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Abstract 

A subset C of the edges of a graph G 1s a cutset 1f G 1s disconnected when the 

edges m Care removed In this thesis, we give two algonthms for countmg cutsets 

faster Both compute the number of cutsets of size ( >.+x) m polynormal time for 

fixed x where>. 1s the mm1mum cuts1ze One algonthm uses mclus10n and exclusion 

of edges and 1s s1m1lar to an algonthm of Colbourn and Ramanathan However, 

our algonthm uses s, t-edge connect1v1ty m most of the recursive calls rather than 

edge connectivity as m Colbourn and Ramanathan, hence, 1t 1s faster The second 

algonthm generalizes a method of Ball and Provan and offers a faster run-time than 

the one by Colbourn and Ramanathan by a factor of at least 0( n) 
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Chapter 1 

Introduction 

The Purpose 

In this thesis, we present two new algorithms that are designed for countmg edge 

cutsets of any size for a graph These algorithms are mspired by the algorithms 

designed by Ball and Provan [2] and Colbourn and Ramanathan [5] A theoretical 

analysis shows that these new algorithms are faster than the fastest known algorithm 

by Colbourn and Ramanathan [5] 

Overview 

A subset C of the edges of a graph G is a cutset if G is disconnected when the 

edges m Care removed The fastes t known algorithm for countmg the number of 

mmimum cutsets of a graph is that of Ball and Provan [2] It is difficult to extend 

this algorithm to count cutsets of non-mm1mum size An algorithm that works for 

all cutset sizes is that of Colbourn and Ramanathan [5], however, 1t 1s much slower 

than the one by Ball and Provan when countmg mmimum cutsets We would hke 

an algorithm that has time complexity close to the one by Ball and Provan and as 

general as the one by Colbourn and Ramanathan 

We present two algorithms to remedy the drawbacks stated Both algorithms 
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are as general as the one by Colbourn and Ramanathan NUM_CUTS, one of the 

new algonthms, runs faster than Colbourn and Ramanathan's algonthm ECA, the 

other one, employs the mam idea from the Ball and Provan algonthm Its worst 

case time complexity 1s at least 0( n) fas ter than the Colbourn and Ramanathan 

algonthm However, 1t 1s slower than Ball and Provan's mm1mum cutset countmg 

algonthm 

The algonthms considered m this thesis have exponential time complexity when 

used to compute cutsets of arbitrary size This 1s not surpnsmg smce countmg 

cutsets of arbitrary size 1s ~P-complete (5] 

The second chapter explams the background knowledge and notations that are 

necessary to understand this thesis The third chapter presents a simple recursive 

algonthm for countmg cutsets This algonthm 1s crucial to the understandmg of the 

algonthms m chapter four, five and seven The fourth chapter descnbes Colbourn 

and Ramanathan's countmg cutsets algonthm The fifth chapter descnbes a new al­

gonthm, NUM_CUTS, that counts cutsets faster than Colbourn and Ramanathan's 

algonthm The sixth chapter descnbes Ball and Provan's mm1mum cutset countmg 

algonthm The seventh chapter descnbes a new algonthm, ECA, that 1s at least 

a factor of O(n) faster than Colbourn and Ramanathan's when countmg cutsets of 

any size The eighth chapter summanzes the results The nmth chapter suggests 

some future enhancements 
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Chapter 2 

Background 

2.1 Terminology for Graph 

2.1.1 Definition of a Graph 

An undirected graph 1s an ordered tnple denoted as G = (V ( G), E( G), 1PG) cons1stmg 

of a nonempty set V(G) of vertices, a set E(G), d1sJomt from V(G), of edges, and 

an incidence function 1/JG that associates with each edge of G an1 unordered, pair of 

vertices of G The number of vertices IV(G)l 1s n The number of edges IE(G)I 

1s m If e 1s an edge and u and v are vertices such that 1Pa(e) = (u, v), then e 

1s said to be incident to u and v A directed graph 1s an ordered tnple denoted 

as G' = (V(G'),E(G'),1Pa•) cons1stmg of a nonempty set V(G') of vertices, a set 

E( G'), d1sJomt from V ( G'), of arcs, and an mc1dence function 1PG• that associates 

with each arc of G' an 'ordered- pa1r of vertices of G' If e 1s m E( G') and u and 

v are vertices such that 1Pc• ( e) = ( u, v ), e 1s said to ;om u to v A loop e of G 

1s an edge such that 3u E V(G), 1Pc(e) = (u, u) Multiple edges e1, e2 , e, are 

edges such that 3u,v E V(G), 1Pa(e1 ) = (u,v ), for 1 :'.5 J :'.5 i A graph 1s simple 

if 1t does not have loops and multiple edges The mc1dence function of a simple 
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graph 1s an one-to-one mappmg In this case, we s1mphfy the notat10n by statmg 

e = ( u, v) mstead of 1Pc( e) = ( u, v) A graph 1s trwzal 1f 1t con tams only one 

vertex A path from vertex v 1 to v, 1s an alternatmg sequence of vertices and edges, 

v1 e1 v2 e,_1 v., where eJ 1s an edge between vJ and vJ+l A vertex u 1s connected 

to a vertex v 1f there 1s a path from u to v A graph 1s connected if every pair 

of vertices 1s connected, otherwise, 1t 1s disconnected A spanning subgraph of G 

1s a graph H = (V(G),E(H),1PH) where E(H) ~ E(G) and 1PH(e) = 1Pc(e), 1f 

Ve E E(H) A cycle 1s a path v1 e1 v2 e,_1 v, e, v1 , where vJ f=. Vk for 1 ~ J, k ~ z 

An acyclic graph 1s one that contams no cycles A tree 1s a connected acyclic graph 

A spanning tree of a graph G 1s a spannmg subgraph of G that 1s a tree 

2.1.2 Cutsets 

A cutset C of a connected graph G 1s any subset of the edges of G whose removal 

leaves G disconnected A minimum cutset 1s a cutset of smallest size The size of a 

mm1mum cutset, called the edge-connectivity of G, 1s denoted by >. Given a cutset 

of size ,\ + x, x ~ 0, the value of x is called the excess of the cutset A minimal 

cutset is a cutset such that a graph cannot be disconnected by removmg any proper 

subset of edges m the cutset For mstance, a mm1mum cutset is a rmmmal cutset A 

mm1mal cutset of a non-tnv1al graph can be defined as the set of edges (u, v) where 

u E Sand v ES for some sets SC V(G) and S = V(G) - S We denote such a 

cutset by (S,S) In this thesis, we need to exarnme more closely the graph obtamed 

by removmg some subset E' of the edges from a graph G where E' IS commonly a 

cutset of G This graph H = (V(G),E(G)- E',1PH) is denoted simply by G -E', 

where 1PH(e) = 1Pa(e), 1f Ve E E(G) - E' When a graph 1s disconnected, any subset 

of the edges mcludmg the empty set is a cutset 

An s, t-cutset 1s a cutset such that the vertices s and t are disconnected by 

removmg edges m the s,t-cutset from G The size of a mm1mum s,t-cutset, Aat, IS 
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called the s, t- edge connectivity 

The number of cutsets of size z 1s denoted by N, Smee there 1s a one-to-one 

correspondence between z-edge cutsets and (m- z)-edge disconnected spannmg sub­

graphs of a graph, N, 1s also the number of disconnected subgraphs of size m - z 

2.1.3 Some Graph Operations 

Edge Delet10n G - e 

Given a graph G and an edge e m G, we define G - e as (V ( G), E( G) - { e}, 1PG- e), 

where 1Pc-e( e') = 1Pc( e'), 1f Ve' E E( G) - { e} We call this operation edge deletion 

We define edge deletion to be left assoc1at1ve For example, G-e 1 - e2 1s ( G- e1 )- e2 

Edge Contraction G e 

Given a graph G and an edge e = (u,v) m G, we define G e as 

(V(G) - {v},E(G)- {e},1Pce) where "PGe 1s defined as follows 

1Pce(e') - 1/Jc(e') 1f Ve' E E(G)- {e} and Vw E V(G), t/Jc(e')-::/ (w,v) 

(w,u) 1f Ve' E E(G)- {e} and Vw-::/ v E V(G), 1/Jc(e') = (w,v) 

- (u,u) 1fVe'EE(G)-{e},t/Jc(e')=(v,v) 
The above defimt1on of G e contracts vertices u and v to a new vertex which 1s 

labeled u Examples of contractmg an edge m a simple graph and a graph with 

multiple edges are given m Figure 2 1 We call this operation edge contraction We 

define edge contraction to be left assoc1at1ve For example, G - e1 e2 1s ( G - e1) e2 

Lemma 2 1.1 The edge set C is a cutset of G-e 1£ and only 1f CU e is a cutset of 

G 

Proof If C 1s a cutset of G - e, then ( G - e) - C 1s disconnected Smee G - (CU e) 

= (G - e) - C, G - (CU e) 1s disconnected and hence (CU e) 1s a cutset of G 
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G G•e1 G- e1• e2 

Figure 2 1 Edge Contraction 

If CU e is a cutset of G, 1t 1s obvious that (G - e) - C 1s also disconnected and 

hence C 1s a cutset of G - e D 

Smularly, we have the followmg theorem for G e 

Lemma 2 1.2 The edge set C ts a cutset of Ge 1f and only if C is a cutset of G 

and e ts not m C 

Proof If C 1s a cutset of G e, e rt C and (G e)- C 1s disconnected Let (S,S) ~ C 

be a rrummal cutset of G e Suppose G - C 1s connected There must exist an edge 

e2 E E( G - C) such that e2 1s mc1dent to a vertex m S of G and another vertex m 

S of G Thus, e2 E (S,S) ~ C That 1s 1rnposs1ble because e2 rt G - C If C 1s a 

cutset of G and e 1s not m C, then G - C 1s disconnected Smee e 1s not m C, 1t 1s 

obvious that ( G e) - C 1s disconnected D 

Node Contraction G { u, v} 

Given a graph G and two vertices u and v m G, we define G { u, v} as 

(V(G)- {v},E'(G),1PG{u,v}), where 

E'(G) = {e Ve E E(G), t/ia(e) # (u, v), t/ia(e ) # (u, u) and t/ia(e) # (v, v)}, and 

1Pa {u,v}(e) t/ia(e) 1f Ve E E'(G) and Vw E V(G), t/ia(e) # (w, v), 

(w,u) 1fVe E E'(G) and Vw # v E V(G), t/ia(e) = (w,v) 
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The above defimt1on of G { u, v} contracts vertices u and v to a new vertex which 

1s labeled u Examples of contractmg u and v m a simple graph are shown m Fig­

ure 2 2 We call this operat10n node contraction We define node cont raction be left 

associative For example, G { u, v} { u, w} is ( G { u, v}) { u, w} 

G G •{u,v} G• {u ,v}• {u,w} 

Figure 2 2 Node Contraction 

2.2 Minimum cut/Maximum flow computation 

A rmmmum cut/maximum flow algori thm is a maJor component of all the algorithms 

described m this thesis In this sect10n, we give some background for the rmmmum 

cut/maximum flow problem 

2.2.1 s, t-flow Computation 

In this thesis, a flow-network Gp = ( G' , s, t, c) consists of a directed graph G' with 

no-self loops, two specific vertices s and t m V ( G') called respectively the source 

and the sink, and a ~ pacity funct10 n c that maps arcs m G' to O or 1 

Given an undirected graph G, we~ construct a flow-network Gp Smee ~ 

flow-network is defined on a directed graph G' with no-self loops, we first have to 

define such a graph with respect to G 

A directed graph G' m Gp wi th respect to G is (V(G),E(G') ,t/;a,), where 

E(G') = { e to, e f rom Ve E E(G), t/;(e) 1" (u,u) for some u}, and 
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( u, v) 1f e E E( G) and VJc( e) = ( u, v) 

The flow-network GF correspondmg to G 1s defined as follows G' 1s constructed 

as defined above, sand tare two vertices m G, c(et0 ) = c(e Jrom) = 1, Veto, e fr om E 

E(G' ) 

The flow-network GF with respect to G can be used for mm1mum cut/maXImum 

flow algonthm [6] It 1s well-known that a nummum s, t-cutset of G can be found 

after max1m1zmg flow from s to t m G F 

An s, t-flow computation 1s defined as follows A flow function f 1s an assign­

ment of a non-negative mteger f(e) to each arc e E G', such that the followmg two 

conditions hold 

1 For every arc e E E(G'), 0 ~ f(e) ~ c(e) 

✓-/ - ' 
2 Let a(v) and j3(rv) be the sets of mcommg arcs and outgomg arcs for vertex v 

The flow from the sources to the smk t, satisfies lemma 2 2 1 

Lemma 2.2.1 For every v E V(G') - {s,t}, 

L f(e) = L f(e) 
eEa(v) eEJ3(v) 

The maximum total flow F of f from s to t 1s defined by 

F = L f(e) - L J(e) 
eEa(t) eEJ3(t) 

Note that F 1s the net flow entermg t 

Ans, t-flow computation 1s to compute Fm GF 

An auxiliary graph 1s used to keep track of potential avenues for pushmg further 

flow through a network Given a flow-network GF and flow funct10n J, the aux1hary 
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graph 1s defined as ( G', c') where c' 1s a capacity function defined as follows For 

each arc e = (u, v) E E(G') with J(e) < c(e), the aux1hary graph has an arc (u, v) 

with capacity c'(e) = c(e) - J(e) and an arc (v,u) with capacity c'((v,u)) = f( e) 

This 1mphes c(e) - f(e) flow umts can be pushed from u to v and J( e) flow umts 

can be pulled from v to u to cancel the flow on arc ( u, v) 

Ford and Fulkerson (9) suggested the use of augmentmg paths to change a given 

flow function m order to mcrease the total flow An augmenting path 1s a directed 

path from s to t m an auxiliary graph where each arc on the path has non-zero 

capacity Such a path can be used to advance flow from s to t Ford and Fulk­

erson summanze the result of an s, t-flow computation m the followmg maximum 

flow /mm1mum cut theorem 

Theorem 2 2 2 The maximum total s, t-flow of a flow-network is equal to the ca­

pacity of a minimums, t-cut 

2.2.2 Maximum Auxiliary Graph 

A maximum auxiliary graph U 1s an auxiliary graph denved from a flow-network 

G F and its maximum total flow The Justification of a maximum auxiliary graph 1s 

by the followmg theorem 

Theorem 2 2 3 The flow m G F is maximum if and only if there are no directed 

s, t-paths m the auxiliary graph 

A rmmmum s, t-cutset (S,S) of G can be denved from U by lettmg S be the set 

of vertices reachable from s along a duected path where its arcs have non-zero 

capacities m the maximum auxiliary graph This set S can be computed by any 

depth first search algonthm 
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2.2.3 Edge Connectivity 

For a fixed vertex s of G where G 1s non-tn v1al, any mm1mal cutset C separates s 

from a vertex t m G - C Thus, a rrummum cutset of G has size 

,\ = mm (s, t-edge connect1v1ty of G) 
tEV - {s} 

2.2.4 Time Complexity of an s , t-flow Computation 

In the literature, the time complexity of an s , t-flow computation for findmg a rrun-

1mum s , t-cutset 1s a function of n and m For example, Dm1c's Algorithm with a 

simple graph and 0/1 capac1t1es 1s O(mn213 ) This time complexity analysis assumes 

that a maximum aux1hary graph 1s const ructed from scratch In this thesis , some 

algorithms re-use aux1hary graph to compute s, t-edge connect1v1ty To establish a 

new function for comparmg time complexity of s, t-flow computation, we mtroduce 

the followmg naive algorithm for computmg total flow m CF 

Repeat 

1 Fmd an augmentmg path m G F 

2 Push one umt of flow along the augmentmg path from s tot 

Until no augmentmg paths m G F 

This naive algorithm is correct because of Theorem 2 2 3 Any depth-first search 

algonthm can construct an augmentmg path m GF if it eXIsts The search takes 

O(m) time Thus, the time complexity of this algonthm is the product of O(m) and 

the number of augmentmg paths m an auxiliary graph Any s, t-flow computation 

takes time at least O(m), smce all edges must be mspected To push constant c 

amount of s,t-flow, the naive algori thm reqmres O(cm) = O(m) time Thus, if 

the amount of s, t-flow to be pushed is constant, the naive algonthm has 0( m) 

time complexity In this case, the flow algonthm 1s not relevant We prefer to 

leave the t ime complexity for non-constant amount of flow as a function so analysis 

1s mdependent of s , t-flow algonthm chosen In this thesis, we refer to the time 
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complexity of an s, t-fiow computat10n as AP.st - k ), where >- st - k is the number 

of augmen tmg paths m the auxiliary graph that we expected to find and k is the 

number of augmentmg paths already been found We define A(O) as 0(1) Thus, 

AP.st - k) 1s O((>. .,t - k)m) assummg naive algonthm But, we do not want to rule 

out faster approaches when k 1s not a constant 

2.3 Terminology for Recursive Algorithms 

The algori thms which we descube are recursive In this sect10n, we descnbe the 

termmology used when analyzmg these algonthms A call which does not mvoke 

itself recursively is called a terminal call, otherwise, the call is an internal call 

To descnbe the relationship among recursive subroutme mvocations, we define 

a tree where there is a node for each subroutme mvocation A node A is defined 

to be a child of another node B, if the call associated with A is mvoked by the 

call which B represents We refer to this representation of the recursive calls as the 

recursive call structure This recursive call structure is a tree A special case of this 

is a binary tree, 1t 1s a tree such that each mternal node has at most two children 

The height of a (bmary) tree 1s the number of edges m the longest path from the 

root to a leaf 

In this thesis, the recursive call structures of some algorithms are bmary trees, 

moreover, m these bmary structures, if the call associated with a node A 1s mvoked 

with the graph G, its two children are mvoked with G - e and G e respectively, 

for some edge e If a call is mvoked with G - e, we call it a deletion-call and if it is 

mvoked with G e then it 1s a contraction-call 
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2.4 Network Reliability 

2.4.1 Definition of a Network 

In this thesis, a network 1s a set of computer systems that are lmked together to com­

mumcate We assume that computer systems do not fail and each lmk between two 

computers operates with an equal mdependent probab1hty p When all computer 

systems can commumcate with each other, we say this network 1s operational 

2.4.2 Modeling of a Network 

A probabilistic graph 1s a simple graph where each edge 1s assigned with an equal 

mdependent probab1hty p to determme 1f 1t 1s m the graph This probab1hstic graph 

1s used to model a network The nodes of the probab1hstic graph represent computer 

systems and the edges represent the physical lmks 

With this model, we can denve the probab1hty that the network 1s operational 

This probability 1s equal to the probab1hty that the probab1hstic graph modelmg the 

network 1s connected This model of network rehab1hty 1s called the all-terminal 

reliability of a networ1. Colbourn 's monograph [1] con ta.ms a survey about all­

termmal rehab1hty 

2.4.3 Calculating Network Reliability 

Network Rehab1lity m terms of N, 

The probability that probab1hst1c graph G 1s disconnected can be expressed as a sum 

over all possible disconnected subgraphs of the correspondmg probab1hstic graph G 

of the probab1hty that the current state of the network 1s given by this subgraph 

There are N1 disconnected subgraphs of size m - i Each such subgraph occurs with 
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systems and the edges represent the physical links 
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network 1s connected This model of network rehab1hty 1s called the all-terminal 

reliability of a networl-.. Colbourn's monograph [1] conta.ms a survey about all­

termmal rehab1hty 

2.4.3 Calculating Network Reliability 

Network Reliability m terms of N, 

The probab1hty that probab1hst1c graph G 1s disconnected can be expressed as a sum 

over all possible disconnected subgraphs of the correspondmg probab1hstic graph G 

of the probab1hty that the current state of the network 1s given by this subgraph 

There are N, disconnected subgraphs of size m - i Each such subgraph occurs with 
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probability pm-•(1 - p)' Hence, the probability that G is disconnected is 

m 

L N, pm-,(1 - p)' 
•=>-

This formula is called the unreliability polynomial of G Thus , the all-terminal reh­

ab1hty is 
m 

The N, are called the coefficients of the unrehab1hty polynormal 

2.4.4 Time Complexity of All-terminal Reliability 

Ball and Provan [3) have shown that computing the all-terrmnal rehab1hty 1s ijP­

complete However, 1t 1s possible to compute some of the coefficients of the un­

rehab1hty polynoffilal in polynomial time For computing N >-+x with fixed x, the 

algorithm of Colbourn and Ramanathan [5] 1s polynomial m n but exponential m x 

The coefficients N1 , z = m, m-1, , m-(n-1) can also be computed m polynorrual 

time We explam how to do this m the next paragraph 

Smee the edge set of a spanmng tree 1s the smallest one that can connect a 

graph and a spannmg tree has n - 1 edges, we need at least n - 1 edges to connect 

a graph Thus, the coefficients N11 i = m, m - 1, , m -n + 2, are equal to(~) The 

value of Nm-(n-I) 1s (n~i) - r(G), where r(G) 1s the number of spannmg trees of G 

The number of spannmg trees can be computed m 0( n3 ) time usmg the Kirchoff 

matrix-tree theorem [7] 1 

1There 1s also a techmque ava1lable for computing determmants faster by Strassen [8] 
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Chapter 3 

The Basic Count-Cuts Algorithm 

The algonthm BASIC_NUM_CUTS presented m this chapter 1s based on a simple 

recurrence relat10n This relation 1s also used m further algorithms The firs t 

ob Ject1ve of this sect10n 1s to establish the correctness of this recurrence relation 

In later chapters, we demonstrate how this recurrence relation can be expl01ted to 

obtam faster algorithms 

3.1 The Basic Algorithm for Counting Cuts 

The algonthrn presented m Table 3 1 1s called BASJC_NUM_CUTS It 1s based on 

the operations G - e and G e defined m Section 2 1 3 and the followmg theorem 

Theorem 3 1. 1 Let Num_Cuts{G,k) be the number of cutsets of size k m G 

Then for any edge e of G, 

Num_Cuts(G, k) = Num_Cuts (G - e, k -1) + Num_Cuts(G e, k) 

Proof The k-edge cutsets can be part1t1oned mto two sets, those that contam a par­

ticular edge e and those that do not By Lemma 2 1 1, Num_Cuts(G - e, k - 1) 1s 

equal to the number of k-edge cutsets that mclude e By Lemma 2 1 2, 
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Num_Cuts(G e,k) 1s equal to the number of k-edge cutsets that do not mclude e 

D 

BASIC_NUM_CUTS (G,k,n,m) returns the number of cutsets of size 
k 
G 1s a graph with n nodes and m edges 

BASIC_NUM_CUTS( G ,k,n,m) 

1 [Basis] 

(a) If n = 1, G 1s trJVIal, return(O) 

(b) If k = 0 and G is connected , return(O) 

(c) If m < k, return(O) 

(d) If G 1s disconnected, return( (T) ) 

2 Choose any edge e of G 

3 [G- e] 

(a) n_delete = BASIC_NUM_CUTS(G-e, k-1, n, m-1) 

4 [G e] 

(a) n_contract = BASIC_NUM_CUTS(G e, k, n-1, m-1) 

5 return( n..delete + n_contra.ct) 

Table 3 1 BASIC..NUM_CUTS Algonthm 

3.2 Example for Algorithm BASIC_NUM_CUTS 

An example 1llustratmg how the algonthm BASIC_NUM_CUTS counts the number 

of cutsets of size two 1s shown m Figure 3 1 The figure shows a computat10n tree 

for a graph with four nodes and five edges The edges are labeled as a, b, c, d and 

e The example only shows the left subtree of the root and the nodes of the tree are 
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G-a-b 

returns (1) 
Basis 1d 

G-a 

I 
L 
G-a•b-e 

returns (0) 

Basis 1b 

G 

\ 
subtree not shown 

returns (1) 

G-a•b 

G-a•b•e-c 

returns (0) 

Basis 1b 

I \ 

returns (0) 

Basis 1a 

Figure 3.1. An Example for Algonthm BASIC.NUM.CUTS 

16 
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labeled with the graphs with which the correspondmg recursive calls are mvoked 

The algonthm finds one 2-edge cutset { a, b} m the left subtree The edges of this 

cutset are the edges selected for edge deletion along the path from the leaf with 

G - a - b to the root w1 th G 

In this example, there are three cases where a call termmates First, a call 

termmates when a cutset 1s found, for example the call with G - a - b Second, 

a call termmates when two edges are deleted from G, yet the graph 1s connected, 

for example the call with G - a b - e and the call with C - a b e - c Third, a 

call termmates when the graph 1s contracted to a smgle node, for example the call 

with G - a b e c We should realize that the recursive call structure has internal 

contract10n-calls that return zero, for example the call with G - a b and the call 

with G - a b e Smee the return value from parent 1s the sum of its children, no 

cutset 1s found by the children of these mternal contraction-calls 

3.3 Correctness of the Basic Algorithm 

Theorem 3 3 1 Algorithm BASIC..NUM_CUTS (G, k, n, m) (Table 3 1) correctly 

counts cutsets of size k of a graph, where 

1 G is a graph, 

2 n is the number of nodes of G, 

3 m is the number of edges of G, and 

4 k is the cutset size required 

Proof G 1s either connected or not If G 1s not connected, any subset of edges of 

size k 1s a qualified cutset Basis 1( d) computes the number of such subsets 

If G 1s connected, either one of basis la, 1 b and le 1s executed or no basis 

cond1t1on 1s satisfied If a basis cond1t1on 1s true, the return value 1s Justified as 

follows Basis la 1s correct because a tnv1al graph cannot be disconnected Basis 1 b 
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1s correct because G 1s connected Basis le 1s correct because the number of edges, 

m, available rn E( G) 1s not enough to construct cutsets of size k 

If no basis cond1t10n 1s satisfied, statement 3a and 4a are executed The rn1tial 

conditions of a call, BASIC..NUl\1-CUTS(G, k, n, m), are that G 1s a graph, IV(G)I = 

n, IE(G)I = m, and k 1s the cutset size reqmred The call , BASIC..NUM_CUTS(G­

e, k - l, n , m - 1 ), at statement 3a satisfies the m1t1al cond1t10ns, srnce G - e 1s a 

graph, IV(G - e)I = n, IE(G - e)I = m - 1, and we want to count cutsets of size 

k - I The call, BASIC..NUM_CUTS( G e, k, n - l, m - 1 ), at statement 4a satisfies 

them1tialcond1t10ns, smceG e 1sagraph, IV(G e)I = n-1, IE(G e)I = m-1,and 

we want to count cutsets of size k Statement 3a computes the number of cutsets of 

size k - I m G - e Statement 4a computes the number of cutsets of size k m G e 

Accordmg to theorem 3 1 1, the sum of values computed at 3a and 4a 1s the number 

of cutsets of size k Therefore, the algonthm counts all the reqmred cutsets 

When G 1s not connected, Basis ld 1s executed, the call terrrunates The pa­

rameter m of a deletion-call 1s one less than that of its parent Smee k ~ 0, as 

m decreases, eventually, Basis cond1t1on le 1s true The parameters n and m of a 

contract1on-call are one less than that of its parent Eventually, n = 1, thus, Basis 

cond1t1on la 1s true The parameter k of a deletion-call 1s one less than that of its 

parent Eventually, Basis cond1t1on 1 b 1s true Eventually, at least one of the basis 

cond1t1ons la, 1 b, le and ld must apply Thus, the algonthm termmates eventually 

D 

3.4 Complexity Analysis 

The recursive call structure of BASIC_NUM_CUTS 1s a bmary tree Moreover, the 

parameter k for a deletion-call 1s one less than that of its parent and the parameter 

n for a contraction-call 1s also one less than that of its parent Smee n, k ~ 0 for 
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all calls, the bmary tree rep1esent111g the recursive call structure has height which 

1s at most n + k Thus, at most 2n+k calls are made m total For each call, a depth 

first sea1ch 1s requned to check 1f a graph 1s connected Hence, the overall time 

complexity of BASIC_NUM_CUTS 1s O(m2k+n) 
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Chapter 4 

Colbourn and Ramanathan's 

Algorithm 

4.1 Overview 

In the basic algonthm, the branch of the computation tree correspondmg to cuts 

contammg a particular edge e 1s completely explored even when the graph has no 

cutsets of the required size contammg this edge The Colbourn and Ramanathan 

algorithm 1s faster smce 1t avoids this extra work To accomplish this, the edge for 

each step 1s chosen so that 1t appears m at least one cutset of the reqmred size This 

edge selection reqmres a computation of the edge-connectivity and the construction 

of a mm1mum cutset of a graph for each contract1on-call 

4.2 CR_NUM_CUTS algorithm 

Colbourn and Ramanathan 's algori thm, CR..NUM_CUTS, 1s presented m Table 4 1 

It has been modified to make comparison with the other algonthms presented m 

this thesis easier 



CHAPTER 4 COLBOURN AND RAMANATHAN'S ALGORITHM 21 

CR_NUM_CUTS (G,>.,x,n,m) returns the number of cutsets of size 
>.+x m G 
G 1s a graph with n vertices and m edges 
>. 1s the edge-connect1v1ty of G 

CR..NUM_CUTS(G,,\,x,n,m) 

1 [Basis] 

(a) If x < 0, return(O) 

(b) If n = 1, the graph 1s trlVlal, return(O) 

(c) If m < >. + x, return(O) 

(d) If G 1s disconnected(>.= 0), return((';)) 

2 Choose an edge em a mm1mum cutset of G 

3 [G - e] 

(a) n_delete = CR..NUM_CUTS(G-e,>.-1,x,n,m-1) 

4 [G e) 

( a) Fmd the edge-connect1v1ty >..' of Ge 

(b) n_contract = CR..NUM_CUTS(G e, >..', x-(>. 1->..), n-1, m-1) 

5 return(n_delete + n_contract) 

Table 4 1 CILNUM_CUTS Algonthm 
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4.2.1 Example for Algorithm CR_NUM_CUTS 

An e>..ample illustratmg how the algorithm CR_NUM_CUTS counts the number of 

cutsets of size two is shown m Figure 4 1 The figure shows a computation tree for 

a graph with four nodes and five edges The labelmg of nodes is the same as m 

Figure 3 1 The algorithm finds the two 2-edge cutsets { a, b} and { c, d} In this 

example, a call termmates when either the graph with the call is disconnected or the 

edge-connectivity of the graph with the call is larger than the cutset size reqmred 

For example, G a - c d has edge-connectivity two yet we want a cutset of size one 

and G a - c - d IS disconnected 

4.2.2 Correctness 

Theorem 4 2 1 CR_NUM_CUTS (G, >., x, n, m) (Table 4 1) finds all the cutsets of 

a specific size >. + x, where 

1 G is a graph, 

2 >. is the edge-connectivity of G, 

3 n ts the number of nodes of G, 

4 m is the number of edges of G, and 

5 x is the excess of the minimum cutset size 

Proof The graph G 1s either connected or not If G 1s not connected, any subset 

of edges of size >. + x 1s a qualified cutset Basis ld computes the number of such 

subsets 

If G IS connected, either one of the basis la, lb and le 1s executed or no basis 

condition IS satisfied If a basis cond1t1on 1s true, the return value 1s Justified as 

follows Basis la 1s correct because when x < 0, the size of any cutset of G 1s large 

than >. + x Basis 1 b 1s correct because a tnv1al graph cannot be disconnected Basis 

le 1s correct because the number of edges, m, available m E(G) 1s not enough to 
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~ C 

G 

/ ~ 

~ ~ 
G-a G•a 

I \ I \ 
~ 

G-a-b 

returns (1) 

Basis 1d 

~ 
G-a•b 

returns (0) 
Basis 1a 

G•a-c-d 

returns (1) 
Basis 1d 

~ 
G•a-c 

returns (0) 
Basis 1a 

Figure 4 1 An Example for Algorithm CR_NUM_CUTS 

~d,eb 

G•a•c 

returns (0) 
Basis 1a 
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construct cutsets of size k 

If G is connected and no basis cond1t1on 1s satisfied, statement 3a and 46 are 

executed The m1tial conditions of a call, CR_NUM_CUTS(G,>.,x,n,m), are that 

G is a graph, >. 1s the edge-connectivity of G, IV( G)I = n, IE( G)I = m, and x 

1s the excess of the mm1mum cutset size The call, CR_NUM_CUTS( G - e , >. -

l, x, n, m - l ), at statement 3a satisfies the m1tial conditions, because G - e 1s 

a graph, IV(G - e)I = n, IE(G - e)I = m - 1, the edge-connect1v1ty of G - e 

is >. - l, and we want to count cutsets of size >. + x - l m G - e The call, 

CR_NUM_CUTS(G e, >.' ,x - (>.' - >.),n -1,m -1), at statement 46 satisfies the 

m1t1al cond1t10ns, because G e 1s a graph, jV(G e)j = n - l, IE(G e)I = m -1, >.' 

1s the edge-connect1v1ty of G e computed at statement 4a, and we want to count 

cutsets of size ( >. + x) m G e Statement 3a computes cutsets of size >. + x - l m 

G - e Statement 4b computes cutsets of size>.+ x m G e Accordmg to theorem 

3 1 1, the sum of values computed at 3a and 4b 1s the number of cutsets of size >.+x 

Thus, the algorithm counts all the reqmred cutsets 

When G 1s disconnected, Basis ld is executed, the call termmates The param­

eter m of a delet10n-call 1s one less than that of its parent Smee >. + x ~ 0, as 

m decreases, eventually, Basis condition le 1s true The parameters n and m of a 

contract1on-call are one less than that of its parent Eventually, n = 1, thus, Basis 

cond1t1on lb 1s true The parameter x of a contraction-call 1s never larger than that 

of its parent Basis condition la may be true, eventually Eventually, at least one 

of la, lb, le and ld must apply Thus, the algorithm termmates eventually D 

4.3 Time Complexity 

We first observe that whenever statement 3a 1s executed, the graph has at least one 

cutset of the appropriate size ( see step 2, Table 4 1) Statement 2 constructs such 
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a cutset and e 1s an edge m the cutset This cutset 1s counted at statement 3a 

Thus, statement 3a returns a non-zero value Smee no delet10n-call returns zero, 

any zero-returnmg call must be a contract10n-call Smee every mternal call mvokes 

a delet10n-call that returns a non-zero value, every mternal call returns a non-zero 

value Thus, any contract10n-call returnmg zero must be a termmal call 

We now give an upper bound to the total number of calls made 

Lemma 4 3 1 Th e number of terminal deletion-calls is at most N>-.+x 

Proof At least one cutset 1s enumerated at each of these calls □ 

Lemma 4 3 2 The number of internal deletion-calls is at most (,X + x - l)N>.+x 

Proof Each deletion-call counts cutset of size one less than that of its parent Each 

contraction-call counts cutset of size the same as that of its parent Hence, the 

number of mternal delet10n-calls along the path from a leaf to the root 1s at most 

one less the size of a required cutset, (>. + x -1) Hence, by Lemma 4 3 1, there are 

at most (). + x - 1 )N>..+x mternal deletion-calls □ 

Theorem 4.3 3 There is at most(>.+ x)N>..+x contraction-calls 

Proof Each contract1on-call has a smgle s1blmg which 1s a deletion-call There are 

at most N>.. + (>. + x - l)N>..+x deletion-calls by Lemmas 4 3 1 and 4 3 2 □ 

Theorem 4 3 4 The Colbourn and Ramanathan algonthm makes at most 

2(>. + x)N>.+x recursive calls 

Proof Accordmg to Lemmas 4 3 1, 4 3 2 and 4 3 3, we have ( >. +x )N>..+x contract10n­

calls and (>. + x )N>..+x deletion-calls □ 

Theorem 4 3 5 N; ':c ( : ) 

Proof See Lomonosov and Polessl-.11 [10) D 
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Proof By Colbourn and Ramanathan [5] □ 

Corollary 4 3 7 The number of recursive calls zs 0( (>. + x )nx+2 mx) 

Proof By Theorem 4 3 4 and theorem 4 3 6 □ 

If we assume that the edge-connectivity of G 1s computed by executing at most 

(n - 1) s, t-flow computat10ns as md1cated m sect10n 2 2 3 and observe that 1t 1s 

not necessary to find an s, t-flow of more than >. + x + 1 units, then the complexity 

of statement 4a 1s ( n - 1 )A(>. + x + 1), hence, the followrng theorem follows 

Theorem 4 3 8 Let I., = >. + x be the cutset szze that we are counting 

Algorithm CRJvUM_CUTS counts cutsets m time at most 
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Chapter 5 

The Improved Count Cuts 

Algorithm 

The algorithm presented m this chapter 1s called NUM_CUT It 1s faster than 

CR..NUM_CUTS for two reasons It does not compute n - 1 s, t-flow computa­

tions for every call As well, 1t finds the maximum auxiliary graphs for G - e and 

G e from the one for G mstead of constructmg them from scratch 

5.1 Improvements on Maximum Auxiliary Graph 

Construction 

A maximum auxiliary graph of a graph 1s defined m Section 2 2 2 The procedures 

for findmg maximum auxiliary graphs for G - e and G e from a maximum aux1hary 

graph for G are stated m Theorems 5 1 1 and 5 1 2 

Theorem 5 1 1 Let (S,S) be a minimum s,t-cutset of G obtained from a maximum 

auxiliary graph for G according to the description in Section 2 2 2, where S C V ( G) 

and S = V(G) - S 
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If e = (u , v) is zn (S,S ) , where u E S and v E S, a maximum auxiliary graph for 

G-e can be obtain ed from the one for G by 

(a) Pushing one unit of flow from u to s 

(b) Pulling one unit of flow from t to v 

(c) Removing arcs (u ,v) and (v,u) 

Proof Let G F be the flow-network of G and U = ( G', c') be the maximum auxiliary 

graph for G Accordmg to Section 2 2 2, c'(e) = 0 because v 1s not reachable from 

u E S usmg arcs that have non-zero capacities Accordmg to section 2 2 1, one umt 

of flow has been pushed m U from s tot passmg through (u, v) and, thus, there 1s a 

directed path P m U from t to s passmg through the arc ( v, u) such that a flow umt 

can be pulled back Pullmg one flow umt along P results m >. - 1 total flow from s 

tot m CF, smce accordmg to Theorem 2 2 2, maximum total flow m CF 1s >. Let 

U' be the resultmg aux1bary graph Smee no flow has been pushed through ( u, v) 

and (v,u) m U', removmg (u,v) and (v,u) from U' does not affect the>. -1 total 

flow m CF Fmally, the flow assignment m U' 1s feasible for an aux1hary graph for 

G - e and this flow assignment 1s maximum It 1s because >. - 1 flow umts has been 

pushed from s tot and the correspondmg arcs (u,v) and (v,u) of e are removed m 

U' □ 

Theorem 5.1.2 Let (S,S) be a mmtmum s, t-cutset of G obtained from a maximum 

auxiliary graph for G according to the description m Section 2 2 2, where SC V( G) 

and S = V(G) - S 

If e = (u,v) is m (S,S ), where u E S and v E S, a maximum auxiliary graph for 

G e can be ob tamed from the one fo r G by 

1 Contracting v into u 
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2 Applying any s, t-fiow computation routine, until the total flow in the flow­

network Gp of G is maximized 

Proof Contractrng v mto u gives us an auxiliary graph for Ge which may not be 

flow maximized The s, t-flow computat10n routme maxiffilzes the auxiliary graph 

D 

Run-time improvement 

The next two theorems state the time complexity of updatmg the auxiliary graph 

Theorem 5 1 3 Let (S,S) be a minimums , t-cutset of G obtained from a maximum 

auxiliary graph for G according to the description m Section 2 2 2, where S C V ( G) 

andS = V(G) - S 

If e = (u,v) is m (S,S), where u E S and v E S, a maximum auxiliary graph for 

G-e can be created from the one for G in 0( m) time where m is the number of edges 

ofG 

Proof Accordmg to Theorem 5 11, there eXIsts a path P from s tot passmg through 

e A breadth first search can be used to find P □ 

Theorem 5.1 4 Let (S,S) be a minimum s,t-cutset of G obtamedfrom a maximum 

auxiliary graph for G according to the description m Section 2 2 2, where S C V ( G) 

andS = V(G)- S 

If e = ( u, v) is m (S ,S) , where u E S and v E S, a maximum auxiliary graph for G e 

can be created from the one for G m O (mb) time where m is the number of edges of 

G and b is the difference m the s, t-edge connectivity of G e against the one for G 

Proof Usmg any standard s, t-flow computation algonthm, it takes 0( m) time to 

push one flow umt We must push b s, t-flow umts to get the maximum auxiliary 

graph for G e Hence, the total time is at most 0( mb) D 
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We should note that when 8 1s greater than x, the excess, we can stop the 

update of maximum aux1hary graph for G e because the mm1mum s, t-cutset size 1s 

too large 

5.2 The NUM_CUTS Algorithm 

In CR_NUM_CUTS, n-1 s, t-flow computat10ns are done m order to find the edge­

connect1v1ty together with an edge ma mm1mum cutset of a graph This computa­

t10n has to be earned out for every mternal call We are gomg to show that we can 

use s, t-edge connect1v1ty mstead 

Suppose we are countmg cutsets of size k The mam idea of this algonthm 1s 

to mm1m1ze the number of s, t-flow computations m one call and yet we can still 

bound the number of recursive calls to at most kNk 

There are three crucial observat10ns to this algonthm The first observat10n 1s 

that when all mm1mum s, t-cutsets have size greater than k, there 1s no cutset of size 

k This condition can be checked m n - l s, t-flow computat10ns (refer to section 

2 2 3) The second observation 1s that the s, t-edge connect1v1ty of G 1s not larger 

than that of G e Thus, given a vertex sand a set of vertices ½(G), which does 

not mclude s, m G such that for each vertex t E ½(G), the s, t-edge connectivity of 

G 1s larger than k For each vertex t E Vi ( G), the s, t-edge connect1v1ty of G e 1s 

also larger than k The third observation 1s that 1f e = (s, t), we cannot disconnect 

s and t m G e, thus, we have to find a t' E V(G) - Vi(G), 1f any, so that the 

s, t'-edge connectivity of G e 1s not greater than k These observations are crucial 

to understand this algonthm The algonthm 1s shown m Table 5 1 
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NUM_CUTS returns the number of cutsets of size A&t +x m G G 1s a 
graph with n vertices and m edges Ast 1s the mm1mum s, t-cutset size 
of G for a pair of specified vertices s and t The maximum auxiliary 
graph of G 1s stored m st_flow 

NUM_CUTS(s,t,sUlow)st,x,n,m) 

1 [Basis] 

(a) If Ast = 0 and n = 1, the graph 1s trivial, return(O) 

(b) If m < A.,t + x, return(O) 

(c) If Ast= 0, return((;)) 
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2 Choose an edge e of G m a mm1mum s, t-cut (preferably e /; (s, t) to speed up the 
algorithm) 

3 [G- e] 

(a) Update st_flow to reflect G-e (as explamed m Theorem 5 11) and store the 
result m delete..stJlow 

(b) n_delete = NUM_CUTS(s, t, delete..sUlow, >..,t-1, x, n, m-1) 

4 [G e] 

(a) search_for_t - FALSE 

(b) Ife /; (s,t), 
Update st..flow to reflect G e ( as exp lamed m Theorem 5 1 2) and store the result 
m contract..st..flow 
Let 6 be the resultmg mcrease m the s, t-edge connect1v1ty 

1 If X ~ 6, 
n_contract = NUM_CUTS(s, t, contract..stJlow, >..,t + 6, x-6, n-1, m-1) 

11 else search_for_t - TRUE 

(c) If e = (s,t) or searchJor_t = TRUE, 

1 If 3 t' such that t' has not been considered for s, t-flow computat10n and >.~t 
~ A6 t + x, n_contract = NUM_CUTS(s, t', stJlow', >.~t, x + >..,t - >.~t, n - 1, 
m - 1), where st..flow' 1s a maximum auxiliary graph and >.~t 1s a mm1mum 
s, t'-cutset for G e 

11 else n..contract = 0 

5 return(n..delete t n_contract) 

Table 5 1 UM_CUTS Algorithm 
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5.2.1 Example for Algorithm NUM_CUTS 
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An example 1llustratmg how the algonthm NUM_CUTS counts the number of cut­

sets of size two 1s shown m Figure 5 1 The figure shows a computat10n tree for a 

graph with four nodes and five edges The labelmg of nodes 1s the same as m Figure 

3 1 The nodes 1s always selected for s, t-flow computation Two shaded nodes ma 

graph md1cate that the s , t-edge connect1v1ty 1s not larger than k, for example, the 

nodes s and tl m G are shaded A node with a cross md1cates that the s , t-edge 

connect1v1ty of this crossed node with s 1s larger than k, for example t2 m G a 1s a 

crossed node and the s, t2-edge connectivity 1s three The graph at the nght of an 

left-arrow 1s constructed m the call pomted by the arrow This graph 1s shown to 

illustrate that no contract1on-call 1s mvoked because no s, t-cutset has the reqmred 

size For example, G a c 1s a graph constructed m the call with G a and the 

s, t3-edge connect1v1ty of G a c 1s larger than two 

The explanation of some recursive call mvocations are as follows For the call 

with G, calls are mvoked at statement 3(6) and 4(c)1 In executmg statement 4(c)1, 

t2 of G a 1s discarded and t3 is selected for constructmg s, t-cutsets of G a For the 

call with G a, only a recursive call is mvoked at statement 3(6) Then, m executmg 

statement 4(6 ), G a c 1s constructed and the s, t-edge connectivity for G a c is 

found to be greater than k Thus, statement 4(c) is executed As a result of no t' 

m G a c sat1sfymg s, t-cutset reqmrement, statement 4( c)11 is executed Sirmlarly 

for G - a, G - a b does not haves, t-cutsets of the reqmred size, hence, statement 

4( c)11 1s executed Fmally, for the call with G a - c, statement 3(6) is executed and 

a cutset { c, d} 1s constructed Smee m executmg statement 4{ c)1, no t' m G a - c d 

satisfies the s, t-cutset requirement, statement 4( c)11 is executed 

The two 2-edge cutsets { a, b} and { c, d} are constructed m G-a-b and G a-c-d 
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I 
G-a-b 

return (1) 

Basis 1c 

G-a 

G 

G-a•b 

Statement 4{c)11 

G•a-c-d 

return (1) 

Basis 1c 

I 

G•a-c 

--- ~deb 

G•a•c 

Statement 4{c)11 

Statement 4(c)11 

Legend 

a node for s, t-cutset 

a node has considered 
for s,t-cutset 

Figure 5 1 An Example for Algonthm NUM_CUTS 
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5.3 Correctness of NUM_CUTS 

The computation tree generated from a call to BASIC..NUM_CUTS 1s a bmary tree 

where each node has zero 01 two children In NUM_CUTS, each mternal call may 

result m two other calls , 01 one only There are three cases In the simplest case, 

the routine 1s called recursively with G e and G-e statement 3(b) and 4(b )1 For 

the second case, one call for G-e at statement 3(b) and one call at 4(c)1 For the 

third case, one call for G- e at statement 3(b) 

Theorem 5 3 1 NUM_CUTS(s,t ,st_fiow,). 5t,x, n,m) (Table 5 1) finds all the cutsets 

of size )..st+x, where 

1 G is a graph with n vertices and m edges 

2 )...,t ts the minimum s, t-cutset size of G for a pair of specified vertices s and t 

3 The maximum auxiliary graph of G is stored tn st_fiow 

4 The number of edges required in addition to A,t is x ~ 0 

Proof Let s be a fixed node for s, t-edge connect1v1ty The graph G 1s either 

connected or not If G 1s not connected, any subset of edges of size )...,t + x 1s a 

qualified cutset Basis le computes the number of such subsets 

If G 1s connected, either one of the basis la and 1 b 1s executed or no basis 

cond1t1on 1s satisfied If a basis cond1 t1on 1s true, the return value 1s Justified as 

follows Basis la 1s correct because a tnv1al graph cannot be disconnected Basis 

lb 1s correct because the number of edges, m, available 1s not enough to construct 

cutsets of size )...,t + x 

If G 1s connected and no basis cond1t1on 1s satisfied, we have to Justify that the 

recurrence equation m theorem 3 1 1 1s implemented correctly to count the number 

of cutsets of sJZe )...,t + x 
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The 1mtial cond1t10ns of a call, NUM_C UTS(s, t, sLflow, >-st, x, n, m), are thats 

and tare vertices m G, st_J low 1s the maximum auxiliary graph of G, Ast 1s the s, t­

edge connect1v1ty of G, IV(G)I = n, IE(G)I = m, and x 2 0 1s the excess of t he re­

quired cutset Fust, statement 36 1s executed The call, 

NUM_CUTS(s, t, delete...sLflow, Ast - 1, x, n, m - 1), at statement 36 satisfies the 

m1tial cond1t10ns, smce s and t are vertices m G - e, delete...sLflow 1s a maximum 

auxiliary graph for G - e accordmg to statement 3a, the s, t-edge connectivity of 

G - e 1s Ast -1, jV(G - e)I = n, IE(G - e)I = m - 1, and we want to count cutsets 

of size Ast + x - 1 m G - e Thus, cutsets of size Ast + x m G that mclude e are 

counted at statement 36 

For those cutsets that do not mclude e, we have to construct them m G e 

accord mg to the followmgs The edge e 1s e1 ther ( s, t) or not li e =f. ( s, t), the 

s, t-edge connect1v1ty of G e 1s either greater than >-at+ x or not If 1t 1s false, there 

1s an s, t-cutset of G e that satisfies our countmg reqmrement Statement 4(b )1 1s 

executed The call, NU1LCUTS( s, t, contract...sLf low, ,\ at + h, x - h, n - 1, m - 1) , 

at statement 4(b )1 satisfies the m1t1al cond1t1ons, smce s and t are vertices m G e, 

contract....st_flow IS a maximum aux1hary graph for G e accordmg to statement 4b, 

>..1+h 1s the s, t-edge connect1v1ty of Ge computed at statement 4b, IV( G e)I = n-1, 

IE(G e)I = m - 1, x - h 2 0 1s true because of statement 4(b)1, and we want to 

count cutsets of size (>..1 + x) m G e In this case, cutsets of size >..1 + x m G that 

do not mdude e are counted at statement 4(b )1 

We now have to consider when e = (s, t) and the condition that the s, t-edge 

connect1v1ty of G e 1s greater than A31 + x Both of these conditions imply that 

no s, t-cutset, with the specified s and t vertices, m G e satisfies our cutset size 

requirement If there 1s, mdeed, a qualified cutset m G e, there must exists a t' 

such that the cutset 1s ans, t'-cutset Statement 4( c)1 finds such at' Smee s, t-edge 

connect1v1ty of G e 1s never less than that of G, statement 4( c )1 only checks those 
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t' that have not been considered for s, t-flow computation m those ancestor calls 

Either a t1 exists such that s, t'-edge connectivity is not greater than Ast + x or not 

If 1t is true, a call, NUM_CUTS(s,t',st_flow',A~t,x + Ast - A:t,n - 1,m - 1), is 

mvoked at statement 4(c)i The call satisfies the mitial condit10ns, smce s and t' 

are vertices m G e, st_flow' is a maximum auxiliary graph for G e accordmg to 

statement 4( c)i, >-:1 is the s, t'-edge connectivity of G e computed at statement 4( c)1, 

jV(G e)I = n -1, IE(G e)I = m - 1, x + >..,1 - >.~t ~ 0 1s true because of statement 

4(c)i, and we want to count cutsets of size (>-st+ x) m G e In this case, cutsets of 

size Ast+ x m G that do not mclude e are counted at statement 4(c)i If no t' that 

satisfies the cond1hon, the edge-connectivity of G e is larger than (>..,1 + x) Thus , 

no call 1s mvoked at statement 4( c)u 

Smee every contract1on-call decrements n by one, there 1s at most n contract1on­

calls along the path that starts from the root to a leaf m the computation tree 

Basis la sets a lower bound for n Smee every deletion-call decrements m by one, 

there 1s at most m deletion-calls along the path that starts from the root to a leaf 

m the computation tree The parameter m 1s decreasmg We have to consider the 

followmgs to check m = 0 If Aat + x > 0, when m = 0, basis lb 1s true Smee >..,1 

and x 1s never negative, when >..1 + x $ 0, 1t implies >..1 = 0 Thus, 1f >..1 + x $ 0, 

when m = 0, basis le 1s true Thus, m = 0 1s checked At least one of the basis 

conditions la, 1 b and le 1s eventually true Therefore, the algorithm eventually 

termmates D 

The Time Complexity of NUM_CUTS 

S1milar to CR_NUM_CUT, this algorithm only chooses an edge m a cutset that we 

want to count, we have the followmg observation No deletion-call returns zero Any 

contraction-call returnmg zero must be a terminal call Every mternal call returns 

a non-zero value 
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We now give an upper bound to the total number of calls made 

Lemma 5 3 2 The number of terminal deletion-calls zs at most N>.+x 

Proof At least one cutset 1s enumerated at each of these calls D 

Lemma 5 3 3 The number of internal deletion-calls zs at most(>.+ x - l)N>.+x 

Proof Each deletion-call counts cutset of size one less than that of its parent Each 

contract10n-call counts cutset of size the same as that of its parent Hence, the 

number of mternal delet10n-calls from a leaf to the root 1s at most one less the 

size of a reqmred cutset, (A + x - 1) Hence, by Lemma 5 3 2, there are at most 

(>. + x - l)N>.+x mternal delet10n-calls D 

Theorem 5 3 4 There is at most (). + x) N >.+x contraction-calls 

Proof Each contract1on-call has a smgle s1blmg which 1s a deletion-call There are 

at most N>.. + (). + x - l)N>.+x deletion-calls by Lemmas 5 3 2 and 5 3 3 D 

Theorem 5.3 5 The Improved Count Cuts algorithm makes at most 

2(). + x)N>..+x recursive calls 

Proof Accordmg to Lemmas 532,533 and 5 3 4, wehave(A+x)N>..+x contract10n­

calls and (). + x )N>..+x deletion-calls D 

Corollary 5.3 6 The number of recursive calls ts O((>. + x)nx+2mx) 

Proof By Theorem 5 3 5 and theorem 4 3 6 D 

From a leaf to the root, all the calls along this path together perform at most 

n - l s, t-flow computations at statement 4( c)1 Each s, t-flow computation takes 

A(>..,t + x + l) time Summmg up what have been stated, we have the followmg 

theorem 
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Theorem 5 3 7 Let I., = Ast + x be the cutset size that we are counting 

The time complexity of NUM_CUTS is at most 

38 

Although NUM_CUTS has the same worst case analysis as CR__NUM_CUTS, 

NUM_CUTS 1s still faster than CR__NUM_CUTS because 1t does not compute edge­

connect1v1ty for every call 
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Chapter 6 

Ball and Provan's Algorithm 

6.1 How the algorithm works 

Ball and Provan's algonthm (BALLYROVAN) counts mm1mum cutset It 1s based 

on the node contraction operation G { s, t} and the followmg theorem 

Theorem 6 1 1 Let NumJi{m_Cuts(G) be the number of minimum cutsets m G 

Then for any two nodes s and t, 

Num..Mm_Cuts(G) = 
Number of mm1mum 

s, t-cutsets of size>. (1) 
+ Nurn..Mm_Cuts(G {s,t}) (2) 

Proof Any mm1mum s, t-cutset C either disconnects s and t m G - C or not Term 

1 counts all mm1mum s, t-cutsets that disconnect s and t m G - C Any mm1mum 

cutset C that connects sand t m G- C can be represented by (S,S) wheres, t E S 

Smee edges that mc1dent to sand tare not m (S,S), (S,S) 1s m G { s, t} Obviously, 

any cutset Cm G { s, t} 1s also a cutset m G that connects s and t m G - C, 1f s 

and t are connected m G D 

Suppose we drop the mm1mum cutset size reqmrement, can the recurrence equa­

t10n m theorem 6 11 counts cutsets of any size? The proof of theorem 6 11 uses 
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the fact that each cutset to be counted can be represented by (S,S) However, a 

non-rrumrnal cutset cannot be represented by (S,S) We can construct these non­

mmimal cutsets such that they consist of edges m E( G) - E( G { s, t} ), these edges 

cannot be m E( G { s, t}) Thus, the recurrence equat10n cannot be directly gener­

alized to compute cutsets of size greater than >. An example of such a non-rrumrnal 

cutset is given m Figure 6 1 The pseudo-code for the Ball and Provan algonthm 

1s given m Table 6 1 

G 

-
Legend 

edge in a graph 

edge in a cutset 

-a minimal cutset (S,S) 

G with a minimal cutset G with a non-minimal cutset 

Figure 6 1 An Example of a Non-mm1mal Cut 

Example for Ball and Provan's Algorithm 

An example 1llustratmg how the algorithm BALL_FROVAN computes the number 

of cutsets of size two 1s shown m Figure 6 2 Given a graph G that has four nodes 
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BALLYROVAN returns the number of mrn1mum cutsets of G 
G 1s a graph 
s 1s a fixed node rn G 
t cl s 1s a node m G 
NA 1s the current sum of mm1mum cutsets counted 
Ast 1s the size of a mmnnum s, t-cutset 

BALLPROVAN(G,s) 

1 Fmd A, the size of a mm1mum cutset m G 
Set NA = 0 

2 For each t E G-s do the followmg 

(a) Set Ast = size of a mm1mum s, t-cutset 

(b) If ,\st=,\ , set NA= NA+ NUM..MIN...ST_CUTS(G,s ,t) , 
where NUM_MIN ..ST _CUTS returns the number of s, t-cutsets of G 

(c) Set G = G {s,t} 

3 return(NA) 

Table 6 1 Ball and Provan 's Algonthm 

G 

Legend 

e a node for s,t-cutset 

.,.....__ edges intersect wrth this 
hne form a cutset 

... 

G •{s,t} 

... C 

G•{s,t}•{s,u} 

Figure 6 2 An Example for Algonthm BALLYROVAN 

41 
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and five edges Edges are labeled as a, b, c, d and e Nodes are labeled as s, t, u 

and v A cutset 1s md1cated by those edges mtersectmg a thick lme 

First, BALLYROVAN constructs a nummum s, t-cutset { a, b} Then, by con­

tractmg t to s m G, G { s, t} 1s constructed Smee the s, u-edge connect1v1ty 1s 

larger than two No cutset 1s found Fmally, by contractmg u to s m G { s, t}, 

G { s, t} { s, u} 1s constructed A mm1mum s, v-cutset { d, c} 1s constructed 

Run-time Complexity 

Ball and Provan's algorithm mvokes a subroutme NUM_MIN..ST _CUTS that counts 

mm1mum s, t-cutsets n-l times The subroutme uses an algorithm that has time 

complexity 0( mn) to compute s, t-edge connect1v1ty and derives all s, t-cutsets of 

size .,\ m time O(mN{), where Ni 1s the number of mm1mum s, t-cutsets of size 

.,\ Thus, NUM_MIN..ST_CUTS computes m O(mn + mN1) Smee there are n-1 

rnm1mum s, t-cutset computat10ns and the number of cutsets counted 1s NJ.., Ball 

and Provan's algonthm takes time O(mn2 + mN>.) Smee N>. 1s (2) [10], the time 

complexity s1mphfies to O(mn 2
) This approach 1s the fastest known algorithms for 

countmg mm1mum cuts 
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Chapter 7 

The Extended Contraction 

Algorithm 

7.1 The Recurrence Equation for the ECA Al­

gorithm 

The extended contraction algorithm (ECA) 1s a generalization of Ball and Provan's 

algorithm for countmg mm1mum cutsets It computes the number of cutsets of any 

size based on the followmg recurrence equation 

Number of cutsets 

of size k rn G 
= 

Number of cutsets C of 

size k with s and t m 

different components of 

G-C {1) 

where s and t are any two nodes of the graph G 

+ 

N um her of cu tsets C of 

size k with s and t m the 

same component of G-C 

(2), 

{7 11) 

Suppose the nodes m Gare labeled as t0, t 1 , t 2 , , tn-I where to= s The above 

recurrence equation can be expanded to obtam the followmg 
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Number of cutsets 
= 

of size km G 

Number of cutsets C of size km G withs and 
n-l 

L t, m different components and s, t 1 , t2 , , t,_ 1 
t=l 

m the same component of G-C 

The correctness of equation 7 1 2 1s Justified by the followmg lemmas 

44 

(7 1 2) 

Lemma 7 1 1 Equation 7 1 2 enumerates each cutset of size k of G at most once 

Proof For 1 = 11 and 1 = z2 , z2 > 11 , the cutsets enumerated are different , because 

m step z1, s and t, 1 are m different components of G - C, and m step i 2 , s and t,
1 

are m the same component of G - C □ 

Lemma 7 1 2 Equation 7 1 2 enumerates each cutset of size k of G at least once 

Proof For each k-edge cutset m G, there exists a value J such that t1 , t2 , , t;-l 

are on same side of the cutset as s, and t, 1s not on the same side of the cutset as 

s Such a cutset 1s counted when z 1s equal to J D 

7.2 Implementing the Recurrence Equation 

The recurrence equation 7 1 2 sums n - 1 terms The ith term represents the 

number of cutsets C of size k of G such that m G - C, s and t, are m different 

components and s, t1, t2 , , t,_1 are m the same component Each term 1s comput­

ed by a subroutme COUNT _CONTRACTED_CUTS m ECA Thus, ECA mvokes 

COUNT _CONTRACTED_CUTS n - 1 times to evaluate the recurrence equat10n 

7 1 2 Fust, we explam COUNT _CONTRACTED_CUTS and then we explam how 

ECA counts cutsets by mvokmg COUNT_CONTRACTED_CUTS 

7.2.1 Counting Cutsets that Satisfy the Conditions 

In this section, we describe COUNT _CONTRACTED_CUTS that counts cutsets C 

of size k such that m G- C, sand t, are m different components ands, t1, t2 , , t,_1 
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are m the same component 

The condition that s, t 1 , t 2 , , t,_ 1 are m the same component 1s equivalent to 

the existence of a Stemer tree for these nodes 

Defimt10n 7 2 1 A Steiner tree T for a given graph G and a subset F ~ V(G) is 

a subgraph of G such that F ~ V(T) and T is a tree The nodes in Fare referred to 

as Steiner nodes A Steiner tree T is minimal, if all leaves of T are Steiner nodes 

To ensure that there always exists a Stemer tree m1t1ally, the labelmg of the nodes 

1s chosen such that 1f F,_ 1 = { t0 , t 1 , t2 , , t,_ 1 } then t, 1s adJacent to some node 

m F,_ 1 , for all i = 1,2, , n - l Imtially, F0 = {to= s} Such an ordermg can 

easily be found by usmg a depth-first search algonthm startmg at the node t0 = s 

This 1s eqmvalent to the cond1t10n that t he subgraph mduced by F, 1s connected for 

all i 

When the graph G 1s not connected, COUNT_CONTRACTED_CUTS rnvokes 

COUNT _CO..STEINER..SUBSETS to count cutsets C such that the Stemer nodes 

are connected m G -C First, the correctness of COUNT _CO..STEINER..SUBSETS 

1s presented and then this 1s followed by that of COUNT _CONTRACTED_CUTS 

Counting Co-Stemer Subsets 

If vertices s and t are not connected m G, countmg s, t-cutsets C such that the 

Stemer nodes are connected m G - C 1s the same as countmg subsets C1 of edges 

m G such that G - C1 has a Stemer tree for the Stemer nodes The edge set C' 

~ E( G) 1s a co-Stezner subset of edges of G with respect to F, 1f there 1s a Sterner 

tree for the Sterner nodes m G - C' Thus, when s and t are not connected m G, 

we need to count the number of co-Stemer subsets m G with respect to F 

COUNT _CO..STEINER..SUBSETS enumerates co-Stemer subsets usmg edge m­

clus1on and exclus10n When edge e = ( u, v) 1s contracted m G with the resultmg 

supernode labeled w, the set F of Stemer nodes 1s updated as follows If at least 
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COUNT_CO..STEINER..SUBSETS returns t he number of co-Sterner 
subsets with respect to F of size x rn a disconnected graph G 
F is a set of Sterner nodes 
Tis a mrnimal Sterner tree for F 
Note When tlus routrne is rnvo1.ed, there is always a Sterner tree for 
nodes m F 

COUNT_CO..STEINER..SUBSETS(G, F, x, T) 

1 [Basis] 

(a) If x = 0, return(l) 

(b) If I F I = 1, return( ( I E~G) I ) ) 

(c) If I E(G) I - (IF I - 1) < x, return(0) 

2 [ Countrng co-Sterner subsets that do not use edges rn E(T)] 

n..subset = ( I E(G) I: I E(T) I ) 

3 ( Countrng co-Sterner subsets that use at least one edge rn E(T)] 
Let the edges rn T be e1 , e2, , e, 
For k = 1 to J do 

(a) { use ek to construct a co Sterner subset} 
If G-ek has a mrn1mal Sterner tree T' for F then 

46 

n..subset = n..subset + COUNT_CO..STEINER_SUBSETS(G-ek, F, x - 1, T') 

(b) { do not use ek to construct a co-Sterner subset } 

G - G ek 
T-Tek 
F - F~ ek 

4 return(n..subset) 

Table 7 1 COUNT _CO..STEINER..SUBSETS Algonthm 
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one of u, v is a Sterner node rn F, then F becomes F - { u, v} U { w} Otherwise, F 

remarns unchanged We denote this operat10n by F ~ e The algorithm is rn Table 

7 1 

Example of COUNT _CQ_STEINER_SUBSETS 

An example illustratrng how the algorithm COUNT_CQ_STEINER_sUBSETS com­

putes the number of co-Sterner subsets of size one is shown m Figure 7 1 The graph 

G depicted has four nodes and five edges Imtially, T = {a,b} and F = {s,t 1 ,t2 } 

Statement 2 computes the number of co-Sterner subsets that do not use edges m 

T The result 1s one and the co-Sterner subset 1s { e} Then, statement 3 computes 

those subsets that use at least one edge m T Fust, for G - a, a new Sterner tree 

T' = { e, b} 1s constructed An rnvocat10n 1s made with G - e, T' and x - 1 In this 

rnvocation, basis l(a) returns one co-Sterner subset {a} 1s constructed Returnmg 

to the mvocat1on with G, G a - b and T' = { e} are constructed An rnvocation 

1s made with G a - b, T' and x - 1 In this mvocation, basis l(a) returns one 

co-Sterner subset { b} 1s constructed Fmally, G a b and T' = 0 are constructed 

An mvocat1on 1s made with G a b, T' and x In this mvocat10n, basis 1 (b) 1s true 

no co-Sterner subset 1s constructed The call termmates 

7.2.2 Correctness of COUNT_C0-5TEINER_SUBSETS 

The correctness of COUNT _C0-5TEINER..SUBSETS 1s stated rn the followmg the-

orem 

Correctness of COUNT_CQ..STEINER..SUBSETS 

Theorem 7.2.2 COUNT_COSTEINER-SUBSETS(G,F,x,T) (Table 7 l}jinds all 

co-Steiner subsets with respect to F of size x m a disconnected graph G where T is 

a minimal Steiner tree for F 
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~ N 
. 

. 
X=O Basis 1 (a) X = 1 e 

b 

CS= {e} @ 
CS= {a} 

b 

returns (1) . 

G G-a 

Statement 2 

returns (1) 

X=O 

~ Basis 1 (a) 

CS= {b} returns (1) 
r 

Legend 
G•a-b 

@) a Steiner node 

a Steiner edge 

cs co-Steiner subsets 

® ' 

X cardinality of a X = 1 Basis 1(b) 
co-Steiner subset cs={} 

" e returns (0) 

G•a•b 

Figure 7 1 An Example for Algonthm COUNT_C0-5TEINER.SUBSETS 
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Proof Either one of the bases la, lb or le 1s executed or no basis cond1t1on 1s 

satisfied If a basis cond1t10n 1s true, the return value 1s Justified as follows Basis la 

1s correct because when x 1s zero, by defimtion, an empty set 1s a cutset Basis 1 b 1s 

correct because no subset of edges can disconnect a srngle Sterner node and hence, 

any subset of edges 1s a co-Sterner subset Basis le 1s correct because constructrng 

Sterner tree for F requires at least IFl-1 edges and there are only IE( G) I - ( IFI -1) 

edges for constructrng co-Sterner subsets 

When no basis cond1t10n 1s satisfied, the algorithm counts co-Stemer subsets 

usmg mclus1on and exclus10n of the edges m E(T) Either at least one edge m E(T) 

1s used to construct co-Sterner subsets or not If the edges m E(T) are not used 

rn constructmg co-Stemer subsets , Sterner nodes m F stay connected by T Thus, 

any subset of edges of size x selected from E( G) - E(T) 1s a co-Sterner subset 

Statement 2 computes the number of such subsets Otherwise, there 1s a least k for 

any co-Sterner subset such that e1, e2, , ek-l are not m the subset, but ek 1s rn the 

subset These are enumerated at step k of the loop at statement 3 

The rn1t1al cond1t1ons for a call , COUNT _CO..STEINER...sUBSETS(G, F, x, T), 

are G 1s a disconnected graph, F 1s a set of Sterner nodes, T 1s a mm1mal Sterner 

tree for F, and x 1s the size of co-Sterner subsets that we are countrng Each 

call COUNT _CO..STEINER..SUBSETS(G - ek, F, x - I, T') rnvoked at statement 3 

satisfies the rn1tial conditions This 1s because G - ek 1s a disconnected graph, F 1s a 

set of Sterner nodes that are connected by T', a mm1mal Sterner tree constructed at 

statement 3a, and we want to count co-Stemer subsets of sIZe x - I The co-Sterner 

subsets counted by this call do not use edges e1, e2, , ek-l because these edges are 

contracted m T and G after executmg statement 3b for k - I 1terat10ns 

For termrnation, IE(G)I and x decrement by one for each recursive call mvoked 

at statement 3a Basis la termmates a call when x = 0 Basis le termmates a 

call when IE(G)I - (IFI - 1) < x When k 1s larger than one, IV(G)I decrements 
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by one for each recursive call mvoked at statement 3a Eventually, IV(G)I = 1 If 

jV(G)I = 1, IFI = 1 Thus, Basis lb terrrunates the call when jV(G)I = 1 At least 

one of the basis cond1t1ons la, 1 b and le eventually 1s true Thus, the algonthm 

terrrunates D 

COUNT_CONTRACTED_CUTS 

We first discuss the theory needed to understand COUNT _CONTRACTED_CUTS 

This algonthm 1s based on the basic G e \ G - e recurrence relation given m Chapter 

3 The followmg lemma 1s used when choosmg an edge e for the recurrence equat10n 

to make the algonthm more efficient To state the lemma, we first reqmre the 

followmg defimt1on 

Definition 7 2 3 We assume that the set F has some specified vertex s The ver­

tices m Fare contracted together to get the graph G F as follows (when we contract 

these vertices together, the resulting supernode is labeled s) 

The vertex set of G F is V( G)- (F- {s}) The edges of G F are of two types 

1 for each edge e = ( u, v) E E( G) where u ¢ F and v ¢ F, there is a corre­

sponding edge (u,v) m G F, and 

2 for each edge e = ( u, v) E E(G) where u E F and v ¢ F, there is a corre­

sponding edge (s,v) m F 

An example of G F 1s shown m figure 7 2 

Lemma 7 2 4 Let G be a connected graph Suppose F ~ V(G), ts a set of nodes 

such that s E F and the subgraph induced by F is connected Then for any cutset C 

such that m G-C 

1 s and t (t ¢ F) are m different components, and 

2 nodes m Fare connected by a Steiner tree, 
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00 
• 

G F G·F 

Figure 7 2 An Example of G F 

there exists some C' ~ C such that C' is an s, t-cutset of G F 

Proof Let S be the set of vertices m the component of G - C which contams s 

One such C' for G F 1s ( S' = ( S - F ) U { s}, S') D 

An example of such a C' m G F where C' ~ C 1s shown m Figure 7 3 

Legend 

edge not In the cutset C 

- edge In the cutset C 

F ~ 
G with cutset C G-C G• F with cutset C ' C'lnG 

Figure 7 3 An Example of C' m G F 

Corollary 7 2 5 Let G be a connected graph, s, t E V(G) and F ~ V(G) Nodes m 

F are connected by a Steiner tree Let C' be an s, t-cutset of G F Let C ~ E( G) 

be the edges of G which correspond to those m C' Then, C is a cutset of G such 

that m G-C 
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1 s and t (t (/. F) are in different compon ents, and 

2 nodes in F are connected by a Steiner tree 

Proof Smee the edges, E 1 , induced on Fare absent m G F, the edges m E 1 are 

not m C' Smee the correspondmg C' edges m G 1s C, the correspond mg edges m 

E1 are also not m C Thus, nodes m Fare connected m G - C by the correspondmg 

edges m E 1 Smee sand tare disconnected m (G F)-C', sand tare disconnected 

mG-C D 

The COUNT _CONTRACTED_CUTS algonthm 1s m Table 7 2 

Example of COUNT_CONTRACTED_CUTS 

Two examples 1llustratmg how the algonthm COUNT _CONTRACTED-CUTS counts 

the number of cutsets of size three are shown m Figures 7 4 and Figure 7 5 The 

graph G has four nodes and five edges In Figure 7 4, F = { s} and (S,S) = 
{a,b} COUNT_CONTRACTED_CUTS computes the number of s,t 1-cutsets C 

such that m G - C, s and t 1 are m different components (note F only has 

one node s) Three s,t 1-cutsets are constructed they are {a,b}, {a,e,c} and 

{ a, e, d} Theses, t 1-cutsets C can be mferred from the disconnected graphs G - C 

at the leaves such as G - a - b For each of these three disconnected graph 

G - C, COUNT_CO..STEINER..SUBSETS IS mvoked Smee IFI = 1, any sub­

set of edges of the reqmred size m G - C 1s counted, for example, 1t returns three 

for G - a - b After the edge contraction such as m G - a b, a new s, tI-cutset 

{ e, c} IS constructed The edges m this s, t 1-cutset are selected m the subsequent 

edge delet10n-calls Smee we do not need to consider Sterner tree m this example, 

COUNT _CONTRACTED_CUTS 1s only computmg the number of s, t 1-cutsets m 

G In the next example (refer to Figure 7 5), we show the construct10n of s, t-cutsets 

C that do not disconnect Sterner nodes, IFI > 1, m G - C 
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COUNT_CONTRACTED_CUTS returns the number of s,t-cutsets 
of size km G for which there 1s a Sterner tree connectmg the nodes 
mF 
G 1s a graph 
s and t are vertices of G 
F 1s a subset of the vertices of G such that s E F, t ~ F, and the 
subgraph of G rnduced by F 1s connected 
The followrng parameters apply to the graph G F where the supern­
ode created by 1dent1fymg the vertices m F 1s labeled s 

Asta F 1s the mrn1mum s, t-cutset size of G F 
(S,S) 1s a mrn1mum s,t-cutset of G F 

COUNT _CONTRACTED_CUTS(G, s, t, F, >-sta F' k, (S,S)) 

1 [Basis] 

(a) If >-sta F = 0, return ( COUNT_CO...STEINER...SUBSETS (G, F, k, T) ) 
where T 1s a Sterner tree that connects nodes m F 
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(Note there 1s always a Sterner tree T for F because of the m1tial ordenng of 
the vertices descn bed m Section 7 2 1) 

(b) If k < >-sta F return(0) 

( c) { any set of k edges disconnects nodes m F } 
ff (I E(G) I -(IF I -1)) < k, return(0) 

2 Choose f E (S,S) of G F and let e be the correspondmg edge m G 

3 [G - e] 

(a) n_delete = COUNT _CONTRACTED_CUTS(G-e,s,t,F, >-sta F-1, k-1,(S,S)-{f}) 

4 [G e] 

(a) 1f f # (s,t) 

i Frnd the mm1mum s, t-cu tset size of ( G F) f and denote it by >. ', and find 
(S',S'), an s,t-cutset of (G F) f of size>.' 
If f = ( u, s) or f = ( u, t), the supernode created by contractmg f 1s labeled 
s or t respectively 

11 n_contract = COUNT_CO TRACTED_CUTS(G e, s, t, F ~ e, >.', k, 
(S',S')) 

(b) else n_contract = 0 

5 return( n_delete + n_con tract) 

Table 7 2 COUNT_CONTRACTED_CUTS Algonthm 
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€) 

(S, S) 

F 

Legend 

a node for s,t cutset 

a minimal cutset of G• F 

a set of Steiner nodes 

~ 

/ 

h: 
G a-b 

Basis 1c 

returns (3) 

/ 

' @ ® 

Basis 1c 

returns (1) 

F = {s} 

(S, S) = {a,b} 

G 

/ 

Ga 

/ 

L d 

G a•b e 

/ 
@) 

G a•b-eee-d 

Basis 1c 

returns (1) 

---
(S, S) .. {e,c} 

---
G a•b-eee 

(S, S) • {d} 
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statement 4b 

0 c,d 

t3 

G aebee 

statement 4b 

G-a•b-e•c•d 

statement 4b 

Figure 7 4 An Example for Algori thm COUNT _CONTRACTED-CUTS 
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Legend 

@ a node for s,t-cutset 

(S, S) a minimal cutset of G• F 

F a set of Steiner nodes 

G-d-c 

Basis 1c 

retruns (3) 

/ 

F = {s, t1, t2} 

(S, S) = {c, d} 

/ 
---

G-d 

G 

statement 4b 
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statement 4b 

Figure 7 5 Example Two for Algonthm COUNT_CONTRACTED_CUTS 

In F1gure7 5, F = {s,t1,t2 } and (S,S) = {c,d} COUNT_CONTRACTED_CUTS 

computes the number of s, t3-cutsets C such that m G - C, s and t3 are m different 

components and s, t1 and t2 are m the same component The s, t3-cutset { c, d} 1s 

constructed m ECA The edges m this s, t 3-cutset are selected m the subsequent edge 

deletion-calls Smee the Stemer nodes Fm Gares, t 1 and t2, t2 1s s m G F Thus, 

contractmg c = { t2 , t3 } m G- d 1s the same as contractmg f = { t3 , s} m ( G -d) F 

In this case, statement 4b 1s executed For the COUNT_CQ..STEINERJ,UBSETS 

call with G - d - c, the computation tree 1s m Figure 7 1 

Correctness of COUNT_CONTRACTED_CUTS 

Theorem 7 2 6 COUNT_CQNTRA CTED_CUTS(G1 s1 t1 F1 A8tapi k, (S,S)) counts 

cutsets C of size k such that in G-C, s and t are m different components and nodes 
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zn F are zn the same component where 

1 (S,S) zs a mznzmum s, t -cutset of G F, 

2 Aste F zs the s, t- edge connectzvzty of G F , 

3 C zs the set of edges zn E(G) that correspond to edges zn (S,S), 

4 F ~ V(G), s E F, tr/. F, and 

5 th e subgraph of G induced by F zs connected 

These cutsets C are referred as the qualzfied cutsets 
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Proof The proof 1s developed accordmg to whether s and t are connected m G If 

s and t are not connected rn G, Asta F 1s zero Cutsets that satisfy the reqmrements 

rn Gare co-Sterner subsets of Fm G These cutsets are counted at Basis le by the 

call COUNT_CO..STEINER-8UBSETS(G,F,k,T), where T 1s a mm1mum Sterner 

tree for F The mm1mum Sterner tree T for F always exists because of the labelmg 

of vertices m V ( G) ( refer to section 7 2 1 for details) 

Suppose s and t are connected m G Either one of the bases la or 1 b 1s executed 

or no basis cond1t10n 1s satisfied If a basis condition 1s true, the return value 

1s Justified as follows Basis la 1s correct because of the followmg Lemma 7 2 4 

guarantees that 1f A.,ta F > k, there 1s no s, t-cutset Cm G such that nodes m Fare 

connected m G - C and ICI ~ k Basis lb 1s correct because any Sterner tree for F 

has at least IFl-1 edges 

If s and t are connected rn G and no basis cond1t1on 1s satisfied, we use edge 

rnclus1on and exclus10n, G - e/G e, as m recurrence equation 3 11 for countrng 

s, t-cutsets that satisfy m G Statement 2 selects an edge f m (S,S) from G F 

Let e m G be the edge correspondmg to f By corollary 7 2 5, e 1s m a qualified 

s, t-cutset of G All qualified s, t-cutsets that use e are counted at statement 3(a) by 

the call COUNT_CONTRACTED_CUTS(G - e,s, t, F, >-staF -1, k-1, (S ,S) - f) 

The rnvocat1on 1s correct because we are countmg s, t-cutsets of size k - 1 of G - e 

and (S,S) - f 1s a mm1mum s, t-cutset of ( G - e) F, that has size Asta F - 1 
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All qualified s, t-cutsets that do not use e are counted at statement 4 Two cases 

are possible First, when f = (s,t), no s,t-cutset C can be found m (G F) f, 

smce s and t correspond to the same supernode Thus, statement 4(b) returns zero 

Second, when f-/= (s,t), statement 4(a)1 computes >-:taF and (S',S') of (G F) f 

If t 1s contracted mto a node m F, F ~ e represents the new Sterner node of G 

Thus, the mvocat1on, COUNT _CONTRACTED_CUTS(G e s, t, F ~ e, >-:ta F' k, 

(S',S1
)) at statement 4(a)11, correctly counts qualified s, t-cutsets that do not use e 

If G 1s disconnected, basis 1 ( c) terminates the call Otherwise, we have to 

consider the followmg Every delet10n-call and contract1on-call decrements IE( G) I 
by one Eventually, IE(G)I = 0 Smee IF!> 0, 1f IE(G)I = 0, IE(G)l-(IFl-1):::; 0 

Thus, 1f k 2: 0, when IE(G)I = 0, Basis lb termmates the call Otherwise, k < 0 

and Basis la termmates the call (by defimt1on, >..,ta F 2: 0) At least one of the basis 

cond1t1ons la, 1 b and le 1s eventually true Thus, the algonthm always termmates 

D 

7.2.3 ECA 

The equation 7 1 2 that counts cutsets of size k m G 1s implemented by the ECA 

algonthm m Table 7 3 

Example of ECA 

An example 1llustratmg how the algonthm ECA mvokes 

COUNT _CONTRACTED_CUTS to count the number of cutsets of size three 1s 

shown m Figure 7 6 Given a graph G that has four nodes and five edges ECA 

labels the nodes ass, t1 , t2 and t3 , accordmg to the vertex labelmg m sect10n 7 2 1 

When i = 1, F = { s} A mm1mum s, t 1-cutset { a, b} 1s constructed When i = 2, 

F = { s, ti} A mm1mum s, t 2-cutset { b, c, e} 1s constructed In this iteration, the 

mm1mum Sterner tree 1s {a} When i = 3, F = {s,t 1,t2 } A mm1mum s,t3-cutset 
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ECA(G,k) 

ECA returns the number of cutsets of size km G 
G 1s a connected graph 
k 1s the size of the cutset bemg counted 

Imt1ally Label the nodes of G as to, ti, , tn-i such that 1f F,-i = 
{ to, ti, , ti-d then ti 1s adJacent to some node m F, - 1, for i = 1, 
2, , n - 1, by performmg a depth first search startmg any vertex 

to 
Lets= to 
Fo = {s} 
Let Nk be the current sum of number of cutsets of size k computed 
so far 
Nk -o 

1 For 1 = 1 to n 1 do 
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(a) Fmd Ast,(G F1_i) the s,t1-edge connectmty of G F,-1 and let (S,S) be a 
mm1mum s, t,-cutset of G F,-1 

(b) Nk = Nk + COUNT_CONTRACTED_CUTS(G, s, t" F.-1, Ast,(G F,-1), k, 
(S,S)) 

(c) F, = F.-1 u t, 

2 return(Nk) 

Table 7 3 ECA Algonthm 



CHAPTER 7 THE EXTENDED CONTRACTION ALGORITHM 

G 

r 

-
F 

ECA 

I= 1 
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~ 1=2 

G 
F = {s} 
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COUNT_CONTRACTED_CUTS 

returns (5) 

Legend 

a node for s t-o.rtset 
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Figure 7 6 An Example for Algonthm ECA 
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G 

F = {s, t1, t2} 

returns(3) 
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ECA Co-Steiner Subsets Cutsets Constructed 

1terat1on Augmentation (thick edges m a graph) 

Yes N N N 
I= 1 

No m m 
I =2 No m m C t 

I =3 Yes m m m 
Table 7 4 A L1stmg of the 3-edge Cutsets Constructed by ECA m Figure 7 6 

{c,d} 1s constructed In this 1terat10n, the mm1mum Sterner tree 1s {a,b} 

The 3-edge cutsets constructed by ECA 1s shown rn Table 7 4 Cutsets that are 

constructed by ECA at 1terat1on i = 1, 2 and 3 are grouped separately At each 

1terat1on m ECA, cutsets that are constructed by augmentmg co-Sterner subsets are 

grouped together For example, at i = 1 m ECA a cutset { a, b} 1s augmented with 

three co-Sterner subsets they are { d}, { e} and { c} Examples of those cutsets that 

do not require co-Sterner subsets augmentation are { a, e, c} and { a, e, d} m ECA at 

1terat1on 1 



CHAPTER 7 THE EXTENDED CONTRACTION ALGORITHM 61 

7.3 Complexity Analysis 

ECA counts cutsets by mvokmg COUNT _CONTRACTED_CUTS n - l times The 

dommant time complexity before each mvocation is to compute ans, t-flow compu­

tat10n on G F,_ 1 That takes A(k + 1) time, because we can stop s, t-flow compu­

tat10n when more than k augmentmg paths are found Thus, ignormg the calls to 

COUNT_CONTRACTED_CUTS, ECA takes at most nA(k + 1) time In general, 

COUNT _CONTRACTED_CUTS constructs some s, t-cutsets for the mput graph 

G For each s, t-cutset C, COUNT _CO_STEINER-5UBSETS 1s mvoked with G - C 

to construct all co-Sterner subsets 

COUNT _CONTRACTED_CUTS counts the number of s, t-cutsets that satisfy 

the reqmrements usmg a G- e/G e recurrence equat10n Each non-termmatmg call 

mvokes either two calls, one contraction and one deletion, or Just one deletion-call 

when s = t Statement 2 m table 7 2 always selects an edge from a qualified mm1-

mum s, t-cutset Thus, every mternal call constructs at least a qualified s, t-cutset 

Smee the number of s, t-cutsets constructed m COUNT _CONTRACTED_CUTS 

cannot be larger than Nk, the number of cutsets of size k, and every mternal call re­

turns non-zero value, we can conclude that COUNT _CONTRACTED_CUTS mvokes 

at most kNk recursive calls by usmg similar arguments as m theorem 4 3 4 Ignor­

mg a call to COUNT _CO-5TEINER-5UBSETS, the dommant time complexity of a 

COUNT_CONTRACTED_CUTS call 1s the time reqmred to update the maximum 

auxiliary graph for Ge or G-e These updates take at most (m+A(x+l)) time (The­

orem 5 1 3 and 5 1 4) Thus, ignoring the time m COUNT _CO...STEINER...SUBSETS, 

the computation time m COUNT _CONTRACTED_CUTS for findmg alls, t-cutsets 

1s O((m + A(x + l))kNk) 

Let M(x) be the time complexity of COUNT _CO..STEINER...SUBSETS countmg 

the number of co-Sterner subsets of size x 

In the worst case, I T I is n - l A call to COUNT _CO...STEINER..SUBSETS for 



CHAPTER 7 THE EXTENDED CONTRACTION ALGORITHM 62 

co-Sterner subsets of size x mvoh.es n -1 more calls each which counts co-Sterner sub­

sets of size x - l (Statement 3 m Table 7 1) In each call, the dommant computat10n 

time 1s O(m) that 1s for findmg a new mm1mal Sterner tree at statement 3(a) Thus, 

M(x) = O(m)(n-l)M(x- l) When x 1s zero, COUNT_CO_STEINER...SUBSETS 

does not mvoh.e other calls Thus, M(O) = 1 Expandmg the recurrence equat10n 

for M(x) , we get the followmg theorem 

Each s, t-cutset of size (A + z) reqmres M(x - z) computation time m 

COUNT _CO_STEINER...SUBSETS to construct cutsets of size A+ x Thus m total, 

at most O(L~=o N>.+,M(x - z)) work 1s done by COUNT_CO...STEINER...SUBSETS 

O("'x N M(x z)) E O("'x,=O n'+2m'M(x - •)) L.,,=0 >.+i - L, • 

O(I:~=O nx+2mx) 

O(xnx+2mx) 

Thus, the time complexity of the entire algorithm 1s 

Theorem 7.3 2 EGA takes O((m+A(x+l))knx+2mx) time to compute the number 

of cutsets of size k 

We should note that the analysis 1s overestimatmg Precise analysis 1s not obv10us 

due to the vanat10n of the number of recursive calls that depends on the selection 

of edges ma cutset 
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Chapter 8 

Summary 

In summary, the time complex1t1es of all the cutset countmg algonthms are m Ta­

ble 8 1 We also should be noted that the time complexity of BALL_pRQVAN 1s 

O(mn2
) ECA 1s slower than BALLYROVAN m computmg mnumum cuts Howev­

er, ECA 1s at least factor D(n) faster than CR_NUM_CUTS and NUM_CUTS m the 

worst case CR_NUM_CUTS and NUM_CUTS have the same worst case analysis 

Smee not every NUM_CUTS call performs n-1 s, t-flow computations, NUM_CUTS 

1s faster than CR..NUM_CUTS So far, the analysis have been overestimated for the 

worst cases S1m1lar techmques have been used to analyze all algonthms, so 1t 1s 

perhaps fair to compare them m the worst case 

Algonthm Table Run-time CompleXJty 

BASIC..NUM_CUTS 31 O(m2k+n) 

CR..NUM_CUTS 41 2nA(k + l)kNk = O(A(k + l)knx+3 mx) 

NUM_CUTS 5 1 2nA(k + l)kNk = O(A(k + l)knx+3mx) 

ECA 71 O((m + A(x + l))knx+2 mx) 

Table 8 1 Summary of Run-time Complex1t1es 
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Chapter 9 

Future Enhancements 

The current ECA implementation suffers from one drawback It 1s slower than Ball 

and Provan's algonthm when countmg m1mmum cutsets 

When Ball and Provan enumerate cutsets, they only have to do n-1 s, t-flow 

computat10ns For each s, t-flow computat10n on G, a directed acyclic graph 1s 

constructed They first define anti-cham m a directed acyclic graph G' and then 

some theorems are stated to Justify that the number of anti-chams m G' 1s the 

same as the number of mm1mum s, t-cutsets m G Ball and Provan's algorithm then 

counts the number of anti-chams m G' Each ant1-cham 1s denved m O(m) time 

We may be able to establish s1m1lar theorems with respect to rmmmal s, t-cutset 

and anti-chams We could count ant1-chams mstead of edge mclus1on and exclusion 

and as a result, flow computation for mm1mum cutset can be rmmrmzed Thus, The 

time complexity of ECA would be the same as that of Ball and Provan's algorithm 

when countmg mm1mum cuts, and faster for countmg non-mm1mum cuts 

In ECA, ans, t-cutset C 1s constructed m COUNT _CONTRACTED_CUTS and 

then augmented with co-Sterner subsets of size x Given an s, t-cutset C and the 

augmented co-Sterner subsets, we may be able to construct co-Sterner subsets for 

another s, t-cutset faster 
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