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ABSTRACT

We extend the concept of central configurations to the N -body problem in spaces

of nonzero constant curvature. Based on the work of Florin Diacu on relative equilib-

ria of the curved N -body problem and the work of Smale on general relative equilibria,

we find a natural way to define the concept of central configurations with the effective

potentials. We characterize the ordinary central configurations as constrained critical

points of the cotangent potential, which helps us to establish the existence of ordi-

nary central configurations for any given masses. After these fundamental results, we

study central configurations on H2, ordinary central configurations in S3, and special

central configurations in S3 in three separate chapters. For central configurations

on H2, we generalize the theorem of Moulton on geodesic central configurations, the

theorem of Shub on the compactness of central configurations, the theorem of Conley

on the index of geodesic central configurations, and the theorem of Palmore on the

lower bound for the number of central configurations. We show that all three-body

central configurations that form equilateral triangles must have three equal masses.

For ordinary central configurations in S3, we construct a class of S3 ordinary central

configurations. We study the geodesic central configurations of two and three bodies.

Three-body non-geodesic ordinary central configurations that form equilateral trian-

gles must have three equal masses. We also put into the evidence some other classes

of central configurations. For special central configurations, we show that for any

N ≥ 3, there are masses that admit at least one special central configuration. We

then consider the Dziobek special central configurations and obtain the central con-

figuration equation in terms of mutual distances and volumes formed by the position

vectors. We end the thesis with results concerning the stability of relative equilibria

associated with 3-body special central configurations. We find that these relative

equilibria are Lyapunov stable when confined to S1, and that they are linearly stable

on S2 if and only if the angular momentum is bigger than a certain value determined

by the configuration.
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Chapter 1

Introduction

1.1 A Brief History of the Curved N-body prob-

lem

The curved N -body problem aims to determine the motion of N point masses in

spaces of constant Gaussian curvature κ 6= 0, namely spheres for κ > 0 and hyperbolic

spheres for κ < 0, under the attractive force law given by the cotangent potential.

This problem has its roots in the work of János Bolyai and Nikolai Lobachevsky, done

in the 1830s. They independently had the idea of generalizing celestial mechanics to

hyperbolic space [11, 53]. The analytic form of the potential was introduced by Ernest

Schering for hyperbolic spheres in 1870 [77], and by Wilhelm Killing for spheres in

1873 [45]. In the case of the Kepler problem the potential is a harmonic function in

the 3-dimensional (but not in the 2-dimensional) case. In the early 1900s, Heinrich

Liebmann showed that every bounded orbit of the Kepler problem is closed [50]. These

two properties are also true in the Newtonian N -body problem in the Euclidean space

[9]. Thus the cotangent potential is considered to be the natural extension of the

Newtonian potential to spaces of constant curvature. There were also other attempts

to extend the Newtonian potential, however, they were short-lived [51].

After the rise of general relativity, the above results were almost forgotten. This

problem attracted attention later from the point of view of quantum mechanics [78]

and the theory of integrable dynamical systems [15]. This led to the rediscovery of the

results mentioned above, sometimes with partial improvements. From the 1990s, this

direction was also pursued by the Russian school of celestial mechanics, especially for

the equations describing the motion of two bodies, which unlike in the Euclidean case
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are not integrable [12, 44, 46, 79]. Researchers mainly used the intrinsic coordinates of

S3 (H3), which are hard to manipulate. Thus most of these researchers concentrated

on the 2-dimensional case. For more details of the history, we refer the readers to

[19].

Instead of working with the intrinsic coordinates, Florin Diacu wrote the equation

of motions using extrinsic coordinates. For the 3-dimensional sphere, he used the co-

ordinates of R4 and for the 3-dimensional hyperbolic sphere, he used the coordinates

of R3,1, the Minkowski space. In this setup, the matrix Lie group SO(4) (SO(3, 1))

serves as the symmetry group. Therefore, this setup facilitated many studies on rela-

tive equilibria, and the rotopulsator solutions defined by Florin Diacu in the attempt

to find a correspondent of the homographic motions of the Newtonian N -body prob-

lem [17, 18, 19, 20, 21, 22, 23, 25, 26, 27, 28, 29, 30, 31, 32, 33, 56, 63, 71, 87, 88, 89, 91].

Another application of pursuing this problem, according to Florin Diacu [19], is

deciding whether the physical space is elliptic, flat, or hyperbolic. This question was

already asked by Lobachevsky and Gauss. They tried to determine the shape of

space based on ideas from non-Euclidean geometry. However, they failed since the

observation and measurement errors were larger than the potential deviation of the

physical space from zero curvature [47]. There were other attempts. For instance,

the so-called boomerang experiment analysed the cosmological background radiation

[10]. All of them, however, failed to provide a definite answer on whether the physical

space is curved or not.

Florin Diacu proposed a potential way to offer a solution to this problem: find

stable orbits that exist only in, say, flat space, and then seek them in the universe

through astronomical observations. In fact, a small step in this direction was already

made by showing that the Lagrangian relative equilibria of the 3-body problem appear

only in the Euclidean space for nonequal masses. It is well known that such orbits

exist in the solar system, such as the equilateral triangles formed by the Sun, Jupiter,

and any of the Trojan and the Greek asteroids [19, 29], and the equilateral triangle

formed by Saturn, its large moon Tethys, and one of the two smaller moons, Telesto

and Calypso. However, this discovery, according to Florin Diacu, only hints that

the space is Euclidean for the solar-system scales. The motions of the asteroids are

not exactly at the vertices of an equilateral triangle. As well, there might be other

quasi-periodic motions in the curved space that are similar to the equilateral triangle

relative equilibria.
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1.2 Background and Motivation

Let S3 be the unit sphere in R4, and H3 be the unit hyperbolic sphere in R3,1. For

both 4-dimensional linear spaces, we use coordinates (x, y, z, w). Given the positive

masses m1, . . . ,mN in S3 (H3), whose positions are described by the configuration

q = (q1, . . . ,qN) ∈ (S3)N
(
(H3)N

)
, qi = (xi, yi, zi, wi), i = 1, ..., N , we define the

singularity set

∆ =

∪1≤i<j≤N{q ∈ (S3)N ; dij = 0, or π} in S3;

∪1≤i<j≤N{q ∈ (H3)N ; dij = 0} in H3,

where dij be the distance between mi and mj in S3 (H3). For q /∈ ∆, define the force

function U (−U being the potential function) as

U(q) =


∑

1≤i<j≤N mimj cot dij(q) in S3,∑
1≤i<j≤N mimj coth dij(q) in H3.

Define the kinetic energy as T (q̇) =
∑

1≤i≤N
1
2
miq̇i · q̇i, q̇ = (q̇1, ..., q̇N). Then

the curved N -body problem is given by the Lagrangian system on T ((S3)N \ ∆)(
T ((H3)N \∆)

)
, with

L(q, q̇) = T (q̇) + U(q).

This setup was proposed by Florin Diacu. The advantage is that we can use the

matrix Lie groups SO(4), SO(3, 1) as the symmetry groups. Since both symmetry

groups are 6-dimensional, there are several kinds of relative equilibria, namely fixed

points, positive elliptic relative equilibria, positive elliptic-elliptic relative equilibria,

negative elliptic relative equilibria, negative hyperbolic relative equilibria, and nega-

tive elliptic-hyperbolic relative equilibria. Florin Diacu summarized his research on

this topic in [25].

This thesis stems from the work of Florin Diacu on relative equilibria. It is well

known that to find relative equilibria in the form of exp(ξt)q of a mechanical system

with symmetry group G, where ξ is in the Lie Algebra of G, it suffices to find critical

points of the effective potential Uξ that depends on ξ. Thus the study of the various

kinds of relative equilibria can be reduced to the study of the corresponding effective

potentials. Surprisingly, I found that one effective potential is enough for all, namely,

U −λI, where I =
∑N

i=1mi(x
2
i +y2

i ). Therefore, the study of various kinds of relative
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equilibria can be unified by the study of the following equation,

∇qi
U = λ∇qi

I, i = 1, ..., N.

Recall that the solutions of a similar equation in the Newtonian N -body problem

are called central configurations. We thus call the solutions of our equation central

configurations of the curved N-body problem.

1.2.1 Central Configurations of the Newtonian N-body prob-

lem

The main purpose of this thesis is to extend the study of the central configurations of

the Newtonian N -body problem to curved space. Recall that central configurations

of the Newtonian N -body problem are solutions of the equation

∇qi
U = λ∇qi

I, i = 1, ..., N,

where U is the Newtonian potential: U(q) =
∑

1≤i<j≤N
mimj

|qi−qj | , q = (q1, ...qN) ∈
(R3)N is the configuration, and I =

∑N
i=1 miqi · qi is the moment of inertia. The

notation of central configurations was introduced by Pierre-Simon Laplace in 1789

[49]. While the first examples of central configurations were found by Euler and La-

grange earlier [36, 48]. By their time, all central configurations of three bodies were

known, namely, three collinear central configurations found by Euler and two equilat-

eral triangle central configurations found by Lagrange. A first systematic study of this

concept appeared only in 1900, when Otto Dziobek published a fundamental paper

on central configurations [35]. Since then, research in this direction has continued,

showing that the central configurations are essential for understanding the motions

of the Newtonian N -body problem.

From the mathematical point of view, central configuration equation is an alge-

braic system in 3N variables. It does not involve the time variable. However, each

central configuration gives rise to simple, explicit solutions of the Newtonian N -body

problem such that the configuration is similar to the initial configuration during the

motion. These motions are given by homothetic orbits and relative equilibria [52]. If

we compose these solutions we obtain homographic orbits. Central configurations also

appear in other circumstances. For instance, when three or more bodies tend to a

simultaneous collision, or they scatter to infinity, they tend asymptotically to a cen-
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tral configuration [75, 81]. Central configurations are also involved in the topological

classification of the planar N -body problem [62, 84]

For N ≤ 3, all solutions were known by the time of Lagrange. But for higher

N , we do not know much about them. A basic question is called the Wintner-Smale

problem: given N positive masses, is the number of central configurations finite, up

to symmetries? Smale listed it as the 6-th problem for the 21-st century [86]. The

case when N = 4 was solved only in 2006 by Hampton and Moeckel [58, 42], who

showed that the number of central configurations is between 32 and 8472 for generic

masses. The case when N = 5 was solved in 2012 by Albouy and Kaloshin [6, 61],

who showed that the number of central configurations is finite for generic masses. For

N ≥ 6, even generic finiteness is open. However, if non-positive masses are allowed,

there is a continuum of central configurations [40, 72]. There are also other interesting

problems on this subject [4].

1.3 Summary and Organization

In Chapter 2, using Florin Diacu’s setup, we derive the equations of motion of the

curved N -body problem. Then by the obvious symmetry of the Hamiltonian, we

find the corresponding first integrals with Noether’s theorem. We also point out

that in qualitative studies the value of the curvature is irrelevant and that only the

sign matters. Thus we only need to study solutions on the unit sphere and the unit

hyperbolic sphere.

In Chapter 3, we first introduce the concept of relative equilibrium from the

viewpoint of geometric mechanics. The well-known theorem of Smale shows that to

find a relative equilibrium is equivalent to finding a critical point of the corresponding

effective potential. We then find the effective potentials corresponding to the six types

of relative equilibria. Remarkably, they are of the same form. We also offer another

proof using an elementary approach. The two equivalent methods show that the key

to finding relative equilibria is to solve the equation

∇qi
U = λ∇qi

I, i = 1, ..., N.

We define the solutions of this equation as central configurations of the curved N -body

problem. If the equations are satisfied only for some λ 6= 0, we call it an ordinary

central configuration; if the equations are satisfied for λ = 0, we call it a special central
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configuration. No special central configuration exists on the hyperbolic sphere. In the

end, we discuss the connection between central configurations and relative equilibria

in more detail.

In Chapter 4, we first characterize the moment of inertia I in a geometric way. This

justifies the notation of central configurations to a certain level and provides some

geometric insight into the problem. We then define the equivalent classes of central

configurations, an approach that is essential for counting central configurations. We

collect some useful facts about central configurations in the last two sections. For

instance, we show that any central configuration in H3 is equivalent to some central

configuration on a particular hyperbolic 2-sphere; we also show that any S2 central

configuration can be found on a particular 2-sphere. These derivations reduce the

study of central configurations to convenient settings.

In Chapter 5, we first characterize central configurations as critical points of some

functions. More precisely, central configurations are the rest points of the gradient

flow of some functions on some manifolds. Using this property, we are able to show

the existence of ordinary central configurations for any given positive masses. We also

find a convenient way to compute the Hessian of these critical points, and estimate

their minimal nullity. However, there are masses that do not possess special central

configurations. We define MN as the subset of RN+ for which there exist special central

configurations. In the end, we extend the Wintner-Smale problem to the curved N -

body problem.

The central configurations of the curved N -body problem are roughly divided into

three main categories: central configurations in H3, ordinary central configurations in

S3, and special central configurations in S3. The following three chapters are devoted

to study these three categories.

In Chapter 6, we consider central configurations in H3. We start with several

examples of central configurations and then write the equation ∇qi
U = λ∇qi

I in

another form, which becomes useful later. We then generalize the result of Shub [80],

which shows that the set of central configurations is compact for given masses. We

generalize the celebrated Moulton’s theorem in H3, that is, there are N !/2 geodesic

central configurations for any N masses. Then we study the Hessian of these geodesic

central configurations with an idea introduced by Conley [67] in the Newtonian N -

body problem. With these preparations, we apply Morse theory to get a lower bound

for the number of central configurations for generic masses. In the end, we study

the non-geodesic central configurations in the 3-body case. We obtain a necessary
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condition, which implies that all equilateral triangle central configurations must have

equal masses.

In Chapter 7, we study ordinary central configurations in S3. We start with several

examples of ordinary central configurations and then write the equation ∇qi
U =

λ∇qi
I in another form, which becomes useful later. One class of examples is formed

by S3 central configurations, which contrasts with what happens in H3 and shows the

complexity of this problem in S3. We then turn to geodesic central configurations

for two and three masses. We find that Moulton’s theorem cannot be generalized

directly. Surprisingly, there is a continuum of central configurations for two equal

masses. For three masses, we study the inverse problem: for a given configuration on

S1, find positive masses such that a geodesic central configuration exists. In the end,

we study the non-geodesic central configurations in the 3-body case. We obtain a

necessary condition, which implies that all equilateral triangle central configurations

must have equal masses. This condition also helps us to find another class of central

configurations.

In Chapter 8, we study special central configurations in S3, which are solutions of

the system

∇qi
U = 0, i = 1, ..., N.

We start with writing the equation in another useful form. Then we provide examples

of special central configurations for any N ≥ 3 masses, which shows that the mass

set MN is not empty when N ≥ 3. One class of examples uses the special geometry

of S3, a way first proposed by Florin Diacu [25]. We then consider special central

configurations in higher dimensional spheres. Those special central configurations

when the N particles span an (N−1)-dimensional linear space (or, an (N−2)-sphere)

are of special interest. They are analogous to Dziobek central configurations of the

Newtonian N -body problem [52]. We call them Dziobek special central configurations

as well. For them, the central configuration equation can be nicely written in terms

of the mutual distances and volumes formed by the position vectors. We then apply

these equations to the physically interesting examples: three particles on S1, four

particles on S2 and five particles in S3. In the end, we find the mass set M3.

In Chapter 9, we study the stability of the relative equilibria associated with all

special central configurations in the 3-body case, on S1 and S2. We first rewrite

the equations of motions in spherical coordinates. Then we show that the relative

equilibria are Lyapunov stable when confined to S1. When considered on S2, the
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linear stability of these motions depends on their angular momenta. For each central

configuration, there is one critical value such that the motion is linearly stable if and

only if the angular momentum is bigger than this value.

Finally, in Chapter 10, we draw some conclusions and maps some further directions

of research.
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Chapter 2

The Curved N-Body Problem

In this chapter, we derive the equations of motion of the curved N -body problem,

then find the obvious first integrals.

2.1 Equations of Motion

In this section we introduce the N -body problem in spaces of constant nonzero curva-

ture, which we will refer to as the curved N-body problem, in contrast to its analogue

in Euclidean space, which we will call the Newtonian N-body problem. As in [19],

we set the curved N -body problems in the unit 3-sphere and the unit hyperbolic 3-

sphere as Hamiltonian systems in the Euclidean space R4 and in the Minkowski space

R3,1, respectively, with holonomic constraints that restrict the motion of the bodies

to these manifolds.

Vectors are all column vectors, but written as row vectors in the text. Recall

that R4 and R3,1 are endowed with different inner products: for two vectors, q1 =

(x1, y1, z1, w1) and q2 = (x2, y2, z2, w2), they are given by

q1 · q2 = x1x2 + y1y2 + z1z2 + σw1w2,

where σ = 1 for the Euclidean space and σ = −1 for the Minkowski space. Then the

unit sphere S3 and the unit hyperbolic sphere H3 are

S3 := {(x, y, z, w) ∈ R4 |x2 + y2 + z2 + w2 = 1} and

H3 := {(x, y, z, w) ∈ R4 |x2 + y2 + z2 − w2 = −1, w > 0},
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respectively. We can merge these two manifolds into

M3 := {(x, y, z, w) ∈ R4 |x2 + y2 + z2 + σw2 = σ, with w > 0 for σ = −1}.

Denote by m ∈ RN+ the mass vector (m1, . . . ,mN) where mi is the mass of the ith

particle. Given the positive masses m1, . . . ,mN , whose positions are described by the

configuration q = (q1, . . . ,qN) ∈ (M3)N , qi = (xi, yi, zi, wi), i = 1, ..., N , we define

the singularity set

∆ = ∪1≤i<j≤N{q ∈ (M3)N ; qi = ±qj}.

Let dij be the geodesic distance between the point masses mi and mj, we define the

force function U (−U being the potential function) on (M3)N \∆ as

U(q) :=
∑

1≤i<j≤N

mimjctndij,

where ctn(x) stands for cot(x) in S3 and coth(x) in H3. We would like to mention

that there are many other choices of the potential, but this potential is coherent with

the Newtonian N -body problem, see [7, 19]. We introduce two more notations, which

unify the trigonometric and hyperbolic functions,

sn(x) = sin(x) or sinh(x), csn(x) = cos(x) or cosh(x).

Then the distance dij is given by the expression dij := arccsn(σqi·qj), where arccsn(x)

is the inverse function of csn(x). We define the kinetic energy as

T (p) =
∑

1≤i≤N

1

2
miq̇i · q̇i =

∑
1≤i≤N

1

2
m−1
i pi · pi,

where pi := miq̇i is the momentum of mi. We also denote the momentum of the

particle system by

p = (p1, . . . ,pN).

Then the curvedN -body problem is given by the Hamiltonian system on T ∗((M3)N\
∆), with

H(q,p) := T (q,p)− U(q).

Let us derive the equations of motion for the Hamiltonian system in S3. The
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Hamiltonian is

H =
∑

1≤i≤N

1

2
m−1
i pi · pi −

∑
1≤i<j≤N

mimj cot dij.

Here U is defined on (S3)N \∆, with the set of singularities ∆ = ∆− ∪∆+, where

∆− : = ∪1≤i<j≤N{q ∈ (S3)N : qi = −qj} \ ∪1≤i<j≤N{q ∈ (S3)N : qi = qj},

∆+ : = ∪1≤i<j≤N{q ∈ (S3)N : qi = qj} \ ∪1≤i<j≤N{q ∈ (S3)N : qi = −qj}.

We will call ∆− the antipodal singularity set and ∆+ the collision singularity set.

Using constrained Hamiltonian dynamics, we get the equations describing the motion

of the bodies, 
q̇i = m−1

i pi

ṗi = ∇qi
U −m−1

i (pi · pi)qi = ∇qi
U −mi(q̇i · q̇i)qi

qi · qi = 1, pi · qi = 0, i = 1, ..., N,

where ∇qi
U stands for the gradient of U on the manifold (S3)N . The gradient can

be interpreted as the attractive force on qi produced by all the other particles. The

term −m−1
i (pi · pi)qi can be viewed as the constraint force keeping the particles on

the sphere. Thus we denote ∇qi
U and ∇qi

mimj cot dij by Fi and Fij, respectively.

We have

Fij =
−mimj

sin2 dij
∇qi

dij =
−mimj

sin2 dij
∇qi

cos−1 qi · qj =
mimj

sin3 dij
∇qi

qi · qj.

The gradient of qi ·qj on the manifold (S3)N can be computed as follows. We extend

any function f : (S3)N → R to the ambient space f̄ : (R4)N → R,

f̄(q) = f

(
q1√

q1 · q1

, · · · , qN√
qN · qN

)
.

Then f̄(λq) = f̄(q) for λ > 0, i.e., f̄ is a homogeneous function of degree zero. Let

∇̃ be the gradient in the ambient space and ∂
∂ni

the unit normal vector of the i-th
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unit sphere. Since ∂f̄
∂ri

= 0, we obtain (∇̃qi
f̄)|(S3)N = ∇qi

f + ∂f̄
∂ri

∂
∂ni

= ∇qi
f . Thus

Fij =
mimj

sin3 dij
∇̃qi

qi · qj√
qi · qi

√
qj · qj

=
mimj

sin3 dij

√
qi · qi

√
qj · qjqj − qi · qj

√
qj ·qj√
qi·qi

qi

(
√

qi · qi
√

qj · qj)2

=
mimj[qj − cos dijqi]

sin3 dij
.

Thus the equations of motion for the curved N -body problem in S3 are
q̇i = m−1

i pi

ṗi =
∑N

j=1,j 6=i
mimj [qj−cos dijqi]

sin3 dij
−mi(q̇i · q̇i)qi

qi · qi = 1, pi · qi = 0, i = 1, ..., N.

Gravitation law in S3. A mass m2 at q2 ∈ S3 attracts another mass m1 at q1 ∈ S3

(q1 6= ±q2) along the minimal geodesic connecting the two points with a force whose

magnitude is m1m2

sin2 d12
. More precisely,

F12 =
m1m2[q2 − cos d12q1]

sin3 d12

.

Similarly, we can derive the equations of motion for the Hamiltonian system in

H3. The Hamiltonian is

H = T (q,p)− U(q) =
∑

1≤i≤N

1

2
m−1
i pi · pi −

∑
1≤i<j≤N

mimj coth dij.

Here U is defined on (H3)N \∆, and the set of singularities is

∆ := ∪1≤i<j≤N{q ∈ (H3)N : qi = qj}.

We interpret ∇qi
U and ∇qi

mimj coth dij as Fi and Fij respectively. Similar compu-

tations lead to

Fij =
mimj[qj − cosh dijqi]

sinh3 dij
,
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and the equations of motion for the curved N -body problem in H3 are
q̇i = m−1

i pi

ṗi =
∑N

j=1,j 6=i
mimj [qj−cosh dijqi]

sinh3 dij
+mi(q̇i · q̇i)qi

qi · qi = −1, pi · qi = 0, i = 1, ..., N.

Gravitation law in H3. A mass m2 at q2 ∈ H3 attracts another mass m1 at q1 ∈ H3

(q1 6= q2) along the minimal geodesic connecting the two points with a force whose

magnitude is m1m2

sinh2 d12
. More precisely,

F12 =
m1m2[q2 − cosh d12q1]

sinh3 d12

.

Using the functions sn(x) and csn(x) introduced earlier, we can blend the two

systems of equations into one system in (M3)N \∆ [19, 25],
q̇i = m−1

i pi

ṗi =
∑N

j=1,j 6=i
mimj [qj−csndijqi]

sn3dij
− σmi(q̇i · q̇i)qi

qi · qi = σ, pi · qi = 0, i = 1, ..., N.

(2.1)

Remark 1. If we derive the equation of motion in S3
κ and H3

κ, where S3
κ = {(x, y, z, w) ∈

R4 |x2 + y2 + z2 +w2 = κ−1} κ > 0, and H3
κ = {(x, y, z, w) ∈ R4 |x2 + y2 + z2−w2 =

κ−1, w > 0} κ < 0, we would see that the gravitational law is

F12 =
m1m2|κ|

3
2 [q2 − csn|κ| 12dκ(q1,q2)q1]

sn3
(
|κ| 12dκ(q1,q2)

) ,

[19, page 29], where dκ(q1,q2) is the distance between the two particles in S3
κ and H3

κ.

Formally, it tends to the gravitational law in R3 when κ→ 0, which again shows that

the potential is coherent with the Newtonian potential.

Some researchers studied the curved N-body problem in S3
κ and H3

κ with curvature

κ 6= ±1 [44]. For our purpose, this is not necessary since it has been shown in [19]

that there are coordinate and time-rescaling transformations,

qi = |κ|−1/2ri, i = 1, N and τ = |κ|3/4t,
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which bring the systems from S3
κ and H3

κ to systems to S3 and H3, respectively.

2.2 First Integrals

The Hamiltonian of the curved N -body problem is invariant under the action of the

rotation group O(4) (O(3, 1)). This fact leads to the six angular momentum integrals.

Recall that a 4 × 4 matrix A is in O(4) if it keeps the inner product in the 4-

dimensional Euclidean space, that is, if

Au · Av = u · v, for any u,v ∈ R4.

It is a matrix Lie group and it has two components. The component containing I, the

identity matrix, that is, those matrices with determinant one, is denoted by SO(4).

The tangent space at I, the Lie algebra of O(4), is a 6-dimensional linear space and

is denoted by so(4). A 4× 4 matrix X is in so(4) if XT = −X.

Recall that a 4 × 4 matrix A is in O(3, 1) if it keeps the inner product in the

4-dimensional Minkowski space, that is, if

Au · Av = u · v, for any u,v ∈ R3,1.

It is a matrix Lie group with four components [66]. The two components with determi-

nant one is denoted by SO(3, 1), and the one containing I is denoted by SO+(3, 1).

The tangent space at I, the Lie algebra of O(3, 1), is a 6-dimensional linear space

and is denoted by so(3, 1). A 4 × 4 matrix X is in so(3, 1) if ψXTψ = −X, where

ψ = diag(1, 1, 1,−1).

For the system in S3, O(4) keeps the Hamiltonian. Let φ ∈ O(4). Extend this

action to T ∗(S3)N via

φ(q,p) = (φq1, . . . , φqN , φp1, . . . , φpN).
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Then

H(φ(q,p)) =
∑

1≤i≤N

1

2
m−1
i φpi · φpi −

∑
1≤i<j≤N

mimj cot d(φqi, φqj)

=
∑

1≤i≤N

1

2
m−1
i pi · pi −

∑
1≤i<j≤N

mimj cot d(qi,qj)

= H(q,p).

This action also preserves the symplectic form ω = d(
∑

1≤i≤N pidqi). Similarly, we

can verify that O(3, 1) is the symmetric group for the system in H3. These facts show:

Proposition 1. Let φ be an element of the isometry group of M3, then (q(t),p(t))

solves the curved N-body problem if and only if φ (q(t),p(t)) does.

Theorem 1 (Noether’s Theorem). Let G be the symmetric group of H(q,p) and φs

be a one-parameter subgroup of G, χ(q) = d
ds
|s=0φs(q). Then

F (q,p) = p · χ(q)

is a first integral.

The Lie algebra so(4) of the rotation group O(4) is composed of the 4× 4 skew-

symmetric matrices. Thus we get

F (q,p) = p · χ(q) =
∑
i

mi

[
ẇi ẋi ẏi żi

]


0 a b c

−a 0 d e

−b −d 0 f

−c −e −f 0



wi

xi

yi

zi

 ,

which leads to the following six independent integrals of the system in S3,

ωxy =
N∑
i=1

mi(ẋiyi − xiẏi), ωxz =
N∑
i=1

mi(ẋizi − xiżi),

ωxw =
N∑
i=1

mi(ẋiwi − xiẇi), ωyz =
N∑
i=1

mi(ẏizi − yiżi),

ωyw =
N∑
i=1

mi(ẏiwi − yiẇi), ωzw =
N∑
i=1

mi(żiwi − ziẇi).

(2.2)
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Similarly, we use the Lie algebra so(3, 1) to derive the first integrals of the system in

H3. We find that it leads to (2.2) as well. These integrals were first found in [19, 25]

by using wedge product. We will refer to them as angular momentum integrals.
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Chapter 3

Relative Equilibria and Central

Configurations

In this chapter, we first introduce the definition of relative equilibria in the context

of mechanical systems with symmetry. We use Smale’s theorem to show that finding

relative equilibria of the curved N -body problem is equivalent to finding the critical

points of the corresponding effective potentials. Surprisingly, the effective potentials

corresponding to different relative equilibria have the same form, as we show with the

help of some non-elementary arguments. We also prove this fact by an elementary

approach. With this effective potential, we define central configurations and discuss

the relationships between central configurations and motions of the curved N -body

problem.

3.1 Relative Equilibria

In this section we introduce the relative equilibria of the curved N -body problem

and classify these solutions into several classes. We then give examples of relative

equilibria in each class.

We begin with some definitions for general mechanical systems.

Definition 1 ([83]). A mechanical system with symmetry consists of a 4-tuple (M,K, V,G)

where M is a manifold, K is the kinetic energy, V the potential energy and G a Lie

group acting on M preserving K and V with all data smooth.

For each ξ belonging to the Lie algebra g of G, there is a vector field ξM on M ,
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given by

ξM(q) :=
d

dt

∣∣∣∣∣
t=0

(exp(ξt)q) .

Here we denote by ξM(q) the vector at q ∈M , and by exp(ξt)q the action of exp(ξt)

on q.

Definition 2 ([84]). A solution of the mechanical system with symmetry (M,K, V,G)

is called a relative equilibrium if it is also an integral curve of the vector field ξM . In

other words, a relative equilibrium is a solution in the form of exp(ξt)q. The curve

exp(ξt) ∈ G is called a one-parameter subgroup of G.

Let us return to the curved N -body problem.

Proposition 2. A one-parameter subgroup of SO(4) is of the form PAα,β(t)P−1,

with P ∈ SO(4) and

Aα,β(t) =


cosαt − sinαt 0 0

sinαt cosαt 0 0

0 0 cos βt − sin βt

0 0 sin βt cos βt

 , α, β ∈ R.

We call these rotations positive elliptic-elliptic if α 6= 0 and β 6= 0, and positive

elliptic if only one of them is zero. We call the corresponding relative equilibria positive

elliptic-elliptic relative equilibria and positive elliptic relative equilibria, respectively.

Proposition 3. A one-parameter subgroup of SO+(3, 1) is of the form PBα,β(t)P−1

or PCη(t)P
−1, with P ∈ SO(3, 1), and

Bα,β(t) =


cosαt − sinαt 0 0

sinαt cosαt 0 0

0 0 cosh βt sinh βt

0 0 sinh βt cosh βt

 , Cη(t) =


1 0 0 0

0 1 −ηt ηt

0 ηt 1− ηt2/2 ηt2

0 ηt −ηt2 1 + ηt2/2

 ,

where α, β, η ∈ R.

Similarly, the negative elliptic, negative hyperbolic, negative elliptic-hyperbolic

and parabolic transformations correspond to α 6= 0 and β = 0, α = 0 and β 6= 0,

α 6= 0 and β 6= 0, and η 6= 0, respectively. We call the corresponding relative equilibria
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negative elliptic relative equilibria, negative hyperbolic relative equilibria, negative

elliptic-hyperbolic relative equilibria and parabolic relative equilibria, respectively.

We can easily check that

Aα,β(t) = exp(ξ1t), Bα,β(t) = exp(ξ2t), Cη(t) = exp(ξ3t),

where ξ1 ∈ so(4), ξ2, ξ3 ∈ so(3, 1), and

ξ1 =


0 −α 0 0

α 0 0 0

0 0 0 −β
0 0 β 0

 , ξ2 =


0 −α 0 0

α 0 0 0

0 0 0 β

0 0 β 0

 , ξ3 =


0 0 0 0

0 0 −η η

0 η 0 0

0 η 0 0

 .

Recall that Proposition 1 shows that for any φ in the isometry group, (q(t),p(t))

solves the curved N -body problem if and only if φ (q(t),p(t)) does. Thus we cover all

possible relative equilibria for the curved N -body problem if we define them in terms

of the three normal forms of the one-parameter subgroup. To simplify the notation,

we will denote initial positions without any argument and attach the argument t to

functions depending on time.

Definition 3. Let q = (q1, . . . ,qN) be a nonsingular initial configuration of the

masses m = (m1, . . . ,mN) ∈ RN+ , N ≥ 2, in M3, where the initial position vectors are

qi = (xi, yi, zi, wi), i = 1, ..., N . Then a solution of the form

q(t) = Q(t)q := (Q(t)q1, . . . , Q(t)qN)

of system (2.1), with Q(t) being Aα,β(t), Bα,β(t), or Cη(t), is called a relative equilib-

rium.

The following fact was first proved in [19, 25]. For completeness, we also give

the proof. Note that the result holds for any mechanical system in H3 with O(3, 1)

symmetry.

Proposition 4. There are no parabolic relative equilibria for the curved N-body prob-

lem in H3.

Proof. Let q(t) = Cη(t)q be a solution. Then

qi(t) = (xi, yi − ηtzi + ηtwi, ηtyi + (1− ηt2

2
)zi +

ηt2

2
wi, ηtyi −

ηt2

2
zi + (1 +

ηt2

2
)wi).
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Thus direct computation leads to

ωzw =
N∑
i=1

mi(ziẇi − wiżi) =
N∑
i=1

miη(zi − wi)yi − ηt(
N∑
i=1

mi(zi − wi)2).

In H3, x2 + y2 + z2 = w2 − 1 and w ≥ 1. Thus wi > zi, and
∑N

i=1mi(zi − wi)2 > 0.

Thus ωzw could not be a constant, a contradiction which proves Cη(t)q could not be

a solution. Thus there are no parabolic relative equilibria.

Therefore there are only five types of relative equilibria. Florin Diacu gave a nice

summary of his study on this topic in [19, 25], where he studied the criteria and

the qualitative behaviour of these solutions, and gave many examples. The following

examples of relative equilibria are based on his results.

Example 1. In S3, let us place three equal masses m1 = m2 = m3 = 13
√

39
512

at

q = (q1,q2,q3), qj = (xj, yj, zj, wj), j = 1, 2, 3, where

xj =
1

2
cos βj, yj =

1

2
sin βj, zj =

√
3

2
, wj = 0, βj =

2πj

3
.

Then the computations show that q(t) = A1,0(t)q is a positive elliptic relative equilib-

rium and q(t) = A√2,1(t)q is a positive elliptic-elliptic relative equilibrium.

Example 2. In H3, let us place three equal masses m1 = m2 = m3 = 8
√

2
9

at q =

(q1,q2,q3), qi = (xi, yi, zi, wi), i = 1, 2, 3, where

x1 = 0, y1 = 0, z1 = 0, w1 = 1

x2 = 1, y2 = 0, z2 = 0, w2 =
√

2

x3 = −1, y3 = 0, z3 = 0, w3 =
√

2.

Then the computations show that q(t) = B1,0(t)q is a negative elliptic relative equi-

librium, q(t) = B(t)0,1q is a negative hyperbolic relative equilibrium, and q(t) =

B1/2,
√

3/2(t)q is a negative elliptic-hyperbolic relative equilibrium.

Though one can check the above statements by direct computations, we will give

a better explanation of them later in this chapter. Notice that in each example the

relative equilibria can be generated from the same initial configuration. Far from

being a coincidence, this fact will be clarified soon.
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3.2 Relative Equilibria and the Effective Poten-

tials

We use Smale’s theorem to show that finding various relative equilibria of the curved

N -body problem is equivalent to finding the critical points of effective potentials.

These criteria, though equivalent to the ones given by Florin Diacu [19, 25], are quite

different from them in form and will be essential in defining the concept of central

configurations.

Theorem 2 (Smale, [84]). Suppose (M,K, V,G) is a mechanical system with sym-

metry and ξ ∈ g. Then exp(ξt)q is a relative equilibrium if and only if q is a critical

point of the real valued function on M which sends q into V (q)−K(ξM(q), ξM(q)),

the effective potential corresponding to ξ.

Recall that the relative equilibria in S3 are in the form of exp(ξ1t)q, and the

relative equilibria in H3 are in the form of exp(ξ2t)q. Let us find the corresponding

effective potentials.

Theorem 3. Let q = (q1, . . . ,qN), qi = (xi, yi, zi, wi), i = 1, ..., N, be a nonsingular

configuration in S3. Then exp(ξ1t)q = Aα,β(t)q is a relative equilibrium if and only

if this configuration satisfies the equation

β2 − α2

2
∇qi

(
N∑
i=1

mi(x
2
i + y2

i )

)
= ∇qi

U(q), i = 1, ..., N.

Let q = (q1, . . . ,qN), qi = (xi, yi, zi, wi), i = 1, ..., N, be a nonsingular configura-

tion in H3. Then exp(ξ2t)q = Bα,β(t)q is a relative equilibrium if and only if this

configuration satisfies the equations

−α
2 + β2

2
∇qi

(
N∑
i=1

mi(x
2
i + y2

i )

)
= ∇qi

U(q), i = 1, ..., N.

Proof. In Chapter 2 we have seen that the curved N -body problem problem is a

mechanical system with O(4) (O(3, 1)) symmetry. Thus Smale’s theorem applies.

The action of exp(ξit) is

exp(ξit)q = (exp(ξit)q1, ..., exp(ξit)qN).
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Thus the vector fields generated by ξ1 and ξ2 on (S3)N and (H3)N are simply ξ1q =

(ξ1q1, ..., ξ1qN) and ξ2q = (ξ2q1, ..., ξ2qN), respectively.

Recall that the kinetic energy is K(q̇, q̇) =
∑N

i=1
1
2
miq̇i · q̇i. In S3, using the fact

qi · qi = 1, we obtain

K(ξ1q, ξ1q) =
N∑
i=1

1

2
miξ1qi · ξ1qi

=
N∑
i=1

1

2
mi(−αyi, αxi,−βwi, βzi) · (−αyi, αxi,−βwi, βzi)

=
N∑
i=1

1

2
mi

(
α2(x2

i + y2
i ) + β2(z2

i + w2
i )
)

=
N∑
i=1

1

2
mi

(
α2(x2

i + y2
i ) + β2(1− x2

i − y2
i )
)

=
α2 − β2

2

N∑
i=1

mi(x
2
i + y2

i ) +
β2

2

N∑
i=1

mi.

In H3, we obtain

K(ξ2q, ξ2q) =
N∑
i=1

1

2
miξ2qi · ξ2qi

=
N∑
i=1

1

2
mi(−αyi, αxi, βwi, βzi) · (−αyi, αxi, βwi, βzi)

=
N∑
i=1

1

2
mi

(
α2(x2

i + y2
i ) + β2(w2

i − z2
i )
)

=
N∑
i=1

1

2
mi

(
α2(x2

i + y2
i ) + β2(1 + x2

i + y2
i )
)

=
α2 + β2

2

N∑
i=1

mi(x
2
i + y2

i ) +
β2

2

N∑
i=1

mi.

Recall that −U is the potential. Thus ignoring the constant, the effective potentials
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with respect to ξ1 and ξ2 are

Vξ1(q) = −U(q)−
N∑
i=1

mi

2
(α2 − β2)(x2

i + y2
i ),

Vξ2(q) = −U(q)−
N∑
i=1

mi

2
(α2 + β2)(x2

i + y2
i ).

Thus exp(ξit)q is a relative equilibrium if and only if q is a critical point of these

effective potentials, which is equivalent to the stated two equations. This remark

completes the proof.

It is remarkable that the effective potentials depend on the parameters α, β in

such a manner, which is due to the fact that the spheres are 3-dimensional. The

consequence is that a critical point of the potential −U(q)−
∑N

i=1
mi

2
(α2

1−β2
1)(x2

i +y2
i )

is also a critical point of −U(q) −
∑N

i=1
mi

2
(α2

2 − β2
2)(x2

i + y2
i ), as long as α2

1 − β2
1 =

α2
2−β2

2 . In other words, once we obtain one relative equilibrium Aα1,β1q, then Aα2,β2q

is automatically a relative equilibrium as long as α2
1−β2

1 = α2
2−β2

2 . Thus there is no

need to separate the study of relative equilibria into five categories.

3.3 An Elementary Approach

In this section, we show a result equivalent to Theorem 3 by an elementary approach.

Let q = (q1, ...,qN), qi = (xi, yi, zi, wi), i = 1, ..., N, be a nonsingular configuration

and Q(t)q a relative equilibrium, where Q(t) is Aα,β(t) or Bα,β(t). Again, to simplify

the notation, we will denote initial positions and velocities without any argument and

attach the argument t to functions depending on time.

We first substitute qi(t) = Q(t)qi, i = 1, ..., N , into equations (2.1) and obtain

miQ̈(t)qi = ∇qi
U(t)− σmi[Q̇(t)qi · Q̇(t)qi]Q(t)qi, i = 1, ..., N.

Since U is invariant under the isometry group, it is easy to see that Q−1(t)∇qi
U(t) =

∇qi
U . Multiplying to the left by Q−1(t) yields

miQ
−1(t)Q̈(t)qi = ∇qi

U − σmi[Q̇(t)qi · Q̇(t)qi]qi. (3.1)
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Theorem 4. Let q = (q1, . . . ,qN),qi = (xi, yi, zi, wi), i = 1, ..., N , be a nonsingu-

lar configuration in S3. Then Aα,β(t)q is a relative equilibrium if and only if this

configuration satisfies the equations

mi(β
2 − α2)


xi(w

2
i + z2

i )

yi(w
2
i + z2

i )

−zi(x2
i + y2

i )

−wi(x2
i + y2

i )

 = ∇qi
U, i = 1, ..., N. (3.2)

Proof. Using the fact that Aα,β(t) = exp(ξ1t) and that exp(ξ1t) and ξ1 commute,

straightforward computations show that

A−1
α,β(t)Äα,β(t) = diag(−α2,−α2,−β2,−β2),

Ȧα,β(t)qi · Ȧα,β(t)qi = α2(x2
i + y2

i ) + β2(z2
i + w2

i ).

Substituting these expressions into equations (3.1), we obtain that

mi


−α2xi

−α2yi

−β2zi

−β2wi

 = ∇qi
U −mi[α

2(x2
i + y2

i ) + β2(z2
i + w2

i )]


xi

yi

zi

wi

 , i = 1, ..., N.

Using in the above equations the identity qi · qi = 1, we can conclude that

xi
[
−α2 + α2(x2

i + y2
i ) + β2(z2

i + w2
i )
]

= xi(β
2 − α2)(z2

i + w2
i ),

yi
[
−α2 + α2(x2

i + y2
i ) + β2(z2

i + w2
i )
]

= yi(β
2 − α2)(z2

i + w2
i ),

zi
[
−β2 + α2(x2

i + y2
i ) + β2(z2

i + w2
i )
]

= −zi(β2 − α2)(x2
i + y2

i ),

wi
[
−β2 + α2(x2

i + y2
i ) + β2(z2

i + w2
i )
]

= −wi(β2 − α2)(x2
i + y2

i ).

Then we are led to equations (3.2), a remark that completes the proof.

Theorem 5. Let q = (q1, . . . ,qN), qi = (xi, yi, zi, wi), i = 1, ..., N, be a nonsingu-

lar configuration in H3. Then Bα,β(t)q is a relative equilibrium if and only if this
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configuration satisfies the equations

−mi(α
2 + β2)


xi(w

2
i − z2

i )

yi(w
2
i − z2

i )

zi(x
2
i + y2

i )

wi(x
2
i + y2

i )

 = ∇qi
U, i = 1, ..., N. (3.3)

Proof. Using the fact that Bα,β(t) = exp(ξ2t) and that exp(ξ2t) and ξ2 commute,

straightforward computations show that

B−1
α,β(t)B̈α,β(t) = diag(−α2,−α2, β2, β2),

Ḃα,β(t)qi · Ḃα,β(t)qi = α2(x2
i + y2

i )− β2(z2
i − w2

i ).

Substituting these results into equations (3.1), we obtain

mi


−α2xi

−α2yi

β2zi

β2wi

 = ∇qi
U +mi[α

2(x2
i + y2

i )− β2(z2
i − w2

i )]


xi

yi

zi

wi

 , i = 1, ..., N.

Using in the above equations the identity qi · qi = −1, we can conclude that

xi
[
−α2 − α2(x2

i + y2
i ) + β2(z2

i − w2
i )
]

= xi(α
2 + β2)(z2

i − w2
i ),

yi
[
−α2 − α2(x2

i + y2
i ) + β2(z2

i − w2
i )
]

= yi(α
2 + β2)(z2

i − w2
i ),

zi
[
β2 − α2(x2

i + y2
i ) + β2(z2

i − w2
i )
]

= −zi(α2 + β2)(x2
i + y2

i ),

wi
[
β2 − α2(x2

i + y2
i ) + β2(z2

i − w2
i )
]

= −wi(α2 + β2)(x2
i + y2

i ).

Then we are led to equations (3.3), a remark that completes the proof.

Theorem 3 and the above two theorems are equivalent. For example, in S3, define

f(x, y, z, w) = x2 + y2 as a function from S3 to R. To find the gradient of f , we

employ the trick used to derive ∇qi
qi · qj in Chapter 2. Extend f to a homogeneous

function f̄ of degree zero in the ambient space R4,

f̄(x, y, z, w) :=
x2 + y2

x2 + y2 + z2 + w2
.

Let ∇̃ be the gradient in the ambient space, and ∂
∂n

be the unit normal vector of
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the unit sphere. Since ∂f̄
∂r

= 0, we obtain (∇̃f̄)|S3 = ∇f + ∂f̄
∂r

∂
∂n

= ∇f . Thus

straightforward computations show that

∇f(x, y, z, w) = 2
(
x(w2 + z2), y(w2 + z2),−z(x2 + y2),−w(x2 + y2)

)
.

Hence we can conclude that

∇qi
I(q) = 2mi

(
xi(w

2
i + z2

i ), yi(w
2
i + z2

i ),−zi(x2
i + y2

i ),−wi(x2
i + y2

i )
)
.

Thus the right hand side of (3.2) is β2−α2

2
∇qi

(∑N
i=1 mi(x

2
i + y2

i )
)

. Theorem 3 matches

Theorem 4. Similarly, in H3,

∇qi
I(q) = 2mi

(
xi(w

2
i − z2

i ), yi(w
2
i − z2

i ), zi(x
2
i + y2

i ), wi(x
2
i + y2

i )
)
.

Thus Theorem 3 also matches Theorem 5.

3.4 Central Configurations and the Associated Rel-

ative Equilibria

We are now motivated to study the equation

∇qi
U(q) = λ∇qi

[
N∑
i=1

mi(x
2
i + y2

i )], i = 1, ..., N.

Recall that in the Newtonian N -body problem, solutions of such equation are called

central configurations [62, 90]. We introduce central configurations in S3 and H3.

We will also isolate a particular class of central configurations that corresponds to

fixed-point solutions in S3, but which don’t exist in H3. Finally, we discuss the

motions of the curved N -body problem related to central configurations, namely

relative equilibria and homothetic motions.

Definition 4. Consider N point masses m1, . . . ,mN in M3 at q = (q1, . . . ,qN), qi =

(xi, yi, zi, wi), i = 1, ..., N. The moment of inertia of the particle system is the function

I(q) :=
N∑
i=1

mi(x
2
i + y2

i ).



27

Definition 5. Assume that the point masses m1, . . . ,mN in M3 have the nonsingular

positions given by the vector q = (q1, . . . ,qN), qi = (xi, yi, zi, wi), i = 1, ..., N.

Then q is a central configuration of the curved N-body problem in M3 if it solves the

equations

∇qi
U(q) = λ∇qi

I(q), i = 1, ..., N, (3.4)

where I is the moment of inertia and the constant λ ∈ R can be viewed as a Lagrangian

multiplier. We will further refer to these conditions as the central configuration equa-

tions.

Explicitly, the central configuration equations (3.4) are

N∑
j 6=i,j=1

mjmiqj
sn3dij

−
N∑

j 6=i,j=1

mjmicsndij
sn3dij

qi = λ∇qi
I, i = 1, ..., N. (3.5)

Proposition 5. The i-th equation of the central configuration equations (3.5) holds

if and only if there is a constant θi such that

N∑
j 6=i,j=1

mjmiqj
sn3dij

− θiqi = λ∇qi
I. (3.6)

Proof. Assume that (3.6) holds. Multiply qi to the both sides of (3.6). Since qi ·qj =

σcsndij, qi · qi = σ, and qi · ∇qi
I = 0, we obtain θi =

∑N
j 6=i,j=1

mjmicsndij
sn3dij

. Thus (3.6)

is equivalent to the i-th equation of (3.5).

The following class of central configurations exists in S3 only [19, 25].

Definition 6. Consider the masses m1, . . . ,mN in S3. Then a configuration q =

(q1, . . . ,qN), qi = (xi, yi, zi, wi), i = 1, ..., N, is called a special central configuration

if it is a critical point of the force function U , i.e.

∇qi
U(q) = 0, i = 1, ..., N.

In other words, Fi = 0, i = 1, ..., N. To avoid any confusion, we will call ordinary

central configurations those central configurations that are not special.

Here is one remark on terminology. These special central configurations were

introduced in [19, 25] under the name of fixed points. Given such a configuration q,

we see with the help of Theorem 4 that A0,0(t)q is an associated relative equilibrium,
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which is a fixed-point solution: q(t) = q, p(t) = 0. This explains the old terminology.

Let us introduce some new terminology as well.

Definition 7. A central configuration q of the curved N-body problem is called

– a geodesic central configuration if it is lying on a geodesic;

– an S2 central configuration if it is lying on a great 2-sphere;

– an H2 central configuration if it is lying on a great hyperbolic 2-sphere;

– an S3 central configuration if it is not lying on any great 2-sphere;

– an H3 central configuration if it is not lying on any great hyperbolic 2-sphere.

Central configurations will play an important role in the study of the curved N -

body problem. They influence the topology of the integral manifolds [55, 84]. Now we

discuss the connection between them and the motions of the curved N -body problem.

Let

S1
xy :={(x, y, z, w) ∈ R4|x2 + y2 = 1, z = w = 0},

S1
zw :={(x, y, z, w) ∈ R4|z2 + w2 = 1, x = y = 0},

H1
zw :={(x, y, z, w) ∈ R4|z2 − w2 = −1, x = y = 0}.

Lemma 1. On (S3)N ,

∇qi
I = 0 if and only if qi ∈ S1

xy ∪ S1
zw,

On (H3)N ,

∇qi
I = 0 if and only if qi ∈ H1

zw.

Proof. On (S3)N , recall that

∇qi
I = 2mi(xi(w

2
i + z2

i ), yi(w
2
i + z2

i ),−zi(x2
i + y2

i ),−wi(x2
i + y2

i )).

On one hand, if ∇qi
I is a zero vector, then

(xi(w
2
i + z2

i ))
2 + (yi(w

2
i + z2

i ))
2 = (x2

i + y2
i )(w

2
i + z2

i )
2 = 0,

which means that qi ∈ S1
xy or S1

zw. On the other hand, it is easy to see that if

qi ∈ S1
xy ∪ S1

zw, then ∇qi
I = 0.
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On (H3)N , recall that

∇qi
I = 2mi(xi(w

2
i − z2

i ), yi(w
2
i − z2

i ), zi(x
2
i + y2

i ), wi(x
2
i + y2

i )).

Again, on one hand, if ∇qi
I is a zero vector, then

(xi(w
2
i − z2

i ))
2 + (yi(w

2
i − z2

i ))
2 = (x2

i + y2
i )(w

2
i − z2

i )
2 = 0,

which means that xi = yi = 0, since w2
i − z2

i = 1 + x2
i + y2

i 6= 0. Thus we obtain that

qi ∈ H1
zw. On the other hand, it is easy to see that if qi ∈ H1

zw, then ∇qi
I = 0. This

remark completes the proof.

Corollary 1. Consider a central configuration q = (q1, . . . ,qN), qi = (xi, yi, zi, wi),

i = 1, ..., N, in M3. Let λ be the constant in the central configuration equation

∇qi
U(q) = λ∇qi

I(q).

– If q is an ordinary central configuration in S3, then it gives rise to a one-

parameter family of relative equilibria: Aα,β(t)q with λ = β2−α2

2
.

– If q is in H3, then it gives rise to a one-parameter family of relative equilibria:

Bα,β(t)q with λ = −α2+β2

2
.

– If q is a special central configuration in S3 and not all the particles are on

S1
xy ∪ S1

zw, then it gives rise to a one-parameter family of relative equilibria:

Aα,β(t)q with 0 = β2 − α2.

– If q is a special central configuration in S3 and all the particles are on S1
xy∪S1

zw,

then it gives rise to a two-parameter family of relative equilibria: Aα,β(t)q with

α, β ∈ R.

Before proving the corollary, let us make the following remark on terminology. In

the literature, the concept of relative equilibria stands for both the central configu-

rations and the rigid motions associated to them [55, 84]. In this thesis, however, we

use the term relative equilibrium only for the associated motion.

Proof. The first two claims are obvious by Theorem 3. If q is a special central

configuration in S3, then by Theorem 3, Aα,β(t)q is an associated relative equilibrium

if and only if β2−α2

2
∇qi

I = 0 for i = 1, ..., N .
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There are two possibilities: first, if there exists some qi with ∇qi
I 6= 0, that

is, there is some qi /∈ S1
xy ∪ S1

zw, then 0 = β2 − α2, i.e., there is a one-parameter

family of relative equilibria associated to the special central configuration q: Aα,β(t)q

with 0 = β2 − α2; second, if ∇qi
I = 0 for all i, that is, qi ∈ S1

xy ∪ S1
zw for all i,

then there is no limitation for α, β, i.e., there is a two-parameter family of relative

equilibria associated to the special central configuration q: Aα,β(t)q with α, β ∈ R.

This remark completes the proof.

Remark 2. The reader may notice a gap in the proof. For a central configuration in

H3, we don’t have a one-parameter family of relative equilibria, as claimed, unless we

can show that the value of λ is always negative. This fact will be proved in Chapter

5.

Let us notice that while 3-dimensional central configurations of the Newtonian N -

body problem do not have associated relative equilibria [90], all central configurations

of the curved N -body problem have associated relative equilibria.

Now it is easy to explain what happens in Examples 1 and 2 of the first section.

In Example 1, we can check that the given configuration q is a central configuration

in S3 with λ = −1
2
. Then we obtain the positive elliptic and positive elliptic-elliptic

relative equilibria from it by letting β2−α2

2
= −1

2
. Similarly, in Example 2, the given

configuration q is a central configuration in H3 with λ = −1
2
, and we obtain the neg-

ative elliptic, negative hyperbolic, and negative elliptic-hyperbolic relative equilibria

from it by letting −α2+β2

2
= −1

2
.

In the family of relative equilibria associated to one central configuration, there

are motions of different characteristics. In S3, the relative equilibria can be positive

elliptic and positive elliptic-elliptic. In H3, they can be negative elliptic, negative

hyperbolic, and negative elliptic-hyperbolic. Furthermore, these rigid motions can be

periodic or quasi-periodic. For an ordinary central configuration in S3, the intersec-

tions of the hyperbola λ = β2−α2

2
and the line β = kα, k ∈ Q in the αβ plane give

periodic motions; otherwise, the motions are quasi-periodic. For a special central

configuration in S3 that not all particles are on S1
xy ∪ S1

zw, the relative equilibria are

always periodic. If q is on S1
xy ∪ S1

zw, then any points on the line β = kα, k ∈ Q in

the αβ plane give periodic motions; otherwise, the motions are quasi-periodic. For an

ordinary central configuration in H3, the relative equilibria are periodic if and only if

β = 0.

However, unlike in the Newtonian N -body problem, central configurations do not
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θ2
θ1

m1

m2

z

x

Figure 3.1: A central configuration of two bodies on S1
xz

provide us with homothetic solutions, which occur only in vector spaces, since they

require similarity [90]. Actually, since there is no centre of masses, it makes no sense

to talk about homothetic solutions. For a special central configuration, if we set the

particles at rest at t = 0, then we obtain a fixed-point solution. For an ordinary

central configuration, let us look at the following simple example.

Example 3. Consider a two-body central configuration on S1
xz := {(x, y, z, w) ∈

R4|x2 + z2 = 1, y = w = 0}. Let us place two masses m = (m1,m2) at qi = (xi, zi) =

(cos θi, sin θi), i = 1, 2. It will be proved in Chapter 7 that if equation

m1 sin 2θ1 +m2 sin 2θ2 = 0 (3.7)

is satisfied, then the configuration is a central configuration, see Figure 3.1. At t = 0,

set the bodies at rest. To find the solution q(t), note that the angular momentum ωxz

is

ωxz =
2∑
i=1

mi(ẋizi − xiżi) =
2∑
i=1

mi(cos2 θiθ̇i + sin2 θiθ̇i) =
2∑
i=1

miθ̇i = 0.

Thus we get m1θ1(t) + m2θ2(t) = m1θ1 + m2θ2. Obviously, they will collide at some

point θ̄. Then m1θ̄ +m2θ̄ = m1θ1 +m2θ2, so we obtain θ̄ = m1θ1+m2θ2
m1+m2

.

In some sense, if q(t) is always a central configuration, we may call it a homothetic

orbit. Notice that (3.7) implies that q is not a central configuration if q1 and q2 are

in the same quadrant. It is easy to construct examples for which θ̄ ∈ (0, π/2). Thus it

is impossible that q(t) is always a central configuration. For example, let m = (2, 1)

and (θ1, θ2) = (15◦, 135◦). Then m1 sin 2θ1 + m2 sin 2θ2 = 2 sin 30◦ + sin 270◦ = 0.

This is a central configuration at t = 0, but the bodies collide at θ̄ = 215◦+135◦

3
= 55◦.

Thus in general, we could not expect any homothetic motions from a central
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configuration. There are exceptions: the highly symmetric equilateral triangle central

configurations for three equal masses on a 2-sphere lead to motions where q(t) is

always similar (from the viewpoint of Euclidean geometry in R3) to q(0) and remains

a central configuration for all t [18]. We will discuss the details of these central

configurations later, see Chapter 6 and Chapter 7.
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Chapter 4

Central Configurations

We are now motivated to study central configurations. In this chapter we prove some

basic facts about them. We first give them physical description, which justifies the

notion of central configurations, then we define equivalent classes of central configu-

rations. In the last two sections, we collect some lemmas and theorems which would

be quite useful in our later investigations.

4.1 A Physical Description of Central Configura-

tions

It turns out that the moment of inertia I possesses a geometric meaning, which

brings some insight into this problem and provides a physical description of central

configurations.

Recall that

S1
zw = {(x, y, z, w) ∈ R4|z2 + w2 = 1, x = y = 0},

H1
zw = {(x, y, z, w) ∈ R4|z2 − w2 = −1, x = y = 0}.

Lemma 2. If A = (x, y, z, w) is a point in S3, then z2 + w2 = cos2 d(A,S1
zw). If

A = (x, y, z, w) is a point in H3, then −z2 +w2 = cosh2 d(A,H1
zw), where d(A,M) :=

infB∈M d(A,B), with A,B representing points and M being a smooth manifold.

Proof. View A as a vector in R4. Denote by R3
A the 3- (or 2-) dimensional subspace

spanned by A, ez = (0, 0, 1, 0), and ew = (0, 0, 0, 1). Denote by R2
zw the 2-dimensional

subspace spanned by ez and ew.
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In S3, the minimal geodesic connecting A and S1
zw is on the great 2-sphere S2

A =

R3
A ∩ S3. Let θ = d(A,S1

zw). Then A = Av + Ah ∈ (R2
zw)⊥ ⊕ R2

zw with ||Av|| = sin θ

and ||Ah|| = cos θ. Hence, we obtain

cos2 d(A,S1
zw) = ||Ah||2 = ||(A · ez)ez + (A · ew)ew||2 = ||zez + wew||2 = z2 + w2.

In H3, the minimal geodesic connecting A and H1
zw is on the great hyperbolic

2-sphere H2
A = R3

A ∩ H3. Let θ = d(A,H1
zw). Then similarly we have A = Av + Ah ∈

(R2
zw)⊥ ⊕ R2

zw with ||Av|| = sinh θ and ||Ah|| = cosh θ. Hence, we obtain

cosh2 d(A,H1
zw) = ||Ah||2 = ||A · ez

ez · ez
ez +

A · ew
ew · ew

ew||2

= ||zez − (−w)ew||2 = |(zez + wew) · (zez + wew)|

= |z2 − w2| = −z2 + w2.

Theorem 6. A nonsingular configuration q = (q1, . . . ,qN), qi = (xi, yi, zi, wi), i =

1, ..., N , in M3 is a central configuration if and only if

∇qi
U(q) = λmi sin[2d(qi,S

1
zw)]∇qi

d(qi,S
1
zw), i = 1, ..., N, in S3,

∇qi
U(q) = λmi sinh[2d(qi,H

1
zw)]∇qi

d(qi,H
1
zw), i = 1, ..., N, in H3,

(4.1)

where λ ∈ R is a constant.

Proof. By Lemma 2, we obtain x2
i + y2

i = sin2 d(qi,S1
zw) in S3 and x2

i + y2
i =

sinh2 d(qi,H1
zw) in H3. Thus

I =
∑

1≤i≤N

mi sin
2 d(qi,S

1
zw) in S3, I =

∑
1≤i≤N

mi sinh2 d(qi,H
1
zw) in H3.

Then the central configuration equation (3.4) can be written as (4.1).

By definition, special central configurations are special arrangements of the par-

ticles such that the force on each particles cancels. By the above theorem, ordi-

nary central configurations are special arrangements of the particles with the prop-

erty that the gravitational force produced on each particle by all the others parti-

cles points towards the geodesic S1
zw (H1

zw) and is proportional to mi sin[2d(qi,S1
zw)]

(mi sinh[2d(qi,H1
zw)]).
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Recall that in the Newtonian N -body problem, central configurations are those

arrangements of particles such that all Fi are pointing towards the centre of mass

[90]. In the curved N -body problem, instead of a point, all Fi are pointing towards

a geodesic. Furthermore, it will be shown in the last section of this chapter that all

central configurations in H3 can be found on a submanifold H2
xyw := {(x, y, z, w) ∈

R4|x2 + y2 − w2 = −1, z = 0}, and that all ordinary S2central configurations can be

found on a submanifold S2
xyz := {(x, y, z, w) ∈ R4|x2 + y2 + z2 = 1, w = 0}. The

intersection of H2
xyw and H1

zw is (0, 0, 0, 1), and the intersections of S2
xyz and S1

zw are

(0, 0,±1, 0). It is easy to see that the minimal path connecting qi on H2
xyw (S2

xyz) and

the geodesic H1
zw (S1

zw) lies on the two submanifolds. Thus we can say that for all

central configurations in H3, all Fi are pointing towards one point; for all ordinary

S2 central configurations, all Fi are pointing towards one of two points. The vector

fields ∇(x2 + y2) on the two submanifolds are sketched in Figure 4.1.

z

y

x

w

y

x

Figure 4.1: ∇(x2 + y2) on S2
xyz and H2

xyw

4.2 Equivalent Central Configurations

In this section we find a way to count central configurations. Since the inertia I is not

invariant under all rotations, it follows that central configurations are only invariant

under a subgroup of the symmetry group. Since the space is not homogeneous, it

follows that there is no way to scale the general central configurations. This fact

makes it easy to show the existence of a continuum of central configurations where

the configurations change the size. We illustrate this phenomenon with one example

in the end.

Recall that central configurations in the Newtonian N -body problem are invariant
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under translations, rotations, reflections and scaling [90]. In the curved N -body

problem, U is invariant under the symmetry group O(4) or O(3, 1). We can check by

the formula of ∇qi
U that ∇qi

U |q′=χq = χ∇qi
U |q for any χ in the symmetry group.

Though the inertia I is not invariant under all elements of the symmetry group, it

is invariant under a subgroup O(2) × O(2) (O(2)×O(1, 1)). Let χ = (χ1, χ2) ∈
O(2)×O(2) (O(2)×O(1, 1)). The action is

χq = (χq1, ..., χqN), χqi = (χ1(xi, yi)
T , χ2(zi, wi)

T ).

We can easily check that ∇qi
I|q′=χq = χ∇qi

I|q by using the formula of ∇qi
I or

Lemma 2.

There is no other obvious transform that keeps the central configuration equa-

tion. Also note that the inertia I is not involved in the equation for special central

configurations. Thus we introduce the following definition.

Definition 8. Let q = (q1, . . . ,qN), qi = (xi, yi, zi, wi), i = 1, ..., N, and q′ =

(q′1, . . . ,q
′
N), q′i = (x′i, y

′
i, z
′
i, w

′
i), i = 1, ..., N, be two central configurations in M3.

– If they are special central configurations in S3, then they are equivalent if there

is χ ∈ SO(4), such that q = χq′.

– If they are ordinary central configurations, then they are equivalent if there is

χ = (χ1, χ2) ∈ SO(2)× SO(2) (SO(2)× SO(1, 1)), such that q = χq′.

Notice that we use SO(2) × SO(2) (SO(2)× SO(1, 1)) instead of O(2) × O(2)

(O(2)×O(1, 1)). We adopt this definition to keep consistency with the critical point

characterization of central configurations, which will be introduced in Chapter 5.

Based on in Example 1, we give the following continuum of central configurations.

Example 4 (Lagrangian central configuration on S2
xyz). Recall that S2

xyz = {(x, y, z, w) ∈
S3 : w = 0}. Let three equal masses m = (1, 1, 1) be at

q = (q1,q2,q3), qj = (xj, yj, zj, wj), j = 1, 2, 3,

xj =
√

1− c2 cos βj, yj =
√

1− c2 sin βj, zj = c, wj = 0, βj =
2π(j − 1)

3
,

where c could have any value between −1 and 1, see Figure 4.2. By symmetry, we

see that ∇qi
U is pointing towards the north pole if c > 0, or towards the south pole

if c < 0. Comparing with Figure 4.1, we get that there must be some constant λ such
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that ∇qi
U = λ∇qi

I for 1 ≤ i ≤ 3. Note that d12 = d13 = d23, which is reminiscent of

the 3-body central configuration in the Newtonian N-body problem found by Lagrange

[90]. We will call them Lagrangian central configurations.

By the convention we introduced, rotating the central configurations in the xy-

plane does not lead to new central configurations, and the rotated ones still remain

on the original 2-sphere; rotating them in the zw-plane does not lead to new central

configurations either, although they will not remain on the original 2-sphere. Though

these central configurations, for different value of c, are similar in some sense, there

does not exist an element in SO(2)× SO(2) to relate any two of them. Thus we see

that there is a continuum of central configurations.

z

x

m1
m2

m3

Figure 4.2: Lagrangian central configurations on S2
xyz

In Chapter 5, we will see that, for any given masses, there is a continuum of

central configurations.

4.3 Some Useful Properties of Central Configura-

tions

In the following two sections, we collect some lemmas and theorems that would be

useful in the study of central configurations. We first prove a property that is anal-

ogous to the relationship
∑N

i=1miqi = 0 for central configurations of the Newtonian

N -body problem [62]. Then we prove results on the non-existence of special central

configurations in H3 and in hemispheres of S3, provided that at least one body is not

on the boundary of the hemisphere.
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Theorem 7. Let q = (q1, . . . ,qN), qi = (xi, yi, zi, wi), i = 1, ..., N, be an ordinary

central configuration. Then we have the relationships

N∑
i=1

mixizi =
N∑
i=1

mixiwi =
N∑
i=1

miyizi =
N∑
i=1

miyiwi = 0. (4.2)

Proof. We first prove (4.2) in S3. Let vi1 = (zi, 0,−xi, 0). Take the inner product of

both sides of the i-th equation of (3.5) with vi1. Since

qj · vi1 = zixj − xizj, qi · vi1 = 0, ∇qi
I · vi1 = 2mixizi(qi · qi) = 2mixizi,

we obtain
∑N

j=1,j 6=i
mimj

sin3 dij
(zixj − xizj) = 2λmixizi. Summing over all i leads to

2λ
N∑
i=1

mixizi =
N∑
i=1

N∑
j=1,j 6=i

mimj

sin3 dij
(zixj − xizj) = 0.

Since q is an ordinary central configuration, we have λ 6= 0. Thus we obtain∑N
i=1mixizi = 0. The other relationships in S3 can be obtained by considering

the inner product of (3.5) with

vi2 = (wi, 0, 0,−xi), vi3 = (0, zi,−yi, 0), vi4 = (0, wi, 0,−yi).

The relationships in H3 can be obtained by considering the inner product of (3.5)

with

vi1 = (zi, 0,−xi, 0), vi2 = (wi, 0, 0, xi), vi3 = (0, zi,−yi, 0), vi4 = (0, wi, 0, yi),

a remark that completes the proof.

An obvious application of equations (4.2) is that of showing with little computa-

tional effort why certain configurations are not ordinary central configurations.

The following two theorems on the non-existence of special central configurations

were first proved by Florin Diacu [19, 25]. For completeness, we reproduce the proofs

here.

Theorem 8. There are no special central configurations in H3 for any m ∈ RN+ .

Proof. For any given configurations q = (q1, ...,qN) of N masses in H3, assume that
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w1 ≤ w2... ≤ wN . Since cosh r > 1 for r 6= 0, the w-component of FN is

N−1∑
i=1

wi − cosh dNiwN

sinh3 dNi
<

N−1∑
i=1

wi − wN
sinh3 dNi

< 0.

Thus q can not be a special central configurations, a remark that completes the

proof.

Theorem 9. There are no special central configurations for any m ∈ RN+ in any

closed hemisphere of S3 (i.e. a hemisphere that contains its boundary ), as long as at

least one body does not lie on the boundary.

Proof. Let q be a configuration that lies in a closed hemisphere of S3 and such that

there is at least one body not on the boundary. Since special central configurations

are still special central configurations after any rotation in SO(4), we may assume

that q is within the hemisphere w ≥ 0 and there is some wi > 0. Suppose that

0 ≤ w1 ≤ w2 ≤ ... ≤ wN and wN > 0. Consider the w-component of F1,

F1w =
N∑
j=2

mjm1(wj − cos d1jw1)

sin3 d1j

.

Then F1w must be positive since wj − cos d1jw1 > wj − w1 ≥ 0 for each j, and

wN − cos d1Nw1 > 0. Thus q can not be a special central configurations, a remark

that completes the proof.

By Lemma 1, we have the following direct property.

Proposition 6. A central configuration q on S1
xy ∪ S1

zw is a special central configu-

ration.

4.4 Some Useful Properties of Ordinary Central

Configurations

This section focuses on lower dimensional ordinary central configurations, namely

geodesic central configurations, S2 central configurations and H2 central configura-

tions. We show that any central configuration in H3 is equivalent to some central

configuration on H2
xyw, and that any geodesic central configuration in H3 is equivalent
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to some central configuration on H1
xw. We also show that any S2 central configura-

tion in S3 can be found on S2
xyz, and that any geodesic central configuration in S3 is

equivalent to some central configuration on S1
xz.

Recall that a (hyperbolic) 2-sphere means a sphere (hyperbolic sphere) isometric

to the unit sphere (hyperbolic sphere) in R3 (R2,1). This object is the non-empty

intersection of M3 with a three-dimensional linear subspace: {(x, y, z, w) ∈ R4|ax +

by + cz + dw = 0} [14]. Similarly, a geodesic is the non-empty intersection of a

(hyperbolic) 2-sphere with a two-dimensional linear subspace.

Lemma 3. Assume that the intersection of S3 (H3) and the three dimensional linear

space V = {(x, y, z, w) ∈ R4|ax+by+cz+dw = 0} is non-empty. Let q = (q1, · · · ,qN)

(N ≥ 2) be a nonsingular configuration on the (hyperbolic) 2-sphere: V ∩M3. If ∇qi
I

are not all zero, then ∇qi
I ∈ V, i = 1, ..., N, if and only if a = b = 0 or c = d = 0.

Proof. Recall that

∇qi
I = 2mi

(
xi(w

2
i + σz2

i ), yi(w
2
i + σz2

i ),−σzi(x2
i + y2

i ),−σwi(x2
i + y2

i )
)
.

Then ∇qi
I ∈ V, i = 1, ..., N if and only if

0 = axi(w
2
i + σz2

i ) + byi(w
2
i + σz2

i )− cσzi(x2
i + y2

i )− dσwi(x2
i + y2

i )

= (axi + byi)(w
2
i + σz2

i )− σ(czi + dwi)(x
2
i + y2

i )

= (axi + byi)(w
2
i + σz2

i ) + σ(axi + byi)(x
2
i + y2

i )

= (axi + byi).

Then we also have czi + dwi = 0. Consider the matrix A :=

a b c d

a b 0 0

0 0 c d

 . Then

(q1, ...,qN) ∈ kerA. Since qi and qj are linearly independent, we obtain rank(kerA) ≥
2, which implies that rankA = 1. Therefore, we have either a = b = 0 or c = d =

0.

Now we turn to central configurations in H3. The following result has been pub-

lished in [92]. Define H2
xyw = {(x, y, z, w) ∈ H3 : z = 0}.

Theorem 10. Each central configuration in H3 is equivalent to some central config-

uration on H2
xyw.
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Proof. We first show that all central configurations in H3 must lie on a hyperbolic

2-sphere. Then we show that there is some action χ ∈ SO(2) × SO(1, 1) which

transforms that hyperbolic sphere to H2
xyw. Thus by the definition of equivalent

central configurations, each central configuration in H3 is equivalent to some central

configuration on H2
xyw.

Consider the hyperbolic 2-sphere: H2
φ := {(x, y, z, w) ∈ R4|z coshφ − w sinhφ =

0} ∩ H3. The intersection is not empty, since the linear subspace and H3 share the

point (0, 0, sinhφ, coshφ). We show that each central configuration will be confined

to only one such hyperbolic 2-sphere.

Assume that this is not the case. Suppose that there is a central configuration

q = (q1, · · · ,qN) with qi ∈ H2
φi

, φ1 ≥ φi for i 6= 1 and there is at least one i such

that φ1 > φi. Then qi can be written as (xi, yi, ρi sinhφi, ρi coshφi) with ρi > 0 since

wi = ρi coshφi > 0. By Lemma 3, ∇q1I is in the linear subspace {(x, y, z, w) ∈
R4|z coshφ1−w sinhφ1 = 0}. In order to have a central configuration, ∇q1U must be

in the linear subspace, i.e., F1z coshφ1−F1w sinhφ1 = 0, where F1z and F1w stand for

the z-component and w-component of F1, respectively. However, using the explicit

form of F1, we get

F1z coshφ1 − F1w sinhφ1

=
N∑
i=2

mim1

(
zi − z1 cosh di1

sinh3 di1
coshφ1 −

wi − w1 cosh di1

sinh3 di1
sinhφ1

)

=
N∑
i=2

mim1
ρi sinhφi coshφ1 − ρi coshφi sinhφ1 − cosh di1(z1 coshφ1 − w1 sinhφ1)

sinh3 di1

=
N∑
i=2

mim1
ρi sinh(φi − φ1)

sinh3 di1
< 0,

since φi ≤ φ1 for i 6= 1 and there is at least one i such that φi < φ1.

Thus any central configuration must lie on only one such hyperbolic sphere, say

H2
φ. Let

χ = (

[
1 0

0 1

]
,

[
coshφ − sinhφ

− sinhφ coshφ

]
) ∈ SO(2)× SO(1, 1).

Since

[
coshφ − sinhφ

− sinhφ coshφ

][
ρi sinhφ

ρi coshφ

]
=

[
0

ρi

]
, χ(H2

φ) = H2
xyw. This calculation com-
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pletes the proof.

The above theorem can be generalized to a class of mechanical systems in H3.

Consider a mechanical system in H3 with the kinetic energy K =
∑N

i=1
1
2
miq̇i · q̇i, and

the force function U =
∑

1≤i<j≤N mimjf(dij) (−U being the potential), where f(x) is

a smooth function on (0,∞). Then this mechanical system has O(3, 1) symmetry and

we can similarly define central configurations as the solutions of∇qi
U = λ∇qi

(x2
i +y

2
i )

and define equivalent central configurations.

Corollary 2. For a mechanical system in H3 as above, if f ′(x) is never zero, then

each central configuration is equivalent to some central configuration on H2
xyw.

Proof. By direct computation, we get Fij = −mimjf
′(dij)

qj−cosh dijqi

sinh dij
. Since f ′(dij)

is always positive or negative, it is easy to see that all the arguments in the proof

of the above theorem hold for this mechanical system. This remark completes the

proof.

Thus there are no H3 central configurations. However, as we shall see later, there

exist both special S3 central configurations and ordinary S3 central configurations.

Thus the set of central configurations in S3 is richer and more interesting than in H3.

Define H1
xw = {(x, y, z, w) ∈ H3 : y = z = 0}.

Corollary 3. Each geodesic central configuration in H3 is equivalent to some central

configuration on H1
xw.

Proof. By Theorem 10, every geodesic central configuration is equivalent to some

geodesic central configuration on H2
xyw. A geodesic on H2

xyw is the non-empty inter-

section of a 2-dimensional linear space V and H2
xyw. Suppose that V is defined by

{ax + by + dw = 0}. Suppose that a central configuration q is on V ∩ H2
xyw. Then

∇qi
U lies in V for all i. It implies that each ∇qi

I belongs to V . Similar to Lemma

3, it is easy to show that it is sufficient and necessary to require d = 0.

Then any geodesic central configuration is equivalent to some central configuration

on a geodesic {(x, y, w) ∈ H2
xyw|ax + by = 0}. It is easy to see that there is some

element in SO(2)×SO(1, 1) to transform the geodesic to H1
xw. This remark completes

the proof.

Now we discuss the S2 ordinary central configurations and geodesic ordinary

central configurations in S3. Define S2
xzw := {(x, y, z, w) ∈ S3 : y = 0}, S1

xz :=

{(x, y, z, w) ∈ S3 : w = y = 0} and recall that S2
xyz := {(x, y, z, w) ∈ S3 : w = 0}.
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Theorem 11. Any S2 ordinary central configuration is equivalent to some ordinary

central configuration on S2
xyz or on S2

xzw. Furthermore, there is a one-to-one corre-

spondence between the central configurations on S2
xyz and the central configurations

on S2
xzw.

Proof. Lemma 3 implies that any S2 ordinary central configuration is either on S3 ∩
{ax+ by = 0} or on S3∩{cz+dw = 0}. It is easy to see that there is some element in

SO(2)×SO(2) that would transform these 2-spheres to either S2
xyz or S2

xzw. Thus any

S2 ordinary central configuration is equivalent to some ordinary central configuration

on S2
xyz or on S2

xzw.

Let q be a central configuration on S2
xyz, i.e. ∇qi

U(q) − λ∇qi
I(q) = 0, i =

1, ..., N . Consider the orthogonal transformation ϕ(xi, yi, zi, wi) = (zi, wi, xi, yi).

Then q′ = (q′1, ...,q
′
N) = ϕq = (ϕq1, ..., ϕqN) is a configuration on S2

xzw. Note

that q′i = (x′i, y
′
i, z
′
i, w

′
i) = (zi, wi, xi, yi)

I(q′) =
N∑
i=1

mi(x
′2
i + y′

2
i ) =

N∑
i=1

mi(1− x2
i − y2

i ) =
N∑
i=1

mi − I(q),

and U(q′) = U(q). Using the formulas of ∇U and ∇I, we obtain that ∇U(q′) =

ϕ∇U(q) and ∇I(q′) = −ϕ∇I(q). Here ∇U(q′) and ∇I(q′) mean the gradient

of U and I at q′ respectively. Thus q′ satisfies the central configuration equation

∇qi
U(q′) + λ∇qi

I(q′) = 0, i=1,...,N. This remark completes the proof.

The proof of the following statement is similar to that of Corollary 3. it is easy

to prove the following corollary:

Corollary 4. Each ordinary geodesic central configuration in S3 is equivalent to some

central configuration on S1
xz.
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Chapter 5

Existence and Basic Problems

There are many interesting questions about central configurations. Fixing the masses

m ∈ RN+ , we may ask whether central configurations exist and, if so, how many

are there up to equivalent classes? In this chapter, by interpreting ordinary central

configurations as critical points of functions related to U , we show that ordinary

central configurations always exist for given masses m. But this is not the case for

special central configurations. We also discuss the computation of the Hessian of

central configurations since they are critical points. In the end, we formulate the

Winter-Smale problem for the curved N -body problem.

5.1 The Gradient Flow on Sc

By definition, special central configurations are critical points of U . The key idea

of this section is to interpret ordinary central configurations as critical points of U

restricted to Sc, which is a subset of (M3)N . We also discuss the structure of the set

Sc.

Recall that any central configuration in H3 is equivalent to some central configura-

tion on H2
xyw = {(x, y, z, w) ∈ H3 : z = 0} and that any geodesic central configuration

in H3 is equivalent to some central configuration on H1
xw = {(x, y, z, w) ∈ H3 : y =

z = 0}. From now on, unless specified otherwise, we use H2 to indicate H2
xyw, and H1

for H1
xw. We only study central configurations on H2. Then two central configurations

q,q′ on H2 are equivalent if there is some element χ in SO(2) such that χq = q′.

The action is defined by χq = (χq1, ..., χqN), χqi = (χ(xi, yi)
T , wi). The expression
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of ∇I is

∇qi
I(q) = 2mi

(
xiw

2
i , yiw

2
i , wi(x

2
i + y2

i )
)
.

Now the following properties are obvious.

Proposition 7. – A special central configuration in S3 is a critical point of the

function U : (S3)N \∆→ R.

– An ordinary central configuration q̄ in S3 is a critical point of the function

U(q)− λI(q) : (S3)N \∆→ R, where λ is some constant depending on q̄.

– A central configuration q̄ on H2 is a critical point of the function U(q)−λI(q) :

(H2)N \∆→ R, where λ is some constant depending on q̄.

In this chapter, let M be the matrix diag(m1,m1,m1,m1, ...,mN ,mN ,mN ,mN).

Introduce a metric in (R4)N
(
(R3,1)N

)
:

〈q,q〉 =
N∑
i=1

miqi · qi = q ·Mq.

For ordinary central configurations we have

〈M−1∇U,M−1∇I〉 = λ〈M−1∇I,M−1∇I〉.

Proposition 8. Let q be an ordinary central configuration, then the value of λ in the

central configuration equation is 〈M
−1∇U,M−1∇I〉

〈M−1∇I,M−1∇I〉 . For central configurations on H2, we

have λ < 0.

Proof. Since q is an ordinary central configuration, ∇I 6= 0 and 〈M−1∇I,M−1∇I〉 6=
0. Thus the value of λ for an ordinary central configuration q is 〈M

−1∇U,M−1∇I〉
〈M−1∇I,M−1∇I〉 .

On H2, direct computation leads to

〈M−1∇I,M−1∇I〉 =
N∑
i=1

4mi(x
2
iw

4
i + y2

iw
4
i − (x2

i + y2
i )

2w2
i ) =

N∑
i=1

4mi(x
2
i + y2

i )w
2
i ,
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〈M−1∇U,M−1∇I〉 =
N∑
i=1

mi

(
N∑
j 6=i

mj
qj − cosh dijqi

sinh3 dij
· (xiw2

i , yiw
2
i , (x

2
i + y2

i )wi)

)

=
∑

1≤i<j≤N

mimj

(xixj + yiyj)(w
2
i + w2

j )− wiwj(x2
i + y2

i + x2
j + y2

j )

sinh3 dij

=
∑

1≤i<j≤N

mimj

(wiwj − cosh dij)(w
2
i + w2

j )− wiwj(w2
i + w2

j − 2)

sinh3 dij

=
∑

1≤i<j≤N

mimj

− cosh dij(w
2
i + w2

j ) + (w2
i + w2

j )− (w2
i + w2

j ) + 2wiwj

sinh3 dij

=
∑

1≤i<j≤N

mimj

(w2
i + w2

j )(1− cosh dij)− (wi − wj)2

sinh3 dij
< 0.

Here we used the identities cosh dij = wiwj − (xixj + yiyj) and x2
i + y2

i − w2
i = −1.

This remark completes the proof.

This proposition fills the gap in the proof of Corollary 1. We denote by Sc the set

{q ∈ (S3)N \∆ | I(q) = c} (respectively {q ∈ (H2)N \∆ | I(q) = c}).

Proposition 9. In the case of H2, I−1(c) is homeomorphic to a (2N−1)-dimensional

sphere for each positive value of c.

Proof. Consider the homemorphism π : R2 → H2, π(x, y) = (x, y, w). The map

induces a homemorphism from (R2)N to (H2)N , which we still denote by π. Thus the

function I : (H2)N → R induces a function Ī : (R2)N → R by Ī(q′) = I(πq′), where

q′ is a point in (R2)N . It is easy to see that Ī−1(c) is homeomorphic to a (2N − 1)-

dimensional sphere for each positive value of c and Ī−1(c) is homeomorphic to I−1(c).

This remark completes the proof.

In the case of S3, consider the map I : (S3)N → [0,
∑N

i=1mi] for given masses

m1, ...,mN . Let M,N be differentiable manifolds and f : M → N a differentiable

map. Recall that f is called a submersion at x ∈M if its differential, Dfx : TxM→
Tf(x)N , is surjective. In this case, x is called a regular point, otherwise, x is a critical

point. A point y ∈ N is a regular value if the set f−1(y) consists of regular points,

otherwise, y is a critical value.

Proposition 10. The set of critical points of the map I : (S3)N → [0,
∑N

i=1mi] is(
S1
xy ∪ S1

zw

)N
and the critical values are

∑N
i=1miµi, where µi is 0 or 1. If c is not a

critical value, then I−1(c) is a smooth manifold.
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Proof. Suppose that q = (q1, . . . ,qN) is a critical point, then

∇q1I(q) = · · · = ∇qN
I(q) = 0.

By Lemma 1, this is true if and only if q ∈
(
S1
xy ∪ S1

zw

)N
. That is, x2

i + y2
i equals 0 or

1. Thus the critical values are c =
∑N

i=1miµi, where µi is 0 or 1. If c is not a critical

value, then by the regular value theorem [43], I−1(c) is a smooth manifold, a remark

that completes the proof.

The existence of these critical values makes the topology of I−1(c) complicated

in S3. We do not discuss this topic for now. Note that in the central configuration

equation, the value λ can be also interpreted as a Lagrange multiplier. More precisely,

Consider the restricted function:

U : Sc → R.

Then we have the following result.

Proposition 11. Assume that q does not lie on S1
xy ∪ S1

zw. Then the vectorfield

X = M−1∇U −M−1 〈M−1∇U,M−1∇I〉
〈M−1∇I,M−1∇I〉

∇I

is the gradient of U |Sc, the restriction of U(q) on the set Sc, with respect to the metric

〈·, ·〉. Moreover, the restpoints of this vectorfield are exactly the ordinary central

configurations in Sc. Special central configurations in S3 are the restpoints of the

gradient of U(q).

Proof. Since q /∈ S1
xy ∪ S1

zw, it is not a critical point of the map I. Then near q, Sc is

locally a submanifold and the vector field is well defined. Since 〈X,M−1∇I〉 = 0, the

vector field is tangential to Sc. For any v ∈ TqSc, we have 〈v,M−1∇I 〉 = 0, thus

〈X,v〉 = 〈M−1∇U,v〉 = dUv,

where dU is the differential of U . Thus X is the gradient flow of U on Sc. The other

statements are self-clear, a remark that completes the proof.

Besides helping to show the existence of ordinary central configurations, this

proposition also helps in other ways. The gradient flow preserves certain subman-
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ifolds of Sc. For example, the intersection of Sc and S2
xyz is invariant under the flow.

On S2
xyz, we have

∇qi
wi = ∇qi

wi√
x2
i + y2

i + z2
i + w2

i

= (−wixi,−wiyi,−wizi, 1− w2
i ) = (0, 0, 0, 1).

It is easy to get 〈X,M−1∇w〉 = 0. Then a critical point of U restricted to Sc∩(S2
xyz)

N

is also a critical point of U |Sc , thus a central configuration. In other words, we can

confine the bodies on S2
xyz to search for ordinary central configurations, a fact that

has been verified in Theorem 11.

In the Newtonian N -body problem, the set
∑N

i=1miqi = 0 is invariant under the

corresponding gradient flow. One may wonder if this is the case for the set defined

by (4.2) for the curved N -body problem. Let

F : (M3)N → R4, F (q) = (
N∑
i=1

mixizi,
N∑
i=1

miyizi,
N∑
i=1

mixiwi,
N∑
i=1

miyiwi).

LetM := F−1(0). We are interested in whetherM∩Sc is invariant under the flow X.

Note that if M∩ Sc is invariant, then M = ∪c(M∩ Sc) is also invariant. Generally,

M is not invariant under the gradient flow X. Thus though the critical points of

U |Sc always lie onM, a critical point of U restricted to Sc ∩M may not be a critical

point of U |Sc . In other words, we can’t confine the bodies on Sc ∩M to search for

ordinary central configurations. Let us look at a simple example.

Example 5. Consider three masses on H1. It is easy to see that H1 is invariant.

In this case, F : (H1)3 → R, F (q) =
∑3

i=1mixiwi. It is easy to see that M is

homemorphic to R2. If M is invariant under the flow X, then we have dFX =

〈M−1∇F,X〉 = 0. Direct computation leads to

dF =
3∑
i=1

mi(widxi + xidwi),

dFM−1∇U =
∑

1≤i<j≤3

mimj
2(xiwj + xjwi)− 2 cosh dij(xiwi + xjwj)

sinh3 dij
,

dFM−1∇I = 2
3∑
i=1

miwixi(2x
2
i + 1) = 4

3∑
i=1

miwix
3
i ,
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λ =

[ ∑
1≤i<j≤3

mimj

2xixj − cosh dij(x
2
i + x2

j)

sinh3 dij

]
/

[
3∑
i=1

miw
2
i x

2
i

]
.

Now let m = (
√

3,m, 1), q1 = (−1,
√

2),q2 = (0, 1),q3 = (
√

2,
√

3). So q ∈ M. At

q, direct computation leads to

dFX =
2(324m+ 187

√
3m+ 9

√
3 + 15)

(2 +
√

3)3(
√

3 + 3)
,

which is always positive. Thus M is not invariant.

The critical points of U |Sc are not isolated. Let q be an ordinary central config-

uration and φ an element of SO(2) × SO(2) or SO(2). Then φq is also a central

configuration. Thus it follows that the critical points of U |Sc are not isolated, but

rather occur as manifolds of critical points. Similarly, these special central configura-

tions are not isolated either. This fact suggests that we can further look at the central

configurations as critical points of U subject to a quotient manifold. Note that both

U and (M3)N are invariant under the isometry group, and the set Sc is invariant under

the subgroup SO(2)× SO(2) or SO(2). We thus have the following property.

Proposition 12. 1. There is a one-to-one correspondence between the classes of

central configurations on H2 and the critical points of the force function Û in-

duced by U on the quotient set Sc/SO(2).

2. There is a one-to-one correspondence between the classes of ordinary central

configurations in S3 and the critical points of the force function Û induced by

U on the quotient set Sc/(SO(2)× SO(2)).

3. There is a one-to-one correspondence between the classes of special central con-

figurations in S3 and the critical points of the force function Û induced by U on

the quotient set ((S3)N \∆)/SO(4).

5.2 Existence and the Hessian

Using Proposition 11, we show that ordinary central configurations always exist for

given masses m. But this is not the case for special central configurations. We also

discuss the computation of the Hessian of central configurations since they are critical

points.
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First we study the ordinary central configurations.

Theorem 12. Assume that the masses m ∈ RN+ are in S3 or H2. Then there is

at least one ordinary central configuration in S3 and at least one ordinary central

configuration in H2.

Proof. In H2, recall that Sc is the union of several open subsets of a (2N − 1)-

dimensional sphere. The boundary of each subset belongs to ∆, where U approaches

+∞. It follows that U attains a minimum at some non-singular configuration q.

This will be a critical point of U on Sc and hence an ordinary central configuration

by Proposition 11.

In S3, we need to construct a connected component of Sc on whose boundary U

approaches +∞. Recall that there are two kinds of singularities, collision singularities

and antipodal singularities, which are

∆+ : = ∪1≤i<j≤N{q ∈ (S3)N : qi = qj} \ ∪1≤i<j≤N{q ∈ (S3)N : qi = −qj},

∆− : = ∪1≤i<j≤N{q ∈ (S3)N : qi = −qj} \ ∪1≤i<j≤N{q ∈ (S3)N : qi = qj}.

U approaches +∞ as the configuration approaches ∆+, but approaches −∞ as the

configuration approaches ∆−. Thus we need to construct a connected component of

Sc whose boundary lies only in ∆+.

As discussed above, S2
xyz is an invariant submanifold of the gradient flow X. We

thus confine the particles to S2
xyz and order the masses such that 0 < m1 ≤ · · · ≤

mN ,. Let 0 < c < m1. Then Sc is a smooth manifold. Let us further choose a

configuration q ∈ Sc with all bodies lying near the North Pole (0, 0, 1), which means

that zi > 0, i = 1, ..., N . Denote by J the connected component of the manifold Sc

that contains the configuration q. We claim that the boundary of J contains only

points from ∆+.

To prove this claim, we define the sets U = {(x, y, z) ∈ S2
xyz |x2 + y2 < c/m1, z >

0}, and V = {(x, y, z) ∈ S2
xyz |x2+y2 < c/m1, z ≤ 0}. Since I(q) =

∑N
i=1mi(x

2
i +y

2
i ) ≥

m1(x2
i + y2

i ), it follows that x2
i + y2

i ≤ c/m1, i = 1, ..., N, which means that for any

configuration q ∈ J each body lies either in U or in V .

Let us now suppose that ∂J ∩ ∆− 6= ∅. Then there must exist a configuration

q̄ = (q̄1, . . . , q̄N) ∈ J such that one body is in U and the another in V , say, q̄1 ∈ U
and q̄2 ∈ V . Since J is connected, it is also path connected. Then there is a path in

J connecting q and q̄, so there is a path that connects q2 ∈ U and q̄2 ∈ V . But this
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Figure 5.1: q̄1, q̄2 and q1,q2 on S2
xyz

is impossible since U ∩ V = ∅. Thus J is a connected component of the manifold Sc

whose boundary consists only of points from ∆+.

Therefore U → +∞ as q approaches ∂J . It follows that U attains a minimum

at some configuration q, which is then a critical point of U on Sc, hence an ordinary

central configuration by Proposition 11.

It is interesting to classify central configurations by their Morse index. Recall that

if x is a critical point of a smooth function f on a manifold M, there is a Hessian

quadratic form on the tangent space TxM that is given in local coordinates by the

symmetric matrix of the second derivatives:

H(x)(v) = vTD2V (x)v.

The Morse index ind(x) is the maximum dimension of a subspace of TxM on which

H(x) is negative-definite. The nullity is the dimension of

kerH(x) = {v : H(x)(v,u) = 0 for all u ∈ TxM},

where H(x)(v,u) = vTD2V (x)u is the symmetric bilinear form associated to H(x).

We are interested in the function U |Sc given by restricting the potential to the mani-

fold Sc.

We may use the local coordinates of Sc, which is a (dN −1)-dimensional manifold

for a d-dimensional central configuration. It is more convenient to use the coordinates

of S3 (H2). Then the Hessian is given by a dN × dN matrix, also called H(x), whose

restriction to TqSc gives the correct values.
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Lemma 4. Let M be a smooth manifold, N be a submanifold of M, and f1 be a

smooth function on N . Assume that f is a smooth function on M and f |N = f1 + c,

where c is some constant, and that x ∈ N is a critical point of f and f1. Denote the

Hessian of f and the Hessian of f1 by H(x) and H1(x) respectively. Then H(x)|TxN =

H1(x).

Proof. Let (x1, · · · , xn) be a local coordinate system of N near x. Extend this system

to a local coordinate system of M near x, (x1, · · · , xn, y1, · · · , yk). Since x is the

critical point of f and f1, we get

H(x) =
∂2f

∂xi∂xj
dxi ⊗ dxj +

∂2f

∂xi∂yj
dxi ⊗ dyj +

∂2f

∂yi∂yj
dyi ⊗ dyj,

H1(x) =
∂2f1

∂xi∂xj
dxi ⊗ dxj =

∂2f

∂xi∂xj
dxi ⊗ dxj,

where we used Einstein’s summation. Now let v = ai ∂
∂xi
∈ TxN , we obtain H(x)(v) =

H1(x)(v) since ∂2f
∂xi∂yj

dxi ⊗ dyj(v) = ∂2f
∂yi∂yj

dyi ⊗ dyj(v) = 0. This remark completes

the proof.

Lemma 5. Let q be a d-dimensional ordinary central configuration, and I(q) = c.

Let λ be the value of 〈M
−1∇U,M−1∇I〉

〈M−1∇I,M−1∇I〉 at q. Then the Hessian of U : Sc → R at the

critical point q is given by H(q)(v) = vTH(q)v, where H(q) is the dN × dN matrix

H(q) = D2U − λD2I,

and D2U and D2I are the second derivatives matrices of U and I in some coordinates

of (S3)N or (H2)N .

Proof. We prove this result only in S3 since the proof for H2 is similar. Suppose

that q is an ordinary central configuration in S3. Consider the manifold (S3)N \∆,

the submanifold Sc, the smooth function U − λI : (S3)N \ ∆ → R, and the smooth

function U : Sc → R. By Proposition 7 and Proposition 11, q is a critical point of

the two functions. Restricted to the submanifold Sc, the two functions differ by a

constant since (U − λI)|Sc = U |Sc − λc. Thus by the above lemma, we see that on

TqSc, the two Hessians are the same, which is H(q) = D2U − λD2I. This remark

completes the proof.

As noticed above, the critical points of U |Sc are not isolated, which implies that

the ordinary central configuration are always degenerate as critical points for d ≥ 2.
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The following result describe the minimal degeneracy.

Proposition 13. Let q ∈ Sc be an ordinary central configuration. Then the nullity

of q as a critical point of U |Sc satisfies

null(q) ≥ 1, in H2, null(q) ≥ 2, in S3. (5.1)

Proof. In H2, consider the curve of configurations q(t) = Bα,0(t)q, which are also

central configurations in Sc with the same value of λ. Thus we have the equation

∇qi
U(q(t)) = λ∇qi

I(q(t)), i = 1, ..., N . Taking the derivative with respect to t at

t = 0, we obtain

(D2U − λD2I)Ḃα,0(0)q = 0.

Since Bα,0(t)q ∈ Sc, we get that Ḃα,0(0)q ∈ TqSc. Thus the nullity of the Hessian is

at least one.

Similarly, in S3, we see that Ȧα,0(0)q, Ȧ0,β(0)q ∈ TqSc are in the kernel of H(q).

Thus the nullity of the Hessian is at least two.

Now we study special central configurations in S3. Notice that by definition they

are critical points of U . Thus the Hessian is easy to compute.

Definition 9. N masses m ∈ RN+ (N ≥ 2) are said to be in MN if m1 + ...+mN = 1

and there exists at least one special configuration for m.

Obviously, there are no special central configurations for two bodies. If so, then

F1 = m1m2
q2−cos d12q1

sin3 d12
= 0, which implies that q1 = ±q2.

Corollary 5. M2 is empty.

Generally MN is just a subset of {RN+ |m1 + ... + mN = 1}. Now we turn to the

Hessian.

Proposition 14. Let q be a special central configuration in S3 of the masses m ∈MN .

Then the Hessian of U at the critical point q is given by H(q) = D2U(q), where D2U

is the second derivatives matrix of U in some coordinates of S3. The nullity of q as

a critical point of U : (S3)N \∆→ R satisfies

null(q) ≥ 6. (5.2)
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Proof. We only need to prove the inequality (5.2). Notice that the symmetry of

special central configurations is SO(4), which is a six-dimensional Lie group. Let ξi

i = 1, ..., 6, be the basis of so(4), we see that each ξiq is a null vector of H(q).

For ordinary central configurations and special central configurations, it is natural

to call a critical point nondegenerate if its nullity is as small as possible, given the

rotational symmetry.

Definition 10. An ordinary central configuration or special central configuration is

nondegenerate if the nullity of the corresponding critical point is as small as possible

consistent with the rotational symmetry, i.e, equality holds in (5.1) and (5.2).

5.3 The Wintner-Smale Problem in Spaces of Con-

stant Curvature

Recall that three equal masses on S2
xyz possess a continuum of central configura-

tions, see Example 4. Notice that these central configurations are on different Sc. In

general, there is no obvious way to relate central configurations in Sc1 and central

configurations in Sc2 . Thus we consider them belonging to different classes of cen-

tral configurations. Notice that the existence proof of ordinary central configurations

works for other constant values of I. Hence there always exist central configura-

tions on Sc for c belonging to some open intervals. So we have the following obvious

consequence.

Corollary 6. Assume that the masses m1, . . . ,mN are in S3 or H2. Then for any

positive values these masses take, the set of ordinary central configurations has the

power of the continuum.

Recall that the Wintner-Smale problem (Smale’s 6th problem) asks whether for

some given masses, m1, . . . ,mN > 0, the number of classes of planar central config-

urations for the Newtonian N -body problem is finite or not [86]. If we extend the

problem to the curved N -body problem in the following way: whether for some given

masses, m1, . . . ,mN > 0, the number of classes of central configurations for the curved

N -body problem is finite or not, then this extension has an obvious and uninteresting

answer. We modify the problem as follows for ordinary central configurations.

In the curved N -body problem, for given positive masses m1, . . . ,mN and all

possible values of c, is the number of ordinary central configurations on Sc finite?
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From now on, we will say that several masses possess a continuum of ordinary

central configurations if the continuum of central configurations is on a certain set

Sc. We will see in Chapter 7 that even for two equal masses, m1 = m2 =: m, there is

a continuum of central configurations on Sm.

For special central configurations, we need to first study the mass set MN ∈ RN+ .

Thus we modify the problem as follows.

1. Characterize MN .

2. In the curved N -body problem in S3, for given positive masses m ∈MN , is the

number of special central configurations finite?
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Chapter 6

Central Configurations on H2

Recall that we denote by H2 the particular hyperbolic 2-sphere H2
xyw and denote by

H1 the particular hyperbola H1
xw. We give a few examples of central configurations

on H2 and show that there is a neighbourhood of the singularity set where no central

configurations exist. We then study the geodesic central configurations and generalize

the celebrated Moulton’s theorem of the Newtonian N -body problem. We also study

their Hessian. Based on the exact count of the geodesic central configurations and

their index, we give a lower bound for the number of central configurations on Sc by

Morse inequality. Those familiar with the Newtonian N -body problem would notice

that the above results are similar to the results on central configurations on R2. It is

not surprising since H2 is homeomorphic to R2 and that two potentials on R2 and H2

are similar.

In the end, we focus on the non-geodesic central configurations of three bodies.

Surprisingly, most of them are not equilateral triangles, which is different from the

Newtonian N -body problem [90].

In this chapter, let ri = (x2
i + y2

i )
1/2.

6.1 Examples and the Extension of Shub’s Lemma

We derive another form of the central configuration equation which would be useful

later. After several examples, we show that there is a neighbourhood of the singularity

set where no central configurations exist. In other words, the central configurations

set on Sc is compact.

Proposition 15. Consider the masses m1, . . . ,mN > 0 on H2 at the configuration
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q = (q1, . . . ,qN), where qi = (xi, yi, wi). If qi 6= (0, 0, 1), then the i-th equation of

(3.5) can be written as

N∑
j=1,j 6=i

mj(xixj + yiyj − r2
i cosh dij)

sinh3 dij
= 2λr2

iw
2
i ,

N∑
j=1,j 6=i

mj(xiyj − xjyi)
sinh3 dij

= 0. (6.1)

Proof. Since qi 6= (0, 0, 1), so ri = (x2
i + y2

i )
1/2 > 0. Then the following three vectors

vi1 = (xi, yi, 0), vi2 = (−yi, xi, 0), vi3 = (0, 0, wi),

form an orthogonal basis of Tqi
R2,1. Recall that

∇qi
U =

N∑
j=1,j 6=i

mimj
qj − cosh dijqi

sinh3 dij
, ∇qi

I = 2mi(xiw
2
i , yiw

2
i , wir

2
i ).

Then ∇qi
U = λ∇qi

I is equivalent to ∇qi
U · vik = λ∇qi

I · vik, k = 1, 2, 3. We obtain

N∑
j=1,j 6=i

mimj

sinh3 dij
(xixj + yiyj − r2

i cosh dij) = λ2mir
2
iw

2
i ,

N∑
j=1,j 6=i

mimj

sinh3 dij
(xiyj − yixj) = 0,

N∑
j=1,j 6=i

mimj

sinh3 dij
(−wiwj + w2

i cosh dij) = −λ2mir
2
iw

2
i .

Adding the first and the third equation we obtain an identity. Thus the equation

∇qi
U = λ∇qi

I is equivalent to (6.1).

We give two examples of central configurations.

Example 6 (Lagrangian central configurations of three equal masses). Let three equal

masses m = (m,m,m) be at

q = (q1,q2,q3), qj = (xj, yj, wj), j = 1, 2, 3,

xj = r cos βj, yj = r sin βj, wj =
√

1 + r2, βj =
2π(j − 1)

3
, j = 1, 2, 3,

where r could be any positive value, see Figure 6.1. By symmetry, we see that ∇qi
U

is pointing towards the vertex A = (0, 0, 1), so it is collinear with ∇qi
sinh2 d(qi, A).
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Figure 6.1: Lagrangian central configurations on H2
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Figure 6.2: One geodesic central configurations on H1

Thus the central configuration equation (4.1), ∇qi
U = λ∇qi

mi sinh2 d(qi, A), is sat-

isfied. Note that d12 = d13 = d23, which is reminiscent of the 3-body central con-

figuration in the Newtonian N-body problem found by Lagrange [90], so we will call

them Lagrangian central configurations. Using the formula given in Proposition 8, we

obtain

λ =
〈M−1∇U,M−1∇I〉
〈M−1∇I,M−1∇I〉

=
−3m

2 sinh3 d12

= − m

2
√

3r3
(
1 + 3r2

4

)3/2
,

since cosh d12 = 1 + 3r2

2
, sinh d12 =

√
cosh2 d12 − 1.

Example 7 (Geodesic central configurations of three equal masses). Let three equal

masses m = (m,m,m) be at

q1 = (−r, w), q2 = (0, 1), q3 = (r, w),

with r being any positive value and r2 − w2 = −1, see Figure 6.2. Let us check that

the central configuration equation (4.1): ∇qi
U = λ∇qi

mi sinh2 d(qi, A), is satisfied.

For q2, the symmetry implies that ∇q2U = F2 = 0. Lemma 1 says that ∇q2I = 0,

so (4.1) holds for i = 2. For q1 and q3, the symmetry implies that |F1| = |F3|
and they are collinear with ∇qi

sinh2 d(qi, A). Thus the central configuration equation
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∇qi
U = λ∇qi

mi sinh2 d(qi, A) holds also for i = 1, 3.

Using the formula given in Proposition 8, we obtain

d12 = d23, r2
2 = 0, r2

1 = r2
3 = r2,

x1x2 + y1y2 = x2x3 + y2y3 = 0, x1x3 + y1y3 = −r2.

cosh d12 = w, sin3 d12 = r3, cosh d13 = w2 + r2, sinh3 d13 = 8r3w3,

which yield

λ = − m

2w2

(
cosh d12

sinh3 d12

+
1 + cosh d13

sinh3 d13

)
= − m

2r3

(
1

w
+

1

4w3

)
.

6.1.1 The Extension of Shub’s Lemma

Let us extend Shub’s Lemma [80] to spaces of constant curvature. In its original form,

this lemma shows that there are no central configurations near the singularity set ∆

in Sc for given masses in the Newtonian N -body problem.

Recall that Sc = {q ∈ (H2)N \ ∆|I(q) = c}. Let X be a point in ∆, X =

(q′1, ...,q
′
k1
,q′k1+1, ...,q

′
k2
, ...,q′∗, ...,q

′
N), where q′1 = ... = q′k1 , q′k1+1 = ... = q′k2 , q′∗ =

... = q′N , q′i = (x′i, y
′
i, w

′
i). Assume that

∑N
i=1mi(x

′2
i + y′2i ) = c, i.e., X belongs to

I−1(c). Our purpose is to show that there is some neighbourhood U of X in I−1(c),

such that there are no central configurations in Sc ∩ U . We represent a point in such

a neighbourhood of X by q = (q1,q2, ...qN),

qi = (x′i + δi1, y
′
i + δi2, w

′
i + δi3),

with qi ∈ H2, q /∈ ∆, and I(q) = c. The configuration X defines a partition of the

bodies into clusters, where mi,mj are in the same cluster if there is an l such that

kl < i < j ≤ kl+1 or ∗ ≤ i < j ≤ N .

We can assume that there are at least two clusters away from (0, 0, 1). If there is

no such cluster, then q′1 = ... = q′N = (0, 0, 1). This contradicts with the fact that∑N
i=1 mi(x

′2
i + y′2i ) = c. If there is only one such cluster, say, (x′1, y

′
1, w

′
1) 6= (0, 0, 1),

and q′k1+1 = ... = q′N = (0, 0, 1), then equation (4.2),
∑N

i=1 mixiwi = 0, can’t be
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satisfied for q sufficiently close to X, since

N∑
i=1

mixiwi ≈
k1∑
i=1

mix
′
iw
′
i +

N∑
i=k1+1

mix
′
iw
′
i = x′1w

′
1(

k1∑
i=1

mi).

Thus q can’t be a central configuration.

Proposition 16. For fixed masses m1, ...mN on H2, there is a neighbourhood of ∆

in Sc that contains no central configurations.

Proof. We need to show that the force function U =
∑

1≤i<j≤N mimj coth dij re-

stricted to the (2N − 1)-sphere I−1(c) has no critical points in a neighbourhood of

X ∈ ∆ ∩ I−1(c). Let X be the point as defined above. We have shown that we can

assume that there are at least two clusters away from (0, 0, 1). Thus, we may require

k1 ≥ 2, q′N 6= q′1, and q′N 6= (0, 0, 1).

We use (x, y) as the local coordinates of H2 and let q̄i = (xi, yi). We proceed as

follows: It is easy to find that the differential of U is

dU =
N∑
i=1

∂U

∂xi
dxi +

∂U

∂yi
dyi =

N∑
i=1

(
N∑

j=1,j 6=i

mimj

xj − wj

wi
xi

sinh3 dij
dxi +mimj

yj − wj

wi
yi

sinh3 dij
dyi

)
.

For a point q ∈ Sc that approaches X, we will pick a bounded vector v(q) =

(v1,v2, ...vN) ∈ TqSc such that

dUv→ −∞.

If this is done, then we can conclude that any point q ∈ Sc sufficiently close to X

can’t be a critical point of U |Sc . Let vi = (vi1, vi2) = vi1
∂
∂xi

+ vi2
∂
∂yi
. We do this by

letting

1. vi = w2
i q̄i = w2

i (xi, yi), 1 ≤ i ≤ k1,

2. vk1+1 = vk1+2 = ... = v∗−1 = 0,

3. vi = wiv0, ∗ ≤ i ≤ N ,

where v01(
∑N

i=∗miwixi)+v02(
∑N

i=∗miwiyi) = −
∑k1

1 miw
2
i r

2
i . Note that this is a linear

equation of (v01, v02) for any given q and that the coefficients have the property

(
N∑
i=∗

miwixi,
N∑
i=∗

miwiyi) ≈ (
N∑
i=∗

mi)(w
′
Nx
′
N , w

′
Ny
′
N) 6= (0, 0),
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for q sufficiently close to X. So we can always find such a v0 = (v01, v02). The vector

v constructed in this way is bounded and it is in TqSc, since

dIv =
N∑
i=1

mi(xivi1 + yivi2) =

k1∑
1

miw
2
i r

2
i + v01(

N∑
i=∗

miwixi) + v02(
N∑
i=∗

miwiyi) = 0.

Let us show that dUv→ −∞ for q sufficiently close to X. Note that we can write

( ∂U
∂xi
, ∂U
∂yi

) =
∑N

j=1,j 6=i
mimj

sinh3 dij
(q̄j − wj

wi
q̄i). Let · be the inner product in R2. Then

dUv =

k1∑
i=1

(
∂U

∂xi
,
∂U

∂yi
) · vi +

∗−1∑
i=k1+1

(
∂U

∂xi
,
∂U

∂yi
) · vi +

N∑
i=∗

(
∂U

∂xi
,
∂U

∂yi
) · vi.

The first sum goes to −∞ when q→ X. Explicitly,
∑k1

i=1( ∂U
∂xi
, ∂U
∂yi

) · vi is

k1∑
i=1

k1∑
j=1,j 6=i

mimj

sinh3 dij
(q̄j −

wj
wi

q̄i) · vi +

k1∑
i=1

N∑
j=k1+1

mimj

sinh3 dij
(q̄j −

wj
wi

q̄i) · vi

=
∑

1≤i<j≤k1

mimj

sinh3 dij

(
(q̄j −

wj
wi

q̄i) · vi + (q̄i −
wi
wj

q̄j) · vj
)

+O(1)

=
∑

1≤i<j≤k1

mimj

sinh3 dij

(
(w2

i + w2
j )q̄i · q̄j − wiwj(q̄i · q̄i + q̄j · q̄j)

)
+O(1),

where O(1) means a bounded term. Note that (w2
i +w2

j )q̄i · q̄j−wiwj(q̄i · q̄i + q̄j · q̄j)
is

(xixj + yiyj)(w
2
i + w2

j )− wiwj(r2
i + r2

j )

= (wiwj − cosh dij)(w
2
i + w2

j )− wiwj(w2
i + w2

j − 2)

= − cosh dij(w
2
i + w2

j ) + (w2
i + w2

j )− (w2
i + w2

j ) + 2wiwj

= (w2
i + w2

j )(1− cosh dij)− (wi − wj)2 ≤ (w2
i + w2

j )(1− cosh dij).

When q approaches X, dij approaches 0 for 1 ≤ i < j ≤ k1. Thus

k1∑
i=1

(
∂U

∂xi
,
∂U

∂yi
) · vi ≤

∑
1≤i<j≤k1

mimj

sinh3 dij
(w2

i + w2
j )(1− cosh dij) +O(1)

≤
∑

1≤i<j≤k1

− mimj

sinh3 dij
(w2

1 + w2
2)(

d2
12

2
+
d4

12

4!
+ ...)→ −∞.
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The second sum is obviously zero. The third sum is bounded. Explicitly,
∑N

i=∗(
∂U
∂xi
, ∂U
∂yi

)·
vi is

N∑
i=∗

∗−1∑
j=1

mimj

sinh3 dij
(q̄j −

wj
wi

q̄i) · vi +
∑

∗≤i<j≤N

mimj

sinh3 dij
[(q̄j −

wj
wi

q̄i) · vi + (q̄i −
wi
wj

q̄j) · vj]

= O(1) +
∑

∗≤i<j≤N

mimj

sinh3 dij
(wiq̄j · v0 − wjq̄i · v0 + wjq̄i · v0 − wiq̄j · v0)

= O(1).

We have shown that dUv → −∞ for q sufficiently close to X, where v ∈ TqSc is

bounded. Thus q can’t be a critical point of U |Sc when q is sufficiently close to X, a

remark that completes the proof.

6.2 Geodesic Central Configurations

In this section, we study geodesic central configurations. In the Newtonian N -body

problem, Moulton’s theorem completely solves the Wintner-Smale problem in the 1-

dimensional case [64]. By a similar approach, we obtain the exact number of geodesic

central configurations on Sc. We also discuss the inverse problem of geodesic central

configurations. Recall that we have shown that any geodesic central configuration in

H2 is equivalent to some central configuration on H1.

Theorem 13. Given masses m1, . . . ,mN > 0 on H1, for any c > 0, there are exactly

N !/2 geodesic central configurations on Sc, one for each ordering of the masses along

H1.

Proof. We follow the idea used to prove Moulton’s theorem of the Newtonian N -

body problem, [1, 62]: first show that the manifold Sc contains N ! components, each

homemorphic to an (N − 1)-dimensional disk; then prove that the critical points of

U |Sc are local minima on these disks; then show that there is just one minimum on

each such disk.

To prove that each ordering of the N masses corresponds to an open (N − 1)-

disk of Sc, we again use the homomorphism π : R1 → H1, π(x) = (x,w). The map

induces a homemorphism from (R1)N to (H1)N , which we still denote by π. Thus

the function I : (H1)N → R induces a function Ī : (R1)N → R by Ī(q′) = I(πq′),

where q′ is a point in (R1)N . It is easy to see that Ī−1(c) is homeomorphic to I−1(c).



63

Define the singularity set in (R1)N as ∆ = ∪1≤i<j≤N{q′ ∈ (R1)N : xi = xj}. Then

π is a homomorphism between the singularity set in (H1)N and the singularity set of

(R1)N . Therefore, the set Sc = {q ∈ (H1)N \∆|I(q) = c} is homemorphic to the set

{q′ ∈ (R1)N \ ∆′|Ī(q′) = c}, which consists of N ! open (N − 1)-disks [1, 62] (each

corresponding to an ordering). Thus we prove that each ordering of the N masses

corresponds to an open (N − 1)-disk of Sc.

Let V be one of these open disks. Its boundary belongs to ∆, where U approaches

+∞. Thus we conclude that there is at least one minimum in V . This minimum

gives a central configuration. We now show that every critical point q of U |V is

a local minimum by studying the Hessian H(q) on TqSc. We use (sinh θ, cosh θ)

as the coordinates of H1 and assume that the disk V corresponds to the ordering

θ1 < θ2 < ... < θN . By Lemma 5, on TqSc, the Hessian is given by the N × N

matrix D2U(q) − λD2I(q), where λ is the constant in the equation of the central

configuration equation and it is negative by Proposition 8. Then

U =
∑

1≤i<j≤N

mimj coth(θj − θi), I =
N∑
i=1

mi(x
2
i + y2

i ) =
N∑
i=1

mi sinh2 θi.

Straightforward computations show that H(q) = D2U(q)− λD2I(q) is

2



N∑
j=1,j 6=1

m1mj cosh d1j
sinh3 d1j

−m1m2 cosh d12
sinh3 d12

· · · −m1mN cosh d1N
sinh3 d1N

−m2m1 cosh d12
sinh3 d12

N∑
j=1,j 6=2

m2mj cosh d2j
sinh3 d2j

· · · −m2mN cosh d2N
sinh3 d2N

· · · · · · · · · · · ·

−m1mN cosh d1N
sinh3 d1N

· · · · · ·
N∑

j=1,j 6=N

mNmj cosh dNj

sinh3 dNj



− 2λ


m1 cosh 2θ1 0 · · · 0

0 m2 cosh 2θ2 · · · 0

· · · · · · · · · · · ·
0 · · · · · · mN cosh 2θN

 .

For the first matrix, take any nonzero vector v = (v1, · · · , vN), not necessarily in
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TqSc. We have

vT (D2U)v =
N∑
i=1

N∑
j=1

(D2U)ijvivj = 2
N∑
i=1

N∑
j=1
j 6=i

mimj cosh dij

sinh3 dij
v2
i

−2
N∑
i=1

N∑
j=1
j 6=i

mimj cosh dij

sinh3 dij
vivj =

N∑
i=1

N∑
j=1
j 6=i

mimj cosh dij

sinh3 dij
(vi − vj)2 ≥ 0.

The equality holds only for v = k(1, 1, ..., 1) = k
∑N

i=1
∂
∂θi

. The second matrix is

always positive-definite, which makes the sum of the two matrices positive-definite.

Therefore, the Hessian is positive-definite on the subspace TqSc and the critical point

q is a local minimum of U |V .

Now we show that such a minimum of U |V is unique. Assume that there are two

such minima. Connect these two points with a continuous family of curves. As the

two ends are local minima, there must be a local maximum on each curve. Then the

minimum of all these maxima must be a saddle point of U |V , in contradiction with

the positive-definiteness of the Hessian.

Note that a 180◦ rotation in the xy-plane changes the ordering, which means that

we counted each case twice, so there are exactly N !/2 classes of geodesic central

configurations, a remark that completes the proof.

We use (sinh θ, cosh θ) as the coordinates of H1. Now let us talk about the inverse

problem: suppose λ and the N distinct points θ1, θ2, ..., θN are given, and consider

the problem of determining m ∈ RN+ so that the geodesic central configuration exists.

The following discussion is similar to the discussion in [64]. There will be no loss of

generality by fixing the ordering such that θ1 < ... < θN . Then

U =
∑

1≤i<j≤N

mimj coth(θj − θi), I =
N∑
i=1

mi(x
2
i + y2

i ) =
N∑
i=1

mi sinh2 θi.
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Thus the central configuration is given by the equations

0 +
m2

sinh2 d12

+...+
mN−1

sinh2 d1,N−1

+
mN

sinh2 d1N

= λ sinh 2θ1,

− m1

sinh2 d12

+ 0 +...+
mN−1

sinh2 d2,N−1

+
mN

sinh2 d2N

= λ sinh 2θ2,

...
...

− m1

sinh2 dN−1,1

− m2

sinh2 dN−1,2

+...− 0 +
mN

sinh2 dN−1,N

= λ sinh 2θN−1,

− m1

sinh2 dN1

− m2

sinh2 dN2

+...− mN−1

sinh2 dN,N−1

+0 = λ sinh 2θN .

This is a linear system on the masses. The solution space of the linear system depends

on the determinant of D, the coefficient matrix. Note that D is an anti-symmetric

matrix.

When N is even, detD is the square of an associate Pfaffian [70], and in general

is not zero. Therefore, generally, for given λ, θ1, ..., θN , there always exists a unique

solution of masses in RN . However, these masses are not necessarily all positive.

When N is odd, then detD = 0. But the minors of the the main diagonal entries

are anti-symmetric matrices of even order, thus generally they are non-zero. So the

rank of the coefficient matrix is generally N − 1, which implies that the vector on the

right hand side (sinh 2θ1, ..., sinh 2θN) has to satisfy one linear relation. Recall that

for ordinary central configurations we have (4.2), which is

N∑
i=1

mixiwi =
1

2

N∑
i=1

mi sinh 2θi = 0.

Adding this equation to the system, we obtain a homogeneous linear system of

(λ,m1, ...,mN) with the coefficient matrix

E :=



0 sinh 2θ1 sinh 2θ2 ... sinh 2θN

− sinh 2θ1 0 1
sinh2 d12

... 1
sinh2 d1N

− sinh 2θ2 − 1
sinh2 d12

0 ... 1
sinh2 d2N

...
...

− sinh 2θN
1

sinh2 dN1

1
sinh2 dN2

... 1
sinh2 dN,N−1


,

which is anti-symmetric and of even order. Thus the determinant, the square of the
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associate Pfaffian, must be zero such that the system has solutions in RN+1. The

Pfaffian is a polynomial on entries of E, which is determined by θ1, θ2, ..., θN . Thus

when N is odd, the configuration itself has to satisfy one equation for the existence

of a geodesic central configuration.

6.3 A Lower Bound for the Number of Central

Configurations by Morse Theory

While it is generally not easy to study the index of central configurations analytically,

it turns out that each geodesic central configuration ofN bodies has indexN−2. Then

we describe how to use Morse theory to prove the existence of central configurations.

This is a generalization of the result of Palmore [68] in the planar Newtonian N -body

problem.

Now we study the Hessian of the N !/2 geodesic central configurations on Sc =

{q ∈ (H2)N \∆|I(q) = c}. For our purpose, we use the coordinate system of H2,

(x, y, w) = (sinh θ, cosh θ sinhϕ, cosh θ coshϕ), θ, ϕ ∈ R.

Then H1 corresponds to ϕ = 0. Restricted to ϕ = 0, this system is identical with

the one we used in the proof of the previous theorem, especially, dij = |θi − θj|. This

system gives a homemorphism between R2 = (θ, ϕ) and H2. Then

U =
∑

1≤i<j≤N

mimj coth dij, I =
N∑
i=1

mi(x
2
i +y2

i ) =
N∑
i=1

mi(sinh2 θi+cosh2 θi sinh2 ϕi).

Order the coordinates as (θ1, ..., θN , ϕ1, ..., ϕN). For a geodesic central configuration

(θ1, ..., θN , 0, ..., 0), direct computations lead to

H(q) = D2U − λD2I =

[
∂2U
∂θi∂θj

0

0 ∂2U
∂ϕi∂ϕj

]
− λ

[
∂2I

∂θi∂θj
0

0 ∂2I
∂ϕi∂ϕj

]
.

Thus it is enough to study the upper left block Hθ := [ ∂2U
∂θi∂θj

− λ ∂2I
∂θi∂θj

]N×N and the

lower right block Hϕ : [ ∂2U
∂ϕi∂ϕj

− λ ∂2I
∂ϕi∂ϕj

]N×N .

Obviously, the upper left block Hθ is the same as the matrix obtained in the proof

of the previous theorem. We have proved that this matrix is positive-definite. More
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precisely, this block acts on Tq(H1)N , which is spanned by the N vectors ∂
∂θi

, ..., ∂
∂θN

.

In this N -dimensional space, there is a 1-dimensional subspace that is not in TqSc.

It is generated by

∇I =
N∑
i=1

mi sinh 2θi
∂

∂θi
,

which is actually orthogonal to Sc. Thus we see that there is an (N − 1)-dimensional

subspace (in the geodesic directions) of TqSc on which H(q) is positive-definite.

The lower right block acts on the complementary subspace spanned by the N

vectors ∂
∂ϕi

, ..., ∂
∂ϕN

. At the geodesic central configuration q, it is easy to see that

dI ∂
∂ϕi

= 0 for each i since ϕi = 0. Thus the N -dimensional subspace belongs to TqSc.

Explicitly, this block is

Hϕ =



N∑
j=1,j 6=1

−m1mj cosh θ1 cosh θj
sinh3 d1j

m1m2 cosh θ1 cosh θ2
sinh3 d12

· · · m1mN cosh θ1 cosh θN
sinh3 d1N

m2m1 cosh θ1 cosh θ2
sinh3 d12

N∑
j=1,j 6=2

−m2mj cosh θ2 cosh θj
sinh3 d2j

· · · m2mN cosh θ2 cosh θN
sinh3 d2N

· · · · · · · · · · · ·
m1mN cosh θ1 cosh θN

sinh3 d1N
· · · · · ·

N∑
j=1,j 6=N

−mNmj cosh θN cosh θj
sinh3 dNj



− 2λ


m1 cosh2 θ1 0 · · · 0

0 m2 cosh2 θ2 · · · 0

· · · · · · · · · · · ·
0 · · · · · · mN cosh2 θN

 .

First, notice that there is a null vector of H(q) in this subspace. Proposition 13

shows, by the SO(2) symmetry, that there is at least one null vector for the Hessian

of any central configuration on H2. In the xyw-coordinates, obviously, the null vector

is

v =
N∑
i=1

−yi
∂

∂xi
+ xi

∂

∂yi
=

N∑
i=1

xi
∂

∂yi
.

Expressed in the θ, ϕ coordinates, it is in the subspace spanned by the N vectors ∂
∂ϕi

,

..., ∂
∂ϕN

, and

v =
N∑
i=1

− sinh θi
cosh θi

∂

∂ϕi
= −

(
0, ...0,

sinh θ1

cosh θ1

, ...,
sinh θN
cosh θN

)
. (6.2)
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Thus v is a null vector of Hϕ.

We will need the following inequalities on distance.

Proposition 17. On H1 = (sinh θ, cosh θ), for N distinct points with θ1 < θ2 < · · · <
θN , we have the following inequalities:

1. if k < i < j, then 1
sinh3(θj−θk) cosh θj

< 1
sinh3(θi−θk) cosh θi

;

2. if i < j < k, then 1
sinh3(θk−θj) cosh θj

> 1
sinh3(θk−θi) cosh θi

.

Proof. If k < i < j, what we need to show is

sinh3(θj − θk) cosh θj − sinh3(θi − θk) cosh θi > 0.

View this as a function of θj, i.e.,

f(x) = sinh3(x− θk) coshx− sinh3(θi − θk) cosh θi, x > θi.

Then f(θi) = 0, and

f ′(x) = sinh3(x− θk) sinhx+ 3 sinh2(x− θk) cosh(x− θk) coshx

= sinh2(x− θk) (sinh(x− θk) sinhx+ 3 cosh(x− θk) coshx)

= sinh2(x− θk) cosh(2x− θk) + 2 sinh2(x− θk) cosh(x− θk) coshx > 0.

So for k < i < j, we always have 1
sinh3(θj−θk) cosh θj

< 1
sinh3(θj−θk) cosh θi

. The proof of the

other inequality is similar.

The following theorem extends the result on the indices of geodesic central con-

figurations in R3 [52]. As done in [67], the essential idea of the proof is due to Conley.

Theorem 14. Every geodesic central configuration q on H2 is nondegenerate with

null(q) = 1 and ind(q) = N−2. In the geodesic tangent directions, which are (N−1)-

dimensional, H(q) is positive definite, while in the normal directions it is positive on

a 1-dimensional subspace, zero on another 1-dimensional subspace, negative-definite

on the rest (N − 2)-dimensional subspaces.

Proof. We first simplify the form of the matrix Hϕ. Introduce the following three
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N ×N matrices:

C : = diag{cosh θ1, · · · , cosh θN},

M : = diag{m1, · · · ,mN},

A : =



N∑
j=1,j 6=1

−mj cosh θj
coshθ1 sinh3 d1j

m2

sinh3 d12
· · · mN

sinh3 d1N

m1

sinh3 d12

N∑
j=1,j 6=2

−mj cosh θj
cosh θ2 sinh3 d2j

· · · mN

sinh3 d2N

· · · · · · · · · · · ·
m1

sinh3 d1N
· · · · · ·

N∑
j=1,j 6=N

−mj cosh θj
cosh θN sinh3 dNj


.

Then it is easy to check that Hϕ = CM(A − 2λ)C. Thus to study the eigenvalues

of Hϕ is equivalent to studying the eigenvalues of A− 2λ. Precisely, note that M− 1
2

and C−
1
2 are well defined. Then Hϕ is congruent to G1 := (C−

1
2 )THϕC

− 1
2 , which is

similar to C
1
2G1C

− 1
2 = HϕC

−1 = CM(A− 2λ). Similarly, we can get rid of CM . By

Sylvester’s law of inertia [37], we have

n0(Hϕ) = n0(A− 2λ), n−(Hϕ) = n−(A− 2λ), n+(Hϕ) = n+(A− 2λ),

where n0(∗) is the number of zero eigenvalues of matrix ∗, n−(∗) the number of

negative eigenvalues, and n+(∗) the number of positive eigenvalues.

To study the eigenvalues of A− 2λ, it is enough to study the eigenvalues of A and

compare them with the negative number 2λ. First, notice that there are two obvious

eigenvectors of A:

v1 = (cosh θ1, · · · , cosh θN), Av1 = 0v1,

v2 = (sinh θ1, · · · , sinh θN), Av2 = 2λv2.

The first vector can be obtained by inspecting the matrix A. The second vector v2

equals −Cv, where v = −( sinh θ1
cosh θ1

, ..., sinh θN
cosh θN

) is the null vector of Hϕ, see (6.2). Since

Hϕv = CM(A− 2λ)Cv = 0, we have

ACv = 2λCv, ⇒ Av2 = 2λv2.

Now we employ the idea of Conley to show that all other eigenvalues of A are
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smaller than 2λ. The idea is to consider the linear system in RN :

u̇ = Au,u = (u1, · · · , uN) ∈ RN .

Conley observed that to show that all other eigenvalues of A are smaller than 2λ

is equivalent to showing that, in the flow on RN , the line determined by v2 is an

attractor. It is enough to find a “cone”, K, around v2 that is carried strictly inside

itself by the flow (except for the origin).

RN−1

u1

v1

v2

K

Figure 6.3: The linear flow in RN .

Suppose that the ordering of the geodesic central configuration q is θ1 < θ2 <

· · · < θN . Then let

K =

{
u ∈ RN |

N∑
i=1

mi cosh θiui = 0,
u1

cosh θ1

≤ u2

cosh θ2

≤ · · · ≤ uN
cosh θN

}
.

Endow RN with the metric by the matrix M . Then the cone K is in the (N − 1)-

dimensional subspace perpendicular to v1. Note that v2 ∈ K. First, by equation

(4.2), we have 0 =
∑N

i=1 mixiwi =
∑N

i=1mi sinh θi cosh θi. Second, since tanh θ is

an increasing function, we have sinh θ1
cosh θ1

≤ sinh θ2
cosh θ2

≤ · · · ≤ sinh θN
cosh θN

. The boundary ∂K

consists of points for which one or more equalities hold. However, except for the origin,

at least one inequality must hold (otherwise u = k(cosh θ1, · · · , cosh θN) = kv1).

Consider a boundary point with

u1

cosh θ1

≤ · · · ui
cosh θi

= · · · = uj
cosh θj

≤ · · · ≤ uN
cosh θN

.
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To prove that at this point the flow is pointing inwards, see Figure 6.3, we need to

show
u̇j

cosh θj
− u̇i

cosh θi
> 0. Direct computation shows that

u̇j
cosh θj

− u̇i
cosh θi

is

N∑
k=1,k 6=j

mk

cosh θj sinh3 dkj

(
uk −

uj cosh θk
cosh θj

)
−

N∑
k=1,k 6=i

mk

cosh θi sinh3 dki

(
uk −

ui cosh θk
cosh θi

)

=
N∑

k=1,k 6=i,j

mk

(
uk

sinh3 dkj cosh θj
− uj cosh θk

cosh2 θj
− uk

sinh3 dki cosh θi
+
ui cosh θk

cosh2 θi

)
+

mi

sinh3 dij cosh θj

(
ui −

uj cosh θi
cosh θj

)
− mj

sinh3 dij cosh θi

(
uj −

ui cosh θj
cosh θi

)
.

Since ui
cosh θi

=
uj

cosh θj
, the last two terms are zero, and the first part can be nicely

written as

N∑
k=1,k 6=i,j

mk

(
uk −

ui cosh θk
cosh θi

)(
1

sinh3 dkj cosh θj
− 1

sinh3 dki cosh θi

)
.

Every term in this sum is non-negative:

1. If k < i, then uk − ui cosh θk
cosh θi

≤ 0 and 1
sinh3 dkj cosh θj

− 1
sinh3 dki cosh θi

< 0 by Propo-

sition 17.

2. If i ≤ k ≤ j, then uk − ui cosh θk
cosh θi

= 0.

3. If i < k, then uk − ui cosh θk
cosh θi

≥ 0 and 1
sinh3 dkj cosh θj

− 1
sinh3 dki cosh θi

> 0 by Propo-

sition 17.

Moreover, at least one term is strictly positive since at least one inequality in the

definition of the cone must hold. Thus we have proved
u̇j

cosh θj
− u̇i

cosh θi
> 0 on ∂K and

the boundary point moves into the interior of the cone as required. This proves that

all the other eigenvalues of A are smaller than 2λ, thus the N eigenvalues of A− 2λ

are −2λ > 0, 0, λ3 < 0, · · · , λN < 0. Therefore we get

n0(Hϕ) = n0(A−2λ) = 1, n−(Hϕ) = n−(A−2λ) = N−2, n+(Hϕ) = n+(A−2λ) = 1.

This remark completes the proof.

We can now extend the result of Smale [85] and Palmore [68] on the number of

central configurations in the Newtonian N -body problem. We will make use of Morse
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theory and assume that, for generic masses, the central configurations has nullity 1,

the minimum value compatible with the symmetry, see Proposition 13.

Recall that a central configuration on H2 is a critical point of U : Sc → R and that

Sc = {q ∈ (H2)N \∆|I(q) = c}. The group SO(2) acts freely on Sc, which reduces U

as a smooth function on the quotient manifold

M = (Sc)/SO(2).

A Morse function is such a function that all its critical points are nondegenerate.

Thus assuming that the all central configurations for generic masses are nondegenerate

is the same as assuming that all critical points of U : M → R are nondegenerate,

that is, U :M→ R is a Morse function. Recall that the critical points of U :M→ R

correspond to classes of central configurations in a 1-1 manner. Thus the counting of

central configurations is the same as the counting of critical points of U restricted to

the quotient manifold.

The Morse inequality relates the indices of critical points of a Morse function on

a smooth manifold to the topology of the manifold. The inequality is most easily

expressed in terms of polynomial generating functions. Define a Morse polynomial

M(t) =
∑
k

γkt
k, γk = number of critical points of index k

and the Poincaré polynomial P (t) =
∑

k βkt
k, where βk is the k-th Betti number of

the manifold. By the Betti numbers, we mean the ranks of the homology groups

Hk(M,R) with real coefficients. Then the Morse inequalities can be written as

M(t) = P (t) + (1 + t)R(t),

where R(t) is some polynomial with non-negative integer coefficients [43]. Thus the

Poincaré polynomial can be used to get an estimate of the number of critical points.

The above Morse inequality holds for a compact manifold. The manifold we are

interested is Sc, a non-compact manifold. Recall that Proposition 16 shows that the

critical point set of U |Sc is compact and that, near the boundary of Sc, U approaches

+∞. Thus we can restrict to a compact set of the form K = {q ∈ Sc : U(q) ≤ U0}
for some sufficiently large U0. Therefore, Morse inequality applies.

The following two proofs are almost the same as in the Newtonian N -body prob-
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lem, but we reproduce them here for completeness. For more details, we refer the

readers to the nice book [52].

Proposition 18. For the curved N-body problem in H2, the Poincaré polynomial of

Sc/SO(2) is

P (t) = (1 + 2t)...(1 + (N − 1)t).

Proof. Consider again the homemorphism π : R2 → H2, π(x, y) = (x, y, w). The map

induces a homemorphism from (R2)N to (H2)N , which we still denote by π. Thus the

function I : (H2)N → R induces a function Ī : (R2)N → R by Ī(q′) = I(πq′), where q′

is a point in (R2)N . Note that π is also a homemorphism between the singularity set

∆ in (H2)N and ∆′ = ∪1≤i<j≤N{q′ ∈ (R2)N ; q′i = q′j}. Then Sc ' Ī−1(c) \∆′. Also

π commutes with the SO(2) action on R2. Thus we obtain

Sc/SO(2) =M' (Ī−1(c) \∆′)/SO(2).

Note that (R2)N \ ∆′ ' R+ × (I−1(c) \∆′). By induction [52], we can find that

the Poincaré polynomial of (R2)N \∆′ is

(1 + t)(1 + 2t)...(1 + (N − 1)t).

Now Künneth’s theorem from algebraic topology shows that the Poincaré polynomial

of a product space is the product of the Poincaré polynomials of the factors. Then

the Poincaré polynomial of Ī−1(c) \ ∆′ is the same as the Poincaré polynomial of

(R2)N \∆′ since the Poincaré polynomial of R+ is 1.

There is a global cross-section to the SO(2) action consisting of all the points in

Ī−1(c) \∆′, where the vector q′1 to q′2 is the direction of the positive first-coordinate

axis [52]. By this, there is a homemorphism

[(Ī−1(c) \∆′)/SO(2)]× SO(2) ' Ī−1(c) \∆′.

Since the Poincaré polynomial of SO(2) ' S1 is (1 + t), we see that the Poincaré

polynomial of M is

P (t) = (1 + 2t)...(1 + (N − 1)t)

by Künneth’s theorem. This remark completes the proof.

Proposition 19. Suppose that all of the central configurations are nondegenerate for

a certain choice of masses in the curved N-body problem in H2. Then on Sc (c > 0),
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there are at least
(3N − 4)(N − 1)!

2

central configurations, of which at least

(2N − 4)(N − 1)!

2

are non-geodesic.

Proof. Obviously, the compact subset K = {q ∈ Sc : U(q) ≤ U0} is homotopic

to Sc, where U0 is sufficiently large. Thus the Poincaré polynomial of K/SO(2) is

P (t) = (1 + 2t)...(1 + (N − 1)t). We have assumed that U is a Morse function on

K/SO(2). We further assume that its Morse polynomial is

M(t) =
2N−2∑
k=0

γkt
k, γk = number of critical points of index k.

Thus the Morse inequality implies that there is some R(t) with non-negative integer

coefficients such that M(t) = P (t) + (1 + t)R(t). The simplest estimate is obtained

by setting t = 1,
2N−2∑
k=0

γk ≥ P (1) ≥ N !/2,

which predicts the existence of the N !/2 geodesic central configurations. Theorem

14 shows that the index of each geodesic central configuration in K/SO(2) is N − 2.

Then γN−2 is at least N !/2. On the other hand, the coefficient of tN−2 in P (t) is

2 · 3...(N − 1) = (N − 1)!.

Let R(t) =
∑

k rkt
k. Then the coefficient of tN−2 in (1 + t)R(t) is rN−2 + rN−3. So

rN−2 + rN−3 + (N − 1)! ≥ N !/2.

Setting t = 1 in the Morse inequality now gives

2N−2∑
k=0

γk ≥ N !/2 + 2(rN−2 + rN−3) ≥ 3N !/2− 2(N − 1)! =
(3N − 4)(N − 1)!

2
.

Subtracting N !/2 gives the non-geodesic estimate. This remark completes the proof.
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6.4 Central Configurations in the 3-Body Problem

In this section, we study the 3-body non-geodesic central configurations. We obtain

one necessary condition, which implies that all equilateral triangle central configura-

tions must have equal masses.

When N = 3, Proposition 19 gives that the lower bound of non-geodesic central

configurations is 2.

Corollary 7. For generic three masses on H2, there are at least two non-geodesic

central configurations on Sc.

Lemma 6. Consider three masses m ∈ R3
+ on H2 at q = (q1,q2,q3), qi = (xi, yi, wi).

Suppose that q is a non-geodesic central configuration. Then there is some k 6= 0 such

that

(w1, w2, w3) = k(sinh3 d23, sinh3 d13, sinh3 d12). (6.3)

Proof. Let q̄i = (xi, yi). Then the equations (4.2)
∑3

i=1miwixi =
∑3

i=1miwiyi = 0

can be written as
3∑
i=1

miwiq̄i = 0.

This can be viewed as a linear relation of the three vectors q̄1, q̄2 and q̄3. Then

rank(q̄1, q̄2, q̄3) = 2, since it is greater than one. If the rank is one, consider the

2-dimensional plane V := {(x, y, w) ∈ H2|yx1 = xy1}. Then all three particles are on

V , so the configuration is on a geodesic.

Thus no particle could be at the vertex (0, 0, 1) and the second equation of (6.1)

applies, which can be written as

0 =
3∑

j=1,j 6=i

mj det[q̄j, q̄i]

sinh3 dij
= det

[
3∑

j=1,j 6=i

mjq̄j

sinh3 dij
, q̄i

]
.

Then we obtain three more linear relations of q̄1, q̄2 and q̄3:
∑3

j=1,j 6=i
mjq̄j

sinh3 dij
+θiq̄i =

0 for i = 1, 2, 3. Since rank(q̄1, q̄2, q̄3) = 2, all linear relations are the same up to a

constant. Consider the first two relations,

m1w1q̄1 +m2w2q̄2 +m3w3q̄3 = 0, θ1q̄1 +
m2q̄2

sinh3 d12

+
m3q̄3

sinh3 d13

= 0.
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We obtain
w2

1/ sinh3 d12

=
w3

1/ sinh3 d13

, or
w2

sinh3 d13

=
w3

sinh3 d12

.

Similarly, we get w1

sinh3 d23
= w3

sinh3 d12
. So we have

w1

sinh3 d23

=
w2

sinh3 d13

=
w3

sinh3 d12

,

which implies that (w1, w2, w3) and (sinh3 d23, sinh3 d13, sinh3 d12) are collinear, as de-

sired.

With this necessary condition, we show that the equilateral triangle central con-

figurations exist only for three equal masses. This result has been partially obtained

in [29], where Florin Diacu and S. Popa showed that an equilateral triangle nega-

tive elliptic relative equilibrium must have three equal masses. By Corollary 1, we

can conclude that equilateral triangle negative elliptic-hyperbolic relative equilibria

and equilateral triangle negative hyperbolic relative equilibria must have three equal

masses. Hence we state this result in the context of central configurations.

Corollary 8. For a central configuration formed by three bodies on H2, by saying that

they are on w = c is equivalent to saying that they form an equilateral triangle. For

these central configurations, the three masses must be equal.

Proof. The first claim is clear from (6.3). For these central configurations, the two

conditions that w1 = w2 = w3 and that d12 = d13 = d23 imply that their position is

given by

qi = (r cos(βi + α), r sin(βi + α), w), βi =
2iπ

3
, i = 1, 2, 3.

Thus the three vectors q̄1, q̄2 and q̄3 have another linear relation: q̄1 + q̄2 + q̄3 = 0.

Compared with the first relation derived above,
∑3

i=1miwiq̄i = 0, we obtain m1 =

m2 = m3, as desired.
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Chapter 7

Ordinary Central Configurations in

S3

In this chapter, we study the ordinary central configurations in S3. As mentioned in

Chapter 5, the topology of the set Sc is much more complex than in H2, which makes

the study harder. Thus we concentrate only on the simple cases: geodesic central

configurations and S2 central configurations of three bodies. Recall that they can be

found on S1
xz and S2

xyz by Theorem 11 and Corollary 4. Unless otherwise stated, in

this chapter, we use S1 and S2 for S1
xz and S2

xyz respectively.

We first give several examples, then turn to geodesic central configurations of two

and three masses. We find that Moulton’s theorem cannot be generalized directly.

Surprisingly, there is a continuum of central configurations on some Sc for two equal

masses. For three masses, we study the inverse problem: for a given configuration on

S1, find positive masses such that a geodesic central configuration exists. In the end,

we study the 3-body non-geodesic central configurations. We obtain one necessary

condition which shows that all equilateral triangle central configurations must have

equal masses. This condition also leads to the existence of another class of central

configurations, which are easy to describe.

In this chapter, let ri = (x2
i + y2

i )
1/2 and ρi = (z2

i + w2
i )

1/2.

7.1 Examples

One class of the following examples are S3 central configurations, which contrast with

what happens in H3. It also shows the complexity of classifying central configurations
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in S3.

Proposition 20. Consider the masses m1, . . . ,mN > 0 on S3 at the configuration

q = (q1, . . . ,qN), where qi = (xi, yi, wi). If qi = (xi, yi, zi, wi) /∈ S1
xy ∪ S1

zw, then the

i-th equation of (3.5) can be written as

∑N
j=1,j 6=i

mj(xixj + yiyj − r2
i cos dij)

sin3 dij
= 2λr2

i ρ
2
i∑N

j=1,j 6=i
mj(xiyj − xjyi)

sin3 dij
= 0∑N

j=1,j 6=i
mj(ziwj − zjwi)

sin3 dij
= 0.

(7.1)

Proof. Since qi /∈ S1
xy ∪ S1

zw, the following four vectors

vi1 = (xi, yi, 0, 0), vi2 = (−yi, xi, 0, 0), vi3 = (0, 0, zi, wi), vi4 = (0, 0,−wi, zi),

form an orthogonal basis of Tqi
R4. Recall that

∇qi
U =

N∑
j=1,j 6=i

mimj
qj − cos dijqi

sin3 dij
, ∇qi

I = 2mi(xiρ
2
i , yiρ

2
i ,−zir2

i ,−wir2
i ).

That ∇qi
U = λ∇qi

I is equivalent to that ∇qi
U · vik = λ∇qi

I · vik, k = 1, 2, 3, 4. We

obtain

N∑
j=1,j 6=i

mimj

sin3 dij
(xixj + yiyj − r2

i cos dij) = λ2mir
2
i ρ

2
i ,

N∑
j=1,j 6=i

mimj

sin3 dij
(xiyj − yixj) = 0,

N∑
j=1,j 6=i

mimj

sin3 dij
(zizj + wiwj − ρ2

i cos dij) = −λ2mir
2
i ρ

2
i ,

N∑
j=1,j 6=i

mimj

sin3 dij
(ziwj − wizj) = 0.

Adding the first and the third equation we obtain an identity. Thus the equation

∇qi
U = λ∇qi

I is equivalent to (7.1).

Example 8 (Lagrangian central configurations of three equal masses). Let three equal
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masses m = (m,m,m) on S2 be at

q = (q1,q2,q3), qj = (xj, yj, zj), j = 1, 2, 3,

xj = r cos βj, yj = r sin βj, zj =
√

1− r2, βj =
2π(j − 1)

3
,

see Figure 7.1. This example has appeared in Chapter 4, where we used it as an

z

x

m1
m2

m3

Figure 7.1: Lagrangian central configurations on S2
xyz

illustration of central configuration counting. We proved there that it is a central

configuration. Using the formula given in Proposition 8, we obtain

λ =
〈M−1∇U,M−1∇I〉
〈M−1∇I,M−1∇I〉

=
−3m

2 sin3 d12

= − m

2
√

3r3
(
1− 3r2

4

)3/2
,

since cos d12 = 1− 3r2

2
, sin d12 =

√
1− cos2 d12.

Example 9 (Geodesic central configurations of three equal masses). Let three equal

masses m = (m,m,m) on S1 be at

q1 = (−x, z), q2 = (0, 1), q3 = (x, z),

where z 6= 0,±1, see Figure 7.2. Let N be the north pole (0, 1). Let us check that

the central configuration equation (4.1), ∇qi
U = λ∇qi

mi sin
2 d(qi, N), is satisfied.

For q2, the symmetry implies that ∇q2U = F2 = 0. Lemma 1 says that ∇q2I = 0,

so (4.1) holds for i = 2. For q1 and q3, the symmetry implies that |F1| = |F3|
and they are collinear with ∇qi

sin2 d(qi, N). Thus the central configuration equation

∇qi
U = λ∇qi

mi sin
2 d(qi, N) holds also for i = 1 and 3.
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m2 N

m3m1

z

x

Figure 7.2: One geodesic central configurations on S1

Using the formula given in Proposition 8, we obtain

d12 = d23, r2
2 = 0, r2

1 = r2
3 = x2,

x1x2 + y1y2 = x2x3 + y2y3 = 0, x1x3 + y1y3 = −x2.

cos d12 = z, sin3 d12 = |x|3, cos d13 = z2 − r2, sin3 d13 = 8|x|3|z|3,

which yield

λ = − m

2z2

(
cos d12

sin3 d12

+
1 + cos d13

sin3 d13

)
= − m

2|x|3

(
1

z
+

1

4|z|3

)
.

Recall that there is no 3-dimensional central configurations in H3, see Theorem

10. In S3, we will construct a 2-parameter family of 3-dimensional ordinary central

configurations of five masses. This example has been published in [92]. Suppose that

the masses are m1 = m2 = m,m3 = m4 = m5 = 1, and their positions are given by

x1 = 0, y1 = 0, z1 = cos θ, w1 = sin θ,

x2 = 0, y2 = 0, z2 = cos θ, w2 = − sin θ,

x3 = r, y3 = 0, z3 = c, w3 = 0,

x4 = r cos
2π

3
, y4 = r sin

2π

3
, z4 = c, w4 = 0,

x5 = r cos
4π

3
, y5 = r sin

4π

3
, z5 = c, w5 = 0,

where c ∈ (−1, 1) \ {0}, r > 0, r2 + c2 = 1 and θ ∈ (0, π) \ {π
2
}. Such configurations

depend on two parameters, c and θ, and we denote them by q(c, θ). It is easy to see

that these configurations are not confined to any 2-sphere. In Figure 7.3, we illustrate
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such a configuration in a R3 hyperplane by the stereographic projection of S3 from

(0, 0, 1, 0) onto the corresponding equatorial R3 hyperplane, i.e.,

x̄ =
x

1− z
, ȳ =

y

1− z
, w̄ =

w

1− z
.

w̄

x̄

ȳ
x̄2 + ȳ2 + w̄2 = 1

m1

m2

m3

m4

m5

Figure 7.3: A configuration q(c, θ) with (c, θ) ∈ (−1, 0)× (0, π
2
).

This example is harder to verify, thus we state it in a proposition.

Proposition 21. For any (c, θ) ∈ (−1, 0) × (0, π
2
) and (c, θ) ∈ (0, 1) × (π

2
, π) the

configurations q(c, θ) constructed above are central configurations if

m = − 3c| sin3 2θ|
2 cos θ(1− c2 cos2 θ)3/2

. (7.2)

Generally, they are ordinary central configurations.

Proof. We check that the central configuration equations ∇qi
U = λ∇qi

I, i = 1, ..., 5,

are satisfied. The function U can be written as U = U1 + U2, where

U1 = cot d34 + cot d45 + cot d35, U2 = m2 cot d12 +m
5∑
i=3

(cot d1i + cot d2i).

Note that the three equal masses m3, m4, and m5 form an ordinary central config-

uration themselves, i.e., ∇qi
U1 = λ1∇qi

I, for i = 3, 4, 5, λ1 = −3
2 sin3 d34

, see Example

8. Note that ∇q1I = ∇q2I = 0 by Lemma 1. Thus ∇qi
U = λ∇qi

I is satisfied if and

only if there is some constant λ2 such that

∇qi
U2 = λ2∇qi

I, i = 3, 4, 5, and F1 = F2 = 0.
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By symmetry, we only need to check ∇q3U2 = λ2∇q3I, and F1 = 0.

Note that d13 = d23 = d14 = d24 = d15 = d25, d34 = d45 = d35, and

cos d12 = cos 2θ, cos d13 = c cos θ, cos d34 =
3

2
c2 − 1

2
.

Some straightforward computation shows

∇q3U2 = F31 + F32 =
m(q1 − cos d13q3)

sin3 d13

+
m(q2 − cos d23q3)

sin3 d23

=
m

sin3 d13

(q1 + q2 − 2 cos d13q3) =
m

sin3 d13

((0, 0, 2 cos θ, 0)− 2c cos θ(r, 0, c, 0))

=
−2mr cos θ

sin3 d13

(c, 0,−r, 0)

Recall that ∇q3I = (x3ρ
2
3, y3ρ

2
3,−z3r

2
3,−w3r

2
3) = 2rc(c, 0,−r, 0). Thus we can write

that

∇q3U2 = λ2∇q3I, λ2 =
−m cos θ

c sin3 d13

.

By direct computation, we obtain

F1 = F12 +
5∑
j=3

F1j =
m2

| sin3 2θ|
(q2 − cos 2θq1) +

5∑
i=3

m

sin3 d13

(qi − cos d13q1)

=
m2

| sin3 2θ|
(q2 − cos 2θq1) +

m

sin3 d13

(
5∑
i=3

qi − 3c cos θq1)

= m sin θ

(
2m cos θ

| sin3 2θ|
+

3c

sin3 d13

)
(0, 0, sin θ,− cos θ).

Thus F1 = 0 if and only if m = − 3c| sin3 2θ|
2 cos θ(1−c2 cos2 θ)3/2

. Since we need positive masses,

c cos θ needs to be negative.

We have thus obtained a 2-parameter family of central configurations q(c, θ) for

any (c, θ) ∈ (−1, 0) × (0, π
2
), and (c, θ) ∈ (0, 1) × (π

2
, π). The central configuration

equations ∇qi
U = λ(c, θ)∇qi

I, i = 1, ..., 5, are satisfied, and the constant is

λ(c, θ) = λ1 + λ2 =
−3

2 sin3 d34

− m cos θ

c sin3 d13

=
−3

2 sin3 d34

+
3| sin3 2θ|
2 sin6 d13

=
3

2

(
−8

3
√

3(1 + 3c2)3/2(1− c2)3/2
+

| sin3 2θ|
(1− c2 cos2 θ)3

)
,

which is zero on a 1-dimensional manifold. Factually, the set λ = 0 is homeomorphic
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to two open intervals. Thus generally, q(c, θ) are ordinary central configurations.

This remark completes the proof.

Moreover, if (c, θ) ∈ (−1, 0)× (0, π
2
), then the masses m3,m4,m5 are contained in

the unit ball, x̄2 + ȳ2 + w̄2 ≤ 1, and the masses m1,m2 are outside it, see Figure 7.3.

This happens because

w̄1 =
w1

1− z1

=
sin θ

1− cos θ
> 1, x̄2

3 + ȳ2
3 = (

x3

1− z3

)2 + (
y3

1− z3

)2 =
1 + c

(1− c)
< 1.

Similarly, if (c, θ) ∈ (0, 1)× (π
2
, π), then masses m3,m4,m5 are outside the unit ball,

but the masses m1,m2 are inside the ball.

7.2 Geodesic Central Configurations of Two and

Three Bodies

In this section, we focus on geodesic central configurations. For N = 2, We find the

number of geodesic central configurations on Sc for c ∈ (0,m1 + m2) (when c equals

one of the endpoints, we get special central configurations ). For N = 3, We find all

possible shapes that allow positive masses to form central configurations.

Notice that the symmetry group of ordinary central configurations SO(2)×SO(2)

contains two elements[
−1 0

0 −1

]
×

[
1 0

0 1

]
,

[
1 0

0 1

]
×

[
−1 0

0 −1

]
.

Restricted on S1
xz, they are (x, z) → (−x, z) and (x, z) → (x,−z). Thus we can

always assume that one particle, say m1, belongs to a particular quadrant.

For N = 2, we use the coordinates (x, z) = (− sin θ, cos θ), where θ is measured

from (0, 1) anti-clockwise, see Figure 7.4. Assume that q1 is in the second quadrant,

but not at the endpoints. Otherwise, ∇q1I = 0 by Lemma 1, but ∇q1U is not

zero since there are only two bodies, which implies that there will be no central

configurations. Thus let q1 = (− sin θ1, cos θ1), q2 = (− sin θ2, cos θ2), 0 ≤ θ1 <

θ2 ≤ 2π, θ1 ∈ (0, π
2
). Then

U(q) = m1m2 cot d12 and I(q) = m1 sin2 θ1 +m2 sin2 θ2,
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θ2

θ1

m2

m1

z

x

Figure 7.4: A configuration of two masses on S1

where d12 = min{θ2 − θ1, 2π − (θ2 − θ1)}.

Theorem 15. Consider two masses m1 and m2 on S1 with positions q1 and q2 as

above. Then these bodies can form a central configuration if and only if

m1 sin 2θ1 +m2 sin 2θ2 = 0. (7.3)

The number of central configurations depends on the size I(q) = c and it is given

in the table below, where m̄ := m1 +m2. The table on the left is for m1 < m2, whereas

the table on the right is for the m1 = m2 =: m.

size: I(q) = c number

c ∈ (0,m1) 2

c ∈ [m1,m2] 0

c ∈ (m2, m̄) 2

size: I(q) = c number

c ∈ (0,m) 2

c = m ∞
c ∈ (m, m̄) 2

When the masses are equal and c = m, all of the ∞ central configurations are degen-

erate and the set they form has the power of the continuum.

Proof. The central configuration equation ∇qi
U = λ∇qi

I, i = 1, 2, is given by ∂U
∂θ1

=

λ ∂I
∂θ1

and ∂U
∂θ2

= λ ∂I
∂θ2
. Explicitly, they are

±m1m2

sin2(θ2 − θ1)
= λm1 sin 2θ1 and

∓m1m2

sin2(θ2 − θ1)
= λm2 sin 2θ2,

where the signs depend on whether d12 equals θ2 − θ1 or 2π − (θ2 − θ1). From these

equations we obtain the condition

m1 sin 2θ1 +m2 sin 2θ2 = 0.
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1

c
m1 m2 m̄

1

c
m m̄

Figure 7.5: The graphs of sin2 θ2 = c(m1−c)
m2(m̄−2c)

for m1 < m2 (left) and m1 = m2 =: m

(right) in coordinates (c, sin2 θ2).

This relationship implies that θ2 ∈
(

1
2
π, π

)
or θ2 ∈

(
3
2
π, 2π

)
.

To find the number of central configurations on Sc, we solve the systemm1 sin2 θ1 +m2 sin2 θ2 = c

m1 sin 2θ1 +m2 sin 2θ2 = 0,

and obtain

sin2 θ2 =
c(m1 − c)
m2(m̄− 2c)

and sin2 θ1 =
c(m2 − c)
m1(m̄− 2c)

.

Notice that sin 2θi 6= 0, so let

0 <
c(m1 − c)
m2(m̄− 2c)

< 1, 0 <
c(m2 − c)
m1(m̄− 2c)

< 1.

We are then led to

0 < c < m1, m2 < c < m̄,

a fact that can also be seen in the graphs of Figure 7.5, where a typical function of

the form c(m1−c)
m2(m̄−2c)

is represented for m1 < m2, on the left, and m1 = m2, on the right.

Thus having c in this range, we can solve for θi, i = 1, 2. Using the fact that

θ1 ∈
(
0, π

2

)
and θ2 ∈

(
1
2
π, π

)
∪
(

3
2
π, 2π

)
, we see that there are exactly two central

configurations for each c: (θ1, θ2) ∈
(
0, π

2

)
×
(

1
2
π, π

)
and (θ1, θ2+π) ∈

(
0, π

2

)
×
(

3
2
π, 2π

)
.

If m1 = m2 = m and I = m, the system reduces to

sin2 θ1 + sin2 θ2 = 1, sin 2θ1 + sin 2θ2 = 0,

The two equations are not independent. The solution is a 1-dimensional manifold:

{θ1 ∈ (0, π/2), θ2 = θ1 + π/2 or θ2 = θ1 + 3π/2}. Thus there is a continuum

of central configurations on Sm. Moreover, Sm is this 1-dimensional manifold, on
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which U = m2 cot(π
2
) = 0. As critical points of U |Sm , the nullity is bigger than the

dimension of the symmetry, which is zero in this case.

Thus all central configurations on Sm are degenerate. This remark completes the

proof.

Thus we see that Moulton’s theorem can not be generalized to S1 even for N = 2.

For higherN , it is more difficult to find the number of central configurations on Sc. We

discuss the inverse problem: suppose that λ and the N distinct points θ1, θ2, ..., θN

are given, and consider the problem of determining m ∈ RN+ so that the geodesic

central configurations exist [64]. Similar to the discussion in Chapter 6, there is a

unique solution of the masses for even N , though some mi may be negative. For odd

N , there are solutions of the masses if the shape satisfies one equation (to make the

Pfaffian of a certain matrix zero). We study this in detail for N = 3. This result is

the main part of [91].

We return to the usual angular coordinates of S1, (x, z) = (cos θ, sin θ). As dis-

cussed at the beginning of this section, we assume that q1 belongs to the first quadrant

θ1 ∈ [0, π
2
]. Furthermore, recall the transform in SO(4) that maps a central configu-

ration on S2
xyz to a central configuration on S2

xzw,

(x, y, z, w)→ (z, w, x, y).

Restricted on S1, it is (x, z) → (z, x), the reflection about the straight line z = x.

Since we are concerned only with the shapes, after this reflection θ1 = 0 becomes

θ1 = π
2
, so we assume that θ1 ∈ [0, π

2
). We consider the triangle formed by the three

positions in the xz-plane. The triangle may be an acute triangle or an obtuse triangle,

since the right triangle implies antipodal singularity.

Acute Triangles: We first consider the acute triangular shapes:

q1 = (cos θ, sin θ), q2 = (cos(θ+α), sin(θ+α)), q2 = (cos(θ+α+β), sin(θ+α+β)),

where θ ∈ [0, π
2
), α ∈ (0, π), β ∈ (0, π), α + β ∈ (π, 2π). We have d12 = α, d23 = β,

d13 = 2π − α− β, see Figure 7.6. Then

U = m1m2 cotα +m2m3 cot β −m1m3 cot(α + β),
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Figure 7.6: An acute triangle configuration on S1

I = m1 cos2 θ +m2 cos2(θ + α) +m3 cos2(θ + α + β).

Theorem 16. Consider an acute geodesic configuration determined by θ, α, β as

above. Then the configuration admits a solution of masses in R3
+ if and only if

sin 2θ

sin2 β
+

sin 2(θ + α)

sin2(α + β)
+

sin 2(θ + α + β)

sin2 α
= 0. (7.4)

Proof. The central configuration equation ∇qi
U = λ∇qi

I, i = 1, 2, 3, is given by
∂U
∂θ

= λ∂I
∂θ
, ∂U
∂α

= λ ∂I
∂α
, and ∂U

∂β
= λ ∂I

∂β
. Explicitly, we have

m1 sin 2θ +m2 sin 2(θ + α) +m3 sin 2(θ + α + β) = 0,

m1m2

sin2 α
− m1m3

sin2(α+β)
= λm2 sin 2(θ + α) + λm3 sin 2(θ + α + β),

m2m3

sin2 β
− m1m3

sin2(α+β)
= λm3 sin 2(θ + α + β).

Using the first equation, (which is (4.2)
∑3

i=1 mixizi = 0), the last two equations

can be solved by

m1 = (−λ sin 2(θ+α+β) +
m2

sin2 β
) sin2(α+β), m3 = (λ sin 2θ+

m2

sin2 α
) sin2(α+β).

Substituting these expressions back to the first equation, direct computation leads to



88

(7.4). Thus the system is equivalent to
sin 2θ
sin2 β

+ sin 2(θ+α)

sin2(α+β)
+ sin 2(θ+α+β)

sin2 α
= 0,

m1 = (−λ sin 2(θ + α + β) + m2

sin2 β
) sin2(α + β),

m3 = (λ sin 2θ + m2

sin2 α
) sin2(α + β).

Note that for fixed λ 6= 0 (the case when λ = 0 are the special central configurations)

we can choose m2 so large such that m1,m3 are positive. This remark completes the

proof.

Thus to find acute triangle geodesic central configurations is to solve (7.4), which

can be written as A sin 2θ = −B cos 2θ, where

A =
1

sin2 β
+

cos 2α

sin2(α + β)
+

cos 2(α + β)

sin2 α
, B =

sin 2(α + β)

sin2 α
+

sin 2α

sin2(α + β)
.

Given (α, β), we discuss the number of possible values of θ to have the equation

satisfied. If AB 6= 0, then there is a unique θ ∈ [0, π
2
), tan 2θ = −B/A. If A = 0, B 6=

0, then there also is a unique θ, θ = π
4
.

Corollary 9. For any (α, β) with A2 + B2 6= 0, there is a unique θ ∈ [0, π
2
) that

satisfies (7.4).

If A 6= 0, B = 0, then there also is a unique θ, θ = 0. When A = B = 0, (7.4) is

satisfied for any θ ∈ [0, π
2
). Generally, it is not easy to solve the equation A = B = 0.

Let us consider one special case, when the acute triangle is isosceles, d12 = d13, i.e.,

α = 2π − α− β.

Proposition 22. Assuming d12 = d13 6= 2π
3

, then A 6= 0, B = 0, and θ = 0. In this

case, m2 = m3. If d12 = d13 = 2π
3

, any θ ∈ [0, π
2
) satisfies (7.4). Then we can make

m run over a 3-dimensional submanifold of R3
+ by properly choosing m2, λ and θ.

Proof. If α = 2π − α− β, then α + β = 2π − α, β = 2π − 2α and (7.4) becomes

0 =
sin 2θ

sin2 β
+

sin 2(θ + α) + sin 2(θ − α)

sin2 α
=

sin 2θ

sin2 2α
+ 2

sin 2θ cos 2α

sin2 α

=
sin 2θ

sin2 2α

(
1 + 8 cos2 α cos 2α

)
.

Solving for 1 + 8 cos2 α cos 2α = 0, we get α = 2π
3

since in this case we need α > π
2
.
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Thus if α 6= 2π
3

, then θ must equal 0. By the equationm3 = (λ sin 2θ+ m2

sin2 α
) sin2(α+

β), we see that m2 = m3.

If α = β = 2π
3

, then any θ ∈ [0, π
2
) satisfies (7.4). In this case, direct computation

leads to

(m1,m2,m3) = (−3/4λ sin(2θ +
2π

3
) +m2,m2, 3/4λ sin 2θ +m2).

The three components are not dependent, thus the masses form a 3-dimensional

submanifold of R3
+ with coordinates (m2, λ, θ). This remark completes the proof.

Further analysis shows that the only solution of A = B = 0 is the equilateral

triangle. It is interesting to notice that the masses can run over a 3-dimensional

submanifold of R3
+. In other words, the highly symmetric equilateral triangle central

configuration can be formed by distinct masses. This fact is reminiscent of the La-

grangian central configurations of the Newtonian 3-body problem, where any three

masses can form an equilateral triangle central configuration.

Obtuse Triangles: We now consider the obtuse triangular shapes. Again, as-

sume that θ1 ∈ [0, π
2
). Then θ2, θ3 belong to (θ1, θ1 + π) or (θ1 + π, θ1 + 2π). By the

transform (x, z) → (z, x), one type becomes the other type. Since we are concerned

only with the shapes, we assume that θ2, θ3 belong to (θ1, θ1 + π). Also, note that

θ1 6= 0. If θ1 = 0, Lemma 1 implies that ∇q1I = 0. Then ∇q1U = F12 + F13 = 0,

which can never be satisfied since both F12 and F13 are pointing upwards. An obtuse

triangular shape is of the form

q1 = (cos θ, sin θ), q2 = (cos(θ+α), sin(θ+α)), q2 = (cos(θ+α+β), sin(θ+α+β)).

There are further restrictions. Note that ∇q1U is pointing upwards. Comparing

this fact with Figure 4.1, we see that λ < 0. Note that ∇q3U = F31 + F32 is also

pointing upwards. If q3 is in the third quadrant, then the equation ∇q3U = λ∇q3I

can only be satisfied for positive λ, see Figure 4.1. This contradiction shows that it

is necessary to require q3 to be in the second quadrant. Thus we further assume that

θ ∈ (0, π
2
), α, β ∈ (0, π), α + β + θ < π, see Figure 7.7. We have d12 = α, d23 = β,

d13 = α + β. Then

U = m1m2 cotα +m2m3 cot β +m1m3 cot(α + β),
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Figure 7.7: An obtuse triangle configuration on S1

I = m1 cos2 θ +m2 cos2(θ + α) +m3 cos2(θ + α + β).

Theorem 17. Consider an obtuse geodesic configuration determined by θ, α, β as

above. Then the configuration admits a solution of masses in R3
+ if and only if

sin 2θ

sin2 β
− sin 2(θ + α)

sin2(α + β)
+

sin 2(θ + α + β)

sin2 α
= 0. (7.5)

Proof. Similarly the central configuration equations are
m1 sin 2θ +m2 sin 2(θ + α) +m3 sin 2(θ + α + β) = 0,

m1m2

sin2 α
+ m1m3

sin2(α+β)
= λm2 sin 2(θ + α) + λm3 sin 2(θ + α + β),

m2m3

sin2 β
+ m1m3

sin2(α+β)
= λm3 sin 2(θ + α + β).

Using the first equation, (which is (4.2)
∑3

i=1 mixizi = 0), the last two equations

can be solved by

m1 = (λ sin 2(θ+α+β)− m2

sin2 β
) sin2(α+β), m3 = (−λ sin 2θ− m2

sin2 α
) sin2(α+β).

Substituting these expressions back to the first equation, direct computation leads to
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(7.5). Thus the system is equivalent to
sin 2θ
sin2 β

− sin 2(θ+α)

sin2(α+β)
+ sin 2(θ+α+β)

sin2 α
= 0,

m1 = (λ sin 2(θ + α + β)− m2

sin2 β
) sin2(α + β),

m3 = (−λ sin 2θ − m2

sin2 α
) sin2(α + β).

Note that sin 2θ > 0, sin 2(θ + α + β) < 0. Thus to get positive masses, λ has to be

negative. For fixed λ < 0 we can choose m2 so small such that m1,m3 are positive.

This remark completes the proof.

Thus to find obtuse triangular geodesic central configurations we must solve (7.5),

which can be written as A sin 2θ = B cos 2θ, where

A =
1

sin2 β
− cos 2α

sin2(α + β)
+

cos 2(α + β)

sin2 α
, B = −sin 2(α + β)

sin2 α
+

sin 2α

sin2(α + β)
.

Given (α, β), we further discuss the number of values of θ to have the equation

satisfied. If AB 6= 0, then there is a unique θ ∈ (0, π
2
), tan 2θ = B/A.

Corollary 10. For any (α, β) with AB 6= 0, there is a unique θ ∈ (0, π
2
) that satisfies

(7.4).

If A = 0, B 6= 0, then there also is a unique θ, θ = π
4
. When A 6= 0, B = 0, there

is no solution. Generally, such pairs of (α, β) exist and they form a 1-dimensional

manifold in the αβ-plane. When A = B = 0, (7.5) is satisfied for any θ ∈ (0, π
2
) that

keeps the shape constraint to α+ β+ θ < π. Generally, such pairs of (α, β) exist and

are finite in the αβ-plane. It is not easy to solve the equation A = B = 0. Let us

consider one special case, when the obtuse triangle is isosceles d12 = d23, i.e., α = β.

Proposition 23. Assuming d12 = d23 6= β̄, where cos2 β̄ = 1+
√

3
4

, then θ + α = π
2
. In

this case, m1 = m3. If d12 = d23 = β̄, any θ ∈ (0, π
2
) with 2β̄ + θ < π satisfies (7.5).

In this case, we can let m run over a 3-dimensional submanifold of R3
+ by properly

choosing m2, λ and θ.
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Proof. If α = β, then (7.5) becomes

0 =
sin(2θ + 2β − 2β) + sin(2θ + 2β + 2β)

sin2 β
− sin 2(θ + β)

sin2 2β

=
sin(2θ + 2β) cos 2β

sin2 β
− sin 2(θ + β)

sin2 2β

=
sin(2θ + 2β)

sin2 2β

(
4 cos2 β cos 2β − 1

)
.

Solving for 4 cos2 β cos 2β − 1 = 0, we get cos2 β = 1+
√

3
4

. There is only one solution,

since in this case we need 2β̄ + θ < π.

Thus if β 6= β̄, then θ + α must equal π
2
. Then F2 = 0. Since d12 = d23, we get

m1 = m3.

If α = β = β̄, then any θ ∈ (0, π
2
) with 2β̄ + θ < π satisfies (7.5). Similar to

the case of acute triangle shapes, the masses form a 3-dimensional submanifold of R3
+

with local coordinates (m2, λ, θ). This remark completes the proof.

7.3 Central Configurations in the 3-Body Problem

In this section, we study the 3-body non-geodesic central configurations. We obtain

a necessary condition, which shows that all equilateral triangle central configurations

must have equal masses. This condition also helps to find all 3-body central configu-

rations on z = c.

Similar to Lemma 6, we have the following result:

Lemma 7. Consider three masses m ∈ R3
+ on S2 at q = (q1,q2,q3), qi = (xi, yi, zi).

Suppose that q is a non-geodesic ordinary central configuration. Then there is some

k 6= 0 such that

(z1, z2, z3) = k(sin3 d23, sin
3 d13, sin

3 d12). (7.6)

With this necessary condition, we show that the equilateral triangle central con-

figurations occur only for three equal masses. This result has been obtained in [29],

where Florin Diacu and Sergiu Popa showed that equilateral triangle elliptic relative

equilibria and equilateral triangle elliptic-elliptic relative equilibria in S3 exist only

for three equal masses.

Corollary 11. For a non-geodesic ordinary central configuration of three bodies on

S2, if they form an equilateral triangle, then z1 = z2 = z3 and the three masses must
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be equal.

Corollary 12. Let q be a non-geodesic ordinary central configuration of three bodies

on S2. Then z1, z2, z3 are all in (−1, 0) or all in (0, 1).

Proof. Equation (7.6) implies that we only need to show that they can not be zero

and ±1. If z1 = ±1, then x1 = y1 = 0, z2 and z3 are not ±1 or zero by Lemma

7. Then (4.2), 0 =
∑3

i=1mixizi =
∑3

i=1miyizi gives m2x2z2 + m3x3z3 = 0 and

m2y2z2 +m3y3z3 = 0. It implies x2y3 = x3y2. Thus the three bodies are on the same

2-dimensional plane x = ky for some constant k. Then q is a geodesic configuration.

This is a contradiction. If z1 = 0, then z2 = z3 = 0. Thus the configuration lies on S1
xy,

which is a special central configuration by Proposition 6. This is also a contradiction,

a remark that completes the proof.

Now we study the central configurations on z = c. We can assume that m3 = 1.

In this case, (7.6) implies that sin d12 = sin d13 = sin d23. In H2, the corresponding

equation sinh d12 = sinh d13 = sinh d23 implies the only central configurations on

w = c are the Lagrangian central configurations. The trigonometry function is not

monotonic, which implies that there are more central configurations on z = c on S2.

Note that the mutual distances could be

dij = a or π − a, for some a ∈ (0, π).

If they are all equal, then we get the Lagrangian central configuration, see Example

8. Now let us assume that only two of them are equal. Without lose of generality,

assume that d12 = d13, d23 = π − d12 6= d12. More precisely, let the configuration be

q = (q1,q2,q3), qi = (xi, yi, zi), i = 1, 2, 3,

x1 = sin θ, y1 = 0, z1 = cos θ,

x2 = sin θ cosϕ, y2 = sin θ sinϕ, z2 = cos θ,

x3 = sin θ cosϕ, y3 = − sin θ sinϕ, z3 = cos θ,

where ϕ 6= 2π
3

, θ ∈ (0, π/2). It turns out that there are central configurations of this

kind.

Proposition 24. Consider three masses m1,m2,m3 on S2 with positions q1,q2,q3



94

as above. Then these bodies form an ordinary central configuration if and only if

(m1,m2,m3) = (−2 cosϕ, 1, 1), (7.7)

cos2 θ = 1 +
2

(cosϕ− 1)(2 cosϕ+ 3)
, (7.8)

where ϕ ∈ (π
2
, 2π

3
) ∪ (2π

3
, π).

Proof. Since no particle is on S1
xy∪S1

zw, q is a central configuration if (7.1) is satisfied

for i = 1, 2, 3. Since wi = 0, there are six equations, which can be written as two

linear systems of the masses. We first prove that the conditions (7.7) and (7.8) are

necessary. Then we show that they are sufficient.

Substituting the configuration into (7.1), we obtain the two linear systems 0 sinϕ − sinϕ

− sinϕ 0 −2 cosϕ sinϕ

sinϕ 2 cosϕ sinϕ 0


m1

m2

m3

 =

0

0

0

 , (7.9)

and 0 1− cos d12 1− cos d12

1− cos d12 0 1 + cos d12

1− cos d12 1 + cos d12 0


m1

m2

m3

 = −2λ sin2 θ sin3 d12

1

1

1

 . (7.10)

It is easy to see that the solution of system (7.9) is (7.7), (m1,m2,m3) = (−2 cosϕ, 1, 1),

since we have assumed m3 = 1. Since the masses must be positive, we get ϕ ∈ (π
2
, π),

and then ϕ ∈ (π
2
, 2π

3
) ∪ (2π

3
, π). Since we have assumed that d23 + d12 = π, we have

0 = cos d23 + cos d12 = q1 · q2 + q2 · q3

= sin2 θ cosϕ+ cos2 θ + sin2 θ(cos2 ϕ− sin2 ϕ) + cos2 θ

= 2 cos2 θ + sin2 θ(cosϕ+ cos2 ϕ− sin2 ϕ),

thus we obtain (7.8),

cos2 θ = 1 +
2

(cosϕ− 1)(2 cosϕ+ 3)
, sin2 θ =

−2

(cosϕ− 1)(2 cosϕ+ 3)
.

We then show that the necessary conditions, (7.7) and (7.8), are sufficient, i.e., system

(7.10) is solved by (−2 cosϕ, 1, 1) when (7.8) holds. Let m = (−2 cosϕ, 1, 1). Then
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system (7.10) has two equations:

1− cos d12 = −λ sin2 θ sin3 d12, 2(1 + cosϕ)(1− cos d12) = 1 + cos d12.

Note that cos d12 = 1− sin2 θ(1− cosϕ). The first equation is solved by letting λ =

−1−cosϕ
sin3 d12

= −m1+m2+m3

2 sin3 d12
. The second equation is 2 cos2 θ+sin2 θ(2 cos2 ϕ−1+cosϕ) = 0,

which is the same as the equation derived from 0 = cos d23+cos d12, thus equivalent to

(7.8). Thus the second linear system is solved by (−2 cosϕ, 1, 1). These configurations

satisfying (7.7) and (7.8) are central configurations with

λ = −m1 +m2 +m3

2 sin3 d12

.

This remark completes the proof.

The existence of these central configurations was also shown in [32] with a differ-

ent method. Our approach is advantageous since the exact configurations and the

relationship between the masses and the value of c can be given. Using (7.8), we

obtain the following theorem.

Theorem 18. There are two types of ordinary central configurations for three bodies

on z = c ∈ (0, 1):

1. ordinary central configurations for m = (1, 1, 1) at the vertices of a equilateral

triangle, namely, the Lagrangian central configuration, which occurs for c ∈
(0, 1);

2. ordinary central configurations for m = (m1, 1, 1) m1 ∈ (0, 2) \ {1} at the

vertices of an isosceles triangle as stated in Proposition 24, and the value of c

is
√

1 + 2
(−m1

2
−1)(−m1+3)

in the range of (0, 3/5] \ {
√

7/15}.

When c =
√

7/15, we get m1 = 1. The central configurations is the Lagrangian

central configuration. The maximal value of c is for m1 = 1/2. It is interesting to

notice that for one triple of masses, there is only one value of c that allows central

configurations on z = c, and that these central configurations do not exist for values

of c higher than 3/5.
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Chapter 8

Special Central Configurations in

S3

In this chapter, we study special central configurations. They are quite different from

the ordinary central configurations. The main difference comes from the fact that

equation (3.6) is a linear combination of the position vectors only. We first give some

interesting examples of special central configurations and show that MN is not empty

for N ≥ 3. The concept of special central configurations extends naturally to Sn for

n ≥ 1. Following the idea of Dziobek, we discuss these configuration where N masses

span an (N − 2)-sphere. In the end, we return to special central configurations in S3

and focus on M3.

8.1 Examples and the Mass Set MN

Recall that special central configurations in S3 are critical points of U , i.e., ∇qi
U =

Fi = 0, 1 ≤ i ≤ N , and the central configuration equation (3.5) can be written as

N∑
j 6=i,j=1

mjqj
sin3 dij

+ θiqi = 0, 1 ≤ i ≤ N, (8.1)

where θi is some constant. If there is such a constant, it must be −
∑N

j 6=i,j=1
mj cos dij

sin3 dij
,

see Proposition 5.

Since special central configurations are invariant under the action of the SO(4)

group, unless otherwise stated we place geodesic configurations on S1
xy and denote

S1
xy by S1, place S2 configurations on S2

xyz and denote S2
xyz by S2.
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Example 10 (2k+ 1 equal masses on S1). Place 2k+ 1 equal masses m = (m, ...,m)

on S1 at the vertices of the regular (2k + 1)-gon. That is

qi =

(
cos

2iπ

2k + 1
, sin

2iπ

2k + 1

)
, i = 1, ..., 2k + 1.

By symmetry, it is enough to check that (8.1) holds for i = 2k+1. Group the other 2k

masses in k pairs (j, 2k+1−j), j = 1, ..., k. For each pair, using d2k+1,j = d2k+1,2k+1−j,

the sum of
mjqj

sin3 d2k+1,j
and

m2k+1−jq2k+1−j

sin3 d2k+1,2k+1−j
is

m

sin3 d2k+1,j

(qj + q2k+1−j) = 2
m

sin3 d2k+1,j

(
cos

2jπ

2k + 1
, 0

)
,

a vector collinear with q2k+1 = (1, 0). Thus it is easy to see that (8.1) holds for

i = 2k + 1. Therefore the configuration is a special central configuration.

Example 11 (4 equal masses m = (m, ...,m) on S2 and 5 equal masses in S3,

[19, 25]). Place 4 equal masses on S2 at the vertices of the regular tetrahedron. By

symmetry, it is enough to check that (8.1) holds for i = 1. Using dij = dkl, we find

that
∑4

i=2
miqi

sin3 di1
= m

sin3 di1
(q2 +q3 +q4) = − m

sin3 di1
q1, since q1 +q2 +q3 +q4 = 0. Thus

(8.1) is satisfied for i = 1. So this configuration is a special central configuration.

z

y

m1

m2
m3

m4

Figure 8.1: The regular tetrahedron special central configuration

Similarly, place 5 equal masses in S3 at the vertices of the regular pentatope. Then

this configuration is a special central configuration.

Example 12 (6 masses and 2k1+1+2k2+1(k1, k2 ≥ 1) masses on two complementary

circles in S3). Let V be a 2-dimensional linear space in R4 and V ⊥ be its orthogonal

complement. Then the circles: V ∩ S3 and V ⊥ ∩ S3 are called complementary. For
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example, S1
xy and S1

zw are complementary. One interesting property about comple-

mentary circles is that the distance between two points on complementary circles is

independent of their positions. Indeed, let q1 ∈ V ∩ S3 and q2 ∈ V ⊥ ∩ S3, then

cos d12 = q1 · q2 = 0, d12 =
π

2
.

Using this remarkable geometry fact, Florin Diacu constructed the following interest-

ing special central configuration [19, 25]. Let m = (m,m,m, m̄, m̄, m̄). Place three

masses m at the vertices of an equilateral triangle on S1
xy, and place three masses m̄

at the vertices of an equilateral triangle on S1
zw. We need to check that (8.1) holds

for i = 1, 4. For i = 1,

6∑
i=2

miqi
sin3 di1

=
m

sin3 d21

(q2 + q3) + m̄(q4 + q5 + q6).

The first term on the right hand side is collinear with q1 since q1 + q2 + q3 = 0, and

the second term is zero. Thus (8.1) holds for i = 1. Similarly, it also holds for i = 4.

Therefore the configuration is a special central configuration.

This construction can be generalized to 2k1+1+2k2+1 masses m = (m, ...,m, m̄, ..., m̄).

Place the first 2k1 + 1 masses m at the vertices of a regular (2k1 + 1)-gon on S1
xy, and

place the last 2k2 + 1 masses m̄ at the vertices of a regular (2k2 + 1)-gon on S1
zw. For

i = 1,
2k1+2k2+2∑

i=2

miqi
sin3 di1

=

2k1+1∑
i=2

m

sin3 di1
qi + m̄

2k1+2k2+2∑
i=2k1+2

qi.

The first term on the right hand side is collinear with q1, by Example 10, and the

second term is zero. Thus this configuration is a special central configuration.

Theorem 19. MN is not empty for N ≥ 3.

Proof. Examples 10 show that MN is not empty for N = 4k+ 1, 4k+ 3. Examples 12

show that MN is not empty for N = 4k + 2 = 2k + 1 + 2k + 1. For N = 4k, if k = 1,

Examples 11 show that M4 is not empty; if k ≥ 2, let k = k1 + k2 with k1, k2 ≥ 1.

Since

4k + 2 = 2k1 + 1 + 2k2 + 1,

Examples 12 show that MN is not empty for N = 4k. This remark completes the

proof.
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We can check that those special central configurations for all equal masses are

nondegenerate. Thus by the implicit function theorem, the set MN has subsets home-

omorphic to RN−1.

8.2 Dziobek Special Central Configurations

In this section, we consider special central configurations in Sn for n ≥ 1. Following

the idea of Dziobek [35] and Albouy [2], we discuss these configurations where N

masses span an (N − 2)-sphere. We obtain a criterion in terms of mutual distances

and the volumes formed by the position vectors. We also manage to separate the

equations of the criterion further into two sets of equations, the S-equations and the

M-equations.

In this section only, let q = (q1, ...,qN), qi ∈ Rn+1,qi ·qi = 1, where n ≥ 1. Define

U : (Sn)N \∆→ R, U(q) =
∑

1≤i<j≤N mimj cot dij, where cos dij = qi · qj.

Definition 11. Consider the masses m1, . . . ,mN in Sn. Then a configuration q =

(q1, . . . ,qN), i = 1, ..., N, is called a special central configuration if it is a critical

point of U , i.e.

∇qi
U(q) = Fi = 0, i = 1, ..., N. (8.2)

Obviously, equation (8.1) still holds in this case. Similarly to Theorem 9, we have:

Theorem 20. There is no special central configuration in any closed hemisphere of

Sn (i.e. a hemisphere that contains its boundary ), as long as at least one body does

not lie on the boundary.

In the Newtonian N -body problem, a central configuration of N bodies span at

most an (N − 1)-dimensional affine plane. Those that span an (N − 2)-dimensional

affine plane are called Dziobek central configurations [2, 3, 35]. Note that (8.1) implies

that the N position vectors are always dependent for a special central configuration

q of N bodies, 1 ≤ rank(q1, ...,qN) ≤ N −1. When they span an (N −1)-plane, they

span an (N − 2)-sphere. Thus it is natural to have the following definition.

Definition 12. A Dziobek configuration is a configuration of N bodies that span

RN−1, or equivalently, span SN−2.
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Let {q1, · · · ,qN} be a collection of vectors in RN−1. Assume the rank of these N

vectors is N − 1. Consider the (N − 1)×N matrix:

X = [q1, · · · ,qN ].

Since the rank of X is N − 1, dim kerX = 1. There is a nice formula for the kernel.

Let Xk be the (N−1)× (N−1) matrix obtained from X by deleting the k-th column

and let |Xk| denote its determinant.

Lemma 8. Let

∆ = (∆1, ...∆N) = (|X1|,−|X2|, ..., (−1)k+1|Xk|, ...). (8.3)

Then ∆ is the base of kerX. In other words, ∆ 6= 0 and

∆1q1 + · · ·+ ∆NqN = 0. (8.4)

Proof. Assume that ∆N = (−1)N+1|XN | 6= 0. Consider the linear system in RN−1,

XNx = qN . By Crammer’s rule, the solution is

xk =
det(q1, · · · ,qk−1,qN ,qk+1, · · · ,qN−1)

det(q1, · · · ,qN−1)

= (−1)N−k−1 det(q1, · · · ,qk−1,qk+1, · · · ,qN−1,qN)

det(q1, · · · ,qN−1)
=

(−1)N−k−1|Xk|
|XN |

=
−∆k

∆N

.

Then (8.4) follows.

For convenience, let Sij = 1
sin3 dij

for i 6= j. Then (8.1) becomes

∑
j 6=i

mjSijqj + θiqi = 0, 1 ≤ i ≤ N.

There are N(N − 1) scalar equations. As what happens in the Newtonian N -body

problem [3, 61], they are equivalent to the following N(N − 1)/2 scalar equations for

Dziobek special central configurations.

Theorem 21. Let q = (q1, ...,qN) be a Dziobek configuration in SN−2. Let Sij =
1

sin3 dij
, i 6= j and ∆ be given by (8.3). Then q is a Dziobek special central configuration
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if and only if there is a real number k 6= 0 such that

mimjSij = k∆i∆j for any i 6= j. (8.5)

Proof. Since q is a Dziobek special central configuration, then we have equation (8.1).

That is, for each j = 1, ..., N , the vector

(m1S1j,m2S2j, ..., θj, ...,mNSNj)

is a solution to the equation x1q1 + ... + xNqN = 0. By Lemma 8, this vector is

collinear with (∆1, ...,∆N). Note that ∆j 6= 0 for all j. If ∆1 = 0, then q2, ...,qN

span RN−2, or SN−3. Then the configuration lies in a closed hemisphere of SN−2,

a conclusion which contradicts with Theorem 20. Similarly, θj 6= 0 for all j. Let

kj =
θj
∆j

. Then

kj∆i = miSij.

Since Sij = Sji, the vector (k1, ..., kN) is a multiple of (∆1/m1, ...,∆N/mN). So we

get (8.5) for some real number k 6= 0. On the other hand, if q satisfies (8.5), then it

is easy to check that (8.1) are satisfied. This remark completes the proof.

Corollary 13. Let q = (q1, ...,qN) be a Dziobek central configuration in SN−2. If∑N
i=1miqi = 0, then q is formed by N equal masses located at the vertices of a regular

(N − 1)-simplex.

Proof. By Lemma 8, the mass vector m is a multiple of (∆1, ...,∆N). Then equations

of (8.5) are Sij = k̄ for all i, j, where k̄ is some constant. Thus the configuration is

a regular (N − 1)-simplex, which implies that ∆1 = ∆2 = ... = ∆N , i.e., m1 = m2 =

...mN . This remark completes the proof.

Eliminating the constant k, we get N(N−1)
2
− 1 equations from (8.5). Multiplying

two of the equations gives

SijSkl = SilSkj = SikSjl

for any four indices i, j, k, l ∈ {1, ..., N}. Thus we can obtain 2×C4
N mass-independent

constraints on the shapes. Obviously, some of these constraints are redundant. We

are going to find a proper set of constraints on the shapes.
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Denote by M-equations the following N − 1 equations:

m2 =
S1N∆2

S12∆N

mN , m3 =
S1N∆3

S13∆N

mN , ...,mN−1 =
S1N∆N−1

S1,N−1∆N

mN ,m1 =
S2N∆1

S12∆N

mN .

Denote by S-equations the following N(N−3)
2

equations:

Sk−1,k−2

Sk+1,k−2

=
Sk−1,k

Sk+1,k

, k = 3, ..., N − 1,

Sk−1,k+j

Sk,k+j

=
Sk−1,k+j+1

Sk,k+j+1

, k = 2, ..., N − 2, j = 2, ..., N − k − 1.

We are going to show the following result.

Theorem 22. The equations of (8.5) ⇔ the M-equations ∪ the S-equations.

It is easy to derive the the M-equations and the S-equations from the equations

of (8.5). To show the other direction, we place the N(N−1)
2

equations of (8.5) into a

matrix,

A :=



0 = 0 m1m2

∆1∆2
= k

S12

m1m3

∆1∆3
= k

S13

m1m4

∆1∆4
= k

S14
... m1mN

∆1∆N
= k

S1N

0 = 0 0 = 0 m2m3

∆2∆3
= k

S23

m2m4

∆2∆4
= k

S24
... m2mN

∆2∆N
= k

S2N

0 = 0 0 = 0 0 = 0 m3m4

∆3∆4
= k

S34
... m3mN

∆3∆N
= k

S3N
...

...
...

... ...
...

0 = 0 0 = 0 0 = 0 0 = 0 · · · mN−1mN

∆N−1∆N
= k

SN−1,N

0 = 0 0 = 0 0 = 0 0 = 0 · · · 0 = 0


.

Denote by Aij the ij-th element of the matrix A, and denote by Ai the set of the

nontrivial equations of the i-th row of A. We first prove the following result.

Lemma 9 ( Evelyn’s Lemma). The S-equations ∪A1 ∪ A23 ⇒ A1 ∪ A2 ∪ ... ∪ AN−1.

Proof. Denote by J the S-equations. We will prove it in the following way,

J ∪ A1 ∪ A23 ⇒ J ∪ A1 ∪ A2 ⇒ J ∪ A1 ∪ A2 ∪ A3 ⇒ ...⇒ J ∪ A1 ∪ ... ∪ AN−1.

We begin with the derivation of A2. First, A24 can be derived from A13, A14, A23,

and one equation of J , S13

S23
= S14

S24
. Indeed, the four equations are

m1m3

∆1∆3

=
k

S13

,
m1m4

∆1∆4

=
k

S14

,
m2m3

∆2∆3

=
k

S23

,
S13

S23

=
S14

S24

.
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Using them, we obtain

∆3

∆4

=
m3S13

m4S14

=
m3S23

m4S24

=
k∆2∆3

m2m4S24

,

which is A24. Similarly, A25 can be derived from A14, A15, A24 and S14

S24
= S15

S25
. Actually,

the equation A2,k+1 can be derived from A1k, A1,k+1, A2k and S1k

S2k
=

S1,k+1

S2,k+1
. That is,

J ∪ A1 ∪ A23 ⇒ J ∪ A1 ∪ A2.

Now we derive A3. First, A34 can be derived from A12, A14, A23 and S21

S41
= S23

S43
.

Indeed, the four equations are

m1m2

∆1∆2

=
k

S12

,
m1m4

∆1∆4

=
k

S14

,
m2m3

∆2∆3

=
k

S23

,
S21

S41

=
S23

S43

.

Using them, we obtain

∆2

∆4

=
m2S12

m4S14

=
m2S23

m4S34

=
k∆2∆3

m3m4S34

,

which is A34. Then, A3,k+1 can be derived from A2k, A2,k+1, A3k and S2k

S3k
=

S2,k+1

S3,k+1
.

That is, J ∪ A1 ∪ A2 ⇒ J ∪ A1 ∪ A2 ∪ A3.

If we have A1 ∪ ... ∪ Ak−1, we can obtain Ak. First, the element Ak,k+1 can be

derived from Ak−2,k−1, Ak−2,k+1, Ak−1,k and one equation of J Sk−1,k−2

Sk+1,k−2
=

Sk−1,k

Sk+1,k
. The

other equations Ak,k+j (j ≥ 2), can be derived from Ak−1,k+j−1, Ak−1,k+j, Ak,k+j−1

and one equation of J Sk−1,k+j−1

Sk,k+j−1
=

Sk−1,k+j

Sk,k+j
.

This procedure can be carried out until we obtain AN−1. That is, J ∪A1∪A23 ⇒
A1 ∪ ... ∪ AN−1. This remark completes the proof.

proof of Theorem 22. Denote by K the M-equations. “The equations of (8.5) ⇒
K ∪ J ”: It is obvious that the equations of (8.5) imply J . By A1j and A1N , we

obtain the first N − 1 equations of K. The last one m1 = S2N∆1

S12∆N
mN can be derived

from A23, A1N and S13

S23
= S1N

S2N
, one equation which can be derived from J .

“The equations of (8.5) ⇐ K ∪ J ”: We first show that

K ∪ J ⇒ A1 ∪ A23.

Let k = m1mNS1N

∆1∆N
, then A1N is true. Then the first N − 1 equations of K imply

A12, ..., A1N . It is easy to verify that the last equation of K and S13

S23
= S1N

S2N
, one
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equation which can be derived from J , imply A23. Thus we have

K ∪ J ⇒ J ∪ A1 ∪ A23 ⇒ A1 ∪ ... ∪ AN−1,

where we have used Lemma 9. This remark completes the proof.

Thus to build a Dziobek special central configuration, we first need to find the

shape, the solutions of the S-equations, and then the shape determines the masses by

the M-equations.

The M-equations imply that ∆i (i ≥ 2) is of the same sign as ∆1, which is quite

different form what happens in the Newtonian N -body problem [2, 3, 61]. This

is equivalent to the condition proposed in Theorem 20: the configuration q does

not lie in a closed hemisphere. In other words, there is some k such that ∆1∆k =

(−1)k+1|X1||Xk| < 0 if and only if q lies in a closed hemisphere. For example, let

∆1∆2 = −|X1||X2| < 0. Consider the subspace V spanned by (q3, ...,qN). Its

dimension should be N − 2. If not, then ∆1 = ∆2 = 0 and (8.5) can’t hold. Thus

there is a vector u such that the orthogonal complement of V is V ⊥ = tu. Then

assume

q1 = t1u +
N∑
j=3

tj1qj, q2 = t2u +
N∑
j=3

tj2qj,

and we obtain |X1| = t1|u,q3, ...,qN | and |X2| = t2|u,q3, ...,qN |. Thus |X1||X2| >
0 implies that t1t2 > 0. Assume that t1 and t2 are both positive. Consider the

coordinates system of RN−1 based on the basis {u,q3, ..,qN}. The configuration is

given by q1 = (t1 > 0, t31...tN1), q2 = (t2 > 0, t32...tN2), q3 = (0, 1, 0, ...0),...,qN =

(0, 0, 0, ...1), which implies that q lies in a closed hemisphere.

Back to special central configurations in S3, Theorem 22 has the following three

immediate applications.

Proposition 25 (N = 3, S1). Consider three masses m ∈ R3
+ on S1 at a nonsingular

configuration q = (q1,q2,q3). Then q is a Dziobek special central configuration if

and only if q1,q2,q3 are not all in the same semicircle and the mass vector is

m =

(
sin3 d12∆1

sin3 d23∆3

,
sin3 d12∆2

sin3 d13∆3

, 1

)
m3.

Obviously, the equilateral triangle special central configuration on S1 of three

equal masses presented in Example 10 satisfies all of these conditions. The shape
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α

β

q1

q2

q3

y

x

Figure 8.2: An acute triangle special central configuration

constraint is mild here. For a Dziobek special central configuration in the ordering

0 = ϕ1 < ϕ2 < ϕ3 < 2π, where qi = (cosϕi, sinϕi), the constraints are ϕ2 − ϕ1 < π,

ϕ3 − ϕ1 < π and 2π − ϕ3 < π. That implies, ∠q3 = 1/2(ϕ2 − ϕ1) < π
2

and similarly

∠q1 <
π
2
, ∠q1 <

π
2
. In other words, the particles form an acute triangle, see Figure

8.2. Let d12 = α, d23 = β. Then d13 = 2π − (α + β) and

0 < α < π, 0 < β < π, π < α + β < 2π. (8.6)

Notice that on S1, we have ∆1 = |q2,q3| = sin d23 = sin β, ∆2 = −|q1,q3| = sin d13 =

sin(α + β), ∆3 = |q1,q2| = sin d12 = sinα. Thus the masses satisfy

m2

sin2 α
=

m3

sin2(α + β)
,

m1

sin2 α
=

m3

sin2 β
,

m2

sin2 β
=

m1

sin2(α + β)
. (8.7)

These central configurations have been found by several different methods [19, 32, 91].

We will refer to them as acute triangle special central configurations. In Chapter 9,

we will study the stability of the associated relative equilibria.

Proposition 26 (N = 4, S2). Consider four masses m ∈ R4
+ on S2 at a nonsingular

configuration q = (q1,q2,q3,q4). Then q is a Dziobek special central configuration if

and only if q1,q2,q3,q4 are not all in the same hemisphere;

sin d12 sin d34 = sin d13 sin d24 = sin d14 sin d23

are satisfied and the mass vector is

m =

(
sin3 d12∆1

sin3 d24∆4

,
sin3 d12∆2

sin3 d14∆4

,
sin3 d13∆3

sin3 d14∆4

, 1

)
m4.
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Obviously, the regular tetrahedron special central configuration on S2 of four equal

masses presented in Example 11 satisfies all of these conditions.

Proposition 27 (N = 5, S3). Consider five masses m ∈ R5
+ in S3 at a nonsingular

configuration q = (q1,q2,q3,q4,q5). Then q is a Dziobek special central configuration

if and only if q1,q2,q3,q4,q5 are not all in the same hemisphere; the five constraints

sin d13 sin d24 = sin d14 sin d23, sin d13 sin d25 = sin d15 sin d23,

sin d24 sin d35 = sin d34 sin d25, sin d12 sin d34 = sin d14 sin d23,

sin d23 sin d45 = sin d34 sin d25

are satisfied and the mass vector is

m =

(
sin3 d12∆1

sin3 d25∆5

,
sin3 d12∆2

sin3 d15∆5

,
sin3 d13∆3

sin3 d15∆5

,
sin3 d14∆4

sin3 d15∆5

, 1

)
m5.

Obviously, the regular pentatope special central configuration in S3 of five equal

masses presented in Example 11 satisfies all of these conditions.

8.3 Special Central Configurations in the 3- and

4-Body Problem

We show that all special central configurations of three bodies are Dziobek special

central configurations. We have found all such special central configurations in the

last section, which enable us to find the mass set M3 [33].

Proposition 28. Every special central configuration of three bodies in S3 occurs on a

great circle. Every special central configuration of four bodies in S3 occurs on a great

2-sphere.

Proof. We only prove this for N = 3. By the equations (8.1), q1, q2 and q3 are

linearly dependent. Thus they must be on a great circle.

Thus all special central configurations of three bodies are Dziobek special central

configurations. They are acute triangle special central configurations on S1. Let

qi = (cosϕi, sinϕi). If they are ordered as 0 = ϕ1 < ϕ2 < ϕ3 < 2π, then one such



107

Figure 8.3: M3 projected onto m1m2 plane

configurations is determined by a point (α, β) in the open region U in R2,

0 < α < π, 0 < β < π, π < α + β < 2π.

where α = d12 and β = d23, see Figure 8.2. By (8.7), we have m2

sin2 α
= m3

sin2(α+β)
, m1

sin2 α
=

m3

sin2 β
, m2

sin2 β
= m1

sin2(α+β)
, i.e., each point (α, β) determines one unique mass vector

m = m3

(
sin2 α
sin2 β

, sin2 α
sin2(α+β)

, 1
)

. Thus (8.7) determines a map,

χ : U → (0, 1)× (0, 1),

(α, β) 7→ (m1,m2) =
1

τ

(
sin2 α

sin2 β
,

sin2 α

sin2(α + β)

)
,

where τ = sin2 α
sin2 β

+ sin2 α
sin2(α+β)

+ 1.

Thus to find M3, the set in R3
+ with

∑3
i=1mi = 1 that possess special central

configurations, is to find the image of the map χ.

Theorem 23.

M3 = {m ∈ R3
+|m1 +m2 +m3 = 1, m2

1m
2
2 +m2

1m
2
3 +m2

2m
2
3 − 2m1m2m3 < 0},

see Figure 8.4. For any m ∈M3, there are two special central configurations, one for

each ordering of the masses on S1.

Proof. Our approach is to find the inverse map (α, β) = χ−1(m1,m2). Then inequal-

ities (8.6) would yield inequalities for (m1,m2), which would give V := χ(U).
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By (8.7), we set u =
√

m3

m1
= sinβ

sinα
, v =

√
m3

m2
= − sin(α+β)

sinα
. Then

−v = cos β +
sin β

sinα
cosα = ±

√
1− u2 sin2 α + u cosα,

(−u cosα− v)2 = u2 cos2 α + 2uv cosα + v2 = 1− u2 sin2 α,

and we obtain

cosα =
1− u2 − v2

2uv
=
m1m2 −m3(m1 +m2)

2m3
√
m1m2

cos β = −v − u cosα =
u2 − v2 − 1

2v
=
m3(m2 −m1)−m1m2

2m1
√
m2m3

.

(8.8)

Both cosα and cos β are injective on U , so the inverse map χ−1 is

α = cos−1 m1m2 −m3(m1 +m2)

2m3
√
m1m2

, β = cos−1 m3(m2 −m1)−m1m2

2m1
√
m2m3

.

To find χ(U), note that condition (8.6) is equivalent to

cos2 α < 1, cos2 β < 1, sin(α + β) < 0.

Substituting (8.8) into the above inequalities and using the normalization condition

m1 +m2 +m3 = 1, we find that the three inequalities lead to the same relationship:

m2
1m

2
2 +m2

2m
2
3 +m2

1m
2
3 − 2m1m2m3 < 0,

which is the image of the map χ, and it gives M3.

Since the inverse map exists, for one mass vector in M3, and the ordering 0 =

ϕ1 < ϕ2 < ϕ3 < 2π, there is one and only one special central configuration. For

the second ordering, 0 = ϕ1 < ϕ3 < ϕ2 < 2π, reflecting it about the y-axis changes

the ordering to 0 = ϕ1 < ϕ2 < ϕ3 < 2π, thus there is also one and only one special

central configuration for this ordering. This remark completes the proof.

Corollary 14. For each acute isosceles triangle special central configuration, if the

masses m1 and m3 are at the vertices of the base, then m1 = m3 and m1 < 4m2.

Reciprocally, if m1 = m3 and m1 < 4m2, then the only kind of special central config-

uration these three masses can form is an acute isosceles triangle.
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Proof. Let the special central configuration be an acute isosceles triangle, for instance,

α = β, then by (8.7), we have m1 = m3. Consequently

m2
1m

2
2 +m2

2m
2
3 +m2

1m
2
3 − 2m1m2m3 = m2

1

(
m2

1 + 2m2
2 − 2m2

)
< 0.

Therefore m2
1 < 2m2(1−m2) = 2m2 · 2m1, which implies that m1 < 4m2.

Reciprocally, if m1 = m3 and m1 < 4m2, then the bodies can form an acute

isosceles triangle special central configuration by the first part of this corollary. They

can only form such configuration by Theorem 23.



110

Chapter 9

Stability of the Associated Relative

Equilibria

In this chapter, we study the stability of the relative equilibria associated with the

acute triangle special central configuration. The result has been published in [33].

These special central configurations remain special central configurations after any

rotation in SO(4). We assume that they are on S1
xy ⊂ S2

xyz. In this chapter, we use

S1 for S1
xy and S2 for S2

xyz. The associated relative equilibria are on S1. We first show

that these orbits are Lyapunov stable on S1. Then we study their linear stability

on S2. We find that their linear stability depends on the angular velocity ω. More

precisely, the associated relative equilibria are linearly stable if and only if the angular

velocity is greater than a certain value determined by the configuration.

9.1 The Setup

Recall that the curved N -body problem is a Hamiltonian system. For our purpose,

we confine the system to S2. Using the spherical coordinates qi = (xi, yi, zi) =

(sin θi cosϕi, sin θi sinϕi, cos θi), the kinetic energy has the form

T (ϕ1, θ1, . . . , ϕN , θN) =
N∑
i=1

mi

2

(
θ̇2
i + sin2 θiϕ̇

2
i

)
,

and the conjugate momenta are given by

pθi = miθ̇i, pϕi
= mi sin

2 θiϕ̇i, i = 1, . . . , N.
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The force function is unchanged,

U (ϕ1, θ1, · · · , ϕN , θN) =
∑

1≤i<j≤N

mimj cot dij,

and the Hamiltonian isH = T−U . The symplectic form is w = d (
∑

i pθidθi + pϕi
dϕi) .

Recall that all the special central configurations of three bodies, the acute triangle

special central configurations, have been found in Chapter 8, see Figure 9.1. Let

qi = (cosϕi, sinϕi, 0). If they are ordered as 0 = ϕ1 < ϕ2 < ϕ3 < 2π, then one such

configuration is determined by a point (α = ϕ2−ϕ1, β = ϕ3−ϕ2) in the open region

U in R2,

0 < α < π, 0 < β < π, π < α + β < 2π.

For each such configuration, there are three masses that form a special central con-

figuration, see (8.7), i.e.,

m2

sin2 α
=

m3

sin2(α + β)
,

m1

sin2 α
=

m3

sin2 β
,

m2

sin2 β
=

m1

sin2(α + β)
.

By Corollary 1, there is a 2-parameter family of relative equilibria associated

to each acute triangle special central configuration: Aω,η(t)q with ω, η ∈ R. Since

zi = wi = 0, the rotation in the zw space does not affect q. Thus there is only a

one-parameter family of relative equilibria: Aω,0(t)q with ω ∈ R. We are going to

study their stability on S1 and S2. We will call the relative equilibria with ω = 0

fixed-point solutions. In the spherical coordinates, these solutions have the form:

θi(t) =
π

2
, ϕi(t) = ϕi + ωt, pθi = 0, pϕi

= miω, i = 1, 2, 3.

α

β

q1

q2

q3

y

x

Figure 9.1: An acute triangle special central configuration
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9.2 Reduction and Stability on S1

It is easy to see that if the initial velocity of each particle is confined to the tan-

gent space T (S1), then the motion takes place in T ∗(S1)3 forever, where T ∗(S1) is

the cotangent bundle of S1. In other words, T ∗(S1)3 is an invariant manifold of the

equations of motion. In this section, we are going to study the stability of the rela-

tive equilibria associated with all acute triangle special central configurations on this

invariant manifold. We first perform the reduction of the 3-body problem on T ∗(S1)3

and then prove that all these solutions are Lyapunov stable.

Confined to T ∗(S1)3, the Hamiltonian system takes the form

H(ϕi, pϕi
) =

∑
i

1

2

p2
ϕi

mi

−
∑
j 6=i

mimj cot dij, w = d

(∑
i

pϕi
dϕi

)
.

It is easy to see that in these coordinates, the angular momentum integral, see (2.2),

is

ωxy =
N∑
i=1

mi(ẋiyi − xiẏi) = pϕ1 + pϕ2 + pϕ3 .

We further restrict the study of the stability of relative equilibria to the quotient

space S ′p of T ∗(S1)3. Define

Sp := {(q,p) ∈ T ∗(S1)3 : ωxy = p},

and let S ′p be the quotient space under the Lie group SO(2). For all values of p,

these spaces are always smooth manifolds and have dimension 4. We can apply this

procedure to the fixed-point solutions as well. The advantage of this approach is

to eliminate the drift caused by the SO(2) symmetry on the bodies. Indeed, by

symmetry, if we perturb a fixed-point solution with some initial velocity ϕ̇i = ε, then

we obtain a relative equilibrium with angular velocity ε. We can therefore introduce

the definition below.

Definition 13. A relative equilibrium associated with an acute triangle special central

configuration is Lyapunov stable on S1 if the corresponding rest point of the reduced

Hamiltonian system on the quotient space S ′p is Lyapunov stable.

Thus we need to explicitly find the quotient manifold S ′p and the reduced Hamil-

tonian Hp (see [82] for a theoretical approach to this kind of problem). The angular
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momentum here behaves like the linear momentum of the Newtonian N -body prob-

lem. Thus to perform the reduction, we introduce a type of Jacobi coordinates [57]:

ϕ̃ =
1

m̄
(m1ϕ1 +m2ϕ2 +m3ϕ3), φ1 = ϕ2 − ϕ1, φ2 = ϕ3 − ν1ϕ1 − ν2ϕ2,

where

m̄ = m1 +m2 +m3, ν1 =
m1

m1 +m2

, ν2 =
m2

m1 +m2

.

The corresponding conjugate momenta are then given by

pϕ̃ = m̄ ˙̃ϕ, pφ1 = ν3φ̇1, pφ2 = ν4φ̇2,

where ν3 = m1m2

m1+m2
and ν4 = (m1+m2)m3

m̄
. It is easy to verify that

pϕ̃dϕ̃+ pφ1dφ1 + pφ2dφ2 = pϕ1dϕ1 + pϕ2dϕ2 + pϕ3dϕ3

and that the Hamiltonian is

H =
1

2

(
p2
ϕ̃

m̄
+
p2
φ1

ν3

+
p2
φ2

ν4

)
− U(φ1, φ2),

where U(φ1, φ2) is the force function in the new variables. Note that ϕ2−ϕ1 = φ1 = α,

and

β = ϕ3 − ϕ2 = φ2 + ν1ϕ1 + ν2ϕ2 − ϕ2 = φ2 − ν1φ1.

Recall that d12 = α, d23 = β, d13 = 2π − (α + β). Thus

U(φ1, φ2) = m1m2 cotα +m2m3 cot β −m1m3 cot(α + β)

= m1m2 cotφ1 +m2m3 cot(φ2 − ν1φ1)−m1m3 cot(φ2 + ν2φ1).

We now study the stability of the fixed-point solution. In this case ϕ̇1 = ϕ̇2 =

ϕ̇3 = 0, we have m̄ ˙̃ϕ = 0, and ωxy = 0. So the quotient manifold is S ′0. On this

quotient manifold, pϕ̃ = 0 and we can set ϕ̃ = 0 since we identify all points that differ

by a rotation. Thus we use φ1, φ2, pφ1 , pφ2 as the coordinates of the 4-dimensional

manifold S ′0. In these coordinates, we have the reduced Hamiltonian function

H0 =
1

2

(
p2
φ1

ν3

+
p2
φ2

ν4

)
− U(φ1, φ2).
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Suppose q is a special central configuration on S1 of three masses m1,m2,m3. Their

positions are given by

ϕ1 = 0, ϕ2 = α, ϕ3 = α + β,

(see Figure 9.1). Then the fixed-point solution (0, α, α + β, 0, 0, 0) we want to study

in T ∗(S1)3 becomes a rest point of the reduced Hamiltonian system on S ′0:

φ1 = α, φ2 = β + ν1α, pφ1 = 0, pφ2 = 0.

Let us denote this rest point by X. Our goal is to study the stability of X.

Theorem 24. Every acute triangle fixed-point solution is Lyapunov stable on S1.

Proof. We will show that the rest point X is a local minimum of the Hamiltonian H0.

Since the Hamiltonian is preserved during any motion, we can then conclude that

the rest point X is stable. The rest point X is obviously a minimum of the kinetic

energy. We will show that it is also a local maximum of U by studying its Hessian

matrix.

We use the variables (α, β) instead of (φ1, φ2). Then

U(α, β) = m1m2 cotα +m2m3 cot β −m1m3 cot(α + β),

and the Hessian matrix H(α, β) of U at (α, β) has the form

H(α, β) = 2

[
m1m2 cosα

sin3 α
− m1m3 cos(α+β)

sin3(α+β)
−m1m3 cos(α+β)

sin3(α+β)

−m1m3 cos(α+β)

sin3(α+β)
m2m3 cosβ

sin3 β
− m1m3 cos(α+β)

sin3(α+β)

]
.

Recall that equations (8.7) are

m2

sin2 α
=

m3

sin2(α + β)
,

m2

sin2 β
=

m1

sin2(α + β)
,

m1

sin2 α
=

m3

sin2 β
.

By direct computation, we find that the diagonal entries of 1
2
H(α, β) are

m1m2 cosα

sin3 α
− m1m3 cos(α + β)

sin3(α + β)
=
m1m2

sin2 α

sin β

sin(α + β) sinα
< 0,

m2m3 cos β

sin3 β
− m1m3 cos(α + β)

sin3(α + β)
=

m1m3

sin2(α + β)

sinα

sin(α + β) sin β
< 0.

Hence the trace is negative. Here we used the fact that (α, β) satisfies the inequalities
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(8.6): 0 < α < π, 0 < β < π, π < α + β < 2π. Thus sinα > 0, sin β > 0, and

sin(α + β) < 0. Further straightforward computations show that the determinant of
1
2
H(α, β) is

m1m2 cosα

sin3 α

m2m3 cos β

sin3 β
−
(
m1m2 cosα

sin3 α
+
m2m3 cos β

sin3 β

)
m1m3 cos(α + β)

sin3(α + β)

=
m1m3m

2
2 cosα cos β

sin3 α sin3 β
− m1m3

sin2(α + β)

sin(α + β)

sinα sin β

m1m3 cos(α + β)

sin3(α + β)

=
m1m3m

2
2

sin3 α sin3 β
(cosα cos β − cos(α + β)) =

m1m3m
2
2

sin2 α sin2 β
> 0.

These two facts imply that the two eigenvalues of H(α, β) are both negative. Then

the special central configuration is a local maximum of U . We can thus conclude that

the rest point X = (α, β + ν1α, 0, 0) is a local minimum of H = T − U . This remark

completes the proof.

We further study the stability of the other associated relative equilibria Aω,0(t)q

with ω 6= 0. In this case ϕ̇1 = ϕ̇2 = ϕ̇3 = ω, we have m̄ ˙̃ϕ = m̄ω, and ωxy = m̄ω. So

the quotient manifold is S ′m̄ω. On this quotient manifold, pϕ̃ = m̄ω and we can set

ϕ̃ = 0 since we identify all points that differ by a rotation. Thus we use φ1, φ2, pφ1 , pφ2

as the coordinates of the 4-dimensional manifold S ′m̄ω. Under these coordinates, we

have the reduced Hamiltonian

Hm̄ω =
1

2

(
p2
φ1

ν3

+
p2
φ2

ν4

)
− U(φ1, φ2) +

m̄ω2

2
.

Then the relative equilibrium Aω,0(t)q in T ∗(S1)3 becomes a rest point in S ′m̄ω,

φ1 = α, φ2 = β + ν1α, pφ1 = 0, pφ2 = 0.

Let us denote this rest point by X1. Note that H0 and Hm̄ω are the same up to a

constant. Then we can conclude that X1 is also a local minimum of Hm̄ω. So we have

proved the following result.

Theorem 25. Every relative equilibrium associated to an acute triangle special central

configuration is Lyapunov stable on S1.
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9.3 Stability on S2

In this section we study the linear stability of the these solutions on S2. Unlike in the

previous case, their stability depends on the angular velocity ω. We first introduce

rotating coordinates to treat a general relative equilibrium on S2 as a rest point,

and obtain the linearized system v̇ = L(v − Xω). We then compute L for relative

equilibria associated with special central configurations on the equator. As in the

Newtonian N -body problem, we study the stability of the rest points on a proper

subspace [60, 62]. We show that these solutions are linearly stable if and only if ω2

is greater than a critical value.

So consider a general relative equilibrium on S2 with angular velocity ω and in-

troduce the rotating coordinates

θi = θi, θ̇i = θ̇i, ϕi = ϕi − ωt, ϕ̇i = ϕ̇i − ω, pθi = pθi , pϕi
= pϕi

, i = 1, ..., N.

In these new coordinates, the original Hamiltonian system

θ̇i =
∂H

∂pθi
=
pθi
mi

, ṗθi = −∂H
∂θi

=
p2
ϕi

cos θi

mi sin
3 θi

+
∂U

∂θi
,

ϕ̇i =
∂H

∂pϕi

=
pϕi

mi sin
2 θi

, ṗϕi
= −∂H

∂ϕi
=
∂U

∂ϕi
, i = 1, ..., N,

becomes

θ̇i =
pθi
mi

, ṗθi =
p2
ϕi

cos θi

mi sin
3 θi

+
∂U

∂θi
,

ϕ̇i =
pϕi

mi sin
2 θi
− ω, ṗϕi

=
∂U

∂ϕi
, i = 1, ..., N.

This system is Hamiltonian with

H =
n∑
i=1

1

2

(
p2
θi

mi

+
p2
ϕi

mi sin
2 θi
− 2pϕi

ω

)
− U

and symplectic form w = d

(
n∑
i=1

pθidθi + pϕi
dϕi

)
.

We will use θi, ϕi, pθi , pϕi
instead of θi, ϕi, pθipϕi

if no further confusion arises.

Denote by Xω the rest point in the new Hamiltonian system that corresponds to a
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relative equilibrium Aω,0(t)q. Then Xω is

θi(t) = θi(0), ϕi(t) = ϕi(0), pθi = 0, pϕi
= ωmi sin

2 θi,

and we are going to study the stability of Xω for the linearized system

v̇ = L(v −Xω), v = (θ1, .., θN , ϕ1, .., ϕN , pθ1 , .., pθN , pϕ1 , .., pϕN
).

By straightforward computation, we obtain

L =


0 0 M−1 0

K 0 0 M−1C−1

∂2U
∂θi∂θj

+R ∂2U
∂θi∂ϕj

0 −KT

∂2U
∂ϕi∂θj

∂2U
∂ϕi∂ϕj

0 0

 , R =


−p2ϕ1

(1+2 cos2 θ1)

m1 sin4 θ1
· · · 0

0
−p2ϕ2

(1+2 cos2 θ2)

m2 sin4 θ2
0

... · · · ...

0 · · · −p2ϕN
(1+2 cos2 θN )

mN sin4 θN

 ,

K =


−2pϕ1 cos θ1
m1 sin3 θ1

· · · 0

0
−2pϕ2 cos θ2
m2 sin3 θ2

0
... · · · ...

0 · · · −2pϕN
cos θN

mN sin3 θN

 , M−1 =


1
m1
· · · 0

0 1
m2

0
... · · · ...

0 · · · 1
mN

 , C−1 =


1

sin2 θ1
· · · 0

0 1
sin2 θ2

0
... · · · ...

0 · · · 1
sin2 θN

 ,

where L is a 4N × 4N matrix, R,K,M−1, and C−1 are N ×N matrices.

It is generally difficult to find the normal form of L. However, for relative equilibria

associated to a special central configuration on the equator, things are easier. Direct

computation leads to the following result.

Lemma 10. For special central configurations on the equator, L =


0 0 M−1 0

0 0 0 M−1

H1(ω) 0 0 0

0 H2 0 0

 ,
where H1(ω) =

[
∂2U
∂θi∂θj

]
−ω2M and H2 =

[
∂2U

∂ϕi∂ϕj

]
. The elements of H1(0) =

[
∂2U
∂θi∂θj

]
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and H2 are

[H1(0)]ij =
mimj

sin3 dij
, [H1(0)]ii = −

n∑
j 6=i,j=1

[H1(0)]ij cos dij,

[H2]ij =
−2mimj cos dij

sin3 dij
, [H2]ii = −

n∑
j 6=i,j=1

[H2]ij.

We use the notations H1(ω) and H2 to indicate that the lower left 2N × 2N block

is related to the Hessian of U at the special central configuration on S2. Especially,

H2 is just the Hessian of U at the special central configuration on S1. We can find

the normal form of L by finding the normal forms of H1(ω)M−1 and H2M
−1.

Lemma 11. H1(ω)M−1 and H2M
−1 are diagonalizable. If u ∈ CN is an eigenvector

of H1(ω)M−1 (H2M
−1) with eigenvalue λ 6= 0, then there exists a 2-dimensional in-

variant subspace of L in C4N on which L is

[√
λ 0

0 −
√
λ

]
. If u ∈ CN is an eigenvector

of H1(ω)M−1 (H2M
−1) with eigenvalue 0, then there exists a 2-dimensional invariant

subspace of L in C4N on which L is

[
0 1

0 0

]
.

Proof. It is enough to prove this for H1(ω)M−1. Note H1(ω) is symmetric, thus

H1(ω)M−1 is symmetric with respect to the inner product 〈v,u〉 = vTM−1u so it is di-

agonalizable with respect to some M−1 orthogonal basis. Now suppose H1(ω)M−1u =

λu, λ 6= 0. Then
0 0 M−1 0

0 0 0 M−1

H1(ω) 0 0 0

0 H2 0 0



M−1u√

λ
M−1u
−
√
λ

0 0

u u

0 0

 =


M−1u M−1u

0 0√
λu −

√
λu

0 0

 =


M−1u√

λ
M−1u
−
√
λ

0 0

u u

0 0


[√

λ 0

0 −
√
λ

]
.

Similarly, if H1(ω)M−1u = 0, then
0 0 M−1 0

0 0 0 M−1

H1(ω) 0 0 0

0 H2 0 0



M−1u 0

0 0

0 u

0 0

 =


0 M−1u

0 0

0 0

0 0

 =


M−1u 0

0 0

0 u

0 0


[

0 1

0 0

]
.

This remark completes the proof.
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Normally, a rest point Xω is called linearly stable if Xω is a stable rest point

of the linearized system. However, as for relative equilibria of the curved N -body

problem, the symmetries and integrals of the problem make it impossible to satisfy

this condition.

Recall that a special central configuration on S2 remains a special central config-

uration on S2 after any rotation in SO(3), which is a 3-dimensional Lie group. Let ξi

i = 1, 2, 3, be the basis of so(3), we see that each ξiq is a null vector of the Hessian[
H1(0) 0

0 H2

]
.

Lemma 12. Let H1(0) and H2 be the matrices defined in Lemma 10. Then

H1(0)v1 = 0, H1(0)v2 = 0, H2v3 = 0,

where

v1 = (y1, y2, ..., yN), v2 = (x1, x2, ..., xN), v3 = (1, 1, ..., 1). (9.1)

Proof. By Proposition 14, there are at least three null vectors for the Hessian of a

special central configuration on S2, ξiq, i = 1, 2, 3, where ξi is the basis of so(3).

Recall that the basis of so(3) [41] is given by

Jx =

0 0 0

0 0 −1

0 1 0

 , Jy =

0 0 −1

0 0 0

1 0 0

 , Jz =

0 −1 0

1 0 0

0 0 0

 ,
which correspond to the three rotations (around the three axes) in SO(3). In xyz-

coordinates, Jxqi = (0,−zi, yi), Jyqi = (−zi, 0, xi), Jzqi = (−yi, xi, 0). Thus for

special central configurations on S1, (zi = 0), the three null vectors are

v1 = (0, 0, y1, 0, 0, y2, ..., 0, 0, yN), v2 = (0, 0, x1, 0, 0, x2, ..., 0, 0, xN),

v3 = (−y1, x1, 0,−y2, x2, 0, ...,−yN , xN , 0).

Transforming them into the spherical coordinates, they are

v1 = y1
∂

∂θ1

+ y2
∂

∂θ2

+ ...+ yN
∂

∂θN
, v2 = x1

∂

∂θ1

+ x2
∂

∂θ2

+ ...+ xN
∂

∂θN
,

v3 =
∂

∂ϕ1

+
∂

∂ϕ2

+ ...+
∂

∂ϕN
.



120

Thus we obtain H1(0)v1 = 0, H1(0)v2 = 0, and H2v3 = 0. This remark completes

the proof.

Now we consider the stability of the fixed-point solutions, i.e, ω = 0. In this case,

H1(ω) has at least two null vectors and H2 has at least one null vector. Consider the

6-dimensional subspace E1 of C4N spanned by the vectors
v1

0

0

0

 ,


0

0

Mv1

0

 ,


v2

0

0

0

 ,


0

0

Mv2

0

 ,


0

v3

0

0

 ,


0

0

0

Mv3

 . (9.2)

Then Lemma 11 implies that E1 is an invariant subspace for L. The matrix of L|E1

in this basis is

L|E1 = diag

{[
0 1

0 0

]
,

[
0 1

0 0

]
,

[
0 1

0 0

]}
.

Though all eigenvalues on E1 are 0, there are three nontrivial Jordan blocks, a fact

which implies that the rest point is not linearly stable in the conventional sense.

This instability is trivial as a natural effect of the symmetry of this Hamiltonian

system. Indeed, we can perturb a fixed-point solution into a relative equilibrium by

any rotation in SO(3). Then the angular positions of these orbits drift away from

each other, a property mathematically reflected by the nontrivial Jordan blocks, as

remarked in [60].

It is traditional in celestial mechanics to view the drifts in this subspace as harm-

less. Indeed, they can be eliminated by fixing the angular momentum and passing

to a quotient manifold under the action of the rotational symmetry group. Thus it

is reasonable to formulate a definition of linear stability based on the behaviour of

L in a complementary subspace [60]. To define such a subspace, it is necessary to

introduce the skew inner product of two complex vectors v,u ∈ C4N :

Ω(v,u) = vTJu, J4N×4N =

[
0 −I
I 0

]
.

Using the fact that L = JS, ST = S, where S is the Hessian matrix of the Hamiltonian

at X0, we obtain that

Ω(v, Lu) = −Ω(Lv,u).
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With the help of this property it is easy to show that the skew-orthogonal complement

of an invariant subspace of L is again invariant. Indeed, let E denote the skew

orthogonal complement in C4N of E1, that is,

E = {v ∈ C4N : Ω(v,u) = 0 for all u ∈ E1}.

Then E is an L invariant subspace of dimension 4N − 6.

Definition 14. A fixed-point solutions X0 associated with a special central configura-

tion on S1 is called linearly stable if X0 is a stable rest point of the linearized equation

restricted to E.

For N = 3, i.e., the relative equilibria associated with acute triangle special central

configurations, we have E = C6, and we can find the normal form of L|E.

Theorem 26. For each acute triangle fixed-point solution, L|E is diagonalizable and

in a properly chosen basis,

L|E = diag
{√

λ1,−
√
λ1, i

√
|λ2|,−i

√
|λ2|, i

√
|λ3|,−i

√
|λ3|
}
,

where 0, 0, λ1 > 0 are the eigenvalues of H1(0)M−1, and 0, λ2 < 0, λ3 < 0 are the

eigenvalues of H2M
−1. All acute triangle fixed-point solutions on the equator are

unstable on S2.

Proof. We first find the eigenvalues of H1(0)M−1 and H2M
−1. Recall that d12 =

α, d23 = β, d13 = 2π − (α + β). Using α, β and Lemma 10, we obtain that

H1(0)M−1 =


−m2 cosα

sin3 α
+ m3 cos(α+β)

sin3(α+β)
m1

sin3 α
−m1

sin3(α+β)
m2

sin3 α
−m1 cosα

sin3 α
+ −m3 cosβ

sin3 β
m2

sin3 β
−m3

sin3(α+β)
m3

sin3 β

m1 cos(α+β)

sin3(α+β)
+ −m2 cosβ

sin3 β

 .
Lemma 12 implies that Mv1 and Mv2 are two null vectors of H1(0)M−1. Thus the

third eigenvalue λ1 equals the trace of the matrix. Using the same trick as in the

proof of Theorem 24, we find that the second diagonal entry is

−m1 cosα

sin3 α
+
−m3 cos β

sin3 β
= − m3

sin2 β

sin(α + β)

sinα sin β
> 0.

The first one and the third one are just opposite to diagonal entries of the matrix

H(α, β) in the proof of Theorem 24, so they are positive. Hence λ1 > 0.
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Lemma 12 also implies that H2M
−1 has one null vector Mv3. Note that the

proof of Theorem 24 implies that acute triangle special central configurations are

local maxima of U on (S1)3 \ ∆. Thus the two other eigenvalues of H2 =
[

∂2U
∂ϕi∂ϕj

]
are both negative. Note that M− 1

2 is well defined. Then H2 is congruent to H ′2 :=

(M− 1
2 )TH2M

− 1
2 , which is similar to M

1
2H ′2M

− 1
2 = H2M

−1. By Sylvester’s law of

inertia [37], we have

n−(H2M
−1) = n−(H2) = 2, n0(H2M

−1) = n0(H2) = 1,

where n0(A) is the number of zero eigenvalues and n−(A) is the number of negative

eigenvalues of matrix A. This proves the eigenvalues of H1(0)M−1 are 0, 0, λ1 > 0,

and the eigenvalues of H2M
−1 are 0, λ2 < 0, λ3 < 0.

By Lemma 11, we see that L on C12 is similar to

diag

{[
0 1

0 0

]
,

[
0 1

0 0

]
,

[
0 1

0 0

]
,
√
λ1,−

√
λ1, i

√
|λ2|,−i

√
|λ2|, i

√
|λ3|,−i

√
|λ3|

}
.

Recall that the normal form of L|E1 is given by the first three nontrivial Jordan blocks.

We thus obtain that L|E is similar to

diag
{√

λ1,−
√
λ1, i

√
|λ2|,−i

√
|λ2|, i

√
|λ3|,−i

√
|λ3|
}
.

Then the positive eigenvalue
√
λ1 indicates that all acute triangle fixed-point solutions

are unstable on S2, a remark that completes the proof.

Now we study the linear stability of other associated relative equilibria ω 6= 0.

Recall that the Hessian part is now

[
H1(0)− ω2M 0

0 H2

]
. Thus v1 and v2 do not

correspond to the Jordan blocks of L any more. Define E2 as the 2-dimensional

subspace spanned by the last two vectors of (9.2). Then L has one Jordan block on

E2. By the same reason, it is reasonable to define stability based on the behaviour of

the system on the complementary space, that is

Ẽ = {v ∈ C4N : Ω(v,u) = 0 for all u ∈ E2}.

Then Ẽ is an L invariant subspace of dimension 4N − 2.

Definition 15. A relative equilibrium Xω (ω 6= 0) associated with a special central
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configuration on the equator is called linearly stable if Xω is a stable rest point of the

linearized equation restricted to Ẽ.

Theorem 27. Let Xω (ω 6= 0) be a relative equilibrium associated with an acute

triangle special central configuration on the equator. Then it is unstable on S2 if and

only if 0 < ω2 ≤ λ1, and it is linearly stable if and only if λ1 < ω2, where

λ1 = − m2

sin2 α

sin β

sin(α + β) sinα
− m3

sin2 β

sinα

sin(α + β) sin β
− m3

sin2 β

sin(α + β)

sinα sin β
.

Proof. By Lemma 11 and the proof of the above theorem, we only need to find

the eigenvalues of H1(0)M−1 − ω2. Note that H1(0)M−1 has three eigenvectors,

with two eigenvalues being zero. Thus there exists an invertible matrix P such

that H1(0)M−1 = Pdiag{λ1, 0, 0}P−1. Therefore H1(0)M−1 − ω2 = Pdiag{λ1 −
ω2,−ω2,−ω2}P−1. By Lemma 11, we obtain that L|Ẽ is similar to

diag
{√

λ1 − ω2,−
√
λ1 − ω2, iω,−iω, iω,−iω, i

√
|λ2|,−i

√
|λ2|, i

√
|λ3|,−i

√
|λ3|
}
.

Thus the relative equilibrium is unstable on S2 if and only if 0 < ω2 ≤ λ1, and it is

linearly stable if and only if λ1 < ω2. Direct computation leads to the value of λ1.

This remark completes the proof.

It is interesting to compare the special central configuration on S1 and the collinear

central configurations of the Newtonian N -body problem. The special central config-

uration of three particles are local maxima of the potential restricted on the equator,

whereas the collinear central configurations are local minima of the potential restricted

on a line. For each collinear configuration of the Newtonian N -body problem, there

is only one angular velocity that produces a circular motion, whereas any angular

velocity leads to circular motion in our case. Additionally, it is very interesting to

notice that the stability depends on the velocity.
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Chapter 10

Conclusions

To summarise, we find a natural way to define central configurations of the curved

N -body problem. We separate them into two categories, the ordinary central con-

figurations and the special central configurations. By characterizing ordinary central

configurations as the critical points of the force function restricted to some submani-

fold, we show the existence of them. We also propose a problem which is analogous

to Smale’s 6-th problem for the Newtonian N -body problem. In H2, we obtain many

results which are similar to the results on R2. In S3, we first study the geodesic

ordinary central configurations for N = 2, 3, and the 3-body ordinary non-geodesic

central configurations. Then we study special central configurations. We extend the

definition of special central configuration to higher dimensional spheres. The Dziobek

special central configurations are studied. We also study the stability of some relative

equilibria associated to central configurations.

As it happens in the Euclidean case, the central configurations of the curved N -

body problem are far from easy. Fixing N masses, to find all central configurations is

to find all real solutions of 3N scalar equations in 3N unknowns, which is the main

subject of algebraic geometry. To make things worse, the terms involved are usually

not algebraic of the unknowns. For instance, dij is not algebraic in qi,qj. Central

configurations of 3-body on R2 are settled long time ago, but curved 3-body central

configurations is a very “non-linear” problem, as indicated in Chapter 7. As it always

happens, problems on surfaces are harder than analogous problems in linear spaces.

There are several further directions. I am trying to solve the ordinary central

configuration equations for three masses and the special central configuration equa-

tions for four masses. As mentioned earlier, the results of central configurations on

H2 are similar to the ones on R2. I am trying to find the exact relationship between
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them. I am also planning to study the linear stability of relative equilibrium with

Conley-Zehnder index theory.

These study of central configurations are only at the beginning. It is an object to

study, and it is also a new tool. The properties of them to be found in future may

shed more light on the equations of motion that govern this mathematical model.
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