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ABSTFUCT 

A method for the design and implementation of practical and efficient oversampled filter banks (OFB) is 

proposed. Specifically, a technique for designing perfect reconstruction (PR) oversampled cosine 

modulated (CM) and discrete Fourier transform modulated (DFT-M) filter banks (FB) of either odd- or 

even-stacking type that can be implemented using lifting-based structures is proposed. 

A generalized, efficient factorization of the polyphase transfer matrices for oversampled modulated 

filter banks (0-MFB) is proposed that can be applied to the factorization of transfer inatrices resulting from 

discrete Fourier transform (DFT) or cosine modulation, of either odd- or even-stacking type. This 

factorization is derived by directly associating the prototype filter coefficients with the modulation matrix 

coefficients and exploiting redundancies in the modulation transform. By applying the well-known DFT 

and cosine modulation matrices to this factorization, the general conditions imposed on the resulting 

factorization matrices are derived for both DFT and cosine modulated filter banks (CMFB) with either 

odd- or even-stacking type. By exploiting the paraunitary (PU) property of zero-padded square PU 

matrices, rectangular PU matrices are generated and shown to correspond to PU OFBs. A PU factorization 

of square matrices is then applied in order to derive a PU factorization of the transfer matrices generated 

from 0-MFBs. 

Next, a lifting-based factorization of the rectangular transfer matrices is proposed. This lifting-based 

factorization extends a lifting-based factorization for square transfer matrices to the case of rectangular 

transfer matrices. A specific PU lifting-based factorization of square matrices is then applied to the zero- 

padded square PU matrices related to the rectangular PU transfer matrices corresponding to 0-MFBs. This 

results in a generalized lifting-based structure for the implementation of PR 0-MFBs. By applying the 

DFT and cosine modulation matrices, the specific conditions on the lifting-based factorization matrices are 

derived. These conditions are associated with the design limitations of the FB, such as the length and 

phase of the analysis and synthesis prototype filters and the relationship between the number of channels M 

and the subsampling factor N, for each type of modulated filter bank (MFB). 

Finally, a design method is proposed for the design of 0-MFBs implemented using a lifting-based 

structure. It is shown that this method provides optimal solutions and results in subband filters having 

acceptable stopband attenuation. Furthermore, it is shown that FBs with linear phase subband filters can be 

designed. 
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Chapter 1 

Introduction 

The theory of multirate filter banks (FBs) has experienced aggressive development over the last two 

decades as the advantages offered by processing digital signals at different sampling rates throughout a 

system are exploitable in many practical applications. Initial work on multirate FBs included studying the 

adverse effects of modifying the sampling rate at various points throughout a digital system and developing 

an understanding of the fundamental relationships necessary to reduce or eliminate these effects. More 

recently, focus has been directed towards deriving techniques to implement these systems as practical 

digital systems. In the design of practical systems, we must consider the minimization or elimination of 

errors in the reconstructed signal due to the quantization of filter coefficients, truncation of intermediate 

results, and processing of overflows during intermediate operations. Finally, in an effort to develop 

efficient FB realizations, research has been performed on deriving implementations wherein integer 

mathematics can be exploited or multiplierless processors can be used. 

This thesis deals specifically with the design and efficient implementation of practical oversampled 

filter banks (OFBs). Chapter 1 begins with a comprehensive background of FB theories published to date, 

focusing on motivations and advantages of particular research directions. This background concludes with 

the motivation for performing the research described in this thesis. Subsequent to this, an outline to the 

remainder of the thesis is presented that identifies the specific contributions made by the author. 

1 .  Background 

Most of multirate FB research to date has focused on critically-sampled FBs, wherein the subsampling 

factor in each channel is equal to the total number of channels. Initially, 2-channel FBs were introduced 

into the literature as quadrature mirror filter banks (QMFBs) in the mid-seventies by Croisier et al. [I]. 

These 2-channel FBs completely eliminated aliasing distortion due to subsampling operations, however, 



amplitude and phase distortion from non-ideal subband filtering still remained. Subsequently, these FBs 

were extended to the M-channel case in [2], [3] and [4]. However, it was not until 1984 that Smith and 

Barnwell [5] derived what was later to be referred to as the paraunitary (PU) property, resulting in the 2- 

channel perfect reconstruction (PR) QMFB. 2-channel FBs employing PR were soon extended to the M- 

channel case by several authors, including Vetterli [6] and Vaidyanathan [7], among others. 

In classical FB design, it is necessary to independently design each analysis and synthesis subband 

filter, which results in optimization problems with a large number of independent variables. Hence, a 

subclass of FBs referred to as modulated filter banks (MFBs), wherein the subband filter transfer functions 

are generated by multiplying a prototype filter transfer function with a modulation transfonn, were 

subsequently developed. Two of the most common types of MFBs are the discrete Fourier transform 

modulated (DFT-M) and cosine modulated (CM) FBs. MFB designs are very attractive to the digital filter 

bank designer since only the prototype filter coefficients need to be optimized and fast transforms, such as 

the Fast Fourier Transform (FFT) or the discrete cosine transform (DCT), can be applied. MFBs were first 

derived by Masson [2], Nussbaumer [3], and Rothweiler [4]. These FBs were efficient in the sense of 

requiring only a prototype filter to be designed; however, they did not result in PR. The first MFBs that 

did result in PR were developed by Ramstad [8], Koilipillai [9], and Malvar [lo]. The drawback with these 

designs was that they were quite restrictive in the sense that fixed subband filter lengths of 2JM and signal 

reconstruction delays of 2JM - 1 were imposed, where J is an arbitrary positive integer and M is the 

number of channels in the FB. In many real-time applications where feedback is involved, it is important 

to control and minimize the reconstruction delay. This motivated the desire to explore PR biorthogonal 

FBs [11][12] and PR biorthogonal MFBs [13][14], where the reconstruction delay could be controlled 

independently of the subband filter length. Although the MFBs derived to this point offered PR, the 

subband filters lacked one important property for image processing applications: linear phase (LP). Hence, 

in 1995, Lin and Vaidyanathan [I51 derived the 2M-channel PR cosine modulated filter bank (CMFB) with 

subband filters having linear phase. Following this, several authors generalized and summarized the 

various classes of MFBs, notably deriving PR conditions for biorthogonal MFBs, associating the original 

CM scheme to the DCT IV modulation transform, and associating the 2M-channel LP CMFBs to the DCT 

I1 modulation transform [16][17]. CMFBs incorporating DCT I1 and DCT IV modulation transforms have 

since been referred to as odd- and even-stacked CMFBs, respectively, by Gopinath in [17][18]. 

The PU property that Smith and Barnwell unknowingly explored in [ 5 ]  was more thoroughly 

introduced for M-channel FBs in [6], [7] and [19] and M-channel MFBs in [a], [9] and [lo]. Paraunitary 

filter banks (PUFB) are quite desirable since the PU property facilitates simple design of the synthesis bank 

for a given analysis bank, guaranteed subband filter stability, and optimization formulations that tend to 



exhibit fast convergence. Recently, more complete and thorough studies on M-channel FBs have been 

performed by Vaidyanathan [20], Malvar [21], Vetterli [22], and Strang [23], among others that 

demonstrate the PU case to simply be a specific case of biorthogonal FBs. 

In practical implementations of multirate FBs, it is necessary to quantize the filter coefficients since 

they are stored in hardware with finite-length registers. FB implementations utilizing direct structures are 

subjected to non-linear distortion caused by coefficient quantization, the truncation of intermediate results, 

and the processing of overflows during intermediate operations. In order to maintain PR in practical 

implementations it is therefore of considerable interest to develop structures wherein PR is inherent in the 

structure. Hence, subsequent to the development of PUFBs was the development of lattice-structure FB 

implementations. Lattices provide a structure for implementing PUFBs while inducing many important 

properties, including that of PR. In [20], Vaidyanathan showed that every PUFB can be represented by a 

lattice-structure. He first applied this structure to the design of 2-channel PR PU QMFBs in [24], and 

subsequently extended it to the design of M-channel PR PUFBs in [25]. Lattice structures have since been 

derived for LP PR PUFBs [26][27] and MFBs [9][18]. In addition to guaranteeing PR over the entire class 

of PUFBs even when the coefficients are quantized, lattice structures also facilitate FBs to be designed 

with modular components and the overall system delay to be minimized during implementation. 

The drawback with FBs implemented using arbitrary lattice structures is that they are not resilient to 

the non-linear distortion introduced when intermediate results are quantized or overflows are processed 

during intermediate operations. In addition to this, lattice structures can only be applied to the design of 

PUFBs. Hence, a special type of lattice-structure known as the lifting-based (or ladder) structure was 

developed. Whereas lattice structures are realized using a cascade of low-order PU building blocks, 

lifting-based structures are realized using a cascade of structures that perform particular elementary matrix 

operations. Lifting-based structures were first introduced in the FB literature by Breukers in [28] and have 

subsequently been applied to generate approximations of the DCT [29][30], design biorthogonal wavelets 

[3 1][32], biorthogonal FBs [30][33], biorthogonal MFBs [34][35], and LP FBs [36][37]. 

A natural extension of FBs with structurally-inherent PR, such as those implemented using lattice or 

ladder-based structures, are integer- or dyadic-coefficient FBs. Since structurally-inherent perfect 

reconstruction filter banks (PRFB) maintain PR regardless of coefficient quantization, the filter coefficients 

can be quantized arbitrarily while still retaining the PR property. In integer-coeffkient FBs, the filter 

coefficients are quantized to integer values. In dyadic-coefficient FBs, the filter coefficients are quantized 

to values of k/2'", where k and m are positive integers. Integer-coefficient FBs offer the advantage that 

integer mathematics can be computed much faster in hardware, whereas dyadic-coefficient FBs offer the 

advantage that the filter banks can be implemented using only shift and add operations rather than 



computationally complex multipliers. 2-channel integer- and dyadic-coefficient LP biorthogonal and 

PUFBs were first studied by Antononi [38] and Horng [39], respectively, with M-channel extensions 

subsequently derived by Karp [40] and Chan [41]. Integer-modulated PRFBs, wherein both the prototype 

filter coefficients and the modulation transform coefficients are represented by integer approximations, 

were then studied by Bi [42] and Mertins [43]. 

OFBs are a generalization of critically-sampled FBs characterized by the subsampling factor in each 

channel being less than the total number of channels. At the expense of increased computational 

complexity due to the redundant number of samples in each subband, OFBs offer increased design 

freedom, reduced reconstruction noise, and higher subband signal redundancy when compared to critically- 

sampled FBs. In order to reduce the computational complexity inherent in OFBs, oversampled modulated 

filter banks (O-MFB) such as DFT-MFBs [44][45], odd-stacked CMFBs [46][47], even-stacked CMFBs 

[48], and generalized CMFBs [49] have been explored. Subsequent to this, a thorough study of OFBs was 

performed in the context of frame theory [50][51] as links can be established between the subband filters 

and a frame, where a frame is defined by a family of uniformly shifted filters. Through these relationships, 

conditions were determined for the analysis and synthesis bank transfer matrices to generate PRFBs for 

finite-duration impulse response (FIR) subband filters. In addition to this, a parameterization was derived 

for all possible PR synthesis banks for a given analysis bank employing FIR subband filters. 

Further reductions in the computational complexity of OFBs can be obtained by exploiting the 

structural PR property of lattice and ladder-based structures. In this case, efficient realizations can be 

derived when the coefficients are quantized to integer or dyadic values, facilitating multiplierless 

implementations. Lattice structures for OFBs have only recently been considered by Labeau et al. who 

proposed a lattice-structure for oversampled PR-LP-PUFBs in [52]. For O-MFBs, lattice structures for 

odd- and even-stacked oversampled cosine modulated filter banks (O-CMFB) have been proposed by 

Bolcskei in [49][50]. Ladder structures for OFBs, on the other hand, have received little attention in the 

literature. A 'pseudo' ladder structure wherein only a portion of the FB is parameterized using a ladder 

structure was proposed by Gan in [53]. Further to this, it has been the work of this author to derive ladder 

structures for OFBs. A fairly restrictive ladder structure was proposed for biorthogonal oversampled odd- 

stacked CMFBs in [54], and a much less restrictive ladder structure for oversampled PU MFBs (odd- and 

even-stacked, DFT-M and CMFBs) has been more recently proposed in [55]. 

Maximally-decimated FBs tend to be very effective in applications where it is desired to minimize the 

amount of information being processed. This is typical in applications such as the subband coding of 

speech and image signals [56][57]. In these applications, the subband energy content can be exploited in 

order to appropriately allocate bits for samples in each subband and hence minimize the number of coded 
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bits required to represent the original signal. Other typical applications include communication systems 

(analog voice privacy systems [58] and digital transmultiplexers [59]), antenna systems (beamforming), 

and radar. OFBs tend to be very effective in applications where storage and processing requirements are 

not at a premium, and where increased design freedom, reduced reconstruction noise, and redundancy in 

the subband signals are desirable. This is typical in applications such as subband adaptive filtering [60] 

(applied to echo cancellation [61], noise reduction 1621, beamforming [62], line enhancement [63]), 

communication systems [64] (enhanced resilience to erasures in lossy channels [65]), and various 

denoising applications [66]. Relationships between OFBs and multiple description coding [67] and 

independent component analysis [68] have also been derived. 

1.2 Contributions 

The contributions of this thesis begin in section 4.1. In this section, a factorization of 0-MFB transfer 

matrices that was originally proposed by Weiss and Stewart in [69] is extended to include a multiplication 

of the polyphase transfer matrices with a subband filter delay matrix. Whereas the factorization derived in 

[69] is for 0-MFB transfer matrices generated using discrete Fourier transform (DFT) modulation, the 

factorization derived in section 4.1 generalizes this factorization to include both 0-MFB transfer matrices 

generated using DFT modulation and 0-MFB transfer matrices generated using cosine modulation, of 

either odd- or even-stacking type. The generalized factorization involves multiplying the original 

factorization of the analysis and synthesis transfer matrices with a subband filter delay matrix. The 

subband filter delay matrix in the Z-domain comprises elements z-'; with appropriate values of k located on 

the diagonal, wherein the value of k can be associated with the additional amount of delay k in the time 

domain required for implementation of 0-CMFBs realizing PR. The necessity of such a delay matrix is 

specifically recognized for even-stacked 0-CMFB transfer matrix factorizations. 

In section 4.1, a factorization of the generalized analysis and synthesis polyphase transfer matrices is 

also presented wherein the analysis and synthesis polyphase transfer matrices are factorized into a product 

of permutation matrices P and Q, a plurality of advance and delay matrices Ml(z) and Nl(z), and a plurality 

of rectangular matrices S,(z). This factorization is based on the factorization presented by CvetkoviC in 

[44]. In [44], a factorization is derived for 0-MFB transfer matrices generated using DFT modulation. 

The factorization derived in section 4.1 shows how a similar factorization can be applied to 0-MFB 

transfer matrices generated using both DFT modulation and cosine modulation. 

Section 4.1 concludes with a PU factorization of the generalized analysis and synthesis polyphase 

transfer matrices. This PU factorization applies the generalized factorization of a degree-C square matrix 
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into a product of degree-1 PU building blocks and Householder matrices as derived by Vaidyanathan in 

[20]. It is shown that the plurality of rectangular matrices S,(z) can be embedded into zero padded square 

matrices G(z). It is then further shown that forcing G(z) to be PU (i.e. by applying a PU factorization of 

square matrices such as that presented by Vaidyanathan) the embedded rectangular matrix Sl(z) will then 

also be PU. This results in a PU factorization of generalized 0-MFBs transfer matrices. 

In section 4.2, the generalized factorization of 0-DFT-MFB transfer matrices is given. By applying 

the well-known DFT modulation matrices to the generalized factorization of 0-MFB transfer matrices 

derived in section 4.1, the conditions on the factorization matrices for the specific factorization of O-DFT- 

MFB transfer matrices are determined. The conditions imposed on the modulation matrix T and the 

factorization matrices LZ, Ak, and E(z) are given for both odd-stacked and even-stacked oversampled DFT- 

MFBs. In addition to this, the forms that E(z) must assume and the condition on the length of the prototype 

filter impulse response, L,, for each form of E(z), are also given. Furthermore, the conditions imposed on 

the analysis and synthesis prototype filter impulse responses in order to generate PU solutions are reviewed 

for completeness by following the derivation by Eneman in [70]. 

In section 4.3, the generalized factorization of 0-CMFB transfer matrices is given. By applying the 

well-known CM matrices to the generalized factorization of 0-MFB transfer matrices derived in section 

4.1, the conditions on the factorization matrices for the specific factorization of 0-CMFB transfer matrices 

are detennined. The conditions imposed on the modulation matrix T and the factorization matrices L2, Ak, 

and E(z) are given for both odd-stacked and even-stacked 0-CMFBs, as well as the forms that E(z) must 

assume and the condition on the length of the prototype filter impulse response, L,, for each form of E(z). 

Furthermore, the conditions imposed on the analysis and synthesis filter impulse responses in order to 

generate PU solutions as derived by Kliewer in 1471 are related to the forms that E(z) may assume. This 

relationship is essential for realizing that Form 1 factorizations of E(z) are necessary for ensuring that PR 

Condition #I is satisfied for 0-CMFBs. 

In section 5.1, the lifting-based factorization of square matrices derived by Chen and Amaratunga in 

[30] is applied to generate a lifting-based factorization of rectangular matrices. A lifting-based 

factorization of square matrices is then applied to the Smith form decomposition of rectangular polynomial 

matrices, resulting in a generalized lifting-based factorization of rectangular matrices. This factorization is 

associated with the factorization of rectangular matrices representing OFB transfer matrices. Following 

this, the lifting-based factorization for a subset of rectangular matrices that satisfy the PU property is 

presented. This factorization is based on the application of the aforementioned lifting-based factorization 

to a subset of left-inverse solutions, wherein a PU rectangular matrix is generated by zero-padding a PU 
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square matrix. Section 5.1 concludes with a filter bank analysis that deals with the association between the 

channels in a multirate filter bank and the lifting-based factorization of square and rectangular matrices. 

In section 5.2, the lifting-based factorization of PU matrices as derived in section 5.1 is applied to the 

generalized factorization of the PU transfer matrices for oversampled DFT-MFBs and 0-CMFBs as 

derived in section 4.1. This results in a lifting-based factorization for 0-MFB transfer matrices with 

arbitrary modulation and stacking types. For the lifting-based factorization, the parameters for odd-stacked 

and even-stacked 0-MFBs are provided that result in PUFBs and PR. The new parameters derived in 

section 5.2 include the number, dimensions, and order of factorization matrices S,(z), as well as the number 

of parameters required for optimization, for each form that E(z) may assume. 

In chapter 6, a method for designing PU 0-MFBs, as well as both odd- and even-stacked DFT-MFBs 

and CMFBs that can be realized using a lifting-based structure is presented. This method comprises the 

steps of selecting the FB properties such as the number of channels and the subsampling factor; deriving 

the appropriate analysis polyphase transfer matrix for the desired modulation and stacking type; 

manipulating the transfer matrix into submatrices that are conducive to PU factorization; applying 

Vaidyanathan's well-known PU factorization to generate rectangular PU transfer matrices; and applying a 

lifting-based factorization of square PU matrices to generate a lifting-based factorization of rectangular PU 

transfer matrices. 

In Appendix A. 1, the general conditions for obtaining PR in OFBs are explicitly derived. While many 

references such as [18][44][47] and [50] provide the PR conditions for OFBs, the generalized PR 

conditions on the analysis and synthesis polyphase transfer matrices for OFBs with arbitrary system delay 

do not appear to have been reported in the literature. Therefore, a succinct and straight-forward derivation 

following the logic used in the critically-sampled case provided by Vaidyanathan in [20] is given. In this 

derivation, the input-output transfer function of an OFB is first derived in the Z-domain. Recognizing the 

necessity to set the aliasing terms caused by the downsampling operations to zero, a matrix representation 

is then presented wherein the necessary conditions for PR result in the product P(z) = R(z)E(z) being a 

right pseudo-circulant matrix. In order to induce PR, specific relationships between the elements of P(z) 

are identified. Ensuring that these relationships are met results in the relationship of R(z) to E(z) that is 

necessary for a PRFB to be obtained. 

In Appendix A.2, the general conditions for obtaining PR in even-stacked 0-CMFBs are explicitly 

derived. Gopinath has provided a derivation of the PR conditions for even-stacked 0-CMFBs in [17] that 

considers analysis subband filter impulse responses given by 
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The derivation for the general conditions necessary for obtaining PR as provided in Appendix A.2 are 

derived for even-stacked 0-CMFBs with analysis subband filter impulse responses given by 

hk [ n ]  = p,p[njcos 1; -k [ n - Lp-i+M)] 
Gopinath's PR conditions apply to CMFBs with arbitrary system delay a. The PR conditions derived in 

Appendix A.2 apply to CMFBs with system delay L, - 1 + M. It is this form with a fixed system delay that 

is considered throughout this thesis. It is shown that the PR conditions derived for the specific case 

considered in the context of this paper are equivalent to those derived for the more general case derived by 

Gopinath. 



Chapter 2 

Multirate Filter Banks - Fundamental Building 

Blocks 

Multirate FBs consist of a parallel implementation of analysis and synthesis subband filters in series with 

appropriate subsampling operations such as the downsampling and upsampling operations. Multirate 

systems, as compared to singlerate systems, modify the sampling rate of an input signal as the signal 

propagates throughout the system. By modifying the sampling rate and manipulating the order of the 

cascades of subband filters and subsampling operations, efficiencies can be obtained in the form of relaxed 

requirements on the subband filters, subband filters operating at a reduced sampling rate, and processing of 

subband signals at reduced sampling rates. To perform an analysis on the effects of separating an input 

signal into multiple subbands and subsequently recombining these subbands in order to reconstruct the 

input signal, it is necessary to understand the effects of the independent multirate operations such as the 

upsampling and downsampling operations. 

In this chapter, the fundamental building blocks of multirate FBs are introduced. In sections 2.1 and 

2.2, the upsampling and downsampling operations are discussed. Since cascades of upsamplers and 

downsamplers are often found in multirate FBs, the effects that these cascades induce on a signal are 

discussed in sections 2.3 and 2.4. Downsampling operations tend to be destructive in nature, introducing 

aliasing effects, whereas upsampling operations tend to introduce images of the original signal. 

Manipulations of the sampling rate in multirate systems must therefore be performed very carefully. 

Appropriate fikering operations such as the employment of anti-imaging and anti-aliasing filters typically 

precede or follow the subsampling operations in order to reduce or eliminate the aliasing and imaging 

effects caused by subsampling. The effects due to cascading anti-imaging and anti-aliasing filters with 

upsamplers and downsamplers are discussed in sections 2.5 and 2.6. Furthermore, the cascading of 

subsamplers with anti-imaging or anti-aliasing filters can be performed extraordinarily efficiently by 
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application of the Noble identities, which are introduced in section 2.7, and the polyphase representation, 

which is discussed in section 2.8. 

2.1 Upsampler 

One of the fundamental building blocks in multirate systems is the upsampler1 which is illustrated in figure 

1. The response of an upsampler to an input sequence x[n] is given by 

10 otherwise 

where N is an integer. 

Figure 1. N-fold upsampler. 

The upsampling operation increases the sampling rate of a discrete-time sequence by inserting N - 1 

zero valued new samples between successive samples of x[n]. To illustrate this property in the time 

domain, consider the input sequence x[n] shown in figure 2(a). Applying this sequence to an upsampler 

with an upsampling factor of N = 2 results in the output sequence illustrated in figure 2(b). The Z- 

transform of the input-output relationship shown in equation (2.1) is given by 

Consequently, if we assume a normalized sampling period of 1 s', the Z-transform evaluated over the unit 

circle results in the frequency-domain relationship 

I Also commonly rcfcrred to as an mtcrpolator or an expander 

A normal~zcd samplmg per~od T = 1 whlch corrcsponds to a samphng frcqucncy of 2n radls w ~ l l  bc assumed throughout the them 
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Figure 2. Time-domain effect of an zrpsampling operation with an upsanipling factor of N = 2. (a) Input 

sequence. (b) Ozrtpznt sequence. 

As is evident from equation (2.3), an N-fold upsampling operation essentially increases the sampling 

frequency by a factor of N. Since common convention is to normalize the sampling frequency to 2n before 

and after upsampling, the original spectrum appears to be compressed by a factor of N. This results in 

multiple compressed copies of the baseband spectrum appearing centered around w = 32nk/N, for k = 1, 2, 

. . ., N - I, which are referred to as images. To illustrate this property in the frequency domain, consider the 

input spectrum X(e'") shown in figure 3(a). Applying this signal to an upsampler with an upsampling 

factor of N = 2 results in the output spectrum illustrated in figure 3(b). The output spectrum appears to be 

a compressed copy of the original spectrum with images at w = 371- and w = k2n. Noting that the baseband 

of the output spectrum is identical in shape to that of the input spectrum, the original signal can always be 

extracted from the output signal following appropriate anti-imaging filtering. 

Figure 3. Frequency-doniain effect of upsampling operation with an upsampling factor of N = 2. 

(a) Input spectrum. (b) Output spectrum. 
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2.2 Downsampler 

Another fundamental building block in multirate systems is the downsampler1 which is illustrated in figure 

4. The response of a downsampler to an input sequence x[n] is given by 

where N is an integer. 

Figure 4. N-fold downsampler. 

The downsampling operation decreases the sampling rate of a discrete-time sequence by removing N - 

1 samples between successive samples of x[n]. To illustrate this property in the time domain, consider the 

input sequence x[n]  shown in figure 5(a). Applying this sequence to the input of a downsampler with a 

downsampling factor of N = 2 results in the output sequence illustrated in figure 5(b). The 2-transform of 

the input-output relationship shown in equation (2.4) is given by 

where JV,,, = eri2"'N. Consequently, the frequency-domain relationship between the input and output can be 

expressed as 

' Also commonly refcrrcd to as a dccimator or compressor. 



2. Multirate Filter Banks - Fundamental Building Blocks 13 

Figure 5. Time-domain effect of a downsampling operation with a downsampling factor of N = 2. 

(a) Input sequence. (6) Output sequence. 

As is evident from equation (2.6), an N-fold downsampling operation essentially decreases the 

sampling frequency by a factor of N. Since common convention is to normalize the frequency axis, the 

original spectrum appears to be expanded by a factor of N, and then repeated at intervals of w = *27cklN, 

for k = 1, 2, ..., N - 1. The expanded baseband spectrum itself is not periodic; however, after summing the 

multiple copies of the expanded baseband spectrum, the result is periodic with a period of 27c. As will 

become evident in the following example, if the original signal is not appropriately bandlimited the 

expanded copies of the baseband spectrum will overlap resulting in what is known as aliasing. To illustrate 

this property in the frequency domain, consider the input spectrum x(ei") shown in figure 6(a). Applying 

this signal to a downsampler with a downsampling factor of N = 2 results in the output spectrum shown in 

figure 6(b). The output spectrum is simply an expanded copy of the original spectrum, with aliasing 

illustrated by the shaded areas. At any frequency component where aliasing occurs it is generally not 

possible to extract the original signal. However, aliasing can be avoided and the original signal can be 

extracted from the output signal if the input signal is appropriately bandlimited prior to downsampling. 

Figure 6. Frequency-domain effect of a downsampling operation with a downsampling factor of N = 2. 

(a) Input spectrum. (b) Output spectrum. 
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2.3 Upsampler-Downsampler Cascade 

Since in multirate systems the fundamental building blocks discussed in sections 2.1 and 2.2 are frequently 

cascaded, it is important to understand the operation of such cascades. One example of such a cascade is 

the upsampler-downsampler cascade wherein an N-fold upsampler is followed by an N-fold downsampler, 

as illustrated in figure 7 .  The response of an upsampler with an integer upsampling factor of N followed by 

a downsampler with an integer downsampling factor of N to an input sequence x[n] is 

As is evident by equation (2.7), the upsampler-downsampler cascade has no effect on the input sequence; 

therefore, no further evaluation is performed. 

Figure 7. N-fold upsampler followed by an N-fold downsampler 

2.4 Downsampler-Upsampler Cascade 

Another example of a cascade is the downsampler-upsampler cascade wherein an N-fold downsampler is 

followed by an N-fold upsampler, as illustrated in figure 8. The response of a downsampler with an integer 

downsampling factor of N followed by an upsampler with an integer upsampling factor of N to an input 

sequence x[n] is 

y = {i[nl i f n  = O , i N , & 2 N ,  ... 

otherwise 

Figure 8. N-fold downsampler followed by an N-fold upsampler. 



2. Multirate Filter Banks - Fundamental Building Blocks 15 

A downsampler-upsampler cascade removes N - 1 samples between successive samples of x[n] and 

then inserts N - 1 zeros into these locations. To illustrate this property in the time domain, consider the 

input sequence shown in figure 9(a). Applying this sequence to a downsampler with a downsampling 

factor of N = 2 followed by an upsampler with an upsampling factor of N = 2 produces the sequence 

illustrated in figure 9(b). The Z-transform of the input-output relationship shown in equation (2.8) 1s given 

by 

Consequently, the frequency-domain relationship can be expressed as 

. N-I 

Figure 9. Time-domain effect of a downsampling operation followed by an upsampling operation with 

subsampling factors of N = 2. (a) Input sequence. (b) Output sequence. 

As is evident from equation (2.10), the downsampling-upsampling cascade first creates N-fold 

expanded copies of the original baseband spectrum located at intervals of o = *2zklN, for k = 1, 2, . . ., N -  

1. As will become evident in the following example, if the original signal is not appropriately bandlimited 

the expanded copies of the baseband spectrum will overlap, resulting in aliasing. To illustrate this property 

in the frequency domain, consider the input spectrum X(e'") shown in figure 10(a). Applying this signal to 

a downsampler with a downsampling factor of N = 2 followed by an upsampler with an upsampling factor 

of N = 2 produces the spectrum illustrated in figure 10(b). Thus, the spectrum at the output of the 

downsampler is an expanded copy of the original spectrum with aliasing illustrated by the shaded areas. 

Applying this signal to an upsampler results in the entire spectrum being compressed by a factor of N. At 

any frequency component where aliasing occurs it is generally not possible to extract the original signal. 

However, aliasing can be avoided and the original signal can be extracted from the output signaI if the 

input signal is appropriately bandlimited prior to downsampling. 
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Figure 10. Frequency-domain effect of a downsampling operation followed by an upsan?pling operation 

with subsampling factors ofN = 2. (a) Input spectrum. (b) Output spectrum. 

2.5 Upsampler-Filter Cascade 

Since the upsampling operation creates multiple images of the compressed baseband spectrum, it is 

necessary to attenuate or eliminate these images in order to properly recover the original signal. The 

upsampler is therefore followed by an anti-imaging filter with an impulse response given by An],  as 

illustrated in figure 1 1 .  The anti-imaging filter is typically a lowpass filter that has the idealized frequency 

response 

N if I w I  5 z / N  
F ( e J m )  = {, 

otherwise 

.s [ ? I ]  ?.[w] 

Figure 11. N-fold upsampler followed by an anti-imaging$lter with impulse response f[n]. 

It has been shown in [20] that the anti-aliasing filter requires a gain of N in order to properly 

reconstruct the original signal x[n]. The input-output relationship of the upsampler-filter cascade in the Z- 

domain is given by 

If the anti-imaging filter provides sufficient attenuation, the images of the baseband signal located at w 

= .t2nklN will effectively be removed. The upsampler-filter cascade can therefore be seen as an operation 

that results in an output signal with a spectrum that is an N-fold compressed version of the input signal. 
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2.6 Filter-Downsampler Cascade 

Since the downsampling operation creates multiple expanded replicas of the original spectrum, it is 

necessary to bandlimit the original signal in order to ensure that the expanded replicas do not overlap with 

the original spectrum. The downsampler is therefore preceded by an anti-aliasing filter with an impulse 

response given by h[n], as illustrated in figure 12. The anti-aliasing filter is typically a lowpass filter that 

has the idealized frequency response 

1 if I w l <  ?r/N 
H ( e J u ) =  lo  otherwise 

The input-output relationship of the filter-downsampling cascade in the Z-domain is given by 

Figure 12. N-fold downsampler preceded by an anti-aliasingfilter with impulse response h[n]. 

If the anti-aliasing filter provides sufficient attenuation, the aliasing distortion caused by overlapping 

of the input signal spectrum at w = h2rklN can effectively be eliminated. The filter-downsampler cascade 

can therefore be seen as an operation whereby an input signal can be appropriately bandlimited in order to 

avoid aliasing distortion caused by downsampling operations. 

2.7 Noble Identities 

Downsampler-filter cascades and filter-upsampler cascades are often found in multirate systems. Using 

what are referred to as the Noble identities', it is possible to switch the order of the cascade; i.e., a 

downsampler-filter cascade can be transformed into a filter-downsampler cascade, and a filter-upsampler 

' ~ o t e  that these identitics are only applicable if F(z) and H(z) are rational functions, i.e., ratios of polynomials in z or 5'. 
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cascade can be transformed into an upsampler-filter cascade. There are two main reasons for wishing to 

do this; firstly, increased computational efficiency can be obtained if the filter operation is performed on 

the side of the upsampler (or downsampler) with the lower sampling rate, and secondly, the cascaded filters 

can be transformed into a form appropriate for a polyphase decomposition, as will be discussed in section 

2.8. The two Noble identities are as follows: 

Noble Identity #I  

Given a downsampler-filter cascade with a downsampling factor of N, a filter-downsampler cascade can 

be substituted if the new filter is upsampled by a factor of N. This relationship is illustrated in figure 13. 

Figure 13. Noble Identity # I .  

Noble Identity #2 

Given a filter-upsampler cascade with an upsampling factor of N, an upsampling-filter cascade can be 

substituted if the new filter is upsampled by a factor ofN. This relationship is illustrated in figure 14. 

Figure 14. Noble Identity #2. 

2.8 Polyphase Representation 

The polyphase representation of digital filters is widely used in the study of multirate systems. There are 

two main reasons for this; firstly, the polyphase representation facilitates simplification of the mathematical 

analysis of FBs, and secondly, the polyphase representation often leads to efficient implementation of 

multirate FBs following application of the Noble identities. To describe the polyphase representation, 

consider a digital filter with the transfer function 
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It is possible to represent this transfer function as a sum of its multiple K-spaced phases. The simplest to 

consider is the K-spaced Type-l polyphase representation that is expressed as 

H ( z )  = -x z-'E, ( z K  ) 
1=0 

where 

The K-spaced polyphase representation splits the original sequence h[n] into a sum of K sequences 

multiplied by appropriate powers of z, where each new sequence has a 2-transform denoted by E,(z). The 

coefficients of each E,(z) are equal to h[Kn + I ]  where K is the desired spacing. For example, consider the 

digital filter transfer function 

where p[q are the values of the digital filter impulse response. The 3-spaced Type-l polyphase 

representation is expressed as 

where 

Another commonly used polyphase representation is the K-spaced Type-2 polyphase representation. 

The Type-2 polyphase components are permutations of the Type-1 polyphase components and for the 

transfer function in equation (2.15) are given by 
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where 

Since multirate FBs typically tend to incorporate cascades of filters and subsamplers, it is often 

desirable to perform the filtering on the side of the subsampler with the lowest sampling rate. Application 

of the Noble identities allows one to switch the order of the cascade on the condition that the subband 

filters have Z-domain transfer functions in z". Typically, these filters do not have transfer functions in z" 

and efficient processing cannot be performed. However, representing each subband filter transfer function 

HL(z) and Fn(z) in their polyphase form results in transfer functions in zM thereby facilitating efficient 

cascades of filters and subsamplers. 

2.9 Summary and Conclusions 

The well-known fundamental building blocks of multirate systems were presented. In sections 2.1 and 2.2, 

the upsampling and downsampling operations were presented in the time, Z, and frequency domains. It 

was discussed how the upsampling and downsampling operations induce multiple images and aliasing 

components into the original signal spectrum, respectively. 

In sections 2.3 and 2.4, the transfer functions of upsampler-downsampler cascades and downsampler- 

upsampler cascades were derived by application of the upsampler and downsampler input-output 

relationships. It was discussed how upsampler-downsampler cascades do not result in modifications to an 

input signal, whereas downsampler-upsampler cascades to introduce imaging and aliasing distortion if the 

input signal is not appropriately bandlimited. 

In sections 2.5 and 2.6, upsampler-filter cascades and filter-downsampler cascades were taken into 

consideration. It was discussed how the application of ideal filtering results in the removal of imaging and 

aliasing components caused by the upsampling and downsampling operations, respectively. 

In sections 2.7 and 2.8, the Noble identities and polyphase representation were introduced. It was 

shown that the application of the Noble identities in conjunction with the polyphase representation offers 

efficient implementations of multirate filtering. 



Chapter 3 

Oversampled Filter Banks 

An FB is a collection of digital filters that operate in parallel with a common input or a common output. In 

the case of a common input, the collection of digital filters with transfer fbnctions in the Z-domain denoted 

by HL(z) is referred to as an analysis bank, whereas in the case of a common output, the collection of digital 

filters with transfer functions denoted by Fx(z) is referred to as a synthesis bank. In the analysis bank the 

subband filters are usually followed by downsamplers with a downsampling factor of N = M. Similarly, in 

the synthesis bank the subband filters are usually preceded by upsamplers with an upsampling factor of N = 

M. The signals at the output of the downsamplers have transfer functions denoted by Uk(z) as illustrated in 

figure 15 and are referred to as the subband signals. Subband processing is often performed on the 

subband signals and is dependent on the specific application. 

The analysis bank performs the process of splitting an input signal into M subbands, whereas the 

synthesis bank performs the process of reconstructing the input signal from the M subband signals. The 

frequency responses of the analysis and synthesis subband filters are either non-overlapping, slightly- 

overlapping, or extremely-overlapping, depending on the application. In addition to this, the analysis 

filters have either uniform or non-uniform frequency bands, again depending on the specific appIication. 

In this thesis, only uniform FBs with slightly-overlapping frequency responses are considered. 

Multirate FBs are classified as being either finite-duration impulse response (FIR) or infinite-duration 

impulse response (IIR) FBs. Most research has focused on FIR FBs wherein each subband filter impulse 

response is restricted to be FIR and hence guaranteed to be stable. In IIR FBs, the subband filters have IIR 

impulse responses that often result in subband filters offering higher stopband attenuation while requiring 

fewer resources. However, these filters must meet strict requirements in order to maintain stability. In this 

thesis, only FIR FBs are considered. 

The downsampling operations in the analysis bank allow the subband signals to be processed at a 

reduced sampling rate, whereas the upsampling operations in the synthesis bank facilitate the process of 
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reconstructing the input signal. If the subsampling factor N is set equal to the number of channels M, then 

the FB is referred to as a critically-sampled1 FB. In this case, the sampling rate at each subband processor 

will be equal to 1IM times the sampling rate at the input of the FB. If the subsampling factor N is greater 

than the number of channels M then the FB is referred to as an oversampled filter bank OFB. In this case, 

the sampling rate at the subband processor will be greater than 1/M times the sampling rate at the input of 

the FB, resulting in an increased number of samples in each subband at the subband processor relative to 

critically-sampled FBs. 

In section 3.1, the fundamental building blocks of multirate FBs presented in chapter 2 are used to 

determine the input-output relationship of OFBs in the frequency domain. Following this, in section 3.2 the 

Noble identities and polyphase representation presented in sections 2.7 and 2.8, respectively, are applied to 

derive an efficient polyphase representation of OFBs. In section 3.3, an FIR factorization of the analysis 

bank transfer matrix is proposed that parameterizes all OFBs. This factorization is essential for 

determining factorizations representing structural implementations. As outlined in chapter 1, multirate 

operations tend to introduce errors such as aliasing and imaging. An analysis into the removal of these 

errors as well as the removal of errors caused by non-ideal subband filtering is presented in section 3.4 for 

both the frequency-domain and polyphase-domain. Chapter 3 concludes with a discussion on 

biorthogonality, paraunitariness, and overcomplete expansions. 

3.1 Representation in the Frequency Domain 

Following an analysis similar to that presented by Vaidyanathan in [20] for critically-sampled FBs, the 

transfer function of an OFB can be derived by application of the fundamental building block transfer 

functions presented in chapter 2. Recalling the filter-downsampler cascade Z-domain transfer function 

presented in section 2.6, the output of each downsampler in figure 15 can be expressed as 

To determine the output of each channel cascaded with an upsampler, the transfer function of an upsampler 

as given by equation (2.2) is applied, resulting in 

' Also commonly refcrred to as maximally-dccimatcd. 
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Figure 15. Frequency-domain i*epi,esentution of an M-chaniwljlter bunk with subsanzpling factor hJ. 

Finally, the input-output relationship of the OFB is obtained by multiplying the transfer function of each 

synthesis subband filter, denoted Fk(z), with each Vk(z), and summing the results. This gives the OFB 

input-output relationship 

, M-I N-I 

If the subband filters have different passbands, it is evident that Y(z) consists of a sum of distorted, 

frequency-shifted versions of the input signal X(z). The frequency-shifted versions of X(z) are given 

by X ( Z W ;  ) , where 1 = 0, 1, . . ., N - 1. Multiple types of errors are induced onto Y(z), including aliasing 

and imaging distortion caused by the downsampling and upsampling operations, respectively, and 

amplitude and phase distortion caused by the non-ideal frequency responses of the subband filters. Upon 

inspection of equation (3.1) it is noted that the analysis and synthesis bank transfer functions can be 

represented using the matrix notation 

and 
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The input-output relationship of an OFB can therefore also be expressed as 

where 

and H(z) is referred to as the analysis bank transfer matrix. The input-output relationship shown in 

equation (3.1) is for the special case of X(zW,T) where m = 0. If we consider the general case of the 

frequency-shifted input X(z W,$) for m = 0, 1, . . ., N - 1, we obtain after simplification the OFB input- 

output relationship 

Applying the analysis bank transfer function H(z) from equation (3.2) and the synthesis bank transfer 

function F(z) defined by 

the generalized input-output relationship of an OFB can be expressed as 

y ( z )  = F ( z ) H ( z ) x ( z )  

where 
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3.2 Representation in the Polyphase Domain 

Although the M-channel FB illustrated in figure 15 is intuitively appealing, it is not particularly 

computationally efficient. As described in section 2.7, a more efficient implementation of the subband 

filters arises if the filtering operations are perfonned on the side of the subsampler with the lowest 

sampling rate. This motivates the desire to obtain the polyphase representation of an OFB. 

By applying the Noble identities introduced in section 2.7, it is possible to represent the M-channel 

OFB in a polyphase form, as illustrated in figure 16. The analysis and synthesis subband filters can be 

represented by vectors h(z) and f(z) defined as 

and 

respectively. The transfer function for each analysis and synthesis subband filter must then assume the 

form of the K-spaced Type-I and Type-2 polyphase representations, respectively, with K = N, resulting in 

N-I 

H~ ( z )  = C Z - ~ E ~ , ~  ( z * )  
I=O 

and 
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Figure 16. Polyphase-domain representation of an M-channeljilter bank with subsampling factor N. 

The analysis bank transfer function can then be expressed in its N-spaced Type-I poIyphase fonn, i.e., 

where 

Similarly, the synthesis bank transfer function can be expressed in its N-spaced Type-2 polyphase form, 

I.e., 
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where E ( z )  denotes the paraconjugate' of e(z). Finally, since the polyphase matrices E(zV) and ~ ( z " )  

contain powers of z equal to that of the subsamplers, their order of operation can be swapped with the 

appropriate subsamplers by application of the Noble identities presented in section 2.7. This results in 

analysis and synthesis banks as illustrated in figure 16 with transfer functions given by 

and 

respectively, where E(z) and R(z) are referred to as the analysis and synthesis bank polyphase transfer 

matrices, respectively. 

3.3 FIR Factorization 

FIR FBs represent an important class of FBs since they are easy to design and implement in practical 

applications, can offer subband filters with linear phase, and are guaranteed to be stable. The subband 

filters in FIR FBs are represented by a class of Laurent polynomials where each subband filter transfer 

function is given by 

Here, m is an arbitrary positive integer and the hi are arbitrary real-valued coefficients. A complete 

parameterization of FIR OFBs follows from the Smith form decomposition of rectangular polynomial 

matrices, which is described in [20]. The Smith form decomposition states that an M x N (M 2 N) 

polynomial matrix H(z) with rank N can be factorized as 

' The paraconjugate of a polynomial vector e(z) is defined as 6 ( z )  = eeT ( z '  ) 
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where P(z) and Q(z) are unimodular' polynomial matrices of dimensions M x M and N x N, respectively. 

D(z) is referred to as the Smith form of H(z) and is given by 

where Ddz) are arbitrary Laurent polynomials. Furthermore, P(z) and Q(z) can be chosen such that each 

Di(z) is monic2 and each D,(z) is a factor of Di+,(z). 

Matrices P(z) and Q(z) can be generated by applying a product of a finite number of elementary row 

and column operation matrices, respectively, denoted by Pk(z) and Qk(z), i.e., 

P ( z )  = Po (z)-P,  ( z ) .  ... .P,._, ( z )  (3.19) 

and 

where r and s have integer values greater than zero. To manipulate the elements of a square matrix, such 

as P(z) or Q(z), four elementary matrix operations exist, namely, Type-1, Type-2, Type-3a, and Type-3b as 

follows: 

' A square polynomial matrix with a constant, nonzero determinant. 

* Coeficicnt of thc highcst powcr of z is equal to 1. 
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Type-1. Interchange two rows/columns: 

If a Type-1 operation is applied to the left of a square M x M matrix P(z), the ith and (i+m)th rows of P(z) 

are interchanged. If a Type-l operation is applied to the right of a square M x M matrix P(z), the ith and 

(i+m)th columns of P(z) are interchanged. 

Type-2. Multiply a row/coEumn by a nonzero constant, c: 

I1 ... 

If a Type-2 operation is applied to the left of a square M x M matrix P(z), the ith row of P(z) is multiplied 

by an arbitrary nonzero constant c. If a Type-2 operation is applied to the right of a square M x M matrix 

P(z), the jth column of P(z) is multiplied by an arbitrary nonzero constant c. 

Type3a. Add a polynonzial multiple of one row to another row: 

1 

1 A ( ),,I 

1 

1 

If a Type-3a operation is applied to the left of a square M x M matrix P(z), the jth row of P(z) multiplied 

by an arbitrary Laurent polynomial A(z) is added to the ith row of P(z). 
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Type3b. Add a polynomial multiple of one column to another column: 

If a Type-3b operation is applied to the right of a square M x M matrix P(z), the jth column of P(z) 

multiplied by an arbitrary Laurent polynomial B(z) is added to the ith column of P(z). 

Bolcskei showed in [50] that a complete parameterization of FIR OFBs is given by the Smith form 

decomposition if and only if the polynomials on the diagonal of Dl(z) have no zeros on the unit circle. 

Furthermore, he also showed that it is necessary and sufficient for the polynomials on the diagonal of D,(z) 

to be monomials in order to obtain PR with FIR analysis and synthesis subband filters. 

3.4 Perfect Reconstruction 

An FB is referred to as a perfect reconstruction filter bank (PRFB) if and only if y[n] = cx[n - no], where 

x[n] is the original input sequence, y[n] is the reconstructed output sequence, no is an arbitrary integer 

greater than or equal to zero, and c is an arbitrary real-valued constant greater than zero. This means that 

the output sequence is an exact replica of the input sequence, possibly scaled by c and delayed by no 

samples. In practice, there are eight types of distortion that y[n] may suffer from: 

Linear Distortion 

Aliasing (due to downsampling) 

Imaging (due to upsampling) 

Amplitude and phase (due to non-ideal filtering) 

Non-linear Distortion 

Coefficient quantization (due to quantization of subband filter coefficients) 

Intermediate results truncation (due to the truncation of each subband filter output) 

Overflow distortion (due to the processing of overflows during intermediate operations) 

Coding (due to processing/coding of the subband signals by the subband processor) 
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Transmission channel (due to non-idealities in the transmission network) 

Coding and transmission channel distortion cannot be corrected for in FB designs (although they can be 

reduced by the employment of linear-phase subband filters as discussed in [20]), and hence will not be 

considered further. Non-linear distortion due to coefficient quantization, intermediate results truncation, 

and the processing of overflows, can be eliminated if particular structures are chosen for the FB 

implementation. Aliasing, imaging, amplitude and phase distortion can be fully or partially eliminated if 

the subband filters are judiciously chosen. 

Frequency-Domain Linear Distortion PR Conditions 

In order to determine the conditions that Hk(z) and Fk(z) must meet in order to eliminate errors due to linear 

distortion, it is possible to analyze the frequency-domain representation of an FB as shown in figure 15. 

One method to reduce aliasing distortion is to appropriately bandlimit the subband signals represented by 

the transfer function Tk(z) prior to the downsampling operations. Imaging distortion can be reduced by the 

employment of anti-imaging filters following the upsamplers in the synthesis bank. Amplitude and phase 

distortion can be minimized by using sufficiently high-order linear phase analysis and synthesis subband 

filters. However, these measures tend to only minimize the linear distortion, but not remove it entirely. As 

will be shown, it is possible to choose the subband filters in such a fashion that all of the aforementioned 

types of linear distortion are entirely canceled. 

The OFB input-output transfer function given in equation (3.1) shows that Y(z) is equal to a sum of 

frequency-shifted copies of X(z) multiplied by Fk(z) and Hk(z). The aliasing terms are given by the 

frequency-shifted versions o f X  (ZW; ) , i.e., those for which 1 # 0. In order to completely eliminate 

aliasing it is therefore necessary to force each of these shifted versions ofX(z) to zero, i.e., 

, M-I N-I 

Although forcing these conditions will eliminate aliasing errors it is still necessary to eliminate amplitude 

and phase distortion if PR is desired. Following cancellation of aliasing, the resulting input-output transfer 

function of an OFB is given by 
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where 

In order to eliminate amplitude distortion it is necessary to ensure that IT(z)l is a constant. In order to 

eliminate phase distortion it is necessary to ensure that L T(z) is linear. 

Equivalently, for the generalized OFB input-output relationship given in equation (3.5), as is evident 

from equation (3.7) the generalized PR condition can be written as 

where c is an arbitrary real-valued number greater than zero and no is an arbitrary integer greater than or 

equal to zero. The value of no results in an overall system delay of D = Mno + M -  1 samples. In critically- 

sampled FBs, F(z) and H(z) are M x M square matrices. The only matrix that resuIts in PR is therefore 

given by F ( z )  = cz-"~ H-' ( z ) .  In oversampled FBs, F(z) and H(z) are both rectangular matrices of size 

N x M and M x N, respectively. In this case, any left inverse of H(z) is a possible solution to equation 

(3.22). If the Smith form decomposition as described in section 3.3 is applied to H(z), it can be shown [70] 

that the left inverse of H(z) is given by 

where P(z) and Q(z) are unimodular polynomial matrices of dimensions M x M and N x N, respectively, 

X(z)  is an arbitrary N x ( M -  N) polynomial matrix, and D,(z) is extracted from the Smith form of H(z), 

denoted by D(z), as shown in equation (3.18). 

Polyphase-Domain PR Conditions 

It is possible to determine the conditions for PR in the polyphase domain by performing an analysis of the 

polyphase-domain representation of an FB illustrated in figure 16. The input-output relationship of the 

analysis bank is given by 
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where E(z) is as defined in equation (3.14), U ( z )  = [Uo ( z )  Ul ( z )  ... UM-,  ( z ) ] '  , and 

V ( z  ) = [V, ( Z  ) V, ( z )  ... V,-, ( z  )lT . Similarly, the input-output relationship of the synthesis bank 

is given by 

where R(z)  is as defined in equation (3.15) and W ( z )  = [ Wo ( z )  5 ( z )  ... W,w-t ( z ) ] '  . In order to 

obtain PR it can be seen from equations (3.24) and (3.25) that it is necessary to ensure that 

The value of no results in an overall system delay of D = Mno + M - 1 samples. Furthermore, the PR 

property can be generalized to an arbitrary delay of D = Mno + r + M -  1 samples by satisfying 

for some r = 0, 1, . . ., N - 1, as shown in Appendix A. 1. In critically-sampled FBs, R(z)  and E(z) are 

M x M square matrices; therefore, the only matrix that results in PR is R ( z ) = cz-"O E-' ( z  ). In 

oversampled FBs, R(z) and E(z) are both rectangular matrices of size N x M and M x N, respectively. In 

this case any left inverse of E(z) is also a possible solution of equation (3.26). If the Smith form 

decomposition as described in section 3.3 is applied to E(z) it can be shown [70] that any left inverse of 

E(z) is given by 

where P(z) and Q(z)  are unimodular polynomial matrices of dimensions M x M and N x N, respectively, 

X(z )  is an arbitrary N x (M  - N) polynomial matrix, and Dl(z )  is extracted from the Smith form of E(z), 

denoted by D(z), as shown in equation (3.18). 

3.5 Biorthogonality, Paraunitariness, and Overcomplete Expansions 

Biorthogonality 

In critically-sampled FBs the minimal number of samples exist in the subbands following decimation while 

still allowing for PR. The most general class of critically-sampled PRFB's is referred to as biorthogonal 
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FBs and has been studied extensively in FB literature [11][12][13][14]. The biorthogonal condition states 

that the synthesis bank transfer matrix is an unrestricted inverse of the analysis bank transfer matrix. For 

example, the synthesis bank transfer matrix resulting in PR for the analysis bank transfer matrix given in 

equation (3.2) with M =  N is given by F ( z )  = C Z - ~ J H - '  ( z ) ,  where F(z) and H-'(z) are M x  Mmatrices. 

Similarly, in the polyphase domain, the biorthogonality condition infers that R ( z ) = CZ-*OE-' ( z ). 

The relative freedom to choose a PR synthesis bank in biorthogonal systems facilitates one primary 

advantage: the design of low-delay FBs. In low-delay FBs the overall system delay can be defined 

independently of the order of the prototype filter, which is typically used in MFBs. This facilitates a filter 

bank designer to trade off overall system delay with the stopband attenuation of the subband filters; a 

desirable flexibility for real-time applications. 

Paraunitariness 

An important subclass of biorthogonal PRFBs is described as paraunitary (PU) (or orthogonal) FBs. 

Critically-sampled M-channel FBs are said to be PU if 

where H (z) denotes the paraconjugate' of H(z). A factorization that parameterizes all M x M PU 

matrices H(z) was proposed by Vaidyanathan in [20] and is given by 

for a degree-C H(z) and where each V,(z) is referred to as the degree-1 PU building block that can further 

be expressed in the Z-domain as 

Each vi is an M x 1 vector with unit norm2 and R is a unitary1 matrix that can further be factorized as a 

product of Householder matrices, i.e., 

' The paraeonjugate of a polynomial matrix H(z) is defined as H ( z )  = H * ~  ( z - I )  

' A vector v ,  is defined to have unit norm if vk . v, = 1 where v:, is defined as the transpose-conjugate of v,. 



Furthermore, each Hj is a Householder matrix given by 
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(3.31) 

where uj is an M x 1 vector with unit norm. 

PUFBs offer the following advantages compared to biorthogonal FBs; 

PR is guaranteed, which typically reduces the complexity of the optimization procedures inherent 

to FB design. 

w The synthesis bank subband filters are guaranteed to be stable if the analysis bank subband filters 

are stable. 

The synthesis bank subband filters are easily determined from the analysis bank subband filters. 

Overcomplete Expansions 

The most general FBs are described as OFBs, which are not fully characterized by the biorthogonality 

condition. As seen in section 3.4, multiple solutions to the left-inverse of the analysis transfer matrix H(z) 

exist, which result in what is referred to as an overcomplete expansion. These FBs are often referred to as 

pseudo-biorthogonal FBs, and in addition to the possibility of generating FBs with low overall system 

delay, also offer the following advantages: 

Reduced reconstruction noise which results in reduced intra-band aliasing that is exploitable in 

subband adaptive filtering applications. 

Subband signal redundancy which can be used to enhance resilience to erasures in 

communications systems. 

0 Existence of non-unique PR synthesis banks which facilitates a PR synthesis bank to be chosen to 

most appropriately suit the needs of an application. 

The drawback of OFBs is an increase in computational complexity since the sampling rate in each 

subband is increased compared to that of critically-sampled FBs. In contrast to pseudo-biorthogonal FBs, 
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M-channel oversampled PUFBs with subsampling factor N exist as well and are characterized by OFB 

analysis transfer matrices having the property fi ( z )  H  ( z )  = C Z - ' ~ ~ ~ ~ , ~ ,  or equivalently in the polyphase 

domain, E ( z ) E ( z )  = ~ Z - " ~ I , ~ .  Applying the Smith form decomposition to H(z) results in the synthesis 

bank transfer matrix factorization 

where ~ ( z )  and ~ ( z )  are unimodular polynomial matrices of dimensions M x M and N x N, 

respectively, and D ( z  ) is given by 

This class of OFB is referred to as a pseudo-orthogonal FB and offers all of the advantages and 

disadvantages of imposing the PU condition as well as the advantages and disadvantages of introducing 

oversampling in an FB. 

3.6 Summary and Conclusions 

OFBs were studied. In section 3.1, the transfer functions of the fundamental building blocks of multirate 

FBs were used to derive the input-output transfer functions of OFBs in the frequency domain. 

In section 3.2, the polyphase decomposition and Noble identities were presented. The Noble identities 

were then applied to the analysis and synthesis polyphase transfer matrices to derive input-output transfer 

functions of OFBs in the polyphase domain. 

In section 3.3, the Smith form decomposition was presented. This decomposition was used to 

parameterize all FIR OFBs. It was shown that OFB transfer matrices can be factorized into products of 

elementary matrix operations and a diagonal matrix. 

In section 3.4, the conditions for PR on the analysis and synthesis transfer matrices were derived in 

both the frequency-domain and polyphase-domain. It was shown that multiple synthesis banks which 

result in PR exist for a given analysis bank. 
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In section 3.5, a discussion on biorthogonality, paraunitariness, and overcomplete expansions was 

given. In the critically-sampled case, it was shown that PUFBs are a subset of biorthogonal FBs. In the 

oversampled case, it was shown that PU OFBs exist and are a subset of pseudo-biorthogonal FBs. 



Chapter 4 

Oversampled Modulated Filter Banks 

OFBs typically have subsampling rates with values less than the total number of channels, which results in 

redundancy of the input signal within each subband. This subband signal redundancy increases the 

computational cost associated with the FB, motivating the interest for efficient implementations of OFBs. 

One class of FBs that offers efficient implementations is that of MFBs. In MFBs, the analysis and 

synthesis bank subband filter transfer functions are derived by multiplying an analysis and a synthesis 

prototype filter transfer function, respectively, with a specified modulation transform. The analysis and 

synthesis prototype filters can be independently defined but are often identical in order to meet 

requirements for PR. There are three extraordinary advantages MFBs offer: 

The implementation cost of each analysis and synthesis FB is only equal to that of its respective 

prototype filter and the modulation transform used, rather than the sum of independent filter 

operations. 

During the design phase a relatively small number of parameters need to be optimized since it is 

only necessary to consider the prototype filter coefficients rather than the coefficients of all 

subband filters. 

The modulation transform can often be implemented using well-known fast realizations of the 

DFT and DCT. 

In section 4.1, a generalized factorization for arbitrary 0-MFB transfer matrices is reviewed, including 

a factorization encompassing oversampled PU MFB transfer matrices. Subsequent to this, the application 

of this factorization to odd- and even-stacked DFT-M and CMFB transfer matrices as well as odd- and 

even-stacked PU DFT-M and CMFB transfer matrices is outlined in sections 4.2 and 4.3. 
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4.1 Generalized Factorization 

Figure 17. Poljphase-domain representation of an M-channel nzodulatedfilter bank with subsampling 

factor N. 

A polyphase-domain representation of an M-channel modulated filter bank with subsampling factor N is 

illustrated in figure 17. A generalized factorization of the 0-MFB transfer matrices E(z) and R(z) is 

derived by directly relating the modulation matrix to the prototype filter coefficients as described in [69]. 

Following slight manipulations, this factorization can then be applied to DFT-M and CMFB transfer 

matrices with modulations of either even- or odd-stacking types. In addition to this, factorizations are 

further derived for PU DFT-M and CMFB transfer matrices. 

In MFBs, the analysis subband filter impulse responses hk[n] are generated by multiplying the analysis 

prototype filter impulse response p[n] with a modulation transform. If we define the prototype filter 

coeflcient matrix as 

where p[i] are the ith coefficients of a length L, prototype filter impulse response, and further define the 

modulation vector as 

t, = [t ,  [ 0 ]  t, [ I ]  -- .  t, [L ,  - 111 (4.2) 

where tJi] represent the ith coefficients for the kth channel of the modulation transform, then the impulse 

response of the kth analysis filter is given by hk[n] = tkP. Redundancies in modulation transforms are often 
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experienced based on the number of channels M. These redundancies can be exploited by considering only 

the first K unique modulation coefficients, hence the eficient modz~lation vector is given by 

7 i, = [tk [ 0 ]  tk [1] ... tk [ K  - l ] ]  

where tk[i], for i = 0, 1, . . . i - 1, represent the first K unique modulation coefficients extracted from tk. In 

order to use the efficient modulation vector to derive the subband filter impulse responses, it is necessary to 

multiply ?, by a matrix representing the redundancy pattern. This matrix is referred to as the redundancy 

matrix and is defined as 

where L2 E ~~~~p , S = modK(~,)', and AK is an identity matrix of a form to be further defined later for 

each specific modulation and stacking type. The impulse response for the kth analysis subband filter is 

therefore given by 

hk [ n ]  = ~ , L , P  (4.5) 

Recalling the definition of the analysis polyphase transfer matrix E(z) derived in section 3.2, note that 

each row of E(z) contains the polyphase components of the respective subband filter transfer function, i.e., 

the kth row of E(z) contains the polyphase components of the kth analysis subband filter transfer function. 

Each row of E(z) can therefore be factorized as 

e, ( z )  = p I N  1 ... I 
= PL, ( z )  

where Ll(z) has dimensions L, x N, R = modN(L,), and p is a 1 x L, vector consisting of the prototype 

filter impulse response coefficients. Ll(z) is referred to as the polyphase delay matrix since it consists of 

identity matrices multiplied by elements of the form z-"ith k = O,1, .. . ,I L,/N], and where k is 

appropriately chosen to reflect the delay attributed to the impulse response coefficients in each of the 

polyphase components. For example, consider the polyphase transfer functions illustrated in equation 

(2.19). In this case, Ll(z) multiplies the impulse response coefficients p[g ,  for I = 0, 1, . . ., 1 1, by the 

' Note that mod,(b) = modulus(b I a)  



4. Oversampled Modulated Filter Banks 4 1 

appropriate elements z-', for k = 0, 1, . . ., 3, in order to generate the polyphase filter transfer functions Eo(z), 

E, (z), and W). 

Combining equations (4.5) and (4.6) results in a generalized factorization of the polyphase analysis 

transfer matrix for 0-MFBs that exploits redundancies in the modulation. This factorization is given by 

where T is the M x K modulation matrix defined asT  = [i, i1 ..- iKp, lT , L2 is the K x L, 

redundancy matrix, P is the L, .r L, prototype filter coefficient matrix, and Ll(z)  is the L, x N polyphase 

delay matrix. Furthermore, if it is further necessary to multiply any of the subband filter transfer functions 

Hk(z) in H(z) by an additional element z-', then a sztbbandfilter delay matrix D(z) can be applied, which 

would result in the factorization 

where D(z) is a diagonal matrix with elements z-k located on the diagonal and where k > 0. 

To illustrate this factorization, consider an odd-stacked oversampled DFT-MFB with M =  4, N = 2, and 

L, = 8. The prototype filter coefficient matrix is given by 

where p[U are the coefficients of the prototype filter impulse response for 1 = 0, 1 ,  . . ., 7. The kth analysis 

subband filter impulse response is derived by multiplying a modulation vector t by P. For the odd-stacked 

DFT-M case, the coefficients of the kth modulation vector are given by 

for 1 = 0, 1 ,  . .., 7. However, this transform has only M unique modulation coefficients for each channel k, 

resulting in the efficient modulation vector ik with elements f d l ]  = tk [ l ]  for 1 = 0, 1, ..., 3. In order to 

exploit this redundancy, must be multiplied by the redundancy matrix 
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which would result in the factorization 

Finally, the polyphase delay matrix is given by 

and the modulation matrix is 

where j ]  represents the jth coefficient of the Mh efficient transformation vector. This results in the 

efficient analysis polyphase transfer matrix factorization 

It is not necessary to further multipIy any of the k channels by additional elements i" hence, D(z) is 

simply an M x M identity matrix, resulting in the factorization 
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where D(z) = IM. 

The analysis polyphase transfer matrix E(z) consists of the Z-transforms of the elements ei:j[n], for i = 

0, 1 ,  . .., M - 1 and j = 0, 1, . . ., K - 1. Each element Eij(z) is the jth K-spaced polyphase filter transfer 

function of the ith analysis subband filter and can be labeled z-~E;(z') for i = 0, 1, . . ., K - 1. Depending on 

M and N, matrix E(z) resulting from the factorization of equation (4.7) assumes one of three possible forms 

as shown in [44]: 

Form I .  M is a multiple of N: 

If M i s  a multiple of N, E(z) tends to be sparse, with only one element in each row. These elements tend to 

form vertically stacked diagonal matrices. For example, if M= 6, N = 3, and K = 6, E(z) assumes the form 

Form 2. M and N are coprime: 

If M and N are coprime, E(z) is dense. For example, if M = 3, N = 2, and K = 6, E(z) assumes the form 

Form 3. Neither Form 1 nor Form 2: 

For any other relation between M and N, E(z) has diagonal rows. For example, if M = 6, N = 4, and K = 

12, E(z) assumes the form 
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The allowable length ofp[n] is influenced by the form of E(z) since all of the polyphase filter impulse 

responses ei[n] must be of equal length. Slight changes to the allowable lengths ofp[n] may be obtained 

for arbitrary modulation and stacking types by following the procedure outlined in [70] for the odd-stacked 

DFT-M case. Forms 1 and 3 of E(z) are sparse; however, by pre- and post-multiplication with appropriate 

permutation matrices P and Q a block diagonal matrix S(z) is generated consisting of g rectangular 

matrices, i.e., 

where S,(z) are S x T polynomial matrices and g = gcd(M, N). For example, in the Form 3 case with M = 

6 and N = 4, applying the permutation matrices 

and 

results in the factorization 
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I O 

The rectangular matrices S,(z) for i = 0 and 1 

and 

: = I are subsequently given by 

Each S,(z) contains elements Z-~E,(Z~ where each k is not an integer factor of L. When relating the 

polyphase components in Si(z) to the prototype filter coefficients it is necessary to ensure that each 

polyphase filter transfer function z-%,(zl) includes elements ik where k is an integer multiple of L. In order 

to do this, each Sj(z) may need to be pre- and post-multiplied by appropriate diagonal delayladvance 

matrices, wherein an advance matrix M(z) consists of an identity matrix with appropriate elements zk on the 

diagonal, and a delay matrix N(z) consists of an identity matrix with appropriate elements z-k on the 

diagonal. Pre- and post-multiplying each Si(z) by appropriate delayladvance matrices results in a 

factorization of the f o m  

si (z) = M i  (z)Si (z)Ni (z) (4.10) 

where si (z) is of size S x T and M,(z) and N,(z) are S x S and T x T diagonal matrices, respectively, with 

appropriate powers of z located on the diagonal. For the example outlined above, the appropriate matrices 

Mi(z) and N,(z) are given by 
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and 

M i ( z ) =  

which results in 

z o o  

0 z2 0 

0 0 1  

and 

Paraunitary Factorization 

As discussed in Section 3.5, a PUFB is generated if the analysis bank transfer matrix H(z) satisfies the 

Property 

and the synthesis bank transfer matrix R(z) is subsequently chosen as 

Considering the factorization of an 0-MFB transfer matrix E(z) derived above, if an S x T rectangular 

matrix si (z) is PU then Si(z) is also PU since the diagonal matrices M,(z) and Ni(z) are PU by definition. 

Furthermore, if a square matrix S(z) is PU then a subset of the columns of S(z) is also PU. This implies 

that if a square block diagonal matrix S(z) is generated with rectangular PU submatrices Si(z), then S(z) is 

also PU [71]. If S(z) is PU then E(z) will also be PU since the permutation matrices P and Q are PU by 
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definition. Finally, if E(z) is PU then for DFT-MFBs, since T is PU (see, for example [20]), then H(z) is 

also PU. For DCT-MFBs, subject to the conditions of E(z) to be discussed in section 4.3, H(z) is also PU. 

Hence, in order to generate a PU matrix H(z) what remains is to find PU matrices si (z). 

As further discussed in section 3.5, it is well known that a square matrix G(z) of degree-C has the PU 

factorization 

where each V,(z) is a degree-1 PU building block and R is a unitary matrix that can be further factorized as 

a product of Householder matrices, i.e., 

Since a subset of the columns in a PU matrix are also PU, then an S x T (S > T) PU matrix can be 

extracted from an S x S PU matrix. In practice, an S x T PU matrix si (z) can be extracted from an S x 

S PU matrix G(z). Furthermore, G(z) can be generated by forming a product of degree-1 PU matrices VXz) 

and Householder matrices Hi, respectively. The generalized factorization of a PU transfer matrix E(z) 

derived from an 0-MFB is therefore given by 

for i = 1,2, . . ., g - 1 where each S,(z) is extracted from G(z), i.e., 

4.2 DFT Modulation 

DFT-MFBs derive the analysis and synthesis subband filter impulse responses by multiplying an analysis 

and synthesis prototype filter impulse response by the DFT. Since DFT modulation is basically a 

multiplication with an exponential function, imaginary signal representations are typically encountered 

even for real-valued input signals. If certain conditions are imposed on the number of channels M, then a 

very fast implementation of the DFT, such as the FFT, can be employed. Two classes of DFT modulation 

have been proposed in the literature, namely even- and odd-stacked DFT modulations. In either case, it is 

not possible to obtain subband filters with linear phase. 
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Figure 18. Amplitude response of the subband filters in an M-channel DFT-modulated filter bank. 

(a) Odd-stacked case. (b) Even-stacked case. 

In an M-channel DFT-MFB the subbands are centered about the frequencies cox. = 12z(k+1/2)lMfor the 

odd-stacked case and wk = *2zklM for the even-stacked case, with k = 0, 1, ..., M - 1. The amplitude 

response of the subband filters in both an odd-stacked DFT-MFB and an even-stacked DFT-MFB are 

illustrated in figure 18. The subband filter impulse responses are generated by multiplying the analysis and 

synthesis prototype filter impulse responses with the appropriate exponential function. In the odd-stacked 

case the analysis and synthesis subband filter impulse responses are given by 

and 

h. [ n ]  = [ n ]  w ~ - ( ~ + ' / ~ ) "  (4.17) 

respectively. In the even-stacked case the analysis and synthesis subband filter impulse responses are 

given by 
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h, [ n ]  = [ n ]  wM-,17 (4.1 8) 

and 

[ H I  = q [ n  

respectively. In both cases, k = 0, 1, ..., M - 1, WM - - e ~ ~ " / ~  and p[n] and q[n] are the analysis and 

synthesis prototype filter impulse responses of length L, and L,, respectively. The analysis bank transfer 

matrix can be factorized as H(z) = D(z)TL2PLl(z) = D(z)TE(z) as outlined in section 4.1. The modulation 

matrix T for an odd- or even-stacked oversampled DFT-MFB consists of a M x M DFT matrix with 

eIements derived from the modulation sequences in equations (4.16) and (4.1 8), respectively. Exploiting 

redundancies in the modulation matrix results in L2 consisting of the identity matrices AK = IM in the odd- 

stacked case and AK = in the even-stacked case. In either case, no additional multiplication by z-' 

on the subband filter transfer functions is necessary, resulting in D(z) = I,w. 

The analysis bank polyphase transfer matrix E(z) assumes three possible forms as described in section 

4.1. If L, is an integer factor of M, E(z) assumes Form 1. If L,, is an integer factor of MN or MNIg, E(z) 

assumes either Forms 2 or 3, respectively, where g = gcd(A4fl. 

Paraunitary Solution 

In OFBs, multiple left-inverses of the analysis bank transfer matrix H(z) exist for the generation of a 

synthesis bank transfer matrix F(z). One elegant solution can be derived from the Smith form 

decomposition of H(z). Considering the Smith form decomposition of the left inverse of H(z), shown in 

equation (3.23), we see that if the arbitrary polynomial matrix X(z) is vacuous then the left-inverses of H(z) 

are given by F(z) = Q-'(z)D-'(z)P-'(z) = H-'(z). Furthermore, imposing Q(z) = Dl(z) = I N  and 

P-' ( z )  = ~ ( z )  resuItsin H-' ( z )  = F ( z )  = P-' ( z )  = ~ ( z ) ,  whichimplies t h a t ~ ( z ) i s ~ ~ .  

The efficient factorization of H(z) for 0-MFBs as derived in section 4.1 is given by H(z) = TE(z). If 

the PU property is imposed on H(z), then the inverse of H(z) is expressed as F ( z )  = H ( z )  = E ( z ) ~ .  

Noting that T = T-I, the synthesis bank transfer matrix factorization is then expressed as 

F ( z )  = E(Z)T- '  . This implies that the inverse DFT (IDFT) can be applied in the synthesis bank, the 

synthesis prototype filter impulse response is equal to the analysis prototype filter impulse response, i.e., 
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q[n] = p[n], and the synthesis subband filter impulse responses are paraconjugates of the analysis subband 

filter impulse responses, i.e.,,fn[n] = hn*[Lp - n]. 

4.3 Cosine Modulation 

CMFBs derive the analysis and synthesis subband filter impulse responses by multiplying an analysis and 

synthesis prototype filter impulse response by the DCT. Since DFT modulation is essentially a 

multiplication with an exponential fhction, imaginary signal representations are typically encountered 

even for real-valued input signals. With the DCT modulation, however, appropriate pairs of exponential 

functions are combined, resulting in a real-value modulation transfonn. If certain conditions are imposed 

on the number of subbands and the length of the subband filters, very fast implementations of the DCT can 

be employed. Two classes of CMFBs have been proposed in the literature, namely even- and odd-stacked 

CMFBs. Odd-stacked CMFBs are similar to DFT-MFBs in that it is not possible to generate subband 

filters with linear phase. Even-stacked CMFBs, on the other hand, are unique in that they are defined using 

two FBs, resulting in a total of 2M bands, and can generate subband filters with linear phase. 

4.3.1 Odd-Stacked Cosine-Modulated Filter Banks 

Figure 19. Amplifude response of the subbandfilters in an M-channel odd-stacked cosine-modulafed$her 

bank. 

In M-channel odd-stacked CMFBs, the subbands are centered about the frequencies c o k  = =h(k+l/2)lM, 

as illustrated in figure 19. The subband filter impulse responses are generated by multiplying the analysis 

and synthesis prototype filter impulse responses with the appropriate modulation sequence, and are given 

by 
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and 

respectively. In this case, k = 0, 1, ..., M - 1 and p[n] and q[n] are the analysis and synthesis prototype 

filter impulse responses of length L, and L,, respectively. The analysis bank transfer matrix can be 

factorized as H(z) = D(z)TL2PLl(z) = D(z)TE(z), as outlined in section 4.1. The modulation matrix T 

consists of an M x 2 M  DCT matrix with elements derived from the modulation sequence in equation 

(4.20). Exploiting redundancies in the modulation matrix results in L2 consisting of the identity matrices 

AK = [IzM NO additional multiplication by =-%on the subband filter transfer functions is necessary, 

resulting in D(z) = IM. 

Paraunitary Solution 

In OFBs, multiple left-inverses of the analysis bank transfer matrix H(z) exist for the generation of a 

synthesis bank transfer matrix F(z). One possible solution to finding an F(z) that results in PR is to impose 

the PU property on H(z). Contrary to the PU solution of oversampled DFT-MFBs which relies on the 

existence of the IDFT, the DCT is singular, hence non-invertible. It is therefore necessary to perform 

further analysis in order to determine the conditions Hk(z) and Fk(z) must meet in order to achieve PR. One 

such analysis is performed through the factorization of the analysis and synthesis polyphase transfer 

matrices as described in [47]. This analysis shows that in order to obtain PU PR CMFBs the following 

conditions on P(z) must be met: 

PR Condition #I :  
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PR Condition #2: 

for k = 0, 1, ..., N - I and l = 0, 1, ..., L - 1 .  In both PR conditions, P,(z) is the ith 2M-spaced Type-1 

polyphase component of the analysis prototype filter. PR Condition #2 can be satisfied by imposing linear 

phase on the analysis prototype filter and assigning q[n] =p*[L,, - n]. PR Condition # I  can be satisfied by 

restricting E(z) to assume Form 1. For a Form 1 factorization the columns of E(z) form the polyphase 

components given by PL+l,,{z) in PR Condition #l.  If E(z) is PU then the columns of E(z) will also be PU, 

ensuring that the requirements of PR Condition #1 are satisfied. Restricting E(z) to assume Form 1 further 

restricts L, to be an integer multiple of 2M. 

4.3.2 Even-Stacked Cosine-Modulated Filter Banks 

If', 

Figure 20. Amplitude response of the two banks of subbandfilters in a 2M-channel even-stacked cosine- 

modulatedjlter bank. 

Unlike DFT-MFBs and odd-stacked CMFBs, the 2M-channel even-stacked CMFB consists of two FBs 

containing M subband filters each. In the first FB the subbands are centered about the frequencies wk = 

inklM with an additional band at wk = 0. The second FB consists of subbands centered about the 

frequencies wk = &klM with an additional band at wk = rr. The amplitude response of these two banks is 

illustrated in figure 20. The subband filter impulse responses are generated by multiplying the analysis and 
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synthesis prototype filter impulse responses with the appropriate modulation sequence. The analysis and 

synthesis subband filter impulse responses for the first bank are given by 

hk [ n ]  = P k p [ n ] ~ ~ ~  [L -k [ n -  "-:+"]] 

and 

respectively, for k = 0, 1, . . . , M- 1. Those for the second bank are given by 

and 

respectively, for k = 1, 2, . . ., M. In both banks,p[n] and q[n] are the analysis and synthesis prototype filter 

impulse responses of length L, and L,, respectively, pk = fi if k = 0 or M, and pk = 2 for all other k. 

The analysis bank transfer matrix can be factorized as H(z) = D(z)TL2PLl(z) = D(z)TE(z) as outlined in 

section 4.1. The modulation matrix T is given by T = [C slT, where C is an M x 2MDCT matrix with 

elements derived from the modulation sequence in equation (4.22) and S is an M x 2M discrete sine 

transform (DST) matrix with elements derived from the modulation sequence in equation (4.24). 

Exploiting redundancies in the modulation matrix results in L2 consisting of the identity matrices AK = 12M. 

In even-stacked CMFBs it is necessary to multiply the second bank of subband filter transfer functions by 

z - ~ ,  resulting in 

Paraunitary Solution 

The derivation of the conditions that Hk(z) and Fk(z) must meet in order to achieve PR in even-stacked 0- 

CMFBs is similar to the derivation for odd-stacked 0-CMFBs. An analysis on the factorization of the 2M- 
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channel analysis and synthesis polyphase transfer matrices is given in Appendix A.2. This analysis shows 

that in order to attain PR, the PR conditions for odd-stacked 0-CMFB must be satisfied. For the even- 

stacked case, PR condition #2 can be satisfied by imposing linear phase on the prototype filter and 

assigning q[n] =p*[L, - n]. PR Condition #1 can be satisfied by ensuring an odd oversampling ratio L and 

restricting E(z) to assume Form 1. Forcing E(z) to assume Form 1 further restricts L, to be an integer 

multiple of 2M. 

4.4 Summary and Conclusions 

0-MFBs were studied. In section 4.1, a generalized factorization for 0-MFB transfer matrices with 

arbitrary modulation was reviewed. This factorization is particularly efficient since it directly relates the 

prototype filter coefficients to the modulation transform while exploiting redundancies in the modulation 

matrix. The matrix E(z) resulting from this factorization was shown to assume three possible forms. 

Based on the form of E(z), a method for manipulating E(z) into a block diagonaI matrix Si(z) with 

submatrices denoted by si ( z )  was then proposed. Following manipulation of E(z) into submatrices 

si ( z )  , it was then shown that if each 6; ( z )  is PU then E(z) is also PU. 

In section 4.2, DFT-MFBs were taken into consideration. The specific form that D(z), T, and L2 must 

assume for the transfer matrix factorization of both odd and even-stacked DFT-MFBs was presented. By 

analyzing the PU factorization of H(z), the conditions on H(z), q[n], andA[n] were derived in order for PU 

factorizations of H(z) to be obtained. 

In section 4.3, CMFBs were taken into consideration. The specific form that D(z), T, and L2 must 

assume for the transfer matrix factorization of both odd- and even-stacked CMFBs was presented. By 

analyzing E(z) the conditions on P(z) required for PR were derived. Finally, the conditions on E(z), p[n], 

and q[n] were derived in order for PU factorizations of H(z) to be obtained. 



Chapter 5 

Lifting-Based Implementation 

PR in an FB is classically defined as reconstructing an input signal at the output of the FB such that it is 

free of linear distortion such as aliasing, amplitude, and phase distortion in the absence of subband 

processing. Conditions that must necessarily be imposed on the subband filters in order to eliminate these 

types of distortion in multirate FBs have been derived in section 3.4. Non-linear distortion, however, such 

as that due to quantization of the subband filter coefficients, the truncation of intermediate results, and the 

processing of overflows in intermediate operations, has yet to be taken into consideration. Direct 

implementations of multirate FBs tend to be susceptible to non-linear distortion, which results in a loss of 

the PR property when considering practical implementations of FBs. Thus, implementations that are 

resilient to non-linear distortion are highly desirable. 

Lifting-based structures, also known as ladder structures, constitute a particular form of the well- 

known lattice structure. Single-rate lattice structures are known to have low sensitivity to coefficient 

quantization for digital filter implementations. In multirate systems, lattice structures have more recently 

been used in FB implementations that are resilient to distortion caused by quantization of the subband filter 

coefficients. Lattice structures also ease the design of multirate FBs by reducing the number of parameters 

required for optimization thereby facilitating the appIication of unconstrained optimization algorithms. In 

addition to this, they also offer a modular structure wherein the order of the FB can be incremented by 

simply cascading low-order lattice building blocks. Since lifting-based implementations are a particular 

form of lattice structures, they share all of the properties of lattice structures in addition to providing some 

of their own desirable properties such as resilience to non-linear distortion caused by intermediate 

processing. 

Lifting-based structures are a special type of lattice-structure wherein the low-order building blocks are 

generated using only Type-3 elementary matrix operations. In addition to being resilient to the distortion 

caused by quantization of the subband filter coefficients, this structure is also resilient to the distortion 
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caused by the truncation of intermediate results and the processing of overflows during intermediate 

operations. This results in an implementation that provides PR in the sense of eliminating both linear and 

non-linear distortion. Since PR is structurally-inherent in spite of coefficient quantization, the design of 

integer- or dyadic-coefficient FBs is facilitated. By quantizing the filter coefficients to integer or dyadic 

values, implementations on microprocessors using fast integer arithmetic or multiplierless hardware is 

made possible. 

In section 5.1, the fundamental structure of a lifting-based implementation is provided. Included is a 

mathematical analysis on the factorization of rectangular and square PU matrices as well as an FB analysis 

for understanding the relationship between the lifting-based factorization and the lifting-based structure 

used in FB implementations. In section 5.2, the lifting-based factorization is applied to derive a lifting- 

based structure for oversampled PU MFBs. Oversampled DFT-MFBs and CMFBs of both even- and odd- 

stacking types are taken into consideration, followed by a discussion on the insertion of zeros resulting 

from particular cases of the proposed factorization. 

5.1 Fundamental Structure 

The fundamental structure of lifting-based implementations is derived by performing a Smith form 

decomposition on polynomial matrices. This factorization is first performed for arbitrary square 

polynomial matrices followed by a generalization to arbitrary rectangular polynomial matrices. The square 

matrix factorization leads to a PU factorization that can be applied to both square and rectangular PU 

matrices. Section 5.1 concludes with a discussion regarding the relation between lifting-based 

factorizations of polynomial matrices and lifting-based structures for FB implementations. 

5.1.1 Analysis of Lifting-based Structures 

A mathematical analysis of lifting-based structures provides a framework for the generation of such 

structures and is essential in order to derive factorizations and design methods for lifting-based FB 

implementations. An existing algorithm for deriving lifting-based factorizations of square polynomial 

matrices proposed in [30] is reviewed, followed by a presentation of the PU lifting-based factorization of 

square polynomial matrices. A similar factorization is then derived for rectangular polynomial matrices, 

followed by a factorization of PU rectangular polynomial matrices. 
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Square Matrix Factorization 

Consider an M x M polynomial matrix H(z) with det(H(z)) = z-"here k is a positive integer and each 

element HJz) is a Laurent polynomial. Applying the Smith form decomposition outlined in section 3.3 

results in the factorization 

where P(z) and Q(z) are unimodular polynomial matrices of dimensions M x M and N x N,  respectively, 

and D(z) is an M x M polynomial matrix referred to as the Smith form of H(z). Recall that P(z) and Q(z) 

take on one of three types of elementary matrix operations; Type-I, the interchanging of rows or columns, 

Type-2, the multiplication of a row or column by a nonzero constant, or Type-3, the addition of a row or 

column to another row or column multiplied by an arbitrary Laurent polynomial. 

The lifting-based factorization of H(z) is given by 

where D(z) is a diagonal matrix with polynomials on the diagonal and L(z) and U(z) are products of M x 

M Type-3 elementary matrix operations, i.e., 

and 

wherep and q have integer values greater than or equal to zero. Furthermore, 

and 
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where A&) and Bx(z) are arbitrary Laurent polynomials. By restricting the factorization to consist of only 

Type-3 elementary operations, L(z) and U(z) result in M x M and N x N lower and upper triangular 

polynomial matrices, respectively, where Lk(z) correspond to Gaussian eliminations and U&) correspond 

to lifting steps. Furthermore, an algorithm referred to as the Monic Euclidean Algorithm has been 

developed in [30] which shows that by careful choice of LR(z) and Uk(z) the factorization of E(z) can result 

in ones being located on the diagonal of D(z) with the exception of DM&), which assumes the form fK, 

where K is an integer greater than or equal to zero, i.e., 

One of the key properties of the Type-3 elementary matrix operation is that it is easily invertible. The 

inverses of L&) and Uk(z) are given by similar matrices but with the off-diagonal element replaced by a 

negated version of the original element, i.e., 

and 

u; ( z )  = / 

The inverse of the lifting-based factorization of H(z) is therefore given by 
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F ( z )  = H-' ( z )  = U-' ( z ) D - '  ( z ) ~ '  ( z )  (5.3) 

where 

and L-'(z) and U-'(z) are products of L<'(z) and u<'(z), for k = 0, 1, . ..,p and k = 0, 1, . .., q, respectively. 

Paraunitavy Factorization 

The polynomial matrix H(z) is PU if H ( z )  H ( z )  = czPK1,  or equivalently, H-' ( z )  = czPKH ( z ) .  We 

recall that the factorization of a PU M x M polynomial matrix H(z) with elements that are Laurent 

polynomials is given by 

for a degree-C H(z). Each Vi(z)  is the degree-1 PU building block and R is a unitary matrix that can 

further be factorized as a product of Householder matrices, i.e., 

It has been shown in [30] that it is possible to factor each Vi(z)  and Hi using only Type-3 elementary 

matrix operations, which results in a lifting-based factorization of the PU building blocks. These 

factorizations are shown in equations (5.5) and (5.6), respectively, where the xi are independent lifting 

coefficients and the yi are given by 
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Rectangular Matrix Factorization 

Consider an M x N ( M  > N) polynomial matrix H(z) with full rank N such that det(H(z)) = z - ~ ,  where k is 

a positive integer and each element H,,(z) is a Laurent polynomial. Applying the Smith form 

decomposition results in the factorization 

where P(z) and Q(z)  are unimodular polynomial matrices of dimensions M x M and N x N, respectively, 

and D(z) is an M x Npolynomial matrix which is the Smith form of H(z). 

The lifting-based factorization of H(z) is given by 

where D(z) is given by equation (3.18) and L(z) and U(z)  are products of M x M and N x N Type3 

elementary matrix operations, respectively, i.e., 

and 

where p and q are integers greater than or equal to zero. Recalling the left-inverse of a Smith form 

decomposition for rectangular polynomial matrices presented in equation (3.23), the inverse of the lifting- 

based factorization of H(z) is therefore given by 

where u-'(z)  is the product of matrices Uk(z) for k = 0, 1, .. ., q with negated elements Ak(z), L-'(z) is the 

product of matrices Lk(z) for k = 0, I ,  . . ., p with negated elements Bk(z), and X(z)  is an arbitrary N x ( M -  

N) polynomial matrix. 

Paraunitary Factorization 

In the case of a rectangular H(z), multiple left inverses exist for the inversion matrix F(z). A lifting-based 

factorization of H(z) results following a factorization into Type-3 elementary matrix operations. However, 
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the factorization of F(z) includes an arbitrary matrix X(z). Since the structure of X(z) will affect the 

structure of F(z), a lifting-based factorization of F(z) may not exist for arbitrary X(z). In order to maintain 

the lifting-based structure in both H(z) and F(z), jt is therefore necessary to force this structure onto F(z). 

This can be done by making X(z) vacuous, Q(z) = D,(z) = I,,,, and P-' ( z )  = P ( z ) ,  resulting in H(z) being 

PU. 

One method of forcing H(z) to be PU is as follows. Consider an M x M PU matrix H (2 ) .  Since 

subsets of the columns in H ( z )  are also PU, an M x N (M > N) PU matrix H(z) can be extracted from 

H (2) .  In practice, this can easily be performed by generating a PU matrix H ( 2 )  and simply using only 

the columns of H ( 2 )  necessary to define H(z). The unused elements of H ( z )  can be taken to be O's, i.e. 

The PU inverse of H ( z )  is then given by 

The PU inverse of H(z), i.e., F(z), is therefore obtained by extracting the N x M matrix F(z) from the 

M x M matrix 6 ( z ) .  It easily follows that a lifting-based factorization of a rectangular PU matrix of 

dimensions M x N can be derived by determining a lifting-based factorization for a square PU matrix of 

dimensions M x M. 

5.1.2 Filter Bank Analysis 

The analysis and synthesis bank polyphase transfer matrices of an OFB and a critically-sampled FB can be 

directly related to the Smith form decomposition with Type-3 elementary matrix operations. As discussed 

in section 3.2, each row k in the matrix E(z) contains the K-spaced polyphase filter transfer functions of the 

kth analysis subband filter transfer function Hk(z). Since a Type-3 elementary matrix operation adds one 

row in a matrix to another row (with possible multiplication by a polynomial), each subband filter is 

essentially a multiple of or a filtered version of another subband filter, as illustrated in figure 21(a). 
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Figure 21. Lifting-based implementation applying filtering oper,ations between channels i and j. 

(a) Analysis bank. (6) Synthesis bank. 

A lifting-based factorization of E(z) is generated by multiplying Type-3 elementary matrix operations 

while the inverse is generated by multiplying inverse Type-3 elementary matrix operations. The attractive 

property of the inverse Type-3 elementary matrix operation is that the polynomial coefficient found in the 

inverse matrix is identical to the negative of the polynomial coefficient found in the Type-3 elementary 

matrix prior to inversion. When considering this factorization as the structure of an FB, the synthesis bank 

essentially performs the exact opposite operations as the analysis bank. For each channel in the analysis 

bank that is summed with a possibly filtered version of another channel, the synthesis bank perfoms a 

difference using the respective filtering operation, as illustrated in figure 21(b). This results in an FB 

structure wherein the synthesis bank is generated using the exact same coefficients as the analysis bank. 

The benefit of this relationship, as discussed by Chen and Amaratunga in [30], is that if the lifting 

coefficients are quantized during implementation, as long as identical quantization algorithms are applied 

to both the analysis and synthesis banks, the PR property will hold since the quantized values of the lifting 

coefficients in each bank will be identical. In addition to this, intermediate operations such as the 

multiplication of quantized lifting-coefficients with an input signal, truncation of these results, and 

overflows due to the summation of these results, may occur. However, as long as similar truncation and 

overflow condition algorithms are applied to the both the analysis and synthesis banks, similar results 

following multiplication, truncation and overflow will occur in each bank. This results in a structure that is 

resilient to non-linear distortion typically found in direct and lattice structures. 
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5.2 Factorization of Modulated Filter Bank Transfer Matrices 

MFBs are an important class of FBs since they can often be efficiently implemented using well-known fast 

transforms. In an effort to exploit the advantages offered by both modulation and lifting-based 

implementations, it is desirable to derive a lifting-based structure for MFBs. Recalling the generalized 

factorization of the PU analysis bank polyphase transfer matrix E(z) given by equation (4.14) in section 

4.1, we obtain the factorization 

for i = 0, 1, . . . , g - 1, where g = gcd(MJV), S,(z) is an S x T polynomial matrix, P and Q are M x M and 

N x N permutation matrices, respectively, and M,(z) and N,(z) are S x S and T x T diagonal matrices, 

respectively, with appropriate powers of z located on the diagonal. Furthermore, recall that a PU matrix 

S,(z) is generated by extracting T columns from the matrix G(z), where G(z) is a PU matrix defined as the 

product of degree-one PU building blocks V,(z) and Householder matrices H,. Now, if V,(z) and HI are 

further factorized using only Type-3 elementary matrix operations as shown in equations (5.5) and (5.6), 

respectively, then a lifting-based factorization for oversampled PU MFB transfer matrices results. 

5.2.1 DFT- and Cosine-Modulation 

The lifting-based factorization of a PU matrix E(z) derived by DFT-M or CM follows directly from the PU 

factorizations of DFT-MFB and CMFB transfer matrices presented in sections 4.2 and 4.3, respectively, 

and the generalized PU lifting-based factorization described above. Odd- and even-stacked DFT-MFBs 

with arbitrary M and JV, and odd- and even-stacked CMFBs with odd L and M being an integer multiple of 

N, can be generated. The resulting modulation parameters such as AK, T, and D(z), and the necessary filter 

prototype filter lengths L, for DFT-MFBs and CMFBs are presented in tables 1 and 2, respectively. Note 

that L, is defined as JM, JMN, JJMNIg, or 2JM, where J is a positive integer greater than zero. The number 

of rectangular matrices si ( z )  that need to be parameterized for each modulation type and stacking type is 

also included, in addition to the dimensions and order ( 0 )  of S; ( z ) .  Finally, the total number of 

parameters required for optimization is included. For Form 3 modulations, the order of each si ( z )  do not 

need to be made equal. In this case, the maximum order of si ( z )  for a given L, is denoted by Max. 0 ,  

whereas the order that results if the order of each sf ( z )  is equal is denoted by Avg. 0. The total number 
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of parameters required for optimization is based on all si ( z )  having identical orders. In the DFT-M case, 

the conditions on the synthesis bank subband filter impulse responses for generating PU analysis bank 

transfer matrices are included. In the CM case, the conditions on the analysis and synthesis bank prototype 

filter impulse responses for generating PU analysis bank transfer matrices are included. 

Table 1. Lifting-based factorization parameters for oversampled DFT-modulatedJilter banks. 

Form 

Stack 

AK 

2 1 

T 

D(4  

L~ 

Mlg x Nlg 

3 

Odd j Even 

[ I M - I M I  j I Y  

MUX: J =  L , ~ Z  / M N  

Avg: J = L, / M N  

[ M x M D F T ]  

E M  

1 

M x  N 

J = L , I M N  

i 
? ( 2 ( J + p ) + M ) ( M - l )  

# of si ( z )  

( z )  dimensions 

0 [ si ( z ) )  

#Parameters 

Note:p = O  f o r J =  l , p = - 1  otherwise 

Odd j Even 

[ I M  - 1 ~ 1  j IM 

J M  

g 

L x l  

J =  L,I M 

g ( 2 ( ~ + ~ ) + ~ ) ( ~ - ~ )  
2  

Odd Even 

[ I M - I M I  j IM 

JMN J M N / ~ ~  
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Table 2. Lifting-based factorization pararnetelps ,for oversampled cosine-modulated 

Jilter banks. 

Form I 1 

Stack I Odd Even 

- -- 

# of si ( z )  

P [ ~ I  

dnI  

S, ( z )  dimensions 

Linear phase 

d n I =  p[Lp - H I  

# Parameters 

Note: p = 0 for J =  1, p = -1 otherwise 
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5.2.2 Insertion of Zeros 

In Form 2 and Form 3 factorizations, the matrix S; ( z )  may contain elements z-';E,(zl) where k 2 0. In 

order to properly relate the polyphase components E,(zl) which are multiplied by i q o  the prototype filter 

coefficients p[n], each E@) must be multiplied by z%nd the prototype filter impulse response must be 

redefined accordingly. To illustrate this, consider the example in section 4.1 where Form 2 matrices 

si ( z )  are derived from the factorization of a Form 3 matrix E(z) with M =  6 and N = 4. In this example, 

L, = D M =  24. Therefore, a 2M-spaced polyphase decomposition ofp[n] is applied. The transfer function 

of the prototype filter can be expressed as 

P ( z )  = Eo (z)+z- lE1 ( Z ) + Z - ~ E ~  ( z ) +  ...+ Z-"EII ( z )  

.... where Eo(z) =p[O] +z-$[12], El(z) =p [ l ]  + z-Ip[13], E2(z) =p[2] + z-lp[14], E l l ( z )  =p[ l l ]  + z-Ip[23]. 

This 2M-spaced Type-1 polyphase decomposition ofp[n] is illustrated in figure 22. 

Figure 22. Association of E,(z) to p[n] for a 2M-spacedpolyphase decomposition ofp[n] with L, = 24 and 

M =  6. 

To relate the polyphase filters Eo(z3), E1(z3), etc. to the polyphase filters Eo(z), El@), etc., each polyphase 

filter must be downsampled by a factor of 3. Since the element E8(z3) was manipulated to be multiplied by 

z", downsampling the polyphase filters results in Z-'E&~) and z-'E&~). The element z-' must be accounted 

for when relating the polyphase components to the prototype filter impulse response. As illustrated in 
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figure 23, the multiplication of Es(z) and Ep(z) by z-' relates to an advance in the time domain of those 

polyphase components with respect to the prototype filter impulse response p[n]. 

Figure 23. Effect of multiplying E8(z) and Eg(z) by z-I. 

Once the polyphase components z-'E&) and z-'E5(z) are properly related to p[n], the prototype filter 

transfer function is given by 

Figure 24 illustrates how the prototype filter impulse response is properly redefined following 

redistribution of the polyphase components. It is noticed that this redistribution causes the length ofp[n] to 

be increased by 4 and zeros (illustrated with x's) to be imposed. Although these zeros do not add to the 

computational complexity of the prototype filter design optimization algorithm to follow, the increased 

length does result in an increased amount of storage required in a hardware implementation. 

Figure 24. Association of E,(z) with p[n] following multiplication of E8($ and Ep(z) by z-I 
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5.3 Summary and Conclusions 

Lifting-based factorizations were studied. In section 5.1, the fundamental structure of lifting-based 

implementations was derived by performing a Smith form decomposition on polynomial matrices. A 

mathematical framework provided a lifting-based factorization for square and rectangular polynomial 

matrices as well as for square and rectangular PU polynomial matrices. It was shown that a lifting-based 

factorization for rectangular PU matrices can be derived from lifting-based factorizations of square PU 

matrices. Section 5.1 concluded with a discussion regarding the relationship between lifting-based 

factorizations and FB implementations. 

In section 5.2, the parameters for lifting-based factorizations of PU 0-MFB transfer matrices were 

summarized. For DFT-MFBs these parameters include the structure of AK, T, and D(z), the constraints on 

Lp andf;;[n], the number of matrices si ( 2 )  required to represent a given E(z), the dimensions of each 

matrix si ( z )  , the order of z in each si ( 2 )  , and the number of parameters required for optimization. For 

CMFBs these parameters include the structure of AK, T, and D(z), the constraints on L,,p[n], and q[n], the 

number of matrices si ( z )  required to represent a given E(z), the dimensions of each matrix si ( z ) ,  the 

order of z in each si ( z ) ,  and the number of parameters required for optimization. Section 5.2 concluded 

with a discussion on the insertion of zeros into p[n] based on the factorization of E(z). It was shown that 

certain factorizations may result in zeros being inserted into p[n] resulting in an increased L,, and an 

increased amount of storage required for hardware implementation. 



Chapter 6 

Filter Bank Design 

There are three methods that are typically used for the design of multirate FBs. The choice of method 

depends on how closely the PR conditions must be met, whether or not there are any restrictions on the 

computational complexity of the design algorithm, and the sensitivity of the intended application to non- 

linear distortion. The three primary methods of designing an FB consist of: 

applying constrained optimization algorithms to the design of the subband filters in multirate FBs 

or the design of a prototype filter in MFBs, 

applying unconstrained optimization algorithms to FB structures, and 

applying spectral factorization techniques to directly design the subband filters in multirate FBs. 

FB design methods that employ constrained optimization algorithms formulate the objective function 

so that the filter coefficients are optimized to minimize the stopband energy of the subband filters, while 

the constraints are given by the PR constraints on the subband filters' impulse responses. Similarly, in 

MFBs the stopband energy of the prototype filter is defined as the objective function while the constraints 

are given by the PR constraints on the prototype filter impulse response. Formulating the PR constraints as 

a quadratic function and minimizing the least squared error of the stopband energy results in the 

quadratically-constrained least squares (QCLS) FB design method derived by Nguyen in [72]. In this 

method, the subband filter impulse responses are directly optimized. By formulating the PR constraints as 

a quadratic function it is typically necessary to apply linear approximations to this function in order to 

solve the optimization problem. However, applying linear approximations to the PR constraints results in 

FBs wherein PR is not exactly achieved. 

FB design methods that apply unconstrained optimization algorithms typically factorize the polyphase 

transfer matrices E(z) and R(z) into a product of elementary matrices that have desirable properties, such as 

PR, linear phase andlor paraunitariness. These properties tend to propagate through the product of 
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elementary matrices to the realization of E(z) and R(z), as described in [20]. The simpler matrices can then 

be parameterized and the matrix coefficients can be related to the impulse response of the prototype filter 

or subband filters in modulated and non-modulated FB formulations, respectively. In lattice factorizations, 

the coefficients in the parameterized matrices are referred to as the lattice coefficients, whereas in ladder 

factorizations, the coefficients in the parameterized matrices are referred to as the ladder coefficients. In 

either case, the elementary matrix coefficients are referred to as the structural coefficients. FB design 

methods that employ unconstrained optimization algorithms formulate the objective function so that the 

structural coefficients are optimized to minimize the stopband energy of the subband filters or the stopband 

energy of the prototype filter. The PR property is typically induced in the elementary matrices used to 

factorize E(z) and R(z), and hence further constraints for PR need not be imposed in the optimization 

algorithm. Structural factorizations tend to result in PRFBs while requiring a relatively small number of 

coefficients to optimize. However, the objective function tends to be very non-linear and hence good 

starting points to the optimization algorithm are necessary in order to avoid local minimas and obtain good 

frequency selectivity. 

Spectral factorization techniques consist of determining a prototype filter impulse response by 

extracting an Mth band spectral factor from an all-pass transfer function. The prototype filter transfer 

function is then multiplied with a modulation matrix (i.e., DFT or DCT) in order to obtain the analysis and 

synthesis subband transfer functions. Filter design methods employing spectral factorization techniques 

are much less computationally complex than methods that require the application of constrained or 

unconstrained optimization algorithms since spectral factorization techniques typically offer closed-form 

solutions. However, since optimization algorithms are not applied, prototype filters with suboptimal 

frequency responses result. An example of an FB design method applying spectral factorization techniques 

is presented in [73]. 

A lifting-based factorization provides a modular structure wherein PR is structurally imposed and 

unconstrained optimization algorithms can be employed. In section 6.1, a lifting-based design method is 

proposed for designing and implementing PU 0-MFBs including DFT-MFBs and CMFBs of either odd- or 

even-stacked types. In section 6.2, a lifting-based design example is presented for both an odd-stacked 

oversampled PU DFT-MFB and an even-stacked oversampled PU CMFB. 
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6.1 Lifting-Based Design Method 

A method for designing PU 0-MFBs implemented using a lifting-structure is generated by deriving an 

objective function for an unconstrained optimization algorithm based on the lifting-based factorization of 

PU 0-MFB transfer matrices. The design method is as follows: 

1. Select the FB properties consisting of the integers M, N, L,, the modulation type, and the stacking 

type. 

Note: Following selection of the desired modulation and stacking types, the remaining FB properties 

are subject to the constraints outlined in tables 1 and 2 for DFT-MFBs and CMFBs, respectively. 

2. Derive the analysis polyphase transfer matrix E(z) by applying the factorization presented in section 

4.2 for DFT-MFBs and section 4.3 for CMFBs. 

3. Manipulate E(z) into a block diagonal matrix S(z) by applying the method presented in section 4.1. 

Generate submatrices S; (z) by pre- and post-multiplying S(z) with appropriate permutation matrices 

P and Q, and matrices Mi(z) and Ni(z) with appropriate powers of z on the diagonal. 

4. Determine the size and number of PU matrices G(z) required to generate each sf (z). 

Note: Less restrictive prototype filter lengths as defined in step #1 may be derived by appropriately 

redefining the dimensions and order of submatrices si (z), as outlined in [70] for the odd-stacked 

DFT-M case. 

5. Factorize each matrix G(z) into lifting matrices by applying the PU factorization presented in 

equation (4.13) followed by the lifting factorization presented in equations (5.5) and (5.6). 

6. Associate the resulting lifting coefficients found in the lifting matrices with the prototype filter 

coefficients generated from the polyphase components contained in si (z). 

Note: This association must be performed carefully since zeros may be inserted due to the polyphase 

components E,(z? in the matrices (z) being multiplied by z-! The number of inserted zeros can, 

however, be minimized by appropriately redefining the dimensions and order of each si(z), as 

outlined in [70] for the odd-stacked DFT-M case. 
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7. Employ an unconstrained optimization algorithm to optimize the lifting coefficients to minimize the 

stopband energy of the prototype filter. 

Note: Standard unconstrained optimization algorithms can be applied. In order to reduce the 

computational complexity of the optimization algorithm, the stopband energy of the prototype filter can 

be defined as a quadratic function as outlined in [74]. 

8. If FB implementations are desired where the lifting-based coefficients are quantized to either integer or 

dyadic values, quantization methods such as those presented in [40] or [43] can be employed. 

6.2 Lifting-Based Design Examples 

6.2.1 Oversampled Odd-Stacked DFT-Modulated Filter Bank 

An odd-stacked oversampled PU DFT-MFB with M = 6, N = 4, and L, = 24 was designed. An analysis 

bank polyphase transfer matrix E(z) of Form 3 resulted and was transformed into two Mlg x Nlg = 3 x 2 

matrices, denoted by So(z) and Sl(z), where g = gcd(M,N) = 2. The order of each si (z) was chosen to be 

identical, resulting in a filter length definition of L, = JMN. The analysis and synthesis subband filters 

were therefore represented by MN-spaced Type-1 and Type-2 polyphase filters, respectively. The order of 

each si (z) is given by L,IMN = 1 and therefore the PU factorization of each matrix si (z) consisted of one 

Mlg x Mlg = 3 x 3 degree-1 PU matrix Vl(z) and a product of Mlg - 1 = 2 Householder matrices Hi. The 

total number of independent variables required for the lifting optimization is given by 

where J = L,liWV = 24/(6 x 4 )  = 1 and p = 0. Since So(z) and Sl(z) contain the polyphase filter transfer 

functions Es(z) and E4z) multiplied by z-I, it was necessary to introduce four zeros into the prototype filter 

impulse response p[n] at n = 2, 3, 24, and 25, resulting in a prototype filter with length L, = 28. An 

unconstrained optimization algorithm was employed which had an objective function that minimized the 

stopband energy of the prototype filter by optimization of the lifting coeflicients. The prototype filter was 

designed to have passband and stopband edges at w, = n/2M= d l 2  and w, = KIM = d 6 ,  respectively. The 

amplitude response of the resulting FB is illustrated in figure 25. 
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where J = L,IMN = 24/(6 x 4 )  = 1 and p = 0. Since the prototype filter was chosen to have linear phase, 

the polyphase components in S , ( z )  were derived from So(z). Therefore it was not necessary to include the 

polyphase components in S , ( z )  as independent variables in the following optimization procedure. An 

unconstrained optimization algorithm was employed which had an objective function that minimized the 

stopband energy of the prototype filter by optimization of the lifting coefficients. The prototype filter was 

designed to have passband and stopband edges at w, = d 2 M  = d l 2  and w, = nlM = n16, respectively. The 

amplitude response of the resulting FB is illustrated in figure 26. 
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Figure 26. Amplitude response of the subbandfilters in an even-stacked oversampled cosine-modulated 

Jilter bank with 2M = 12, 2N = 4, and L, = 24. (a) First bank. (b) Second bank. 
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A design method employing an unconstrained optimization algorithm was presented. In section 6.1, a 

design method was specifically outlined that employs unconstrained optimization algorithms for the design 

of PU 0-MFBs that are realized using lifting-based structures. Oversampled DFT-MFBs and 0-CMFBs of 

either odd- or even-stacked types with an arbitrary number of channels and subsampling factor can be 

designed using this method, subject to the limitations in tables 1 and 2. 

In section 6.2, examples were given for the design of an odd-stacked oversampled DFT-MFB and an 

even-stacked 0-CMFB. 
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Chapter 7 

Conclusions and Future Research 

The design and implementation of PR OFBs has been investigated. A design method employing 

unconstrained optimization algorithms has been derived based on the factorization of transfer matrices 

generated by 0-MFBs. A particular factorization that results in PRFBs was derived through the 

application of the PU property. By applying lifting-based factorizations of PU matrices, a lifting-based 

factorization of PU 0-MFB transfer matrices was derived. This factorization leads to a structural design 

method where unconstrained optimization algorithms could be employed. 

7.1 Lifting-Based Factorization 

OFBs have transfer functions that are characterized by rectangular transfer matrices. It was shown by 

application of the Smith form decomposition that multiple left-inverses exist for a given rectangular matrix. 

Analogously, a plurality of synthesis banks exist that result in PR for a particular analysis bank. In order to 

maintain a lifting-based structure in both the analysis and synthesis banks, the PU property was applied to 

the transfer matrices. Although this facilitates the employment of lifting-based factorizations, it also 

restricts the scope of the left-inverse that corresponds to the synthesis bank to contain only a subset of all 

possible left-inverse matrices which result in PRFBs. The factorization of the polyphase transfer matrix 

E(z) into PU matrices si ( z )  tends to be fairly complicated. As the order of the subband filters increases, 

so does the complexity of the factorization. Methods for performing this factorization for matrices E(z) 

with a high order are not obvious and could be quite difficult to automate. 

For the lifting-based factorization presented, each rectangular matrix S; ( z )  with dimensions S x T is 

embedded into a square matrix G,(z) with dimensions S x S. Since columns of G,(z) are inevitably 

ignored, all of the parameters used to characterize G,(z) are unnecessary. This is particularly evident in 



7. Conclusions and Future Researcl? 78 

factorizations using only Type-1 elementary matrix operations wherein the polyphase components of p[n] 

are defined using only a single column of G,(z). 

The factorization of S; ( z )  often results in elements z-~E;(z'), where k > 0. In this case, some of the 

coefficients of the prototype filter impulse response are forced to be zero. Compared to prototype filter 

impulse responses that do not have coefficients forced to be zero, this factorization is particularly 

inefficient since the achievable stopband attenuation of the prototype filter and resulting subband filters 

will be less for the case where the prototype filter impulse coefficients are forced to be zero. Furthermore, 

the factorization of matrix E(z) into matrices si ( z )  results in restrictions on L,, based on the form of the 

factorization. These restrictions are undesirable since the freedom to choose L,, is lost, as is most evident in 

Form 3 factorizations. 

7.2 Design Method 

The proposed method facilitates the design of oversampled PU DFT-MFBs and oversampled PU CMFBs 

with arbitrary stacking. DFT-MFBs and odd-stacked CMFBs cannot generate subband filters with linear 

phase; on the other hand, this is possible if the prototype filter has linear phase. The design method also 

facilitates the implementation of FBs using a lifting-based structure that is resilient to both linear and non- 

linear distortion. Furthermore, the resilience of this structure to non-linear distortion such as that caused by 

the coefficient quantization facilitates the design of integer- and dyadic-valued FBs that allow for 

particularly efficient realizations. 

FB design methods that derive structural factorizations and apply unconstrained optimization 

algorithms typically tend to have objective functions that are very non-linear. The application of 

unconstrained optimization algorithms to these non-linear objective functions typically results in sub- 

optimal solutions unless a 'good' starting point is used. Experimental results have shown that 

unconstrained optimization of structural coefficients derived through transfer matrix factorizations using 

the proposed factorization method tends to result in similar solutions regardless of the optimization starting 

point. This suggests that the objective function is convex with a global minimum; however, this remains to 

be proven. 
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7.3 Future Research 

This research has provided insight into the derivation of lifting-based structures for a particular class of 

OFBs; however, there are still many areas that could potentially benefit from further research. Some of 

these areas include: 

Lifting-based factorizations for the transfer matrices of arbitrary OFBs, classified as pseudo- 

biorthogonal FBs, could be explored. Specifically, under consideration in this thesis has been 

lifting-based factorizations for PU 0-MFBs. The generalized case of lifting-based factorizations 

could be applied to biorthogonal OFBs wherein the limitation on the analysis transfer matrices, 

i.e., H ( z ) H ( z  ) = CZ-'"~ IN,  is not imposed. Removing this limitation would result in a larger 

solution space being searched when applying constrained or unconstrained optimization 

algorithms, perhaps facilitating the design of filter banks with better subband channel separation 

for a given number of subband filter coefficients. In addition to this, removing this limitation may 

also give a filter bank designer greater freedom in choosing the overall filter bank delay. These 

factorizations would include 0-MFBs, PU OFBs, and PU 0-MFBs as specific cases. 

Lifting-based factorizations for the transfer matrices of 0-MFBs using modulation schemes other 

than those proposed in this thesis, i.e., other than cosine and DFT-modulation, could be explored. 

Specifically, recent work has been performed on a modulation scheme referred to as modified 

DFT (M-DFT) modulation [75]. M-DFT modulation is essentially similar to DFT modulation; 

however, M-DFT modulation facilitates the design of filter banks with all analysis and synthesis 

subband filters having linear phase and structurally-inherent alias-free implementations. It may be 

possible to realize oversampled M-DFT filter banks using lifting structures by simply determining 

the PR conditions using M-DFT modulation and multiplying the analysis and synthesis prototype 

filter impulse responses with appropriate exponential functions corresponding to M-DFT 

modulation rather than DFT modulation. In the case of M-DFT modulated FBs, the constraints 

necessary to generate PR and LP in the presently discussed LP even-stacked CMFBs may be 

relaxed since LP and alias-free signal reconstruction is inherent in the M-DFT modulation. 

Lifting-based factorizations for the transfer matrices of OFBs could be explored with the 

restrictions imposed by the PR property relaxed. In this thesis, lifting-based factorizations for 

PRFBs have been considered and shown. It has been shown that relaxing the PR constraints in 

FB design allows for increased separation between subbands while inducing only minimal 
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amounts of noise [70]. In the case of relaxing the PR constraints, it may be desirable to apply 

lifting-based factorizations to non-PR filter banks in order to realize the benefits of both lifting- 

based structures and increased separation between subbands. 
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Appendix A 

Proofs 

A.1 General Conditions for PR 

Following the logic outlined in [20] for the critically sampled case, if we consider figure 15, the transfer 

function at the output of each downsampler, we have 

for k = 0, 1, ..., M- 1 where WA7 = ey2/z"iN. Further, if we consider the matrix P(z) = R(z)E(z), the output at 

each of the synthesis filters is given by 

N-I 

The overall input-output transfer function may therefore be derived as 

N-l N-I 

= z-'"-'-'"'C pW,$ ( z N  )u* ( z N  ) 
m=O k=O 

The terms o f ~ ( z W ' )  for 2 > 0 represent aliasing. In order to obtain an alias-free filter bank, these terms 

must be set to zero. Specifically, 



N-l  A-I 

for I > 0, which can be written using matrix notation as 

where W is the N x N DFT matrix and x indicates a possibly non-zero entry. Knowing that 

WW' = M ,  we can rewrite equation (A.3) as 

which implies that Vk(z) = V(z) for k = 0, 1, .. ., M - 1 since the 0th column of W has all entries equal to 

one. Looking closely at P(z), we see that forcing V&) = V(z) results in P(z) necessarily being a right- 

pseudo-circulant matrix, i.e., each row 1 is derived from the row I - 1 by a right shift operation and 

imposing a delay on the newly shifted component. For example, if we consider a P(z) of dimensions 4 x 

4, P(z) is right-pseudo-circulant if 

In order to induce PR, all elements Pk(z) on the 0th row of P(z) must be equal to 0 except for one, which 

must have the form cz-"O . This is only assured if P(z) has the form 
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A.2 PR Conditions for Oversampled Even-Stacked Cosine-Modulated 

Filter Banks 

The analysis polyphase transfer matrix E(zL) for an even-stacked 0-CMFB with 2 M  channels, a 

subsampling factor of 2N, and an oversampling factor of L can be expressed as 

Similarly, the synthesis polyphase transfer matrix R(z~)  can be expressed as 

where C, and C2 are M x 2Mmodulation matrices with elements obtained from the modulation sequences 

given in equations (4.22) and (4.24), respectively. Matrices S1 and S2 are M x 2Mmodulation matrices 

with elements obtained from the modulation sequences given in equations (4.23) and (4.25), respectively. 

Furthermore, 

where P,(z) and Qi(z) are the 2M-spaced Type-1 polyphase components of the analysis and synthesis 

prototype filters, respectively. For PR we need to ensure that 
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(A.7) 

Using equations ( A S )  and (A.6) we see that 

This results in the summation of two equations, given by P ( zL ) = PI ( zL ) + P2 ( zL ) , where 

p, ( z L  ) = Z-("-"ZMS(') ( z ) ( 4 ( z L  ) J ~ ~ ~ ( z ~  ) - q ( ~ L  ) ) ) d L i  ( z )  w9> 

and 

where 

J .  = 

When considering pl(zL), we see that 

Do(z) is given b y  

where 

and 



D,(z) is given by 

and if L is odd then 

where 

with 

and b(z) = -za(z). The non-zero entries of pl(zL) are on the anti-diagonal. In order to assure PR, these 

elements must be equal to zero. We see that the elements on the anti-diagonal consist of a sum of the 

equations in eqn(k), with each polyphase pair difference having a unique multiplication by z. Since b(z) is 

identical to a(z) except for a multiplication by -z, we can conclude that to ensure that ~ ~ ( 2 )  = 0 it is 

necessary and sufficient to set a(z) = 0. This is achieved if we use linear-phase PU prototype filters. 



When considering p2(2) ,  we notice that for odd L equation (A. 10) can be expressed as 

2 ( ) = a [I, N 2 - I - i -  (11) * [  
I N ]  I N  

for k = 0, 1, . . ., N - I .  Noting that the elements of p2(zL) on the upper diagonal are equivalent to those on 

the lower diagonal, we see that in order for ~ ~ ( 2 )  to satisfy equation (A.7) it is necessary and sufficient to 

ensure that 

(A. 1 1) 

These conditions for PR are similar to those derived by Gopinath in [17] for CMFBs with arbitrary system 

delay. 


