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ABSrl'HACT 

28 Following the method of Acker et al, the 

binding energies of the six lowest l evels of muonic 

atoms and the transitions among thes~ levels are 

calculated by solving the Dirac equations numerical ly. 

The muon is assumed to move in a field produced by a 

spherically symmetric charged nucleus. The Fermi­

type charge distribution with parameters c and t 

determined by electron scattering experiments is used 

in U1e calculation. The vacuum polarization corrections 

are included in the final results. It is found that 

the results obtained are in satisfactory agreement with 

the expf'. r.1.mental data , considering that a number of 

theoretical corrections , even though small, have been 

omitted. 

The calculated energies of the transitions 

their correspond.1.ng experimental values are used to 

extract the parameters c and t in the charge distri­

bution of the lead nucleus. The functional dependence 

of a transit1on energy on the nuclear parameters 1s 

represe~1tcd by an ls0-energetie 11nE.: 011 the c-t diagram. 
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The intersection of two iso-energetic lines determines 

the values of c and t . It is found that the inter­

section obtained when the transitions (2p
112 

- ls) 

and (3ct
512 

- 2p
312

) are used is in fairly good agreement 

with the intersection obtained when the transitions 

(2p 112 - ls) and (2s - 2p 112 ) are used, indicating 

the consistency of the model used in the analysis . 
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CHAPTER 1. INTRODUCTION 

The muon is an elementary particle which was 

discovered in 1937 in cloud-chamber studies of cosmic 

rays by Neddermeyer and Anderson1 and independently by 

2 Street and Stevenson. From the results of many experiments 

and their interpretations, the properties of the muon are 

well established. It is now known that the muon is a 

Dirac particle which, like the electron, has ·spin 1/2 

and has no significant interact ion with nucleons aside 

from the Coulomb i nteraction. It is also known that the 

muon is 206 . 8 times heavier than the electron and has 

exactly the same amount of charge as the electron . The 

charge on the muon can ejther be positive (µ+) or negative 

(µ-). It is an unstable particle and decays with a half 

life of 2 . 2 x l □ -G s~c . 
+ 

into an electron (e - ), a 

neutrino (ve) and an ant i-neutrino (~µ) 

µ e 

+ + 
p - ➔ e - + \> + v 

e µ 
µ e 

When muons are slowed down in a target material 

and ca~tured by atoms, muonic atoms are formed. A muonic 

atom is a system which consists essent~ally of a single 

negative muon bound to a single atomic nucleus . Due to 

( l. l) 

the fact that the muon can be considered as a heavy electron , 
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the muonic atom is quite similar to t~e electronic atom . 

However, because of the much larger mass of the muon , 

the muonic orbits are about 207 times smaller than their 

corresponding electronic orbits and the muonic energy 

levels are about 207 times greater than their corresponding 

electronic energy levels. The existence of the muonic 

atom was predicted by Fermi and Teller4 on the basis of 

their calculations, and was confirmed by Fitch and 

Rainwc:.ter13 in their first experiment on muonic x- rays . 

In the laboratory, muonic atoms are formed according 

to the following steps: 

1) Fast pions are first produced by bombarding a 

target with a high energy proton beam in an accelerator 

and then negative muons are produced in the decay of 

negative pions in flight : 

11 +µ +v 

The muons are then transported to the experimental area 

by means of a muon-channel which consists of bending 

magnets and quadrupoles. In the experimental area, muons 

are slowed down by degrading material and are stopped 

within a suitable target . 

( 1. 2) 

2) Inside the target, the . muon loses its energy by 

normal ionization from hi gh energy toJ say, 2 KeV . Fermi 

and Teller predlctedL[ the time required for til:is step is 

about l □- 9 to 10- 10 sec. if the target is made up of 
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condensed matter. 

3) The muon is further slowed down from 2 KeV to 

thermal energy by collision with electrons of comparable 

velocities and then captured by an atom into high orbital 

angular momentum orbit to form a muonic atom. It was 

predicted by Fermi and Teller that ths time needed for 

this step i s about 10- 13 sec. if the target is a metal 

or an in3ulator , and is about 10- 9 sec. if the target 

is gas. 

4) The muon is thought to be captured in the vicinity 

of the K-shell electrons; this corresponds to a muonic 

orbit with principal quantum number 

m J 

n ~ ( _Y-_ ) ~ ~ 14 
µ m 

e 
( 1. 3) 

where m 
µ and m 

e 
are masses of the muon and the electron 

respectively. Since all muonic states are unoccupied, the 

muon will cascade down from this n = 14 orbit into lower 

orbits, fir ~t by Auger transition (&ccompanied by the 

emission of Auger electrons) and then by radiative 
i:: 

transitions. E~senberg and KesslerJ pointed out that most 

of these transitions take place within a time of order 

1 □- 19 sec. When the muon reaches the ground state 3 it 

will either decay or will be captured by the nucleus with 

6 a half life of 

( J.. 4) 



where z is th~ atomic number of the nucleus . 

The usefulness of the muon as a nuclear probe 

was first recognized by Wheeler, 7 ' 8 whose original 

papers still serve as a basic guide to the subject . 

Wheeler pointed out that from measurements of muoni.c 

x-rays the shape as well as the radial extent of the 

nuclear charge distribution could be determined. This 

method for determining nuclear charge radii has been used 

extensively following the pioneer experiments of Fitch 

and Rainwater13 . It complements the determination of 

the same quantity from high energy electron scattering 

experiments 9 . 

Since 1962, many careful expe riffient al measure­

ments of the transition energies in muonic atoms have 

been reported. In order to compare these experimental 

results with the theory and to extract information about 

the nuclear charge distribution from them, energy levels 

and transition energies of muonic atoms must be calculated . 

ieveral authors 10- 12 ha\e carried out this kind of 

calcul ation for some nu~lei . In particular, Ford and 

Wills 10 have calculated the 2p - ls transition energies 

for a large number of elements in the periodic table. 

In thP.ir numerical solution of the Dirac equations , they 

used a charge distribution which had been used previously 

to 1'1 t electron sca. ttering data1
l.j '

1 5 . In their final results, 

COj're c tlons for first order v.J.cuum polari zat:Lon were included . 
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It was pointed out 25 , 29 that when the calculated 

energies of Ford and Wills are compared with the experi~ 

mental measurements , there appeared to be a small but 

fairly systematic discrepancy; the observed energies were 

one or two percent larger than the predicted ones . It 

was suggested 25 , 29 that the discrepancy is resolved if a 

slightly denser charge distribution of smaller radius were 

used in the calculations. Pustovalov11 has shown that 

better agreements with the experimental energies were 

obtained if the Fermi-type charge distribution was employed 

in the calculations. 

In this thesis, the energy of the six lowest 

levels (ls, 2s, 2p
112

, 2p
312

, 3d
312 

and 3d
512

) and some 

transitions among these levels in muonic atoms are calculated . 

The calculations are done for most of the nuclei in the 

periodic t able . Fer each of the nuclei considered, a 

spherically symmetric two-~arameter Fermi -typ e charge 

distribution is used. This charge di s tribution} characterized 

by th e half density radius c and th e skin thickness t , 

is given by: 

p(r) = p {l + exp[4.4( 
C' 

r-c 
t 

whe1·e p
0 

is the central charge density. For the 

calculations, the averaged value of the parameters c 

( 1. 6) 

and t which have been used previously to fit the electron 

scattering data are used . (See Sections 2.2 and 4.1). 
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In Chapter 2, the theory of the muonic atom 

is reviewed and the Dirac equations for the muon in the 

field of a spherically symmetric ch~rge d nucleus are 

derived in dimensionless form. 

Several r adiat ive 1corrections are discussed in 

Chapter 3. Among all the possible corrections , the 

vacuum polarization is the most i.mportant one . It is 

evaluated by first order perturbation theory and is 

included in the final results. Other radiative effects 

are not included in the calculations but a brief 

description of each of them is given in this chapter . 

In Chapter 4, a detailed description of the 

computer program used in the calculations is given and 

the method of calculation is outlined . The results of 

the calculations are also presented in this chapter, 

using the form of tables and figures. 

A method for extracting the nuclear parameters 

c and t from the experimental energies is described in 

Chapter 5. The observed transition energies of 

(2pl/2 - l s) s in 

muonic lead from the work by Anderson et a1 3 are used to 

determine the nuclear parameters for the lead nucleus. 

The results obtained are given in tables an d figures. 

In Chapter 6, a summary of the results obtained 

is giv2n . 1'·. brief account of changes which ar·e needed 

for pionic atoms is also included. 
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muon in the muonic atom , the main interaction comes from 

the electrostatic potential produced by the charge distri­

bution inside the nucleus . This suggests we can use the 

Dirac equation for a central field to describe a muonic 

atom. 

The hamiltonian of the muon can be written as 

+ 
where a, a are the Dirac matrices given by 

v.ri th 
+ 
0 the Pauli spi n matrix . µ is the red~c ed mass of 

+ 
the muon and V(r) is the electrostatic potential energy 

of the muon in the field of the nucleus . In equation 

(2.1.2) 

(2.1 . 2) only theclectrostatic potential is included ; other 

effects, such as vacuum polarization, are small or negligible. 

They will be discussed later in Chapter 3. 
+ 

If p(~) denotes the charge distribution of the 

nucleus und has the normalization 

co 

j p(t) d 3 r =- z 
0 

v1here z is the a tori1i c nm1L"2r of the nucleus , then the 

+ 
electrostatic potential energy V(r) is given hy 

( 2 .1. 3 ) 
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--)-

V(r) - -e 2 
00 -> J p(r ') 

0 , ; - -;.,, 

where e is the electronjc charge . The expression 

( 2 .1. 4) can be expand~d j_n a mul tipole expansion in 

terms of spherical harmo:1ics . 'l1he first term in the 

multipole expansion is called the monopole term and is 

given by the follm::Lng express ion3 : 

¢(r) ze 2 

-- - --r 

00 

41re 2 

+ J p(r')(r' 2 
- rr') dr' r r 

where p(r) is called the angular average d charge 

distribution and is defined by 

1 = 71 'iT 

The monopole term has no angular dependence . For a 

spherically symmetric charge distribution , only the 

monopole term appears in the multipole expansion . 

For a. spherically syrnmetric nucleus, the charge 

➔ 

distribution p(r) is angle independent . In this case, 

the angular averaged chDr~e dis t:cibution p( r) is the 

(2.1.4) 

(2.1.5) 

( 2 .1. 6) 

same as the charge dist ribut!on p(r) . Using this result, 

the expr·essj_on for the monopole term ¢ (r) can be rewritten as : 

¢ ( r) ::c 
Y' 

4TTe 2 

+ r 
r 
J 
r 

p ( r 1 
) ( r ' 2 

- rr' ) dr ' 

+ 
ReplacinG the electrostatic potential energy V(r) by 

(2.1.7) 
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this monopole term, the hamiltonian of tbe muon in 

the field of a spherically symmetric nucleus is obtained . 

The new hamiltonian can be written as 

-+ -+ 
H' = -ca•p - Sµc 2 + ¢Cr ) 

The Dirac equation that is solved is 

HI 1¥ -- E1¥ 

where E is the total energy. Equation ( 2 . 1. 9 ) 

describes the muon in a central potential field . It can 

(2. 1. 8 ) 

( 2 . 1. 9 ) 

be separated wi thout approximation in spherical coordinates . 

F 1 J · S h ~ "_pl 6 d . th t . d t . t o __ owing c J_ r .c an using , e opera or 1. en i y 

( 2 . 1.lC) 

+ -+ -+ 
where a is the Pauli spin matrix and A and B are 

any operators wh ich commute with 
-+ 
0 ' we can write 

( 2.1.11) 

->- ➔ + . 
where L = rxp is the orbital angular momentum. From ( 2 . 1 . 11) we 

have ( 2 . 1.12) 

Since 

= (/ 0 
-+ -+ 

( 0. p) 
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we have 

+-+ 
ar(pr (a•p) = + i 

where a = 
r 

is a hermitian matrix ; and 

-+ -+ 
= (r• p ) - 1/::, 

r 

+ -+ 
(cr•L) +k 

r 

+ + 
a• r 

r 

• • j.. I d 
= - l Pv \­

cl r 

) 

1 + -) 
r' 

(2.1.1 3) 

(2.1. :4 ) 

( 2.1.15) 

We define a new operator k which is related to the total 

angular momentum by 

_.,. -+ 
k = S(cr•L + l ) 

The hamiltonian H' then becomes 

itc r 

H' =cap + -- a 8k + Sµc 2 + ¢ ( r) r r r r 

The operator k commutes with the operators s, a r 

and and thus also with the whole hamiltonian H' ., 

so it is a constant of motion . The eigenvalues of k 

can be inferred by squaring (2.1.16): 

k2 
+ + -+ + +-k 2 = (cr•L) 2 + 2l(cr•L) 
-+ l + 2 17' 2 

-+ l ti., 2 = (L + 2 a) + If._, = J2 + If 

+ 
where J 2 is the operator of the square of angular 

mome ntum and ha s eigenvalues j(j+l)l 2 

k 2 can hav e ei genvalues 

The opera..tor 

( 2. 1. 16) 

(2.1. 17) 

( 2 . J..18) 

( 2 .l. 19) 
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H~nce, the eigenvalue of k can be 

k = ±(j+ ½) = ±1 , ±2 , .... 

The angular and spin parts of the total wave function 

in equation ( 2 .1. 9 ) are fixed by the requirement that 

~ be an eigenfunction of the operator k defined by 

(2.1.1 6 ). For such purposes as the computation of 

energy levels, we need be concerned only with the 

radial part of the wave function . We are interes t ed 

in states with wel l-defined values of the total angular 

momentum and thus with well-defined values of k . 

From equ2tion (2.1.17), it follows that the energy of 

such states can be evaluated from the equation 

where ~ ( r) is the radial part of the total wave 

function ~ 

The matrices and s anticommute with 

each other . We shall choose the representation in 

which 

Because of the structure of S and ar, t he radial part 

of the wav& function has two components and is written 

(2.1.2 0) 

(2.l. 21) 

( 2 .1. 22) 
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_ l (F(r)) 
r G(r) 

where F and G are called the smal l and large com­

pone nts respectively and have the normalization 

co 

Subs tituting ( 2 .1. 22 ) and (2.1 . 23) into (2.1.21) and 

making use of (2.1.15) the following two coupled 

differential equations are obtained: 

\ dF(r ) = kF(r) _ [ E _ µc2 _ cp(r)]G(r)/ c 

l d;;r) = l~:-~_rJ_ + [E + µc2 ·-¢ (r)]F(r)/~c 

wj_th the quantum number k which is r elated to the 

orbital and total angular momentum quantum numbers by 

k Q, if j Q, 1 - = ·- 2 

k ·-(i+l) if j X, + 
1 = = 2 

2.2 Dimensionless Formulation for Spherically Symrnetrie 

Muoni c .4.toms 

For all the sphe~ically symmetric nuclei 

considered in this thesis, a two-parameter Fermi-type 

model is used for the nuclear charge distribution: 

(2.1. 23) 

(2. 1.24) 

(2.1.25) 

(2.].26) 
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p(r) = p {l + exp[n( ~ - l)]}- 1 
0 C 

where c is the radius at which tnc charge density is 

one-half of the central charge density and n is the 

paramete r that determines the shape o f the charge 

distribution. With the normalization for a nucleus of 

charge z ( eqn . ( 2 . l. 3) ) , the central charge density 

( normalization constant of p(r) ) is found to b e 3 

3z 
'IT 2 

4nc 3 ( J. + --) 
n2 

For n + ~ , the Fermi-type n~del approaches the 

uniform charge dist ributi on 

f p(r) __ = Pao 

l p(:r) r > C 

Some authors prefer to write the Fermi distribut ion in 

terms of tbe skin thickness t i.e. the distance in 

(2.2.l) 

(2.2.2) 

(2.2. 3) 

which the charge density falls from 90%.to 1 0% of it s 

central value. In tnis case, the Fermi charge distribution 

is written Re 

p(r) - p {l + exp[4 ln3 (r-c ) /t] }- 1 
0 

(2.2.4) 
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The skin thickness parameter t i s related to n an d 

c by the following equation : 

C C) t = 4 ln3 (-) ~ 4.40(-- n n · 

Using the Fermi-type distributio~ (2 . 2.1) , the monopo l e 

term ¢(r) in ( 2.1. 7) can b e written as : 

where 

1 p ( r) = 
r 

¢ ( r) = - z e 2 p(r ) 

3 [ 
J 

r 

00 

(r ' 2
- r ' r ) 

r ' l+exp[n( 
C 

l )] 

Substituting (2.2.6) int o (2.1 . 25) we obtairi the Dirac 

equation for a muon in the field of a spherically 

symmetric nucleus having a Fermi charge distr~_bution : 

)

/' dF (r) 
dr 

/ dG( r-)_ 
( dr 

_ kF(r) _ [E _ µc2 + 
r 

kG(r) 
r-

+ [E + µc 2 

Equations ( 2 . 2 . <s) can be rearranged as 

kF(r) 
r 

IE l' \--- + / 
i,c2 ,-

p ( r ) J (\ ( r· ) 

p(:c) ] F (r) 

(2. 2 . 5 ) 

( 2 . 2 . 6 ) 

( 2.2 . 7) 

( 2 . 2 . 8 ) 

(2.2.9) 
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Defining the dimensionless energy E: = 
E 

]JC2 
where 

E is the total energy of the level considered, and 

µ is the reduced mass of the muon, and recalling that 

, the reduced compton wave length of the muon, 

and 
e2 1 the fine structure cons tant , = a = 

137 
we 

-K.c 
, 

can write (2.2 . 8) in a dimensionless form: 14 

I 
dF(r) kB' ( r) [ 1 (e:-1) + zap ( r)]G(r) = -dr r :;:: 

jJ 

t dG(r) kG ( r )_ + [ 1 (e:+l) + zap ( r )] F(r) = -dr ... r /1. 
jJ 

The dimensionless form is simpler to work with when we 

solve the Dirac equation numerically. 

2.3 Point Nucleus Solution 

The simplest assumption we can make about a 

charge dirtribution is that all the nuclear charge is 

concent :r·ated at the center of the nucleus. This is the 

so called 'point nucleus'. In this case, the electro­

static potential ¢(r ) is given hy the fo llowing 

exort:ssion: 

ze 2 

r 

Suo::;tituting (2.3.1) j_nto 2.1.25 ), we get 

(2.2.10) 

(2.3.1) 
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dF(r) kP 1 r '\ 
(E µc2 ze 2 

) G(r)/ = _:__,_, ..• - + -- C dr r r 
(2 . 3.2 ) 

dG(r) 
= - ~~ ( r )_ + (E + µc2 + ?'....e?.' F(r)/ C dr r , I' I 

This is the Dirac equation for a muon in the field of a 

point nucleus; it can be soJ.ved analytical ly (s ee Appendix B) . 

The total ener gy E is found to be 

with k = ±1, ±2~ and N - O, 1, 2, _ 'rhe principal 

quantum nu~ilier n is related to N hy the relatj_on 

n = N + ikj 

The binding energies of varjous level s a~e given by 

} . (2.3 . 5) 

In thit; wo:ck, Ke arc inter·ested h: th(°" six lowest levels. 

The valuee of k and N for these l eve]s are: 

For the lightest 

nuclei_ or £'or the higl,er J.evc-: 1s ,:>f the hec:i,\·y nuclei, it is 

suffi ci ent to use th8 point nucleus eigenvalues which are given 

A correction for the effect of fj_nit~ size of 

th0 nucleu;3 r.wy be ob L-:.i:i.neri f rom a f1rst order- perturbation 

calcuJati c~, using the s~cond te rm in the expressjon (2.1.7) . 
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However , for most of the cases we are intere s ted in, 

i . e. th e lowest levels in medium or high z nuclei, the 

Dirac equation (2 . 2 . 10) mu.st be solved by numerical inte­

gration. The point nucleus solutions obtained above are 

used as starting values for the trail energies . The 

detailed procedures for the numerical solution o f the 

Dirac equation are given in Chapter 4. 
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CHAPTER 3 , RADIATIVE CORRECTIONS 

The energy eigenvalues which come from the 

numerical solution of the Dirac equation (2 . 2 .1 0 ) do 

not descrjbe the energy levels of the muonic atom 

accurat e ly enough, even for a spherically symmet r ic 

nucleus . Sev~ral radiative corrections must be taken 

into acc:ount. 

Among the possible corrections , vacuwn polar i ­

zation is the most important one . It produces an appreciable 

shift j n the energy J.evels obtained by the numerica.l calcu ­

lations . In this thesis ~ we evaluate these shifts, u sing a 

first order perturbation the8ry and the numerically derived 

functions. For other radiative corrections such as t h e 

muonic Lamb s hift , the muon anomalous magnetic moment , 

the nuclear polarization and the electron screening, no 

attempt has been made to calculate them. Instead , a brief 

qualit&tive description of each one of them is given . 

3 . 1 Th e Vacuum Polari~ation Correction 

It is predicted by quantum electrodynamics that, 

in certain respects, the properties of free space are 

analogous to thooe of a dielectric medium . ., The prer,ence 

of an electrostatic field in free space j_n duc es A slight 

separatoton of vir t ual electrons ar1d. positroi1s, wh:i.ch j_s 
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referred to as vacuum polarization . It is the most important 

one among all the possible radiative corrections . While , 

in the ordinary electronic hydrogen atom, the energy shift 

due to the effect of vacuum polarization is much smaller 

than thos e due to other radiative effect s , this is not the 

case when we deal with muonic atoms. At a distance of the 

crder of' trie Compton wave length of the electron 

( ,:·e = mt., c ::::: 0 . 386 x 10- 1 0 cm) , the vacuum polarization 
e 

of the virtual electrons and positrons leads to an alteration 

of the electrostatic potential. of the nucleus , regardless 

of what part icle, electron or muon, moves around the 

nucleus . We know that for hydrogen-like atoms, the Bohr 

orbit is inversely proportional. to the mass of the particle, 

so that thP radius of the muon orbit_ is a.bout 207 times 

smaller than the r adius of the electron orbit and its 

dj mens ion is of the c,1•der of - 10- 1 1 cm . Af; a ,result of this, 

the muon will c>.pend c1. grea~el' part of its time in a region 

where the electrostati~ pot~ntial of the nucleus is chan ged 

by the effect of the vacuum polarization, and which in 

turn, leads to an appreciable shift of th9 energy levels . 

The effect of vacuum polarization has been investigated 

3 JU l~(-20 
and calculate d by several authors . ' ' Glauber et a117 

had developed a set of equattons to calculate the first 

orde r energy shift due to v~cuum polarization for a 

point-like nucleus. Here we follow quite closely the steps 
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used by Ford and Wills 10 in the calculation of the vacuum 

polarization correction . 

To the order of the fine structure constant a , 

➔ 

and for a general nuclear charge distribution p(r) , the 

vacuum polarization potential energy due to the virtual 

electron-positron pairs is given by 21 , 22 

where 
e2 

a = Kc = 

,_ 
A 

e 
= m C 

e 

1 
137 

is the fine structure constant, 

is the reduced Compton wavelength of the 

ele<2tron, and X (x) n is the integral given by 

00 

= J 
1 

1 
n y 

(1 + _L.) (1 
2y2 

~ 
1 2 -2 xy 

--) e dy 
y2 

If the nuclear charge distribution p(r) is spherically 

sy1~etric, then only the monopole term appears in the 

multipole expansion of equation (3.1.1) . For a Fermi-type 

charge distribution p(r) , the vacuum polarization 

pctential energy 

Jt o:e 2 
V (r) = 

p 31TI' 

00 

V (r) p , 
23 is given by 

J dr 1 r 1 [H(jr-r 'j) - H(1~+r 1
)] p(r 1

) 

0 

where H(r) is given by 

(3.1.1) 

(3.1. 2) 

(3.J.3) 
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2yr - --x-
SY. e e 
y2 

(l + - 1-)(1 
2y2 

1 
--2 ) 
y· 

For r << ~ , the asymptotic expansion of the exp r ess ion 
e 

(3.1.4) is 

H(r) - H(O) = r 

+ O[(~) 
1{ 

e 

4 

ln (; ) ] } 
e 

where ln y = 0.557 is the Euler ' s constant. 

For a perturbation calculation ~o first order 

of za , only the first two terms in equation (3.1.5) are 

u sed . Jn such a case, the vacuum polarization potentia l 

. . bylO energy is given 

V ( r) oc 
2 a [V ( r) - ~- ¢ ( r) J 

P 3TT L o 

where ¢ Cr ) is the electrostatic potential energy given 

in ( 2 • 1. 7 ) and V 1,C 1 • ) is given by 

21r 
r J -y e 2 P ( r ' ) r ' { I r-r ' I [ ln )..,_ 

·- ( :r+r' ) [ 1n --/- ( r+ r ' ) - 1 J} dr 1 

e 

e 
i r-r' I -1] 

·,1herc y =-0 1 . 7 81 , and p ( r' ) is the nuclear charge 

distribu cion . Using the m ... 1:!eri ca.lly derived 110:rrnalized 

wave functio~□ f and g , the energy shift due to vacuum 

polorlzation is obtained from a first order perturbation 

(3.1.5) 

(3.J.. 6) 

( 3.1.7) 
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calculation: 

It is found that the vacuum polarization increases the 

binding energy of the muon somewhat less than 0 .7 % . 

Thus, for the heaviest nuclei , the ls level vacuum 

polarization is on the order of 70 KeV Wichmann and 

Kro11 20 had estimated the same corrections due to terms 

in second and higher order in za . They found that the 

corrections are very small, 

(6Ep/E = 1 . 0 X 10- 4 ~ 1 . 5 X 10-·4 ) 

be negl e cted. 

and therefore can often 

3 . 2 Brief Description of Other Radiatj_ve Corrections 

A, The Muonic Lamb Shift and Other Radiative Corrections 

In the Dirac theory for a point-like nucleus , 

the energies of the 2s
112 

and 2p
112 

electronic levels 

are equal (degenerate ). But experiments found that the 

2s
112 

level is actually l ower than the 2p
112 

level. In 

the case of an ordinary hydrogen ~tom th ese two levels 

are found to be shifted with respect to one another by 

approximately 10% of the magnitude of the f'ir.e structure . 

( 3 .1. 8) 
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This relative shift of the 2s
112 

and 2p
112 

levels 

is called the Lamb shift and it can be largely accounted 

for by quantum electrodynamics. It turned out that this 

shift is basically caused by the interaction of the electron 

with the vacuum. For muonic atoms, the interaction of the 

muon with the vacuum will lift the energy levels slightly. 

Thus the binding energy of the levels of the muonic atom 

is decreas ed by this effect. 

Barrett et a1 23 had estimated the muonic Lamb 

shift for the lowest levels in muonic bismuth. They found 

that to about 30% accuracy the shifts for the low-lying 

states are given by the lowest-order formula: 

where ~£ is the average excitation energy of the muon 

defined by the Bethe sum43 and ~ is the reduced muon 

mass. They use the binding energy of the muon for a 

particular energy level to shich the Lamb shift is being 

calculated for ~£ as an approximation. The 30% 

uncertainty in the result is mostly d~e to this approxi-

mation. I n equation (3.2.1) the 1 (- 5) term corresponds 

to the vacuum polarization of muon pairs. The 3 
E and 

the spin-orbit term correspond to the muon anomalous 

magnetic moment. The express ion <V 2 V> is proportional 

to the probability of overlap of the muon wave function 

(3.2.1) 
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with the nuclear c~arge distribution and is given by 

(3.2.2) 

Equation (J.2.1) was evaluated numerically and they found 

for ls level, 6E = ..)-:;,,o i 1.0 KeV 
Ls ' for 2p112 , 

f'..E = 0.4 ± 0 . 3 KeV , Ls for 2p
312 

, f'.. ELs = 0.7 ± 0.3 KeV . 

B . Nuclear Polarizatjon Effect 

In our calculation for the energy levels of 

muonic atoms, the muon is treated in the static field 

of the nucl e us, i.e . the nucleus is assumed to be 

unaffect ed by the presence of the muon. However, this 

is not the case in reality. Interactions can arise by 

the presence of the muon and these interaction may induce 

changes in or polarjze the nueleus. Nuclear polarization is 

also known as the dispersion effect . The temporary exci­

tatjon of the nucleus leaJs to a slight change in the 

energy levels of the muon . It 111creases the binding 

energy by a small amount . 

Th s energy shift due to this effect has been 

calculated by 
1-:;, ,..,5-40 

several authors . ·1
'.) Depending on the 

nuclear model us ed , t hey came up with widely different 

results. The first est imate was made by Cooper and 

Henley 13 , who have s110.-m that the~ energy shift due to the 
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effect of nuclear polarization could be written as 

AT, (2) = 
L.J....,Np I 

N, m 
NIO 

<~o¢RIH ' l~N¢m> <~N¢mlH ' l~o~k> 

(E + E , 
O E O - 'N -· Em) 

m==k 

where ~o and ~N are the initial and intermediate 

wave functJons of ti1e nucleus , and ,1, ,1, are 'I'm , · 'l'R 

tbe .in:Ltial a.110. intermediate wave function of the muon, 

E and E" are the initial and intermediate energies 
0 i •i 

o.r +; l'J e mtcleus, E and E are the initial and inter-
o m 

mediate encrgi.es of the muon, and 

with He being the electric interaction which is given by 

Here 

z 
\ ,_ 

i=l 

-;-
r is the position vector of the negative muon, and 

R. is the position \'ector of the i th proton in the 
l 

nucleus. 'I1l'H~ supe2°script (2) in (] . 2.3) indicated that 

(3. 2 .3) 

( 3 . 2 . 5 

th e nuclear polarizat~on correctton obtained by use of this 

equation is a second order effect. The first order 

corre ction to the total energy of the muon-nucleus system 

is zero for eny muon state . 
J -

Coop er and Henley .j crudely 

estimated tl1e snift for ls level for several muonic atoms by using 
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closure over both the nuclear and muon states . They 

took an average value for the energy denominator and 

cho se the value 13 MeV for (E
0 

- EN ) from the statis-

tical moc_el. They found that the shifts for the ls 

level were : -58 KeV in lead c82 Pb) , -13 KeV in 

copper (29Cu) and -1. 2 KeV in aluminum ( 13Al). 

Lakin and Kohn 37 made an estimate of the same effect 

and reported a smaller shift . They found that in muonic 

mercury (goHg) , the ls level shift was -16 ± 8 Kev . 
They also pointed out that the reduction in the 

magnitude of the shift was mostly due to the correlated 

moticn of the protons . Ci,., 38 uen , in his Princeton thesis, 

repeated Cooper and Henley ' s calculat1on with the followj_ng 

two improve~ents: 

1) The intermediate muonic states in the continuum 

are treated properly. 

2) The two nucleon cross terms in the ground state 

nucleus are included . 

He found tha~ the shifts in muonic lead are 

L'.IEj == -6 ± 
J •p 0.5 KeV for ls 

llE = -1. 2 ± 0.2 Kev for 2s 
N • p 

liEl' = -1.9 ± 0 . 2 KeV for 2p . \~ • r) 

The nuclear polarization effect was also estimated by 

Cole36,39. He used an average nuclear model and the 
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exp~rimental inelastic electron scattering cross sections 

to calculate the shift due to the giant dipole resonance . 

The results obtained for muonic lead are : 

and 

:::: -6 Kev 

6EN ::::-2KeV •p 

in ls 

in 2p 

40 
RecentJy, Skardhamar has obtained similar r esults . 

C. Electron Screening Effect 

When an atomic electron is within the muon 

orbit, the effective nuclear charge seen by the muon 

will be changed. This change in turn will induce a 

shift in th e energy l eve l s of the muon . Since the muon 

orbits are 207 times smaller than their corresponding 

electron orbits, the main contribution to this effect 

comesfrom the K-shell electrons. The electron screening 

effect has been calculated by Bar~ett et a123 . They 

found that the shifts in the energy levels of muonic 

bismuth ( 83 Bi ) v2.ry from !J. 6 2V for the ls state 

to 190 eV for the 5g states . The electron screening 

·becom2s more important &.s tl1e level goes l1ie;l1er. For 

the 10\'-'est levels which we are j_nterested in, the correc-

tions are of the order of a few eV . Electron 

s creenj rq; lncre2s es the tr&risi t ion energies . 
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CHf,PTER it. 

NUMERICAL METHODS FOR rrEE CALCULA'I'ION OF' ENERGY LEVELS 

The energy levels of the muon in the f i eld o f 

a Fermi-type charge distribution are obtained by the 

numerical soJutions of the dimensionless equations 

( 2 . 2 . 10) . A computer program has been developed for th i s 

purpose. Jn this chapter s first a description is given 

of the computer program and the procedures are outlined 

for calculating the energy levels and also the i r 

corresponding vacuum polarization corrections. Then , 

in the second part, the results of the calculation for 

the lowest sjx levels (ls , 2s, 2p112 , 2p
312

~ 3ct312 
and 3a 512 ) of the muonic atoms ~re presented, in the 

form of' tables. In Table 4. 2 . 1 , the mass number fl. , 

the nuclear parameters c and n , the caJ.culated binding 

energies of the levels considered and their corresponding 

vacuum polarization corrections are tabulated, in increasing 

order of z In Table 4.2.2, several energy differences 

bct½een t¼o ·LcvPls are listed. These include the 

2p:; ,, 2 - 2p
112 

splitting and the t:carisitions 2P:i;2 - ls , 
.)/ .) 

2s - 2p.L ,~ , and 3ct, 12 - 2s 
- I L i 

In the same 

table, we also 11st the expErirnent&.J values for some 

t1~a1.sit:io;1G as a comp3.rison with the caJGul2.ted results. 

1rbrJ Fe1·mi-type charge d:~tJ·ibut.:Lon, a.s weJ.1 as the 

numcr-ical1y derived potenLia1s, and the ncrmalized wav0 
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functions for lead c82 rb) are shown graphically in 

figures 4.2.1 to 4.2.5 . A complete listing of the 

computer p:rogr2.m for t'.!e calculation i s given in 

Appendix D. 

4.1 Detailed Calculation Procedures 

In tr.e ccnputer prog1"am which has been developed 

to calcuJate the energy levels of the muonic a toms, the 

electrostatic potential of the nuclear charge distribut i on 

and the effective potential a~e to vacuum polarization 

are first evaluated. This is becnuse these two potentials 

are functions of the quant!ties z, c and n which are 

constant for· n particular atom. 1rh:Ls means that these 

two potentiAls are the same for all muonic levels in 

this particular atom and therefore they only have to be 

evaJ.uated once when the ~ariou~ energy leveJs and their 

corresponding vacuum poJ.arizD.tion corrections are calculated. 

Thro~ghout tlie celculation a two-parameter Fermi-type 

charge dJftribution is used. This distribution is charac-

teriLed by the radial pacometer c , and the surface 

thickn2::::s pa.1·amf'ter or the skin thickness parameter L 
L, 

(Sec Section 2.2 . ) rrhese parnmetert:;) for some nuclei, hav2 

been df:terrrd ned by Hofs ta.dte1• 9 in high energy electron 

scattering e~ceriments . On averaging these experimental 

values, it w~s fo1u1d that the s~in thickness parameter t 

was app1·oz1.m~ttely the sarrie for a1J nucle1 except the 
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. 11 41 lightest ones ' and it was given by 

t = 2.4 x 10- 13 cm 

The dependence of the radial parameter c on A was 

where A is the atomi c mas s number of the natural 

isotope mixture. 

In the calculation, except for some cases , the 

nucl ear parameters given by (4 . 1 .1) and (4.1.2) are used 

for all nucle5 considered . The exceptions are the ones 

wbose nuclear parame ters have been determined directly 

by the electron scatterin~ experiments. In particular, 

the v~lues of c and t for nuclei 20ca, 
23

va , ~7co , 

28Ni , ~
9
In, 51 sb , 

79
Au and 83Bi are taken from 

the experimental results of Hofstadter9 while the same 

values for the J_jghtest nuclei 
3
Li, 

N and 
7 , ,-

et a1..1.. ·) . 
80 are taken from the results cf Meyer-Birkhout 

(4.1.l) 

The electrostatic potential produced by a 

Ferml-type charge distribution is given by equation (2.2.6) . 

It cannot be expressed exp1ici tly in an an2lytical for'm 

and tt1u 8 must be evaluated numericalJ.y. To this end, the 

welJ.-kn8wn Simpson's rule for the approximation solution 

of a dcLi.r1ite ::..ntccral is u:..;ed.. The potential 1s calculated 

for 2. sc:) ':i ec uf vnJ.ues of r ., the r2dial variable. The 
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calculation is star ted at r = 0 . 001 fm , (1 f m = 10- 13 cm) , 
0 

an arbitrarily chosen poin t that is close t o zero . The 

second value of r is set equal to r
0 

+ h = r
1

, and the 

third value of r is set equal to r + 2h = r + h = r e tc · 
o 1 2 ' 

h ere h is a constant which is set eq ual to 0 . 25 f m. Fo r 

each value of r , the integration ove r r' in ( 2 . 2 . 7) has 

to be done once and is calculated by means of Simpson 1 s 

r ule. It is found that when r = 30 fm, the contribution 

f :rom the:"' second tP.r·.,n i· n (2 . 2 .'( ) · 11 d 1 · . , 7 _ _ 1s very sma an neg igio_e . 

This means that the electrostatic potential is practi cal l y 

the same as the one produced by a point - like nucleus for 

such a l&rge value cf r . 

The effective potential due to vacuum po l ari~ation 

given by eq_uation (3 . 1.6) is calcuJ.ated next . Simpson ' s 

rule is also used to evaluate VL(r) , gj_ven by (3. 1.7 ) . 

The step si~e in the integration is cho:::,en to be t he same 

as the one used in the calculation of V( r) . I t i s 

found thcd; ,vithout loss of any signif:Lcant cont ribuU.on , 

the upper limit of the integral in (3 . 1 . 7) can be set 

equal to 30 fm, i.e . the in~egration ov~r r ' r uns from 

r ' = 0 tor ' = 30 fm 

After the electrostatic potential and the 

vacuum polarization correction potential are obtained , 

the energy levels of the ~uonic atom are then calculated . 

F'o1101·1ing /\cKer et al? 8 , the Dirac eq uat icn s are sol v~d 
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n umerically , treating the dimensionless energy E 

as the eigenvalue . Both of the Dirac equ a t ions f o r 

a point - like nucleus and for a finite-size nucleus 

with a Fermi-type charge distribution are solved . 

At a certain distance away from the center of the 

nucleus , called the matching radius , these so lutions 

are compared. .l\n interpolation program enables on e 

to find the correct energy eigenvalues . 

The Dirac equation for a point - like nucleus 

is given by (2.3 . 2) They can perhaps be sol ved 

analytically , but we have not tried to do so . Instead , 

they are solved numerically in a computer . For such 

a purpose, the fourth---order Runge-Kut ta method is used . 

'I'his method is most commonly used in the numerical 

solution of a first - order ordinary differe~tial equation . 

Its application is readily extended to the problem of 

solving a first-order system of two equations . The 

formulae of the fourth-order Runge-Kutta method are 

given in App endix C . 

The numerical solutions of the Dirac equation 

for a point~like nucleus are begun at r 00 0 . 001 fm 
0 

(the same point where the calculation of ~(r) is 

started) . The initial values of H' J. and G at this 



point are ohtained from the aymptotic solutions of 

t: . ( ') " 2 ) Tl t t f l t · 1 4 equavlOD L , J , • ,ere are WO se SO so _u-ions , 

dep ending on the sign of the quantum number k For 

k greater then zero, the asymptotic solutions are : 

l<' A 2k + 1 -
( l+E)/·~ + az~(O) µ 

G A 
lc+l - r 

and for l~ 1e5s th:1.n zero , 

- B 
C'lZ</)(0) + (r. -J. )/1 

p 

1 - 2k 

G B 
--k 

- r 

k r 

1-k r 

wheY'e cp(C) is the electrostatic potential at r == r 0 , 

:\ j_s the reduc0d. Cc1npton wavelength of the muon, and 
)1 

A> B are arbitrary constants. 

For the sake of simplicity, A and B are 

chosen to be unity in our calculations. The quantity t(O) 

is given by 
ze 2 

:c 
0 

The ~n0::q::_:y eigenva.lue 

( 4 . 1.3 ) 

( 4 . 1 . 4 ) 
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is obtained from the formula ( 2. 3. 5) in Section 2.3. 

Using the initial values of F and G thus obtained 

and with the help of the fourth-order Runge-Kutta 

method, the values of the radial wave functions F and 

G at r 1 = r
0 

+ h are ~alculated. Here h is the 

step size of the integration and is chosen to be equal 

to 0.25 frn. The solutions of F and G at are 

then used as the initial values for the next calculation 

of F and G at r 2 ~ r 1 + h .. and so on.. In 

this way, the repeated application of the fourth-order 

Runge-Kutta method permitted the values of F and G 

at r . = r. 7 + h , i = 1 _, 2, 3 
l l--

to be obtained . 

The integrations are continued until r reaches the 

matching radj_us . 

'l'he program is then moved to the solution of 

the Dirac equatLms for a finite nucleus with a Fermi-type 

charge distribution . The procedures for the solutions of 

F and G are essentj_ally th e same ar.; in the calculations 

of a point-like nucleus. The initial values of F and 

G are also obtained from (4.J..3) or (11.1.4), except in 

t~iscase, the first value found in tho numerical calculation 

of the s lec t rostatjc; potential ¢ (r) is used for ¢(0) . 

Th e int egratlons of F and G for a finite nucleus are 

also started at r = 0.001 fm and the step size h is 
0 

cho~·en to be t.lie sRrnc as the one u secl in the point nuclem; 
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calcnlatj_ons. (This choice is necessary because the 

l 

results of the point nucleus and finite nucleus calcu­

lations are compared at the matching radius .) The trial 

P.nergy eigenvalue s is first set equal to El , the 

point-like nucleus value and the Dirac equations are _J 

solved by the same me thod used previously. The integrations 

are stopped when r reaches the mat chtng ra:::'cj_us . A. corn-­

paris on of the solutions of the Dirac equations for a 

point-like and a finite size nucJ.eus is made at this point 

by calculating the difference D
1 

given by the following 

equation: 

where F' G 
0 ' 0 

and F' G .. i} i are the values of the radial 

wave functions of a point-like nucleus and a finite-size 

nucleus at the matching radius respectively. 

Similarly, two more differences are 

obtained by repeating the solution of Di~ac equations 

twice, with t~o different trial eigenvalues &nd 

wbere tf:. is tlle chan ge in the cHmen::;ionJ.ess energy 3.nd 

is roughly sc.:aJ.e:d. to the expecten. d2.ff,~rence between the 

pntnL, rJucleui; energy 2nd the ;-1ctt1a.l 2ne:cgy . 

(4.1.5) 

(4.1. 6) 
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Using this set of t r5al energy eigenvalues 

E1 , E2 , E
3 

and their corresponding differences D1 , 

D
2

, D
3 

a new trial eigenvalue E 1 can be found for 

which the differe~ce D' i s e1ual tci zero. This i s 

done using the Lagrange int erpolati on fo rmu l a ; i . e ., by 

first calculating the qu~n~ities and 

Th e required eigenvalue E' is then given by 

(4.1. 7) 

(4.1. 8) 

(Ll.l. 9) 

.Start1ng .from the solut i on of the Dirac equation 

for a finite nucleur; ., t he above procedures are then 

rep2ated. The eigenvaJ.ue s ' obtained from the inter­

polation is used as tLe first tria.l e:rieI'gy eigenvalue . 

The second and third trial eigenvalues are set equal to 
., 

a~d E 1 
- 26c ' with 6£ 1 = % 6E . This new 

set of ene::.·gy e1genvalues and their cnrresponding D' s , 

together witii equations (4.1. 7 ), (Lt.l. 8) and ( 4.1.9 ) 

enabJe one to find another nsw eigenvalue E 11 for which 

the d :i ffere1:ce D11 1 s equal to zero . s 11 is c lcs er to 

th e ccrrect energy eigenvalue than E ' This iteration 

sclH."me J s continued until L;:ic diffe:,.0 ence between tw'.) 

s ucc~'.; :::;j ve t~_,ial e:i ser.valu cs j s less than J • O x 1 o- 8 
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( j_ . e. the energy diff2r•ence between tllese two successive 

tr ials is less than 3.bout 1 e V ) The correct energy 

eigenvalue i s then ~iven by the last trial eigenvalue. 

If cc denotPs thi s correct energy eigenvalue , the 

binding energy of the particular muonic level con s idered 

i s given l)y 

where J.l is the I'E:c!.uced mas::, of the muon. 

In the present cal culation , the mucn mass 

assumed 

m -· 206 . 84 m = 105.69 MeV 
JJ e 

and the reduced mass of the muon j_n a p2.rt icular atom is 

given by 

A+0.1135 

(4.1.10) 

(4.1.1 2 ) 

where A is the mass nu□ber of the atom. (0.1135 is th e 

r atio of the muon mass to the mass of 2 nucleon.) 

For the lightest nuclei, the matching radius is 

set equal to the value r = 50 fm. As the atomic number 

z jncroase s , the radius of the orbit of a certaln rauonic 

level decreases . Thls means that a smaller matching 

radiu s can be used as our calculation of the energies go 

on, :ln tlw in;:reas in g o:-·der' of z , F'o:r· t.he h~aviest 
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nuclei, the solutions of the Dirac equations for a 

point-like nucleus and for a finite nucleus were 

compared at r = 30 fm 

Us:.i.ug the corre ct energy eigenvalue found 

above, the finite nucleus Dirac equations are solved 

once more. In this way, the unnormalized radial wave 

functions F and G are obtained . These wave functions, 

after being normalized , were used in the calculation of 

the vacuum polarization correction. If f and g are 

the normaliz ed wave functions, then the wave functions 

F and G can be written as 

{ 

F -- Nf 

G = Ng 

where N is the normali zation constant . From equation 

(4.1. 13) and the normalization condition: 

, 

we have 

'The no:c1:1alization constant N can be found by evaluat :~ng 

the integral in ( I[ .1.15). In our program, this integral 

is evaluated numerically by means of Simpson ' s rule. 

Th e starting point and the step size of the integration 

are predeterminel°'l... They arc r estri•cted to take t:1e same 

values used prevjously. 

(Lt.l.13) 

(4 . J..14) 

(4.1.1 '5) 
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The last step in the calculation is the 

evaluation of the energy shift due to the effect of 

vacuum polarization. This correction, considered to 

be the most important one among all radiative correc­

tions, is given by (3.1.8) in first-order perturbation 

theory. Simpson's rule is used again to evaluate the 

integral in (3.1.8). The normalized wave functions 

obtained above are used and the effective potential 

of this correction V (r) p has been found earlier. 

The same starting point and step size as in the previous 

calculation are used. The integration over r is done 

up to 50 fm. It is found that for nuclei with atomic 

number z up to 9, the vacuum polarization corrections 

for the 2p and 3d levels are very small and therefore 

can be ignored. 

To sum up, the ~tailed procedures in our calcu­

lation for the energy levels of the muonic atom can be 

outlined as follows: 

1) The electrostatic potential ¢(r) and the effective 

potential due to vacuum polarization are first 

evaluated by means of Simpson's rule. These two 

potentials are the same for all 

particular atom . 

levels in a 

2) Using the fourth-order Runge-Kutta method , the Dirac 

equations for a point-like nucleus are solved . 
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3) The Dirac equations for a fini te nucleus are 

solved by the same method used in (2). At the 

matching radius, the solutions obtained in this 

step and the ones obtained in (2) are compared by 

calculating the difference D = Ii'.G 
l 0 

F G. 
0 l 

4) The eigenvalue E in the Dirac equations is then 

changed to E - 6E and E - 26E , and step (3) 

5) 

is repeated twice. 

Using the trial eigenvalues and the 

results D
1

, D2 , n
3 

obtained in (3) and (4) 

and an interpolation progra~ a new eigenvalue for 

which D = 0 is found. 

6) The result obtained in (5) is then used as the first 

trial eigenvalue for the Dirac equations and steps 

(3), (4), (5) are repe&ted. A new eigenvalue is 

found. This new eisenvalue is closer to the correct 

eigenval~e than the previous one. This iteration 

scheme is continued until the difference between 

two successive trial eigenvalues is less than 

1. 0 x l o- 8 
• When the it er at ion is stopped , the 

correct eigenvalue is found. 

7) Using the correct eigPnvalue found in (6), the 

unnormalized wave functions F and G are obtained 

by solving the Dirac equations once more. 
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8) By means of Simpson ' s rule, the functions · F an d G 

obtained in (7) are first normalized and then the 

vac uum polarization correc tion evaluated . 

'11he program is run in the University of Vi.ctoria 

IBM 360-50 comp'uter . The storage needed .for the program 

is 66K. The computing time for each run js about 10 minutes. 

4.2 Results of the Calculation 

In this section , the results obtained jn the 

above calculation are presented. In Table 4.2 .1 the 

mass number A , the nuclear parameters c and n and 

the binding energies of the six lowest levels considered 

for each munnic atom are list e d. There are two columns 

for each leve l in this table; the first one shows the 

calculated binding energy (including the vacuum polari­

zation correction ) while the second one s hows the energy 

shift due to vacuum polarization in that level . In 

Table 4.2.2 , several transition energies among the 

leve ls considered are listed. For some transitions, 

experimental values with references are also listed 

for a comparison with our re sults . Typical r es ults are 

shown ~raphically for lead in figures 4.2.l to 4.2 . 5 . 

The Fermi - typ~ nuclear cha:cg2 distr:Lbu.t1on is shown in 

figure 4.2.1 , the electrostatic p ot ent ial ¢(r) in 

figure 4.2.2 , and the normaJ.ized wave funct1on s of all 

"l' V l cv0 1c:: ·1,,., ri· r"lJJ''"'C' 4 ? :? li 2 J'j ana' ;, ,, 5 U ~1,. ..4- ._.. i.... • .1, D .. C: 0 • •- • _, > • "' ' ·1 • C.. • • 
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- - I I I 

~: t, 3 7 1- 9 1L5S 8 . 35 2638 .41 17 . 597 586 . 933 3_427; 776 . 059 3 . 203 766 . 217 3 . 034 341.480 0 . 694 340 . 371.; c . 683 
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I ts_ i Cd Jl 2 . 4 5 . 21 9 . 56 1l'Jl9 . V 33.387 1293.46 7 . 235 1661.50 8 . 969 1622.951 8 . 295 726 . 997 2.422 722 . C74 2 . 362 --~-
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I 56 Ba . 1]7 . ll 5 - 57 10.22 6228 .1 5 41. 6811 1723.48 9.859 2275 . 36 13 - 363 2212 . 90 12 . 29_l ~993.572 4.1 53 984 . 435 ~~ . 03~_ 

UI La 138 . 9 5-59 10 . 25 6380 . 22 ,_42 . 693 1785 . 01 10 . 121.; , 2355 . 17 13 . 954 2289.22 12.819 1029.60 4 . 304 1019 . 79 4 . l 73 

r cO 
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u_.c : ~_j_ __ 1 __ ~1~ ---~----- s. os , 11. 15 s19~. 2.2. _s6 ·-':.~:3J 2118 . 18 _1G. 4 23_ 3720 . 5? _ 24 . 243 35-90 . 67 3_~_0.5_21 _;.-.§~J.:_20 1. 1_1 Lt1 
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ll - 3(; 5 k~J Ra 22G . O _5,28 ~ c2 . Q_6 r-,1s·r7_.38 7l- 3S~t '.: 112 . 45 120 "'[ 55_C9 . 4"'i...3i.,221f-.53.0l . 8J ~;-q""~~l4 12 . 4_Fj'-~➔ 5..? __ ,J,_7_1l;l-:_?53 

190 J Ta__~_?? n ''-.....6--:-t..1.2......U l l..91..9....i) I 12...Ji~ l3.V_;]..;i;:_J5c ~o-6.i-:.8..._3.1..ps..oL1 -o .J)_ 1 "8.....3.2.. 13.16'1 2'J59,77 f.2.3J.ll 
L..9? ! u i 2..12 6 . 1.J..2.....tl:i.n.i.L..ll 4 ..sJl 4 ~ J..Lli.G-2.......e~ s 0 <J s • ul....J~- 6 n 'i z 2.L..(1.9 5 . 8 s ~ 2 6 -~.1.3_~ 14 . o 2 q I 2 6 s 6 . 56 J 3 . n 7 

TABLE 4.2 .l - r.ontin~ed 



!Element! 
2p 312 - ls 2P3;2 - 2Pl/2 3d5/2 - 2P3;2 2s - 2p112 3d312 - 2s 

6= 
calcu- experiment ref. calcu- I experiment ref. calcu- 1 experiment ref . calculated calculated 

lated lated lated 
I 

19.228 0 .001 3 , 456 . 0.540 2 . 916 

I 4Be 33,334 0 . 002 6.200 1.177 5 . 022 

_B 52 . 192 52.23±0 . 15 24 
J 

0 . 006 9.663 1. 378 8 . 284 
-I 

6c . 75 . 051 75,25±0 . 15 24 0 . 012 13 , 977 1. 697 12 . 279 

7 
N 102 . 065 102 . 21±0.15 24 0 . 023 18 . 982 1.941 17. 039 

80 133.27G 133 - 5G±O . J.5 24 0.039 24 . 893 2 .1 84 22.705 

9F 168 . 251 168 . 45±0 . 15 21.j 0 . 062 31. 350 5,237 26.107 

llNa 2119.r374l 250.21±0.15 24 0 .137 IJ6 . 9.6G 12. 824 34.136 
. I 

I 

l?.MG '.295,4'56 296 . 55±0 .1 5 24 O. J.91 56 ,0 37 .16 . 205 39. 813 295 . 6±1.6 25 
-- 3L16 . 82±0.l:i ' 

I 
2il l ,_ 3Al 345.J62 34 5 . 7 ± l. 2 25 0.294 66.259 20.249 45 , 983 

,son l '3 I 
. 

TABLE 4 . 2 . 2 Energy differences of muonic atoms in KeV 



2p3/2 - J.s 
Element 

1 
j calcu- I experi~ent ref. 

j lated 

1100 . 22±0.15 24 
14S1 398.865 1100 . 1-l ±1. 3 25 

Ll00 . 2±0.6 26 

15P 4 SIL 695 456 . 51.J±0 .20 24 
4513.5±1 . 3 25 
516 . 24±0 . 25 24 

168 514.347 517 . 2±3 27 
S?? . 0±1.2 25 
57EL56±0 . 30 24 

. 17Cl 575 . 124 578 . 6±1.5 28 
_ 562. 8±1 . ~ 2'i 

714±3 29 
19K 710 . 724 714 . 1±4.0 27 

712 . 64±0 .21 26 
783 . 8±1.5 2e 

·20Ca 782 . 435 783 . 56±0 .16 26 
732 . 8±? . 0 27 

21se 856 . 829 

932 . 5±5 . 0 27 
22Ti 930 . 664 924 . 7±2.5 30 

q,7+7 2q 

23Va 1011. 17 

1094.±4 31 
24 cr I 1089.13 

! 

TJ\ SLE 4. 2. 2 - cont ir,ued 

I • -

2P3;2 - 2P1;2 3d5/2 ·- 2p3/2 

calcu- experiment ref . calcu- I experiment 
l ated lated j 

0 . 375 75.72 81 

o . 497 85·. 099 

0 . 602 99.194 

0 . 786 111. 258 

1.206 141. 952 

1. 495 156.805 

l. 72 5 171.967 

2 . 196 189 . 002 

2. 549 201. 612 

2.976 223.006 

2s - 2p112 

1 ref. calculated 

24 . 662 

29.308 

34 . 597 

40.123 

48 . 490 

53.813 

60 . 228 

68 . 960 

·r 6. 4 09 

84 . 901 

3d312 - 2s 

calculated 

51. 020 

55.726 

64.536 

71.058 

93. 341 

102.842 

111. 739 

J.19. 826 

128 . 945 

137,790 

.r.:-
0: 



I I 2p 312 - ls 2p 312 - 2p112 3d512 - 2p 312 2s - 2p112 3d312 - 2s 
I Element 

25Mn 

26Fe 

27Co 

1 cal cu- ex_1::eriment ref. cal cu- / experiment ref. cal cu- J experiment I ref. calculate<! calculated 
lated lated I lated . 

1169 . 891 

I 1254 . 595 

1338 . 258 

1418 . 98 

117 4 
:!.171 . 2±4 . o 
1254 . 9±0 .3 
125 5 . /j ± 3 . 0 
:!. 2 5 6 . 4 ± 2 . I; 
1311J.. 5±5. 0 
1337±5 
1,129 . 5±0. 6 
1429.5±5 . 0 

29 
27 
26 
27 
28 
27 
29 

3.596 

4 . 096 

4.554 

5.312 

2 1n .188 95.815 147 . 011 

264 . 1481265 . 0±2 . 4 25 · 104 . 378 159. 349 

284 . 91]. 113 . 352 J.'11 . 065 

309.3671310.8±4 . 3 25 124.442 18/J . 3511 
t------+----_1 1}141 . 6+~ . 1 

1510 . 3±n . 6 
1515 . 1±6 . 0 
1515 

28N l 
26 
27 
Q 
26 

29Cu 

30Zn 

31Ga 

32Ge 

33As 

34Se 

TABLE 

1510 . 03 

1597.?9 

1686 . 99 

1778.03 

1ciG1 . 0±6 . o 
1590±6 
1614 . 6±6 . 2 

187l1. IH8 . 2 
1872.19 11868 .3±7.0 

1867±7 

J968 . 75 

4.2.2 - continued 

27 
29 
27 
31 
25_ 

25 
27 
29 

6.131 

6 . 921 

7.854 

8 . 813 

9 . 842 

11.033 

328 . 760 134.467 193,635 

354 . 8671355 . 0±2.6 25 145 . 407 208 . 7c6 

! 375 . 739 156 . 455 2:t.8 . 427 

400.403 167 . 765 231. 661 

425 . 843 1432 . 7±4 .l 25 179 . 284 245 . 453 

451.0421 191. 304 258 . 490 

.!:=" 
\D 
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2p 3/ 2 - ls 2P312 - 2Pl/2 

Ele□ent 
calcu- experiment I ref. calcu- experiment 

lated I lated 

35B:- 2063 . 28 12.254 

2241.5±0 . 4 26 
37Rb 2244 . 24 14 . 861 17.5 

c~ 2340.64 16 . 242 38U.L 
---

39y 21;36 , 70 17 . 683 

2534 . 0:::5 . 1 25 4ozr 2532 . 32 19 . 125 21. 0 
I 2528 . 9±0 . 3 26 

4llfo 2630 . 21 21 . 267 

2718 . 5±4 . 6 25 
4 21•,'J 2719 .1 3 2711 . 6::8 . 0 27 23 . 564 

2111.6+8 .o ,2 

43Te 2817.7 0 25.628 

44Ru 2917 . 13 27 . 727 

2982±13 

I 
32 

45Rh 3011 . 44 29.846 

?ABLE 4 . 2 . 2 - continued __ ________ --· _______ __ _ 

i 3d5/2 - 2P3;2 2s - 2p112 3d312 - 2s 

ref. calcu- 1 ·exper iment r e.f . calcu;l.ated calculated 
lated 

477 . 048 . 202.771 272 . 876 
-

I 
26 535 . 337 223 . 508 310 . 076 

l I 569. 64?. 23 4. 901 334 . 741 '-
I I 604 . 72 8 l 244 . 912 357 . 6!.J9 

I 
l 

26 I 639 . 569 638 . 8±8.1 25 255.366 381. 760 

661. 17 5 ?65 , 707 403 . 817 
' 

698 . 447 707 . 5±8 . 1 25 270 . 903 428 . 623 
' 

. ! 732 . 510 278.472 450 . 826 

760.288 285 . 654 471 . 083 

796 . 871 295 . 138 49 7. 933 



r-- 2p 312 - ls 2P3;2 - 2Pl/2 
Element 

calcu- experiment ref . calcu- i experiment 
lated lated I 

45Pd 3107 . 24 3077:l:10 32 32 . 473 3068 29 

47!\g 3205 . 61 3172±13 32 35 . 761 316] 29 

43Cd 3296.37 3258±1 3 32 38 . 546 3254 29 

49In 3392 . 39 3358±13 32 40 . 649 3358 29 
-3457 . 7±0. 5 26 1-15 . 8±0 . 2 

50Sn 3479.26 3457 - 3±3.0 28 1-13 . 465 44.5±1.5 3 4 4 6 . 11 ± 6 . 4 25 
3543 . 3±2 . 0 28 

51Sb 3559 . 17 3 54 6 29 LJ5 . 834 48 . 6±1.5 
35L14±15 32 

52Te 3648.25 3625 . 6±2 . 5 28 49 . 156 50 . 1±1. 5 
---· 

3721.6 ±2 . 5 28 
T 3737 . 28 52 . 443 54 . 0±3 . 0 53~ 

55Cs 3905 . 55 3888±15 32 55 . 826 

56 Ba 4015 . 25 3981±30 32 62 . 461 3985 29 

TA3LE 4.2. 2 - continued 

3d5/2 - 2p3/2 

ref . . calcu- experiment 
l ated 

832 . 605 

865 . 980 

900 . 879 

939 . 236 

26 
28 977 . 632 982 . 5±3 . 0 

28 1019 . 28 1019 . 6±3 . 0 

28 1059 -54 1060 . 0±3 . 0 

28 1098 . 74 1098 . 0±3 . 0 

1188 . 67 1188 . 6±3 . 0 
' 
! 

11228 . 47 1229 . 2±3.0 

2s - 2p112 

ref . calculated 

308 . 231 

316.505 

329 . 489 

339 - 336 

28 349 . 526 

28 377 . 605 

28 403 . 914 

28 426 . 503 

28 467 . 579 

28 484 . 423 

3d312 - 2s I 
I 

calcuJ.ated 

520 . 224 

544 . 850 

566 . 467 

594 . 548 

622 . 196 

635.400 

648 . 784 

664 . 859 

712 . 600 

734.905 

V 
f--



I 2p 312 - ls 2P3;2 - 2Pl/2 I 

Element 
ca.lcu- I experiment I ref. calcu- I experiment 

lated I lated 
I 

I 

57La 4091. lO i.J065±15 32 65 . 954 4078 29 

58Ce 4190 . 67 4160 .3±5.0 28 69 . 503 73.0±2 . 5 
-

I 4253 . 8±5 .5 28 
r I L•291 -o 73.101 71J . 5±2 . 5 59" ;:• ' . .l 

I ' 4335 . 0±6 . 0 28 
60t'1a lj 351. 25 4338±1 33 77.514 77.8±2.5 

l 
I 

61Pr1 4111 7. 18 81. 4 26 I 
I 
I 62Sm /J 487. 38 85 .219 
I 

4523±25 32 
63Eu 4557 . 68 89 . 021 

640d 4628 .10 93 ,317 

G';'Tb 4698 . 94 97.629 

66i)y 4770 . 20 102.134 

TABc,E 4 . 2 . 2 ·· coiitinued 

;,• 

3d5/2 - 2p3/2 

r ef. calcu- I experiment ! ref. 
lat-ed 

1269.43 126S . 8±3.o 28 

28 1313.11 1314 . 9±3 . 0 28 

28 1362 . 42 • 1356 . 7±3 . 0 28 

28 Jlt08 . 43 1401.1±3 . 0 28 

I 

1452 . /-16 

1L194 . 63 

1537.15 

1580 . 65 

1624.78 I 
I 

I 1669.90 
-

··- ------------~ 
,:•· .. 

2s - 2pl/2 

calculated 

. 
504 . 210 

522 . 994 

I 

547 . 880 

567 . 719 

58-7 . 990 

606 . 526 

626.642 

6'-16 . 772 

667 .0 32 

687.421 

3a 312 - 2s 

calculated 

'l'J5 . 410 

779 . 602 

803.274 

828 . 670 

851.602 

874 . 360 

895 . 871 

918 . 164 

941 .153 

964 . 854 

\..)7 
[\.) 



2p 312 - ls ? ' 2 
-P3/2 - pl/2 

Eler;;ent 
calcu- I expe1iment ref . calcu- experiment 

lat ed lated 

6 .(Ho l.;8111.88 106 . 521 

55Er 11913 , 92 110.916 

69Tm 4986 . 50 115,326 

70Yb 5059 , 44 120 . 073 

71
1 u 513?. . Bo 125.219 

72Hf 52 06 . 53 129 . 854 

73Ta 5280 . 78 134 . 627 

7 1-1 w 5355,40 I 139 . 708 

7 ,:Re 5430 . ~4 1/.;5. 212 
',.) 

760s 55 05.90 150.523 

TABLE 4 .2. 2 - continued 

3d5/2 - 2p3/2 

ref. •cal cu- experiment ref . 
lated 

1715 , 90 

17 62 . 72 

1809 . 66° 

1853 . 29 

1902 . 79 

1952 . 16 

2003 , 54 

2055 ._67 

2108 . 66 

2162 . 54 

_ ..... 

2s - 2p112 

calculated 

707 . 943 

728.592 

749 . 374 

770 . 280 

791. 321 

812 . 492 

833 . 793 

855 . 224 

876 , 781 

898.470 

. .. 

! 

3d312 - 2s I 

calculated 

989 . 242 

1013 . 50 

1038 . 98 

1060 . 92 

1087.10 

1111-1.98 

1143 . 85 I 
ll73 . 12 

1202.06 

1232.72 

IJl 
w 



2p3/2 ·· ls · 

Elemen t 
calcu- expe r iment 

lated 

77
rr 5581 . 78 

75Pt 5658 . 08 

79Au 5734. 80 5762 . 5±5 . 0 
5772±9 
:,dl'( . 2±10 . 0 

80Hg 581l . 9l1 5800 

81Tl 5889 . 72 5897 . 9±5 , 0 
59 30±11 
'J'Jt;G . 3±:j . O 

82Pb 5967 . 30 5972±7 
5973. 98±0 .44 
Go3015 .5 

83B1 60I.J5,70 60 1ll± 7 
r.: .O;iJ-;;.? " 

34Po 012s .. J2 

85At 6205 . 64 

87Fa 6316.28 
T 

TABLE 4.2 . 2 - continued 

ref. calcu-
lated 

155 . 1~28 

161 . 023 

28 166.584 34 
2cJ 
13 172 . 215 

28 179 .1 84 30 
20 
34 185 .951 

3 
28 
34 189 . 448 
,n 

192 . 217 

195 - 589 

204. 438 

2P3;2 - 2P1;2 

experiment I ref . 

169.7±2.0 

172 . 1±2 .5 

181.3±2 . 0 

185.9±2.0 

192 . 5± 3. O 

'. ·1 1 • 

28 

28 

28 

28 

28 

3d5/2 - 2P3;2 

c'alcu- experiment ref . 
lated 

2216 .2 8 

2271 . 89 

2328 . 42. 2343 .1± 2.5 28 

2385 . 62 2388 . 5±4.5 28 

2442 . 96 2446 . 6±2 . 0 28 

250 1.05 2499 -7±1.5 28 

2560 . 46 2551.1 . 8±2 .0 28 

2619 . 4·1 

26,8.78 

27 86 . 29 

/· 

2s - 2p112 

calculated 

920 .11 4 

942.060 

964 . 142 

986 . 35 

1008 . 69 

1031.16 

::.053 . 76 

1074 . 97 

1096.17 

I 1137 . 57 

3d312 - 2s 

calculated 

1264 . 21 

1296 . 21 

1327. 98 

1360 . 99 

1395 , 31 

1427 . 60 

1462. 96 

1499. 92 

1535 . 80 

1598 . 00 

I 

Vl 
-I= 



.. ~ · ··-· - - -· ,, .,... - ··- ·- ...... . . \.. .-,M ~-L-,. . ·--•--" ··· 

2p
312 

- ls 2P3; 2 - 2P1;2 
Elem1:nt 

calcu- experiment ref. calcu- J experiment 
late:1 lated I 

- -
88"a 637? . ';6 ! 201. 524 I 

I 
90 Th 6475 . 81.J 216.594 

92u 6583 . 64 227.442 

I I I 
I I 

A 

. . . - --- ~-- , ....... - _, ,_, . ·- . 

, 3d5/2 - 2p3/2 

ref . calcu- experiment 
lated 

2849 . 65 

2944 . 33 
. 

3041. 13 

i 
I 

I 

I 
' 
I 

2s - 2p112 

ref. calculated 

1159 . 37 

1171. 17 

12111. 28 

I 

3d312 - 2s 

calcul ated 

1637 . 31 

1704 . 61 

1750.28 

·-

l 

\)7 
\Jl 
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CHAPTER 5. 

EXTRACTION OF NUCLEAR PARAMETERS 

FROM THE MEASURED TRANSITION ENERGIES 

By use of the computer program described in 

Chapter 4, the energy levels and the transition energies 

of a muonic atom can be calculated for any given values 

of the nuclear parameters c and t . These calculated 

transitions, toge ther with the experimental values can 

then be used to determine the parameters of the nuclear 

28 charge distribution . Acker et al represented the 

functional depende nce of a transition energy on the 

parameters c and t by an iso-energetic line on a 

c-t diagram and made use of the fact that in general, 

this functional dependence on c and t is different 

for different transitions. That is, the iso-energetic 

line for one trans ition will usually not be parallel to 

the iso-energetic line for another transition, but the 

two lines will intersect anci the point of intersection 

determines the value of the nu.clear paraneters . When 

th e experimental error is taken into account, the iso­

ew:>q;et:Lc line for a transition on tte c-t diagram 

wjll become a bana, and the point of intersection of 

two is o- energetic lines will become an aree. Any c 

and t combi~~tjon withln this area is compatible ~ith 

the mea.. u.r-ed ener;,;ies arid tnus can lie used to specify 
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the nuclear charge distribution . Usually , for the six 

l owest level s considered, an experiment on the muonic 

atom yields four independently measured energy differ­

ences28, which ~an be any set of four out of six possible 

energy differences : E ( 2p1 / 2 - ls ) , 

E(3d5/2 - 2p3/2 ) , 

E ( 2p
3

/ 2 - ls ) , 

6 ( 2p) - E ( 2p
312

- ls ) 

In our analysis, only two of these 

transitions are used in determining c and t , the 

remaining energy differences can be used to provide a 

check on the consistency of the model. If, all transitions 

determine a corr~on area, the model used is consistent . 

Tu this chapter, the method used by Acker et al 28 is 

closely followed to determine the parameters c and t 

for muonic lead. The experimental transition energies 

are taken from the work by Anderson et a1 3 . 

Due to the similarity of the wave functions of 

the two members of a fine structure doublet, the depen­

dence on the model and also the dependence on c and 

t are nearly the same for the transitions (2p112 - ls) 

and (2 p
312 

- ls) . The same is true for the two 

3d - 2p trarrn:i.tions. Thus, the values of c and t 

can be d~termincd by using one 2p - ls transition and 

one 3d - 2p transition. Furthermore, it was pointed 
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out 34 that the (2p
112 

- ls) band is the narrowest and 

most sensitive to the parame~ers and that of all the 

other i so-energetic line s , the (3d
512 

- 2p
312

) band 

differs most strongly in slope from the (2p 112 - ls) 

band. Therefore, c and t are best determined by the 

combined values of E ( 2p
112 

- ls) and E ( 3d
512 

- 2p
312

) • 

These two tr&nsitions are used for the determination of 

the nuclear parameters for the lead nucleus. 

Due to the small occupation of the 2s level 

of the muonic atom, the transitions involving this 

level are quite weak and therefore are quite difficult 

to measure. Up to now, only a few of these measurements 
--, 

have been reported. However, it was believed 5 that 

these transitions are quite important in the process of 

extracting information on the nuclear charge distribut i on 

from the experimental energies. The 2s - 2p transition 

has a unJ.que sensitivity to the shape of the nuclear 

charge distribution. In fact, this transition is more 

sensitjve to the skin thickness parameter t than to 

the half-density radius c. The corresponding 

iso-energctic line on a c-t diagram has a smaller slope 

as compared to the other line s . Thus, it wilJ be more 

restrictive in the determination of c and t when 

tji~ 2s - 2p transition is used in conjunction with a 

2p - ls or 3d - 2p transitj_on . . In our ahalysis of Pb , 

besi.des usin g the transi tions (2p 112 - ls) 
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( 2p
112 

- ls) transitions are also used to extract 

the nu c lear parameters. 

The iso-energetic line for a particular tran­

sition can be obtained in the following way: The 

parameter t is first fixed at a constant value and 

then the corresponding c is determined by means of 

an interpolation calculat ion . To do this, three different 

values are assigned to the parameter c These various 

values of c and the constant t will form three 

pair of c and t combj_nations . For each one of these 

combinations , th e Dirac equations are solved, using the 

method described in Chapter 4. In this way, the 

transition energies for the three c and t combinations 

are obtained . These calculated energies and the experi­

mental measurements, together with a Lagrange interpolation 

calculation will then enable one to determine the 

corresponding c for this constant t . If 

denote the three values of the parameter C and 

E1 , E
2 

, E
3 

denote the theoretically calculated 

energies (vacuum polarization correction included) of 

a particular transition (say the (2p
112 

- ls) transition) 

for c .. ' C. 
c

3 
re spectively , then, the value of the 

corresponding c is g iven by : 

C = 
( E-E 2 )( E-E

3
) 

C 

l(EJ-E2)(El-E3) 

(E-E
1

) (E-E
3

) 
+ C ---------

2 (E -E ) ( E - E ) 
2 1 2 3 

(5.1) 
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where E is the experimental value of the sarne transition. 

The expression (5.1) is obtained from the Lagrange 

interpolation formula. It can be written in a more 

compact form, i.e. 

3 
C = I 

i=l 

3 
cl. 11 (E-E, )/(E.-·E ) 

k=l K l k 
J/k 

The value of c obtained from (5.1) and the 

constant t determine a point on the c-t plane . 

Similarly, several other points on the same plane can 

be specified by changing the value of t to several 

different constants within the range of reasonable values 

for it, and determining their corresponding e ' s A 

line that joins all these points is the required iso­

energetic line for a particular transition . As was 

mentioned before , when the experimental error is taken 

into consideration, the corresponding c for a given t 

cannot be determined uniquely. As a result of this. the 

iso-energetic line becomes a band. The upper and lower 

limits of this band for a fixed t can be found by use 

(5.2) 

of equation ( 5. 2) and the exper.:.mental ene:t'gy limits. If the 

experimental transition is given by E = E :t L'iE , 
exp 

where tE is the error term, then the upper and lower 

limits of c for a given t are given by : 

:3 3 
I Ci 11 [ (E+!:iE) - Ek]/[E. - Ek] 

i~~1 lc=l -· l 

ifk 

( 5,3) 
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I 

i=l 
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3 
c. II [(E-6E) 

l k==l 
ilk 

For the muonic lead considered in this chapter, 

the fixed value s for the parameter . t are chosen to be 

1.0 , 1.5 , 2 . 0 , 2.5 and 3.0 fermis while the three 

different assumed values of the parameter c for each 

(5,4) 

fixed t are set equal to 6.0 , 6.7 and 7,4 fermis. The 

results of our analysis are presented in forms of tables 

and fi gures . In table 5.1 , for all three tra~sitions 

consid erect , the values of t and their corresponding 

e ' s obtained from the interpolation calculation of 

equations (5.3) and (5.4) are listed . These results are 

also shown graphically. In figure 5.1, two iso-energetic 

lines (bands) corresponding to the (2p
112 

- ls) and 

the (3d
512 

- 2p
312

) transitions are drawn. Due to the 

smallness of the experimental error, the difference 

between the two limiting e's (c and en) for a fixed u )(, 

t in the (2p 112 - ls) trans ition i s so small that its 

iso-energetic band c an hardly be shown on the scale used 

in the figure. As a result, only a heavy iso-energetic 

line is Cirawn for this transition on the c-t diagram. 

It can be seen from table 5.1 that the difference between 

th~ two limiting e ' s for a fixed t in tne (3d
512

-2p
312

) 

transition is much lart';er. Th 1Js the iso-energetic line 
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for this transition is a band in the diagram . This band 

int ersects with the i so-energetic line of (2p 112 - ls) 

and the intersection is a segment of the line (actua lly, 

the intersection of these two iso-eri.ergetics is a common 

area ). The central point c , t and the end points 
0 0 

c1 , t 1 and c 2 , t 2 of the intersection are indicated 

in the figure. Their corresponding values are given in 

table 5.2 . The iso-energetics for the ( 2p
112 

- ls) 

and the (2s - 2p 112 ) transitions are shown in figure 5 . 2 . 

As explained before, the ( 2p 112 - ls) !so-energetic 

band is represeDted by a heavy line . It can be seen from 

the graph that the i so-energet ics of ( 2s - 2p
112

) does 

have a smaller slope. The central and th e end point 

values indicated in th e figure are also given in table 5,2 . 

The procedures for the determination of the 

nucl ear pa~ameters described above are quite effective 

for the cases of high z elements. However, its 

effectiveness will be greatly reduced when we deal with 

the low and medium z elements. One reason for 

this is the larger experimental error, particularly 

those on the 3d - 2p transitions . For these nuclei , 

the transition is not accurate enough 

to restrict tlw band of values of c and t , compatible 

with the 2p 112 - ls transition. It has been shown by 

Acker et a1
28 

that if a reasonably small overlap of the two 

( 2p112-ls) and (3ct512-2p
312

) iso-energetic bands is to be 
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expected, the experimental uncertainty for the 

( 3d
512 

- 2p
312

) transition rrrust at most be 0. 1 KeV . 

This accuracy , unfortunately, has not yet been achieved 

thus far . For the low and medium z nuclei , therefore , 

only one parameter of the nuclear charge distribution 

can be derived f rom the measured energies . The parameter 
J/2 

determined is usually the root mean square radius <r 2 > 

of the charge distribution or the 

the unifo rm charge distribution 

to the r . m. s. radius by : 

R eg 
:? = 5 

3 
<r2> , 

equivalent radius to 

R , which -is related eg 

f p(r) r 2 dT 

j p(r) dT 

21-t 
Backenstoss et al have determined th e r.m . s . 

r adii fo r a group of light nucJei. Their method was to 

compare the experimental 2p - l s transition with the 

theoretical value obtained by solving the Dirac equation 

(5 , 5) 

for a potential produced by a Fermi-type charge distributioD . 

The parameters c and t were varied over t he whole range 

cf reasonable values. In this way , a range of c and t 

combinations which are consistent with the measured energy 

was obtained . It was found that for all these combinations, 
1/2 

the quantity <r 2 > remained practically unchanged . 

Thus the r . m.s. radius can be determined accurately by 

use of any one of' these c and t comoinations. Except 
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for the lightest nuclei, the muonic x-rays provide the 

most sensitive method for measuring the r . m. s. radius 

of the nuclear charge distrioution . 



~arameters 
I 

''--, 
'--,, 

!_Transitions"~ 

2p 112- ls 

I 

I 
~O5/2- 2P3/2 

i 

2s-2p112 

TJ\.BLE 5. l 

t = l. 0 t = 1.5 t = 2.0 t = 2.5 t = 3.0 

I 
l 

I C C ,Q, C C ,Q, C C ,Q, C C ,Q, C C ,Q, u u u u u 
I 

6.938 6.936 6.847 6.845 6.732 6.731 6 . 567 6 . 566 6.358 6.357 

~ 
6.763 I 6.752 7.052 7 . 041 6 . 935 6.924 6.516 60505 6 . 254 6. 24 3 l 

l 
f 

i 
6.876 6 .86 6 6.802 6,792 6.721 6.711 6.602 6.592 6 . 455 6. 445 l 

I 

The values of C correspondin6 to a fixed ,_ for the transitions L, 

of (2p112- ls) 
' (3d5;2 ··2P3;2) and (2s - 2p 112 ) The units of 

both C and t are fm. 

---.J 
0 



- 71 -

I~ Central. Point l Encl Point 

L. 
I I t2 C I cl tl 

,.. 
l, 

'"'2 0 0 l ,.._ 

( 
(2p

112
-ls) 

and 6.683 2.307 6.700 2.210 6.665 2.405 

( 3d5/2-2p3/2) 
\ 

i 

(2p 112-ls) 

and 6.684 2.309 6.698 2.218 6 . 670 2.400 

(2s--2p
112

) 
I 

TABLE 5 . 2 Central a n d end point values of the 

intersections of two iso-energetic 

lines. The units of both c and t 

are fm. 

I 
! 



C /! 
f m 

6.9 

6.8 

6.6 

6. 5 
1.5 
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Fig;. 5,1 Iso- en::t•c;et.i c lines (bands) 

___ j 

2.0 

of transitions ( 2p 112-ls) and 

(3d5/2-2~3/2 ). co,to ' cl,tl 
and c

2
,t

2 
arc the central 

and end pcinL values of their 
inte r section . The experimental 
trans:ttions arc: 

(E exp)
3

. 2 = 2501.45±0.43 Kev . 
u5 /2- P3;2 

(Anderson e t al3) 

·--------.u..1--------~ 
2.5 t 

i)11 
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Fig . 5,2 Iso-energct ic lines (bands) 
of tran sitions (2p 112-ls) 

and (2 s-2p
112

). The experimental 

values are : 

(E exp) 2 1 = 5788.33±0 . ~8 KeV 
P1/2·- s 

and 

(E exp) 2 2 = 1217.81±0.80 Kev . 
s- pl/2 

~ 
( Anderson et al-) . 

2p
112 

- ls 

6. 8 

2s - 2p
112 

6. 6 ·-

6.5,.__ _________ ~-----------'------·------l► 
1.5 2.0 2.5 t 

f'm 



CHAPTER 6. DISCUSSION AND CONCLUSIONS 

There are two main purposes in th i s thes i s . 

The first one is to calculate the binding energies of 

six lbwest levels of muonic atoms as well as the 

transition energies among these levels and to compar e 

them with the experimental data. The second one is to 

show how to use the calculated energies and the experi­

mental measurements to extract information on the nuclear 

charge distrlbution . 

For the first purpose, the Dirac equations are 

solved numerically. The Fermi-type charge distribution 

with parameters determined by high electron scattering 

experiment is used in the calculation. - As can be seen 

from table 4.2.2} the resul~s obtained are generally in 

satisfactory agreement with the experimental values . 

It is also found that the vacuum polarization corrections 

obtained for the Js level in muonic atoms are in 

good agreement with the ones obtained lJy Ford and Wills 10 . 

It is belie ved that t~e small deviations of the calculated 

values from the experimental data are mainly due to the 

fact that in the calculation for the energy levels, except 

for the vacuum polarization, all other radiative corrections 

are not included. 

For th(! second purpose , the functional dependence 

of a particular transit ion on the nuclear parameters is 
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represented by an iso-energetic line (band) on a c-t 

dia gram . The values of c and t can be determined from 

the intersection of two different iso-energetic 7 • ~ines 

(b ands) . Transitions of (2p112 - ls), 

and (2s 2p
112

) are used in the determination of c 

and t for lead nucleus. It is found that the intersection 

of iso-energet ic bands of (2p
112 

- ls) and (3ct
512 

- 2p
312

) 
fairly 

are inAgood agreement with the one obtained when transitions 

(2p 112 - ls) and (2 s - 2p 112 ) are used. This indicates the 

consistency of the model used in the analysis. It is also 

found that the range of c and t combinations (the 

intersec tion) obtained with the (2p
112 

- ls) and the 

(2 s - 2p
112

) transitions is somewhat smaller than the one 

obtalned with the transjtions of (2pl/j - ls) and 

(3d
51 2 

- 2p
312

). This result justifies the claim that 

is made in Chapte r 5, i . e. the determination of c and t 

is more restrictive when a transition involving the 2s 

level is used. 

Finally , a few words can be said about the 

pioni~ atom . It is a system consisting of a negative 

pion and an atomic nucleus . It has certain properties 

which are similar to those of the muonic atom. However, 

~here are two main differences between them. Fj_rstly, 

th e pion is a spinless particle and therefore is described 

by the Klein-Gordon wave equation i,1s~ead of the Dirac 

equation. Secondly, the pion inteiacts ~e ry strongly 
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with the nucleus. Thus in pion: n atoms, both the 

electromagnetic interaction and the pion-nucleon inter­

action play an important role and they must be taken into 

account in theoretical calculations. Since pions can 

also be absorbed by the nucleus from the levels above 

the ground state, studies of pionic x-ray spectra and 

of the nuclear capture of negative pions in pionic atoms 

will provide info~matlon about the pion-nucleon interaction 

as well as about nuclear structure. 
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APPENDIX A 

DERiVATION OF THE DIRAC EQUATION FOR A CENTRAL FIELD 

The relativi s tic relation between the total 

➔• 
energy E and the momentum p of a free particle is 

given by 

2 +2 E = C 

where m is the rest mass and c is the speed of light . 

+ Replacing E and p in eqn . (A. l) by their respective 

differential operators 

E . " cl + l IV --
clt 

+ + 
p + --H. 'v 

where k, is the Planck ' s constant and i 2 = -1 , the 

Klein-Gordon equation is obtained : 

-t 2 -~ 'f = -t2c2'v2'f + m2c?'f 

clt 2 

where 'f is the total wave function . 

To find the Dirac equation for a free particle, 

we start fro m the hamiltonian form 

• ,I- ;) . -t- ) ( ➔ ' 
1~ -- 'f(r,t = H'f r,tJ 

clt 

ar:d ch oe; s e a ha;11 i.l toni an which :°L s linear in momentum and 

ma ss t e r m. The s impl est one is give n by 

+ -t-
H == -co,•p - f3 m,, 2 

(A.l) 

(/-L 2) 

(A. 3) 

(A. 4) 

(A r:::) . _.), 
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➔ 
Here a , S are called the Dirac 4 x 4 matrices and 

are given by 

->-
where a is the Pauli spin matrix with 

0 y and 

By substituting (A.5) into (A.4) , we obtain the Dirac 

relativi st ic equation : 

or, using the operators (A.2) 

Equation (A.6) or (A.7) is the Dirac relativistic 

equation for a fre e particle . If the particle is not 

free but subject to an external force, the Dirac 

equation must be modified . In the case where an electro-

magnetic potential is present, the modification can be 

+ ➔ ➔ ➔ 

ma.de by making the replacements cp -► cp - qA(r , t) and 

(A.6) 

(A.7) 

E -)- E - q¢(t,t) , where q is the charge of the par·ticle, 

is the scalar potential; a0d 

vector potential . We thus obtain: 

➔ -~ 
A(r , t) 

+ + ( ➔ +, 2 · (E - q¢ a• cp - qA; + Smc-)~ = O 

is the 

(A.8) 
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which is the Dirac equation in an external field. If 

the external fi eld is central we have : 

-+ -+ 
A(r,t) = 0 and 

-+ -+ 
¢(r,t) = ¢(r) 

By substituting (A.9) into (A.8) we obtain the 

Dirac equation for a central field : 

or 

with -+ -+ 2 
H = - ca· p - Bmc + V , and where V = q¢ is the 

potential. 

(A. 9) 

(A.10) 
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APPENDIX B MUONIC ENERGY LEVELS FOR A POINT NUCLEUS 

The Dirac equatj_ons for a .muon in the field 

of a point nucleus is given by 

\ dF(r) kF(r) (t ]JC2 + ze 2 
) G(r)/ = - --~ C dr r r 

-, 
ze 2 

L dG(r) kG(r) + (E + µc2 + ) F(r)/ = ~ --- C dr r r 

They can be solved analytj_c2lly16 . To do so, we first 

introduce the follow1ng notations 

A = E -~ __ JL~-~ 

B -

C 

E - µc 2 

C 

and the d1rnensionless length ~ , which for the case 

where E ~ µc 2 (i . e. bound state)is given by 

i; ··· Dr D = = 
C C 

Using (B.2), (B.3) and (B.~) , the Dirac equation 

(B.l) can be transformed to a set of equations in the 

dimenstonless variables 

\'le 1ock for solutions of (P.5) in th2 form of a power 

(B. l) 

( B. 2) 

(B . 3) 

(B . 5) 
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( 
0::, 

F ( t;) -t;; I s+v -I 0 = e t; a a r 
\) 0 

l 
v=o 

0::, 

G ( t;) -t;; l S+') b b 'I 0 = e E; 
V 0 v==o 

Substituting ( B.6) into ( B, 5) and setting the 

coefficients of s+v-1 
t; to zero we find for 

~D a + zaa - (s+v+k)b + b 1 = O 
V-1 V \i V-· 

When v = O , equation ( B,7) reduces to 

{ 
zaa -(s ➔ k)b = 0 

0 0 

-(s-k) a zab - 0 
0 0 

\) > 0 

Equations ( B.8) have the required nonvanishjng solution 

for and b
0 

if and only if the determinant of 

their coefficients is equal to zero~ i.e. if 

za -(s-k) 
= 0 

From this w~ have 

(za) 2 + s 2 
- k 2 

- 0 

(B. 6 ) ' 

( B. 7) 

(B.8) 
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or s = ( Z,(Y,) 2 

We only take the positive sign for s in (B. 9) 

and drop the solution corresponding to the negative 

sign in front of ( B. 9 ) as it leads to a wave:.unction 

diverging at the origin , and thus vioJ.ates the 

boundary condition there . 

Multiplyir,g the fil,st equaU.on in ( B. 7 ) by 

D and the second by B , subtracting the one from the 

other and using ( B.4 ) , we find a relation between 

the coefficients av and bv 

J :7 b [ ~ ( s + V + k ) - za J . ( B. 10 ) v B 

The series ( B.6 ) wi ll correspond to solutions which 

are well-behaved at tnfinity, if they terminate for a 

finite value v = N . Putting aN+l = bN+l = 0 in 

( B. 7 ) , Kf': find 

,IB aN =-= - IA b N , N =- 0 , l , 2 } • . , • 

Sr!.t)stltuting ( B . lJ. ) into ( B.10 ) and put+;ing v = N , 

we obtain th0 following Pquation 

za = z(s+N) 

Substltutin~ ( B.2 ), ( B. 3) and B .!.J ) into ( E . 12 ) 

(B .11) 

(B.12) 
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we get 

Replacing s by the expression ( B.9 ) and squaring 

( B.13 ), we have 

From this equation, the total energy E can easily be 

found: 

E = ]JC2 1 + ( __ za , [ 
\ 2]-1 2 

'N+/k 2 -z'a') 
with k = ±1, ±2. N = O, 1, 2, .. 

For N = 0 , k can only take a negative value. The 

principle quantum number n is related to N by the 

relation 

n = N + Jkl 

In terms of n , the total energy E can be written as : 

(B.1 3) 

(B.1 4 ) 

(B.15) 

(B. 16) 

(B.17) 

The bi~cting e~ergies 01' various lev~ls are given by 

r [ - E - ]JC
2 l l - 1 1 1 B· 1°\ \ • () I 

·' 
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APPEHDD~ C 

MATHEMATICAL FORMULAE USED IN THE NUMERICAL INTEGRATION 

I . Slmpson's Rule : 

Let I denote the definite integra l which is 

given by 
a+2h 

I - J f (x) dx 
a 

then the numerical approximation of this integral is 

given by 

= h [f(a) + 4f(a+h) + f(a+2h)] ':f 

This 1s known us Simpson's rule. 

II, Fourth-order Run;e-Kutta Method for a Syste;n of Two 

Fi~st-ord8r Equetions : 

Jr.. '.,.he folJowJng, the formulae for the fourth-

order Ht.:.nge--l~:1 eta metl'iod a::-'o stated, their detailed 

(C.l) 

(C. ~) 

eteri V3.l.i,rn ca.n be fc:,und in some nur:1.eri cal analysis texts . 
4 4 

1f y ' -- r1 (x, yl' y ')) YJ (x
0

) = Y10 1 (_ 

(C.3) 
v ? - r r ,. Y1, y ) Y2(xo) = Y?.o V l'_j 2 \ .. , 2 l 
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denot e a system of two first-order equations and their 

in:i t:1.a l cond:i tions, then, using the notation 

x. = X + jh' 
]. 0 

i == 1, 2, 3, , and 

we have: 

where 

¢1 (,:i' h) 1 
(kll + 2kl2 + 2kl3 + kl LJ) Y1 1' y 2 i·; = b , 

' 

¢?(x., h) 1 
(k21 + 2k22 + 2k23 + k24) y 7 • , y 2 . ; ::: 

"5" ~ l ~,l . ' .1. 

and k = fl( xi, y 1 . , Y;2,i) 11 ,l 

k21 = f 2 ( x:i , Yl,i' Y2 i) , 

kl r:i 
f ( -· + h + h 

kll + h 
k21 ) = Y1 . y 2 . ]_ \Ai 2 ' 2 , 2 . L. .:,l 'l 

k22 f 2 (x. -I 
h + h 

kll' + h 
k21) --

2 
, Y1 . y 2 . - l ,l 2 ,l '1 r:.. 

kl3 f ( v + h + h 
kl2' + h 

k22) = Y1 . y 2 . 1 · .,._i -') ' 2 2 <... ,l ,l 

'.r f ;/x. + h + h k 1 r • + h 
k22) = ?' Y1 . y 2 . i-2 ::3 - l '- , l 2 ~i: " - , l 2 

y J l' -·· -"' ( '< + h, Y1 -i -t hkl3' y 2 . + hk23) J ~ ••• 
. I ..L :.t. '~ ,l 

k24 = f 2 (xi + h, Y1 . + hkl3' y? i + hk23) 
'l ~ ' -

(C. Lt) 

( C. 5) 

( C. 6) 
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APPENDIX D COf.IPU'l'Ef< PROGRAM ViRIT'rEN '1'0 ''.:;.A LCJJLNl'E 

THE ENE~GY LEVE~S OF MUONIC ATOMS 

I, 
C roqyµAN pnnGRAM FOR THE CALCULATION QF EN~RGV LEVELS AND THEIR 
C CORPFSPCNDTNG VACUUM POLARtZAT( □N CO RRECTIONS OF MU ONlC ATOMS 
C 

? MPtIClT REAL *B (A-H.a-z, 
0'7'. !i 1: C.:: DQf::C TS I Ots.! i_, '1 • L/, , 

--- - ----- --~ I '-1 '-Ci>J S-1(1 f-J Y( 2 f ;1-~~c:c. ~v td ;:- "'"{rH-2 }--;-vRT~2T-;v AT 2 ) , YA n ( 2} • Y-A R 1 ( 2 ) ~ X )(, ( 5 0 l r;·----
1'' ( : 0 0 l ) f I: L \ J ; , D ('}( 3 ¥ 9 V p ( s O l l • y L ( 5 C 1 ) ~ s \' ( 2 • 5 0 1 ) C '( '( C ? ! 5 (J 1 } 

CC.JMMOM K. 
C 
C F(X,}1.Pd7 HoFC) ANO i--"VL(X,~t:>,C,LA.r-N,r-'C) /d?i-= THE !l✓ TEGPANDS !N 
C E~ NSu ~?~2o6~1 AND t3,1~?) 
C 

F(X,XP,F~,FC::(XP**2-X~XO)/!J~O~GEXP(FN*(XP/FC-le0)} J 
-- -------F '-; Ct x-;-xri-;c; L ;\ ~ i.:: <~-;;-·r= t ) = X pi, ( D/1, t:' c; ( x--x pp, ( rJLG(; f C'* lYi,, nscx~x PJ/L /\} -· l • OT __ _ 

; -- : ~: ~~ x P > ., ( r.'L c G f c * t x l x O > /'L ,, 'i -- i ., o > } / c J .. o <1 D t :1.; r, t t= 1,J * i x ~ / r= c- 1 o o i i : 

C r: E M) r l'-l THE C ['If~ s I .I\ N -;• s • ALL '- ENG TH s A f< F: n: F f" l-< ~.', T $ ~ z - ! s THE 
r: ,qc;r:,!C N0.9 Lt-1 ~\N i; Lf\ /\RC THE RFDllCFD C0\1fl:flN W1".VELENG TH UF fl-I~ 
,- tJ.U\,t,' AND ! .. !_["Cf!Hir,, ?~ff [\N[; FC Af~F THF ~-!UCI.Tf•,K PA-,Pa.~~ETEf<S ~c• ',ND 
C ' N ' • C l s T HF: C ( 11': s T A )',I ·r ! N r. 3 • 1 ... 7 i • () I <; 7 HF.: ~: Lr C TR n r,1 ! C CH AR Gr:. ~ 
C H i'.S iHF. '.'i'!·c:P SI2.E OF YHI: fNTEC,r-U>.'lll11,i~ XX(l) 1S Tnr-· ~,TARTHJG POtN1" 

-- c----- -rn=--·, 1; E l N'fFC, qA-n ON• u·,- rs -.-He UH1 t:,(-L (Mi T rn.:: .THE ___ f N f :=-~R-AL -·--· -·------·---·-
c rN r2 .. ?,,6/i.i" ,l'.,P ts ·ri-,~ FH,!t: STRUC!URE cc••.!STAN, ,'IM!) f'(; rs THE 
.- r:LECTqnsT,\rIC P01"ENiK!',L FSI'< -..··-,F f'OlNT i''VCLC:iJS AT 1':-l'.': ";T,':i.RT}I\J;:-; 
C fJO 'i.f-.iTo Z,; U,'.? FN ANO PC ,~i1C. :;!:::r-:1:J<~f·H FOR DIFF[f:ENT ;\TOP-! .. i!-T 
C . r,rsT ARE :·Ht: Sl!1,1F. r:on /..U. t,TOfiS,, 

?. c::. R? ~ 0 
t.M-=i • !167>';?5961 / 

..- ~~-~---:('\.,, 3 1~! . . ---
- f-1';:=: ~ l ,7) b 

L l\=s')~386l!_)U3 ,,, 
C = 1 , -r G 1 .,, 
o .:.. 1~ o ~~ o 2 9 fJ o-~ ~ o .,, 
H.::::CJo?.!':. 
X Xi :t ) =· 0 ~ J D- ;.: 
V'<ccXX ( 1) 
Pl:.:.J,, 1.r116 
H2:·:!V?-.(; 
lJD:- :·v, c, 0 
f: ')::: 1, t)f'l3 
AP.:: (1 ,. 7 2 q 9? ? D-· c" 
DO ,::.n 1 :-al ,, :::,,; t) 

60 XX(l~·l1=YX(tl;H 
Dl) ; 1~=-=1 .so, 

----------·---·-

-----c·--·-·-- --- -- -·------- -·-·----·-·--·---··---- ·-·-·---------------------·· 
C C~LCVLATION nF TH~ ELECTROSTATIC POTFNTl~L GtV~N AV (2,2~6Ai 
C t) Y :j L 1,I p S CJ N O S R UL F. • 
C 

X l-= VX 

C '\.'/, r~r-F[PS HJ -nJE v,~.r:;>tA\:'i....E qp i:,,-./1) Y.1tY.2dt.rf, RF:Ff:.i~ TO \U\rn.arn .. F (PGJ 
C ,----

SU v, ·.·o "6 
l l' t 1 i ., ' . r:: HI 0 l GO T IJ 2 2 



C 
C 
C 

C 
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t . 

DUMMY=F(VX.Xl,FN9FCJ+4oO*F(VXaXMo~N.FC)+F(VXeX2,FN~FC) 
SUM=SUl\1+r.lU~1 MV 
Xl=X2 
tF(X2oLT.,!J I::> ) GO TfJ 2i 
sur.1.:::SUl~i;:H/60 0 

su~1 1 S THE VALUE OF THE X~TEGR~L YN (2 .. 2.6A) 

C V(KJ IS THE VALUE OF THE ELCCTROSTATIC POTENTIAL AT THE POfNT 
C R=VX 
C 

Vl(::::VX+H2 
t C.CNT 1 l.JU C 

C 
C CALCULATION OF THE EFFECTIVE POTENTIAL DUE TO VACUUM POLARIZATION 
C 

C 
C 
C 

C 

DO 20 f::.:l (,349 
Xl=O.O 
~~UM 1 = 0 o 0 

f)O 12 J= 1 ., 1. 2 0 
X 2= X 1 Ht 
f) UM:: ( )0. .:-, X 2 l / 2 c 0 
OUMM't::.:FVL~ XX( Y l ,.Xl ~CoLA,FN.f'C }+4.0'!<f"VL(XX{ Y} eDL'M,C~LA,f'N~FC i 

l+FVL(XXIIJ~x~.C.LA,FN~Fc) 

C SUMt IS iHf" REsut·r 0".: THE fNTr:GRf.T!nN YN {3e l o7} 
C 

VL(tl=-3eO*SU~l/'?~OPXX(fJ ~FC*~3* (1oO+Pl**2/FN$~2)) 
rt==?~' T-1 

________ VP ( I Jc-:;,• 0 ,J<AP* { VL ( l} +!5., O_* V (If_ )/6 ~ 0} ., ( :~., O*Pl) -· . _________ _ 
C 
C VP(I l IS fHF VA("UIJIJ' f'Ol_J.HHV\TYCJ!•.J f=-•01FNTl.l\L AT R=XX( I) 
C 

10 CCNTT MJF.: 
C 
C ST/\RT TO <;Qt.\/r. 1H!': DYRAC EONS., YHF NO,. 9 6' YN T~E nno LOOP" 
C lNDrCft.TES THE C>\I_CUL!.Tl'.r'N I 3 R[T'FATCD 6 T !MES FOR F, LQl'iEST LFVFLS 
C CONSTnERfD 
('~_--- ---------------

C 
C l'<f:M) l.N CONSTJ\l',JTS \/H!CH ,'\PF [)If-·rF11f:Nf FGR D!FFC-PiE!\JT u.:vFLE 
': "K '· J S T Hr:: 0 t .It, ~-i Tt ! • N 11 ,. K T N f HE D HU, C f Q N r; • " E i\ " I S T Hf' D P-'i ,c:- NS [ fJ Nu- '-, 
C E~WPGY F(Ji=i 1,-:r:: ,::-011,r, N'UCl!.:US."rH:" rs THE ~DELTI\ F:""S{L()f,1 1 IN 
C 1:q~• af"-~l.IO?-,l~~lD '7:'\ rs l!'F ·JJ>.l.uc Qr:'_ n-,E MA.TCHlN(_; ;~AillUS~ALL rfJUR 
r: (lF lt--1~=,;r- n:f'1STA!\!'t,;-"r0R f\ !IJ\~TICULM< I_FVC-L 1\f)f': Pl!rJCt-WD rN (ER-;f\l:r•J ---c- -·--·- cr1uJ•.i!JS. ·,N 'rHt ;;,1y:r:: nri~-1. hf)T'f ~PC(n"Yt'!J-11V-lt:~- r~-~1r..1u,T.Hl(H TS ,r,r-..l 
C 'Nl~G[f-: l'P) rs P_',J('!'.-t) it'.! Ull __ U :i tl<' 1 tP 3 ·..-;rrH T!1F Lt,ST F IGUR' _ HI 
C: CD\_!/'-H~ :~.Hf-,'" r<; .'-I Rl:AL Nn. 0, TE.:.!\! fHG1TS /\NO TS i'f.! :.;c-1n-o IN 
C CIJl.U',;r!'.3 •\ ff.l lB t.! lH Yhr:. Li,ST FIGUl'<F' iN cnt.L!'.i~~ lF1," 1,E" rs A REt,'c 
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C Nn~ F~PRESS[O !N EXPQ Nr~TIAL r□ R~ AND lS P~NCHEO tN COLUMNS 
C 19 TO 3() \HTH Tl-ff LAST F!GURF IN cnu.:MN :~O .. "RJl,•• ;:s A .~rAL NOG 
(" A N n ! S P IJ NCH E D i N CO U Ji:. NS ?- l ·1 P 3 5 W 1 TH "f HE L A S ~- F T GU 11 C I N C CT UJ M N 3" 
C: 

P~nn<S~3lO)KoEAoDF.R~ 
310 FOR~~T(I3.~15~)0,Dl~~JgF5ol) 

>'RiNT4!,K . . 
4 1 F on M 1, T t 1 1 ~ , ~ 1( = c 1. r ~~ } 

X A::: X >: ( 1 J 
C 
C XA !S i"HE Vt\Ptl'\F-1Lr "R"' IN THF DtRAC EON :';~ FOR THE PUiNT NUCU::lJS 
C. (' A si:· 
C 

---c 
C 
(_ 

C 
C: 
C 

. --··- r F { K. •GT• 0 • 0 .> Gn_ 10_ 4-0 _______ ----

·nff Tf":ST ST 1\ TC r,1U~T C!·fflCSFS THE t,PPROPR t f,Tf:­
FDI~ THE l.E\fCL FlFTNG CONSIDE?f"f)~YA{!)-1'1'1',(2} 
OF THC POINT NUCLEUS RAOT~L WAVE FUNCTIONS 
GYVFN RY E~NSc(4 ~l~7) OR (4ctoR) 

ASYMPT~TIC SOLUTIONS 
AkE THE INiTJAL VALUES 
" ,~ " Jl ND " G rt W H l CH 1\ R I: 

YA.(1 )::.:-{ AP:«7>'.<FF.;'HEJ:',-lcC}/Ll~}*XA:s•:;r(-1<+1 }/{-~>'.•!~+1} 
Y l\,? l :=XA ,~;,: ( ··K) 
Gfl T8 ':,4 

i}t'l •(f,( l )o·,~2,;11<-i-1 .l-~;(!~)/,:>'.':KJ'( ,E,l'd·! uO }/I_M1·AP,~Z*FB) 
\ /\ ( 2 ) :.: X /1. >I' * ( K -i 'l: ), 

C 
C SCLUT f ("IN ~IF Tl if,' POT NT h'.KL EVS D • f< r..c F:QNS., cw 4 Tr• OR,"JEf~ RUNGf"-1(,JTT /', 
C, rl.ETHOD .. GP{f.,.,..~EA) ARE= "fHC FUN1,)'r;,1S Gl\,'!::N RY E'QN.,(2e3 .. 2) 4-"<0 
C APP 1=r,R fl.,Z 'i'HF: FUNCTi'C'NfsL SUA'?l?.rJGRAM GP(l 11 )(f,,Y1'~F.I\) 
C 

",,i ') :1 4 'S i :-:: l "2 .. 
R ( ! ~ l. ! :::: G P ( I ,, ); ,; ., Y I\ ~ E /, l 

C. 
C (.;> (X ~ l , AR E 'f HE O IJ.t\ NT i T r E'S K i i 9 f( 2 l n-i E ,,r,1 "' t.:, " I • 6 ) 
<: 

C 

C 

C 

XA8::X ,'d·H? 
X,\::::XA·H-1 
no t16 1=-1~~' 
:~ ( l • ? } ::: GP ( ! ., )t: i~ f3, VAR~ f: f-1 ~ 

C Y/\~HT} i\PI.: T H,': OU .'\r.•;['\'H:'; Yid•:•(H1'?rr.-2t /H•m ·n~2~dH/2?}Z?2 IM 

C 
DO l.l 7 17 = 1 ~ 2 
r ( ; , -~ ) ,.,. C ..,; { l <} X ;'I, f-J ~ \' A A 1 9 E A 1 t-:- --·- ·- ---·-·------ -- -- -------------------~----------~--·--- - ··• 

C i:Hi. ·q r-.rn= TI~f" OU•HHtT!FS !C'Jlgi~:~::, !N EGi',J.,(44 1 .6? 

/ 
,( 
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C 
C YA~(I) ARE THE QUANTITIES VJ9l ♦ (HJK3t9VI~2+(H?K32 IN EONo£4~1w6J 
C 

no ,~R r=-=1.2 
4R R{[~4)~GP(I~XA,YAA 9 EA) 

C 
-~----- I~( T,4) f<.AE THE QU/-1NTiTIES K4l,.K4;:> IN EQN.,(4,.1~6) 

C 
on 49 I=-:l~? 

49 Y/l(I}=Y/1.(IH (H/6~0J~(R(l,tH·?e0 1:<{R(I,2HR(lo3l )+R( l.4}) 
C 
C YA!n ARE THE SOLUTIONS or YA AT R=(XA+HHTHE SOLUTIONS GIVEN BY 
C F Q ',l • ( 4 ,. i. ., 4 } ) 
C 

C 
C T HF TFST STATEMENT I!\JOYCATFS 'TH AT \·/HEN R RE~. CHES THE MATCH!NG 
C n 1\0 l: US e Tl·ff C .t-LC.UL'\ T T(1N FOR 1 Hr Pn P-H NUCLFI.JS IS ST OPPEi) ~ THE 
C Vi\1_t,ES OF \'/1-IVE FUNCT!ONS "F 1•l,f-.Dt11..,,:'J!i THE' 1;,~ATCHTr..JG RADIUS AR~ S"\"OREO 
C \j P FOR LAiFR U'.j[:,. THE PROGPt.M IS THEN M8VED TO THE SOLUTION OF 
C. THc f'IXR AC FQNS .. :-oH I. FINTTF: i~l;,: LEUSc 
C 

C 

G1..) ro ~1, .. 
51 E~' :::fA 

C "ES" YS Tt•E DYMeNSIONLESS Et\:ERGV'EPSiLON' ti\! Tl-ff FIN[TE NUC 1_EUS Ct,SE 
C 

r ;- :: o 
::;oo E.SO:=[S 

C 
C •11=.:'"('H f)f-\Hl"1f'.:<':, ·;-1-1F Pl<t-V~OUS 'f°(;, t:NVALUE Of~Y/\'jNF-1)7N THt. t!\/Y cPP::.n_t:"TfOi·-. 
C C M_ C_; LA ·r r f);"-.j 
C 

C 
C .. ~N" rr-.iDICt,lF:S TMF l'-ln., o r. Tlr~i:: S ')MAi '!"Hf: FINITE NUCLEUS DfRA.C E01'--!S .. 
C AR F SULVEO~ 
C 

C 
C A~TfR THE FTNfTr NU~LEUS DIRAC FnNs. AR~ SOLVFD 3 TrMES ~ITH 3 
C Dlff'f:f-;>F NT FIGCNV/\LUI 59 nir- PP.LlGR~,IJi rs THf.!'I l'i(.lVH> rn Tf-ff INTEf•iJOUH i ON 
C CALCUL~TIONo 
C 

C 

C 
C 

-., f:Ffl r,1 JU - J\ TT~TE~~-ff(Tl\7'!'r·n· ~- ,. E P:~Tl -rmrr~ F.'i'.'>5TtTm7 ,-i'\l"JD'---v--Fl:rsTr: GT-J:1 ,..-- . - -
t~-4 F'O~J";dlic!..11) AI-.D Pi .. t .. 1?) 

E =-V (1 l 
C 
C "~~ JS TH E FLEC TRO ST~ TIC POTENTIAL OF A FINllE NUCLEUS AT THE 
C Sl ,\R TH-h; PCdNl" q=O,,OO'i f'M~ 
C ---z:-----sll .. :DY-1 Gn l:"' i ,-(t::-l-71-JT{e'-NOCTIU;--u11<cc-·R-f.IS-Q ___ '.1Y~~m-71i::rrrr1~-7n_m,.:;-~::r.('l.T't'1,l\ -
C '-ffT:mo. ::>~i'.>l\f,l'..fHJN~ nr· THE ('}UJV.:Tn·n:~: flRC SIMILAR ro THOSt: GlVFN 
C ;:.,n:1v1:. != O ft THE PU H !T UVC"'Lrus. 
C 

-----·- ------- ----------

/ 

.. 
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X= XX ( 1 ) 
IF(K.GTo0e0} GO TO 42 
Y( t ) -=-( AP*Z*f-:+(r.s-t .. o )/LM)*X.,•* (--K4i ).n--21;K~l} 
Y(2)= X>!.:*{-K} 
GO TO 4 3 

. 4? --~LU=<? ':"•~+l) *2S_1t*KLU r:_s.± L .. o )/UH•.~p-4< Z.!EJ __ _ 
Y ( ~ i-=Xft-* ( K·}}) 

t•3 tO-=l 
2 I\;:::2*lD··l 

10 =- In+t 
nns Y:.::112 
Q( t .t )=C( t ,X9V9FSeVOV)) 

'.:; YR{J) ::='f(l)+H2*R(Id) 
X9=-0 XiH? 
X =XH ◄ - -- -------
DO 6 T=!•2 
R(J.?)=G( I,XR,Y □ ,Fs~vcrv+t)) 

6 Y B ! ( l ) =· Y ~ I ) ·.- ._12 * R ( l ,, 2 l 
no 7 r = 1 • 2 
f<{ I f3)=G( I ,xB~YR1 ~1:::·s11V( IV+!)) 

7 Ye(Y)-=YClHH "R(I,3) 
DO~ J'=l •2~--~~~-

8 P{l.l♦ )=G: I.,X.YneES,V(tV}2)) 
DDG T=l~? 

9 Y(I)=Y(Y)+(h/r>1,0}*(R (Iv!},'-2nO* (R~'i~2)·HHie3)){-R(t,4l) 
rF(X.GFoR~) GO TO 50 

C 
C WHEN •• R " Q E A 0-ff S T HF f,;f, 7 CH t NG n l\ n I US ~ TH F Hri F::; R I\ T I n N I S ST 17 PP E 0 
C ANn THE DH'.JGR,\tv1 lS ~OVf.D Tn C.\LCULATf: THE OiFFCRENCE oer,n GIVEIJ HY 
1.. !".:CN.,(4clc;9) C . .. ---·---- ----------------- --------- - - ----·- ·-·--

GO .HJ 2 
~(1 DD( Tr.i=V( 1 H-YA(2J·-Y{ 2j,:,y;\t I~ ,.. 

'--
c •roD( TN) 1i DENOYFS .iHF DU i\N1.1iTV G[VC.N f1Y EONd 4c,) ,.q) 

ES:..--::1_:•:;._.r, E:" 
C 
C .. ES" Of:f\jQTES THC NE\<1 Tf< ~ AL E' iGENV /\LUE o 
\. 

C: 

- -·--- -·------ -------- -- - --- --- ------· --------- -·- ----------· ------· ------------ -------• 

GrJ T t7 1 1 
St Ei2={-DD{l)*EE(2}+DD(2J~FE(ll)!C8D(2)-DD(i )) 

~tl=(-nD{l ,* EE(31+DD{3~ ~EE ll)J/~DD(J)-nO(ll) 
E l 2 3 .-.: ( - D l:'1 { ? } * :-: t 3 +- 1) D i 3 l -,;, t- l c i / ( D D { 3 i ~DD ( 2 i ) 

C YN .... F:R0DLAT!UN CAL C.ULAY!ON GIVl::N BY EQNS.,(4o1eH.} TO (4oloi3) 
C ---- --- -- ·· rmi:".' ~ ,,.-R::,-f r:T~-0:-c= :ur 

JF;,Jnf ,L'· . .. i .-OD·- ''1 1 CO TC 52' 
C 
C EXA 1•11Nr- fH[ r,,r;·~l<ENCE nr=n:JEEN ThO SUCCESSIVE i"RIAL EIGE"!~VAL.UES,., 
C 

C 
C '"ES" rs THE Nc.\"l TRIAL f.IGf-. 1·l VALOE. - c ·· ·--···--·-··· - . ··-··----. - -·· ----- ---· ·-· -- -·----·-

C 
c "nEM IS THE N1--:t, B~cnt:.'u1cr-~·,· OF f 0 t=:S",. 
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C 
r "'::: o 
GO T O ·10 0 

5~ FS=E12:i 
C 
C "ES" TS THE CORHFC T EIGENV!i.LUE F OR FINITE NUCl.f:VS D I RAC EQNSo __ c _____ --- - - --- - -······--· -- - ·-------·--·--------- ------------------------

C 
C 
C 

Prn NT 1 (', 1 d::S 
t o ~ FO~MAT(V-'~GEXACT ES=~~ a 20oiCJ 

_P/l.=207"? 

"R .I\" tS THE M.l'SS Nil~ OF THE ATOMo 

_ __ ______ -3•.,: :ins_ • .s;qq~_il../ 1· ,-HHQ .. 1 __ 135)_ 111-eJl 
C 
C 
(. 

C: 
C 
C 

C 

·•si:.:• 1 YS il°F nnn:itNG ENt=RGY OF T HE L EVF.L CONSIDERED. 

C "G .. qy •~TF ORDER f:lj!,JGr-l(UT,A ' ·H:'-" 1 Hnn .. 
C 

X =XX( ! $ 
i F{~~c,.a.o) G □ ,o ~J 
Y ( 1 } :· - r. /1. ;:-, * 2> E + (Es- 1 Q O , /L M ~ 4< ){ c * ( -1( .(\, t ) I ( - 2 *K ~- 1 J 
Y f -~ ) ·.:: X t., "'. ( -· l·O . 
GD 10 34 

3:l V ( 1 >~= { ?~.' H ),\X~i.rK/( (FS·H oO )/U>'l·'I-AP*l>:tE) 
• f ' ? J :.· )( *· ,-, I r< 1 t ) 

J4 Y D ·-=1 
SV(i,.t:,;:;V(l) 
SY ( 2 u 1 } :.: Y ~ 2 } 

32 Y v~-=? ,t ! D- 1 
--·--------TD= t D-t- 1------· 

C 
C •q D" , .., ! V " /\ ~ ~ 1 N 11 Y CE S o 

·-·---·-··-···c 

C 
C 
C 
C 

IFC ! OaEOG200} GO TO 16 · 

IF R=50 r-Fn~ns~THC INTEGR I\Tit!N \S STOPPED,.,.HF. PFlOG!H.:~ iS THEN 
----~iO_\:_F_!L_ Tn._ _ r_:ff Cf,LCULAT I_ON 0'.c: __ THC VACUU h: POLA.F1_t:u~-rr<JN ccmR:=.:C-110i-l .. ___ _ 

DO 35 rc:::,2 
n{t<ll=G( 1.~ . ~.ES9V(IV)J 
v ~,, < r , =- v I I ) ... } • ;:, 111 n , ·, , 1 l 
XF·1 =-X+!I'? 
X=X-:•H 
f' O 3f. I=l ,2 
R { 1 • ? l ::: G ( I • >: G -~ VA ~ r: S • \' i f V + 1 } } -------- - ~c; -v t. fr r ; --: v c r} }J-r::-· ;:-µ :rr;-,, J - - --------· ----- ----------- ·-----··· --·-- -·--------------- --
oo T! i "' ! , <-~ 
f.,i ( l • J ) =:c (; • r. , ><: 11 ~ ·;· 0 1 , CS •; V ( 1 V + I ! ) 

3 7 Y :H t ) :'.'.: Y ( f t '< , it' 1 H ¥ ,, .. ) 

·------- - -- -------- -- -~-------
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DO 3R Y=l~2 
38 R(t,4}=G(I~><,Yfhf::S9V{lV+2)) 

DO 3q I=l w2 

i ' 

V ( l ; == Y I I 1 .;. ( Hf 6 ., 0 ) * ( R ( I ., i. ) + 2 ., C ,;;, ( R ( I • ?. ) + R ( I , 3 i ) ~ R ( I • 4 ) ) 
j9 SYlivlDl=Y(I} 

----· _c~--c -~ LL VALUES OF ~F« AND ~G" QRTAIN~D FOR DIFFERENT PARE STORFO UPe 

---- ·- -

C 
GO TO 32 

C 
C NnR~iALYZ/,1'!01-l OF THE ~AVE FUNCTIONS "F" AND uGn.,, SIMPS□ Nes RULE 
C TS USED., 
C 

c 
C 
C 

.-16 YD==Jr>-3 - -- - - ---· - --- --- ------ --·· ----· ----
CALCULATION OF THF NORMALIZATION CONSTANT GYVEN 

A A:::()• 0 
DO 13 t:::t,d0,2 
i t = t ~-1 
1 2= ! + 2 

"i!"~"I2" f},RF.: It-JD1CES., 

OUMMY=qSY(l.il**2+SYC2911*~21+4o0*(SV(i~ l') **2+SY(2~ ll) **2J 
~{(SYf 1iI?)0*2•SVi2ol2)**2P 

:t 3 At,= r .. f, } DU M ~1 Y 
P.fl.::::.f.A".<.-f/3.0 

C 
C '"AA" IS THE SQUA!~t-= _ m=- THt--: _ t-x ,JRMALIZ,\7KON COMSTl,~{T CN*-~_2) GiVf-N F3V 
C r::-c·r~ .. (.~ul•l~]) 
C 

PR ~ NT 1 7 9 A fl, 
17 FORM~T(G- 9 ,tA~~u.D20QIO) 

no {.,4 J-tc1J9 
YY(I.J)=~Y{I.J}/DSORT{AA) 
VY(2,J)=SY(~.JJ/USO~TC~A, 

4-ll. C ('1'JT ! r,!tiF: 
C - . 

C CflLCL'lt\TJON u.- TH\'.: VACUUM PQLARIZATl'ON C-Ol~RECTUlN., 
C l S USED• 

FP=o~o 
Dn Ur Y==t~ro,2 
it-::J+1 
I?::: If 2 

---------·------

C f\/./\LUt.TION CF THF. INTFGRAL IN FONw(.?la1 ~9l 
C 

fJ U'··• fl.1''1'""' ( Y Y ( l • i ) "· ·:, 2 'I- YY ( 2 o Y ) >t ~ 2 } >1•V P ( Y ) Hl ., 0 ~ ( Y V ( 1 ~ r l } * ;,, ? f-Y Y ( 2 ~ 
?ll I $#?)SVP• ti} +CYY(i,12) 6Q2+\Y(?,f2) O•?t~VP(t2) 

1 C [. P= [' P +D'P~ MY 
Cf'>=CP-f,•H/,.,(' 
r~=F~~1•u~~?/J9&02060-2~ _ ___ c __ ___ _ - --- --· - - ·- -- ---------------------------- ____________ .. 

C HEP'0 DD·,01f:.S THE ENEHGY StHFT OUC TCJ VACUUM POLt,RIZAT!Ol'J IN 'K[\!~ 
C 
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FORMAT('-'•'EPCKEV)='w020.t0) 
CONTINUE 
CALL EXIT 
END 

-----------------------------------------------

---------------------------- _____ ., __ ------------------- ---------

- ------------

-----~------·------- -----------·----------



C 
C 
C 
C ____ (: __ 

l) 
- 94 -· 

FUNCTION GP(I9XA~YA,FA) 

FUNCTION AL SllP,f'ROGRA M Fon Tl-iE PO;: NT NUCLEUS DIR AC EQNS,. 
GP( I d~A.Y/\.Efd !\RE Hff.: EXI.J!~CSSiDN~ Ofl THE IHGHT ·-H!\ND StDE OF THF. 
POINT IHJCLFUS D£RAC f"QN5,, GIVEN GY F()NS~(2e:i.,;n 

---n,r,-,crcrY nF.,'-L ,fA <A-1➔ ~0-n 
DCt!RL!: r>r:WCTS!lJN LM 
OIM!=NSIO!\I YA(2? 
ccm,;oN K. 
;~::: n 2 C 0 
LM:.:l o B67825q6t 
I\P:-0 e 7 29<::' 27E--2 
GCl 10(l.?l1! - --------- --·r GP=I<.\< VA { 1 py~-::-rrt::7\-1 • () 1 /[t-H l *At5/}{ A J "'Vt, (7.r------- -----·--· 
~lETU~N 

2 GP~ -K~VA{2,/XA+{(EA+leOJ/LM+Z*AP/XA)$VA (l} 
r-<En;r:N 
f:Nt) 

---- ------------·--------- -------

, 

I 
.. 



C 
C 
C 
C 

----~ -

FUNCTI ON GP(l~XA.VA,FA) 

FUNCTION AL SU9f'RrlGRAM FDR THE POH-lT NUCLEUS DIRAC EONS .. 
GP(I,;'( f,cY/\.Etd ARE 1HF. EXIJ!<CSSiON<; UfJ THE RfGHT-H,\ND SHH: OF TH ' 
POINT rwcu= u s DIRAC E"ON5., r.tVEN GY FQNSey(2e~.,2; 

. JMnLICTT nEAL *8 (A-HQO-Z) 
r:JCURLE PRr: crsroN LM 
OTfv\F.NSHl"I YA(2l 
C CMfJi ON K 
? ·-=1';,. 0 
LM:::l • U67825q6t 
I\P-.--Oe 729 q 2,E-2 
Gll TO(l.?.)f! 

~- -- -- -------·1· GP=K;:; V A r·1 J7X~~,Ji;- t • O t 7Ct-<·t' l >!i,\t..1 / X A)"' VI\T21 _________ ________ _ _ 
$.1ETt.J!~ti 

2 GP~-K~V A (2~/XA ♦ ((FA+leDJ/LM+Z*AP/XA)$VA(lJ 
r~E "fl.JP N 
f.Nt) 

- ---- - ---- ---·------·-··· -- . - . ·· •·· 

_______________ .. _ -- ~---·-----·---

1---- ·- --- - - - -

I 



·- 9 5 ·-

C 
C FUNCTIONAL SU8PROGRAM FOR THE FIN[TE NUCLEUS DIRAC EONS. 
C G(To X ♦ Y9ES,V) ARE lHE EXPrH:SSICf~S C"IN THE FUGHT·~HMJO S ID E OF THE 
C FTNTTF NUCLEUS DlRI\C EONSo GT".TN SY ECNS.,(2~?,.9 ) 

--- ___ c 
P'PL y C ! T RF AL - '~'1.'\ (A-Ht o-z) 
DOURLE PRFCIStON LM 
0 Y 1•-11 I\J S I ON Y ( 2 ) 
cr-•,~~l7N K 
7'=:32o0 
LM=loR67B?5961 
J\f'=0.729G27C-2 
Gn TnO.?."».I ·c, -= K" v < i T7>f:.:. r~( =E~s--~i-.. -o~·p u~ J_.. z *AP* v ~ ,i, v < 2 ) 
RETURN 

2 G=-K$Y(2)/X~((ES+lc0)/LM+Z$AP*VJ•Y{l) 
RETURN 
ENO 

' I 
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