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Abstract

Let A be the class of analytic functions in the open unit disk /. Given 0 < X\ < 1,
let Q* be the operator defined on A by

(1) (2) = T2 = N2D2 £(2),

where D) f is the fractional derivative of f of order A\. A function f in A is said
to be in the class SPy if Q*f is a parabolic starlike function. In this paper several
basic properties and characteristics of the class SP) are investigated. These include
subordination, inclusion, and growth theorems, class-preserving operators, Fekete-
Szeg® problems, and sharp estimates for the first few coefficients of the inverse
function.

1. Introduction
Let A be the class of functions analytic in the open unit disk
U:={z:2z€Cand |2| <1}
and let Ag be the family of functions f in A satisfying the normalization condition (cf. [3]):
70) = £/(©) ~1=0.
A function f in Ap is said to be uniformly conver in U if f is a univalent conver function along

with the property that, for every circular arc v contained in U, with centre ¢ also in U, the image
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curve f(v) is a convex arc. The class of uniformly convex functions is denoted by UCV (see, for
details, [5]). It is well known from [8] and [14] that

l/ 1
2 ‘<Re{1+ J]:’(())} (zel). (1.1)

erCV<=:>’

The condition (1.1) implies that
L 2E)
(=)
lies in the interior of the parabolic region
R -—{w w=u+iv and v <2u—l}

for every value of z € U. Let

P={p:peA p(0)=1, and Re{p(z)} >0 (ze€lU)}
and

PAR:={p:pe P and p(U) CR}.

A function f € Ag is said to be in the class of parabolic starlike functions, denoted by SP (cf.
[14]), if

2f'(2)
) eR (z€U).
Let
e (a,cz) = Z (a)nz”+1 (zeU;c#0,-1,-2,---), (1.2)

3 (C)n
where (M), is the Pochhammer symbol defined, in terms of Gamma functions, by
(A := F()\+n):{ 1 (n=0)
() AMA+1)--(A+n+1) (neN:={1,23,---}).
Further, let (cf [2] and [12])

L(a,c) f(z) = p(a,c;2) * f(z) (f € A), (1.3)
in terms of the Hadamard product (or convolution). Note that £(a, a) is the identity operator and
L(a,c) = L(a,b) L(b,c) (b,c#0,—-1,-2,---).

It is well known that, if ¢ > a > 0, then £ maps A into itself.
We also need the following deﬁmtxons of a fractional derivative.

Definition 1 (¢f. [11] and [12], see also [18] and [19]) Let the function f(z) by analytic in a
simply-connected region of the z-plane containing the origin. The fractional derivative of f of
order X is defined by

A 1 dF A9
D)= Fr =33 /(z_g)Adg O<A<1),

is removed by requiring log(z — ¢) to be real when z — ¢ > 0.

where the multiplicity of (z — ¢)* i
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Using Definition 1 and its known extensions involving fractional derivatives and fractional inte-
grals, Owa and Srivastava [12] introduced the operator Q* : A — A defined by

D f)=T@2-N2DMf(z) (A#2,3,4---). (1.4)
Definition 2. Suppose that the functions f and F' are in A. We say that f is subordinate to F
in U, written as f < F, if F' is univalent in U,
f(0)=F(0), and [fU)C FWU).

In a recent paper [20], the authors studied the class Sx(a) (0 < a < 1; 0 < A < 1) of functions f
such that Q*f is a univalent starlike function of order a. In the present sequel to our earlier paper

[20], we study a class of analytic functions, related to UCV and SP, using the operator )* defined
by (1.4).

Definition 3. Let SPy (0 < A < 1) be the class of functions f € Ap satisfying the inequality:

z(Q’\f(z))’ 3 z(Q"‘f(z))’
TG 1| <Re {_—_—_Q'\f(z) } (zelU). (1.5)
It follows that
SPL=UCV and SPy=SP. (L.6)

‘We investigate here several basic properties and characteristics of the general class SPy. These in-
clude inclusion, subordination, and growth theorems, class-preserving operators (like the Hadamard

product and various integral transforms), Fekete-Szegd problems, and sharp estimates for the first
few coefficients of the inverse function.

2. Basic Properties of the Class SP
We need the following results in our investigation of the class SPj.

Lemma 1 (c¢f. Ruscheweyh and Sheil-Small [16]). Let F' and G be univalent convex functions
in U. Then the Hadamard product F x G is also univalent convex in U.

Lemma 2 (¢f. Ruscheweyh and Stankiewicz [17]). Let the functions F and G be univalent
convex in U. Also let f < F andg <G. Then fxg < FxG.

Lemma 3 (cf. Ruscheweyh and Sheil-Small [16]). Let each of the functions f and g be univalent
starlike of order % Then, for every function F € A,
f(z) * 9(2) F(2)
f(2) = g(2)
where CH denotes the closed convex hull.

Theorem 1. If 0 < pu < A <1, then

eCH{FU)} (z€lU)

SP, C SP#.
Proof. Let f € SPy. Then
Hf=L(2,2—pu)f=L(2-X2—-p)Hf
=p(2—-N\2—p;2)xQf
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and
(@) = £R1)L2-N2- R0
P(2— A2 —p;2) + {2 (Q*f)'}.
Also it is known that (cf. [6])

Since R is a convex region, using Lemma 3, we get

z (Q*f(2)) A\
2 (W f(2)) B (P(Q_)\’Qw#;z)*—(ﬁﬁf_((;))_)—ﬂ f(2) r
Quf(z) 02— A2 — p;2) x QA f(2) '

Thus f € SP,. This completes the proof of Theorem 1.
Corollary 1. If 0 < X\ < 1, then the functions in SP\ are parabolic starlike and UCV C SP.
Proof. Clearly, we have [¢f. Equation (1.6)]
SP,CSFPh=5P and UCV=58P,CS5FP=5P.

It can be verified that the Riemann map g of ¢/ onto the region R, satisfying g(0) = 1 and
q'(0) > 0, is given by

2 1+/7\’
q(z)—1+;—r5<1og1_\/z> (2.1)
8 1= 1
=14 — = n
+7r2:4:41<nk= 2k+1>z
ad 8 2., 23, 44 ,
‘We define the function G by
z -1
G(z) :::%{[Z(Q—A,Q)zexp(/ %ds)} (zel). (2.3)
0

Theorem 2. Let 0 < A < 1 and let G(2) be defined by (2.3). Then G(z) is a convexr univalent
function. Furthermore, if f € SPy, then

1) < G(z2).

z

Proof. We first note that

Gz) = i’i(‘z—:-;—Qi) i exp ( /O ) -‘l@ids> (zel), (2.4)

L)

where each member of the Hadamard product in (2.4) is known to be a convex univalent function
(cf. 6] and [8]). Therefore, by Lemma 1, G(z) is a univalent convex function.
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Next, if f € SP, then (¢f. Definition 2)
2(PIE) =< q(2)
D(2) |
Thus there exists a function v satisfying the Schwarz lemma such that
o z ~1
—f(._z..)_:exp</ M...ds) (zeu)_
z Jo s ) i

Since g(z) — 1 is a univalent convex function, a result of Goluzin ([4]; see also [13, p. 50]) yields

M<exp(/zfﬂil.ilds>.
. o s

It now follows from a known result of Ling and Ding {6, p. 508, Theorem 2] that
/()

z

The proof Theorem 2 is evidently completed.

< G(z2).

Remark 1. Taking A = 1 in Theorem 2, we immediately obtain a subordination result due to
Ma and Minda [8, p. 169, Theorem 3].

Theorem 3. Let 0 < A< 1. If f € SPy, then

o-n <M <cw) (a1=n (2:5)

and

arg (f(z))’ < max {arg (G (reio))} (z = rew) , (2.6)
0€[0,27]
where G(z) is defined by (2.3). Equality holds true in (2.5) and (2.6) for some z # 0 if and only
if f is a rotation of zG(z).

Proof. Let f € SPy. Then, by Theorem 2 and Lindel6f’s principle of subordination, we get

inf Re{G(2)} < lggrRe{f-(fl} < sup R{M}

z |2|<r z
f(2)

z

< sup
Jz]<r

< |Sl‘l<p Re{G(2)}. (2.7)

Since G(z) is a univalent convex function and has real coeflicients, G(U) is a convex region
symmetric with respect to real axis. Hence

|ilnsfr Re{G(2)} = ~'ri£§§'r G(z) = G(~r) (2.8)
and
|31|1<p Re{G(z)} = —Ts;lmpq G(z) = G(r). (2.9)

Thus (2.7) gives the assertion (2.5) of Theorem 3. Also we readily have the assertion (2.6) of
Theorem 3.
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The sharpness in the inequalities (2.5) and (2.6) is also a consequence of the principle of subor-
dination. This completes the proof of Theorem 3.

Corollary 2. Let f € SP\. Then
{w:w] <G(-1)} S5 ).
The result is sharp.
Remark 2. Taking A = 1 in Theorem 3, we get a result of Ma and Minda [8, p. 170, Corollary
3].

3. Class-Preserving Operators and Transforms
Theorem 4. If f € S, (—;—) and g € SP, (A < ), then

QM xQHg e SP,.
In particular, if f € Sy (%) and g € SPy, then
O fxQrg e SP,.

Proof. Let f € Sy (3) and g € SP, (A < ). By definition,

fes* <%> and Qtge SPCS? (%)

-4

The commutative and associative properties of the Hadamard product yield

z (Q’\f *Q“g)l =L(2,1) (Q’\f *Q“g)
=Q’\f*£(2,1)9”g

=« {z(Q"g)'}. (3.1)
Therefore, using Lemma 3, we get
Qrg)’
O f « z(Qg)
2 (9 f = Qrg) Qkg
= u). .
O f * g O T = Qitg eER (zel) (3.2)

This completes the proof of Theorem 4.

Corollary 3 (cf. Regnning [14]). If f € 8*(3) and g € SP, then f* g € SP. In particular, if
f €SP and g € SP, then fxg € SP.

Theorem 5. Let f € SP and g € SP, (0<n<1). Then fxg € SP,. In particular, if
feUCV and g€ UCV, then fxge UCV.

Proof. The proof of Theorem 5 is similar to that of Theorem 4. Let f € SP and
g € SP,(0 < p<1). We first note that

2(Q(f x9) (2)) = Qg (2) xzf (2) and QF(f *g) (2) = Qg (2) * f(2). (3.3)
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Therefore, using Lemma 3, we get

zf'(z)
7 Qﬂg(z) f( )
2((f+9)(2) _ f(2) .
Q“(f*g)(z) Q/—‘g(z) * f(z) €ER ( EU) . (3.4)

Thus f*g € SP,. Next, by Corollary 1, UCV C SP. Thus, by taking p = 1, we see that
the Hadamard product of two uniformly convex functions is a uniformly convex function. This
completes the proof of Theorem 5.

Theorem 6. Let f; € SPy (j=1,---,n). Also let

n
a; >0 and Zaj =1. (3.5)
j=1

Define a function g by

— I:]l (Q’\ fj)a" . (3.6)

Then g € SP;.
Proof. Let f; € SPy(j =1, --,n) and let g be defined by (3.6). Direct calculation gives

z(Q'\g)l_ll: Xn:a] 2 () 1

Qrg O f;

< glaj Re ( (SAJ{:’) )

_ o [2(29)
= Re (g—xg> : (3.7)

Thus, by Definition 2, g € SP,. This completes the proof of Theorem 6.

Theorem 7. Let f € SPy (0 <A< 1). Then the function F(z) defined by the integral trans-
form:

F@p:ctl/ﬁﬁwumt(zem ¢>—1) (3.8)

is also in the class SP;.
Proof. We begin by noting that
F(z)=L(c+1,c+2)f(2)

and

z@?f@»lzﬁﬂJ)qZQ—A)(c+Lc+mf@)

=c¢+Lc+m{z@ﬁﬂay}=¢@+Lc+za*{z@ﬁﬂ@y}.
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Using a result of Bernardi [1], it can be verified that

plc+1,c+2z) €S*(3).
Also, by hypothesis, Q*f(z) € SP C S* (%) Thus, using Lemma 3, we get

z A z !
2 (@ f(z)  Plethet iz %mﬂz) 0
O f(2) - olc+1,c+ 2;2) « P f(2) €ER, (3.9)

which completes the proof of Theorem 7.

4. The Fekete-Szegd Problem for the Class SPy
Let the function f, given by

f(2)=z4+ a2 +a32® +--- (z€U), (4.1)
be in the class SP,. Then there exists a function w € A, satisfying
w(0) =0 and J|uw(z)|<1l (z€l),

such that
z (SlAf(z))l
N g w Uu). 4.2
Let the function p; in P be defined by
_ 14w(z) _ 2, ...
pi(z) = T =1+4crz+coz®+---. (4.3)

Then, by using (2.2), (4.2), and (4.3) in the form:
-1
w(z) = pi(z)

pi(z) +1’
we find that
AT(3 - )
@ ERrErE- N (44)
(- 1 24\ ,
= PT@rE - [62 G (1 B 7r2> cl] ! (15)
and
AT(5 — A) 1 18\ 2 /45 180\ ]

4= 3720(2 — N)I(5) [03 T3 (1 - %‘5) T kl ot —754“) cl} ' (4.6)

These expressions shall be used throughout the rest of the paper.
Define the functions k(z,7,v) in SPy by

Z iT
K(ar ) = L2 — A 2)rep (/ [q S (s v)> _ 1] d_C> O<7T<2m0<v<1). (47)
0 1+u¢ ¢
Note that k(z,0,1) = 2z G(z) defined by (2.3) and that k(z,7,0) is an odd function. We also need

the following lemma in our investigation.
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Lemma 4. Let g € P, where

9(z) =1+ciz+cp2 +--- =14+ G(2).
Then
len] <2 (neN)
and
1, 1 )
Ca — GHCY 52+§(|H”1|“‘1)|Cl| -

Furthermore, if we define the sequence {An},—, by

DT {GEY = ) AT,
n=1 n=1

where

1 e n
Yo=1 and Yo = o 1+—2-Z<j)3n )
2 e

and the sequence {Bn}n.q s given by

o0
h(z) =1+ Zan",
n=1

then
|An| <2 (n€N).

(4.8)

(4.9

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

Remark 3. The inequalities (4.9) and (4.10) are well known (cf. [3]) and the estimate (4.14)

can be found in [10]. For n = 2 and n = 3, (4.10) reduces to
|Ag| = |c2 —vicd] <2
and
|As| = lcs — 2yi¢1C2 + 72C§| <2,

respectively.

Theorem 8. Let the function f, given by (4.1), be in the class SPy. Then
122—-MNp 4 1

;7

2
paj —ag] S § 75(B-2)(2-)) (2<p<a)

1 4 122-A)u

%(3—/\)(2—/\) (W{“;‘g*§> (b= 01)

(4.15)

(4.16)

(4.16)
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where, for convenience,
3-A /1 bx* 3-A(1 =°
FEach of the estimates in (4.16) is sharp.
Proof. Using (4.4) and (4.5), we write

af — ag| = & 2)753 = (2(12(?_;)25 + % - %) o423 (4.18)
O SR I

If u > oy, then the expression inside the first modulus on the right-hand side of (4.19) is nonnegative.

Thus, by applying Lemma 4, we get

42-=XN)@B=X) [12(2 - A)p _ 4 1
32 B3—X)n2 x2 3)°

which is the first part of the assertion (4.16). Equality in (4.20) [or, equivalently, in (4.19)] holds
true if and only if |e1| = 2. Thus the function f is k(z,0, 1) or one of its rotations for p > o7y.

Next, if 4 < o9, we rewrite (4.18) as
@-2NE-N], 8 1 24(2-\p\ ,
2t \lE T3 T B )4

hd —as] <

(4.20)

jucg -] = 23

< Q:—‘Ag);g:—’\l{?lcﬂ + (7—% —%-%@i%) |c1|2}.

The estimates |ca| < 2 and |¢1]| < 2, after simplification, yield the second part of the assertion
(4.16), in which equality holds true if and only if f is a rotation of k(z,0,1) for p < 0.
If i = o9, then equality holds true if and only if |ca] = 2. Equivalently, we have

1+v /142 l1—-v({l1—-=z
pi(z) = 5 <1—z>+ 5 (1+z> (O<v<l;zeld).

Thus the function f is k(z,0,v) or one of its rotations.
If 4 = oy, then

24(2—XN)p 5 8

B-Nm2 3 x2
Therefore, equality holds true if and only if |c% - czl = 2. This happens if and only if

1 14+v /142 l—v /(1—=2
= 0 1; U).
p1(2) 2 <1—z>+ 2 <1+z> O<v<1;zel)

Thus the function f is k(z, 7, ) or one of its rotations.

Finally, we see that
1 8 2 24(2-Au
2(62‘50%) * <ﬁ+§——3‘:r)“>c?

Z

=0.

2-=N(B=2\)

|;La%——a3| = 672
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and

8 2 24(2- A
s

< <upu< .
37 3-2A l"l (2 p< )

Therefore, using Lemma 4, we get

pid o] < G o (3 L) 1)

62

5—2(2—/\)(3—/\) (o2 < p <)

If o2 < p < 01, then equality holds true if and only if |e1] = 0 and |ep| = 2. Equivalently, we have

14 v2?
1—wp2?

pi(z) = (0<v<1;zel).

Thus the function f is k(z,0,0) or one of its rotations. The proof of Theorem 8 is evidently
completed.

Remark 4. The second part of the assertion (4.16) can be improved as follows:
3—N[/1 x?
2 2
po |+ {1 =375 (5~ T ) oo
2

and

<2 B-N2-)\ (s3<p<a), (4.22)

where o1 and o9 are given, as before, by (4.17), and

3—-MN/1 =2
— 1.7\ 4.23
T8N (3 36) (4.23)
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Proof. For the values of y prescribed in (4.21), we have

,u,a%—agl—i—{ —%@—;—;)}mm
=G0 {

8 2 242-Mu\ ,
(5+3-25):

672 ) (3= )n2
ey *3m)laly

= 53-02-Y (2<pso),
which establishes (4.21). Similarly, for the values of p prescribed in (4.22), we have
2 3—A /1 b2 9
a3 — as| + {5*__)\ (g + ﬁ) - M} ||
S o 20) (303 H500):
(2420 )

72 3 (3=M\)m?
)2 ,  [242-Np 8 2\,
<CC I tap+ (o - 3) bl

(w3 woe )

=§;2r_2(3—/\)(2— ) (o3 <p<or),

which proves (4.23).

Remark 5. A special case of Theorem 8 when A = 1 would yield a result due to Ma and Minda
[9, p. 280, Theorem 2|. Furthermore, by setting A = 0 in Theorem 8, we readily obtain

Corollary 4. Let the function f, given by (4.1), be in the class SP. Then

(8 [4(2u—-1) 1
8 [den-1) 1 > 6
7r2( 2 3) (12 81)
paj —as| < i? (62 < pu < 61)
T

8 (3 42— 1)
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where, for convenience,

[

_r. (4.24)

5. Coeflicient Bounds for the Inverse Functions of SP,
We first state

Theorem 9. Let the function f, given by (4.1), be in the class SPy. Also let the function f~1,
defined by

U@ =2=F (), (5.1)
be the inverse of f. If
- - 1
FHw)=w+ Zdnw" <|w] < rg; ro > Z) ) (5.2)
n=2
then
4(2 — A
Iy < iﬁ—l O<A<1), (5.3)
2
333 -0 =) (ALY
|ds| < . (5.4)
73(3-NE2-2) (=A<,
and
4-)EB-N2Z-A
jag < GO DEZA - <y, (5.5)
where, for convenience,
216 — 157> 4 (72 — 57%)
= ———— 22 (.0618 - - - d =t 2 () 8043 - - - . 5.6
PL= 00 — 502 wE P 162 — b2 (5.6)
Each of the estimates in (5.3), (5.4), and (5.5) is sharp.
Proof. The relation (5.2) gives
dy = —ag, d3=2a2—as, and dy= —ay+ bagag — 5a3. (5.7)
Thus, making use of (4.4), we get
22— A 42— X
|da| = ——7;’2'“201 S—(—'fr?—) (0<A<1),

in which equality holds true if and only if & is the inverse of k(z,0,1) or one of its rotations.
An application of Theorem 8 (with pu = 2) gives the estimate for |d3|. Since the estimates in
Theorem 8 are all sharp, the bounds on |ds| are also the best possible.
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14
Next, using the expressions for ag, a3, and a4 given by (4.4), (4.5), and (4.6), respectively, we
have
(5 — ) 1 18 /10(2 - \)
dy| = ——o 2oy 21— (227
e = TerE = |73 { = ( 4—x [
2 1 [10(2-2)) 8 30(2—A) [/3(2— ) s
+[45 7r2< 4—\ _1>+7r4{1+ i—x \3—x Ygla
INGEEDY 3
= m |ea — 2y1¢100 + 796, (5.8)
where
(1, 18/ 102-N\) 1/, 1
71_{61_7#(1“ 14— )}_2(1+2ﬂ1> (59)
and
_2 1/ 10Q-N), 8 30@-)) 902-X?
2T g5 T 2 4—\ 7r4 4—x T@A-NE-N
1 1
=3 (1 + By + 2ﬁ2> (5.10)
Thus
12 /10(2 — A) 4
bi=r13 (TX" - 1) ~3 (5:11)
and
1 23 8 [10(2- )
3P E‘ﬁ( 1A —1>
32 30(2—2)  90(2— \)?
— | 1- . 5.12
+7r4< i—x TEa=—NG—N (5:12)

In order for the inequality:
lc;; — 274c109 + 72(:?| <2

of Lemma 4 to be applicable here, we must have |3;| < 2 and |3, < 2. The condition |5;| < 2
(5.13)

simplifies to
,02 g /\ S 17

where p, is given by (5.6). Using the estimates:

2—-X_1 2—-A 1
> = < - <AL
gTazg wd poisg 0=y,
it can be verified that 8, > 0. Thus, in order to show that |8,] < 2, it is sufficient to establish that
4 [10(2—-N) 16 30(2 — M) 90(2 — A\)? 11
—_— 1 — 1= < -, 5.14
( >+7r4< =y Ta-ye-N) 1w (5.14)

T2\ 4- )\
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The left-hand side of the inequality (5.14) can be rewritten as
4 (102-2) [\ [4 (10e-n_\_,
2 4—\ 2 4-— )

(545 (w5 w)

which, for the values of A given by (5.12), is less than or equal to

10 /10 4\% ABB-=2))
81+< ?r"i> 102 -2 (3 —A)

Now it is sufficient to show that

10 10+_4_2 AM3-2) 11
81 72 ) 102-XN)(3—=A) ~ 45

This is equivalent to
[49m2 + 4 (572 + 18)"| A% — [245m* + 6 (574 +18)°] A + 2047 > 0,

which is true for all real values of A. Thus |8,| < 2 for the values of A given by (5.14).

Finally, by applying (4.16), we arrive at (5.5).

In order to establish that our estimates are sharp, we need to find a function f corresponding to
(4.13) with 8y and 3, given as above. One such function is

o= {5 (50 ) 5t

where
LB e
ISR

This completes the proof of Theorem 9.

Remark 6. The choice A = 1 in Theorem 9 gives a recent result of Ma and Minda [9, p. 283,
Theorem 3].
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