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ABSTRACT: We study linearized stability in first-order relativistic viscous hydrodynamics
in the most general frame. There is a region in the parameter space of transport coefficients
where the perturbations of the equilibrium state are stable. This defines a class of stable
frames, with the Landau-Lifshitz frame falling outside the class. The existence of stable
frames suggests that viscous relativistic fluids may admit a sensible hydrodynamic descrip-
tion in terms of temperature, fluid velocity, and the chemical potential only, i.e. in terms of
the same hydrodynamic variables as non-relativistic fluids. Alternatively, it suggests that
the Israel-Stewart and similar constructions may be unnecessary for a sensible relativistic
hydrodynamic theory.
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1 Introduction

Do the Navier-Stokes equations of fluid dynamics admit a relativistic formulation? The
answer to this question is subtle. The standard hydrodynamic equations of normal non-
relativistic fluids represent local conservation laws of energy, momentum, and particle num-
ber.! The dynamical variables of hydrodynamics are the parameters that specify the ther-
mal equilibrium state (temperature T', fluid velocity v, and the chemical potential 1),

2 The currents, including the dissipative

now promoted to functions of space and time.
fluxes, are expressed through the dynamical variables in terms of the phenomenological

constitutive relations which contain the viscosities and the heat conductivity.

'More generally, one needs conservation laws for the number of each species of particles. If only a single
species of particles is present in a Galilean-invariant theory, the particle number conservation is equivalent
to mass conservation. In what follows, we assume a single particle species in a Galilean-invariant theory, or
a single global U(1) charge in a Lorentz-invariant theory.

2In the standard non-relativistic fluid dynamics, one may choose to use the energy density and the
particle number density as the hydrodynamic variables, instead of 7" and p. In a relativistic theory, energy
density and the U(1) charge density are not Lorentz scalars, so the covariant energy-momentum tensor
and the U(1) current are normally constructed in terms of T', 1 (which are Lorentz scalars), and the fluid
velocity u® (which is a Lorentz vector).



Let us ask the question in the following way: do the hydrodynamic equations admit a
relativistic formulation that (A) only uses the dynamical variables T', u®, and p inherited
from thermodynamics (similar to the non-relativistic Navier-Stokes fluids), and (B) gives
rise to sensible physics, e.g. the equilibrium state is stable, and there is no superluminal
propagation?

Phrased this way, the standard answer to this question was, until recently, a no. The
original constructions of relativistic hydrodynamics by Eckart [1, 2], and by Landau and
Lifshitz [3] predict that the thermal equilibrium state of a generic relativistic system is
unstable [4], and moreover that there are modes that propagate faster than light [5]. Thus
the original hydrodynamic theories respect (A) but not (B). The unphysical features of
the naive hydrodynamic equations are due to high-momentum, high-frequency modes. The
problems with stability and causality may be rectified by introducing extra dynamical de-
grees of freedom into hydrodynamics which modify the behaviour of the theory at high
momenta and high frequencies. This is what is done in the Israel-Stewart theory [6, 7],
and in more modern derivations of the analogous stable and causal hydrodynamics such
as [8-10]. These theories thus respect (B) but not (A). Similarly, “divergence-type” formu-
lations of hydrodynamics [11] respect (B) but not (A). Using an analogy with field theory,
the extra dynamical degrees of freedom (besides T, u® and u) play the role of an ultraviolet
regulator, while keeping the low-energy physics in terms of 7', u® and u intact. See [12, 13]
for recent discussions of the formulation and applications of relativistic hydrodynamics.

One may argue that preserving the condition (A) above is not crucial. After all,
the Israel-Stewart and similar theories already provide viable ultraviolet regulators of the
naive relativistic hydrodynamics. Nevertheless, not all ultraviolet regulators are the same:
some may be more physical, and some may be easier to implement technically. At the
very least, an ultraviolet completion of hydrodynamics that satisfies (A) has an aesthetic
appeal similar to the dimensional regularization in perturbative field theory: a covariant
regularization procedure without introducing extra degrees of freedom beyond those already
present at low energies. Given the recent resurgence of interest in viscous relativistic
hydrodynamics due to its successful application to flows of hot subnuclear matter in heavy-
ion collisions [13-15], exploring different ultraviolet completions of the naive hydrodynamic
theories deserves further attention.

The idea we would like to explore is whether both stability and causality might be
maintained if one uses a certain out of equilibrium definition of the hydrodynamic variables
which differs from the choice adopted by either Eckart or by Landau and Lifshitz. The
improved behaviour of first-order relativistic hydrodynamics with non-Landau, non-Eckart
definitions was touched upon in refs. [16-18], and at least for conformal fluids it appears
that there is a formulation of first-order relativistic hydrodynamics that satisfies both (A)
and (B) [19]. Motivated by these developments, we will study the stability of first-order
hydrodynamics with a general definition of the out of equilibrium variables.

We will study viscous relativistic hydrodynamics in the most general frame.? Hydrody-
namics is constructed as a derivative expansion, with gradients of T', u® and p parametrizing

3Following the standard terminology, by “frame” we mean a particular choice of how one defines T', u®
and p out of equilibrium. Thus a change of “frame” is just a field redefinition of 7', u® and u by derivative
corrections. This use of the word “frame”, while somewhat unfortunate, is widely adopted in the literature.



deviations from equilibrium. We will start with the most general constitutive relations to
one-derivative order. Our emphasis here is not on the derivative expansion per se, but on
whether the constitutive relations, truncated at the one-derivative order, can give rise to
stable and causal hydrodynamic equations.

We don’t use any particular model of matter. We also don’t use the entropy current
as a guiding principle. One can reasonably demand that on-shell (i.e. when evaluated on
the solutions to the equations of motion) the divergence of the entropy current V-S must
be non-negative order by order in the derivative expansion. This has been systematically
implemented to second order in derivatives only relatively recently [20, 21]. In first-order
hydrodynamics one can only demand that on-shell V-S > 0 to first order in derivatives:
higher-order contributions to V-S have to be resolved by higher-order hydrodynamics.
The general-frame first-order hydrodynamics that we study here has on-shell V-S > 0 to
first order in derivatives, as it should.* We review the hydrodynamic entropy current in
the appendix.

The paper is organized as follows. We start with a detailed introduction to hydrody-
namic frames in section 2, and explain how one arrives at the “standard” frames of Fckart
and of Landau and Lifshitz. The most general frame in one-derivative hydrodynamics is
specified by seven parameters for uncharged fluids (two of which are genuine one-derivative
transport coefficients), and by sixteen parameters for charged fluids (three of which are
genuine one-derivative transport coefficients). Section 3 contains a brief discussion of how
we check for the stability of the global uniform equilibrium state. Then in section 4 we
restrict our attention to uncharged fluids and perform an analysis of small fluctuations
in the equilibrium state with constant T' = Ty and v = vg, and identify the class of hy-
drodynamic frames in which the fluctuations are stable. The Landau-Lifshitz frame (as
well as the frames studied in [4]) are outside this class. Entropy current is discussed in
appendix A, and the constraints on the general-frame transport coefficients in conformal
fluids are discussed in appendix B.

2 Constitutive relations

2.1 Derivative expansion

In order to set the stage for the further discussion, we start with a brief introduction to
hydrodynamics along the lines of ref. [22]. Hydrodynamics is a classical effective theory for
the evolution of the conserved densities, including energy density, momentum density, and
various charge densities. We will be considering relativistic theories whose only relevant
conserved densities are the energy-momentum tensor T#", and possibly a current J# cor-
responding to a global U(1) symmetry. We will call the fluids without the corresponding
global U(1) current “uncharged”, for example a ¢ field theory of a real scalar field ¢,
or a “pure glue” SU(N) Yang-Mills theory give rise to uncharged fluids. Similarly, the
fluids with a conserved global U(1) current will be called “charged”, for example a |¢p[*

“In the kinetic theory derivation of the general-frame first-order hydrodynamics [19] there always exists
an entropy current with a non-negative divergence, by virtue of the Boltzmann’s H-theorem.



field theory of a complex scalar field ¢, or quantum chromodynamics (QCD) give rise to
charged fluids. For QCD, the relevant U(1) charge is the baryon number.’

The expectation values T+, J* of the microscopic operators T’“’, JH are physical
measurable quantities which can in principle be defined in any non-equilibrium state. In
equilibrium, the state of the system in the grand canonical ensemble may be parametrized
by the temperature 7', the timelike velocity vector u®, and by the chemical potential
p for the U(1) charge. The equilibrium energy-momentum tensor and the current can
be expressed in terms of T, u®, and u. For states not too far out of equilibrium, the
hydrodynamic assumption asserts that the physical objects TH = (T#), J# = (J") can
still be expressed in terms of the quantities T, u® and g that vary slowly in space and
time. In equilibrium, the quantities T, u® and p become the actual temperature, fluid
velocity, and the chemical potential. However, out of equilibrium, 7', u® and p have
no first-principles microscopic definitions, and thus should be viewed as merely auxiliary
variables used to parametrize the physical observables T#” and J*.

Assuming that the physical system is locally near thermal equilibrium, the hydrody-
namic expansion is a gradient expansion, schematically

T = O(1) + O(0) + O(0*) + O(*) + ..., (2.1a)
JH=01)+00)+0B*)+0) +..., (2.1b)

where O(9%) denotes the terms with k derivatives of T, u®, p, for example the O(9?)
contributions contain terms proportional to 9T, (0T)2, (9T)(du) etc. Expansions (2.1)
are the constitutive relations, expressing the physical quantities T#” and J* in terms of the
auxiliary variables T, u®, p. The O(1) terms in the expansion are usually said to correspond
to “perfect fluids”, the O(9) terms are said to correspond to “viscous fluids”, and the O(9*)

terms are said to correspond to “k'P

-order hydrodynamics”. The hydrodynamic equations
are 9, T" =0, 9,J" = 0. In what follows, we will assume that the fluid is in flat space in
341 dimensions, and is not subject to external gauge fields that couple to the U(1) current.
The constitutive relations in curved space and in the presence of external gauge fields are
known up to O(9?) [20, 24], but we will not need them here.

The derivative expansion can be implemented in practice in the following way. Given
a timelike unit vector u*, the energy-momentum tensor and the current may be decom-

posed as

™ = Eulu” + PA + (QFu” + QYu!) + TH, (2.2a)
JH = Nut + T, (2.2b)

5We emphasize that the term “charged fluid” used here, while standard in some discussions of relativistic
hydrodynamics [13, 20], does not mean that the fluid has a net electric charge. Rather, we will use the
term “charged fluids” to refer to fluids that can have non-zero local density of the baryon number, or other
global U(1) charges. The corresponding gauge field A, is external and non-dynamical. For fluids whose
constituents carry actual electric charges (when the U(1) is gauged, and A, is dynamical), the hydrodynamic
description is provided by magneto-hydrodynamics [23].



where QF, TH”, and J" are transverse to w, and TH¥ is symmetric and traceless.

Specifically,
1
E=uu, T, P= &AWT“V, Q= —AmuﬁT“ﬁ, (2.3a)
1 2
T =5 (AWAVﬁ + Avalyp — dAW,Aa5> T, (2.3b)
N = —u,J", T = Dpad®, (2.3c)

where A®? = ¢ + y*u? projects onto the space orthogonal to u,. The decomposi-
tions (2.2) are just identities, true for any symmetric tensor 7" and any vector J*. In
hydrodynamics, one writes £, P, Q¥ TH N, and JH" as a derivative expansion. To
zeroth order in derivatives, there are two scalars, T" and u, no transverse vectors, and
no transverse traceless 2-tensors. To first order in derivatives, there are three scalars,
T, d\u?, and [t, where the dot stands for u*dy. There are also three transverse vec-
tors, AP?Q0,T, 4, and AP°O,u. There is one transverse traceless symmetric tensor,
o = AFPAY? (Opue + Osuy — %gpgc?)\u’\). Thus to first order in derivatives we have

E=c+e1T/T + e20\u” + e3u 0\ (u/T) + 0(8?), (2.4a)

P =p+mT/T + mo\u + mu o (u/T) + O(0%), (2.4b)
QF = 010H + 03 /T AFAO\T + 03AM 9, (u/T) + O(d?), (2.4c)
TH = —nat” + 0(8?%), (2.4d)
N =n+ T /T + vadyu* + v3u (/T + O(0?), (2.4¢)
T" =ik + 72 /T AT + 13 A 05 (1) T) + O(6%), 2.4f)

where O(0F) denotes terms with & or more derivatives of the hydrodynamic variables.
The factors of 1/T are inserted for notational convenience. At zero-derivative order, the
constitutive relations are determined by the three apriori independent parameters ¢, p, and
n which in general all depend on T" and p. As usual, p is the pressure, € is the energy
density, and n is the charge density. At one-derivative order, there are sixteen apriori
independent transport coefficients (seven for uncharged fluids) €123, 123, 0123, V1,23,
71,2,3, and 7, which in general all depend on 7" and p. Not all of them are genuine one-
derivative transport coefficients though. As we will see shortly, there are in fact only three
genuine one-derivative transport coefficients.

2.2 Field redefinitions

Out of equilibrium, the auxiliary variables T', u® and p have no first-principles microscopic
definition, and different out-of-equilibrium choices of T, u® and p may be adopted, as long
as all these choices agree in equilibrium. Given a choice of T', u® and p, we can introduce

T =T+6T, u*=u*+6u*, p=p+du, (2.5)



where 6T, 6u®, dp are O(9). In this way, T and 77, u® and «'%, p and p’ agree in equilibrium
in flat space.® Note that u,du* = O(8?) in order to maintain the normalization (u')? = —1.
The same 7" and J* may now be written in terms of the new (primed) variables.” Again,
when hydrodynamics is formulated as a derivative expansion, we have

T = O(1) + 0T, 0u', o)) + O(d?), (2.6a)
Jt=0(1) + 00T, 0u',0u') + 0(8?). (2.6b)
The energy-momentum tensor and the current can be decomposed as in eq. (2.2), (2.3),

now with respect to the new fluid velocity u#. The coefficients in the new decomposition
are [22]

ET, 1) = E(T, p) + 0(5?), (2.7a)
PT, 1) = P(T, 1) + O(d?), (2.7b)

Q’ (T 1) = Qu(T,u, ) — (e+p)duy, + 0(0%), (2.7¢)
T (T 1) = T (T, u, 1) + O(6%) (2.7d)
NT' 1y = N(T, 1) + 0(0%), (2.7¢)
To(T' 1)y = To(T,uy 1) — ndug + 0(82). (2.71)

Suppose now that we perform the most general first-order field redefinition

6T = ayT /T + azd-u + azu™dx(u/T), (2.8a)
Sul = byt + by /T A9, T + bs AP0y (u/T), (2.8b)
op = 1T /T + co0-u+ c3u™d\(u/T), (2.8¢)

with yet unspecified a;, b;, ¢; which are functions of T and p. The constitutive relations
for the energy-momentum tensor and the current, written in terms of the new fields 7", v’
i, look the same as the constitutive relations in terms of the old fields T, u, p, with the
following change:

€; = € — €T0; — €,C; (2.9a)
Ty = T — P10 — P uCi, (2.9b)
Vi = Vi — NTG; — NG, (2.9¢)
0; — 0; — (e+p)b; , (2.9d)
Yi = Y — nbi, (2.9¢)
n—n, (2.9¢f)

5This assumes that a certain equilibrium definition of what one means by T, u®, and p has been adopted.
In curved space, different definitions of equilibrium T, u® and p exist in the literature. In principle, within
the derivative expansion, it is legitimate to consider field redefinitions that include non-equilibrium as well
as equilibrium terms, such as contributions to 67", du® and du that depend on spatial derivatives of the
external sources (metric and the gauge field).

"The freedom to redefine the hydrodynamic variables in the derivative expansion implies that the notions
of “local temperature”, “local chemical potential”, and “local rest frame of the fluid” are intrinsically
ambiguous. What is not ambiguous are the energy-momentum tensor and the current.



where ¢ = 1, 2,3, and the comma subscript denotes the partial derivative with respect to
the parameter that follows, e.g. € 7 = (9¢/0T),. Cleary, not all transport coefficients are
invariant under the general first-order field redefinition. The invariant ones are

0 0 n
fi=m— <8€> € — ((ﬁ) Vi, b =y — m@‘, (2.10)

and 7, while the rest can be eliminated from the first-order constitutive relations by a
field redefinition. We see that when the constitutive relations (2.4) are truncated at one-
derivative order by neglecting all O(9?) terms and taken at face value, there is not a unique
first-order hydrodynamics. This non-uniqueness is due to the freedom of the hydrodynamic
field redefinition (2.8) which is conventionally called “a change of frame”.

The arbitrariness in the choice of frame is not important from the point of view of the
derivative expansion. However, it can be important from the point of view of the hydrody-
namic equations themselves. After all, the hydrodynamic equations 9,7"" = 0, 9,J# = 0
(again, with the constitutive relations truncated at one-derivative order), when written in
different frames, give rise to different partial differential equations. The choice of frame may
potentially affect such things as the well-posedness of the initial value problem for these
partial differential equations, or lead to fictitious instabilities of the equilibrium state.

Before discussing the conventional frames such as the Landau-Lifshitz frame or the
Eckart frame, it is important to emphasize that no matter what one does in the hydrody-
namics which includes T', u®, u as dynamical variables, one always uses some frame. This
is because a frame is just a definition of what one means by T, u® and p out of equilib-
rium, so “not choosing a frame” is not an option. The moment the constitutive relations
for TH and J* are written down in terms of 7', u® and u, with specified values for the T,
p-dependent transport coefficients — these constitutive relations define a frame.

2.2.1 Consequences of extensivity

In equilibrium, extensivity follows from locality on length scales longer than the equilibrium
correlation length. Extensivity implies certain thermodynamic consistency conditions that
were introduced in refs. [25, 26] in the context of the derivative expansion in hydrostatics
when the relativistic system is subject to external time-independent sources (metric and
the gauge field). The fluid velocity in the time-independent equilibrium state was chosen
to be aligned with the corresponding timelike Killing vector. If the metric does not depend
on time ¢ so that the Killing vector is K = 0, the equilibrium temperature and the
chemical potential are proportional to 1/4/—goo to all orders in the derivative expansion,
in agreement with ref. [27]. This might seem like the most natural thing to do, however it
has non-trivial consequences. In particular, the Killing equation implies that the following
identities hold in equilibrium:

T=p=0, (2.11a)

Ta" + A"9,T =0, (2.11b)

E® —TAYd,(u/T) =0, (2.11c)
Vo' =0, o =0, (2.11d)



where E? is the electric field, which in our case is set to zero. Note that in an external
gravitational field, @* and A**9,T do not have to vanish separately in equilibrium. The
thermodynamic consistency conditions arise from demanding that the equilibrium energy-
momentum tensor and the current follow from the grand canonical potential which is ex-
tensive in the thermodynamic limit. Varying the grand canonical potential (the generating
functional) with respect to the metric and the gauge field one finds

0 0
T | quitibrium = <—P + Ta—g + “aZ) u'u? 4 pAP + 0(9?), (2.12a)
0
Ja|equilibrium = <6z) u® + 0(82) . (212b)

This implies that the coefficients in the constitutive relations (2.4) are not all independent.
At zero-derivative order, the thermodynamic consistency conditions demand that ¢, p, and
n are not independent, but rather must satisfy ¢ = —p—l—T{%ﬁ —i—pg—z, and n = dp/0u. These
relations are of course well known from basic thermodynamics; what was not appreciated
until [25, 26] is that there are also relations analogous to e+p = T's+pun at O(9) and higher
in the derivative expansion. At one-derivative order, the consistency of (2.12) and (2.4)
implies #; = 62, 11 = 72, and therefore £; = ¢5. Analogous consistency conditions for
two-derivative terms in the constitutive relations were worked out in [25, 26].

Choosing the equilibrium fluid velocity along the Killing vector, u = K/v/—K?, and
choosing T = Ty/vV—K? (here Tj is a constant that sets the units of temperature), the
energy-momentum tensor and the current derived from the grand canonical potential were
termed in ref. [26] to be in “thermodynamic frame”. We see however that this definition of
u and 7T implies relationships among frame invariants, and therefore the thermodynamic
frame is more than a mere choice of frame: it is a frame that makes the thermodynamic
consistency conditions manifest.

2.2.2 Landau-Lifshitz frame

The Landau-Lifshitz frame [3] (also called the Landau frame) takes a different starting
point. Consider the most general constitutive relations (2.4), with all transport coefficients
non-zero. Given the transformation rules (2.9), it is clear that one can go to a new frame
(by choosing a; and ¢; appropriately) in which & = ¢ and N' = n. Further, by choosing
b; = 60;/(e+p) one can make Q" = 0 in the new frame. The constitutive relations in the
new frame are then

T = eufu” + |p+ HT)T + f20-u+ fsuox(u/T)| A* — nat” + O(6?), (2.13a)
JH = nut + 0t + Lo )T APONT 4 L3AP 0\ (u/T) 4+ O(d?), (2.13b)

where f; and ¢; are defined by eq. (2.10). In other words, by performing a particular
nine-parameter frame transformation the number of one-derivative transport coefficients
has been reduced from sixteen to seven, which are now f123, ¢1,23, and 1. The conditions
E =¢, N =n, and Q¥ = 0 are usually taken as the defining properties of the Landau-
Lifshitz frame.



Up to now we have only looked at the constitutive relations, but have not actually
used the hydrodynamic equations themselves, 9,7"" = 0, 9,J# = 0. The conservation
equations 9, (nut) + 0(8%) = 0 and u,d,(eulu” + pA*) +O(8?) = 0 imply two “on-shell”
relations among the scalars 7', d-u, and fi, up to O(8?) terms. Similarly, the projected
energy-momentum conservation A%, (eutu” + pAH”) 4+ O(8?) = 0 implies one “on-shell”
relation among the transverse vectors 4®, A“*0,T, and A0y (u/T), up to O(5?) terms.
If these are used to eliminate T, fi, and u#, the constitutive relations (2.13), when evaluated
on the solutions to the hydrodynamic equations, may be written as

T = eutu” + [p — CO-u] AP — na™ + 0(9%), (2.14a)
J = nu® — 6TA 0, (1)T) + x1 A d,T + O(d?). (2.14b)

The transport coefficients include the shear viscosity n as well as:

(€+p>%ﬁ B n%ﬂ h+ [n (%)u/T — (etp) (%)u/T} fs

C = _f2 + Oe On de On ’ (215&)
T(CTT@ - BTuTT)
n 1
= y/— 2.15b
7 c+p T ( )
1
xr =g (2= 4), (2.15¢)

where the thermodynamic derivatives are (On/9T),, /7 = (On/OT)+(u/T)(On/0p), and the
coefficients f;, ¢; are given by eq. (2.10). The above expressions give the bulk viscosity ¢ and
the charge conductivity o as linear combinations of the transport coefficients in the general

8 The transport coefficient YT vanishes as a consequence of the thermodynamic

frame.
consistency conditions /1 = f». Thus one is left with three genuine one-derivative transport
coefficients 7, ¢, and o. The constitutive relations in the form (2.14) with yt = 0 were
proposed in the book by Landau and Lifshitz [3].

The above discussion makes it clear that the Landau-Lifshitz frame is not the only
possible frame, even for an uncharged fluid in one-derivative hydrodynamics.® Tt is also
important to note that the ingredients that go into the constitutive relations (2.14) are:
(i) the choice of frame such that &€ = ¢, N = n, Q! = 0, plus (ii) the on-shell relations

derived from zero-derivative hydrodynamics. The arbitrariness involved in the second step

8For an uncharged fluid, the bulk viscosity is ¢ = v2(m1—v2e1) — 72 + vZea, where v2 = 9p/Oe is the
speed of sound squared in an uncharged fluid.

9The advantage of the Landau-Lifshitz frame is that it allows for a technically straightforward algebraic
extraction of the hydrodynamic fields T and u* if the energy-momentum tensor happens to be known.
Indeed, suppose we know T#"(x) in some non-equilibrium state. For states that represent small departures
from local equilibrium, we expect that T#”(z) will have a time-like eigenvector, i.e. for every x we have
T (z)¥, (z) = Mz)¥*(x), where A(x) is the eigenvalue. After finding the eigenvector, the fluid velocity
in the Landau-Lifshitz frame is just u*(z) = U*(z)/v/—¥2. After finding the eigenvalue, the temperature
T'(z) in the Landau-Lifshitz frame is found from A(z) = ¢(T(z)), where €(T') is a known function, given by
the equilibrium equation of state. This procedure is algebraic, and can in principle be done independently
at each point in spacetime. If, on the other hand, we want to match the exact known T""(z) to the
hydrodynamic form (2.2), (2.4), with some fixed non-zero €1, €2, 01, 02, doing so would involve solving
differential equations in order to extract T'(x) and u*(z), and so is technically more involved.



implies that there are multiple ways to write down the on-shell constitutive relations in
the Landau frame — these constitutive relations, when truncated to one-derivative order,
will give rise to inequivalent hydrodynamic equations. Put differently, what is commonly
referred to as the Landau frame is a whole class of frames. For example, if we use the
on-shell relations to eliminate d-u and fi, the non-equilibrium correction to pressure in the
Landau frame will be determined by 7" instead of 9-u, with the coefficient of T proportional
to the bulk viscosity. Eliminating different one-derivative quantities will lead to different
Landau-frame hydrodynamic equations which may have different stability and causality
properties compared to the ones derived from (2.14).

2.2.3 Eckart frame

In order to arrive at the Eckart frame [1], again consider the general constitutive rela-
tions (2.4), with all transport coefficients non-zero. Using the transformation rules (2.9),
one can go to a new frame (by choosing a; and ¢; appropriately) in which £ = € and N = n,
just like in the Landau frame. Further, by choosing b; = 7;/n one can make J* = 0 in the
new frame. The constitutive relations in the new frame are then

T = eutu’ + \p+ AT/T + fod-u+ faurdn(u/T)| AP

4 QMY+ QUMY — o + O(8?), (2.162)
JH = nut + 0(6?), (2.16b)

with
on— € :p (@i + /T APPONT + L8120, (/T) ) + O(D°). (2.17)

The conditions £ = ¢, N/ = n, and J* = 0 are usually taken as the defining properties of
the Eckart frame. It is clear that the Eckart frame can only be defined for charged fluids,
and then it is only useful when one studies states with non-zero charge density n. Again,
there are multiple ways to write down the on-shell Eckart-frame constitutive relations, by
using the on-shell relations among the one-derivative scalars and vectors. For example,
eliminating A* 0, (u/T) from (2.17) one finds

Q% = & (Tua + AO‘AC‘)AT> FXTADOT + 0(8?). (2.18)

Here k = (e + p)20/(n?T) is the heat conductivity which is proportional to the charge
conductivity o. Again, the coefficient yT must vanish by the thermodynamic consistency
conditions. The constitutive relations in the form (2.18) were proposed in the original
paper [1] by Eckart.!” Alternatively, eliminating @* from (2.17) one finds

0" = “LoTAMG (1/T) — “Lxr A 0,7+ 0(6). (2.19)

"Note that the discussion of Ohm’s law in [1] is incomplete. The correct form of the Ohm’s law in
relativistic fluids is not J% = ¢ E<, but rather J* = o¢(E* — TA*”9,(u/T)), as is required by the thermo-
dynamic consistency conditions.
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Two different Eckart-frame constitutive relations (2.18) and (2.19) will give rise to inequiv-
alent hydrodynamic equations in one-derivative hydrodynamics. In particular, the modes
that are stable with the constitutive relations (2.19) become unstable with the constitutive
relations (2.18), see e.g. [22]. Of course, there is also a similar freedom to redefine the
non-equilibrium contributions to pressure, for example by shifting them from d-u to 7.

3 Stability of equilibrium

In the rest of this paper we will study the stability of small perturbations of the thermal
equilibrium state in flat space with no external electromagnetic fields. The equilibrium
state is characterized by the temperature 7', fluid velocity u® = (1,v)/v1 — v2, and (for
charged fluids) the chemical potential x. In order to study the linearized stability, we take
T=Ty+ 6T, v=vyg+dv, u= g+ du, and linearize the hydrodynamic equations in 67T,
0v, du, with constant Ty, po and vg, such that |vg| < 1. The solutions to the linearized
equations may be taken as combinations of plane waves, and we take 67T, dv, and opu

proportional to ekX—it,

Solving the hydrodynamic equations 9,7"" = 0, d,J" = 0
with the general constitutive relations (2.4), one finds the set of eigenfrequencies w(k).
The eigenfrequencies depend on Ty, vg and g, as well as on all the transport coefficients

in (2.4). By “stability” we will mean the following:
Im w(k) <0, (3.1)

for all k. This ensures that small perturbations of the equilibrium state do not grow
exponentially with time. By “causality” we will mean the following:

lim Re w(k)

<1
k—o0 k

, (3.2)

where k = |k|. See e.g. [28] for causality criteria, though the general discussion of causality
and hyperbolicity is beyond the scope of the present paper.'' As we will see later, if the
causality condition (3.2) is not satisfied for the fluid at rest, then the uniformly moving
fluid will have unstable modes. This follows from Lorentz covariance of the hydrodynamic
equations.

The algebraic equation that determines the eigenfrequencies is obtained by setting
the determinant of the corresponding linear system to zero. In a relativistic fluid, for an
equilibrium state specified by a constant velocity u“, the algebraic equation can only depend
on ¢-@ and ¢?, where ¢® = (w, k). Alternatively, we can take the equation to depend on
w=—quand z = ¢* + (¢-u)? = qaﬁaﬁqﬁ, so that the eigenfrequencies are determined by

H(w,z)=0. (3.3)

"In N = 4 supersymmetric, SU(N.) Yang-Mills theory at strong coupling, exact dispersion relations
at large N, can be found for all modes by using the holographic duality, without using the hydrodynamic
approximation. The dispersion relations are such that, as k increases, Rew(k)/k approaches one from
above [29-31]. Of course, in this case the short-distance behaviour is regulated by the actual microscopic
degrees of freedom of the quantum field theory, instead of the modes contained in the hydrodynamic
equations.
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In a rotation-invariant fluid, the modes split into the “shear-channel” (perturbations of
dv L k) and “sound-channel” (perturbations of 6v || k, 6T, du) modes.'? This is readily
seen for the fluid at rest, with a®* = (1,0), so that H(w,k?) = Fi;;r(w,kz)Fsound(w,kQ)
in d spatial dimensions. By Lorentz covariance, we then have

H(w,z) = FI~1 (w, 2) Fyouna(w, 2) . (3.4)

shear

The stability can then be analyzed independently in the shear channel and in the sound
channel. To any finite order in the derivative expansion, the functions Fypear(w,2),
Fiound(w, 2) are finite-order polynomials in w and z.

Consider first-order hydrodynamics of uncharged fluids in the general frame (2.4).
Thermodynamic consistency conditions imply 67 = 62, thus in a general frame in one-
derivative hydrodynamics we have six transport coefficients: €19, m1 2, § = 01 = 02, and
1. As we will see, in this six-dimensional parameter space of transport coefficients, there
is a subspace where eq. (3.1) is true. This subspace defines a class of stable frames in
uncharged fluids.

For charged fluids in the general frame (2.4), we further have 1 = -2 by the thermody-
namic consistency conditions, thus there are fourteen transport coefficients in one-derivative
hydrodynamics: €123, T1,23, V12,3, 0 = 61 = 02, 03, v = 71 = 72, 73, 1. Again, we ex-
pect that in this fourteen-dimensional parameter space of transport coefficients, there is
a subspace where eq. (3.1) is true. This subspace defines a class of stable frames for
charged fluids.

Among all the transport coefficients, we expect that the ones that come with time
derivatives will be more important for ensuring stability than the rest. We thus expect
that beyond the standard transport coefficients n > 0, > 0,0 > 0, the coefficients that are
most relevant for the stability of one-derivative hydrodynamics are €1, 7y, 61, v1, and ;.
These coefficients can be thought of as defining relaxation times for the energy density (¢1),
pressure (1), momentum density (), charge density (), and the charge current (v7).

4 Uncharged fluids in the general frame

The linearized fluctuations of the equilibrium state split into the “shear channel” and
“sound channel” modes. At vy = 0, the shear channel modes are the velocity fluctuations
with ov L k, while the sound channel modes are the coupled fluctuations of dv || k and
dT'. Upon solving the linearized equations 9, 7" = 0, the eigenfrequencies w(k) are found
by setting the determinant of the corresponding linear system to zero. The vanishing of
the determinant can be written as Fipear(w, k) Fyunda(w, k) = 0, corresponding to the
two channels. In first-order hydrodynamics, Fypear(w, k) is a second-order polynomial in w
whose coefficients depend on k, while Fyounq(w, k) is a fourth-order polynomial in w whose
coefficients depend on k.

The values of F(w,k) at different vy are related by boost covariance, according to
eq. (3.4). To be specific, let us choose coordinates such that the plane spanned by vy and

12For charged fluids at k — 0, the sound channel fluctuations further split into the proper sound modes
with w = Fvs|k| + ... and the heat diffusion mode with w = —iDk* +....
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Vo

Figure 1. Phase velocity ¢,(¢) for waves with a linear dispersion relation in a moving fluid, shown

for different angles 0<¢<m of the wave vector with respect to vy. Each colour corresponds to a

given value of ¢. In the plot, the wave speed in the fluid at rest is taken ¢y = %

k is the zy-plane, and vq is along x. Then the equation F,(vo,w’,k’) = 0 is equivalent to

F, <v0:0, wo Rty M,ky - k’) -0, (4.1)

31— vg 31— vg Y
where “a” stands for either shear or sound. Note that, in general, the above boost covari-
ance does not imply any simple algebraic relations between w’(k’) and w(k). In particular,
if for certain values of the transport coefficients we find Im w(k) < 0 for the fluid at rest,
this does not guarantee that Im w’(k’) < 0 in a moving fluid (the modes that are stable at
v=0 can become unstable at vp#0). Thus, the analysis of stability has to be performed
at non-zero vyg.

A simplification occurs if the dispersion relation at vy = 0 happens to be linear. This
is true for sound waves at small k, and happens more generally for all modes at large k. Let
w(k) = £cp|k|, with some constant speed 0 < ¢y < 1. Performing a Lorentz boost on (w, k)
as in eq. (4.1) gives again a linear dispersion relation at vy # 0, namely w’ = ¢,(¢)|K/|,
where ¢ is the angle between k' and vg. Explicitly, we find

2
co(9) = Uf(_lc(z]f}%) cos ¢ + (1_22]1}(2])\/(1—03) [1—v3c — v3(1—c?) cos® ¢] . (4.2)
At ¢ = 0 the above reduce to ¢, = (vo £ ¢o)/(1 L vocp), the standard relativistic addition of
phase velocities. Figure 1 illustrates how the wave velocity ¢,(¢) in a moving fluid depends
on vg and ¢. As expected, c,(¢)? < 1 for v3 < 1.
For sound waves, eq. (4.2) gives the sound velocity in a moving relativistic fluid, with

co = (Op/d€) /2. For large-momentum modes, eq. (4.2) implies that if the modes at vy = 0
are stable (cg is real) and causal (0 < ¢y < 1), they remain so at vy # 0. Alternatively,
co > 1 for the fluid at rest implies that the equilibrium state of a uniformly moving fluid
is unstable.

More generally, being consequences of Lorentz covariance, eqs. (4.1) and (4.2) are
of course not restricted to first-order hydrodynamics. In the context of hydrodynamics,
eq. (4.1) is true to all orders in the derivative expansion.

~13 -



4.1 Shear channel
In the shear channel, the eigenfrequencies are determined by the zeroes of

Tw 1w Kk?
Fshear = (Q—Vgn)wz‘f‘ <O —2((9—77)k'V0> w— J(kv(]) - 727] +(k'V0)2(0_77) ) (43)
Y0 0 Y0

where 79 = 1/4/1 — v. If we measure w and k in units of (eg+po)/n, the stability of the
shear-channel eigenmodes is determined by only one dimensionless parameters 6/rn. There
are two gapless (w(k—0) = 0) modes with different polarizations, corresponding to the
familiar shear waves, and two gapped (w(k—0) # 0) modes with different polarizations.
For the eigenfrequencies, we find at long wavelength

w(k) =kvo — L /1232 (12 - (kvo)?) + O(KY), (4.4)

Wo

wil) = =0 4 Ofevo) (45)
vy —

where wy = €y+po is the equilibrium density of enthalpy. It is clear that stability (Imw < 0)
of the shear channel fluctuations requires

0>n>0. (4.6)

The Landau-Lifshitz convention sets # = 0 at non-zero 7, hence the Landau-Lifshitz hy-
drodynamics predicts that the thermal equilibrium state is unstable [4]. The gapped mode
which is responsible for the instability is outside of the validity regime of the hydrodynamic
approximation, and therefore its physical predictions should not be trusted. Nevertheless,
it is important that Imw(k) < 0 is true for all modes, both gapless and gapped, in order
to ensure that the hydrodynamic equations have predictive power at macroscopic times.

At large k, the modes follow a linear dispersion relation, w = cghear(¢)k, where ¢ is
the angle between vy and k. The velocity cghear determined by

(0—v3n) Chear — 2v0 €08 & (0—7) Cshear + v (0 cos® ¢ +nsin®¢) —n =0, (4.7)
with |vg| < 1. The solutions are real and bounded by

L+ [uol(0/n)2
ool + (0/m) 7% =

|Cshear| <

for # > n. As an illustration, the dispersion relations in the shear channel are plotted in
figure 2, with w and |k| in units of (eg+po) /7.

A short exercise shows that the condition (4.6) guarantees that the solutions of (4.3)
have Imw(k) < 0 for all k. Thus eq. (4.6) is the stability criterion for shear-channel
fluctuations in first-order relativistic hydrodynamics.
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Figure 2. Real and imaginary parts of the shear channel eigenfrequencies, shown for vy = 0.9 and
0/n = 2, for different angles 0 < ¢ < /2 of the wave vector k with respect to vo. Each colour
corresponds to a given value of ¢ (blue corresponds to ¢ = 0, purple to ¢ = 7/2), k = |k|, and
wo = (e0+po). At small k, the gapless and the gapped modes (4.4), (4.5) are clearly visible. At
large k, the modes follow a linear dispersion relation w = cgpear(@)k, with the velocity cshear(®)
determined by eq. (4.7). The dashed lines denote the light cone w = +k.

4.2 Sound channel

We now come to sound-channel oscillations. In the sound channel, the eigenfrequencies
w(k) are determined by the zeroes of

Faound (v0=0,w, k) = vie10w* + iwg(vie1+0)w® — ik’wy (vs + vier + v§9) w
- (wg +k%0? (U;LE% + vse1 + (e9+m1) (0—v2e1) + £9m1)) W
+ K202 (wh + K20(vZ (eatm —vier) —7s))

2

(4.8)

where v2 = dpy/Oeo is the speed of sound, vs = %77 + ( sets the damping of sound waves,
and wog = € + po as before.'? More generally, Fiound(vo#0) can be obtained by Lorentz
boosting the four-vector (w,k) in the above Fyound(vo=0), as in eq. (4.1). If we measure
w and k in units of wp/vs, the stability of the sound-channel eigenmodes is determined
by only four dimensionless parameters: €12/7s, m1/7s, and 6/7s. We will assume that the
equation of state is such that the speed of sound is less than the speed of light, 0 < vg < 1.

To get a sense of the sound-channel stability constraints, let us look at the fluid at rest
first, i.e. vg = 0. At small k, there are two sound waves, and two gapped modes:

7

Vs 1.2 3
w(k) = FvsK| > ot (k%) (4.9)
.€0tPo .€0+DPo
S 1
Clearly, stability in the sound channel requires
Vs >0, e1>0, 6>0. (4.11)

13The coefficient 72 has been traded for the bulk viscosity ¢, according to the formula in footnote 8.
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Figure 3. Constraints on the transport coefficients # and e; obtained by demanding that the
sound-channel modes for the fluid at rest are stable and causal. For illustrative purposes, we have
taken g9 = 0, 71 /s = 3/v2. The stability region is shaded with a colour corresponding to a given
value of vs. The stability region is larger for smaller v,. Left: the region where all modes are
stable. Right: the region where all modes are stable and the short-wavelength modes are causal,
limg 00 |w(k)/k| < 1. In the right plot, the origin £; = § = 0 is always outside the stability region.

At arbitrary k, we have to study the zeroes of (4.8). Setting w = iA in eq. (4.8) gives
rise to a quartic equation for A with real coefficients, which can be written as

aAt +DA3 + cA? +dA +e=0, (4.12)

such that @ > 0, b > 0, d > 0 and the coefficients a, b, c,d, e can be read off by compar-
ing (4.12) and (4.8). Stability requires Re(A) < 0, which by the Routh-Hurwitz criterion
amounts to e > 0 and £ < %(g - %). The first of these conditions gives

g9+ M1 > %4—@381, (4.13)

S
while the second gives an inequality which involves €12, 71, and 6 in a non-linear way. The
latter can be written as

E—; +v2(E1-82)(E1+0)2(E1—71) + (E140) (28] — &1(5a+T1) + (0+8)(0+71)) > 0, (4.14)

where &1 = v2e1 /75, &2 = €2/7s, 0 = 0/7s, T1 = 71/7s are dimensionless. The constraints
on the transport coefficients obtained by demanding that the sound-channel modes at
vg = 0 are stable are illustrated in figure 3, left.
Finally, we look at large-k modes for the fluid at rest. The modes have a linear
dispersion relation, w = csoundk, With csoung determined by
SU B T N7 P G 2= ~ = _
Ecsound + (81 (624—7‘(‘1—61—@) —9(€2+7T1)—€27T1) Coound T 0 (US (€2+7T1—81)—1) =0.

(4.15)
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2

We want the solutions of this quadratic equation for cZ

4 to be real and positive (for sta-
bility) and less than one (for causality). The stability constraints from eq. (4.15) are weaker
than the general stability constraint of eqs. (4.13), (4.14) (as expected), but the causality

constraint from eq. (4.15) gives something extra. The stability constraints combined with

2
soun

the causality constraint ¢Z <1 for the fluid at rest are illustrated in figure 3, right.!4
Let us now consider sound-channel oscillations in a moving fluid. We start with sound

waves (small k). For sound waves that propagate parallel to the fluid flow (k || vo), we have

w(k)_voj:vs i Ys (1—1)3)

1+ VVg B 560+p0 (1 + U()Us)

3/2 ) 5
K2+ O(k?), (4.16)

where k = |k|, and v is between —1 and 1. The sound velocity obeys the standard rela-
tivistic velocity addition formula, as follows from the boost covariance condition (4.1). For
sound waves that propagate perpendicular to the fluid flow (k L vg), we have

(1—v3)? I )

k)=+—-— 0 __yk—— K2+ O0(k?). 417
w(k) (1- U%v%)lﬂvs 2 e0+po (1 — v3v2)? + O (417)

More generally, for sound waves that propagate at an angle ¢ with respect to vg, we have
i
w(k) = cs(p)k — §FS(¢)k2 +O(K?). (4.18)
The sound velocity ¢s(¢) obeys a quadratic equation

(1—viv2)c? — 2vg cos d(1—v2)cs + va(1—v2) cos® ¢ — (1—v3)vZ =0, (4.19)
whose solutions are real, and |cs| < 1. The solutions of eq. (4.19) are given by (4.2), with
cp = vs, as expected from Lorentz covariance. Once the sound velocity cs(¢) is determined,
the damping coefficient is given by
2,2 2 502
Vs Cs—vgcos @ 1+ civg — 2¢5v0 cos ¢ — v sin” ¢

[y = . 4.20
cot+po (1-v2)Y2  cs(1—v3v2) — vo(1—v2) cos ¢ (4.20)

The angular dependence of ¢s(¢) and I's(¢) is illustrated in figure 4 for different values of
vg. The damping coefficient I'y is always positive, as expected.

At non-zero vg, the gapped frequencies (4.10) are modified. However, the stability and
causality constraints at vg = 0 imply that the gaps remain stable at vy # 0. Further, as
mentioned earlier, the stability and causality constraints at vg = 0 imply that the stability
and causality holds at large k at vg # 0. Thus the constraints on transport coefficients from
the modes at vyg # 0 remain the same as in figure 3, right. The sound-channel dispersion
relations are illustrated in figure 5. As expected, the dispersion relations are stable and
causal when the transport coefficients are inside the stability region.

"For a quadratic equation of the form ax® +bx + ¢ = 0 with a > 0 and real b, ¢, demanding that z is real
and 0 < z < 1 amounts to b> > 4ac, 0 < ¢ < a, —c —a < b < 0. Applying this to eq. (4.15) with x = 2 ina
gives explicit causality constraints on the one-derivative transport coefficients.
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Figure 4. Sound velocities ¢s; and sound damping coefficients I's for the two branches of sound in
a moving fluid, shown as functions of the angle ¢ between k and vy. The damping coefficient 'y is
plotted in units of v4/(eg+pp). Each colour corresponds to a given branch, with ¢, shown by solid
curves, and I'y by dashed curves. For illustrative purposes, we have taken the speed of sound for
the fluid at rest to be vy = 1/2.
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Figure 5. Real and imaginary parts of the sound channel eigenfrequencies, shown for vy = 0.9,
and different angles 0 < ¢ < 7/2 of the wave vector k with respect to vo. Each colour corresponds
to a given value of ¢ (blue corresponds to ¢ = 0, purple to ¢ = 7/2), k = |k|, and wg = (e9+po).
For illustrative purposes, the speed of sound is taken as vy = 0.5, and the values of the transport
coefficients were taken as follows: v2ey/vs = 3, 0/7s = 4, 62 = 0, m1 /s = 3/v2. The dashed lines
denote the light cone w = +k. The values of €; and 6 are inside the stability region of figure 3
(right), near the boundary of the stability region.

One of the necessary conditions for the stability of the gaps at vy #£ 0 is

Vs
1—0v2’

s

vier + 6 > (4.21)
For any finite value of the shear viscosity n>0 this excludes a finite neighbourhood of
€1=60=0, as indicated in figure 3, right. The Landau-Lifshitz hydrodynamics of uncharged
fluids sets €1 = 6 = 0, and therefore predicts that the thermal equilibrium state at vg #% 0
is unstable.

The stability criteria become particularly simple for hydrodynamics of conformal the-
ories. For uncharged fluids, conformal symmetry in 341 dimensions implies that

61:371'1, 62:37'('2, 7T1:37T2, (4.22)
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see appendix B. The speed of sound is vg = 1/ V/3, and the bulk viscosity vanishes. Thus
there are only three independent one-derivative transport coefficients, which can be taken
as 1, 0, and 1. The equilibrium state is stable if

3
1= S0, >4y, (4.23)

0 ™
This agrees with the conditions found in ref. [19]. It order to satisfy (4.23), it is sufficient to
take 8 > 4n, m; > 47 in order to ensure the stability and causality of first-order conformal
hydrodynamics.

5 Discussion

In this paper we have studied linear perturbations of the thermal equilibrium state in
relativistic hydrodynamics. In a Lorentz-covariant theory, if the fluctuations are not causal
[in the sense of violating eq. (3.2)], they are also unstable. Our focus was on first-order
hydrodynamics. The theory is “first-order” in the sense that our constitutive relations (2.2)
and (2.4) contain only terms with up to one derivative of the hydrodynamic variables.
The only hydrodynamic variables are the temperature, fluid velocity, and the chemical
potential. The first-order constitutive relations in a general “frame” contain more transport
coefficients than the two viscosities and the heat conductivity. In particular, the first-order
constitutive relations contain the relaxation times for the energy density (e1), pressure
(71), momentum density (), charge density (v1), and the charge current (7).

We have shown that first-order relativistic viscous hydrodynamics can be made linearly
stable by a suitable choice of the relaxation times. The minimal first-order regulator for
an uncharged fluid is given by only three dimensionless parameters 6 /~s, £1/7s, and 1 /7s.

The parameters must be bounded from below for stability, in a way illustrated in figure 3,

2

2), as well as

right. Necessary stability conditions include 6 > 7 > 0, vZe; + 0 > /(1 — v
g9+ m > (vs/v2) + v2e1. While we haven’t undertaken an exhaustive investigation of the
multi-dimensional parameter space of transport coeflicients, it is clear that there is a finite
region in the parameter space where the linear perturbations of the equilibrium state are
stable. A more detailed investigation would be straightforward to perform — the equations
that determine the eigenfrequencies w(k) are polynomials in w, at most fourth order. The
stable parameter region in the space of transport coefficients defines a class of frames that
are linearly stable.

We have not performed the stability analysis for charged fluids. Given the constitutive
relations (2.2) and (2.4), doing so would be a straightforward exercise. We expect that the
main conclusion about the linear stability of the equilibrium state will still hold, i.e. we
expect that the parameters v1 and v, will regulate the instabilities of the naive first-order
hydrodynamics of charged fluids.

This paper has an exploratory nature. We view stable first-order frames as ultraviolet
regulators of the naive relativistic hydrodynamics, aiming to achieve the same goal as the
Israel-Stewart-like approaches. The advantage of stable frames is that no new degrees of
freedom are introduced into hydrodynamics. The stable one-derivative hydrodynamics is
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also consistent with the local form of the second law at first order in derivatives, as it
should be. In order to explore the viability of the general-frame first-order hydrodynamics
further, it would be interesting to investigate the stability of non-trivial flows, and to see
how the first-order hydrodynamics holds up in non-linear evolution. We hope that the
observations of the present paper will lead to further explorations of the general-frame
first-order hydrodynamics.
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A Entropy current

In this appendix we review the entropy current in first-order hydrodynamics of uncharged
fluids (see e.g. ref. [32] for a review, though the discussion below is from a different angle).
The canonical entropy current Shanon may be written down using a covariant version of the
equilibrium relation T's = p + ¢,

TSt

canon

=put — T, . (A.1)
We isolate the ideal part, TH = eutu” + pAHY + T(’f;, where
T(“ll)' = (€ —e)ul'u” + (P — p)AH + (QFu” + QY ut) + TH

is first order in derivatives. The definition (A.1) then gives

Uy v
SE o = sut' — ?T(’i) . (A.2)

This entropy current is frame-invariant under first-order redefinitions of the hydrodynamic
variables. The hydrodynamic equation u,d,T"" = 0 implies 9, (su*) = % 0,T, (“S (upon
using dp = s0T'). This immediately gives the divergence of the entropy current in terms
of the non-ideal contribution to the energy-momentum tensor,

OuStamon = ~T1150u(25) (A.3)

We want the right-hand side to be non-negative. This requirement will constrain the form

of T(’f;, in other words it will constrain the constitutive relations. To proceed, note the

following. Take any symmetric tensor X#” and decompose it as in (2.2),

XM = Exulu” + Px AW + (Qu” + Q% u*) + T, (A.4)
where again
1
Ex =uyu, XM, Px = gAWX‘“’, Ox,u = —AMQUBXO‘B, (A.5a)
1 2
Txw = 3 <AWAZ,5 +AvaDup — dAWAaB> XoB (A.5Db)
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The contraction of two symmetric tensors in such a decomposition is
XYM = ExEy +dPxPy —20x 94 + T T . (A.6)

Now take X, = %((%(%,/T) + 0y (uy,/T)), so that 9, Stnon = —T(’il)'XW. For this X, the
coefficients in the decomposition (A.4) are readily evaluated to be

- T 71(9)\71/\ uo 1 orr ,qu - uy 1 n
Ex=qm Px=yTp S=ogp\lp T ) T =gt

Using the contraction (A.6), the divergence of the canonical entropy current is

T N .
Taﬂsganon = _(5 - G)T - (P —p)a)\u - ( T + T + u”) Qu - ia,ul/T“ .
So far we haven’t said anything about the constitutive relations. Now let us substitute the
definitions of the transport coefficients in (2.4), which gives

— 010t iy, + gowa“l’

L\ 2
T 2 (AP0, T)(A,50°T)

Tausganon = —€1 (T) — T2 (8)\“)\> — 0o T2 =

WA T

o (A7)

T
— (EQ + ﬂl)T&\uA — (91 + 92)
In the right-hand side of (A.7), each square in the first line is positive semi-definite.'> On
the other hand, the terms in the second line in (A.7) can be of either sign. A non-negative
entropy production BMS(’fanon > 0 for an arbitrary fluid flow amounts to n > 0, together
with demanding that the matrices

M, = ( —€1 —2(ea + 7?1)) M, = < —01 —1(0h + 92)) (A8)

—3(e2 +m) —T2 —2(61 + 62) —02

are positive semi-definite. Demanding that the principal minors are non-negative, it is
easy to see that M, is positive semi-definite only if 8; = 6> < 0. Similarly, M is positive
semi-definite only if £ < 0, 2 < 0, and 4e1m9 — (€2 + m1)2 = 0.

One may be tempted to take these constraints on €1 2, 71 2, 01,2 at face value. However,
doing so would be incorrect. These constraints follow by demanding that 8,,Sknon > 0 for
all solutions to the first-order hydrodynamic equations, both physical (small gradients)
and not (large gradients). If the entropy current is to have a physical interpretation, one
can only legitimately insist that 0,Sfmon = 0 is true for physical solutions only. Put
differently, we have found that a frame-independent entropy current constrains frame-
dependent quantities such as €1, so something is amiss with the argument. In order to fix
the problem, the derivative expansion has to be implemented for the on-shell quantities in
the right-hand side of eq. (A.7).

'5This is because A**9,T and 4" are transverse to u, and are therefore spacelike. Similarly, o, is
transverse to u”, and so in the coordinates in which u* = (1, 0) we have o,,0"" = 450" > 0.
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Recall that 8M5ganon > 0 is only supposed to be true for flows that satisfy first-order
hydro equations. The zeroth-order hydrodynamic equations give

T 5. ) ANOT
T~ v: ohu” + O(9%), T

where v2 = 9p/de = w/(Tde/OT). If we now use these in (A.7), we find

= —’du + 0(82) ) (Ag)

T0uStmon = (—m2 + v2( —ote)) (0x) + Loo + 00
w-”canon — 2 T Vg 62_‘_77-1) ’U8€1) AU + 20'#1/0‘ + ( )

The coefficients 61 and 65 drop out and do not appear in 8u5’é‘anon at 0(82). If we demand
that the right-hand side is positive semi-definite at O(9?) only (assuming that O(9%) terms
are much smaller and won’t change the sign of the entropy production), we find a more
relaxed set of constraints

n=0, —m+ v§(52+7r1) - vﬁel >0. (A.10)

This is consistent with identifying ¢ = (—ma+v2(e2+m ) —vie;) as the bulk viscosity (which
is frame-invariant), as discussed in section 2. As expected, the only constraints from the
entropy current at one-derivative order are n > 0 and ¢ > 0, i.e. positive viscosities give
rise to positive entropy production for physical solutions.

B Conformal theories

If the microscopic theory happens to be conformally invariant, the conformal symmetry
imposes constraints on the constitutive relations in hydrodynamics, see refs. [9, 33]. Let us
find the constraints on the transport coefficients in eq. (2.4) that follow from the conformal
symmetry, in D > 2 spacetime dimensions. In a conformal theory, the energy-momentum
tensor is traceless with Weyl weight D + 2, while the current has Weyl weight D. In other
words, under the Weyl rescaling of the metric g,, = 62‘1’@“,, we must have

N EPCILTY U T (B.1)

The conformal anomaly can be ignored in one-derivative hydrodynamics. The hydrody-
namic variables transform as u# = e ?u*, T = e~ T, ;1 = e~?[i. The three one-derivative
scalars s1 = T/T, sy = Vyu', s3 = u0\(u/T) transform as

s1=e"%(5 — 1), (B.2)
59 = e ?(39 + (D=1)11dx¢), (B.3)
s3=e?35. (B.4)

. . . BA
The one-derivative vectors v}’ =it =urV ut, vh = %, v = APAOy (/T transform as

ot = e 22 (o 4+ AP ONe) (B.5)
vff = e (3l — APAONG) (B.6)
vl = e 20 . (B.7)
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The one-derivative tensor o#*¥ transforms as
o = 3G (B.8)

Given the constitutive relations (2.2) and (2.4), the tracelessness of TH” implies & =
(D-1)P, or

€= (D—l)p, & = (D—l)ﬂ'i . (Bg)
Thus is a conformal fluid (9p/d¢),, = 1/(D—1), (Op/On)e = 0. The frame invariants f; in

eq. (2.10) then all vanish in a conformal fluid, and so does the bulk viscosity in eq. (2.15),
¢ = 0. At zero-derivative order, the scaling (B.1) implies

p(T, 1) =TPp(T/p),  n(T,p) =T 'n(T/p), (B.10)

where p, n are dimensionless functions of 7'/ At one-derivative order, the scaling (B.1)

implies
T = (D—l)ﬂ'g, V1 = (D—l)VQ, (B.ll)
01 = 02, =72, (B.12)
together with
m =T P mi(p/T),  0;=TP7'0:(/T), n=T"""n(u/T), (B.13)
vi =TP2u(p/T), v =T 2y(u/T), (B.14)

where again m;, 0;, 1, vi, 7; are dimensionless functions of p/T. Note that the rela-
tions (B.12) are consequences of extensivity (see section 2.2.1), and are true for non-
conformal fluids as well.

In particular, in an uncharged conformal fluid the most general one-derivative consti-
tutive relations (2.4) are determined by only four dimensionless numbers p, 71, 61, and 7,
so that

_ T V,\u)‘
T = TP=1 | pT =
(p Tmptmn

)@W+wa>
U
+6,7P! [(ﬂ“ + ATa)‘T> u” + (;u—n/)] - QTD_IU’“’ +0(0?). (B.15)

The stability and causality of this fluid in D = 4 dimensions was studied in ref. [19].
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