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Abstract

A certain subclass 7T (n,p, A, a) of starlike functions in the unit disk is

introduced. The object of the present paper is to derive several interest-
ing properties of functions belonging to the class 7(n,p, A, «). Various

distortion inequalities for fractional calculus of functions in the class

T(n,p, A, o) are also given.

1. Introduction

Let 7 (n,p) denote the class of functions f(z) of the form:
f(z) = 2" - Z Ok+p 2P (ak-l-P >0; peN:={1,2,3,---}; n€ N),
k=

which are analytic in the open unit disk

U={z:2€C and |z| <1}

(1.1)

A function f(z) € T(n,p) is said to be in the class T(n,p, A, a) if it satisfies the

inequality:

zf'(2) + A2? f'(2)
o) >

for some a (0 < a < 1) and A (0 < A <1), and for all z € Y. We note that
T(n,1,0,a) = Tu(n),

T(n,1,1,a) = Cuo(n),
7(1,1,0,a) = T*(a),
7(1,1,1,a) =C(w),

and

T(n,1,\ a)=P(n,A, a).
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The classes T,(n) and C4(n) were studied earlier by Srivastava et al. [6], the classes
T*(a) =To(1) and C(a)=Cqa(l)

were studied by Silverman [4], and the class P(n, A, a) was studied by Altintag [1].
The object of the present paper is to give various basic properties of functions belonging
to the general class 7 (n,p, A, ). We also prove (in Section 3) several distortion theorems

(involving certain operators of fractional calculus) for functions in the class T(n, p, A, a).

2. A Theorem on Coeflicient Bounds

We begin by proving some sharp coefficient inequalities contained in

Theorem 1. A function f(z) € T(n,p) i3 in the class T(n,p, ), a) if and only if

oo

D (k+p—a) Ak +Ap—A+1)arsy < (p—a)(1+Ap— ) (2.1)

k=n
(0<a<1; 0SALT Mp-1)p—a)2a (p#1); peEN; neN).
The result is sharp.

Proof. Suppose that f(z) € T(n,p, A,a). Then we find from (1.2) that

p(1+2p—A) 2P — 3 (k+p)(Ak+ Ap — A+ 1) agyp 257
® k=n >«
(14+dp—N)zP — 3 (Ak+Ap— A+ 1) agyp 2FH?

k=n

(0€a<]; 0KALSL Mp-D(p—a)2a (p#1); peN; neN;, z¢lf).

If we choose z to be real and let z — 1—, we get

p(L+Ap=2) = 2 (k+p)(Ak+Ap— A +1)axyy
k=n

= 2a
1+Ap—2A =3 (Ak+Ap—A+1)ary,
k=n

0<a<; 0SASL Ap-1p-a)2a (p#1); PEN; neEN)
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or, equivalently,

S (k4 p— )M+ 2p = A+ D) arey < (p— a)(14+ dp— )

k=n

0<a<l; 0SALY Mp-1)(p—a)2a (p#1); peN; neN),

which is precisely the assertion (2.1) of Theorem 1.
Conversely, suppose that the inequality (2.1) holds true and let

z€0MU ={z:2€ C and |z|=1}.
Then we find from the definition (1.1) that

z2f'(z) + 222 f"(2)
(1=2f(2) +Azf'(2)

-1+ = N)[Ap-1)(p - a) -]z’

—(P=-a)(1+Ap-A)

— S (k4 2p— A+ D[k +a—Ap— 1)(p - @)lagspet?

- k=n
(L4+Ap—2A)z7P — 3 (A +Ap — A + 1)agqpzFt?
k=n

14+ =N —-1)(p~a) - a2l

+ SOk 42— A+ Db+ — Ap— 1)(p — a)] agsp |2+

k=n

(T+2p=N)|z]p = S5 (Ak+ Ap — A+ 1) agqp |2|FFP
k=n

IN

<S(p—a)(l+dp—)) -«

(0<a<l; 0ZALL Mp—-L)(p—a)>a (p#1l);, z€dU; peN; neN),
provided that the inequality (2.1) is satisfied. Hence, by the maximum modulus theorem,

we have
f(Z) € T(n,p, )‘7 a)'

Finally, we note that the assertion (2.1) of Theorem 1 is sharp, the extremal function
being

_p_ (=)t Ap—X) oy, .
f(z) == CET T v + (peN; neN). (2.2)
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Theorem 2. Let the function f(z) defined by (1.1) and the function g(z) defined by
o)== 3 besp P (hap 20 pEN; nEN) (23)
k=
be in the same class T(n,p,\, o). Then the function h(z) defined by
h(z) = (1= B) f(z) + Bg(z) = 2" — i Chpp 2" TP (2.4)
k=n

(Ck+p =(1-7) aktp + Bbryp 2 0; 0< B<1; peN)
i3 also in the class T(n,p, A, ).

Proof. Suppose that each of the functions f(z) and g(z) is in the class T(n,p, A, a).
Then, making use of (2.1), we see that

Y (E+p—a)Ak+2Ap— A+ 1)cktp

k=n

=(1—ﬂ)i(k+p—a)(/\k+/\p—/\+1)ak+p

k=n

+ 83 (k+p— )M +2p— A +1) by, (2.5)

k=n
=1=-B)p-a)1+Ap=X)+B(p—a)(l+Ap—A)
=(@-a)(l+ip-2)
(0a<1; 0SALL Mp-1)p—a)2a (p#1); pEN; neN),
which completes the proof of Theorem 2.

Next we define the modified Hadamard product of the functions f (z) and ¢(z), which
are defined by (1.1) and (2.3), respectively, by

frg(z)=2" — E Qk+p bkt p P (2.6)

k=n
(ak4+p = 0; bryp 2 0; p€N).
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Theorem 3. If each of the functions f(z) and g(z) is in the class T(n,p, A, ), then

f*g(z) € T(n,p, A, 6),

where
(p—a)’(L+rp—1)
§<p— N; N).
=P (p+n—a)Ap+AIn—XA+1) (peN; ne)
The result is sharp for the functions f(z) and g(z) given by
—a)(1+Ap—A
f(Z) — g(Z) = zP (p Ol)( + p ) Zp+n (p c N, ne N).

(p+n—a)dp+In—-X+1)

Proof. From Theorem 1, we have

i(k+p—a)(>\k+/\p—/\+1)

and

(k+p a)Ak+Ap—A+1)
Z (p—a)(1+Ap—A)

We have to find the largest 6 such that

bryp <1 (peN; neN).

(k+p— 6k +Ap—A+1)
Z (p—6)(1+Ap—A)

Qk+p bk+p S 1 (p c N; ne N)
From (2.9) and (2.10) we find, by means of the Cauchy-Schwarz inequality, that
~ (E+p—a)Me+Ap—A+1)
br4p <1 € N).
;; (p—a)(1+2p— 1) V/@hep bty < (peN)

Therefore, (2.11) holds true if

6
’\/ak+pbk+p-—”“'— (k>n; peN; neN),

p—a
that is, if

P-—a)lt+rp—-X) _p—$
(k+p—a)Ak+Ap—A+1) " p—a

(k>n; peN; neN),

which readily yields

(p—a)?(1+dp— )

< p—
S P B Ep—a) Ok + o= A+ 1)

(k>n; peN; neN).
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Finally, letting

(p—a)*(14+Ip—))

) = P Tk AP = AT D)

(k>n; peN; neN), (2.16)

we see that the function ®(k) is increasing in k. This shows that

(p—a)’(1+2p— 1)

§<®(n)=p— e N), 2.17
<®(n)=p [Pa—— ; Py (p€N) (2.17)
which completes the proof of Theorem 3.
Corollary 1. If f(z) € T(n,p, A, ), then
(p—a)(1+Ap—1)
n < ) . 2.
apt S prn—o0p+ A+ D (peN; neN) (2.18)

Numerous consequences of Theorems 1, 2, and 3 (and of Corollary 1) can indeed be
deduced by specializing the various parameters involved. Many of these consequences were

proven by earlier workers on the subject (cf., e.g., Silverman [4], Srivastava et al. [6], and

Altintag [1]).

3. Distortion Theorems Involving Operators of Fractional Calculus

In this section we shall prove several distortion theorems for functions belonging to
the general class T(n,p, A\, a). Each of these theorems would involve certain operators of

fractional calculus, which are defined as follows (cf., e.g., [2], [3], and [5]).

Definition 1. The fractional integral of order p is defined by

7o) = [ A wso,

where f(z) is an analytic function in a simply-connected region of the z-plane containing
the origin and the multiplicity of (z — ¢)#*~! is removed by requiring log(z — () to be real
when z — ( > 0.

Definition 2. The fractional derivative of order p is defined by

1 f($)
T(1-p) dz (Z~—C)“

D¥ f(z) = & (0<p<),



where f(z) is constrained, and the multiplicity of (z — {)™* is removed, as in Definition 1.
Definition 3. Under the hypotheses of Definition 1, the fractional derivative of order
n + p is defined by

DIt f(z) = DEf(s)  (0<u<1; meNo:=NU{O)).

Theorem 4. If f(z) € T(n,p, \, a), then

|D;* £(2)]
< |2fpHe ( I(p+1) (p—a)1+dp—N)T(n+p+1) Izl) (3.1)
a F'p+p+1) (n+p—a)In+rp—A+1)T(n+p+p+1)
and
|D;* £(2)]
> |o[pte ( I'(p+1) (p—a)1+dp—XN)T(n+p+1) Izl> (3.2)
- T(p+p+1) (mtp-a)dn+rip—A+DT(n+p+p+1)

foru>0,n €N, and p €N, and for all z € U.
The result is sharp for the function f(z) given by

(p _ a)(l + /\p B )‘) zn+p

Hz) =2 - (n+p—a)dn+Aip—A+1)

(neN; peN). (3.3)

Proof. Suppose that f(z) € T(n,p, A\, a). We then find from (2.1) that

> ap4p < G +;P_— 0?3)((/\1n++>\>1\9p—_>\))‘ — (neN; peN). (3.4)

k=n
Making use of (3.4) and Definition 1, we have

o

([ T(p+1) S D(ktpt1) - n
Tlp+p+1) ZT(k+p+p+l) 7

_ ptu Tlp+1) S Qs 2
=2 (F(p+u+1) ;\P(k) o k)’

where, for convenience,

D;* f(z) = 2+
(3.5)

I'(k+p+1)
Mk+p+p+1)

T(k) = (L>0; k>n; neN; peN).



Clearly, the function ¥(k) is decreasing in k, and we have

Fn+p+1)
0< ¥ (k)< ¥(n)= . 3.6
(k) < ¥ = i i) (5.)
Thus we find from (3.4), (3.5), and (3.6) that
|D7* f(2)|
< |z[pte ____(_p_f_*/__ + |z|®(n) Za )
T(p+p+1) e )
< |z|p+;z ( F(p+1) (p—a)(1+Ap— /\)F(n+p+1) |2 |>
- Fp+p+1l) (m+p—a)dn+ip—A+1)I(n+p+p+1)
which is precisely the assertion (3.1), and that
|D*£(2)]
T(p+1) =
> |yt — |z|¥
= IZI (F(p tu+ 1) IZI (n) ;akﬁ'l’)
wu [ T+ 1) (p=a)(1+)p— NT(n+p+1)
2 |z[PTH - 4
F'p+p+1) (n+p—o)An+Ap—A+1)I(n+p+p+1)

which is the same as the assertion (3.2).

In order to complete the proof of Theorem 4, it is easily observed that the equalities

in (3.1) and (3.2) are satisfied by the function f(z) given by (3.3).

The proofs of Theorem 5 and Theorem 6 below are much akin to that of Theorem 4,
which we have detailed above fairly fully. Indeed, instead of Definition 1, we make use of

Definitions 2 and 3 to prove Theorems 5 and 6, respectively.

Theorem 5. If f(z) € T(n,p, A, a), then

|D% f(2)]
< |zfP* ( I(p+1) (p—a)1+Ap—Nl(n+p+1) 'Z‘> (3.7)
< Tp—p+1) (n+p—a)An+Ap—A+1)(n+p—p+1)
and
|D% f(2)]
> |2fp ( L(p+1) (p—a)1+Xp—ANT(n+p+1) |) (3.8)
> Tp—p+1) (n+p—a)On+lp—A+1)T(n+p—p+1)
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for0<u<l,neN, end peN, and for all z€ U.
The result is sharp for the function f(z) given by (3.3).

Theorem 6. If f(z) € T(n,p, A, a), then

| DI f(2)]
I (F(p+1) (p—a)(1+Ap—NT(n+p+1) \ (3.9)
< |z|P7H — s+ — - EA L SN |
\IF(p—p) (+p—a)On+dp—A+1)T(n+p—p) )
and

| D+ f(2)]
> [o|p—#-1 (F(p+ 1) (p—a)1+Ap—NT(n+p+1) z) (3.10)
B Fp—p) (m+p—a)dn+rp=—2A+1)I'(n+p—p)

for0<u<l,neN, andp€N, and forall ze U.
The result 18 sharp for the function f(z) given by (3.3).

Setting ¢ = 0 in Theorem 5, we obtain

Corollary 2. If f(z) € T(n,p, A\, a), then

N < o (14 e DAy (3.11)

and

N 2 e (1- o 2o yy)) (312)

forneNandp €N, and for allze U.
The result s sharp for the function f(z) given by (3.3).

If, on the other hand, we set 4 = 0 in Theorem 6, we shall arrive at

Corollary 3. If f(z) € T(n,p, A, a), then

: p1 (P—a)(l+Ap—N(ntp)
AOIENE (p—l— (n+p—a)An+Ap—A+1) | I) (3.13)

and

, 1, (p—a)(l+dp—N(ntp)
£ 2 o (p- Rzl ) (3.14)

forn e Nand p € N, and for all z € U.
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The result is sharp for the function f(z) given by (3.3).

Further consequences of the distortion properties (given by Corollary 2 and Corollary
3) can be obtained for each of the function classes studied by earlier workers. The details

may be omitted.
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