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Abstract
In this paper, the authors introduce a new subclass of meromorphic q-starlike
functions which are associated with the Janowski functions. A characterization of
meromorphically q-starlike functions associated with the Janowski functions has been
obtained when the coefficients in their Laurent series expansion about the origin are
all positive. This leads to a study of coefficient estimates, distortion theorems, partial
sums, and the radius of starlikeness estimates for this class. It is seen that the class
considered demonstrates, in some respects, properties analogous to those possessed
by the corresponding class of univalent analytic functions with negative coefficients.
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1 Introduction and definitions
Let the class of analytic functions in the open unit disk

U =
{

z : z ∈C and |z| < 1
}

be denoted by H(U), and let A denote the class of all functions f , which are analytic in the
unit disk U and normalized by

f (0) = 0 and f ′(0) = 1.

Thus, each f ∈A has a Taylor–Maclaurin series representation as follows:

f (z) = z +
∞∑

n=2

anzn (∀z ∈U). (1.1)

Also, let S be the subclass of analytic function class A, consisting of all univalent functions
in U.
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Furthermore, let P denote the well-known Carathéodory class of functions p, analytic
in the open unit disk U, which are normalized by

p(z) = 1 +
∞∑

n=1

cnzn, (1.2)

such that

�{
p(z)

}
> 0 (∀z ∈U).

The intrinsic properties of q-analogs, including the applications in the study of quantum
groups and q-deformed super-algebras, study of fractals and multi-fractal measures, and
in chaotic dynamical systems, are known in the literature. Some integral transforms in the
classical analysis have their q-analogues in the theory of q-calculus. This has led various
researchers in the field of q-theory to extending all the important results involving the
classical analysis to their q-analogs.

For the convenience, we provide some basic definitions and concept details of q-calculus
which are used in this paper. Throughout this paper, we will assume that q satisfies the
condition 0 < q < 1. We shall follow the notation and terminology of [7]. We first recall the
definitions of fractional q-calculus operators of complex valued function f .

Definition 1 (see [7]) Let q ∈ (0, 1) and define the q-number [λ]q by

[λ]q =

⎧
⎨

⎩

1–qλ

1–q (λ ∈C),
∑n–1

k=0 qk = 1 + q + q2 + · · · + qn–1 (λ = n ∈N).

Definition 2 (see [9] and [10]) The q-derivative (or q-difference) Dq of a function f is
defined in a given subset of C by

(Dqf )(z) =

⎧
⎨

⎩

f (qz)–f (z)
(q–1)z (z �= 0),

f ′(0) (z = 0)
(1.3)

provided that f ′(0) exists.

From Definition 2, we can observe that

lim
q→1–

(Dqf )(z) = lim
q→1–

f (qz) – f (z)
(q – 1)z

= f ′(z)

for a differentiable function f in a given subset of C. It is readily known from (1.1) and
(1.3) that

(Dqf )(z) = 1 +
∞∑

n=2

[n]qanzn–1. (1.4)

A number of subclasses of normalized analytic function class A in geometric function
theory have been studied already from different viewpoints. The above defined q-calculus
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provides an important tool in order to investigate several subclasses of class A. A firm
footing usage of the q-calculus in the context of geometric function theory was presented
mainly and basic (or q-) hypergeometric functions were first used in geometric function
theory in a book chapter by Srivastava (see, for details, [17, pp. 347 et seq.]; see also [18]).

Recently Srivastava et al. [20] successfully combined the concept of Janowski [11] and
the above mentioned q-calculus and defined the following.

Definition 3 A function f ∈A is said to belong to the class S∗
q [A, B] if and only if

∣∣∣∣
(B – 1)( z(Dqf )(z)

f (z) ) – (A – 1)

(B + 1)( z(Dqf )(z)
f (z) ) – (A + 1)

–
1

1 – q

∣∣∣∣ <
1

1 – q
.

From Definition 3, one can easily observe that
1. limq→1– S∗

q [A, B] = S∗[A, B], where S∗[A, B] is the function class introduced and
studied by Janowski [11].

2. S∗
q [1, –1] = S∗

q , where S∗
q is the function class introduced and studied by Ismail et al.

[8].
3. When

A = 1 – 2α (0 ≤ α < 1) and B = –1

and let q → 1–, the class S∗
q [A, B] reduces to the function class S∗(α), which was

introduced and studied by Silverman (see [15]). Moreover, its worthy of note that
S∗(0) = S∗, where S∗ is a well-known function class of starlike functions.

4. When

A = 1 – 2α (0 ≤ α < 1) and B = –1,

the class S∗
q [A, B] reduces to the function class S∗

q (α), which was introduced and
studied recently by Agrawal and Sahoo (see [1]).

Let M denote the class of functions f of the form

f (z) =
1
z

+
∞∑

n=1

anzn, (1.5)

that are analytic in the punctured open unit disk

U
∗ =

{
z : z ∈ C and 0 < |z| < 1

}
= U\{0}

with a simple pole at the origin with residue 1 there. Let MS∗(α) (0 ≤ α < 1) denote the
subclasses of M meromorphically starlike of order α. Analytically f of the form (1.5) is in
MS∗(α) if and only if

�
(

–
zf ′(z)
f (z)

)
> α (z ∈U).
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The sufficient condition for a function f to be in the class MS∗(α) is given by

∞∑

n=1

(n + α)|an| ≤ 1 – α (0 ≤ α < 1). (1.6)

The classMS∗(α) and similar other classes have been extensively studied by Pommerenke
[13], Clunie [5], Miller [12], Royster [14], and others.

Since to a certain extent the work in the meromorphic univalent case has paralleled
that of the analytic univalent case, one is tempted to search results analogous to those of
Silverman [16] for meromorphic univalent functions in U

∗. Several different subclasses
of meromorphic univalent function class M were introduced and studied analogously by
the many authors; see, for example, [3, 4, 6, 19, 21]. However, analogous to Definition 2,
we extend the idea of q-difference operator to a function f given by (1.5) from the class
M and also define analogous of meromorphic analogy of the function class S∗

q [A, B].

Definition 4 For f ∈ M, let the q-derivative operator (or q-difference operator) be de-
fined by

(Dqf )(z) =
f (qz) – f (z)

(q – 1)z
= –

1
qz2 +

∞∑

n=0

[n]qanzn–1 (∀z ∈U
∗).

Definition 5 A function f ∈A is said to belong to the class MS∗
q[A, B] if and only if

∣∣∣∣
(B – 1)(– z(Dqf )(z)

f (z) ) – (A – 1)

(B + 1)(– z(Dqf )(z)
f (z) ) – (A + 1)

–
1

1 – q

∣∣∣∣ <
1

1 – q
.

Remark 1 First of all, it is easily seen that

lim
q→1–

MS∗
q[A, B] = MS∗[A, B],

where MS∗[A, B] is a function class, introduced and studied by Ali et al. [2]. Secondly we
have

lim
q→1–

MS∗
q[1, –1] = MS∗,

where MS∗ is the well-known function class of meromorphic starlike functions. This
function class and similar other classes have been extensively studied by Pommerenke
[13], Clunie [5], Miller [12], Royster [14], and others.

In the present paper, we give a sufficient condition for a function f to be in the class
MS∗

q[A, B], which will be used as a supporting result for further investigation the remain-
der of this article. Distortion inequalities, as well as results concerning the radius of star-
likeness, are obtained. We will investigate the ratio of a function of the form (1.5) to its
sequence of partial sums

fk(z) =
1
z

+
k∑

n=1

anzn (k ∈N), (1.7)
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when the coefficients are sufficiently small. Throughout this paper, unless otherwise men-
tioned, we will assume that

–1 ≤ B < A ≤ 1 and q ∈ (0, 1).

2 Coefficient estimates
In this section, we give a sufficient condition for a function f to be in the class MS∗

q[A, B],
which will work as one of the key results to find other results of this paper.

Theorem 1 A function f ∈ M of the form given by (1.5) is in the class MS∗
q[A, B] if it

satisfies the following condition:

∞∑

n=1

Λ(n, A, B, q)|an| ≤ Υ (A, B, q), (2.1)

where

Λ(n, A, B, q) = 2
(
[n]q + 1

)
+

∣∣(B + 1)[n]q – (A – 1)
∣∣q (2.2)

and

Υ (A, B, q) =
∣∣(B + 1) – (A + 1)q

∣∣ + 2(1 – q). (2.3)

Proof Assuming that (2.1) holds, it suffices to show that

∣∣∣∣
(B – 1)(– z(Dqf )(z)

f (z) ) – (A – 1)

(B + 1)(– z(Dqf )(z)
f (z) ) – (A + 1)

–
1

1 – q

∣∣∣∣ <
1

1 – q
.

Now we have

∣∣∣∣
(B – 1)(– z(Dqf )(z)

f (z) ) – (A – 1)

(B + 1)(– z(Dqf )(z)
f (z) ) – (A + 1)

–
1

1 – q

∣∣∣∣

≤
∣∣∣∣
–(B – 1)z(Dqf )(z) – (A – 1)f (z)
–(B + 1)z(Dqf )(z) – (A + 1)f (z)

– 1
∣∣∣∣ +

q
1 – q

= 2
∣∣∣∣

z(Dqf )(z) + f (z)
–(B + 1)z(Dqf )(z) – (A + 1)f (z)

∣∣∣∣ +
q

1 – q

= 2
∣∣∣∣

(q – 1) +
∑∞

n=1(1 + [n]q)qanzn+1

(B + 1) – (A + 1)q –
∑∞

n=1((B + 1)[n]q – (A – 1))qanzn+1

∣∣∣∣ +
q

1 – q

≤ 2
(q – 1) +

∑∞
n=1(1 + [n]q)q|an|

|(B + 1) – (A + 1)q| –
∑∞

n=1 |(B + 1)[n]q – (A – 1)|q|an| +
q

1 – q
. (2.4)

The last expression in (2.4) is bounded above by 1
1–q if

∞∑

n=2

Λ(n, A, B, q)q|an| < Υ (A, B, q),
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where Λ(n, A, B, q) and Υ (A, B, q) are given by (2.2) and (2.3) respectively. The proof of
Theorem 1 is thus completed. �

It is easy to deduce the following consequence of Theorem 1.

Corollary 1 If a function f ∈M of the form given by (1.5) is in the class MS∗
q[A, B], then

an ≤ Υ (A, B, q)
Λ(n, A, B, q)

(n ∈ N) (2.5)

with equality for each n, with the function of the form

fn(z) =
1
z

+
Υ (A, B, q)

Λ(n, A, B, q)
zn,

where Υ (A, B, q) and Λ(n, A, B, q) are given by (2.2) and (2.3) respectively.

3 Distortion inequalities
Theorem 2 If f ∈MS∗

q[A, B], then

1
r

–
Υ (A, B, q)

Λ(1, A, B, q)
r ≤ ∣∣f (z)

∣∣ ≤ 1
r

+
Υ (A, B, q)

Λ(1, A, B, q)
r

(|z| = r
)
,

where equality holds for the function

f1(z) =
1
z

+
Υ (A, B, q)

Λ(1, A, B, q)
z at z = ir,

with Λ(n, A, B, q) and Υ (A, B, q) given by (2.2) and (2.3) respectively.

Proof Let f ∈MS∗
q[A, B]. Then, in view of Theorem 1, we have

Λ(1, A, B, q)
∞∑

n=1

|an| ≤
∞∑

n=1

Λ(n, A, B, q)|an| < Υ (A, B, q),

which yields

∣∣f (z)
∣∣ ≤ 1

r
+

∞∑

n=1

|an|rn ≤ 1
r

+ r
∞∑

n=1

|an| ≤ 1
r

+
Υ (A, B, q)

Λ(1, A, B, q)
r.

Similarly, we have

∣∣f (z)
∣∣ ≥ 1

r
–

∞∑

n=1

|an|rn ≥ 1
r

– r
∞∑

n=1

|an| ≥ 1
r

–
Υ (A, B, q)

Λ(1, A, B, q)
r.

We have thus completed the proof of Theorem 2. �

The following result (Theorem 3) can be proved by using arguments similar to those
that have already been presented in the proof of Theorem 2. So we choose to omit the
details of our proof of Theorem 3.



Mahmood et al. Journal of Inequalities and Applications         (2019) 2019:88 Page 7 of 11

Theorem 3 If f ∈MS∗
q[A, B], then

1
r2 –

2Υ (A, B, q)
Λ(1, A, B, q)

≤ ∣∣f ′(z)
∣∣ ≤ 1

r2 +
2Υ (A, B, q)
Λ(1, A, B, q)

(|z| = r
)

and Λ(k, A, B, q) and Υ (A, B, q) are given by (2.2) and (2.3) respectively.

4 Partial sums for the function class MS∗
q[A, B]

In this section, we examine the ratio of a function of the form (1.5) to its sequence of partial
sums

fn(z) =
1
z

+
k∑

n=1

anzn

when the coefficients of f are sufficiently small to satisfy condition (2.1). We will determine
sharp lower bounds for

�
(

f (z)
fk(z)

)
,

(
fk(z)
f (z)

)
, �

(
Dqf (z)
Dqfk(z)

)
and �

(
(Dqfk)(z)
(Dqf )(z)

)
.

Unless otherwise stated, we will assume that f is of the form (1.5) and that its sequence of
partial sums is denoted by

fk(z) =
1
z

+
k∑

n=1

anzn.

Theorem 4 If f of the form (1.5) satisfies condition (2.1), then

�
(

f (z)
fk(z)

)
≥ 1 –

1
ξk+1

(∀z ∈U) (4.1)

and

�
(

fk(z)
f (z)

)
≥ ξk+1

1 + ξk+1
(∀z ∈ U), (4.2)

where

ξk =
Λ(k, A, B, q)
Υ (A, B, q)

(4.3)

and Λ(k, A, B, q) and Υ (A, B, q) are given by (2.2) and (2.3) respectively.

Proof In order to prove inequality (4.1), we set

ξk+1

[
f (z)
fj(z)

–
(

1 –
1

ξk+1

)]
=

1 +
∑k

n=1 anzn–1 + ξk+1
∑∞

n=k+1 anzn+1

1 +
∑k

n=1 anzn+1

=
1 + h1(z)
1 + h2(z)

.
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If we set

1 + h1(z)
1 + h2(z)

=
1 + w(z)
1 – w(z)

,

then we find, after some suitable simplification, that

w(z) =
h1(z) – h2(z)

2 + h1(z) + h2(z)
.

Thus, clearly, we find that

w(z) =
ξk+1

∑∞
n=k+1 anzn–1

2 + 2
∑k

n=1 anzn+1 + ξk+1
∑∞

n=k+1 anzn+1

and

∣∣w(z)
∣∣ ≤ ξk+1

∑∞
n=k+1 |an|

2 – 2
∑k

n=1 |an| – ξk+1
∑∞

n=k+1 |an|
.

Now one can see that

∣∣w(z)
∣∣ ≤ 1

if and only if

2ξk+1

∞∑

n=k+1

|an| ≤ 2 – 2
k∑

n=1

|an|,

which implies that

k∑

n=1

|an| + ξk+1

∞∑

n=k+1

|an| ≤ 1. (4.4)

Finally, to prove the inequality in (4.1), it suffices to show that the left-hand side of (4.4) is
bounded above by

∑∞
n=1 ξn|an|, which is equivalent to

k∑

n=1

(1 – ξn)|an| +
∞∑

n=k+1

(ξk+1 – ξn)|an| ≥ 0. (4.5)

By virtue of (4.5), the proof of inequality in (4.1) is now completed.
Next, in order to prove inequality (4.2), we set

(1 + ξk)
(

fk(z)
f (z)

–
ξk

1 + ξk

)
=

1 +
∑k

n=1 anzn–1 – ξk+1
∑∞

n=k+1 anzn–1

1 +
∑∞

n=1 anzn–1

=
1 + w(z)
1 – w(z)

,
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where

∣∣w(z)
∣∣ ≤ (1 + ξk+1)

∑∞
n=k+1 |an|

2 – 2
∑k

n=1 |an| – (ξk+1 – 1)
∑∞

n=k+1 |an|
≤ 1. (4.6)

This last inequality in (4.6) is equivalent to

k∑

n=1

|an| + ξk+1

∞∑

n=k+1

|an| ≤ 1. (4.7)

Finally, we can see that the left-hand side of the inequality in (4.7) is bounded above by
∑∞

n=1 ξn|an|, and so we have completed the proof of (4.2), which completes the proof of
Theorem 4. �

We next turn to ratios involving derivatives.

Theorem 5 If f of the form (1.1) satisfies condition (2.1), then

�
(

(Dqf )(z)
(Dqfk)(z)

)
≥ 1 –

[k + 1]q

ξk+1
(∀z ∈U) (4.8)

and

�
(

(Dqfk)(z)
(Dqf )(z)

)
≥ ξk+1

ξk+1 + [k + 1]q
(∀z ∈ U), (4.9)

where ξk is given by (4.3).

Proof The proof of Theorem 5 is similar to that of Theorem 4, we here choose to omit the
analogous details. �

5 Radius of starlikeness
In the following theorem we obtain the radius of q-starlikeness for the class MS∗

q[A, B],
we say that f given by (1.5) is meromorphically starlike of order α (0 ≤ α < 1) in |z| < r
when it satisfies condition (1.6) in |z| < r.

Theorem 6 Let the function f given by (1.5) be in the class MS∗
q[A, B]. Then, if

inf
n≥1

[
(1 – α)Λ(n, A, B, q)

(n + 2 – α)Υ (A, B, q)

] 1
n+1

= r

is positive, then f is meromorphically starlike of order α in |z| ≤ r, where Λ(n, A, B, q) and
Υ (A, B, q) are given by (2.2) and (2.3) respectively.

Proof In order to prove the result, we must show that

∣∣∣∣
zf ′(z)
f (z)

+ 1
∣∣∣∣ ≤ 1 – α (0 ≤ α < 1) and |z| ≤ r1.
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We have
∣∣∣∣
zf ′(z)
f (z)

+ 1
∣∣∣∣ =

∣∣∣∣

∑∞
n=1(n + α)anzn

1
z +

∑∞
n=1 anzn

∣∣∣∣

≤
∑∞

n=1(n + α)|an||z|n+1

1 –
∑∞

n=1 |an||z|n+1 . (5.1)

Hence (5.1) holds true if

∞∑

n=1

(n + α)|an||z|n+1 ≤ (1 – α)

(

1 –
∞∑

n=1

|an||z|n+1

)

. (5.2)

The inequality in (5.2) can be written as

∞∑

n=1

(
n + 2 – α

1 – α

)
|an||z|n+1 ≤ 1. (5.3)

With the aid of (2.1), inequality (5.3) is true if

(
n + 2 – α

1 – α

)
|z|n+1 ≤ Λ(n, A, B, q)

Υ (A, B, q)
. (5.4)

Solving (5.4) for |z|, we have

|z| ≤
(

(1 – α)Λ(n, A, B, q)
(n + 2 – α)Υ (A, B, q)

) 1
n+1

. (5.5)

In view of (5.5), the proof of our theorem is now completed. �

6 Concluding remarks and observations
In our present investigation, we have introduced and studied systematically a new sub-
class of the class of the meromorphically q-starlike functions, which is associated with the
Janowski functions. We have given a characterization of these meromorphically q-starlike
functions associated with the Janowski functions when the coefficients in the Laurent se-
ries expansion about the origin are all positive. This has led us to a study of coefficient
estimates, distortion theorems, partial sums and estimates of the radius of q-starlikeness
for this meromorphic function class. We have observed that the class considered in this
article demonstrates, in some respects, properties analogous to those possessed by the
corresponding class of univalent analytic functions with negative coefficients.

Acknowledgements
The first author would like to acknowledge Prof. Dr. Salim ur Rehman, V.C. Sarhad University of Science & I. T, for providing
excellent research and academic environment.

Funding
Sarhad University of Science & I. T Peshawar, Pakistan.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.



Mahmood et al. Journal of Inequalities and Applications         (2019) 2019:88 Page 11 of 11

Authors’ contributions
All authors jointly worked on the results and they read and approved the final manuscript.

Author details
1Department of Mechanical Engineering, Sarhad University of Science and IT, Peshawar, Pakistan. 2Department of
Mathematics, Abbottabad University of Science and Technology, Abbottabad, Pakistan. 3Department of Mathematics
and Statistics, University of Victoria, Victoria, Canada. 4Department of Medical Research, China Medical University
Hospital, China Medical University, Taichung, Taiwan, Republic of China.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 15 January 2019 Accepted: 11 March 2019

References
1. Agrawal, S., Sahoo, S.K.: A generalization of starlike functions of order α . Hokkaido Math. J. 46, 15–27 (2017)
2. Ali, R.M., Ravichandran, V.: Classes of meromorphic alpha-convex functions. Taiwan. J. Math. 14, 1479–1490 (2010)
3. Aouf, M.K., Silverman, H.: Partial sums of certain meromorphic p-valent functions. J. Inequal. Pure Appl. Math. 7(4),

Article ID 116 (2006)
4. Cho, N.E., Owa, S.: Partial sums of certain meromorphic functions. J. Inequal. Pure Appl. Math. 5(2), Article ID 30 (2004)
5. Clune, J.: On meromorphic Schlicht functions. J. Lond. Math. Soc. 34, 215–216 (1959)
6. Frasin, B.A., Darus, M.: On certain meromorphic functions with positive coefficients. Southeast Asian Bull. Math. 28(4),

615–623 (2004)
7. Gasper, G., Rahman, M.: Basic Hypergeometric Series. Cambridge University Press, Cambridge (1990)
8. Ismail, M.E.H., Merkes, E., Styer, D.: A generalization of starlike functions. Complex Var. Theory Appl. 14, 77–84 (1990)
9. Jackson, F.H.: On q-definite integrals. Q. J. Pure Appl. Math. 41, 193–203 (1910)
10. Jackson, F.H.: q-Difference equations. Am. J. Math. 32, 305–314 (1910)
11. Janowski, W.: Some extremal problems for certain families of analytic functions. Ann. Pol. Math. 28, 297–326 (1973)
12. Miller, J.E.: Convex meromorphic mappings and related functions. Proc. Am. Math. Soc. 25, 220–228 (1970)
13. Pommerenke, Ch.: On meromorphic starlike functions. Pac. J. Math. 13, 221–235 (1963)
14. Royster, W.C.: Meromorphic starlike multivalent functions. Trans. Am. Math. Soc. 107, 300–308 (1963)
15. Silverman, H.: Univalent functions with negative coefficients. Proc. Am. Math. Soc. 51, 109–116 (1975)
16. Silverman, H.: Partial sums of starlike and convex functions. J. Math. Anal. Appl. 209, 221–227 (1997)
17. Srivastava, H.M.: Univalent functions, fractional calculus, and associated generalized hypergeometric functions. In:

Srivastava, H.M., Owa, S. (eds.) Univalent Functions, Fractional Calculus and Their Applications, pp. 329–354. Halsted,
New York (1989)

18. Srivastava, H.M., Bansal, D.: Close-to-convexity of a certain family of q-Mittag-Leffler functions. J. Nonlinear Var. Anal. 1,
61–69 (2017)

19. Srivastava, H.M., Hossen, H.M., Aouf, M.K.: A unified presentation of some classes of meromorphically multivalent
functions. Comput. Math. Appl. 38(11–12), 63–70 (1999)

20. Srivastava, H.M., Khan, B., Khan, N., Ahmad, Q.Z.: Coefficient inequalities for q-starlike functions associated with the
Janowski functions. Hokkaido Math. J. Accepted article (2017)

21. Srivastava, H.M., Owa, S.: Current Topics in Analytic Function Theory. World Scientific, Singapore (1992)


	OA_CoverTemplate_Mahmood_Shahid_JInequalApp_2019
	Mahmood_Shahid_JInequalAppl_2019
	A certain subclass of meromorphically q-starlike functions associated with the Janowski functions
	Abstract
	MSC
	Keywords

	Introduction and deﬁnitions
	Coefﬁcient estimates
	Distortion inequalities
	Partial sums for the function class MSq*[A,B]
	Radius of starlikeness
	Concluding remarks and observations
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References



