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Abstract

A subset C of the edges of a graph G 1s a cutset if G 1s disconnected when the
edges 1n C are removed In this thesis, we give two algorithms for counting cutsets
faster Both compute the number of cutsets of size (A+z) 1n polynomial time for
fixed  where A 1s the minimum cutsize One algorithm uses inclusion and exclusion
of edges and 1s similar to an algonthm of Colbourn and Ramanathan However,

our algorithm uses s,t-edge connectivity in most of the recursive calls rather than
edge connectivity as in Colbourn and Ramanathan, hence, 1t 1s faster The second
algorithm generalizes a method of Ball and Provan and offers a faster run-time than

the one by Colbourn and Ramanathan by a factor of at least O(n)
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Chapter 1
Introduction

The Purpose

In this thesis, we present two new algorithms that are designed for counting edge
cutsets of any size for a graph These algorithms are nspired by the algorithms
designed by Ball and Provan [2] and Colbourn and Ramanathan [5] A theoretical
analysis shows that these new algorithms are faster than the fastest known algorithm

by Colbourn and Ramanathan [5]

Overview

A subset C of the edges of a graph G 1s a cutset if G 1s disconnected when the
edges 1n C are removed The fastest known algorithm for counting the number of
minimum cutsets of a graph 1s that of Ball and Provan [2] It 1s difficult to extend
this algorithm to count cutsets of non-minimum size An algorithm that works for
all cutset sizes 1s that of Colbourn and Ramanathan [5], however, 1t 1s much slower
than the one by Ball and Provan when counting mimimum cutsets We would like
an algorithm that has time complexity close to the one by Ball and Provan and as
general as the one by Colbourn and Ramanathan

We present two algorithms to remedy the drawbacks stated Both algorithms
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are as general as the one by Colbourn and Ramanathan NUM_CUTS, one of the
new algorithms, runs faster than Colbourn and Ramanathan’s algorithm ECA, the
other one, employs the main 1dea from the Ball and Provan algorithm Its worst
case time complexity 1s at least Q(n) faster than the Colbourn and Ramanathan
algorithm However, 1t 1s slower than Ball and Provan’s minimum cutset counting
algorithm

The algorithms considered 1n this thesis have exponential time complexity when
used to compute cutsets of arbitrary size This 1s not surprising since counting
cutsets of arbitrary size 1s § P-complete [5]

The second chapter explains the background knowledge and notations that are
necessary to understand this thesis The third chapter presents a simple recursive
algorithm for counting cutsets This algorithm 1s crucial to the understanding of the
algorithms 1n chapter four, five and seven The fourth chapter describes Colbourn
and Ramanathan’s counting cutsets algorithm The fifth chapter describes a new al-
gorithm, NUM_CUTS, that counts cutsets faster than Colbourn and Ramanathan’s
algorithm The sixth chapter describes Ball and Provan’s minimum cutset counting
algorithm The seventh chapter describes a new algorithm, ECA, that 1s at least
a factor of (}(n) faster than Colbourn and Ramanathan’s when counting cutsets of
any size The eighth chapter summarizes the results The ninth chapter suggests

some future enhancements



Chapter 2

Background

2.1 Terminology for Graph

2.1.1 Definition of a Graph

An undirected graphs an ordered triple denoted as G = (V(G), E(G), ¥¢) consisting
of a nonempty set V(G) of vertices, a set E(G), disjoint from V(G), of edges, and
an wncidence function g that associates with each edge of G an’ unordered pair of
vertices of G The number of vertices |V(G)| 1s n  The number of edges |E(G)|
1s m If e 1s an edge and u and v are vertices such that ¥g(e) = (u,v), then e
1s said to be incident to u and v A directed graph 1s an ordered triple denoted
as G' = (V(G"), E(G"),%q') consisting of a nonempty set V(G') of vertices, a set
E(G"), disjont from V(G’), of arcs, and an incidence function g that associates
with each arc of G’ an ordered pair of vertices of G’ If e 1s in E(G’) and u and
v are vertices such that ¥gi(e) = (u,v), e 1s said to join u to v A loop e of G
1s an edge such that Ju € V(G), ¢¥g(e) = (u,u) Multiple edges e;,e;, e, are
edges such that Ju,v € V(G), ¢g(e,) = (u,v), for 1 < 3 <1 A graph 1s simple

if 1t does not have loops and multiple edges The incidence function of a simple
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graph 1s an one-to-one mapping In this case, we simphfy the notation by stating
e = (u,v) instead of ¥g(e) = (v,v) A graph 1s trwzal if 1t contains only one
vertex A path from vertex v, to v, 1s an alternating sequence of vertices and edges,
vy e vy €,_10, Where e, 1s an edge between v, and v,4; A vertex u1s connected
to a vertex v 1if there 1s a path from u to v A graph 1s connected if every par
of vertices 1s connected, otherwise, 1t 1s disconnected A spanning subgraph of G
1s a graph H = (V(G),E(H),¢y) where E(H) C E(G) and vu(e) = yg(e), if
Ve € E(H) A cycleis a path v;e;v,  €,_1v,€,v;, where v, # v for 1 < 7,k <
An acyclic graph 1s one that contains no cycles A tree1s a connected acyclic graph

A spanning tree of a graph G 1s a spanning subgraph of G that 1s a tree

2.1.2 Cutsets

A cutset C of a connected graph G 1s any subset of the edges of G whose removal
leaves G disconnected A minimum cutset 1s a cutset of smallest size The size of a
minimum cutset, called the edge-connectinity of G, 1s denoted by A Given a cutset
of size A + z, z > 0, the value of z 1s called the ezcess of the cutset A minimal
cutset 1s a cutset such that a graph cannot be disconnected by removing any proper
subset of edges 1n the cutset For instance, a minimum cutset 1s a minimal cutset A
minimal cutset of a non-trivial graph can be defined as the set of edges (u,v) where
u€ S and v €S for somesets S C V(G) and S = V(G) — S We denote such a
cutset by (5,5) In this thesis, we need to examine more closely the graph obtained
by removing some subset E’ of the edges from a graph G where E' 1s commonly a
cutset of G This graph H = (V(G), E(G) — E',y) 1s denoted simply by G — E’,
where ¢y (e) = ¢g(e), if Ve € E(G)— E’ When a graph 1s disconnected, any subset
of the edges including the empty set 1s a cutset

An s,t-cutset 1s a cutset such that the vertices s and ¢ are disconnected by

removing edges 1n the s,t-cutset from G The size of a minimum s, t-cutset, A, 1s
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called the s,t-edge connectivity
The number of cutsets of size ¢ 1s denoted by N, Since there 1s a one-to-one
correspondence between t-edge cutsets and (m —1)-edge disconnected spanning sub-

graphs of a graph, N, 1s also the number of disconnected subgraphs of size m —:

2.1.3 Some Graph Operations
Edge Deletion G — ¢

Given a graph G and an edge e in G, we define G — e as (V(G), E(G) — {e}, Yc_.),
where Yg_.(€') = Yg(€'), f Ve' € E(G) — {e} We call this operation edge deletion

We define edge deletion to be left associative For example, G—e1—ez 15 (G—e€1)—é

Edge Contraction G e

Given a graph G and an edge e = (u,v) m G, we define G e as
(V(G) = {v}, E(G) — {e},¥c ) where g 1s defined as follows
Yoe(e') = tgle') 1 Ve € E(G) — {e} and Yw € V(G), Yg(€') # (w,v)
= (w,u) 1 Ve' € E(G) — {e} and Yw # v € V(G), ¥g(€') = (w,v)
= (u,u) 1 Ve' € E(G) — {e}, ¥g(€) = (v,v)

The above definition of G e contracts vertices u and v to a new vertex which 1s
labeled u Examples of contracting an edge in a simple graph and a graph with
multiple edges are given in Figure 21 We call this operation edge contraction We

define edge contraction to be left associative For example, G—e; €15 (G—e;) e

Lemma 2 1.1 The edge set C 1s a cutset of G-e1f and only if CU e s a cutset of
G

Proof If C 1s a cutset of G — e, then (G —e€) — C 1s disconnected Since G —(C Ue)
=(G—-e)—C,G - (CUe) s disconnected and hence (C U e) 1s a cutset of G
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el

e2

G Geef Geet e2

Figure 21 Edge Contraction

If CUes a cutset of G, 1t 1s obvious that (G — e¢) — C 1s also disconnected and
hence C 1s a cutset of G —e O

Simularly, we have the following theorem for G e

Lemma 2 1.2 The edge set C 1s a cutset of G e 1f and only if C 1s a cutset of G

and e 1s not in C

Proof If C 1s a cutset of G e, e & C and (G €)— C 1s disconnected Let (S,5) C C
be a minimal cutset of G e Suppose G — C 1s connected There must exist an edge
e2 € E(G — C) such that e; 1s incident to a vertex in S of G and another vertex in
S of G Thus, e; € (S,5) € C That 1s impossible because e, € G—C IfC 1s a
cutset of G and e 1s not in C, then G — C 1s disconnected Since e 1s not 1n C, 1t 1s

obvious that (G e) — C 1s disconnected O

Node Contraction G {u,v}

Given a graph G and two vertices u and v m G, we define G {u,v} as
(V(G) = {v}, E"(G), ¥G {u,}), where
E'(G) = {e Ve€ E(G),¢q(e) # (u,v), Yg(e) # (u,u) and ¢g(e) # (v,v)}, and
Yo (uu)(e) = vc(e) 1f Ve € E'(G) and Yw € V(G), Yg(e) # (w,v),
= (w,u) 1f Ve € E'(G) and Yw # v € V(G), ¥g(e) = (w,v)
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The above definition of G {u,v} contracts vertices u and v to a new vertex which
1s labeled u Examples of contracting u and v 1n a simple graph are shown n Fig-
ure 2 2 We call this operation node contraction We define node contraction be left

associative For example, G {u,v} {u,w}1s (G {u,v}) {u,w}

@ G+{u,v} Ge{u,v}«{uw}

Figure 22 Node Contraction

2.2 Minimum cut/Maximum flow computation

A minimum cut/maximum flow algorithm 1s a major component of all the algorithms
described 1n this thesis In this section, we give some background for the minimum

cut/maximum flow problem

2.2.1 s,t-flow Computation

In this thesis, a flow-network Gp = (G, s,t,c) consists of a directed graph G’ with
no-self loops, two specific vertices s and ¢ in V(G') called respectively the source
and the sink, and a capacity function ¢ that maps arcs in G’ to 0 or 1

Given an undirected graph G, we hketo construct a flow-network Gr Since -
flow-network 1s defined on a directed graph G’ with no-self loops, we first have to
define such a graph with respect to G

A directed graph G’ in Gg with respect to G 1s (V(G), E(G'), ¥¢), where
E(G") = {et, €5rom Ve € E(G), ¥(e) # (u,u) for some u}, and
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Yei(eto) = (u,v) 1if e € E(G) and ¢g(e) = (u,v)

Yor(efrom) = (v,u)

The flow-network G corresponding to G 1s defined as follows G’ 1s constructed
as defined above, s and t are two vertices 1n G, c(etw) = c(€from) = 1, Veto, €from €
E(G")

The flow-network G with respect to G can be used for minimum cut/maximum
flow algorithm [6] It 1s well-known that a minimum s, ¢-cutset of G can be found
after maximizing flow from s to ¢t n Gg

An s,t-flow computation 1s defined as follows A flow function fi1s an assign-
ment of a non-negative integer f(e) to each arc e € G, such that the following two

conditions hold

1 Forevery arc e € E(G’), 0 < f(e) < c(e)

2 Let a(v) and B(v) be the sets of incoming arcs and outgoing arcs for vertex v

The flow from the source s to the sink £, satisfies lemma 2 2 1

Lemma 2.2.1 For every v € V(G') - {s,t},
Y. fle) = X fle)
e€a(v) e€B(v)
The maximum total flow F of f from s to t 1s defined by

F= 3% fle) = 3 fle)

eca(t) e€p(t)

Note that F'1s the net flow entering ¢
An s,t-flow computation 1s to compute F 1in Gp
An auzihary graph s used to keep track of potential avenues for pushing further

flow through a network Given a flow-network G and flow function f, the auxihary
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graph 1s defined as (G’,c’) where ¢’ 1s a capacity function defined as follows For
each arc e = (u,v) € E(G’) with f(e) < c(e), the auxihary graph has an arc (u,v)
with capacity ¢’(e) = c(e) — f(e) and an arc (v,u) with capacty ¢'((v,u)) = f(e)
This imphes c(e) — f(e) flow units can be pushed from u to v and f(e) flow units
can be pulled from v to u to cancel the flow on arc (u,v)

Ford and Fulkerson [9] suggested the use of augmenting paths to change a given
flow function 1n order to increase the total flow An augmenting path1s a directed
path from s to ¢ in an auxibiary graph where each arc on the path has non-zero
capacity Such a path can be used to advance flow from s to ¢ Ford and Fulk-
erson summarize the result of an s,¢-flow computation n the following maximum

flow /minmimum cut theorem

Theorem 2 2 2 The mazimum total s,t-flow of a flow-network s equal to the ca-

pacity of a minimum s,t-cut

2.2.2 Maximum Auxiliary Graph

A marimum auzithary graph U 1s an auxihary graph derived from a flow-network
Gr and 1ts maximum total flow The justification of a maximum auxiliary graph 1s

by the following theorem

Theorem 2 2 3 The flow in Gp 1s mazimum 1if and only 1f there are no directed

s,t-paths in the auziary graph

A minimum s,t-cutset (S,5) of G can be derived from U by letting S be the set
of vertices reachable from s along a directed path where 1ts arcs have non-zero
capacities 1n the maximum auxihary graph This set S can be computed by any

depth first search algorithm
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2.2.3 Edge Connectivity

For a fixed vertex s of G where G 1s non-trivial, any minimal cutset C separates s

from a vertex t in G — C' Thus, a minimum cutset of G has size

A= mn (s,t-ed tivity of G
tGVi{s}( ge connectivity of G)

2.2.4 Time Complexity of an s,t-flow Computation

In the literature, the time complexity of an s, ¢-flow computation for finding a min-
immum s, t-cutset 1s a function of n and m For example, Dinic’s Algorithm with a
simple graph and 0/1 capacities 1s O(mn?/®) This time complexity analysis assumes
that a maximum auxiliary graph 1s constructed from scratch In this thesis, some
algorithms re-use auxihary graph to compute s,t-edge connectivity To establish a
new function for comparing time complexity of s,¢-flow computation, we introduce
the following naive algorithm for computing total flow in Gr

Repeat

1 Find an augmenting path in Gr

2 Push one unit of flow along the augmenting path from s to ¢

Until no augmenting paths in Gr
This naive algorithm 1s correct because of Theorem 223 Any depth-first search
algorithm can construct an augmenting path in Gp 1if 1t exists The search takes
O(m) time Thus, the time complexity of this algorithm 1s the product of O(m) and
the number of augmenting paths in an auxihary graph Any s,¢-flow computation
takes time at least 2(m), since all edges must be mspected To push constant ¢
amount of s,t-flow, the naive algorithm requires O(ecm) = O(m) time Thus, if
the amount of s,¢-flow to be pushed 1s constant, the naive algorithm has ©(m)
time complexity In this case, the flow algorithm is not relevant We prefer to
leave the time complexity for non-constant amount of flow as a function so analysis

1s independent of s,t-flow algorithm chosen In this thesis, we refer to the time
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complexity of an s,¢-flow computation as A(As — k), where A\ — k 1s the number
of augmenting paths 1n the auxiliary graph that we expected to find and & 1s the
number of augmenting paths already been found We define A(0) as O(1) Thus,
A(Xgt — k) 15 O((As¢ — k)m) assuming naive algorithm But, we do not want to rule

out faster approaches when & 1s not a constant

2.3 Terminology for Recursive Algorithms

The algonthms which we desciibe are recursive In this section, we describe the
terminology used when analyzing these algorithms A call which does not invoke
itself recursively 1s called a terminal call, otherwise, the call 1s an wnternal call

To describe the relationship among recursive subroutine invocations, we define
a tree where there 1s a node for each subroutine invocation A node A 1s defined
to be a child of another node B, if the call associated with A 1s invoked by the
call which B represents We refer to this representation of the recursive calls as the
recurswe call structure This recursive call structure 1s a tree A special case of this
1s a binary tree, 1t 1s a tree such that each internal node has at most two children
The height of a (binary) tree 1s the number of edges in the longest path from the
root to a leaf

In this thesis, the recursive call structures of some algorithms are binary trees,
moreover, 1n these binary structures, if the call associated with a node A 1s invoked
with the graph G, its two children are invoked with G — e and G e respectively,
for some edge e If a call 1s invoked with G — e, we call 1t a deletion-call and if 1t 1s

invoked with G e then 1t 1s a contraction-call
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2.4 Network Reliability

2.4.1 Definition of a Network

In this thesis, a network 1s a set of computer systems that are hinked together to com-
municate We assume that computer systems do not fail and each link between two
computers operates with an equal independent probability p When all computer

systems can communicate with each other, we say this network 1s operational

2.4.2 Modeling of a Network

A probabilistic graph 1s a simple graph where each edge 1s assigned with an equal
independent probability p to determine if 1t 1s 1n the graph This probabilistic graph
1s used to model a network The nodes of the probabilistic graph represent computer
systems and the edges represent the physical hinks

With this model, we can derive the probability that the network 1s operational
This probability 1s equal to the probability that the probabilistic graph modeling the
network 1s connected This model of network rehability 1s called the all-terminal
reliability of a network Colbourn’s monograph [1] contains a survey about all-

terminal rehability

2.4.3 Calculating Network Reliability
Network Reliability 1n terms of N,

The probabihity that probabilistic graph G 1s disconnected can be expressed as a sum
over all possible disconnected subgraphs of the corresponding probabilistic graph G
of the probability that the current state of the network 1s given by this subgraph

There are N, disconnected subgraphs of size m —: Each such subgraph occurs with
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probability p™~*(1 — p)* Hence, the probability that G 1s disconnected 1s

ZNl pm—:(l - p)t
=X
This formula 1s called the unreliability polynomial of G Thus, the all-terminal rel-

ability 1s

Rel(G) =1-)Y _ N,p™ (1 - p)
1=\

The N, are called the coefficients of the unreliability polynomal

2.4.4 Time Complexity of All-terminal Reliability

Ball and Provan [3] have shown that computing the all-terminal rehability 1s §P-
complete However, 1t 1s possible to compute some of the coefficients of the un-
rehability polynomial in polynomial time For computing Ny, with fixed z, the
algorithm of Colbourn and Ramanathan [5] 1s polynomial in n but exponential in =
The coefficients N,, 1 = m,m—1, ;m—(n—1) can also be computed 1n polynomial
time We explain how to do this in the next paragraph

Since the edge set of a spanning tree 1s the smallest one that can connect a
graph and a spanning tree has n — 1 edges, we need at least n — 1 edges to connect
a graph Thus, the coefficients N,,: = m,m—1, ,m—n+2, areequal to (™) The
value of Np_(n_1) 18 (n’fl) - 7(G), where 7(G) 1s the number of spanning trees of G
The number of spanning trees can be computed in O(n3) time using the Kirchoff

matrix-tree theorem (7] !

IThere 1s also a technique available for computing determinants faster by Strassen [8]
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Chapter 3

The Basic Count-Cuts Algorithm

The algorithm BASIC_NUM_CUTS presented 1n this chapter 1s based on a simple
recurrence relation This relation 1s also used i further algorithms The first
objective of this section 1s to establish the correctness of this recurrence relation
In later chapters, we demonstrate how this recurrence relation can be exploited to

obtain faster algorithms

3.1 The Basic Algorithm for Counting Cuts

The algonthm presented in Table 3 1 1s called BASIC_NUM_CUTS 1t 1s based on
the operations G — e and G e defined 1n Section 2 1 3 and the following theorem

Theorem 3 1.1 Let Num_Cuts(G,k) be the number of cutsets of size k in G
Then for any edge e of G,

Num Cuts(G, k) = Num_Cuts(G — e,k — 1) + Num_Cuts(G e,k)

Proof The k-edge cutsets can be partitioned into two sets, those that contain a par-
ticular edge e and those that do not By Lemma 211, Num_Cuts(G — e,k — 1) 1s

equal to the number of k-edge cutsets that include ¢ By Lemma 21 2,
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Num_Cuts(G e, k) 1s equal to the number of k-edge cutsets that do not include e

O

\*
BASIC_.NUM_CUTS (G,k,n,m) returns the number of cutsets of size
k

G 1s a graph with n nodes and m edges

BASIC_NUM_CUTS(G k,n,m)

1 [Basis]

(a) If n =1, G 1s trivial, return(0)

(b) If k = 0 and G 1s connected, return(0)
(c) If m < k, return(0)

(d) If G 1s disconnected, return( () )

2 Choose any edge e of G
3 [G-¢]
(a) n_delete = BASIC_.NUM._CUTS(G-e, k-1, n, m-1)
4 (G €]
(a) n_contract = BASIC_.NUM_CUTS(G e, k, n-1, m-1)

5 return(n_delete + n_contract)

Table 31 BASICNUM_CUTS Algorithm

3.2 Example for Algorithm BASIC_NUM_CUTS

An example illustrating how the algorithm BASICNUM_CUTS counts the number
of cutsets of size two 1s shown 1n Figure 31 The figure shows a computation tree
for a graph with four nodes and five edges The edges are labeled as a, b, ¢, d and

e The example only shows the left subtree of the root and the nodes of the tree are
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subtree not shown

returns (1)

[+

G-a-b G-a<b
returns (1)
Basis 1d
d c
d
c
Griislb G-asbee

returns (0) / \
Basis 1b
d

&

Q

G-a*beecc
G-asbee-c
returns (0)
returns (0) Basis 1a
Basis 1b

Figure 3.1. An Example for Algonthm BASICINUM.CUTS

16
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labeled with the graphs with which the corresponding recursive calls are invoked
The algonthm finds one 2-edge cutset {a, b} in the left subtree The edges of this
cutset are the edges selected for edge deletion along the path from the leaf with
G — a — b to the root with G

In this example, there are three cases where a call terminates First, a call
terminates when a cutset 1s found, for example the call with G —a — b Second,
a call terminates when two edges are deleted from G, yet the graph 1s connected,

for example the call with G —a b — e and the call with G —a b e—c¢ Third, a
call terminates when the graph 1s contracted to a single node, for example the call
with G —a b e ¢ We should realize that the recursive call structure has internal
contraction-calls that return zero, for example the call with G — a b and the call
with G —a b e Since the return value from parent 1s the sum of 1ts children, no

cutset 1s found by the children of these internal contraction-calls

3.3 Correctness of the Basic Algorithm

Theorem 3 3 1 Algorithm BASIC_.NUM_CUTS (G,k,n,m) (Table 3 1) correctly
counts cutsets of size k of a graph, where

1 G 1s a graph,

2 n 1s the number of nodes of G,

3 m 1s the number of edges of G, and

4 k 1s the cutset size required

Proof G 1s either connected or not If G 1s not connected, any subset of edges of
size k 1s a qualified cutset Basis 1(d) computes the number of such subsets

If G 15 connected, either one of basis la, 1b and lc 1s executed or no basis
condition 1s satisfied If a basis condition 1s true, the return value 1s justified as

follows Basis la 1s correct because a trivial graph cannot be disconnected Basis 1b
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1s correct because G 1s connected Basis 1c 1s correct because the number of edges,
m, available in E(G) 1s not enough to construct cutsets of size k

If no basis condition 1s satisfied, statement 3a and 4a are executed The nitial
conditions of a call, BASIC_. NUM_CUTS(G, k,n,m), are that G 1s a graph, |V(G)| =
n, |E(G)| = m, and k 1s the cutset size required The call, BASIC_ NUM_CUTS(G —
e,k —1,n,m — 1), at statement 3a satisfies the initial conditions, since G — e 1s a
graph, |V(G —e)| = n, |E(G — €)] = m — 1, and we want to count cutsets of size
k—1 The call, BASICNUM_CUTS(G e,k,n—1,m —1), at statement 4a satisfies
the imtial conditions, since G e1s a graph, |V(G €)| =n—1, |E(G €)] = m—1, and
we want to count cutsets of size £ Statement 3a computes the number of cutsets of
size k —11n G —e Statement 4a computes the number of cutsets of size k 1n G ¢
According to theorem 3 1 1, the sum of values computed at 3a and 4a 1s the number
of cutsets of size k Therefore, the algorithm counts all the required cutsets

When G 1s not connected, Basis 1d 1s executed, the call terminates The pa-
rameter m of a deletion-call 1s one less than that of its parent Since k& > 0, as
m decreases, eventually, Basis condition 1c 1s true The parameters n and m of a
contraction-call are one less than that of its parent Eventually, n = 1, thus, Basis
condition la 1s true The parameter k of a deletion-call 1s one less than that of its
parent Eventually, Basis condition 1b 1s true Eventually, at least one of the basis
conditions la, 1b, 1c and 1d must apply Thus, the algorithm terminates eventually

O

3.4 Complexity Analysis

The recursive call structure of BASIC_ZNUM_CUTS 1s a binary tree Moreover, the
parameter k for a deletion-call 1s one less than that of i1ts parent and the parameter

n for a contraction-call 1s also one less than that of its parent Since n,k > 0 for
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all calls, the binary tree representing the recursive call structure has height which
1s at most n + k Thus, at most 2"** calls are made 1n total For each call, a depth

first search 1s requued to check 1f a graph 1s connected Hence, the overall time

complexity of BASIC NUM_CUTS 1s O(m2F+")
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Chapter 4

Colbourn and Ramanathan’s

Algorithm

4.1 Overview

In the basic algorithm, the branch of the computation tree corresponding to cuts
contamning a particular edge e 1s completely explored even when the graph has no
cutsets of the required size containing this edge The Colbourn and Ramanathan
algorithm 1s faster since 1t avoids this extra work To accomplish this, the edge for
each step 1s chosen so that 1t appears 1n at least one cutset of the required size This
edge selection requires a computation of the edge-connectivity and the construction

of a minimum cutset of a graph for each contraction-call

4.2 CR_INUM_CUTS algorithm

Colbourn and Ramanathan’s algorithm, CR_INUM_CUTS, 1s presented in Table 4 1
It has been modified to make comparison with the other algorithms presented in

this thesis easier
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CRNUM_CUTS (G,A,z,n,m) returns the number of cutsets of size
A4z mm G

G 1s a graph with n vertices and m edges

A 1s the edge-connectivity of G

CRNUM_CUTS(G,A,z,n,m)
1 [Basis]

(a) If z < 0, return(0)

(b) If n = 1, the graph 1s trivial, return(0)

(¢) f m < A+ z, return(0)

(d) If G 1s disconnected (A = 0), return( (™) )

2 Choose an edge e in a minimum cutset of G
3 [G-¢]
(a) n_delete = CRNUM_CUTS(G-e,A\-1,z,n,m-1)
4 [G e]
(a) Find the edge-connectivity A’ of G e
(b) n_contract = CR.NUM_CUTS(G e, X', z-(A’-)A), n-1, m-1)
5 return(n_delete + n_contract)

Table 41 CRINUM_CUTS Algorithm
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4.2.1 Example for Algorithm CR_NUM_CUTS

An example 1illustrating how the algorithm CR_NUM_CUTS counts the number of
cutsets of size two 1s shown i Figure 4 1 The figure shows a computation tree for
a graph with four nodes and five edges The labeling of nodes 1s the same as n
Figure 31 The algonthm finds the two 2-edge cutsets {a,b} and {c,d} In this
example, a call terminates when either the graph with the call 1s disconnected or the
edge-connectivity of the graph with the call 1s larger than the cutset size required
For example, G a — ¢ d has edge-connectivity two yet we want a cutset of size one

and G a— ¢ — d 1s disconnected

4.2.2 Correctness

Theorem 4 21 CRINUM_CUTS (G, A, z,n,m) (Table 4 1) finds all the cutsets of
a specific size A + =, where

1 G 1s a graph,

2 X 1s the edge-connectivity of G,

3 n 1s the number of nodes of G,

4 m 1s the number of edges of G, and

5 z 15 the excess of the minmimum cutset size

Proof The graph G 1s either connected or not If G 1s not connected, any subset
of edges of size A + z 1s a qualified cutset Basis 1d computes the number of such
subsets

If G 1s connected, either one of the basis 1a, 1b and 1c 1s executed or no basis
condition 1s satisfied If a basis condition 1s true, the return value 1s justified as
follows Basis la 1s correct because when z < 0, the size of any cutset of G 1s large
than A+z Basis 1b 1s correct because a trivial graph cannot be disconnected Basis

lc 1s correct because the number of edges, m, available in E(G) 1s not enough to
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O o
d e d deb
= Cc
G-a-b e FeEnG
returns (0) returns (0)

returns (1) Basis 1a Basis 1a
Basis 1d

Gea-ced
returns (1) returns (0)
Basis 1d Basis 1a

Figure 4 1 An Example for Algorithm CR.NUM_CUTS
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construct cutsets of size k

If G 15 connected and no basis condition 1s satisfied, statement 3a and 4b are
executed The imitial conditions of a call, CRINUM_CUTS(G, A, z,n,m), are that
G 1s a graph, A 1s the edge-connectivity of G, |V(G)| = n, |[E(G)| = m, and z
1s the excess of the mimimum cutset size The call, CRNUM_CUTS(G — e, X —
l,z,n,m — 1), at statement 3a satisfies the imtial conditions, because G — e 1s
a graph, |V(G —¢€)| = n, |E(G — €)] = m — 1, the edge-connectivity of G — ¢
1s A — 1, and we want to count cutsets of size A+ —1 1n G —e The call,
CRNUMCUTS(G e, N,z — (A = A),n —1,m — 1), at statement 4b satisfies the
initial conditions, because G e 1s a graph, |[V(G €)|=n—-1, |[E(G ¢€)|]=m—1, X
1s the edge-connectivity of G e computed at statement 4a, and we want to count
cutsets of size (A + z) n G e Statement 3a computes cutsets of size A +z — 1 1n
G — e Statement 4b computes cutsets of size A + z 1n G e According to theorem
311, the sum of values computed at 3a and 4b 1s the number of cutsets of size A+ =z
Thus, the algorithm counts all the required cutsets

When G 1s disconnected, Basis 1d 1s executed, the call terminates The param-
eter m of a deletion-call 1s one less than that of its parent Since A + z > 0, as
m decreases, eventually, Basis condition 1c 1s true The parameters n and m of a
contraction-call are one less than that of its parent Eventually, n = 1, thus, Basis
condition 1b 1s true The parameter z of a contraction-call 1s never larger than that
of 1ts parent Basis condition la may be true, eventually Eventually, at least one

of la, 1b, 1c and 1d must apply Thus, the algorithm terminates eventually O

4.3 Time Complexity

We first observe that whenever statement 3a 1s executed, the graph has at least one

cutset of the appropriate size (see step 2, Table 4 1) Statement 2 constructs such



CHAPTER 4 COLBOURN AND RAMANATHAN’S ALGORITHM 25

a cutset and e 1s an edge 1n the cutset This cutset 1s counted at statement 3a
Thus, statement 3a returns a non-zero value Since no deletion-call returns zero,
any zero-returning call must be a contraction-call Since every internal call invokes
a deletion-call that returns a non-zero value, every internal call returns a non-zero
value Thus, any contraction-call returning zero must be a terminal call

We now give an upper bound to the total number of calls made
Lemma 4 3 1 The number of terminal deletion-calls 1s at most Nx;,

Proof At least one cutset 1s enumerated at each of these calls O
Lemma 4 3 2 The number of internal deletion-calls s at most (A + z — 1) Nyy,

Proof Each deletion-call counts cutset of size one less than that of its parent Each
contraction-call counts cutset of size the same as that of its parent Hence, the
number of internal deletion-calls along the path from a leaf to the root 1s at most
one less the size of a required cutset, (A +z —1) Hence, by Lemma 4 3 1, there are

at most (A + z — 1) Ny4, internal deletion-calls O
Theorem 4.3 3 There 1s at most (A + z) N4, contraction-calls

Proof Each contraction-call has a single sibling which 1s a deletion-call There are

at most Ny + (A + z — 1) Ny, deletion-calls by Lemmas 431 and 432 O

Theorem 4 3 4 The Colbourn and Ramanathan algorithm makes at most

2(X 4+ z)Nyyr recursive calls

Proof According to Lemmas 4 31,43 2 and 4 3 3, we have (A+z)N)4, contraction-
calls and (A 4+ z) Ny, deletion-calls O

Theorem 435 Ny <
2

Proof See Lomonosov and Polesskn [10] O
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Theorem 4 3 6 Ny, 1s O(n*t?m?*)
Proof By Colbourn and Ramanathan [5] O
Corollary 4 3 7 The number of recurswe calls 1s O((A + z)n®+2m?)

Proof By Theorem 4 3 4 and theorem 436 O

If we assume that the edge-connectivity of G' 1s computed by executing at most
(n — 1) s,t—flow computations as indicated 1n section 2 2 3 and observe that 1t 1s
not necessary to find an s, t-flow of more than A + z + 1 umts, then the complexity

of statement 4a 1s (n — 1)A(A + z + 1), hence, the following theorem follows

Theorem 4 3 8 Let k = A + = be the cutset size that we are counting
Algorithm CR_NUM_CUTS counts cutsets in time at most

2nA(k + 1) kN, = O(A(k + 1) kn®t3m7)
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Chapter 5

The Improved Count Cuts
Algorithm

The algorithm presented 1n this chapter 1s called NUM_CUT It 1s faster than
CR_NUM_CUTS for two reasons It does not compute n — 1 s,t-flow computa-
tions for every call As well, 1t finds the maximum auxihary graphs for G — e and

G e from the one for G instead of constructing them from scratch

5.1 Improvements on Maximum Auxiliary Graph
Construction

A maximum auxiliary graph of a graph 1s defined 1n Section 2 22 The procedures
for finding maximum auxihary graphs for G—e and G e from a maximum auxihary

graph for G are stated in Theorems 511 and 51 2

Theorem 5 1 1 Let (S,5) be a minimum s,t-cutset of G obtained from a mazimum
auzilary graph for G according to the description in Section 2 2 2, where S C V(QG)
and S =V(G)- S
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If e = (u,v) 15 1 (S,5), where u € S and v € S, a mammum auzihary graph for
G-e can be obtaned from the one for G by

(a) Pushing one unit of flow from u to s
(b) Pulling one unit of flow from t to v

(¢) Remouing arcs (u,v) and (v,u)

Proof Let GF be the flow-network of G and U = (G', ¢’) be the maximum auxiliary
graph for G According to Section 2 2 2, ¢(e) = 0 because v 1s not reachable from
u € S using arcs that have non-zero capacities According to section 2 2 1, one unit
of flow has been pushed 1n U from s to t passing through (u,v) and, thus, thereis a
directed path P in U from ¢ to s passing through the arc (v,u) such that a flow unit
can be pulled back Pulling one flow unit along P results in A — 1 total flow from s
to t in G, since according to Theorem 2 2 2, maximum total flow in Gp1s A Let
U’ be the resulting auxihary graph Since no flow has been pushed through (u,v)
and (v,u) in U’, removing (u,v) and (v,u) from U’ does not affect the A — 1 total
flow in Gr Finally, the flow assignment in U’ 1s feasible for an auxihary graph for
G — e and this flow assignment 1s maximum It 1s because A — 1 flow units has been

pushed from s to t and the corresponding arcs (u,v) and (v, u) of e are removed 1n

U' o

Theorem 5.1.2 Let (S,5) be a minimum s, t-cutset of G obtained from a mazimum
auzihary graph for G according to the description in Section 2 2 2, where S C V(G)
and S=V(G)-S

If e = (u,v) 15 1n (S,S), where wu € S and v € S, a mazmmum auzihary graph for
G e can be obtained from the one for G by

1 Contracting v into u
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2 Applying any s,t-flow computation routine, untd the total flow in the flow-

network Gr of G 1s mazrimuzed

Proof Contracting v into u gives us an auxiliary graph for G e which may not be
flow maximized The s,t-flow computation routine maximzes the auxihary graph

O

Run-time improvement

The next two theorems state the time complexity of updating the auxiliary graph

Theorem 5 1 3 Let (S,5) be a minvmum s, t-cutset of G obtained from a mazimum
auziiary graph for G according to the description in Section 2 2 2, where S C V(G)
and S=V(G) - S

If e = (u,v) w5 (S,5), where u € S and v € S, a mazimum auzihary graph for
G-e can be created from the one for G in O(m) time where m 1s the number of edges

of G

Proof According to Theorem 5 1 1, there exists a path P from s to ¢ passing through
e A breadth first search can be used to find P O

Theorem 5.1 4 Let (S,S) be a minimum s,t-cutset of G obtained from a mazimum
auzihary graph for G according to the description 1n Section 2 2 2, where S C V(G)
and S=V(G) - S

Ife = (u,v) 1510 (S,5), where u € S and v € S, a mazimum auzlhary graph for G e
can be created from the one for G in O(mé) time where m 1s the number of edges of

G and 6 1s the difference in the s,t-edge connectinty of G e against the one for G

Proof Using any standard s,t-flow computation algorithm, 1t takes O(m) time to
push one flow unit We must push ¢ s,t-flow units to get the maximum auxihary

graph for G e Hence, the total time 1s at most O(mé) O
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We should note that when 6 1s greater than z, the excess, we can stop the

update of maximum auxihiary graph for G e because the minimum s, t-cutset size 1s

too large

5.2 The NUM_CUTS Algorithm

In CR.NUM_CUTS, n-1 s,t-flow computations are done 1n order to find the edge-
connectivity together with an edge in a minimum cutset of a graph This computa-
tion has to be carried out for every internal call We are going to show that we can
use s,t-edge connectivity instead

Suppose we are counting cutsets of size k& The main 1dea of this algorithm 1s
to minimize the number of s, {-flow computations 1n one call and yet we can still
bound the number of recursive calls to at most kNi

There are three crucial observations to this algorithm The first observation 1s
that when all minimum s, t-cutsets have size greater than k, there 1s no cutset of size
k This condition can be checked in n — 1 s,¢-flow computations (refer to section
223) The second observation 1s that the s,t-edge connectivity of G 1s not larger
than that of G e Thus, given a vertex s and a set of vertices V;(G), which does
not include s, 1n G such that for each vertex t € Vi(G), the s,t-edge connectivity of
G 1s larger than k For each vertex t € V4(G), the s,t-edge connectivity of G e 1s
also larger than & The third observation 1s that if e = (s,t), we cannot disconnect
sand t m G e, thus, we have to find a ¢’ € V(G) — §(G), if any, so that the
s, t'-edge connectivity of G e 1s not greater than k& These observations are crucial

to understand this algorithm The algorithm 1s shown 1n Table 5 1
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NUM_CUTS returns the number of cutsets of size A;; +21n G Gisa
graph with n vertices and m edges Ag; 1s the mimimum s, t-cutset size
of G for a pair of specified vertices s and t The maximum auxihiary
graph of G 1s stored 1n st_flow

NUM_CUTS(s,t,stflow,A5,x,n,m)

1 [Basus)

(a) If A;y = 0 and n = 1, the graph 1s trivial, return(0)
(b) If m < Ag + z, return(0)

(c) A, =0, return(( T: ))

2 Choose an edge e of G 1n a miimum s,t-cut (preferably e # (s,t) to speed up the
algorithm)

3 [G-¢]
(a) Update st_flow to reflect G-e (as explained in Theorem 51 1) and store the

result 1n delete_st flow
(b) n_delete = NUM_CUTS(s, t, delete_st_flow, Ag-1, X, n, m-1)

4 [G €
(a) searchfor_t — FALSE
(b) Ife # (s,2),

Update st_flow to reflect G e (as explained 1n Theorem 5 1 2) and store the result
1n contract st_flow
Let § be the resulting increase 1n the s,t-edge connectivity

1 Ifz > 6,
n-contract = NUM_CUTS(s, t, contractstflow, A,; + 6, x-6, n-1, m-1)

1 else searchfort — TRUE
(c) If e = (s,t) or searchfor.t = TRUE,

1 If 3t/ such that ¢ has not been considered for s,t-flow computation and A,
< At + x, ncontract = NUM_CUTS(s, t/, stflow’, AL, x + Agt - Alyyn- 1,
m - 1), where st_flow’ 1s a maximum auxiliary graph and A%, 1s a minimum
s,t'-cutset for G e

1 else n_contract = 0
5 return(n.delete + n_contract)

Table 51 NUM_CUTS Algorithm
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5.2.1 Example for Algorithm NUM_CUTS

An example 1llustrating how the algorithm NUM_CUTS counts the number of cut-
sets of size two 1s shown 1n Figure 51 The figure shows a computation tree for a
graph with four nodes and five edges The labeling of nodes 1s the same as in Figure
31 The node s 1s always selected for s, t-flow computation Two shaded nodes in a
graph indicate that the s,¢-edge connectivity 1s not larger than k, for example, the
nodes s and t1 in G are shaded A node with a cross indicates that the s,t-edge
connectivity of this crossed node with s 1s larger than k, for example 12 n G a1s a
crossed node and the s,t2-edge connectivity 1s three The graph at the right of an
left-arrow 1s constructed 1n the call pointed by the arrow This graph 1s shown to
illustrate that no contraction-call 1s invoked because no s,t-cutset has the required
size For example, G a c1s a graph constructed in the call with G a and the
s,t3-edge connectivity of G a c¢1s larger than two

The explanation of some recursive call invocations are as follows For the call
with G, calls are invoked at statement 3(b) and 4(c)1 In executing statement 4(c)1,
t2 of G a1s discarded and 13 1s selected for constructing s, t-cutsets of G a For the
call with G a, only a recursive call 1s invoked at statement 3(b) Then, 1n executing
statement 4(b), G a c1s constructed and the s,t-edge connectivity for G a c1s
found to be greater than k Thus, statement 4(c) 1s executed As a result of no ¢’
in G a csatisfying s, t-cutset requirement, statement 4(c)n 1s executed Simularly
for G —a, G — a b does not have s, t-cutsets of the required size, hence, statement
4(c)n 1s executed Finally, for the call with G a — ¢, statement 3(b) 1s executed and
a cutset {c,d} 1s constructed Since in executing statement 4(c);,not'm G a—c d
satisfies the s, t-cutset requirement, statement 4(c)u 1s executed

The two 2-edge cutsets {a, b} and {c, d} are constructed m G—a—b and G a—c—d
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G-a<b

/ Statement 4(c)ii

Statement 4(c)u

return (1)
Basis 1c /

5
[ Legend

®  anode for s,t-cutset

return (1) ﬂ a node has considered
L for s,t-cutset
Basis 1c _J

Figure 51 An Example for Algorithm NUM_CUTS
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5.3 Correctness of NUM_CUTS

The computation tree generated from a call to BASIC_ NUM_CUTS 1s a binary tree
where each node has zero o1 two children In NUM_CUTS, each internal call may
result 1n two other calls, o1 one only There are three cases In the simplest case,
the routine 1s called recursively with G e and G-e statement 3(b) and 4(b)1 For
the second case, one call for G-e at statement 3(b) and one call at 4(c)1 For the

third case, one call for G-e at statement 3(b)

Theorem 5 3 1 NUM_CUTS(s,t,st_flow,As,z,n,m) (Table 5 1) finds all the cutsets
of size Mgy +x, where

1 G 1s a graph unth n vertices and m edges

2 Ay 1s the minamum s, t-cutset size of G for a pair of specified vertices s and t

8 The mazimum auziliary graph of G 1s stored in st_flow

4 The number of edges required in addition to Ay ts > 0

Proof Let s be a fixed node for s,t-edge connectivity The graph G 1s either
connected or not If G 1s not connected, any subset of edges of size A,y + z 15 a
qualified cutset Basis 1¢ computes the number of such subsets

If G 1s connected, either one of the basis 1a and 1b 1s executed or no basis
condition 1s satisfied If a basis condition 1s true, the return value 1s justified as
follows Basis la 1s correct because a trivial graph cannot be disconnected Basis
1b 1s correct because the number of edges, m, available 1s not enough to construct
cutsets of size A, + =

If G 1s connected and no basis condition 1s satisfied, we have to justify that the
recurrence equation in theorem 3 11 1s implemented correctly to count the number

of cutsets of size Ay + z
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The 1mitial conditions of a call, NUM_CUTS(s,t, st_flow, A s, z,n,m), are that s
and t are vertices in G, st_flow 1s the maximum auxihary graph of G, A, 1s the s, -
edge connectivity of G, |V(G)| = n, |E(G)| = m, and z > 0 1s the excess of the re-
quired cutset First, statement 3b 1s executed The call,
NUM_CUTS(s,t,delete_st_flow, Ay — 1,2,n,m — 1), at statement 3b satisfies the
mitial conditions, since s and t are vertices in G — e, delete_st_flow 1s a maximum
auxihary graph for G — e according to statement 3a, the s,t-edge connectivity of
G—e1s Ay — 1, |V(G—e)| =n, |E(G —e)| =m—1, and we want to count cutsets
of size Ay +  —1 1n G — e Thus, cutsets of size A\;; + z 1n G that include e are
counted at statement 3b

For those cutsets that do not include e, we have to construct them in G e
according to the followings The edge e 1s either (s,t) or not If e # (s,t), the
s,t-edge connectivity of G e 1s either greater than A, + z or not If 1t 1s false, there
1s an s,t-cutset of G e that satisfies our counting requirement Statement 4(b)1 1s
executed The call, NUM_CUTS(s,t, contract_st_flow,A 4 + 6,2 — 6,n — 1,m — 1),
at statement 4(b): satisfies the imitial conditions, since s and ¢ are vertices in G e,
contract_st_flow 1s a maximum auxihary graph for G e according to statement 4b,
Ast+96 15 the s, t-edge connectivity of G e computed at statement 4b, |V (G €)| = n—1,
|E(G €)]=m—1, 2 -6 > 01s true because of statement 4(b)1, and we want to
count cutsets of size (A, + z) in G e In this case, cutsets of size A\,; + z 1n G that
do not include e are counted at statement 4(b)

We now have to consider when e = (s,t) and the condition that the s,t-edge
connectivity of G e 1s greater than Ay, + = Both of these conditions 1mply that
no s,t-cutset, with the specified s and ¢ vertices, in G e satisfies our cutset size
requirement If there 1s, indeed, a qualified cutset in G e, there must exists a ¢’
such that the cutset 1s an s,t’-cutset Statement 4(c)1 finds such a ¢’ Since s,t-edge

connectivity of G e 1s never less than that of G, statement 4(c)1 only checks those
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t’ that have not been considered for s,t-flow computation 1n those ancestor calls
Either a t' exists such that s,t’-edge connectivity 1s not greater than Ay + = or not
If 1t 1s true, a call, NUM_CUTS(s,t’, st_flow', N;,z + Ay — ANyyyn — 1,m — 1), 1s
invoked at statement 4(c)i The call satisfies the imtial conditions, since s and ¢’
are vertices In G e, st_flow’ 1s a maximum auxihary graph for G e according to
statement 4(c)1, A%, 1s the s,t"-edge connectivity of G' e computed at statement 4(c)1,
V(G e)l=n—1,|E(G €)]=m—1,z+ Ay — A, > 015 true because of statement
4(c)1, and we want to count cutsets of size (Ass + ) In G e In this case, cutsets of
size A + ¢ 1n G that do not include e are counted at statement 4(c)1 If no ¢’ that
satisfies the condition, the edge-connectivity of G e 1s larger than (A, + ) Thus,
no call 1s mvoked at statement 4(c)n

Since every contraction-call decrements n by one, there i1s at most n contraction-
calls along the path that starts from the root to a leaf in the computation tree
Basis la sets a lower bound for n Since every deletion-call decrements m by one,
there 1s at most m deletion-calls along the path that starts from the root to a leaf
in the computation tree The parameter m 1s decreasing We have to consider the
followings to check m =0 If A,y + z > 0, when m = 0, basis 1b 1s true Since A,
and z 1s never negative, when A,; + z < 0,1t implies A,y =0 Thus, if A\, + 2z <0,
when m = 0, basis 1c 1s true Thus, m = 0 1s checked At least one of the basis
conditions la, 1b and 1c 1s eventually true Therefore, the algorithm eventually

terminates O

The Time Complexity of NUM_CUTS

Similar to CR.INUM_CUT, this algorithm only chooses an edge 1n a cutset that we
want to count, we have the following observation No deletion-call returns zero Any
contraction-call returning zero must be a terminal call Every internal call returns

a non-zero value
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We now give an upper bound to the total number of calls made

Lemma 5 3 2 The number of terminal deletion-calls 1s at most Ny,

Proof At least one cutset 1s enumerated at each of these calls O

Lemma 5 3 3 The number of internal deletion-calls 1s at most (A + z — 1) N4,

Proof Each deletion-call counts cutset of size one less than that of its parent Each
contraction-call counts cutset of size the same as that of 1ts parent Hence, the
number of internal deletion-calls from a leaf to the root 1s at most one less the
size of a required cutset, (A + z — 1) Hence, by Lemma 5 3 2, there are at most

(A + z — 1)Ny4, nternal deletion-calls O
Theorem 5 3 4 There s at most (A + ) Nyy, contraction-calls

Proof Each contraction-call has a single sibling which 1s a deletion-call There are

at most Ny + (A + z — 1) N4, deletion-calls by Lemmas 532 and 533 O

Theorem 5.3 5 The Improved Count Cuts algorithm makes at most

2(A + z)Nyyr recursive calls

Proof According to Lemmas 53 2,53 3 and 5 3 4, we have (A+z) N4, contraction-
calls and () + z) N4, deletion-calls O

Corollary 5.3 6 The number of recursive calls 1s O((A + z)n*+2m?)

Proof By Theorem 53 5 and theorem 436 O

From a leaf to the root, all the calls along this path together perform at most
n — 1 s,t-flow computations at statement 4(c)1 Each s,t-flow computation takes
A(Ast + 2 + 1) time  Summing up what have been stated, we have the following

theorem
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Theorem 5 3 7 Let k. = Ay + z be the cutset size that we are counting
The time complexity of NUM_CUTS s at most

2nA(k + 1)kN, = O(A(k + 1)kntm®)

Although NUM_CUTS has the same worst case analysis as CR_INUM_CUTS,
NUM_CUTS 1s still faster than CR_.INUM_CUTS because 1t does not compute edge-

connectivity for every call
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Chapter 6

Ball and Provan’s Algorithm

6.1 How the algorithm works

Ball and Provan’s algorithm (BALL_PROVAN) counts minimum cutset It 1s based

on the node contraction operation G {s,t} and the following theorem

Theorem 6 1 1 Let Num_Min_Cuts(G) be the number of minimum cutsets in G

Then for any two nodes s and t,

Number of minimum

Num _Min_Cuts(G) = + NumMin_Cuts(G {s,t}) (2)
s, t-cutsets of size A (1)

Proof Any minmimum s, t-cutset C either disconnects s and ¢t in G — C or not Term
1 counts all minimum s, t-cutsets that disconnect s and t n G — C Any minimum
cutset C that connects s and ¢ in G — C can be represented by (S,S) where s,t € S
Since edges that inadent to s and ¢ are not 1n (S,S5), (S,5)1s1n G {s,t} Obviously,
any cutset C in G {s,t} 1s also a cutset in G that connects s and t m G — C, 1f s
and t are connected n G O

Suppose we drop the mmimum cutset size requirement, can the recurrence equa-

tion 1n theorem 6 11 counts cutsets of any size? The proof of theorem 6 1 1 uses
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the fact that each cutset to be counted can be represented by (S,5) However, a
non-mimmal cutset cannot be represented by (5,S) We can construct these non-
minimal cutsets such that they consist of edges in E(G) — E(G {s,t}), these edges
cannot be in E(G {s,t}) Thus, the recurrence equation cannot be directly gener-
alized to compute cutsets of size greater than A An example of such a non-minimal
cutset 1s given in Figure 6 1 The pseudo-code for the Ball and Provan algorithm

1s given 1n Table 6 1

il )
Legend

— edge in a graph
— edge In a cutset

a minimal cutset (S,§)

.
G G with a minimal cutset G with a non-minimal cutset

Figure 6 1 An Example of a Non-minimal Cut

Example for Ball and Provan’s Algorithm

An example 1llustrating how the algorithm BALL_.PROVAN computes the number

of cutsets of size two 1s shown 1n Figure 6 2 Given a graph G that has four nodes
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BALL_PROVAN returns the number of minimum cutsets of G
G 1s a graph

s 1s a fixed node 1n G

t # s1sanode m G

N, 1s the current sum of minimum cutsets counted

Ast 1s the size of a mimmimum s, t-cutset

BALL_PROVAN(G,s)

1

Find A, the size of a mimmimum cutset in G
Set Ny =0

For each t € G-s do the following

(a) Set A5 = size of a minimum s, t-cutset

(b) If Ase = A, set Ny = Ny + NUMMINST_CUTS(G,s,t),
where NUM_MIN_ST_CUTS returns the number of s, t-cutsets of G

(c) Set G = G {s,t}

return(Ny)

Table 6 1 Ball and Provan’s Algorithm

( Legend )

a node for s,t-cutset

o=, edges Intersect with this
L line form a cutset

&1 @

Ge{s,t}e{s,u}

Figure 6 2 An Example for Algorithm BALL_.PROVAN

41



CHAPTER 6 BALL AND PROVAN’S ALGORITHM 42

and five edges KEdges are labeled as a, b, ¢, d and e Nodes are labeled as s, ¢, u
and v A cutset 1s indicated by those edges intersecting a thick hine

First, BALL_.PROVAN constructs a mmimum s,t-cutset {a,b} Then, by con-
tracting t to s mn G, G {s,t} 1s constructed Since the s,u-edge connectivity 1s
larger than two No cutset 1s found Finally, by contracting u to s in G {s,1},

G {s,t} {s,u}1s constructed A mimimum s,v-cutset {d,c} 1s constructed

Run-time Complexity

Ball and Provan’s algorithm invokes a subroutine NUM_MIN_ST_CUTS that counts
minimum s, t-cutsets n-1 times The subroutine uses an algorithm that has time
complexity O(mn) to compute s,t-edge connectivity and derives all s, ¢-cutsets of
size A m time O(mNjY), where N} 1s the number of mimimum s, ¢-cutsets of size
A Thus, NUMMINST_CUTS computes in O(mn + mN}) Since there are n-1
minimum §$, t-cutset computations and the number of cutsets counted 1s Ny, Ball
and Provan’s algonthm takes time O(mn? + mN,) Since N, 1s (%) [10], the time
complexity simplifies to O(mn?) This approach 1s the fastest known algorithms for

counting minimum cuts
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Chapter 7

The Extended Contraction
Algorithm

7.1 The Recurrence Equation for the ECA Al-

gorithm

The extended contraction algorithm (ECA) 1s a generalization of Ball and Provan’s
algorithm for counting minimum cutsets It computes the number of cutsets of any

size based on the following recurrence equation

Number of cutsets C of Number of cutsets C of
Number of cutsets size k with s and ¢t 1n size k with s and ¢ 1n the
of size k1in G - different components of i same component of G-C (711)
G-C (1) (2),

where s and ¢ are any two nodes of the graph G
Suppose the nodes in G are labeled as tg, t1, t2, ,t,_1 whereto =s The above

recurrence equation can be expanded to obtain the following
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Number of cutsets C of size k in G with s and

Number of cutsets el
= Z t, 1n different components and s,t1,t2, ,t,_; (712)
p=]

of size k in G
in the same component of G-C

The correctness of equation 71 2 1s justified by the following lemmas
Lemma 7 1 1 Equation 7 1 2 enumerates each cutset of size k of G at most once

Proof For 1= 12; and 1 = 15, 13 > 21, the cutsets enumerated are different , because

n step 1, s and ¢,, are in different components of G — C, and 1n step 23, s and ¢,,

are 1n the same component of G — C' O
Lemma 7 1 2 Fquation 7 1 2 enumerates each cutset of size k of G at least once

Proof For each k-edge cutset in G, there exists a value 7 such that t,, ¢, ,t,;
are on same side of the cutset as s, and ¢, 1s not on the same side of the cutset as

s Such a cutset 1s counted when 2 1s equal to 3 O

7.2 Implementing the Recurrence Equation

The recurrence equation 712 sums n — 1 terms The 1th term represents the
number of cutsets C of size k of G such that in G — C, s and {, are in different
components and s, ¢;, t2, ,t,_; are 1n the same component Each term 1s comput-
ed by a subroutine COUNT_.CONTRACTED_CUTS 1in ECA Thus, ECA invokes
COUNT_.CONTRACTED._CUTS n — 1 times to evaluate the recurrence equation
712 First, we explain COUNT_-CONTRACTED_CUTS and then we explain how
ECA counts cutsets by invoking COUNT_.CONTRACTED_CUTS

7.2.1 Counting Cutsets that Satisfy the Conditions

In this section, we describe COUNT_CONTRACTED_CUTS that counts cutsets C

of size k such that in G — C, s and ¢, are in different components and s, ¢,t5, ,t,_;
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are 1n the same component

The condition that s,t;,t,, ,¢,_; are in the same component 1s equivalent to

the existence of a Steiner tree for these nodes

Definition 7 2 1 A Stewner tree T for a given graph G and a subset F C V(G) 1s
a subgraph of G such that F C V(T) and T s a tree The nodes in F are referred to

as Stewner nodes A Stewner tree T 1s munimal, 1of all leaves of T are Steiner nodes

To ensure that there always exists a Steiner tree initially, the labeling of the nodes
1s chosen such that if F,_; = { to, t1, 12, ,t,_; } then ¢, 1s adjacent to some node
m F,_j, forall: =12, ,n—1 Imtally, o = {tc = s} Such an ordering can
easily be found by using a depth-first search algorithm starting at the node tp = s
This 1s equivalent to the condition that the subgraph induced by F; 1s connected for
all 2

When the graph G 1s not connected, COUNT_CONTRACTED_CUTS invokes
COUNT_CO_STEINERSUBSETS to count cutsets C such that the Steiner nodes
are connected in G—C First, the correctness of COUNT_CO_STEINER_SUBSETS
1s presented and then this 1s followed by that of COUNT_.CONTRACTED_CUTS

Counting Co-Steiner Subsets

If vertices s and t are not connected in G, counting s,t-cutsets C such that the
Stemer nodes are connected in G — C 1s the same as counting subsets C; of edges
in G such that G — C; has a Stemner tree for the Steiner nodes The edge set C’
C E(QG) 1s a co-Stemner subset of edges of G with respect to F', if there 1s a Stener
tree for the Steiner nodes in G — C’ Thus, when s and ¢ are not connected 1in G,
we need to count the number of co-Steiner subsets in G with respect to F'
COUNT_CO_STEINERSUBSETS enumerates co-Steiner subsets using edge 1n-
clusion and exclusion When edge e = (u,v) 1s contracted m G with the resulting

supernode labeled w, the set F' of Steiner nodes 1s updated as follows If at least
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\ %

COUNT_COSTEINER_SUBSETS returns the number of co-Steiner
subsets with respect to F' of size z 1n a disconnected graph G

F 1s a set of Stemner nodes

T 1s a minimal Stemner tree for F

Note When this routine 1s invoked, there 1s always a Steiner tree for
nodes 1n F

COUNT_COSTEINER_SUBSETS(G, F, z, T)
1 [Basts]
(a) If z = 0, return(1)

(b) If | F| = 1, return( ( IE(:CG)I ) )

(c) X | E(G)|-(|F|-1) < z, return(0)

2 [ Counting co-Steiner subsets that do not use edges in E(T) ]

. ( | E(G)| - | E(T)| )

z

3 [ Counting co-Steiner subsets that use at least one edge 1n E(T) ]
Let the edges in T be e, €2, ¢,
For k =1 to jdo

(a) { use e to construct a co Steiner subset }
If G-ex has a mimimal Steiner tree T’ for F then
nsubset = n_subset + COUNT_COSTEINER_SUBSETS(G-¢, F, z — 1, T")

(b) { do not use e to construct a co-Steiner subset }
G — Gex
T<T €k
F — F~eg

4 return(n_subset)

Table 71 COUNT.COSTEINER_SUBSETS Algorithm
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one of u,v 1s a Stemer node 1n F', then F' becomes F — {u,v} U {w} Otherwise, F
remams unchanged We denote this operation by F' ~ e The algorithm 1s in Table

I.1

Example of COUNT_CO_STEINER_SUBSETS

An example 1llustrating how the algorithm COUNT_CO_STEINER_SUBSETS com-
putes the number of co-Stemner subsets of size one 1s shown in Figure 71 The graph
G depicted has four nodes and five edges Imtially, T = {a,b} and F = {s,t,,12}
Statement 2 computes the number of co-Steiner subsets that do not use edges 1n
T The result 1s one and the co-Stemer subset 1s {¢} Then, statement 3 computes
those subsets that use at least one edge in ' First, for G — a, a new Steiner tree
T' = {e, b} 1s constructed An invocation 1s made with G—e, T’ and z —1 In this
invocation, basis 1(a) returns one co-Steiner subset {a} 1s constructed Returning
to the invocation with G, G a — b and T’ = {e} are constructed An 1nvocation
1s made with G a—b, T and £ — 1 In this invocation, basis 1(a) returns one
co-Steiner subset {b} 1s constructed Finally, G a b and T’ = () are constructed
An mvocation 1s made with G a b, T’ and z In this invocation, basis 1(b) 1s true

no co-Steiner subset 1s constructed The call terminates

7.2.2 Correctness of COUNT_CO_STEINER_SUBSETS
The correctness of COUNT_.CO_STEINER _SUBSETS 1s stated 1n the following the-
orem

Correctness of COUNT_CO_STEINER_SUBSETS

Theorem 7.2.2 COUNT-CO_STEINER_SUBSETS(G,F,z,T) (Table 7 1) finds all
co-Stewner subsets with respect to I' of size z 1n a disconnected graph G where T 1s

a minimal Steiner tree for F
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Statement 2

returns (1)

—
Legend
(O  aStener node
— aSteiner edge
CS co-Steiner subsets
X cardinality of a
co-Steiner subset j

& @
" Basis 1(a)
CS= {a} @ & returns (1)
G-a
&)
Basis 1(a)
CS = {b} e B returns (1)
Gea-b
x=1 Basis 1(b)
CS={} (& returns (0)
G-a-b

Figure 71 An Example for Algorithm COUNT_.COSTEINER_SUBSETS
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Proof Either one of the bases la, 1b or lc 1s executed or no basis condition 1s
satisfied If a basis condition 1s true, the return value 1s justified as follows Basis la
1s correct because when z 1s zero, by definition, an empty set 1s a cutset Basis 1b 1s
correct because no subset of edges can disconnect a single Steiner node and hence,
any subset of edges 1s a co-Steiner subset Basis 1c¢ 1s correct because constructing
Stemer tree for F' requires at least |F/|—1 edges and there are only |E(G)|—(|F|—-1)
edges for constructing co-Steiner subsets

When no basis condition 1s satisfied, the algorithm counts co-Stemer subsets
using nclusion and exclusion of the edges in E(T") Either at least one edge in E(T')
1s used to construct co-Steiner subsets or not If the edges in E(T') are not used
i constructing co-Steiner subsets, Steiner nodes in F stay connected by ' Thus,
any subset of edges of size z selected from E(G) — E(T) 1s a co-Stemner subset
Statement 2 computes the number of such subsets Otherwise, there 1s a least k for
any co-Steiner subset such that e;, e2, , e;_; are not in the subset, but e, 1s 1in the
subset These are enumerated at step k of the loop at statement 3

The 1mitial conditions for a call, COUNT_COSTEINER_ SUBSETS(G, F,z,T),
are G 1s a disconnected graph, F' 1s a set of Steiner nodes, 7' 1s a minimal Steiner
tree for F, and z 1s the size of co-Stemner subsets that we are counting FEach
call COUNT_CO_STEINER_SUBSETS(G — ek, F,z — 1,T") invoked at statement 3
satisfies the immitial conditions This 1s because G — ey 1s a disconnected graph, F'1s a
set of Stemner nodes that are connected by 7/, a mimimal Steiner tree constructed at
statement 3a, and we want to count co-Stemner subsets of size t —1 The co-Steiner
subsets counted by this call do not use edges e;, €2, , €x_1 because these edges are
contracted in T" and G after executing statement 3b for k — 1 iterations

For termuination, |E(G)| and z decrement by one for each recursive call invoked
at statement 3a Basis la terminates a call when z = 0 Basis 1c terminates a

call when |E(G)| - (|F|—1) < = When k 1s larger than one, |V(G)| decrements
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by one for each recursive call mvoked at statement 3a Eventually, |V(G)| =1 If
[V(G)| =1, |F| =1 Thus, Basis 1b terminates the call when |V(G)| =1 At least
one of the basis conditions la, 1b and 1lc eventually 1s true Thus, the algorithm

terminates O

COUNT_CONTRACTED_CUTS

We first discuss the theory needed to understand COUNT_CONTRACTED_CUTS
This algorithm 1s based on the basic G e\ G — e recurrence relation given in Chapter
3 The following lemma 1s used when choosing an edge e for the recurrence equation

to make the algorithm more efficient To state the lemma, we first require the

following definition

Definition 7 2 3 We assume that the set F' has some specified vertezx s The ver-
tices in F are contracted together to get the graph G F as follows (when we contract

these vertices together, the resulting supernode s labeled s)

The vertez set of G F 1s V(G)—(F —{s}) The edges of G F are of two types

1 for each edge ¢ = (u,v) € E(G) where u & F and v € F, there 1s a corre-
sponding edge (u,v) m G F, and

2 for each edge e = (u,v) € E(G) where u € F and v € F, there 1s a corre-
sponding edge (s,v) in F

An example of G F 1s shown 1n figure 7 2

Lemma 7 2 4 Let G be a connected graph Suppose F C V(G), 1s a set of nodes
such that s € F and the subgraph induced by F 1s connected Then for any cutset C

such that m G-C

1 sandt (t € F) are i different components, and

2 nodes in F are connected by a Stemner tree,
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o
©
© O
I
Qms)

G F G-F

Figure 72 An Exampleof G F
there exists some C'' C C such that C' 1s an s,t-cutset of G F

Proof Let S be the set of vertices in the component of G — C' which contains s
One such C' for G F1s (§' = (S— F)u{s},5") O
An example of such a C’ in G F where C’ C C 1s shown n Figure 73

Legend

—_ edge not in the cutset C
= edge In the cutset C

& o) § R

G with cutset C G-C GeF withcutsetC ' C'inG

Figure 73 An Exampleof C'in G F

Corollary 7 2 5 Let G be a connected graph, s,t € V(G) and F C V(G) Nodes in
F are connected by a Steiner tree Let C' be an s,t-cutset of G F Let C C E(G)
be the edges of G which correspond to those in C' Then, C 1s a cutset of G such
that i G-C
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1 sandt (t € F) are wn different components, and

2 nodes in F are connected by a Stewner tree

Proof Since the edges, E;, induced on F' are absent in G F, the edges in F; are
not 1n ¢’ Since the corresponding C’ edges 1n G 1s C, the corresponding edges in
E; are also not in €' Thus, nodes 1n F' are connected in G —C' by the corresponding
edges 1n £, Since s and t are disconnected 1n (G F)—C"’, s and t are disconnected
mG-C O

The COUNT_CONTRACTED_CUTS algorithm 1s in Table 7 2

Example of COUNT_CONTRACTED_CUTS

Two examples illustrating how the algorithm COUNT_CONTRACTED_CUTS counts
the number of cutsets of size three are shown 1n Figures 74 and Figure 75 The
graph G has four nodes and five edges In Figure 74, F = {s} and (5,5) =
{a,b} COUNT_CONTRACTED_CUTS computes the number of s,t;-cutsets C
such that m G — C, s and t; are in different components (note F only has
one node s) Three s,t;-cutsets are constructed they are {a,b}, {a,e,c} and
{a,e,d} These s,t;-cutsets C can be inferred from the disconnected graphs G — C
at the leaves such as G — a — b For each of these three disconnected graph
G — C, COUNT_COSTEINERSUBSETS 1s invoked Smnce |F| = 1, any sub-
set of edges of the required size in G — C 1s counted, for example, 1t returns three
for G —a — b After the edge contraction such as in G — a b, a new s,t;-cutset
{e,c} 1s constructed The edges 1n this s,t;-cutset are selected 1n the subsequent
edge deletion-calls Since we do not need to consider Steiner tree in this example,
COUNT_CONTRACTED_CUTS 1s only computing the number of s,t;-cutsets in
G In the next example (refer to Figure 7 5), we show the construction of s, t-cutsets

C that do not disconnect Steiner nodes, |F|>1,1n G - C
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COUNT_CONTRACTED_CUTS returns the number of s,t-cutsets
of size k1n G for which there 1s a Steiner tree connecting the nodes
m F

G 1s a graph

s and t are vertices of G

F 15 a subset of the vertices of G such that s € F, ¢t ¢ F, and the
subgraph of G induced by F 1s connected

The following parameters apply to the graph G F where the supern-
ode created by 1dentifying the vertices in F'1s labeled s

Astg p 18 the mimimum s, ¢-cutset size of G F

(5,5) 1s a miimum s, t-cutset of G F

COUNT.CONTRACTED-CUTS(G, s, t, F, Astq 5 &, (5,9))
1 [Bass]

(a) If Ast;; p = 0, return ( COUNT_.COSTEINER_SUBSETS (G, F, k, T) )
where T 1s a Steiner tree that connects nodes in F
(Note there 1s always a Steiner tree T for F' because of the imitial ordering of
the vertices described 1n Section 72 1)

(b) If k < Ayt p return(0)

(c) { any set of k edges disconnects nodes in F }
If (| E(G)| =(| F|-1)) < k, return(0)

2 Choose f € (8,5) of G F and let e be the corresponding edge in G
3 [G-¢]
(a) n.delete = COUNT_CONTRACTED_CUTS(G-e,8,t,F, Agts p-1, k-1,(5,5)-{f})
4 [G €]
(a) of £ # (s,1)
1 Find the mmimum s,t-cutset size of (G F) f and denote 1t by A’, and find
(57,8, an s,t-cutset of (G F)f of size A’

If f = (u,s)or f =(u,t),the supernode created by contracting f 1s labeled
s or t respectively

n n_contract = COUNT_CONTRACTED.CUTS(G e, s, t, F ~ e, X, k,
(5,5")

(b) else n_contract = 0
5 return(n_delete + n_contract)

Table 72 COUNT_.CONTRACTED.CUTS Algorithm
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Figure 74 An Example for Algorithm COUNT_-CONTRACTED_CUTS
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Figure 75 Example Two for Algorithm COUNT_.CONTRACTED_CUTS

In Figure 7 5, F = {s,t1,t2} and (5,5) = {c,d} COUNT.CONTRACTED_CUTS
computes the number of s, t3-cutsets C such that in G — C, s and t3 are in different
components and s, ¢; and ¢, are in the same component The s,t3-cutset {c,d} 1s
constructed mn ECA The edges 1n this s, t5-cutset are selected in the subsequent edge
deletion-calls Since the Steiner nodes F'in G are s, t; and t3,t1s s1n G F Thus,
contracting ¢ = {t2,%3} 1n G —d 1s the same as contracting f = {t3,s} m (G—d) F
In this case, statement 4b 1s executed For the COUNT_.CO_STEINER_SUBSETS

call with G — d — ¢, the computation tree 1s in Figure 7 1

Correctness of COUNT_CONTRACTED_CUTS

Theorem 7 2 6 COUNT-CONTRACTED-CUTS(G, s, t, F, Mg ., k, (S,5)) counts

cutsets C of size k such that in G-C, s and t are in different components and nodes
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in F are in the same component where

1 (S,5) 15 @ mmimum s, t-cutset of G F,

2 Astg p 15 the s,t-edge connectivity of G F),

3 C 1s the set of edges in E(G) that correspond to edges i (S,S),
4§ FCV(G),seF, t¢gF, and

5 the subgraph of G wnduced by F 1s connected

These cutsets C are referred as the qualified cutsets

Proof The proof 1s developed according to whether s and ¢ are connected in G If
s and t are not connected in G, g  1s zero Cutsets that satisfy the requirements
in G are co-Stemner subsets of /' 1n G These cutsets are counted at Basis 1c by the
call COUNT_COSTEINER_SUBSETS(G, F,k,T), where T 1s a mmimum Steiner
tree for ' The minimum Stemer tree 7" for F' always exists because of the labeling
of vertices in V(G) (refer to section 7 2 1 for details)

Suppose s and t are connected in G Either one of the bases 1a or 1b 1s executed
or no basis condition 1s satisfied If a basis condition 1s true, the return value
1s Justified as follows Basis la 1s correct because of the following Lemma 7 24
guarantees that 1f Ay . > k, thereis no s,t-cutset C 1n G such that nodes in F' are
connected in G — C and |C| < k Basis 1b 1s correct because any Steiner tree for F
has at least |F|-1 edges

If s and ¢ are connected in G and no basis condition 1s satisfied, we use edge
inclusion and exclusion, G — ¢/G e, as 1 recurrence equation 311 for counting
s, t-cutsets that satisfy n G Statement 2 selects an edge f n (S,S) from G F
Let e in G be the edge corresponding to f By corollary 72 5, e 1s 1n a qualified
s,t-cutset of G All qualified s, t-cutsets that use e are counted at statement 3(a) by
the call COUNT_.CONTRACTED_CUTS(G — e, s,t, F, st p — 1,k —1,(S,5) = f)
The 1nvocation 1s correct because we are counting s, t-cutsets of size k — 1 of G — e

and (S,5) — f 15 a mimmum s, t-cutset of (G —e) F, that has size Ay, — 1
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All qualified s,t-cutsets that do not use e are counted at statement 4 Two cases
are possible First, when f = (s,t), no s,t-cutset C can be found in (G F) f,
since s and t correspond to the same supernode Thus, statement 4(b) returns zero
Second, when f # (s,t), statement 4(a)1 computes A}, . and (5',5") of (G F) f

If t 1s contracted nto a node in F, F' ~ e represents the new Stemner node of G

Thus, the mvocation, COUNT_.CONTRACTED_CUTS(Ge s, t, F ~ e, ) k.

stg F?

(5,5")) at statement 4(a)u, correctly counts qualified s, ¢-cutsets that do not use e

If G 1s disconnected, basis 1(c) termuinates the call Otherwise, we have to
consider the following Every deletion-call and contraction-call decrements |E(G)|
by one Eventually, |E(G)| =0 Smce |F|> 0,:1f |E(G)| =0, |[E(G)|-(|F|-1) <0
Thus, if £ > 0, when |E(G)| = 0, Basis 1b terminates the call Otherwise, £ < 0
and Basis la terminates the call (by definition, Ay, . > 0) At least one of the basis
conditions la, 1b and 1c 1s eventually true Thus, the algonthm always terminates

O

7.2.3 ECA

The equation 7 1 2 that counts cutsets of size k£ in G 1s 1mplemented by the ECA
algorithm in Table 7 3

Example of ECA

An  example illustrating  how  the  algonthm  ECA 1nvokes
COUNT_CONTRACTED_CUTS to count the number of cutsets of size three 1s
shown 1n Figure 76 Given a graph G that has four nodes and five edges ECA
labels the nodes as s, t;, t; and 3, according to the vertex labeling 1n section 7 2 1
When : =1, F = {s} A mimmum s,¢,-cutset {a,b} 1s constructed When 1 = 2,
F = {s,t1} A mimimum s,¢,-cutset {b,c,e} 1s constructed In this iteration, the

minimum Steiner tree 1s {a} When : = 3, F = {s,t1,¢2} A mmmimum s, ¢3-cutset
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\ *
ECA returns the number of cutsets of size k 1n G
G 1s a connected graph
k 1s the size of the cutset being counted
*\
ECA(Gk)

Initially Label the nodes of G as to,t;, ,tn—1 such that if F,_; =
{to,t1, ,t._1} then t, 1s adjacent to some node 1n F, — 1, for : = 1,
2, ,n—1, by performing a depth first search starting any vertex

to

Let s = to

Fo = {8}

Let N be the current sum of number of cutsets of size k computed

so far
N <0

1 Fori=1tonldo

(a) Find A4, (G F,_;) the s,t,-edge connectivity of G F,_; and let (5,5) be a
minimum S, t,-cutset of G F,_;

(b) Ny = Ny + COUNT_.CONTRACTED_CUTS(G, s, t,, Fi_1, Aut,(G  Fi_1), k,
(5,5))

(C) K= E-l Ut
2 return(Ny)
Table 73 ECA Algorithm
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ECA ECA
—_— —_—
= I= 2
G
F ={s} F ={s, t1} F={s 1,12}
COUNT_CONTRACTED_CUTS
returns (5) returns(2) returns(3)
r
Legend

a node for s t-cutset

edges intersect with this

= line form a cutset
F a set of Steiner nodes
i the index of ECA
_ J

Figure 76 An Example for Algorithm ECA
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ECA Co-Steiner Subsets Cutsets Constructed
iteration Augmentation (thick edges in a graph)
C—0 OO 0O
Yes db db db
=1
OO GO
3 E—t3

—O OO O

Table 74 A Listing of the 3-edge Cutsets Constructed by ECA 1n Figure 7 6

{c,d} 1s constructed In this iteration, the minimum Steiner tree 1s {a, b}

The 3-edge cutsets constructed by ECA 1s shown in Table 74 Cutsets that are
constructed by ECA at 1teration : = 1, 2 and 3 are grouped separately At each
iteration in ECA, cutsets that are constructed by augmenting co-Steiner subsets are
grouped together For example, at = 1 1n ECA a cutset {a, b} 1s augmented with
three co-Steiner subsets they are {d}, {e¢} and {c¢} Examples of those cutsets that

do not require co-Steiner subsets augmentation are {a,e,c} and {a,e,d} m ECA at

1teration 1
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7.3 Complexity Analysis

ECA counts cutsets by invoking COUNT_CONTRACTED_CUTS n —1 times The
dominant time complexity before each invocation 1s to compute an s, t-flow compu-
tation on G F,_; That takes A(k + 1) time, because we can stop s, t-flow compu-
tation when more than k£ augmenting paths are found Thus, ignoring the calls to
COUNT_CONTRACTED_CUTS, ECA takes at most nA(k + 1) time In general,
COUNT_CONTRACTED_CUTS constructs some s,t-cutsets for the input graph
G For each s, t-cutset C, COUNT_CO_STEINER_SUBSETS 1s invoked with G — C
to construct all co-Steiner subsets

COUNT_CONTRACTED_CUTS counts the number of s,t-cutsets that satisfy
the requirements using a G—€e/G e recurrence equation Each non-terminating call
invokes either two calls, one contraction and one deletion, or just one deletion-call
when s =¢ Statement 2 1n table 7 2 always selects an edge from a qualified mini-
mum s, t-cutset Thus, every internal call constructs at least a qualfied s, t-cutset
Since the number of s,t-cutsets constructed n COUNT_CONTRACTED_CUTS
cannot be larger than N, the number of cutsets of size k, and every internal call re-
turns non-zero value, we can conclude that COUNT_.CONTRACTED_CUTS invokes
at most kN recursive calls by using similar arguments as i theorem 4 3 4 Ignor-
ing a call to COUNT_COSTEINER_SUBSETS, the dominant time complexity of a
COUNT_CONTRACTED._CUTS call 1s the time required to update the maximum
auxihary graph for G e or G-e These updates take at most (m+ A(z+1)) time (The-
orem5 1 3and 514) Thus,ignoring the timein COUNT_COSTEINER_SUBSETS,
the computation time in COUNT_CONTRACTED_CUTS for finding all s, t-cutsets
1s O((m + A(z + 1))k Ni)

Let M(z) be the time complexity of COUNT_COSTEINER_SUBSETS counting
the number of co-Stemner subsets of size =

In the worst case, | T |1sn—1 A call to COUNT.COSTEINER_SUBSETS for
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co-Steiner subsets of size z invokes n — 1 more calls each which counts co-Stemer sub-
sets of size ¢ — 1 (Statement 3 1n Table 7 1) In each call, the dominant computation
time1s O(m) that s for finding a new minimal Stemner tree at statement 3(a) Thus,
M(z) = O(m)(n—1)M(z—1) When z 1s zero, COUNT_CO_STEINER_SUBSETS
does not mvoke other calls Thus, M(0) =1 Expanding the recurrence equation

for M(z), we get the following theorem
Theorem 7.3 1 M(z) € O(n®m?)

Each s,t-cutset of size (A + :) requires M(z — :) computation time 1n
COUNT_CO_STEINER_SUBSETS to construct cutsets of size A+ Thus in total,
at most O(X 7o Nay:M(z —1)) workis done by COUNT_COSTEINER_SUBSETS

O(Zo MuM(z —2)) € O(Zon*'m'M(z —1))
— O(Zf=0 nt+2mlna:—tmz—t)
= O(Tzonm?)

= O{en**m*)

Thus, the time complexity of the entire algorithm 1s

O((m + A(z + 1))kNi + zn®m* + nA(k + 1)) € O((m + A(z + 1)) kn®t2m?)

Theorem 7.3 2 ECA takes O((m+ A(z+1))kn®t?m?=) time to compute the number
of cutsets of size k

We should note that the analysis 1s overestimating Precise analysis 1s not obvious
due to the variation of the number of recursive calls that depends on the selection

of edges 1n a cutset
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Chapter 8

Summary

In summary, the time complexities of all the cutset counting algorithms are in Ta-
ble 8 1 We also should be noted that the time complexity of BALL_PROVAN 1s
O(mn?) ECA 1s slower than BALL_.PROVAN in computing minimum cuts Howev-
er, ECA 1s at least factor (n) faster than CRINUM_CUTS and NUM_CUTS 1n the
worst case CR.NUM_CUTS and NUM_CUTS have the same worst case analysis
Since not every NUM_CUTS call performs n—1 s, t-flow computations, NUM_CUTS
1s faster than CR_INUM_CUTS So far, the analysis have been overestimated for the
worst cases Similar techniques have been used to analyze all algorithms, so 1t 1s

perhaps fair to compare them in the worst case

Algorithm Table Run-time Complexity
BASIC.NUM_CUTS | 31 O(m2k+n)
CRNUM_CUTS 41 | 2nA(k+ 1)kNp = O(A(k + 1)kn=t3m?)
NUM_CUTS 51 | 2nA(k+ 1)kNi = O(A(k + 1)kn=+3m?)
ECA 71 O((m + A(z + 1))kn=+2m=)

Table 8 1 Summary of Run-time Complexities
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Chapter 9
Future Enhancements

The current ECA implementation suffers from one drawback It 1s slower than Ball
and Provan’s algonthm when counting minimum cutsets

When Ball and Provan enumerate cutsets, they only have to do n-1 s,t-flow
computations For each s,t-flow computation on G, a directed acyclic graph 1s
constructed They first define anti-chain 1in a directed acychic graph G’ and then
some theorems are stated to justify that the number of anti-chains in G’ 1s the
same as the number of minimum s, t-cutsets in G Ball and Provan’s algorithm then
counts the number of anti-chains in G’ Each anti-chain 1s denved in O(m) time
We may be able to establish similar theorems with respect to minimal s,¢-cutset
and anti-chains We could count anti-chains instead of edge inclusion and exclusion
and as a result, flow computation for minimum cutset can be minimized Thus, The
time complexity of ECA would be the same as that of Ball and Provan’s algorithm
when counting mimimum cuts, and faster for counting non-minimum cuts

In ECA, an s, t-cutset C 1s constructed in COUNT_.CONTRACTED_CUTS and
then augmented with co-Stemner subsets of size z Given an s,t-cutset C' and the
augmented co-Steiner subsets, we may be able to construct co-Steiner subsets for

another s,t-cutset faster
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