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ABSTRACT

We extend the concept of central configurations to the N-body problem in spaces
of nonzero constant curvature. Based on the work of Florin Diacu on relative equilib-
ria of the curved N-body problem and the work of Smale on general relative equilibria,
we find a natural way to define the concept of central configurations with the effective
potentials. We characterize the ordinary central configurations as constrained critical
points of the cotangent potential, which helps us to establish the existence of ordi-
nary central configurations for any given masses. After these fundamental results, we
study central configurations on H?, ordinary central configurations in S?, and special
central configurations in S® in three separate chapters. For central configurations
on H?, we generalize the theorem of Moulton on geodesic central configurations, the
theorem of Shub on the compactness of central configurations, the theorem of Conley
on the index of geodesic central configurations, and the theorem of Palmore on the
lower bound for the number of central configurations. We show that all three-body
central configurations that form equilateral triangles must have three equal masses.
For ordinary central configurations in S3, we construct a class of S ordinary central
configurations. We study the geodesic central configurations of two and three bodies.
Three-body non-geodesic ordinary central configurations that form equilateral trian-
gles must have three equal masses. We also put into the evidence some other classes
of central configurations. For special central configurations, we show that for any
N > 3, there are masses that admit at least one special central configuration. We
then consider the Dziobek special central configurations and obtain the central con-
figuration equation in terms of mutual distances and volumes formed by the position
vectors. We end the thesis with results concerning the stability of relative equilibria
associated with 3-body special central configurations. We find that these relative
equilibria are Lyapunov stable when confined to S!, and that they are linearly stable
on S? if and only if the angular momentum is bigger than a certain value determined

by the configuration.
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Chapter 1

Introduction

1.1 A Brief History of the Curved N-body prob-

lem

The curved N-body problem aims to determine the motion of N point masses in
spaces of constant Gaussian curvature k # 0, namely spheres for k > 0 and hyperbolic
spheres for k < 0, under the attractive force law given by the cotangent potential.
This problem has its roots in the work of Janos Bolyai and Nikolai Lobachevsky, done
in the 1830s. They independently had the idea of generalizing celestial mechanics to
hyperbolic space [11}53]. The analytic form of the potential was introduced by Ernest
Schering for hyperbolic spheres in 1870 [77], and by Wilhelm Killing for spheres in
1873 [45]. In the case of the Kepler problem the potential is a harmonic function in
the 3-dimensional (but not in the 2-dimensional) case. In the early 1900s, Heinrich
Liebmann showed that every bounded orbit of the Kepler problem is closed [50]. These
two properties are also true in the Newtonian N-body problem in the Euclidean space
[9]. Thus the cotangent potential is considered to be the natural extension of the
Newtonian potential to spaces of constant curvature. There were also other attempts
to extend the Newtonian potential, however, they were short-lived [51].

After the rise of general relativity, the above results were almost forgotten. This
problem attracted attention later from the point of view of quantum mechanics [7§]
and the theory of integrable dynamical systems [15]. This led to the rediscovery of the
results mentioned above, sometimes with partial improvements. From the 1990s, this
direction was also pursued by the Russian school of celestial mechanics, especially for

the equations describing the motion of two bodies, which unlike in the Euclidean case



are not integrable [12], 44] [46], [79]. Researchers mainly used the intrinsic coordinates of
S? (H?), which are hard to manipulate. Thus most of these researchers concentrated
on the 2-dimensional case. For more details of the history, we refer the readers to
[19].

Instead of working with the intrinsic coordinates, Florin Diacu wrote the equation
of motions using extrinsic coordinates. For the 3-dimensional sphere, he used the co-
ordinates of R* and for the 3-dimensional hyperbolic sphere, he used the coordinates
of R*!, the Minkowski space. In this setup, the matrix Lie group SO(4) (SO(3,1))
serves as the symmetry group. Therefore, this setup facilitated many studies on rela-
tive equilibria, and the rotopulsator solutions defined by Florin Diacu in the attempt
to find a correspondent of the homographic motions of the Newtonian N-body prob-
lem |17, 18], 19, 201 211, 22 23|, 25] 26}, 27, 28], 29], B0, 311, 32} 33], 56l 63, 71, 87, 88, 89, [O1].

Another application of pursuing this problem, according to Florin Diacu [19], is
deciding whether the physical space is elliptic, flat, or hyperbolic. This question was
already asked by Lobachevsky and Gauss. They tried to determine the shape of
space based on ideas from non-Euclidean geometry. However, they failed since the
observation and measurement errors were larger than the potential deviation of the
physical space from zero curvature [47]. There were other attempts. For instance,
the so-called boomerang experiment analysed the cosmological background radiation
[10]. All of them, however, failed to provide a definite answer on whether the physical
space is curved or not.

Florin Diacu proposed a potential way to offer a solution to this problem: find
stable orbits that exist only in, say, flat space, and then seek them in the universe
through astronomical observations. In fact, a small step in this direction was already
made by showing that the Lagrangian relative equilibria of the 3-body problem appear
only in the Euclidean space for nonequal masses. It is well known that such orbits
exist in the solar system, such as the equilateral triangles formed by the Sun, Jupiter,
and any of the Trojan and the Greek asteroids [19, 29], and the equilateral triangle
formed by Saturn, its large moon Tethys, and one of the two smaller moons, Telesto
and Calypso. However, this discovery, according to Florin Diacu, only hints that
the space is Euclidean for the solar-system scales. The motions of the asteroids are
not exactly at the vertices of an equilateral triangle. As well, there might be other
quasi-periodic motions in the curved space that are similar to the equilateral triangle

relative equilibria.



1.2 Background and Motivation

Let S3 be the unit sphere in R*, and H? be the unit hyperbolic sphere in R®!. For
both 4-dimensional linear spaces, we use coordinates (x,y, z,w). Given the positive

masses My, ...,my in S* (H?), whose positions are described by the configuration
q = (qi,....,an) € (SN (H)Y), @i = (x4, 5,2, w;), i = 1,..., N, we define the

singularity set

Ui<i<j<n{q € (S*)V; d;j = 0,0or 7} in S
Ui<i<j<n{q € (H})Y; d;; = 0} in H3,

A:

where d;; be the distance between m; and m; in S® (H?*). For q ¢ A, define the force
function U (—U being the potential function) as

21§i<j§N mymjcotd;j(q) in S,

Ula) = Ny
Zl§i<j§N m;m;cothd,;;(q) in H°.

Define the kinetic energy as T(q) = > ;«n %mzqz ‘i, 9 = (qi,.--,qn). Then
the curved N-body problem is given by the _Lagrangian system on T((S*)V \ A)
(T((H)N\ A)), with

L(q,q) =T(q) + U(q).

This setup was proposed by Florin Diacu. The advantage is that we can use the
matrix Lie groups SO(4),S0(3,1) as the symmetry groups. Since both symmetry
groups are 6-dimensional, there are several kinds of relative equilibria, namely fixed
points, positive elliptic relative equilibria, positive elliptic-elliptic relative equilibria,
negative elliptic relative equilibria, negative hyperbolic relative equilibria, and nega-
tive elliptic-hyperbolic relative equilibria. Florin Diacu summarized his research on
this topic in [25].

This thesis stems from the work of Florin Diacu on relative equilibria. It is well
known that to find relative equilibria in the form of exp(£t)q of a mechanical system
with symmetry group G, where £ is in the Lie Algebra of G, it suffices to find critical
points of the effective potential U that depends on £. Thus the study of the various
kinds of relative equilibria can be reduced to the study of the corresponding effective
potentials. Surprisingly, I found that one effective potential is enough for all, namely,
U — M, where I = S m;(22 +y?2). Therefore, the study of various kinds of relative



equilibria can be unified by the study of the following equation,
VU =AVqlI, i=1,..,N.

Recall that the solutions of a similar equation in the Newtonian N-body problem
are called central configurations. We thus call the solutions of our equation central

configurations of the curved N-body problem.

1.2.1 Central Configurations of the Newtonian N-body prob-

lem

The main purpose of this thesis is to extend the study of the central configurations of
the Newtonian N-body problem to curved space. Recall that central configurations

of the Newtonian N-body problem are solutions of the equation

Vo U=AVyI, i=1,..N,

m;m;

where U is the Newtonian potential: U(q) = Zl§i<j§va q = (qi,...qn) €
(R} is the configuration, and I = ZZ]\LI m;q; - q; is the moment of inertia. The
notation of central configurations was introduced by Pierre-Simon Laplace in 1789
[49]. While the first examples of central configurations were found by Euler and La-
grange earlier [30], 48]. By their time, all central configurations of three bodies were
known, namely, three collinear central configurations found by Euler and two equilat-
eral triangle central configurations found by Lagrange. A first systematic study of this
concept appeared only in 1900, when Otto Dziobek published a fundamental paper
on central configurations [35]. Since then, research in this direction has continued,
showing that the central configurations are essential for understanding the motions
of the Newtonian N-body problem.

From the mathematical point of view, central configuration equation is an alge-
braic system in 3N variables. It does not involve the time variable. However, each
central configuration gives rise to simple, explicit solutions of the Newtonian N-body
problem such that the configuration is similar to the initial configuration during the
motion. These motions are given by homothetic orbits and relative equilibria [52]. If
we compose these solutions we obtain homographic orbits. Central configurations also
appear in other circumstances. For instance, when three or more bodies tend to a

simultaneous collision, or they scatter to infinity, they tend asymptotically to a cen-



tral configuration [75], 8I]. Central configurations are also involved in the topological
classification of the planar N-body problem [62, [84]

For N < 3, all solutions were known by the time of Lagrange. But for higher
N, we do not know much about them. A basic question is called the Wintner-Smale
problem: given N positive masses, is the number of central configurations finite, up
to symmetries? Smale listed it as the 6-th problem for the 21-st century [86]. The
case when N = 4 was solved only in 2006 by Hampton and Moeckel [58] [42], who
showed that the number of central configurations is between 32 and 8472 for generic
masses. The case when N = 5 was solved in 2012 by Albouy and Kaloshin [6, 61],
who showed that the number of central configurations is finite for generic masses. For
N > 6, even generic finiteness is open. However, if non-positive masses are allowed,
there is a continuum of central configurations [40] [72]. There are also other interesting

problems on this subject [4].

1.3 Summary and Organization

In Chapter [2| using Florin Diacu’s setup, we derive the equations of motion of the
curved N-body problem. Then by the obvious symmetry of the Hamiltonian, we
find the corresponding first integrals with Noether’s theorem. We also point out
that in qualitative studies the value of the curvature is irrelevant and that only the
sign matters. Thus we only need to study solutions on the unit sphere and the unit
hyperbolic sphere.

In Chapter [3, we first introduce the concept of relative equilibrium from the
viewpoint of geometric mechanics. The well-known theorem of Smale shows that to
find a relative equilibrium is equivalent to finding a critical point of the corresponding
effective potential. We then find the effective potentials corresponding to the six types
of relative equilibria. Remarkably, they are of the same form. We also offer another
proof using an elementary approach. The two equivalent methods show that the key

to finding relative equilibria is to solve the equation
VU =AVqlI, i=1,..,N.

We define the solutions of this equation as central configurations of the curved N-body
problem. If the equations are satisfied only for some A # 0, we call it an ordinary

central configuration; if the equations are satisfied for A = 0, we call it a special central



configuration. No special central configuration exists on the hyperbolic sphere. In the
end, we discuss the connection between central configurations and relative equilibria
in more detail.

In Chapter [4], we first characterize the moment of inertia I in a geometric way. This
justifies the notation of central configurations to a certain level and provides some
geometric insight into the problem. We then define the equivalent classes of central
configurations, an approach that is essential for counting central configurations. We
collect some useful facts about central configurations in the last two sections. For
instance, we show that any central configuration in H? is equivalent to some central
configuration on a particular hyperbolic 2-sphere; we also show that any S? central
configuration can be found on a particular 2-sphere. These derivations reduce the
study of central configurations to convenient settings.

In Chapter 5], we first characterize central configurations as critical points of some
functions. More precisely, central configurations are the rest points of the gradient
flow of some functions on some manifolds. Using this property, we are able to show
the existence of ordinary central configurations for any given positive masses. We also
find a convenient way to compute the Hessian of these critical points, and estimate
their minimal nullity. However, there are masses that do not possess special central
configurations. We define My as the subset of RY for which there exist special central
configurations. In the end, we extend the Wintner-Smale problem to the curved N-
body problem.

The central configurations of the curved N-body problem are roughly divided into
three main categories: central configurations in H?, ordinary central configurations in
S3, and special central configurations in S®. The following three chapters are devoted
to study these three categories.

In Chapter @ we consider central configurations in H3. We start with several
examples of central configurations and then write the equation V4,U = AV, [ in
another form, which becomes useful later. We then generalize the result of Shub [80],
which shows that the set of central configurations is compact for given masses. We
generalize the celebrated Moulton’s theorem in H3, that is, there are N!/2 geodesic
central configurations for any /N masses. Then we study the Hessian of these geodesic
central configurations with an idea introduced by Conley [67] in the Newtonian N-
body problem. With these preparations, we apply Morse theory to get a lower bound
for the number of central configurations for generic masses. In the end, we study

the non-geodesic central configurations in the 3-body case. We obtain a necessary



condition, which implies that all equilateral triangle central configurations must have
equal masses.

In Chapter[7}, we study ordinary central configurations in S3. We start with several
examples of ordinary central configurations and then write the equation Vq,U =
AV, I in another form, which becomes useful later. One class of examples is formed
by S? central configurations, which contrasts with what happens in H?> and shows the
complexity of this problem in S3. We then turn to geodesic central configurations
for two and three masses. We find that Moulton’s theorem cannot be generalized
directly. Surprisingly, there is a continuum of central configurations for two equal
masses. For three masses, we study the inverse problem: for a given configuration on
S!, find positive masses such that a geodesic central configuration exists. In the end,
we study the non-geodesic central configurations in the 3-body case. We obtain a
necessary condition, which implies that all equilateral triangle central configurations
must have equal masses. This condition also helps us to find another class of central
configurations.

In Chapter [8| we study special central configurations in S*, which are solutions of
the system

VqoU=0, i=1,..,N.

We start with writing the equation in another useful form. Then we provide examples
of special central configurations for any N > 3 masses, which shows that the mass
set My is not empty when N > 3. One class of examples uses the special geometry
of S, a way first proposed by Florin Diacu [25]. We then consider special central
configurations in higher dimensional spheres. Those special central configurations
when the N particles span an (N —1)-dimensional linear space (or, an (N —2)-sphere)
are of special interest. They are analogous to Dziobek central configurations of the
Newtonian N-body problem [52]. We call them Dziobek special central configurations
as well. For them, the central configuration equation can be nicely written in terms
of the mutual distances and volumes formed by the position vectors. We then apply
these equations to the physically interesting examples: three particles on S', four
particles on S? and five particles in S®. In the end, we find the mass set Ms.

In Chapter [9] we study the stability of the relative equilibria associated with all
special central configurations in the 3-body case, on S' and S?. We first rewrite
the equations of motions in spherical coordinates. Then we show that the relative

equilibria are Lyapunov stable when confined to S'. When considered on S?, the



linear stability of these motions depends on their angular momenta. For each central
configuration, there is one critical value such that the motion is linearly stable if and
only if the angular momentum is bigger than this value.

Finally, in Chapter |10 we draw some conclusions and maps some further directions

of research.



Chapter 2

The Curved N-Body Problem

In this chapter, we derive the equations of motion of the curved N-body problem,

then find the obvious first integrals.

2.1 Equations of Motion

In this section we introduce the N-body problem in spaces of constant nonzero curva-
ture, which we will refer to as the curved N-body problem, in contrast to its analogue
in Euclidean space, which we will call the Newtonian N-body problem. As in [19],
we set the curved N-body problems in the unit 3-sphere and the unit hyperbolic 3-
sphere as Hamiltonian systems in the Euclidean space R* and in the Minkowski space
R3!, respectively, with holonomic constraints that restrict the motion of the bodies
to these manifolds.

Vectors are all column vectors, but written as row vectors in the text. Recall
that R* and R*! are endowed with different inner products: for two vectors, q; =

(xlv Y1, Zl>w1) and qs = (5E27927 292, w?)? they are given by
qi -2 = T1%2 + Y1Y2 + 2122 + oW Wa,

where ¢ = 1 for the Euclidean space and 0 = —1 for the Minkowski space. Then the

unit sphere S? and the unit hyperbolic sphere H? are

S* = {(z,y,z,w) ER'| 2> + > + 2 + w* =1} and
H? .= {(2,y,2,w) €R*|2* +¢y* + 2> —w® = -1, w > 0},
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respectively. We can merge these two manifolds into
M3 = {(z,y,2,w) € R*|2? +9* + 2* + ow® = o, with w > 0 for 0 = —1}.

Denote by m € Rf the mass vector (my, ..., my) where m; is the mass of the ith
particle. Given the positive masses my, ..., my, whose positions are described by the
configuration q = (qq,...,qy) € (MY, q; = (24, i, 2, w;), @ = 1,..., N, we define
the singularity set

A =Uicicjen{a e M)V q; = £q,}.

Let d;; be the geodesic distance between the point masses m; and m;, we define the
force function U (—U being the potential function) on (M?*)V \ A as

U(q) = Z mimjctndl-j,

1<i<j<N

where ctn(z) stands for cot(z) in S* and coth(z) in H3. We would like to mention
that there are many other choices of the potential, but this potential is coherent with
the Newtonian N-body problem, see [7, [19]. We introduce two more notations, which

unify the trigonometric and hyperbolic functions,
sn(z) = sin(x) or sinh(x), csn(x) = cos(z) or cosh(z).

Then the distance d;; is given by the expression d;; := arccsn(oq;-q;), where arcesn(z)

is the inverse function of csn(z). We define the kinetic energy as

T(p)= Y %mzqz =y ém;lpi “ Pi;

1<i<N 1<i<N

where p; := m;q; is the momentum of m;. We also denote the momentum of the

particle system by
p= <p17"'7pN)‘

Then the curved N-body problem is given by the Hamiltonian system on 7 ((M3)N'\
A), with
H(q,p) :=T(q,p) - U(q).

Let us derive the equations of motion for the Hamiltonian system in S3. The
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Hamiltonian is

H = Z %77’%_11)Z ‘Pi — Z m;m; cot dz]

1<i<N 1<i<j<N

Here U is defined on (S*)V \ A, with the set of singularities A = A~ U A™, where

A7 = U1§i<j§N{q € (SS)N 1 q; = _qj} \ UlSi<jSN{q € (83)N 4 = qj}7
AT =Uicicien{a € ()Y @ = qj} \ Uicicjen{a € (8°)" : q; = —q;}.

We will call A~ the antipodal singularity set and AT the collision singularity set.
Using constrained Hamiltonian dynamics, we get the equations describing the motion
of the bodies,

QG =m; 'p;
pi = Vg, U — mi_l(pi Pi) = Vg, U —m;(q; - 4;)a;
q-9 =1 pi-qu=0, i=1,...,N,

where VU stands for the gradient of U on the manifold (S*)". The gradient can
be interpreted as the attractive force on q; produced by all the other particles. The
term —m, Y(p; - pi)q; can be viewed as the constraint force keeping the particles on
the sphere. Thus we denote Vg, U and Vq,m;m;cotd;; by F; and F;;, respectively.
We have

—m,-mj —mimj 1
——V, o8 q;-qj = ———
A q; i .
sin? dij ™ T sin® d;j

m;m;

F,; = V. dij = Va4 - 9;-

SiIl2 dij

The gradient of q; - g; on the manifold (S*)" can be computed as follows. We extend
any function f: (S*)¥ — R to the ambient space f: (R!)" — R,

f@#(%wvﬁvﬁ)_

Then f(A\q) = f(q) for A > 0, i.e., f is a homogeneous function of degree zero. Let

V be the gradient in the ambient space and ai the unit normal vector of the i-th

g
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unit sphere. Since df = 0, we obtain (Vg f)] sy = Vg, f + 87” an =V, f. Thus

mim; Q- g Commy V& G/ G i G
sin®di; /G- Qi@ @ sin® d (Vi @i/~ @)

m;m;ldq; — cos d;;q;]

Fij =

sin® d;j

Thus the equations of motion for the curved N-body problem in S* are

q; =m; 'pi

N mim;[q;—cos d;;q;) . .
Dt e, —mi(Q; - q;) i

pi =

Gravitation law in S?. A mass ms at qu € S? attracts another mass m; at q; € S*
(a1 # £q2) along the minimal geodesic connecting the two points with a force whose

) .
magnitude is S

. More precisely,

myma[qe — cos di2q; |

F12 - . 3
Sin d12

Similarly, we can derive the equations of motion for the Hamiltonian system in

H3. The Hamiltonian is

1
H=T(q,p) —Ul(q) = Z §m;1pi “Pi — Z m;m; coth d;.

1<i<N 1<i<j<N

Here U is defined on (H?)Y \ A, and the set of singularities is
A= Uigicien{a € ()Y ai = g}

We interpret Vq,U and Vq,m;m; cothd;; as F; and F;; respectively. Similar compu-

tations lead to
m;m;[q; — coshd;;q;]

Y
sinh? d;;

Fij =
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and the equations of motion for the curved N-body problem in H? are

a4 = m; ' p;

N mimj[q;—cosh d;;q;] . .
Zj:l,j;éi Sinhd d,, +mi(Qs - )

pi =
q9-9=-1, p;rq;=0, i=1,...,N.

Gravitation law in H3. A mass m, at q, € H? attracts another mass m, at q; € H?

(q1 # q2) along the minimal geodesic connecting the two points with a force whose

mima
sinh? d12

magnitude is . More precisely,

mimsa [Q2 — cosh d12Q1]
sinh3 d12 ‘

F12 =

Using the functions sn(z) and csn(z) introduced earlier, we can blend the two

systems of equations into one system in (M®)N \ A [19, 25],

q = mi_lpi

Z;'V:Lj;éi mimj[‘s;;dijndijQi] — omi(¢; - &) (2.1)

p; =
q; q; = 0, pquzov ZzlvaN

Remark 1. If we derive the equation of motion in S? and H? , where S? = {(x,y, z,w) €
RU 2+ 9y +22 4w =k} k>0, and H2 = {(z,y,2,w) € R |22 + 32 + 22 —w? =

k1w >0} k<0, we would see that the gravitational law is

mams|k|2[qe — esnlr|2de(qr, q2)q1]

Fiy = -
sn? ("i‘idn((h,(h))

)

[19, page 29], where d,.(qi,qs) is the distance between the two particles in S? and H3.
Formally, it tends to the gravitational law in R® when k — 0, which again shows that
the potential is coherent with the Newtonian potential.

Some researchers studied the curved N-body problem in S? and H? with curvature
k # +1 [{4]. For our purpose, this is not necessary since it has been shown in [19]

that there are coordinate and time-rescaling transformations,

Qi = |/~c|_1/2ri, i=1,N and 7= |/—c|3/4t,
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which bring the systems from S2 and H3 to systems to S* and H3, respectively.

2.2 First Integrals

The Hamiltonian of the curved N-body problem is invariant under the action of the
rotation group O(4) (O(3,1)). This fact leads to the six angular momentum integrals.
Recall that a 4 x 4 matrix A is in O(4) if it keeps the inner product in the 4-

dimensional Euclidean space, that is, if
Au-Av=u-v, for any u,veR.

It is a matrix Lie group and it has two components. The component containing 7, the
identity matrix, that is, those matrices with determinant one, is denoted by SO(4).
The tangent space at I, the Lie algebra of O(4), is a 6-dimensional linear space and
is denoted by s0(4). A 4 x 4 matrix X is in so(4) if X7 = —X.

Recall that a 4 x 4 matrix A is in O(3,1) if it keeps the inner product in the

4-dimensional Minkowski space, that is, if
Au-Av =u-v, for any u,v e R>!

It is a matrix Lie group with four components [66]. The two components with determi-
nant one is denoted by SO(3,1), and the one containing I is denoted by SO™(3,1).
The tangent space at I, the Lie algebra of O(3,1), is a 6-dimensional linear space
and is denoted by s0(3,1). A 4 x 4 matrix X is in s0(3,1) if X7 = —X, where
¢ = diag(1,1,1,—1).

For the system in S*) O(4) keeps the Hamiltonian. Let ¢ € O(4). Extend this

action to T*(S?)N via

o(q,p) = (¢qi, .., dAN, OP1, - - -, PPN).
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Then

Ho(@p) = Y gmitopi-opi— Y mam, cotd(a. oa)

1<i<N 1<i<j<N

1
Z §mi 1Pi “Pi — Z mim; cot d(q;, q;)

1<i<N 1<i<j<N

= H(q, p).

This action also preserves the symplectic form w = d(21§ig ~ Pidq;). Similarly, we

can verify that O(3, 1) is the symmetric group for the system in H3. These facts show:

Proposition 1. Let ¢ be an element of the isometry group of M, then (q(t), p(t))
solves the curved N-body problem if and only if ¢ (q(t),p(t)) does.

Theorem 1 (Noether’s Theorem). Let G be the symmetric group of H(q,p) and ¢,
be a one-parameter subgroup of G, x(q) = % s=00s(q). Then

F(q,p) =p-x(q)

18 a first integral.

The Lie algebra so(4) of the rotation group O(4) is composed of the 4 x 4 skew-

symmetric matrices. Thus we get

0 a b cl| |w;

—a 0 d e T;
Flg,p)=p-x(q@) =) mi|w;, &; v 2 ’
(a,p) =P x(q) Z [w YA Ly a0 ]

—c —e —f 0| | &

which leads to the following six independent integrals of the system in S3,

N N
Wey = Z mz(ﬂ?zyz - -Izyz), Wez = Zmz(mzzl - a:lzz),
i=1 =1
N N
Wew = Z ml(xlwl — CCZU)z), Wy = Zmz(yzzz - ylzl)7 (22)
i=1 i=1

N N
Wyw = Z m; (Yiw; — yi;), Wowy = Z m;(Zw; — z;).
1=1 =1
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Similarly, we use the Lie algebra s0(3,1) to derive the first integrals of the system in
H3. We find that it leads to (2.2)) as well. These integrals were first found in [19} 25]

by using wedge product. We will refer to them as angular momentum integrals.
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Chapter 3

Relative Equilibria and Central

Configurations

In this chapter, we first introduce the definition of relative equilibria in the context
of mechanical systems with symmetry. We use Smale’s theorem to show that finding
relative equilibria of the curved N-body problem is equivalent to finding the critical
points of the corresponding effective potentials. Surprisingly, the effective potentials
corresponding to different relative equilibria have the same form, as we show with the
help of some non-elementary arguments. We also prove this fact by an elementary
approach. With this effective potential, we define central configurations and discuss
the relationships between central configurations and motions of the curved N-body

problem.

3.1 Relative Equilibria

In this section we introduce the relative equilibria of the curved N-body problem
and classify these solutions into several classes. We then give examples of relative
equilibria in each class.

We begin with some definitions for general mechanical systems.

Definition 1 ([83]). A mechanical system with symmetry consists of a 4-tuple (M, K, V, Q)
where M is a manifold, K is the kinetic energy, V the potential energy and G a Lie
group acting on M preserving K and V with all data smooth.

For each & belonging to the Lie algebra g of G, there is a vector field &,, on M,
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given by

Eul@) = 3| (ep(Ena).

=0
Here we denote by &,,(q) the vector at q € M, and by exp(&t)q the action of exp(&t)
on q.

Definition 2 ([84]). A solution of the mechanical system with symmetry (M, K,V, G)
15 called a relative equilibrium if it is also an integral curve of the vector field €,;. In
other words, a relative equilibrium is a solution in the form of exp(&t)q. The curve

exp(&t) € G is called a one-parameter subgroup of G.
Let us return to the curved N-body problem.

Proposition 2. A one-parameter subgroup of SO(4) is of the form PA,g(t)P™*,
with P € SO(4) and

cosat —sinat 0 0
in ot t 0 0
Ao s(t) = sinat  cos« . e fER
0 0 cos Bt —sin [t
0 0 sin ft  cos ft

We call these rotations positive elliptic-elliptic if a # 0 and § # 0, and positive
elliptic if only one of them is zero. We call the corresponding relative equilibria positive

elliptic-elliptic relative equilibria and positive elliptic relative equilibria, respectively.

Proposition 3. A one-parameter subgroup of SO™(3,1) is of the form PB, z(t)P™*
or PC,(t)P~t, with P € SO(3,1), and

cosat —sinat 0 0 1 0 0 0
in ot t 0 0 0 1 —nt t
By y(t) = sinat  cosa | o) = n n
0 0 cosh 8t sinh 3t 0 nt 1—nt?/2 nt?
0 0 sinh 8t cosh Bt 0 nt —nmt*  1+4+nt?/2

where a, B, n € R.

Similarly, the negative elliptic, negative hyperbolic, negative elliptic-hyperbolic
and parabolic transformations correspond to a # 0 and = 0, a = 0 and 8 # 0,

a # 0and 8 # 0, and n # 0, respectively. We call the corresponding relative equilibria
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negative elliptic relative equilibria, negative hyperbolic relative equilibria, negative
elliptic-hyperbolic relative equilibria and parabolic relative equilibria, respectively.

We can easily check that

Aap(t) = exp(&it), Bag(t) = exp(§ot), Cy(t) = exp(&31),

where &, € s0(4), &,, &5 € 50(3,1), and

0 —a 0 0 0 —a 0 O 00 0 O

a 0 0 O a 0 0 0 00 —n n
€1 = ) 52 - ) 53 =

0 0 —p 0 0 p 0 n 0

0 8 0 0 g 0 0 n 0

Recall that Proposition |1 shows that for any ¢ in the isometry group, (q(t), p(t))
solves the curved N-body problem if and only if ¢ (q(t), p(¢)) does. Thus we cover all
possible relative equilibria for the curved N-body problem if we define them in terms
of the three normal forms of the one-parameter subgroup. To simplify the notation,
we will denote initial positions without any argument and attach the argument ¢ to

functions depending on time.

Definition 3. Let q = (qi,-..,qn) be a nonsingular initial configuration of the
masses m = (mq,...,my) € Rf, N > 2, in M3, where the initial position vectors are

Qi = (T, Yi, zi,w;), i = 1,...,N. Then a solution of the form

q(t) = Q(t)q == (Q(t)ay, - .., Q(t)an)

of system (2.1)), with Q(t) being An5(t), Bag(t), or C,(t), is called a relative equilib-
B B n

TLUM.

The following fact was first proved in [19, 25]. For completeness, we also give
the proof. Note that the result holds for any mechanical system in H* with O(3,1)

symmetry.

Proposition 4. There are no parabolic relative equilibria for the curved N-body prob-

lem in H3.
Proof. Let q(t) = C,(t)q be a solution. Then

tQ t2 t? t2
qi(t) = (s, i — ntz + ntw;, nty; + (1 — %)Zz + %wi,ﬁtyi — %Zz +(1+ %)wz)
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Thus direct computation leads to

N N N
Woy = Z m;(ziw; — wi%;) = Z min(z; — wy)y; — nt(z mi(z — w;)?).
i=1 i=1 i=1
In H3, 22 +y? + 22 = w? — 1 and w > 1. Thus w; > z;, and Zfil m;(z; — w;)?* > 0.
Thus w,,, could not be a constant, a contradiction which proves C,(t)q could not be

a solution. Thus there are no parabolic relative equilibria. O

Therefore there are only five types of relative equilibria. Florin Diacu gave a nice
summary of his study on this topic in [19, 25], where he studied the criteria and
the qualitative behaviour of these solutions, and gave many examples. The following

examples of relative equilibria are based on his results.

Example 1. In S3, let us place three equal masses m; = my = mz = 2o at
q= (QhCI%Q:%)a qj = (Ijvyjazj7wj)7 ] = 17273; where
1 V3  2mj

1 .
LL’j:§COSBj, yjzésmﬁj, Zj:7, U)j:O, ﬁj— 3 .

Then the computations show that q(t) = A1 0(t)q is a positive elliptic relative equilib-

rium and q(t) = A 5 ,(t)q is a positive elliptic-elliptic relative equilibrium.

Example 2. In H3, let us place three equal masses m; = my = mz = %ﬁ at q =
(QhQLQS)a qQ; = (xi’yiazi7wi>7 1= 1)2737 where

xl:07 yl:07 21:()7 U)l:1

.1’2:1, yQZO, ZQIO, U)QI\/§

.1:3:—1, y3:07 Z3:OJ 'U)3:\/§.

Then the computations show that q(t) = B1o(t)q is a negative elliptic relative equi-
librium, q(t) = B(t)oa1q is a negative hyperbolic relative equilibrium, and q(t) =
B, 123 /Q(t)q 15 a negative elliptic-hyperbolic relative equilibrium.

Though one can check the above statements by direct computations, we will give
a better explanation of them later in this chapter. Notice that in each example the
relative equilibria can be generated from the same initial configuration. Far from

being a coincidence, this fact will be clarified soon.
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3.2 Relative Equilibria and the Effective Poten-

tials

We use Smale’s theorem to show that finding various relative equilibria of the curved
N-body problem is equivalent to finding the critical points of effective potentials.
These criteria, though equivalent to the ones given by Florin Diacu [19] 25], are quite
different from them in form and will be essential in defining the concept of central

configurations.

Theorem 2 (Smale, [84]). Suppose (M, K,V,G) is a mechanical system with sym-
metry and € € g. Then exp(&t)q is a relative equilibrium if and only if q is a critical
point of the real valued function on M which sends q into V(q) — K(&,,(q),&p(q)),

the effective potential corresponding to &.

Recall that the relative equilibria in S* are in the form of exp(&;t)q, and the
relative equilibria in H? are in the form of exp(&€,t)q. Let us find the corresponding

effective potentials.

Theorem 3. Let q = (qi,...,qn), Qi = (%, ¥i, 2, w;), i = 1,..., N, be a nonsingular
configuration in S*. Then exp(&,t)q = A p(t)q is a relative equilibrium if and only

iof this configuration satisfies the equation

62_a2

N
i=1

Let q = (qu,.--,qn), 4 = (T4, Yi, zi,w;), © = 1,..., N, be a nonsingular configura-
tion in H*. Then exp(€,t)q = Bas(t)q is a relative equilibrium if and only if this

configuration satisfies the equations

042+ﬁ2 N »
5 Va (memﬁ Vo U(@), i =1, N,
i=1

Proof. In Chapter [2| we have seen that the curved N-body problem problem is a
mechanical system with O(4) (O(3,1)) symmetry. Thus Smale’s theorem applies.
The action of exp(&;t) is

exp(§;t)q = (exp(§;t)qi, ..., exp(&;t)an ).
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Thus the vector fields generated by &; and &, on (S*) and (H?)" are simply &,q =
(§141; -, &1an) and £, = (€241, -, §,qn), respectively.

Recall that the kinetic energy is K(q,q) = Zf\il %mzqZ - ¢;. In S3, using the fact
q; - q; = 1, we obtain

K(€,9,6,q) = m;&1q; - €19

DO | =

@
Il
—

mi(—ayu az;, —Pw;, 521') : (—ayi> ax;, —Bw;, Bzi)

I
DO | =

@
Il
—

m; (o®(xF +y7) + B (2] + wy}))

Il
DO | =

N
Il
—

m; (o®(af +y7) + B2 (1 — 2? — )

Il
DO | =

=1
2 N 2 N
«Q
= Z x —i—yl 6 m;.
= =1
In H?, we obtain
1
K(SQ(L 52(1) = Z émiéz% - &,q;

i=1

mi(—aym O@z’,ﬁwmﬁzz') : (—043/1'7 axhﬁwiaﬁzz')

Il
N =

s
Il
—

m; (o®(2? +y2) + B2 (w} — 22))

I
N =

s
Il
—

m; (o?(z? 4+ y7) + B2 (1 + 27 + v7))

I
DO | =

i=1

_a2+ﬁ al
= 5 z:: :1:+yz —I——Zml

=1

Recall that —U is the potential. Thus ignoring the constant, the effective potentials
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with respect to &, and &, are
Ve,(@) = —Ula) = Y THa? = B)(a? +4?),
N oo
Ve,(@) = —U(a) = Y —-(0” + %) (27 + 7).

Thus exp(;t)q is a relative equilibrium if and only if q is a critical point of these
effective potentials, which is equivalent to the stated two equations. This remark

completes the proof. O

It is remarkable that the effective potentials depend on the parameters «, 5 in
such a manner, which is due to the fact that the spheres are 3-dimensional. The
consequence is that a critical point of the potential —U(q)— >~ , i(od —B7) (a2 +y7)
is also a critical point of —U(q) — S0 | @i(af — 83) (2 + y?), as long as o? — 7 =
a3 — (3. In other words, once we obtain one relative equilibrium A,, g q, then A,, 5,9
is automatically a relative equilibrium as long as o — 32 = a2 — $2. Thus there is no

need to separate the study of relative equilibria into five categories.

3.3 An Elementary Approach

In this section, we show a result equivalent to Theorem [3| by an elementary approach.
Let 9 = (q1, .-, qn), i = (%3, v;, 2, w;), @ =1,..., N, be a nonsingular configuration
and Q(t)q a relative equilibrium, where Q(t) is A, 5(t) or B, s(t). Again, to simplify
the notation, we will denote initial positions and velocities without any argument and
attach the argument ¢ to functions depending on time.

We first substitute q;(t) = Q(¢t)q;, ¢ = 1,..., N, into equations (2.1)) and obtain

miQ(t)q; = Vg, U(t) —om[Q(t)q; - Q(t)q]Q(t)a;, i =1,...,N.

Since U is invariant under the isometry group, it is easy to see that Q7' (t)Vq,U(t) =
V4 U. Multiplying to the left by Q~!(t) yields

miQ 7 (1)Q(t)a; = Vq,U — omyi[Q(H)a; - Q(t)ai] . (3.1)
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Theorem 4. Let q = (qu,...,9n5), 9 = (T4, i, 2 w;), @ = 1,..., N, be a nonsingu-
lar configuration in S*. Then A, s(t)q is a relative equilibrium if and only if this

configuration satisfies the equations

vi(wi + 27)
2 2
2 oy | vi(wi + z7) -
m;(8° — « =VqU, i=1,...,N. 3.2

—w;(2} + y7)

Proof. Using the fact that A, s(t) = exp(&;t) and that exp(&;t) and &; commute,

straightforward computations show that
A;}B@)*Amﬁ(t) - diag(—az, —0(2, _BQa _52)7
Aap()ai - Aas(t)a = (o +y7) + B2(2] +w?).
Substituting these expressions into equations (3.1)), we obtain that

2

—QT; Z;
2
XY ; .
m; 21/ = Vo U — mio®(a] + 7)) + 52(2] + w))] Y , i=1,...,N.
_62wi W;

Using in the above equations the identity q; - q; = 1, we can conclude that

wi [—a? + P (a] + 7)) + B2(2F + w))] = 2(B® — ®)(2] +w)),
yi [—0® + o®(@f + 7)) + B2 + w)] = wi(B* = o?) (2] + w)),
2z (=02 4 o (2] + yf) + (2] +wi)] = —2(8° — ®)(af + v,
wi [=8% 4 o®(x} + ) + (2] + w))] = —wi(B? — ®)(aF + 7).

Then we are led to equations (3.2), a remark that completes the proof. O

Theorem 5. Let q = (qi,...,9n), 9 = (T4, Yi, 2, w;), © = 1,..., N, be a nonsingu-

lar configuration in H3. Then B, g(t)q is a relative equilibrium if and only if this
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configuration satisfies the equations

—VqU, i=1,..,N. (3.3)

Proof. Using the fact that B, g(t) = exp(€,t) and that exp(&,t) and &, commute,

straightforward computations show that

B, §(t)Bas(t) = diag(—a?, —a?, 8%, 5%),
Baps(t)di - Bag(t)a; = o*(x? +y?) — B*(27 — wi).

Substituting these results into equations (3.1)), we obtain

—a7x; X
2
—ay; i
me| | = Val s mlat? ) = 2 —wd)] |1 i= 1N
BPw; w;
Using in the above equations the identity q; - q; = —1, we can conclude that
wi [—a® — (] +y) + B2(+] — w])] = wi(a® + %) (=] — w)),
yi [o® = a®(af +y7) + (2] — w))] = wi(e® + %) (27 — w)),
2 [B% = o (af + i) + B2z — wi)] = —azi(a® + B%) (2] +47),
wi [B% = o (2f + ) + B2z — wi)] = —wi(a® + %) (27 +v7)
Then we are led to equations (3.3), a remark that completes the proof. O

Theorem [3| and the above two theorems are equivalent. For example, in S?, define
f(x,y,2,w) = 2% + y* as a function from S* to R. To find the gradient of f, we
employ the trick used to derive Vq,q; - q; in Chapter . Extend f to a homogeneous
function f of degree zero in the ambient space R?,

f@y,zw) = —
T 2y 2 w?

Let V be the gradient in the ambient space, and % be the unit normal vector of
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the unit sphere. Since g—f = 0, we obtain (6]?)\55 =Vf+ g—{% = Vf. Thus

straightforward computations show that
Vi(zy,z,w) =2 (z(w + 2°), y(w + 2%), —2(2* + %), ~w(z® +y7)) .
Hence we can conclude that

Thus the right hand side of (3.2) is 2 2;”‘2 Va <Zf\[:1 m;(x? + yf)) . Theoremmatches
Theorem . Similarly, in H3,

Vo I (@) = 2m; (zi(w} — 27), yi(wi — 27), zi(w + ), wilaf + 7))

Thus Theorem [B] also matches Theorem [Bl

3.4 Central Configurations and the Associated Rel-
ative Equilibria

We are now motivated to study the equation

N
Vo U(a) = AVq, [ my(2? +y)),i = 1,...,N.
=1

Recall that in the Newtonian N-body problem, solutions of such equation are called
central configurations [62, 90]. We introduce central configurations in S* and H3.
We will also isolate a particular class of central configurations that corresponds to
fixed-point solutions in S, but which don’t exist in H*. Finally, we discuss the
motions of the curved N-body problem related to central configurations, namely

relative equilibria and homothetic motions.

Definition 4. Consider N point masses my,...,my in M3 atq= (qi,...,qy), Qi =

(i, Yi, zisw;), © = 1,..., N. The moment of inertia of the particle system is the function

N

I(a) =) mi(af + 7).

=1
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Definition 5. Assume that the point masses my, ..., my in M® have the nonsingular
positions given by the vector q = (qi,...,qn), U = (T4, i, zi,w;), i = 1,...,N.
Then q is a central configuration of the curved N-body problem in M3 if it solves the
equations

VaU(q) =AVqI(q), i=1,...,N, (3.4)

where I is the moment of inertia and the constant A € R can be viewed as a Lagrangian
multiplier. We will further refer to these conditions as the central configuration equa-

tions.

Explicitly, the central configuration equations (3.4]) are

il m;m;q; N mjmicsndij .
ST mmendy G gy N (35)

3
sn3d;;
J#i.5=1 Y

Proposition 5. The i-th equation of the central configuration equations (3.5)) holds

if and only if there is a constant 6; such that

N
N BT g = AV L. (3.6)
L 5n3dij '
J#i,j=1
Proof. Assume that (3.6]) holds. Multiply q; to the both sides of (3.6). Since q;-q; =
ocsnd;j, q; - q; = 0, and q; - Vg, I = 0, we obtain 6§; = Z;.\;mzl %Cdsnd” Thus (3.6)

is equivalent to the i-th equation of (3.5]). ]
The following class of central configurations exists in S* only [19, 25].

Definition 6. Consider the masses mq,...,my in S®. Then a configuration q =
(A1, --,an), 4 = (T4, Yi, zi,w;), 1 =1,..., N, is called a special central configuration

if it is a critical point of the force function U, i.e.

In other words, ¥; = 0,i = 1,..., N. To avoid any confusion, we will call ordinary

central configurations those central configurations that are not special.

Here is one remark on terminology. These special central configurations were
introduced in [19] 25] under the name of fized points. Given such a configuration q,

we see with the help of Theorem {f that Ay o(t)q is an associated relative equilibrium,



28

which is a fized-point solution: q(t) = q, p(t) = 0. This explains the old terminology.
Let us introduce some new terminology as well.

Definition 7. A central configuration q of the curved N -body problem is called
— a geodesic central configuration if it is lying on a geodesic;
— an S? central configuration if it is lying on a great 2-sphere;
— an H? central configuration if it is lying on a great hyperbolic 2-sphere;
— an S® central configuration if it is not lying on any great 2-sphere;

— an H3 central configuration if it is not lying on any great hyperbolic 2-sphere.

Central configurations will play an important role in the study of the curved N-
body problem. They influence the topology of the integral manifolds [55, 84]. Now we

discuss the connection between them and the motions of the curved N-body problem.
Let

L. 41,.2 2 _ o
Sxy ‘_{(x7yazaw)€R ’33 +y —1,2—?1]-0}’
Siw ::{(x7y727w) € R4|22 "‘UJQ = 1,:6‘ =y = 0}7
Hi’w ::{(x7yaz7w) € R4|22 —w? = —l,r=y= O}

Lemma 1. On (S*)V,

Vg I =0 if and only if q; € Siy US,

zw?

On (H3)V,
VI =0 if and only if q; € H.,.
Proof. On (S*)V| recall that

VoI = 2mi(xi(w] + 27), y: (W} + 27), —zi(af + v7), —wi(@] + 47)).
On one hand, if Vg, I is a zero vector, then
(wi(w] + 20))* + (yi(w] + 2))* = (a7 + y7) (w] + 2)* = 0,

which means that q; € Siy or S, . On the other hand, it is easy to see that if
q € S}, US.,, then Vg I = 0.

Zw?
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On (H*)Y recall that
Val = 2mi(zi(w] — 27), yi(wi — ), z:(a7 + ), wila + y7)).
Again, on one hand, if Vg, is a zero vector, then
(wi(wi — 20))" + (yi(wi — 2))* = (a7 + y) (w] — 2)* =0,

which means that x; = y; = 0, since w? — 22 = 1+ 2? 4+ y? # 0. Thus we obtain that
q; € H.,. On the other hand, it is easy to see that if q; € H!,, then V4,7 = 0. This

zZw)
remark completes the proof. O

Corollary 1. Consider a central configuration q = (dq1,...,9n), Q@ = (i, Yi, 2i, W;),

= 1,..,N, in M3. Let \ be the constant in the central configuration equation

7
tiU(q) = )‘ti[(q)'

~ If q is an ordinary central configuration in S3, then it gives rise to a one-

. . gL . _ pB%2-a?
parameter family of relative equilibria: A, g(t)q with X = =5*.

~ If q is in H3, then it gives rise to a one-parameter family of relative equilibria:
B, s5(t)q with A = —#.

— If q is a special central configuration in S* and not all the particles are on

S}Cy U SL,, then it gives rise to a one-parameter family of relative equilibria:

Ay p(t)q with 0 = 5% — 2.

1

— If q is a special central configuration in S* and all the particles are on S;yUSw,

then it gives rise to a two-parameter family of relative equilibria: A, 5(t)q with
a, B €R.

Before proving the corollary, let us make the following remark on terminology. In
the literature, the concept of relative equilibria stands for both the central configu-
rations and the rigid motions associated to them [55] 84]. In this thesis, however, we

use the term relative equilibrium only for the associated motion.

Proof. The first two claims are obvious by Theorem [3] If q is a special central
configuration in S, then by Theorem |3| A, 5(t)q is an associated relative equilibrium

if and only if 'BZEO‘QV%[ =0fori=1,...,N.




30

There are two possibilities: first, if there exists some q; with Vg,I # 0, that

is, there is some q; ¢ S;y US! . then 0 = 32 — a2, ie., there is a one-parameter

2w
family of relative equilibria associated to the special central configuration q: A, s(t)q
with 0 = 3% — o?; second, if Vq,I = 0 for all 4, that is, q; € S}, US., for all 4,
then there is no limitation for «, 3, i.e., there is a two-parameter family of relative
equilibria associated to the special central configuration q: A, s(t)q with o, 8 € R.

This remark completes the proof. O

Remark 2. The reader may notice a gap in the proof. For a central configuration in
H2, we don’t have a one-parameter family of relative equilibria, as claimed, unless we
can show that the value of \ is always negative. This fact will be proved in Chapter
12,

Let us notice that while 3-dimensional central configurations of the Newtonian V-
body problem do not have associated relative equilibria [90], all central configurations
of the curved N-body problem have associated relative equilibria.

Now it is easy to explain what happens in Examples 1 and 2 of the first section.
In Example 1, we can check that the given configuration q is a central configuration
in S* with \ = —%.

o2

relative equilibria from it by letting BQ%

Then we obtain the positive elliptic and positive elliptic-elliptic
o 1 . . .

= —5. Similarly, in Example 2, the given
configuration q is a central configuration in H? with \ = —%, and we obtain the neg-

ative elliptic, negative hyperbolic, and negative elliptic-hyperbolic relative equilibria

from it by letting —QQ;ﬂQ = -1

In the family of relative equilibria associated to one central configuration, there

are motions of different characteristics. In S?, the relative equilibria can be positive
elliptic and positive elliptic-elliptic. In H?, they can be negative elliptic, negative
hyperbolic, and negative elliptic-hyperbolic. Furthermore, these rigid motions can be
periodic or quasi-periodic. For an ordinary central configuration in S*, the intersec-
tions of the hyperbola A = @ and the line § = ka, k € Q in the af plane give

periodic motions; otherwise, the motions are quasi-periodic. For a special central
1

zZw?

configuration in S* that not all particles are on S}, US.,, the relative equilibria are

always periodic. If q is on S}, US.,, then any points on the line § = ko, k € Q in
the af plane give periodic motions; otherwise, the motions are quasi-periodic. For an
ordinary central configuration in H?, the relative equilibria are periodic if and only if

B =0.

However, unlike in the Newtonian N-body problem, central configurations do not
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Figure 3.1: A central configuration of two bodies on S},

provide us with homothetic solutions, which occur only in vector spaces, since they
require similarity [90]. Actually, since there is no centre of masses, it makes no sense
to talk about homothetic solutions. For a special central configuration, if we set the
particles at rest at ¢ = 0, then we obtain a fixed-point solution. For an ordinary

central configuration, let us look at the following simple example.

Example 3. Consider a two-body central configuration on S. = {(z,y,2z,w) €
RY22+ 22 =1,y = w = 0}. Let us place two masses m = (my,ms) at q; = (1, 2;) =
(cosb;,sinb;),i =1,2. It will be proved in Chapter[] that if equation

my sin 201 4+ mo sin 205 = 0 (3.7)

is satisfied, then the configuration is a central configuration, see Figure[3.1. Att =0,
set the bodies at rest. To find the solution q(t), note that the angular momentum w,,

18
2

2 2
Wyy = Z mi(Ti2; — T3%;) = Z mi(cos® 0,0, + sin” 0,6;) = Z mifl; = 0.
i=1

i=1 =1

Thus we get mq161(t) + moba(t) = my6y + maby. Obviously, they will collide at some

m101+mobs

point 6. Then my0 + ma = m10y + mabs, so we obtain 0 = m+ma

In some sense, if q(t) is always a central configuration, we may call it a homothetic
orbit. Notice that implies that q is not a central configuration if q, and qs are
in the same quadrant. It is easy to construct examples for which 6 € (0,7/2). Thus it
is impossible that q(t) is always a central configuration. For example, let m = (2,1)
and (61,05) = (15°,135°). Then mq sin 201 + mgysin 2605 = 2sin30° + sin270° = 0.

This is a central configuration at t = 0, but the bodies collide at 6 = w = Hd°.

Thus in general, we could not expect any homothetic motions from a central
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configuration. There are exceptions: the highly symmetric equilateral triangle central
configurations for three equal masses on a 2-sphere lead to motions where q(t) is
always similar (from the viewpoint of Euclidean geometry in R?) to q(0) and remains
a central configuration for all ¢ [I8]. We will discuss the details of these central

configurations later, see Chapter [6] and Chapter [7]
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Chapter 4
Central Configurations

We are now motivated to study central configurations. In this chapter we prove some
basic facts about them. We first give them physical description, which justifies the
notion of central configurations, then we define equivalent classes of central configu-
rations. In the last two sections, we collect some lemmas and theorems which would

be quite useful in our later investigations.

4.1 A Physical Description of Central Configura-

tions

It turns out that the moment of inertia I possesses a geometric meaning, which
brings some insight into this problem and provides a physical description of central
configurations.

Recall that

Sl :{(x7y727w) S R4|Z2+w2: 1,1‘:3/:0}’
Hl, = {(x,y,z,w) € R4|22—w2 = —17,1'::1/:0}

Lemma 2. If A = (z,y,2,w) is a point in S*, then z* + w? = cos*d(A,S.,). If
A= (z,y,2,w) is a point in H®, then —z% +w? = cosh® d(A, H.,), where d(A, M) :=
infgerq d(A, B), with A, B representing points and M being a smooth manifold.

Proof. View A as a vector in R*. Denote by R? the 3- (or 2-) dimensional subspace
spanned by A, e, = (0,0,1,0), and e, = (0,0,0,1). Denote by R? the 2-dimensional

subspace spanned by e, and e,,.
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In S, the minimal geodesic connecting A and S!, is on the great 2-sphere S% =
R4 NS3 Let § =d(A,S!,). Then A= A, + A, € (R%)) ®R?, with ||A,|| = sind

and ||Ap|| = cosf. Hence, we obtain
cos? d(A, Siw) = |\Ah||2 =1[(A-e,)e, +(A- ew)esz = ||ze, + wesz = 22 + w?.

In H3, the minimal geodesic connecting A and H!_ is on the great hyperbolic
2-sphere H3 = R NH3. Let 6 = d(A,H!,). Then similarly we have A = A, + A;, €
(RZ)* @ R?, with ||A,|| = sinh @ and ||A}|| = cosh§. Hence, we obtain
A-e, A - ey
e, +

z " Cz w * Cw

cosh®d(A, H.,,) = [|An[|* = ||

ewH2

= ||ze, — (—w)ew||2 = |(ze, + wey,) - (ze, + wey)|

= 2 —w? = 22 +wh
]

Theorem 6. A nonsingular configuration q = (q1,...,qn), 4 = (i, Yi, 2, w;), @ =
1,....,N, in M3 is a central configuration if and only if

Vo, U(q) = Am; sin[2d(q;, SL,) ]V, d(q;, SL,), i=1,..., N, in S%, (41)

V. U(q) = Am; sinh[2d(q, HL,)| Vg d(a;, HY,), i =1,..., N, in H?, '
where A € R is a constant.
Proof. By Lemma 2] we obtain z? + y? = sin’d(q,;,S!,) in S* and 2? + y? =
sinh? d(q;, H.,)) in H3. Thus

I=)" mysin’d(q;S.,)inS’ I= > msinh®d(q;HL,) in H.

1<i<N 1<i<N

Then the central configuration equation ({3.4]) can be written as (4.1J). O]

By definition, special central configurations are special arrangements of the par-
ticles such that the force on each particles cancels. By the above theorem, ordi-
nary central configurations are special arrangements of the particles with the prop-
erty that the gravitational force produced on each particle by all the others parti-
cles points towards the geodesic S!, (H! ) and is proportional to m;sin[2d(q;, S.,)]
(m; sinh[2d(q;, HL,)]).
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Recall that in the Newtonian N-body problem, central configurations are those
arrangements of particles such that all F; are pointing towards the centre of mass
[90]. In the curved N-body problem, instead of a point, all F; are pointing towards

a geodesic. Furthermore, it will be shown in the last section of this chapter that all

central configurations in H* can be found on a submanifold HZ,, := {(z,y,2,w) €
R4z? + 9?> — w? = —1,2 = 0}, and that all ordinary S2central configurations can be
found on a submanifold S2 . = {(z,y,2,w) € RY2* + y* + 2> = 1,w = 0}. The

intersection of H2  and HZ, is (0,0,0,1), and the intersections of S3,. and S}, are

(0,0,%£1,0). It is easy to see that the minimal path connecting q; on H3,,, (S,.) and
the geodesic H!  (S! ) lies on the two submanifolds. Thus we can say that for all
central configurations in H3, all F; are pointing towards one point; for all ordinary
S? central configurations, all F; are pointing towards one of two points. The vector

fields V(2% + y?) on the two submanifolds are sketched in Figure [4.1]

z

Figure 4.1: V(z? +4?) on S? , and H?

TYZz TYW

4.2 Equivalent Central Configurations

In this section we find a way to count central configurations. Since the inertia [ is not
invariant under all rotations, it follows that central configurations are only invariant
under a subgroup of the symmetry group. Since the space is not homogeneous, it
follows that there is no way to scale the general central configurations. This fact
makes it easy to show the existence of a continuum of central configurations where
the configurations change the size. We illustrate this phenomenon with one example
in the end.

Recall that central configurations in the Newtonian N-body problem are invariant
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under translations, rotations, reflections and scaling [90]. In the curved N-body
problem, U is invariant under the symmetry group O(4) or O(3,1). We can check by
the formula of Vo, U that Vg, Ul|g=yq = XVq,Ulq for any x in the symmetry group.
Though the inertia [ is not invariant under all elements of the symmetry group, it
is invariant under a subgroup O(2) x O(2) (O(2) x O(1,1)). Let x = (x1,x2) €
0O(2) x O(2) (O(2) x O(1,1)). The action is

a4 = (XA, - xaN)s X = O (i, )" x2 (2, wi) ).

We can easily check that Vg, I|q=vq = XVq;I|q by using the formula of Vg, I or
Lemma, 2

There is no other obvious transform that keeps the central configuration equa-
tion. Also note that the inertia I is not involved in the equation for special central

configurations. Thus we introduce the following definition.

Definition 8. Let q = (q1,...,qn), 9 = (i, ¥, zi,w;), @ = 1,...N, and ' =

(d}, .. dy), 9 = (@}, y), 2L wh), i=1,...,N, be two central configurations in M3.

— If they are special central configurations in S, then they are equivalent if there
is x € SO(4), such that q = xq'.

— If they are ordinary central configurations, then they are equivalent if there is
X = (x1,x2) € SO(2) x SO(2) (SO(2) x SO(1,1)), such that q = xq'.

Notice that we use SO(2) x SO(2) (SO(2) x SO(1,1)) instead of O(2) x O(2)
(O(2) x O(1,1)). We adopt this definition to keep consistency with the critical point
characterization of central configurations, which will be introduced in Chapter [5]

Based on in Example [T} we give the following continuum of central configurations.

Example 4 (Lagrangian central configuration on S2, ). Recall that S2,, = {(x,y,2,w) €

TYz Tyz

S3:w = 0}. Let three equal masses m = (1,1,1) be at

q= (Q1»QQ>Q3)> q; = (xjayjazjawj)v j: 1a2737
2(j - 1)
3 )

where ¢ could have any value between —1 and 1, see Figure[{.4 By symmetry, we

rj=V1—c?cosB;, y;=V1—-csinp;, z=c¢, w; =0, p;=

see that V4, U is pointing towards the north pole if ¢ > 0, or towards the south pole
if ¢ < 0. Comparing with Figure we get that there must be some constant \ such
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that Vo, U = AV, I for 1 <i < 3. Note that dis = di3 = das, which is reminiscent of
the 3-body central configuration in the Newtonian N -body problem found by Lagrange
[90]. We will call them Lagrangian central configurations.

By the convention we introduced, rotating the central configurations in the xy-
plane does not lead to new central configurations, and the rotated ones still remain
on the original 2-sphere; rotating them in the zw-plane does not lead to new central
configurations either, although they will not remain on the original 2-sphere. Though
these central configurations, for different value of ¢, are similar in some sense, there
does not exist an element in SO(2) x SO(2) to relate any two of them. Thus we see

that there is a continuum of central configurations.

2

Figure 4.2: Lagrangian central configurations on S, .

In Chapter [5, we will see that, for any given masses, there is a continuum of

central configurations.

4.3 Some Useful Properties of Central Configura-

tions

In the following two sections, we collect some lemmas and theorems that would be
useful in the study of central configurations. We first prove a property that is anal-
ogous to the relationship Zf\il m;q; = 0 for central configurations of the Newtonian
N-body problem [62]. Then we prove results on the non-existence of special central
configurations in H? and in hemispheres of S?, provided that at least one body is not

on the boundary of the hemisphere.
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Theorem 7. Let q = (qu,...,9n), U = (T4, Yi, 2i,w;), @ = 1,..., N, be an ordinary

central configuration. Then we have the relationships

N N N N
i=1 i=1 i=1 i=1

Proof. We first prove (4.2)) in S®. Let v;1 = (2,0, —x;,0). Take the inner product of
both sides of the i-th equation of (3.5) with v;;. Since

qj - Vit = %% — 225, di-va =0, Vgl vy =2mz;z(q - q)=2mx;z,

we obtain Z] | ik Sﬁg”; (ziw; — @;25) = 2Am;x;z;. Summing over all ¢ leads to

N
m;m,;
2\ E mMix;2; = E g L (ziw; — xi2;) = 0.
— sin® d;j

=1 j=1,j#i

Since q is an ordinary central configuration, we have A # 0. Thus we obtain
Zfil mixiz; = 0. The other relationships in S® can be obtained by considering
the inner product of (3.5)) with

V2 = (U}i, O, O, —l'i), Vi3 = (O, Ziy —Yi,s 0), Viqg = (O, Wws, O, _yz)

The relationships in H® can be obtained by considering the inner product of ([3.5)
with

Vi1 = (Zi7 07 —Zy, O)a Vio = (wia O; 07 mi)a Vi3 = (07 Ziy —Yi, 0)7 Viqa = (07 Wy, 07 y2)7

a remark that completes the proof. O

An obvious application of equations is that of showing with little computa-
tional effort why certain configurations are not ordinary central configurations.

The following two theorems on the non-existence of special central configurations
were first proved by Florin Diacu [19, 25]. For completeness, we reproduce the proofs

here.
Theorem 8. There are no special central configurations in H* for any m € RY.

Proof. For any given configurations q = (qy, ..., qn) of N masses in H?, assume that
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wy < ws... < wy. Since coshr > 1 for r # 0, the w-component of Fy is

N-1 N-1

w; — cosh dy;wy W; — WN
3ty §R i

p sinh® d; P sinh® dy;

Thus q can not be a special central configurations, a remark that completes the

proof. O

Theorem 9. There are no special central configurations for any m € Rf mn any
closed hemisphere of S* (i.e. a hemisphere that contains its boundary ), as long as at

least one body does not lie on the boundary.

Proof. Let q be a configuration that lies in a closed hemisphere of S* and such that
there is at least one body not on the boundary. Since special central configurations
are still special central configurations after any rotation in SO(4), we may assume
that q is within the hemisphere w > 0 and there is some w; > 0. Suppose that

0<w <ws < ... <wy and wy > 0. Consider the w-component of Fy,

N
mjmy(w; — cosdyjw)
Fi, = Z S d '
= SN dy;
Then F;, must be positive since w; — cosd;jw; > w; —w; > 0 for each j, and
wy — cosdiyw; > 0. Thus q can not be a special central configurations, a remark

that completes the proof. O
By Lemma [I], we have the following direct property.

Proposition 6. A central configuration q on Si,y U S is a special central configu-

ration.

4.4 Some Useful Properties of Ordinary Central

Configurations

This section focuses on lower dimensional ordinary central configurations, namely
geodesic central configurations, S? central configurations and H? central configura-

tions. We show that any central configuration in H? is equivalent to some central

2

2w and that any geodesic central configuration in H3 is equivalent

configuration on H
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to some central configuration on H! . We also show that any S? central configura-
tion in S? can be found on Siyz, and that any geodesic central configuration in S? is
equivalent to some central configuration on S!_.

Recall that a (hyperbolic) 2-sphere means a sphere (hyperbolic sphere) isometric
to the unit sphere (hyperbolic sphere) in R® (R*!). This object is the non-empty
intersection of M3 with a three-dimensional linear subspace: {(z,y,z, w) € R*az +
by + cz + dw = 0} [14]. Similarly, a geodesic is the non-empty intersection of a

(hyperbolic) 2-sphere with a two-dimensional linear subspace.

Lemma 3. Assume that the intersection of S* (H®) and the three dimensional linear
space V = {(z,y, z,w) € R*az+by+cz+dw = 0} is non-empty. Letq = (qi, - ,qn)
(N > 2) be a nonsingular configuration on the (hyperbolic) 2-sphere: V NM3. If VI
are not all zero, then Vq, I € V,i=1,...,N, if and only ifa=b=0 orc=d = 0.

Proof. Recall that
Val = 2m; (z;(w] + 027), yi(w} + 027), —0z (2} + y7), —owi(z} +y7)) .
Then Vg, I € V,i=1,...,N if and only if

0 = az;(w? + 022) + by;(w? + 022) — cozi(x? + y?) — dow;(z? + y?)
= (az; + by:) (Wi + 027) — o(cz; + dw;) (x] + ;)
= (azi + by:) (w; + 027) + o(az; + bys) (27 + 7)
= (az; + by;).

b
Then we also have cz; + dw; = 0. Consider the matrix A := b . Then
0

o O O
Q O

S & 2

(di,...,qn) € ker A. Since q; and q; are linearly independent, we obtain rank(ker A) >
2, which implies that rankA = 1. Therefore, we have either a = b =0or ¢ = d =
0. m

Now we turn to central configurations in H3. The following result has been pub-
lished in [02]. Define H2 = {(x,y,2,w) € H3: 2 = 0}.

TYW

Theorem 10. Each central configuration in H3 is equivalent to some central config-

: 2
uration on Hz,,,.
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Proof. We first show that all central configurations in H® must lie on a hyperbolic
2-sphere. Then we show that there is some action x € SO(2) x SO(1,1) which
transforms that hyperbolic sphere to nyw Thus by the definition of equivalent
central configurations, each central configuration in H? is equivalent to some central
configuration on H? .

Consider the hyperbolic 2-sphere: H? := {(z,y,z,w) € R*|zcosh¢ — wsinh¢ =
0} NH3. The intersection is not empty, since the linear subspace and H* share the
point (0,0, sinh ¢, cosh ¢). We show that each central configuration will be confined
to only one such hyperbolic 2-sphere.

Assume that this is not the case. Suppose that there is a central configuration
q=(q, - ,qy) with g; € Hii, ¢1 > ¢; for © # 1 and there is at least one 7 such
that ¢1 > ¢;. Then q; can be written as (z;, y;, p; sinh ¢;, p; cosh ¢;) with p; > 0 since
w; = p;cosh¢; > 0. By Lemma , V! is in the linear subspace {(z,y,z,w) €
R*|z cosh ¢y —wsinh ¢; = 0}. In order to have a central configuration, V4, U must be
in the linear subspace, i.e., Fy, cosh ¢1 —F,, sinh ¢; = 0, where F, and F,, stand for
the z-component and w-component of Fy, respectively. However, using the explicit

form of Fy, we get
Flz cosh (bl — Flw sinh (bl

N
P — hd; i — hd; .
= Z m;ma (z ZLO0SH A cosh ¢ — Wi 7 W COSA Gt sinh q§1>

sinh® d;; sinh® d;;

ZN: o P sinh ¢; cosh ¢ — p; cosh ¢; sinh ¢ — cosh d;; (21 cosh @1 — wy sinh ¢)
= 1171 . 13
sinh” d;;

since ¢; < ¢ for ¢ # 1 and there is at least one ¢ such that ¢; < ¢;.

Thus any central configuration must lie on only one such hyperbolic sphere, say

HZ. Let
_ |1 0] | cosh¢ —sinhg
X = ([0 1] ’ [_ snho  cosho ]) € SO(2) x SO(1,1).

h — sinh ; sinh 0
Since CO_S ¢ sinh @ pisinho , X(H3) = HZ,,,. This calculation com-
—sinh¢ cosh¢ | |p;cosho Di
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pletes the proof. n

The above theorem can be generalized to a class of mechanical systems in H3.
Consider a mechanical system in H? with the kinetic energy K = ZZ]\LI %miqi -q;, and
the force function U = 37, ;i y mim; f(d;) (—U being the potential), where f(z) is
a smooth function on (0,00). Then this mechanical system has O(3, 1) symmetry and
we can similarly define central configurations as the solutions of Vo, U = AV, (27 +7)

and define equivalent central configurations.

Corollary 2. For a mechanical system in H> as above, if f'(x) is never zero, then

2

each central configuration is equivalent to some central configuration on Hy,,.

Proof. By direct computation, we get F;; = —mimjf’(dij)%};?%. Since f’(d;;)
is always positive or negative, it is easy to see that all the arguments in the proof
of the above theorem hold for this mechanical system. This remark completes the

proof. O]

Thus there are no H? central configurations. However, as we shall see later, there
exist both special S* central configurations and ordinary S?® central configurations.
Thus the set of central configurations in S? is richer and more interesting than in H3.

Define H! | = {(z,y,z,w) e H* : y = 2 = 0}.

Corollary 3. Each geodesic central configuration in H? is equivalent to some central

- 1
configuration on H,, .

Proof. By Theorem [10], every geodesic central configuration is equivalent to some

2 2
Tyw" TYyw

geodesic central configuration on H A geodesic on HZ, is the non-empty inter-

section of a 2-dimensional linear space V and Hiyw. Suppose that V' is defined by

{ax + by + dw = 0}. Suppose that a central configuration q is on V' N Hgyw. Then
Vg4 U lies in V for all <. It implies that each Vq,I belongs to V. Similar to Lemma
[, it is easy to show that it is sufficient and necessary to require d = 0.

Then any geodesic central configuration is equivalent to some central configuration
on a geodesic {(z,y,w) € H} ,lax 4+ by = 0}. Tt is easy to see that there is some
element in SO(2) x SO(1, 1) to transform the geodesic to H! . This remark completes

the proof. O

Now we discuss the S? ordinary central configurations and geodesic ordinary

central configurations in S3. Define S2,, = {(z,y,2,w) € S* : y = 0}, SL, =

Trzw

{(x,y,2,w) € S*: w =1y =0} and recall that S2__ := {(z,y, z,w) € S* : w = 0}.

Yz
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Theorem 11. Any S? ordinary central configuration is equivalent to some ordinary

central configuration on S3,. or on S..,,. Furthermore, there is a one-to-one corre-
spondence between the central configurations on S2, . and the central configurations

TYZ
on S?

TZW "

Proof. Lemma [3| implies that any S? ordinary central configuration is either on S* N
{ax+by = 0} or on SN {cz+dw = 0}. Tt is easy to see that there is some element in
SO(2) x SO(2) that would transform these 2-spheres to either S? _ or S

TYZ TZW*

Thus any
S? ordinary central configuration is equivalent to some ordinary central configuration

on S?._or on S?

TYZ TzWw"
Let g be a central configuration on S2 ., ie. VqU(q) — AVqI(q) = 0,i =
1,...,N. Consider the orthogonal transformation o(x;,y;, zi,w;) = (2, wi, i, Y;).

Then ' = (d},...,dy) = ¢q = (¢q, ..., pqy) is a configuration on S2 Note

Tzw*

that q; = (‘(E;ayév zzlaw;) = (ani;%,yi)

N N N
I(d) = Zmi(fclf +y}) = > omi(l—af —y)=> m;—I(q),
=1 =1 =1

and U(q') = U(q). Using the formulas of VU and VI, we obtain that VU(q') =

©VU(q) and VI(q') = —pVI(q). Here VU(q') and VI(q') mean the gradient
of U and I at q' respectively. Thus ¢’ satisfies the central configuration equation
Vo, U(d) + AV, I(q) =0, i=1,....N. This remark completes the proof. O

The proof of the following statement is similar to that of Corollary [3| it is easy

to prove the following corollary:

Corollary 4. Each ordinary geodesic central configuration in S? is equivalent to some

- 1
central configuration on S, .
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Chapter 5
Existence and Basic Problems

There are many interesting questions about central configurations. Fixing the masses

N
m € R,

are there up to equivalent classes? In this chapter, by interpreting ordinary central

we may ask whether central configurations exist and, if so, how many

configurations as critical points of functions related to U, we show that ordinary
central configurations always exist for given masses m. But this is not the case for
special central configurations. We also discuss the computation of the Hessian of
central configurations since they are critical points. In the end, we formulate the

Winter-Smale problem for the curved N-body problem.

5.1 The Gradient Flow on S,

By definition, special central configurations are critical points of U. The key idea
of this section is to interpret ordinary central configurations as critical points of U
restricted to S,, which is a subset of (M*)Y. We also discuss the structure of the set
Se.

Recall that any central configuration in H? is equivalent to some central configura-
tion on H2 ,, = {(z,y, z,w) € H® : z = 0} and that any geodesic central configuration
in H? is equivalent to some central configuration on H. = {(z,y,2,w) € H® : y =
z = 0}. From now on, unless specified otherwise, we use H? to indicate Hgyw, and H!
for HL . We only study central configurations on H?. Then two central configurations
q,q on H? are equivalent if there is some element y in SO(2) such that xyq = q'.

The action is defined by xq = (xqi, ..., xan), X = (x(xi, )T, w;). The expression
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of VI is
Val(q) = 2m; (zw], yiw;, wi(z; +y7)) .

Now the following properties are obvious.

Proposition 7. — A special central configuration in S* is a critical point of the
function U : (S*)V \ A — R.

— An ordinary central configuration q in S* is a critical point of the function
U(q) — Al(q) : (S*)N \ A — R, where X is some constant depending on q.

— A central configuration q on H? is a critical point of the function U(q) — A (q) :
(HHN\ A — R, where X\ is some constant depending on q.

In this chapter, let M be the matrix diag(my, my, my, mq,...,my, My, My, My).

Introduce a metric in (RH)Y ((R¥!)N):

N
(q,q) = Zmi% 9, =q-Maq.
i=1
For ordinary central configurations we have
(MU, M'VI) = X(M~'VI,M~'VI).

Proposition 8. Let q be an ordinary central configuration, then the value of \ in the

. . . (M-IVUM~1VI) : 2
central configuration equation is OENTAENT) For central configurations on H*, we

have X < 0.

Proof. Since q is an ordinary central configuration, VI # 0 and (M VI, M~V 1) #
(M~'VUM~1VI)

0. Thus the value of A for an ordinary central configuration q is ST -

On H?, direct computation leads to

N N
(M~'I,M~'VI) = Z4mi(x?wf +y2w; — (z7 +y?)w?) = Z4mi(xf + y2)w?,
i=1 i=1
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— cosh
(M~'VU, M~V ) = Zml (Z U O dGs o 2 (02 +y?)wi)>

3
sinh” d;;

- > !

3
I<icr<N sinh” d;;
(wiw; — coshdy;) (W} + w3) — wyw;(w; + w? — 2)
- Z Tl sinh?® d;;
1<i<j<N v

— cosh dij(w; +w?) + (w] + w3) — (W} + w3) + 2w;w;
- %

-3
<iTen sinh” d;;
Z (wf + U}?)(l — cosh d23> — (U)Z — U)j)2
= mim; e d < 0.
1<i<j<N Si ij
Here we used the identities coshd;; = w;w; — (v;z; + y;y;) and x? + y? — w? = —1.
This remark completes the proof. O

This proposition fills the gap in the proof of Corollary Il We denote by S, the set
{a e (8)¥\ A|I(q) = c} (respectively {q € (H)¥ \ A|I(q) = c}).

Proposition 9. In the case of H?, I7'(c) is homeomorphic to a (2N —1)-dimensional

sphere for each positive value of c.

Proof. Consider the homemorphism 7 : R* — H? n(z,y) = (z,y,w). The map
induces a homemorphism from (R%)Y to (H?)", which we still denote by 7. Thus the
function I : (H?)Y — R induces a function I : (R?)Y — R by I(q) = I(7q’), where
q is a point in (R?)N. It is easy to see that /=!(c) is homeomorphic to a (2N — 1)-
dimensional sphere for each positive value of ¢ and 1~!(c) is homeomorphic to I71(c).

This remark completes the proof. O

In the case of S®, consider the map I : (S*)N — [0,3°V, m,] for given masses
mi,...,my. Let M, N be differentiable manifolds and f: M — N a differentiable
map. Recall that f is called a submersion at x € M if its differential, Df,: T, M —
TN, is surjective. In this case, x is called a regular point, otherwise, x is a critical
point. A point y € N is a reqular value if the set f~!(y) consists of regular points,

otherwise, y is a critical value.

Proposition 10. The set of critical points of the map I : (SN — [0, 32N my] is
(S;y U S;w)N and the critical values are Zf\il mfti, where p; s 0 or 1. If ¢ is not a

critical value, then I71(c) is a smooth manifold.
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Proof. Suppose that q = (qi,...,quy) is a critical point, then
v(hl(q) == VQN](q) =0.

By Lemma , this is true if and only if q € (S;:y U Siw)N. That is, 27 + y? equals 0 or

1. Thus the critical values are ¢ = Zf\il m;p;, where p; is 0 or 1. If ¢ is not a critical
value, then by the regular value theorem [43], I7(c) is a smooth manifold, a remark

that completes the proof. O

The existence of these critical values makes the topology of I7!(c) complicated
in S3. We do not discuss this topic for now. Note that in the central configuration
equation, the value A can be also interpreted as a Lagrange multiplier. More precisely,

Consider the restricted function:
U: S.—R.
Then we have the following result.

Proposition 11. Assume that q does not lie on Siy USL,. Then the vectorfield

(M~'VU, M—VI)
(M-I, M-VI)

X=M'VU-M" \2i
is the gradient of Uls,, the restriction of U(q) on the set S., with respect to the metric
(,-).  Moreover, the restpoints of this vectorfield are exactly the ordinary central

configurations in S.. Special central configurations in S* are the restpoints of the

gradient of U(q).

Proof. Since q ¢ Siy US! , it is not a critical point of the map I. Then near q, S. is

zw?

locally a submanifold and the vector field is well defined. Since (X, M~V ) = 0, the
vector field is tangential to S.. For any v € T,S,, we have (v, M~V ) = 0, thus

(X,v) = (M~'VU,v) = dUv,

where dU is the differential of U. Thus X is the gradient flow of U on S.. The other

statements are self-clear, a remark that completes the proof. O

Besides helping to show the existence of ordinary central configurations, this

proposition also helps in other ways. The gradient flow preserves certain subman-



48

2

ifolds of S.. For example, the intersection of S, and S, _ is invariant under the flow.

TYyz
On Siyz, we have
Vg wi = = (—w;z;, —wy;, —w;z;, 1 —w;) = (0,0,0,1).

=V,
YV g 2

It is easy to get (X, M~'Vw) = 0. Then a critical point of U restricted to S.N(SZ,.)"

is also a critical point of U

s., thus a central configuration. In other words, we can
confine the bodies on Siyz to search for ordinary central configurations, a fact that
has been verified in Theorem 11}

In the Newtonian N-body problem, the set Zfil m;q; = 0 is invariant under the
corresponding gradient flow. One may wonder if this is the case for the set defined

by (4.2)) for the curved N-body problem. Let
N N N N
F: (M) =R, F(q) = (Z Mz, Zmiyizz‘> Zmﬂiwi, Zmiyiwi)~
i=1 i=1 i=1 i=1

Let M := F~1(0). We are interested in whether M NS, is invariant under the flow X.
Note that if M N S, is invariant, then M = U.(M N S,) is also invariant. Generally,
M is not invariant under the gradient flow X. Thus though the critical points of
Uls, always lie on M, a critical point of U restricted to S. N .M may not be a critical
point of Uls,. In other words, we can’t confine the bodies on S. N M to search for

ordinary central configurations. Let us look at a simple example.

Example 5. Consider three masses on H'. It is easy to see that H' is invariant.
In this case, F: (H')? — R F(q) = Y20 muzyw;. It is easy to see that M is
homemorphic to R%. If M is invariant under the flow X, then we have dFX =
(M~'VF,X)=0. Direct computation leads to

3

i=1
_ 2(x;w; + xw;) — 2coshd;: (x;w; + x;w;
dFM lVU: Z mimj ( J J ) ' . ]( J ])’
1<i<j<3 sinh dz’j

3 3
AFM'VI =2 mawz (227 +1) =4 mawa,

i=1 i=1
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2z,x; — cosh d;;( r? + x
A= E mg;m; h3 4.
1<i<j<3 sin ij

| o]

Now let m = <\/§7m71>7 q1 = (_17\/5)7(:& = (071);(:13 = (\/57 \/§> So qc M. At

q, direct computation leads to

2(324m + 187v/3m + 9v/3 + 15)
(24 V3)}(vV3+3) ’

which is always positive. Thus M is not invariant.

dFX =

The critical points of U|s, are not isolated. Let q be an ordinary central config-
uration and ¢ an element of SO(2) x SO(2) or SO(2). Then ¢q is also a central
configuration. Thus it follows that the critical points of Ulg, are not isolated, but
rather occur as manifolds of critical points. Similarly, these special central configura-
tions are not isolated either. This fact suggests that we can further look at the central
configurations as critical points of U subject to a quotient manifold. Note that both
U and (M?)" are invariant under the isometry group, and the set S, is invariant under
the subgroup SO(2) x SO(2) or SO(2). We thus have the following property.

Proposition 12. 1. There is a one-to-one correspondence between the classes of
central configurations on H? and the critical points of the force function U in-

duced by U on the quotient set S./SO(2).

2. There is a one-to-one correspondence between the classes of ordinary central
configurations in S® and the critical points of the force function U induced by
U on the quotient set S./(SO(2) x SO(2)).

3. There is a one-to-one correspondence between the classes of special central con-

figurations in S* and the critical points of the force function U induced by U on
the quotient set ((S*)N \ A)/SO(4).

5.2 Existence and the Hessian

Using Proposition we show that ordinary central configurations always exist for
given masses m. But this is not the case for special central configurations. We also
discuss the computation of the Hessian of central configurations since they are critical

points.
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First we study the ordinary central configurations.

Theorem 12. Assume that the masses m € RY are in S* or H2. Then there is
at least one ordinary central configuration in S® and at least one ordinary central

configuration in H?.

Proof. In H? recall that S, is the union of several open subsets of a (2N — 1)-
dimensional sphere. The boundary of each subset belongs to A, where U approaches
+o0o. It follows that U attains a minimum at some non-singular configuration q.
This will be a critical point of U on S. and hence an ordinary central configuration
by Proposition

In S3, we need to construct a connected component of S, on whose boundary U
approaches +00. Recall that there are two kinds of singularities, collision singularities

and antipodal singularities, which are

A* = Ucicien{a € (8)V: @i = q;} \ Uricicjen{aq € () : @i = —q;},
A” = Ucicjen{a € ()Y : ai = —q;} \ Urcicjen{a € (8%)" : @ = q;}.

U approaches +o0o as the configuration approaches A™, but approaches —oo as the
configuration approaches A~. Thus we need to construct a connected component of

S. whose boundary lies only in A*.

2

2y 18 an invariant submanifold of the gradient flow X. We

As discussed above, S

thus confine the particles to S?,. and order the masses such that 0 < m; < --- <

Tyz

mpy, Let 0 < ¢ < my;. Then S. is a smooth manifold. Let us further choose a
configuration q € S, with all bodies lying near the North Pole (0,0, 1), which means
that z; > 0,7 =1,..., N. Denote by J the connected component of the manifold S,
that contains the configuration q. We claim that the boundary of J contains only
points from AT,

To prove this claim, we define the sets U = {(z,y,2) € S2,_ | 2> +y*> < c/my, z >

zy2
0}, and V = {(z,y, 2) € S2,.|2°+y* < ¢/my, z < 0}. Since I(q) = SN m(a?y?) >
my(z? + y?), it follows that z? + y? < ¢/my, i = 1,..., N, which means that for any
configuration q € J each body lies either in ¢/ or in V.

Let us now suppose that 97 N A~ # (). Then there must exist a configuration
q = (qi,...,qn) € J such that one body is in U and the another in V, say, q; € U
and qs € V. Since J is connected, it is also path connected. Then there is a path in

J connecting q and q, so there is a path that connects q; € U and q2 € V. But this
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Figure 5.1: qi, q2 and qi,qs on S?

TYz

is impossible since Y NV = (). Thus J is a connected component of the manifold S,
whose boundary consists only of points from A™T.

Therefore U — 400 as q approaches 0.7. It follows that U attains a minimum
at some configuration q, which is then a critical point of U on S, hence an ordinary
central configuration by Proposition [T} O]

It is interesting to classify central configurations by their Morse index. Recall that
if z is a critical point of a smooth function f on a manifold M, there is a Hessian
quadratic form on the tangent space T, M that is given in local coordinates by the

symmetric matrix of the second derivatives:
H(z)(v) = vID*V(z)v.

The Morse indez ind(x) is the maximum dimension of a subspace of T, M on which

H(z) is negative-definite. The nullity is the dimension of
ker H(z) = {v: H(z)(v,u) =0 for all u € T, M},

where H(z)(v,u) = vI D*V(z)u is the symmetric bilinear form associated to H(z).
We are interested in the function U|g, given by restricting the potential to the mani-
fold S,.

We may use the local coordinates of S., which is a (dN — 1)-dimensional manifold
for a d-dimensional central configuration. It is more convenient to use the coordinates
of $* (H?). Then the Hessian is given by a dN x dN matrix, also called H(x), whose

restriction to TS, gives the correct values.
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Lemma 4. Let M be a smooth manifold, N' be a submanifold of M, and f, be a
smooth function on N'. Assume that f is a smooth function on M and f|y = f1 +c,
where c is some constant, and that x € N is a critical point of f and f,. Denote the
Hessian of f and the Hessian of f1 by H(z) and Hy(x) respectively. Then H(x)|r,n =
H(x).

Proof. Let (x1,--- ,2,) be alocal coordinate system of A near x. Extend this system
to a local coordinate system of M near x, (1, -+, %y, Y1, ,Yk). Since x is the

critical point of f and f;, we get

*f N N A
H(x) = —=—dz' J ——dz' J ——dy’ J
(x) S D0 dz' @ dz’ + Grioy ' @ dy + g0y dy' ® dy’,
a2fl i 7 82f i j
Hy(x) = 8:L‘i8xjdx ® dx! = 8a7i8:bjdx ® dx’

where we used Einstein’s summation. Now let v = a' ;2 € T,\, we obtain H(z)(v) =

Hy(x)(v) since affgyj dz' ® dy’(v) = 6558];]» dy* @ dy’(v) = 0. This remark completes

the proof. O

Lemma 5. Let q be a d-dimensional ordinary central configuration, and I(q) = c.

Let X\ be the value of W% at q. Then the Hessian of U : S. — R at the

critical point q is given by H(q)(v) = vI H(q)v, where H(q) is the AN x dN matrix
H(q) = DU — \D?I,

and D*U and D?*I are the second derivatives matrices of U and I in some coordinates
of (S)N or (H?)V.

Proof. We prove this result only in S? since the proof for H? is similar. Suppose
that q is an ordinary central configuration in S*. Consider the manifold (S*)V \ A,
the submanifold S., the smooth function U — AI : (S*)Y \ A — R, and the smooth
function U : S, — R. By Proposition [7] and Proposition q is a critical point of
the two functions. Restricted to the submanifold S., the two functions differ by a
s =U
T4Se, the two Hessians are the same, which is H(q) = D*U — AD?I. This remark
completes the proof. O

constant since (U — AI) s, — Ac. Thus by the above lemma, we see that on

As noticed above, the critical points of Ulg, are not isolated, which implies that

the ordinary central configuration are always degenerate as critical points for d > 2.
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The following result describe the minimal degeneracy.

Proposition 13. Let q € S, be an ordinary central configuration. Then the nullity

of q as a critical point of Ulgs, satisfies

null(q) > 1, in H?, null(q) > 2, in S*. (5.1)

Proof. In H?, consider the curve of configurations q(t) = Bao(t)q, which are also
central configurations in S, with the same value of A. Thus we have the equation
Va.U(a(t)) = AVq,I(q(t)), i = 1,...,N. Taking the derivative with respect to t at
t = 0, we obtain

(D*U — AD?I) B, 0(0)q = 0.

Since B, o(t)q € S., we get that B%O(O)q € T4Sc. Thus the nullity of the Hessian is
at least one.

Similarly, in S3, we see that A, o(0)q, Ao 3(0)q € TS, are in the kernel of H(q).
Thus the nullity of the Hessian is at least two. [

Now we study special central configurations in S®. Notice that by definition they

are critical points of U. Thus the Hessian is easy to compute.

Definition 9. N masses m € Rﬂ\r/ (N >2) are said to be in My if mi+...+my =1

and there exists at least one special configuration for m.

Obviously, there are no special central configurations for two bodies. If so, then

q2—cosdi2q:
sin® dio

Fi=mimy = 0, which implies that q; = £qs».

Corollary 5. M, is empty.

Generally My is just a subset of {RY|my + ... + my = 1}. Now we turn to the

Hessian.

Proposition 14. Let q be a special central configuration in S® of the massesm € My.
Then the Hessian of U at the critical point q is given by H(q) = D*U(q), where D*U
is the second derivatives matriz of U in some coordinates of S*. The nullity of q as
a critical point of U : (S*)N \ A — R satisfies

null(q) > 6. (5.2)
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Proof. We only need to prove the inequality (5.2). Notice that the symmetry of
special central configurations is SO(4), which is a six-dimensional Lie group. Let &,
i=1,...,6, be the basis of so(4), we see that each £,q is a null vector of H(q). ]

For ordinary central configurations and special central configurations, it is natural
to call a critical point nondegenerate if its nullity is as small as possible, given the

rotational symmetry.

Definition 10. An ordinary central configuration or special central configuration is

nondegenerate if the nullity of the corresponding critical point is as small as possible

consistent with the rotational symmetry, i.e, equality holds in (5.1) and (5.2)).

5.3 The Wintner-Smale Problem in Spaces of Con-

stant Curvature

Recall that three equal masses on S?cyz possess a continuum of central configura-
tions, see Example [4] Notice that these central configurations are on different S.. In
general, there is no obvious way to relate central configurations in S,., and central
configurations in S.,. Thus we consider them belonging to different classes of cen-
tral configurations. Notice that the existence proof of ordinary central configurations
works for other constant values of I. Hence there always exist central configura-
tions on S, for ¢ belonging to some open intervals. So we have the following obvious

consequernce.

Corollary 6. Assume that the masses my,...,my are in S* or H2. Then for any
positive values these masses take, the set of ordinary central configurations has the

power of the continuum.

Recall that the Wintner-Smale problem (Smale’s 6th problem) asks whether for
some given masses, my,...,my > 0, the number of classes of planar central config-
urations for the Newtonian N-body problem is finite or not [86]. If we extend the
problem to the curved N-body problem in the following way: whether for some given
masses, mq, ..., my > 0, the number of classes of central configurations for the curved
N-body problem is finite or not, then this extension has an obvious and uninteresting

answer. We modify the problem as follows for ordinary central configurations.

In the curved N-body problem, for given positive masses mq,...,my and all

possible values of ¢, is the number of ordinary central configurations on S, finite?
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From now on, we will say that several masses possess a continuum of ordinary
central configurations if the continuum of central configurations is on a certain set
S.. We will see in Chapter [7| that even for two equal masses, m; = mgy =: m, there is
a continuum of central configurations on S,,.

For special central configurations, we need to first study the mass set My € RY.

Thus we modify the problem as follows.

1. Characterize My.

2. In the curved N-body problem in S3, for given positive masses m € My, is the

number of special central configurations finite?
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Chapter 6
Central Configurations on H?

Recall that we denote by H? the particular hyperbolic 2-sphere H2, ,, and denote by
H! the particular hyperbola H. . We give a few examples of central configurations
on H? and show that there is a neighbourhood of the singularity set where no central
configurations exist. We then study the geodesic central configurations and generalize
the celebrated Moulton’s theorem of the Newtonian N-body problem. We also study
their Hessian. Based on the exact count of the geodesic central configurations and
their index, we give a lower bound for the number of central configurations on S, by
Morse inequality. Those familiar with the Newtonian N-body problem would notice
that the above results are similar to the results on central configurations on R2. It is
not surprising since H? is homeomorphic to R? and that two potentials on R? and H?
are similar.

In the end, we focus on the non-geodesic central configurations of three bodies.
Surprisingly, most of them are not equilateral triangles, which is different from the
Newtonian N-body problem [90].

In this chapter, let r; = (22 + y?)1/2.

)

6.1 Examples and the Extension of Shub’s Lemma

We derive another form of the central configuration equation which would be useful
later. After several examples, we show that there is a neighbourhood of the singularity
set where no central configurations exist. In other words, the central configurations

set on S, is compact.

Proposition 15. Consider the masses m1,...,my > 0 on H? at the configuration
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q=(qi,...,qn), where q; = (z;,y;,w;). If q; # (0,0,1), then the i-th equation of
(3.5) can be written as

N N
3 m;(@ix; + yiy; — r7 coshdy;) Drtw?, Y my (@i — Tiys) _ (6.1)
<inh? dz’j v sinh® dz‘j

J=L1j#i j=1,j%i

Proof. Since q; # (0,0, 1), so r; = (x2 + y?)1/2 > 0. Then the following three vectors
Vi1t = (xiayivo)a Vizg = (_y’iaxia 0)7 Vi3 = (0,0,wi),

form an orthogonal basis of Ty, R*!. Recall that

N
q,; — coshd;;q;
vq U= Z M : sinh® d”w 27 til = 2mi(xiwi27 yiwzza wﬁ?)'
J=Lj#i g

Then Vo, U = AV, 1 is equivalent to Vo, U - vy, = AV, 1 - v, k = 1,2,3. We obtain

N
Z M(:Eimj +yiy; — ri coshdy;) = X2mriw?

. 3 77
Pyt sinh” d;;

Yo mm
(]

2 S, 9 ) =0

i=1j#i K
m;m;
Z _— h3cji (—w;w; + w? cosh di;) = —\2mriw?.
gty S G

Adding the first and the third equation we obtain an identity. Thus the equation
Va.U = AV, I is equivalent to (6.1)). O

We give two examples of central configurations.

Example 6 (Lagrangian central configurations of three equal masses). Let three equal

masses m = (m,m,m) be at

q= (Q17CI27C13)7 qj = (xjay]7w])7 ]: 172737

2m() —1
zj =rcosf, y;=rsinf;, w;=v1+r? 53._%,;'_1,2,3,

where v could be any positive value, see Figure . By symmetry, we see that Vg, U
is pointing towards the verter A = (0,0,1), so it is collinear with V4, sinh® d(q;, A).
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Xz

Figure 6.2: One geodesic central configurations on H!

Thus the central configuration equation , Vq,U = AVqm; sinh? d(q;, A), is sat-
1sfied. Note that dio = di3 = daz, which is reminiscent of the 3-body central con-
figuration in the Newtonian N-body problem found by Lagrange [90)], so we will call
them Lagrangian central configurations. Using the formula given in Proposition[8, we

obtain

<M_1VU, M_1VI> B —3m _ m
(MZIWELMZVI) - 2sinh’diz - 94/3p8 (14 822)Y"

since coshdys = 1+ %, sinh dys = v/cosh?dys — 1.

Example 7 (Geodesic central configurations of three equal masses). Let three equal

A=

masses m = (m,m,m) be at

q = (_Ta w)7 Q2 = (07 1)7 qs = (Ta U}),

with r being any positive value and r* — w? = —1, see Figure . Let us check that

the central configuration equation (A1): Vq,U = AVq,m;sinh®d(q;, A), is satisfied.
For qq, the symmetry implies that Vq,U = Fy = 0. Lemma |1 says that Vq,I = 0,
so (4.1)) holds for i = 2. For qi and qs, the symmetry implies that |F| = |F3]

and they are collinear with ¥V, sinh® d(q;, A). Thus the central configuration equation
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Vo U = A\Vq,m;sinh?d(q;, A) holds also fori=1,3.

Using the formula given in Proposition[8, we obtain

2 2
d12:d237 TQIO, r=r3=T,

T1Ty + Y12 = Taxz + Yoys = 0, 123 + yrys = —17.

3

coshdjy = w, sin®djy =13 coshdyz = w? + 7’2, sinh® dy5 = 8r3w?,

which yield

m [ coshdi 14 coshdis m (1 1
A= e T -2+ —=).
sinh” dio sinh” dy3 2r3 \w 4w

6.1.1 The Extension of Shub’s Lemma

Let us extend Shub’s Lemma [80] to spaces of constant curvature. In its original form,
this lemma shows that there are no central configurations near the singularity set A
in S, for given masses in the Newtonian N-body problem.

Recall that S. = {q € (H)N \ A|I(q) = ¢}. Let X be a point in A, X =
(s +oos Dy s iy 15 05 Diys -5 Dy o, Aiy)s WheTe @ = oo =, Qg = o0 = Ay, Q) =
o =dly, o, = (2,9, w)). Assume that S0 m;(z? + y?) = ¢, ie., X belongs to
I7!(c). Our purpose is to show that there is some neighbourhood U of X in I(c),
such that there are no central configurations in S. NU. We represent a point in such

a neighbourhood of X by q = (q1,qq, ...an),
Qi = (@5 + 031, Y; + iz, wi + 0i3),

with q; € H%, q ¢ A, and I(q) = ¢. The configuration X defines a partition of the
bodies into clusters, where m;, m; are in the same cluster if there is an [ such that
ki<i<j<kygorx<i<j<N.

We can assume that there are at least two clusters away from (0,0, 1). If there is
no such cluster, then ¢} = ... = qy = (0,0,1). This contradicts with the fact that
SOV m(a? 4 yP) = c. If there is only one such cluster, say, (z}, v}, w;) # (0,0,1),
and q, ,, = ... = qy = (0,0,1), then equation ([£.2), Zf;l m;x;w; = 0, can’t be
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satisfied for q sufficiently close to X, since

N kl N kl
~ 1ot R )
E mT;w; ~ E mzw; + E miz;w; = xjw;( E m;).

i=k1+1
Thus q can’t be a central configuration.

Proposition 16. For fized masses my,...my on H?, there is a neighbourhood of A

in S. that contains no central configurations.

Proof. We need to show that the force function U = >, .y mim;cothd;; re-
stricted to the (2N — 1)-sphere I~'(c) has no critical points in a neighbourhood of
X € ANT7!(c). Let X be the point as defined above. We have shown that we can
assume that there are at least two clusters away from (0,0, 1). Thus, we may require
k1> 2, dy # dj, and gy # (0,0, 1).

We use (z,y) as the local coordinates of H? and let q; = (x;,;). We proceed as
follows: It is easy to find that the differential of U is

U aU T Y — 2y
dU = —dx; + Z ( Z m; mJ ————dx; + mimj,—w’dyi> )
8 8yi =\, d inh° d;;

For a point q € S. that approaches X, we will pick a bounded vector v(q) =
(v1,Va,...vy) € TS, such that
dUv — —o0.

If this is done, then we can conclude that any point q € S’ sufﬁciently close to X

s.- Let v = (vi1,v2) = v 2= 61 + vﬁ& . We do this by
letting

L v = wiqi = wi(zi,y:), 1 < i < ky,
2. Vii+41 = Vig42 = ... = Vy 1 = O,

3. vi =w;vp,*x <1 < N,

where 001(2?;* miwixi)%—vog(Zi\i* mwy;) = — kl msw?r?. Note that this is a linear

equation of (vg1,vg2) for any given q and that the coefﬁments have the property

N

N N
(Z miwixhzmiwiyi) ~ (Z mi) (W, wyyy) # (0,0),

i—=x%
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for q sufficiently close to X. So we can always find such a vy = (vgy, vo2). The vector

v constructed in this way is bounded and it is in TS, since

N ks N N
dIv = Z mi(xiva + Yivie) = Z miwfrf + UOl(Z mw;x;) + UOQ(Z msw;y;) =0
=1 1 - .

Let us show that dUv — —oo for q sufficiently close to X. Note that we can write

(5o 5) = Zjv Vi Sl’j;;;” -(q; — ;). Let - be the inner product in R?. Then

k1 *—1
oUu oU oU oU oUu oU
Ov izl(ﬁazi’ayi) VZ+. (8%78%) Vit — (8.913Z 8%) Vi

i=k1+1
The first sum goes to —oo when q — X. Explicitly, Zfil(%, g—g) v, 1s
ooB mm; mym,; w;
35 g a5 - a
3 ] ? 3 “H i
iyt sinh” d w; = i sinh” d;; w;
;M _ w; _ _ W; _
= D, h—3;l ((qj - —Gi) Vit (G- ——qy) 'Vj) +0(1)
1<icj<h ij @ j
m;m; _ _ _ _ _
- > h—gé ((wf +wj)a, - @5 — wiw;(@i - @i + @ - a@z)) +O(1),
1<icy<hy D G

where O(1) means a bounded term. Note that (w; +w3)q; - q; — waw;(q; - Q@ + G, - q;)
1s

(zizj + yiy;) (Wi + wf) — wyw;(rf + r?)

= (wjw; — cosh dy;)(w] + w?) — wyw;(w] + wi — 2)

= —cosh dyj(w} + w?) + (w} + w}) — (w] + w}) + 2w;w;

= (w} +w?)(1 = coshd;;) — (w; —w;)* < (w] +w)(1 — coshdy;).

When q approaches X, d;; approaches 0 for 1 <i < j < k;. Thus

kl SN,
Z(a—U,a—U)-vig S Y (w? 4 w?)(1 - coshdyy) + O(1)

13
—1 3:15, 8@/1 1<i<j<k: smh di]
M4 2 2 di, | di,
S D PRl s I A

1<i<j<ki
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The second sum is obviously zero. The third sum is bounded. Explicitly, Zi*(ggz , gg )
v; is

NS m;m; w; w;
S5 - Ba) w3 - Y - ),

1=% j= ISID >|<<<<NSln ZJ J

m;m; _ _ _ _
=0(1) + Z m (wiQ; - Vo — w;Q; - Vo + w;Q; - Vo — w;Q; - Vo)
*<i<j<N J
=0(1).

We have shown that dUv — —oo for q sufficiently close to X, where v € TS, is

is sufficiently close to X, a

remark that completes the proof. O

6.2 (Geodesic Central Configurations

In this section, we study geodesic central configurations. In the Newtonian N-body
problem, Moulton’s theorem completely solves the Wintner-Smale problem in the 1-
dimensional case [64]. By a similar approach, we obtain the exact number of geodesic
central configurations on S.. We also discuss the inverse problem of geodesic central
configurations. Recall that we have shown that any geodesic central configuration in

H? is equivalent to some central configuration on H!.

Theorem 13. Given masses my,...,my > 0 on H', for any ¢ > 0, there are exactly

N!/2 geodesic central configurations on S., one for each ordering of the masses along

H.

Proof. We follow the idea used to prove Moulton’s theorem of the Newtonian N-
body problem, [1l 62]: first show that the manifold S, contains N! components, each
homemorphic to an (N — 1)-dimensional disk; then prove that the critical points of
Ulg, are local minima on these disks; then show that there is just one minimum on
each such disk.

To prove that each ordering of the N masses corresponds to an open (N — 1)-
disk of S., we again use the homomorphism 7 : R — H!, 7(z) = (z,w). The map
induces a homemorphism from (R')" to (H)", which we still denote by m. Thus
the function I : (H')™ — R induces a function I : (RY)Y — R by I(q') = I(nq'),
where q' is a point in (R')". It is easy to see that I~'(c) is homeomorphic to I~(c).
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Define the singularity set in (R)Y as A = Uj<ijen{q’ € (RH)Y : x; = z;}. Then
7 is a homomorphism between the singularity set in (H!)" and the singularity set of
(RYN. Therefore, the set S, = {q € (H")¥ \ AJI(q) = ¢} is homemorphic to the set
{q € RHYN \ A'|I(q') = ¢}, which consists of N! open (N — 1)-disks [I], 62] (each
corresponding to an ordering). Thus we prove that each ordering of the N masses
corresponds to an open (N — 1)-disk of S,.

Let V be one of these open disks. Its boundary belongs to A, where U approaches
+o00. Thus we conclude that there is at least one minimum in V. This minimum
gives a central configuration. We now show that every critical point q of Uly is
a local minimum by studying the Hessian H(q) on T4S.. We use (sinh @, cosh )
as the coordinates of H! and assume that the disk V corresponds to the ordering
0 < 0y < ... < Oy. By Lemma , on T4S., the Hessian is given by the N x N
matrix D?U(q) — AD?I(q), where X is the constant in the equation of the central

configuration equation and it is negative by Proposition |8, Then

N
29
g imj i — Vi), :E ; g i
mym; coth(6; — 0;), [ (z7 +y?) m; sinh” 0
i=1

1<i<j<N

Straightforward computations show that H(q) = D*U(q) — AD?*I(q) is

- N _
Z mim; coshdy; __mimacoshdio . __mampy coshdin
. ; sinh® dy ; sinh® dq2 sinh? dq &
j=1j#1 !
N
__mgmj coshdyo maom; coshda; __maomy coshdan
inh®d inh3 dg; inh? d.
2 sin 12 =142 sin 25 sin N
N
__mimy coshdy . . Z mpym; coshdp;
sinh3 le . - Sillh3 de
L J=1j#N .
my cosh 260 0 . 0
0 mocosh26y --- 0
—2A
0 --+ my cosh 20y

For the first matrix, take any nonzero vector v.= (vy,---,vy), not necessarily in
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T4S.. We have
Al m;m; cosh d;
= D2U);v0; = 2 Ty ©OS Sij 2
22 (DPU)yv; ZJZ e
J#l

m;m; cosh d” B m;my; cosh d;; cosh dzg 2
-2 Z JZ sinh® d; T simhPd,; 9T Z jz sinh® d; (v = v)” 2.0
JFi

J#i

The equality holds only for v = k(1,1,...,1) = /{;ZZ]\; a%' The second matrix is
always positive-definite, which makes the sum of the two matrices positive-definite.
Therefore, the Hessian is positive-definite on the subspace TS, and the critical point
q is a local minimum of Uly.

Now we show that such a minimum of Uly, is unique. Assume that there are two
such minima. Connect these two points with a continuous family of curves. As the
two ends are local minima, there must be a local maximum on each curve. Then the
minimum of all these maxima must be a saddle point of Uly, in contradiction with
the positive-definiteness of the Hessian.

Note that a 180° rotation in the xy-plane changes the ordering, which means that
we counted each case twice, so there are exactly N!/2 classes of geodesic central

configurations, a remark that completes the proof. O]

We use (sinh 6, cosh ) as the coordinates of H'. Now let us talk about the inverse
problem: suppose A and the N distinct points 61,65, ...,0y5 are given, and consider
the problem of determining m € RY so that the geodesic central configuration exists.
The following discussion is similar to the discussion in [64]. There will be no loss of

generality by fixing the ordering such that #; < ... < 0y. Then

N N
Z m;mjcoth(0; —6;), I= Z my(x? +y?) = Z m; sinh? 6
i=1 i=1

1<i<j<N
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Thus the central configuration is given by the equations

mo my-1 my

0+ ——— +oiF— +———— = Asinh 26,
sinh? dy5 sinh? dy N—1 sinh? dy 5 !
my my-1 mpy .
—F+0 _— +———— = Asinh 26,,
sinh? dy5 sinh? da n—1 sinh? doy 2
il e +... = 0 +L = Asinh 20]\[_1,

sinh2 dN—l,N

+0 = Asinh 20y.

sinh2 dN—l,l sinh2 dN—1,2
m ma MN-1

— — o —
sinh®dy;  sinh? dys sinh? d N.N—1

This is a linear system on the masses. The solution space of the linear system depends
on the determinant of D, the coefficient matrix. Note that D is an anti-symmetric
matrix.

When N is even, det D is the square of an associate Pfaffian [70], and in general
is not zero. Therefore, generally, for given A, 6, ...,60y, there always exists a unique
solution of masses in R"V. However, these masses are not necessarily all positive.

When N is odd, then det D = 0. But the minors of the the main diagonal entries
are anti-symmetric matrices of even order, thus generally they are non-zero. So the
rank of the coefficient matrix is generally N — 1, which implies that the vector on the
right hand side (sinh 26y, ...,sinh 20y) has to satisfy one linear relation. Recall that
for ordinary central configurations we have , which is

N |
Z MTW,; = 3 Z m,; sinh 20, = 0.
i=1 i=1

Adding this equation to the system, we obtain a homogeneous linear system of

(A, myq,...,my) with the coefficient matrix

0 sinh 20, sinh20, ... sinh20y
. 1 1
sinh 291 0 sinh®d;2 "7 sinh® d
. 1 1
FE = sinh 292 sinh? dyo 0 Tt sinh? do )
. 1 1 1
] sinh20y  — dy:  smobldy, C snhldy o1

which is anti-symmetric and of even order. Thus the determinant, the square of the
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associate Pfaffian, must be zero such that the system has solutions in R¥*!. The
Pfaffian is a polynomial on entries of E, which is determined by 64, 6,, ...,0x. Thus
when N is odd, the configuration itself has to satisfy one equation for the existence

of a geodesic central configuration.

6.3 A Lower Bound for the Number of Central
Configurations by Morse Theory

While it is generally not easy to study the index of central configurations analytically,
it turns out that each geodesic central configuration of N bodies has index N—2. Then
we describe how to use Morse theory to prove the existence of central configurations.
This is a generalization of the result of Palmore [68] in the planar Newtonian N-body
problem.

Now we study the Hessian of the N!/2 geodesic central configurations on S, =

{q € (H)N\ A|I(q) = c}. For our purpose, we use the coordinate system of H?,
(x,y,w) = (sinh 6, cosh f sinh ¢, cosh f cosh ), 6,9 € R.

Then H! corresponds to ¢ = 0. Restricted to ¢ = 0, this system is identical with
the one we used in the proof of the previous theorem, especially, d;; = |#; — 0;|. This

system gives a homemorphism between R? = (6, ) and H2. Then

N N
U= Z m;m; cothd,;, I = Z mi(x3+y?) = Z m;(sinh? @; + cosh? 6; sinh? ;).
1<i<j<N i=1 i=1

Order the coordinates as (01, ...,0n, ¢1, ..., on). For a geodesic central configuration

(01, ...,0n,0,...,0), direct computations lead to

02U 0 921
OpiOyp; O0piOyp;

82U 0 921 0
H(q) = D*U — A\D?*I = 9000, _ )\ | 9.9 .

U by 9’1
00,00 00,00;

Thus it is enough to study the upper left block Hy := |

lower right block H,, : [agéa({p- - )\82_21¢_]NxN-
7 J 7 J

Obviously, the upper left block Hy is the same as the matrix obtained in the proof

|nxn and the

of the previous theorem. We have proved that this matrix is positive-definite. More
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precisely, this block acts on Ty(H")", which is spanned by the N vectors %, - %.

In this N-dimensional space, there is a 1-dimensional subspace that is not in 7T¢S..
It is generated by
2l 9
; m; sin )
which is actually orthogonal to S.. Thus we see that there is an (N — 1)-dimensional
subspace (in the geodesic directions) of T4S, on which H(q) is positive-definite.

The lower right block acts on the complementary subspace spanned by the N

0 0
pi? T OpN T

d]aip = 0 for each 7 since ; = 0. Thus the N-dimensional subspace belongs to T4S..
Explicitly, this block is

vectors At the geodesic central configuration q, it is easy to see that

r N
Z —mym; cosh 601 cosh 9]' m1mo cosh 01 cosh 62 L m1mpy cosh 61 cosh On
. / sinh® d; ; sinh® d12 sinh® dq n
J=1j#1 !
N
momy cosh 01 cosh 05 Z —mam;jcoshfycoshf; mam  cosh 05 cosh 0
H = sinh3 d12 e sinh3 da; sinh3 da
e = J=1j#2
N
mimpy cosh 61 cosh 6 . . —mnm; cosh 0y cosh 6
sinh® dy | L sinh? dy;
L j=Lj#N !
2
my cosh” 0, 0 e 0
2
0 Mo cosh” 0,
— 2\
2
0 --+ my cosh” Oy

First, notice that there is a null vector of H(q) in this subspace. Proposition
shows, by the SO(2) symmetry, that there is at least one null vector for the Hessian
of any central configuration on H?. In the zyw-coordinates, obviously, the null vector
is

al 0 0 <~ 0

i

Expressed in the 6, ¢ coordinates, it is in the subspace spanned by the N vectors a%w
d
ceey m, and

V:i sinh#; O o (0"”0 sinh 6, | sinh@N)‘ (6.2)

"cosh6;’ " cosh Oy
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Thus v is a null vector of H,,.

We will need the following inequalities on distance.

Proposition 17. On H!' = (sinh 6, cosh §), for N distinct points with 0; < 0y < -+ <

On, we have the following inequalities:

1

. . . 1 .
1oafk <i<j, then SInb3(0,—6y) cosh 6, ~ Smb?(6;—0;) cosh 0’

1

. . . l
2 ZfZ <J< k’ then sinh3 (0, —0;) cosh 0; > sinh® (0, —6;) cosh 6; °

Proof. If k < i < 7, what we need to show is
sinh®(0; — 6 ) cosh 6; — sinh®(6; — ;) cosh 6; > 0.
View this as a function of 6}, i.e.,
f(z) = sinh®(2 — 6)) cosh z — sinh®(6; — 6;) cosh 6;, = > 6;.
Then f(6;) =0, and

f'(x) = sinh®(z — @) sinh 2 4 3sinh®*(z — ;) cosh(z — 6;) cosh x
= sinh®(z — @) (sinh(z — 6) sinh  + 3 cosh(z — 6) cosh z)
= sinh®(x — ), cosh(2x — 6) + 2sinh®(x — ), cosh(z — 6;) coshz > 0.

1 1
SInh(6,—05) cosh 0, ~ sSmh®(8,—05) cosh6; The proof of the

other inequality is similar. O]

So for k <@ < j, we always have

The following theorem extends the result on the indices of geodesic central con-

figurations in R® [52]. As done in [67], the essential idea of the proof is due to Conley.

Theorem 14. Every geodesic central configuration q on H? is nondegenerate with
null(q) = 1 and ind(q) = N —2. In the geodesic tangent directions, which are (N —1)-
dimensional, H(q) is positive definite, while in the normal directions it is positive on
a 1-dimensional subspace, zero on another 1-dimensional subspace, negative-definite

on the rest (N — 2)-dimensional subspaces.

Proof. We first simplify the form of the matrix H,. Introduce the following three
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N x N matrices:

C': = diag{cosh 6y, --- ,coshfy},

M : = diag{mq,--- ,mp},
- N _

Z —m; cosh 0; mo . my
coshfi sinh® dij sinh® dq2 sinh® dq v
j=1j#1
N
mi Z —m cosh 0; . my
A= sinh® d12 J=1g42 cosh 65 sinh? do; sinh® dayn
N
my e c S macoshly
sinh® di N . - cosh 0 sinh” dp;
L j=Lj#N -

Then it is easy to check that H, = CM(A — 2X\)C. Thus to study the eigenvalues
of H, is equivalent to studying the eigenvalues of A — 2\. Precisely, note that M —2
and C~2 are well defined. Then H,, is congruent to Gy := (C~2)TH,C~ 2, which is
similar to C2G,C~2 = H,C~' = CM(A —2)). Similarly, we can get rid of CM. By

Sylvester’s law of inertia [37], we have
no(Hy) =no(A —2X), n_(Hy) =n_(A—2X), ny(Hy) =n(A—2N),

where ng(x) is the number of zero eigenvalues of matrix *, n_(*) the number of
negative eigenvalues, and n, (*) the number of positive eigenvalues.

To study the eigenvalues of A — 2, it is enough to study the eigenvalues of A and
compare them with the negative number 2\. First, notice that there are two obvious

eigenvectors of A:

vy = (cosh by, -+ ,coshfy), Avy = Ovy,

vy = (sinh @y, -+ sinhOy), Avy = 2)\vs.

The first vector can be obtained by inspecting the matrix A. The second vector v,
equals —Cv, where v = — (kb SOy ) §s the null vector of H,, see (6.2)). Since

coshf1’ """7 coshfpn

Hyv =CM(A —2)\)Cv =0, we have

ACv =2)\Cv, = Avy = 2)\vs.

Now we employ the idea of Conley to show that all other eigenvalues of A are
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smaller than 2)\. The idea is to consider the linear system in RY:
u=Au,u=(uy, - ,uy) € R".

Conley observed that to show that all other eigenvalues of A are smaller than 2\
is equivalent to showing that, in the flow on RY, the line determined by v, is an
attractor. It is enough to find a “cone”, K, around v, that is carried strictly inside

itself by the flow (except for the origin).

RNfl

Uy

Vo

Figure 6.3: The linear flow in RY.

Suppose that the ordering of the geodesic central configuration q is 6; < 6y <
- < @y. Then let

N
(51 U9 uUn
K: GRN i h@,zz(), < <0 < .
{u |;m oSt cosh#; =~ coshfy — - coshHN}

Endow RY with the metric by the matrix M. Then the cone K is in the (N — 1)-
dimensional subspace perpendicular to vi. Note that vo € K. First, by equation
(4.2), we have 0 = ZZ]\LI mirw; = sz\il m,; sinh 6; cosh #;. Second, since tanh@ is

an increasing function, we have sinh01  sinhby ... < sinhOy — ppg boundary 0K
) cosh 01 cosh 05 cosh 0

consists of points for which one or more equalities hold. However, except for the origin,
at least one inequality must hold (otherwise u = k(cosh 6y, --- ,coshfOy) = kvy).

Consider a boundary point with

(51 U; Uj uUn
<... - .= <... < )
cosh 0, cosh 0; cosh 0; cosh 0
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To prove that at this point the flow is pointing inwards, see Figure 6.3, we need to

show COSh 5 P 5. > 0. Direct computation shows that Cosh 5 i g Is
N my u; cosh 0y, l mg u; cosh 0,
Z cosh 6; sinh® d; T T eoshe, ) Z cosh 0; sinh?® dj; U T osh 6,
k=1,k#j J kj J k=1,ki i ki t
i Uy u; cosh 0y, Uy, n u; cosh 0,
= my | — - - =
bt ki sinh?® dy; cosh 6; cosh? 0; sinh?® d; cosh 6; cosh? 6;

m; ( u; cosh 6; ) m; ( u; cosh 0; )
+ . 13 U; — . 13 Uj — .
sinh” d;; cosh 0, cosh 0; sinh” d;; cosh ¢; cosh 6;

U

Since %o = Cosh 7 the last two terms are zero, and the first part can be nicely

written as

i . _uicoshék) ( 1 B 1 )
o TR cosh 0; sinh® dy; cosh 0; sinh® dy; cosh 6; ]

k=1,k#1,j

Every term in this sum is non-negative:

. u; cosh 0}, 1 . 1 -
LItk < b then U — cosh 0; < 0 and sinh® dy;; cosh 6; sinh? dj,; cosh ; <0 by PI'OpO
sition [I7
. . u; coshf
2. Ifi <k <y, then uy — “eosn = 0
. u; cosh 0, 1 _ 1 _
3. 1fi < k’ then U — cosh 0; > 0 and sinh® dy;; cosh 6; sinh? dj,; cosh 6; >0 by PI‘OpO
sition [I7

Moreover, at least one term is strictly positive since at least one inequality in the
definition of the cone must hold. Thus we have proved coshe — coshe > 0 on 0K and
the boundary point moves into the interior of the cone as required. This proves that
all the other eigenvalues of A are smaller than 2\, thus the NV eigenvalues of A — 2\
are —2A > 0,0, A3 < 0,--- , Ay < 0. Therefore we get

no(Hy) =no(A—=2X\) =1, n_(H,) =n_(A-2\) = N-2, ny(H,) =n,(A-2)\) =1L

This remark completes the proof. O

We can now extend the result of Smale [85] and Palmore [68] on the number of

central configurations in the Newtonian N-body problem. We will make use of Morse
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theory and assume that, for generic masses, the central configurations has nullity 1,
the minimum value compatible with the symmetry, see Proposition

Recall that a central configuration on H? is a critical point of U : S. — R and that
S, ={q e (H)N\ AlI(q) = c¢}. The group SO(2) acts freely on S, which reduces U

as a smooth function on the quotient manifold
M = (5.)/S0(2).

A Morse function is such a function that all its critical points are nondegenerate.
Thus assuming that the all central configurations for generic masses are nondegenerate
is the same as assuming that all critical points of U : M — R are nondegenerate,
that is, U : M — R is a Morse function. Recall that the critical points of U : M — R
correspond to classes of central configurations in a 1-1 manner. Thus the counting of
central configurations is the same as the counting of critical points of U restricted to
the quotient manifold.

The Morse inequality relates the indices of critical points of a Morse function on
a smooth manifold to the topology of the manifold. The inequality is most easily

expressed in terms of polynomial generating functions. Define a Morse polynomial

M(t) = Z%tk, v = number of critical points of index k
k

and the Poincaré polynomial P(t) = Y, Bxt", where (3, is the k-th Betti number of
the manifold. By the Betti numbers, we mean the ranks of the homology groups

Hi(M,R) with real coefficients. Then the Morse inequalities can be written as
M(t) = P(t)+ (1 +t)R(),

where R(t) is some polynomial with non-negative integer coefficients [43]. Thus the
Poincaré polynomial can be used to get an estimate of the number of critical points.

The above Morse inequality holds for a compact manifold. The manifold we are
interested is S., a non-compact manifold. Recall that Proposition [16| shows that the
critical point set of Ulg, is compact and that, near the boundary of S., U approaches
+00. Thus we can restrict to a compact set of the form K = {q € S.: U(q) < Up}
for some sufficiently large U,. Therefore, Morse inequality applies.

The following two proofs are almost the same as in the Newtonian N-body prob-
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lem, but we reproduce them here for completeness. For more details, we refer the
readers to the nice book [52].

Proposition 18. For the curved N-body problem in H?, the Poincaré polynomial of
Se/SO(2) is
P(t)=(1+2t)..(1+ (N —1)t).

Proof. Consider again the homemorphism 7 : R*> — H?, 7(z,y) = (2,9, w). The map
induces a homemorphism from (R?)™ to (H?)", which we still denote by 7. Thus the
function I : (H%)Y — R induces a function I : (R?)Y — R by I(q') = I(rq’), where ¢’
is a point in (R?)". Note that  is also a homemorphism between the singularity set
Ain (H)Y and A’ = Uicicjen{d’ € (R®)N; o} = d;}. Then S, ~ I7(c) \ A" Also

7 commutes with the SO(2) action on R%. Thus we obtain
S./SO(2) = M ~ (I"'(c)\ A")/SO(2).

Note that (R*)M\ A’ ~ R, x (I7%(c)\ A’). By induction [52], we can find that
the Poincaré polynomial of (R%)N \ A’ is

(I14+t)(1+2t)...(1+ (N —1)t).

Now Kiinneth’s theorem from algebraic topology shows that the Poincaré polynomial
of a product space is the product of the Poincaré polynomials of the factors. Then
the Poincaré polynomial of I=!(c) \ A’ is the same as the Poincaré polynomial of
(RH)N\ A’ since the Poincaré polynomial of R is 1.

There is a global cross-section to the SO(2) action consisting of all the points in
I7Y(e) \ A, where the vector g to qb is the direction of the positive first-coordinate

axis [52]. By this, there is a homemorphism
[(I71(c) \ A)/SO(2)] x SO(2) ~ T '(c)\ A".

Since the Poincaré polynomial of SO(2) ~ S' is (1 + t), we see that the Poincaré
polynomial of M is
P(t)=(142t)...(1 + (N —1)t)

by Kiinneth’s theorem. This remark completes the proof. O

Proposition 19. Suppose that all of the central configurations are nondegenerate for

a certain choice of masses in the curved N-body problem in H?. Then on S. (¢ > 0),
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there are at least
(B3N —4)(N —1)!

central configurations, of which at least

(2N — 4)(N — 1)!
2

are non-geodesic.

Proof. Obviously, the compact subset K = {q € S. : U(q) < Uy} is homotopic
to S., where Uy is sufficiently large. Thus the Poincaré polynomial of K/SO(2) is
P(t) = (14 2t)...(1 + (V. — 1)t). We have assumed that U is a Morse function on
K/SO(2). We further assume that its Morse polynomial is

2N—2
M(t) = Z Yt*, v = number of critical points of index k.
k=0

Thus the Morse inequality implies that there is some R(t) with non-negative integer
coefficients such that M(t) = P(t) + (1 + t)R(t). The simplest estimate is obtained

by setting t = 1,
2N—2

> = P(1) = N2,
k=0

which predicts the existence of the N!/2 geodesic central configurations. Theorem
shows that the index of each geodesic central configuration in /SO(2) is N — 2.
Then vy_» is at least N!/2. On the other hand, the coefficient of t¥=2 in P(t) is
2-3.(N=-1)=(N-1).

Let R(t) = Y, mxt". Then the coefficient of =2 in (1+¢)R(t) is rn_a+rn_3. So

N2 +TN_3 T+ (N— 1)' > N'/Q

Setting ¢ = 1 in the Morse inequality now gives

2N—2

N — 4)(N — 1)!
S o > N2+ 2o + ) > 3N1/2 2N — 1)1 = & )2< )
k=0

Subtracting N!/2 gives the non-geodesic estimate. This remark completes the proof.
O
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6.4 Central Configurations in the 3-Body Problem

In this section, we study the 3-body non-geodesic central configurations. We obtain
one necessary condition, which implies that all equilateral triangle central configura-
tions must have equal masses.

When N = 3, Proposition [19| gives that the lower bound of non-geodesic central

configurations is 2.

Corollary 7. For generic three masses on H?, there are at least two non-geodesic

central configurations on S..

Lemma 6. Consider three massesm € RY on H? at q = (q1, 92, 93), 4 = (24, s, w;).
Suppose that q is a non-geodesic central configuration. Then there is some k # 0 such
that

(U)l, Wa, U)g) = k(sinh3 d23, sinh3 dlg, sinh3 dlg). (63)

Proof. Let q; = (z;,y;). Then the equations (4.2)) Z?Zl mw;T; = 2?21 maw;y; = 0

can be written as
3
i=1

This can be viewed as a linear relation of the three vectors q;, q» and q3. Then
rank(qy, g2, q3) = 2, since it is greater than one. If the rank is one, consider the
2-dimensional plane V := {(x,y,w) € H?|yz; = zy;}. Then all three particles are on
V', so the configuration is on a geodesic.

Thus no particle could be at the vertex (0,0, 1) and the second equation of

applies, which can be written as
- i mydetlay.al _ L i m;a q‘]
j=1,j#i sinh® d;; s sinh®d;;” |
3 m;q;

J=Lizi sinh3 dz’j
0 for i = 1,2,3. Since rank(qi, qs,qs) = 2, all linear relations are the same up to a

Then we obtain three more linear relations of qi, g2 and qs: > +0,q; =

constant. Consider the first two relations,

mad2 m3qs3
sinh3 d12 SiIlh3 d13

miw1qy + mewaQa + mawsqs = 0, 61q; + =0.



76

We obtain
Wa w3 Wa w3

= , OF — = — .
1/sinh®di;  1/sinh®ds sinh®dy3  sinh®dys

o wi . ws
Similarly, we get —5 e pra So we have
w1 Wa Ws

. = . = . )
sinh®da;  sinh®dy3  sinh® dys

which implies that (w1, ws, ws) and (sinh® dys, sinh® dy3, sinh® d5) are collinear, as de-
sired. O

With this necessary condition, we show that the equilateral triangle central con-
figurations exist only for three equal masses. This result has been partially obtained
in [29], where Florin Diacu and S. Popa showed that an equilateral triangle nega-
tive elliptic relative equilibrium must have three equal masses. By Corollary [I] we
can conclude that equilateral triangle negative elliptic-hyperbolic relative equilibria
and equilateral triangle negative hyperbolic relative equilibria must have three equal

masses. Hence we state this result in the context of central configurations.

Corollary 8. For a central configuration formed by three bodies on H?, by saying that
they are on w = ¢ is equivalent to saying that they form an equilateral triangle. For

these central configurations, the three masses must be equal.

Proof. The first claim is clear from (6.3)). For these central configurations, the two
conditions that w; = wy = w3 and that di; = di3 = ds3 imply that their position is
given by
. i
qQ; = (T COS(BZ' + Oé),’l"SlIl(ﬂi + 04)7’11)), 6@ = ?7 1= 17 2a 3.
Thus the three vectors qi, g and q3 have another linear relation: q; +qs + q3z = 0.

Compared with the first relation derived above, Zle m;w;q; = 0, we obtain m; =

me = mg, as desired. O
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Chapter 7

Ordinary Central Configurations in
83

In this chapter, we study the ordinary central configurations in S*. As mentioned in
Chapter [5] the topology of the set S, is much more complex than in H?, which makes
the study harder. Thus we concentrate only on the simple cases: geodesic central
configurations and S? central configurations of three bodies. Recall that they can be
found on S, and S2 . by Theorem [11] and Corollary . Unless otherwise stated, in
this chapter, we use S' and S for S}, and S2,, respectively.

We first give several examples, then turn to geodesic central configurations of two
and three masses. We find that Moulton’s theorem cannot be generalized directly.
Surprisingly, there is a continuum of central configurations on some .S, for two equal
masses. For three masses, we study the inverse problem: for a given configuration on
S!, find positive masses such that a geodesic central configuration exists. In the end,
we study the 3-body non-geodesic central configurations. We obtain one necessary
condition which shows that all equilateral triangle central configurations must have
equal masses. This condition also leads to the existence of another class of central
configurations, which are easy to describe.

In this chapter, let r; = (22 + y?)'/2 and p; = (22 + w?)Y2.

7.1 Examples

One class of the following examples are S? central configurations, which contrast with

what happens in H3. Tt also shows the complexity of classifying central configurations
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in S3.

Proposition 20. Consider the masses mq,...,my > 0 on S* at the configuration

q=(q,...,qn), where q; = (v, ys, ws). If Qi = (w45, s, 2, 05) & S;y U Sl’w? then the

i-th equation of (3.5) can be written as

(

N mj(zix; + yy; — 17 cosdy;)

Zj:l,j;éz’ S sirZ13jd~ =207 p}

ij

N m(Tiy; — TY) _

Zj:l,j;é’i Sin3 d” =0 (71)
N mj(ziwj — zjwi)
A =0.

L Z]:LJ#Z Sirl3 dij

Proof. Since q; ¢ S}, US.,, the following four vectors

Vi1 = (I’zﬁ Yi, 07 0)7 Vig = (_y'w Xi, 07 0)7 Vi3 = (07 Oa Zi, wi)) Vig = (07 Oa — Wy, Zi)a
form an orthogonal basis of Ty, R*. Recall that

q; — cosd;;q;

2 2)
SiIl3 dij

_ 2 2
) ti[ = Qmi(xipiayipm_ZiT@'a_wiri

tiU: Z mg;m;

J=1,j#i

That Vo, U = AV, I is equivalent to that Vg, U - vy, = AVq, I - v, k= 1,2,3,4. We

obtain

Z mimj (i + viy; — 72 cos dij) = N2mr?p?,

J=1j#i "
l m;m
Z - 7:3 J (ziwj — ’lUiZj) = 0
g S dyy

Adding the first and the third equation we obtain an identity. Thus the equation
Va.U = AV, is equivalent to (7.1)). ]

Example 8 (Lagrangian central configurations of three equal masses). Let three equal
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masses m = (m,m,m) on S* be at

q= (Q1»Q27Q3)> q; = (xjayjazj)a ]: 1a2737

2m(g —1
zj=rcosf, yj=rsinf, z=vV1-r? f;= W(jg —),

see Figure [7.1. This example has appeared in Chapter [f}, where we used it as an

2

Figure 7.1: Lagrangian central configurations on S,

tllustration of central configuration counting. We proved there that it is a central
configuration. Using the formula given in Proposition [§, we obtain
(M~'VU,M~VI) —3m m

)\ = = - = — ,
(M—'VI,M~-'VI) 2sin®d;, 2V/3r3 (1 _ %)3/2

. 2 .
since cosdip = 1 — 3%, sindjs = V1 — cos? dys.

Example 9 (Geodesic central configurations of three equal masses). Let three equal

masses m = (m, m, m) on S* be at

q: = (_‘TJZ)7 Q2 = (07 1)7 qs = (LU, Z)J

where z # 0,+1, see Figure . Let N be the north pole (0,1). Let us check that
the central configuration equation , Va.U = AVqm; sin®d(q, N), is satisfied.
For qq, the symmetry implies that Vq,U = Fy = 0. Lemma |1 says that Vq,I = 0,
S50 holds for i = 2. For qi and qs, the symmetry implies that |Fy| = |F3]
and they are collinear with Vg, sin® d(q;, N). Thus the central configuration equation

VU = AVq,m;sin® d(q;, N) holds also fori=1 and 3.
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mgN

my ms

Figure 7.2: One geodesic central configurations on S*

Using the formula given in Proposition[§, we obtain

2 2 2
d12:d237 7"2:0, r=r3=x,

T1T2 + Y1Ys = ToT3 + Yoz = 0, 2173 + y1yz = —2°.

cosdyy = z, sin’dyp = |z|®, cosdiz = 2* —r?, sin®diz = 8|x]*|z|?,

which yield

d 1 d 1 1
)\:_ﬂ(cos 2 + cos 13): m (_+ )

Sin3 d12 sin3 d13 _2’.]}'|3 <z 4|Z’3

Recall that there is no 3-dimensional central configurations in H3, see Theorem
. In S, we will construct a 2-parameter family of 3-dimensional ordinary central
configurations of five masses. This example has been published in [92]. Suppose that

the masses are m; = my = m, m3 = my = ms = 1, and their positions are given by

r1 =0, y1 =0, 21 = cosf, wy = sin 6,
xo =0, Yo = 0, 29 = cos b, Wy = —sin 6,
I3 =T, ?/3:07 z3 = C, w3:07

2T . 2w
T4 = T COS —, Yy = 7T Sin —, zZ4 = C, wy =0,

3 3

4 . Arm
1’5:7’(308?, y5:TSIH?, Z5 = C, ’LU5:O,

where ¢ € (—1,1) \ {0}, 7 > 0, 7>+ ¢* =1 and § € (0,7) \ {5}. Such configurations
depend on two parameters, ¢ and 6, and we denote them by q(c, ). It is easy to see

that these configurations are not confined to any 2-sphere. In Figure|7.3] we illustrate
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such a configuration in a R® hyperplane by the stercographic projection of S? from

(0,0,1,0) onto the corresponding equatorial R® hyperplane, i.e.,

T g: 7'(1_):

1—2 1—2

11

Figure 7.3: A configuration q(c, #) with (c,0) € (—1,0) x (0, 7).

This example is harder to verify, thus we state it in a proposition.

Proposition 21. For any (c,0) € (—1,0) x (0,%) and (c,0) € (0,1) x (5, m) the

configurations q(c, ) constructed above are central configurations if

3c| sin® 26|
2cos0(1 — 2 cos? 6)3/2

m = (7.2)

Generally, they are ordinary central configurations.

Proof. We check that the central configuration equations Vg, U = AV, 1,7 =1,...,5,

are satisfied. The function U can be written as U = U; 4+ U,, where

5
U1 = cot d34 —+ cot d45 + cot d35, U2 = m2 cot d12 +m Z(COt dli + cot d2z)
i=3
Note that the three equal masses mg, my4, and ms form an ordinary central config-
uration themselves, i.e., VU = AV, [, for i = 3,4,5, \; = m, see Example

Bl Note that V4, = Vg,I = 0 by Lemma[l] Thus Vq,U = AVq, ! is satisfied if and

only if there is some constant A\, such that

tiUQ = )\quij,i = 3,4,5, and F1 = FQ = 0.
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By symmetry, we only need to check Vq,Us = AoV, I, and Fy = 0.
Note that di3 = doz = di14 = dos = d15 = das, d3s = dss = d35, and

3 1
cosdyp = cos 20, cosdyz = ccosf, cosdsy = 502 ~ 3

Some straightforward computation shows

_ cosd ~ cosd
Vg Uz = F31 + Fap = i — cos diads) + m(da — cos da3qs)

SiIl3 d13 Sin3 d23
m m
= =3 i (a1 + g2 — 2cosdi3q3) = s ((0,0,2co0s80,0) — 2ccos6(r,0,c,0))
—2mr cos 6
= W(C, 07 -, O)

Recall that Vg, I = (2303, y3p3, —2373, —wsr3) = 2rc(c,0,—7r,0). Thus we can write
that

—mcos 0

VaUs = XV I, g = ————.

as™2 2V > Ccsind di3

By direct computation, we obtain
5 m?2 5 m
Fi=F;+ Fi,=——5— —cos20q;) + ; —cosd
1= Fip jz_; U= Tt 20 (a2 i) ; P d (a 13d1)
m? m

= ™ (g — cos20qy) +
| Sin3 29| (q2 COS ql)

5
(Z q; — 3ccosfqy)
3

SiIl3 dlg i

2m cos 8 3¢
= in 6 0,0,sin#, — cos f).
m sin <\sin329| - sin3d13>< ,0,8in 6, — cos )

— N3 : _ 3c| sin® 26 . ..
Thus F; = 0 if and only if m = S eosB(1_Z cos? 077" Since we need positive masses,

c cos 0 needs to be negative.
We have thus obtained a 2-parameter family of central configurations q(c, 8) for

any (c,0) € (=1,0) x (0,%), and (c,0) € (0,1) x (5, 7). The central configuration

equations Vq, U = (¢, 0)Vq,1,i = 1,...,5, are satisfied, and the constant is

-3 m cos 6 -3 3| sin® 20
)‘<679>:)\1+>\2: .3 - .3 = . 3 |'6 |
2sin°dss  csin®dy3 2sin” dsg 2sin’ di3

_ 3 -8 n | sin® 26|
2\ 3V3(1+32)32(1 — )32 (1 —c2cos?0)3 )’

which is zero on a 1-dimensional manifold. Factually, the set A = 0 is homeomorphic
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to two open intervals. Thus generally, q(c,d) are ordinary central configurations.

This remark completes the proof. O

Moreover, if (c,0) € (—1,0) x (0, §), then the masses mg, m4, ms are contained in
the unit ball, 22 + 3% + w? < 1, and the masses m;, ms are outside it, see Figure .

This happens because

Wy sin 6

1
3 )2+ Y3 )2 te o

w0 > 1, f%ﬂi%z(l_zg ) =

1-0

Similarly, if (c,0) € (0,1) x (5, ), then masses mg, my4, ms are outside the unit ball,

- 1—2 " 1—cosf
but the masses mq, my are inside the ball.

7.2 Geodesic Central Configurations of Two and
Three Bodies

In this section, we focus on geodesic central configurations. For N = 2, We find the
number of geodesic central configurations on S, for ¢ € (0, m; + my) (when ¢ equals
one of the endpoints, we get special central configurations ). For N = 3, We find all
possible shapes that allow positive masses to form central configurations.

Notice that the symmetry group of ordinary central configurations SO(2) x SO(2)

contains two elements

IR T A

Restricted on S!_, they are (x,2) — (—x,2) and (z,2) — (x,—z). Thus we can

xz?

always assume that one particle, say my, belongs to a particular quadrant.

For N = 2, we use the coordinates (z,z) = (—sinf, cosd), where 6 is measured
from (0, 1) anti-clockwise, see Figure Assume that q; is in the second quadrant,
but not at the endpoints. Otherwise, Vq,/ = 0 by Lemma [I} but V4, U is not
zero since there are only two bodies, which implies that there will be no central
configurations. Thus let q; = (—sinfy,cos6;), qo = (—sinfy,cosby), 0 < 6 <
0y < 2m,6, € (0,5). Then

U(q) = mymgcotdyz and I(q) = mysin® 6y + mysin® by,
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Figure 7.4: A configuration of two masses on S*

where d12 = min{92 — 91, 2r — (02 — 91)}
Theorem 15. Consider two masses mi and my on S' with positions q; and qs as
above. Then these bodies can form a central configuration if and only if

mq sin 291 + mo sin 202 = 0. (73)

The number of central configurations depends on the size I(q) = ¢ and it is given
in the table below, where m := mqy+msy. The table on the left is for m; < ms, whereas

the table on the right is for the my = mgy =: m.

size: 1(q) = ¢ number || size: 1(q) = ¢ number
ce(0,m) 2 ce (0,m) 2
c € [my, ms) 0 c=m 00
c € (mg,m) 2 c e (m,m) 2

When the masses are equal and ¢ = m, all of the oo central configurations are degen-

erate and the set they form has the power of the continuum.

Proof. The central configuration equation Vg, U = AV, 1,7 = 1,2, is given by g_eUl =

)\5711 and g—eUQ = )\5—012. Explicitly, they are

tmime Fmimg

—— = A in 26 d —————=2A in 26
Sin2(92 — 91) mq Sin 207 an Sin2(92 — 01) Mo S1N 409,

where the signs depend on whether di5 equals 03 — 6y or 2r — (2 — 6;). From these

equations we obtain the condition

my sin 207 + mo sin 2605 = 0.
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—_
—_

c c
my | me  m m

S

c¢(mi1—c)

mg(ﬁz—Qc) fOI' mq < mo (left) and mp = Mg =:'M

Figure 7.5: The graphs of sin?6§, =
(right) in coordinates (c, sin® ).

This relationship implies that 0y € (%7‘(’, 7T) or 6y € (%7?, 271').

To find the number of central configurations on S., we solve the system

my sin® 0; + ma sin? 6y = ¢

myq sin 201 + moy sin 260, = 0,

and obtain
=9 sinzg, = 2O
ma(m — 2¢) mq(m — 2c¢)

Notice that sin 26; # 0, so let

sin2 62 =

c(my —¢) c(mg — c)

0< <1, 0< < 1.

ma(m — 2¢) my(m — 2c)

We are then led to

O0<c<mg, mo<c<m,

a fact that can also be seen in the graphs of Figure [7.5], where a typical function of
c¢(mi—c)

the form o2 (71=50)

is represented for my < mo, on the left, and m; = ms, on the right.

Thus having ¢ in this range, we can solve for 6;,7 = 1,2. Using the fact that
0, € (0, %) and 0, € (%71’,7‘(‘) U (%71’,271'), we see that there are exactly two central
configurations for each ¢: (0y,6,) € (O, g) X (%7?, 7r) and (0, 6,+7) € (O7 %) X (%ﬂ', 27r).
If m; = my = m and I = m, the system reduces to

sin? @y + sin? 6, = 1, sin 26 + sin 26, = 0,

The two equations are not independent. The solution is a 1-dimensional manifold:
{6, € (0,7/2), 0 = 0, + /2 or 6y = 01 + 3w/2}. Thus there is a continuum

of central configurations on S,,. Moreover, S, is this 1-dimensional manifold, on
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which U = m?cot(%) = 0. As critical points of Uls,,, the nullity is bigger than the
dimension of the symmetry, which is zero in this case.
Thus all central configurations on 5, are degenerate. This remark completes the

proof. O]

Thus we see that Moulton’s theorem can not be generalized to St even for N = 2.
For higher N, it is more difficult to find the number of central configurations on S.. We
discuss the inverse problem: suppose that A and the N distinct points 61, 0,, ..., 0N
are given, and consider the problem of determining m € RY so that the geodesic
central configurations exist [64]. Similar to the discussion in Chapter [6] there is a
unique solution of the masses for even N, though some m; may be negative. For odd
N, there are solutions of the masses if the shape satisfies one equation (to make the
Pfaffian of a certain matrix zero). We study this in detail for N = 3. This result is
the main part of [91].

We return to the usual angular coordinates of S'; (z,2) = (cosf,sinf). As dis-
cussed at the beginning of this section, we assume that q; belongs to the first quadrant

01 € [0, 3]. Furthermore, recall the transform in SO(4) that maps a central configu-
2

TzWw?

ration on Siyz to a central configuration on S

(1.7 y? Z’ w) —> (Z7 w? ‘7;’ y)'

Restricted on S'| it is (x,2) — (z,x), the reflection about the straight line z = z.
Since we are concerned only with the shapes, after this reflection §; = 0 becomes
01 = 5, so we assume that 6, € [0,7). We consider the triangle formed by the three
positions in the xz-plane. The triangle may be an acute triangle or an obtuse triangle,

since the right triangle implies antipodal singularity.

Acute Triangles: We first consider the acute triangular shapes:
q; = (cosf,sinf), qz = (cos(d + «),sin(0+«a)), q2 = (cos(d +a+ 3),sin(6 + o+ 5)),

where 0 € [0,5),a € (0,7),8 € (0,7),a+ 3 € (7,27). We have diy = a, dog = 3,
di3 = 27 — a — 3, see Figure [7.6] Then

U = mymg cot & + mamg cot B — myms cot(a + ),
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Figure 7.6: An acute triangle configuration on S*

I = my cos? 0 + mgy cos? (0 + ) + mscos®(0 + a + B).

Theorem 16. Consider an acute geodesic configuration determined by 0,c, 3 as

above. Then the configuration admits a solution of masses in R if and only if

sin20  sin2(0+«) sin2(0 + o+ 5)
=0. 7.4
sin? 8 * sin?(a + ) * sin? o (7.4)

Proof. The central configuration equation Vo, U = AV, 1,0
U _ oL U

= 1,2,3, is given by
o = AGE B = ASL and 8% = ASL. Explicitly, we have

my sin 260 + mosin 2(6 + a) + masin2(0 + a + 3) = 0,

e~ Sflangy = Amasin 2(0 + ) + dmgsin2(0 + a + 3),
maoms3 __ mims3

sin” 8 sin? (a+5) - /\m3 sin 2(0 + o+ 6)

Using the first equation, (which is (4.2]) Zj’zl m;xz;z; = 0), the last two equations
can be solved by

my, = (—Asin2(9+0z+ﬁ)+,m—;)sin2(oz+ﬁ), mg = (\sin 20 + 'm; )sin®(a + ).
sin® 3 sin® «v

Substituting these expressions back to the first equation, direct computation leads to
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(7.4). Thus the system is equivalent to

sin 26 sin 2(0+a) sin2(0+a+p8) _
sin® 3 * sin? (a+53) ™ sin® a =0,

my = (=Asin2(0 +a+ B) + S.TIZEQB) sin(ar + f),
mz = (Asin 20 + %) sin*(a + ).

Note that for fixed A # 0 (the case when A = 0 are the special central configurations)
we can choose my so large such that mq, ms are positive. This remark completes the

proof. O]

Thus to find acute triangle geodesic central configurations is to solve ([7.4)), which

can be written as Asin 20 = — B cos 20, where
A '12 L (2:082(1 +cos?(o24+5)’ B:sinZ.(o;—l—ﬁ) | iinQa .
sin® 8 sin‘(a + f) sin” « sin” «v sin®(a + f3)

Given (a, ), we discuss the number of possible values of € to have the equation
satisfied. If AB # 0, then there is a unique § € [0, ), tan20 = —B/A. If A=0,B #

0, then there also is a unique 6, 6 = 7.

Corollary 9. For any («,f) with A*> + B* # 0, there is a unique 0 € [0,%) that
satisfies (|7.4)).

If A+#0,B =0, then there also is a unique 6, § = 0. When A = B =0, (7.4) is
satisfied for any 0 € [0, 7). Generally, it is not easy to solve the equation A = B = 0.
Let us consider one special case, when the acute triangle is isosceles, dio» = d;3, i.e.,

a=21t—a—pf.
Proposition 22. Assuming dis = di3 # %’T, then A # 0, B=0, and 8 = 0. In this
case, my = mg. If dip = diz3 = 2=, any 0 € [0, Z) satisfies (7.4). Then we can make

R 'y
m run over a 3-dimensional submanifold of RY by properly choosing ma, X and 6.

Proof. If a« =21 — a — 3, then a+ 8 =27 — «, f = 27 — 2« and ([7.4) becomes

sin20  sin2(f +«a) +sin2(0 —«)  sin26 N 2sin 26 cos 2av

O = —I— =
sin’® 3 sin” o sin? 2 sin” o
sin 26
= — (1+8cos® acos2a) .
sin? 2« ( )

2

Solving for 1 + 8 cos? o cos2a = 0, we get o = 3

since in this case we need a > g
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Thus if o # %’T, then § must equal 0. By the equation mz = (\sin 20+-"2-) sin®(a+

sin? «

B), we see that mqy = mg.
Ifa=p= 2?”, then any 0 € [0, ) satisfies (7.4). In this case, direct computation

leads to
2
(m1, ma, m3) = (—3/4Asin(20 + ?ﬂ) + ma, ma, 3/4Asin 20 + my).

The three components are not dependent, thus the masses form a 3-dimensional

submanifold of R? with coordinates (ms, A, #). This remark completes the proof. [

Further analysis shows that the only solution of A = B = 0 is the equilateral
triangle. It is interesting to notice that the masses can run over a 3-dimensional
submanifold of R?. In other words, the highly symmetric equilateral triangle central
configuration can be formed by distinct masses. This fact is reminiscent of the La-
grangian central configurations of the Newtonian 3-body problem, where any three

masses can form an equilateral triangle central configuration.

Obtuse Triangles: We now consider the obtuse triangular shapes. Again, as-
sume that 6, € [0,%). Then 6,,63 belong to (61,6, + ) or (61 + 7,61 + 27). By the
transform (z,z) — (z,z), one type becomes the other type. Since we are concerned
only with the shapes, we assume that 6s, 63 belong to (01,6, + m). Also, note that
0, # 0. If 6, = 0, Lemma implies that Vg, = 0. Then Vo, U = Fi5 + Fi3 = 0,
which can never be satisfied since both Fi5 and Fi3 are pointing upwards. An obtuse

triangular shape is of the form
q1 = (cosf,sinf), qo = (cos(f+a),sin(0+«)), qz = (cos(0+a+ f),sin(0+a+3)).

There are further restrictions. Note that V4, U is pointing upwards. Comparing
this fact with Figure we see that A < 0. Note that Vg, U = F3; + F3; is also
pointing upwards. If qs is in the third quadrant, then the equation V4, U = AV, [
can only be satisfied for positive A, see Figure [4.1. This contradiction shows that it
is necessary to require qsz to be in the second quadrant. Thus we further assume that
0 € (0,%),a,p¢€(0,m),a+p+6 <, see Figure . We have diy = «, dyz = f3,
di3 = a+ (. Then

U = mymsy cot a + mamg cot 5 + mymg cot(a + [3),
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D

Figure 7.7: An obtuse triangle configuration on S!

I = my cos? 0 + mgy cos?(0 + o) + mgcos®(0 + a + B).

Theorem 17. Consider an obtuse geodesic configuration determined by 6, «, [ as

above. Then the configuration admits a solution of masses in R if and only if

sin20  sin2(0+«a) sin2(0 + a4+ f)
- = 0. 7.5
sin? 3 sin®(a+ 3) - sin? o (7:5)

Proof. Similarly the central configuration equations are

mysin 20 + mosin2(6 + o) + mgsin2(6 + o+ 8) =0,
Bl + Gy = Amasin2(0 + a) + Amgsin2(0 + o + ),

mama3 + mima3

sin? 8 sin2(a+5) = Amg sin 2(6‘ + o+ B)

Using the first equation, (which is (4.2)) Zf’zl m;z;z; = 0), the last two equations
can be solved by

my = (Asin2(0+a+ ) — SiZ?ﬁ)SmQ(a%—B), mg = (—Asin 260 — si;n;a) sin?(a+ f).

Substituting these expressions back to the first equation, direct computation leads to
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(7.5). Thus the system is equivalent to

sin 26 sin 2(0+a) sin2(60+a+p5) _
sin? 8 - sinz(a+5) + sin2 o = O,
= (A 200+ o+ ) = ) i+ ),
mz = (—Asin 20 — %) sin*(a + f3).

i

Note that sin26 > 0, sin2(0 + o + ) < 0. Thus to get positive masses, A has to be
negative. For fixed A < 0 we can choose my so small such that mi, m3 are positive.

This remark completes the proof. O

Thus to find obtuse triangular geodesic central configurations we must solve (7.5),

which can be written as Asin 20 = B cos 20, where

1 cos 2 cos2(a + ) B sin2(a + 5) sin 2«

A= _ , .
sin? 8 sin®*(a + B) sin® sin? o sin?(a + 3)

Given («, 3), we further discuss the number of values of 6 to have the equation
satisfied. If AB # 0, then there is a unique ¢ € (0, 7), tan 20 = B/A.

Corollary 10. For any («, ) with AB # 0, there is a unique 6 € (0, 3) that satisfies
7).

If A=0,B # 0, then there also is a unique 0, # = 7. When A # 0, B = 0, there
is no solution. Generally, such pairs of (o, 5) exist and they form a 1-dimensional
manifold in the af-plane. When A = B = 0, is satisfied for any 0 € (0, 5) that
keeps the shape constraint to v+ 8+ 6 < m. Generally, such pairs of («, §) exist and
are finite in the af-plane. It is not easy to solve the equation A = B = 0. Let us

consider one special case, when the obtuse triangle is isosceles dis = das, i.e., a = .

Proposition 23. Assuming dio = dog # /3, where cos® B = #g, then 0 +a = 3. In
this case, my =mg. If dio = doz = 3, any 0 € (0, %) with 23 + 0 < 7 satisfies (7.5).
In this case, we can let m run over a 3-dimensional submanifold of R by properly

choosing mo, A and 6.
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Proof. If a = 3, then ([7.5) becomes

sin(260 + 28 — 2B) 4+ sin(20 + 28 +26)  sin2(0 + B)
0= sin? 3 - sin?2
sin(26 + 203) cos 23 _ sin 2(60 + B)

sin? sin® 23
sin(26 + 23)

— W (4cos2ﬁcos2ﬁ— 1) :

Solving for 4 cos? Bcos2B —1 = 0, we get cos? f = %g‘ There is only one solution,
since in this case we need 23 4+ 0 < 7.

Thus if 3 # (3, then 6 + o must equal 5. Then Fy = 0. Since dyz = da3, we get
mi = ms.

If « = 8 = f3, then any 6 € (0, 7) with 28 4+ 0 < 7 satisfies . Similar to
the case of acute triangle shapes, the masses form a 3-dimensional submanifold of Ri

with local coordinates (mas, A, #). This remark completes the proof. O

7.3 Central Configurations in the 3-Body Problem

In this section, we study the 3-body non-geodesic central configurations. We obtain
a necessary condition, which shows that all equilateral triangle central configurations
must have equal masses. This condition also helps to find all 3-body central configu-
rations on z = c.

Similar to Lemma [6] we have the following result:

Lemma 7. Consider three massesm € R3 on S* at q = (q1, 92, qd3), i = (24, Ys, 2i)-
Suppose that q is a non-geodesic ordinary central configuration. Then there is some
k # 0 such that

(Zl, 29, 2’3) = k:(sing dgg, SiIl3 d13, SiIl3 d12)- (76)

With this necessary condition, we show that the equilateral triangle central con-
figurations occur only for three equal masses. This result has been obtained in [29],
where Florin Diacu and Sergiu Popa showed that equilateral triangle elliptic relative
equilibria and equilateral triangle elliptic-elliptic relative equilibria in S* exist only

for three equal masses.

Corollary 11. For a non-geodesic ordinary central configuration of three bodies on

S2, if they form an equilateral triangle, then z = 2o = z3 and the three masses must
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be equal.

Corollary 12. Let q be a non-geodesic ordinary central configuration of three bodies

on S%. Then z1, 23, z3 are all in (—1,0) or all in (0,1).

Proof. Equation implies that we only need to show that they can not be zero
and £1. If z; = £1, then 21 = y; = 0, 25 and 23 are not 1 or zero by Lemma
. Then , 0 = Zf’zl Mix;% = Zf’zl m;y;z; gives moxozy + maxrs3zs = 0 and
Malozo + mayszz = 0. It implies xoy3 = x3y2. Thus the three bodies are on the same

2-dimensional plane x = ky for some constant k. Then q is a geodesic configuration.

1
Ty

which is a special central configuration by Proposition [6 This is also a contradiction,

This is a contradiction. If z; = 0, then 2o = 23 = 0. Thus the configuration lies on S

a remark that completes the proof. O]

Now we study the central configurations on z = ¢. We can assume that ms = 1.
In this case, implies that sindjs = sind;s = sindss. In H?, the corresponding
equation sinh d;; = sinhd;3 = sinhdy3 implies the only central configurations on
w = ¢ are the Lagrangian central configurations. The trigonometry function is not
monotonic, which implies that there are more central configurations on z = ¢ on S2.

Note that the mutual distances could be
dij =aor m—a, forsomea e (0,).

If they are all equal, then we get the Lagrangian central configuration, see Example
B Now let us assume that only two of them are equal. Without lose of generality,

assume that dyy = dy3,ds3 = m — dio # dio. More precisely, let the configuration be

q-= (qlanaqu)a q; = (xhybzi)v 1= 172a37

xr1 = sinf, y =0, 21 = cosf,
o = sin f cos , Yo = sin @ sin g, 29 = cosf,
x3 = sinf cos @, Y3 = —sinfsin g, 23 = cosf,
where ¢ # 2, 0 € (0,7/2). It turns out that there are central configurations of this

kind.

Proposition 24. Consider three masses mi, ma, ms on S with positions qi, q2, qs
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as above. Then these bodies form an ordinary central configuration if and only if

(m17 ma, m3> = (_2 Cos @, ]-a 1)) (77)
2

20=1
o8 * (cos —1)(2cosp + 3)’

(7.8)

where ¢ € (5,2) U (3, 7).

q is a central configuration if (|7.1)) is satisfied
for © = 1,2,3. Since w; = 0, there are six equations, which can be written as two

linear systems of the masses. We first prove that the conditions (7.7)) and (7.8) are

necessary. Then we show that they are sufficient.
Substituting the configuration into ([7.1)), we obtain the two linear systems

Proof. Since no particle is on S} US],,

0 sin —sine my 0
—sin @ 0 —2cospsing| |ma| = |0], (7.9)
siny  2cospsine 0 ms 0
and
0 1—cosdis 1—cosdis| |my 1
1 — cosdis 0 1+cosdy| |mo| = —2Asin®Osin®dy, [1| . (7.10)
1 —cosdis 1+ cosdis 0 ms 1

It is easy to see that the solution of system ([7.9)) is (7.7]), (my, ma, m3) = (—2cos p, 1, 1),
since we have assumed m3 = 1. Since the masses must be positive, we get ¢ € (3, 7),

and then ¢ € (3,%) U (3, 7). Since we have assumed that das + di2 = 7, we have

0 =cosdog +cosdis =q1-qa + Q2 - q3
= sin? f cos ¢ + cos? 6 + sin® (cos® ¢ — sin? ) + cos? §

= 2cos? § + sin® O(cos  + cos® ¢ — sin? @),

thus we obtain (|7.8]),

2 2 .9 —2
cos“f =1+ , sin“f = :
(cosp —1)(2cos p + 3) (cosp —1)(2cos p + 3)

We then show that the necessary conditions, (7.7]) and ([7.8]), are sufficient, i.e., system
(7.10)) is solved by (—2cos¢, 1,1) when (7.8)) holds. Let m = (—2cosp,1,1). Then
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system ([7.10) has two equations:
1 —cosdiy = —Asin®fsin® dyy, 2(1+ cosg)(1 — cosdi) = 1 + cosds.

Note that cosd;s = 1 — sin?#(1 — cos ). The first equation is solved by letting \ =

_l-cosp __ _ mit+motms
sin® di2 2sin’ di2

which is the same as the equation derived from 0 = cos dy3+cos dyo, thus equivalent to

. The second equation is 2 cos? #+sin? #(2 cos? p—1+4-cos ) = 0,

(7.8)). Thus the second linear system is solved by (—2 cos ¢, 1, 1). These configurations
satisfying ((7.7) and ([7.8]) are central configurations with

m1+m2—|—m3

A= —
2 sin d12

This remark completes the proof. O

The existence of these central configurations was also shown in [32] with a differ-
ent method. Our approach is advantageous since the exact configurations and the
relationship between the masses and the value of ¢ can be given. Using ([7.8), we

obtain the following theorem.

Theorem 18. There are two types of ordinary central configurations for three bodies
onz=ce (0,1):

1. ordinary central configurations for m = (1,1,1) at the vertices of a equilateral

triangle, namely, the Lagrangian central configuration, which occurs for ¢ €

(0,1);

2. ordinary central configurations for m = (my,1,1) my € (0,2) \ {1} at the

vertices of an isosceles triangle as stated in Proposition and the value of ¢

is \/1 + (_%_1)2(_7”1%) in the range of (0,3/5] \ {\/7/15}.

When ¢ = /7/15, we get m; = 1. The central configurations is the Lagrangian
central configuration. The maximal value of ¢ is for m; = 1/2. It is interesting to
notice that for one triple of masses, there is only one value of ¢ that allows central

configurations on z = ¢, and that these central configurations do not exist for values
of ¢ higher than 3/5.
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Chapter 8

Special Central Configurations in
83

In this chapter, we study special central configurations. They are quite different from
the ordinary central configurations. The main difference comes from the fact that
equation is a linear combination of the position vectors only. We first give some
interesting examples of special central configurations and show that My is not empty
for N > 3. The concept of special central configurations extends naturally to S™ for
n > 1. Following the idea of Dziobek, we discuss these configuration where N masses
span an (N — 2)-sphere. In the end, we return to special central configurations in S?

and focus on Mj.

8.1 Examples and the Mass Set My

Recall that special central configurations in S are critical points of U, i.e., Vq,U =

F;, =0,1 <4< N, and the central configuration equation (3.5)) can be written as

N
Z m;q; +60;q;, =0, 1 <i<N, (8.1)

13
sin® d;;
j#i,j=1 K

N m; cos d;
]7617]:1 sin3 d” ’

where 6; is some constant. If there is such a constant, it must be — >
see Proposition b

Since special central configurations are invariant under the action of the SO(4)
group, unless otherwise stated we place geodesic configurations on S;,y and denote

S;y by S!, place S? configurations on S2, . and denote S2 _ by S2.

TYZ TYZ



97

Example 10 (2k + 1 equal masses on S'). Place 2k + 1 equal masses m = (m, ..., m)
on S at the vertices of the reqular (2k + 1)-gon. That is

9 2
q = (a) M gin " ), i=1,.. 2%+ 1.

k1M ok 11

By symmetry, it is enough to check that (8.1)) holds for i = 2k+1. Group the other 2k

masses in k pairs (j, 2k+1—73), j = 1, ..., k. For each pair, using dok+1,; = dok+1,26+1—j5
m;q; M2k 41—5jA2k+1—5
sin® doj 11, sin® dog11,2k+1—5

m 2gm
+ _i)=2——— | cos 0,
(9j + d2k41-5) sin® dog 41 5 ( 2k+1 )

18

the sum of

i3
S1n d2k+1,j

a vector collinear with qopy1 = (1,0). Thus it is easy to see that (8.1) holds for

1 = 2k 4+ 1. Therefore the configuration is a special central configuration.

Example 11 (4 equal masses m = (m,...,m) on S? and 5 equal masses in S
[19], 25]). Place 4 equal masses on S? at the vertices of the reqular tetrahedron. By
symmetry, it is enough to check that holds for i = 1. Using d;j = dy;, we find
that 37, inas = s (et astay) = — 5E -, since i+ ae+as+qs = 0. Thus

(8.1) is satisfied for i = 1. So this configuration is a special central configuration.

Figure 8.1: The regular tetrahedron special central configuration

Similarly, place 5 equal masses in S® at the vertices of the reqular pentatope. Then

this configuration is a special central configuration.

Example 12 (6 masses and 2k; +1+42ky+1(kq, k2 > 1) masses on two complementary
circles in S3). Let V be a 2-dimensional linear space in R* and V- be its orthogonal

complement. Then the circles: V N'S3 and V+ N 'S? are called complementary. For
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example, Sglcy and Sl are complementary. One interesting property about comple-
mentary circles is that the distance between two points on complementary circles is

independent of their positions. Indeed, let q1 € V N'S? and qu € V- N S3, then

s
cosdia =q1-qa =0, dip = 5

Using this remarkable geometry fact, Florin Diacu constructed the following interest-
ing special central configuration [19, [25]. Let m = (m,m,m,m,m,m). Place three
masses m at the vertices of an equilateral triangle on S;,y, and place three masses m
at the vertices of an equilateral triangle on Sl . We need to check that holds

fori=1,4. Fori=1,

6
iZQ SZ};ZZI = Sian21 (92 + q3) + m(qs + g5 + qg).
The first term on the right hand side is collinear with q; since q1 +qs +qz = 0, and
the second term is zero. Thus holds for i = 1. Similarly, it also holds for i = 4.
Therefore the configuration is a special central configuration.
This construction can be generalized to 2k1+142ko+1 massesm = (m, ..., m,m, ..., m).

Place the first 2k, + 1 masses m at the vertices of a reqular (2k; + 1)-gon on Sglgy, and
place the last 2ky + 1 masses m at the vertices of a reqular (2ky +1)-gon on St . For

i=1,

2k1+2ko+2 2k1+1 2k1+2ko+2
miq; m _
sin®d;; sindd, ¥ Hm -
i=2 il i=2 il i=2k142

The first term on the right hand side is collinear with qi, by Fxample and the

second term is zero. Thus this configuration is a special central configuration.
Theorem 19. My is not empty for N > 3.

Proof. Examples [10|show that My is not empty for N = 4k + 1,4k + 3. Examples
show that My is not empty for N =4k +2 =2k +1+2k+ 1. For N =4k, if k =1,
Examples [11] show that M, is not empty; if & > 2, let k = ky + ko with ki, ke > 1.
Since

4k +2 =2k + 14 2k + 1,

Examples [12| show that My is not empty for N = 4k. This remark completes the
proof. O
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We can check that those special central configurations for all equal masses are
nondegenerate. Thus by the implicit function theorem, the set My has subsets home-

omorphic to RN,

8.2 Dziobek Special Central Configurations

In this section, we consider special central configurations in S™ for n > 1. Following
the idea of Dziobek [35] and Albouy [2], we discuss these configurations where N
masses span an (N — 2)-sphere. We obtain a criterion in terms of mutual distances
and the volumes formed by the position vectors. We also manage to separate the
equations of the criterion further into two sets of equations, the S-equations and the
M-equations.

In this section only, let q = (qy, ...,qn), @; € R"™,q;-q; = 1, where n > 1. Define
U:(SYV\NA =R, U(Q) = 3 <;jcny mimy cot dij, where cosdij = q; - q.

Definition 11. Consider the masses my,...,my in S™. Then a configuration q =
(d1,---,a9n), @ =1,...,N, is called a special central configuration if it is a critical
point of U, i.e.

VoU(q)=F;=0,i=1,....N. (8.2)

Obviously, equation (8.1)) still holds in this case. Similarly to Theorem [9] we have:

Theorem 20. There is no special central configuration in any closed hemisphere of
S" (i.e. a hemisphere that contains its boundary ), as long as at least one body does

not lie on the boundary.

In the Newtonian N-body problem, a central configuration of N bodies span at
most an (N — 1)-dimensional affine plane. Those that span an (N — 2)-dimensional
affine plane are called Dziobek central configurations [2, 3, 35]. Note that implies
that the N position vectors are always dependent for a special central configuration
q of N bodies, 1 < rank(qy,...,qy) < N —1. When they span an (N — 1)-plane, they

span an (N — 2)-sphere. Thus it is natural to have the following definition.

Definition 12. A Dziobek configuration is a configuration of N bodies that span

RN=1 or equivalently, span S™~2.
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Let {qi, -+ ,qn} be a collection of vectors in R¥~1. Assume the rank of these N
vectors is N — 1. Consider the (N — 1) x N matrix:

X = [q17'” 7qN]

Since the rank of X is N — 1, dimker X = 1. There is a nice formula for the kernel.
Let X be the (N —1) x (N — 1) matrix obtained from X by deleting the k-th column

and let | X}| denote its determinant.

Lemma 8. Let
A= (A Ax) = (1X1], =X, o, (D)X, 0. (8.3)
Then A is the base of ker X. In other words, A # 0 and
Ajgqp + -+ Aygy = 0. (8.4)

Proof. Assume that Ay = (—1)V™|Xy| # 0. Consider the linear system in RV~

Xyx = qy. By Crammer’s rule, the solution is

o det(qla"' y Ak—1, AN Ak415 ° ° ° 7qN71>

T =
g det<q17"' 7qul)
_ (_1)N—k—1det<q1>"' »Qk-1,dk+1, """ 5 AN-1,9N) _ (=) X _ _Ak.
det(qh"' 7qN*1) ’XN’ AN
Then (8.4) follows. [

. . 1 . .
For convenience, let S;; = S for i # 7. Then (8.1) becomes

> m;Siq;+0iq; =0, 1<i <N,

JF#i
There are N(N — 1) scalar equations. As what happens in the Newtonian N-body
problem [3] [61], they are equivalent to the following N (NN — 1)/2 scalar equations for

Dziobek special central configurations.

Theorem 21. Let q = (qu,...,qn) be a Dziobek configuration in SN2, Let S;; =
ﬁ,i # j and A be given by (8.3). Then q is a Dziobek special central configuration
ij
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if and only if there is a real number k # 0 such that
miijij = k?AZAJ for any 1 7é ] (85)

Proof. Since q is a Dziobek special central configuration, then we have equation (8.1J).
That is, for each j = 1,..., N, the vector

(mlslj, mQSQj, ceey Qj, ceny mNSNj)

is a solution to the equation z1q; + ... + zyqy = 0. By Lemma [§ this vector is

collinear with (Aq,...,Ay). Note that A; # 0 for all j. If Ay = 0, then qo,...,qn

RN—2 SN—Q

span , or S¥73. Then the configuration lies in a closed hemisphere of
a conclusion which contradicts with Theorem 20} Similarly, 6; # 0 for all j. Let
k; = % Then

J

J

iji = mZSU
Since S;; = Sj;, the vector (ki,...,ky) is a multiple of (Ay/my,...,Ay/my). So we

get (8.5)) for some real number k # 0. On the other hand, if q satisfies (8.5)), then it
is easy to check that (8.1)) are satisfied. This remark completes the proof. O

Corollary 13. Let q = (qi,...,qn) be a Dziobek central configuration in SN=2. If
Zﬁil m;q; = 0, then q is formed by N equal masses located at the vertices of a reqular
(N —1)-simplex.

Proof. By Lemma the mass vector m is a multiple of (Ay, ..., Ay). Then equations
of (8.5) are S;; = k for all i, j, where k is some constant. Thus the configuration is
a regular (N — 1)-simplex, which implies that A} = Ay = ... = Ay, i.e., my = mg =

...my. This remark completes the proof. O
Eliminating the constant k, we get w — 1 equations from (8.5). Multiplying
two of the equations gives

SijS = SuSkj = Sikdji

for any four indices 4, j, k,1 € {1, ..., N}. Thus we can obtain 2 x C'y, mass-independent
constraints on the shapes. Obviously, some of these constraints are redundant. We

are going to find a proper set of constraints on the shapes.
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Denote by M-equations the following N — 1 equations:

— S1NA2m e — 51NA3m m _ S1NAN—1m — SQNA1m
2 — N> 3 — Ny -y IUN—-1 — 5 x N, 1 — N -
S12AN S13AN Sin-1AN S12AN

Denote by S-equations the following w equations:
Sk—1k—2 _ Sk—1.k k=3 .. N—-1
Skt+1k-2  Skeik T ’
Sk—1k+i  Sk—1k+tj
oLkt _ DRl k=2,.,N-2 j=2.,N—k—1.

Skk+j Skok+j+1
We are going to show the following result.
Theorem 22. The equations of (8.5) < the M-equations U the S-equations.

It is easy to derive the the M-equations and the S-equations from the equations

of (8.5). To show the other direction, we place the w equations of (8.5)) into a

matrix,

(0=0 mam2 — k mums _ k mamg _ k- mimy _ k]
A1Az S12 A1Ag S1s A1Ay Sia AAN Sin
0=0 0=0 mgmg _ k= moms _ k_ mamy _ _k
AgAs3 Sas Ao Ay Saoyq As AN SonN
= = = magmg . k_ mamy _ _k
A4 0=0 0=0 0=0 AR, = Ga AAN = Sav
— — — — .. mMy_imNy k
0=0 0=0 0=0 0=0 AN AN = Svow
10=0 0=0 0=0 0=0 0=0 i

Denote by A;; the ij-th element of the matrix A, and denote by A; the set of the

nontrivial equations of the i-th row of A. We first prove the following result.
Lemma 9 ( Evelyn’s Lemma). The S-equations UA; U Ayz = Aj U Ay U ... U An_;.

Proof. Denote by J the S-equations. We will prove it in the following way,
jUA1UA23:>jUA1UA2 :>._7UA1UA2UA3:> :>jUA1U...UAN,1.

We begin with the derivation of A,. First, Ags can be derived from A;s, A1y, Aos,

and one equation of 7, g—;z = g—;i Indeed, the four equations are

mims k mymy k momms k 813 814

AA;  SisT AAL T Si AoAy T Say’ Sy Say
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Using them, we obtain

Aj _ m3Si3 m3Sa3 kAoA5

A - - )
Ay M4 S14 m4Sa4 MMy Soy

which is Ayy. Similarly, Ass can be derived from Aq4, A5, Aos and g—;i = g—;z Actually,

. . S .
the equation Ay can be derived from Ay, Aj g1, Ao and Sk — 2LEHL - That g,

Sak S2 k1
jUAlLJAQg :>jUA1UA2.
Now we derive As. First, A3, can be derived from Ajs, A14, Aoz and % = :?%z
Indeed, the four equations are

mqme k maymy k moins k 521 523

ANy S AVAy T Sy AAy T Sy’ Si Sis

Using them, we obtain

Ay o m2S512 m2Sa3 kAgAj

N - - )
A4 m4514 m4534 m3m4534

S2 k+1

which is Ags. Then, Asj;i1 can be derived from Aoy, Ag ki1, Asr and ‘;—g’; = S5

That iS,jUA1UA2:>jUA1UA2UA3.

If we have A; U ... U Aj_q, we can obtain A;. First, the element Ay 41 can be
Sk—1,6-2 _ Sk—1k

Skt+1,k—2  Sk+ik The
other equations Ay v, (7 > 2), can be derived from Ag_q k41, Ap—14+js Akktio1

derived from Aj_s5_1, Ag—2k+1, Ar—1 and one equation of J

. Sk—1,k+j—1 __ Sk—1k+j

and one equation of J S T Sraa
This procedure can be carried out until we obtain Ay_;. That is, JUA; U A3 =
A; U ..U Ayn_1. This remark completes the proof. O

proof of Theorem[23 Denote by K the M-equations. “The equations of (8.5) =
KU J”: It is obvious that the equations of (8.5) imply J. By A;; and Ajn, we

obtain the first N — 1 equations of L. The last one m; = gigﬁ; my can be derived

from Ay, A;n and 218 = SN one equation which can be derived from 7.
3 Sa3 Son q

“The equations of (8.5) <« KU J”: We first show that

’CUJZ>A1UA23.

Let k = %XSN“V, then Ay is true. Then the first N — 1 equations of K imply

Aqa,...,A1n. Tt is easy to verify that the last equation of I and g—;g = g;—x, one



104

equation which can be derived from 7, imply As3. Thus we have
ICUj:>jUA1UA23:>A1U...UAN_1,

where we have used Lemma [9] This remark completes the proof. O

Thus to build a Dziobek special central configuration, we first need to find the
shape, the solutions of the S-equations, and then the shape determines the masses by
the M-equations.

The M-equations imply that A; (i > 2) is of the same sign as Ay, which is quite
different form what happens in the Newtonian N-body problem [2, B, 61]. This
is equivalent to the condition proposed in Theorem 20} the configuration q does
not lie in a closed hemisphere. In other words, there is some k such that A1A, =
(=1 X, || Xk| < 0 if and only if q lies in a closed hemisphere. For example, let
A1Ay = —|X4||X2| < 0. Consider the subspace V' spanned by (qs,...,qn). Its
dimension should be N — 2. If not, then A; = Ay = 0 and can’t hold. Thus
there is a vector u such that the orthogonal complement of V is V*+ = tu. Then

assuime
N N

qr =tiu+ Z tjndj, dz = tau+ Ztﬂq]',
j=3 j=3

and we obtain |X;| = t1|u,qs,...,qn| and |X3| = t3]u, qs,...,qn|. Thus | X;||Xs| >
0 implies that tit5 > 0. Assume that ¢; and t, are both positive. Consider the
coordinates system of RV~! based on the basis {u,qs,..,qy}. The configuration is
given by q; = (tl > O,tgl...tNl), Qo = (tg > O,tgg...t]\Q), q3 = (O,l,O,...O),...,qN =
(0,0,0,...1), which implies that q lies in a closed hemisphere.

Back to special central configurations in S, Theorem [22| has the following three

immediate applications.

Proposition 25 (N = 3, S'). Consider three masses m € R% on S at a nonsingular
configuration q = (q1,92,93). Then q is a Dziobek special central configuration if

and only if q1,qs2,qs are not all in the same semicircle and the mass vector is

sin3 dlgAl SiIl3 dlgAg
- . 3 y .. 3 ) 1 ms.
Sin dggAg S d13A3

Obviously, the equilateral triangle special central configuration on S' of three

equal masses presented in Example satisfies all of these conditions. The shape
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q2

%& o

a3

Figure 8.2: An acute triangle special central configuration

constraint is mild here. For a Dziobek special central configuration in the ordering
0 =1 < pg < p3 < 2w, where q; = (cos ¢;, sin ;), the constraints are po — ¢ < T,
@3 — 1 < mand 21 — 3 < m. That implies, Zqs = 1/2(p2 — ¢1) < § and similarly
Zqy < 5, Zqi < §. In other words, the particles form an acute triangle, see Figure
. Let di2 = a,doz = 5. Then dj3 = 27 — (a+ ) and

O<a<m 0<fB<m 7wT<a-+pf<2r (8.6)
Notice that on S', we have A; = |qa, q3| = sindyz = sin 8, Ay = —|q1,q3| = sind3 =

sin(a + ), Az = |qi1,qz| = sindyz = sina. Thus the masses satisfy

mo ms ma ms ma my

sina sin?(a+3)  sin?a sin?f’ sin?B sin’(a+B)

(8.7)

These central configurations have been found by several different methods [19] 32, [91].
We will refer to them as acute triangle special central configurations. In Chapter [9)

we will study the stability of the associated relative equilibria.

Proposition 26 (N = 4, S?). Consider four masses m € Ry on S? at a nonsingular
configuration q = (q1,92,93,q4). Then q is a Dziobek special central configuration if

and only if q1, 92,93, s are not all in the same hemisphere;
sin d12 sin d34 = sin d13 sin d24 = sin d14 sin d23

are satisfied and the mass vector is

SiIl3 dlgAl Sin3 dlgAQ sin3 d13A3 1
= : : : my
SlIl3 d24A4 7 SlIl3 d14A4 ’ sm3 d14A4 ’
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Obviously, the regular tetrahedron special central configuration on S? of four equal

masses presented in Example [11] satisfies all of these conditions.

Proposition 27 (N =5, S*). Consider five masses m € R’ in S* at a nonsingular
configuration q = (q1,q2, 93,94, 9s5). Then q is a Dziobek special central configuration

if and only if q1,d2, 93,94, 95 are not all in the same hemisphere; the five constraints

sin d13 sin d24 = sin d14 sin dgg, sin d13 sin d25 = sin d15 sin d23,
sin d24 sin d35 = sin d34 sin d25, sin d12 sin d34 = sin d14 sin d23,

sin d23 sin d45 = sin d34 sin d25

are satisfied and the mass vector is

SiH3 dlgAl sin3 deAQ SiIl3 dlgAg SiIl3 d14A4 1
m = - - - - meg.
Sln3 d25A5 ’ sm3 d15A5 ’ Sln3 d15A5 ’ sm3 d15A5 7

Obviously, the regular pentatope special central configuration in S* of five equal

masses presented in Example [11] satisfies all of these conditions.

8.3 Special Central Configurations in the 3- and
4-Body Problem

We show that all special central configurations of three bodies are Dziobek special
central configurations. We have found all such special central configurations in the

last section, which enable us to find the mass set M; [33].

Proposition 28. Every special central configuration of three bodies in S* occurs on a
great circle. Every special central configuration of four bodies in S® occurs on a great

2-sphere.

Proof. We only prove this for N = 3. By the equations (8.1)), qi, q» and g3 are

linearly dependent. Thus they must be on a great circle. O]

Thus all special central configurations of three bodies are Dziobek special central
configurations. They are acute triangle special central configurations on S!. Let

q; = (cosp;,sing;). If they are ordered as 0 = ¢ < o < 3 < 27, then one such
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Figure 8.3: Mj projected onto m;ms plane
configurations is determined by a point (c, 8) in the open region U in R?

O<a<m, 0<f<m 7wT<a+pf<2nm.

_ _ 3 ma2 ma3 mi _

where o = dy5 and 8 = das, see Flgure By (8.7), we have - = —; S =
ms3 m2 — mi

sin? 87 sin? g sin?(a+3)’

sin? 2

m = mg <Sin2§, S.msgir(l—aj_‘ﬂ), 1). Thus (8.7) determines a map,

i.e., each point (o, ) determines one unique mass vector

x:U—(0,1) x (0,1

),
1 ) 12
o) )= (B8, ey,

_ sin®a sin? &
where 7 = SnZ 5 + 2 (ot F) + 1.

Thus to find Ms, the set in RY with Zle m; = 1 that possess special central

configurations, is to find the image of the map y.

Theorem 23.
My = {m € R3|m; + my + my = 1, mim3 + mim3 +masm3 — 2mymams < 0},

see Figure 8.4. For any m € Ms, there are two special central configurations, one for

each ordering of the masses on S'.

Proof. Our approach is to find the inverse map («, 3) = x~*(m1, my). Then inequal-
ities would yield inequalities for (mq, msy), which would give V := x(U).
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i in(a+
By ,Wesetu:,/z—f::i‘ﬁg, v:,/%:—%.Then

sin 3 .
—v=cosfB+ ——cosa=+tV1—u2sin?a +ucosa,
ina

S
(—ucosa —v)? = u?cos’ a + 2uvcosa +v? = 1 — u?sin’q,
and we obtain

1—u?—v%2  mymy — mz(my +mo)
cosa = =

2uv 2ms/mims (8.5)

u? — v =1 mg(my —my) — mime '

cosff=—v—ucosa = 5 = 5 .
v LARVAULIULE!

Both cos o and cos 3 are injective on U, so the inverse map x ! is

mimeo — ms(my +m
(XICOSil 112 3( 1 2)7 BICOS

1 m3(m2 - ml) — mMima
2m3 mqmmeo 2m1 maoinsg .

To find x(U), note that condition is equivalent to
cosa <1, cos’f <1, sin(a+B)<0.

Substituting (8.8 into the above inequalities and using the normalization condition
my1 + mo + ms3 = 1, we find that the three inequalities lead to the same relationship:
mims + mams + mims — 2mymoms < 0,

which is the image of the map y, and it gives Ms.

Since the inverse map exists, for one mass vector in Mj3, and the ordering 0 =
Y1 < Y9 < w3 < 2w, there is one and only one special central configuration. For
the second ordering, 0 = ¢ < 3 < @9 < 2m, reflecting it about the y-axis changes
the ordering to 0 = 1 < Y9 < 3 < 27, thus there is also one and only one special

central configuration for this ordering. This remark completes the proof. O

Corollary 14. For each acute isosceles triangle special central configuration, if the
masses my and mg are at the vertices of the base, then m; = ms and my; < 4mo.
Reciprocally, if mi = mg and my < 4ms, then the only kind of special central config-

uration these three masses can form is an acute isosceles triangle.
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Proof. Let the special central configuration be an acute isosceles triangle, for instance,
a = [3, then by , we have m; = mg. Consequently

2,2 2,2 2,2 2 (2 2
mims, + mayms + miyms — 2mymaems = mj (m1 +2m; — 2m2) < 0.

Therefore m? < 2mso(1 — my) = 2my - 2my, which implies that m; < 4ms.
Reciprocally, if m; = m3 and m; < 4ms, then the bodies can form an acute
isosceles triangle special central configuration by the first part of this corollary. They

can only form such configuration by Theorem [23| m
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Chapter 9

Stability of the Associated Relative
Equilibria

In this chapter, we study the stability of the relative equilibria associated with the
acute triangle special central configuration. The result has been published in [33].
These special central configurations remain special central configurations after any
rotation in SO(4). We assume that they are on S}, C S? ..
S for S;,, and S* for S?

TYz*

In this chapter, we use
The associated relative equilibria are on S'. We first show
that these orbits are Lyapunov stable on S!. Then we study their linear stability
on S?2. We find that their linear stability depends on the angular velocity w. More
precisely, the associated relative equilibria are linearly stable if and only if the angular

velocity is greater than a certain value determined by the configuration.

9.1 The Setup

Recall that the curved N-body problem is a Hamiltonian system. For our purpose,
we confine the system to S%. Using the spherical coordinates q; = (x;,v;,2) =

(sin 0; cos p;, sin 0; sin ;, cos 6;), the kinetic energy has the form

m; [/ . .
T(g@l,gl, .. .,(,DN,QN) = Z 7 <922 +Sln2 QZQD?) s

=1

and the conjugate momenta are given by

Do, = ngz, Pyp; = My Sil’l2 0“01, 1= 1, ey N.



111

The force function is unchanged,

U(gpl,01,~~ . ,QpN,QN) = Z mimj COtdij,

1<i<j<N

and the Hamiltonian is H = T—U. The symplectic form is w = d (3, pp,db; + py,dep;) .
Recall that all the special central configurations of three bodies, the acute triangle
special central configurations, have been found in Chapter [8 see Figure Let
q; = (cos p;,sing;, 0). If they are ordered as 0 = p; < @y < @3 < 27, then one such
configuration is determined by a point (o = ps — 1, 5 = @3 — ¢2) in the open region
U in R?,
O<a<m 0<fB<m 7wT<a+p<2r

For each such configuration, there are three masses that form a special central con-
figuration, see , ie.,

mo ms ma ms mo ma

~ sin?B’ sin?p - sin?(a+ )

sin?a sin®(a 4 3)" sin’a

By Corollary [1} there is a 2-parameter family of relative equilibria associated
to each acute triangle special central configuration: A, ,(t)q with w,n € R. Since
z; = w; = 0, the rotation in the zw space does not affect q. Thus there is only a
one-parameter family of relative equilibria: A, o(t)q with w € R. We are going to
study their stability on S' and S?. We will call the relative equilibria with w = 0

fized-point solutions. In the spherical coordinates, these solutions have the form:

el(t) = ga sz(t) = @ +Wt7 Po; = 07 DPyp; = Myw, 1= 17273'

q2

& &

g3

Figure 9.1: An acute triangle special central configuration
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9.2 Reduction and Stability on S'

It is easy to see that if the initial velocity of each particle is confined to the tan-
gent space T(S!), then the motion takes place in T*(S')? forever, where T*(S!) is
the cotangent bundle of S!. In other words, T*(S')? is an invariant manifold of the
equations of motion. In this section, we are going to study the stability of the rela-
tive equilibria associated with all acute triangle special central configurations on this
invariant manifold. We first perform the reduction of the 3-body problem on T*(S')?
and then prove that all these solutions are Lyapunov stable.
Confined to T*(S')3, the Hamiltonian system takes the form

1p2,
o) = 4% - Sy on . = (S ).
j g i

(2

It is easy to see that in these coordinates, the angular momentum integral, see ([2.2)),
is

N
Wyy = Zml(xzyl - xly’L) = Py _'_pm +p<,03'
=1

We further restrict the study of the stability of relative equilibria to the quotient
space S, of T*(S')?. Define

Sp = {(q7 p) S T*<Sl)3 FWey = p},

and let S} be the quotient space under the Lie group SO(2). For all values of p,
these spaces are always smooth manifolds and have dimension 4. We can apply this
procedure to the fixed-point solutions as well. The advantage of this approach is
to eliminate the drift caused by the SO(2) symmetry on the bodies. Indeed, by
symmetry, if we perturb a fixed-point solution with some initial velocity ¢; = €, then
we obtain a relative equilibrium with angular velocity e. We can therefore introduce
the definition below.

Definition 13. A relative equilibrium associated with an acute triangle special central
configuration is Lyapunov stable on S' if the corresponding rest point of the reduced

Hamiltonian system on the quotient space S, is Lyapunov stable.

Thus we need to explicitly find the quotient manifold .S, and the reduced Hamil-
tonian H, (see [82] for a theoretical approach to this kind of problem). The angular
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momentum here behaves like the linear momentum of the Newtonian N-body prob-
lem. Thus to perform the reduction, we introduce a type of Jacobi coordinates [57]:

5 1
©= %(mwl + Mo +M3p3), G1 =2 — P1, P2 = P3 — V1P1 — Voo,

_ my ma
m = mi + Mg + M3, "M=—, Vy = ———.
mi + Mo mi + Mo

The corresponding conjugate momenta are then given by

De = MY, Py, = V3P1, Ppy = Va2,

mima
m1+me

where 15 = and vy = % It is easy to verify that

PedP + Dy, dd1 + Py, dda = Py, dp1 + D, dips + Dy, dips

and that the Hamiltonian is

1 /% p3 D,
H=- (E@‘i‘i‘i_i) _U(¢17¢2>7

2 Vs Uy

where U(¢1, ¢2) is the force function in the new variables. Note that o—p; = ¢ = «,

and

B =3 — Y2 = ¢ + 1191 + Vo — P2 = o — V10.

Recall that dis = a, doz = 3,d13 = 27 — (a+ ). Thus

U(¢1, ¢2) = myimsy cot a + mams cot § — mymsz cot(a + 3)

= Mmymg cot 1 + mamg cot(Pa — v1d1) — myimg cot(Pa + vady).

We now study the stability of the fixed-point solution. In this case @1 = Py =
¢3 = 0, we have m@ = 0, and Wgy = 0. So the quotient manifold is Sj. On this
quotient manifold, p; = 0 and we can set ¢ = 0 since we identify all points that differ
by a rotation. Thus we use ¢1, 2, p4,, g, as the coordinates of the 4-dimensional

manifold S{). In these coordinates, we have the reduced Hamiltonian function

2 2
Hy = % (%ﬂL%) —U(¢1, ¢2).

V3 V4
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Suppose q is a special central configuration on S' of three masses my, ms, ms. Their

positions are given by
¥1 :07 Y2 = @, 3032054_/87
(see Figure . Then the fixed-point solution (0, a,, 4+ 3,0,0,0) we want to study

in 7*(S")? becomes a rest point of the reduced Hamiltonian system on Sj:

le:Oé, ¢2:5+V1aa Pey =0, p¢2:0'
Let us denote this rest point by X. Our goal is to study the stability of X.

Theorem 24. Every acute triangle fized-point solution is Lyapunov stable on S?.

Proof. We will show that the rest point X is a local minimum of the Hamiltonian Hj.
Since the Hamiltonian is preserved during any motion, we can then conclude that
the rest point X is stable. The rest point X is obviously a minimum of the kinetic
energy. We will show that it is also a local maximum of U by studying its Hessian

matrix.
We use the variables (o, 8) instead of (¢1, ¢2). Then

U(a, 5) = myms cot a + mamg cot 5 — mymsg cot(a + ),

and the Hessian matrix H(«, 8) of U at (a, ) has the form

mimacosa _ mimscos(a+p3) __maimg cos(a+B)
_ sin® a sin®(a+p6) sin®(a+p)
H(O{, 6> =2 __mamg cos(a+f) momsacos B mamacos(atp) | -
sin3(a+8) sin® 3 sin®(a+p6)

Recall that equations (8.7) are

ma ms mao my my ms

sinfa sin?(a+B)" sin?f sin?(a+B)’ sinfa sin?f’

By direct computation, we find that the diagonal entries of %H (o, B) are

mimgcosa  mimgcos(a+ B)  myma sin 3
3 - -3 = 3 - - < 0,
sin® « sin®(a + () sin® o sin(a + §) sin «v
mamgcos B mymgcos(a+B)  mymg sin « <0
sin® 3 sin®(a+B)  sin?(a + B)sin(a + f)sin 8 ’

Hence the trace is negative. Here we used the fact that («, 8) satisfies the inequalities
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: O<a<mO<p<m m<a+pf < 2nr Thus sina > 0, sinfg > 0, and
sin(a + #) < 0. Further straightforward computations show that the determinant of
TH (o, ) is

M1Ms COS O Mo COS [3 (m1m2 coSQ  MayMms COS ﬁ) mymg cos(a + f3)

sin® a sin® /3 sin® o sin® 5 sin®(a + 3)
_mymgm3 cos o cos 3 mimg  sin(a + ) mymsg cos(a + )
B sin® asin® 3 sin?(a + ) sinasin 8 sin®(a + )
2 2
myimsm mimsm
= % (cosaccos B — cos(a+ () = — 21 2 22 > 0.
sin” acsin” 3 sin® acsin” 3

These two facts imply that the two eigenvalues of H(«, ) are both negative. Then
the special central configuration is a local maximum of U. We can thus conclude that
the rest point X = (o, 8+ 110, 0,0) is a local minimum of H =T — U. This remark
completes the proof. O

We further study the stability of the other associated relative equilibria A, o(t)q
with w # 0. In this case ¢ = ¢ = Y3 = w, we have Mm@ = 7w, and Wgy = Mw. SO
the quotient manifold is Sy,,. On this quotient manifold, p; = mw and we can set
¢ = 0 since we identify all points that differ by a rotation. Thus we use ¢1, @2, Dy, , Do,
as the coordinates of the 4-dimensional manifold S}, . Under these coordinates, we
have the reduced Hamiltonian

mw?

1 /2 2
Hmw:—(%‘F%)_U(%%)"' 5

2 V3 Vy

Then the relative equilibrium A, o(¢)q in T*(S')® becomes a rest point in S/,

¢1:Oé, ¢2:B+y1a, p¢>1:O7 p¢2:o‘

Let us denote this rest point by X;. Note that Hy and Hj, are the same up to a
constant. Then we can conclude that X; is also a local minimum of Hy,,. So we have

proved the following result.

Theorem 25. Every relative equilibrium associated to an acute triangle special central

configuration is Lyapunov stable on S*.
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9.3 Stability on S?

In this section we study the linear stability of the these solutions on S2. Unlike in the
previous case, their stability depends on the angular velocity w. We first introduce
rotating coordinates to treat a general relative equilibrium on S? as a rest point,
and obtain the linearized system © = L(v — X,). We then compute L for relative
equilibria associated with special central configurations on the equator. As in the
Newtonian N-body problem, we study the stability of the rest points on a proper
subspace [60} [62]. We show that these solutions are linearly stable if and only if w?
is greater than a critical value.

So consider a general relative equilibrium on S? with angular velocity w and in-

troduce the rotating coordinates

gize’ia 512927 @:%—Wt7 ¢i:¢i_w7 ﬁ@i:peia ]_jgpi:ptpiaizla“'aN'

In these new coordinates, the original Hamiltonian system

. OH  py , OH  p,.cosb; U
g = —=—, Do, =~ = — 3, v ag
Opg, m; 00;  m;sin°60;  00;
OH |28 OoH 0oU
.i: - - ) Doy = — - ) ':17‘“7N)
? 8p¢z my; sin2 Qz Pe: 8801 a(zpl Z
becomes
5‘ Dy, _ ]_oii cos 0 8_U
' m; 7 pei m; Sin3 51 651 ’
. By, .U
.:—Z_—(,U7 ,:_72217...,]\7.
vi m; sin? 6; Pe Jp;

This system is Hamiltonian with

"1 (P P2, _
H:Zi(m‘+—2_—2p%w -U
i=1 ’

my; sin ‘9z

i=1
We will use 0;, s, py,, py, instead of ai,@,ﬁgiﬁ% if no further confusion arises.

and symplectic form w = d (Z Do, d0; + D, d@) :

Denote by X, the rest point in the new Hamiltonian system that corresponds to a
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relative equilibrium A, o(¢)q. Then X, is

0:(t) = 0;(0), wi(t) = ¢i(0), ps, =0, p,, =wm;sin®b;,

and we are going to study the stability of X, for the linearized system
U= L(U - Xw)7 v = (817 cy gNa P15y PNy POy -3 PO Popr s "7pg01v)‘

By straightforward computation, we obtain .

_7p2v,1 (142 cos? ;)

0 0 M_l 0 my1 sin? 61 0
K 0 0 MC! 0 Pigp (142007 02) 0
L U 92U r | B= masin 02
96,00 +R 90,00; 0 —K : :
U 02U —p2 (14+2cos? Oy)
8(,02-(99]' a@iatpj 0 O L 0 <P7]\7’7,N sin? On . _
—2py, cos By 1 1 T
7nf'sli113 01 ) e 0 0 mi 0 sin? 6,
—4p COS U2 1 1
K = 0 'rnjs2in3 62 M—l — 0 m_z 0 C—l — 0 sin? 02 0
—2p, cosOn 1 1
0 m]:]p]s\gn39N 0 - m 0 sin2 0 J
where L is a 4N x 4N matrix, R, K, M~', and C~! are N x N matrices.

It is generally difficult to find the normal form of L. However, for relative equilibria
associated to a special central configuration on the equator, things are easier. Direct
computation leads to the following result.

0 0 Mt 0
. . 0 0 0 M
Lemma 10. For special central configurations on the equator, L =
Hi(w) 0 0 0
0 Hy, 0 0
2 2 2
where Hy(w) = [B‘Zia%j} —w?*M and Hy = [aia[{pj]' The elements of Hy(0) = [aziaUej]
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and Hsy are
mm; -
[H1(0)];; = Sin? d]“a [H1(0)]s = — Z [H1(0)];; cosdj,
Y j#i,5=1
—2m;m; cos d;; "
[Ha]i; = 7 [Halii=— Y [Halij.

1 3 ..

sin” d;; jAigel

We use the notations H;(w) and Hs to indicate that the lower left 2N x 2N block

is related to the Hessian of U at the special central configuration on S?. Especially,

H, is just the Hessian of U at the special central configuration on S!. We can find
the normal form of L by finding the normal forms of H;(w)M ™' and HyM .

Lemma 11. Hy(w)M " and HoM ™' are diagonalizable. If u € CV is an eigenvector
of Hy(w)M™" (HyM™") with eigenvalue X # 0, then there exists a 2-dimensional in-
A0
VA . Ifu € CV is an eigenvector
0 —VA
of Hi(w)M ™ (HoM ™) with eigenvalue 0, then there exists a 2-dimensional invariant

01

variant subspace of L in C* on which L is

subspace of L in C* on which L is

Proof. Tt is enough to prove this for H(w)M~!. Note H;(w) is symmetric, thus
Hy(w)M ™! is symmetric with respect to the inner product (v,u) = v’ M ~tuso it is di-
agonalizable with respect to some M ! orthogonal basis. Now suppose H;(w)M~tu =
Au, A # 0. Then .

-1 M~'u M~lu -1 -1 M~y M~lu
0 0 M*' 0 st M~'u M~ 'u ey
0 0 0 M*'Y| o0 0| | O 0 | | 0o 0 |[VA
Hi(w) 0 0 0 u Viu —V/u u u
0 Hy, 0 0 0 0 0 0 0 0

Similarly, if H;(w)M 'u = 0, then

0 0 M*' o0 ][Mu o0 0

0o 0 0 M! 0 0 0 0
Hw) 0 0 0 0 u 0

0 Hy 0 0 0 0 0

o

This remark completes the proof. O

o & o o
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Normally, a rest point X, is called linearly stable if X, is a stable rest point
of the linearized system. However, as for relative equilibria of the curved N-body
problem, the symmetries and integrals of the problem make it impossible to satisfy
this condition.

Recall that a special central configuration on S? remains a special central config-
uration on S? after any rotation in SO(3), which is a 3-dimensional Lie group. Let &,

i = 1,2,3, be the basis of s0(3), we see that each &;q is a null vector of the Hessian
H{(0) 0
0 Hy|
Lemma 12. Let H,(0) and Hs be the matrices defined in Lemma[1(, Then
Hl(O)Vl = O, Hl(O)Vg = 0, H2V3 = 0,
where
Vi = (y173/2, EREE) yN)> Vo = (.’L‘l, L2y eey xN)a V3 = (17 17 R 1) (91)

Proof. By Proposition there are at least three null vectors for the Hessian of a
special central configuration on S%, £,q, 1 = 1,2,3, where £, is the basis of s0(3).
Recall that the basis of so(3) [41] is given by

which correspond to the three rotations (around the three axes) in SO(3). In zyz-
coordinates, J,q; = (0, —z;,v:), Jydi = (—2,0,2;), J.d4; = (—yi,x;,0). Thus for

special central configurations on S!, (2; = 0), the three null vectors are

Vi = (07071/1707073/27 "‘707 07yN)7 Vo = (0707x170707x27 ...,0,0,I’N),

V3 = <_?J1;x1= 07 _y27$2707 ) _yN7xN70)'

Transforming them into the spherical coordinates, they are

00y’ 2 ton, T Pos, T TN oy
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Thus we obtain H;(0)vy; = 0, H;(0)vy = 0, and Hyvsy = 0. This remark completes
the proof. O

Now we consider the stability of the fixed-point solutions, i.e, w = 0. In this case,
H,(w) has at least two null vectors and Hj has at least one null vector. Consider the

6-dimensional subspace E; of C* spanned by the vectors

Vi 0 Vo 0 0
0 0 0 0 0
Y ) ) ) V3 ) * (9'2)
0 M, 0 My 0 0
0 0 0 0 Mvs

Then Lemma [11] implies that F; is an invariant subspace for L. The matrix of L|g,

ool [ 10 )

Though all eigenvalues on E; are 0, there are three nontrivial Jordan blocks, a fact

in this basis is

which implies that the rest point is not linearly stable in the conventional sense.
This instability is trivial as a natural effect of the symmetry of this Hamiltonian
system. Indeed, we can perturb a fixed-point solution into a relative equilibrium by
any rotation in SO(3). Then the angular positions of these orbits drift away from
each other, a property mathematically reflected by the nontrivial Jordan blocks, as
remarked in [60].

It is traditional in celestial mechanics to view the drifts in this subspace as harm-
less. Indeed, they can be eliminated by fixing the angular momentum and passing
to a quotient manifold under the action of the rotational symmetry group. Thus it
is reasonable to formulate a definition of linear stability based on the behaviour of
L in a complementary subspace [60]. To define such a subspace, it is necessary to

introduce the skew inner product of two complex vectors v,u € C*V :

0 -1
Q(v,u) = VTJU, JANxAN = [I 0 ] .

Using the fact that L = JS, ST = S, where S is the Hessian matrix of the Hamiltonian
at Xy, we obtain that
Q(v, Lu) = —Q(Lv,u).
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With the help of this property it is easy to show that the skew-orthogonal complement
of an invariant subspace of L is again invariant. Indeed, let E denote the skew

orthogonal complement in C*V of E), that is,
E={veC®:Q(v,u)=0foralluc E}.

Then E' is an L invariant subspace of dimension 4N — 6.

Definition 14. A fixed-point solutions X associated with a special central configura-
tion on S' is called linearly stable if X, is a stable rest point of the linearized equation
restricted to F.

For N = 3, i.e., the relative equilibria associated with acute triangle special central

configurations, we have E = C°, and we can find the normal form of L|g.

Theorem 26. For each acute triangle fived-point solution, L|g is diagonalizable and

i a properly chosen basis,

L|E = dlag{\/)‘_lu _\/)\—lvi\/ |>\2|7 _Z\/‘)\2‘7Z\/|)\3|7 _Z\/‘)\:’)‘}?

where 0,0, \; > 0 are the eigenvalues of Hi(0)M™, and 0, Ay < 0,3 < 0 are the

eigenvalues of HoM ™. All acute triangle fized-point solutions on the equator are

unstable on S2.

Proof. We first find the eigenvalues of H;(0)M~! and HyM~'. Recall that dj, =
@, doz = f3,d13 = 27 — (. + ). Using o, 8 and Lemma [10} we obtain that

—Mms9 CoS o + mg cos(a+03) mi —mq
sin® o sin®(a+p) sin® o sin®(a+p)
-1 _ mo —m1 COS o —m3 cos f3 mo
Hl (0) M o sin® a sin® « + sin® 8 sin® 8
—ms ms my cos(a+p) 4 =macos B8
sin®(a+0) sin3 8 sin3 (a+73) sin® 3

Lemma (12| implies that Mv; and Mv, are two null vectors of H;(0)M . Thus the
third eigenvalue A\; equals the trace of the matrix. Using the same trick as in the
proof of Theorem [24] we find that the second diagonal entry is

—micosa  —mgcos  mgz sin(a+ f)

> 0.

sin® o sin®  sin? B sin arsin 3

The first one and the third one are just opposite to diagonal entries of the matrix
H(a,f3) in the proof of Theorem [24] so they are positive. Hence A; > 0.
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Lemma also implies that HyM~! has one null vector Mvs. Note that the

proof of Theorem implies that acute triangle special central configurations are
J*U
8%6%]
1
are both negative. Note that M ™2 is well defined. Then H, is congruent to Hj :=
(M~2)THyM ™2, which is similar to Mz H,M~2 = HyM~'. By Sylvester’s law of

inertia [37], we have

local maxima of U on (S')3\ A. Thus the two other eigenvalues of Hy = [

n_(HQM_l) = ’n,_(Hg) = 2, no(HgM_l) = n()(Hg) = 1,

where ng(A) is the number of zero eigenvalues and n_(A) is the number of negative
eigenvalues of matrix A. This proves the eigenvalues of H;(0)M ! are 0,0,\; > 0,
and the eigenvalues of Ho M~ are 0, Ay < 0, \3 < 0.

By Lemma [11], we see that L on C'? is similar to

0 0 0 0

diag{ [0 1”“ 1”8 3],JAT,—Wl,im,—M\Azw,mAgw,—wmg\}.

Recall that the normal form of L|g, is given by the first three nontrivial Jordan blocks.
We thus obtain that L|g is similar to

diag{\/)\_l, ALVl i/l i), —z\/ug\}.

Then the positive eigenvalue y/\; indicates that all acute triangle fixed-point solutions

are unstable on S%, a remark that completes the proof. ]

Now we study the linear stability of other associated relative equilibria w # 0.
H(0) —w*M 0

0 H,
correspond to the Jordan blocks of L any more. Define E, as the 2-dimensional
subspace spanned by the last two vectors of . Then L has one Jordan block on

FE5. By the same reason, it is reasonable to define stability based on the behaviour of

Recall that the Hessian part is now . Thus v; and vy do not

the system on the complementary space, that is
E={veC®¥: :Q(v,u)=0foraluec E,}.

Then F is an L invariant subspace of dimension 4N — 2.

Definition 15. A relative equilibrium X, (w # 0) associated with a special central
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configuration on the equator is called linearly stable if X, is a stable rest point of the

linearized equation restricted to E.

Theorem 27. Let X, (w # 0) be a relative equilibrium associated with an acute
triangle special central configuration on the equator. Then it is unstable on S? if and

only if 0 < w? < Ay, and it is linearly stable if and only if A < w?, where

mo sin 8 ms sin o mg sin(a + f)
sin? asin(a + B)sina  sin? fsin(a+ B)sin 8 sin? B sinasin

)\1:

Proof. By Lemma and the proof of the above theorem, we only need to find
the eigenvalues of H;(0)M~' — w?. Note that H;(0)M~! has three eigenvectors,
with two eigenvalues being zero. Thus there exists an invertible matrix P such
that Hy(0)M~' = Pdiag{\;,0,0}P~'. Therefore H;(0)M ' — w? = Pdiag{\; —
w?, —w?, —w?}P~!. By Lemma [11] we obtain that L|z is similar to

dla‘g{\/)‘l - (")27 _\/Al - w2) iwa _iw7 iwu —ZC(),Z V |>\2|7 _l\/|A2|7 Z\/|>\3|7 _l\/|A3|}

Thus the relative equilibrium is unstable on S? if and only if 0 < w? < \;, and it is

2

linearly stable if and only if \; < w*®. Direct computation leads to the value of \;.

This remark completes the proof. O

It is interesting to compare the special central configuration on S! and the collinear
central configurations of the Newtonian N-body problem. The special central config-
uration of three particles are local maxima of the potential restricted on the equator,
whereas the collinear central configurations are local minima of the potential restricted
on a line. For each collinear configuration of the Newtonian N-body problem, there
is only one angular velocity that produces a circular motion, whereas any angular
velocity leads to circular motion in our case. Additionally, it is very interesting to

notice that the stability depends on the velocity.
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Chapter 10
Conclusions

To summarise, we find a natural way to define central configurations of the curved
N-body problem. We separate them into two categories, the ordinary central con-
figurations and the special central configurations. By characterizing ordinary central
configurations as the critical points of the force function restricted to some submani-
fold, we show the existence of them. We also propose a problem which is analogous
to Smale’s 6-th problem for the Newtonian N-body problem. In H?, we obtain many
results which are similar to the results on R?. In S?, we first study the geodesic
ordinary central configurations for N = 2,3, and the 3-body ordinary non-geodesic
central configurations. Then we study special central configurations. We extend the
definition of special central configuration to higher dimensional spheres. The Dziobek
special central configurations are studied. We also study the stability of some relative
equilibria associated to central configurations.

As it happens in the Euclidean case, the central configurations of the curved N-
body problem are far from easy. Fixing N masses, to find all central configurations is
to find all real solutions of 3N scalar equations in 3N unknowns, which is the main
subject of algebraic geometry. To make things worse, the terms involved are usually
not algebraic of the unknowns. For instance, d;; is not algebraic in q;,q;. Central
configurations of 3-body on R? are settled long time ago, but curved 3-body central
configurations is a very “non-linear” problem, as indicated in Chapter[7] As it always
happens, problems on surfaces are harder than analogous problems in linear spaces.

There are several further directions. I am trying to solve the ordinary central
configuration equations for three masses and the special central configuration equa-
tions for four masses. As mentioned earlier, the results of central configurations on

H? are similar to the ones on R?. I am trying to find the exact relationship between



125

them. I am also planning to study the linear stability of relative equilibrium with
Conley-Zehnder index theory.

These study of central configurations are only at the beginning. It is an object to
study, and it is also a new tool. The properties of them to be found in future may

shed more light on the equations of motion that govern this mathematical model.
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