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ABSTRACT

In this dissertation, we consider a generalization of the historically significant
problem posed in 1850 by Reverend Thomas Kirkman which asked whether it was
possible for 15 schoolgirls to walk in lines of three to school for seven days so that no
two of them appear in the same line on multiple days. This puzzle spawned the study
of what we now call resolvable pairwise balanced designs, which balance pair coverage
of points within blocks while also demanding that the blocks can be grouped in such
a way that each group partitions the point-set. Our generalization aims to relax
this condition slightly, so that each group of blocks balances point-wise coverage but
each point occurs in each group o times (instead of just once). We call these objects
thickly-resolvable designs. Here we show that the necessary divisibility conditions for
the existence of thickly-resolvable designs are also sufficient when the size of the point

set is large enough. A few variations of this problem are considered as well.



Contents

[Supervisory Committee]

[Abstract]

[I'able of Contents|

IList of Tables|

[List of Figures|

[Acknowledgements|

(1 _Introduction|

2 Background|
[2.1  Graph Decompositions| . . . . . . ... ... ... ... ...

[2.2  Combinatorial Configurations| . . . . . ... .. ... ... .. ... ..

[2.3  Group Divisible Designs and Frames| . . . . . .. ... ... ... ..

[3 Coloured Graph Decompositions and o-Frames|

[3.2 Necessary Conditions for o-Frames . . . . . . . ... ... ... ...

[3.3  Graph Decompositions and o-Frames| . . . . . . . ... .. ... ...

BT AdMSSIDITEY « « o o o oo

[4  Thickly Resolvable Constructions|

5 __Main Proofl
.1 A First Example] . . . . . ... o000

v

ii

iii

iv

vi

vii

viii

14
14
20
22

29
29
31
33
35
36
39

43

49



[6 Applications, Extensions and Conclusion|

[6.1 Designs with Holes| . . . . . . ..
(6.2 Thickly Resolvable GDDs| . . . .
[6.3  "Thickly Resolvable Graph Designs|
G S T Directions

(Bibliography|

51
52
53

55
95
58
61
65

67



vi

List of Tables

Mable 11 APBD(IL I35 1) - - o o o ooee oo 3
[Table 1.2 A 3-Resolvable PBD(13,3) . . . . ... ... ... ... ..... 11
[Table 1.3 A 3-Resolvable PBD5(10,3)| . . . . ... ... ... ... .... 12
[Table 2.1 A GDD(10, {3,4}) of type 3°1% . . . ... ... ... ... ... 22
[Table 2.2 A RGDD(9,3) of type 3% . . . . . . . ... ... ... .. .... 25

[Table 2.3 A ({3},1)-Frame of type 2% . . . . . ... .. ... ... . ... 26




vii

List of Figures

[Figure 1.1 The Fano Plane: A PBD(7,3)[. . . . . . . ... ... ... ... 2
[Figure 1.2 The Affine Plane of order 3: A PBD(9,3)[ . . . ... ... ... 6
[Figure 1.3 A Resolvable PBD(10,2)|. . . . . .. ... ... ... ... ... 7
[Figure 1.4 2-Resolvable PBD(9, 3) constructed using the method outlined |

in Example [1.14] . . . . . ... oo 10
[Figure 1.5 2-Resolvable PBD(7,2) constructed using the method outlined |

in Example[1.16| . . .. ... o000 10
[Figure 2.1 K, edge-decomposed into two paths £f. . . . . . . .. ... .. 15
[Figure 2.2 A Resolvable Ky edge-decomposed into paths Ps| . . . . .. .. 18
[Figure 2.3 A Resolvable PBDo(4,Cy) . . . . . . . . ..o oo 19
[Figure 2.4 A Resolvable PBDo(8,Cy) . . . . . . . . . ..o oL 19
[Figure 2.5 A (105, 1053)-Configuation - A Non-Desargues Configuration.| . . 21
[Figure 3.1 A Non-Admissible Family of Graphs| . . . . . . ... ... ... 31
[Figure 5.1 A (159, 103)-Configuration| . . . . . . . . .. .. ... ... ... 50
[Figure 5.2 Gaol . . . . . ..o 50




viii

ACKNOWLEDGEMENTS

First and foremost, I would like to thank my advisor, Peter Dukes, for his never-
ending support. I'm sure I didn’t make things easy for him, but he never let it show.
I could not have done this without his mentorship and timely words of encouragement
and cannot thank him enough.

I would also like to thank my entire committee for taking the time to carefully
read my dissertation and make suggestions to improve it. In addition, I would like
to personally thank Frank Ruskey for lightening the mood at the defence with his
funny story, David Pike for pointing out an application of my main result as well as
his many other interesting ideas, and Kieka Mynhardt for practically forcing me into
graduate school, probably the best peer-pressured decision I ever made.

To all the members of the Department of Mathematics and Statistics as well as
the Learning and Teaching Centre, it’s been a long journey, thank you for making it
such an enjoyable one. In particular, I would like to thank Jane Butterfield for her
compassion and support and for being more of a friend than a boss.

My most grateful thanks goes to my closest friends, some of which have just en-
tered my life within the past year. First, Kailyn and Kseniya, you guys are my sugar
and spice. Thank you so much for always being there and for your all your love and
support (even when it was tough love, it was always exactly what I needed). Colin,
you entered my life at exactly the right time and I want to thank you for making such
an impact so quickly and for making finishing seem possible. Charlie, Dina and Tom,
thank you so much for keeping me sane and distracting me when my stress levels
reached record highs. Brendan, thank you for believing in me when I didn’t believe
in myself and for being there for me through thick and thin.

A big thanks to the Washbrook family for many years of support and encourage-
ment and for being the best second family a girl could ever ask for.

To my family, there are too many of you to thank everyone individually, but you
have all played a very important role in my life and I am very lucky to have each
and every one of you. Thank you for everything you do and not letting me quit when
things got tough.

Finally, for those that were not able to complete this entire journey with me, your

love and support was with me the whole time and will never be forgotten.



Chapter 1
Introduction

In 1844 the following question was posed by W. S. B. Woolhouse in the Lady’s

and Gentlemen’s Diary:

How many triads can be made out of n symbols, so that no pair of symbols

shall be comprised more than once amongst them? [49]

A solution to this problem was published by Reverend Thomas Kirkman in 1847 in
[28] which showed how to construct an example of such a system whenever n = 1,3
(mod 6). He also noticed in some cases that the 3-sets of symbols could be grouped so
that each grouping partitioned the n symbols; and so, in 1850, he decided to submit

the following puzzle, a version of this problem for the case when n = 15:

Fifteen young ladies in a school walk out three abreast for seven days in
succession: it is required to arrange them daily, so that no two shall walk

twice abreast. [29]

This puzzle, known as the Kirkman Schoolgirl Problem, generated much interest, es-
pecially within the mathematical community, and is thought to be the origin of the
study of what we now call resolvable designs. We will now define these objects in
more generality.

A pairwise balanced design with parameters v, K, and A, or PBD, (v, K), is a pair
(V,B), where V is a v-set of points, K is a set of positive integers, B is a collection
of subsets of V' whose cardinalities belong to K (the subsets are called blocks), and
such that every pair of distinct points occur together in exactly A\ blocks of B. Notice
that we refer to B as a collection of blocks rather than a set because blocks may be

repeated. The parameters v, k, A are often called the order, block size, and index,



respectively. When K = {k}, we write PBD,(v, k) or BIBD(v, k, A) since these are
also known as balanced incomplete block designs when the block size is constant. Also,
we will often omit the index A when it equals 1. Throughout this dissertation, we
will mainly be interested in designs with constant block size.

Independent of Kirkman’s earlier work, in 1853 in [40] Jacob Steiner also intro-
duced and studied designs with constant block size 3 and index 1 and, as his work
was better known at the time, these objects were named in his honour. Thus, a

PBD(v,3) is more commonly referred to as a Steiner triple system of order v and
denoted STS(v).

Example 1.1. Here we present a PBD(7, 3), also known as an STS(7), which (up to

isomorphism) is unique and is the smallest non-trivial PBD:

vV = {0,1,2,3,4,5,6} and
B = {{0,2,6},{1,2,4},{1,3,6},{2,3,5},{0,1,5},{0,3,4},{4,5,6}}.
There is a useful representation of this PBD called the Fano Plane or the projective

plane of order 2; see Figure . The blocks are the lines (including the circle) of the

diagram.

Figure 1.1: The Fano Plane: A PBD(7,3)

Since Kirkman’s first work in this area, people have wondered for what values
of v does a PBD,(v, k) exist. As Kirkman (and Steiner) proved, this question is
completely settled when £ =3 and A = 1.

Theorem 1.2. An STS(v) exists if and only if v =1 or 3 (mod 6), v > 1.



We now turn our attention to more general block sizes.

Example 1.3. Below is an example of a PBD(11,{3,5}) with two different block
sizes, 3 and 5. In fact, since this PBD has exactly one block of size 5, it is often
denoted as a PBD(11, {3,5*}).

| A PBD(11, {3,5}) |
{167} {1811} {1,9,10}
{268} {2,79} {2,10,11}
{3,6,9y {3,7,11} {3,8,10}
{4,6,10} {4,78} {4,911}
{5,6,11} {5,7,10} {5389}
{1,2,3.4,5}

Table 1.1: A PBD(11,{3,5*})

The existence question for a set of block sizes K (or even just a general block size
k) is much more challenging. There has been quite a lot of work done here, but with
the exception of various small or special (sets of) block sizes, in general there are no
necessary and sufficient conditions that guarantee PBDs exist.

There are necessary conditions on v however that must be satisfied in order for a
PBD, (v, K) to exist.

First, each block of size k covers (g) pairs of points and since we need to cover

each of the (;’) pairs exactly A\ times each, we must demand that
A(w—1)=0 (mod B(K)), (1.1)

where B(K) = ged{k(k—1) : k € K}. This condition is often referred to as the global
condition since it guarantees the overall average number of blocks covering each pair
of points is an integer.

We also need to ensure that it is possible for a point to appear within some block
with all v — 1 other points exactly A times each. Since each time a point is included

within a block of size k, it appears with £ — 1 other points, we need
AMv—1)=0 (mod a(K)), (1.2)

where a(K) = ged{k — 1 : k € K}. This is usually referred to as the local condition



since it focusses on pair coverage at a particular point.

Notice when K = {k}, these conditions simplify to Av(v —1) =0 (mod k(k —1))
and AM(v —1) =0 (mod k — 1), respectively.

As done in Theorem for k = 3, Hanani proved in [23] that the congruences
given in and (|1.2) are not only necessary, but also sufficient for k¥ = 4. He was
also able to prove the congruences are sufficient for £ = 5 for all admissible values
except (v,k,\) = (15,5,2) in [24]. The non-existence of a PBDy(15,5) was a fact
discovered in 1945 by Nandi in [34].

Although these two conditions are not in general sufficient for the existence of a
PBD, (v, K), they are known to be ‘asymptotically’ sufficient. In other words, when v
is large enough (bigger than some constant vo( K, A)) these designs exist for all values
of v satisfying the necessary arithmetic conditions. Richard M. Wilson was the first
to carefully consider the question of asymptotic existence of designs and has since
settled asymptotic existence for many types of designs. Wilson’s Theorem 1 in [45]

was a monumental result of this type.

Theorem 1.4. [45] Given a set K of positive integers and a positive integer \, there
exists a PBD(v, K, \) for all sufficiently large integers v satisfying (L.1)) and (1.2).

Another important necessary condition for the existence of a PBD, (v, k) is known
as Fisher’s Inequality and is stated below in Theorem [I.5]

Theorem 1.5. In any PBD)(v,k) we must have b > v, where b = ’\k“(g:__ll)) is the

number of blocks in the design.

We would like to note that it is possible for parameters v, k, and X to satisfy the
global and local conditions, while failing the one given in Theorem [1.5] For example
see Example [1.06]

Example 1.6. Consider the parameters (v, k, \) = (16,6, 1). It seems possible from

(1.1) and (1.2)) for a PBD(16,6) to exist, since
AMv—1)=15=0 (modb) and AIv(v—1)=240=0 [(mod 30);

however,
_Mw(v—1) 240

k(k—1) 30
Thus, Theorem is not satisfied so there does not exist a PBD(16,6).

b



In general, the necessary conditions given in , , and Theorem are not
also sufficient (although Fisher’s inequality is always satisfied when v is sufficiently
large).

We would like to mention that there are numerous ways to extend the idea of pair-
wise balanced designs, some of which will be discussed in detail in Chapter 2 One
particular extension, beyond what is needed in this dissertation, is that of a ¢t-design.
Here we ask that every t-set of elements occur exactly A times (so pairwise balanced
designs are equivalent to 2-designs). Not much was known about this extension until
2014 when Keevash proved a generalization of the existence result given in Theorem
for constant block size k and higher values of ¢ using randomized algorithms and
probabilistic algebraic constructions. In this dissertation, we will only be concerned
with the t = 2 case.

Many designs have additional structure. Even the problem that Kirkman posed
in 1844 asked for more than just balanced pair coverage; the solution had to be able
to partition the girls into groups of 3 each day. The designs given in Example and
Example|l.3|do not boast the extra structure that Kirkman asked for in his schoolgirl
problem; namely, the blocks cannot be grouped in such a way that each group parti-
tions the point set. This can be seen easily in Example by noting that each block
intersects every other block in exactly one point and in Example that the block of
size b intersects all other blocks. A design satisfying Kirkman’s schoolgirl property is
called resolvable and a grouping of blocks partitioning the point set is called a parallel
class or resolution class. This concept is also studied in finite geometries, especially
in 3-dimensional projective space. In this context, resolvability is studied under the
term parallelism and resolution classes of lines are known as spreads.

Kirkman’s schoolgirl problem is an example of a resolvable PBD(15, 3), or equiv-
alently a resolvable STS(15), and in [28] he exhibited a solution for the 15 girls.
However, the problem remained open for v girls until 1971 when Ray-Chaudhuri and
Wilson showed that resolvable triple systems exist whenever v = 3 (mod 6) (stated
below). Resolvable Steiner triple systems are now often referred to as Kirkman triple

systems.

Theorem 1.7. [35] A resolvable STS(v) exists if and only if v=3 (mod 6), v > 3.



Example 1.8. Here we present an example of a resolvable STS(9) (or Kirkman Triple
System of order 9), which we know exists by Theoreom .

V = {1,2,3,4,5,6,7,8,9} and

{1,2,3}, {1,4,7}, {1,5,9}, {1,6,8}, {2,4,9}, {2,5,8},
{2,6,7}, {3,4,8}, {3,5,7}, {3,6,9}, {4,5,6}, {7,8,9} |

As in Example[1.1] this PBD can also be represented diagrammatically; see Figure

[[.2 The blocks of each parallel class are drawn in the same colour. Despite having

v

Figure 1.2: The Affine Plane of order 3: A PBD(9, 3)

a complete existence result for the k£ = 3 and A = 1 case, the existence question for
larger values of k£ and A\ remained open until 1973, when D.K. Ray-Chaudhuri and
R.M. Wilson made some progress by proving the necessary conditions were asymp-
totically sufficient in v for arbitrary values of k with A = 1; their result is stated
below as Theorem [I.9] Since resolvable designs are simply designs containing extra
structure, the parameters must still satisfy and ; however, to ensure we are

able to partition the v points into blocks of size k we must also require that
v=0 (mod k). (1.3)

This congruence is referred to as the resolvabilty condition. Notice, in the K = {k}
case, the local condition, A(v —1) = 0 (mod k — 1), and the resolvability condition,
v =0 (mod k), together imply the global condition; and so, the global condition is
often omitted. Also, when A\ = 1, the local and resolvability conditions can be more

succinctly written as v = k (mod k(k — 1)).



Theorem 1.9. [36] Let k > 2 be an integer. For sufficiently large v, there exists a
resolvable PBD(v, k) if and only if v=k (mod k(k — 1)).

In 1984, J.X. Lu extended this result in [32] to allow for arbitrary values of the
index A.

Another necessary condition, which is similar to Fisher’s Inequality (Theorem
[1.5), was found in 1942 by Bose.

Theorem 1.10. If there ezists a resolvable PBDy(v, k), then b > v +1r — 1.

We again note that these necessary conditions for the existence of a resolvable
PBD are not in general sufficient. However, Theorem gives a necessary and

sufficient condition for the existence of a resolvable PBD(v, 2).

Remark 1.11. A PBD(v, 2) could be constructed trivially by taking each of the (;)
pairs as its own block. However, the extra resolvability condition results in a more

difficult and interesting concept, namely that of a 1-factorization.

Theorem 1.12. A resolvable PBD(v,2) exists if and only if v is an even integer and
v > 2.

The resolvable PBDs in Theorem [L.12] can be constructed for all even values of
v = 2n by using the patterned starter {0,00},{1,—1},{2,—-2},...,{n — 1,n} on the
points of Zsy, 1 [J{oo} and developing modulo 2n — 1. This can be seen in Figure
for v = 10.

0
1 ¢ 8
o o

2 @ P

[ )
o0
3® ®s
4 5 Ko

Figure 1.3: A Resolvable PBD(10, 2)



The k£ = 3 case was settled by Ray-Chaudhuri and Wilson, stated above as Theo-
rem[L.7] Later, in [25], Hanani et al. settled the k = 4 case and showed that resolvable
PBD(v, 4)s exist whenever v =4 (mod 12).

In this dissertation, we will be interested in a parameterized weakening of resolv-
ability. Here we will focus on designs with the additional property that blocks can be
resolved so that each class covers every point of V' exactly o times. More precisely, we
say that a o-parallel class in a PBD (V, B) is a sub-collection of blocks A such that
every point of V' belongs to exactly o blocks in A and we refer to o as the thickness
of the class. Then, a PBD,(v,k) (V,B) is o-resolvable if B admits a partition into
o-parallel classes. We will also refer to o-resolvable designs more generally as thickly
resolvable designs.

In the spirit of Kirkman’s schoolgirl problem, a scenario where thickly resolvable
designs would be useful is a meeting where v countries each send o delegates. In each
time slot, each representative must attend a caucus meeting containing k delegates
and each country must have a representative attend a caucus meeting with a repre-
sentative from each other country exactly A times. A o-resolvable design on v points,
block size k, and index A\ would give such a schedule.

Before we discuss the necessary conditions and results for o-resolvable designs, we
would like to note that most authors on this topic use the parameter « in place of
o to denote the thickness of each class. We have chosen to use o instead to avoid
conflict with the standard parameter o(K) = ged{k — 1 : k € K}, first introduced in
[43] within the necessary conditions of PBDs with multiple block sizes from a set K.
Since we chose to make use of this meaning for «, we have elected to use o for the
class thickness.

The necessary divisibility conditions for the existence of a o-resolvable design are
given in and , and are easy extensions of the necessary conditions for re-
solvable designs (where o = 1) given above. For the resolvability condition here we
need to ensure that we can cover, counting multiplicity, ov points (each point in V' o

times) using blocks of size k, yielding the condition
ov=0 (mod k). (1.4)

This can also be thought of as counting the number of blocks in each o-parallel class,
which obviously must be an integer.

For the local condition, we want to make sure that it is (numerically) possible for



a point v to occur with each other point in V' within exactly A blocks. Each point
v € V must occur with exactly A\(v — 1) other points (including multiplicity) and in

each o-parallel class v will appear within a block with o(k — 1) other vertices (k — 1
Av—1)
o(k—1)

vertices in each of the o blocks containing v); thus, counts the o-parallel classes

and we must demand that
AMv—1)=0 (mod o(k—1)), (1.5)

so that the number of o-parallel classes is an integer. Or equivalently, we must have
A(v—1)

that o divides the replication number r = =—

, the number of blocks containing a
specific point.

As in the 0 = 1 case, these two conditions together imply the third (global)
condition, Av(v — 1) = 0 (mod k(k — 1)), which results from the fact that we need

v

2) pairs of points using only blocks that each cover (g) pairs of

to cover each of the (

points.

Example 1.13. One Thick-Parallel Class.
Our first example is not particularly enlightening, but we would like to note that all
designs are r-resolvable; that is, if we put all the blocks into one class, each point will

occur 7 times (since r is the replication number of the design).

Example 1.14. Resolvable PBDs.
One way to construct examples of thickly-resolvable designs for ¢ > 1 (perhaps
uninterestingly) is to use resolvable designs in which the number of parallel classes
is a multiple of our desired thickness. Here we can merge the parallel classes so that
each aggregate has o of the classes. Each original parallel class will contribute one
occurrence of each point; and hence, this will result in a o-resolvable design

For instance, we can group the 4 parallel classes of the resolvable PBD(9, 3) given
in Example [1.8 so that each group contains the blocks of 2 of the classes to obtain a
2-resolvable PBD(9, 3). In Figure[1.4] we show the 2-resolvable PBD(9, 3) that results
by converting the four parallel classes of the resolvable PBD(9, 3) in Example|1.8|into

two 2-parallel classes (so that each point appears in exactly 2 blocks of each 2-class).

We would like to note that despite the construction method used in Example
1.14) o-resolvable designs cannot always be constructed using a resolvable design
with the same parameters. In fact, thickly-resolvable designs might be most useful

for parameter choices in which a resolvable design is not arithmetically possible.
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Thick-resolvability enables us to generalize resolvability and obtain designs that are

‘close’ to resolvable.

Remark 1.15. Another possible weakening of resolvability is to consider the chro-
matic index of designs. A design is said to be s-block-colourable if it is possible to
colour the blocks using s colours so that no two intersecting blocks receive the same
colour. Then, all blocks of a common colour would form a partial resolution class
(usually referred to as a chromatic class). The minimum number of colours required
to colour all the blocks in this way is referred to as the chromatic index and the de-
sign would be resolvable if and only if the chromatic index is equal to the replication
number of the design (the number of parallel classes). For Steiner triple systems,
partial colour classes of nontrivial thickness have been considered in the literature as
‘block colourings of type 7', where 7 is an integer partition of the replication number;
see [10] for details.

Example 1.16. Resolvable Cycle Decompositions.

A 2-resolvable PBD, (v, 2) is equivalent to a resolvable decomposition of the complete
graph on v vertices with A edges between every pair of vertices, K7, into cycles. We
use each edge of a cycle in the decomposition as a block of the design and we group all
the edges resulting from cycles in each parallel class of the decomposition together to
make our 2-parallel classes. Figure shows a decomposition of K7 into Hamiltonian
cycles (cycles passing through every vertex exactly once). The edges of each coloured
cycle in Figure make up a 2-parallel class in a 2-resolvable PBD(7,2).

. Figure 1.5: 2-Resolvable PBD(7,2)
Figure 1.4: 2-Resolvable PBD(9, 3) constructed using the method out-

constructed using the method out- lined in Examnle T 16
lined in Example ple[L.1G
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Resolvable cycle decompositions are also related to the famous Oberwolfach Prob-

lem, which asks whether it is possible to seat an odd number m of mathematicians at

m—1
2

actly once if the n round tables are of sizes kq, ko, . .., k, (with ky + ko +-- -+ k, = m).

n round tables in meals so that each mathematician sits next to everyone else ex-
A resolvable cycle decomposition would be equivalent to such a seating arrangement
where we decompose K, into cycles of length &y, ks, . .., k, in which one cycle of each
length is used in each parallel class. The cycle decomposition given in Figure (1.5
gives a solution to the Oberwolfach Problem when there are seven mathematicians

and one round table for them all to sit at.

Example 1.17. Cyclic PBDs.

A k-resolvable PBD(v, k) can be obtained from a cyclic PBD(v, k) (that is, one pos-
sessing a transitive cyclic automorphism) in which no base block has a short orbit.
In other words, there are k unique translate blocks for each base block. We develop
each of the base blocks additively modulo v with each resulting in a k-parallel class
since each point is a translate of each of the k£ elements of the base block and so will
appear in exactly k£ of the developed blocks.

For example, we could start with the cyclic PBD(13,3) with two generator blocks:
{1,3,9} and {2,5,6}. When we additively develop these base blocks modulo 13, each
one results in a 3-parallel class. So this will yield a 3-resolvable PBD(13,3) that has
two 3-parallel classes. To see this more explicitly, in Table we have written out
the blocks grouped in their 3-classes.

| Blocks of a cyclic PBD(13, 3) |
{1397 124,10} || {256} {3.6.7}
(35,11} {4612} || {478} {589}
(5700 {681} | {6910} {7.10,11}
{792} {8103} | {81112} {9,12,0}
{9114} {10,12,5} || {10,0,1}  {11,1,2}
(11,06} {12.1,7} || {1223} {0,3.4}
{0,2,8} {145}

Table 1.2: A 3-Resolvable PBD(13, 3)
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Example 1.18. Computer Generated.

Table gives the blocks of a PBD,(10, 3) found by Royle (and presented in [26]),
where the groups of two columns partition the blocks into 3-parallel classes, making
this design 3-resolvable. In fact, Royle showed that each of the 960 two-fold triple
systems on 10 points (i.e. PBD4(10, 3)s) are 3-resolvable!

| Blocks of a PBD,(10, 3) |
{0,1,2} {2,6,7} [ {0,2,3} {3428} ] {0,3,1} {1,5,9}
{0,4,5} {359} || {0,5,6} {1,6,7} || {0,6,4} {2,4,8}
(0,78} {3,6,8} || {0,8,9} {1,499} | {0,9,7} {2,5,7}
{124} {3,79} || {2,3,5} {187} | {3,1,6} {2,9,8}
{158} {4,699} || {2,6,9} {547} | {3.4,7} {6,538}

Table 1.3: A 3-Resolvable PBD(10, 3)

There has not been a lot of progress made on the existence question for thickly-
resolvable designs with ¢ > 1. Analogous to the o = 1 case, the first results in this
area were for designs with block sizes three and four.

In 1991, Jungnickel, Mullin, and Vanstone showed in [26] that there exists a o-
resolvable PBD, (v, 3) for all choices of v, 0, and \ that satisfy and except
when v =6, 0 =1 and A =2 (mod 4).

A similar result was proved by Vasiga, Furino, and Ling in [42] for thickly-
resolvable designs with blocksize 4, except this time with only one exception: v = 10
where A = ¢ = 2. Both the results in [26] and [42] were proved using frames and
some small constructed examples. We will discuss frames in Chapter [2] and use them
throughout the dissertation.

The main goal of this dissertation is to prove that o-resolvable designs exist asymp-
totically in v whenever it is admissible for a given choice of k, A\, and o. Here is the
statement of our main result. This work has appeared as published work with Dukes
and Ling in [15].

Theorem 1.19. [I5] Let k > 2, 0 > 1, and X\ > 0 be integers. There exists a o-
resolvable PBDy(v, k) for all sufficiently large v satisfying (1.4) and (1.5)); that is,
ov =0 (mod k) and A(v —1) =0 (mod o(k — 1)).

We say that the integers v satisfying (1.4) and (1.5 are admissible for the par-

ticular choice of o, k, and A. Also, for convenience, we will use the variables
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o(k—1)
ged(o(k—1),X)

more succinctly as

a = and b = p k j SO that our necessary conditions can be written

d(k,o

(mod a) and

1
v = 0 (modbd).

Taking advantage of this rephrasing, we can assume that a and b are relatively prime
integers, since otherwise there are no admissible v values for that choice of parameters.
Thus, the admissible orders v will be periodic with least period = = ab.

Our proof of Theorem [1.19| uses asymptotic existence theories for combinatorial
configurations, resolvable graph decompositions, and frames. The background for
these structures will be discussed in Chapter 2l Then in Chapter [3] we focus on one
very powerful result by Lamken and Wilson in [30] on coloured graph decompositions,
which we apply in order to prove the asymptotic existence of o-frames (a very crucial
component within the proof of Theorem . In Chapter 4 we discuss non-uniform
o-frames and adapt a couple of classical constructions within design theory to include
the parameter o. Chapter [5is where the proof of Theorem can be found. We
begin by constructing our first examples of thickly-resolvable designs using resolvable
graph decompositions with a graph cleverly constructed making use of combinatorial
configurations. In Section [5.2] we use o-frames to obtain examples in each admissible
congruence classes modulo a large period. These are extended in Section to close
out each congruence class, making use of non-uniform o-frames, and obtain eventual
periodicity modulo ab. In Section [5.4, we put all these pieces together to prove
Theorem [I.19] Finally, in Chapter [6] we discuss a few applications and extensions of
Theorem [1.19] including an application to incomplete designs as well as extending to

group divisible designs and graph designs.
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Chapter 2
Background

In this chapter we will consider some generalizations of pairwise balanced designs;
specifically, we will focus on the ones that we will use within the proof of Theorem
.19

2.1 Graph Decompositions

In this section, we present our first generalization of pairwise balanced designs,
where we allow blocks to cover only some of the pairs of points they contain. We
make use of graphs to show which pairs will be covered (and which will not) for each
block.

Definition 2.1. A G-decomposition (or G-design) of order v and index X is a pair
(V,B), where V' is a set of points, B is a collection of graphs on vertices in V', where
each is isomorphic to GG, and such that every unordered pair of points in V' is an edge

of exactly A graphs in B. The members of B are called G-blocks.

In other words, a G-decomposition is an edge-decomposition of K (the A-fold
complete graph on v vertices) into graphs each isomorphic to G. In a G-block, only
pairs of vertices with an edge between them will be ‘covered’. Consequently, when
G = Kj, a G-decomposition is a equivalent to a PBD,(v,k) and because of this
connection we will abbreviate a G-design of order v and index A to a PBD, (v, G). In
this context, we can also interpret a PBDy (v, K) as a partition of the edge set of K
into k-cliques where k € K.

Notice that Example is an example of a K3-decomposition of K7 and this can

be seen pictorially as in Figure |1.1] except with triangles instead of the lines.
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Example 2.2. When v is odd, K, admits an Eulerian trail. If additionally, (;) is
even, then such a trail can be cut up into copies of P3, the path on two edges, resulting

in a PBD(v, P3).

Example 2.3. If we think of a PBD(v,4) as an edge-decomposition of K, into copies
of K4, then we can break up the K -blocks into 2 copies of the path P, on three edges,

as can be seen in Figure [2.1}

Figure 2.1: K, edge-decomposed into two paths Py

Example 2.4. Walecki Hamiltonian Decompositions.

In a classical result of graph theory, Walecki showed when v is odd that K, can be
decomposed into Hamiltonian cycles. See [I] for details into the construction Walecki
used. Figure|l.5is an example of such a decomposition. In Example |1.16 Figure [1.5
is an example of a 2-resolvable PBD(7,2) where the blocks are the edges. Here, we
use each Hamilton cycle as a Cr-block, so this is also a PBD(7, C7).

The arithmetic necessary conditions for a PBDy(v, k) can be derived using this
framework. First, for the global condition (given in but with K = {k}), we note
that there are )\(72’) edges in K} which must be partitioned into blocks each containing
(g) edges. To obtain the local condition in , we note that we must be able to
write the degree at a vertex in K}, A(v — 1), using blocks each using k — 1 edges at
a vertex.

For general graphs, these necessary conditions are a bit more complicated. Sup-
pose we want a (G-decomposition for a simple graph G with k vertices, e edges, and
vertex degrees dy, ds, ..., d;. First, because we need to partition the number of edges

of K into graphs isomorphic to G (so each having e edges), we must demand that

M(v—=1)=0 (mod 2e); (2.1)
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thus, obtaining our global condition.
Second, for the local condition, we need to make sure that the degree of a vertex
in K can be comprised of degrees in G; and so, we need to be able to write A\(v — 1)

as a positive integral linear combination of degrees in GG. In other words, we need
AMv—1)=0 (mod g) (2.2)

where ¢ is the greatest common divisor of the degrees in G. We would like to point
out that when G is d-regular, (2.2)) simplifies to A(v — 1) = 0 (mod d); thus, when
G = K}, this is equivalent to (|1.2)) for constant block size k.

Example 2.5. In contrast to Example for v even (and A = 1) there cannot be a
Hamiltonian decomposition of K, since (2.2]) demands that v =1 (mod 2).

Example 2.6. Consider G = K, \ {e}, the complete graph on 4 vertices minus an
edge. For this G we have k = 4, e = 5 and degrees 2 and 3. Thus, the necessary

conditions for this graph become
Av(v—1)=0 (mod 10) and A(v—1)=0 (mod 1).

Notice that the local condition here is satisfied trivially for all v (whereas, in the

clique case, we would need to ensure 3 | A(v — 1)).

There are some known results for particular graphs G, especially when G is a

cycle, path or tree.

Theorem 2.7. [2,38] For A = 1,2 and m > 3, there exists a PBD\(v,C,,) if and
only if v satisfies (2.1) and (2.2)).

Theorem was proved in two papers. In order to decompose into cycles, the
necessary conditions demand that v be odd (since cycles are 2-regular graphs). It
was shown by Alspach and Gavlas that such decompositions exist whenever the cycle
length is odd in [2] and the even length cycle case was completed by Sajna in [38].

Wilson considered this connection between designs and graph decompositions and
wondered if it was possible to get an asymptotic existence theory of graph decompo-
sitions for any graph G. It did not take him long to prove Theorem [2.8] and settle
the asymptotic existence of G-decompositions with A = 1. This is among Wilson’s

most famous results.
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Theorem 2.8. [48] Given a graph G with k vertices, e edges, and degrees dy,ds, . . ., dy,

there exists a G-decomposition of K, for all sufficiently large values of v satisfying
(2.1) and (2.2) with A\ = 1.

We would like to point out when G has no edges (e = 0) that forces either
v=1or A =0. Also, Theorem for the case of a general index A\ was settled by
very similar methods, although not explicitly contained in [48].

We can also define resolvability in this context: a G-decomposition of K7} is said to
be resolvable when the G-blocks can be grouped so that each set of blocks partitions
the vertices of K. Analogously, each set of vertex-disjoint G-blocks that span the
vertices of K is called a parallel class.

As in the PBD case, this extra structure adds an extra necessary condition. The
resolvability condition here is that the number of vertices of G must divide the number

of vertices in K} so that a single parallel class is possible; hence, we must have that
v=0 (mod k). (2.3)

However, in addition to this extra divisibility constraint, there is a new phe-
nomenon that occurs with the local condition. We must ensure that the design is
equireplicate; that is, each vertex must be incident with the same number of G-blocks
in the design. We will refer to this number as the replication number. The number
of parallel classes must equal the replication number, since a vertex will appear in
exactly one G-block within each parallel class.

There are )\(g) edges in K and each G-block accounts for e of them; thus, a G-
decomposition has %(12’) G-blocks in total. Now, the number of GG-blocks per parallel
class is 7, so, by dividing, there must be W parallel classes. Since this necessarily
equals the replication number of the design, we need this many vertex degrees in G

to make up A(v — 1), the degree in K. This means we need

dl.Tl + dQZCQ + 4 dkﬂ?k = )\(’U — 1)

Mo —1)k

and T+ T+t =
2e

to have simultaneous integer solutions z;. Or equivalently, we must demand that

AMv—1)=0 (mod a™), (2.4)
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where o* is the least positive integer A such that

= 1

Observe that, for d-regular graphs, we will have a* = d since the sum of the degrees
is kd = 2e, so taking A = d is the smallest integer in which % is an integer and |D
is satisfied. Thus, when G = K}, (2.4) simplifies to the congruence given in (|1.2)) for
PBDs.

We would also like to note that A = 2e satisfies ([2.5]) since the sum of the degrees

in a graph is equal to twice the number of edges; thus, we have that a* | 2e. Now,

da

A Z+ L+ +

dy,
1 ] Z. (2.5)

since 2e is a solution, we know that the ideal of solutions generated by a* is nonempty.
In addition, since 2e can be written as an integral linear combination of the degrees
in G, we must have that the ged{d; : i = 1,2,...,k} | 2e. Also, since it is an integral
span in , the equation resulting from the first coordinate implies that o* must be
an integral linear combination of the degrees in GG; and hence, a* must be divisible by
the greatest common divisor of the degrees. The equation resulting from the second
coordinate in guarantees that 2e | a*k. This divisibility clearly implies that
be satisfied since o* | A(v — 1) and k | v.

Example 2.9. A Resolvable PBD(9, P).

There is a resolvable decomposition of Ky into paths P; on two edges. In Figure 2.2]
we give two parallel classes each consisting of three copies of P;. We can develop
each of them horizontally twice to obtain two other parallel classes. Together these

six parallel classes account for all edges of K.

Figure 2.2: A Resolvable Ky edge-decomposed into paths P
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Example 2.10. No Resolvable PBD(v, Cy).
Notice Cy has k = 4 vertices, e = 4 edges, and is regular of degree 2. Thus the

necessary conditions are
v=0 (mod4) and v—1=0 (mod 2).

The first condition implies that v must be even, while the second gives v odd; thus,
there are no values of v that satisfy both congruences. Note that this is not the case
for other values of A\, and in fact, there is a resolvable PBDy(4, C,) and a resolvable
PBD,(8,Cy). In Figure [2.3| we exhibit an example of a resolvable PBDy(4, Cy) with
each of the three resolution classes depicted in their own colour. Figure [2.4]shows the
(4 blocks of one parallel class of a resolvable PBDy(8, Cy). The other parallel classes

are simply translates modulo 7 of the one shown.

Figure 2.3: A Resolvable PBD,(4, Cy) Figure 2.4: A Resolvable PBDy(8, Cy)

Example 2.11. We refer to Example [2.6] and see how resolvability affects the neces-
sary conditions when G = K, \ {e}. Here we need v =0 (mod 4) and A(v —1) =0

(mod a*) where a* is the least positive integer A so that

2 3

A

7 + Z.

1
2
5

Since this is an integral span, we must have A > 5. And since

HRHEHEH!

(SR
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A = 5 is the smallest such solution; thus, a* = 5. So, in order for a resolvable
PBD, (v, G) to possibly exist we must have Av(v — 1) =0 (mod 20).

Asymptotic existence of resolvable graph designs remained open until 2007 when
Dukes and Ling were able to show that (2.3)) and (2.4) were asymptoticly sufficient

conditions.

Theorem 2.12. [14] Let A € Z,\ > 0. Suppose G is a graph with k vertices, e
edges with no multiple edges and degree sequence di,ds,...,dy. Then there exists a
resolvable G-decomposition for all sufficiently large values of v satisfying (2.3) and

Z39).

The proof of Theorem [2.12| used the existence theory of equireplicate G-designs
proved in [I6] and also adapted a clever construction idea of Rolf Rees from [37].

Another important result in the area of graph decompositions is that of Lamken
and Wilson in [30]. We will wait to discuss this result in more detail in Chapter [3)
where we will also use it to prove the asymptotic existence of o-frames (defined in
Section which will be crucial in the proof of Theorem m

2.2 Combinatorial Configurations

In this section, we allow for non-complete pair-coverage. In other words, every
pair of points is covered by at most one block (but may not be covered at all). These

are called combinatorial configurations, which we now define formally.

Definition 2.13. An (n,, my)-configuration is a triple (U, A, ), where U is an n-set
of points, A is an m-set of lines, and « C U x A is a relation called incidence such
that

e every line is incident with exactly k points,
e every point is incident with exactly r lines, and
e every pair of distinct points are together incident with at most one line.

Figure [2.5| shows a (103, 103)-configuration. Notice that each (straight) line is on
precisely three points, each point is on precisely three lines, but not all pairs appear

together on a line, as in PBDs.



21

Figure 2.5: A (103, 103)-Configuation - A Non-Desargues Configuration

One of the most famous (103, 103)-configuations is known as the Desargues Config-
uration, named after Girard Desargues who is considered to be a founder of projective
geometry. The example given in Figure [2.5] is called Non-Desargues since it is not
isomorphic to the Desargues Configuration. In the example given here, each point has
three other points that are not collinear with it and form a triangle of three straight
lines; whereas, in the Desargues Configuration, the three non-collinear points are al-
ways collinear with each other.

We would like to note that both the Desargues configuration and the one given in
Figure have geometric realizations with straight lines, however we do not require
this for our purposes. For more information on geometric configurations please refer
to [18].

Within the proof of Theorem [1.19] we would like to make use of the following
asymptotic existence result for combinatorial configurations. We will use this result
to construct a graph we will use as a graph block within a graph decomposition in

order to obtain our first examples of thickly-resolvable designs.

Theorem 2.14. [4] Given integers k > 2 and r > 1, there exists a combinatorial

(n,, my)-configuration for all sufficiently large integers n = 0 (mod ﬁ).

We would like to comment briefly that the n in Theorem [2.14] need not be ex-
tremely large as in Wilson’s asymptotic results (for instance the main result in [4§]
stated here as Theorem . The n here is at worst a mild polynomial in k& and r.
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2.3 Group Divisible Designs and Frames

In this section, we consider a generalization of PBDs in which some pairs of points
are never covered by a block. Here there are groups of points that never occur together
while all others are still covered exactly A times. We now present the formal definition

of a group divisible design.

Definition 2.15. Let v and X\ be positive integers and let K be a set of positive
integers. A group divisible design of order v and index A, denoted GDD, (v, K), is a
triple (X, G, B), where

e X is a set of v elements,
e G={G1,Gq,...,G,} is a set of subsets of X which partition X called groups,
e 3 is a family of subsets of X each of cardinality from K called blocks, and

e cvery pair of elements from X is in exactly A blocks if they are from different

groups or 0 blocks if they are from the same group.

We say the GDD has type gi*g5* - -- g, when there are uy groups of size g, uy
groups of size gs, ..., u; groups of size g;, where u; + ug + -+ - + u; = u. This is the
exponential notation for the group type. And when |G;| = ¢ for some g € N and all
1 <4 < wu, we call the GDD uniform of type g".

Example 2.16. A GDD(10, {3,4}) of type 331"
Here there are three groups of size 3, so none of those 9 pairs of points appear within

a block together, while all other pairs appear together in exactly one block. The
groups and blocks are shown in Table 2.1}

A GDD(10, {3,4}) of type 3°1!

Groups H Blocks
{1,2,3} {4,5,6} || {1,4,7, 10} {2,5,8,10} {3,6,9, 10}
{7, 8, 9} {10} {1, 5, 9} {2, 6, 7} {3, 4, 8}
{1, 6, 8} {2, 4, 9} {3, 5, 7}

Table 2.1: A GDD(10,{3,4}) of type 331*
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Notice a uniform GDD, (v, K) of type 1Y is equivalent to a PBD, (v, K) since in
this case, all pairs will occur together in exactly A blocks. GDDs can also be viewed
from a graph decomposition perspective as well. A GDD, (v, K) is equivalent to an
edge-decomposition of the complete multipartite graph in which the partite set sizes
are determined by the group sizes and we decompose into cliques Ky for k € K.

In this dissertation, we will mainly be concerned with uniform GDDs of type g“
with constant block size K = {k}, so we will restrict our attention to this case. We
now take some time to discuss how this generalization affects the necessary conditions.

First the global condition, there are A(;) g* pairs (or edges) to cover with blocks

(or cliques) of size k. Since each block covers (S) pairs we have
Mi(u—1)g> =0 (mod k(k — 1)). (2.6)

For the local condition, we notice that the degree of each vertex in the complete
multipartite graph to be decomposed is Ag(u — 1) since there are g vertices in each
of the other u — 1 groups that need to be covered with a given vertex A times each.
Each Kj-block that includes the given vertex accounts for k — 1 edges at that vertex;
hence,

Mu—1)g=0 (modk—1). (2.7)

We also must have u > k since each block (of size k) can take at most one
point from each of the u groups. When u = k, we get a special GDD that we
call a transversal design and use the notation TD,(k,n), which is equivalent to a
GDDy(nk, {k}) of type n* (so there are k groups of size n with block size k). In this
case, and are trivially satisfied, so transversal designs are possible on any
number of points. In fact, Chowla, Erdés, and Straus, proved in 1960 that transversal

designs exist asymptotically for all v values.

Theorem 2.17. [§] For any positive integer k, there exists a TD(k,n) whenever n is

sufficiently large.

For u > k, in his thesis in 1976, Chang showed that GDDs exist whenever wu is
large enough and satisfies (2.6) and (2.7). Chang’s thesis was never published and

his result follows as an application of the main result in [30].

Theorem 2.18. [7, B0] Let integers g,k, X\ be given with g,k > 2 and X\ > 1. A
GDDy(gu, k) of type g* exists for all sufficiently large values u satisfying (2.6) and
ED.
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Theorem was extended by Liu in [31] to include multiple block sizes from a
set K.
We now give a well-known recursive construction by Wilson that we will adapt in

Chapter 4] to include the parameter o.

Theorem 2.19. [43] (Wilson’s Fundamental Construction) Let (V,G,B) be a GDD
with index \1 and groups G, G, ..., Gy. Suppose there exists a function w : V —
Z7\J{0} so that for each block B = {x1,2a,...,xx} € B there exists a GDDy, with
block sizes from K of type [w(xy),w(xs),...,w(xg)]. Then there exists a GDDj,y,
with block sizes from K of type

Z w(x), Z w(x),. .., Z w(x)

xzeGy z€G2 z€Gy

Analogous to pairwise balanced designs, when the blocks of a group divisible design
of type g" can be partitioned into parallel classes so that each point occurs exactly
once in each class, we call the GDD resolvable and denote it as RGDD, (v, K) of type
g*. We would like to note that non-uniform GDDs have no hope of being resolvable,
since the replication numbers of points in different-sized groups are different (this is
an issue since each parallel class will cover all points exactly once). As with PBDs,

this adds the necessary condition that
gu=0 (mod k) (2.8)

since in order for a single parallel class to exist we must be able to partition the gu

vertices into Kj-blocks. Notice that (2.7) and (2.8) clearly imply that (2.6) is also
satisfied.

Example 2.20. RGDD(v, k) of type k# from a RPBD(v, k)

We can construct a resolvable GDD on v points with blocksize k from a resolvable
PBD with the same parameters by taking the blocks from one parallel class to be the
groups of the GDD. Since A = 1 in the PBD, the pairs of points in these groups will no
longer be covered by a block (since we are using the only block that covered them as
a group instead). Below we give the groups and blocks of a RGDD(9, 3) constructed
in this way from the RPBD(9, 3) given in Example and seen in Figure [1.2] The
parallel classes are listed as rows in Table 2.2
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A uniform RGDD(9, 3) of type 3°
Groups H Blocks
{1,2,3} || {1,4, 7} {2,5,8} {3,6,9}
{4,5,6} | {1,5,9} {2,6,7} {3,4,8}
{7,8,9} || {1,6,8} {2,4,9} {3,5, 7}

Table 2.2: A RGDD(9, 3) of type 33

It was first shown in [31] by Liu, that (2.7]) and (2.8)) were asymptotically sufficient
when the number of groups u was large enough and the group size g was also large
enough, but he conjectured that the conditions were asymptotically sufficient for a

fixed group size where only u needs to be large.

Theorem 2.21. [31I] Given integers k > 2 and \ > 1, there exists an RGDDy(gu, k)
of type g* for all sufficiently large integers g and u satisfying (2.7)) and (2.8]).

Liu’s conjecture was later proved by Chan, Dukes, Lamken, and Ling in [6].

Theorem 2.22. [6] Given integers k > 2 and g, \ > 1, there exists an RGDD\(gu, k)
of type g* for all sufficiently large integers u satisfying (2.7)) and (2.8)).

If we relax this condition slightly so the blocks can be partitioned into classes with
each class missing precisely one group each, we have a (K, \)-frame, defined formally
below in Definition 2.23

Definition 2.23. Let X be a set of v elements and G = {G1,Gs,...,G,} be a
partition of X. Let A > 1 and K be a set of positive integers. A (K, \)-frame is
a group divisible design (X, G, B) whose blocks are subsets of X each of cardinality
k for some k € K where pairs of points from different groups are covered precisely
A times each (points from the same group are not covered at all) and blocks can be

partitioned into partial parallel classes so that each partial parallel class partitions
X — G, for some G; € G.

Since frames are simply GDDs with a special partial resolution condition, we are
able to refer to their type and whether or not they are uniform in the same way as we
did for GDDs. We would also like to note that a ({k}, k — 1)-frame of type 1" is also
know as a near-resolvable design, where exactly one point is missed in each parallel

class.
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Example 2.24. A ({3}, 1)-Frame of type 2*.
In Table is an example of a frame on 8 points with groups of size 2 and blocks
of size 3. As in Table [2.2] the frame partial classes are displayed in the rows of the

table (with the group they miss in the same row).

A ({3}, 1)-Frame of type 2*
Groups H Blocks

{1,5} |/ {2,6,7} {3,4,38}
{2,4} || {1,6,8} {3,4,7}
{3,6} | {1,4,7} {2,5,8}
{7,8} 1 {1, 2,3} {4,5,6}

Table 2.3: A ({3}, 1)-Frame of type 2!

As with GDDs, we will mainly be concerned with uniform frames with constant
block size here unless otherwise stated (in Chapter [5| we will use non-uniform frames
and in Chapter @ we will discuss frames with graph blocks). The necessary conditions
for frames are very similar to those for GDDs. Here we need u > k + 1 instead of
u > k since we need to able to miss a group in each partial parallel class. Now in
order to have a partial parallel class that misses a single group we must be able to

partition the g(u — 1) points into blocks of size k; thus, we need
glu—1)=0 (mod k). (2.9)

Notice that each group must be missed by the same number of partial parallel
classes. In what follows, we will refer to this number as m. Each time a group is not
missed, there are an equal number of pairs (one point in the group) covered since we
have a uniform frame and so all groups have the same number of points. Now since
each point in the design needs to occur with the same number of other points, we
must have that each group is missed m times each. We would now like to calculate
m, because we will need an arithmetic condition to ensure that m is integral.

First, we note that each group is touched by precisely m(u — 1) frame classes.
This is because there are u — 1 other groups missed (uniquely) by each of m classes.
Thus, we must have the replication number r = m(u — 1), since a point will appear

within exactly one block in each partial class that does not miss its group. We need
Au(u—1)g2

gu points to occur r times each within the RO

blocks each containing k points;
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thus,
Au(u — 1)g?
k-1

Plugging in 7 = m(u — 1) and solving for m gives

rgu =

and hence, to ensure that m is integral we need
Ag=0 (modk—1). (2.10)

We would like to point out that (2.9)) and (2.10]) guarantee that (2.6 and (2.7)) will

also be satisfied.

The asymptotic existence of uniform frames of index A is simply an application of
the main result by Lamken and Wilson in [30] on edge-coloured graph decompositions,
which we will discuss in more detail in the next chapter. Details on how to apply the
result in [30] to uniform frames can be found in [5] and a similar method will be used
in Chapter 3| when we apply the results of [30] to prove the asymptotic existence of

o-frames.

Theorem 2.25. [5] Let k, g, \ be positive integers with k > 2 satisfying (2.10)). There
exists a ({k}, \)-frame of type g* for all sufficiently large integers u satisfying (2.9)).

Before we discuss o-frames, we give a well-known construction of resolvable PBDs
that makes use of frames. In Chapter [4] we will extend this construction to obtain

o-resolvable PBDs using o-frames, defined below.

Theorem 2.26. (Filling in groups) Suppose there is a frame with group sizes g;
fori=1,2,...,u. Suppose also that there exists a resolvable PBDy(g; + h, k) with a
resolvable subdesign of order h fori=1,2,...,u—1, and a resolvable PBDy(g,+h, k)
with no condition needed on subdesigns. Then there exists a resolvable PBDy(g1 +
go + -+ gu + h, k). Furthermore, each ingredient PBD occurs as a subdesign in the

resultant design.

We would like to relax the resolvability condition even further so that classes cover
points exactly o times in all but one group of the GDD and call this a o-resolvable

(K, \)-frame, or simply a o-frame.
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Definition 2.27. Let X be a set of v elements and G = {G1,Gs,...,G,} be a
partition of X. Let A > 1 and K be a set of positive integers. A o-resolvable (K, \)-
frame is a group divisible design (X, G, B) whose blocks are subsets of X each of
cardinality k for some k € K where pairs of points from different groups are covered
precisely A times each (points from the same group are not covered at all) and blocks
can be partitioned into classes so that each class contains the points in X — G, for

some G; € G exactly o times each (and none of the points of G;).

Clearly, a 1-frame is simply a frame, since each of the classes will cover the points
in every group except one exactly once.

We will discuss o-frames in more detail in the next chapters; in particular, the
necessary conditions required for the existence of o-frames will be given in Section
and a proof of their asymptotic existence will be given in Section 3.3l The proof
will apply the result by Lamken and Wilson on graph decompositions in [30].
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Chapter 3

Coloured Graph Decompositions

and o-Frames

3.1 The Lamken-Wilson Theorem

In 2000, a very important extension to Wilson’s earlier work was published by
Lamken and Wilson in [30]. They were able to extend the main result in [48] to
allow arcs of different colours as well as the ability to choose G-blocks from a family
of directed graphs G. In other words, they wanted to decompose the edge-r-coloured
complete digraph, K. z(f), (the directed complete graph on v vertices that has all possible
arcs for each of r distinct colours) into subgraphs isomorphic to graphs in G, a family
of edge-r-coloured subdigraphs. All the previous results focussed on decomposing
into a single graph. These variations require more complicated necessary conditions
than Wilson needed in Theorem 2.8 that we will now discuss in detail.

We begin with some necessary notation. Akin to what Wilson did with one colour
in [48], we need the number of arcs of each colour in E(G) (for all G € G) to divide
the total number of arcs of each colour in K", namely v(v —1). So, define k(G) =
(my, mg,...,m,) for each G € G, where m, is the number of arcs of colour 7 in G, and
let 5(G) be the greatest common divisor of the integers m such that (m,m,...,m)
is in the integer span of the vectors x(G) for G € G. Since we need (v(v — 1),v(v —

1),...,v(v —1)) to be in this integer span, we must demand that

viv—=1)=0 (mod 5(G)).
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Next, we need to ensure that the analogous local condition is satisfied. Since
Lamken and Wilson were considering directed graphs, the greatest common divisor
of the degrees in G (or the family of subgraphs G) must be calculated using the in
and out degrees at each vertex for each colour, so we let deg; (z) be the in-degree and

deg; (x) the out-degree of colour i at vertex z. We will also need

7(z) = (deg{ (), deg; (x), degy (z),deg, (), . .., deg, (), deg, (2))

to represent the degree vector for vertex x. Then we define a(G) to be the greatest
common divisor of the integers ¢ such that the 2r-vector (¢,¢,...,t) is in the integer
span of the degree vectors 7(z) for all x € V(qur)). This gives the second congruence
in Theorem |3.2|and ensures v —1 can be written as a linear combination of the degrees
of the vertices in G for each of the r colours.

Now we have established the necessary conditions for the extra edge-colour con-
straint, we also need to make sure that the family G of subgraphs is ‘admissible’.
Lamken and Wilson call G an admissible family if there exists a positive rational
linear relation

(L1,...,1) =) cer(G)  withall cg>0.
Geg
This condition guarantees that there are no graphs in G that cannot be used in the

decomposition.

Example 3.1. Non-Admissible Family of Graphs.
Consider a family of graphs each coloured with two colours (say, red and blue) occur-
ring in an equal number of edges. Then, if in addition, we also include a single extra
graph with more red edges than blue edges, this extra graph will be useless in the
family. It will never be able to be used within the decomposition, since there will be
no way to ‘catch-up’ the number of blue edges used. Figure [3.1] shows such a family
of graphs with the right-most graph being useless within the family.

Note, though, that having both a graph with more red edges than blue and a
graph with more blue edges than red is possibly admissible.

We are now able to state the theorem that gives asymptotic existence of G-

decompositions of K.
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Figure 3.1: A Non-Admissible Family of Graphs

Theorem 3.2. [30] Let G be an admissible family of edge-r-coloured digraphs with
no multiple arcs in any of the r colours. Then there exists a G-decomposition of qur)

for all sufficiently large v satisfying the congruences

v(v—1) = 0 (mod B(G))
v—1 = 0 (mod a(G)).

Remark 3.3. Theorem is stated here for A = 1, but was proved for a vector of
possible A values (allowing a different A for each colour) in [30] using this result and

an extension involving only elementary techniques.

We will apply this very important theorem in Section [3.3] to prove the asymptotic
existence of uniform thick-frames (or o-frames); however, before this is possible, we

must determine the necessary arithmetic conditions.

3.2 Necessary Conditions for o-Frames

Consider a uniform o-frame F of type g* with points from X, groups G1, Ga, . .., G,
and blocks of size k.

Since F'is a o-frame, the blocks can be partitioned into partial o-parallel classes;
that is, each class covers all points exactly o times in all but one particular group
(for which it does not cover the points at all). Thus, since F' is uniform, each class
must cover g(u — 1) points ¢ times each using only blocks of size k& and hence, we

must have

oglu—1)=0 (mod k). (3.1)

As we did in the o = 1 case, we let m be the number of partial parallel classes

that miss a G; and as usual, r is the number of times a point is covered in the design.
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Note, as before, when the frame is uniform m is the same for each group. In Chapter
we will calculate m(G) in the non-uniform case, where groups of different sizes will
be missed a different number of times.

Now, consider x € X, and in particular let x € G;. In each class that does not
miss G, x is covered exactly o times. The number of classes in which G is not missed
must be m(u — 1), since G; is not missed whenever another G, is missed and each of

the other u — 1 groups is missed in exactly m classes; and hence,
r=om(u—1). (3.2)

Notice that F' must have

blocks in order to cover all the pairs exactly A times. Since b must be an integer, we

obtain our global necessary condition:
MPu(u—1)=0 (mod k(k —1)). (3.3)
Also, we would like to ensure we can cover each of the gu points exactly r times

overall, with each block covering k points, yielding

Au(u —1)g?

Rh—1) "

rgu =

and thus, after solving for r, we have that

Ag(u —1)
= 7. 3.4
1 (3.4)
Putting (3.2) and (3.4) together and solving for m we see that
Ag

and so, in order for a uniform o-frame to exist we have the following condition on our

parameters:
Ag=0 (mod o(k—1)). (3.6)



33

Notice that this congruence does not depend on u and so only restricts our choice of
initial parameters.

In order for the frame to exist, we must be able to cover the pairs containing a
particular point z € X using blocks of size k, which cover k — 1 pairs containing x
whenever x appears within a block. Notice that for each x € X, we would like to
pair & with precisely g(u — 1) other points (every point in a different group from z)
A times each using blocks that cover k& — 1 of the pairs each time x occurs within a
block; hence

Ag(u—1)=0 (mod k —1).

However, we need to also be able to group the blocks containing x into o-partial classes

where x will appear in ¢ blocks. Thus, we obtain our local necessary condition:
Ag(u—1)=0 (mod o(k —1)). (3.7)

We would like to point out that knowing and are satisfied implies
that and are also satisfied. Clearly, follows directly from , since
Ag(u — 1) is simply a multiple of A\g. Now, follows from the fact that
and imply Aog?(u — 1) = 0 (mod ck(k — 1)), or equivalently Ag*(u — 1) = 0
(mod k(k — 1)). In the following section, we will prove that if and are
satisfied and w is large enough, then a o-frame of type ¢" exists whenever possible.

This result is written more formally below.

Theorem 3.4. Let A\, g, k be positive integers where \g = 0 (mod o(k — 1)). Then
there exists a o-frame of type g*, block size k, and index X for all sufficiently large u
satisfying

og(u—1)=0 (mod k).

We will prove Theorem [3.4]in Section [3.3] by showing it is implied by the existence
of a particular graph decomposition and using the main result by Lamken and Wilson
in [30].

3.3 Graph Decompositions and o-Frames

We begin this section, and the proof of Theorem [3.4] by defining a family of
directed coloured graphs involved in the decomposition that we claim is equivalent

to a o-frame. Once we have described the decomposition and demonstrated that the
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two are equivalent, we will then show that the decomposition exists by verifying that
it satisfies the necessary conditions given in Theorem [3.2]

Suppose we have positive integers A, o,g and k with A\g = 0 (mod o(k — 1)).
Define m = %, S ={1,2,...,9} and M = {1*,2*,...,m*} (we use * notation
only to differentiate the elements of S from the elements of M). Let f: V(Ky) — S
be a vertex-labelling of K using labels from S and let [* € M. Now for each labelling
f and element [* € M, define an edge-coloured directed graph, G+, isomorphic to
K}, with an extra vertex, denoted oo, where for each z,y € V(Kj}) the directed edge
(z,y) € E(Gp+) and is coloured (f(x), f(y)) € S x S and for each x € V(K}) the
directed edge (x,00) € E(Gy+) and is coloured (f(z),l*) € S x M.

Let G be the collection of all the G4+ over all possible labellings f and elements
I* of M. Now, for u large enough and satisfying the necessary conditions (3.1), we
wish to decompose K, where A = (\j 42> TJgm), into graphs from G. Here X gives the

number of arcs of each colour at each vertex in the

Fact 3.5. The existence of a decomposition of K, where A = (Ag2, Odgm), into graphs
from G is equivalent to the existence of a o-frame of type g*, block size k and index
A

To see the equivalence we let

e the vertices of K represent the groups of the frame,

e the arcs of K} with colours in S x S represent edges from one group to another
in the frame, with the colours indicating exactly which vertices within each

group the edge connects,

e the arcs of K? with colours in S x M are used to distinguish which group each

partial parallel class misses.

In other words, an edge in K coloured (f(z), f(y)) represents an edge from level
f(z) of group x to level f(y) in group y.

Now we would like to show that there exists a decomposition of K? into graphs
from G. To do this we will apply Lamken and Wilson’s main result from [30], so we
need to ensure that u satisfies the necessary conditions for this choice of A and G.

Thus, we need to show

1. that the chosen family of graphs G is admissible (i.e. A can be written as a

positive rational linear combination of u(G) for G € G),
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2. that u satisifies the global condition (i.e. u(K2) = u(u — 1)X can be written as

an integral linear combination of the vectors pu(G) for G € G),

3. that u satisfies the local condition (i.e. 7(K}) = (u—1)(X,A) can be written as
an integral linear combination of the vectors 7(G, x) for G € G and = € V(G)).

3.3.1 Admissibility

In order to show that u(K2) can be written as a positive rational linear combi-
nation of the ;(G-)’s, we will begin by computing 3., u(Gp-). We first count
how many of the Gy~ have a fixed edge (x,y) coloured (i,7) € S x S. If we know
that (z,y) is coloured (7,j), then we know that f(x) = ¢ and f(y) = j; there are
g*~? functions f with z and y labelled this way (since we can label the other k — 2
vertices with any of the g possible labels). We can also label the oo vertex using one
of the m options. Doing this over all k(k — 1) (directed) edges, we get that there are
k(k — 1)mg*~? edges with colour (i,7) € S x S within all the G’s.

Now we focus our attention on the colours in S x M that are used to colour the
(x,00) edges. We use a similar count as before, so let’s fix colour (7, *) on edge (z, 00).
Thus, we know that f(z) = i and that the oo vertex is labelled I*. There are g*~!
ways to label the other k — 1 vertices; and so, when we sum over all k edges (z, 00),
we find that the colour (i,1*) € S x M is used kg"~! on edges over all the G ’s.

Given the two counts above, we know that

S G = (klk—1)mg" g, kg" jgm)

Il
af((k=1)m. .
= k’gk 1 (—( ) Jg2, ng) .
g
And after plugging in m = % we have
(A
> wGpe) = kgt (ng% ng)
I
kgt . .
= (Nig2; 0Ggm)
k k—1
-
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This proves that A can be written as a positive rational linear combination of the
w(Gp)’s (since k, g,0 € N).

3.3.2 The Global Condition

Here our goal is to show that p(K?) = u(u—1)A can be written as an integral linear
combination of the vectors u(G) for G € G, which we will do by taking advantage of

the following lemma, see [39] for a proof.

Lemma 3.6. Given an m X n rational matriz M and a rational vector ¢ of length m,
the equation Mx = ¢ has an integral solution x if and only if for all rational vectors

Yy such that yTM 1is integral whenever yT - ¢ is integral.

We apply the lemma by letting M be a matrix that contains the vectors pu(G )
as columns (so M has size (g> + gm) x (¢¥*m)) and ¢ = u(u — 1)X. Now suppose that
there is ay € Q9™ with Yy M € Z9"™_ For notational convenience we will denote
y as the concatenation of two vectors: w of length g* with entries w;; indexed by the
colours in S x S and z of length gm with entries z;+ indexed by the colours in S x M,
soy = (w, 2). Notice that yTM integral means that y7- u(Gy+) € Z for all Gy« € G.

So in other words, for each particular G s+ we have that

ST o) fO) =i f@) = Yy + S b fB) =Mz =0 (38)

(4,5)eSxS €S

where b, c € V(Ky), (b,c) € E(Gy+) and the congruence is taken modulo 1 and should
be considered as such unless otherwise stated.

Notice that for a particular G+, f and [* are determined, so the second sum
above does not need to sum over all (7, 5*) € S x M since there are no edges coloured
(,7%) in G for j* # I* so those entries in pu(Gy+) will be zero.

Now we would like to show that y7 - ¢ € Z. In other words, we need to show that

y'-c=u(u—1) Z wi; + ou(u — 1) Z zi» = 0.
(4,5)eSxS (3,1*)eSxM

We begin by choosing particular labellings, that use only two labels ¢ and j, and
let I* € M vary. First, we consider the labelling f; where f;(z) =i for all x € V(K}).
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Applying the equivalence in (3.8]) to graphs in G that use this labelling we obtain

since all k(k — 1) directed edges between vertices in V (K}) will be coloured (7,7) and
arcs from each of the k vertices in K}, to the oo vertex will all be coloured (7,1*).
Before we move on to our next labelling, we would like to note that by varying

our choice of [* € M in (3.9)) and subtracting, we obtain that
kzil* = kzir*- (310)

Now, the next labelling we consider has only one vertex labelled j. Let zg € V(K})
and consider the labelling f, that labels all vertices in K with ¢ except zy which is
labelled j. Then, we apply to Gy, noticing that there will be k — 1 (the
indegree/outdegree at each vertex in K}) edges with colour (7, 5) and (j,4), with the
remaining k(k — 1) —2(k — 1) = (k — 1)(k — 2) edges in K}, getting the colour (i,1);

thus, yielding the following equivalence
(k — 1)(1[)1] + wji) + (k — 1)(]{} — 2)?1)“ + (k — 1)21-[* + Zjlx = 0. (311)

When exactly two vertices of K}, are labelled j (with the rest labelled i), there will
be 2k — 4 edges coloured (4, j) and (j,4), two edges coloured (7, j), and (k —2)(k — 3)

edges (between the remaining k — 2 vertices) coloured (4,7). Thus,
(2k — 4)(wij + wj;) + 2wy + (K — 2)(k — 3)wi; + (b — 2)zy» +22;» =0.  (3.12)
Notice that if we add to and subtract twice we obtain
2(wyi + wjj) = 2(wij + wji). (3.13)

Also, (3.11)) minus (3.9) yields

Note that omu(u — 1) = qu;(fl_ U ¢ Z: and hence, we know that k — 1 divides
Agu(u — 1). Also, since %ul_l) is a multiple of m and we can choose whatever label

[* € M we desire, we can evenly distribute our selection so that each label [* occurs
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equally often (ou(u — 1) times each). In other words, we can add (3.14) to itself

M times varying [* € M so that each one occurs ou(u — 1) times each; thus,

Agu(u — 1) (wi; +wy;) + ou(u — 1) Z Zje = 2Agu(u — 1wy + ou(u — 1) Z Zigx.
1M IreM

Now, since u(u—1) is necessarily even, we can apply (13.13)) to the above equivalence

and obtain

Agu(u — 1) (wi; + wj;) + ou(u — 1) Z Zir = 2Agu(u — Dw;; + ou(u — 1) Z Zi* s
reM *eM

which implies that

Agu(u — 1)w;; + ou(u — 1) Z zje = Agu(u — Dw;; + ou(u — 1) Z Zi+. (3.15)

*eM l*eM

Now we turn our focus back to y7 - c.

yoe = du(u-1) > wytouu—1) > oz

(1,5)eSxS (Z,1*)eSxM
Au(u — 1)
= T Z 2w;; + ou(u — 1) Z Zilx .
(4,7)€S XS (3,1*)eSxXM

We pair up the terms 2w;; and 2wj; in the first sum above and apply (3.13]). Notice
that each ¢ € S will appear in exactly g — 1 such pairs with another label in S, so

after applying (3.13]), w;; will occur in the subsequent sum ¢ times each. Therefore,

we have
_ du(u—1)
€S (i,0*)eSxM
= Agu(u—1) Zw” + ou(u—1) Z Zi
ies (i.1*)ESX M
= Z (Agu(u — Dwy; + ou(u — 1) Z Zzl*) (3.16)
icS reM

Now, given (3.15), we know that (3.16|) is equivalent (modulo 1) for each i € S
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and so can be simplified using a specific label in S, say 1. Thus,

y ¢ = MPu(u— 1wy +ogu(u—1) Z Zqpx. (3.17)

reM
Using a similar argument we can further simplify (3.17) by combining the fact
that &k divides og(u— 1) (due to the necessary condition ({3.1))) with (3.10) we see that
the integrality of kz1;+ does not depend on the choice of [*, so again we may use any

label from M, say 1* and obtain

ocgu(u —1
yT e = AgPu(u— 1wy + % Z Kz«
*eM
Ag?u(u — Dwyy + ogmu(u — 1) 21+ (3.18)

Finally, if we take i = 1 and I* = 1* in (3.9)) we have k(k — 1)wq; + kz11- = 0. Now
combining this with the fact that k& divides ogu(u — 1) (required by the necessary

condition (3.1))), we know that

omgu(u — 1)

2 (k(k — Dwyy + kz11+) = 0;

and hence,

Ag*u(u — Vwyy + omgu(u — 1)z15- = 0.

Therefore, given the expression for y7-c in (3.18]), we can finally conclude that y7-¢ = 0
(mod 1) and hence y7 - ¢ € Z. And thus, given Lemma there exists an integer
solution & in Mz = ¢, so u(u — 1)X € span, {u(G) | G € G}.

3.3.3 The Local Condition

In this section we will again take of advantage of Lemma [3.6| in order to show
that the vector (u — 1)(A,A) can be written as an integer linear combination of the
vectors 7(G g+, x), where G« € G, v € V(Gy+), and (X, A) is the concatenation of A
with itself.

Here we let M be the 2(g? + gm) x m(k + 1)g* matrix that contains all the
(G, z) vectors as its columns, ¢ = (u — 1)(A\, ), and let y € Q2@ 9™ such that
Yy - M e Zm*k+0g" - As we did when proving the global condition, for notational

convenience we will denote y as the concatenation of the vectors w™ and w™, each of
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length ¢? with entries w;; and w;’; respectively, indexed by the colours in S x S, and
2z~ and zT, each of length gm with entries z;. and zj. respectively, indexed by the
colours in S x M, soy = (w™, 27, wt, z*).

Now yT - M being integral implies that y7 - 7(G -, x) is an integer for all G- € G
and all z € V(Gy+). So in other words, when z is not the infinity vertex of G s+ and
is labelled with j € S, we must have

> {b: f(b) = i} (wy; +wh) + 2h = 0. (3.19)
icS
Notice that in 7(G g+, ) the only colour in S x M present at x is (j,[*) and hence all
the terms indexed by other colours in .S x M will be 0.

Also, when z is the infinity vertex of Gy, we have
> [{b: f(b) = i}z = 0. (3.20)
€S

Now, as we did for the global condition, we will consider particular labellings and

therefore particular graphs in G. First we take the labelling f; that gives all vertices
of K}, label 4, so (3.19) and (3.20) with G- tells us that

(k—1)(w;; +w)+ 25 = 0 and (3.21)
kz;. = 0. (3.22)

If we instead use the labelling f, where exactly one vertex x is labelled j and all

others are labelled 7 we obtain

(k= 1)(w;; + wi) + 2. = 0 and (3.23)
(k =Dz + 2. = 0. (3.24)

And lastly, let f3 label exactly two vertices with j and all others with 7; then
(k = 2)(w;; + wif) + (wj; +w};) + 2. = 0. (3.25)

Before we begin to consider yT - ¢ we will combine these integral conditions con-
taining the entries of y in various ways to be used later. First, we subtract (3.23)
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from (|3.25)) which yields

- + - +
Wij + Wiy = Wy + Wy (3.26)
and subtract (3.22)) from (3.24) to obtain
Zipe = Zgge (3.27)
Next we subtract two versions of (3.21]) for different choices I*,7* € M to obtain
Zih = 2t (3.28)

Now if we turn our attention to yT - ¢, we obtain

yT-c = AMu—1) Z (wi;—ku;;;)—ira(u—l) Z zih+o(u—1) Z 2

(4,5)eSxS (3,1*)eSx M (Z,1*)eSxM
= M(u—1) Z(w; +wh) +o(u—1) Z o +o(u—1) Z 2,
€S (4,l*)eSxM (i,l*)eSxM

where the equivalence follows from ([3.26]) and the fact that each label i will occur in

the initial sum ¢ times in total (once with itself and once with each of the g — 1 other

labels). Next, we apply (3.28) and ([3.27) which gives

v = glu—1) Y (i + ) +om(u—1) Y s +aglu—1) Yz
ies ies rreM
= Z (Ag(u — 1) (wy; + wj) + om(u — 1)z}.) + og(u—1) Z Zipx-
icS eM

Now, since we have that k | og(u — 1), we can write

—1
y'-c = Z (Ag(u — 1) (wy; + wfi) +om(u—1)z4.) + % Z k2,

ies reM
Z (Ag(u — D) (wy; + w) +om(u—1)z4.), (3.29)

€S

where the congruence follows from (3.22]).
If we take (3.25) minus (3.21)) and use the fact given in (3.26]) we obtain

(k= 1)(wy; +w;) + zje = (k= 1)(wy; +wif) + zire (3.30)
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Applying the congruence given in (3.30]) to (3.29)) we are able to simplify the sum by

selecting any label for 7, say 1; thus,
y ¢ = g(Ag(u—1)(wy +wiy) +om(u—1)z.) . (3.31)

Finally, if we take i = 1 and [* = 1* in (3.21)), we have (k—1)(wp; +w;;)+2. = 0.
Multiplying this by the integer om(u — 1) gives

om(u—1)(k — 1)(wy; + wih) +om(u—1)zf. = 0
o (U(L) (u—1)(k = D(wy +wih) +om(u—1)zf;. = 0

k—1)
Ag(u — D) (wyy +wiy) +om(u— 1)z = 0

and hence, we must have that y7-¢ =0 (mod 1) or in other words, y™-¢ € Z. And

thus, given Lemma |3.6] we can conclude that the local condition is satisfied.



43

Chapter 4
Thickly Resolvable Constructions

This chapter is devoted to proving facts about thickly-resolvable designs as well
as adapting some famous constructions to include thick-resolvability.

In Section we saw in a uniform o-frame that each group is missed by partial
o-classes an equal number of times, in particular, each group will be missed exactly
m = % times. We begin this chapter by generalizing this result to include the
case of non-uniform frames. In order to do this, we define m(G) to be the number of

partial o-classes that miss the group G of a o-frame.

Lemma 4.1. Consider a o-resolvable ({k}, \)-frame (X, 11, B), where | X| = v. For

each G € 11,
NG|

m(G) = o= 1)

ProOOF. We begin our proof by counting the number of blocks in the frame in two
ways. First, there are w blocks in each partial o-class that misses GG since each

of the v — |G| points is covered o times each by blocks of size k; thus,

b= Zm(G)LlGD. (4.1)

k
Gell

We can also count the number of blocks by considering how many times each
point occurs. Let r, be the number of blocks containing x € X. Now, in any GDD,
we know that each point not in G must occur in exactly A blocks with x and in each

block that x occurs, it occurs with &k — 1 other points, giving us

ro(k —1) = Mo — |G)). (4.2)
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Thus,

bk = ZZ%

Gell wGG

Gell
and so, we also have that

Z !GM v — IG|)‘ (4.3)

Putting (4.1 and (4.3)) together and moving everything to one side, we obtain
-G NG
}:“—H o omic) - MG Z (4.4)
k k—1
Gell

Also, since each z € G occurs o times in each partial o-class except those that miss

G, we must have that r, = (3 cqp0 - m(H)) — o - m(G). Now, using (4.2), we have

(U_‘G’ (ZO_ m >—O"m<G),

Hell

which implies

(Z - m(H)) - kA_Ul =0 -m(G) — % (4.5)

Hell

Plugging (4.5) into (4.4)), we get

v— |G AV
Z k| |<Zg.m(H)_k_1>—O.

Gell Hell

v=|G]|
k

Now, since is positive for each G € II and the bracketed portion is a constant,

Av
Za-m(H)—k_lzo,

Hell

we must have that

which implies that

Av
> m(H) = 1)
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Thus, returning to (4.5) and solving for m(G) we have

1 o el
m(@) = EHGH"'m(m ok T ek—1
B Av Av A G|
T =1 o(h—1)  o(k=1)

MG
o(k—1)

O

The next result is an extension of a famous and extremely useful construction of
Richard Wilson in [46], stated as Theorem in Chapter 2| We will make use of
this extension in Section to prove the existence of certain non-uniform o-frames

that are crucial within the proof of Theorem [1.19]

Lemma 4.2. (Wilson’s Fundamental Construction) Let (X,II,B) be a GDD with
block sizes from K and index A = 1, and let w : X — NU {0} be a weight function
on X. Suppose, for each block B € B, that there exists a o-resolvable ({k}, \)-frame
with group sizes w(x) for x € B. Then there exists a o-resolvable ({k}, \)-frame with
group sizes Y. w(x) for each group G € IL.

PROOF. We will construct the new o-frame (X', II', B’). We begin by defining the

new point set: for each x € X, let S(z) = {21, %2,..., Ty } and let

X' =] S(),

reX
so | X'| =3, cx w(z). Now, we define the new group set to be
H/:{US(x) : Gen}.
xelG

It is clear that these groups have the desired sizes and so the frame will have the
desired type. Finally, the more difficult part, we must form the new block set and
check that it is pairwise-balanced and partitions into partial o-classes. For each block
B € B of the initial GDD, we consider the o-frame to be on the point set U,cpS(x)
with groups S(z) for each € B and block set B(B). Then we set

B =] B(B)

BeB
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In order to show that B’ is pairwise-balanced, we need to show that pairs of points
from different groups of Il occur in exactly A blocks and pairs of points from the same
group do not occur together in any block. We would like to point out that it is well-
known that this type of construction will result in a pairwise-balanced GDD, but we
include a brief discussion for completeness.

So, let’s consider any pair {z;,y,}, where z; € S(x) and y; € S(y) for z,y € X.

o Suppose x; and y; are from different groups of II': In this case, x and y must
have been from different groups of II. Thus, there is exactly one block B € B
containing {x,y} and within the o-frame on U,epS(x) the pair {z;,y;} will be
in exactly A blocks of B(B) and hence in exactly A blocks of B'.

o Suppose x; and y; are from the same group of II': In this case, either x and y
were from the same group of II (and hence there is no block in B containing
{z,y}) or y; = z; for some | # i € {1,2,...,w(x)}. In the latter case, we note
that in all blocks of B containing x, x;, z; € S(z) will occur in the same group
in all the frames associated with each block on x and hence will never occur

together within a block.

Now, it only remains to show that the blocks of B’ resolve into partial o-parallel
classes; in other words, we wish to show that the blocks can be partitioned so that
each point in X'\ G, for some G € I, occurs exactly o times.

We first note that, according to Lemma.1| and the fact that |S(x)| = w(z), there
are exactly m(z) = % partial o-classes in each of the ingredient o-frames that
miss the group S(x). We label each of these partial resolution classes arbitrarily from
1 to m(z) and define Rﬁi to be the i-th partial o-resolution class missing the group
S(x) in the ingredient o-frame associated with block B.

Now, for each x € G;, we consider |J., RZ, for 1 < p < m(z). Notice that = will
appear with each other point y € G; (for i # j) in exactly one block B of B. Therefore,
each g € S(y) will occur in R} exactly o times for each p € {1,2,...,m(x)} and will
not appear in any other Ri;, (since B is the only block in the original GDD containing
both x and y). Thus, for each x € G; € IT and each 1 < p < m(z), Up,, RE, forms
a partial o-parallel class that misses the group G} = {{J s, S(2)} € II". So, for each

x € Gy, there are m(z) partial o-resolution classes that miss G} € II'. Finally, for
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each G' € IT',

m(@) = 3 mi)

as desired.
Clearly the blocks have been partitioned so that each block belongs to exactly one
of the frame classes. Thus, (X', 1I', B') is a o-(k, A)-frame. O

We conclude this chapter with a construction that will be used frequently through-
out Chapters [5| and @, mainly with subdesigns of order 1. For a PBD (V| B) we say
that the PBD (Vp, By) (with index \) is a subdesign if Vj C V, By C B, and some
partition of B into o-parallel classes induces a partition of By into o-parallel classes.
This construction is an adaptation of a widely-used construction within the field of

asymptotic design theory that now handles the o parameter (for any o > 1).

Lemma 4.3. (Filling in groups) Suppose there is a o-frame with group sizes g;
for i = 1,2,...,u. Suppose also that there ezist a o-resolvable PBD\(g; + h,k)
with a o-resolvable subdesign of order h for i = 1,2,...,u — 1, and a o-resolvable
PBDy(gu + h,k) with no condition needed on subdesigns. Then there exists a o-
resolvable PBDy(g1 + g2+ -+ - + gu + h, k). Furthermore, each ingredient PBD occurs

as a subdesign in the resultant design.

PROOF. We begin by establishing some notation. We let (X, II, B) be the ingredient
o-frame, where Il = {G; : |G;| = ¢; and 1 <i < u} and X = |J;_, G;. We also
define a new set of points H so that |H| = h and H N G; = () for all .

Now to form the o-resolvable PBD of order g; +---+ g, + h, foreach 1 < i < u
we place the o-resolvable PBD(g; + h, k, ) onto G; U H and identify each of the u — 1
ingredient o-resolvable subdesigns of order h to H. Notice that in the PBDs with
subdesigns on H, blocks covering two points of H must cover only points of H, so we
will denote the set of blocks for the subdesign as B(H) and the set of remaining blocks
of the PBD (which will each contain at most one point of H) as B;. We will now show
that the set of points X’ = X UH together with the block set B’ = BUB,UByU- - -UB,
forms the desired o-resolvable PBD.
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Clearly X’ and blocks in B’ have the desired sizes, so we just need to show that
the pairs are each covered A times and that the blocks can be resolved. It is not
difficult to show that pairs of points are covered A times each, so we will only briefly
discuss it. Pairs from different groups will only be covered by the frame blocks in B,
pairs from the same group G; will only be covered by blocks in B;, pairs with one
point in G; and one in H will also only be covered by blocks in B;, and pairs from H
will only be covered by blocks in B, (since blocks containing more than one point of
H were removed from B; for 1 <i < —1). Thus, so far, we know that (X', B') is a
PBD, but it remains to show that it is also o-resolvable.

We would first like to note that the subdesigns in each of the u — 1 ingredient

PBDs are themselves also o-resolvable; and so, we know that each subdesign has

A(h=1) llel cl
(i o-parallel classes.
Thus, in the PBD on G; U H for 1 < i < u — 1, since the blocks in B(H) were
A(h—1)

removed, there are precisely e o-parallel classes that are missing blocks and

containing only points of GG;. Thus, we can conclude there are A((g’t:ﬂ)_l) — 22;‘:3 =
Ag;

=) complete o-parallel classes (that contain points of G; U H exactly o times

each). Now to begin constructing o-resolvable parallel classes we first take the partial

Agi
o(k—1)

missing the group G; (for 1 < i < u — 1) with one of the G(’,\ﬁl) complete o-parallel

classes of the PBD on G; U H, which we can do arbitrarily. We also pair each of the

AGu
o(k—1)

G, U H. This we can do completely arbitrarily and will leave

o classes guaranteed by the o-frame. We pair each of the

partial o-classes

partial o classes missing the group GG, with a o-parallel class from the PBD on
A(h—1)
o(k—1)
unpaired. Finally, we pair each of these leftover classes on G, U H with one of the
A(h—1)
o(k—1)
form a o-parallel class on X’. Thus, we have formed exactly

o-parallel classes

reduced classes from each of the ingredient PBDs. Each of these pairings will

Ag1 g2 AGu, AMh—=1) XMv+h—1)
ci—1) "ol T o= o(i=1) o(k-1

o-parallel classes using the blocks of B'. [
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Chapter 5

Main Proof

The proof of Theorem will be accomplished by first proving the necessary
tools in each of three broad steps. In Section we will make use of the existence of
combinatorial configurations and apply a trick to construct one example of a thickly-
resolvable design. Then, in Section [5.2] we will make use of the existence of o-frames,
proved in Chapter |3 to construct instances of thickly-resolvable designs (with the

required parameters) in each admissible congruence class, but modulo a larger period

than the desired period ab, where, as defined in Chapter , a = % and
b= ﬁ. We will then, in Section , make use of non-uniform o-frames with a

recursion similar to that in [6] to close out each congruence class and obtain eventual

periodicity modulo ab. Finally, we will put all these pieces together and complete the

proof in Section [5.4]

5.1 A First Example

We begin by using combinatorial configurations together with resolvable graph
designs to construct our first example of a general thickly-resolvable design with
parameters o, k, and A.
gff{ii) = Dr.ob, where
Pk 18 a prime chosen greater than a and b (guaranteeing that ged(py,,,b) = 1) and
large enough to satisfy Theorem [2.14, We then construct a graph, which we will

denote as G, by replacing each line of this configuration with a clique Kj on the

We first take an (n,., my) configuration with r = ¢ and n =

same set of points. Notice that this graph will be regular of degree o(k — 1).
Now, using Theorem [2.12] we know that there exists a resolvable PBD,(z, Gy ) for
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all sufficiently large integers z satisfying
z=0 (mod pr,b) and z=1 (mod a). (5.1)

This follows since Gy, has py,b vertices and the regularity of G}, implies that
the a* of Theorem is o(k — 1), yielding the necessary condition A(z — 1) = 0
(mod o(k — 1)), which simplifies to the second congruence in (/5.1)).

Once we have this resolvable Gy, ,-decomposition, we can break up the G, ,-blocks
into K-blocks; this yields a Kj-decomposition of K, or alternatively, a PBD,(z, k).
In fact, this design is also o-resolvable since a parallel class in the G, ,-decomposition
becomes a o-parallel class of cliques K. Each point of K, occurs in exactly one
GJ.o-block in each parallel class and hence it appears in exactly o K, cliques (since
we took 7 = ¢ in the configuration). Thus, it follows that there exists a o-resolvable
PBD,(z, k) when z is sufficiently large and satisfies the congruences given in .

Using this method, we have obtained an example of a o-resolvable PBD,(z, k),
our first thickly-resolvable design with the required parameters.

Figure shows an example of a (159, 103)-configuration, drawn on a cylinder.
This configuration can be turned into a graph G52 by replacing lines with triangles,
or by extending adjacencies vertically to the torus. Figure[5.2[shows the configuration
given in Figure [5.1] as a graph with the lines replaced by triangles.

Figure 5.1: A (155, 103)-Configuration Figure 5.2: G35
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5.2 Constructions in Each Congruence Class

Now that we have an example of a o-resolvable design, we use o-frames to con-
struct instances of o-resolvable designs in each admissible congruence class modulo
arbitrarily large periods. This result is stated as Proposition

In order to prove Proposition [5.2] we will use a uniform o-frame with group size
z — 1 and make use of Lemma to fill in the groups with the thickly-resolvable
design obtained in the previous section on z points. We will also need the following

fact to complete the number theory involved.
Fact 5.1. ged(k,o(z — 1)) = ged(k, 0)

PRrOOF. Clearly ged(k, o) < ged(k,0(z — 1)) since any number dividing ¢ must also
divide o(z — 1). Now suppose g = ged(k,0(z —1)). Then g | k and g | o(z — 1)
and g is the largest such integer. First we notice that here we have a o-resolvable
PBD,(z, k), thus we must have that k | oz (since the necessary conditions must be
satisfied) and therefore g | 0z. Now, writing o = 0z — o(z — 1) we can easily see that

we must have g | 0. Therefore, ged(k,o(z — 1)) = ged(k, o). O

The following proposition guarantees that for any admissible value x (satisfying
both necessary conditions), there is a thickly-resolvable design on some number of
points that is congruent to z modulo some larger period (that is divisible by the

desired period).

Proposition 5.2. Suppose x =1 (mod a) and x =0 (mod b). Let P be given with
ab | P. There exists a o-resolvable PBDy(v, k) for some integer v = x (mod P).

ProoOF. Write P = AB, where all prime factors of b occur in B and all other prime
factors occur in A, so that ged(A, B) = ged(b, A) = 1.

Using the method in Section we start with a o-resolvable PBD,(z, k) where
z satisfies both conditions in (5.1]). We now take a uniform o-frame of type (z — 1)"
and index A for u satisfying the frame condition given in (3.6)) with g = z — 1. Notice
that z =1 (mod a) is equivalent to the condition A(z—1) =0 (mod o(k—1)), so the
group size satisfies the necessary condition on the parameters given in . Now we
make use of Lemma [4.3|to construct a o-resolvable PBD, (v, k) for v = u(z — 1) 4 1.
To the o-frame we add one point and fill each group together with the extra point,
using Lemma 4.3 with the o-resolvable PBD of order z, identifying subdesigns of

order 1. This procedure results in a o-resolvable PBD,(v, k), so all that remains is
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to analyze the constructible values of v, which we do separately modulo A and B.
Recall that the only condition we have on our choice of uis o(z — 1)(u — 1) =0

))), which, given Fact reduces to

k
ged(k,o(z—1
u =1 (mod ﬁ). Thus, constructible values of u are u = 1 (mod b). Also, as

given in (5.1, constructible values of z are precisely the values that are 0 (mod py, ,b)
and 1 (mod a).
Now, since constructible values of u only depend on b and ged(A,b) = 1, they

(mod k) or equivalently v = 1 (mod

must exhaust all possibilities modulo A. Notice, if we choose u and z so that u =1
(mod A) and z = z (mod A), we guarantee that u = 1 (mod a) and z = z = 1

(mod a). Using this selection of u and z we have
v=uz—u+1=(1)(z)—1+1=2z (mod A).

Modulo B, we can take v = 1 (mod B) and by the selection of py, we know

ged(pr.o, B) = 1 so we can take z = x (mod B). Therefore, we have
v=uz—u+1=(1)(z)—1+1=2z (mod B).

Thus, using the Chinese Remainder Theorem, we know there exists a selection for u
and z with v =z (mod P). O

5.3 Recursion

In this section we give two constructions that will enable us to close out each ad-

missible congruence class and obtain eventual periodicity modulo ab, where remember

_ _ o(k=1) _ _k
0= caeiy ad b= iy

Lemma 5.3. Suppose that there exists a o-resolvable PBD(P + z,k, \) containing a
o-resolvable PBD\(z,k) as a subdesign. Then for some sy and all integers s > s,
there exists a o-resolvable PBD(sP + z,k, \) containing a o-resolvable PBD(z, k, \)

as a subdesign.

ProOF. To prove this lemma we will apply Lemma We first note that since
P = AB and a = W_—?M) | A we know AP = 0 (mod o(k — 1)). Now since P
satisfies the necessary condition for the group size, we can appeal to Theorem 3.4

and conclude that there exists a o-frame of type P? for sufficiently large s satisfying
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oP(s—1) =0 (mod k) and since k necessarily divides o P already (since k | ob) the
equivalence is satisfied for all values of s.

We now take this o-frame, add z additional points and apply Lemma [4.3| using
our ingredient PBD as the s ingredient PBDs of Lemma [4.3] [

Lemma 5.4. For some positive integer m, there exists a o-frame of type g™hihl for

all sufficiently large integers g and any integers hy, he < g with w | g, hy, hs.

ProOOF. We begin the proof by selecting an m such that there exist o-frames of types

m m+ m-+2

o™, ™t and 72, We know such a selection exists because o = 0 (mod k); thus
the necessary condition in Theorem is satisfied for any number of groups. So if
we select m large enough Theorem [3.4] guarantees the existence of o-frames of type
7™ and if m is large enough m + 1 and m + 2 must also be large enough.

We also take a TD(m + 2,£), which exists by Theorem . We truncate the
last two groups of the TD down to sizes };—1 and % This will truncate some of the
blocks of the TD and so we now have blocks of sizes m, m + 1, and m + 2. Now we
apply the fundamental construction, Lemma 1.2, by giving a weight of 7 to all the
remaining points of the TD and use the appropriate o-frame (depending on the block

size). This yields the desired o-frame. O

5.4 Proof of Theorem [1.19

We are now ready to prove our main result, Theorem [I.19] which is restated below
for convenience. Suppose in what follows that we are given parameters k, o, and A

for thickly resolvable designs.

Theorem 1.19. Let k > 2, 0 > 1, and X\ > 0 be integers. There exists a o-resolvable

PBDy(v, k) for all sufficiently large v satisfying (L.4) and (1.5); that is, ov = 0
(mod k) and AM(v —1) =0 (mod o(k —1)).

PrROOF. We begin by using the method described in Section with the graph G,
to construct a o-resolvable PBD,(z, k). In doing this, we know that z must satisfy
the two congruences given in (5.1)). Now we take ¢ large enough so that there exists a
o-frame of type (z — 1)'. Notice that the second congruence in guarantees that
z— 1 satisfies the necessary condition on the groups of the frame given in and we
will need to take a t satisfying o(z — 1)(¢ — 1) =0 (mod k), the necessary condition
in . We take this o-frame, add a new point and use Lemma to fill each group
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(with the added point) with the o-resolvable PBD,(z, k) identifying subdesigns of
order 1. This yields a o-resolvable PBD)(P + z, k), where P = (z — 1)(t — 1), that
contains a subdesign of order z.

Now we consider an admissible integer x, so suppose x = 1 (mod a) and z = 0
(mod b). Notice that since we chose z satisfying (5.1)), we must have a | (z — 1) and
our selection of ¢ guarantees that b | (z — 1)(¢t — 1). Both of these facts together with
the assumption that ged(a,b) = 1 imply that ab | P. Therefore, given Proposition
5.2 there must exist a o-resolvable PBD,(w, k) for some w = z (mod P). We may
assume that w > z. Thus, it suffices to close the congruence class x (mod P); for
this, we construct a o-resolvable PBD,(nP +w, k) for all sufficiently large integers n.

This gives us asymptotic existence modulo P and since we can do this for any
admissible x and take the greatest n that occurs, we in fact get asymptotic existence
modulo 7.

We apply Lemma [5.3] to get o-resolvable PBDs of order sP + z for all integers
s > s9. We select one of order sP + z and tP + z where s >t > sg and sP > w — z.
We need s and t larger than sy in order to apply Lemma for both, but we also
require sP to be larger than w — z in order to utilize a non-uniform frame given in
Lemma [5.4.

Notice, by the definition of P, that we must have = | P, so 7 | sP and 7 | tP. Also,
since z and x are both admissible orders for o-resolvable PBDs, we must have z = x
(mod 7) and we have that  and w are congruent modulo P (and hence modulo 7);
therefore, we conclude that z = w (mod 7). So, we are able to apply Lemma and
for a large enough selection of m we obtain a o-frame of type (sP)™(tP)'(w — 2)*.

To this frame, we add z new points and apply Lemma [4.3] filling all but the last
group with the examples of order sP+ z or t P+ z (each of which contains a subdesign
of order z that we identify) and on the last group we include the example of order w.
The resultant design is a o-resolvable PBD,((sm + t)P + w, k). O
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Chapter 6

Applications, Extensions and

Conclusion

6.1 Designs with Holes

We first discuss an application of our main result in Theorem [1.19, We consider
designs in which some pairs of points do not occur together in any blocks of the

design.

Definition 6.1. An incomplete pairwise balanced design, IPBD,((v;w), {k}), is a
triple (V, W, B) where

e VV is a set of v points and W C V is a hole of size w;
e 3 is a collection of k-subsets of V' called blocks;
e no two distinct points of W appear together in a block of B; and

e any two distinct points, not both in W, appear together in exactly A blocks of
B.

As before, we will omit the subscript whenever A = 1.

We would like to note when w # k, an IPBD((v;w),{k}) is equivalent to a
PBD(v, {k,w*}), which is a PBD that has all blocks of size k except one of size
w (when w = k it is equivalent to a PBD(v, k) with one block removed). An
IPBD,((v;w), {k}) can be thought of as a PBD, (v, k) with the blocks of a PBD, (w, k)

removed for some w-set that is a subset of the initial v-set; however, the existence of
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the IPBD,((v; w), {k}) does not imply the existence of either PBD of order v or w.
In the language of graph decompositions, an IPBD,((v;w), {k}) is equivalent to
a Kj-(edge) decomposition of K} — K and to a K;-(edge) decomposition of the

v—w
k—1

The necessary conditions for an IPBD are obtained in a similar fashion as other

complete multipartite graph with partite sets of size kK — 1 and one of size w — 1.
combinatorial objects discussed so far. First, the A((5) — (%)) pairs need to be covered

by blocks, each of which covers (g) pairs; hence, we must have
Av(v—=1)—ww-—1)) =0 (mod k(k —1)). (6.1)

Also, all v — w non-hole points need to occur in exactly A blocks with all v — 1
other points, so we need A(v — 1) = 0 (mod k& — 1). Each of the w hole points is
covered exactly A\ times with the v — w non-hole points (and never with the other
w — 1 hole points), so A(v —w) =0 (mod k — 1); which is equivalent to A(w —1) =0
(mod k — 1), given the previous necessary condition on v. Therefore, we write our

local condition as the dual equivalence
Av—1)=ANw—-1)=0 (mod k—1). (6.2)

For IPBDs we get a third necessary condition, which can be thought of as a
generalized version of Fisher’s Inequality (stated in Chapter [2| as Theorem [2.19)).
This extra condition gives a lower bound on the number of points, v, in terms of the

hole size, w.

’\56”711) blocks of the design and each

Each non-hole point x must be in exactly
of these blocks covers at most one hole point (since no two hole points can occur
together). Since z must occur within exacly A blocks with each hole point, we must

have that % > \w; and hence,
v>(k—1Dw+1, (6.3)

where equality in the bound is achieved precisely when every block of the design
contains exactly one hole point.

It is interesting to note that and depend on A whereas the inequality
in does not weaken for A values larger than one.

Something approximating an asymptotic existence theory for A = 1 can be found

in [12], with the main theorem stated below.
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Theorem 6.2. [12] Let k > 2 be a positive integer. For every real number ¢ > 0,
there exists an IPBD((v;w),{k}) for all sufficiently large v and w satisfying (6.1)

and (6.2) withv > (k— 1+ €)w.
An important starting point for the proof of Theorem is the existence of
examples with equality in (6.3)).

Proposition 6.3. Let k > 3 and w > 1 with v = (k — 1)w + 1. There exists an
IPBD((v;w),{k}) if and only if there exists a resolvable PBD(v — w,k — 1).

We omit the proof of Proposition [6.3] as the proof is similar to the one we give for
Proposition [6.4] for higher A values. We would like to comment that this is reminiscent
of the equivalence between projective and affine planes and reveals the difficulty in
constructing IPBDs with mixed block sizes K, since resolvable designs in this general
context are presently not well understood.

Our main purpose here is to motivate o-resolvable designs as the needed general-
ization in Proposition to construct IPBDs with arbitrary index A, so we now give

the generalized equivalence.

Proposition 6.4. Let k > 3 and w > 1 with v = (k — 1)w + 1. There exists an
IPBD)((v;w),{k}) if and only if there exists a A\-resolvable PBDy(v — w, k — 1).

PRroOOF. First consider such an IPBD. Recall since we have equality in the bound
given in ((6.3) we know that every point of the hole touches exactly A blocks and
every block intersects the hole in exactly one point. Thus, it follows that truncating
all hole points will reduce each block in size by one and induce parallel classes of

thickness A\. The result of this truncation is then a A-resolvable PBD,(v — w, k — 1).
Av—w—-1) _ p—w—1
ANE—2) k2

classes of thickness \. When v = (k — 1)w + 1, we see there are precisely w parallel

Conversely, given such a PBD, we compute that it has parallel
classes of thickness \. We extend each class with the addition of a new point, one
new point per class. Now, every pair of points, old with new, appears in exactly A
blocks, as desired. So we obtain an IPBD,((v;w), {k}) for v = (k — 1)w + 1. O

We can now apply our main result, Theorem [I.19] together with Proposition
to construct an example of an IPBD,((v;w), k) where w, k and X are given with
AMw —1) =0 (mod k — 1). First, we put n = (k — 2)w + 1 and observe that n = 1
(mod k—2) and also An = A(1 —w) =0 (mod k—1). Thus, n satisfies the necessary
conditions and of our main result; and so, Theorem m guarantees that

we have a A-resolvable PBD,(n, k — 1) for such n, provided it is large enough.
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Now, we put v = n+w = (k — 1)w + 1 and obtain an IPBD,((v;w), {k}) using
Proposition [6.4}

6.2 Thickly Resolvable GDDs

In this section, we will consider the extension of Theorem to uniform GDDs
with constant block size.

We begin by generalizing the definition of group divisible design given in Defini-
tion to allow for graph blocks. We will however restrict our definition to the
uniform case with only one type of graph block (instead of a family of possible graph
blocks), since that is the most general instance we will need.

First, recall that in the language of graph decompositions, a GDD,(g", k) is equiv-
alent to an edge-decomposition of the complete A-fold multipartite graph K !;\ Gid (u
partite sets each of size g) into copies of K. We utilize this interpretation to allow
for non-complete G-blocks.

We define a group divisible G-design of type g* and index A, denoted GDD, (g%, G)
as an edge-decomposition, as before, but here we decompose the edges into (isomor-
phic) copies of G so that every pair of vertices from different groups appear in exactly
A G-blocks and pairs of points from the same group never occur together in any G-
blocks.

Asymptotic existence of uniform GDDs with graph block G was established in
Chan’s thesis [5] in 2010 and is stated below. The requisite necessary conditions are

obtained using similar counting arguments as those in Wilson’s paper [48].

Theorem 6.5. [5] Let G be a simple graph with e > 0 edges and ged of degrees
equal to d. There exists ug such that a GDD(g", G) exists for all uw > uy satisfying
Ag*u(u —1) =0 (mod 2¢) and Ag(u — 1) =0 (mod d).

Not surprisingly, here we are interested in GDD, (g%, k) that are o-resolvable,
namely, the K-blocks can be partitioned into o-parallel classes each containing every
vertex in exactly o of the Kj-blocks (the graph version will be useful within the proof
of Theorem (6.6 - but it is not our goal here to generalize to that extent).

The necessary divisibility conditions which mirror and (L.5) are

(mod k) and (6.4)
(mod o(k —1)). (6.5)

ogu =0
Aglu—1)=0
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For this adaptation, we let a := o(k—1)/ged(o(k—1),A\g) and b := k/ ged(k, 0g)
so that our necessary conditions can be written as w = 1 (mod a) and v =0 (mod b),
as before. Note that ged(a,b) = 1, otherwise there are no solutions w.

It may be of interest to consider the existence question for o-resolvable GDDs
with a large number of equal-sized groups. This extends our main result, since a
GDD of type 1V with block size k and index A is equivalent to a PBD, (v, k). As
before, the first work in this area has been done beginning with block size k = 3 by
Du and Zhang in [11] in which they are able to show that the necessary conditions
are also sufficient with some exceptions (all of which occur when ¢ = 1). We are
able to show that the necessary conditions for a general k are in fact asymptotically

sufficient, stated below.

Theorem 6.6. Let k> 2, 0,9 > 1 and A > 0 be integers. There exists a o-resolvable
GDD of type g* with block size k and index \ for all sufficiently large integers u

satisfying (6.4) and (6.5)).

To prove Theorem [6.6] we follow the same proof template as in the case o = 1
(the resolvable case), which is the main result of [6]. Now that we have proved The-
orem the necessary steps to extend the result closely follow those in [6], so we
discuss only the key differences here.

The key construction in [6] generates a resolvable GDD from a resolvable PBD
with constant block size k, a resolvable TD, and an ordinary (not necessarily resolv-
able) uniform GDD. To extend this to a construction for o-resolvable GDDs, some
adaptation is needed. Most notably, we replace the ordinary GDD by one whose
blocks are the graphs Gy, constructed in Section [5.1]

Lemma 6.7. Suppose there exists a o-resolvable PBDy(v, k), a resolvable TD(k, gu),
and a GDD\(g",Gr) (with a condition on block colouring). Then there ezists a
o-resolvable GDD of type g**, block size k and index .

ProOOF SKETCH. We begin constructing the resultant GDD by taking gu copies of
the ingredient resolvable PBD. We then place a copy of the ingredient GDD on each
of the v-levels. Now, for each block of the PBD, we place a copy of the resolvable
TD (using the same placement within each copy of the PBD). The blocks of the TD
covers pairs from different v-levels. We also break up the G, blocks of the GDD to
obtain blocks of size k£ that cover pairs from within the same v-levels.

To resolve the blocks obtained using the TD, we use the o-classes of the PBD
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together with the parallel classes of the TD. We will need to break up some of these
o-classes in order to also resolve the Gy, blocks of the GDD. To do this, we assume
that the blocks of the TD are resolved in such a way so that one class contains only
blocks in the same “level” of the GDD (we refer to these as “flat” classes). Note that

there are jgz:g o-classes of the PBD and each one has one “flat” class from the TD;
thus, there are 2‘&:3 “flat” o-classes of this type.

Now, we turn our attention to the Gy, blocks from the GDD. We will be taking
them v at a time (the same one from each of the v GDD). When we do this, we would
like to know how many points have been missed, so we can mix these blocks with the
flat o-classes to obtain a full o class. Notice that points that occur in the Gy, block
will appear exactly o times (once the Gy, block is broken up) and all other points

appear 0 times. There are % Gy» blocks in the GDD with Ag(u—1) occurring at

(k—1) o(k—1)
a particular point; thus, each point is absent from Agi?,i“__l)l) — ?((:—_11)) = ?(%:11)) (& —1]

of the G, blocks. Since each point is missed equally often, we will need to break up
this many flat classes, so we just need to ensure that we have enough classes to do so.
Since we can take v to be large (much larger than u), we can guarantee that jgzzg,
)(\Tg((ku:ll)) [% — ], the number of flat classes

we need to break up. O

the number of flat o classes, is larger than

Once these first examples are obtained, the next step is to combine them with
frames. Here, these frames are of course o-frames.
The following construction fills the groups of a o-frame by o-resolvable designs.

The block sizes in what follows are all equal to k.

Lemma 6.8. Suppose there exists a o-resolvable GDD of type g* and index \ and
a o-frame of type [g(w — 1)]* and index . Then there exists a o-resolvable GDD of
type gt(w—1)+1

g* and index .

and index N\ which contains as a subdesign a o-resolvable GDD of type

Remark. The proof is almost identical to [0, Lemma 2.3, except that parallel
classes are replaced by o-parallel classes (and A is introduced).

As in [6], we show that, given a period P (divisible by ab) and an admissible
congruence class x, there exists a o-resolvable GDD in which the number of groups

is congruent to x modulo P.

Lemma 6.9. Suppose P and x are given with ab | P and v = 1 (mod a), =

mod b. Then there exists a o-resolvable GDD of type gV and index X, where U = x
(mod P).
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PROOF SKETCH. As we did within the proof of Theorem [I.19) we sort the prime
factors of P = AB so that all primes factors common with b occur in B and all others
occur in A. This guarantees that ged(A, B) = 1, thus we can use the Chinese Re-
mainder Theorem on A and B separately. Below is a table summarizing our various
selections modulo A and B for t, u, and v. We need to ensure that a selection is
possible that gives t(uv — 1) + 1 = = (mod P) (which is true whenever there is a
selection so that ¢(uv — 1) + 1 is x mod A and mod B).

mod A mod B mod P=AB

1 1—=z 3! choice
U T Di,o® 3! choice
1 0 3! choice

Notice that these choices satisfy the required necessary conditions.

Now, given the above selection, we examine U = t(uv — 1) + 1 modulo A and B.

U=tluww—-1)+1=1((z)(1)—1)+1=2 (mod A)
U=tluww—-1)+1=(1—2)((pror)(0)—1)+1=2 (mod B)

Thus, we can finally apply the Chinese Remainder Theorem and conclude that
this selection for ¢, u, and v, constructs an example of a o-resolvable GDD, of type
gV with U =z (mod P). O

6.3 Thickly Resolvable Graph Designs

In this section, we would like to extend our main result to allow for graph blocks.
We will be using a simple graph G with vertex set V having k vertices with degrees
D = {dy,dy,...,dy} and e edges. We begin this extension by discussing the necessary
conditions for this case.

The resolvability condition is the same as in (1.4); we are required to cover each

vertex exactly o times using blocks of k£ vertices in each o-class, hence we need
ov=0 (mod k). (6.6)

The local condition becomes much more complicated than it was in (1.5). Here

we need to be able to write A(v — 1) (the degree at each vertex in the large complete
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graph) using degrees of G in groups of 0. In each o-class, every vertex appears in
exactly o G-blocks and so there will be o degrees of GG used at each vertex. Since we
need to make up A(v — 1) using these o-fold sums of degrees from D, we define o * D
to be the set of all possible sums of degrees in D using exactly ¢ summands. Then

we need to be able to write A(v — 1) as a positive integer combination of the terms in

Av—1)k
2ec

the number of o-classes. In order to satisfy both of these conditions simultaneously

o * D. More particularly, we need to use exactly terms in o * D since that is

we need to ensure that

AMv—1)=0 (mod o} (Q)) (6.7)

where o (G) is the least positive integer ¢ such that

c[i]éspanz{[f]:dEU*D}. (6.8)

First we would like to point out that ¢ = 2ec is a solution to since we can
take coefficients of 1 for the k vectors with first coordinate equal to a ¢ multiple of a
degree in D and coefficients of 0 everywhere else.

As before, when we discussed graph designs in Chapter , and imply the
global condition that Av(v — 1) = 0 (mod 2e). The second coordinate in the vector
equation given in implies that 2eo | ak; and thus, we must have 2e | Av(v — 1)
since k | ov and o | A(v — 1).

Again, first work on this began with specific small graphs. The necessary condi-
tions have been shown to be sufficient (with no exceptions) when the graph blocks
are cycles of length 4 in [33] and for graph blocks of Ky — e in [20]. As mentioned in
Remark [I.15] a related concept is that of equitable specialized block colourings and
in [3] Bonacini and Marino consider the case of 4-cycles.

Our goal here is to prove that there exists a o-resolvable PBD, (v, G) for large
enough v satisfying and ((6.7)), stated formally below.

Theorem 6.10. Let k > 2, 0 > 1 be integers and let G be a simple graph with k
vertices. There exists a o-resolvable PBDy(v, Q) for all sufficiently large v satisfying

and (9.

We follow the same proof template as we did in Chapterfor PBDs (with complete

az (G) s and b = —k__ 50 that the necessary

blocks), and again we define a = PR aed(F o)
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conditions can be easily stated as v = 1 (mod @) and v = 0 (mod b). However,
here some extra care must be taken in the first step in which the auxiliary graph
is constructed. Instead of replacing lines of a configuration by cliques, we carefully
replace lines by copies of our given G so as to realize all possible o-fold combinations
of degrees. The following lemma and proof outline how we will construct the auxiliary

graph, which we call GG, in this case.

Lemma 6.11. Given a simple graph G with k vertices and degrees in D and an

o+k—1
k—1

that can be decomposed into edge-disjoint copies of G (each vertex belonging to exactly

(no, bi)-configuration with n > o(k —1)( ), there exists a graph G, on n vertices
o of the copies of G) and having each o-fold sum in o x D as a degree of at least one

vertex.

PROOF. We begin our proof by noting that |ox D| < (Uﬁf), the number of different
o-fold sums of £ summands.

Now, we greedily label the points of the configuration using |0 D| different labels.
So, start by choosing a point 7 at random and label it with one of the |o x D| labels.

Now we select another point x5 that is not one of the o(k —1) other points that occur

a+k71)
)

on a line with z; and label it with a different label. Now since n > o(k — 1)( )

we can continue this process until all of the |0 x D| labels are used up.

To construct G, we replace the lines of the configuration with G-blocks beginning
with the labelled points. The label on a point will tell us how to place the o copies
of G onto each line incident with that point and ensure that the appropriate o-fold
sum occurs as the degree of the labelled point. Once we have placed copies of G on
the lines incident with a labelled point, we can place copies of G on the remaining

lines randomly. The placements of G' on the labelled points ensure that each of the

o-fold degree sums occur as a degree in G, at least once each. [

When constructing G, we take a configuration with n > o(k—1) (”Zﬁ;l) to satisfy

the hypothesis of Lemma [6.11], but in order to satisfy Theorem [2.14] and ensure the
pok

existence of the required configuration we also take n = where p, is a large

ged (k,o)?
prime.

As we did in Section [5.1] we now employ the result of Dukes and Ling in [I4],
stated as Theorem [2.12 on resolvable graph decompositions to obtain a resolvable

PBD,\(z, G,) for sufficiently large z satisfying

2z=0 (modn) and Az—1)=0 (mod a*(G,)),
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where a*(G,) is the least positive integer ¢ such that

1 1 d i
c[ . ]—c[ N ]Espanz{[ eg(v)]:viEV(GU),i—l,...,n}.
2[E(Go)] 2ec 1

Notice the necessary conditions of Theorem [2.12 are more complicated than they
were when we applied this result in Section since GG, is not necessarily a regular
graph (whereas Gy, , was regular of degree o(k—1)). Now, once we have the resolvable
graph design, we can break up the G,-blocks (as we did in Section into its edge-
disjoint copies of G and obtain a o-resolvable PBD,(z, G) (again, a resolution class in
the resolvable PBD becomes a o-parallel class once the G, blocks are broken down).
Before we move on with the proof, we would like to point out that the calculation of
a*(G,) is actually the same as for o (G). We have stated this as the following fact

and included a brief proof below.
Fact 6.12. o*(G,) = o (G).

Proor. This is true because of the careful way in which we constructed the G,
graph. We made sure to guarantee that every possible o-fold sum of degrees in G
occurs as a degree in G, at least once and since every point of the configuration was
in o lines and each line was replaced with a copy of G the vertex degrees in G, must
be o-fold sums of degrees in G. Therefore, we must have that o * D = {deg(v;) :
v; € V(G,),i=1,...,n}, making the computations for a*(G,) the same as those for

al(G). O

o

As in Section [5.1] we have constructed our first example of a general thickly
resolvable design by using combinatorial configurations to construct a special auxiliary
graph and taking advantage of the existence of resolvable graph designs.

Now, as we did in the proof of Theorem [1.19] we wish to use o-frames to construct
instances of o-resolvable PBDs in each admissible congruence class modulo a large
period; although, we need to use the existence of a more general o-frame than is
provided by Theorem . Here, we require the existence of o-frame with (non-
complete) graph blocks. We present the extension of Theorem here (including
the slightly more intricate necessary conditions) with a proof sketch that omits the

obligatory calculations.

Lemma 6.13. Let A and g > 0 € Z and G be a simple graph with k wvertices, e
edges, and degrees in D with A\g = 0 (mod 2ec). Then for sufficiently large integers
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u satisfying
og(u—1)=0 (mod k) and Ag(u—1)=0 (mod 7),

where 7y is the least positive integer ¢ such that

1 d; .
c[ X ]Espanz{[1]:di€D,z:1,...,k},
2ec

a o-frame of type g* with G-blocks and index \ exists.

PROOF SKETCH. As in the proof of Theorem for complete blocks, this is an
application of the main result in [30] on edge-coloured graph decompositions. Here
we will avoid repeating the calculations done in the proof of Theorem [3.4] as they are
simply a blend of what is given in Section and the proof of Theorem 6.1 in [5]
which handles the graph case when o = 1.

The family of coloured graphs used in the decomposition is constructed similarly
as well. We replace each (undirected) edge of G with a directed arc in each direction,
add an extra vertex oo and arcs from each vertex of G to co (so oo has indegree k
and outdegree 0). We also still use g + mg colours to colour the arcs where the first
g? colours are induced from a labelling of the vertices of G with g labels and the
remaining gm labels are used on the arcs involving co, induced from the vertex labels

and a choice of m possible labels for oco. However, here m, the number of partial

Ag

o-classes that miss a given group, is a bit different: m = 2.

The colours on the arcs (resulting from the edges of G) ensure that we can “lift”
blocks of the edge-coloured decomposition to a uniform GDD with group size g. The
colours on the arcs to oo correspond to the missed group of a partial o-class and since

they occur ¢ times each in the decomposition, each results in a partial o-class. O

The remainder of the proof of Theorem [6.10] is almost identical to the proof of
Theorem with K} blocks being replaced with G-blocks.

6.4 Conclusion and Future Directions

In this dissertation we generalized the concept of resolvability in designs to allow
for multiple point-coverage within thick-resolution classes and showed that the neces-

sary divisibility conditions for the existence of these thickly-resolvable designs are in
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fact asymptotically sufficient. As an important corollary, we obtained an asymptotic
existence theory for incomplete pairwise balanced designs with maximal holes and
an arbitrary index A. This could play an important role in obtaining a full theory
for IPBDs (where maximal holes are not required). We were also able to extend this
concept to group divisible designs as well as graph designs.

Here we have settled the asymptotic existence question for thickly-resolvable de-
signs with constant block size, graph blocks and for group divisible designs for general
parameters. Perhaps it would now be interesting to consider some explicit param-
eters. It is possible the trick of using configurations together with resolvable graph
decompositions could play a role in computer search for the challenging small exam-
ples.

There are also many ways to extend our results. It would be nice to obtain a full
existence theory for incomplete pairwise balanced designs, discussed in Section [6.1],
for general A without the condition of a maximal hole. It would also be satisfying to
be able to handle multiple blocks sizes, a family of graph blocks, and edge-colours.

We could also consider a list ¥ of positive integers summing to the replication
number, where we would like the blocks to resolve into thick parallel classes whose
thickness is governed by the list . A related notion is that of uniformly resolvable
designs and class uniformly resolvable designs when block sizes are from a set K.
In a uniformly resolvable design we ask that each parallel class has only blocks of a
common size; whereas, in a class uniformly resolvable design each class has the same
profile of block sizes. Class uniformly resolvable designs with a family of cycle blocks
could be useful in context of the full Oberwolfach Problem (discussed in Example
1.16]).

Another interesting extension would be to combine the work in [16] on loopy de-
compositions with thick resolvability. Here we could allow A vertices within a block
to have a loop (of a given colour) and we would desire that the blocks be partitioned
into classes such that h-subsets of the blocks partition the point set V' for each class.
In other words, each class would have one loop of each colour per vertex (but ver-
tices could appear more times as a non-looped vertex as well). We suspect that this
extension could be handled using similar methods as in the proof of Theorem [1.19
but with a weaker notion of configuration for the construction of the auxiliary graph

used to obtain our first example.
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