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ABSTRACT

We use semi-definite programming (SDP) to find a variety of optimal designs for multi-
response linear models with multiple factors, and for the first time, extend the method-
ology to find optimal designs for multi-response nonlinear models and generalized linear
models with multiple factors. We construct transformations that (i) facilitate improved
formulation of the optimal design problems into SDP problems, (ii) enable us to extend
SDP methodology to find optimal designs from linear models to nonlinear multi-response
models with multiple factors and (iii) correct erroneously reported optimal designs in the
literature caused by formulation issues. We also derive invariance properties of optimal
designs and their dependence on the covariance matrix of the correlated errors, which are
helpful for reducing the computation time for finding optimal designs. Our applications
include finding A-, As-, ¢- and D-optimal designs for multi-response multi-factor polyno-
mial models, locally ¢- and D-optimal designs for a bivariate E,,., response model and

for a bivariate Probit model useful in the biosciences.
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1 Introduction

Different types of optimal designs have been extensively constructed and studied
for linear and nonlinear models, see for example, the design monographs by Fe-
dorov (1972), Pukelsheim (1993), Berger and Wong (2009), and Dean et al. (2015).
Applications of optimal design ideas are found across broad disciplines, such as in
education testing studies, food science, agriculture, pharmaceutical industry, toxi-
cology, engineering, and manufacturing sectors. As cost of experiments rises, the
need of having a well designed study that saves costs provides a powerful impetus

for the continuing search for more effective ways to compute efficient designs.

The bulk of optimal regression designs concerns models with one response vari-
able and one or two factors. When there are multiple factors, the models are usually
assumed to be linear and the mean response is adequately modeled by a low degree
multi-factor polynomial or an additive non-polynomial model. For example, Chang
et al. (2001), Huang et al. (2006) and Montgomery (2013, p496) considered design
issues for experiments with two or three response variables and up to three factors.

Optimal designs for nonlinear models with several factors are rare.

Multi-response models are increasingly common and design issues are decidedly
more complicated than finding optimal designs for one-response models. There is
relatively little work in this area even for polynomial homoscedastic models. A
classic reference is Krafft and Schaefer (1992), who found D-optimal designs for
a single covariate model with multiple responses. Bischoff (1993, 1995) developed
determinant formulae from a factorization lemma to help find such optimal designs.
In the last two decades, modest advances have been made in terms of theory, new
criteria and new applications. For example, Chang (1997) developed an algorithm
to generate near D-optimal designs, and the models include mainly the first-order or
second-order polynomial model for each response. Imhof (2000) found exact optimal
designs for a bivariate model where each mean response is modeled by a linear and a

quadratic model and the joint responses may be correlated. Wang (2000) discussed



exact and approximate D-optimal designs for multi-response polynomial models.
Using iterated estimators and convex analysis, Fedorov et al. (2001) found optimal
designs for a model with bivariate responses when the covariance matrix depends
on unknown parameters. Chang et al. (2001) derived D- and Ds-optimal designs
for polynomial regression models with two response variables and one independent
variable. More recent results include Yue and Liu (2010) and Liu et al. (2011) where
they proposed a class of standardized optimality criteria, including design criteria
based on predictive ellipsoids for linear models, and constructed various optimal
designs for multi-factor linear models. Yue et al. (2014) constructed D-optimal

designs for multi-response linear models with quantitative and qualitative factors.

Optimal designs for multi-response nonlinear models are less studied and there
is increasing interest in this area, especially in the pharmaceutical industry. For ex-
ample, in dose-finding studies, multiple endpoints comprising efficacy and toxicity
endpoints can be studied more efficiently when the design is optimally constructed.
Heise and Myers (1996) and Kpamegan (1998) are early examples where they found
optimal designs for bivariate logistic and Probit models, respectively. Dragalin et al.
(2008) constructed two-stage design for monitoring efficacy and safety in an early
phase clinical trial, where the goal is to find a target dose that most likely produces
the desired probabilities that balance toxicity and efficacy effects of a drug. Fe-
dorov and Wu (2007) and Fedorov et al. (2012) also developed optimal designs for
measuring patients’ progress using continuous outcomes turned binary measures for
studying efficacy and toxicity. Gueorguieva et al. (2006) found locally D-optimal de-
signs for multivariate response pharmacokinetic models assuming that observations
from different patients were independent and observations from the same patient at
different time points were correlated. Mukhopadhyay and Khuri (2008) compared
various optimal designs for multi-response generalized linear models (GLMs), and
Magnusdottir (2013) derived results for c-optimal designs for estimating a given lin-
ear function of parameters in a bivariate Emax model with one independent variable.

Dette et al. (2013) constructed Bayesian D-optimal designs for a specific type of



multi-response generalized linear models. Most recently, Kim (2014) found D- and
c-optimal designs for the bivariate and trivariate Weibull model with applications

to the electronic manufacturing industry.

An overarching issue for finding optimal designs for multi-response nonlinear
models with several covariates is computational. Published work in the area do
not discuss numerical methods well; there are either brief or ad-hoc algorithms that
apply only to specific design problems. Semi-definite programming (SDP) as an op-
timization tool has been widely used in engineering and mathematics. Even though
it is well known that SDP solvers can solve SDP problems with hundreds or more
variables efficiently (Papp, 2012), it is rarely used for solving optimal design prob-
lems. Atashgah and Seifi (2007, 2009) was an early user of SDP to find A-, D-
and E-optimal designs for linear models and Papp (2012) was the first to provide
a theory based approach for solving a class of optimal design problems for regres-
sion models, where the mean response is a polynomial or a rational function with
heteroscedastic noise modeled also by a polynomial or rational weight function. In
either case, the models are linear, except for the rational polynomial models briefly
considered in Papp (2012). Recent work using SDP to find different types of optimal
designs for nonlinear models has only one response variable, see for example, Duarte
et al. (2016%*), Duarte and Wong (2015), and Duarte et al. (2016). Elfving’s Theo-
rem is a useful tool for geometrically characterizing a c-optimal design and Sagnol
(2011) extended Elfving’s celebrated theorem for finding a c-optimal design geomet-
rically in multi-response experiments and used second-order cone programming for

computing various optimal designs.

Our main contributions in this work are to extend SDP methodology to find
various A-, A,-, c-, and D-optimal designs for multi-response linear /nonlinear mod-
els with multi-factors and correct some results in Atashgah and Seifi (2009) due to
formulation issues. We derive several theoretical properties of optimal designs that
facilitate our SDP-based algorithms for finding them when we have multi-response

linear or nonlinear models with several independent variables. In addition, we de-



velop equivalence theorems for different design criteria to verify optimality of a
design for multi-response models with multiple independent variables and present

optimal designs found from our algorithm useful for biomedical applications.

Section 2 discusses the best linear unbiased estimator for multi-response linear
models and design optimality criteria. In Section 3 we transform A-; A,-; ¢- and D-
optimal design problems into SDP problems and use SDP algorithms to find optimal
designs. Section 4 presents optimal designs from our algorithm and compares them
with those found by other methods. Section 5 finds optimal designs for multi-
response GLMs. Section 6 derives several theoretical properties for A-, A,- and
D-optimal designs that are useful for the SDP algorithms, and concluding remarks

are in Section 7. All proofs are in the Appendix.

2 Optimality criteria for multi-response models

Suppose we have r response variables, yi,--- , ¥y, and p design variables xy,--- , x,.
To fix ideas, we first consider linear models and note that the approach can be
applied to nonlinear models and GLMs with details in Sections 4 and 5. The linear

models are given by
iy =8 (x)0; +eij, =1 n, i=1-- .1, (1)

where y;; is the jth observation on the response variable y;, x denotes the vector
of the p design variables, i.e., x = (z1, -+ ,2,)", x; = (1, ,xp;)" is the jth
run input (design point), f;(x) is a known vector of regressors for variable y;, 6, =
(01, 0i2, -+ ,0i4) " is the vector of regression parameters for y;, and ¢;; are random
errors with mean zero. Further, we assume that Couv(e;;,€) = 0 for j # k, and
Couv(e;;, €) = 0y. This means that the observations for the r response variables are

correlated in the same run and observations from different runs are independent.

Let ¢ = ¢1 + - - - + ¢, be the total number of regression parameters in (1) and for
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Manifestly, in matrix form the model becomes

where the covariance matrix of the error term e is

X =Cov(e) =ZgD XD D Xy,

£ (x;) 0 0
4 7 6o)
T
rx1 0 0 fr (XJ) rXq
Z, 0,
Z 0
: 7 — 2 : 0 _ 2
Zn er
nrx1 nrxq gx1
Y =76 +e, (2)
with ¥y = Cov(er) = (0i),, - (3)

Here 6 is the matrix direct sum and ¥, is assumed to be a known positive definite

matrix. The best linear unbiased estimator (BLUE) of @ is § = (2"=7'Z) AL >eh'd

and its covariance matrix is

n

Cov(d) = (2'=7'Z) " = (Z zjzo—lzj) _ : (4)

J=1

For a predetermined sample size n, we want to choose “optimal” design points x;,

j=1,---,n, from the given design space to minimize some loss function ¢ (Cov(é))

represented by a scalar function ¢. Various optimality criteria can be used, such as

A-) A,- ¢, and D-optimality criteria. Throughout, we assume that we are willing

to discretize the design space into N user-selected points. Let this discretized design

space be Sy C RP, let its points be uy,--- ,uy and let U; be the r x ¢ matrix Z;
evaluated at u;j,j =1,--- , N. A design measure {(x) of x is denoted by
u uy - uy
§(x) = : (5)

wl w2 ... wN



where w; is the proportion of times that u; is selected as a design point of £(x),

with w; > 0 and Z;VZI w; = 1. If w; > 0, then u; is called a support point of £(x).

Let w = (wy, -+ ,wy) be the weight vector and let
N
A(W) = ZU)jU;-rEO_lUj, (6)
j=1

so that the covariance matrix in (4) is proportional to C(w) = A~ (w).

An optimal exact design problem is defined by the optimization problem

min,, ¢ (C(w))
st.ow; €{0,1/n,2/n, -+ 1}, j=1,-+ N, S w;=1

When A(w) is singular, ¢ (C(w)) is defined to be +oo. Since it is hard to solve
exact design problems in general, we relax the constraints on w and find optimal

approximate designs defined by:

min,, ¢ (C(w))

(7)

Optimal exact designs are much more difficult to find and study than optimal
approximate designs. The former are constrained integer-valued optimization prob-
lems and they defy analytical solutions. For each sample size n allocated for the
study, the optimal exact design varies and can depend sensitively on the value n, the
criterion and the model. In contrast, optimal approximate designs do not depend
on n and frequently, analytical formulae and algorithms can generate the optimal
designs. Consequently, optimal approximate designs are easier to find and study

and are more widely used in practice as approximations to optimal exact designs.

When the design criterion is convex, which is the case in our paper, a particularly
appealing advantage of working with approximate designs is that an equivalence
theorem is available to verify the optimality of any design among all designs on the
given design space. Each convex criterion results in a different equivalence theorem

but they all have the same form, i.e. each is an inequality with an upper bound of



0 and becomes an equality at the design points of the optimal design. Equivalence
theorems are widely discussed in design monographs (Fedorov, 1972, Pukelsheim,
1993, Berger and Wong, 2009). Most of the discussion concerns univariate response
models. Heise and Myers (1996) is an early example, where design issues for bivariate
response model were considered. In what is to follow, we focus only on approximate

designs for multi-response models.

For the D-optimality criterion, we have ¢ (C(w)) = det (C(w)). For A-] A,-,

and c-optimality, the loss function ¢ (C(w)) has a general form given by

h(w,L) = trace (L' C(w)L) = trace (L' A7 (w)L), (8)
where
I, for A-optimality,
L =4 diag(a), for As-optimality, 9)
Cgx1, for c-optimality.

Here I, is the ¢ x ¢ identity matrix, diag(a) is a user-selected diagonal matrix with
components of the vector a equal to 0 or 1 on the diagonal and c is the given vector
of coefficients for estimating ¢'@. Since A(w) is linear in w, h(w,L) in (8) is a
convex function of w for each fixed L. Consequently, using convex analysis results,
we can check optimality of a design for multi-response models using Lemma 1 as

follows. We omit its proof because it is similar to that in Bose and Mukerjee (2015).

Lemma 1. Let hj(w,L) = trace (Zo_lUjA*I(W)LLTAA(W)U]T) and let d;(w) =
trace (U]-TEO_lUjA_l(w)) , j=1,---,N. Then

(1) W solves problem (7) with the loss function in (8) if and only if h;j(w,L) <
h(w,L), forallj=1,--- N,

(11) W solves problem (7) for the D-optimality if and only if d;(w) < q, for all j =
1,---,N.



Here is an interpretation of the equivalence theorem /optimality condition for the
A- and D-optimality in Lemma 1. For each j = 1,--- , N, let us write UJ»TZEI/2 =
(byj,--- ,b,;), where all b;; € R?. The r vectors, byj,--- ,b,;, are all transformed
from design point u; € Sy, and the transformation is linear in the mean functions
fi,--- ,f. in the multi-response model. Then the condition for the D-optimality in

Lemma 1 can be stated as
dj(W)=> bLA ' (W)b;; <q, j=1,- N
i=1

This means that the sum of the squared distance (normalized by A(w)) for the
r vectors, by, -+, b,;, is less than or equal to ¢, for all u; € Sy. When r = 1,
this can be interpreted as that all the points u; or the transformed points are
within an ellipsoid centered at the origin (Boyd and Vandenberghe, 2004, p388). A
similar interpretation for the A-optimality in Lemma 1 can be obtained by writing
hi(w, 1) = > b;A7*(W)by;, so the optimality condition controls the sum of the

squared distance (normalized by A%(w)) for the r vectors.

3 SDP for optimal design problems

It is hard to derive analytical solutions for optimal designs in general, and numerical
methods are often applied to construct optimal designs in practice. One effective
method is to use convex optimization algorithms, SeDuMi and CVX in MATLAB
software, for finding optimal designs. SeDuMi and CVX are very efficient to solve
SDP problems. After introducing SDP problems, we investigate and characterize

the relationship between SDP and various optimal design problems.

SDP problems are a special class of convex optimization problems. They have a
linear objective function and have linear matrix inequality as the constraints. Boyd
and Vandenberghe (2004) has many applications and results for SDP problems.
Here we give two simple SDP problems in Example 1, which are very important to

understand the SDP problem for A-optimal design problems later in this section.

9



Example 1. Define matrices

12 1 0
1 2 1 1 2 0
2 8 0 1
Mi=|28 0 |, Ma=] 2 8 1 |,Ms= ;
1 0 v1 O
10’[)1 01’02
01 0 wve

where v; and vy are two variables. Consider the following two SDP problems,

mMiny,, 4, U1 + Uy

s.t. Ml@MgtO,

(10)

and

mMin,, ,, U1 + U2

s.t. M3 EO,

(11)

where M; @ My = 0 means that M; @ M, is positive semidefinite (PSD). Both
problems have a linear objective function of v; and vy and have linear matrix in-
equalities as the constraints. Each constraint defines a convex set of (vy,vy). It is
ecasy to show that the solution to (10) is (v],v3) = (2.0,0.25), while the solution to
(11) is (vf, v3) = (2.5,0.75). Figure 1 shows the convex sets and solutions. d

In Example 1, we note that the matrices My, My and M3 have a common prin-
cipal submatrix formed by the first two rows and the first two columns. More
generally, the SDP problem formulations in (10) and (11) can be generalized to find

optimal designs as follows. Let M be a ¢ X ¢ symmetric positive definite matrix and

let e; be the ith unit vector in R?, i =1,--- ,q. Define matrices
M e; ' M I,
Mi: ) 2217”'7(]7 Mqul: ’
e;'— (o Iq VvV
where V = diag(vy, - - - ,v,) is a diagonal matrix. Generalize (10) and (11) as

Mily, .., U1+ + Y

st. My@--- &M, =0,

10



Figure 1: The plots of convex sets (shaded areas) defined by the constraints in SDP
problems and solutions: (a) SDP problem in (10), (b) SDP problem in (11).
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and

Milly, .. », U1+ + Vg

s.t. Mq+1 i 0.

(13)

The solution to problem (12) is in Theorem 1 while the solution to problem (13) is
discussed in Theorem 2. Both proofs are deferred to the Appendix.

Theorem 1. Suppose by, -+ , by, are diagonal elements of M. Problem (12) has

a unique solution given by vi = by, -+ ,v; = byq, and vy + - - + vy = trace (M1).

Theorem 2. If vi,--- v is a solution to problem (13), then vi + --- + v

Vg >

q
trace (M) and the equality holds if and only if M is a diagonal matriz.

The two theorems play important roles to discuss the transformation of A-
optimal design problems into SDP problems. If we follow problem (12), we get the

correct transformation. However, following problem (13) leads to a wrong transfor-

mation. From the proof of Theorem 2, we note that the convex set of (vq,--- ,v,)

11



defined by the constraint in (13) is smaller than that in (12) in general, so the min-
imum value of v; + - - 4 v, in (13) is larger than that in (12). Example 1 confirms

these results for a case of ¢ = 2.

Many optimal design problems can be transformed to SDP problems. We charac-
terize transformations for various criteria for multi-response models below, including
new transformations for A,- and c-optimality.

3.1 A-optimality

The loss function is h(w,I,) = trace (A~'(w)) by (8) and (9). Define matrices

A(w) e . . -
Di: - ' ) 2217”'7(17 W:dlag<wl,"‘,UJN1,1—ij )
e, V; j=1
where vy, -+, v, are real variables. Then the constraints in (7) are equivalent to

W = 0. By Theorem 1, we transform problem (7) into a SDP problem as follows:

My o vgwr,wy—1 U1 + vy

st. D@D, W =0 .

(14)

This transformation is an extension from one-response models in Boyd and Vanden-
berghe (2004) and Ye et al. (2017). The SDP problem for multi-response models in
Atashgah and Seifi (2009) is similar to (13). From Theorem 2, the solution to their

problem usually does not minimize trace (A~"(w)).

3.2 A-optimality
The loss function is h(w,diag(a)) = trace (diag(a) A~!(w) diag(a)) by (8) and (9).
Let a = (aj, -+ ,a,)", and q; is either 0 or 1. A SDP problem for (7) is given by

My, e vgwy - wy—y @1V1 + o agg

st. D@ @D, 6 W =0

(15)

The constraints in (14) and (15) are the same, but the objective functions are dif-

ferent. In (15), a subset of the variances is included in the objective function, and

12



the subset is defined by vector a. This new transformation for the A,-optimality

also leads to a new one for c-optimality.

3.3 c-optimality

The loss function is h(w,c) = ¢"A7Y(w)c. Let ¢ = (¢, ,¢,)" and k is the
smallest integer such that ¢, # 0. Let Iy be the ¢ x (¢ — 1) matrix obtained by

deleting column % from I,. Define matrices

- ETAWE™" e

E= (C, I(—k))qxq, Dz = , 7 = 17 ceeq,
e/ %

where E-T = (ET)_l and E is non-singular. It is easy to verify that

h(w,c) = trace (diag(l, 0,---,0) (E_IA(W)E_T)_I diag(1,0,- - ,0)) :

T

Since E is a constant matrix, E"'A(w)E~" is also linear in wy,--- ,wy_;. Thus,

we follow (15) with a = (1,0,---,0)" to get the SDP problem for c-optimality as

minvl,---,vq,wl,-u,w]\;_l (%1
. i (16)
st. D@ @D, aW = 0.
3.4 D-optimality

We define a ¢ x ¢ upper triangular matrix R with diagonal elements R;;, 1 = 1,---q.

The SDP problem for D-optimality is as follows,

y
minv,R,w1,~~~,wN,1 — v
A(w) RT
R I,
\ /US(RII"'qu)l/q7 Rii207’[::1’-..7q'

The constraints of v < (R - -~qu)1/q, Ry >0, i=1,---,q, can be written as

. .. . Ripw

linear matrix inequality by = 0 for ¢ = 2, and for ¢ > 2 we can use
v Ry

the inequality repeatedly.

13



SeDuMi or CVX in MATLAB can be applied for finding solutions to (14), (15),
(16) and (17). There is a sample MATLAB program in Ye et al. (2017) for solving
a SDP problem for one-response model. In practice the following condition to check
for optimal designs from Lemma 1 is applied, as it is done similarly in Bose and

Mukerjee (2015),
hy(W,L) — h(w,L) <0, forallj=1,--- N, (18)

with a small positive §. For D-optimality, we use d;j(w)—q <6, forall j =1,--- , N.

Like with most optimization problems, there is seldom one unique way of solving
them. For example, in our problems, two other potential numerical approaches
are (i) the state-of-the-art algorithm proposed recently by Yang et al. (2013) and
(i) nature-inspired meta-heuristic algorithms such as particle swarm optimization
(PSO). The algorithm in Yang et al. (2013) is an exchange based algorithm where
the optimal weights are updated iteratively and it is fast and flexible. However,
it needs to compute the second derivatives of ¢(C(w)) with respect to w, and
sometimes it produces negative weights in the iteration. Thus, it may be hard for
users to apply it and make adjustments to find optimal weights. PSO is easy to
program and implement and it can solve optimization problems with hundreds of
variables. An issue with PSO is that its convergence frequently depends on the
tuning parameters the user selects for the algorithm. The recommended values for
the tuning parameters may or may not work well, depending on the problem at

hand.

The convex optimization algorithms based on the SeDuMi and CVX are fast and
they always produce non-negative weights. It is very easy to apply these algorithms
in MATLAB, and they do not need the second derivatives of ¢(C(w)). Users do
not need to choose any tuning parameters for the convergence of the algorithms. In

Sections 4 and 5 we give several applications to find optimal designs using SeDuMi

and CVX.

14



4 Applications

We present three examples to show how our approach can find optimal designs for
multi-response models, including one nonlinear and two linear models. The compu-
tation time reported is from a PC (Intel(R) Core(TM)2 Quad CPU Q9550@2.83GHz),
and the equivalence results with § = 107° are satisfied for all examples. To present
the results we have rounded optimal weights to 4 decimal places, but condition (18)
should be checked using the numerical results in MATLAB. Example 2 shows that
our algorithms are very powerful to deal with large ¢ and N and various design
spaces. Example 3 compares our results with those in Atashgah and Seifi (2007,
2009), and we get better results for A-optimal designs. Example 4 shows the flexi-

bility of our algorithms for finding optimal designs for nonlinear models.

Example 2. Consider a three-response model with six design variables x1, - - - g,

T
f1 (X) (1,:Ul,x2,$3,x4,x5,$6,x1x2,$1:€3,x1$4,x3x4),
T

f2 (X) = (1,xl,33'2,373,1’4,5E5,$6,$1x2,$1l’3,IE2$3,$1$4),

f;—(X) = (1,$1,$2,$3,I’4,l’5,$67l’5l'6>,

where 21 € [—1,1], 29 € [0,1],23 € [-1,1], 24 € [-0.5,0.5],25 € [-8,8],z6 € [0,2].
Let N; be the number of user selected grid points for x;, ¢ = 1,--- ,6, and Sy is

formed by the Cartesian product of these grid points with N = N;Ny--- Ng. The

L pi2 pi3
covariance matrix is given by o = [ pj5 1  po3 |- This model has a large

piz p23 1
number of regression parameters with ¢ = 30. We compute A-optimal designs for

various values of N including N = 19,600. Representative results are in Table 1,
which gives the information of N and X3, the computation time, and optimality
condition value d4 = max;(h;(w,L) — h(W,L)). The results show that the algo-
rithms based on the SDP are effective and powerful for finding optimal designs. For
g = 30 and N = 3,375, it takes less than 151 seconds. For N = 10,000 it takes
less than 20 minutes, while for N = 19,600 it takes about 64 minutes. For large ¢

15



and N > 20,000 the computation time can be long but can be reduced significantly
by using the properties derived in Section 6, which will be discussed there. All the

numerical results of d4 indicate that condition (18) with § = 107° is satisfied. [

Table 1: Results for A-optimal designs in Example 2 with ¢ = 30. A fast algorithm

is used for the cases indicated by *x, which is discussed in Section 6.

N =N;---Ng (p12,p13,p23) computation time (sec.) oA
N=5x5x3x3x3x5=3,375 (0.1, 0.1, 0.1) 143.3 9.31 x 10~6
N=5x5x3x3x3x5=3,375 (0.2, 0.3, 0.5) 150.9 1.18 x 1079
N=5x5x3%x3x5x5=5,625 (0.1, 0.1, 0.1) 345.2 6.30 x 10~
N=5x5x3x3x5x5=25,625 (0.5, 0.3, 0.2) 356.1 8.29 x 10~8
N=5x5x4x4x5x5=10,000 (0.1,0.1, 0.1) 1100.4 1.28 x 10~8
N=5x5x4x4x5x5=10,000%% (0.1, 0.1, 0.1) 49.6 * * 1.28 x 10~8
N=5x5x4x%x4x5x5=10,000 (0.5, 0.5, 0.5) 1038.7 1.81 x 106
N=Tx5x4x4x7x5=19,600 (0.1, 0.1, 0.1) 3836.1 8.04 x 10~7
N=7Tx5x4x4xT7x5=19,600 % x (0.1, 0.1, 0.1) 166.0 * * 8.04 x 10~7

Example 3. Consider a two-response model with three independent variables
investigated in Atashgah and Seifi (2007, 2009), where the mean functions have
£l (x) = (1,21, 29,73, 1129, 7173, 23, 23) and £) (x) = (1,21, 72, 1129, 73, 23). We
take a design space Sy containing 19 possible points in 23, which are listed in Table
2. For ¥y = < ! j ), we compute A- and D-optimal designs for various values of p,
using CVX prol;;ram in MATLAB (Grant and Boyd, 2013). Representative results
in Table 2 indicate that the optimal designs depend on ¥ only through |p| and are
not sensitive to small changes in |p|. From Table 2 the computation is very fast

since N = 19 is small. We also computed D-optimal designs for a design space Sy

with 16 points in Atashgah and Seifi (2007) and our results are the same as theirs.

Atashgah and Seifi (2009) computed an A-optimal design when ¥y = ( 0%4 014 > .
Their design is shown in Table 3, along with the A-optimal design found from solving
the SDP problem in (14). The latter design has a smaller value for trace(A~!(w)),
which confirms the results in Theorems 1 and 2 and our correct SDP formulation in

(14) for finding A-optimal designs. O
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Table 2: A- and D-optimal designs in Example 3 for various values of p

Design points in Sy A-optimal design weights D-optimal design weights

T T2 T3 p=0 p=401 p=405 p=0 p=401 p==205

up : 1.6800 0 0 | 0.0616 0.0610 0.0441 | 0.0599 0.0593 0.0469
us : 0 1.6800 0 | 0.0000 0.0000 0.0276 | 0.0000 0.0000 0.0009
us : 0 0 0 | 0.3773 0.3773 0.3640 | 0.0851 0.0850 0.0822
uy : 1.7290 1.7270  -1.7030 | 0.0000 0.0000 0.0020 | 0.0000 0.0000 0.0000
us : 1.7280 -1.7290  -1.7200 | 0.0487 0.0484 0.0401 | 0.0805 0.0803 0.0757
ug : 1.7290 1.7290 1.7290 | 0.0530 0.0530 0.0527 | 0.0890 0.0891 0.0896
ur:  -1.7250 -1.7230 1.7150 | 0.0150 0.0146 0.0077 | 0.0671 0.0670 0.0662
ug: -1.7300 1.7210 1.7290 | 0.0271 0.0269 0.0269 | 0.0715 0.0713 0.0674
ug : 1.7300 -1.7290 1.7290 | 0.0369 0.0367 0.0304 | 0.0748 0.0746 0.0712
ujg: -1.7300 1.7300 0.0260 | 0.0578 0.0580 0.0589 | 0.0805 0.0806 0.0837
uyg 1.7300 -1.7300 -0.0450 | 0.0064 0.0070 0.0246 | 0.0163 0.0169 0.0300
ujp ;. -1.7290 -1.7300 -1.7280 | 0.0649 0.0647 0.0599 | 0.1056 0.1056 0.1056
upz:  -1.7300 -0.0960 1.7300 | 0.0474 0.0478 0.0499 | 0.0354 0.0359 0.0460
uiyg : 1.7290 1.7240 -1.7290 | 0.0377 0.0378 0.0384 | 0.0758 0.0759 0.0774
ujs ;. -0.1540 1.7300 -1.7300 | 0.0822 0.0820 0.0669 | 0.0883 0.0882 0.0860
uje : -0.1010 -1.7300 1.7300 | 0.0694 0.0694 0.0709 | 0.0702 0.0703 0.0712
ui7 : 1.7290 1.7290 1.7220 | 0.0000 0.0000 0.0000 | 0.0000 0.0000 0.0000
ujg:  -1.5168 -1.6182 0.6520 | 0.0146 0.0154 0.0350 | 0.0000 0.0000 0.0000
uig : 0.1158 1.6289 1.5256 | 0.0000 0.0000 0.0000 | 0.0000 0.0000 0.0000
Computation time (sec.) 2.23 3.30 3.01 3.26 4.13 4.01

Table 3: A-optimal weights computed from SDP in (14) and Atashgah and Seifi
(2009) (denoted by ATSE) with trace(A~!(w)) = 17.546 and 18.012, respectively.

The computation time is 1.95 sec.

Design points up us us uy us ug ury ug ug uio
SDP in (14) 0.0504 0.0124 0.3634 0.0000 0.0460 0.0544 0.0147 0.0323 0.0343 0.0575
ATSE 0.0536  0.0000 0.4080 0.0318 0.0456 0.0000 0.0000 0.0455 0.0243 0.0498
Design points ui uj2 uis uig uis uie uir uisg uig
SDP in (14) 0.0174  0.0642 0.0374 0.0405 0.0769 0.0702 0.0000 0.0280  0.0000
ATSE 0.0066  0.0796  0.0238 0.0000 0.0656 0.0687  0.0427 0.0544  0.0000
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Example 4. Magnusdottir (2013) used a bivariate Emax model to investigate the
efficacy and side-effects of a drug given by

Y1 = Emax

respectively. Here FE,... is the maximal achievable effect from the drug, Spa. is
the maximal realizable side-effect and = > 0 is the dose level of the drug. The
interesting parameters are F D5y and SD5y which are the dose levels that give half
maximal effect and side-effect, respectively. For this bivariate nonlinear model,
we let 0] = (Enax, EDso), 0] = (Swmax, SDso), 02 = Var(e), 02 = Var(ey) and

p = Cov(ey, €3). The range of dose of interest is [0, 500].

We construct locally D-optimal designs for estimating the model parameters
and a c-optimal design for estimating utility of a dose. Following Magnusdottir
(2013), let the nominal values for the model parameters Ey.x, Smax, £ Dso, S Dso be
Ex Sk

max’ ~max’

ED;,, SDz,, respectively. To apply our methods in Sections 2 and 3, we
first substitute f;(z) and fa(z) by z;(x) and zs(z), respectively, where

0 x
i) = 5, (B ) ot

0 x
zy() = 96, (Smaxm) |62—(St.00,5D2,) -
To implement our strategy, we next discretize the dose interval to form a discrete
design space by Sy = {500(j — 1)/(N —1),j=1,--- , N} with N = 10001. Table 4
displays locally D- and c-optimal designs for various parameter values. We observe
that (i) the support points of the D-optimal designs are clustered around two or
three points, (ii) they all include the extreme dose 500 as a support point, and (iii)
the correlation p between the two responses seems to have influence on the optimal
designs. When p = 0, the optimal designs are not affected by the ratio o3/0%?. We
also observe that as SD},/E D3, increases, signifying that the difference between the

two models increases, the number of support points tends to increase.

Magnusdottir (2013) proposed with justification a composite utility index (CUI)
CUI(xz) = kyy; — koyo to measure the utility of using the dose z. As before
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Table 4: Locally D- and c-optimal designs for the bivariate Emax model when the
nominal values are ED}, = 1, E* = St =1, ki = ko = 1 and selected values
of SD},. The support points are z1,x2, 23 and 500 with corresponding weights
wy, wo, ws and 1 — wy; — wy — ws. If a point has zero weight, then it is not specified

in the table. The computation times are given for the cases of SD?, = 5.

D-optimal p (% =1) % (p=0)

SDZ, 0 +£05  +0.7 | 05 15 5.0

2 1 1.4000 1.4000 1.4000 | 1.4000 1.4000  1.4000
w1 0.5000  0.5000  0.5000 | 0.5000 0.5000  0.5000

3 1 1.7000 1.7000 1.7000 | 1.7000  1.7000  1.7000
w1 0.3618 0.3390 0.3142 | 0.3618 0.3618 0.3618
T2 1.7500 1.7500 1.7500 | 1.7500 1.7500  1.7500
w2 0.1382 0.1610 0.1858 | 0.1382 0.1382 0.1382

5 T 2.2000  1.3500  1.0500 | 2.2000  2.2000  2.2000
w1 0.3755 0.2757  0.2611 | 0.3755 0.3755 0.3755
T2 2.2500  4.3500  5.4500 | 2.2500  2.2500  2.2500
w2 0.1245  0.2465 0.2472 | 0.1245 0.1245 0.1245
T3 5.5000
w3 0.0367

Computation time (sec.) | 22.58 33.86 33.31 22.69 22.96 22.82

c-optimal P (Z—"z =1) :—% (p=0)

1 1

SDZ, —05 0 0.5 0.5 15 5

2 T 1.0500 1.1000 1.1000 | 0.9500  1.2000 1.7500
w1 0.0863 0.3948 0.5116 | 0.3801 0.0700 0.0933
T2 1.1000 1.2500  1.8000
w2 0.1935 0.3343  0.3494

3 1 1.2500 1.2500 0.8500 | 1.0500  1.4000  1.8500
w1 0.2325 0.1331 0.4744 | 0.1431 0.1617 0.4908
o 1.3000 1.3000 6.0000 | 1.1000 1.4500 4.8500
w2 0.1400 0.3570 0.2194 | 0.3269 0.3425 0.0791

5 T 1.3500 0.9500 0.7000 | 0.9500 0.9500  0.9500
w1 0.3951 0.4363 0.4745 | 0.4620 0.4198 0.3679
T2 7.2500  8.7500  8.7000 | 8.7000  8.8500  9.0500
w2 0.0857 0.0524 0.3837 | 0.1561 0.3144 0.2976
T3 8.8000 9.1000
w3 0.1995 0.2196

Computation time (sec.) | 32.94 22.83 30.15 22.15 22.79 22.93
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represents efficacy and i, represents side effect and, k1 and ko are two user-specified
positive constants. The goal is to find the most desirable dose that maximizes
E[CUI(z)]. Let 87 = (8],6)) and let h.(0) = max, F[CUI(x)]. Magnusdottir
(2013) provided selected c-optimal designs that minimize the variance of he(8).
Table 4 shows the c-optimal designs from our algorithm, where we observe that their
support points are also clustered around two or three points. However, the c-optimal
designs are more sensitive to the true parameter values than the D-optimal designs.
In addition, the D-optimal designs depend only on |p|, but the c-optimal designs
depend on p. The results are consistent with those in Magnusdottir (2013) with
small differences due to the discretized design space. The designs in Magnusdottir
(2013) were derived by informative guessing, which can be difficult for practitioners.
Our SDP-based algorithms can provide an effective and systematic way for finding

optimal designs, which remain very efficient even for N as large as 10001 in this

example. The computation time is about 20 ~ 35 seconds for each case. U

5 Multi-response generalized linear models

SDPs can also be used to generate optimal designs for GLMs. Consider the max-
imum likelihood estimator (MLE) to estimate unknown parameters in GLMs. Let
[(@y, &) denote the log-likelihood function for a GLM, where 8 € R? is the un-
known parameter vector, y is the vector of multi-response variables. If we have re-
sources to take n observations and £ is the distribution of design points x;,--- ,x,, €
RP, the (i, k)™ element of the Fisher information matrix of the MLE is A;; =
—-F (%g?—g’é?) , 1,k=1,---,q, and the expectation is taken over the distribution
of y. Using the discrete design space Sy for x and the distribution £ in (5), we
can write all the elements A;; in A(&, 0) as linear functions of w. Locally optimal
designs minimize some scalar functions of A(&,0) over w. For instance, locally D-

optimal designs minimize —det(A(&,0)). We now use CVX and SeDuMi to find
locally D-optimal, A-optimal and other optimal designs for GLMs and discuss one
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such application in some detail.

Kpamegan (1998) found locally D-optimal designs for a bivariate probit response
model to study the relationship between two toxic responses y; and y, and the
levels of two drugs, x; and x5. The two binary response variables are y; and ys»,
which take on values 1 for toxicity and 0 for non-toxicity responses. These bivariate
responses Fy;(xq,22) = P(y1 = 4,y2 = j|(x1,22)), i, j =0, 1, are modeled using the
bivariate normal probability density function (pdf) ¢(u,v) with parameter vector
0 = (Ml,al,,UQ,O'Q,p)T, where p; and po are the location parameters, o; and oy
are the scale parameters and p is the correlation parameter for the two response
variables. For instance, we have Fii(z1,20) = [ [*! ¢(u,v)dudv. Kpamegan
(1998) found D-optimal designs for the following three cases:

Case (i): Assume p = 0 and the parameter vector is reduced to 8 = (i1, o1, f12,09) "

T

(
Case (ii): Assume p =0 and 0y = 09 = 0, and 0 = (uy, po, o) "
Case (iii): Assume p # 0 and the parameter vector is @ = (uy, 01, fto, 02, p) .

We construct D-optimal designs for the three cases below and compare the results
with those in Kpamegan (1998). Let Sy = {(x1;,22),j = 1,---, N} contain N

possible combinations of the levels of the two drugs. Define transformed variables

Zij = (ﬂj_ﬂz‘)/az‘, j=1,--- N,i=1,2. In Case (i), the Fisher information matrix
is given by
Uifm(mj) ézljm(zlj) 0 0
A, 0) = Niwj gam(zy)  Em(ay) 0 0 :
j=1 0 0 Ui%m(z%) gigZij(sz)
’ ! sraam(z;)  gzzm(ay;)

where m(-) = ¢*(-)/[®(-)(1 — ®(-))], and ¢(-) and ®(-) are the pdf and cumulative
distribution function of the univariate standard normal random variable. In Case

(ii), the Fisher information matrix is given by

m(le) 0 lem<21j>

N
Z’LU]' 0 m(ZQj) ZQj?TL(ZQj)
7=1

ziym(zyy)  zagm(2e;)  23m(215) + 25;m(2a5)

N
o?

A2 (57 0) =
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Both A;(§,0) and Ay (€, 0) are linear in w. As in Kpamegan (1998), we find optimal
designs in terms of standardized variables z; and zy, where z; = (z; — ;) /o, i = 1, 2.
Let zjy = —=3+6(1l—1)/(No—1), I = 1,--+,Np, i = 1,2. The design space
Sn C [-3,3]x[—3, 3] contains N = N¢ grid points formed by zy; and zy. Using CVX
program we compute the D-optimal designs for Case (i) with N = 101? = 10,201
and Case (ii) with N = 201% = 40, 401 and obtain the results in Table 5. It took less
than 25 seconds for Case (i) and less than 4 minutes for Case (ii). Our results are
similar to those in Kpamegan (1998), which are also listed in Table 5. The search
is reduced to one dimensional in Kpamegan (1998) after analyzing the information
matrix and using the symmetry of the D-optimal designs, which worked well for
Cases (i) and (ii). However, if the information matrix is complicated, the method

discussed in Kpamegan (1998) may not work and we will show this for Case (iii).

Table 5: D-optimal designs for the bivariate probit response model. The computa-

tion times are 23.1 and 215.2 seconds for Cases (i) and (ii), respectively.

Case/Method Support points function value
[weights]

Case (i): 01 =02 =1

CVX (N = 1012) (—1.140, —1.140), (—1.140,1.140), (1.140, —1.140), (1.140,1.140) | det(A1/N) = 0.0394748

[0.25], [0.25], [0.25
Kpamegan (1998) (—1.138,—-1.138),
[0.25], [0.25], [0.25],

(
], [0.25]
(
]

[0.25]

—1.138,1.138), (1.138, —1.138), (1.138,1.138) | det(A1/N) = 0.0394752

Case (ii): o0 =1

CVX (N = 2012) (—0.940, —0.940), (—0.940,0.940), (0.940, —0.940), (0.940,0.940) | det(A2/N) = 0.1703124

(

[0.25], [0.25], [0.25], [0.25]

Kpamegan (1998) (—0.937, —0.937), (—0.937,0.937), (0.937, —0.937), (0.937,0.937) | det(A2/N) = 0.1703150
[0.25], [0.25], [0.25], [0.25]

In Case (iii), the Fisher information matrix A3(&,0) (5 x 5 matrix) is also linear
in w. Since A3(&, 0) contains many complicated expressions involving integrals and
derivatives and it takes 2 pages to display it, we do not show it here. Notice that
there are typos in expressions R, U and V for A3(¢, €) in Kpamegan (1998, page 70),

and each expression is missing a factor. Expressions of R, U and V should include
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factors %Lp“, 88Lp“ and (%)2, respectively, and detailed expressions are given in Yin
(2017, p76). A3(&, 0) is much more complicated than Ay (€, 0) or Ay(&,0), and it is
extremely hard to find the D-optimal design for Case (iii). Because of computational
difficulties, Kpamegan (1998) only considered symmetric designs, which have equal
weights on four support points (—a, —a), (—a,a), (a,—a), (a,a) for some positive
number a, to find the D-optimal design. Using CVX, we can find the D-optimal
design without any assumption on the design. Some representative results are given
in Table 6, which shows that the optimal designs found by CVX are better than
those in Kpamegan (1998). For p > 0, the D-optimal designs do not have equal
weights on support points (—a,—a), (—a,a), (a,—a), (a,a). In fact, they have
equal weights on points (—a, —a) and (a,a). A theoretical result about symmetry of

optimal designs is derived in Section 6. This application shows that our algorithms

can find optimal designs for very complicated nonlinear/ GLM models.

Table 6: D-optimal designs for different values of p for the GLM

D-optimal designs by CVX D-optimal designs in Kpamegan (1998)
p N support points weights | det(As/N) support points (weighs) | det(As/N)
0 612 (-1.0000, -1.0000) 0.0838 0.0072 0.0061
(-1.0000, 1.0000) 0.0838
(-0.9000, -0.9000) | 0.1662 (1.138,1.138) (0.2500)
(-0.9000, 0.9000) | 0.1662 (—1.138,1.138) (0.2500)
(0.9000, -0.9000) | 0.1662 (1.138, —1.138) (0.2500)
(0.9000, 0.9000) | 0.1662 (—1.138, -1.138) (0.2500)
(1.0000, -1.0000) 0.0838
(1.0000, 1.0000) 0.0838
0.1 | 1012 | (-0.9600, -0.9600) | 0.4390 0.0077 (0.94,0.94) (0.2500) 0.0074
(-0.9000, -0.9000) | 0.0610 (—0.94,0.94) (0.2500)
(0.9000, 0.9000) 0.0610 (0.94,—0.94) (0.2500)
(0.9600, 0.9600) | 0.4390 (—0.94, -0.94) (0.2500)
0.5 112 (-1.2000,-1.2000) 0.3264 0.0134 (0.89,0.89) (0.2500) 0.0119
(-0.6000,-0.6000) 0.1736 (—0.89,0.89) (0.2500)
(0.6000, 0.6000) 0.1736 (0.89,—0.89) (0.2500)
(1.2000, 1.2000) | 0.3264 (—0.89, —0.89) (0.2500)
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6 Properties of optimal designs

In this section we derive several theoretical results for optimal designs for multi-
response models. These results are helpful for computing optimal designs, and
in some situations we can reduce the computation time by reducing ¢ and/or N.
Theorem 3 can be used to reduce g, Theorem 6 can be applied to reduce N, and

Theorems 4 and 5 are related to the covariance matrix .

Let ¥5' = (s)

TXTr

and let Ay(w) = Zjvzl w;f;(w)f (u;), i, = 1,---,r. By
(6), we obtain

811A11(W) ce Serlr(W>
S21A01 (W) - s9,Ag (W

Ay = [ A st (19)
Sp1A (W) - 5 A (W)

which implies the result in Lemma 2 and leads to the result in Theorem 3.

Lemma 2. If the vector of regression functions are all the same for the r response

variables, i.e., £i(x) = fo(x) = - - - = £.(x), the matriz A(w) in (19) becomes
Aw) =3 @ Ay (w), (20)
where ® denotes Kronecker product and A1 (w) = Z;V:l w;fy (u))f] (u;).
By properties of Kronecker product of matrices, it is immediate that (i) A=}(w) =

YoRA ] (W), (i) det (A~1(w)) = (det (30))" (det (A11(w))) " and (iii) trace (A~ (w)) =
trace(Xo) - trace (A (w)), which directly leads to the following result.

Theorem 3. Under the assumption in Lemma 2, (i) the A- and D-optimal designs

for the multi-response model do not depend on Yo, and (ii) the A- and D-optimal

designs for the multi-response model are the same as those for one-response model

with response function f," (x)0;.

The above results are more general than those in Krafft and Schaefer (1992) and

Chang et al. (2001), where they considered models with one independent variable
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only. Using the result in Theorem 3 (ii), we can reduce ¢ to ¢; for computing A-

and D-optimal designs when f;(x) = f5(x) = - - - = £,(x).

If the r vectors of regressors fi(x),- -, f.(x) are not the same, optimal designs

may depend on 3. See the numerical results in Example 3. When r» = 2 and

Yo = , —l<p<l, (21)
p 1

we have s;; = S99 = 1/(1 — p?) and s12 = s21 = —p/(1 — p?). For this situation,
various optimal designs have been studied, see for example, Chang et al. (2001)

and Atashgah and Seifi (2007, 2009). Theorem 4 and the results that follow provide

further insights into such optimal designs. Their proofs are in the Appendix.

Theorem 4. Suppose r = 2 and X is gwen by (21). The A-, As- and D-optimal

designs depend on 3o only through |p|. In addition, if the two response functions

are nested, say f, (x) = (f/ (x),g] (x)) for some vector function g (x), then the

D-optimal design does not depend on .

If ¥ depends only on a correlation coefficient p, we write it as ¥q(p). Also note

that if Q is a ¢ X ¢ diagonal matrix with diagonal elements equal to 1 or —1, we have

i) Q7' = Q, (ii) det (QA Y (wW)Q) =det(A~!(w)) and (iii) trace (QA™(W)Q) =

trace (A~!(w)), which gives the following result.

Theorem 5. In (6), if Y5 (p) satisfies
N N
Aw) = w U ())U; = QY wU % (p)U,Q,
j=1 j=1

where Q = Q1B Q2 ®--- B Q, with Q;, = £1,,, then A-, As- and D-optimal designs
depend on g only through |p|.

The numerical results in Examples 3 and 4 are consistent with Theorems 4 and

5, which may be used to reduce the computation by having fewer choices of p.
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Now we explore invariance properties of optimal designs which includes the sym-
metric property. Let T be an one-to-one function: Sy + Sy and T2 is an identity
map. For a distribution £(x) defined in (5), let

T(ul) T(llg) s T(LIN)
§(T(x)) = : (22)

w]_ w2 DY wN

The distribution ¢ is called T'—invariant if {(x) = £(7'(x)). A T—invariant distribu-

tion ¢ implies that w; = w; if T(u;) = ;.

Theorem 6. Suppose model (2) is defined on a given discretized design space Sy
and T is an one-to-one function with T? being an identity map. If there exists r
diagonal matrices Qq,---,Q, with diagonal elements taking values 1 or —1 and
f;(T'(x)) = Qifi(x) for allx € Sy, i = 1,--- ,r, then there exists T—invariant A-,

As- and D-optimal designs for any .

From the proof of Theorem 6 in the Appendix for A- and D-optimality, one can
relax the requirement that Q;’s be diagonal. For a function 7', if the Q,’s satisfy
QQ" =1, where Q = Q, @ --®Q,, one can show that there exists T —invariant A-
and D-optimal designs. Example 5 below shows how the result in Theorem 6 can

be applied to reduce the computation time.

Example 5. Consider a three-response model with two independent variables x
and xy, £ (x) = (1, 21, 22, 1179, 23, 23) , f2(x) = £1(x), £ (x) = (1,21, 22), and

SHEH ) CIEOCDC G

Ti(x) = —x, Th(x) = and T3(x) =

T T2

By Theorem 6 for T7 and T3 and the comments below Theorem 6 for T5, we obtain an
A-optimal design with equal weights at points us, us, uy and us and equal weights
at ug,u7,ug and ug. Similarly, the same result holds for a D-optimal design. In

the computation, the number of unknown weights w;’s can be reduced from 9 to
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(1+ (N —1)/4) = 3. This property is very useful to reduce the computation time
for huge N. U

In Example 2, we have N = 10,000 and 19, 600. By Theorem 6, we can reduce N
to 10,000/4 = 2,500 and 19,600/4 = 4,900, respectively, if we use the property that
the optimal designs are symmetric about the variables x3 and z4. In Example 2, x3
takes 4 grid points —1,—0.5,0.5, 1, and x4 takes 4 grid points —0.5, —0.25,0.25, 0.5.
There are 16 grid points for 3 and x4. Using the invariance property in Theorem 6,
we only need to include 4 grid points for z3 and x4 for this model, so the total number
of points in the design space is reduced by a factor of 1/4. In the computation we
need to combine the terms with equal weights in matrix A(w) in (6) so that there
are only N/4 unknown weights w;’s, and Y w; = 1/4. The computation times
are indicated by the cases with ** in Table 1, which show significant reduction in
computation times using the invariance property. Note that there are other ways
to use the invariance property for this model and we can reduce N further. Thus,

Theorem 6 is very helpful for finding optimal designs for huge N in this example.

For GLMs, we can use the following result to check for invariance property. Let

A(£,0) = Zjvzl w;B(u;; ), for some symmetric and PSD matrices B(u;; 0).

Theorem 7. Let T be an one-to-one function defined on a given design space Sy
and T? is an identity map. If there exists a diagonal matriz Q with diagonal elements
taking values —1 or 1 such that B(T'(u;);0) = QB(u;;0)Q, for all u; € Sy, j=

1,--+-, N, then there exists T —invariant A- and D-optimal designs.

The proof of Theorem 7 is similar to that of Theorem 6 and is omitted. Theorem

7 can be applied for the optimal designs in Table 6.

7 Conclusion

We have studied SDP transformations for various optimal design problems for multi-

response regression models and applied CVX and SeDuMi algorithms for finding A-,
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A,- and c-optimal designs by solving SDP problems. The algorithms are effective
and efficient, and they can be used for finding optimal designs systematically for

any discrete design spaces. They can also find I-optimal and L-optimal designs.

We have also investigated A-; A,- and D-optimal designs for multi-response
regression models using the invariance property and dependence on the error co-
variance matrix Y. Symmetry of optimal designs can be examined through the
T—invariance property obtained in the paper, and it can be applied for various
models and design spaces. Those theoretical results are useful to reduce the com-

putation time for finding optimal designs for various models.

In this paper we have assumed that >y is known and the BLUE is used to estimate
the regression parameter vector. When 3, is unknown, we need an estimate of ¥
to compute the BLUE. However, it may be interesting to study robust regression
designs against possible misspecification in ¥5. Wiens (2015) reviewed robustness
of design, which includes several approaches for constructing robust designs for one
response models. Some of the approaches can be developed for robust designs for
multi-response models, and the resulting designs should be robust against possible

misspecification in ¥y and still maintain high efficiency for the estimator of 6.

Appendix: Proofs

Proof of Theorem 1: The constraint in problem (12) is true if and only if M; = 0
forall  =1,---,q. Since M > 0 (positive definite), M; = 0 is true if and only if
v; —e; M~te; > 0 (Horn and Johnson, 2009, p472). This gives v; — by > 0, i =
1,---,q, where by; is the ith diagonal element of M~ and so vy +- - -+v, is minimized
by vf = b, -, v) =bgg, and  vf 4o v) = by + - 4 bgg = trace (M ). O
Proof of Theorem 2: From Horn and Johnson (2009, p472), the constraint in
problem (13) is true if and only if V. —I,M~'I, = 0, which is

V-M"'=o. (23)
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Therefore vy + - - - +v, = trace (V) > trace (M™!) and the minimizer of vy +- -+,

must satisfy vf 4 --- 4 vy > trace (M), Let M~" = (bj;) If M is a diagonal

qxq’
matrix, so is M~ and by (23), v;—b;; > 0,7 =1,--- , ¢ so that the minimizer of v, +
g is vf = buy, -+, v) = bgg and vi+- - 4 = trace (M), If M is not a diagonal

matrix, M~ is still symmetric but not diagonal. This means that there exists at
least two off-diagonal nonzero elements that are nonzero. Without loss of generality
we assume bjp = bgy # 0. By (23), we still have v; —b; > 0,7 =1,---,q. However,
V = diag(biy, - ,by) does not satisfy (23) since a' (V—M™1)a = —2|bjp| < 0,
with a = (1,sign(b12),0,---,0)" € RY. Thus, the minimizer of v; + -+ - + v, must

satisfy vf + - +vF > by + - + by = trace (M ™). O

Proof of Theorem 4: By (19), when r = 2 we have

Alw) = s11A11(W)  s12A15(W)
59121 (W) S22A0(W)

where for simplicity, we write A;j(w) as A;;. Let G = Ay — PPASATTA L, let
s11 = S99 = 1/(1 — p?) and let 519 = 891 = —p/(1 — p?). One verifies that

1 q
det (A(w)) = <1 2) ~det (Aq1) - det (G),
—p
AN (w) = (1-p?)- Al HPAT ARG AnAL pATARGT )
pG 1Ay AL} Gt

trace (A~ (w)) = (1 — p?) - trace (A1} + P AT ARG Ay A + G

It follows that A- and D-optimal designs depend on ¥ only through |p|, and the
same is true for any A,-optimal design.

If the two response models are nested, say f, (x) = (f] (x), g/ (x)), we may write

An A Aj
- 3 A-12 - A;lv A22 — - - 2 5
Ay Ay Ay

Agy =
where Ay = Zjvzl w;g1(w)f] (1)) and Agy = Zjvzl w;g:1(u;)g] (u;). Consequently,
det (G) = det ((1 — pz)All) - det <A22 — AQlAﬁlA;> s
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which implies that the D-optimal design does not depend on p or . U

Proof of Theorem 6: For any distribution £(x), let & (x) = {(T'(x)) as in (22).

After rearranging the columns, we write

u uy - uy
Gx)={ = N

wy W2 wWN
and note that w; = w; and w; = w; if T'(u;) = u;. Let W = (w04, -+ ,Wy) and let
&o.5(x) = 0.5£(x) + 0.5&1(x), i.e.,

u; Uy e uy
o5(%) = N - ~
0.5(wy + 1) 0.5(wy +wy) --- 0.5(wy + wy)

If T'(u;) = uj, §5(x) has the same weight at u; and u; and so & 5(x) is T'—invariant.

Let Q=Q; @ --- & Q,. Since f;(T(x)) = Q.f;(x), we have
N N
AW) = D wUT% U = ) wQUIN,'U,QT = QAW)QT
j=1 j=1

Since det(A(w)) = det(A(w)), trace(A~1(w)) = trace(A~!(w)) and trace(LT A~1(W)L) =
trace(LT A~!(w)L), where L is defined in (9) and they are all convex in w, we have
det (A(0.5(w+w))) < det (A(w)), trace (A~1(0.5(w+w))) < trace (A~ (w)) and
trace (LT A1(0.5(w +w))L) < trace (LT A~}(w)L) for any £(x). It follows that
the weight vector 0.5(w + W) corresponds to the T'—invariant distribution &y 5(x),

which implies that there exist T'—invariant A-, A,- and D-optimal designs. O
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