions
are compared. An interpolation program enables one
to find the correct energy eilgenvalues.

The Dirac equation for a point-like nucleus
is given by (2.3.2) . They can perhaps be solved
analytically, but we have not tried to do so. Instead,
they are solved numerically in a computer. For such
a purpose, the fourth-order Runge-Kutta method is used.
This mcthod is mcst commonly used in the numerical
solution of a first-order ordinary differential equation.
Its application is readily extended to the problem of
solving a first-order system of two equations. The
formulae of the fourth-order Runge-Kutta method are
given in Apnendix C

The numerical solutions of the Dirac equation
for a point-like nucleus are begun at ¥, 0.001 fm
(the same point where the calculation of ¢(r) is

started). The initial values of F and G at this
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point are obtained from the aymptotic solutions of

equation (2.3.2). There are two sets of solutionslu,

depending on the sign of the quantum number k . For

k greater than zero, the asymptotic solutions are:

: 2k + 1 k
A r
(l+€)/'ku + 0z¢(0)

5
i

1
G.= A l":{+l

and for k Jless than zero,

!..l

azd(0) + (e~1)/%
F = -B B pl-k
1 - 2k

where ¢{C) dis the electrostatic potential at r = T

i
A

K} is the reduced Ccmpton wavelength of the muon, and

A, B are arbitrary constants.

For the sake of simplicity, A and B are

chosen to be unity in our calculations. The gquantity ¢{0)

oo 2

4 or 3 ~ 17 ac " =) ~TeT O 2 <

is given by m(ro) - 5 - The energy eigenvalue ¢
o

il

(4.1.3)

(4.1.4)
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is obtained from the formula (2.3.5) in Sectioﬂ 23
Using the initial values of F and G thus obtained
and with the help of the fourth-order Runge-Kutta
method, the values of the radial wave functions F and
G at ry =T, + h are calculated. Here h 4is the
step size of the integration and is chosen to be equal

to 0.25 fm . The solutions of P and G at r are

i
then used as the initial values for the next calculation

of ¥ and G at rl + h « «+ s - @and so o0n. . In

g
this way, the repeated application of the fourth-order
Runge-Kutta method permitted the values of F and G
at r., =r, . +h, i=1,2,3.. .. tobe obtained.
The integrations are continued until r reaches the
matching radius.

The program is then moved to the solution of
the Dirac equations for a finite nucleus with a Fermi-type
charge distribution. The procedures for the solutions of
F and G are essentially the same as in the calculations
of a point-like nucleus. The initial values of F - and
G are also obtained from (4.1.3) or (4.1.4), except in
thiscase, the first value found in the numerical calculation
of the electrostatic potential ¢(r) is used for ¢(0)
The integraftions of F and G for a finite nucleus are
also started at r, = 0.001 fm and the step’size h ds

[§

chosen to be the same as the one used in the point nucleus
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calculations. (This choice is necessary because the
results of the point nucleus and finite nucleus calcu-
lations are compared at the matching radius.) The trial

energy eigenvalue € 1s first set equal to €, , the

1 {
point-like nucleus value and the Dirac equations are -
solved by the same method used previously. The integrations
are stopped when r reaches the matching razdius. A com-
parison of the solutions of the Dirac equations for a

int-1like and a finite size nucleus is made i i
oint-1ik d f 17 ] nade at this point

by calculating the difference D given by the following

;!
equation:
D, = F,.(e.,)G (e - P (e.)aG, (e b.1.5)
where FO 5 G0 and Fi, Gi are the values of the radial
wave functions of a point-like nucleus and a finite-size |
nucleus at the matching radius respectively. !
Similarly, two more differences D, and D3 are
5]
obtained by repeating the solution of Dirac equations
twice, with two different trial eigenvalues 52 and 83 :
Es = €, + As
2 1 -
(4.1.6)

c3 = 32 + Age = el + 2Ae

bt

where Ae 1is the change 1

1 the dimensionless energy and
is roughly scaled to the expected difference bhetween the

point nucleus energy and the actual energy.



Using this set of trial energy eigenvalues

€15 €95 83 and their corresponding differences Dl 5
D2, D3 a new trial eigenvalue €' can be found for

which the difference D' 1s equal to zero. This is

done using the Lagrange interpolation formula; i.e., by

first calculating the quantities €45 and 813 :
€yp = (D2€1 - D1€2)/(D2 - Dl) L T R A
€13 = (D3€l - D1€3)/(D3 - Dl) " (4.1.8)
The required eigenvalue €' 1s then given by_
et = (Dgey, - Dyegg)/{Dy = D) (4.1.9)

Starting from the solution of the Dirac eguation
for a finite nucleus, the above procedures are then
repeated. The eigenvalue €' obtained from the inter-
polation is used as the first trial energy eigenvalue.

The second and third trial eigenvalues are set equal to

e' - Ae' and €' = 2Ae' with Ae' = Ae . This new
set of energy eigenvalues and their corresponding D's ,
together with equations (4.1.7 ), (4.1.8) and (4.1.9)
enable one to find another new eigenvalue €" for which
the difference D" 1s equal to zero. e" is clcser to
the ccrrect energy eigenvalue than €' . This iteration
scheme 1is continued until the difference between two

successive trial eigenvalues is less than 1.0 x 1078



...38_.

(i.e. the energy difference between these two successive

@

trials is less than about 1leV ) The correct energy
eilgenvalue is then given by the last trial eigenvalue.
If €, denotes this correct energy eigenvalue,; the
binding energy of the particular mucnic level considered

is given by
= pe?2(1 - €,) (4.1.10)

where u 1is the reauced mass of the muon.

In the present calculation, the mucocn mass

h2

assumed 1is

w
m

n, = 206.84 m, = 105.69 MeV (§.1.11)

and the reduced mass of the muon in a particular atcm is
given by
A-m“
TN T (4.1.12)
A+0.1135

is the mass number of the atom. (0.1135 is the
the mueon mass to the mass of 2 nucleon.)

For the lightest nuclei, the matching radius is
set egqual to the valve r = 50 fm. As the atomic numker
Zz 1ncreases, the radius of the orbit of a certain muonic
level decreases. This means that a smaller matching
radius can be used as our calculation cf the energies go

on, in the increasing order of =z . For the heaviest
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nuclei, the solutions of the Dirac equations for a
point-1like nucleus and for a finite nucleus were
compared at r = 30 fm .

Using the correct energy eigenvalue found
above, the finite nucleus Dirac equations are solved
once more. In this way, the unnormalized radial wave
functions F and G are obtained. These wave functions,
after peing normalized, were used in the calculation of
the vacuum polarization correction. If £ and g are
the normalized wave functions, then the wave functions

FF and G can be written as

F = NT
(4.1.13)
G Ng

where N is the normalizstion constant. From eguation

(4.1.13) and the normalization condition:
J(£2 + g?) dr = 1 , (4.2.14)

we have

J(F? + G2?) dr = N% [ (£* + g?) dr = N? (4.1.35)

The normalization constant N can be found by evaluating
the integral in (4.1.1%). In our program, this integral
is evaluated numerically by means of Simpson's rule.

The starting point and the step size of the integration

are predetermined. They are restricted to take the same

values used previously.
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The last step in the calculation. 1is the
evaluation of the energy shift due to the effect of
vacuum polarization. This correction, considered to
be the most important one among all radiative correc-
tions, is given by (3.1.8) in first-order perturbation
theory. Simpson's rule is used again to evaluate the
integral in (3.1.8). The normalized wave functions
obtained above are used and the effective potential
of this correction Vp(r) has been found eaplier.

The same starting point and step size as in the previous
calculation are used. The integration over r 1is done

up to 50 fm . It is found that for nuclei with atomic
number z up to 9 , the vacuum polarization corrections
for the 2p and 3d levels are very small and therefore
can be ignored.

To sum up, the dtailed procedures in our calcu-
lation for the energy levels of the muonic atom  can be

outlined as follows:

1) The electrostatic potential ¢(r) and the effective
potential due to vacuum polarization are first
evaluated by means 6f Simpson's rule. These two
potentials are the same for all . levels 1in a

particular atom.

2) Using the fourth-order Runge-Kutta method, the Dirac

equations for a point-like nucleus are solved.



3)

4)

5)

6)

7)

_ul._

The Dirac equations for a finite nucleus are
solved by the same method used in (2). At the
matching radius, the solutions obtained in this
step and the ones obtained in (2) are compared by

calculating the difference D = FiGo - FOGi

The eigenvalue € 1in the Dirac equations is then
changed to € - Ae and € - 2Ae , and step (3)

is repeated twice.

Using the trial eigenvalues and the

€15 €55 €3

D obtained in (3) and (4)

D2, 3

results Dl’

and an interpolation program, a new eigenvalue for

which D = 0 is found.

The result obtained in (5) is then used as the first

trial eigenvalue for the Dirac eguations and steps

(3), (4), (5) are repeated. A new eigenvalue is

found. This new eigenvalue 1is closer to the correct
o

eigenvalue than the previous one. This iteration
scheme is continued until the difference between

two successive trial eigenvalues is less than

1.0 x 107% . When the iteration is stopped, the

correct eigenvalue is found.

Using the correct eigenvalue found in (6), the
unnormalized wave functions F and G are obtained

by solving the Dirac equations once more.
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8) By means of Simpson's rule, the functions ~F and G
obtained in (7) are first normalized and then the

vacuum polarization correction evaluated.

The program is run in the University of Victoria
IBM 360-50 computer. The storage needed for the program

is 66K. The computing time for each run is about 10 minutes.

4.2 Results of the Calculation

In this section, the results obtalined in the
above calculation are presented. In Table 4.2.1 the
mass number A , the nuclear parameters ¢ and n and
the binding energies of the six lowest levels considered
for each munnic-atom are listed. There are two columns
for each level in this table; the first one shows the
calculated binding energy (including the vacuum polari-
zation correction) while the second one shows the energy
shift due to vacuum polarization in that level. In
Table U4.2.2 , several transition energles among the
levels considered are listed. For some transitions,
experimental values with references are also liisted
for a comparison with our results. Typical results are
shown graphically for lead in figures 4.2.1 to 4.2.5 .
The Fermi-type nuclear charge distribution is shown in
figure 4.2.1 , the electrostatic potentiai $(r) in
figure U.2.2 , and the normalized wave funetions of all

~

six levels in figures 4.2.3 , 4.2.4 , and 4.2.5 .
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f | Nuclear | Binding Energles and Vacuum Polarization Correction in XeV
éEJement Mass Parameters 1s 2s 2Pq /5 2Pz /o ) 34,5 245 /5
i A c (fm) n | B.E. ! v.p. | B.E, V.P. | B.E. V.P. | B.E. V.P. | B.E. V.PD. B.E.
i | .
| 11 6.4 | 1.20 | 1.71 | 62| 5.684 6.225 6.224 2.765! 2.758
| = 9.01] 0.9 1.14 091 9.962 11.141 11.139 I.94G 4,93¢
B 10.81) 2.0 3.6l 23! 16.219 17.403 17.397 1735 7.734
i 12.011 2.24 | 4.48 325]  23.428 553137 25.125 11.149 11.148
N 14,01 2.30 | h.60 505 2.235 34.19¢9 34.17€ 15.196 15.2194
0 16.0 | 2.601 €.02 730 %2.574 1,797 U758 19.860 10. 865
F 19.0 | 2.82 | 5.28 .017] _ 51.284 56.584 56.521 ~25.177 25,171
a 230 3.07 ) 5.63 .668 71.778] _0.20L 84.734 0.1520 84.602] 0.150] 37.655| 0.020 37.642] 0.020
2h, 3 313 1 5Tl .038  B4.e642| 0.376 101.038 0.2004 100.8471 0.2011 44,829 ©.038 44.81¢f 0.037
A] 27.0 3.24 g4 | 2.573]  98.624] 0.403 119.167 ©.274 1318.873 0.270] 52.641f 0.042 52.614 ou]
sij. 28,1 ) 3.201 6.02 .g! 112.094] o0.43% 137.133 ©.342 136.7?% 0.33C 61.065 C.058 61.028 .05@
B 31.0 3.39 § 6.22 521} 125.665| 0.607{ 155.679 0.403 155.173 0.395 70.139] 0.075 | 70.07Y% 0.977
g 32.1 3,431 6.29 | 692.303] H.128 1hh.3591 0.667 179.558 0.44d 178.956 0.434 79.823 0.081 79.762] 0.074
Cl 35.5 3.55 | 6.51 776.4610 4.596] 161.214| 0.815] 202.129 o0.609 201.3379 0.594 90.156 ©.116 90.07¢ olg}ﬁ
K 39, 1 3.67 | 6.72 | 965.2331 5.954] 209.019| 1.014f 255.715] 0.796] 254.509{ 0.7811 112.67& 0.169 | 112.557] 0.16%
£g.1 .64 1 6.41 11053.95 | 6.624) 227.712) 1.236] 283.020] 0.825 281.525| 0.803 124.870} 0.188 | 124.720 0.184
o he.0 | 3.88 § 7.04 11166.35 i 3] 249.293) 1.413] 311.246] 0.8961 309.521; .0.872 137.735 0.196 | 137.554 0.123
I 6.9 3,92 ¢+ 7.19 §1279.66 | 8.014] 271.036) 1.506 342.1529 1.0600 339.9960 1.033] 151.210] ©.202 | 150.994 0.159
23| Va 50,9 L 00 P33 1337786 8.82% 289,277 1.7411 369.235 1,190 366.685 1.155 165.332] 0,278 165,074 ©.27
| or 52.0 4.03 | 7.39 Jlﬂel.oo 9.576] 317.8651 1.9z4] 405,749 31.332 402,767 1.289 180.070 ©0.317 | 179.761l 0.331

TABLE 4.2.3 Calculated energies of the six lowest levels in muonic atoms.




] & Nuclear Binding Energles and Vacuum Polarization Correction in KeV
| Z [Element| Mass Parameters 1s 2s 2Py /p 2p3 2 3d3/2 3d5/2 '
A_lec (fm)l n B.E. | v.P. | B.E. v.p. | B.E. V.P. | B.E. v.P. | B.E. | V.p. | B.E. V.P
25 in 54.9 | 4,13 7.53 11608.17410. 463 | 342. 467 [1.992| 441.878] 1.486| 438.282 | 1.435]195.456 | 0.384 | 195.094] 0.377
;-ﬁf Fe 5?.8 4,13 7.57 11729.78 |11.247 | 370.812 [ 2.024| 479.286] 1.652| 475.190 1} 1.591 | 211.463 | 0.392 | 211.042] 0.385
|27 Cc 58.9 | 4.09 7.17 |1850.80 [12.154 | 399.188 | 2.112] 517.094] 1.832 | 512.540 | 1.760 | 228.123 | o.401 | 227.62¢l 0.304 |
28 N 58.7 | 4.30 7.59 |1973.17 [13.074 ] 429.751 | 2.231} 559.505} 2.024 | 554.193 | 1.941 | 245.397 | 0.412 | 244.826] 0.404
23] Cu 63.6 | 4.31 7.90 |2101.48 113.974 | 456.981 | 2.452 | 597.579| 2.232| 591.448 | 2.134 | 263.346 | 0.476 | 262.688 0.467
30 Zn 65.4 | 4.35 7.98 | 2233.31 14.839 | 490.614 | 2.646] 642,942 2.453] 636.021 | 2.340 | 281.908 | 0.536 | 281.15! 6.527
311 Ga 69.7 | H.4us5 8.15 |2363.01 [15.746 | 519.559 | 2.831 | 683.865| 2.688 | 676.011 | 2.559 | 301.132 | 0.502 | 300.272 6.533
;13§ ie 72.6 | 4.51 8.26 | 2498.45 [16.688 | 552.648 | 3.20u 1 729.226| 2.938 | 720.413| 2.790 | 320.987 | 0.628 | 320.01¢f 0.618
33 § As 74.9 | 4.55 |.8.35 |2638.41 17.597 | 586.933 | 3.427} 776.059| 3.203 | 766.217 | 3.034 341.480 | 0.694 | 340.374} 0.683
| 34 | Se 79.0 h.63 8.50 | 2781.18 [18.562 | 621.120 | 3.631} 823.457| 3.482 | 812.424 | 3.291 | 362.630 | 0.765 361.382] 0.753
=S Er 79.9 | 4.865 8.53 12903.78 |19.547 | 657.278 | 3.894 | 872.303 | 3.777 | 860.049 | 3.561 | 384.402 | 0.829 | 383.001 0.815
37 Rb 85.5 | 4.76 6.72 |3207.73 21.7131 739.983 | 4.259} 978.352| 4.410| 963.491 | 4.1451 | 429.907 1 ©0.964 | 428.154 0.945
33 Sr 87.6 | 4.80 8.79 |3361.96 |22.604 | 786.418 | 4.37671037.56 | 4.75001021.32 | 4.450] 453.629 | 1.031 | 451.677 1.011
| 29 4 88.9 h,82 8.84 | 3517.26 123.493 | 835.650 § 4.427(1098.25 | 5.105(1080.562 | 4.773| 478.001 | 1.103 | 475.834 1.080
4C Zr 1.2 | 4.86 8.91 3672.51‘2”.385 684.820 | 4.677)1159.31 | 5.474}1140.19 | 5.109| 503.060] 1.379 | 500.617 1.353
| 41 Nb 92.2 | 4.89 8.97 | 3791.77 |25.656 | 932.509 | 4.82911208.48 | 5.958(1187.22 | 5.581] 528.692] 1.643 | 526.041 1.612
2 96.0 | 4.95 | 9.07 |3969.72 |p7.175] 973.696 | 5.1801274.16 | 6.342]1250.60 | 5.928] 555.073] 1.729 | s552.15d 1.695.
30 Te 99.0_§ -5.00 2.16 | 4129.07 [28.21411032.890 | 5.47611336.99 | 6.74111311.36 [ 6.289| 582.064| 1.819 | 578.854 1.781
b 44 | Ru 101.1 5.03 9.22 | 4283.6729.293{1080. 89 5.859]1394. 27 7.15911366.54 6.6641 609.806 2.0121 606,255 1,870
45 | Rh 102.9 | 5.06 9.28 Jubho,63 130,37611136. 06 £.10711467 ab 7.58811431.19 7.0521 638,123} 2.108 634,221} 2,063
46 | Pg 106.4 § 5.12 9.38 | 4602.78§31.48711187.32 | 6.59413528.02 | B8.033]1495.5U4 | 7.453) 667.0894 2,209 662939 2.159

TABLE 4.2.1 - continued‘




Nuclear Binding Energies and Vacuum Polarization Correction in KeV
Z !Element| Mass Parameters 1s 2s 2Pq /o 2P3 /o 345/ 345,

A {e (fm) n B.E. | V.P. | B.E. V.P. | B.E. V.P. | B.E. V.P. | B.E. V.P. B.E. V.P.
b7 As 107.9 5,14 g.u3 | n783.671 32,4051 12u1.55) 6.8311 1593.82] 8.u96] 1558.06 7.869] 696.704 2.313 692.17¢%12.25%3
L8 i ca 112.4 ) 5.21 | 9.56 | 4919.32{33.387 1293.46] 7.235| 1661.50] 8.069] 1622.95 8.295! 726.597] 2.422 | 722.07h}2.362
490 1n | 124.8] s5.24 {10.02 | 5084.22|34.298] 1352.50| 7.535| 1732.48| 9.471| 1691.84] 8.742] 757.951] 2.635 | 752.599|2.570
sof sn | 128.7] 5.31 ] 9.73 | 5231.65|35.2094] 1411.87| 7.826] 1804.86] 9.932] 1761.40] 9.213] 789.675] 2.826 | 783.765{2.758;
s1) sb | 121.8] 5.32 | 9.36 | 5394.01|36.304] 1457.24| 8.109] 1880.67] 10.476| 183u.84] 9.651| 821.835| 2.975 | €15.558]2.897:

| 52| Te | 127.6| 5.4% | 9.97 | 5556.80|37.392] 1503.68| 8.437] 1956.754] 11.108] 1907.60]10.293] 854.500] 3.290 | €48.055]3.200 |
ol 1 126.9] 5.43 | 9.95 | 5717.07{38.486| 1553.26| 8.726] 2032.23]11.923] 1979.79|11.015| 888.400| 3.528 | 881.047|3.43¢ |
55| ©s | 132.9| 5.51 |10.10 | 6043.37|%0.616] 1670.25| 9.560] 2193.55]12.798] 2137.83|11.782] 957.651| 4.006 | 949.151]3.893
56| Ba .| 137.4| 5.57 |10.22 | 6228.15|41.684| 1728.48| 9.859] 2275.36] 13.363] 2212.90[12.291] 993.572| u.153 | 984.435]4.032
| 571 1a | 138.9{ 5.59 |10.25 | 6380.22|42.693] 1785.01]10.124] 2355.17]13.954] 2289.22|12.819|1029.60 | 4.304 |1019.79 |4.173
s8] ce | 180.1| 5.61 |10.24 | 6559.84|43.713] 1846.18|10.437] 2u38.68[ 14.561] 2369.18[13.361[1066.58 | .41 [1055.07 [u.321
| sg| Pr | 140.9] 5.62 |10.30 | 6701.85|44.625| 1507.52]10.728] 2528.50] 15.184] 2455.40] 13.916|1104.25 | 4.622 |1092.98 |4.471 |
60! wa | 1u4.3| 5.67 [10.39 | 6800.23]u5.584] 1971.27]|11.128] 2616.49]15.805] 2538.98|14.475[11k2.60 | 4.788 [1130.55 |L.626 |
61| Pm | 185.0] 5.67 |10.40 | 7038.40|46.498| 2033.23|11.463] 2702.65 16.456] 2621.22|15.055|1181.63 | 4.959 |1168.76 |4.785
62| sm | 150.4| 5.74 |10.53 | 7189.62|47.484] 2095.76]11.753] 2787.46[17.087| 2702.2515.628/1221.36 | 5.185 |1207.62 [L.997
63| Eu | 152.0| 5.76 |10.57 | 7341.05|48.447] 2157.€3]|12.107| 2873.29]17.755| 2784.27]16.227[1261.76 | 5.367 [1247.12 |5.186 |
64 6d_ | 157.3| 5.83 |10.69 |-7495.89]49.323] 2221.02{12.732] 2961.11|18.405| 2867.79|16.819[1302.86 | 5.654 |1287.14 |5.336 |
| 651  To | 158.9] 5.85 [10.72 | 7651.77/50.215] 2285.80/13.295! 3050.46]19.056] 2952.83}17.436/1344.65 | 5.776 [1328.05 |5.549
66! Dby | 162.5| 5.89 [10.81 | 7809.59|51.098] 2351.9713.744] 3141.521 19.780] 3039.39]18.058/1387.12 | 5.995 [1369.49 |5.752
[ 671 Ho | 165.9] 5.92 110.86 | 7969.35|51.984] 2419.53|14.2i1] 3233.99] 20.466] 3127.47| 18.694| 1430.29 | 6.201 |1411.57 |6.031
68 Er | 167.31 5.95 [10.91 | 8131.05]52.876] 2u88.48!14.687] 3327.99 21.214] 3217.07| 19.385} 1474.98 | 6.587 |1454.35 |6.326
TABLE 4.2.1 - continued



Nuclear Binding Energles and Vacuum Polarization Correction in KeV . i L

Mass Parameters 18 2s 2P1/p T ‘2p3AZ.._.WLawmwu_§§3/2-,___L—.- _3dgyn
A_lc (rm)l n B.E._| V.P. | B.E. v.p. | B.E. | V.P. | B.E. v.r. | B.E. v.r. | p.E. | v.p. |
168,9] _5.97110.95 | 8294.69!53.762; 2558.82{15.120 3“23.._5‘2‘._22-_93.&_3\3_@18_-;9_,.29,-.@581_;5149_.-_,??1_ -6.828 11498.53 16.531
70 173.0| 6.02 [13.03 | 8460.27/54.713] 2630.55|15.681| 3520.90i 22.755] 3400.83!20.702]1569.63 | 7.151 |1547.54 |6.835
71 175.0| 6.04 [11.08 | 8627.79/55.602] 2703.67/16.164] 3620.21] 23.505] 3u94.09| 21.387|1516.57 | 7.481 |1592.20 | 7.1k |
72 176.5| 6.08 [11.15 | 8797.25/56.493] 2778.18[16.423| 3720.52| 24.243] 3590.67| 22.052| 1663.20 | 7.717 |1638.51 |7.359
73 181.0| 6.11 |11.20 | 8968.65|57.365] 2854.08|16.814| 3822.50| 25.292 3687.87| 22.987|1710.23 | 8.062 |1684.33 |7.680 |
74 163.9| 6.14 |11.26 | 9141.99|58.384| 2931.37|17.206] 3926.30| 26.302| 3786.59| 24.081]1756.25 | 8.312 |1730.92 |7.906
75 186.2 | 6.17 |11.31 | 9317.27|59.392] 3010.05|17.676] 4032.04| 27.329 3886.83| 25.187| 1807.99 | 8.669 |1778.17 |8.238
76 190.2| 6.21 [11.39 | 94gk.kol60.415] 3090.12]17.987| 4139.11| 28.086] 3988.59 25.834| 1857.40 | 8.924 |1826.05 |8.465 |
77 T192.2| 6.23 |11.43 | 9673.65]61.426) 3171.76[18.192 U2h7.30| 28.752] 14091.87| 26.485] 1967.55 | 9.185 {1875.59 |8.692
18 195.1| 6.26 |11.48 | 9851.75|62.398| 3254.61|18.375| 1357.69] 20.427] 4196.67| 27.128]1958.40 | 9.436 |1924.78 |8.916_
79 197.0| 6.38 |12.10 [10037.79]63.404| 3338.85[18.569| 4169.57| 30.129 4302.99| 27.779; 2010.87 | 9.694 |1974.57 !5.142
| 201.0| 6.33 [11.60 |10222.77|64.625| 3424.48|18.863) 4583.05 30.847] 4410.83] 28.436] 2063.49 | 9.958 |2025.21 |9.383
20%. 4] 6.36 [11.66 |10409.69(66.893| 3511.50(10.021| 4699.37| 31.5k0] 4520.19| 26.724| 2116.19 |10.214 |2077.23 | 9.615
207.2| 6.71 | 14.00 |10598.37| 67.103 3599.91|19.324 4317.04 32.317 14631.07 29.799 2172.31 | 10.487 | 2130.02 | 9.852
209.0] 6.47| 10.54 | 10789.17 67.844 3689.71{19.5381 4932.92 32.967 h743.47 30.482| 2226.75 10.695 12183.01 110.104
210.0] 6.42 |11.77 |10079.15,68.53] 3778.86]19.543] 504€.05) 32.502| 4653.83 31.184 2278.94 | 11.024 |2234.42 J10.411
215,50 6.7 |11.86 |11171.04|65.246] 3869.23|19. 847 5160.09] 34.6k2| Fo65. 4o 31,903 233353 | 11.405 |2286.62 h0.722 |
_223.0]_ 6.55 112,01 {31501.82/70.642 4047.97|20.33% 5389.93 35.815 5185.54 33.19¢ 2ko.97 [ 12,115 [2359.25 [11.395
226.0| 6.58 |12.06 [11579.38|71.354 4142.45]20.652] 55C9.43 36.657. 5301.82 32.904 2505.14 | 12,478 |2452.17 [11.653
929 0 G.64 112,17 1311979.94172.695 4332.92121.158 _5720.69 28.31 5504,10 35,614 2628,32 | 13,165 .12559.77 02.314 |
238,010 6.69 112,27 112311.33174.358] 4513.41(22.694 5055.13 39.673 5727.6d 36.897 2763.13 1 14.029 |2686.56 {13.137

- contlinued



| - - W _ s
Wy = 20375 = 212 345/5 = P32 28 = 2y yp |39 ~ @
Element - :
calcu- experiment ref.|{ calcu- experiment ref. | calcu- | experiment ref.| calculated |calculated
lated lated lated
3L 19.228 0.001 3.456 *  0.540 2.916
uEw(—* 33.334 0.002 6.200 L.177 5.022
58 52.192} 52.23+0.15 24 0.006 9.663 1.378 8.284
GC 15+ 051F 75.25%0:15 24 0.012 13.977 1.« 697 12.279
- 102.065]102.2140.15 24 0.023 18.982 1.941 17+ 089
80 133.276]133.56+0.15 24 0.039 24.893 2.184 22.705
Ny 168.251[168.45+0.15 214 0.062 31.350 5. 237 26.107
11Na 249.8741250.21+0.15 24 0 13T 46.960 12.824 34.136
& =l 296.55£0.15 24 x
561 <2 . = .81
10Me 205.456 295.6 +1.6 25 0.191 56.037 16.205 39 3
346.8240.15 24 | ’ 3
1 5Al 345,362 3U5.7+1.2 25 0.294 66.259 i 20.249 45.983
i i 350.0 ne;! i

TABLE U.2.2 Energy differences

of muonic

atoms in KaV




RByyn = 16 P35 = 2Py/p 345/5 = 2P3/p 28 = Ay | 3y < 2
calcu~ fexperiment ref.| calcu- f experiment ref. | calcu-~ experiment ref.| calculated |calculated
lated latedi lated
400.22%0..15 24
398.865 {400.421.3 2 0.375 75.728 24,662 51.025G
400.2+0.6 26
L56.54%0, 20 24 .
454,695 §58.541.3 25 0.497 ' 85.099 29.308 55:726
516.254%0.25 2l
=1 +
514,347 [227-233 Al 0.602 99.19%4 34.597 6L.536
578.56%0. 30 214
575.1241578.6%1.5 28 0.786 111.258 4o.123 71.058
582. 827 .3 25
T14% 29 g
710.724|714.1%4.0 27 1.206 141.952 48.490 93.341
712.64%0.23 26
783.6£1.5 29 N
a 782.435|783.56%0.16 26 1.495 156.805 53.813 102.842
782.8%3.0 27
856.829 1+ T25 171.967 : 60.228 . X131 T3
) 932.525.0  -27
930,.664] 924.7+2.5 | 30 2.196 189.002 . 68.960 119.826
g7 ET 29 p
i ol 18 P 2.549 . 201.612 76.409 128.945
10940 31 ‘
1089.13 2.976 223.006 84.901 137790

4,2,2 =~ continued
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Cpgys ~ 18 2p3/5 = 2Py 7 3dg,/5 = 2P33 % = 20 o [ Hgyp ~ 28
Element - .
calcu- experiment ref calcu- | experiment ref. { calcu- | experiment ref.i calculated |calculated
lated lated lated
. - aq |1174 29 ) i
25““ 1169.891 1171.2+4. 27 3.596 243,188 95.815 147 .01
1254.9+0.3 26
~eFe 1254.59511255.4+3.0 27 4,096 264.148(265.0%2.4 25 ©104.378 159.34¢
- 1256, U+2 14 28
a seq|1341.545. ; &
5700 | 1338.258 iﬁaué = g; 4.554 284.911 113.352 171.06
1429.5+0.6 2
28“1 1418.98 [1429.5+%5.0 27 he 312 309.367{310.8+4.3 25 124.442 184.354
L441.626.1 25
iSlO.}tﬂ.G 26
o lu 1510.03 }1515.1%6.0 27 6.131 328.760 134.467 193.6835
e 1515 26
1061.0£6.0 27 '
“CZn 1597.29 ]1590%6 31 6.921 354.867]355.0£2.6 25 145.407 208.7¢C6
Y 1614.6%6.2 25
?1Ga 1686.99 7.854 3T5. 739 156. 455 218,427
3ZGe 1778.03 8.813 400.403 167.765 231.661
-
1874.4+8.2 25
?qu 1872.19 }1868.3+£7.0 27 9.842 425.843|432. 74,1 25 179.284 245.453
P 18677 29
3u3e 1968.75 11.033 L51.042 191.304 258.490
TABLE 4.2.2 - continued
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&Dgrg ™ A8 P3/5 = %P1/ 3¢5,5 = 2P3,2 28 - 2py,p |33/, = 25
Element
calcu- experiment ref.| calcu- experiment ref. [calcu- ‘experiment ref.} calculated |calculated
lated lated lated
jgBr | 2063.28 12,254 577.048 202.771 272.876
2241.5+0.4 26
37Rh 2244, 24 14.861 | 17.5 26 535.337 223.508 310.076
,gST | 2340.64 16.242 569.642 234.901 334.741
39Y 2436.70 17.683 604.728 244,912 357.649
yodr | 253232 |3234-043-1 1 23 | 19.125 |21.0 26 | 639.5691638.848.1 25 255.366 381.760
1Mo 2630.21 21.267 661.175 265.707 403.817
2718.5%4.6 25
uoio | 2719.13 |2711.628.0 27 23.564 698.4471707.58.1 25 270.903 428.623
= 2711.6%8.0 32 ;
y=Te 2817 .70 25.628 732.510 278.472 450.826
yyRu | 2917.13 27.727 760.288 285.654 471.083
2982+13 32
y5Rh 3011. 44 29.846 796.871 295.138 497.933
TABLE 4.2.2 - continued MO VLT A L ” ¥




"hasa ~ 18 P32 = 2Py/2 3572 = Pz . 8 = dpy i {3050 28
Element Y
calcu~ experiment ref.! calcu~ | experiment ref. |calcu- experiment ref.| calculated |calculated
lated lated lated
ygPad | 3107.24 ggggilo 25 32.473 832,605 308.231 520.224
y7A8 | 3205.61 gig§i13 gg 35.761 865.980 316.505 544 . 850
3258+1 3 -
ygCd | 3296.37 |352;%43 35 | 38.546 900. 879 329.489 566.467
5% . 3358413 32 ; : .
yoln | 3392.39 3358 24 Lo.649 939.236 339.336 594.548
. 3¥5T.T20.5 [ 26 45.840.2 26
soSn | 3479.26 %:zz.gjg.g 38 43.465 0. 5:1.5 58 977.632}982.5+3.0 28 349.526 622.166
3503.3%2.0 28
5150 3559.17 | 3546 29 45,834 | 48.6x1.5 28 11019.28 }1019.6%3.0 28 377.605 635.400
3544+15 32
'52Te 3648.25 | 3625.6%2.5 28 bg9.156 | 50.1+1.5 28 ]1059.54 {1060.0£3.0 28 bo3.914 648.784
3721.6 2.5 28 =
537 3737.28 52.443 | 54.0£3.0 28 -11098.74 |1098.0+3.0 28 426.503 664.859
55Cs | 3905.55 3888+15 32 55.826 1188.67 |1188.6%+3.0 - | 28 467.579 - 712.600
o 3981+30 32 ' ; ‘
5gB2 4o15.25 3985 = 29 62.461 1228.47 1229.gi3.0 28 ugYy. 423 734.905
TABLE 4.2.2 -
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. Payg — 18 P32 = 2P3. 3d5/2 = 2Py, @8 = 2Pys5 {305,5 = 28
Element ! .
calcu- !experiment ! ref.| calcu- experiment ref. | calcu- 'experiment ! ref.| calculated |calculated
lated lated lated
.La | 4og1.10 |¥065%15 32 | 65,954 . 1269.43 |12656.8+3.0 | 28 | " 504.210 755. 410
o 4078 29
cgCe | 4190.67 |U4160.345.0 28 69.503 | 73.0%2.5 28 {1313.11 |1314.9%3.0 28 522.994 779.602 i
s - L[258.8%5.5 28 _ o7
5oFT | #291.10 73.101 | 74.5%2.5 28 11362.42+]1356.7+3.0 28 547.880 803.274 N
!
Na | 4351.25 |#335.0%6.0 28 77.524 | 77.822.5 28 |1408.43 |1401.1%3.0 28 567.719 828.670
60 4338+1 33
g1 Fm 4417.18 81.426 1452.46 587.990 851.602
goSm | 4487.38 , 85.219 1494 .63 606.526 874,350
523525 32 | ‘
635u 4557.68 69.021 1537-15 . 626.642 895.871
cy0d | 4628.10 93.317 -11580.65 ‘ 6L46.772 918.164
g=Tb | 4698.94 97.629 1624.78 667.032 941.153
¢sDy | 4770.20 102.134 1669.90 687.421 964 . 854

TABLE 4.2.2 - continued
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. “Pyyp = A8 2P3/2 = P12 Myya = Pypa - B8 = 2Dyra |y 00
i calcu-~ iexpeziment ref.| calcu- experiment ref. |‘calcu- experiment ref.| calculated |calculated
lated lated lated

6'1“!{0 L8L41.88 106.521 1715.90 707.943 989.242
5€Er’ 4913.98 110.916 1762.72 728.592 101.3.50
69'Pm 4986.50 115.326 : 1809:66- T749.374 1038.98
70Yb 5059. 44 120.073 ' 1853.29 770.280 1060.92
.{,lLu 5132.80 125.219 1902.79 ' 791.321 1087.10
72Hf 5206.58 129.854 1952.16 ) 812.492 1114.98
73Ta 5280.78 134.627 2003.54 s | . 833.793 1143.85
¥ 5355.140 139.708 - 12055.67 ) 855.224 1173.12
75Ee '511‘30.i~31l 145.212 2108.66 876.781 1202.06
7605 5505.90 150.523 ' 2162.54 . 898.470 1232.72

TABLE U4.2.2 -~ continued
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BPasy~ A8 2P3/p = 2Py /2 3d5,p = 2P3/p %8 = 2Py |I0gpm = 2B
Element
calcu- experiment ref calcu- experiment ref. | calcu~ experiment ref.| calculated |calculated
lated lated lated
27Ir | 5581.78 155.428 2216.28 920.114 1264.21
7gPt | 5658.08 161.023 2271.89 5L2.060 1296.21
7ghu | 5734.80 2355;3*5 o ig 166.584 | 169.7+2.0 28 |2328.42.]2343.1:2.5 | 28 964.142 1327.98
5817.2%10.0| 28
gols | 5811.94 [5800 13 | 172.215 |172.1%2.5 28 ]2385.62 |2388.5+4.5 28 986. 35 1360.99
58097.0+ 2 )
g 71 | 586972 [2031:255.9 og 179.184 | 181.32.0 28 |2442.96 |2u46.6:2.0 | 28 | 1008.69 1395.31
JiU=Zla4 b
59t6.3%5.0 23
gofb | 5967.30 [597247 34 ] 185.951 | 185.9+2.0 28 12501.05 |2499.7+1.5 28 1031.16 1427.60
5573.98+0.44 3
‘ 603015.5 28
gaB1 | 6045.70 | 604127 34 | 189.448 | 192.5+3.0 28 {2560.46 |2554.8+2.0 28 1053.76 1462.96
= £05329.0 20
gyPo | 6125.32 192217 2619.41 1074.97 1499.92
gght 6205. 64 195.589 2678.78 1096.17 1535.80
g7¥a 6316.26 204,438 2786.29 1137.57 1598.00

4.2.2 - continued
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Pyrp = 18 2P3/2 = 2P1/2 ‘ 345/ = P30 5 = 2Py |39 — 28
Element
calcu~ experiment ref.! calcu- experiment ref. | calcu- experiment ref.| calculated |calculated
lated lated lated
ggha | 6377:56 l. 207.524 2849.65 1159.37 1637.31
o ]
goTh | 6475.84 216.594 _ 2944.33" : 1171.17 1704.61
6583.64 227.442 3041.13 1214.28 1750.28
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CHAPTER 5.
EXTRACTION OF NUCLEAR PARAMETERS

FROM THE MEASURED TRANSITION ENERGIES

By use of the computer program described in
Chapter 4, the energy levels and the transition energies
of a muonic atom can be calculated for any given values
of the nuclear parameters ¢ and t . These calculated
transitions, together with the experimental values can
then be used to determine the parameters of the nuclear
charge distribution. Acker et a128 represented the
functional dependence of a transition energy on the
parameters ¢ and t Dby aniso-energetic line on a
c~-t diagram and made use of the fact that in general,
this functional dependence on ¢ and t 1is different
for different transitions. That is, the iso-energetic
line for one transition will usually not be parallel to
the iso-energetic line for another transition, but the
two lines will intersect and the point of intersection
determines the value of the nuclear parameters. When
the experimental error is taken into account, the iso-
energetic line for a transition on the c¢-t diagram
will become a band, and the point of intersection of
two iso-energetic lines will become an area. Any ¢
and t combination within this area is compatible with

the measured energies and thus can be used to specify
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the nuclear charge distribution. Usually, for the six
lowest levels considered, an experiment on the muonic
atom yields four independently measured energy differ-

ence528, which can be any set of four out of six possible

energy differences: E(2pl/2 - 1s) , E(I2p3/2 183",

E(3d3/2 A 2p1/2) s E(3d5/2 B 2p3/2) s A(ZP) E(2p3/2—ls)

- E(2p, ,,-18) and A(2p) - A(3d) = E(3dg,, - 2Py /p)

- E(3<35/2 - 2p3/2) . In our analysis, only two of these
transitions are used in determining ¢ and t , the
remaining energy differences can be used to provide a

check on the consistency of the model. If, all transitions

determine a common area, the model used 1s consistent.

In this chapter, the method used by Acker et a128 is

closely followed to determine the parameters ¢ and ¢
for muonic lead. The experimental transition energies
are taken from the work by Anderson et a13.

Due to the similarity of the wave functions of
the two members of a fine structure doublet, the depen-
dence on the model and also the dependence on ¢ and
t are nearly the same for the transitions (2p1/2 - 1s)
'and (2}_03/2 - 1s8) . The same is true for the two
3d - 2p transitions. Thus, the values of ¢ and ¢t
can be determined by using one 2p - 1ls transition and

one 3d - 2p transition. Furthermore, it was pointed
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out3u that the (2pl/2 - 1s) band is the narrowest and
most sensitive to the parameters and that of all the

other iso-energetic lines, the (3(15/2 - band

2P3/2)
differs most strongly in slope from the (2p1/2 ~ 1s)
band. Therefore, ¢ and t are best determined by the
combined values of E(2pl/2 - 1s) and E(3d5/2 - 2p3/2).
These two transitions are used for the determination of
the nuclear parameters for the lead nucleus.

Due to the small occupation of the 2s level
of the muonic atom, the ftransitions involving this
level are quite ﬁeak and therefore are quite difficult
to measure. Up to now, only a few of these measurements
have been reported. However, it was believed3 that
these transitions are quite important in the process of
extracting information on the nuclear charge distribution
from the experimental energies. The 2s - 2p transition
has a unique sensitivity to the shape of the nuclear
charge distribution. 1In fact, this transition is more
sensitive to the skin thickness parameter € than to
the half-density radius ¢ . The corresponding
iso-energetic line on a c¢-t dlagram has a smaller slope
as compared to the other lines. Thus, it will be more
restrictive in the determination of ¢ and t‘ when
this 2s - 2p transition is used in conjunction with a
2p - 1s or 3d - 2p transition. In our analysis of Pb ,

besides using the transitions (Bpl/2 - 1s)
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and \3d5/2 - 2p3/2) , the (25 - 2p1/2) and the

(Z’pl/2 - 1s) transitions are also used to extract
the nuclear parameters.

The iso-energetic line fof a particular tran-
sition can be obtained in the following way: The
parameter t is first fixed at a constant value and
then the corresponding c¢ 1is détermined by means of
an interpolation calculation. To do this, three different
values are assigned to the parameter ¢ . These various
values of ¢ and the constant t will form three
pair of ¢ and t combinations. For each one of these
combinations, the Dirac eguations are solved, using the
ﬁethod described in Chapter 4. 1In this way, the
transition energies for the three ¢ and t combinations
are obtained. These calculated energies and the experi-
mental measurements, together with a Lagrange interpolation
calculation will then enable one to determine the
corresponding ¢ for this constant: t . If Cqy Ch s
3 denote the three values of the parameter ¢ and
E1 " E2 5 E3 denote the theoretically-calculated
energies (vacuum polarization correction included) of
a particular transition (say the (2p1/2 - 1s) transition)
for ¢

¢ 03 respectively, then, the value of the

Y 2’
corresponding c¢ 1is given by:

(E—E2)(E~E3) (E-E;) (E-E

L (E—El)(E—Ez)

3)
~ : + 03
(E2~El)(ﬂ2—E3) (E3—E1)(E3—E2)

C'-C:L
- Y(F. ~F
(L1 E2/(L1 ES)

(5.1)
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where E 1is the experimental value of the same transition.
The expression (5.1) is obtained from the Lagrange
interpolation formula. It can be written in a more

compact form, i.e.

(E—Ek)/(EimEk) . (5.2

o
1l
I 30
Q
S EW

k=1
i#k

The value of ¢ obtained from (5.1) and the
constant t determine a point on the c¢-t plane.
Similarly, several other points on the same ﬁlane can
be specified by changing the value of t to several
different constants within the range of reasonable values
for i1t, and determining their corresponding c's . A
line that joins all these points is the required iso-
energetic line for a particular transition. As was
mentioned before, when the experimental error is taken
into consideration, the corresponding c¢ for a given ¢
cannot be determined uniquely. As a result of this, the
iso-energetic line becomes a band. The upper and lower
limits of this band for a fixed t can be found by use
of equation (5.2) and the experimental energy limits. If the
experimental transition is given by Eexp = E & AE ,
where AE 1is the error term, then the upper and lower
limits of ¢ for a given t are given by:
3
I [(E+AE) - E 1/[E; - E] (5.3)

1+ k=1
Tk

Q

1]
HiEae (O3]

o

i
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and

[(E-AE) - E, VJ/[E; - E,] -

M HW

1 k=1
i#k
For the muonic lead considered in this chapter,

the fixed values fcr the parameter  t are chosen to be

1.0 » 2.5 . 2.0 5 2 and 3.0 fermis while the three

Ul

different assumed values of the parameter ¢ for each

(5.4)

fixed t are set equal to 6.0 , 6.7 and 7.4 fermis. The

results of our analysis are presented in forms of tables
and figures. In table 5.1 , for all three transitions
considered, the values of t and their corresponding

¢'s obtained‘from the interpolation calculation of
equations (5.3) and (5.4) are listed. These results are
also shown graphically. In figure 5.1, two iso-energetic
lines (bands) corresponding to the (2p1/2 - 1s) and

the (3d5/2 - 2p3/2) transitions are drawn. Due to the
smallness of the experimental error, the difference
between the two limiting c's (cu and cz) for a fixed
t in the (2pl/2 - 1ls) transition is so small that its
iso-energetic band can hardly be shown on the scale used

in the figure. As a result, only a heavy iso-energetic

line is drawn for this transition on the c¢-t diagran.

It can be seen from table 5.1 that the difference between

the two limiting c¢'s for a fixed t in the (3d5/2-2p3/2)

transition is much larger. Thus the iso-energetic line



for this transition is a band in the diagram. This band
intersects with the iso-energetic line of (2pl/2 - 1s)
and the intersection is a segment of the line (actually,
the intersection of these two isoc-energetics is a common
area). The central point Co 2 t and the end points

(0]

e t and Cshs t2 of the intersection are indicated

3 ? 1

in the figure. Their corresponding values are given in

table 5.2. The iso-energetics for the (2pl/2 - 1s)

and the (2s - 2p1/2) transitions are shown in figure 5.2

As explained before, the (2pl/2 - 1s) liso-energetic

band is represented by a heavy line. It can be seen from

the graph that the iso-energetics of (2s - 2p1/2) does

have a smaller slope. The central and the end point

values indicated in the figure are also given in table 5.2
The procedures for the determination of the

nuclear parameters described above are quite effective

for the cases of high 2z elements. However, its

effectiveness will be greatly reduced when we deal with

the low and medium 2z elements. One reason for

this is the larger experimental error, particularly

those on the 3d - 2p transitions. For these nuclei,

the 3d 2p3/2 transition is hot_gccurate enough

5/2
to restrict the band of values of ¢ and t , compatible

with the 2p1/2 - 1ls +transition. It has been shown by
28

Acker et al that 1f a reasonably small overlap of the two

(2p1/2—ls) and (3d5/2—2p3/2) iso-energetic bands is to be
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expected, the experimental uncertainty for the

(3d5/2 - 2p3/2) transition must at most be 0.1 KeV .

This accuracy, unfortunately, has not yet been achieved
thus far. For the low and medium 2z nuclei, therefore,
only one parameter of the nuclear charge distribution

can be derived from the measured energies. The parameter
determined is usually the root mean square radius <r2>1/2
of the charge distribution or the equivalent radius to
the uniform charge distribution Reg , Which-is related
to the r.m.s. radius by:

p(r) r? ar
— _5. <r2> . <r2> —] !
3 [o(r) dr

Backenstoss et algu have determined the r.m.

6)]

radii for a group of light nuclei. Their method was to
compare the experimental 2p - 1s transition with the
theoretical value cbtained by solving the Dirac equation
for a pctential prcduced by a Fermi-type charge distributiorn.
The parameters c¢ and t were varied over the whole range
cf reasonable values. In this way, a range of c¢ and t
combinations which are consistent with the measured energy
was obtained. It was found that for all these combinations,
12
the quantity <r?2> remained practically unchanged.
Thus the r.m.s. radius can be determined accurately by

use of any one of these ¢ and t combinations. Except
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for the lightest nuclei, the muonic x-rays provide the
most sensitive method for measuring the r.m.s. radius

of the nuclear charge distribution.




- of (2p1/2—1s) .

both ¢ and ¢

are

(3dg,/52p3 /)

fm.

and

(2s-2py ,5)

\\\\\\Earameters £ = 1.0 t = 1.5 t = 2.0 t = 2.5 t = 3.0
~
\\
™ C o e e c e e c c c
Transitions \\\\\ v & = . = % L % b %
r__.
2p1/2-1s 938 | 6.936 | 6.847| 6.845¢1 6.732 « 131 .5671| 6.566| 6.358| 6.357
3a:/2—2p3/2 052 7.041}| 6.935| 6.924 | 6.763 « [ 52 516 | 6.505| 6.254| 6.243
25—2pl/2 .876 | 6.866| 6.802| 6.792| 6.721 « T3 .602| 6.592| 6.455] 6.445
TABLE 5.1 " The values of ¢ corresponding to a fixed +t for the transitions

The units of

Y I
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Central Point End Point
% o | By €2 ts
(2py ,,-1s)
and 6.683| 2.307 | 6.700 L2101} 6.665] 2.405
(345 /5~2P3 /)
(2py ,p=15)
and 6.684 | 2.309 | 6.698 .218 1| 6.670| 2.400
(2s-2p, /5)
TABLE 5.2 Central and end point values of the

intersections of two iso-energetic

lines.

are

fm.

The units of both ¢

and ¢t
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6.9
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6.7
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Fig. 5.1

3d5/5"2P3 />

Iso-enzrgetic lines (bands)
of transitions (Epl/z—ls) and

(355/2“2;‘3/2)- CO’tO 3 cl’tl
and 02,t2 are the central
and end pcint values of their

intersection. The experimental
transitions are:

(E exp) e 5788.33+0.48 KeV .

2Py jo~
and

(E exp)3d = 2501.45+0.43 KeV .

5/2"2P3/>

(Anderson et a13)

7e ¥



m Fig. 5.2 Iso-energetic lines (bands)
' of transitions (2p,/2—1s)

and (2s-2p.,.). The experimental
142

values are:

5788.33+0.48 KeV

(E exp) =
2p1/2—ls
and
6.91. ' (E exp), _, = 1217.81+0.80 KeV .
Pis2
(Anderson et 313).
Py o = A8
6.8




CHAPTER 6. DISCUSSION AND CONCLUSIONS

There are two main purposes in this thesis.
The first one is to calculate the binding energies of
six lowest levels of muonic atoms as well as the
transiticn energies among these levels and to compare
them with the experimental data. The second one is to
show how to use the calculated energies and the expefi—
mental measurenents to extract information on the nuclear
charge distribution.

For the first purpose, the Dirac equations are
solved numerically. The Fermi-type charge distribution
with parameters determined by high electron scattering
experiment is used in the calculation.™ As can be seen
from table 4.2.2, the results obtained are generally in
satisfactory agreement with the experimental values.

It is also found that the vacuum polarization corrections
obtained for the 1s level in muonic atoms are in

good agreement with the ones obtained by Ford and Willslo.
It is believed that the small deviations of the calculated
values from the experimental data are mainly due to the

fact that in the calculation for the energy levels, except
for the vacuum polarization, all other radiative corrections
are not included.

For the second purpose, the functicnal dependence

of a particular transition on the nuclear parameters is
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represented by an iso-energetic line (band) on a c-t
diagram. The values of ¢ and t can be detefmined from

the intersection of two different iso-energetic lines
(bands). Transitions of (2pl/2 - 1s), (3d5/2 - 2p3/2)

and (2s - 2p1/2) are used in the determination of ¢

and t for lead nucleus. It is found that the intersection

of iso-energetic bands of (2p - 1s) and (3d

fairly 1/2 5/2 ~ 2p3/2)
are infgood agreement with the one obtained when transitions
(2p1/2 - 1s) and (2s - 2pl/2) are used. This indicates the
consistency of the model used in the analysis. It is also
found that the range of ¢ and t combinations (the
intersection) obtained with the (Zpl/2 - 1s) and the
(2s - 2p1/2) transitions is somewhat smaller than the one
obtalned with the transitions of (2p1/é - 1ls) and
(3(15/2 - 2p3/2). This result justifies the claim that
is made in Chapter 5, 1i.e. the determination of ¢ and t
is more restrictive when a transition involving the 2s
level is used.

Finally, a few words can be said about the

pionic atom. It 1s a system consisting of a negative
pion and an atomic nucleus. It has certain properties
which are similar to those of the muonic atom. However,
there are two main differences between them. Firstly,
the plon is a spinless particle and therefore is described
by the Klein-Gordon wave eguation instead of the Dirac

equation. Secondly, the pion interacts very strongly




with the nucleus. Thus in pionie atoms, both the
electromagnetic interaction and the pion-nucleon inter-
action play an important role and they must be taken into
account in theoretical calculations. Since pions can

also be absorbed by the nucleus from the levels above

the ground state, studies of pionic x-ray spectra and

of the nuclear capture of negative pions in pionic atoms
will provide information about the picon-nucleon interaction

as well as about nuclear structure.
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APPENDIX A

DERIVATION OF THE DIRAC EQUATION FOR A CENTRAL FIELD

The relativistic relation between the total
energy E and the momentum E of a free particle is

given by
E2 = ¢2 p2 + m2c* (A.1)

where m is the rest mass and ¢ 1is the speed of light.
Replacing E and 5 in eqn. (A.1) by their respective

differential operators

a3
B+ it - D 4 ~ity (A.2)
ot
where % is the Planck's constant and i? = -1 , the

Klein-Gordon equation 1s obtained:

2
k23 y = _k2c272y + mPc?y (A.3)

at?
where Y 1is the total wave function.
To find the Dirac equation for a free particle,

we start from the hamiltonian form
. ] i <
1K 5= ¥(r,t) = HY (T, t) (A.4)

and choose a hamiltonian which is linear in momentum and

mass term. The simplest cne is given by

H=-ca*p - Bme? ’ (A.5)
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Here o ,

are given

1 . >
wnere G

By substituting
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B are called the Dirac

=
o

0

)

B

4 x 4

0

-1

matrices and

)

(1
0
is the Pauli spin matrix with

1) g =3
) (8] =( and (6] =
0 Yy \1 o &

(A.5) intc (A.%4)

L)

s we obtain the Dirac

relativistic egquation:

) s
(E + ca*p + Bme?)Y = 0 S

or, using the operators (A.2)

Equation
equation

free but

eguation must be mocified.

magnetic potential is present,

made by
E > E -

o(r,t) i

vector potential.

making the replacements

ad(T,t) ,

(ik ikeo sV + Bme2)Y = 0

2.
ot
(A.6) or (A.7) is the Dirac relativistie
for a free particle. If the particle is not
subject to an external force, the Dirac
In the case where an electro-
the modification can be

CB > CB - qK(;,t) and
where (¢
s the scalar potential, anrd K(?,t) is the

We thus obtain:

-.). .
(E - q¢ * &-(cﬁ - gA) + Bmc?)¥Y = 0 N

(A.6)

(A.7)

1s the charge of the particle, w

(A.8)
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which is the Dirac equation in an external field. If

the external field is central we have:
ey > >
A(r,t) = 0 and ¢(r,t) = ¢(r) . (A.9)

By substituting (A.9) into (A.8) we obtain the

Dirac equation for a central field:

(E - q¢ + Gecp + Bme?)¥ = 0 (4.10)
QP
1% g—fi = HY

with H=-ca<p - Bmc? + V , and where V = g¢ is the

potential.
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AFPENDIX B MUONIC ENERGY LEVELS FOR A POINT NUCLEUS

The Dirac equations for a muon in the field

of a point nucleus is given by

dar r r

g dF(r) _ kF(r) _ (E - pe? # Zez_ y Gle)s e
L =._1_’:(llgl’.l+(E+pc2+-?i§-2-)F(r)/c

They can be solved analyticelly16. To do so, wec first

introduce the following notations

and the dimenslonless length & , which for the case
where E < uc? (i.e. bound state)is given by
AT IR JiE

E=Dr , D = .
<

Using (B.2), (B.3) and (B.4) , the Dirac equation

"
o
i
()

(B.1) can be transformed to a set of equations i

dimensionless variables

B ZOvmrry - 19 4 X9 arry =
\(IJ + {)/“-(C) [d(: k :' T(E, O
) A ] !

Z0 r (__ - i A L3
-5 eo) - 1 - K1 wee) = o

We lock feor solutions of (B.5) in the form of a power

series

(B.1)

(B.2)

(B.3)

(B. )

(B.5)
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[ee]

P(E) = " ] &5V a a_ # 0
V=0
(B.6)
© 5
6(g) = &% § Y p b, # 0
V=0
Substituting ( B.6 ) into ( B.5 ) and setting the
coefficients of £S+v—1 to zero we find for v > 0
B s + zaa. - (s+vi+k)b + b =0
D "v-1 v v V-1
(B.7)
A _
D b\)_1 - zabv - (s+v—k)av + a, 9 = 0
When v = 0 , equation ( B.7 ) reduces to
zaa —(s+k)bo = 0
(B.8)
—(s—k)ao - zocbO = 0

Equations ( B.8 ) have the required nonvanishing solution
for a and bO if and only if the determinant of

their coefficients is equal to zero, i.e. if
Zo -(s-k)
| —(s+k) -7z
From this we have

(20)% + 8% ~ kK2 =2 0
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or s = & /k? - (za)? . (B.9)

We only take the pesitive sign for s in (B.9)
and drop the solution corresponding to the negative
sign in front of ( B.9 ) as it leads to a wavefunction
diverging at the origin, and thus violates the
boupdary condition there.

. Multiplying the first equation in ( B.7 ) by
D and the second by B , subtracting the one from the
other and using ( B.4 ), we find a relation between

the coefficients av and bv

av[w/g vo, + 3 v =k ] = bv[‘/% (s + v + k) - zo J . (B.10)

The series ( B.6 ) will correspond to solutions which
are well-behaved at infinity, if they terminate for a
finite value v = N . Putting BNty T bN+l = 0 in

( B.7 ), we find

VBag==-/Aby, N=0,1,2, . ... (B.11)

N

Substituting ( B.11l ) into ( B.10 ) and putting v =N ,

we obtain the [following equation

3

253 2o = z(s+N) .. (B.12)

Substituting ( B.2 ), { B.3 ) and ( B.4 ) into ( B.12 )



we get

zoaE = -(s+N) Vu?2e"* - E2 ., (B.13)

Replacing s Dby the expression ( B.9 ) and squaring

( B.13 ), we have
(2a)?E% = [{Vi2~(2a)?) + N1%(jc? ~ E?) . (B.14)

From this equation, the total energy E can easily be

found:
\ 2 -12
E = ucz[l % ( — )} s (B.15)
N+/ﬁ2—zza2 _
with Ik = £1, 22, « « « = N=20, 1, 25 = « s &« =

For N =0, k can only take a negative value. The
principle quantum number n 1is related to N by the

relation
n =N+ |k . _ (B.16)

In terms of n , the total energy E- can be written as:

B = z[] 4 (___ za | )2}-12 '
4 ue : S . (B. 7)

\
‘n- k| +/k?-z2a? /

The binding energies Eb of various levels are given by
) > ] - { Z0, 217 " \
E, = ue® = E = uc ; I =1+ ——— o {BeLa]
. \N+vk2-z20?% / i
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APPENDIX C

MATHEMATICAL FORMULAE USED IN THE NUMERICAL INTEGRATION

I. Simpson's Rule:
Let I denote the definite integral which i1s
given by
a+t+2h
I= f(x) dax
then the numerical approximation of this integral is

given by

1 = L{at2h)-a] [f(a) + Lf(a+h) + f(a+2h)]

6

% [f(a) + Lf(a+h) + f(a+2h)]

This is known as Simpson's rule.

II. Fourth-order Runge-Kutta Method for a System of Two
First-order Equations:
In the following, the formulae for the fourth-

order Runge-Kutta method are stated, their detailed

1t vy = (x5 ¥9s ¥5) ¥y

—~~
>
R
1l
3%
!._I
s

vh = Ty(x, ¥qs ¥5) ¥o(x ) = ¥oq

(C.1)

(€. 2)

Ly

derivation can be found in some numerical analysis texts.

(C.3)
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dencte a system of two first-order equations and their
initial conditions, then, using the notation

P G - ¥ - REICTE. S TERR " . PR R T

i o 91,12 2.1

as the numerical approximations to yl(xi) . y2(xi) :

we have:

Vi,441 V1,1 TR (55 ¥y 45 ¥y 43 B

5 -

Vo 441 T Vo,1 TR Pp(Xgs ¥y 45 Vo 43 D)

where
b (Xes ¥4 25 Yo <3 h) = 1 (k + 2k + 2k + ko)
P1vEie Y1 40 Yo ,4 B ‘11 12 13 1
$olZsy Fy 20 ¥u a8 hi = . (Kny + 2K + 2kny + kap)
Py 23,42 48,1 & ‘o1 22 23 24
and kg = £5(%5s ¥y 35 Ty 4/
oy = To(%gs ¥3 40 ¥p 4)
o= B lmy # o V1,0 Y5 Kg 0V 4 % By
i = Bylty #3, Vi, F g Kigr Tp 4 * 5 Kgy)
kyg = £3(xy +3, 99 3% % Kips ¥p 4 # g k22>
Xpq = Ty(xy + %’ Vi,1 * % Rins ¥y g ¥ 2 Ty
koy = £1(x; + h, V1, + hk13, Vo, + hk23)
kyy = fo(x; + b, Vi, + hk13, Vo1 + h£23)

(c.by -

(C.6)
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APPENDIX D COMPUTER PROGRAM WRITTEN TO':CALCULATE

THE ENERGY LEVELS OF MUONIC ﬁ 'OMS

&
cl FORTRAN PROGRAM FOR THE CALCULATION DOF ENERGY LLEVELS AND THEIR
c CORRESPONDING VACUUM POLARIZATION CORRECTIOGNS OF MUONIC ATOMS
C
IMPLICIT REAL %8 (A-H.0D-2}
iR, OF Oﬁ”H«E~99r§!SIQﬁ,'“sLé___ _
DIMENSTION Yi2)sR(244) 7002 ¥YB1C2) &Y A(2) YAB(2) YABI(2) ¢ XX(S56G1 ) e
1UYLI001) e ERK ?rgDP(JP.VP(SOIX.’ LIS01)eSY(2+4501)eYY(2:501)
CUOMMON K
4 c
c F(anpercFC) AND FVLIX o XD ColLAsFNSFCY ARFE THE INTEGRANDS IN
c EONSe (2:2:8A) AND (32ela7?)
C .

Fv'(Y'Yb:C.LAoFN FCI=XPx(DAES{ X XPYR (DLOGIC*DAAS(X=XPY/LAY~-T. 07
Jo IRXEXP)H{CLOGICH{XEXPI/LATI~1e0))3/7(1 « ORDEUPUFMNAIXT/AFC=1e01}1}}

FIXsXPaFRoFOI=(XPEX2-XAXD) /(1 O+DEXP(FNX*(XP/FC~10))})
| SR,

'
g & FEAD IN THE CONSTANTS. ALL LENGTHS ARE IN FERNTS. Z IS THE
f (s BTOMIC NOes LM AND LA ARE THE REDUCED COMPTNON WAVELENGTH OF THE
i MUGN AND FLECTRON, FN AND FC ARE THE MNUCLFAR pAnavthnq e ‘Nﬁ
& Nty C IS THE CONSYTANT IN (3ele7)s O IS THE FELECTRONIC CHARG
= H IS THE STEP SIZE OF THE INTEGRATION, XX(1) 1S5 THF S\APT[ﬂQ POINT
L C OF TAE INTEGRATION., UD 1S THE warq LIMIT OF THE INTEGRAL
¢ IN (2:2e68A)¢ AP 1S THE FINFE °rpn<:un5 COMSTANT AND F6 TS THE
ol FLECTROSTATIC POTENTIAL FOR VHE POINT MUCLEUS AT THE STARTING
4 C _POINYe Zs LM, FN AND FC ARE OIFFERENT FUR DIFFERENT ATPH.‘THE
C REST ARE THE SAME FOR ALL ATOMS.

= Tf\r“‘ir‘f'lb
LA=0. 3851503 ~
LC=Xe78)Y « i
Q=84,8028B6D-10 -
H=0e2 8
XX\I)“O-'U-?.

UO'."'.;oO

ERxl . 0D3

TAP=0.7299270-~2

DO 60 [=1,3%0
60 XX(I+1)=YX{(1)+H

e it ‘ T P
Chi ULf.T'ED'\l OF THE ELECTROSTATIC POTENTIAL GIVEN BY (2e2.0A)
3Y SIMPSON®S RULE

|
. DO 1 K=1:80j
[

X1=VX

VA REFERS TO THE VARIABLE *R? AND X1e¢X2:XM REFER TO VARIABLE (RY)

!
l

Bl *
)n') «UdP) GO TO 22

ALEX2¥V/260




DUMMY=F { VX e X1 sFNFCI 48 603F (VXoXMeFNeFCI4+F(VXeX2¢FNoFC)
CSUM=SUM+DUMMY
Xi=x2
IF(X2.LToUP) GO TH 21%
SUM=SUMEHK 6.0
C
C SUM IS THE VALUE OF THE INTEGRAL IN (2¢2e6A) i i i
G
22 VYIKIT 1 e/VX=BoASUMLIFCRXARVYXI*(1.04PIXRX2/FN*%2))
E.C o) ) _ .
C ViKY IS THE VALUE OF THE ELECTROSTATIC POTENTIAL AT THE POINT
¢ R=VX
c
_ VX=X EHE
1 CONT I NUT
C
C CALCULATION OF THE EFFFCTIVE POTENTTAL DUE YO VACUUM POLARIZATION
C R T T S NGl 1 O ST (o e e ol 2
§ DO 10 I=1.349
X1=040
SUM1I=0.0
=
C TTCACCULATION OF THE INTEGRATION We Re Te Rf IN (3:s1.7) BY SIMPSON'S R:
Cc
Na 12 J=1+120
X2=X14+H i Ml a0
DUM={ X1+X21/2.0
DUMMY=FVLUXX( I aX1cColLAFNeFCI*8,0%F VL {XX{T)} eDUMGCoLAFN:FC?}
THFVLIUXE T 1o X2 CalLAcFNsFC)
f ¥i=X2
12 S0Mi=3SUMt+DUMNYT
SURI=SUMI 2/ 6,0
[w
i SUM1 IS THE RESULT OF THE INTEGRATION IN (3ele7}
e
VE(T)==3e0%SUMI /(2 0¥ XX IISFCHAT4( L0 0+PIA%2/FNA22))
II=2%T—§
. VP(1)1=2.0%¥APX(VL(I)45.0%V(11)1/60)/(3,0%P1)Y e B
c
= VP{I) IS THF VACUUM POLARTZATION FOTENTIAL AT R=XX(I)
C
10 CONTINUE
€
c START TO SOLVYE THE DIRAC EQNS. THE NOe. *6' IN THE ®D0 LOOPS
C INDICATES THE CALCULATION I3 REPFATED & VIMES FOR 6 LOWESTY LFVELS
_C  CCNSIDERED S e S i g
&
DO 311 IK=1+6
i ¢
G READ IN CONSTANMTS WHICH ARF DIFFENENT FOR DIFFERBENT LEVEL.
L3 NKE 1S THE QUANTUM MOe K IN THE DIRAC TAGNSe "EA'Y™ [S THE DIMENSIONLES
€ ENFRGY FUOR THE SOINT NUTLEUS.YDE® IS THE *DELTA EOSILON® IN
C EOMe{Aal 10} AND RA IS THE VALUF 0OF THE MATCHING RADIUS.ALL FOUR
€ 0OF THFSFE CONMNSTANTS TOR A PARTICULAR LFVEL ARE PUNCHFD [N CERTAIN
o COLUMNE TN THE SANMTE DATA CARD SPECITYED UY THE FORMATWRY TS AN
C INTEGER AND IS PUNCRED 1N COLUMNMNS 1 TO 3 ¥YITH THFE LAST FIGURE IN
c COLUMN 3,¥EAY IS A REAL ND, OF TEN DIGITS AND IS5 PUNCHED IN
S COLUMNSG 8 {0 18 WI1TH THE LAST FIGURE IN COLUMN {B:"NE" IS A REAL




Lol B

NDe EXPRESSED IN EXPONERNTIAL FORM AND 1S PUNCHED IN COLUMNS
19 YO0 20 WITH THE LA\T FIGURE IN COLUMN 30.%RA™ S A RFAL N0«
AND 1S PUNCHED IN COLUKNS 21 TO 35 WITH THE LAST FIGURE IN COLUMN 3¢

oON0

READ(S« 310K EADE ¢RA
210 FORMAT(I3.F15., I_Q._E!_'Zt 1eFSell - (SN - e

PRINTY QYoK
41 FORMATI?P1%,,9K=%¢,13}

XA=XX (1)
| G
L XA IS THE VARIARLE WwRe IN THF DIRAC EQNS3Se FOR THE POINT NUCLEUS
L CASF
€
B IF(KeGTe0.0) GO YO 40 . . ok
C
¢ THE TEST STATEMENT CHOOSFEFS THE APPROPRIATE ASYMPTOTIC SOLUTIONS
52 FMNOR THE LEVEL PEING CUNSINEREDYA{I):YA(2)} ARE THE INITTAL VALUES
B C 0OF THE POINT NUCLEUS RADIAL WAVE FUNCTIONS “F¢% ANDYG"™ WHICH ARE
[ GIVFN BY E0NSe(4cie7) OR (Be1:8)
e
A1 =—~( APRZ74FB4{EA- 1OV /LMIIXARE{ K41} /(~2%K+1}
- ._____4-_‘“\3' 2)=XA®k(-K)
GO TO S4
4N “ﬁ(:)ﬁ!2%ﬁ#1?*XA**K/(KEA+1u03/LM&AP#Z#FB)
YAC2)=XAxR(K*+Y
C
£ LUTION OF THE POINT RUCLEUS DIRAC EQONSs 8Y ATH ORDER RUNGE-KUTTA
& METHOD eGP (I sewesEA) ARE THE FUNCTINNS GIVEN BY EQGNe{(2e302) AND
C APPEAR IN THFE FUNCTIONAL "*BﬂwanAM GP{I1eXA¢YALFA)
DT ¥ WO F Y- 12H T
R(!el;nGP(t.KAqYA.EAD
C
| ([ R{Ic¢l ) ARE THE QUANTITIES Kii K21 IN EONe(foi b))
&2
45 YAB(II=YA(TLI+H2%2R(T41)
C
__§___NAB{!) ARE THE CUANTIYIES YI1e14#(H/2)K11 AND Yie2#(H/2)K21 IN
@ -LOVo(441067
<
XABR=XA+HT?
i XA=XA+H
DO 486 T=14.2
RETe2I=GP {1« XABYAB,EA)
G
G RU1.2) ARE THE QUANTITIES K21,K22 IN EGNe(4e¢1e6) . Py
£
46 YABI(II=YA{IJIiRZ2*NR(I.2)
L
C YABI{T) ARE THE QUAMNTITIES YIioI+(HA2IK21 AND Y1 2¢({H/2:K22 1IN
L5} EGN«EL»Q].&’ .
c
DO 47 t-!o?
r‘l.b'.) ({ X \HeWABRL cEAY
e — = xef 1o 2 — o e
(ot RETe3) ARE TKE GQGUANTITIES HI1.K32 IN EQNe{4cl146)

A7 YAR{EI=YALTI+HER{L ¢3)




[
C YARI(TI ) ARE TYHE QUANTITIES YTl +{HIKI1sVIe24(HIK32 IN EQNe(&cl1+66)
C
NO 48 1=1,2
48 R{T,4)=GP{IsXA,YADBLGEA)
C ne - D e P
(5 R{T,4) ARE THF QUANTITIES KA1.Ka2 IN EQNe(Z2e1e6) '
[}
DO 49 1=1,2
49 YA(TII=YA(I)4 (H/6.01%({R{(141)42e0%{R(TIe2)¥R([e3))I+R([e4))}
55
C YA!]Y ARFE THE SOLUTIONS OF YA AT R=(XA+HY)(THE SOLUTIONS GIVEN BY
C EC"‘J&(AOEOQ))
(%
IFIXALGERA) GO YO 53 i
G
< THE TEST STATEMENT INDICATES THAT WHEN R REACHES THE MATCHING
C RADIUS, THE CALCULAYION FOR THE POIMNT NUCLEUS IS STOPPED. THE
c VALLUES OF WAVE FUNCTIONS ®“FYAND®GUAY THE MATCHING RADIUS ARE STORED
{ & UP FOR LATER USEs. THE PROGRAM IS THEN MOVED 7O THE SCOLUTION OF
¢ THE DIRAC FQNSe TOR A FINITE NUCLEUSe
(@
GO TO 54
53 ES=EA
C g
C H“ESY IS THE DIMENSIONLESS ENERGYTEPSILON® IN THE FINITE NUCLEUS CASE
c .
IiN=D
300 ESO=ES
L ="
e T TEESQY PENOTES THE PREVYDUS TIGENVALUE OBYAINFD IN THE INVEROSLATION
€ CALCULLATION
C
11 IN=IN&
G
C #INY INDICATES THE NOe¢ OF TIMES YHAT THE FINITE NUCLEUS DIRAC EQMNSe
C ARFE SULVEDe
G
: TF{IN.GTedY GO TO 51 ) i ] o
(G AFTER THE FINITE NUCLEUS DIRAC FAONS. ARF SOLVFD 3 TIMES WITH 3
.= DIFFERENT FIGENVALUES,, THE PROGRAM [S THEN MOVED TO THE INTERPOLATION
C CALCULATION,
C
EE(INYI=ES
<
C TEEETINIY  ANYE TRE GUANTITYIES FCPSYLUNI YL YEPSTILONZY AND YEPSTLOR3Y
C IN FONSs{Gclell) AND (Gs1:12)
e
E=V{(1}
€
C “rr (S THE FLECTROSTAYTIC POTENTIAL OF A FIMNITE NUCLEUS AT THE
C STARTING POINT R=0,001 FM,
€
—TCC SOLCTICH OF THE FINTIVE NUCLEUS DTRAC FCNS. OY &aTH CRDER RUNGE=KUTTA
C HMETHODs TXPANATIONS 0OF THE Quf\f ITIEE ARE SIMILAR TO THOSE GIVEN
c ABOVE FOR THE POINTY NUCLEUS.
C
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} GO TO 42
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-
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Be¥B1sESs
tHAR(T .3}

V{Iv+1))

Ie X YR ES.V(IVE2))

o ool A

’"’“‘H:H‘(IIHH (1A
o e Qe ~De L)

3 Y(i)=Y
IF({XeGE

F{H/S50)F(RIT1o114260%(R{TI:2)4R(1e3)31+R(T,441})
RA} GO ¥Q SO

WHEN "R® REACHES THE MATCHING RADIUS, THE 1 TE
AND THE PROGRAM IS MOVED TO CALCULATE THE OIF
__FECNe(80149)

ION IS QTﬂPﬂED
NCE ®D*" GIVEN DY

G
b
=

RAT
ERE

annnn

GO TO 2
S50 DDCINI=Y(1)RYAC2I-Y{2)%YA(LY

“ODOINYY DENOTES THF QUANTITY GIVEN BY EQNe(4ef %)
ES=ES+DE

_.C _YESY DENOTES THE NEW TRIAL EIGENVALUE.
6. T 1%

51 Fl"'(—ﬁo
E13=(~-D
El??—("

2 (e Yo Mo Yol
1
I
|
|
i
|
}
i
|

"'r-n‘
e )
N e
~ 3
*mm
mrniim

INTERPOLATION CALCULATION GIVE

DN

[ DDE=DABSUETIZI-ESUV
IFTDDELE +10D+=8) GO TO S

L&
C EXAMING THE DIFFERENCE RETWEEN TWO SUCCESSIVE TRIAL EIGENVALUESe
C .
ES=E1223
i
= ®ES" IS THE NEW TRIAL EIGENVALUE.
e e R e S L e
CE=0Qe2%DE
C
& “DE®™ IS THE NEW INCREANINT OF ®ES®,

e et e i et o 4t e A A - i P ot A e i, e ettt . S A e e




101

!
[alglg)

- OO0 OO0

OOa0

33
3%

a2

102

g

IN=0
GO 70 =00
FS=E123

. ®ES™ 1S THE CORRECT EYGENVALUE FOR _FINITE NUCLEUS DIRAC EGNS.

PRINY 101:ES
FORMAT(¢—=19,9

EXACT ES=':D20010)
RA=20742 e

“RAT IS THE MASS NNDe¢ OF THE ATDM,

RM=105,69%RA/(RAH01135) _ fley

“RMS S THE REDUCED MASS UOF THE MUON GIVEN BY EGQNe(401416)
BE=-RM3(1+0-ESI%*1,003 He)
“OEY IS THE BINGING ENERGY OF THE LEVEL CONSIDERED.

PRINT 107.BE e

TFORMAT {¥ = ¢, CHETREVY=', 020 107
CALCULATICN OF THE FINITE NUCLEUS RADLIAL WAVE FUNCTIONS #F% AND
wGT NIY ATH ORDER RUNGE-KUTTA METHOD.

X=XX(1)
IF{KeCT=Ce)Y GO YO 33
Y 1 == APKRZIES(ES=100F /LM RXXK( =K+ }/(—2%KE1)

-

EIEEEEAEE S I Bl g
34

(P*KrT JaXERK/((ESH] e 0 ) /LMEAPKRZXE)
Y= YRS (K4 )

o

B

"

<<
o~
N) =

<L LT
e

P Hu

Hew €
g

!

|

ﬂnnn‘nnn

|

35

!

e () ) e < LD K
O

TIRHE T RN

i N T\ e e

ol

?M)‘”

bod| T3 e ter

WD g oo RE TINDICESe

TTTTIF(IDLEGC200) GO YO 16

IF R=50 FERMIS,THE INTEGRATION IS STOPRED.THE PROGRAM IS THEN

DO 3% I=L1s2
RETs13=G{TeXaVeESSVIIV]I)
YO(IV=Y(TII+M2%R(T¢1)

MOVED TO YHF CALCULATICON OF THE VACUUY POLARIZATION CORRECTIONe

XB=X+H42

X=X11 »

DO 36 1=1,2

RI(1+s21=G(I+XBaYRSES«V{IV+1])) )

YBITTH =Y {TY#H2*RIYTs2) R AT
00 37 1=1.2

ROTIsII=GU T NP e YBIoESVIIVELY)

YBII)=Y{ P 4n®( Y 37}




e I

DO 38 I=1,2
- 38 RUI+4)1=G(IeXsYRsESV(IV+2))
00 39 1=1,2
YOI3=Y({I14({H/6001%R{RET 11 4+2:0%(R{(Te2)+R(T+3}))4R(TI,41))
3¢ SY{T1s.1D)=Y(1I) .
L e
€ ALL VALUFES OF 9FE® AND 96" OBTAINED FOR DIFFERENT B ARE STORED UPs
&
GO TO 32
C b,
G NORMALIZATION OF THE WAVE FUNCTIONS ®F* AND ®G",. SIMPSON®S RULE
C IS USEDs
e 3
ety e 4 6 U D=
. ok = Ll =t el | e oL R W o et
G CALCULAYTION OF THE NORMAL IZATION CONSTAMY GIVEN BY EQNe{8el019)
C
AA=0.0
DO 13 (=1,1D042
11=141
12=t42
ZRE3 C g4 n
(o niie, wion ARE INDICESe
C
DUMMY = ({SY(1e I} XA2+SY( 211 %%2148e0%k(SYU 111 )%e24SY({ 211 )%%2)
: hy RH(SY(1,12)%%24SY(2:12)%%2]) = e W T
13 AA= A‘\HJUN'\I
AA=AA%XH/ 30
€ vpA® IS THE SQUARE OF THE NORMALIZATION CONSTANT (N%*%2) GIVEN BY
':- rﬁ'vt(va’olq)
c
PRINT17,AA
17 FORMAT(9=9,¢AA=V D20 ,10)
DO 446 J=1,.199
YY(1edI=SY(1J}/DSQRT{ AAY}
YY{2:J4)=SY(2:7)1/D8SQRTARA)
44 CUNTINUE
e it Ls)
£ CALCULATION OF THE VACUUM PDLARIZATION CORRECYION. SIMPSON®S RULE
& 1S USEDe
] e _ . K
FP=0e0
DY 14 I=151D42
x1—1+1
Bl fReipd
e
C FVALUATION COF THE INTEGRAL IN FONe{3+1.9)
G
DUMMY=(YY (1 ¢ TI2%28YY (2T 1223 2VPIT)4A,0%(YY(1411) %*%24YY(2,
111 2x212VOLI1) +CYY{1:12) %224YY(2,02) 2%282VvP(12)
14 EP=ERLDUMMY
EP=FPEH/3 .0
e EP=EPEZ%0%%2/1.60206D~-22
¢ R/ 1002060 : L W SR - el
o HERPY DENUOTES THE ENERGY SHIFT DUE T VACUUM POLARIZATIOM IN *KEVE
e

PRINY 15.,EPR




RS

15 FORMAT{®—',*EP(KEV)I=*eD20.10)
311 CONTINUE )

CALL EXITY ' i v iy g K
END

L
o
’
—————— = = —
-
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FUNCTION GP(I¢XAsYA,EA)
c
¢ FUNCT IONAL SUBPROGRAM FOR THE POINT NUCLEUS DIRAC EQNS.
C GP{l+XAsYA,EA} ARE YHE EXPRESSIONS ON THE RIGHT-HAND SIDE OF THE
e POINT NUCLEUS DIRAC EQONSe GIVEN BY FQNSel(2e¢3¢2)
€
THPLICTT REAL %8 (A-He0-7)
DOUBLE PRECISION LM
DIMENSTON YA(2)
 COMMON K
Z=82.0
LM=1,867825961
AP=0,729227E~2
e e I Yy 2 4 L ai
i T GP=RXYAULV/XA-TIEA~T L OV /LM ZXADZXRT=YAT( 2) T R
RETURN
2 GP=~KEYA{2)/XA+L(EA+10)/LMEZXAP/XATRYA( L)
g RETURN , ,
fir E el N
L ﬂ/’
- v/,
//
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FUNCTION GP(I«XAsYA,EA)

T FUNCT IONAL SURBPROGRAM FOR THE POINT NUCLEUS DIRAC EQNSe

GP(I+XAcsYALEA} ARE THE EXPRESSTIONS OH THE RIGHT-HAND SIDE OF TH

POINT HUCLEUS DIRAC EQONSe GIVEN BY EQNSe(2¢36¢2}

e —

Z

728260

IMPLICIT REAL %8 (A-H.0-2)
NDCUBLE PRECISION LM
DIMENSION YA(2)

COMMON K

LM=1, 8678250961
AP=0.729227E~2
GO TD(142)41

GO=R*YATIJ/Z7XA=TTEARA=T O V7L R ZFAPZXRTEYATZ) e
RETURN

GPR=~KEYA(2)/XA+((EA+1O1/LMEZRAP/XATXYA(L])
et S ) S
EN

Bty

2
B g



OO0

FUNCTION G{TIeXeYsESsV}

FUNCT IONAL
G(I s XeYeESV)

SUBPROGRAM FOR THE FINITE NUCLEUS DIRAC EQNS.
ARE THE EXPRESSICNS ON THE RIGHT-~-HAND SIDE OF THE

FINITE NUCLEUS DIRAC EQNSe GIVEN BY ECNSe(2¢2:9)

—END TR SN N P i U DA

IMPLYICIT REAL %8 (A-H:0-Z)
DOUBLE PRECISION LM
DIMENSION Y(2)

CCMMON K

7=32.0

LM=1,867825561
AP=0,729Q27C-2

GO TN(1e2),41

P 6=KxY{( 1Y/ X-({ES-T .0V /LM+ZXAPRV XY (2)

RETURN
G=~KAY(2) /X4 ((ES+1e0)/LMIZRAPAVI*Y(1)
RETURN
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