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ABSTRACT

This thesis introduces a new strategy of defending the vertices of a graph - secure

paired domination, where guards are required to be paired and, when a vertex is

attacked, one or two guards move to defend the attacked vertex, while keeping the

graph dominated and the guards paired after the move. We propose nine possible

definitions of secure paired domination, compare and contrast each with the others,

and obtain properties and inequalities of the secure paired domination (SPD) num-

bers associated with the definitions. Based on each of the nine definitions, the SPD

numbers of five types of special graphs, namely paths, cycles, spiders, ladders and

grid graphs, are studied.

We then compare the SPD number of an arbitrary isolate-free graph to various

other parameters such as clique partition number, independence number, vertex-

covering number, secure domination number and paired domination number. We
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establish that, for any graph without isolated vertices, its SPD number does not

exceed twice the value of any of its other parameters mentioned above. Also, we give

classes of trees for which some of the bounds are achieved. As conclusion, some open

problems and directions for further studies regarding secure paired domination are

listed.
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Chapter 1

Background of Graph Domination

In recent decades a great amount of effort has been devoted to the study of graph

protection and domination. We begin our discussion of some domination strategies

that are relevant to this thesis by stating a few preliminary definitions.

Let G = (V,E) denote a finite, simple graph. The open neighbourhood N(x) of a

vertex x of G is the set of all vertices adjacent to x, while its closed neighbourhood N [x]

is defined by N [x] = N(x)∪{x}. For X ⊆ V , the open and closed neighbourhoods of X

are defined by N(X) =
⋃
x∈X N(x) and N [X] =

⋃
x∈X N [x], respectively. The private

neighbourhood pn(x,X) (respectively external private neighbourhood epn(x,X)) of

x ∈ X relative to X is defined by pn(x,X) = N [x] − N [X − {x}] (respectively

epn(x,X) = pn(x,X) − {x}). The vertices in pn(x,X) (respectively epn(x,X))

are called the X-pns or private neighbours of x relative to X (respectively X-epns or

external private neighbours of x relative to X). We abbreviate X-epn as epn whenever

the context is clear. Furthermore, a vertex y ∈ X is an X-ipn or internal private

neighbour of x relative to X if N(y) ∩X = {x}. The internal private neighbourhood

ipn(x,X) is the set of all X-ipns of x.

We think of each vertex s of G as a possible location of a guard capable of protect-

ing each vertex in its closed neighbourhood, and “domination” requires every vertex

to be protected. Formally, a dominating set D of G is a subset of V such that every

vertex of G is either in D or adjacent to a vertex in D. The domination number γ(G)
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is the minimum cardinality of a dominating set.

By placing conditions on the nature of the dominating sets and distinguishing

between stationary and mobile guards, several “special” kinds of domination have

been introduced. The research topic of this thesis, secure paired domination, describes

a protection model in which mobile guards work in pairs to protect the vertices of

a graph. The use of mobile guards first occurred in Roman domination, which then

gave rise to weak Roman domination and secure domination. The first use of mobile

guards where guards are not allowed to be isolated from one another occurred in

secure total domination.

To place secure paired domination in perspective, this chapter contains the defi-

nitions, background, and a selection of noticeworthy results regarding Roman dom-

ination, weak Roman domination, secure domination, total domination, secure total

domination, and paired domination.

1.1 Roman Domination and

Weak Roman Domination

1.1.1 Roman Domination

The mathematical concept of Roman domination is the oldest known type of domi-

nation in which mobile guards are used, and has its historical roots in the time of the

ancient Roman Empire [1, 32, 33]. According to ancient history, Rome was founded

by Romulus and Remus in 760 – 750 before the Common Era (BCE) on the banks of

the Tiber in central Italy. It was a country town whose power gradually grew until

it was the centre of a large empire. The expansion of Roman power was due to a

variety of political, military, geographical, and economic factors.

In the third century of the Common Era (CE), Rome dominated not only Europe,

but also North Africa and the Near East. The Roman army at that time was strong

enough to use a forward defense strategy, deploying an adequate number of legions
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to secure on-site every region throughout the empire. However, the Roman Empire’s

power was greatly reduced over the following hundred years. By the fourth century

CE, only twenty-five legions of the Roman army were available, which made a forward

defense strategy no longer feasible.

According to E. N. Luttwak, The Grand Strategy of the Roman Empire, as cited in

[33], to cope with the reducing power of the Empire, Emperor Constantine (Constan-

tine The Great, 274-337 CE) devised a new strategy called a defense in depth strategy,

which used local troops to disrupt invasion. He deployed mobile Field Armies (FAs),

units of forces consisting of roughly six legions powerful enough to secure any one of

the regions of the Roman Empire, to stop and throw back the intruding enemy, or

to suppress insurrection. By the fourth century CE there were only four FAs avail-

able for deployment, whereas there were eight regions to be defended (Britain, Gaul,

Iberia, Rome, North Africa, Constantinople, Egypt and Asia Minor) in the empire.

Symbolically, regions are represented as dots, and movement along a line (edge)

between regions represents a “step”. An FA is capable of deploying to protect an

adjacent region only if it moves from a region where there is at least one other FA

to help launch it. We call a region secured if it has one or more FAs stationed in it

already, and a region is considered securable if an FA can reach it in one step. The

challenge that Emperor Constantine faced was to place four FAs to positions in the

eight regions of the empire. Constantine decided to place two FAs in Rome and an-

other two FAs in Constantinople, making all regions either secured or securable – with

the exception of Britain, which could only be secured after at least four movements

of FAs.

It is mentioned in [1, 33, 35] that Constantine’s “defense in depth” strategy was

adopted during World War II by General Douglas MacArthur. When conducting

military operations in the Pacific theatre, he pursued a strategy of “island-hopping”

– moving troops from one island to a nearby one, but only when he could leave behind

a large enough garrison to keep the first island secure. The efficiency of Constantine’s

strategy under different criteria, and ways in which it can be improved, were also
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discussed in these three articles.

The Roman domination problem can be formalized as follows. A Roman dom-

inating function on a graph G = (V,E) is a function f : V → {0, 1, 2} satisfying

the condition that every vertex u for which f(u) = 0 is adjacent to at least one

vertex v for which f(v) = 2. The weight of a Roman dominating function is the

value f(V ) =
∑

u∈V f(u). The minimum weight of a Roman dominating function of

a graph G is called the Roman domination number of G, denoted by γR(G).

Some general graph theoretic properties of this parameter is studied in [6], sum-

marized as follows:

Proposition 1.1. [6] For any graph G with order n and maximum degree ∆,

(i) γ(G) ≤ γR(G) ≤ 2γ(G),

(ii) γ(G) = γR(G) if and only if G = Kn,

(iii) 2n/(∆ + 1) ≤ γR(G) ≤ n(2 + ln(1+δ(G)
2

))/(1 + δ(G)).

Furthermore, some specific values of Roman domination numbers are given in

[6], such as the Roman domination numbers for paths and cycles, complete n-partite

graphs, and 2 × n grid graphs. Characterizations are also given for graphs with

γR(G) = γ(G) + 2, trees with γR(T ) = γ(T ) + 1, and γR(T ) = γ(T ) + 2.

For an integer t, a wounded spider is a star K1,t with at most t − 1 of its edges

subdivided exactly once. Similarly, for an integer t ≥ 2, a healthy spider is a star

K1,t with all of its edges subdivided exactly once. In a wounded spider, the vertex of

degree t is called the head vertex, and the vertices that are distance two from the head

vertex are the foot vertices. Both vertices in P2 are considered to be head vertices,

and in the case of P4, both end vertices are considered foot vertices whereas the two

central vertices are head vertices.

Proposition 1.2. [6]

(i) If G is a connected graph of order n, then γR(G) = γ(G) + 1 if and only if there

is a vertex v ∈ V of degree n− γ(G).
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(ii) If T is a tree on two or more vertices, then γR(T ) = γ(T ) + 1 if and only if T

is a wounded spider.

Proposition 1.3. [6] If G is a connected graph of order n, then γR(G) = γ(G) + 2 if

and only if

(i) G does not have a vertex of degree n− γ(G), and

(ii) either G has a vertex of degree n − γ(G) − 1, or G has two vertices v and w

such that |N [v] ∪N [w]| = n− γ(G) + 2.

Proposition 1.4. [6] If T is a tree of order n ≥ 2, then γR(T ) = γ(T ) + 2 if and

only if either

(i) T is a healthy spider or

(ii) T consists of a pair of wounded spiders T1 and T2, not both isomorphic to P2,

with a single edge joining v ∈ V (T1) and w ∈ V (T2), subject to the following

conditions:

(a) if either tree is a P2, then neither vertex in P2 is joined to the head vertex

of the other tree,

(b) v and w are not both foot vertices.

Can Propositions 1.2 and 1.3 be generalized to produce a characterization of

graphs for which γR(G) = γ(G) + k? This question, which is left as an open problem

in [6], is answered in [36]:

Theorem 1.5. [36] Let G be a connected graph of order n and domination number

γ(G) ≥ 2. If k is an integer such that 2 ≤ k ≤ γ(G), then γR(G) = γ(G) + k if and

only if

(i) for any integer s with 1 ≤ s ≤ k − 1, G does not have a set Ut of t (1 ≤ t ≤ s)

vertices such that |
⋃
v∈Ut

N [v]| = n− γ(G)− s+ 2t, and
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(ii) there exists an integer l with 1 ≤ l ≤ k such that G has a set Wl of l vertices

such that |
⋃
v∈Wl

N [v]| = n− γ(G)− s+ 2l.

It is stated in Proposition 1.1 that the Roman domination number of any graph

G is bounded above by twice its domination number. We call graphs which achieve

this bound Roman graphs. A characterization of Roman trees is given in [19]: a tree

is a Roman tree if and only if it can be obtained from a star K1,r, r ≥ 1, by a finite

number of applications of three operations. The detailed statement of the theorem is

rather technical, so we omit it for brevity.

Research has also been done on Roman domination in regular graphs. The cir-

culant Cn 〈S〉, where S ⊆ {1, . . . , bn/2c}, is the graph with vertex set V (Cn 〈S〉) =

{0, 1, ..., n−1} and edge set E(Cn 〈S〉) = {ij : 0 ≤ i, j ≤ n−1 and i−j ≡ ±s (mod n)

for some s ∈ S}.

In [14] the authors gave some new classes of Roman graphs.

Theorem 1.6. [14] The circulants Cn 〈1, 3〉 are Roman for n ≥ 7 and n 6≡ 4 (mod 5).

The circulants Cn 〈{1, 2, . . . , k}〉 are Roman for n ≥ 4 (n 6= 2k), 2 ≤ k ≤ bn
2
c, and

n 6≡ 1 (mod (2k + 1)).

Theorem 1.7. [14] For n ≡ 0 (mod 4) and 0 ≤ k ≤ 1
2

(
bn−3

2
c
)
, the generalized

Petersen graph P (n, 2k + 1) is Roman. Also, P (n, 1) is Roman for n ≥ 3 and n 6≡ 2

(mod 4), and P (n, 3) is Roman for n = 11, or n ≥ 7 and n 6≡ 3 (mod 4).

Theorem 1.8. [14] For n ≥ 1, m ≥ 1, the Cartesian product C5m � C5n is Roman.

1.1.2 Weak Roman Domination

Weak Roman domination, an alternative defense strategy with the potential of saving

Emperor Constantine the Great substantial costs of maintaining legions while still

defending the Roman Empire, is introduced in [22].

In the language of graph theory, let f : V → {0, 1, 2} be a function defined on a

graph G = (V,E). A vertex v with f(u) = 0 is said to be undefended with respect
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to f if it is not adjacent to a vertex with positive weight. The function f is a weak

Roman dominating function (WRDF ) if each vertex u with f(u) = 0 is adjacent to

a vertex v with f(v) > 0 such that the function f ′ : V → {0, 1, 2}, defined by

f ′(u) = 1, f ′(v) = f(v)− 1 and f ′(w) = f(w) if w ∈ V − {u, v}

has no undefended vertex. Similar to Roman domination, the weight of f is w(f) =∑
v∈V f(v). The weak Roman domination number, denoted by γrG, is the minimum

weight of a WRDF in G.

In [22] the authors compare γ(G), γr(G) and γR(G), determine weak Roman

domination numbers for some special classes of graphs. They characterize graphs with

weak Roman domination numbers equal to their domination numbers, and forests that

have weak Roman domination numbers equal to twice their domination numbers.

Theorem 1.9. [22] For any graph G,

γ(G) ≤ γr(G) ≤ γR(G) ≤ 2γ(G).

Proposition 1.10. [22] For n ≥ 4 (n ≥ 1 for Pn),

γr(Pn) = γr(Cn) = d3n
7
e.

Theorem 1.11. [22] For any graph G, γ(G) = γr(G) if and only if G has a minimum

dominating set S such that for every vertex u ∈ V (G)−S there exists a vertex v ∈ S

such that epn(v, S) ∪ {u, v} induces a clique.
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1.2 Secure Domination, Total Domination and Se-

cure Total Domination

1.2.1 Secure Domination

A new concept – secure domination – that can be used when it is not possible to

station two guards on the same vertex, is brought to attention in [8]. The set X ⊆ V

is a secure dominating set (SDS) of the graph G = (V,E) if for each u ∈ V −X there

exists v ∈ N(u)∩X such that (X − {v})∪ {u} is a dominating set. Thus we place a

guard on each vertex in X, and each unoccupied vertex u is adjacent to an occupied

vertex v such that if the guard on v moves to u, the resulting set of occupied vertices

is a dominating set. We say that v X-defends u, or simply v defends u if the set X

is unimportant or clear from the context.

The minimum cardinality of an SDS is called the secure dominating number of G

and denoted by γs(G). If X is dominating, let SX = {v ∈ X : X−{v} is dominating}

and for u ∈ V −X, let A(u,X) = {v : v X-defends u}. Using these definitions, the

authors established some properties of SDSs in [8]

Proposition 1.12. [8] Let X be a dominating set of G. Vertex v ∈ X defends

u ∈ V −X if and only if epn(v,X) ∪ {u, v} induces a clique.

Theorem 1.13. [8] An SDS X is minimal if and only if for each s ∈ SX with

N(s) ∩ SX 6= ∅, there exists us ∈ V − X such that, for each v ∈ A(us, X) − {s},

either

(i) there exists w ∈ V −X such that N(w) ∩X = {v, s} and us /∈ N(w), or

(ii) N(s) ∩X = {v} and us ∈ N(v)−N(s).

Furthermore, bounds and/or special values for γs for some classes of graphs are

obtained in [8]. We summarize them below. Unless otherwise indicated we denote the

order of a graph by n and its minimum and maximum degrees by δ and ∆ respectively.
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Proposition 1.14. [8] (i) γs(G) ≥ n(2∆− 1)/(∆2 + 2∆− 1) if G is triangle-free;

(ii) γs ≥ n(2∆− 3)/(∆2 + 2∆− 5) if G is K4-free;

(iii) γs(Pn) = γs(Cn) = d3n
7
e;

(iv) γr(Pm � Pk) ≤ γs(Pm � Pk) ≤ dmk3 e+ 2, where m, k ≥ 1;

(v) γr(Cm � Ck) ≤ γs(Cm � Ck) ≤ dmk3 e, where m, k ≥ 1;

(vi) γs(Cm � Ck) ≥ 7mk
23

.

More bounds of γs in other classes of graphs are established in [7]. We denote the

independence number of a graph G by β(G). It is shown in [7] that

Theorem 1.15. [7] If G is claw-free, then

(i) γr(G) = γs(G) ≤ 2γ(G);

(ii) γs(G) ≤ 3
2
β(G); further, γs(G) ≤ β(G) if G is also C5-free;

(iii) γs(G) ≤ 3n/(δ(G) + 3); further, γs(G) ≤ 2n/(δ(G) + 2) if G is also C5-free.

Theorem 1.16. [7] Let G be a Kt-free graph. Then

γs(G) ≥ n(2∆− 2t+ 5)/((∆ + 1)2 − (t− 1)(t− 2)),

and the bound is sharp.

A graph G is said to be γ-excellent if each vertex of G is contained in some

minimum dominating set of G. In 2005, along with some other interesting properties

and characterization of γ-excellent trees, a constructive characterization of (γ, γs)-

trees, i.e., trees with equal domination and secure domination numbers, is obtained

in [28]. Let l be a leaf and v be any vertex of a tree. The path vx1...xkl is called an

endpath if deg xi = 2 for each i. A vertex of a tree of order at least three that is

adjacent to a leaf is called a support vertex. We denote the set of leaves and support

vertices of T by L(T ) and S(T ), respectively.
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Theorem 1.17. [28] A tree T is γ-excellent if and only if T ∈ {K1, K2} ∪Υ, where

Υ is the class of all trees obtained from P4 by a finite sequence of Operations O1 -

O4, defined as follows:

O1. Join a support vertex of T ′ ∈ Υ to a vertex of P2.

O2. Join a vertex v of T ′ ∈ Υ that lies on an endpath vxz to a vertex of P2.

O3. Join a vertex v of T ′ ∈ Υ that lies on an endpath vx1x2z to a leaf of P3.

O4. Join a leaf of T ′ ∈ Υ to a leaf of P3.

The next result requires the definition of two new operations on a tree T , in

addition to the four above.

O5. Join a support vertex of T to a vertex of P5.

O6. Join a vertex v which lies on an endpath vx1 . . . x3z to a vertex of P2.

Let S be the class of all trees obtained from P4 or P7 by a finite sequence of

Operations O1-O3, O5, O6.

Theorem 1.18. [28] The tree T is a (γ, γs)-tree if and only if T ∈ {K1, K2} ∪ S.

1.2.2 Total Domination and Secure Total Domination

For a graph G = (V,E), a set S ⊆ V is a total dominating set if
⋃
s∈S N(s) = V (G).

The total domination number is the minimum cardinality of a total dominating set of

G, and is denoted by γt(G). A new protection strategy, called secure total domination,

is introduced in [3]. A set S ∈ V is said to be a secure total dominating set (STDS )

if S is both a total dominating set and a secure dominating set. The minimum

cardinality of an STDS of G is called the secure total domination number, denoted by

γst(G).

Properties of secure total domination in general graphs are established in [3]. The

value of γst(Pn) and a lower bound for γst for n-vertex forests with maximum degree

∆ are also determined. These main results are summarized below.
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Proposition 1.19. [3] Let X be a TDS of G. The vertex v X-defends u if and only

if epn(v,X) = ∅ and ipn(v,X) ⊆ N(u).

Theorem 1.20. [3] For any graph G, γst(G) = n if and only if V − S(T ) is an

independent set.

Theorem 1.21. [3] γst(Pn) = d5(n− 2)/7e+ 2.

Theorem 1.22. [3] If G is an n-vertex forest with ∆ ≥ 3, then

γst(G) ≥ 4∆n+ 4∆− 3n− 4

6∆− 5
,

and this bound is sharp.

Our knowledge of bounding γst is extended in [27], where it is shown that γst(G)

is at most twice the clique partition number θ(G) of G, and less than three times

the independence number. It is also shown that these bounds are sharp, with the

exception of the bound involving the independence number. For n ≥ 1, let J2,n

be the graph obtained from K2,n by joining the two vertices of degree n (or two

nonadjacent vertices of C4 if n = 2).

Theorem 1.23. [27] For any graph G with δ(G) ≥ 2, γs(G) ≤ γst(G) ≤ 2γs(G), and

both bounds are sharp.

Theorem 1.24. [27] If G is connected, then γst(G) = γt(G) if and only if γst(G) = 2,

i.e., if and only if G = K2 or J2,n is a spanning subgraph of G for some n ≥ 1.

Theorem 1.25. [27] For all graphs G without isolated vertices, γst(G) ≤ 2θ(G) and

the bound is sharp.

Theorem 1.26. [27] For all graphs G without isolated vertices, γst(G) ≤ 3β(G)− 1;

further, if β(G) = 2, then γst(G) ≤ 4.
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1.3 Paired Domination

The domination strategies in the previous sections all involve mobile guards. We now

discuss a strategy where only stationary guards are used, and where the guards work

in pairs. This concept is called paired domination and was introduced in [18]. For a

graph G, a matching M of G is a set of non-adjacent edges of G, and called a perfect

matching if it contains every vertex of G as an end-vertex. For paired domination,

each guard is adjacent to another one and the two guards act as backups for each

other. Thus, a paired dominating set of a graph G is a set S such that the subgraph

of G induced by S contains a perfect matching. The minimum cardinality of a paired

dominating set is the paired domination number γpr(G).

For a graph G, we define the independent domination number i(G) as the mini-

mum number of vertices in a maximal independent set. For the corresponding edge

parameters, let i1(G) and β1(G) denote the minimum and maximum cardinalities of

maximal independent edge sets.

Some basic results relevant to paired dominations are given in [17]. We summarize

them as follows.

Theorem 1.27. [17] If G has no isolated vertices, then

(i) γ(G) ≤ γt(G) ≤ γpr(G) ≤ 2γ(G) ≤ 2i(G),

(ii) γ(G) ≤ 2i1(G) ≤ 2β1(G),

(iii) γpr(G) ≤ 2γt(G)− 2, and

(iv) given positive integers a ≤ b ≤ c such that c is even, c ≤ 2a, and c ≤ 2b − 2,

there exists a graph G having γ(G) = a, γt(G) = b, and γpr(G) = c.

Theorem 1.28. [17] If G has no isolated vertices and |V (G)| = n, then

(i) γpr(G) ≥ n/∆(G), and

(ii) 2 ≤ γpr(G) ≤ n with γpr(G) = n if and only if G = mK2.
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Theorem 1.29. [17] If G is a connected graph on n ≥ 6 vertices and δ(G) ≥ 2, then

γpr(G) ≤ 2n/3.

Motivated by a model different from “assigning guards so that each one has a

back-up”, the subject of paired domination is considered by Haynes and Slater [18].

Further, Fitzpatrick and Hartnell [13] focus on graphs that have a maximal match-

ing whose end vertices form a minimum paired-dominating set, and give a complete

characterization of graphs with this property that do not contain leaves (vertices of

degree one) and with girth no less than seven.

Let G denote the leafless graphs of this type that have girth at least seven. Define

the infinite family of graphs F to be the set of those graphs H that can be obtained

from three nonempty sets of parallel edges, {urvr : r = 1, . . . , k}, {wsxs : s = 1, . . . , l},

and {ytzt : t = 1, . . . ,m}, by connecting each of the pairs of vertices (vr, ws), (xs, yt),

(zt, ur) with a path of length two. The desired characterization follows.

Theorem 1.30. [13] A graph G is in G if and only if G is also in F .

In [30], a linear-time algorithm for computing the paired domination number of

trees is presented. Furthermore, trees with equal domination and paired domination

numbers are characterized, as stated in the following theorem. If D is a paired

dominating set of a graph such that |D| = γpr(G), we also call D a γpr-set.

Theorem 1.31. [30] For a tree T , γ(T ) = γpr(T ) if and only if T ∈ T , where T is

the class of all trees that can be obtained from P4 by a finite sequence of the following

four types of operations:

• Type 1: Attach a path P1 to a vertex of T ′ ∈ T that is in a γpr-set of T ′.

• Type 2: Attach a P5 to a vertex v of T ′ ∈ T , where v is in a γpr-set of T ′

and for every minimum dominating set X of T ′, there is no vertex u such that

pn(u,X) = v in T .
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• Type 3: Attach a support vertex of P4 to a vertex v of T ′ ∈ T , where v is a

vertex such that for every minimum dominating set X of T ′, there is no vertex

u such that pn(u,X) = v in T .

• Type 4: Let T1 be a tree with V (T1) = {u0, u1, u2, u3, u4} and E(T1) = {u0u1, u1u2, u1u3, u2u4}.

Attach a vertex u0 of T1 to a vertex of T ′ ∈ T .

A series of characterizations of trees whose paired domination numbers satisfy

various properties are then established, with some of them improved, over the follow-

ing years. In [16], trees with equal domination and paired domination numbers are

characterized by using simpler labelings than those used in [30].

Constructive characterizations of trees with equal total domination and paired

domination numbers, and of trees for which the paired domination number is equal

to twice the matching number, are given in [34]. Like the characterization for (γpr, γ)-

trees, a simpler characterization for (γpr, γt)-trees, which categorizes the vertices into

four classes, is given in [21].

It is known that the paired domination number of G is bounded above by twice the

domination number of G. In [15],a constructive characterization of the trees attaining

this bound is established. Other characterizations of the same family of trees are

given in [24] and [25], the former using the fact that the trees with paired-domination

number twice their domination number are precisely the trees with 2-packing number

equal to their 3-packing number, where the k-packing number ρk of G is the maximum

cardinality of a set of vertices that are pairwise at distance greater than k apart (i.e.

a k-packing of G).

In addition to the results mentioned above, various results regarding the paired

domination numbers of graphs (special graphs) are also established. These results

can be found in [11], [31], [20], [5], [2]:

Theorem 1.32. [11] Let G be a connected cubic graph of order n. If

1. G is (K1,3, K4 − e, C4)-free, then γpr(G) ≤ 3n/8;
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2. G is (K1,3, K4 − e)-free, then γpr(G) ≤ 2n/5;

3. G is K1,3-free, then γpr(G) ≤ n/2,

and all these bounds are sharp.

Moreover, the extremal graphs in all these three cases are characterized in [11].

Theorem 1.33. [31] Let T be a tree with order n and l leaves. Then

γpr(T ) ≥ (n+ 2− l)/2,

and the bound is sharp.

Trees which attain this bound are characterized.

Theorem 1.34. Let G be a connected graph with order n ≥ 14, then

γpr(G) ≤ 2

3
(n− 1),

and the bound is sharp.

Graphs attaining this upper bound are characterized. This result is an improve-

ment to the upper bound of 2
3
n, which is given in [17].

Theorem 1.35. [5] For a cubic graph G of order n,

γpr ≤ 3n/5,

Theorem 1.36. [2] For a graph G, γpr(G) ≥ 2ρ3(G).

The authors prove, in [2], by induction that the inequality holds for nontrivial

trees. They also show that

Theorem 1.37. [2] For graphs G, H,

γpr(G �H) ≥ max{γpr(G)ρ3(H), γpr(H)ρ3(G)}.
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Corollary 1.38. [2] If a graph G satisfies γpr(G) = 2ρ3(G), then for any other graph

H,

γpr(G �H) ≥ 2γpr(G)γpr(H).

For a graph G, the girth of G, denoted by g(G), is the length of the shortest cycle in

G. Paired domination number of graphs are further studied in [4], where several upper

bounds of the parameter are presented in terms of the maximum degree, minimum

degree, girth and order.

Theorem 1.39. [4] If G is a connected graph of order n with minimum degree δ ≥ 2

and girth g(G) ≥ 6, then

γpr(G) ≤ 2

3
(n− (δ − 1)(δ − 2)/2).

Theorem 1.40. [4] If G is a connected graph of order n with minimum degree δ ≥ 3

and girth g(G) ≥ 6, then

γpr(G) ≤ 2

3
(n+ 1−∆).

Theorem 1.41. [4] If G is a connected graph of order n with minimum degree δ ≥ 3,

then

γpr(G) ≤ 2n

3
− g(G)

6
+

5

6
.

A graph G with no isolated vertex is paired domination vertex (edge) critical if

for any vertex v of G (for any edge e of G) that is not adjacent to a vertex of degree

one, γpr(G − v) < γpr(G) (γpr(G − e) < γpr(G)). We call these graphs γpr-vertex

(edge)-critical. Criticality of graphs with respect to paired domination was studied,

for example, in [23] and [26].

In the rest of this thesis we discuss strategies where the pairs of guards in a PDS

become mobile to protect unoccupied vertices. We shall see that there are several

possible types of guard movements that lead to slightly different protection strategies

and different secure paired domination numbers.
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Chapter 2

Definitions and Existence of

Secure Paired Dominating Sets

2.1 Introduction

We introduce a new strategy of domination – secure paired domination, which com-

bines the advantages of both secure domination and paired domination. We propose

nine possible definitions of this concept and compare the definitions pairwise, ob-

taining properties of and inequalities between the secure paired domination numbers

associated with the definitions.

2.2 Definitions

Let G be a graph with vertex set V (G) and edge set E(G), and let M be a matching.

We denote the set of end-vertices of all the edges in M by V (M). If u, v are the

end-vertices of an edge in M , then u is called the M-partner of v. Let D be a paired

dominating set of G, then for a vertex v ∈ D, we define the D-partner of u (or p(u)

whenever the context is obvious) to be the M -partner of u, denoted by p(u,D).

Recall that one can think of secure domination in the following way: Place guards

on each vertex of an SDS D of G. An intruder attacks G at a vertex. If the vertex
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is in D, then the guard stationed at the vertex defends the graph against the attack.

If the vertex is not in D, then there is a guard at an adjacent vertex and this guard

runs along the edge to the vertex to defend the graph against the attack.

Question 2.1. How do we define secure paired domination?

Note that we cannot just require that a single guard runs to an adjacent vertex

to guard against the attack, because in this case not every graph (without isolated

vertices) has a secure paired dominating set. Stars have only one type of PDS, and if

only one guard moves along an edge, we do not get a PDS. But if both guards move,

we do get a PDS of the same type. The graph in Figure 2.1 has two types of PDS’s:

one set with one pair of guards and the other with two. In the first set, if one or both

guards move, the resulting set is not a PDS. In the second case, if one guard moves,

the resulting set is not a PDS, but if both guards from the same pair move, another

PDS is formed.

Figure 2.1: A graph with two types of PDS’s. Only the set on the right is an SPDS.

We consider nine possible definitions of secure paired dominating sets, make some

basic observations and remarks, and compare and contrast each with the others.

In Definition 2.1 only a single guard moves. In each even numbered definition,

two guards move, and in each subsequent odd numbered definition there is the option

of the previous two-guard move or the single guard move of Definition 2.1.

Definition 2.1. A PDS D of a graph G is a 1-secure paired dominating set (1-

SPDS ) if for each v ∈ V (G) − D, there exist a perfect matching M of 〈D〉 and an

edge uw ∈M such that

• v is adjacent to u and
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• D − {w} ∪ {v} is a PDS of G.

Definition 2.2. A PDS D of a graph G is a 2-secure paired dominating set (2-

SPDS ) if for each v ∈ V (G) − D, there exist a perfect matching M of 〈D〉 and an

edge uw ∈M such that

• v is adjacent to w and

• D′ = (D − {u}) ∪ {v} is a PDS of G.

According to this definition, the guard on w moves along the edge wv to v, and the

guard on u moves along uw to w to form a new PDS D′, where M ′ = (M−uv)∪{vw}

is a matching of 〈D′〉.

Definition 2.3. A PDS D of a graph G is a 3-secure paired dominating set (3-SPDS )

if for each v ∈ V (G)−D,

(a) there exist a perfect matching M of 〈D〉 and an edge uw ∈M such that

• v is adjacent to w and

• (D − {u}) ∪ {v} is a PDS of G, or

(b) there exists u ∈ D such that

• v is adjacent to u and

• (D − {u}) ∪ {v} is a PDS of G.

In the second case, the guard on the vertex u moves to v and the resulting set is

a PDS – for example, this is possible in C5 but not in C6. Thus Definition 2.3 is a

combination of Definitions 2.1 and 2.2.

Definition 2.4. A PDS D of a graph G is a 4-secure paired dominating set (4-SPDS )

if for each v ∈ V (G) −D, there exist a perfect matching M of 〈D〉, a vertex x 6= v,

and an edge uw ∈M such that

• {vw, vx, ux} ⊆ E(G) and
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• (D − {u,w}) ∪ {v, x} is a PDS of G.

Note that if x = w, then we have the same move as in Definition 2.2. Here the

guard on u moves along ux to x, the guard on w moves along wv to v to form D′,

and M ′ = (M − uw) ∪ {vx} is a matching of D′.

Definition 2.5. A PDS D of a graph G is a 5-secure paired dominating set (5-SPDS )

if for each v ∈ V (G)−D,

(a) there exist a perfect matching M of 〈D〉, a vertex x 6= v, and an edge uw ∈M

such that

• vw, vx, ux ∈ E(G) and

• (D − {u,w}) ∪ {v, x} is a PDS of G, or

(b) there exists u ∈ D such that

• v is adjacent to u and

• (D − {u}) ∪ {v} is a PDS of G.

Definition 2.5 is a combination of Definitions 2.1 and 2.4.

Definition 2.6. A PDS D of a graph G is a 6-secure paired dominating set (6-SPDS )

if for each v ∈ V (G)−D, there exist a vertex x 6= v and vertices u,w ∈ D such that

• uw, vw, vx, ux ∈ E(G) and

• (D − {u,w}) ∪ {v, x} is a PDS of G.

In this move the two moving guards do not need to be on matched vertices of the

PDS before or after the move, but we do require the locations of the guards to be

adjacent.

Definition 2.7. A PDS D of a graph G is a 7-secure paired dominating set (7-SPDS )

if for each v ∈ V (G)−D,

(a) there exist a vertex x 6= v and vertices u,w ∈ D such that
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• uw, vw, vx, ux ∈ E(G) and

• (D − {u,w}) ∪ {v, x} is a PDS of G, or

(b) there exists u ∈ D such that

• v is adjacent to u and

• (D − {u}) ∪ {v} is a PDS of G.

Again, Definition 2.7 is a combination of Definitions 2.1 and 2.6.

Definition 2.8. A PDS D of a graph G is an 8-secure paired dominating set (8-

SPDS ) if for each v ∈ V (G) − D, there exist a vertex x 6= v and vertices u,w ∈ D

such that

• vw, ux ∈ E(G) and

• (D − {u,w}) ∪ {v, x} is a PDS of G.

For this strategy the moving guards do not need to be on adjacent vertices before

or after the move.

Definition 2.9. A PDS D of a graph G is a 9-secure paired dominating set (9-SPDS )

if for each v ∈ V (G)−D,

(a) there exist a vertex x 6= v and vertices u,w ∈ D such that

• vw, ux ∈ E(G) and

• (D − {u,w}) ∪ {v, x} is a PDS of G, or

(b) there exists u ∈ D such that

• v is adjacent to u and

• (D − {u}) ∪ {v} is a PDS of G.

Like the other odd-numbered definitions, Definition 2.9 is a combination of Defi-

nition 2.1 and the preceding even-numbered definition.
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Definition 2.10. The i-th secure paired domination number γ
(i)
spr(G) is the smallest

cardinality of an i-SPDS of G, i = 1, . . . , 9.

We now investigate the following questions.

Question 2.2. Which of these definitions – if any – give equivalent moves?

Question 2.3. Which of these definitions give different moves, but equal secure paired

domination numbers?

Question 2.4. For which of these definitions does γ
(i)
spr(G) exist for all graphs without

isolated vertices?

2.3 Existence of Secure Paired Domination Num-

bers

We consider Definitions 2.2 to 2.9. They have a trivial hierarchical relationship which

we state below.

Observation 2.1. Definition 2.2 is a special case of Definition 2.4, which is a special

case of Definition 2.6, which is a special case of Definition 2.8. Definition 2.3 is a

special case of Definition 2.5, which is a special case of Definition 2.7, which is a

special case of Definition 2.9.

Note that γ
(1)
spr does not exist for all graphs without isolated vertices – for example,

P3 does not have a 1-SPDS. We now show that γ
(i)
spr(G) exists for all isolate-free graphs

for 2 ≤ i ≤ 9. This result answers Question 2.4.

Proposition 2.2. For each integer 2 ≤ i ≤ 9, γ
(i)
spr(G) exists for all graphs G without

isolated vertices.

Proof. It suffices to show that γ
(2)
spr(G) exists for any graph without isolated vertices,

because Definition 2 is a special case of all the other definitions.
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Let G be a graph without isolated vertices. Let M be a maximum matching

of G, and let D denote the set of vertices that are matched by M . Say D =

{v1, u1, v2, u2, . . . , vi, ui, ..., vm, um}, where vi and ui are the two end-vertices of the

same edge in M . Obviously D pairwise dominates V (G). We show that D is secure.

Note that the two end-vertices of an edge uivi ∈ M cannot have different neigh-

bours in V (G)−D. Otherwise, suppose vi is adjacent to w, and ui to x, respectively.

Then M ′ = (M − {uivi}) ∪ {viw, uix} is a matching of G with |M ′| > |M |; a contra-

diction.

To show that D is a secure paired dominating set (SPDS) of G, suppose there is

an attack at a vertex v /∈ D, where v is adjacent to vi. Then D′ = {D−ui}∪{v} is a

paired dominating set (DS) of G, since ui has no neighbours outside D′ (when both

ui and vi are adjacent to v, v is the only neighbour of ui or vi, so D′ is still a PDS).

It also follows that γ
(2)
spr(G) ≤ |D| = 2|M |, and so γ

(i)
spr(G) ≤ γ

(2)
spr(G) ≤ 2|M |.

We give a necessary and sufficient condition for the existence of γ
(1)
spr(G), where G

is a graph without isolated vertices.

Proposition 2.3. For a graph G without isolated vertices, γ
(1)
spr(G) exists, with D a

1-SPDS of G, if and only if G has a matching M such that D = V (M) and any v ∈

V (G)−D is contained in a cycle C = v, u1, ..., u2r, v, where {u1u2, u3u4, ..., u2r−1u2r} ⊆

M .

Proof. Suppose there exists a matching M of G satisfying the given conditions. We

show that D = V (M) is a 1-SPDS of G. If M is a perfect matching, we are done;

otherwise, consider any v ∈ V (G) − D, which is contained in an odd cycle C as

described. It is obvious that v is dominated. If there is an attack on v, consider

D′ = (D − {u2r}) ∪ {v} with M ′ = (M − E(C)) ∪ {vu1, u2u3, ..., u2r−2u2r−1}. Then

D′ is a PDS of G. Consequently, D is a 1-SPDS of G, and thus γ
(1)
spr(G) exists.

Conversely, suppose γ
(1)
spr(G) exists and let D be a 1-SPDS of G with M any

associated matching. If |D| = |V (G)|, then M is a perfect matching of G and there

is nothing more to prove.
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If |D| < |V (G)|, then let v be an arbitrary vertex in V (G)−D. Let u be a vertex

in D that D-defends v. Let D′ = (D−{u})∪{v}, which is a PDS of G with matching

M ′, formed after the guard on u has moved to v. Let u2 be the M -partner of u = u1

in D. Since u /∈ D′, u2 has a new partner in D′, say u3. If u3 = v, we are done

because then v, u1, u2 forms a triangle that satisfies the statement of the proposition.

If not, then by definition of D′, u3 ∈ D. Consider the M -partner u4 of u3; it has an

M ′-partner, which we call u5. If u5 = v, we are done because then v, u1, u2, u3, u4

is a 5-cycle such that {u1u2, u3u4} ⊆ M ; otherwise, repeat the procedure to find

u5, . . . , u2r+1, where u2r+1 = v; such an index 2r + 1 exists because G is finite. Then

C = v, u1, u2, . . . , u2r, v is a cycle of G such that {u1u2, u3u4, ..., u2r−1u2r} ⊆ M and

the conditions are satisfied.

Note that if γ
(1)
spr(G) exists, then G may have minimal 1-SPDS’s D and D′ such

that |D| 6= |D′|. See Figure 2.2 for an example.

Figure 2.2: A graph G with minimal 1-SPDS’s of different cardinalities

Since the class of SPDS’s defined by Definitions 2.3 (2.5, 2.7, 2.9) is the union of

the classes defined by Definition 2.2 (2.4, 2.6, 2.8, respectively) and Definition 2.1,

we conclude the following:

Corollary 2.4. For any bipartite graph G, γ
(i)
spr(G) = γ

(i+1)
spr (G) for each i = 2, 4, 6, 8.

Proof. We prove γ
(2)
spr = γ

(3)
spr for any bipartite graph G, and the remaining cases can

be proved similarly.
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Suppose there exists a bipartite graph G such that γ
(3)
spr(G) < γ

(2)
spr(G). Let D be a

minimum 3-SPDS of G. If D securely pairwise defends G with only the moves defined

in Definition 2.2, then D is a 2-SPDS of G, which leads to a contradiction. Otherwise,

there exists v ∈ V (G)−D that is defended with the move defined in Definition 2.1,

by some u ∈ D. It follows from Proposition 2.3 that G contains an odd cycle, which

again is a contradiction.

2.4 Comparison of Different

Secure Paired Domination Numbers

Next, our attention shifts to the comparison of γ
(2)
spr(G) to γ

(9)
spr(G). Observation 2.1

immediately implies the following result.

Corollary 2.5. For any graph G without isolated vertices,

γ
(2)
spr(G) ≥ γ

(4)
spr(G) ≥ γ

(6)
spr(G) ≥ γ

(8)
spr(G), and

γ
(3)
spr(G) ≥ γ

(5)
spr(G) ≥ γ

(7)
spr(G) ≥ γ

(9)
spr(G).

We compare each pair of the eight different definitions, giving proofs if two defini-

tions give the same secure paired domination (SPD) number for all graphs, otherwise

providing graphs which have different SPD numbers. We start with Definitions 2.2

and 2.3.

Proposition 2.6. For any graph G without isolated vertices, γ
(2)
spr(G) ≥ γ

(3)
spr(G), where

strict inequality holds for some graphs.

Proof. The first part of the statement is obvious. To see the second part, consider a

graph G (the horned pentagon) as drawn in Figure 2.3.

It is easy to see that γ
(3)
spr(G) = 4, because D = {e, d, b, c} is a 3-SPDS, with e

matched with d: if the attack is at a, then D′ = {D − {e}} ∪ {a} is a PDS, with a

matched with b and d with c. If g is attacked, then D′ = {D − {e}} ∪ {g} forms a

new PDS of G. These are all the cases we have to consider up to isomorphism.



26

Figure 2.3: The horned pentagon
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Figure 2.4: The three-prism

However, using only Definition 2, we cannot securely pairwise dominate the graph

with |D| = 4. Up to isomorphism, there are three PDS’s of G:

1. D = {d, c, e, a}, M = {ea, dc}: if we attack f , then D′ = {e, a, c, f} is the only

set that can be formed by the movement of guards according to Definition 2.2.

But D′ does not dominate g.

2. D = {d, g, c, b}, M = {dg, bc}: if we attack f , then D′ = {d, g, c, f} is the only

set that can be formed by the movement of guards according to Definition 2.2.

But D′ does not dominate a.

3. D = {e, d, c, b}, M = {de, bc}: if we attack a, then D′ = {a, e, b, c} and D′′ =

{a, b, e, d}) are the only sets that can be formed by the movement of guards

according to Definition 2.2. But D′ does not dominate g, and D′′ does not

dominate f .

So γ
(2)
spr(G)6. Since it is easy to show that G can be securely pairwise dominated

with 6 vertices, γ
(2)
spr(G) = 6.

We next compare Definitions 2.2 and 2.4, then Definitions 2.4 and 2.6, and then

2.6 and 2.8.

Proposition 2.7. For any graph G without isolated vertices, γ
(2)
spr(G) ≥ γ

(4)
spr(G), and

strict inequality holds for some graphs.

Proof. Consider graph G in Figure 2.4, which we call the three-prism, with D = {a, b}.
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Obviously γ
(4)
spr(G) = 2 as D securely pairwise dominates the graph. On the other

hand, it is impossible to securely pairwise dominate G with |D| = 2 using only

Definition 2, as one can easily see.

Corollary 2.8. For any graph G without isolated vertices, γ
(3)
spr(G) ≥ γ

(5)
spr(G), and

strict inequality holds for some graphs.

Proof. The first part of the statement follows from Corollary 2.5. For the second

part, notice that although the graph in Proposition 2.7 (the three-prism) contains C3

and C5, there does not exist a 3-SPDS of size 2. Therefore

γ(3)spr(G) = γ(2)spr(G) = 4 > γ(5)spr(G) = 2.

Corollary 2.9. There is no inequality between γ
(3)
spr(G) and γ

(4)
spr(G) that holds for all

graphs.

Proof. Let H1 be the horned pentagon and H2 be the three-prism. Note that since

H1 does not contain C4, Definition 2.2 and Definition 2.4 give the same move on H1.

It then follows from previous propositions and corollaries that

γ(3)spr(H1) = 4 < 6 = γ(4)spr(H1) and γ(3)spr(H2) = 4 > 2 = γ(4)spr(H2).

Thus the statement follows.

Proposition 2.10. For any graph G without isolated vertices, γ
(4)
spr(G) ≥ γ

(6)
spr(G), and

strict inequality holds for some graphs.

Proof. The first part of the proposition follows from Corollary 2.5.

Let G be the graph shown in Figure 2.5, which we call the octagonal grid.



29

Figure 2.5: The octagonal grid
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Consider D = {w, u, x, v} with M = {wu, xv}. Obviously D is an PDS of G.

We now show that D is 6-secure. If f is attacked, then Df = {f, e, u, v} with Mf =

{fe, uv} is a new PDS; if g is attacked, then Dg = {g, h, x, v} with Mg = {gh, xv} is

another PDS of G. Due to the symmetric nature of G, it follows that D is a 6-SPDS

of G, so γ
(6)
spr(G) = 4.

Now notice that with Definition 2.4, D does not securely pairwise dominate G,

for if f is attacked, D′ = {f, w, x, v} with M ′ = {fw, xv} is the set formed by the

only move allowed, but it does not guard a. Up to isomorphism, there are two other

PDS’s of G of size 4: D1 = {f, e, u, v} with M1 = {fe, uv}, and D2 = {f, e, a, b}

with M2 = {fe, ab}. For i = 1, 2, if g is attacked, D′i = {Di − {e}} ∪ {g} with

M ′
i = {M − {fe}} ∪ {fg} is the only set formed by the only move allowed, but d is

not guarded in either case. Thus γ
(4)
spr(G) > 4 = γ

(6)
spr(G).

Corollary 2.11. For any graph G without isolated vertices, γ
(5)
spr(G) ≥ γ

(7)
spr(G), and

strict inequality holds for some graphs.

Proof. Similar to the proof to Proposition 2.10.

Corollary 2.12. There is no inequality between γ
(5)
spr(G) and γ

(6)
spr(G) that holds for

all graphs.

Proof. Let H1 be the horned pentagon and H2 be the gridded octagon. By an argu-

ment similar to the proof of Corollary 2.9, one can show that γ
(5)
spr(H1) = 4 < 6 =

γ
(6)
spr(H1).

The only three PDS’s of G of size 4 in the proof of Proposition2.10 are D, D1 and

D2, and since none of them is contained in a C5 in H2, it follows from Proposition

2.3 that γ
(5)
spr(H2) = γ

(4)
spr(H2) > 4 = γ

(6)
spr(H2). This completes the proof.

Proposition 2.13. For any graph G without isolated vertices, γ
(6)
spr(G) ≥ γ

(8)
spr(G), and

strict inequality holds for some graphs.
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Figure 2.6: The legged rectangle
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Proof. The first part of the statement follows from Corollary 2.5.

Consider the legged rectangle G as illustrated in Figure 2.6.

Notice that D = {v2, v3, u2, u3, v5, v6, u5, u6} with M = {v2v3, v5v6, u2u3, u5u6} is

an 8-SPDS: if v4 is attacked, then D′ = {D − {v3, u3}} ∪ {v4, u4} is a new PDS

of G with M ′ = {v2u2, v4v5, u4u5, v6u6}. If there is an attack against, say, v1, then

D′′ = (D−{v3})∪{v1} dominates G with the obvious matching. Hence γ
(8)
spr(G) = 8.

To see that G does not have a 6-SPDS of G of cardinality 8, observe that since

v6, u6, v2, u2 are support vertices, they are in any PDS of G; furthermore, v6u6, v2u2 /∈

M , for otherwise if v1 (v7) is attacked, u1 (u7) is not guarded by the set formed by

replacing u2 (u6) by v1 (v7). Thus any SPDS of G has at least four pairs of guards,

each containing exactly one of v6, u6, v2, u2. But then it is easy to see that by the

moves defined in Definition 2.6, an attack against either v4 or u4 forces one vertex

from {v1, u1, v7, u7} out of protection, yielding γ
(6)
spr(G) ≥ 10 (in fact, one can show

that γ
(6)
spr(G) = 10).

Corollary 2.14. For any graph G without isolated vertices, γ
(7)
spr(G) ≥ γ

(9)
spr(G), and

strict inequality holds for some graphs.

Proof. Observe that the legged rectangle does not contain odd cycles, hence the

corollary is an easy consequence of Proposition 2.3, Corollary 2.5 and Proposition

2.13.

Corollary 2.15. There is no inequality between γ
(7)
spr(G) and γ

(8)
spr(G) that holds for

all graphs.

Proof. Let H1 be the horned pentagon and H2 be the legged rectangle. It is a trivial

fact that γ
(7)
spr(H1) = 4 < 6 = γ

(8)
spr(H1). Since H2 contains no odd cycles, γ

(7)
spr(H2) =

γ
(6)
spr(H2) > 8 = γ

(8)
spr(H2). Hence the result follows.

Note that the legged rectangle reveals a general property about the advantage

that Definition 2.8 has over the preceding ones.
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Proposition 2.16. For a graph G without isolated vertices, if γ
(8)
spr(G) < γ

(6)
spr(G) and

D is a minimum 8-SPDS of G, then one (or both) of the following holds:

• G contains an even cycle C of which all but exactly two vertices are in D; or

• G contains two odd cycles C1, C2, such that all except one vertex of Ci are in

D, i = 1, 2.

Proof. Similar to the proof to Proposition 2.3.

Corollary 2.17. Let T be a tree. Then γ
(2)
spr(T ) = . . . ,= γ

(9)
spr.

Proof. Since there are no cycles in a tree, it follows from Proposition 2.3 and 2.16

that, for a tree T , all the definitions give the same moves.

If G is a tree, we abbreviate γ
(2)
spr(G) = · · · = γ

(9)
spr(G) as γspr(G).

Now we have completed the pairwise comparisons between all nine definitions.

2.5 Basic Properties of 2-SPDS

We finish the chapter by introducing some basic properties of 2-SPDS.

According to Definition 2.2, a PDS D of a graph G is a 2-SPDS if for each

v ∈ V (G) −D, there exist a perfect matching M of 〈D〉 and an edge uw ∈ M such

that v is adjacent to w and D′ = (D− {u})∪ {v} is a PDS of G. In this case we say

that {u,w} 2-defends v.

Recall that for any sets X ⊆ D ⊆ V (G), the external private neighbourhood of

X relative to D is

epn(X,D) = {v ∈ V (G)−D : v is adjacent to a vertex in X but to no vertex in D−X}.

In our next result we give necessary and sufficient conditions for {u,w} to 2-defend

v. The proof follows immediately from Definition 2.2.
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Figure 2.7: {a, b, c, d} is a 2-SPDS of G

{a, b} defends a1 but not a2
{a, c} defends a2 but not a1
{a, b} defends b1 but not b2
{b, d} defends b2 but not b1
{c, d} defends c1 but not c2
{a, c} defends c2 but not c1
{c, d} defends d1 but not d2
{b, d} defends d2 but not d1

Table 2.1: {a, b, c, d} is a 2-SPDS of G

Proposition 2.18. Let D be a PDS of a graph G with associated perfect matching

M . Then {u,w} ⊆ D with uw ∈ M 2-defends v ∈ V (G)−D if and only if, without

loss of generality, v is adjacent to every vertex in epn(u,D) ∪ {w}.

One may think that for a PDS D to be a 2-SPDS, 〈D〉 must have a matching M

such that for each edge uw ∈M , each vertex of epn(u,D) is adjacent to each vertex of

epn(w,D), but this is not the case. For the graph G in Figure 2.7, D = {a, b, c, d} is a

2-SPDS (see Table 2.1) but 〈D〉 has no matching with the above-mentioned property.
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Chapter 3

SPD Numbers for Classes of

Graphs

3.1 Introduction

We consider five types of special graphs: paths, cycles, spiders, ladders and grid

graphs, comparing their secure paired domination numbers according to moves defined

in each of Definitions 2.2 to 2.9.

3.2 Paths and Cycles

We start with the secure domination number of paths and cycles, as stated in the

following proposition.

Proposition 3.1. [8] For any integer n, γs(Pn) =
⌈
3n
7

⌉
. If n = 3, then γs(C3) = 1;

otherwise γs(Cn) = γs(Pn).

Observe that since a path does not contain cycles, Definitions 2.3 to 2.9 give the

same moves as Definition 2.2. Consequently it suffices to consider only γ
(2)
spr(Pn), for

which our strategy is to contract each pair of guards in an SPDS of Pn to one guard
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of an SDS of the resulting path, apply Proposition 3.1, then extend the contracted

guards back to pairs again. For all trees T we abbreviate γ
(2)
spr(T ) to γspr(T ).

Proposition 3.2. For the graphs Pn, γspr(Pn) = 2
⌈
3n
10

⌉
.

Proof. Let D be a minimum 2-SPDS of Pn, and |D| = 2m,m ≥ 1. Now we replace

each of the m pairs of guards in D by a single guard on a single vertex, resulting in

a path Pn−m with a set of m guards, which we denote by D′. It is obvious that D′

is an SDS of Pn−m. On the other hand, we can begin with a minimum SDS D′ with

|D′| = m of Pn−m and replace each guard in D′ by a pair of guards. This will form an

SPDS D of Pn with |D| = 2m. Hence m = γs(Pn−m). The desired result is obtained

from solving the equality, m =
⌈
3(n−m)

7

⌉
and rounding up to ensure that we obtain

an even integer.

For each integer n ∈ [2, 10], a minimum SPDS of Pn is shown in Figure 3.1.

Figure 3.1: SPDSs for P2 to P10

With some simple modification, the strategy we used to obtain γspr(Pn) can also be

applied to finding γspr(Cn), the secure paired domination number of cycles of length

n.
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Proposition 3.3. For the graphs Cn and for i = 2, . . . , 9,

γ(i)spr(Cn) =


2 if n = 4

γ
(i)
spr(Pn) otherwise

Proof. It is clear that γ
(i)
spr(C4) = 2 for i = 2, . . . , 9.

If n 6= 4 but is even, Cn contains no odd cycles nor C4; if n is odd, Proposition 2.3

yields that γ
(1)
spr(Cn) = n − 1, hence γ

(i)
spr(Cn) = γ

(i+1)
spr (Cn) for i = 2, 4, 6, 8. Since Cn

does not contain C4, γ
(2)
spr(Cn) = γ

(3)
spr(Cn) = · · · = γ

(9)
spr(Cn). Therefore in each case,

γ
(i)
spr(Cn) = γ

(j)
spr(Cn) for all i, j ∈ {2, 3, . . . , 9}. By a similar argument as in Proposition

3.2, one can deduce that for n 6= 4, γ
(2)
spr(Cn) = 2

⌈
3n
10

⌉
, which completes the proof.

3.3 Spiders

A branch vertex of a tree is a vertex of degree at least three and a support vertex

is a vertex adjacent to a leaf. For v ∈ V (T ) and a leaf l of T , a (v, l)-endpath, or

v-endpath if the leaf is unimportant, or endpath if neither v nor l is important, is a

path P from v to l such that each internal vertex of P has degree two in T . A v-L

path is any path from v to a leaf. A spider S(q1, ..., qp) is a tree with exactly one

branch vertex v, which has degree p and is called the body vertex, and p v-endpaths,

called the legs, of lengths 1 ≤ q1 ≤ · · · ≤ qp.

For positive integers p, q, we define a (p, q)-spider S(p; q) to be a spider with p legs,

each of length q. Let P be some leg in S(p; q). We label the vertices in V (P )−{v} by

u1,i, i = 1, 2, ...q, where d(u1,i, v) = i. We similarly label the corresponding vertices

of the other legs uj,1, . . . , uj,q, j = 2, . . . , p. We call the path ui,1, ui,2, . . . , ui,q (i =

1, 2, . . . , p) the ith proper leg, and denote it by Li. In this section we first determine

the SPD number for (p, q) - spiders, and then generalize the result to all spiders.
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Proposition 3.4. For p ≥ 3, we have

γspr(S(p; q)) = pγspr(Pq−1) + η(q),

where η(q) = 2 when q ≡ 0, 1, 3, 4, 7 (mod 10), and η(q) = 0 otherwise.

Proof. Let D be an SPDS of G = S(p; q), and let v be the body vertex. Let {s, t}

be a pair of vertices in D that D-defends v, and L1 be the proper leg that contains t

(notice that {s, t} = {v, u1,1} or {u1,1, u1,2}).

There are two cases to consider: either the pair {s, t} D-defends some vertex uj,1

from another proper leg, or it does not.

If {s, t} defends some vertex uj,1, j ≥ 2, then we can assume that it defends

uj,1 for all j = 2, . . . , p. Decompose G into p subgraphs as follows. Let H1 =

〈V (L1) ∪ {v, u2,1, u3,1, ..., up,1}〉 and Hi = 〈V (Li) − {ui,1}〉 for i = 2, ..., p. Let Di be

a minimum SPDS of Hi, for i = 1, 2, ..., p.

Observe that if we securely pairwise dominate each component, then the whole

graph is securely pairwise dominated. This leads to the inequality

|D| ≤
p∑
i=1

|Di| = γspr(Pq+2) + (p− 1)γspr(Pq−1).

On the other hand, if {s, t} D-defends no vertex from any proper leg other than

L1, then we establish the following inequality by decomposing G into H1 = 〈L1∪{v}〉

and Hi = Li, i = 2, 3, ..., p:

|D| ≤
p∑
i=1

|Di| = γspr(Pq+1) + (p− 1)γspr(Pq),

where Di is a minimum SPDS of Hi, for i = 1, 2, . . . , p. Thus

γspr(G) ≤ min{γspr(Pq+1) + (p− 1)γspr(Pq), γspr(Pq+2) + (p− 1)γspr(Pq−1)}. (3.1)
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Notice that when q ≡ 6 (mod 10), we can place the guards on G so that there

is a guard at ui,1 for all i = 1, . . . , p, all protecting the body vertex v. In this case

we only need to put γspr(Pq) = γspr(Pq+1) − 2 guards on H1. It can be shown by

exhaustively examining all congruence classes modulo 10 that this is the only case

when strict inequality in 3.1 is achieved.

Hence we conclude:

• γspr(S(p; q)) = γspr(Pq+2) + (p− 1)γspr(Pq−1), if q ≡ 0, 1, 3, 4, 7 (mod 10).

• γspr(S(p; q)) = pγspr(Pq), if q ≡ 6 (mod 10),

• γspr(S(p; q)) = γspr(Pq+1) + (p− 1)γspr(Pq), if q ≡ 2, 5, 8, 9 (mod 10),

which simplifies to the desired result.

Figure 3.2 illustrates minimum SPDSs for S(p; q) when q = 1, . . . , 10.

It is worth noticing that, when p = 1 or 2, S(p; q) is in fact a path of length q and

2q, respectively. The following remark shows that in each case, the SPD numbers

obtained by regarding the graph as a spider, or a path, agree.

Remark 3.5. For q ≥ 2,

• γspr(S(1; q)) = γspr(Pq+1),

• γspr(S(2; q)) = γspr(P2q+1).

The idea of decomposing spiders, used in the proof to Proposition 3.4, provides a

good strategy to find the SPD numbers for any general spider graph.

Proposition 3.6. For positive integers q1, . . . , qp,

γspr(S(q1, . . . , qp) =

p∑
j=1

γspr(Pqj−1) + η,

where η = 0 if
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Figure 3.2: Minimum SPDSs for S(p; q) when q = 1, . . . , 10.
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• a) there exists t such that qt ≡ 8 (mod 10), or

• b) there does not exist j such that qj ≡ 1, 4, 7, 8, and there exists t such that

qt ≡ 2, 5, 6, or 9 (mod 10),

and η = 2 otherwise.

Proof. Let G = S(q1, . . . , qp). By following the proof method of Proposition 3.4, we

obtain that γspr(G) =
∑p

j=1 γspr(Pqj−1) + η, where η = 0 or 2, depending on the value

of qj, j = 1, . . . , p. To find the exact value of η, the following cases are considered.

• Case 1 There exists a t such that qt ≡ 8 (mod 10).

Then we can securely pairwise dominate 〈V (Lt)∪{v, u1,1, . . . , up,1}〉 by γspr(Pqt−1)

guards, as Proposition 3.2 yields γspr(Pn) = γspr(Pn+3) if and only if n ≡ 7

(mod 10). Hence we only need γspr(Pqj−1) guards for Lj, j 6= t, from which it

follows that in this case, η = 0.

• Case 2 There does not exist j such that qj ≡ 8 (mod 10), and there exists a t

such that qt ≡ 1, 4, 7 (mod 10).

We only consider qt ≡ 1 (mod 10), as the other two cases follow similarly. Let

Dt be a minimum SPD of 〈V (Lt) − {vt,1}〉, and consider vertex vt,1 in Lt; it

is defended by a pair of guards from Lt or 〈{vt,1, v} ∪ V (Lr)〉 for some r 6= t,

which is a path of length qr + 1. Note that since qt − 1 ≡ 0 (mod 10), we

know vt,2 /∈ Dt. So we need γspr(Pqt−1) + 2 guards in the former subcase. In

the latter, we still need γspr(Pqt−1) + 2 guards because γspr(Pn+3) = γspr(Pn) + 2

unless n ≡ 7 (mod 10). Therefore η = 2 in this case.

• Case 3 There does not exist j such that qj ≡ 1, 4, 7, 8, and there exists t such

that qt ≡ 2, 5, 6, or 9 (mod 10).

We claim η = 0. Consider the following two subcases:
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– If qj ≡ 2, 5, 6 or 9 (mod 10) for all j = 1, . . . , p, it is easy to see that

we need only γspr(Pqj−1) guards to securely pairwise dominate PLj ∪ {v},

j = 1, . . . , p.

– If there exists t such that t ≡ 0, 3, the result follows from the fact that

γspr(Pn) = γspr(Pn−1) for n ≡ 0, 3 (mod 10).

• Case 4 For all j = 1, . . . , p, qj ≡ 0, 3 (mod 10),

Then it is an easy consequence of Proposition 3.4 that η = 2.

Thus the desired result holds.

3.4 Ladders

A ladder of length n−1, which is denoted by Ln, is the Cartesian product K2�Pn. We

call the two n-paths PU and PV , and let V (Ln) = {u1, v1, u2, v2, . . . , un, vn}, where ui

(vi) is the ith vertex of PU (PV ) and ui is adjacent to vi for all i = 1, . . . , n. A section

(of length k) of Ln is the subgraph of Ln induced by {ui, vi, . . . , ui+k, vi+k} for some

i.

Now we give the SPD numbers for Ln.

Theorem 3.7. For i = 2, . . . , 9, γ
(i)
spr(Ln) = 2γs(Pn), where n = 2, 3, . . . .

Proof. We use induction on n to show that (a) 2γs(Pn) guards can 2-defend Ln, and

(b) fewer than 2γs(Pn) guards cannot 9-defend Ln. It will follow that γ
(i)
spr = 2γs(Pn),

i = 2, . . . , 9.

Figure 3.3 gives minimum 2-SPDs of L1 to L7. Using the same patterns as in this

figure, one can easily show that statement (a) is true for n = 1, 2, . . . .

Now we show that (b) holds for n = 2, . . . , 7. We label the vertices of Ln by

u1, v1, . . . , un, vn as in Figure 3.3. For L3, D = {u2, v2} is the unique PDS with two

guards, and it is easy to see that D is not a 9-PDS. It follows that L4 cannot be

9-defended by fewer than four vertices either. Consider L5. Let D1 = {u2, u4, v2, v4}
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with M1 = {u2v2, u4v4}, and D2 = {u1, u2, v4, v5} with M2 = {u1u2, v4v5}. D1 and

D2 are the only two minimum PDS’s of L5 up to isomorphism; however, in either

case, if there is an attack against v1, u3 will be left undominated. This implies that

neither D1 nor D2 9-defends L5, and thus (b) holds for n = 5. It follows immediately

that (b) holds for L6 and L7. Note that for L7, D = {u2v2, u4v4, u6v6} is the only

9-SPDS of size six.

Figure 3.3: Minimum SPDSs of ladders of length 1 to 7

Now assume: γ
(9)
spr(Ln) = 2γs(Pn) for n = 1, . . . , t, where t ≥ 8.

Let n = t + 1. Let G = Lt+1 and D be a minimum 9-SPDS of G. Suppose

to the contrary that |D| ≤ 2γs(Pn) − 2. Consider the L5 induced by {ui, vi | i =

n−4, n−3, n−2, n−1, n}, which, as shown in Figure 3.3, requires at least six guards

to be securely pairwise dominated. Denote the set of these guards by D∗. Now

|D −D∗| ≤ 2γs(Pn)− 8 = 2 (γs(Pn−7) + 3)− 8 = 2γs(Pn−7)− 2. (3.2)

Let G′ denote the Ln−7 induced by {ui, vi | i = 1, . . . , n − 7}. If D′ = D −

D∗ securely pairwise dominates G′, then (3.2) leads to a contradiction against our

assumption. So D′ does not securely dominates G′, yielding {un−6, vn−6} ∩ D 6= ∅.
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However, this is not possible because there is only one minimum 2-SPDS of L7, and

it does not intersect the two vertices with the smallest index (un−6 and vn−6 in our

case).

3.5 Grid Graphs

Consider the grid graph G = Pm � Pk embedded in the X − Y plane such that the

vertices of G have integer coordinates and occur in m rows and k columns. For

i ∈ {1, ...,m}, j ∈ {1, ..., k}, let vi,j denote the vertex in the ith row and the jth

column. Let S denote the rectangular region in the plane whose corners correspond

to the coordinates of the vertices v1,1, vm,1, v1,k and vm,k. A square in the plane whose

corners correspond to the vertices vi,j, vi+1,j, vi,j+1, vi+1,j+1 is called a tiling square and

is considered to have an area of one unit. A triangle in the plane that is bounded by

two sides and a diagonal of a tiling square is called a tiling triangle.

Let U be a subset of V (G) such that 〈U〉 has a perfect matching. We call U a

tiling set of G. The domination region R(U) is the region in the plane covered by

those tiling squares and tiling triangles, all of whose corners are at distance at most

one from some vertex in U . We say that R(U) covers a vertex vi,j of G if vi,j lies on

the boundary or in the interior of R(U).

We aim to place copies U1, ..., Ut of U on (the representation of) G in such a way

that each vertex of G is covered by at least one domination region R(Ui). The set

D =
⋃t
i=1 Ui will then correspond to a PDS ofG. To ensure thatD is an SPDS, several

vertices of G will need to be covered by at least two domination regions. This means

that fewer vertices in D will have private neighbours, thus enabling guards placed on

the vertices in D to move to defend attacks at neighbouring vertices. However, to

minimize |D|, we need to avoid overlapping domination regions, if possible.

We begin our description by placing infinitely many copies U1, U2, ... of U on the

X − Y plane, in such a way that all points with integer coordinates are covered by

at least one domination region. See Figure 3.4 for an example of placements of the
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set U with |U | = 2. There may exist regions in the plane that are not part of the

domination regions R(Ui). These regions are shown as white regions in Figures 3.4

and 3.5 , and we also refer to them as white regions. In Figure 3.4 the regularity of

the placement of the copies of U implies that there is a 1− 1 correspondence between

the R(Ui) and the white regions, while in Figure 3.5 , there is a 1− 1 correspondence

between groups of three white regions (one tiling square and two tiling triangles) and

three domination regions. Thus, if we define σ to denote the ratio of the number

of guards used to the area of the plane covered by the domination regions plus the

area of the white regions, we see that σ = 2
5

for the placement in Figure 3.4, and

σ = 6
14

= 3
7

for the placement in Figure 3.5.

The significance of these values is that if we use the placement in Figure 3.4

, together with some additional guards along the first two and last two rows and

columns, to obtain an upper bound µm,n for γspr(Pm�Pk), then µm,n ≥ 2
5
(m−1)(k−1).

Similarly, if we use the placement in Figure 3.5 , we obtain that µm,n ≥ 3
7
(m−1)(k−1).

Since 2
5
< 3

7
, we use the placement in Figure 3.4 . (Other placements also exist, but

give worse bounds than those mentioned here.)

We now give an upper bound of the SPD numbers for grid graph G = Pm �Pk for

positive integers m, k.

Theorem 3.8. For i = 2, . . . , 9, and 1 ≤ k ≤ m,

γ(i)spr(Pm � Pk) ≤ γ(2)spr(Pm � Pk) ≤ 2

(⌈
3k − 2

10

⌉
+

⌈
m− 3

5

⌉
+ k

⌊
m− 2

5

⌋
+R(k)

)
,

where
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Figure 3.4: σ = 2
5
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Figure 3.5: σ = 3
7
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R(k) =



⌈
3k+4
10

⌉
+
⌈
k−1
5

⌉
+
⌈
k−2
5

⌉
+
⌈
k−4
5

⌉
if m ≡ 0 (mod 5)

⌈
3k
10

⌉
+
⌈
k−1
5

⌉
+
⌈
k−2
5

⌉
+
⌈
k−3
5

⌉
+
⌈
k−4
5

⌉
if m ≡ 1 (mod 5)

⌈
3k−1
10

⌉
if m ≡ 2 (mod 5)

⌈
3k+3
10

⌉
+
⌈
k−2
5

⌉
if m ≡ 3 (mod 5)

⌈
3k−3
10

⌉
+
⌈
k−2
5

⌉
+
⌈
k−4
5

⌉
if m ≡ 4 (mod 5)

Proof. Let G = Pm � Pk. The first inequality is obvious.

To show the second inequality holds, we construct a 2-SPDS of G of size at most

2
(⌈

3k−2
10

⌉
+
⌈
m−3
5

⌉
+ k

⌊
m−2
5

⌋
+R1(k) +R2(k)

)
, where

R1(k) =



⌈
3k+4
10

⌉
if m ≡ 0 (mod 5)

⌈
3k
10

⌉
if m ≡ 1 (mod 5)

⌈
3k−1
10

⌉
if m ≡ 2 (mod 5)

⌈
3k+3
10

⌉
if m ≡ 3 (mod 5)

⌈
3k−3
10

⌉
if m ≡ 4 (mod 5)
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and

R2(k) =



⌈
k−1
5

⌉
+
⌈
k−2
5

⌉
+
⌈
k−4
5

⌉
if m ≡ 0 (mod 5)

⌈
k−1
5

⌉
+
⌈
k−2
5

⌉
+
⌈
k−3
5

⌉
+
⌈
k−4
5

⌉
if m ≡ 1 (mod 5)

0 if m ≡ 2 (mod 5)

⌈
k−2
5

⌉
if m ≡ 3 (mod 5)

⌈
k−2
5

⌉
+
⌈
k−4
5

⌉
if m ≡ 4 (mod 5).

Consider the standard plane embedding of G depicted in Figure 3.6, where G has

m rows and k columns.

Place a pair of guards at the end vertices of each boldfaced edge shown in Figure

3.6. Call the set of guards in the first row S1, and let the set of pairs of guards

{vi,j, vi,j+1 | 2 ≤ i ≤ m − 1, 2 ≤ j ≤ k − 1} be S2. We also place guards on pairs of

large black vertices of form vi,1, vi+1,1 (2 ≤ i ≤ m − 1), and denote the set of these

guards by S3.

Figure 3.6: Guards in S1, S2, S3.
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Depending on rk, the least residue of k modulo 10, there are ten cases regarding

the domination of the end of row 1, as shown in Figure 3.7. Similarly as in S3, we

place guards at each pair of large black vertices of form vi,k, vi+1,k (2 ≤ i ≤ m − 1)

shown in Figure 3.7. The set consisting of these guards is denoted by S4. It is easy

to see that in each case except when rk = 4, 7, every vertex in row 1 either belongs to

S1 or is dominated by two guards; when rk = 4, 7, the vertices which are dominated

by one guard are shown as white circled vertices, and it is obvious that these vertices

are defended. Therefore, all the vertices in row 1 are securely paired dominated.

Finally, place guards in row m as shown in Figure 3.8, where there are five cases

depending on rm, the least residue of m modulo 5, and each case is divided into ten

sub-cases, depending on rk. It is shown in Figure 3.8 that all vertices in the last row

are securely pairwise dominated when rk = 2. Denote the guards in row m by S5.

By following a similar argument used for row 1, it can be shown that every vertex is

securely pairwise dominated in all other cases.

Let D =
⋃
i=1,...,5 Si. Labelled by white vertices in Figures 3.6 and 3.7, all the

vertices except in row m which are dominated by one guard are D-defended (vertices

in row m are discussed previously); further, there is no vertex v such that all the

guards dominating v have external private neighbours (white vertices). Hence D is a

2-SPDS of G. Now we prove that |D| = M by calculating the size of S1, . . . , S5. We

begin with S1 and S3, of which the size is easy to obtain:

|S1| = 2

⌈
3k − 2

10

⌉
, |S3| = 2

⌈
k − 3

5

⌉
.

In the last row, we have

|S5| = 2

⌈
3k + 4

10

⌉
, 2

⌈
3k

10

⌉
, 2

⌈
3k − 1

10

⌉
, 2

⌈
3k + 3

10

⌉
, 2

⌈
3k − 3

10

⌉
,

when m ≡ 0, 1, 2, 3, 4(mod 5), respectively.

Now consider S2 ∪ S4. On the ith row (2 ≤ i ≤ m − 1) we can put
⌈
k−3
5

⌉
,
⌈
k
5

⌉
,⌈

k−2
5

⌉
,
⌈
k−4
5

⌉
,
⌈
k−1
5

⌉
pairs of guards, when i ≡ 0, 1, 2, 3, 4 (mod 5) respectively. Also
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Figure 3.7: Guards in S4, when rk = 0, . . . , 9.
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Figure 3.8: guards in S5, when rm = 0, . . . , 4.
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observe that there are exactly k pairs of guards in every adjacent five rows in S2∪S4,

and that the pattern repeats after five rows. Therefore

|S2|+ |S4| = 2k

⌊
m− 2

5

⌋
+ 2R2(k),

where R2(k) counts the number of pairs of guards in V1 in the bottom rm rows of G.

The desired upper bound is obtained from |D| =
∑5

i=1 |Si|.

We now adapt the tiling pattern used in Pm � Pk to find an upper bound of

γ
(i)
spr(Cm � Ck), where i = 2, . . . , 9.

Corollary 3.9. For i = 2, . . . , 9, 1 ≤ k ≤ m,

γ(i)spr(Cm � Ck) ≤ γ(2)spr(Cm � Ck) ≤ γ(2)spr(Pm � Pk); (3.3)

further, if m ≡ 0, 2, 3 (mod 5), then

γ(2)spr(Cm � Ck) ≤ 2
(
k
⌊m

5

⌋
+R1(k) +R2(m)

)
, (3.4)

where

R1(k) =



0 if m ≡ 0 (mod 5)

⌈
k
5

⌉
+
⌈
k−2
5

⌉
if m ≡ 2 (mod 5)

⌈
k
5

⌉
+
⌈
k−2
5

⌉
+
⌈
k−4
5

⌉
if m ≡ 3 (mod 5)

and

R2(m) =


0 if k ≡ 0 (mod 5)⌈
m−1
5

⌉
+
⌈
m−4
5

⌉
if k ≡ 1 (mod 5)⌈

m−2
5

⌉
if m ≡ 2, 3, 4 (mod 5)

Proof. Pm � Pk is a spanning subgraph of Cm � Ck, so (3.3) is true.
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When m ≡ 0, 2, 3 (mod 5), consider D, the set consisting of the large black vertices

in Figure 3.9, where private neighbours of guards are labeled by white circles, each of

which is obviously protected by the unique adjacent pair of guards. It is thus easy to

verify that D is a 2-SPDS of Cm�Ck. Now, following a similar counting argument as in

the proof of Theorem 3.8, it is routine to show that |D| = 2
(
k
⌊
m
5

⌋
+R1(k) +R2(m)

)
.

Figure 3.9: 2-SPDSs of Cm2Ck when m ≡ 0, 2, 3 (mod 5)
.

To see (3.4) is not an upper bound of Cm � Ck when m ≡ 1, 4 (mod 5), notice

that if we place guards similar as before, some vertices are not protected, as shown

in Figure 3.10. Thus we place guards in the first and the last row in the same fashion
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Figure 3.10: Vertices labeled by white squares are not protected.
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as in Pm � Pk, which leads to the same upper bound as in Theorem 3.8:

γ(i)spr(Pm � Pk) ≤ 2

(⌈
3k − 2

10

⌉
+

⌈
m− 3

5

⌉
+ k

⌊
m− 2

5

⌋
+R(k)

)
,

where

R(k) =


⌈
3k
10

⌉
+
⌈
k−1
5

⌉
+
⌈
k−2
5

⌉
+
⌈
k−3
5

⌉
+
⌈
k−4
5

⌉
if m ≡ 1 (mod 5)

⌈
3k−3
10

⌉
+
⌈
k−2
5

⌉
+
⌈
k−4
5

⌉
if m ≡ 4 (mod 5)

Now we give the 2-SPD numbers for Pm � Pm when m is small.

It is easy to see that, when m = 2, 3, γ
(2)
spr(Pm�Pm) = 2, 6, respectively. When m =

4, we consider the standard embedding of P4 �P4 into X-Y plane with the vertices la-

beled vi,j, i, j ∈ {1, . . . , 4} as before. It is easy to show thatD = {v1,2, v1,3, v2,1, v3,1, v4,2, v4,3, v2,4, v3,4}

(with the obvious matching) is a minimum 2-SPDS of the graph, and thus γ
(2)
spr(P4 �

P4) = 8. The case when m = 5 are discussed in the following result.

Proposition 3.10. γ
(2)
spr(P5 � P5) = 12

Proof. Let G = P5 � P5. First we show γ
(2)
spr(G) ≤ 12 by giving a 2-SPDS of G of size

12.

Consider D, the set of guards shown as end vertices of the boldfaced edges in

Figure 3.11. In the figure, each vertex marked by a yellow dot is dominated by one

guard, while the other vertices are dominated by at least two guards. One can easily

see that every vertex with a yellow dot is defended by its unique neighbouring guard.

Further, observe that there is no vertex with more than one neighbouring guard, each

of which has a private external neighbour. Therefore D is indeed a 2-SPDS of G, and

|D| = 12.

Now we show that there does not exist a 2-SPDS ofG that has a smaller cardinality
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Figure 3.11: a minimum 2-SPDS of P52P5
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than D. We call the cycle induced by {v ∈ V (G) | deg v ≤ 3} the edge of G. We

embed G into X-Y plane and label its vertices as before.

First observe that, to dominate the four corner squares, there are four guards on

the edge of G, and no two of these four guards are adjacent. Thus each guard is

partnered by another guard either on the edge of G, or in the rows and columns next

to the edge. Note that none of these eight guards dominates v3,3.

Recall that γ
(2)
spr(P4 � P4) = 8, but from the above argument it easily follows that

it is impossible to securely pairwise dominate G = P5 � P5 (in particular, both its

four corners and v3,3 with four pairs of guards), using only the movements defined

in Definition 2.2. Hence, it suffices to show that there is no 2-SPDS of G with ten

vertices either.

Suppose to the contrary that there exists a 2-SPDS D′ of G such that |D′| = 10.

Then, as argued above, D′ contains four pairs of guards such that no pair is adjacent

to another, and each contains a guard on the edge of G. Now, we let v3,3 be D′-

defended by guard w ∈ D′, and depending on whether or not w is on v3,3, there are

two cases:

• Case 1 w lies on v3,3

Assume without loss of generality that the D′ - partners of w lies on v4,3. We

claim that v2,3 is D′-defended only by w. To see this, suppose v2,3 is defended

by a guard x 6= w. Then x lies on v2,3 or x moves to v2,3 to defend it against

an attack, and we are forced to use only three pairs of guards to dominate the

four corners v1,1, v1,5, v5,1 and v5,5, which is clearly not possible.

Since w defends v2,3, v5,3 is dominated by a guard other than s. This guard lies

on v5,2, v5,3, or v5,4, and we may assume that with out loss of generality that

there is a guard t on v5,2 whose D′-partner t′ lies on v5,1, v4,2, or v5,3. In each case

neither t nor t′ dominates v3,1. Let y be the guard that D′-defends v3,1 and let

y′ be its D′-partner. If neither y nor y′ protects v1,1, then at least six additional

guards are required to dominate v1,1, v1,5 and v5,5, which is impossible. Hence
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y or y′ lies on v2,1. Similarly, it can be shown that there are guards on both v1,4

and v4,5.

Now, let v ∈ {y, y′} be the guard on v2,1, and let u ∈ {y, y′}−{v}. Then either

u defends v1,2 or it does not, as discussed in the following two subcases.

– Subcase 1 u defends v1,2.

In this case, u lies on v1,1 or v2,2. In either case, after the pair u, v move

along the path v2,1, v1,1, v1,2 or the path v2,1, v2,2, v1,2 to defend an attack

against v1,2, v3,1 is no longer dominated by {u, v}. However, this is impos-

sible since the D′-partner of t does not dominate v3,1 in any of its three

possible positions, nor does any other guard.

– Subcase 2 u does not defend v1,2.

Then in order to defend v1,2, the D′-partner of the guard on v1,4 lies on

v1,3, and the guards on v1,4 and v1,3 move along the path v1,4, v1,3, v1,2 to

defend v1,2. It is routine to show that regardless of the placements of other

guards, v1,5 is left undominated, which is a contradiction.

• Case 2 There is no guard in D′ that lies on v3,3

Let p be the guard defending v3,3 and without loss of generality, assume p lies

on v3,2. Let q be the D′-partner of p. Then, up to isomorphism, there are

two possible situations: q lies on v3,1 or v4,2. In either case, since both v1,1

and v5,1 need to be defended, which requires at least four additional guards, we

are forced to use the remaining two pairs of guards to form a 2-SPDS of the

subgraph induced by {v1,5, v2,4, v2,5, v3,4, v3,5, v4,4, v4,5, v5,5}, which can be easily

shown to be impossible.

Therefore, we conclude that there is no 2-SPDS of G of size 10, which leads to

the desired result.

Finally, we can use Figure 3.12 and follow a similar argument used in the proof

of Proposition 3.10 to obtain the 2-SPD number for P6 � P6.
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Figure 3.12: a minimum 2-SPDS of P62P6
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Proposition 3.11. γ
(2)
spr(P6 � P6) = 16

Proof. Similar to the proof of Proposition 3.10.

Corollary 3.12. For integers m,n ≥ 1 and i = 2, . . . , 9,

• γ(i)spr(P5m � P5n) ≤ 12mn,

• γ(i)spr(P6m � P6n) ≤ 16mn.

3.6 Trees and Forests

Our main aim is to estimate SPD numbers for trees by establishing an upper and a

lower bound for γspr(T ), where T is a tree.

Notice that, different from secure domination, secure paired domination in a tree

requires moving a pair of vertices to defend another vertex. This property suggests

that lower bounds for γspr(T ) are not in direct proportion to n = |V (T )| or ∆(T ). An

example is K1,t, where t can be big (and thus so can n = t + 1), whereas obviously

γspr(K1,t) = 2. The next observation shows we can bound the SPD bumber of a

connected graph by its diameter (the proof is obvious and omitted).

Observation 3.13. Let G be a connected graph with diam(G) = d. Then, for i =

2, . . . , 9,

γ(i)spr(G) ≥ γ(i)spr(Pd+1). (3.5)

Remark 3.14. Equality in (3.5) may be obtained, for example, for stars and paths.

Our next results relate to line graphs. We start with an algorithm, which takes a

minimum SDS of the line graph of a graph and produces an SPDS of a supergraph

of the original graph.

Algorithm 3.15. Let G be a graph without isolated vertices, and let L(G) be the line

graph of G with V (L(G)) = {uv | uv ∈ E(G)}. Let DL be a minimum SDS of L(G).
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Inputs of the algorithm: G, L(G), DL.

Steps:

1. Create sets X = DL, DH = ∅, MH = ∅, and graph H = G.

2. If X = ∅, the algorithm terminates; otherwise, choose a vertex uv ∈ X;

3. • if {u, v} ∩DH = ∅, add u, v to DH , uv to MH , and delete uv from X,

• if (without loss of generality) {u, v} ∩ DH = {u}, add a new vertex v′ to

H such that v′ is adjacent to only v, and add v, v′ to H, vv′ to MH , and

delete uv from X,

• otherwise, delete uv from X;

4. Return to Step 1.

Remark 3.16. Algorithm 3.15 returns a graph H of which G is an induced subgraph,

and DH of H with associated matching MH . Since DL protects every vertex of L(G),

a set DH protects every edge and thus every vertex of G. Hence DH is an SPDS of

H.

Proposition 3.17. Let G be a graph and L(G) be the line graph of G. Then

γspr(G) ≤ 2γs(L(G)). (3.6)

Proof. For G, Algorithm 3.15 provides a graph H such that H−G contains only leaves

ofH, and such that γspr(H) ≤ 2γs(L(G)). If v ∈ V (H)−V (G), then v ∈ DH . Let v′ be

the partner of v. If v′ has a neighbour u such that u /∈ DH , let D′ = (DH−{v})∪{u}.

Suppose each neighbour of v′ is in DH . If u ∈ N(v′) and u, u′ ∈ DH , then uu′ ∈MH ,

and there exists w ∈ epn(u′, DH). Let D′ = (DH − {v}) ∪ {w}, and MH = (M −

{vv′, uu′}) ∪ {v′u, u′w}. If there is no such u ∈ N(v′), let D′ = DH − {v, v′}.

In each case D′ is an SPDS of G and the result follows.

Next we present a class of graphs for which (3.6) achieves equality.



63

Proposition 3.18. Let T be a tree with line graph L(T ). Then γspr(T ) = 2γs(L(T ))

if there is a minimum SPDS D of T such that every path of order six in T contains

at least five vertices in D.

Proof. For convention, for a tree T and D an SPDS of T , we call a path a D-bad path

(bad path hereafter whenever the context is clear) if |V (P )| = 6 and |V (P )−D| ≥ 2.

Now let T be a tree such that there exists a minimum SPDS D of T , such that T

contains no D-bad paths. Let M be the matching associated with D. By Proposition

3.17 it suffices to show:

γspr(T ) ≥ 2γs(L(T )).

In L(T ), consider D′ = {v1v2 ∈ V (L(T )) | v1 ∈ D, v2 ∈ D, v1v2 ∈M}, which has size

1
2
γspr(T ). We show that D′ is an SDS of L(T ). Suppose to the contrary that there

exists a vertex uv ∈ V (L(T )) such that uv is not D′-defended.

If u, v /∈ D, there exist four vertices u1, u2, v1, v2 ∈ D with u1u2, v1v2 ∈ M , such

that u1, v1 is adjacent to u, v, respectively, as D is an SPDS of T ; but this is not the

case, as u, v /∈ D are contained in a bad path, contradicting our assumption.

If u, v ∈ D, then uv /∈M . Let u1 and v1 be the D-partner of u, v, respectively. In

L(T ), we have uu1, vv1 ∈ D′, and since uv is not defended, each of uu1 and vv1 has

an D′-epn. This implies that, in T , u1, v1 have neighbours u2, v2, respectively, and

that u2, v2 /∈ D. We then have a contradiction, as now u2, u1, u, v, v1, v2 form a bad

path in which u2, v2 /∈ D.

Hence, exactly one of u, v is in D. Without loss of generality we assume that

u ∈ D and v /∈ D, and let u1 be the D-partner of u. Then there are two cases,

depending on whether or not v is a leaf in T :

• Case 1 If v is a leaf.

Since uv is not D′-defended, uu1 has a D′-epn. Consequently, u1 has a neighbour

u2 in T , u2 6= u, u2 /∈ D. Observe that u2 is not a leaf, for otherwise either v

or u2 is not defended in T . Thus u2 has a neighbour u3 ∈ D whose D-partner

is denoted by u4. Now v, u, u1, u2, u3, u4 forms a bad path with v, u2 not in D,
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which is not the case.

• Case 2 If v is not a leaf.

Then let w be a neighbour of v. It is obvious that w ∈ D, as otherwise w is

dominated by another pair of guards, resulting in a bad path. We denote the

D-partner of w by w1. Since uv is not defended by D′ in L(T ), uu1 has a D′-epn

in L(T ), so that u1 has a neighbour u2 ∈ T that does not belong to D. Again,

a bad path is formed, leading to a contradiction.

Consequently, D′ is an SDS of L(T ), and γspr(T ) = 2γs(L(T )).

Remark 3.19. In fact, for a tree T , D an SPDS of T , and D′ ⊆ V (L(T )) formed

as in the proof of Proposition 3.18, D′ is not an SDS of L(T ) whenever T contains a

D-bad path.

Remark 3.20. γspr(Pn) = 2γs(L(Pn)) if and only if n = 2, 4, 5, 7, 8, 11, 14, 17.

Proof. L(Pn) = Pn−1 for all n ≥ 2. The results follows directly from Proposition 3.1

and Proposition 3.2.
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Chapter 4

Bounds of Secure Paired

Domination Numbers

4.1 Introduction

We compare the secure paired domination number of any graph G with various other

parameters such as clique partition number, independence number, vertex-covering

number, secure domination number and paired domination number. As a result we

establish that γspr(G) does not exceed 2x, where x is any of the parameters mentioned

above. Finally, we give classes of trees for which some of the bounds are achieved.

4.2 Upper Bounds of Secure Paired Domination

Numbers Relating to Other Parameters

Observation 4.1. Let G be a graph with no isolated vertices. Then γ
(i)
spr(G) ≤ 2γs(G)

for 2 ≤ i ≤ 9.

Let G = (V,E) be a graph. A clique covering of G is a partition of V where each

subset induces a clique, and the clique partition number of G, denoted by θ(G) (or θ

if the context is clear), is the minimum number of sets in a clique cover of G. In a
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clique covering, a set X ⊆ V (G) such that |X| = 1 is called a singleton.

Recall that the independence number of a graph, β(G), is the cardinality of the

largest independent set of G. A set S ⊆ G is called a vertex-covering of G if every

edge of G has at least one endpoint contained in S. The vertex-covering number of

G is the cardinality of a minimum vertex-covering of G, and is denoted by α(G). By

definition, α(G) + β(G) = |V (G)| for any graph G.

Theorem 4.2. For a graph G without isolated vertices and 2 ≤ i ≤ 9, γ
(i)
spr(G) ≤

2θ(G), where θ(G) is the clique partition number of G.

Proof. Let P = V1∪ · · · ∪Vθ be a minimum clique partition of G that contains as few

singletons as possible. Assume that r ≤ θ is an integer such that |Vi| = 1 for i < r

and |Vi| ≥ 2 for i ≥ r.

Suppose V1 and V2 are singletons; say V1 = {v1} and V2 = {v2}. Then v1v2 /∈

E(G), for otherwise V1 ∪ V2 is a clique, and P ′ = (V1 ∪ V2)∪ · · · ∪ Vθ is a clique cover

of G in θ − 1 cliques, a contradiction. Hence

if V1 = {v1}, then v1 is adjacent to a vertex in Vk, where k ≥ r. (4.1)

Suppose x, y ∈ Vk for some k ≥ r such that v1x, v2y ∈ E(G), and assume

firstly that x 6= y. Define V ′1 = V1 ∪ {x}, V ′2 = V2 ∪ {y}. If |Vk| = 2, then P ′ =

V ′1∪V ′2∪· · ·∪Vk−1∪Vk+1∪· · ·∪Vθ is a clique cover of G in θ−1 cliques, a contradiction,

and if |Vk| ≥ 3, then P ′ = V ′1 ∪ V ′2 ∪ · · · ∪ V ′k ∪ · · · ∪ Vθ, where V ′k = Vk − {x, y}, is

a clique cover of G in θ cliques that contains fewer singletons than P . This is also a

contradiction. Hence x = y.

Now, if |Vk| ≥ 3, let V ′1 be as defined above and let V ′k = Vk − {x}. Then

P ′′ = V ′1 ∪V2∪ · · ·∪V ′k ∪ · · ·∪Vθ is a clique cover of G in θ cliques that contains fewer

singletons than P , again a contradiction. Hence we have proved that

if V1 = {v1} and V2 = {v2}, and v1 and v2 are adjacent to vertices in Vk,

then |Vk| = 2 and v1 and v2 are adjacent to the same vertex in Vk.
(4.2)
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Together with (4.1), the last paragraph also shows that

if V1 = {v1}, then v1 is adjacent to a vertex in Vk, where |Vk| = 2. (4.3)

For each i ≥ r, let ui, vi be arbitrary vertices in Vi; note that uivi ∈ E(G). Let

D =
⋃θ
i=r{ui, vi} and consider x ∈

⋃r−1
i=1 Vi. By (4.3), x is adjacent to uk (say) for

some k such that Vk = {uk, vk}, and by (4.2), vk is not adjacent to any vertex in⋃r−1
i=1 Vi−{x}. Hence {uk, vk} defends x (the guard on uk moves to x while the guard

on vk moves to uk; each vertex in G remains dominated). Obviously, {uk, vk} defends

Vk. If no vertex in Vj, j ≥ r, is adjacent to a vertex in
⋃r−1
i=1 Vi, then clearly {uj, vj}

is an SPDS of G[Vj]. Therefore D is a 2-SPDS of G, from which the desired result

follows.

Proposition 4.3. Let G be a graph with no isolated vertices. Then for 2 ≤ i ≤ 9

γ(i)spr(G) ≤ 2 min{α(G), β(G)},

where α(G), β(G) are the vertex-covering number and the independence number of G,

respectively.

Proof. Let G be a graph of order n, and S = {v1, v2, . . . , vβ(G)} be a maximum

independent set of G. Since G does not contain isolated vertices, vi has neighbours

in V (G)− S for all 1 ≤ i ≤ β(G).

Let M be a maximum matching from S to V (G) − S and let D be the set of

end-vertices of the edges in M . It is easy to see that for a vertex v ∈ S, v /∈ D

implies N(v) ⊆ D. Further, since the complement of an α-set is a β-set, |D| ≤

2 min{α(G), β(G)}.

Now we show that D is a 2-SPDS of G. Obviously D is dominating, so it suffices

to show that all vertices are D-defended. Suppose to the contrary that w ∈ V (G) is

not D-defended.

If w ∈ S, let x ∈ N(w) and note that x ∈ D − S. Let y ∈ S be the D-partner
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of x. If p ∈ epn(y,D), then M ′ = (M − {xy}) ∪ {xw, yp} is a matching from S to

V (G) − S with |M ′| > |M |, a contradiction. Hence epn(y,D) = ∅, and so {x, y}

defends w.

If w /∈ S, let x ∈ S be a neighbour of w. Note that x ∈ D, otherwise we can extend

M . Let y ∈ V (G)−S be the D-partner of x. Since w is not D-defended, y has a D-epn

p such that p /∈ N [w]. If p ∈ S, then (M −{xy})∪ {xw, py} forms a larger matching

than M , leading to a contradiction. So p ∈ V (G) − S. Since S is a maximum

independent set, p has a neighbour q ∈ S − D. But again, M ∪ {pq} is a larger

matching than M , which is not the case. Therefore {x, y} defends w in this case also.

It follows that γ
(2)
spr(G) ≤ 2 min{α(G), β(G)}, and thus γ

(i)
spr(G) ≤ 2 min{α(G), β(G)}

for i = 2, . . . , 9.

Proposition 4.4. Let G = (V,E) be a graph with no isolated vertices. Then γ
(i)
spr(G) ≤

2γpr(G) for 2 ≤ i ≤ 9.

Proof. It suffices to prove the inequality for i = 2.

Let D = {u1, ..., uk, v1, ..., vk} be a γpr-set of G with associated matching M =

{u1v1, ..., ukvk}. We prove the desired inequality by constructing a 2-SPDS D′ with

associated matching M ′ such that |D′| ≤ 2|D|.

Construction D1. Initially, let D0 = D and M0 = ∅, and construct D′ = Dk and

M ′ = Mk recursively as follows. For i = 1, ..., k,

(a) if there exist x ∈ N(ui) − Di−1 and y ∈ N(vi) − Di−1 such that x 6= y, then

choose arbitrary xi ∈ N(ui) − Di−1 and yi ∈ N(vi) − Di−1 such that xi 6= yi,

and let Di = Di−1 ∪ {xi, yi} and Mi = Mi−1 ∪ {uixi, viyi};

(b) otherwise, let Di = Di−1 and Mi = Mi−1 ∪ {uivi}.

If the condition in Construction D1(a) holds, we say that {ui, vi} is doubled to

{ui, xi} ∪ {vi, yi}. Clearly, D ⊆ D′ and |D′| ≤ 2|D|. It remains to show that D′ is a

2-SPDS of G.
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Suppose to the contrary that there exists w ∈ V (G) such that w is not D′-

defended. Since D is a PDS, w has a neighbour u ∈ D whose D-partner is v. If {u, v}

is not doubled in the construction of D′, then either N(u)−D′ = N(v)−D′ = {w},

or N [v] ⊆ D′. But in either case {u, v} defends w, which is not the case, hence

assume that {u, v} is doubled to {u, x} ∪ {v, y}. Since {u, x} does not defend w,

there exists s ∈ epn(x,D′). However, by the construction of D′, x /∈ D and so D does

not dominate s, a contradiction.

Corollary 4.5. If the graph G has a γpr-set that contains a vertex of degree one, then

γspr(G) < 2γpr(G).

Proof. Suppose D is a γpr-set of G such that deg u = 1 for some u ∈ D. Let v be

the D-partner of u and construct the SPDS D′ according to Construction D1. Then

{u, v} is not doubled and the result follows.

Corollary 4.6. Let G be a graph with no isolated vertices. Then γ
(i)
spr(G) ≤ 4γ(G)

for 2 ≤ i ≤ 9.

Proof. The result follows from Proposition 4.4 and the obvious fact that γpr(G) ≤

2γ(G) for all graphs without isolated vertices.

The bound in Corollary 4.6 is weak. For the special classes of graphs mentioned

in Chapter 3, γ
(2)
spr ≤ 2γ in all cases. For the ladders L4, L6 and L7 we in fact see that

γ(2)spr(L4) = 4 < 2γ(L4) = 6 and γ(2)spr(L6) = γ(2)spr(L7) = 6 < 2γ(L6) = 2γ(L7) = 8,

hence strict inequality holds. We now improve this bound, and also the bounds in

Theorem 4.2 and Proposition 4.3, by proving that γ
(2)
spr(G) ≤ 2γ(G) for all graphs G

without isolated vertices.

Theorem 4.7. For any graph G without isolated vertices, γ(G) ≤ γ
(2)
spr(G) ≤ 2γ(G).

Proof. The first inequality is trivial, so we only prove the second one. Among all

γ-sets of G, let D be one such that the number of edges in the subgraph 〈D〉 of G
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induced by D is as large as possible. Define

Depn = {v ∈ D : epn(v,D) 6= ∅}.

We prove that Depn = D. Suppose this is not the case. Then there exists x ∈ D such

that epn(x,D) = ∅. If x is adjacent to u ∈ D, then D − {x} dominates G, which is

impossible. Thus x is isolated in 〈D〉. Since G has no isolated vertices, x is therefore

adjacent to y ∈ V (G)−D. Since y /∈ epn(x,D) = ∅, y is adjacent to w ∈ D − {x}.

Let D′ = (D−{x})∪{y}. Then D′ dominates G. Moreover, y is adjacent to w ∈ D′,

hence 〈D′〉 contains more edges than 〈D〉 does, contradicting the choice of D.

For each ui ∈ D, let vi ∈ epn(ui, D) and define S = D ∪ {vi : ui ∈ D} with

associated matching M = {uivi : ui ∈ D}. Clearly, S is a PDS of G and |S| = 2γ(G).

Note that pn(vi, S) = ∅ for each vi ∈ S. We show that S is also an SPDS of G.

Consider arbitrary w ∈ V (G) − S and let ui be any vertex in D adjacent to w.

Let Sw = (S − {vi}) ∪ {w} and Mw = (M − {uivi}) ∪ {uiw}. Since D ⊆ Sw, Sw is a

PDS of G and hence w is S-protected.

The cycle C4 is an example of a graph for which the first inequality in Theorem

4.7 is an equality. We now construct an infinite class X of graphs for which γspr = γ.

For any integer k ≥ 1, we first construct the graph Hk with k components. We begin

with the set Dk = {u1, w1, ..., uk, wk} and the matching M = {u1w1, ..., ukwk}. Let

U1,W1, ..., Uk,Wk be disjoint sets of vertices such that |Ui|, |Wi| ≥ 2 for each i. Join ui

to each vertex in Ui, and wi to each vertex in Wi, i = 1, ..., k. Add all edges between

Ui and Wi, so that Hk[Ui ∪Wi] ∼= K|Ui|,|Wi|. This is the graph Hk. Now form the

class Xk by adding any edges (including none, or all) between vertices in Dk. Finally,

let X =
⋃∞
i=1Xk. The graph in Figure 4.1 is the graph in X2 obtained by adding all

possible edges between vertices in D2, and where |U1| = |U2| = |W1| = |W2| = 2.

It is clear that Dk dominates any graph G ∈ Xk. Suppose X is a dominating set of

G of cardinality q ≤ 2k− 1. By the pigeonhole principle, there is at least one index i
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Figure 4.1: A graph G with γ(G) = γspr(G) = 4
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such that |X∩(Ui∪Wi∪{ui, wi})| ≤ 1. Since no vertex in V (G)−(Ui∪Wi∪{ui, wi})

dominates a vertex in Ui ∪Wi, and no single vertex in Ui ∪Wi ∪ {ui, wi} dominates

Ui ∪Wi, this is clearly impossible. Hence γ(G) = 2k. Clearly, Dk is also a PDS of

G. Moreover, since any vertex in Ui dominates all vertices in Wi, and any vertex in

Wi dominates all vertices in Ui, each vertex in Ui ∪Wi is Dk-protected and thus Dk

is an SPDS of G.

4.3 Extremal Trees

We now consider trees that achieve equality in Proposition 4.4. As before, for a tree

T , we abbreviate γ
(i)
spr(T ) (i = 2, . . . , 9) to γspr(T ), and we call T a (γspr, 2γpr)-tree if

γspr(T ) = 2γpr(T ). A double star is a tree obtained by joining the central vertices of

two nontrivial stars.

We begin with the following proposition.

Proposition 4.8. Let T be a tree with a γpr-set D such that each vertex in D has an

epn that is a leaf. Then

(i) D is the unique γpr-set of T ,

(ii) γspr(T ) = 2γpr(T ), and

(iii) T has a spanning subforest consisting of double stars.

Proof. By the hypothesis, D ⊆ S(T ). However, since D is a PDS, each leaf of T is

dominated by a vertex that has a D-partner, and so S(T ) ⊆ D. Hence D = S(T ).

(i) Suppose to the contrary that X 6= D is also a γpr-set of T and let v ∈ D − X.

Let u ∈ epn(v,D) ∩ L(T ). Since v /∈ X and X dominates u, u ∈ X. But then u has

no partner in X, a contradiction.

(ii) For each v ∈ D, let v′ ∈ epn(v,D) ∩ L(T ) and define D′ = D ∪ {v′ : v ∈ D} and

M ′ = {vv′ : v ∈ D}. Then |D′| = 2|D| and D′ is a PDS of T with matching M ′. To
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show that D′ is an SPDS, consider w ∈ V (T )−D′. Since D is a PDS, w ∈ N(v) for

some v ∈ D, and (D′ − {v′}) ∪ {w} is a PDS of T . Hence {v, v′} protects w.

Suppose X is an SPDS of T with |X| < |D′| and matching MX . Since X is

a PDS, D = S(T ) ⊆ X. Since |X| ≤ |D′| − 2, there exist u, v ∈ D such that

uv ∈MX and epn(u,D) ∩X = epn(v,D) ∩X = ∅. Consider u′ ∈ epn(u,D) ∩ L(T ),

v′ ∈ epn(v,D)∩L(T ). Then u′ ∈ epn(u,X) and v′ ∈ epn(v,X). But then {u, v} does

not protect either u′ or v′, and so X does not protect these vertices, a contradiction.

Therefore γspr(T ) = |D′| = 2|D| = 2γpr(T ).

(iii) Assume that M is the matching associated with D and delete all edges of T [D]

except those in M . Let Y =
⋃
v∈D epn(v,D) and Z = V (T ) − D − Y . Note that

each vertex in Z is adjacent to at least two vertices in D. For each z ∈ Z, choose a

vertex dz ∈ D∩N(z) arbitrarily, and delete all edges incident with z except the edge

zdz. Also delete all edges in T [Y ]. Since each vertex in D has a private neighbour in

L(T ), the resulting graph is a forest consisting of double stars whose centres are the

vertices in D.

The path P8 = v1, ..., v8 is an example of a tree with a unique γpr-set D =

{v2, v3, v6, v7} that has the forest 2P4 as spanning subgraph, and P4 is a double star.

Also, each vertex in D has an epn. But γspr(P8) = 6 < 2γpr(P8); note that neither v3

nor v6 has a leaf private neighbour.

The condition stated in Proposition 4.8 is not necessary for a tree to satisfy equal-

ity in the bound of Proposition 4.4. Let T1 be the tree obtained by joining a new leaf

to the vertex v3 of P8 labelled as above. Then v6 has no leaf private neighbour, but

γspr(T1) = 8 = 2γpr(T1). In fact, if Tn is any tree constructed from n copies of T1 by

joining vertices corresponding to the vertex v3 of T1 in any way (providing the graph

is acyclic and connected), then Tn has n vertices without leaf private neighbours, but

γspr(Tn) = 8n = 2γpr(Tn).

We next show that if the tree T has a PDS D such that there are two vertices of

D “close” to each other without leaf private neighbours, then γspr(T ) < 2γpr(T ).
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Theorem 4.9. If a tree T has a γpr-set D such that there exist u, v ∈ D, with

uv ∈ E(G), and neither u nor v has a leaf private neighbour, then γspr(T ) < 2γpr(T ).

Proof. By Corollary 4.5 we may assume that D contains no leaves of T , for otherwise

we are done. Since u and v have no leaf private neighbours, and no leaf adjacent to

u or v is in D, u and v are not support vertices.

Assume firstly that u and v are paired in D. Then for each w ∈ N({u, v}) − D

there exists a vertex z ∈ D − {u, v} such that 1 ≤ d(w, z) ≤ 2; let Zw be the set of

all vertices in D − {u, v} satisfying this inequality.

Say D = {u1, ..., uk, v1, ..., vk}, where u = uk, v = vk, and construct the set D′

and its associated matching M ′ as in Construction D1, with the following additional

requirement.

(R) If {ui, vi} is doubled to {ui, xi}∪{vi, yi} and ui ∈ Zw for some w ∈ N({u, v})−D,

whenever possible let xi be the vertex adjacent to ui on the ui − w path in T .

Choose yi similarly if vi ∈ Zw′ for some w′ ∈ N({u, v})−D.

If |D′| < 2|D|, we are done, so assume |D′| = 2|D|. Then for each i, {ui, vi} is

doubled to {ui, xi} ∪ {vi, yi}; in particular, {uk, vk} is doubled to {uk, xk} ∪ {vk, yk}.

Let D′′ = D′ − {xk, yk} and M ′′ = (M ′ − {ukxk, vkyk}) ∪ {ukvk}. We show that D′′

is an SPDS of T .

Suppose to the contrary that there exists w ∈ V (G) such that w is not D′′-

defended. Since D is a PDS, w has a neighbour a ∈ D whose D-partner is b. If

{a, b} 6= {u, v}, then we obtain a contradiction as in the proof of Proposition 4.4, so

assume a = u, b = v. Since {u, v} does not D′′-defend w, there exists s ∈ epn(v,D′′).

Recall that Zs 6= ∅. Since s ∈ epn(v,D′′), d(s, z) = 2 for each z ∈ Zs. Let i be the

smallest index such that {ui, vi} ∩ Zs 6= ∅; without loss of generality say ui ∈ Zs.

By assumption, {ui, vi} is doubled to {ui, xi} ∪ {vi, yi}, but xi is not adjacent to s

because s ∈ epn(v,D′′). This violates requirement (R) and we conclude that D′′ is

an SPDS of T .

Assume therefore that u and v are not partners in D.
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Let D = {u1, ..., uk, v1, ..., vk}, where u = uk−1 and v = vk, and M = {uivi : i =

1, ..., k}. We define Zw for each w ∈ N({u, v})−D , and construct D′, M ′ as in the

case where u, v are paired. Again, assume that {ui, vi} is doubled to {ui, xi}∪{vi, yi}

for all i = 1, . . . , k; in particular, {uk−1, vk−1}, {uk, vk} are doubled to {uk−1, xk−1} ∪

{vk−1, yk−1} and {uk, xk} ∪ {vk, yk}, respectively.

Note that if vk−1 is not a support vertex, then we are done by setting pair {u, v} =

{vk−1, uk−1} and applying the same argument as in the previous case. Thus vk−1 has

a leaf neighbour l1. Similarly, uk has a leaf neighbour l2.

Let D′′ = (D′ − {yk−1, xk−1, yk, xk}) ∪ {l1, l2}, and

M ′′ = (M ′ − {vk−1yk−1, uk−1xk−1, vkyk, ukxk}) ∪ {l1vk−1, uv, ukl2}.

We claim that D′′ is an SPDS of T . Suppose this is not the case, then there exists

a vertex w ∈ V (G) that is not D′′-defended. It is clear that since l1 is a leaf, each

neighbour of vk−1 is D′′-defended by {l1, vk−1}. It follows that w /∈ N(vk−1). Similarly,

w /∈ N(uk). We conclude therefore that w ∈ N({u, v}), where, as in the previous

case, we obtain a contradiction.

In either case we constructed an SPDS D′ of T with |D′| < 2|D|. The proof is

thus complete.

Proposition 4.10. The conclusion of Theorem 4.9 does not hold if d(u, v) > 1.

Proof. Consider the tree T by joining two P5’s x1, . . . , x5 and y1, . . . , y5 to a P7 =

v1, . . . , v7 so that x1 is adjacent to v3 and y1 to v5, and attaching leaves x6, y6 to x3

and y3, respectively.

Let D = {v2, v3, v5, v6, x3, x4, y3, y4} and M = {v2v3, v5v6, x3x4, y3y4}. It is easy

to see that D is a minimum PDS of T and thus γpr(T ) = 8. Note that u = v3 and

v = v5 are the only vertices in D without leaf private neighbours, and d(u, v) = 2.

We show that γspr(T ) = 16 by arguing that it is impossible to securely pairwise

dominate T with only seven pairs of guards. Suppose to the contrary that there

exists an SPDS D′ of T such that |D′| = 14. Let M ′ be the associated match-
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ing of D′. Observe that x3, x4, y3, y4 ∈ D′; however, x3x4, y3y4 /∈ M ′, as other-

wise x5, x6, y5, y6 are not defended. Therefore x4, x5, y4, y5 ∈ D′ and x4x5, y4y5 ∈

M ′. To defend x6, {x2, x6} ∩ D′ 6= ∅. Similarly, {y2, y6} ∩ D′ 6= ∅. Hence

|D′ ∩ {x2, x3, x4, x5, x6, y2, y3, y4, y5, y6}| ≥ 8. Also note that v2, v6 ∈ D′. Hence

|D′ ∩ {v1, v3, v4, v5, v7, x1, y1}| ≤ 4.

Now if v3, v5 ∈ D′, then {v2v3, v5v6} * M ′, for otherwise {v1, v4, v7} ∩ D′ = ∅,

and v4 is not defended. Thus the remaining two vertices u,w ∈ D′ must be chosen

in such a way that {v2, v3, v5, v6, u, w} has a perfect matching that does not include

both edges v2v3 and v5v6. Up to isomorphism, there are only two ways to do this:

{v1, v2, v3, v4, v5, v6} ⊆ D′ and {v1v2, v3v4, v5v6} ⊆M ′, and {v1, v2, v3, x1, v5, v6} ⊆ D′

and {v1v2, v3x1, v5v6} ⊆M ′. In each case, v7 ∈ epn(v6, D
′), so v5 does not protect y1.

Therefore y2 ∈ D′. But then y6 ∈ epn(y3, D
′) and so y2 does not defend y1 either.

Thus {v3, v5} * D′.

Obviously, if {v3, v5} ∩ D′ = ∅, then v4 is not pairwise dominated, so assume

without loss of generality that v3 ∈ D′ and v5 /∈ D′. Then v6, v7 ∈ D′ and v6v7 ∈M ′.

If v2v3 ∈ M ′, then {v1, v4} ∩ D′ = ∅ and so neither v1 nor v4 is protected. Hence

v2v3 /∈ M ′, so that v1 ∈ D′ and p(v3) ∈ {v4, x1}. In either case all vertices in D′

have been determined, hence y1 /∈ D′. Thus y2 ∈ D′ to protect y1. This is impossible

because y6 ∈ epn(y3, D
′).

Thus T satisfies the conditions of Theorem 4.9 with the only exception that

d(u, v) = 2, but γspr(T ) = 2γpr(T ).

Next we consider the trees T which γspr(T ) = γpr(T ), starting with a property of

general graphs.

Proposition 4.11. Let G be a graph with PDS D. Then for i = 2, . . . , 9, D is an

i-SPDS of G if for each v ∈ V (G)−D there exists a vertex u ∈ N(v) ∩D such that

epn(p(u), D) = ∅.

Proof. It is sufficient to prove the case for i = 2.
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Suppose to the contrary that D is not a 2-SPDS of G. Then there exists a vertex

v ∈ V (G) that is not D-defended. Let u ∈ N(v) ∩ D and u′ = p(u,D). If u′ has

no D-epn, then v is 2-defended by u, u′. So epn(u′, D) 6= ∅. A contradiction is then

obtained by applying the same argument to each u ∈ N(v) ∩D.

It is worth noting that the converse of Proposition 4.11 does not hold for graphs

in general – for a counter-example, consider G = C4, where γspr(G) = γpr(G) = 2 but

the given condition is clearly not satisfied. The converse of the proposition, however,

does hold for all trees.

Proposition 4.12. Let T be a tree with PDS D. Then D is an SPDS of T if

and only if for each v ∈ V (T ) − D there exists a vertex u ∈ N(v) ∩ D such that

epn(p(u), D) = ∅.

Proof. If T has a minimum PDS D for which the given condition is satisfied, then D

is also an SPDS and thus γspr(T ) = γpr(T ).

Suppose now that γspr(T ) = γpr(T ). Let D be an SPDS of T . Suppose to the

contrary that there exists v ∈ V (T ) such that epn(p(u))6= ∅ for all u ∈ N(v) ∩ D.

Let w ∈ N(v)∩D such that w D-defends v when v is attacked, and let w′ = p(u). It

follows that D′ = (D − {w′}) ∪ {v} is a PDS of T . By assumption, w′ has an D-epn

z. However, since T is a tree, N(z) ∩ N(v) = ∅. Thus z is not dominated by D′,

leading to a contradiction. The proof is therefore complete.

We show that a result similar to Proposition 4.8 (ii) holds for the domination

number instead of the paired domination number (Note that Proposition 4.8 (i) is

not true in the case of dominating sets, while (iii) is trivial).

Proposition 4.13. If the tree T has a γ-set D such that each vertex in D has an

epn that is a leaf, then γspr(T ) = 2γ(T ).

Proof. The result is trivial if T = K2, so assume T has order at least three. Then D

contains no leaf of T and so S(T ) ⊆ D. On the other hand, since each vertex in D
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has a leaf neighbour, D = S(T ). Let D = {v1, . . . , vk}, and let ui be an arbitrary leaf

neighbour of vi. Consider D′ = {v1, . . . , vk, u1, . . . , uk} and M ′ = {v1u1, . . . , vkuk}.

It is easy to see that D′ is a PDS of T . We show that D′ is secure. Let x

be any vertex in T − D′ and let v ∈ D ∩ N(x), u = p(v). When x is attacked,

D′′ = (D′ − {u}) ∪ {x} forms a new PDS of T , and this implies D′ is an SPDS of T .

We now show that 2|S(T )| is the minimum number of guards one can use to

securely pairwise dominate T . Clearly, S(T ) is a subset of any SPDS of T , so it

suffices to show that each vertex in S(T ) corresponds to a unique pair of guards in

any SPDS D′ of T . Suppose to the contrary that there exist u, v ∈ D′ such that

uv ∈ M ′, the associated matching of D′, and that u, v ∈ S(T ). Let u′, v′ be a leaf

partner of u, v, respectively. Then it is easy to see that If there is an attack against

any vertex in {u′, v′}, the other one will be left undominated, which is not the case.

Therefore the proof is complete.
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Chapter 5

Open Problems

5.1 Introduction

We conclude the thesis with a list of some open problems and ideas for further re-

search.

5.2 List of Problems

Problem 5.1. Characterize graphs (or trees, in particular) whose SPD numbers equal

twice their clique partition numbers.

Problem 5.2. Characterize graphs (or trees, in particular) whose SPD numbers equal

twice their PD numbers.

Problem 5.3. Characterize graphs (or trees, in particular) with equal SPD and PD

numbers.

Problem 5.4. Characterize graphs (or trees, in particular) whose SPD numbers equal

twice their secure domination numbers.

Problem 5.5. Find a (good) lower bound for SPD numbers of grid graphs.
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It may also be interesting to study criticality and stability aspects of secure paired

domination: how do the SPD numbers of a graph change when a vertex or edge is

deleted, or when an edge is added? In particular, critical graphs - that is, graphs

whose SPD numbers change whenever the graph is altered by one of these operations

- may exhibit interesting properties.

A future direction is to study defending the vertices of a graph against an infinite

sequence of attacks, using paired domination and guards moving as defined in the

nine definitions, according to two further models: Only one or two guards move to

defend against each attack, or any number of guards may move to defend against

each attack.
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