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ABSTRACT

We study the hyperbolic dynamical systems known as Smale spaces. More specif-
ically we investigate the C*-algebras constructed from these systems. The K, group
of one of these algebras has a natural ring structure arising from an asymptotically
abelian property. The K, groups of the other algebras are then modules over this
ring. In the case of a shift of finite type we compute these structures explicitly and
show that the stable and unstable algebras exhibit a certain type of duality as mod-
ules. We also investigate the Bowen measure and its stable and unstable components
with respect to resolving factor maps, and prove several results about the traces that
arise as integration against these measures. Specifically we show that the trace is
a ring/module homomorphism into R and prove a result relating these integration

traces to an asymptotic of the usual trace of an operator on a Hilbert space.
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Chapter 1

Introduction

1.1 Introduction

In the document that follows we study the class of hyperbolic dynamical systems
known as Smale spaces. More specifically we study the C*-algebras constructed from
a given Smale space and the K-theory of these algebras.

Smale spaces were defined by Ruelle in [25], based on the Axiom A systems studied
by Smale in [28]. We defer the precise definition until section 2.2, and instead begin
with a non-technical description. Roughly speaking, a Smale space is a topological
dynamical system (X, ¢) in which X is a compact metric space with distance function
d, and ¢ is a homeomorphism. The structure of (X, ¢) is such that each point
x € X has two local sets associated to it, a set, V*(x,¢€), on which the map ¢ is
(exponentially) contracting, and a set, V%(z, €), on which the map ¢! is contracting.
We call these sets the local stable and unstable sets for x. Furthermore, x has a
neighbourhood, U, that is isomorphic to V*(z,€) x V*(z,¢€), see figure 1.1. In other
words, the sets V%(x,¢) and V*(x,¢€) provide a coordinate system for U, such that,
under application of the map ¢, one coordinate contracts, and the other expands. We
denote this homeomorphism by [-, -] : V¥(z,€) x V*(z,€) — U,.

We now define three equivalence relations on X.

Definition 1.1. Let (X, d,¢) be a Smale space, and let x,y € X. We say x and y

are stably equivalent and write x ~ y if

lim d(¢"(x), " (y)) = 0.

n—-+o0o
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Figure 1.1: V*(z,€) x V*(x,€) is homeomorphic to a neighbourhood of .

We say x and y are unstably equivalent and write x ~ y if

lim d(¢"(z),»"(y)) = 0.

n——0o0

Finally, we say x and y are homoclinic and write x 2 yife~y andx ~y.

We then construct groupoid C*-algebras from the groupoids of stable, unstable,
and homoclinic equivalence(G*,G*, and G"). The construction of these C*-algebras is
also originally due to Ruelle ([26]). In the case of a Shift of Finite type these are the
algebras studied by Cuntz and Krieger in [8], [15]. In the more general Smale space
setting, these algebras have been studied extensively by Putnam, eg. [19], [20], [21].
The details of the construction of the C*-algebras will be presented in more detail in
section 2.3, however the general idea is as follows.

For each groupoid, G, we find a Haar system and consider the convolution algebra
of continuous functions with compact support, C.(G). The groupoids in question
are amenable, so when completing in norm, the full and reduced C*-algebras are
isomorphic. This yields 3 C*-algebras, which for now we call S(X,¢), U(X,p),
and H(X,p) for the algebras of stable, unstable, and homoclinic equivalence. In
practice, the stable and unstable algebras that we deal with are defined in a slightly

different way. We first fix a finite -invariant subset of X, P (the obvious choice is a



single periodic orbit). We then consider the set of all points in X that are unstably
equivalent to a point in P, call this V*(P). The groupoid that we actually use
to construct our stable algebra is then the groupoid of stable equivalence restricted
to the set V*(P). This set is an abstract transversal for the groupoid G* so this
new groupoid is equivalent to G* in the sense of [17], and the groupoid C*-algebras
are Morita equivalent. We call these equivalent algebras S(X,p, P), U(X,p, P).
One of the advantages of this approach is that the new restricted groupoids are -
discrete (the groupoid G" is already r-discrete). Moreover, if we consider the set
Vh(P) = V*(P)NV¥P), all 3 of our C*-algebras can be faithfully represented on
I2(V"(P)), and H is contained in the multiplier algebra of both S and U.

The homeomorphism ¢ yields a x-automorphism on each of the 3 algebras asso-
ciated to (X, ). For f € C.(Q) we define a(f) by a(f)(x,y) = f(¢*(z), ¥ (y)). As
shown in [19] there are several asymptotic commutation results that arise from a. We
state several in the following theorem. These results appear again, with proof, later

in this document.
Theorem 1.2. Leta € S(X, ¢, P), be U(X,p,P), and f,g € H(X,p). Then
L [[e™(f), glll = 0 as n — oo,
2. |[lla™(f),dl] = 0 as n — —o0,
3. [lla"(f),bl]| = 0 as n — 400,
4. ||[a™(a),b]|] — 0 as n — +o0.
Moreover, ab and ba are compact operators.

This asymptotically abelian structure on H (X, ) suggests a product on K-theory
as in [7]. However, to define the product on K-theory, we need an asymptotic mor-
phism from H ® H — H. To achieve this we need a version of a which yields a
family «; parametrized by a real number ¢, instead of the discrete a”. The alge-
bra on which we can do this is the mapping cylinder of H(X, ), C(H,a) = {f €
CR,H(X,9)) | f(t+1) =a(f(t))}. We then define the family of automorphisms
ai(f)(s) = f(t +s). The asymptotically abelian structure of H(X, ) is inherited
by C(H,«) and thus have an asymptotic morphism C(H,a) ® C(H,a) — C(H, «)
given by f ® g — ai(f)a_¢(g) (see for example 25.2.3 in [1]). This yields a map
K.(C(H,a) ® C(H,«a)) — K.(C(H,«a)). Combining this with a Kunneth Theorem



(eg. Theorem 23.1.3 in [1]) gives a map K,(C(H,a))® K.(C(H,«a)) — K.(C(H,«)).
This is the desired product on K-theory. This is described in [19] and will be covered
in more detail in section 3.2.

In the case of a SFT we describe K,(C(H,«)) as an inductive limit of groups of
integer matrices. We are then able to write the product in terms of matrix algebras.
We state the results in the following theorem. This result is proved in several parts

in chapter 3.

Theorem 1.3. Let (X,0) be a SET with n x n adjacency matriz A, and C(H, ) the

mapping cylinder of the associated homoclinic algebra. Then
Ko(C(H,a)) = (C(A) x N)/ ~

where C(A) = {X € M,(Z) | XA = AX}, and for m > k, (X, k) ~ (Y,m) if and
only if there exists | such that A" FH X Am=F+l = A'Y AL Furthermore,

Ky(C(H, @) = (M(Z)/B(A) xN)/~

where B(A) = {X € M,(Z) | X = AY — Y A for some Y € M,(Z)}, and ~ is the

same equivalence relation as above. Finally, the product on K,(C(H,«)) is given by
([ X1, K]+ [Y1+B(A), k])*([Xa, k| +[Yo+B(A), k))=[X1 X2, 2k]|+[ X1 Yo+Y1 Xo+B(A), 2k].

It is worth noting that the above described ring is, in general, non-commutative. In
the SF'T case this happens when there exist X, X5 € C'(A) such that X;Xs # X2 X
(see section 4.4).

Similarly, there are asymptotic morphisms from S(X, ¢, P)@C(H,a) — S(X, ¢, P)
and C(H,a) @ U(X, ¢, P) — U(X, ¢, P) given by a ® f — aa_(f) and f @b —
ay(f)b respectively. These give rise to right and left C(H, «a)-module structures for
S(X, ¢, P)and U(X, ¢, P).

In the case of a SF'T we once again compute these structures concretely. This

result is proved in section 4.1.

Theorem 1.4. Let (X,0) be a SET with n x n adjacency matriz A, and C(H, ) the

mapping cylinder of the associated homoclinic algebra. Then

Ko(S(3,0,P)) = (Z” X N)/ ~



where, for m >k, (v,k) ~ (w,m) if and only if there exists | such that vA™F+ =
wAL.
Ko(U(Z,0,P)) = (2" x N)/ ~

where, for m >k, (v,k) ~ (w,m) if and only if there exists | such that A *y =

Alw. Moreover the module structures are given by
[v,n] * [X,n] = [vX, 3n],

and
[X,n| * [w,n] = [Xw,3n].

We further investigate the module structures in the SEF'T case by considering
Ko(S(2,0,P)), Ko(U(X,0,P)) as modules over a certain subring R of Ko(C'(H, a)).
The goal was to prove a duality type result of the form Hompg(Ky(S(2, 0, P)), R) =
Ko(U(X,0,P)). As Ko(C(H,«)) is, in general, non-commutative, the subring R for
which we first attempted to prove the result was the center of the ring Ko(C(H, cv)).
While in many cases the result does hold when R is the center, it is not true in gen-
eral. To obtain this duality result in general we must restrict to a smaller (in terms
of containment, though not in terms of rank) subring.

The induced maps «a, and a; ! on Ky(S(X, 0, P)) can be realized by multiplication
by an element of KoC'(H,«). Specifically, . [v, k] = [v, k] % [A,0], o v, k] = [v, k] *
[A,1]. If we let R be the subgroup generated by [A,0] and [A, 1], then the duality

result holds. This result is proved in section 4.2.

Theorem 1.5. Let (X,0) be an irreducible SF'T, and R the subring of Ko(C(H, a))
generated by the elements which realize the maps o, and o' on Ko(S(2, 0, P)). Then

Homp(Ko(S(2,0,P)), R) = Ko(U(S, 0, P))

as left R-modules.

Roughly speaking, the difference between R and the center of Ko(C(H,«w)), Z,
is that R consists of all integer polynomials in A, whereas Z consists of all integer
matrices which are rational polynomials in A, see section 4.4 for examples.

We also prove that two SF'Ts with shift equivalent adjacency matrices have iso-

morphic K-theory ring/module structures (section 4.3).



In chapter 5 we turn our attention to measures on Smale space, and the traces
that arise from integration against these measures.

A Smale space (X, ) has a unique p-invariant, entropy maximizing probability
measure, u, called the Bowen measure. Moreover, this Bowen measure can be written
locally as a product measure p* x p®, where p* and p® are supported on V¥(zx,€),
V*(x,€) respectively. There are several characterizations of the Bowen measure. In
addition to the above characterization, it can be constructed as a limit of measures
supported on periodic points and in the case of a SF'T it can be written down explicitly
in terms of the Perron eigenvalue/eigenvector of the adjacency matrix, in this case
it is often called the Parry measure. As every irreducible Smale space (X, ) is the
image of a SFT, (X, 0) under an almost one-to-one factor map. The Bowen measure
on X is then the push-forward of the Bowen(Parry) measure on .

We provide a new construction of the Bowen measure as the limit of measures
supported on homoclinic points. See section 5.1.3 for the statement and proof of this
theorem. We do not state it here as we would have to introduce some cumbersome
notation to do so. We also show that the stable and unstable components of the
Bowen measure can be obtained as the push-forward of the corresponding measures
on a SF'T. We do this by writing the almost one-to-one factor map as the composition
of a u-resolving and an s-resolving map (as in [21]).

The Bowen measure and its stable and unstable components lead to traces on
H(X,p), S(X,p, P), and U(X, ¢, P) given as follows. For f € C.(G"X,¢)), a €
Ce(G*(X, @, P)) and b € C.(G*(X, ¢, P)) the traces are

2 = [ s
7° = ,r)dpt, and
@ = [, b

(b)) = / b(x,x)du’.
Ve(P)

7 extends to a bounded trace on H(X, ), while 7 and 7% extend to (unbounded)
traces on S(X, ¢, P) and U(X, ¢, P). We can also define a trace on C(H, «). For g €
C(H, ) define 79 (g) = fol 7(g(t))dt, and notice that for a projection p € C(H, )
we have 7 (p) = 7"(p(0)).

In the case of a mixing Smale space, Putnam ([19]) proved that 7" is multiplicative,
and hence 7€ is a ring homomorphism from Ky(C(H,«)) to R. In section 5.2, we

*



extend Putnam’s result to the case of an irreducible Smale space, and use a similar
argument to prove that the traces also respect the module structures. We state the

result here as follows.

Theorem 1.6. Let [a]g € Ko(S(X, ¢, P)), [b]o € Ko(U(X,p, P)) and let [plo, [qlo €
Ko(C(H,)), then

1. 785 ([plo * [qlo) = 7EH ([plo) T ([q)o),
2. 3([alo * [plo) = 72 ([alo) T ([plo),
3. ([plo * [blo) = T ([plo)72([blo)-

Once again, in the case of a SFT we work out these traces explicitly in terms of
the Perron eigenvector/eigenvalue of the adjacency matrix.

Finally, in section 5.2.3, we relate the traces 7° and 7" to the usual trace of an
operator on a Hilbert space by an asymptotic result. Let (X, ¢) be a mixing Smale
space and let a € S(X,p, P), b € U(X,p, P) be projections. Recall that ab and
ba are compact operators. If T'r(-) is the usual trace on B(I*(V"(P))), we have the

following result.

Theorem 1.7. Let (X, ) be a mixing Smale space with topological entropy log(\),
and let a € S(X, ¢, P), b € U(X, p, P) be projections. Then

kl—lgloo AT (a)a™ (b)) = 75 (a)T(b).



Chapter 2
Background

In this chapter we provide some background material from topological dynamics,
the construction of the C*-algebras, and K-theory. This background material is not
intended to be self contained. In many places we simply refer the reader to other
sources for more a detailed foundation. In the cases that we do provide proofs of
the results stated in this chapter, we do so because the result, or its proof is a key

ingredient in a future chapter.

2.1 Topological Dynamics

We work in the context of a topological dynamical system (TDS). For more back-
ground on TDS see for example [5], [12]. In fact, our topological spaces will be
compact metric spaces. Let (X,d) be a compact metric space, and ¢ : X — X a

homeomorphism. We start by defining several different notions of recurrence in a
TDS.

Definition 2.1. Let (X,d, ) be as above, and let x € X. We say that = is a fixed
point of ¢ if p(x) = x. We say that = is a periodic point of ¢ if there is a positive
integer n such that ¢"(x) = x. If n is the least integer such that ¢"(x) = =, we say

x has period n. For m € N we denote the set of all periodic points with period m by
Per,, (X, ). We also define the set of all periodic points in X :

Per(X,p) = U Per,, (X, ¢).

m>1

We now define a weaker notion of recurrence on X.



Definition 2.2. Let (X, d, ) be as above, and let x € X. We say that x is a non-
wandering point if, for every open set U, containing x, there is a positive integer n

such that " (U) NU is non-empty. We denote the set of all non-wandering points in
X by NW(X,p). Notice that NW (X, @) is closed and @-invariant.

Definition 2.3. We say (X, d, ¢) is irreducible if, for every (ordered) pair of non-
empty open sets, U,V , there exists a positive integer n such that ©™(U) NV is non-

empty.

Definition 2.4. We say (X, d, ¢) is mixing if, for every (ordered) pair of non-empty
open sets, U,V , there exists a positive integer N such that ¢"(U) NV is non-empty
for alln > N.

Maps between TDS will also be of significant importance to us. The natural class

of maps to consider are those which intertwine the dynamics: factor maps.

Definition 2.5. Let (Y,v¢) and (X,p) be TDS. We say that the continuous map

m:Y — X is a factor map if m is surjective, and pomw = wo1). In this case we write

T (Y 9) = (X, ).

In addition we say that m is finite-to-one if there exists M € N such that, for all
r € X, #(n Hx}) < M, and we say 7 is almost one-to-one if there exists x € X
such that #(x~{z}) = 1. Finally, if w is injective, we say that (Y,v) and (X, ) are

topologically conjugate.

Topological conjugacy is the natural notion of equivalence or isomorphism for
TDS.

2.1.1 Topological Entropy

For a more thorough explanation of topological entropy, see for example [5] or [12].
The brief description given below follows [5].

Topological entropy is a conjugacy invariant which gives a measure of the com-
plexity of the orbit structure of the system. It describes the growth rate of the number
of orbit segments which are ‘essentially different’ in that they can be distinguished

with an arbitrarily fine but finite mesh.
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Let (X, d) be a compact metric space, and ¢ : X — X a homeomorphism. For
each N define

dw(x,y) = max d(¢'(z), ¢'(y)-

For € > 0 we say a set A C X is (n, €)-spanning if for each x € X thereisay € A such
that d,(x,y) < e. le. each orbit segment of length n is e-close to an orbit segment

from A. As X is compact, there are (n, €)-spanning sets which are finite. Let
span(n, €, ) = min{#A|A is (n, €)-spanning}.

Similarly, A C X is (n, €)-separated if for all z,y € A, d,(z,y) > € and
sep(n, €, p) = min{#A|A is (n, €)-separated }.

Finally, we say the collection of sets A is an (n, €)-cover if X C (J, .4 Aa, and for
each A, € A, the d,, diameter of A, is less than e. Compactness of X implies that

there are (n, €)-covers with finitely many sets.
cov(n, €, p) = min{#A| A is an (n, €)-cover}.

These three numbers count the number of different length-n orbit segments which are

e-distinguishable. The topological entropy is then defined to be

1

h(p) = lim <lim sup — log(cov(n, e, cp))) :
e—0F n—oo N

As in [5] this limit exists and is either +00 or a non-negative real number. Moreover, in

the above definition, cov(n, €, ) can be replaced by either sep(n, €, ) or span(n, €, p)

and the lim sup can be replaced by lim inf.

2.2 Smale Space

The material in this section comes primarily from [19], [25], [26], and follows the
development presented by I.F. Putnam in a course on Smale spaces delivered in the
spring of 2006 at the University of Victoria. Let (X, d) be a compact metric space,

and ¢ : X — X a homeomorphism. Assume that there is a constant ex and a map
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-] : Ay — X where
AeX - {(l’,y)|d($7y) S EX}

which satisfies the following axioms:

B1. [z,z] =z,

B2. [z, [y, z]] = [, z], whenever both sides are defined,

B3. [[z,y], z] = [, z], whenever both sides are defined,

B4. [p(2),0(y)] = ¢([x,y]), whenever both sides are defined.

In addition, also assume that there is a constant 0 < ¢y < 1 such that, for all z € X,

the following two conditions are satisfied:

C5. For y, z € X such that d(z,y),d(z, 2) < ex and [y, x] = x = [z, x], we have
d(p(y), v(2)) < exd(y, 2).
C6. For y, z € X such that d(z,y),d(z,2) < ex and [z,y] = = = [z, 2], we have

d(e™(y), ™' (2)) < exd(y, 2).

Definition 2.6. Any quadruple (X, d, ¢, [-,-]) satisfying the above 6 axioms is a Smale
space.
For z € X and 0 < € < ex we define the following two sets.

Vi(z,e) = {yldz,y) <ely,z] =}
VU(Z'?e) = {y’d(xvy) <e [ajvy] = 33}

These sets are called, respectively, the local stable set and local unstable set at x. The
following lemma shows that these sets provide a local coordinate system for the X,

this result can be found in, for example, [19]. Also, see figure 1.1.

Lemma 2.7. For ey, es < €x/2, x € X the map [-,-] : V¥ (x,e1) X V*(x,€9) — X is a

homeomorphism onto its range, which is a neighbourhood of x.

We now define three equivalence relations on X.
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Definition 2.8. Let (X, d,¢) be a Smale space, and let z,y € X. We say x and y

are stably equivalent and write © ~ y if

lim d("(z),¢"(y)) = 0.

n—-+00

We say x and y are unstably equivalent and write x ~ y if

lim d("(z),¢"(y)) = 0.

n——oo

Finally, we say x and y are homoclinic and write x 2 yifr Xy and x ~y.

Proposition 2.9. Let z € X and 0 < € < ex. The equivalence class of x under ~ is

Uem (e @), o),

n>0

. u .
and the equivalence class of x under ~ is

Ue" (Ve (@),0) .

n>0

Definition 2.10. We denote the equivalence class of v € X under ~ by V*(x).
Similarly, the equivalence class under ~ is denoted V¥ (x), and the equivalence class

under 2 is Vh(x).

We wish to endow these sets with a topology. The topology inherited as subsets of
X, is not the most natural topology to consider. The idea is that, for V*(z), "locally”
© should be contracting. In the relative topology of X, this need not be the case.

The more natural topology comes from the characterization of V*(z) as

Ve(r) = J e " (Vo(e"(2),6).

n>0

We first notice that

e "(Vo(@"(x),€)) C o "N V(" (@), €)).

Each set ¢ ™ (V*(¢"(x),€)) is thus given the relative topology of X and V*(x) is
given the inductive limit topology. A subset U of V*(x) is thus open if and only if its
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intersection with ™" (V*(¢"(x), €)) is open (in ¢~ "(V*(¢"(z),€))) for all but finitely
many n. We topologize V"(x) in a completely analogous way. The topology obtained

in this manner has a number of nice properties, summarized in the following theorem.

Theorem 2.11. Let x € (X,d,p) and let V*(x) and V*(x) be endowed with the

inductive limit topology as above.
1. V¥(z) and V*(u) are locally compact and Hausdorff.

2. {yn} (in V*(x)) converges to y (in V*(x)) if and only if y, converges to y in
the topology on X and |y,,y] =y for all n sufficiently large.

3. {yn} (in V*(x)) converges to y (in V*(x)) if and only if y, converges toy in
the topology on X and |y, y,] =y for all n sufficiently large.

4. Sets of the form V*(y,€) where y € V*(x) and 0 < € < ex form a neighborhood
base for the topology on V*(x).

5. Sets of the form V'(y,e) where y € V*(x) and 0 < € < ex form a neighborhood
base for the topology on V" (x).

We now state some results about the structure of Smale spaces. These are known
as Smale’s spectral decomposition, see [25], [28]. We first see that a non-wandering

Smale space may be decomposed into a finite number of irreducible Smale spaces.

Proposition 2.12. Let (X,d, ) be a non-wandering Smale space. Then there exists
a positive integer N, and subsets X1,..., Xy of X which are open, closed, pairwise
disjoint, and @-invariant. Furthermore, UY X; = X, and (X;,d, ¢|x,) is irreducible

for each . The sets X; are unique up to relabeling.

We now see that an irreducible Smale space can be decomposed into finitely many

components, each of which is mixing.

Proposition 2.13. Let (X,d,¢) be an irreducible Smale space. Then there exists
a positive integer N and subsets Xy,..., Xy of X which are open, closed, pairwise
disjoint, and whose union is X. These sets are cyclicly permuted by ¢, and N |x, is

mizing for each i. These sets are unique up to (cyclic) relabeling.

The preceding Proposition can be rewritten in the following, seemingly stronger,

version.
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Proposition 2.14. Let (X, ) be an irreducible Smale space, then there exists a
mizing Smale space (Y, 1) and a positive integer N such that X =Y x {1,... N}

and
. (y,1+1) if1<i<N-1
o(y,i) =

(¥(y),1) ifi=N

Proof: Let Xi,..., Xy be as in Prop. 2.13. It suffices to show that for 1 < i <
N —1, (X;, ") 2 (Xi41, ") with the topological conjugacy realized by the map .

As ¢ is a homeomorphism, it suffices to show that, for all z € X;

poN(x) =" op(x),

which is obvious. Now setting Y = X, ¥ = ¢ we have X 2 Y x {1,...,N}
and ¢(y,i) = (y,i+ 1) for 1 < i < N — 1. Finally, for all 1 < i < N, we have

o™ (y,1) = (™ (y),4) = (¥(y), i) which implies p(y, N) = (¥(y), 1) O

2.2.1 Shifts of Finite Type

For the general definition of a shift of finite type (SFT), we refer the reader to [5] or
[16], wherein it is shown that every shift of finite type is topologically conjugate to
the following edge shift description.

Let GG be a directed graph. We think of GG as consisting of a vertex set V', an edge
set F, and two maps i,t : E — V where i(e) is the initial vertex for the edge e, and

t(e) is the terminal vertex. We then define

Yo ={(en)nez | en € E, t(en) =i(ent1), Yn}.

In other words, Y is the space of all doubly infinite paths in G. We define the metric

on Xq as follows. For e, f € Yg
de, f) =inf{27" | n >0, ¢; = f; V|i| <n}.

We now define the map og on X to be the left shift. In other words, for e € ¥,
n ez

(@(€)n = enta-

We call the resulting space the edge shift on G.
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Given a SFT, with graph GG, we may enumerate the vertex set so that we have

V ={v1,...,v,}. We then consider the n x n matrix Ag defined entry-wise by

Ac(i,j) = #{e € E |i(e) = v, t(e) =v;}.

We call A the adjacency matrix for the graph G. Similarly, if we start with an n xn
matrix, A, with non-negative integer entries. We can construct a graph G4 by setting
V ={v1,...,v,} and for each pair (i, j) with 1 <4, j < n creating A(i,7) edges from
v; to v;. Clearly Ag, = A, and G4, = G. We construct a SF'T from the matrix A
by setting ¥4 = X¢,. From this point forward, whenever we talk about a SF'T, we
will freely talk about its associated graph, G, and adjacency matrix, A.

We have yet to show that a SFT is in fact a Smale Space. Let X be a SF'T with
directed graph G, let ex = 1/2 and for z,y € X with d(z,y) < 1/2 we define [, -] by

x, ifn <0, and
[x;y]n = .
Yynp ifn > 0.

Notice that d(x,y) < 1/2 implies that zo = yo, so the above definition makes sense.
Moreover, [z,y] € X because t([z,y]_1) = t(z_1) = i(z0) = i([z,y]o) and similarly
t([z,y]o) = t(yo) = i(y1) = i([z,y]1). It is straightforward to verify that X, with [-, ]
defined in this way is a Smale space.

We now characterize the three equivalence relations on X. For z,y € X, the

following statements are all straightforward applications of the definitions.

vy <= 3IkecZsuchthat z, =y, Vn >k (right tail equivalence)
v~y <= 3kcZsuchthat z, =y, V n <k (left tail equivalence)

x y <= x, =y, for all but finitely many n (right and left tail equivalence)

We leave further description of the equivalence relations to section 2.3.
We conclude this section with a result characterizing the topological entropy of a
SFT. This appears as Theorem 4.3.1 in [16].

Theorem 2.15. Let (X,0) be an irreducible SFT with adjacency matriz A. There
exists a positive eigenvalue X\ of A such that X > |N| for all eigenvalues X' of A.
Moreover the topological entropy of (3,0) is

h(o) = log(A).
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2.2.2 Markov Partitions and Resolving Maps

We will not go into the details of Markov partitions here, see for example [12], [5] for
an introduction to the subject. In [2] the existence of Markov partitions for irreducible
Smale space is proved. The general idea is as follows. We divide our Smale space
into a finite number of sets called ‘rectangles’, say { Ry, ..., Ry}, which satisfy certain
conditions. We can then consider the SF'T (X, o) with graph consisting of NV vertices
in which there is an edge from vertex ¢ to j when ¢(R;) N R, is non-empty. Moreover

there is a factor map 7 : (3,0) — (X, ¢) defined as follows. For (a)>,_ € ¥ we have
m(a) = () ¢'(Ra)-

It can also be shown that the factor map is almost one-to-one, and that if (X, ) is
irreducible (resp. mixing), then so is (¥, o).

We now consider a special class of factor maps called resolving maps (see [9], [20],
[21], [4]).

Definition 2.16. A factor map © : (Y,v) — (X, ) is said to be s-resolving (u-
resolving) if for eachy € Y, 7

ve) (T|vugy) is injective.

In [20] it is shown that resolving maps are the natural maps to consider in the
context of constructing C*-algebras from Smale spaces in the sense that the construc-
tion of the stable and unstable algebras (see section 2.3) is functorial for these maps.
Furthermore, in [21] it is shown that the almost-one-to-one factor maps between the
SFT (X,0) and (X, ¢) can be realized as the composition of an s-resolving map and
a u-resolving map. In other words, Cor. 1.4 of [21] shows that for any irreducible
(resp. mixing) Smale space (X, ) we can find a Smale space (Y,v), a SET (3, 0)
and almost one-to-one factor maps m : (3,0) — (Y, ), my : (Y,9) — (X, ) such
that

1. (3,0) and (Y, ) are irreducible (resp. mixing),
2. m, my are almost one-to-one, and

3. m is s-resolving, 7y is u-resolving.
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2.2.3 Measures on Smale Space

In section 2.1 we discussed the topological entropy of the map ¢. There is also a notion
of measure-theoretic entropy of ¢ with respect to a given ¢-invariant probability
measure on X. We refer the reader to [29], [12], [5] for more on this topic.

For (X, ¢) a Smale space, there is a unique g-invariant probability measure max-
imizing the entropy of ¢, see [27] [12]. We call this the Bowen measure and denote
it by px, or when the space is obvious, simply p. In [3], Bowen constructed this
measure as a limit of measures supported on periodic points. In [27] it is proved that
if m: (Y,v) — (X, ) is an almost one-to-one factor map, then the Bowen measure
on X is the ‘push forward’ of the Bowen measure on Y. In other words for £ C X,
pix(E) = py (m7H(E)).

Asin Lemma 2.7, the map [-, -] defines a homeomorphism from V*(x, €;) x V?*(z, €3)
to a neighbourhood U of x in X. Identifying U with V*(z,€) x V*(x,¢€), p restricted
to U is a product measure u** x p**. Where p** and p®* are measures on V*%(x,¢)
and V*(z, €) respectively. These measures depend on z, however as in [27] they may

be chosen so that:

1. For z, y close; €, € small, the map z +— [y, z| defines a homeomorphism from
V*(z,€) to V*(y,€) which takes p*® to pu*¥. Also, z — [z,y| is a homeomor-
phism from V*(x,¢€) to V*(y, €) taking u** to pu™v.

92 Ius,cp(x) 0= )\_IIU/S’:B.
3. ,uu,go(m) 0= )\,uu,:v

Where log()) is the topological entropy of (X, ¢).

2.2.4 Local Homeomorphisms

For the rest of this section we let (X, ) be an irreducible Smale space, and P a finite
invariant set (p(P) = P) (the obvious choice for P is a single periodic orbit, but

everything that follows is true in more generality). We define

ViP) = Vep), vi(P) = | V"(p), and V(P) = V*(P)nV*(P).

peEP peP

Notice that this definition of V"(P) allows a point to be stably equivalent to some
point p € P and unstably equivalent to a different point ¢ € P.
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We define three equivalence relations on (X, ¢) as follows:

G (X,0,P) = {(y,2) |y, z€ V'(P), y ~ =},
G'(X,0.P) = {(y.2) |y, 2 € V°(P), y~ 2z}, and
GMX,0) = {y.2) |y~ 2}

The relation G*(X, ¢, P) (G*(X, ¢, P)) is just stable (unstable) equivalence restricted
to V*(P) (V*(P)). We make these restrictions so that the equivalence classes are
countable (see [22]). G"(X, ) is defined as the entire relation of homoclinic equiva-
lence, since under & equivalence classes are countable ([26], [19]).

Now suppose  ~ y, then there exists N € N such that

P (2) € V(" (2),€x/2).

We can also find 0 < § < ex/2 such that, for all 0 <n < N we have

We can then define two maps hy : V*(x,0) — V*(y,ex) and hy : V*(y,6) — V¥(z, ex)
by

hi(z) = o V([N (2), ¢V W)]), 2 € V¥i(x,d),
h(z) = o N[V (2), " (@)]), 2 € V*(y,0)

Similarly, if « ~ y we can define maps kg, : V*(z,0) — V*(y,ex) and kS : V3(y,6) —
Vs(xa EX) by

h;(2)

([N (2), e N W)]), 2 € Vi(x,0),
hy(z) = ¢

(™ (2), ¢ M (2)]), z € V*(y,0)

Finally, for z L y, we can find appropriate N,d and define maps h, : B(z,0) —
B(y,ex) and hy : B(y,d) — B(z,ex) by
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The following figure shows these local homeomorphisms.

[0M2).0M(x)] [0"(2).9"(y)]
o"(x) | oMy)
9" o
VH(X, ) Vi, )
z [zX] h(@) Th¥(zx)
Xzl |x VE(x, ) hixz) |y Ve(y, )
ot "
[o™(y).0"(2)] o™My)
[9™(x),0™(2)] o™N(x)

Figure 2.1: The map h, maps a neighbourhood of x homeomorphically onto a neigh-
bourhood of y.

Now, for Xy, z,y € V*(P) and N, §, hy, hy as above, consider the following
subset of G*(X, ¢, P).

Vi(z,y,hy,6) = {(h,(2),2)] 2 € V*(y,9), h,(2) € V*(,0)}.

Theorem 2.17. The collection of sets V(x,y, hy,0) forms a neighbourhood base for
a topology on G*(X,p, P). In this topology, the canonical projection maps to V*(P)
map basic sets homeomorphically to open sets. Furthermore, G*(X, p, P) is second

countable, locally compact, and Hausdorff.
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We can of course do the same thing for subsets V' (z,y, h;, ) of G*(X, ¢, P). For

z L y and N, 0, h,, h, as above, we also consider the following subsets of G"(X, ).
V(l‘, y7 hy’ 6) = {(hy(z)7 Z)| S B(ya 5)7 hy(z) € B(‘Ta 5)}

Theorem 2.18. The collection of sets V(x,y, hy,§) forms a neighbourhood base for
a topology on G"(X, ). In this topology, the two canonical projections to X map
basic sets homeomorphically to open sets. Furthermore, G"(X, ) is second countable,

locally compact, and Hausdorff.

2.3 (*-Algebras from Smale Space

In this section we describe the construction of three C*-algebras from a given Smale
space, one algebra for each of the three equivalence relations described in section 2.2.4
above. In fact, we will only describe the construction of the stable algebra, and the
homoclinic algebra. Since unstable equivalence on the Smale space (X, ¢) is exactly
stable equivalence on the Smale space (X, ¢ 1), it suffices to only construct the stable
algebra.

Let (X, ¢) be an irreducible Smale space, and P a finite invariant set. Recall the

relations

GMX,0) = {(y,2) |y~ 2}
G(X,0,P) = {(y,2) |y, z€ VYP), y ~ z}

Recall that both & and < restricted to V*(P) have countable equivalence classes.

The stable and homoclinic algebras, are now constructed as the groupoid C*-
algebras of the groupoids G"(X, ¢), and G*(X, ¢, P) respectively. See [24], [17] for
more on groupoid C*-algebras.

We begin with the homoclinic algebra. Consider the space of complex-valued,
compactly supported continuous functions on G*(X, ¢), C.(G"(X, ¢)). This space is
a *-algebra with product and involution defined as follows. For f,g € C.(G"(X,¢)),
(z,y) € G"(X, ) we have

(f*9)(x,y) = fla,2)g(z ),
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and

[ (xy) = fly, x).

To obtain the C*-algebra, we now complete in some norm. As the groupoid
G"(X, ) is amenable in the sense of Renault, the full and reduced C*-algebras are
isomorphic [24]. To see that G"(X, ¢) is in fact amenable, notice that G"(X, ¢) and
H = G“(X,p,P) x G*(X, p, P) are equivalent groupoids in the sense of [17] (see
[19]), and from [22] G*(X, ¢, P) and G*(X, ¢, P) are amenable. Let us describe the
reduced C*-algebra. The idea is to take, for each equivalence class [z] in G"(X, ),
the representation ) : Co(G"(X, ) — B(I1*(V"(2))) defined by

T (NE@) =D 2, 9)E).

If we denote by ||7, f|| the operator norm on B(1*(V"(x))), the norm we wish to

complete in is

||f||=s[u]p||mx1f||-

In our situation we can do something a little simpler. Since we have an irreducible
Smale space, with P as above, V*(P) is dense in X and the representation 7 :
C.(G"(X,p)) — B(I*(V(P))) defined by

T(NE(x) = flz. )W)

is faithful (ie. injective), so ||7(f)|| = || f|| and we can write H(X, ¢) = 7(C.(G")).

Remark 2.19. For the duration of this document we will consider C.(G"(X,p)) C
H(X,p) C BI*(VMP))) and omit the use of . Le. we write

(fO(x) =) fla,m)éy).

We now briefly describe the construction of the stable algebra, S(X, ¢, P). Con-
sider the set C.(G*(X, ¢, P)) with product and involution defined similarly to the
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above.

(f*9)(x,y) = Y Sz ),

(2,2)€G* (X, P)

f(xy) = fly,z).

As in the case of G"(X, ¢), G*(X, ¢, P) is amenable, so the full and reduced C*-
algebras are isomorphic (see [22]). Furthermore, the fact that (X, ) is irreducible

once again provides us with a faithful representation, r,, on B(I>(V"(P))) where

(N @) = D flzy)ey).

(z,y)€G* (X,0,P)

We then write S(X, ¢, P) = 7(C.(G*(X, ¢, P))) where the closure is taken in the op-
erator norm. The definition of U (X, ¢, P) is completely analogous with the groupoid
G*(X, ¢, P) replaced by G*(X, ¢, P). As in the case of H(X, p), for the rest of this
document we consider S(X, ¢, P), U(X, ¢, P) to be subalgebras of B(I>(V"(P))) and

omit the use of m,, 7, in our notation.

Remark 2.20. When proving results for H(X, ) it will suffice to prove them for
the dense x-subalgebra C.(G"(X,)). Moreover, it will suffice to prove results for
functions supported on sets of the form V(x,y, h,,6). This is seen by noting that for
[ € C(GMX,p)), supp(f) is compact, and sets of the form V(x,y,h,,d) cover. A
partition of unity (see [18]) then allows us to write [ as a finite sum of functions
supported on sets of the form V(x,y, h,, o). Similarly, for results about S(X,p, P)
(U(X,p, P)), we will be left to prove in the case of functions supported on sets of the

form V(x,y, by, ) (V(x,y,h;,0)).

The homeomorphism ¢ on the Smale space naturally leads to a x-automorphism
on each of the three algebras described above. For f € C,(G), where G = G"(X, ),
G*(X, ¢, P), or GYX, ¢, P) let a(f)(z,y) = f(¢ " (z),o  (y)). a then extends to a
s-automorphism on H (X, p), S(X, ¢, P), and U(X, ¢, P).

We now list a few results about the algebras H(X, ¢), S(X,p, P), U(X, ¢, P).

These results appear in [19], [11]. We include some proofs here for completeness.

Proposition 2.21. Leta € S(X, ¢, P), b€ U(X, p, P), then ab, ba € K.
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Proof: First suppose a is supported on a set of the form V, = V(z4,Ya, by, 0a), b
supported on V, = V(24, Yy, by, 0), and consider the orthonormal basis {0:Feevn(p
for 12(V(P)).
(ad)(@) = Y alw,y)(y).
(z,y)€G* (X0, P)
Each term in the sum is zero, except if y = 2z and = = hy (2) (and (h;, (2),2) € V4).
If these conditions are satisfied, then

(ad,)(x) = a(h;‘a (2),2).

Thus we can write

ad, = a(hy, (2), 2)0ns (2)-

Ya

Similarly
béz = b(h;b(z), Z)éhs (2)-

Ya

So we have
bad, = b(hy, o hy (2), by, (2))a(hy, (2), 2)0ks ohy, ()

Ya

This is non-zero only if hy (z) is in both range(Vy) C V*(y, ) and source(V,) C
V¥(hy (Ya), 0a). These two sets intersect in at most one point, so if ab is not the zero
operator, then ab has rank one. Similarly, ba is either the zero operator, or has rank
one.

Now suppose a € C.(G*(X, ¢, P)), b € C.(G*(X, ¢, P)). Using a partition of
unity argument, we can write a (and b) as a finite sum of functions supported on
basic sets as above. We thus have that ab and ba are finite rank operators.

Finally, if a € S(X, ¢, P), b € U(X, ¢, P) then ab and ba are the limit of finite

rank operators and hence are compact. [

Proposition 2.22. Leta € S(X, ¢, P), b€ U(X, p, P) then

lim ||a™(a)a™"(b) — a™"(b)a"(a)|| = 0.

n—-+o0o

Proof: We first assume that (X, ¢) is mixing. It suffices to prove the result for a
supported on V, = V(24 Ya, Iy, 0a), b supported on Vi, = V (x4, Yy, b, , 6). Fix e > 0.

A similar calculation to those in the proof of Prop. 2.21 shows that

a”(a)d, = a(hy, 0" (2), 7" (2))dgmons op—n(2)



and

a "(b)a"(a)d, =

24

b(h;b @Q”hza 0 "(2), <p2”hZa90’”(z))a(hzaga’”(z), <p’”(z))éw_nh;bwznhzaw_n(z) )

Similarly

a(a)a " (b)d, =

a(hy, 0"y, @" (2), 7" hy, 0" (2))b(hy, 0" (2), 0" (2))dgnny, p=20ny, o (2)-

Now, as in Lemma 2.2 in [19] for n sufficiently large

"y, 0" by, " (2)

Denote this by x3 and let

ry =
Ty =

Ty =

we can then write

lla"(a)a™"(b) — a™"(b)a"(a)|| =

sup |a(e " (23), " (24))0(¢" (24), " (1)) — b(" (x3), " (22))alp

z

Now

X1
X
X2

X3

= "y, 0"y, 07" (2).

©"hy, @ " (2)
0 "hy, " (2)

(e e s

Qw

)
X2
€3

Xy

“(w2), " (1))
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So, by uniform continuity of a, b we can choose n large enough so that

|a(e™ (x2), 07" (21)) — ale™" (23), ™" (24))| < €/(2l[b]])

and
(0" (x3), 0" (22)) — b(¢"(xa), " (x1))] < €/(2][al]).

la(p™" (22), o " (21))b(@"(23), " (2)) — alp™"(23), ™" (24))b(¢" (x4), " (21))]
= la(e " (22), ¢ " (1))b(¢" (73), ¢" (22)) — ale™"(22), ¢ " (21))b(¢" (74), " (21))+
a(p™"(x2), ¢ " (21))b(¢" (24), " (21)) — ale™"(23), ¢ " (22))b(¢" (24), " (1))
= [a(e ™" (w2), " (1)) (b(¢" (w3), ©" (x2)) — b(" (x4), " (21))) +
+ (ale™"(w2), 0 "(21)) — ale " (x3), @ "(24)))b(" (24), 0" (x1))]
< la(e™"(w2), ™" (1)) (b(¢" (w3), 9" (22)) — b(" (24), ¢"(21))) [+
( )

+|(ale™
< lalle/(2[]al]) + [|b]|(e/(2][]]) = €.

So
lim [[a"(a)a™"(b) — a""(b)a™(a)|| =0

Now suppose (X, ¢) is irreducible and not mixing. Then as in section 2.5 there
exists a mixing Smale space (Y,4) and natural number N such that S(X, ¢, P) =
eNS(Y, 1, P) and U(X, p, P) = @NU(Y, 1, P). Tt suffices to prove the result for a
an element of the i summand of ®NS(Y, 1, P), b an element of the 5% summand of

oNU(Y, 4, P). Recalling that a, permutes the summands we have that
a"(a)a™(b) =a " (b)a"(a) =0

for all n such that i +n # j — n(modN). If we then consider the subsequence of n
such that i +n = j — n(modN) the result follows from the mixing case.
O

Proposition 2.23. Let a € S(X,¢,P), b € U(X,p,P), f € H(X,p). Then
af, fa€ S(X,p,P), bf, fbeU(X,p,P).
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Proof: We prove the result in the stable case, the unstable case is completely analo-
gous. It suffices to consider a € C.(G*(X, ¢, P)) supported on V, = V (x4, Ya, by, da),
f € C(G"(X, p)) supported on Vy =V (xy,yy, hy,, ).

(af)(wy)= > alz2)f(zy),
(z,2)€GS(X,p,P)
(2.9)eGM(Xp)
and each summand is zero unless 2z = hy (y) and x = hy (2) = h;, o h, (y). Thus af

is supported on the set

{(hy, o hy, (¥),9) | (hy, (v),y) € Vi, (hy, o hy,(y), by, (y)) € Va},

which is non-empty only if source(Vy) Nrange(V,) is non empty. In this case we can

write
supp(af) = {(h%(2), hay(2)) | = € source(Vy) Nrange(Va)} € G*(X, o, P)
so af € C.(G5(X, ¢, P)) C S(X, g, P). Similarly
supp(fa) = {(hy, (2), h" (2)) | = € range(Vy) N source(V,)} C G*(X, , P).

O

The following proposition shows that a gives H(X, ) an asymptotically abelian

structure. This result is key to defining a product structure on K-theory groups
(chapter 3).

Proposition 2.24. Let (X, ) be an irreducible Smale space, H(X, p) the associated
homoclinic algebra. If a, b € H(X,p), then

lim_[la”(@)a™"(b) — a™"(B)a" (@)]| =0
Proof: We prove the result for n — +o00, the n — —oo case is completely analo-
gous. Furthermore, we prove the result in the case that (X, ) is mizing, the general
irreducible case then follows easily using the results of section 2.5, as in the proof of
2.22. The proof for the mixing case is in [19], we include it here for completeness.
The proof is very similar to the proof of Prop. 2.22.

Fix € > 0. It suffices to prove the result for a,b € C.(G"). In fact, it suf-
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fices to prove it for a supported on V, = V(z,,Ya, hs,,0,) and b supported on
‘/;7 = V(l‘bv Yb, hl’ba 61)) S0

a(z,y) #0 = x € B(x,,0), y = hy,(x) € hy, (B(x,,0))

SO

a"(a)(z,y) = ale™"(2), ¢ "(y)) # 0
— ¢ "(x) € B(2a,0), ¢ "(y) = ha, (™" (2)) € Dz, (B(24,9))

or
r € ¢"(B(xa,0)), ¢"0hy, 00" (x) € " © hay (B(Ta, )

similarly
a " (b)(z,y) # 0=z € ¢ "(B(w,0)), ¢ "0 hy, 09" (x) € 7" 0 hy, (B(),0")).
Now

a"(@a " ()(zy) = Y a"(a)(z,2)a " (b)(z,y)

T~z

xr~z

= a(¢7" (@), hap (@)D" hay T (@), iy 0P 07" ()

= 0, unless x € "(B(x4,0)), ¢"hy, 0 "(x) € ¢"hy, (B(24,9)),
0" he, 0" (x) € 7" (B(x3,0)), and
0 " ey 9" hay 07" () € 97", (B2, 0))

similarly

a "(b)a"(a)(z,y) = b("(x), he,©"())a(p > hy, @ (2), ha, 0 > e, " (x))
= 0, unless x € " (B(2,0)), ¢ "ha, " (z) € ¢ "hy, (B(z4,9)),
@ "hy, " (x) € " (B(x,,0)), and
@ ha, o2 Ny " (1) € 0" D, (B4, 0)).
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So
a"(a)a™"(b)(z,y) — a " (b)a"(a)(z,y) = 0,
unless
r1=2 € @ (B(x4,0)) N "(B(xp,0)),
Ty =@ o hg, 007" (x) € ¢"0hy, (B(ze,6)) N "(B(xs,9))
x3 € ¢ " 0Ny (B(xp,0)) N¢" 0 hy, (B(xa,0))

Ty =@ "ohy, 0" (x) € "0 hg,(B(%4,0)) N " (B(za,0))

where

w3 =" 0 hy, 0™ 0 iy, 007" (x) = " 0 hy, 097" 0 by, 09" (2)
(see Lemma 2.2 in [19] for this last equality.) In which case we have

a(p™"(x1), 7" (22))b(¢" (22), 9" (23)) — alp™" (xa), ™" (23))b(¢" (21), " (24))-

Now we notice that

le

Ty Ty,

le

T2 x3,

Qe

1 Zo, and

e

xT3 Ty.

By continuity of a and b, we can choose n large enough so that

la(e™ (1), ™" (22)) — ale™"(xa), 07" (23))] < €/(2[|0]])

and
(0" (22), ¢"(x3)) — b(¢"(x1), " (z4))] < €/(2][al]).
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a(™"(z1), o7 (22))b(@" (22), ©"(3)) — ale ™" (z4), o™ (x3))b(¢" (21), ¢" (24))]
= la(e ™" (@1), ¢ " (22))b(¢" (72), " (23)) — ale™"(21), ¢ " (22))b(¢" (21), " (z4))+
a(p™"(21), ¢ " (22))b(¢" (1), " (24)) — al™"(24), " (23))b(¢" (21), " (z4))]
= la(p™"(z1), " (22)) (D(¢" (x2), " (3)) = b(" (1), ©" (x4))) +
+ (a(p™(@1), 97" (w2)) — ale™(x4), 7" (23))) b(@" (21), ¢"(x4))|
< la(p™ (x1), 97" (w2)) (b(@" (22), " (3)) — b(¢" (1), " (x4))) |+
( )

+|(ale™
< lalle/(2[al]) + [[bl[(e/(2]|b]]) = €.

So
lim [|a"(a)a™(b) — a™"(b)a"(a)|| =0

n—oo

]

Remark 2.25. There are results similar to Prop.’s 2.22 and 2.24 which show that
H(X,p) commutes asymptotically with both U(X,p, P) and S(X,p, P). We leave

this until chapter 4 where we use the result.

2.3.1 (C*-Algebras from SFT

In this section we construct the algebras H(X,0) and S(X, 0, P) for a mixing SFT
(33, 0), the irreducible case then follows immediately from the results of section 2.5.
We begin with the homoclinic algebra.

Let (X, 0) be a mixing SFT with corresponding graph G and adjacency matrix A.
As (3, 0) is mixing, A is primitive, so there exists M such that A" is strictly positive
forall N > M. Fix N > M, v;,v; € V(G). Define

ENpiw; =16 = (Engr, 5 &n) | t(éw) = vj, i(E-ngr1) = w3}

Notice that Zpy,, ., consists of all paths of length 2N in G which originate at v; and

. - _ 2N =
terminate at vj, s0 #Zn 4,0, = A’ > 0 For § € En,y, ., define

VN,U'L:”]‘(€>:{$€Z ’ Tn =&y V—N+1§n§N}.
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Note that for fixed N, Vi, ., (§) and VN,v;,v;(U) intersect only if £ = n, v; = v}, and
v; = vj. Now let ;7 € Eny, ;. Define

EN,Ui:”j (5777):{(xvy) ‘ {xn}]jN+1 = 57 {yn}gNJrl =1, Tn="UYn Vn > N7 n < _N+1}'
Then

L. Enu.,(&n) C GMX, o).

2. Ena,w,(§,m) and EN%UQ_ (&', ') intersect only if £ =&, n =1/, v; = v}, v; = V).
3. BN, (& n) is compact and open in G"(%, 0).

4. The sets Eny,0,(&,n) for N > 1, v;, v; € V(G), &, 1 € Eny,, form a neigh-
bourhood base for the topology on G*(%, o).

Now let
eN,’Uz‘,’Uj (57 77) = XENVUZ‘»’U]‘ (5777) E Cc(Gh(E, U))

Note that span(ey,,, (&,n)) = C.(G"(2,0)). Consider the product of two such

functions.

eN,’Ui,’U]' (5) 7]) * eN,’U,E,’U; (fla 77/)(1', y) = Z eN,’Uz',’Uj (57 77) (ZE, Z)eN,v;,U;. (éla 77/)(27 y)

h
This product is 0 unless

1.z, =6 V—N+1<n<N,

2. t, =2z, Vn>Nandn< —N +1,

3. 2= V—N+1<n<N,

4.z, =& Yn>Nand n < —N + 1,

5. Yp =2, Vn > N and n < —N + 1,

6. yo=1m,V—N+1<n<N.
Or equivalently

_ ¢! _ I )
L. n_€7vi_viavj_vja
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2. Tp =y, Vn>Nandn < —N +1,
3.1, =6, V-—N+1<n<N,
4. yo=n"V—N+1<n<N.

If the above 4 conditions hold, there is exactly one z for which the product is non-
zero, namely z, = n, (= &) for —-N+1<n <N, z, =, =y, for n > N and
n < —N + 1. In other words, the sum contains only one non-zero term, hence if the
4 conditions above hold, the product is 1. So
ENw; U'(ga 77/) if n= 5/
EN ;v \SH * €N, ,7 ") = e
o (€)% exat (€ ) { i O

Now let
HN,UZ',’U]' = Sp@n{eN,vi,vj (5’ 77) ‘ g? 77 e EN,’UZ',U]'}'

We also notice that Hy,v, v, = My(n,v.0;)(C) where k(N, v;,v;) = #EN 5,0, (= AZN,).

v1,V2

Note that for N > M, k(N,v;,v;) # 0, so Hy y, 4, is n0t the zero algebra. Now we
define

HN = Spa/n({eN,’Ui,’Uj (577}) ‘ 57 ne EN,'U'L)'UJ'; Vi, Uy € V(G)}>7
and notice that

@ @ NU“”J - @ N”Zv”] @ Mk N”“”J )

v, €V (G) v;€V(G) (vi,05)EV(G)XV(G) (vi,vy5)

Notice now that Hy C Hyy1 and H (X, 0) is the direct limit of the Hy’s. To see how

Hy is imbedded in Hy,, consider the following.

EN i (§:1) = Z Z eN+1,0,0 (Y16Y25 Y111Y2),

NEL; y2€F;

where i(y1) = v, t(y2) = w, E; = {y € E(G) | t(y) = v}, and E; = {y €
E(G) | i(y) = v;}. In particular, Hy.1 4,0, contains A;Ajj, copies of Hy ;-

We now describe the action of v on H(X, o).

a(en ., v; &,m)) Z Z eN+1,00,0, (EE, ME),

k 5/6-—'11) NN
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and

« 1(€NU'LUJ f 77 Z Z EN+1,0;,0; gg 577)

l 5/6—41 v,

-1

In particular a and o™ map Hy into Hy,.

The construction of S(X, o, P) is very similar. We briefly outline the details. Fix
a finite o-invariant set P C ¥. Fix N > M, v; € V(G). Define

ENwy = {€=(Eny1, - &w) | téw) = v, i(§-n41) = i(p—n) for some p € P}.

Again we mention that Zy,. is non-empty, as A%V is strictly positive. For £ € Ey,,
we can extend & backwards by setting {_,, = p_,, for n > N — 1. Now for £ € Zy,,

we define
Vnw(§)={z€X | 2,=¢& Vn< N}

Note that for fixed N, Vi, () and Vi, (n) intersect only if £ = 1, and v; = v;. Now
let £ ,n € En,,. Define

Env.(&n) ={(z,y) | 2n =&, Yn =1 Yn < N, 2, =y, Vn > N}.

The collection of sets { En (£, n)} forms a clopen base for the topology on G*(3, o, P),

and we are left to consider functions of the form

enw: (§:M) = XEy.., (€m)-

Proceeding as we did above for H(X, o), we see that for fixed N and i

eN,vi (57 77/> lf n= 5/7

€N,vi(f>77) * EN,v; (5/? 77/) = { 0 if n 7£ é"l.

As above, we let Sy, = span{en.,(&,1) | £,m € En,, } and notice that
SN:UZ' = Mk(N’vi)((c)7

where k(N,v;) is the number of paths of length 2V starting at a vertex of p € P and

@ SNUz @Mk(N»vi)(C)

v, €V (G

ending at v;.
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Finally we notice that Sy C Syy1 and let S(3, 0, P) be the direct limit of the Sy’s.

Similar to the above,

EN v & n) = Z EN+1,vy, (&y,ny),

yeSs

where t(y) = v, and S = {y € E(G) | i(y) = v;}. So we see that Sy, contains A
copies of Sy,
Similar to the H(X, o) case we see that

aleny, (€,m)) Z Z EN+1,04 (&€’ ,ng'),

k 5 €51 Ui,V

and

a_1(6N7Ui7Uj (57 77)) = EN+1,05,v; (57 77)'

2.4 K-theory

For a proper introduction to K-theory for C*-algebras we refer the reader to [23], or
for a more advanced treatment, [1]. In this section we state, without proof, a few of
the basic definitions and results.

We begin by defining the Ky group for a unital C*-algebra. Let A be a unital
C*-algebra, M, (A) the n x n matrices with entries from A (= M, (C)® A), and P, (A)
the projections in M, (A). Let Py (A) = UPP,(A). For p,q € Px(A) let

p

®q=
pwq 0 ¢

We say p and ¢ are homotopic and write p he q if there exists a continuous path
of projections in Py (A) from p to ¢q. See [23] for more of homotopy equivalence
and its relation to Murray-von Neumann equivalence and unitary equivalence. We
write the equivalence class of p under " as [plo. Taking P, (A)/ o gives an
abelian semi-group with [plo + [qlo = [p @ ¢lo- The group Ky(A) is then defined to
be the Grothendieck group of this semi-group. Ie. the group of all formal differences

[plo — [go-
We now describe K for a non-unital C*-algebra. Let A be a non-unital C*-algebra.
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Define the unitization of A, A as follows.
A={(a,2)|a€ A, € C}
with multiplication and involution
(a, 2)(b,w) = (ab+ wa + zb, zw), (a,z)" = (a*, 2).

A is then a unital C*-algebra with unit (0,1). Now consider the following split exact

sequernce.
™

0—A——=A_ ~C—0
A
where 7(a,z) = z and A(w) = (0,w). The map s(a,z) = Aomw(a,z) = (0,2) is
called the scalar map. We then define K((A) so that the above split exact sequence
is preserved under Ky, so we have Ko(A) = Ko(A)/Ko(C) = Ko(A)/Z. Moreover, we

have that Ky(A) is generated by elements of the form [p]o — [s(p)]o where p € P (A).
We define the positive cone of Ky(A) to be

Ko(A)" ={[plo | p € Px(A)}.

Furthermore, if A is unital with unit 1, then [1]y is an order unit for Ky(A) and if in
addition A is stably finite, then

(Ko(A), Ko(A)T, [1]o)

is an ordered abelian group with distinguished order unit [1]o. If (G,G%,g) and
(H,H™",h) are ordered abelian groups, a group homomorphism ¢ : G — H is said to
be positive if ¢(GT) C H, and is said to be order unit preserving if ¢(g) = h.

We now briefly describe the group K;(A). We begin by defining the suspension
of A, SA.

SA={f:10,1] = A[ f(0) = f(1) = 0}.
We can then define K;(A) = Ko(SA). There is an alternative picture of K;(A) in

terms of unitaries which we now describe. Let U, (A) be the set of unitaries in M, (A),
and Uy (A) = UU,(A). As in the case above with the projections, Uy, (A)/ "2 gives
a semi-group, and K;(A) is its Grothendieck group. See [23] for a proof that these

two descriptions are equivalent.
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Finally, the higher K groups are defined by K,1(A) = K,(SA). However,
Ky(A) = K1(SA) = Ky(A) (Bott periodicity, see [23]), so we only ever need con-
sider K and K;. We write K,(A) = Ko(A) & K (A).

Finally, we mention that if A is the inductive limit of the following sequence

then K, (A) is the limit of

K*<A1)K*(¢1 K. (A2 K. (¢2) K. Agg( (¢3)

2.4.1 K-theory for SFT

We now compute the K-theory for H(X,0) and S(3, 0, P) in the case that (X, 0) is
mizing. The irreducible case is handled in section 2.5. We begin with H (3, o).
H(X,0) is an AF algebra, the direct limit of the finite dimensional algebras Hy,
hence K,(H(X,0)) is the direct limit of K,.(Hy). Since Hy is finite dimensional,
K (Hy) =0 and hence K;(H) = 0.
As (X, 0) is mizing, A is primitive and hence there exists M such that for all n >
M, A" is strictly positive. Thus, for N large enough so that 2N > M, k(N,v;,v;) # 0

and we have
Kal) % Ko | D) Migwa ()| 22O
(vi7vj)

For our purposes it will be more convenient to regard Z#V(G)* ag Myve)(Z). We

can thus describe Ky(H) as the inductive limit of the following system.
My () (Z) —— Myv()(Z) —— Myv(c)(Z) — - -

We now must describe the connecting maps. As Ko(Hy) is generated by the
rank one projections in Hy it suffices to consider elements of the form [en,y, ., (£, €)]o.
We also remark that ey, ., (£, §) is homotopic to en, ., (1,7), so they give the same

element of K. From section 2.3.1 we know that

UeNway (66) = D D enitum W1Ey2, y1712)

Y1E€S; y2€S;
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where, for fixed ¢, k the number of summands is A;;A;;. Hence

Ly [SN,vi,uj (&8 = Z A Ajklen+1,0,0. (1182, Y1€42)o-
Lk

The isomorphism Ko(Hy) — Muv () (Z) sends [en,v,0;(£,6)]o to (e, N), so we can
write
L*(Gij, N) = ZAliAjk<€lk7 N + 1) == (AeijA, N + 1)
I, k
So by linearity, for any X € Muy(c)(Z), the inclusion map is given by (X, N) =
(AXA,N +1). We can thus describe Ky(H) = lim Ky(Hy) as follows.

Ko(H) = (Myye)(Z) xN)/ ~

Where, for n < k, (X,n) ~ (Y, k) if and only if A¥"HX AR+l = AlY Al for some
I € N. We denote the equivalence class of (X, N) under ~ by [X, N].

Recall the automorphism a : H — H. We now wish to describe o, : Ko(H) —
Ko(H). Again, by linearity it suffices to consider [en, ., (£, €)]o € Ko(Hy). Referring

back to section 2.3.1, we see that

[eNUZUJ 5 g O—Z Z eN—HUka 56 ff)]

k 5 E‘—'1 VUL

Under the isomorphism with My () (Z) this becomes

e, N1 =) Allea, N + 1] = [e A%, N +1].
k

So for [X, N] € Ko(H) we have o([X, N]) = [X A% N + 1]. Similarly, o *([X, N]) =
[A2X, N + 1]. Notice that a ! (a([X, N])) = a 1 ([X A%, N +1]) = [A2X A% N + 2] =
(X, N].

We now briefly outline the computation of K,(S(X,0,P)). As in the case of
H(X,0), S(X,0,P) is AF and hence K;(S(X,0,P)) = 0. For each N such that
2N + 1> M, Ko(Sy) = Z#V(@ so Ko(S(3, 0, P)) is the direct limit of the following
system

THV(G) —L s g#V(G) —Ls gH#V(G) s ..

We need only determine the connecting maps. As above, it suffices to consider the
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rank one projections ey, (€,€). Under the inclusion of Ky(Sy) into Ko(Sni1) we
have
telenn (6,60 = Y _leni €y, €9)o,
yeE
where £ = {y € E(G) | i(y) = v;}. So the number of summands is the number of
edges in G originating at v;, or 3. Aj;. Under the isomorphism Ko(Sy) = Z#V(G)

(thinking of Z#V(©) as row vectors) this becomes

L*(€i7N) = ZAij(ej,N + 1) = (€1A,N+ ].)

J

By linearity we have that the connecting maps are i(v, N) = (vA, N + 1). We can
therefore write
Ko(S(%, 0, P)) = (Z#(9) x N) /~,

where, for n < m, (v,n) ~ (w,m) if and only if there exists k& € N such that
v ARt — 4y AF. We write [v,n] for the equivalence class under ~.

Once again proceeding as in the case of H(X,0) we can show that a,[v, N] =
[vA%, N + 1] and a;[v, N] = [v, N + 1].

2.5 (*-Algebras from Irreducible Smale space

In this chapter we describe the C*-algebras associated with an irreducible Smale space
as direct sums of algebras associated to a mixing Smale space. As we will see, this
follows easily from the spectral decomposition result, Prop. 2.14. We will use this fact
to extend many of the results in later chapters from the mixing case to the irreducible
case.

Let (X, ) be a Smale space and fix n € N. It is easy to see that (X, ") is also a
Smale space with the same bracket function [, -] (recall the axioms for a Smale space
from section 2.2). The only condition that may pose a problem is the condition that
requires

©"([z,y]) = [¢"(x), " (¥)],

whenever both sides are defined, ie whenever d(x,y) < ex and d(¢™(x), ¥"(y)) < ex.
In general this need not be true, however if d(z,y) < ex and d(¢"(z), " (y)) < €x
implies d(¢'(x), ¢'(y)) < ex for all 0 < i < n, then the above is true. By replacing
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ex with a smaller constant, say € we can ensure the above holds.

It is also easy to see that the 3 equivalence relations are unchanged by switching
from ¢ to ¢". For example, for z € X the set V¥(z) is the same whether we consider
the map ¢ or ¢™. In particular, for a finite p-invariant (also ¢™-invariant) set P C X
the groupoids G*(X, ¢, P) and G*(X, ¢™, P) are the same. Similarly for G*(X, ¢, P)
and G*(X, ", P), and G"(X, ) and G"(X, ¢"). Tt then follows that S(X, ¢, P) =
S(X,¢" P) and similarly for the unstable and homoclinic algebras. It should be
noted that while S(X, ¢, P) = S(X, ¢", P), the automorphisms a,, and a,» are not
equal.

Now suppose (X, ) is an irreducible Smale space and (Y1), n € N are as in
Prop. 2.14. So (Y,4) is mixing, X = Y x {1,2,...,n} and ¢(z,i) = (z,i + 1) if
1<i<n-—1, p(x,n) = (¢¥(r),1). If we consider the Smale space (X, ") we still
have X 2 Y x {1,2,...,n}, and now ¢"(x,7) = (¢(x),7). So (X, ¢™) is a disjoint
union of n copies of the mixing Smale space (Y, ¢).

If we now fix a finite p-invariant set P C X =Y x {1,2,...,n}, and let P be
PNY x {1} we immediately see that

1

S(X,p,P)=S(X,¢", P) @ S(Y, ¢, P),

U(X,p,P)=U(X,¢",P) = U, ¢,P), and

I

H(X,p)=H(X,¢", P) @H(Y,w)-

Denote by a, and a, the s-automorphisms on S(X, ¢, P) and S(Y,, P) re-
spectively. It is then straightforward to see that o, permutes the summands of
@ S(Y, 1, P). In particular, for a € S(Y, ), P) we have

a(az’):{ (@,i+1) 1<i<n-—1
o (ay(a),1) i=n.

The corresponding results hold for U(X, ¢, P) and H (X, ¢) similarly.
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2.6 K-Theory of a Commutative C*-Algebra

In this section we discuss how, in the case of a commutative C*-Algebra, A, K,.(A),
can be given a product structure.

Let A be a commutative C*-algebra. For projections p and ¢ in P;(A), pg = qp is
also in P;(A). So we can define [plo[qlo = [pqlo. For p € P,,(A) and g € P,(A) things
are slightly more complicated. We define pxq € P,,,,(A) entry-wise by (pXxq)i,j)k) =
pirqj where we have indexed the rows and columns of P,,,(A) by dictionary ordering
on ordered pairs (z,7) with 1 <i < m, 1 < j < n. Writing [plo[glo = [p X ¢lo now

describes a ring structure on Ky(A).

Remark 2.26. By noticing that A commutative implies that C(S', A) is commuta-
tive, and that Ko(C(St, A)) = Ko(A) ® K,(A), we can use the above idea to define
a ring structure on Ko(A) @ K1(A). We will discuss this in further detail in a later

section.

Unfortunately, the C*-algebras that we are interested in here (from Smale spaces),
are not commutative, so we cannot define a ring structure as above. However, propo-
sition 2.24 provides some hope that we may be able to do something similar. For
p, ¢ € PI(H(X,)), n large we define

_ a"(p)g + qa"(p)
5 :

;80 a = a*, and ||a® — al| is small. Then x(1/2,0)(a) is a projection. We would like to
define [plolglo = [x1/2,00)(@)]o. The problem is that a as defined above depends on n,

1€
lim & (p)g + g (p)

n—oo 2

need not exist. Thus, our efforts to define a product structure on Ko(H (X, ¢)) fail.
We can, however, define a product structure on the K-theory of a very closely related

algebra, the mapping cylinder (see Chapter 3).

2.7 Shift Equivalence

In this section we briefly discuss two equivalence relations on non-negative, square

integer matrices, and their importance as sources of invariants for SF'Ts. Much of
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the work along this vein was done by Williams (eg [30]) and Kim and Roush (eg [13],
[14]). Chapter 7 of [16] presents a nice treatment of this material.

Definition 2.27. The non-negative nxn integer matrix A and the non-negative mxm
integer matriz B are said to be elementary strong shift equivalent (ESSE) if there
exist non negative integer matrices U (n x m) and V (m x n) such that UV = A,
VU = B.

We let strong shift equivalence be the equivalence relation generated by ESSE.

We denote strong shift equivalence by ~ssE.

Definition 2.28. The non-negative n x n integer matriz A and the non-negative
m X m integer matrix B are said to be shift equivalent if there exist non negative

integer matrices R (n x m) and S (m x n) and a positive integer k such that:

o RS = AF
e SR=DB*
e AR=RB
e SA=DBS.

In this case we call k the lag. We denote shift equivalence by ~gg

Strong shift equivalence implies shift equivalence, but as shown by Kim and Roush

([13], [14]) the converse is not true. The following proposition is due to Williams ([30]).

Proposition 2.29. Let (¥4,04) and (Xp,0p) be SETs with adjacency matrices A
and B respectively. Then (X4,04) and (Xp,0p) are topologically conjugate if and
only if A ~ssr B.

The next proposition shows that shift equivalence classifies Ky(S (%, 0, P)). It
appears as Theorem 7.5.8 in [16].

Proposition 2.30. Let (X4,04) and (Xp,05) be SFTs with adjacency matrices A

and B respectively. Then the dimension triples
(KO(S(ZAa 04, PA))a KO(S(2A7 04, PA))+7 aJA)

and
(KO(S(ZB7 0B, PB))? KO(S(EB> 0B, PB))Jr? 0403)

are isomorphic if and only if A ~sg B.
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In section 4.3 we show that shift equivalence of adjacency matrices implies iso-

morphism of the ring and module structures that we develop in chapters 3 and 4.
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Chapter 3

K*(C(H, Ck))

Let (X, ¢) be an irreducible Smale space with homoclinic algebra H (X, ¢), and recall
the x-homomorphism « defined in section 2.3. In this chapter we introduce the
mapping cylinder for the algebra H(X,¢) (with respect to a) and show that the
K-theory of this algebra has a natural ring structure. In the case of a mixing Smale
space, the existence of this ring structure was shown in [19]. We extend this result to
irreducible Smale space, and in the case of a SF'T, we explicitly compute the product

in terms of matrix multiplication.

3.1 The Mapping Cylinder

Definition 3.1. We define the mapping cylinder, C(H, «), of H(X,y) (with respect

to a) as follows.
CH,a) ={f :R— H(X, ) [ f(t+1) = a(f(t)) Yt}

We then define as(f)(t) = f(t +s) for s € R so that o, (f)(t) = a™(f(t)) forn € Z.

The following result is analogous to Prop. 2.24, and shows that the asymptotically
abelian structure of H (X, ¢) is inherited by C'(H, «). This result and its proof appear
in [19].

Proposition 3.2. For f,g € C(H,«),

Jim [|ov(Fa-+(9) — a-e(g)ou (1) = 0
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Proof: Fix ¢ > 0. Since f,g are uniformly continuous we can partition [0, 1],

0=1x1 <mxy < -+ <xy =1 such that for z € [z;, z;11] we have

1f () = fl)ll < /Gllgll), and
lg(z) —g(zi)ll < /(I

Now from Prop. 2.24 we can choose N € N such that for |n| > N, and for all
i,7€{1,2,...,m} we have

[l (f(z:))a™(g(x5)) — ™" (g(z;))a" (f ()| < /5.

Now, for any |t| > N+1andx € [0,1]let k = [t+z],y=t+x—k,and z =z —t+k
. So |k| > N and there exist ¢, j such that z € [z, x;11], y € [z}, ¥j41]. We now have

llew(f (@) ai(g(x)) — ai(g(x))au(f ()]

= lo"(f()a™(g(2)) — a™ (g(2)a* (f(y)]]

< [la*(f(W))a"(g(2)) — " (f(y))a™" (g(x2))l]
+ o (f(y))a (g(x:)) — o (f ;)™ (g(z)ll
+ [la®(f (z;))a"(g(x:)) — o~ (g(x:))a" (f (2;))]]
+ [la™"(g(@)a® (f(x;)) — o™ (g(za))a"(F ()]
+ [la™(g(@:)a" (f(y)) — o™ (g(2)a* (f(y))]]

< 2|[flle/GIIfI) +2llglle/Gllgl)) + /5

So
lim e (f)a—i(g) — a—e(g)ou(f)[| = 0

|t|—o0
[l
This asymptotically abelian structure yields a ring structure on K,(C(H,«)) as
in ([19],[7]). We say more about this in section 3.2. First we describe the group
K,.(C(H,«)) in the case of a SFT.
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3.1.1 Ky(C(H,«)) for a SFT

Let (3, 0) be a mixing SFT with n x n adjacency matrix A, and H (X, o) the associ-
ated homoclinic algebra (see section 2.3.1). Recall the suspension of the C*-algebra
H(%,0),

SH ={f:[0,1] = H(%,0)[ f(0) = f(1) = 0}.

The following sequence is exact.
0— SH — C(H,a) = H(X,0) — 0

The map e is evaluation at 0, and ¢(f)(s) = o*(f(s —k)) for k < s < k+1. We thus

get the following 6-term exact sequence of K groups.

Ko(SH) —— Ko(C(H, ) % Ko(H(S, )

T l

K\(H(2,0)) < Ky(C(H, 0)) < FKa(SH)

and recalling that Ko(SH) = K (H(X,0)), K1(SH) = Ko(H(X,0)), and that for
a SFT K (H(X,0)) =0 (as H(X,0) is AF) this becomes

00— Ko(C(H, ) "2 Ko(H(S, 0))

\Lid—a*

0<~—Ki(C(H,a)) <— Ky(H(E,0))

where the map id — «, is as in [19], [6].We see that Ko(C(H, «)) = ker(id — o)
and K,(C(H,«)) = Ko(H(X,0))/im(id — o). Recall from section 2.4.1 that

Ko(H(X,0)) = lim My, (Z) = (Mn(Z) x N)/ ~,

where for k < m, (X, k) ~ (Y,m) iff A" XA K+ = AY Al for some | € N.
We denote the equivalence class of (X, k) under ~ by [X,k]. As Ky(C(H,«)) =
ker(id — o) C Ko(H(X,0)), we wish to describe Ko(C(H,«)) as a direct limit of
subsets of M, (Z).
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Consider the set C'(A) = {X € M,(Z)| AX = XA} and the inductive system
C(A) "=EACA) — -
As above, we can write the limit group as
linC(A) =(C(A) xN)/ ~.

Where ~ is the same equivalence relation as above. The following theorem gives us
a useful characterization of Ko(C(H,a)).

Theorem 3.3.
lim C(A) = ker(id — aw.) (= Ko(C(H, a))).

Proof: Consider the following diagram:

C(4) S22 C(4)

Where the vertical maps are given by ¢(X) = X. We must show that ¢ determines a
well defined group homomorphism on the inductive limit groups, and then show that
it is injective and the image of ¢ is ker(id — a..) C Ko(H (X, 0)).

That ¢ induces a well defined group homomorphism ¢ : limC(A) — Ky(H) is
obvious. It should also be obvious that im(t) C ker(id — a..).

Let’s now show that ¢ is injective. Let [X,m] € lim C(A) be such that «([X, m]) =
[0, m+k] € Ko(H (X, o)) for some k, then AMX AR = A A! for some [, ie AV X A =
0 for some j > n. But then [X,m] = (0,5 + m| € limC(A), and ¢ is injective.

Now suppose [X, k] € ker(id — a,) C Ko(H). Then (id — ax)[X, k] = [0,m] €
Ko(H) for some m > k, ie [AXA — XA% k + 1] = [0,k] or AmFHX Am—KH
Am—hH=L Y Am=h+HL — () for some [. Letting j = m — k + [ we get AIXA =
ATTLX AT or after multiplying on the left by A, A/TI1X AT = AIXATL SoY =
AIXA € C(A) and o([Y,j + k]) = [X,k]. So ¢ : limC(A) — ker(id — a,) is an

isomorphism. O
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3.1.2 K (C(H,a))

From above we know that K1(C(H, «)) = Ko(H(X,0))/im(id—ca.), but since we have
a characterization of Ko(H(X,0)) as a direct limit of groups of matrices, we would
like to find a corresponding characterization of K;(C(H,«)). We start by defining a
certain subgroup of M, (Z). Let

B(A)={X | X =YA— AY, for some Y € M,(Z)},

and notice that, for X = YA — AY, AXA = (AYA)A — A(AY A). We can therefore

consider the inductive system

As before we write

lim B(A) = (B(A) x N)/~ .
The following proposition characterizes im(id — o) C Ko(H (2, 0)).

Proposition 3.4.
lim B(A)) = im(id — a,) C Ko(H)

Proof: Consider the following diagram of inductive systems

B(A) S22 B(A)

where the vertical maps, ¢, are given by inclusion ¢(X) = (X). Clearly the above

diagram commutes, so ¢ extends to a well defined map on the inductive limit groups:
t:lim B(A) — lim M, (Z) (= Ko(H)).

We first show that im(:) C im(id — ). Suppose [X, k] € (B(A) x N)/ ~, then there
exists Y such that X =Y A — AY, so

X, k] = [YA— AY, K] = [YA — AY, k] € (Myyc)(Z) x N)/ ~ .
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Now
[YA—AY, k]= [A(YA—AY) A, k+1]= [(AY) A2 — A(AY) A, k+1] = (id—a,)[-Y A, k],
L(hin B(A)) C im(id — o).

Now suppose we have [X,k] € B(A) x N)/ ~ such that «[X, k] = [0,0]. Now
(X, k] =10,0] € (M,(Z) x N)/ ~ if and only if there exists an [ such that A'’X A! = 0.
So

(X, k] = [A'X ALk +1) = [0,k +1] =[0,0] € (B(A) x N)/ ~ .

so [X,k] =[0,0] € (B(A) x N)/ ~, and ¢ is one-to-one.
Now take [X, k| € im(id — o), then there exists Y, [, such that

AXA = AYA —-YA? = A(YA) — (YA)A.
So A'X A" € B(A). Now
A'XAL L+ k] = [AXAL L+ k] = [X, k] € (M,(Z) x N)/ ~,

so ¢ is onto. Therefore,
t:lim B(A) — im(id — )

is an isomorphism. O
We now know that
lim B(A) = im(id — o),

and
liin M,(Z) = Ky(H(X%,0)).

So we have
K (C(H,a)) = Ko(H)/im(id — o) = (lim M,,(Z))/(lim B(A)).
However, we would like to know if

Ki(C(H, ) = lim (Myy () (Z)/B(A)) -
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The following well known lemma provides the answer.

Lemma 3.5. Let G be an abelian group, ¢ : G — G an endomorphism, and H < G

a Y-invariant subgroup, and consider the following diagram

H—"-g-—"
G4 g2

where the vertical maps ¢ are given by inclusion, ((x) = x. Then lim_, H < lim_, G
and
limG/lim H = lim(G/H)

Proof: We know that lim_, G = (G xN)/ ~ where, for n < m we say (z,n) ~ (y, m)
if there exists a k > m—n such that ¢ "**(x) = ¢*(y). Similarly, we have lim_. H &
(H xN)/ ~, and lim_, G/H = (G/H x N)/ ~. The diagram in the statement of the
Lemma clearly commutes, so ¢ extends to a map ¢ : lim_, H — lim_, G. It is also clear

that lim_, H < lim_, GG, so it suffices to show that the following sequence is exact:
0 — lim H - lim G = lim(G/H) — 0.

Where 7[z,n] = [z + H,n]. We must show that 7 is onto, and that im(:) = ker(m)
(exactness at H is clear).

First suppose [z + H,n| € (G/H x N)/ ~, then [z,n] € (G x N)/~ and 7[z,n] =
[z + H,n], so w is onto.

Now suppose [h,n] € (H x N)/ ~, then

7(t[h,n))= wlh,n]|= [h+H,n]= [e+H,n]|=[e+ H,0] € (G/HxN)/~ (since h € H).

so im(t) C ker(m).

Now suppose [z,n] € ker(r) C (G x N)/ ~. So [x + H,n] = [e + H,0], and
there exists k such that ¥*(z) + H = e+ H, ie ¢*(z) € H. So [¢*(x),n + k] €
im(1) C (G x N)/ ~, but [z,n] = [V*(x),n + k] € (G x N)/ ~, so [z,n] € im(:). Te

ker(m) C im(¢t). Thus ker(m) = im(c), and the sequence is exact. Therefore

lim G/lim H = lim(G/H).
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The following theorem is now an immediate corollary.

Theorem 3.6.
K\(C(H,a)) = 1im (Myy ) (Z)/B(A)) -

Proof: Follows immediately from Lemma 3.5 and the comments following Prop.
3.4. O

3.2 The Ring Structure on Ky(C(H, a))®K1(C(H, o))

That K.(C(H,«)) has a Zy-graded ring structure follows from the asymptotically
abelian structure on C'(H, «) (Prop. 3.2) as in ([19], [7]). However, we wish to ex-
plicitly describe the product. We begin with the product on the subring Ky(C(H, «))
and proceed as in [19]. For f, g € C(H,«) let

(f % g)i = (%(f)()ét(g) ‘;‘ Oét(Q)%(f)) ‘

Similarly, for f € M, (C(H,«)), g € M,,(C(H,«)) we define (f x g): € M, (C(H,a))
componentwise by

((f x 9 = (far X gij e
For p € P,(C(H,«)), q € P,,(C(H,«)), (p x q); is self adjoint, and

Jim [[(p < @)} = (p x q)il| = 0

so for € > 0 there exists T" such that for t > T, the spectrum of (p X ¢); is contained
n (—e€)U(1—¢ 14e€). In particular, for € < 1, X(1/2,00) is a continuous function on

the spectrum. In other words, there exists a 7" > 0 such that
X(1/2,00) (P X @)t € Pum(C(H, ) for t > T

The function ¢ — X(1/2,00)(P X )¢ is continuous, so for ¢ > T', x(1/2,00)(p X q); forms a

continuous path of projections in P, (CH). Thus, for t;,to > T

[X(1/2,oo) (p x Q)tl]o = [X(l/Z,oo)(p X q)tz]o
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and we can concretely define the product on Ky(C(H, «)) as follows.

Definition 3.7. Forp,q € P, (C(H,«)) we define the product [plo[qlo € Ko(C(H, «))
by
[Plolglo = lim [X(1/2.00(P X )],

We now show that we have a product structure on all of K,.(C(H,«)), not just
Ko(C(H,«a)). The key here is to consider the algebra of continuous functions on
the circle S! taking values in C(H,«), C(S*,C(H,«a)). Also recall the suspension
S(C(H,a)) = {f € C(S',C(H,a)) | f(1) = 0}. We then have the following split
exact sequence:

0 — S(C(H,a)) — C(S%,C(H,a)) "IV c(H,a) — 0

where the splitting is given by a — (f(t) = aVt € S'). Applying the functor K, we

get the corresponding split exact sequence of K, groups.
0 — Ko(S(C(H,a))) — KoC(S*,C(H,a))) — Ko(C(H,a)) — 0.

Recalling that Ko(S(C(H,«))) = K,(C(H,«a)) and using the fact that the above

sequence is split-exact, we have
Ko(C(S", C(H, a))) = Ko(C(H, a)) © K, (C(H, a)).

So we need to show that there is a well defined ring structure on Ko(C'(S*, C(H, a))).
We again use the asymptotically abelian structure of C(H, «). We first define a family
of *-automorphisms of C'(S*, C(H, «)), oy. For f € C(S*,C(H,a)) we define

(i (f))(s) = au(f(s))
where the a; on the right hand side is the automorphism of C'(H, ). In other words
(e ())()(r) = au(f(s))(r) = f(s)(r +1).

We now prove a result which is analogous to Lemma 3.2:

Lemma 3.8. For f,g € C(SI,C(H, @)),

lim ||y (f)a—t(g) — a—i(g)a:(f)| =0

[t|—o0
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27T:E7;i

Proof: Fix ¢ > 0. Partition S* by {sy,s2,...,5,} where s; = ¢ and

O=r1 << - <x,=1
and such that for all 7, and s € [s;, s;11] we have

1£(s) = F(sll < ¢/(5llgll), and
lg(s) = g(sll < /G-

Now using Lemma 3.2 we can find T € RT such that, for |t| > T, i € {1,2,..., m}

we have

e (f(si))ai(g(si)) — a—(g(si))ae(f(s:))|| < e/5.

Now, for s € S, there exists i such that s € [s;, s;41]. So that

llaw(fla-e(g)(s) — a—i(g)aw(f)(s)| = llau(f (s
(

(
< 2|[flle/GIIfI) + 2llglle/Gllgl)) + /5

=&
SO

lim [y (f)ai(g) = a-i(g)aa(F)|| =0

|t| =00

For f, g € C(S',C(H,a)) let

(f x g) = (at(f)a_t(g) 42' a_t(g)at(f)) '

Similarly, for f € M, (C(S',C(H,«))), g € M,,(C(S*,C(H,))) we define (f x g); €
M, (C(SY,C(H, «))) componentwise by

((f X 9 apain = (fir X gjj)s-



52

For p € B,(C(S',C(H,))), q € P, (C(S',C(H,a))) we know there exists a T' > 0
such that
X(1/2,00) (P X @)t € Pon(C(S*, C(H, v))) for t > T.

The function ¢t — X(1/2,00)(P X )¢ is continuous, so for ¢ > T, x1/2,00)(p X ¢); forms a

path of projections in P,,,(C(S*, C(H,«))). Thus, for ty,ty > T

[X(1/200) (P X D]y = [X1/2.00) (P X Do)
and we can once again concretely define the product on
Ko(C(S*,C(H,a))) = Ko(C(H, o)) ® K\(C(H, )

as follows.

Definition 3.9. For p,q € P, (C(S',C(H,«a))) we define the product [plo[glo €
Ko(C(S',C(H, a))) by

[plolglo = tlgglo [X(1/2.00) (P X @)t

Remark 3.10. In the case that p,q € Py (C(S*,C(H,))) are constant functions,
ie p,q € Po(C(H,«)) in a natural way, the above definition of the product coincides
with our previous definition for the product on Ko(C(H, a))

3.2.1 Ky(C(H,«)) for SFT

Let (X,0) be an irreducible SFT with adjacency matrix A. We wish to describe the
ring structure on K, (C(H, «)) in terms of the matrix characterization of K,(C'(H, «))
obtained in section 3.1.1. We start by determining the ring structure on the subring
Ky(C(H,a)), and leave the full ring structure until the next section.

We begin with a couple of observations.

1. The real parameter ¢t in Defn. 3.9 can clearly be replaced with the integer pa-
rameter n. This will be helpful as in the SF'T case Ko(C'(H, «)) C Ko(H(X%,0)),
and on Ko(H(3,0)) o is defined, but (ay). is not.

2. In the case of a SF'T, we can use a slightly simpler, though equivalent, definition
for the product on Ko(C(H,«)). See Prop. 3.12.
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Consider the following *-subalgebra of H (X, o).

H(Z, O') = Span{evaj (éu TI)}

Notice that H(X,0) is dense in H(X,o0) and that for each p € M (H(X,0))
there exists ¢ € Mo (H(3,0)) such that [p]o = [¢lo. We also consider the following
x-subalgebra of C(H,«). CH ={f € C(H,«) | f(0) € H}. We again notice that CH
is dense in C'(H,a) and for each p € M, (C(H,a)) there exists ¢ € M, (CH) such

that [p}() = [q]o
The following lemma will be useful in computing the product on Ky(C(H, «)).

Lemma 3.11. For a = ey, (§,§), b= envpw, (1,1), and n > N we have

a"(a)a™"(b) = Z N0 (E617, §E11),

&1es
where
S={& | &l =2n—2N, (&) = H(§), t(&) =i(n).}
Proof:
a"(a) == Z Z 6N+n,vi,v(€£/>€§/)
'UEV(G) 5/652n,1}j U
and
Ozin(b) = Z Z eNJrn,v,v;C (7/777 77,77>
’UGV(G) WIGEZn,U,vk
SO

a™(@a )= D 3 DT D entnnal& )N, (0,1

veV(G) & 9eV(G) n

Where the sum is over ¢’ such that i’ = t£ and ’ such that ¢(n') = i(n). Furthermore,
each summand is 0 unless £ = n'n. Write &' = &&, 0 = mny where |&] = |n| =
€] = [m| = 2N and [&i| = [n2] = 2n — 2N. Now £61& = mmen implies £ = n1, & =1,
and & = mp, which in turn imply v; = 0, v = v, (&) = i(n2) = t(§) = v;, and
t(&) = t(ne) = i(n) = vg. So the sum becomes

a™(@)a”"(B) = Y eninuu (EE11);

&1€S
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where

S = {61 | |£1| =2n — 2N, Z(gl) = t(f)v t(gl) = Z(U)}
L]

Proposition 3.12. Let (X, 0) be an irreducible SFT, p,q € P.(CH). By identifying
Ko(C(H,«)) with a subgroup of Ko(H (3, 0)), the product can be written

[P(0)lolg(0)]o = lim [a"(p(0))a"(¢(0))]o-

n—o0

Proof: Now from section 3.1.1 we know that Ko(C(H,«a)) = ker(id — a,) C

Ky(H (X, 0)) where the isomorphism is given by evaluation at 0. So we have

[p(O)]O[q(O)]O = tliglo [X(1/2,oo) (p X Q)t(o)]o
= tlgglo [X(1/2,oo) (p(0) % Q(O))t}o

= lim [x(1/2.00(P(0) x q(0))n] ;-
We now look more closely at

a"(p(0))a""(q(0)) + a™"(¢(0))a" (p(0))

(p(0) x q(0)), = 5

Since p(0),q(0) € My (H(X%,0)), it will suffice to consider the product " (a)a~"(b),
where a = eny;(§,6) and b = enyw, (1,m). We then have [a]o = [e;;, V], [blo =
lex, N] € Ko(H(X,0)). Fix n > N, then from Lemma 3.11

a(a)a™"(b) = Z N+, (§€1M)-

&1€8

A similar computation yields

a "(b)a"(a) = Z EN4nv0 (§1127),

N2ES

so these two sums are equal. This implies

a(a)a™(b) = a "(b)a"(a)
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is a projection. Now for p, ¢ as above, there exists N such that for n > N

a”(p(0))a"(¢(0)) = a”(¢(0))a" (p(0))-

This implies

(p(0) x q(0)), = = a"(p(0))a""(¢(0))

is a projection. Thus

X(1/2,00) (P(0) % q(0))n = a"(p(0))a"(¢(0))

and we have

[P(0)]o[g(0)]o = Tim [a™(p(0))a™"((0))lo-

[

Under the isomorphism of Prop. 3.3, every element of K(C(H,«)) is equal to
some [X, N] € lim C(A). As each such X is a linear combination of matrices of the
form e;;, we start with two matrices of this form, their corresponding projections in

H(X,0) and multiply according to Prop. 3.12.

Remark 3.13. As [e;;, N] € Ko(H(X,0)) need not be an element of the subgroup
Ko(C(H,a)), the formula we derive for the product of two such elements will not be
well defined in general. Ie. the element Ko(H (X, 0)), [a™(a)a™(b)|o in the following
Lemma depends (in general) on the integer n and thus lim, . [a™(a)a™(b)]o need not

exist. However, if we apply the formula to linear combinations of such elements,

[ X, NJ, [Y, M] which are in Ko(C(H,«)) the product is well defined.

Lemma 3.14. Let a,b € P, (H(X,0)). If [a]o = [X,N], [b]o = [V, N], then for
n>N
[a"(a)a” (b)]o = [X A" 2NV, N +n.

Proof: For a,b € Py (H(X,0)), we can find a,b € Py (H(Z,0)) such that [a], =

[@]o, [blo = [b]o. It therefore suffices to prove the result for rank one projections a =
€N, v, (6’5) and b = eNlek(n>77)' Then [&]0 = [eija N], [B]O = [eklaN] € KO(H(Z,O')).
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Fix n > N, then using Lemmas 3.11 and 3.12 we see that

o"(a)a™(b) = ZeN—l-n,vi,vz (€€im)
&1
is a projection. The number of summands is thus the number of paths & of length
2n — 2N from v; to vy, ie A?Z_ZN. Noticing that A?Z_QNeﬂ = ;A" N ey, we have

[a"(a)a™"(b)]o = [e;; A" *New, N + n.

]

Proposition 3.15. Let [X,N], [Y,M] € (C(A) xN)/ ~ = Ky C(H,«a)). The
product on Ko(C(H,«)) is given by

X, N] %[V, M] = [XY,N + M].

Proof: Let p, ¢ € P (CH), with [p(0)]o = [X,N], [¢(0)]o = [Z, N] (under the
isomorphism in Prop. 3.3). Note here that we have chosen representatives of each
equivalence class such that the second coordinate is equal. From Prop. 3.12 we know
the product is given by

[P(0)]olg(0)]o = Tim [a"(p(0))a"(q(0))]o-

n—-+o0o

However, we know that for n > N the sequence [a"(p(0))a"(¢(0))]o is constant, so

we can write

[Plolglo = lim [a"(p(0))a~"(q(0)]o = [o" (p(0))a~" (q(0))]o

n—-+00

By Lemma 3.14 this is

[X,N]%[Z,N] = lim [XA*"*NZ N +n]=[XZ,2N].

n—-+00
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Now suppose [Y, M| € Ko(C(H,«)). Let M; = max{N, M }.

[X,N]*[Y,M] = [AM=NXAMAN NL] s [AMMy AMO=M ]
[AMN X AMN AN =My AM=M 9 ]
= [AMTNAMM Xy AMM AMEN N M |M— N
[AM=NI XYy AM=NIN & M + |M — N|]
[

XY,N + M|

3.2.2 K,(C(H,«)) for SFT

We now turn our attention to describing the full ring structure on K,(C(H,«)) in

terms of the matrix characterizations. Recall from Propositions 3.3 and 3.6:

Ko(C(H, o)) = (C(A) xN)/ ~,
Ki\(C(H,a)) = (Myy(e)(2)/B(A) xN)/ ~

To determine the product structure on K, (C(H, o)) = Ko(C(H,a))® K, (C(H, a))
we embed Ko(C(H,a)) and K{(C(H,«)) in Ko(C(S',C(H,))) = Ko(C(H,a)) &
K,(C(H,a)) and compute the product as in Defn. 3.9. In fact, since we are con-
sidering the case of a SF'T, we can use a simpler form of the product, analogous to
Prop. 3.12. Prop. 3.15 tells us how to multiply two elements of Ky(C'(H,«)), so we
need only calculate the product of two elements of K;(C(H,«)), and the product of
an element of Ko(C(H, «)) with an element of K, (C(H, «)). We begin by computing
the product of an element of Ky(C(H,«)) with an element of K;(C(H,«)). First
recall the 6-term exact sequence:

0 — Ko(C(H,a)) "2 Ky(H (S, 0)

w

O%Kl(C(HW)‘))TKI(SH) = KO(H(Eva))

Hence every element of K;(C(H,«)) is the image under ¢, of some element in
Ki(SH) =2 Ko(H(X,0)). Also recall that Ko(H) is generated by rank one projec-
tions in P;(H(X,0)). We will proceed as follows. Starting with a p € P(H(X,0)),
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and ¢ € P,(C(H,«a)). We find u, € Ul(E\P/[ ) (corresponding to the isomorphism
K\(SH) = Ky(H(E, 0))). We then find 1. (u,) € Uy (C(H, a)) and § € Py(SC(H, o))
(corresponding to the isomorphism K;(C'(H,«)) = Ko(SC(H,«))). We then simply
embed p and ¢ in P, (C(S*, C(H,«))) and multiply according to Lemma 3.23.

The following Lemmas are standard results in K-theory, see for example Theorems

10.1.3 and 11.1.2 in [23].

Lemma 3.16. Let p € P,,(H), then under the isomorphism Ko(H) = K;(SH),
P U, € Un(SH) where

uy(s) = e p+ (1 —p), for0<s<1

—_—

Lemma 3.17. Let u, € U, (C(H,«)), then under the isomorphism K,(C(H,«a)) =

P

Ko(SC(H,)), up — p € Py, (SC(H, ) where

and
v,(t) = R P R "
(=Rl L, | "] o u;;]
where
— | cos(5t) L —sin(Gt) Iy,
" sin(E0 L, cos(E) L, |
so that

We state and prove one more Lemma before we compute the product of an element

of Ko(C(H,«)) with an element of K, (C(H,a)).

Lemma 3.18. Let (X,0) be a SFT with corresponding algebras H(3,0), C(H, ).
For p € PI(H(X,0)), ¢ € P(CH), there exists N € N such that, for n, m > N, the
matriz (p X q), with (i,j) entry given by o™(p)a™"(¢;;(0)) is in P (H(X,0)) and

(P X @)nlo = [(P X @)mlo € Im(id — ).
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Proof: The existence of N such that (p x q), € Px(H) for all n > N follows

immediately from 3.12. Now fix m > n > N and consider

a.[a"(p)a(q;(0)]l0 = [a""(p)a™" " (gi;(0)]o

"p)a " (gi;(—2))]o by homotopy invariance

") gi;(0)]o.

:[a

= [a
So

(id — o) [a" (p)a”"(43;(0))]o = [ (p)a ™" (4i3(0)]o — [@™* (P)a™" " (gi(0))]o,

and hence, by induction

[a"(p)a"(i;(0))]o — [@™(p)a™ ™ (4i;(0))]o € Im(id — a).
Il

Remark 3.19. The same result clearly holds for the product (q x p), with entries
a"(g;5(0))a™"(p).

Definition 3.20. For p € P/(H(X,0)), ¢ € P(CH), n > N define (p X q)n as in
Lemma 3.18. With a slight abuse of notation, we will often drop the n and write

(p x q).
We are now ready to state a main result.

Proposition 3.21. Let [X,N]| € K((C(H,«)), [Y + B(A), M| € Ky(C(H,«)). The

product of these two is

(X, N]#[Y + B(A), M] = [XY + B(A), N + M] € K,(C(H,a)).
Similarly,

[V + B(A), M] * [X, N]o = [Y X + B(A), N + M] € K,(C(H,a)).

The proof of this Proposition is quite long, so we will break the proof down into

a series of Lemmas.
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P

Lemma 3.22. Let p € P\(H(X,0)), q € P,.,(CH) for some m. Let u, € Uy(C(H,«))
be

up(s) = e (p) + (1 —a™(p)) forn<s<n+1,

Then for n large enough (as in Lemma 3.18), the matriz (u, X q), is given by

((up X @)n)is = anlup)a—n(qij) = (Upxq)ij — (Im — a—n(dis))-

i other words

Proof:

(e (up)an(gig)) (s) = (an(up)(s)) (-n(gi;)(s))
= (s +n)gi(s —n)
= s ((up(n))(gi;(=n)))
(€0 (p) + (1 — a"(p))) o "(4:;(0)))
e™a" (p)a"(g;(0)) — a"(p)a”"(43;(0)) + a " (q5(0)))
(P X @)n)i = ((p X @)n)ij + o~ "(q;5(0)))
(

P X Qo+ L = (p X @)n) — (In — a""(¢(0)))),,
( ™

SO

]
The following Lemma allows us to use a slightly simplified form of the product,

as in Prop. 3.12.

Lemma 3.23. Let p € Pi(H(X,0)), q € P,,(CH). Let p € P,(C(S*,C(H,«))), then
there exists T' € R such that fort > T

(D) ijy—t(qr) = a—e(qr) s (Pij))-
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Moreover, if we define (p X q); componentwise by

(P % @)e)amGy = ae(Pig))—e(qrr)

then fort > T (p X q); is a projection in P, (C(S',C(H,«))) and

Plolalo = Jim [(5 x a)lo

Proof: The product (p X q), defined in the statement of the Lemma is the same as

regular matrix multiplication between the following two 2m x 2m matrices.

(5% q)n = [ Pl pproly, ] [ a_,(q) 0 ] ‘

anporly Pl 0 Oé—n(Q)

For the 2 x 2 matrix Y we will denote by Y the 2m x 2m with m x m block entries
Yi;jln. Also notice that XY = XY. We now have

([3>< Q)n = O‘n<v_p

 —— | In 0| —— | al(q) 0
= an(vp) [ 0 0 ] an(vp) [ 0 o(d) ] .

Lets first consider the last part of this product.

m [ a_n(q) 0 ]

0 awg)

_ (& an(up)ly, 0 R I, 0 a_n(q) 0
0 I, | 0 an(uy)lm 0 a_n(q)
_ I, 0 R, an(uy) 0 R a_,(q) 0
0 an(up) L | I 0 I, 0 a_n(q)
| Im 0 R, an(uy)a_n(q) 0 R
i 0 an(up)[m ] i 0 afn(Q)

Now, from the proof of Lemma 3.22 and Prop. 3.12 we see that

an(u;)a—n(Q) = a_,(q)an (U;)
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so we have
- a_n(q) 0
| 0 0]
— Im 0 Rt an(up>a—n(Q) O Rz
0 an(up) L | 0 a-n(q) |
_ L, 0 7, a_n(q)on(uy) 0 R
0 ()l | I 0 a-n(q) |
Jew@ 0 T e 0]
0 v (Up)a—n(q) | I 0 Iy |
_ a_n(q) 0 7, an(uy) Ly 0 R
0 a_n(q)am(uy) I 0 Iy |
_ | awle) 0 I 0 I3 A (Up) Lm0 R
0 an(@) | | 0 an(up)ln 0 I
_ i a—n(Q) 0 ] o (U*)
i 0 a—n(q) ]
Similarly
a_n(q 0 a_n(q 0
anop) | O - @ 3uly)
0 (g 0 a(g)
So

5 % = oyulv Im 0 ay, (v oz_n(q) !
(P X q)n n( p)[ ] nl p)[ 0 a-n(q)]

| al(q) 0 —— | Im 0 | ——
- [ ; o () ] an(vp) [ 0 o ] an(vy).

Hence for sufficiently large n (p x q),, € P (C(S',C(H, ))) and

[lo[glo = lim [(§ X q)n]o

n—oo

O
The following Lemma contains the bulk of the calculation involved in proving
Prop. 3.21.
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—_~——

Lemma 3.24. Letp € P(H(X,0)), g € P(CH). Let u, € Uy (C(H, a)) be

uy(s) = e*™5a(p) + (1 — a™(p)) forn<s<n+1.

Let p € P,(SC(H,)) be as in Lemma 3.17. Then

hlalo = [ [ wola) ] ]

Proof: Aspe PQ(C(E;EH)), q € P,,(C(S',CH)), by Lemma 3.23 the product is
(for sufficiently large n)

[Blolglo = [( X @)no-

Where (p X q),, € P, (C(S',CH)) is as defined in Lemma 3.23. Now as in the proof
of Lemma 3.23,




So we can write

0 a-(g)
_a"(p)[a_no(@ ano<q>2]
- an<5p>fm Y @n()(q)Q 2
o RS L N L

or

64
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_ a_n(q) 0 ] 3 [ an(uy)a_n(q) 0 7
0 i (up)a_n(q) 0 a—n(q) t
_ L, — (Im - O‘—n<9)> 0 Rt
0 Upsqg — (Im — a—n(q))
[ up><q (Im Oé_n(q>) 0 R*
0 Iy — (I — a_n(q)) '
_ [ In 0 ] o | e 0 | g
0 Upxg 0 I
o L, 0 Rt (Im Oé—n(Q)) 0 RZF
0 Upuq 0 (L — a-n(q))
_ (I — a—n(q)) 0 R, u;m 0 R
0 (In — a_n(q)) 0o I, | "
| m—aa@) 0 ] 3 [ (In = aa(a) o g
0 (Im - O‘fn(qw 0 (Im - Oéfn(Q))
. [(Im a_n(q)) 0 ] [Im 0
r 0 (I — a—n(q)) 0 upxq
| U= omala) 0 : [ U 0| 5
i 0 (Im — a_n(q)) 0 In| *
[ (L — an(9)) 0
i 0 (n—ae)
. [ (I~ a-(0)) 0 ]
r 0 (U — a-n(q))
([1m Ol—Rt[u;“’ 0 o I, 0 D
0 I, 0 I, 0 Upxq

Similarly,
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Now

Foldlo = [anwp) [ an(@® 0 . ] [ fm 0 ] ()

Recalling that

[Plolglo = [P x qlo-

So with the above expressions for the first and last parts of the product, we can
expand the product and cancel many of the terms. After the canceling we are left
with

ﬁxq:vpxq

Upxqg O Rik 1, :)
0 I, 0 upy,

I, —a_,(q) 0O I, 0O 7, ure, 0
0 0] 0 upq 0 I

[ I, 0 . Iy —a_y(q) 0] ,
= Upxgq Upxq — Upxq 0 0 Upxq

= Upxq
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]

Lemma 3.25. For (px q);; = o (p)a~"(¢;;(0)) with n sufficiently large as in Lemma

3.18, andm as in Lemma 3.17 we can write

o~

[Blolalo = [p X qlo — [Lm — dlo-

Proof: From the proof of Lemma 3.24 we have

) i In 0] In—a_u(q) 0|
[P X qly = |Vpxq [ 0 0 ] Upxqg ~ Upxq [ 0 0 ] Uqu]
i 0

'/xv Ly — a_u(q) 0 In 0
= -
_p 47 trxa 0 Ly — a_n(q) 0 0

e 0 1)
0 I, —a_n(q) bxa o

Now consider the product

; Iy — a_n(q) 0
bra 0 I, —a_n(q)
_ R, Upxg O 7 I, O Iy —a_y(q) 0
0 In | | 0 uly 0 Ly — a_y(q)
Now

(U g@—n(@))(s) = as (7™ (p X @)n—n(q(0)) + (I = (p X @)n)—n(q(0)))
(e (p)(a™™(¢(0)))* + a_n(g(0)) — a™(p)g)(a™"(4(0)))?)
(€7 X @+ an(9(0) = (2 X @)n)
= oy (€™ (P X @+ (Im — (0 X @)n) — (Im — a—n(q(0))))
= Qs (uqu( ) = (I — a—n(q(0))))
= Upuo(8) = (Im — a—n(q(s)))

:aS

Q
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so we have
I, — a_n(q) 0
Upxgq
0 I — a_n(q)
_ R, Upxqg O R I, — a_n(q) * * 0
L 0 [m ] 0 prq — prq + Im — a,n(q)
_ Rt Up><q O Im - Oé_n(q> 0 é:
0 I, | 0 Iy — a_n(q)
[, —a_, 0 _
_ R, an(q) R
I 0 I, — a_n(q)
_ I, — a_n(q) 0
0 Iy — a_,(q)
similarly

[ Ly — a_n(q) 0 ] ot — [ I — a_y(q) 0 ]
0 I, —a_n(q) | 7 0 Ly —a_n(q) |

0
In the above, [p]o is an element of K(SC(H, «)). We wish to consider Ko(SC(H, «v)),

for which it suffices to consider elements of the form [p]o — [s(p)]o-

Lemma 3.26. Let pe PI(H(3,0)), g€ P,.,(CH) so that [plo —[s(p)]o € Ko(SC(H, ),
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lqlo € Ko(C(H, ). Then

Proof:
([plo — [s(®)o)lalo = ([Blo — [£1)o)[dlo
= [px qlo—ldlo
= [pxqlo—[Im —qlo— g0 Lemma 3.25
= [P X qlo — [Imo
= [pxdo—[s(p X o

]

Remark 3.27. The map ¢ : Ko(H) = K,(SH) — K;(C(H,a)) = Ko(SC(H,a)) is
given by
¢([plo) = [Plo — [s(D)]o-

Where, for p € P, (SC(H,«)), s(p) = I,. So Lemma 3.20 simply says that to
multiply ¢([plo) by [qlo, we can first multiply [plo and [qlo in Ko(H), which by Lemma
3.18 is well defined modulo Im(id — cv.), and then apply ¢. As Im(id — o) is exactly
the kernel of the map K (SH) — K,(C(H,«a)) everything is well defined.

Remark 3.28. Completely analogous calculations to those above show that

[glo([Plo = [s(P)lo) = [g x plo = [5(g < P)lo-

The proof of Prop. 3.21 is now immediate.

Proof of Prop. 3.21 Let [X,N]| € Ko(C(H,)), [Y + B(A),M] € K;(C(H,)).
By Lemma 3.26 and the remarks following it, the product

Is obtained by multiplying [X, N] and [Y, M] in Ky(H ), and projecting into

Ko(H)/Im(id — o) = K, (C(H, a)).
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Now the product of [X, N] and [Y, M] is computed in the same way as in the proof
of Prop. 3.15, so we have

[X,N]*[Y + B(A), M] = [XY + B(A), N + M],
and similarly
Y+ B(A), M| [X,N]|=[YX + B(A),N + M].

[
To determine the full ring structure on Ko(C'(H, «)) & K1(C(H, «)) we now only
need to compute the product of two elements of K;(C(H,«a)). We prove a slightly

more general result, which is due to Ian Putnam.

Proposition 3.29. Let A be a unital C*-algebra with oy an asymptotically abelian
action. Denote the product on K,(A) = Ko(C(S', A)) by [plolglo = [(p x q)]o. Then
forp € P,(C(S', A)), q € P(C(S*, A)) we have

(Iplo = [p(0)]o)(lglo — [4(0)]o) = 0.

In other words, the product of two elements of K1(A) is zero.

Proof: Let p € M,(C(S', A)), ¢ € M,,(C(S*, A)). For notational convenience, we
consider the domain of p, q to be [0,1] instead of S (with the obvious condition that
p(0) = p(1), q(0) = q(1). Recall that (p x q) € M,,,(C(S*, A)). Define

p(rt) 0<t <1,
pT(t): 1

Similarly, we define

9(0) 0<t<;
a(t) =4 alr(t=1/2)) F<t<i+},
q(1) I+lct<t

pr and ¢, are continuous paths of projections, so if we set p’ = p4, ¢ = g4 we have

[plo = [P']o and [glo = [¢']o. Now let U; be the unitary defined as follows. For
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0<t<q,
Lin 0
Ut:
0 L
For $ <t <3
0 —Inn
Ut:
Lim O

For i <t< %, Ui = Ryi-1/4), and for % <t<1,U = RZ(t73/4)7 where R, is as in

Lemma 3.17. We now have

(0" x q(0)) & (p(0) x ¢(0))) 1<t<T,
b ) ((p(0) x q(0)) & (p(0) x q(0))) § <t<3,
Ui (0" x ¢') @ (p(0) x ¢(0))) U = (6(0) x 4(0) ® (p(0) x 7)) L << 2,
((p(0) x q(0)) @ (p(0) x ¢(0))) 3§ <t<1.
In other words
Ui (p" x ¢') @ (p(0) x ¢(0))) U = ((p" x ¢(0)) @ (p(0) x ¢')) -
We can now write
(2 <)o+ [(p(0) x q(0)]o = [(& x¢)® (p(0) x q(0))]o
= [U: ((p' x ¢) @ (p(0) x ¢(0))) Ufo
= [p" x q(0)]o + [p(0) x ¢'lo,
(0" % @")]o +[(p(0) x q(0))]o — [ x q(0)]o + [p(0) x ¢lo = 0,
or, after factoring and using [plo = [p']o,
([plo — [p(0)]o)([glo — [¢(0)]o) = 0.
0

We now return to the specific case of a SFT.

Corollary 3.30. Let p,q € Po(S(C(H, ))), then ([plo — [s(n)])([glo — [s(0)]) = [0}o.

Proof: Follows immediately from Prop. 3.29. [
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Using our characterization of K,(C'(H, «)) in terms of matrices, we now summarize

the ring structure in the following theorem.

Theorem 3.31. The product structure on the ring
K (C(H,a)) = (Myy(c)(Z)/B(A) x N) [~ &(C(A) x N)/~
18 given by

([X1 4+ B(A), N] + [X2, N]) = ([Y1 + B(A), M] + [Ya, M])
= [X1Yo+ XoY1 + B(A), N + M| + [ XY, N + M].

Proof: Follows immediately from Propositions 3.15 and 3.21, and Corollary 3.30.
O

3.3 Irreducible Smale Space

We briefly describe the mapping cylider and its K-theory ring in the case that (X, )

is an irreducible Smale space.

Lemma 3.32. Let (X, ¢) = (Y,¢) x{1,2,...,n} be an irreducible Smale space as in
Prop. 2.14. Then for f € C(H(X,¢),a¥) we can write

f@) = (h(t), At =1),.... it =n+1))

for some f1 € C(R, H(Y, 1)) such that o¥(fi(t)) = fi(t +n). In other words fi(t) =
fi(E) for some fi € C(H(Y,¢),a?).

Proof: We can write f € C(H(X,p),a¥) as

f(t) = (fl(t)v f2(t)v R fn(t))

where each f; € C(R, H(Y,%)) and recall that o?(f(¢)) = f(t +1). Now

a?(f(1)) = (a”(fu(t)), [(t): o), -, fua (1))
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so, for 1 <7 <n —1 we have

filt) = fin(t + 1), or fiy.(t) = fi(t — 1),

sofor0<k<n-1
Jien(t) = filt = k).
Also,

At +1) = a”(fu(t) = a*(filt =n+1)), or fit +n) = a”(fi(1)).
[l

Proposition 3.33. Let (X, ) = (Y,¢) x {1,2,...,n} be an irreducible Smale space,
then the rings C(Hx, o) = C(Hy, o).

Proof: For f € C(H(X,p),a®) the map from Lemma 3.32 which sends f to f; €
C(H(Y,),a¥). Has inverse

g(t) — (g(nt),g(nt —1),...,g(nt —n+1)).

Corollary 3.34. K, (C(Hx, o)) = K.(C(Hy,ay)) as rings.
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Chapter 4

K«(C(H, a))-Modules

In this chapter we show that Ko (S(X, ¢, P)), Ko(U(X, ¢, P)), and Ko(H (X, ¢)) have
natural module structures over the ring K,(C(H, «)). In the case of a SFT we com-
pute the module product in terms of the characterization of K,(C(H, «)) given in the
previous chapter and show that Ky (S(X, ¢, P)) and Ko(U(X, ¢, P)) exhibit a certain
type of duality as modules over a specific subring. We then show that shift equivalence
on adjacency matrices is a complete invariant for the ring/module structures.

Let (X, ¢) be an irreducible Smale space, P a finite p-invariant set of periodic
points. Recall that S(X, ¢, P) and H(X, ) are subalgebras of B(I>(V"(P))) (section
2.3).

Proposition 4.1. Let a € H(X,p), b € S(X, ¢, P) then ab and ba € S(X, ¢, P),

and lim,, . « |[ba™™(a) — o™ (a)b|| = 0.

Proof: We prove the result in the case that (X, ¢) is mixing. The irreducible case
then follows from the mixing case as in the proof of Prop. 2.24. It suffices to prove the
result for a € C,(G") supported on a set of the form V(x,, Y, ha,da) and b € C.(G*)
of the form V' (zp, yp, hy', &). Recall that

V(%a, Yas My 0a) = {(ha(y),y)| d(ha(y), za) < da, d(y,ya) < da}, and ha(ya) = 7o}

The first part of the statement is simply Prop. 2.23, recall from the proof that

(ba)(z,y) = > blx, 2)a(z,y) € Co(G).

Z~hY
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Now, considering the sets on which a, b are supported, the sum reduces to a single

term and we are left with

(ba) (. y) = { b(hif © ha(y) ha(y))alha(y), y) i d(y,ya) < da and @ = hif o ha(y),

0 otherwise.

Similarly

) alha o by (y), hy(y)b(hy (y), y) if d(y, ys) < dp and = = hq 0 hy(y)
(ab)(e,y) = 0 otherwise.

The proof of the second statement now follows closely the proof of Prop.2.24. Fix
e>0

a "a(z,y) = a(¢"(x),¢"(y))

SO

(ba"a)(z,y) = Y blx,2)a("(2),¢"(y))

_ { bl © ™" 0 ha 0 07 (y), 0" 0 ha 0 (1)l © 0" (), £ (1)
0
and
(@"(@b)(z,y) = Y al@"(x),¢"(2))b(z,y)
_ { a(ha o @" 0 h(y), ©" 0 h(y)b(hi(Y), )
0
Now
[(ba"a)(z,y) — (@™ (@)b)(w, y)| = 0

unless

Ty = Y€ P "B(Yada) N B(yp, )

x3 = ¢ "oh,09"(y) € p7" 0 haB(Ya,da) N B(yp, )

Ty = hyoyp "oh,o¢9"(y) € hyBlys, o) N " 0 haB(Ya,da)
1 = hy(y) € hy By, 6) N ¢~ "B(Ya, da)-
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notice that xy = hj o™ oh,0p™(y) = ¢ " oh, 0" ohy(y) (see Lemma 2.2 in [19]).

In which case it is

|(ba™"(a) —a™"(a)b)(x, y)| = [b(z2, x3)a(" (x3), " (€4)) — a(@" (w2), ¢" (21))b(w1, 24)|.

Now let d = sup{d(x,y) | (z,y) € V(xs, s, hi*,0p) }, and notice that xg ~ x4, 1 ~;
Zo. Using the continuity of a, we can find N € N such that for all n > N

|a(p"(x2), ¢"(21))] <

la(p" (3), ¢"(24))] <

We then have

|(ba™"(a) —a™"(a)b)(z,y)| <

We therefore have
lim ||ba™"(a) — a™"(a)b|| = 0.

n—-+oo

Corollary 4.2. Let f € C(H,«) and b € S, then for each t € R,

lm lag(f(£))b — bas(f(£))[| = 0

§——00

Proof: Fix ¢ > 0. Since f is uniformly continuous, we can partition [0, 1] by
0=1x1 <y <--+ <y = 1such that for each 1 <i <m —1 and = € [z;, ;4] we

have
€

3[bl]
Now for from Prop. 4.1 we can find N € Z* such that, for n > N, and for all
0<1<m

[lo*(f(2)) — " (f ()l <

g

[l (f(2i)b = ba™" (f(z)ll < 3.
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Let s < —=(N +t+1), and set k = [t +s], and z =t + s — k. Then z € [0, 1], so
x € [z, x;41] for some i. Also k <t+s+1< —N. Now

[les (F ()b = bas (f (1)) 1F(t+5)b = bf(t + s)l]
[l (f ()b — ba* (f (x))]]
[l (f ()b — a*(f ()bl + o (f (2:))b — b (f (2:))

+|ba* (f( ) = ba® (f(2:)]]
ellbll e, ellbll _
3][0l] 3 3][0l]

IN

So
lim e (f(2))b — bas (f(1))]] = 0.

S——00

Definition 4.3. For p € P, (C(H,«)), and a € P, (S(X,p, P)) define (a x p); €
Pon(S(X, @, P)) componentwise by

@ii’@t(pjj/(o)) + o (pjj/(o))@n”
2

((@ X p)e) i)y =

Corollary 4.4. Letp € P,,(C(H,«)), and a € P,,(S(X,p, P)). There exists T € R
such that fort <T

X(1/2.00) ((@ X p)¢)
s a projection in S.
Proof: This is immediate from the previous corollary 4.2 and from the comments

at the start of section 3.2. O
Now, for t <T

X(1/2,00) ((@ X p)y)

is a continuous path of projections in S, so for ty,to > T

[X(I/ZOO) ((a x p)tl)]o = [X(l/z,oo) ((a x p)tQ)}O.

We are now ready to define a module structure of Ky (S(X, ¢, P)) over Ko(C(H,a)).
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Definition 4.5. Forp € P,,(C(H,«)), a € P,(S(X, p, P)) we define the product

[afolplo = lim_ [X(1/2.00) ((@ X P)i)], € Ko(S(X, 0, P))
We proceed as in section 3.2 to describe the module structure of K, (S(X, ¢, P))
over K,(C(H,«)).

Proposition 4.6. Let f € C(S',S(X, ¢, P)), g € C(S*,C(H,a)). Then
Jim [ fai(g) — aig) fI| = 0.

Proof: This follows from Cor. 4.2 in the same way Lemma 3.8 follows from Lemma
3.2. O

For f € M,,(C(S*,S(X, ¢, P))), g € M,(C(S*,C(H,«))) we then define (f x g);
componentwise by

((f X 9w = furcu(9;1) ;F ai(g;t) fir

We can now define the module structure of K,(S(X, ¢, P)) over K,.(C(H,«)).

Definition 4.7. For a € P,(C(S*,S(X, ¢, P))), p € P,(C(S',C(H,))) we define
the product

[alolplo = lm _[x(1/200) (@ x p)i)], € Ko(C(S", S(X, 0, P))) = K.(S(X, ¢, P)).

Remark 4.8. The module structure of K.(U(X,p, P)) over K.(C(H,«a)) is com-
pletely analogous, so we simply record the result here.

For b€ P,(C(S",U(X,, P))), p€ P.(C(S*,C(H,))) we define the product

[p]O[b]O = lim [X(l/Q,oo) ((b X p)t)}o € KO(C(Sla U(X’ 2 P))) = K*(U(X> ¥ P))

t——+o0

The module structure of K,.(H(X,p)) over K.(C(H,«)) is arrived at in a sim-
ilar manner, however K,(H(X,y)) has both a left and right K.(C(H,«))-module

structure. This follows from the following Lemma.

Lemma 4.9. Let f € C(S', H(X,p)), g€ C(S*,C(H,a)). Then

hinoo || fae(g) — a(g) f]| = 0.

t—



79

Proof: This is an easy consequence of Lemma 3.2. O
We then proceed as above to arrive at the following definition of the module
structure of K,(H (X, ¢)) over K.(C(H,a)).

Definition 4.10. For a € P, (C(S',H(X,¢))), p € P,(C(S',C(H,«))) the left

module structure is given by

Plolalo = lim [x(1/2.00) ((p X @)s)], € Ko(C(S", H(X,¢))) = K.(H(X,¢)),

t——+o0

and the right module structure is

[alolplo = 1im _[x(1/200) (@ x p))], € Ko(C(S", H(X, ¢))) = K. (H(X, ).

Remark 4.11. The results of sections 2.5 and 3.3 alow us to write the module struc-
tures of this chapter for an irreducible Smale space. In particular, if (X,p) is an

wrreducible Smale space then
S(X, ¢, P) = éS(Y, W, P)
1
where X 2Y x{1,2,...,n}, and
C(Hx, o) = C(Hy, ay).
So for [b] € K.C(Hy, o), ([a1],[as], ..., [an]) € S(X, ¢, P) we have

([a1], [az], - [an]) O] = (][0, [a] (0], - - -, [an][0])-

The corresponding results for the module structures on U(X, ¢, P) and H(X,¢) also
hold.

4.1 Ky (C(H,«))-Modules for SFT

We now return our attention to the specific case of a SFT. For a SFT (3,0), the
algebras S(X, 0, P), U(X,0,P), and H(3,0) are all AF and hence have trivial K
groups. This means that in the SFT case the K; parts of the module structure

described above are all 0 and we are left to consider only the module structures of
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Ko(+) over Ko(C(H,)).

We begin by considering K(S(X, o, P)). We can once again use a simpler version
of the product (similar to Prop. 3.12). First recall the x-subalgebra H(X, o) of
H(X,0), and similarly define the %-subalgebra S(3, 0, P) of S(X, 0, P) by

S(X,0,P) = span{en.;(§,m)}-

Lemma 4.12. Let a € F(S(X,0,P)), b € P,(CH). The module structure can be

written

[alo[blo = Tim [(a x b)a)]o

n—-+0o

where (a X b), € My, (S(2,0, P)) has entries
((@ X b)n)(ig), vy = @™ (b(0)5).

Proof: It suffices to prove the result for a = ey, (§,€), b(0) = enw; v, (1,7). As in
the proof of Prop. 3.12, it suffices to show that there exists a K € N such that, for
n>K

ac”"(b(0)) = a"(b(0))a.

Fix n > 2N. Then

a_n(b(o)) =a eNUJ Vg 7] 77 ZZBN-H'IU Uk 7777 7777)
where || = 2n, i(n') =7, and ¢(n') = i(n) = v;. Also

a = (esz(f f ZZeN-‘rnv 65 56)

v

where || = n, i(¢) = t(€) = v;, and t(£') = v. So the product is
id" (en, (€,€))a " enu;,0, (1) ZZZZeMU €€, €€ ) e vn (0, 7'n).

Where the sum is over £ such that i(¢') = t(€) and t(£') € P, and i’ such that i() €
P and t(n') = i(n). Furthermore, each summand is non-zero only if £ = n'n. Write
§' =& &, and 1) = mnp where & = np, £ =1, and & = 0. So [§i] = |n2| = n — 2N,
€l = Iml = 2N +n, and |&] = [n] = 2N. Also i(&) = i(n2) = t(m) = 1) = wvi,
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t(&1) = t(n2) = i(n) = i(&) = vy, t(&) = t(n) = vk, and i(m) = i(€) € F. The

product then reduces to a single sum:

id" (e, (§,€)0 "N, 0 (10) = > enna (611, E61M)

&1€S

where,
S=A{& [ &l =n—=2N, i(&) =t(E), (&) =i(n)}-

Computing the product in the other order we similarly obtain

a_neN,UjWk (7]777)idn(€N,vi(€7£)) - Z EN+n,uy (55177755177)7

&1eS

so we have

aa”"(b(0)) = a7 (b(0))a

and hence
[a]o[blo = lim [ac™"(b(0))]o-

n—oo

[]

Lemma 4.13. Let a € P (S(2,0,P)), b € Po(H(X,0)). If [a]lo = [v, N], [blo =
[ X, N], then forn > 2N

[aa™"(b)]o = [vA" N X, n + NJ.

Proof: It suffices to consider rank one projections a = ey, (§,§), b = env; . (1,7)-
Fix n > 2N. Then from the proof of Lemma 4.12 we have

id"(enw, (§,6))a " en v, (1,1) Z EN+n, (E617M, E611)-

&1€8

The number of summands is the number of paths of length n—2N starting at ¢(£) = v;
and ending at i(n) = v;. So if we look at the induced product on the K theory, we
get:

[ac™"(b)]o = [AZ-_2N€]€, N +n] = [e;A" e, N +n).

O]
We are now ready to write the Ko(C(H, a))-module structure on Ky(S(X, 0, P)).
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Theorem 4.14. Let [v,N]| € Ky(S(X,0,P)), [X,M] € Ko(C(H,«a)). The module
structure is given by

[v, N] * [X, M] = [vX, N + 2M].

Proof: It suffices to prove the result for a € P, (S(X%, 0, P)), b € P, (C(H,«)), with
lalo = [v, N, [blo = [X, N|. Furthermore, in this case there exist a € P (S(X,0.P)),
b € Pyo(CH), with [a]o = [v, N], [b]o = [X, N]. Then from Lemma 4.12 the module
structure is given by

[alo[blo = lim_[(a x 5(0))¢]o,

t——o0
where
((a x b(0))e) i),y = (@i X b(0)j5)¢ = azra(b(0);0).

Now b(0) € P (H(X,0)) so by lemma 4.13 we have

[v, N] *[X,N] = [A" X N +n]
= [vXA" N N+ (n—2N) + 2N]
= [vX,3N].

We now derive the formula for [v, N] x [X, M] in the case N # M. First suppose
N < M, then

[v, N] % [X, M] [wAMN M] % [X, M)
[vAM N X 3M]

[vX AM=N 2M + (M — N) + N]
[vX, N + 2M].

Finally if N < M, then

[0, N]#[X,M] = [v,N]* [A""HXAYY N]
vAN M X ANM 3N

[v,
[
(X A2N=M) N L 9(N — M) 4 2M)]
[
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Remark 4.15. The Ko(C(H,«))-Module structure on Ko(U(X, 0, P)) is completely
analogous and is given as follows. Let [w, N|€ Ko(U (X, 0, P)), [X, M]€ Ko(C(H, «)),
then

[X, M] * [w, N] = [Xw,2M + NJ.

We can also consider Ko(H (X, 0)) asa Ko(C(H, a))-module. For a€ P (H (X, 0)),
be Py (C(H, a))
[alo[blo = 1im [(a > b(0)):]o
where

((@ % b(0))e) gy, argry = (@ir X b(0)5)e = @z (b(0),5)

gives a right Ko(C(H, a))-module structure, and

[blo[alo = Tim [(b(0) x a)]o

t—o0

where
((6(0) x a)t)@ij).irgry = (b(0)j5r X agir)e = s (b(0) 350 )aiir

gives a left Ko(C'(H,a))-module structure. To determine the form of the module
product in terms of the inductive systems, we proceed as we did for Ky(S(X, 0, P)).

We omit the details here as they are very similar and simply record the result here.

Remark 4.16. Let [X,N] € Ko(C(H,«)), [Y,M] € Ko(H(3,0)). The left (resp.
right) Ko(C(H, «))-Module structure on Ko(H (X, 0)) is given by

[X,N]*[Y,M] = [XYA*N M +2N],

Y, M] * [X,N] = [A*Y X, M +2N].

4.2 Module Homomorphisms

Let (X,0) be a mixing SFT, and S(X,0,P), U(X,0,P), H(X,0), C(H,«) the cor-
responding algebras. In this section we consider homomorphisms which respect the
module structures described in the previous section. We begin by defining a certain
subring of K,.(C(H,a)).

Recall the automorphism a, on Ky(S(X,0,P)), Ko(U(X,0,P)). The following

proposition shows that a, is multiplication by an element of Ko(C(H, a)).
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Proposition 4.17. Let [v, N] € Ko(S(X,0, P)), [w, M] € Ko(U(3,0,P)). Then

a.lv, N =[v,N]%[A,0], o 'v,N]=[v,N]x[A1]

*

afw, M) = [A, 1] % [w, M], o w, M] = [A,0] % [w, M]

*

Proof:
. [v, N] = [vA*, N + 1] = [vA, N] = [v, N] % [A,0].

The other statements are equally straightforward. O]

Remark 4.18. [A, 0]x[A, 1] = [A%,1] = [I, 0], the identity in Ko(C'(H, ). Moreover,
in the case that A is invertible and A™' is an integer matriz (ie det(A) = +1),
[A,1] =[A71,0].

Definition 4.19. Let R be the subring of Ko(C(H,«)) generated by [A,0], [A,1].
In other words, generated by the elements which realize the automorphism o, on

Ko(S(S, 0, P)), Ko(U(S, 0, P)).

We are now ready to state the main result of this section, which says that in a
certain sense, Ko(S(X, 0, P)) and Ky(U(X2, 0, P)) are dual.

Theorem 4.20. Let Homg(Ko(S(X,0,P)), R) be the set of all (right) R-module
homomorphisms from Ky(S(3,0, P)) to R. Then Homg(Ky(S(X,0,P)),R) has a

natural left R-module structure, and
Hompg(Ky(S(2,0,P)),R) = Ko(U(Z,0,P))

as left R-modules.

Remark 4.21. Similarly Homgr(Ky(U(X,0,P)),R) = Ko(S(X,0,P)), as right R-

modules.

The proof of proposition 4.20 is fairly long, so we have broken it down into a

number of Lemmas.

Lemma 4.22.
R=(Z[A] xN)/ ~

where Z[A] is the set of all polynomials in A with integer coefficients, and ~ is the

restriction of the equivalence relation on Ko(C(H,a)).
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Proof: As (Z[A] x N)/ ~ is clearly a subring of Ky(C(H, «)) containing [A, 0] and
[A, 1], it suffices to show that [A, 0], [4, 1] generate it.

First, [A,0] = [A,1] = [1,0], and [A,0]" = [A",0] so closure under addition then
shows that, for any p € Z[z], [p(A),0] € R. Now notice that

[A7 1] * [Av 1] = [A272] = []a 1]7
and, for any p(A) € Z[A], N € N
[I,1] * [p(A), N] = [p(A), N + 1].

So, by induction, [p(A), N] € R for all p(A) € Z[A], N € N. O

Remark 4.23. From the description of R in Lemma 4.22 it is clear that R is con-
tained in the center of the ring Ko(C(H,«)), Z(Ko(C(H,))). In fact, in many,
but not all, cases R = Z(Ky(C(H,«))). See section 4.4 for further description of
Z(Ko(C(H,))) and examples where these two subrings are not equal.

The following Lemma sharpens our description of R

Lemma 4.24. Let A have minimal polynomial p(x) = x'(z* + ap_12% 1 + -+ + ay)
(so p has degree k + 1, and 1 is the multiplicity of 0 as a root), and let S(A) =
spang{I, A, ..., A¥=1} then

R=(S(A) xN)/ ~ .

Proof: First notice that the minimal polynomial of A has integer coefficients. That
the characteristic polynomial is monic and has integer coefficients is immediate. We
then notice that the minimal polynomial is a factor of the characteristic polynomial
and recall that a monic polynomial over the integers that factors over the rationals
must factor over the integers. In light of Lemma 4.22 it suffices to show (S(A) x
N)/ ~= (Z[A] x N)/ ~. Clearly (S(A) x N)/ ~C (Z[A] x N)/ ~. Now suppose
[X, N] € (Z]A] x N)/ ~, we show that [X, N] € (S(A) x N)/ ~. Since X € Z[A] and
since the degree of the minimal polynomial of A is k+1, we know X = ¢4, AR 4
Cpp1—2 AFTI=2 ... 4 ¢oI. By linearity, it suffices to prove the the result for X = A for
0<i<k+0—1 Nowifi<k—1,then X = A’ € S(A) so [X,N] € (S(A) x N)/ ~.
We now complete the proof by induction. Fix j such that £k < 7 < k+1—1 and
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suppose the result holds for all ¢ < j. If X = A’ then

(X, N] ARHT AT ARG N 4 |4 ] — ]
AMFAMS N 4 k41— ]

[
[
= [A(=ap A" — o —ag) AP N k1 ]
[
-

= [AMT (—ap AT — o — g ATTRYARTIT N k41— ]
= [~ap AT~ —agATTE N

so we have reduced the X = A’ case to the case where all powers are strictly less
than 7. Thus by induction, the result holds for all powers of A. In other words
[X,N] e (5(A) x N)/ ~ and

(5(A) xN)/ ~= (Z[A] xN)/ ~= R

m
The next Lemma shows that, in a certain sense, the description of R in Lemma

4.24 is as good as we can do.

Lemma 4.25. [c;_1A* 1+ - + ¢y, N] = [0,0] if and only if c; = 0 for all 0 < i <
kE—1.

Proof: If ¢; = 0 for all 4, then clearly [cy_;A* ! + -+ + ¢oI, N] = [0, N] = [0,0].
Now suppose [cp_1 AL + - 4 ¢oI, N] = [0,0]. In other words, there exists m such
that (cy_1 A¥ 1 + -+ + o) A?™ = 0. But since [ is the multiplicity of 0 as a root of
the minimal polynomial, it must be true that (c,_1 A* 1 4+ -+ + ¢oI)A' = 0. So we
have cj_;_1 A1 4 ... 4 gAY = 0. We recall that the minimal polynomial of A has
degree k+1, so { A= ARH=2 00 AL s a linearly independent set, and we see that
all the ¢;’s equal 0. O

Lemma 4.26. Let ¢ € Homp(Ky(9), R), there exists z € Z#V () (considered as a
column vector) and N € N such that, for each [v,n] € Ky(S),

olv,n] = VA 2 AR L0 AN (A4 a1 1)z AM? +
+ AN (A fap AR+ agD)2], N+ nl.

We denote this homomorphism by (. N -
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Proof: Let {v;}77?) be the standard basis for Z#V(@ and fix p € Homp(Ko(S), R).
For each i consider ¢[v;, 0] = [X;, N;| where N; is the least integer in the equivalence
class. That is to say, if [Y, M| = [X;, V;] then N; < M. Now define

N =max{N; | 1 <i < #V(G)}.

So for all v € Z#V(@ we can write ¢[v,0] = [X,, N] for some X, € S(A). Now
recall that [v,n] * [A,1] = [v,n + 1], and [X,, N] x [A4,1] = [X, A, N + 1], and ¢ is an

R-module homomorphism. So
elv,n] = ¢ ([v,0] % [A,1]") = ¢[v, 0] * [4,1]" = [X,, N| ® [4,1]" = [X, A", N +n].

This shows that the number N is important data in describing ¢ and that ¢ can be
described completely by its restriction to S(A) x {0}. Also, for any [v,n] € Ky(S),
plv,n] = [Y,, N + n] for some Y, € S(A).

Recalling that S(A) is spanned by {I, A, ..., A*~!} and that ¢ is a group homo-

morphism, we see that ¢ must be of the form
olvi, 0] = [(zh-1)i A"+ (z—2)i AV 2 + -+ (m0)i], N,

for some integers (zx_1)s, ..., (20);. It then follows from linearity that for v € Z#V()
we have
©[v,0] = [vrp_ APt vz AFE 4o o, N,

where z; € Z#V() is a column vector for each 0 < i < k — 1.
We now use the fact that ¢ is a module homomorphism to impose conditions on
the x. First, notice that [v,0] * [4,0] = [vA, 0], and [X, N] % [4,0] = [X A, N]. Now,

from above

©[vA, 0] = Az, 1 AP FvAxy, o AFE 4o vADl, N



but, since [vA, 0] = [v,0] * [4, 0] and ¢ is a module homomorphism we have

QO[UA’ 0] = @([va O] * [A7 0])
= 90([7]7 O]) * [A7 0]
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Comparing coefficients of like powers of A in these two expressions for p[vA, 0],

and noting that v € Z#V(©) was arbitrary, we see (in light of Lemma 4.25) that

Lp—2 — Ap—1Tg—1

Tp—3 — Ap—2Tk—1

Ty — Q1Tg—1

—aoTk—1

or

Tpeo = (A4 ap_1l)rp

Axp_y

Axy_g

ASCl
ALC(),

Try = (Azp_o+ ap_omp1) = A A* + ap1 A+ ap_o])xp

rg = (Azi+a1zpq) = Al(Ak_l +ap_1 AP 4 4 arl)xg_q
(—aoxk_l) = (Ak + ak_lAk_l + -+ (IlA)QTk_l.

So if we let z = x;_1 we have

©[v,0] = wzAF oA+ ap D)zAY 2 4 (A g A2 o D)2 N
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Now consider

wlo, 1] = ¢([v, 0] + [4,1])
= [z A" (A +ap 1) zAF? + -
+ (AR ap AR a1zl N [A ]
= [z AP 4 v(A + ap D)2 A o (A AF2 a1 2A N 4 1),

Expanding this expression using [AX, N + 1] = [—ap_1A* ' — ... —agl, N + 1] and

simplifying we are left with

SO[U, 1] = [UAZAk_l + UA(A + ak_ll)zAk—z ..
+ 'UA(Akfl + ak;flAk72 + .+ &11),2[, N + 1]’

Similarly, we can show inductively that

plv,n] = VAP 2AF ! 4 v AN (A + a1 1)zAM 2 4
+UA”(A’€*1 + ak,lA]ﬁz S alf)zI,N+n],

We denote this homomorphism ¢, n). O

Lemma 4.26 shows that each ¢ € Homp(K(S), R) is of the form ¢, x) for some
(z,N) € Z#V( x N. Tt is also clear that each (2, N) € Z#V(@) x N gives rise to
0Ny € Homp(Ko(S), R) and that ¢ n) + ©w,n) = @4w,n)- 1t remains to be be
determined when ¢, ny = Q).

Lemma 4.27. Let z, w € Z#*V(@ N < M € N. ¢ n) = @ if and only if there

exists m € N such that A2m+M=N), — A2my,
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Proof: First suppose there exists m € N such that A2MmTM-N)y — A2y Let

k=m+ M — N, then for all [v,n] € Ky(S)

Penvn] = A A 4 AN (AR 4 AP 4+ ag D) 2D N + )
= [A%F(pA"z AR 4.
+ A" (AR ap AR a0 2D), M+ m o+ n
= [ATAZF AR
+ oA (AR ap AR a D) AP M 4 m )
= [vA" AP AR
+ A" (A 4 @ AR a D) AP0 M+ m+ n)
= [A?" (v AMw AR -
+ A" (A a4 AR Dwl), M+ m + n)
= [A"wAR 4w A(ART L AMTR o a DwI, M+ )

= P(w,M) [U> n] .

Now suppose ¢.,n) = ©(w,m), for each [v,n] € Ko(S) there exists m € N such
that

A2(m+M7N)(UAnZAk*1 N UA"(Akfl + ak,lAkf2 + -4 ay)zI)
_ A2m(UAnwAk—1 + -4+ UA”(Ak_l -+ ak_lAk_Z + -+ CLII)U)I>7

However, as [ is the multiplicity of 0 as a root to the minimal polynomial of A,
AHIX = AMIY if and only if A'X = A'Y, so we can replace m by [ to get an

expression which is valid for any [v,n|. This becomes

[ AT A2HM=N) AR A (AR oy AR D AP M N AT M4 140
= A" AW AR 0 AN (AR o AR D) APl M+ 1+ n).

Comparing the coefficients of A*~!, in light of Lemma 4.25, we see that
UAnA2(l+M_N)Z _ UAnAQZUJ

for any v € Z#V(@) 5o
AnAQ(l+M—N)Z — AnAglw.



91

]

Corollary 4.28. Hompg(Ky(S), R) is equal to the limit of the following inductive
system

TH#V(G) AL Gav(e) A gavai A L

In other words
Homp(Ky(S), R) = (Z#V (@) x N)/ ~y

where, for N < M, (z,N) ~o (w, M) if and only if there exists m € N such that
AQ(erMfN)Z — A2my,.

Proof: Follows immediately from Lemma 4.27 and the comments following Lemma
4.26. O

We are now ready to prove our main result.

Proof of Theorem 4.20 To prove that Hompg(Ky(S),R) = KyU) as left R-

modules we use the characterizations
Hompg(Ky(S), R) = (Z#V (@) x N)/ ~y

and
Ko(U) = (Z#V 9 x N)/ ~y

where, for N < M, (2, N) ~y (w, M) if and only if there exists m € N such that
AMFM=Ny — Amqy. For (2, N) € Z#V(@) x N we denote the equivalence class under
~s9 by [z, N]s, and the equivalence class under ~ by [z, N;.

Let [z, N]o € Homg(Ko(S), R), [w, M]; € Ko(U). Consider the maps

¢ Homp(Ky(S),R) — KyU), and
Y Ko(U) — Homg(Ky(S),R)

given by

¢lz,N]a = [z,2N]y,

{ [w, 2], if M even
[

M) =
vhw, Ml Aw, A1), if M odd,
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Note that the second part of the above definition of ¢ is simply the first part of the
definition applied to [Aw, M + 1] = [w, M].

We first show that ¢ is a well defined group homomorphism. Let [z1, N1]o, [22, Na]o
be in Hompg(Ky(S), R). To show ¢ is well defined it is enough to consider [z1, Ni]s =
[Azy, Ny + 1]s.

Qb[Zl, N1]2 = [21,2N1]1 = [A22172N1 + 2] = Qb[AZl,Nl + 1]2
Now, WOLOG assume N; < Ny, then

olz1, N1)a + Plze, Nolo = [z1,2N1]1 + [22, 2N2]4

= [AZ (N2=N1) 21 2Ns]y + [22, 2N
[A2N2=ND 5 4 20 9N

= QAP N2 4 25 Ny

= @([AM Nz Noly + [22, Noa)
= ¢([z1, Ni]2 + [22, NoJ2).

So ¢ is a well defined group homomorphism. We now show that ¢ is an isomorphism

of groups by showing that 1 = ¢~ .

Y(9[z, Nl2) = [z, 2N]1 = [z, N].

Now, for [w, M];, assume M even, otherwise consider [Aw, M + 1];.

B(lw, M1y) = 9lw, F1a = w, M),

So 1) = ¢! and ¢ is a group isomorphism. All that is left to check now is that ¢
respects the R-module structure. As R is generated by [A,1] and [A, 0] is suffices
to check only these two elements of R. Fix ¢ N, € Homp(Ko(S),R), then for
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[v,n] € Ko(S) we have

[A, 1] % o N, [v, 1] = v, ([0, 1] % [A,1])
= QLN [V, 1+ 1]
= [pAMT AR
+ oA (A o AR D)2l N 041
= A" Az AR
+ A (AR pap AR g D) AZI N + 1+ 1)

= QlAz,N+1]s [V, 1]

similarly

[A, 0] * e v, [0, 2] = 912wy, ([0, 1] * [A, 0)
= Q2N VA, 1)
= [pA"TizAR
+ oA (AR fap  AM2 D)zl N+
= [pA"AzART 4
+vAM (AR fap AR+ ag 1) AZIL N + 1)

= SO[Az,N]Q[Ua n]

So on Homp(Ky(S), R) = (Z#V(®) x N)/ ~y the R-module structure is given by

[A,1] % [2,N]s = [Az, N + 1]s,
[A,0] % [z, N]s = [Az, N]s.

Now
[A, 1] % @[z, N]o = [A, 1] [2,2N]; = [A2z,2N +2]; = ¢[Az, N+ 1]y = ¢([A, 1] % [z, N]a),
and

[A,0] x ¢|z, N|o = [A, 0]  [2,2N]; = [Az,2N]; = ¢[Az, N]s = ¢([A, 0] * [z, N]2).

So ¢ is an isomorphism of R-modules. O

We conclude this section by presenting one more characterization of the ring R.
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Proposition 4.29. Let (X,0) be a SE'T with adjacency matriz A. Let the minimal
polynomial of A be ma(x) = 2t (2* + ap_12* 1 +--- +ag). Let R be the subring of
K.(C(H,«)) described above. Then

R=Zx, 27"/ < palx) >,
where pa(x) = 2% + ap_ 121 + -+ a.

Proof: Consider the map ¢ : Z[x,z7'] — R given by ¢(p) = p([A,0],[A,1]). ¢ is
clearly onto, so to prove the claim we need only show that ker(¢) =< pa(z) >. First

notice that
pa([A,0]) = [pa(A),0] = [A'pa(A) A", 1] = [ma(A) A, 1] = [0,0].

So < pa(z) >C ker(¢p).
Now suppose p € ker(¢), where

plz,z7") = i cix'.

i=—m

p(x,z7) is in ker(¢) if and only if 2™p(z,27') = S 17" ¢;p2’ € ker(¢). So it
suffices to consider elements q(z) € ker(¢) of the form ¢(z) = c,2™ + -+ + co. We
then have ¢([A,0]) = [0, 0], or

[(cnA™ + -+ 4 ¢ol),0] = [0,0].

Lemma 4.25 then implies that either ¢; = 0 for all 0 < ¢ < n, in which case ¢ =0 €<

pa(z) >, or n > k. Furthermore, we have that, for some m
A (A" 4 -+ ol )A™ = AMOA™ =0,
but, as [ is the multiplicity of 0 as a root of the minimal polynomial of A, we have
Ay A" 4 -+ o) = 0.

So the minimal polynomial m4(x) = 2!(z"+ax_12* 1 +- - -+ag) must divide the poly-

nomial z!(c,x™ + - -+ + ol ), and hence pa(z)|q(z). In other words q(z) = f(x)pa(x)
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for some f € Z[z,x7'] and q(z) €< pa(x) >. Therefore, ker(¢) =< pa(z) > and

R2Z[z,v7')) < pa(z) > .

4.3 Shift Equivalence

In this section we show that two SF'T's with shift equivalent adjacency matrices have
isomorphic ring/module structures of SETs. Recall from Defn. 2.28, that A and B
are shift equivalent with lag k if there exist R and S such that

RS = A*
SR = B*
AR = RB
SA = BS

Remark 4.30. Suppose A and B are shift equivalent with lag k, with R, S as in
Defn. 2.28. Then

(AR)S = A(RS) = Ak
S(AR) = SRB = DB+
A(AR) = A(RB) = (AR)B
SA = BS

So A and B are shift equivalent with lag k 4+ 1, where the equivalence is implemented
by AR and S (there are other choices that would also work, for example, R and BS).

Definition 4.31. For SFTs (¥a,04) and (Xp,0p) with adjacency matrices A, and

B respectively, we say
(K.(C(Ha, @), Ko(Sa), Ko(Ua)) = (K (C(Hp, ap)), Ko(Sp), Ko(Us))

if there exist ¢y, ¢s, ¢y such that
1. ¢ K.(C(Ha,a4)) — K.(C(Hp,ag)) is a ring isomorphism.

2. ¢s: Ko(S(Xa,04)) = Ko(S(Xp,085)) is an order isomorphism.
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3. v Ko(U(Xa,04)) = Ko(U(Xp,08)) is an order isomorphism.

4. For all h € K, (C(Ha,an)), s € Ko(S(Xa,04)), u € Ko(U(X4,04)) we have
ds(sxh) = os(s)* pp(h) and oy (h*u) = ¢ (h) * oy (u).

By an order isomorphism we mean an order unit preserving, positive group isomor-

phism. (see section 2.4).

Theorem 4.32. Let (X 4,04) and (Xp,0p) be SFTs with adjacency matrices A, and
B respectively. If A and B are shift equivalent, then

(K.(C(Ha, @a)), Ko(Sa), Ko(Ua)) = (K(C(Hp, ap)), Ko(Sp), Ko(Us)) -

Proof: Suppose A ~gp B with R, S and lag k as in Defn. 2.28. Without loss of
generality we assume k is even (see remark above). From section 7.5 of [16] we have
that ¢g, ¢y defined by

6slo. N = [oR, N+ 5] gulw, M) = [Sw, M + 1]

are the desired order preserving group isomorphisms. Now for [ X, N|+[Y, M+B(A)] €
K. (C(Ha,aa)) define

ou([X,N]+[Y + B(A),M]) = [SXR,N + g] + [SYR+ B(B),M + g].
Notice that if XA = AX then
SXRB =SXAR=SAXR=BSXR
and if Y = AZ — ZA € B(A), then

SYR=SAZR — SZAR = BSZR — SZRB € B(B),

so ¢p is well defined. It is also clear that ¢y is a group homomorphism. We now

show that ¢y is a group isomorphism by exhibiting an inverse. Consider the map

Yu - K(C(Hp, ap)) — K.(C(Ha, aa))
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defined by

Yu([X',N'l +[Y' + B(B), M']) = [RX'S, N + S] +[RY'S + B(A), M’ + S].

The same argument as above shows that ¢y is a well defined group homomorphism.

Now for
[X, N] + [Y,M + B(A)] c (K*(C(HA,(J&A))
we have
Yy ooy([X,N|+[Y + B(A), M]) = ¢Yy([SXR,N + g] +[SYR+ B(B),M + g])
= [RSXRS,N + k] + [RSYRS + B(A), M + k]
= [A*X A" N 4+ k] + [A*Y A% + B(A), M + k]
= [X,N]+[Y + B(A), M|
and for
[X/,N/] -+ [Y/ -+ B(B),M’] € K*(C(HB,O[B))
we have
Surtn (X' N4+ B(B). M) =6u([RX'S, N+ 1] + [RY'S + B(4). ' + 1)

=[SRX'SR,N' + k] + [SRY'SR + B(B), M’ + K|
=[B*X'B* N' + k] + [B*Y B* + B(B), M’ + K]
=[X',N'| +[Y' + B(B), M"].

Thus vy = ¢5 and ¢y is a group isomorphism. We will now show that ¢y is
a ring isomorphism. Fix [Xi, V1|, [Xo, No] € Ko(C(Ha,aa)), Y + B(A),M] €



Ki(C(Ha, aa)), then

ou ([ X1, Ni] * [ X2, No))

and

¢u([X1, M|+ [Y + B(A), M])
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ou[X1X2, N1 + Ny

k
[SX1XoR, Ny + Ny + 5]

[B2SX,XsRB?, Ny + N» + k]
[SA2 X, XA R, Ny + Ny + k]
[SX1A*X,R, Ny + Ny + K]
[SX1RSX,R, Ny + Ny + k]
[SX:R, N, + g] « [SXoR, Ny + g]
oul X1, Ni] * ¢ [Xo, No]

op[X1Y + B(A), Ny + M]

k
[SX1YR+ B(B),N; + M + 5]

[B2SX,YRB® + B(B), N, + M + k]
[SA2 XY AR+ B(B),N; + M + k|
[SX1A*Y R+ B(B), N, + M + k]
[SX,RSY R+ B(B),N, + M + k]

k k

ou[X1, N1] * oY + B(A), M].

The calculation ¢y ([Y + B(A), M| x [ X1, N1]) = ¢u[Y + B(A), M] * ¢y[X1, V] is

completely analogous. We have thus shown that ¢ is a ring isomorphism.

Finally, we must show that ¢y, ¢g, and ¢y preserve the module structure. Fix



X, N] € C(Ha, an), [v, M] € Ko(S(£4,04)), and [w, K] € Ko(U(4,04)), then

¢S([U7M] * [Xv N])

Similarly

¢U([X7 N] * [va])

bs[vX, M + 2N]
k
[vXR, M + 2N + =]

2
3k
[vXRB* M + 2N + 5]

[WXA*R, M + 2N + %}
[WA*XR, M + 2N + %]

k
[WRSXR, M + 2N + 37]

[vR, M + g] * [SXR, N + g]
os[v, M] x o[ X, NJ.

ds[Xw, K + 2N]

SXw, K +2N + 5]

2
3k
[B*SXw, K + 2N + 7]

[SA*Xw, K + 2N + %}
[SX AFw, K + 2N + %}

k
[SX RSw, K + 2N + 37]

[SXR,N + g] *[Sw, K + g]
(bH[X, N] * ¢U[w,K]

So the module structure is preserved and

(K.(C(Ha, aa)), Ko(Sa), Ko(Ua)) = (K. (C(Hg, a5)), Ko(Ss), Ko(Us)) ,
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4.4 Examples

4.4.1 Example 1

We begin with an example in which the ring Ko(C'(H, «)) is non-commutative. Con-
sider the SFT, (¥, 0) with adjacency matrix

N

Il
_ =N
— N
N =

We can immediately compute the K-theory of the algebras S(X, o, P) and U(X, 0, P).
Ko(S(3, 0, P)) is the limit of the following inductive system:

v—vA v—vA

73 73 73
Fix a basis for Z> as follows.
v = [1 -1 0]
Vg = [0 1 — 1]
v = [100]
Now notice that
”UlA = [1 —1 0] = U1
’UQA = [O 1 — ]_] = V2
U3A = [2 1 ].] = 4’03 - 27)1 — Vg

So the subgroup generated by v, vy is invariant for the automorphism v — vA, and
moreover,

lim < vy, vy >=< vy, 09 >= 72,

and this is a subgroup of Ky(S). Moreover,
Ko(S(%,0,P))/7* = 1im(Z°/7*) = Z[1/4)].
In other words we have the following exact sequence of abelian groups

0—> 72— Ko(S(%, 0, P)) —=Z[1/4] —=0 .
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We can also write, as in exercise 7.5.2 of [16],
Ko(S(E,0,P)) ={rw+svy +tvy jlw=[111], s, t € Z/3, r+t, r—s € Z[1/4]}.

As A is symmetric, Ko(U(X%, 0, P)) = Ko(S(2,0, P)).

We now compute Ko(C'(H, «)). First note that the centralizer of A, C'(A), is equal
to the centralizer of the matrix with 1’s in every entry (ie the matrix A — I). The
centralizer of this matrix is easily seen to be the set of matrices with the property
that all of the column sums and all of the row sums are equal. It is straightforward
to check that the set of matrices { X, ..., X5} below span C(A).

0
X4=10
0

We then consider the inductive system
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We notice that

1 -1 0
AX(A = | -1 1 0| = X1 =AX,=X,A
0 0 0]
o1
AXobA = |0 -1 1 = X, =AX, = X,A
L O O .
[0 0 0]
AX3A = 1 -1 0| = X3=AX;=X;3A
-1 1 0]
0 0 0 ]
AXuA = |0 1 -1 | = X, =AX, =X,A
0 -1 1 |
6 5 5
AIA = 5 6 5 = 16X5 — 10X, — 10X, — 5X, — 5X5.
55 6

So we again have an exact sequence of abelian groups:
0—2!— Ko(C(H,a)) —=Z[1/2] —=0

We now compute the product structure for Ko(C(H, ). As AX;A= X, forl <i:<4
we have [X;, N] = [X;,0]. Now for i,j € {1,2,3,4}, we compute

[Xi, 0] % [X;,0] = [X;X;,0]
[I,N] = [X;, M] = [X;,N+ M]=[X;,0]
LN« M] = [I,N+ M].

The subgroup < X, Xs, X3, X4 >= Z* is in fact an ideal. Computing the products
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X, X; we get the (non-commutative) multiplication table for the ideal:

XX | X X,
X 2X) | 22X, | X1 | - X,
Xo | =X | —Xo | 2X; | 2X,
Xg| 2X5 | 2X, | = X5 | =X,
Xa| = X5 | —X4 | 2X5 | 2X,

We notice also that the quotient Ko(C(H,«))/Z* = Z[1/2] is a ring with the
usual product on Z[1/2]. This can be seen by noticing that under the isomorphism
[1,0] 4+ Z* ~— 1. Tt then follows that I, N] 4+ Z* — zx Now from above we see that

1 1 1

([I,N]+Z4)*([I,M]+Z4) = [X57N+M]+Z4: 42N+2M . J2N j2M°

We now consider Ky(.S) as a module over the ring R as in section 4.2. The minimal
polynomial of A is ma(x) = 2? — 5z + 4, so as in Prop. 4.24, the ring R is the limit

of the following system

where S(A) = spanz{I, A}. In this particular case, it will be more convenient to
write S(A) = spanz{A — I, A}, this is because

AA-DA = 16(A-1T)
AA)A = 20(A—1)+ A

Furthermore
[A—I, N« [A—I,M]=[3(A—-1),N + M|,

so we have the following exact sequence.

0 Z[5] R Z 0

where multiplication on the ideal Z[1] is given by

a b 3ab

24n  94m - 24(n+m)
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We can write this ring a more familiar form by noticing that the map ¢ defined by
¢[A — I,N] = 3-27*N gives an isomorphism with the ring 3Z[}], with the usual
product.

Now, for [v, N] € Ko(S(%,0,P)), [2,2M] € Ko(U(X%, 0, P)) we have

[Z,QM] — (,0[;]\/[] € HOmR<KO(S<270-7 P)7R)

and
erv, N = [vAN2A + vAN(A — 51)2I, N + M|

4.4.2 Example 2

In the previous example, the ring R that is generated by the action of « is also
the center of Ko(C(H,«)). We now show that while it is always true that R C
Z(Ko(C(H,«))), the containment can be strict. We provide two examples in which
R # Z(Ky(C(H,«))), one in which Homz(Ky(S(X, 0, P)), Z) is isomorphic to Ky(U),
and one in which it is not.

Let us first describe the center of the ring Ko(C(H,«)). The following is a well
known result from linear algebra (eg pg. 113 of [10]).

Lemma 4.33. Let A be an N x N matriz over a field F, the set of matrices that
commute with A, C(A), is a subring of My (F). The center of the ring C(A) is F[A].

In other words, the double commutant of A is exactly the set of all polynomials in A.
We can now describe the center Z = Z(Ky(C(H, a))).

Lemma 4.34. For A € My(Z), C(A) as above, the center of C(A) is Q[A]NMny(Z).
We denote this by Z(A).

Proof: We use Lemma 4.33 with the field Q. We use Cz(A) and Cp(A) to distin-
guish between the integer matrices that commute with A, and the rational matrices.
First suppose X € My(Z) commutes with all Y € C%(A). Then for each Y’ €
Co(A) there exists r € Q and Y € Cz(A) such that Y’ = 7Y, thus X commutes with
all Y € Cg(A), so X € Q[A4].
Now suppose X € Q[A] N My(Z). X commutes with all Y’ € Cgp(A) and hence
with Y € Cz(A). O
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Proposition 4.35. Let (X,0) be a SFT with adjacency matriz A. The center of
Ko(C(H,)), Z, is the limit of the following inductive system.

Z(A) YA z(4) AL
Proof: Suppose [X,n| € Z, so for any [Y,m] € Ko(C(H,«a)), [X,n] *[Y,m] =
[Y,m] % [X,n]. In particular

(XY, n+m]=[YX,n+m),

so for some k we have XY A?* = Y X A%k, Moreover, if the (algebraic) multiplicity
of 0 as an eigenvalue of A is [, we can choose k above such that k <[ (can actually
do 2k < I). So for all Y € C(A) we have XY A% = Y XA%. Rewriting this as
A'XAYY =Y A'X A and recalling that this holds for all Y € C'(A) we see that A'X A’
is in the double commutant of A. Now by Lemma 4.34 we have A'X A' € Z(A) and
hence [X,n] = [A'X Al n+1] € lim_, Z(A). So we have shown Z C lim_, Z(A).

Now suppose [X,n| € lim_, Z(A) and let [Y, m] € Ko(C(H,«)). Then

(X,n|*[Y,m]|=[XY,n+m]=[YX,n+m|]=[Y,m|® [X,n],

where the middle equality holds since X € Z(A) and Y € C(A), so XY =Y X. Thus
[X.n] € Z, and lim_, Z(A) C Z. Thus Z = lim_, Z(A). O

We now give an example in which Z # R, but we still have an isomorphism
HOmz<K0(S)7 Z) = K()(U)

Example 2(a) Consider the SFT with adjacency matrix

A:[;j].

As in our first example, C'(A) consists of all matrices with equal row and column
sums. C/(A) is spanned by I and 1(A — I). The minimal polynomial of A is ma(z) =
x? — 2z — 3 which is also the characteristic polynomial of A, thus C'(A) = Z(A). We

also notice that

A%(A —DNA= %(A?’ — A% = %(5/1 +3I) = %(A —I)+2A+ 21,
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so [5(A—1),0] # [X,N] for any [X,N] € R. Le. Z # R.

We now show that Homz(K(S),Z) = Ko(U).

As is the proof of Lemma 4.26, we can show that, for ¢ € Homz(Ky(S), Z) there
is z € (Z/2)%, N € N such that

olv,n] = [VA"zA + vA"(A — 21)zI, N + n],
with the extra condition on z that
vA"z +vAY(A—-20)z € Z

for all v € Z?, n € N. However, a quick check shows that this is satisfied for any
z € (Z/2)?*, and as in Cor. 4.28 have that Homz(Ky(S), Z) is the inductive limit of
the following system.

(2205 (22—

Now, the isomorphism ¢ : Homz(K(S),Z) — Hompg(Ky(S), R) is simply given
by
¢lz,n] = [22,7].

Thus
Homz(Ko(9),Z) = Homg(Ky(S), R) = Ko(U).

In the next example Homyz(Ko(S), Z) # Hompg(Ky(5), R).

Example 2(b) Consider the SFT with adjacency matrix

N

I
_ = O
=
S = Ot

As in example 2(a), the characteristic polynomial is equal to the minimal polynomial,

ma(z) =2° — T2 —6 = (v + 1)(z +2)(z — 3).
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Now

%(AMA) _

— =W
— =W
w w W

and Z(A) = span{I, A, 3(A* + A)}. Moreover

1 1

S0
Z =1lim Z(A) # lim span{I, A, A’} = R.

We now show that Homz(Ky(S), Z) # Homg(Ky(S), R). Let ¢ € Homz(K(S), Z),
there exists z € (Z/2)*, N € N such that

olv,n] = [VA"2A? + vA" T 2 A + v A" (A2 — TI)2I, N +n,
with the additional conditions on z that
vA"z +vA™ 2, and vA"(A* — 51)z are in Z.

One readily checks that the set of all such z is

1
2

Z = spang{ }=spanz{| 3 |,
0

O NI N
ik O NI=
= N= O

N N —_
= o= O
——

and Homz(Ky(S), Z) is the limit of

which is not isomorphic to Ko(U(3, 0, P)) as a left Z module. To see this, note
that any [z, N] € Homz(Ky(S), Z) can be written as [z, N] = [z,0] * [AY, N], so we
restrict to looking at elements of the form [z,0]. Suppose ¢ : Homz(Ky(S),Z) —

Ky(U(X,0,P)) is a module homomorphism, we show that it cannot be an isomor-
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phism. Let uy, ug, us denote the three vectors in the second description of Z above.

Aul = —ui,
AUQ = 3U2,
Aus = 3uy — 2us.

Now suppose (¢[u;, 0]) = [v;, n] (we can choose equivalence class representatives such

that n does not depend on i), we know that
[Avy,n] = v, n] % [A,0] = (Plug, 0]) * [A, 0] = ¢[Auq, 0] = [—vy,n].

Now, as vy € Z3, and Av; = —v; we must have v; = [I —1 0], or an integer multiple
thereof. We similarly find that [Ave, n] = [3vq, n|, which implies v, = [2 1 1]. Finally

[Avs, n| = [3vg — 2v3, n] from which it follows that

-3
vs= 1|0 | +k 1 for some k € Z.
1

A quick check shows that there is no choice for k such that [1 0 07 € spang{vy,vs, v3},

which is to say
0 |,n| ¢image(o)

and hence ¢ is not an isomorphism.

To summarize, we have shown that the subring R generated by the action of
a need not equal the center Z = Z(Ky(C(H,«))), and moreover, when R # Z,
Homyz(Ko(S(X,0,P)), Z) is isomorphic to Ko(U(X, o, P)) in some, but not all cases.
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Chapter 5
Measures and Traces

Recall from section 2.2.3 the Bowen measure and its description as a product of
measures supported on stable and unstable sets. In this chapter we discuss how inte-
gration against these measures defines traces on the algebras S(X, ¢, P), U(X, ¢, P),
H(X, ), and C(H,«). Furthermore, we show that the trace is a ring homomorphism
from Ky(C(H, o)) into R and that it respects the module structures of Ky (S(X, ¢, P))
and Ko(U(X,p, P)) over Ko(C(H,a)). A key tool will be the resolving maps de-
scribed in section 2.2.2. We begin with a concrete description of the measures of
interest in the SFT case, and some results on how we may use resolving maps to

describe the measures on a general irreducible Smale space in terms of the SFT case.

5.1 Measures

In this section we review the definitions and constructions of the Bowen measure for
an irreducible Smale space (see section 2.2.3). We start with a SF'T, in which case
we can explicitly write down the Bowen measure p, as well as the measures p° and
1" which we defined in section 2.2.3. We then use resolving maps and the results of
section 2.2.2 to describe these three measures for more general Smale spaces. We also

provide a new construction of the Bowen measure arising from homoclinic points.

5.1.1 Measures for SFT

For an irreducible SFT, (X, 0) with N x N adjacency matrix A and graph G, we can

explicitly write down the measures py, 1%, and py, which we defined in section 2.2.3.
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In this case the measure uy is often called the Parry measure or the Shannon-Parry
measure. See for example, [12], [5], or [29] for more on the Parry measure.

From the Perron-Frobenius Theorem (eg. Thm. 4.2.3 in [16]), there exists an
eigenvalue A of A such that

1. A >0, and A > ||, where X is any other eigenvalue of A.

2. The multiplicity of A is one, so there is a unique (up to a scalar) right (column)
eigenvector associated with A, which we will denote w,. Furthermore u, > 0

(componentwise).
3. Similarly there exists a unique left (row) eigenvector u; > 0 associated with A.

(recall from section 2.2.1 that log(\) is the topological entropy). We normalize w,

and u; such that the inner product wu, = >, w(i)u,(i) = 1. The vector

p=(w(Du,(1),...,4(N)u.(N))

is a probability vector and the matrix
Py = A" Agu(j)u (1)~

is stochastic. In other words, P;; gives the probability that the (n + 1)th vertex in a
path on G is vertex j, given that the nth vertex is ¢. Now, since there are A;; edges
from vertex ¢ to j, given an edge £ with i(§) = i, t(§) = j the probability that the
the vertex i is followed by the edge ¢ is

~ Py . .
Pij = A_ZJ] - A_lur(j)uT@)_l‘
For completeness we define ]5ij to be 0 whenever A;; = 0.
Now for k <l and £ = (&,...,&) a path of length (I — k4 1) in G, we define the
cylinder set

Uk, 1,&) ={z € X |z =¢&, forall k <i <},
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We then define the measure on a cylinder set by

N(U(k’ L 5)) = p<i(ék))B(fk)vt(gk)‘Pi(fk+l)7t(fk+l) T Pi(ﬁl)at(ﬁl)
= N (i) )u (0(6r) un (80 ) (1(Ex)) " - - (&) Jun (8(&))
NN (i) un (8(&)).

In particular, for the set V;,,, ., () we have

(Vioi0;(6)) = A i (0 (7).

Recalling the local product structure on X, we have V,, . ,;(§) = V77, () x Vi, ().
Where

Ve = {zeX|x=¢foralli > —n}
Ve (&) = {xeX |z, =¢ foralli <n}

We are now ready to define the measures p*¢ and p*¢. We have

P (Vi (6)) = X (i)
and

pE (Vi (€) = A" (9).
Moreover, for any = € V,, ., »,(§) we actually have

PV (8) = A (1)

and
1 (Vi (€)) = A" ur(5).

So, in particular, for any x € V;, 4, (§)

(Vioio; (§)) = 17 (Vi ()™ (Vi (€)) = A" (i)ur ()

It is straightforward to verify that these measures satisfy the conditions stated in

section 2.2.3.
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5.1.2 Irreducible Smale Space

We now wish to use the resolving maps to obtain the Bowen measure (and its stable
and unstable components) from the above description for a SFT.

Let (x,¢) be an irreducible Smale space. As in Cor. 1.4 of [21] we can find a
Smale space (Y,), a SET (¥,0), and factor maps m; : ¥ — Y, m : Y — X such
that

1. (3,0) and (Y, ) are irreducible,
2. m and 7y are almost one-to-one,
3. m is s-resolving and my is u-resolving.

As in section 2.2.3, we can obtain the Bowen measures on Y and X by pushing
forward the measure on Y. This only requires that m, my are almost one-to-one, not

that they are resolving. Let ps, p$,, and p3 be the measures defined above on the
SEFT. Then

1. for E C Y the Bowen measure on (Y, %) is uy (F) = us(r; H(E)),

2. for F C X the Bowen measure on (X, ) is pux(F) = puy (75 ' (F)) = ps((my 0
™)~ ().

We now wish to define the measures on the stable and unstable foliations in (Y, 1))
and (X, p), from ps, ps, m1, and mo. This is where it is important that our factor

maps are resolving. We begin by stating the following 2 results which are proved in
20], [21].

Proposition 5.1. Let (Y, ) and (X, ) be irreducible Smale spaces, and w:Y — X
be an almost one-to-one u-resolving factor map. If v € X with #=(x)={y1, Y2, - -, Yn}
then

(Vi) = V"),
i=1
and the union is disjoint. Moreover, for each 1 <i <n
7T|V”(yi) V(i) — V()

18 a homeomorphism.
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Proposition 5.2. Fory €Y, V¥(y) is totally disconnected.

Recall that sets of the form V*(y/, €), where ¢ € V*(y), € < €y form a neighbour-
hood base for the topology on V*(y). Similarly, sets V*(y/,€), v/ € V*(y) form a neigh-
bourhood base for the topology on V*(y), and sets of the form [V*(y/,€), V(¥ €)]
form a neighbourhood base for the topology on Y.

Lemma 5.3. Let (Y, ¢) and (X, ) be irreducible Smale spaces, and 7 :Y — X be an
almost one-to-one u-resolving factor map. Fizy € Y, the set {y € V5(y) | n(v/) =
7(y) for some § # y'} has p5, measure zero. In other words, m|ys(, is one-to-one 5,

almost everywhere.

Proof: As Y is compact, we may cover Y with a finite number of sets of the form
Ui = [V¥(2,0),V*(z,0)]. Fix U; and y € Uy, let A; = [V¥%(2,0),y], B; = [y, V*(2,0)],
so we can write U; = [A;, By].

Let S; = {y € V*(y,e)NB; | m(y') = 7(y) for some g # y'}. Since 7 is u-resolving,
the set U;N{y € Y | 7(y') = 7(2) for some z # y'} = [A;, S;]. Now, we know that 7

is 1-to-1 py almost everywhere, so
0= py([As, Si]) = py” (Aa) 1y (S5)-
We also know that
0 # py (Ui) = p ([As, Bil) = piy” (Ai) py” (Bi).-

So uy?(A;) # 0 and thus p3”(S;) = 0. The conclusion follows. O

Let (3,0), (Y,v), (X,¢), m1, and 7 be as above. Let x € X and V*(xy,0) C
Ve(z,€), V¥ (xe,d6) C V¥(z,€). Fixy € Y and U(y) C V¥(y) such that m(y) = zo,
mo(U(y)) = V*(x9,0). Define measures on V*(z), V*(x) locally by

P (Vo(@1,0)) = iy (my (Vi (21,9)))
px (V4(w2,0)) = my”(U(y))

Proposition 5.4. The measures defined above satisfy the conditions stated in section
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Proof: Let x € X and let B = V*(z1,0) C V*(z,¢€), A = V¥(x9,6) C V¥(x,¢). Fix

y €Y and U(y) C V*(y) such that m(y) = z2, m(U(y)) = V¥(x2,d) = A. We need
to show
1. For z close to =, uy"(A) = py ([A, 2])
2. p 7 (p(A)) = Ay (A)
3. jx([A, B) = p (A (B)
4. For z close to z, u%"(B) = p% ([, B])
5. 1 (p(B) = A7 (B).
1. We can find v/ € 771(2) such that 3 is 'close’ to y. Then,
p(A) = i (U ) = iy (U (), y') = 15 (r([U (), ')
but 7([U(y),y']) = [7(U(y)), 7(y)] and 7(U(y)) = A, n(y’) = z so we have
px"(A) = px*(r([U),y]) = px™ ([ (Uy)), 7 (y)]) = px™([4, 2).
2.
ui O (p(A) = 1 WU () = My (U () = Wi (4).
3. Recall that for any w € ¥, V¥(w) has a neighbourhood base which consists of

sets which are compact and open. Furthermore, any open set can be written
as a countable union of such basic sets which are pairwise disjoint and with
Vew) : VE(w) — VE(my(w))

is a homeomorphism, and thus V?*(m;(w)) has a neighbourhood base with the

diameters arbitrarily small. As m; is s-resolving, m;

same properties. Now B is open, so 7, *(B) is open, hence we can write
' (B) =B
i

where the Bi are pairwise disjoint and have diameter < €y /2. Choose y; € Ei

for each i and z; = ma(y;), B;i = ma(B;). Let A; = [A,z;] and U; such that

y; € U;, my : U; — A; is a homeomorphism. Then we can write

m '([4, B)) = Ui, B

(]
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moreover, the union is disjoint. Now

nx([A, B]) = py (73 ' ([A, B))) = ,UY<U[UiaBi])
= Sl Bl = S Wi B

Now py? (U;) = py™ (Ai) = py*(A) for all ¢ (by part 1 of this prop.) So we

have
1x ([A, B)) Z iy Ay (m1(B)) = py" (A)py" (B).

4. We can find ¢ € 7, '(2) such that ¢’ is 'close’ to y. Let x;, v;, B;, B; be as in
part 3. Let z; = [2,x;], B(2); = [2,Bi], v. = [/, y:] and B(z) [/, B;]. Then
2z = m(y}), B(2)i = ma(B(2):), and UB(z )z‘ = [z, B] so

uy'(B) = py (my ! ZNS 2
= Zu?yl (B(z Zu = 1y ([z, B))

1 (@(B)) = W (my (o(B)) = W (w(n 1 (B)))
= AU (my1(B)) = X (B)

O

There are completely analogous results relating the measures py, p3-, i1y to ps,

13, pss via the s-resolving almost one-to-one factor map ;. We state without proof:

for V*(y1,6) C V3(y,€), V¥(yz,0) C V¥(y,e), fix e € m; ' (y) and U(e) C V*(e) such
that m(U(e)) = V*(y1,9) then

iy (V*(y2,0), Vi, 8)]) = ps(mr ([V*(y2,0), V*(11,9)]))
' (V3 (y1,9)) s (Ule))
! (VP(y,6)) = pst(m (V' (y2,0)))
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5.1.3 Bowen measure from Homoclinic points

In this section we describe a construction of the Bowen measure for an irreducible
Smale space from homoclinic points. The construction is reminiscent of Bowen’s
construction from periodic points in [3], but we were unable to find this construction in
the literature. In [3] the unique entropy maximizing ¢-invariant probability measure
is constructed as the weak-+ limit of the sequence p,,, where p,, is defined as follows.
Let S, = Up_, Per(X, ¢) then

1
,un:#s Z(SZ.

n ZESn

In our construction we use points which are homoclinic to a given point (or more
generally, heteroclinic to a pair of given points) instead of periodic points. It is worth
noting that in Bowen’s construction each pu,, is a p-invariant probability measure. It
our case, the measures constructed are not @-invariant, but in the limit we recover
(p-invariance.

We first prove the result for a mixing Smale Space, then use the spectral decom-
position result (Prop. 2.14) to prove it for irreducible Smale space.

Let (X, ¢) be a mixing Smale space. We start with the mixing case, since in the
case of a mixing SFT (X, 0) the adjacency matrix A is primitive. This allows us to
use the result of Thm. 4.5.12 in [16], which says lim,, . A" A" = w,u;. This result
is critical in the proof of Prop. 5.8.

Definition 5.5. For z, y € X, B C V%«x) and C C V*(y) open with compact
closure. We define
hpc =" (B) N~ (C)

and the measure

1
k
:U’B,C - hk Z 52-
# B,C zehk
B,C
Remark 5.6. e Points z € hlfgjc are unstably equivalent to x and stably equivalent
to y, or heteroclinic. In addition, if x = y then h’f&c consists of points which

are homoclinic to x (hence the use of h).

o As V¥ (z) and V*(y) are transverse foliations and ¢*(B) and ¢~ *(C) have com-

pact closure for each k, #h%,c is finite for each k.
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) h’fg’c may be empty, and hence u’fgyc may not be well defined for some positive
integers k. However, for given B, C' there exists a K such that for all k > K,
u%,c is well defined. Since we will be interested in the (weak-x) limit of these
measures as k — oo we will not be concerned with the finite number of k’s for

which our definition is not valid.
We now state the main result of this section for mixring Smale space.

Theorem 5.7. For each function f € C(X) we have

im [ fdidyo = [ fdns.
k—oo X X

where px is the Bowen measure. In other words :U%,C — px in the weak-x topology
(independent of B, C).

To prove Prop. 5.7 we first establish the result for a mixing SFT and use the
machinery of resolving maps to obtain the more general result.
Let (X,0) be a mixing SFT. Fix z,y € X, n,m € Z and define

B = {ze€X|zi=x;Vi<n}CV"z, ex)
C = {zeX|z=yVi>—m+1} CV(y,ex)

Proposition 5.8. For each function f € C(X) we have

i [ e = [ fans.
k—oo > >

In other words, H’fg,c — uy, in the weak-x topology (independent of B, C').

Proof: It suffices to prove the result for a function of the form e;(§) = xpg, ). Where
Ei(&) = Vig, v, (&). Tei(é-;) = vy, and (&) = vyr. Let t(x,) = v;, and i(y_p,) = v;.

L)

Now for k& > max{n+1,m + 1}

Ej (&) N Ak
/ ez(S)du%,C = ﬂ]Jg,C(El(@) = " l;f})Lk =3
5 B,C

The number of points in E;(§) N h’fg,c is equal to the number of paths of length

k— (n+1) from t(0*(2) k1n) = t(zn) = vi t0 i(§-441) = vy, Which equals AZ,_(”“),

times the number of paths of length k — (n +1) from (&) = vy to i(6 ™% (Y)r—ms1) =
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m+l)

(Y1) = vj, OF A . The number of points in hf; - is the number of paths
)

from ¢(0* () _p4n) = t(a:n) = v; t0 {0 F (Y k-mi1) = ((Y-mi1) = vj, OF A?J{f—(n+m .

We therefore have

el(f)dﬂk - ud — njlin )
/2 B,C A2k (n+m)

ij

and

lim €l(§)d/~01j§,c

k—o0 D
Al (D) gh= ()
= lim — - JJ
k—o0 Az‘j —(n+m)
e A=t o o AR=(m+l) o .
= lim — U] j
k—o0 eiAQk*(ner) e
€; limy, (A FH D) AR D))o 0 Ty, (AR AR=(mH)) e,
e; limy, (\=2k+(ntm) A2k=(n+m))e.

_oei(upuy)eqe; (urul)e]
(

— )\,21

(by Thm. 4.5.12 in [16])

- ,U/E(‘/lv/ v /(5))
= /Z€z<§)dﬂz-
[

We now wish to prove this result for more general open sets (with compact closure)
B c V*(x), C" C V*(z). To do this we will first need the following lemmas.

Lemma 5.9. Let (3,0) be a mizing SFT. Fiz x,y € X, n,m € Z and define

B = {ze¥|z=xVi<n} C V%, e)
C = {zeX|z=yVi>—m+1} CV(y,ex).

Then
lim A\~ #n}, o = p(B)p’(C).

k—o00
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Proof: Let t(z)) = v; and i(y_ms1) = v;, We then have

. ok k . —9k 42k—(n+m)
fm A e = i XA
_ )\—(n+m) lim )\—2k’+n+m€iA2k—(n+m)ej

k—o00

= )\_(”+m)eiurulej
= A "u ()N "))
= (B(C).

Lemma 5.10. Let B C V%(z), C C V*(y) be open and compact. Then

lim A\~ o = pk(B)us(0).

k—o0

Proof: If B, and C are clopen, then each is a finite disjoint union of cylinder sets

of the form in above. Let

then for fixed k the h]fai,cj are pairwise disjoint and Ui,jh’fei,cj = R . Using Lemma
5.9 we can now write
. —9k k . —2k k
Jim X ko = Jim 3,
Y]
_ =2k k
- X lm i

= B (C))

— W(B)(C).

Lemma 5.11. Let B C V%(x), C C V*(y) be open with compact closure. Then

lim A\™*#hl o = ps(B)us(C).

k—o0
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Proof: Fixe > 0Wecanfindsets By C BC By C V¥(z)and C; C C C Cy C V¥(x)
such that By, By, C; and Cy are compact and open and

p(Ba)p*(C2) — e < p*(B)p’(C) < p*(Bi)p*(Ch) + €.

Notice that %HL’%LC1 < #hFB,C < #hF By, Oy, so

p(B)p*(C) —e < p*(Bi)p*(Ch)

= lim A7"#hE o

k—o0

< liminf ARG o
and

p(B)pf(C) +e > p*(Ba)p’(Co)

lim )\*2’“#11’]32702

k—oo

> limsup )\_Qk#hgc.

k—o0

As this hold for all € > 0 we have

lim sup /\_Qk#hgc < p*(B)p®(C) < liminf )\_gk#hgc

k—o0 k—oo
and hence

lim A\™*#h o = pg(B)us(0).

k—o0

We are now ready to prove the more general version of Prop. 5.8.

Proposition 5.12. The result of Prop. 5.8 holds with B C V*(x), C C V*(x) open

with compact closure.

Proof: As in the proof of Prop. 5.4, we can write

B=|JB, c=JC
i J
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where each V;i!(z;), Vi (y;) is of the form considered in Prop. 5.8, and the unions are

disjoint. Abusing notation slightly we write

h* hB lod) Mk = N%,C

and
k _ pk k _ k
hi; = g, Cj0 Hij = B¢

Notice that for fixed k the hk 's are pairwise disjoint and U; jhfj = h*. We can write

. E_ 1:
jim | = ;}LIEOZZ i / iy

Now let M = supz€g| f(2)], which is finite as f is continuous and ¥ is compact. For

each k, . "i — 1 g0 for any I € N we can write

@, #hk
_ ZJ
i S S 5 2
i>1 j>[
We also know that W BYLHC
1 = Z 1! (Bi)p’(Cy)
2~ 1 (B (C)
and we may choose I large enough so that
W
1 Yoo
hoo Z Zhk S oM
i>1,5>1
and ;
“B;)u (C
‘ZM( )1 ( J)_1|<L_
p(B)ps(C) 2M
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Using Lemma 5.11 and Prop. 5.8 we now have

im [ ot~ [ fdu| = |jm > #hk / sl = [ ra

— ;35%30 #hk / fd,uz]+ lim Z # / fdu
Zj>[
I _
)\ 2k#
_ j
" el oo+ o 3 55k 1o
1,J

S

- Z“ o /fdu+hm ' #—hf,f—/zfdu

I u S
g p (B (C5) |
= T (Z W (B (0) i?oz it
u (=@ Ny,
- (Z wmee) )| 2
€ €
< MW+MW

This holds for all € > 0 so
lim / fdu® = / fdu
k—oo » D)
O

We now wish to extend this result to the mixing Smale space case. We first state

the following Lemma.

Lemma 5.13. Let 7 : (X, p) — (Y1) be an almost 1-to-1 s-resolving factor map.
There ezists a constant M such that if y € Y, B C V"(y) open with compact closure,
and B' = 77Y(B), then B’ = UT'B! where the union is disjoint, m < M and B! C
V¥(x;) for some x; € X.

Proof: Let ¢, be as in Lemma 3.2 of [20], and cover X with e -balls. Let M be
the minimum number of sets in such a cover, and label them {U;}?!. Now choose
z; € B'NU; for each i such that this set is non-empty, and let B, = B' N U;.
We show that B; C V*(z;). Suppose x € By, then [z,2;] € V%x;) N U;. Now

d(z,z;) < €, so from Lemma 3.2 of [20], n([z,z;] = [7(x),7(x;)]. 7(x),7(x;) are
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both in B C V*(y) so they are unstably equivalent. Therefore [7(z),n(z;)] = 7(x).
We have that m([z,x;]) = 7(z), so by Lemma 3.3 of [20] x and [z, z;] are unstably
equivalent. [z, z;] is also unstably equivalent to x;, so = is unstably equivalent to x;
znd we have shown that B; C V*(x;).

At this point the sets B; may not be pairwise disjoint. Suppose 2 € B;N Bj. Then
from above x € V¥(z;) N V*(z;) and thus V¥(z;) = V*(z;). We then replace these
two sets with the union B; U Bj. Similarly, if z is in n of the B; sets, then all n of
these sets are contained in one unstable set and we union them all together. In this
manner we arrive at a collection of sets B.}" such that m < M, the B!’s are pairwise
disjoint, UP*B. = B’, and B} C V*(x;) for some ;. O

The following proposition allows us to extend our result from the mixing SF'T case

to the mixing Smale space case.

Proposition 5.14. Let (X, ), and (Y1) be mizing Smale spaces, 71 : X — Y an
almost 1-to-1 (s or u) resolving factor map, and suppose the conclusion of Prop. 5.7

holds for (X, ). Then the conclusion of Prop. 5.7 holds for (Y, ).

Proof: Suppose 7 is s-resolving (the u-resolving case is completely analogous). Let

Y1, y2 € Y and B C V¥%(y1), C C V*(ys), and let
Wy =Nge, ny = Hpc.

Now, set B’ = 7;'(B). By Lemma 5.13 B’ = UT"B!, where the union is disjoint
and B; C V¥(z}) for some 2} € X. Also, fix x5 € 7 '(y2), and set C’ such that

71 : ¢ — C'is a homeomorphism, so C" € V*(x3). Now set

M M ypk
Bk — pk —| |pk | 7 C" g
x = Npor = Bl.c» HMx = Hpc = Wk Hpcr
T — #hp o

Notice that since h% C V¥(¢%(x3)) and 7 is s-resolving, 7 is one-to-one (and hence
bijective) on h%. In other words hY = 7w(h%), and therefore p% = (u¥ o 7). Also
recall from Lemma 5.11 that

#hlfgg,c/ wt(BY)

lim = .
R, o (B




124

Now, for f € C(Y)

/ fduy = /(fow)dux, as wis 1-1 px a.e.
1% X

= lim [ (fo W)dﬂ%{p«/ for any ¢, by hypothesis

k—o0 X
. “ (B
= (lim [ (fom)duly e )Y (B
1

= o el
s Z #hB, o ™o c

= lim (fow)dux

k—o0

= Jim | (fom)d (y o)

k—o0
= lim [ fdu¥
k—o0 %
O

Proof of Theorem 5.7: Recall that for the mixing Smale space (X, ¢) we can find

mixing Smale spaces (Y, 1) and (X, 0) (a SFT). As well as almost 1-to-1 factor maps

1:2X — Y, m: Y — X such that m is s-resolving and 7y is w-resolving. The

conclusion then follows from Cor. 5.12 and 2 applications of Prop. 5.14. m

Now suppose (X, ¢) is an irreducible Smale space (not necessarily mixing). As

in Prop. 2.14 we can find a mixing Smale space (Y1) and N € N such that X =
Y x{1,2,...,N} and fory € Y

o] witl) ifi<N
#l8:4) {<¢<y>,1> ifi= N

Definition 5.15. For (X, ¢), (Y,v) as above, x, y € Y, U}, Uy as in Defn. 5.5,
i, j,l€{1,2,...,N} such thati+1=j—1 modulo N, k € N let
U&,z) = U;L X {Z} - (X7 ('0), U(Sy,j) = Ugj X {j} - (Xa 90)7

k,l Nk+1 U —Nk—I1 s
hU(uz U =@ (U ) Ny (U(y,j))a
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and
k,l u s
Hx (U(I,i)’U(yvj)) N - #h’” Z 0.

z€hkl

Remark 5.16. In Defn. 5.15

e i +[=7—1 modulo N implies hUu N 18 non-empty.
(z,% Y,J

e The factor of % mn u];(’l(U&i), U(Sw.)) arises from the fact that the measure is
supported on'Y x {i+ 1} and hence we want ,u];}l(UZ; i Uty (X) = %
k7l u S 1 ;
o Ly (U(m), U(y,j)) — %My, as in Prop. 5.7.

We now have the following analogue of Prop. 5.7.

Proposition 5.17. Let (X, @) be an irreducible Smale space with (Y1) as above.
Fiz x;, y; € Y x {i} and let Ulsiiys Ulyiiys be as in Defn. 5.15 for each 1 < i < N.
Forn=Nk+1leN (with0<I[I<N-1). If

N
wy = Z u’;l(U&m_l,m_Z), U(Sym%mﬂ)) where m — [, m + 1 are mod N

m=1

then for f € C(X)
i [ fp = / fpx.

In other words py — px in the weak-x topology.

Proof: Notice that pix|y ) = %,U,y. Let f; = flyxqy then
Now fix [ € {0,1,..., N — 1} and consider the subsequence

lim fduX = hm fd,uNkH

n—oo

k—ﬂm

|

= ~ [ Jidp

mZ_lN e
N

= Z/fidMX\Yx{i}
m=1 X

= /deux-

= llm / fmd,u/X U(g;m 1,m— l)’ U(ym+l m+l)
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Now, since this limit exists for each [ € {0,1,..., N — 1} and is independent of I, we

have

fim [ fdy = | sns.
n—oo Jx X

5.2 Traces

In this section we define traces on several of the algebras discussed above and show
that these traces are ring/module homomorphisms where this makes sense. In the
case of a mixing Smale space, the fact that the trace is a ring homomorphism is due
to Putnam ([19]). We extend this result to the irreducible case, and use a similar
argument to prove the module homomorphisms. We then show that the traces we
have defined arise as an asymptotic of the usual trace on B(I2(V*(P))).

Let (X, ¢) be an irreducible Smale space. Then as in [19], the formula

(f) = /X f (o 2)dp(x)

where y is the Bowen measure, defines a trace on C,(G"). This extends to a bounded

trace on H(X, ). Furthermore, the formulae

5 = x,z)du, () and
0 = [ e

i = x,x)dus(x
0 = ), S

define traces on the algebras C.(G*®) and C.(G") respectively, however these traces
are not bounded when extended to S(X, ¢, P), U(X, ¢, P). Recall that G*(X, ¢, P)
is stable equivalence restricted to V*(P), the unstable set of P. This is why we must

integrate with respect to u to obtain a trace on C.(G®). We also define a trace on
C(H, o) by

For f € M,(A) where A is C(H,«a), H(X,p), S(X, ¢, P), or U(X, ¢, P), we define
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the trace in the obvious way:
T(f) = YT (fu)-
i=1

The proof that these are indeed traces is in [19]. We include a proof of the trace
property only in the case of the S(X, ¢, P) algebra, as our definition of S(X, ¢, P)
differs from the definition in [19] (we use the definition in [20], [22]).

Proposition 5.18. Let a, b € C.(G*), then
75 (ab) = 7%(ba).

Proof: It suffices to consider a with support V' (hy (Ya), Yas B"Ya; da), b with support
v(”gjb (Yb)s Y, W*“Yp, Op). Then

5(ab) = ab(zx, z)duy, (x
@) = [ b))

_ /V oy 2 @) (@)

(z,y)eG®

Each summand if non-zero only if z = h{ (y) and y = h; (r). So the sum is non-zero

only if x = h;,

a

hy, () (equivalently y = hy hy (y), in which case we have.

rS(ab) = / a2 (), )by, 1 ()i (2 ()
Vu(P)

- /V » b(y, hy, (y))a(hy, (v), y)du(y)

= 7°(ba)

[]

Remark 5.19. In [19] the trace properties are proved for a mixing Smale space. The
wrreducilbe case follows from the decomposition results of sections 2.5, and 3.3, and
remark 4.11. However, in section 5.2.3 when we consider asymptotics, we are forced

to restrict ourselves to the mixing case.



128

5.2.1 Trace Homomorphisms for Irreducible SFT
We first consider the case of a SFT.

Remark 5.20. In contrast to the results on measures in section 5.1, the trace results
for irreducible Smale space in section 5.2.2 are not extensions of results for the SE'T
case (this section). In other words, the results of this section follow as a particular
case of the results in section 5.2.2. We include these results here both as a motivating

example, and because the computations can all be made explicitly in the SFT case.

We are interested in the induced trace on the K, groups of the algebras. We begin
with the trace on H (X, o). The formula

(f) = /X f (o, 2)dp(x)

defined on C.(G"(%,0)) extends to a bounded trace on H(X, o). Now, as H(Z,0)
is AF, Ko(H(X,0)) is generated by the rank one projections in H(X, o). Each rank
one projection is homotopic to some function of the form ey, ., (£, &), so we compute
(letting the left/right PF eigenvectors be w;/u,.)

P (enmn (6,6) = /X o, (6.6 (. 2)da(2)

= (VN (§))
— /\_2Nul (Z)ur (])

—2N
A weiu,

Extending this to all of Ko(H (X, o)) we have the following. For [X, N] € Ky(H (X, 0)),
(X, N] = A *Ny Xu,.

Now for f € M, (C(H,«a)) we have 7¢H(f) = Joay T (f(£))dt, but in the case that f
is a projection, 7H(f(t)) is constant, so we can write T4 (f) = 7H(f(0)) (f gives a
homotopy from f(t) to f(0), hence f(t) is unitarily equivalent to f(0)). Recalling that
Ko(C(H,a)) = ker(id — o) C Ko(H (X, 0)) with the embedding given by evaluation
at 0, we can immediately write down the trace on Ko(C(H,«)) by restricting the
trace on Ko(H (X, 0)) to ker(id — ). For [X, N] € Ko(C(H, «)),

THIX, N = ANy X,
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We now consider the trace on Ky(S(3, 0, P)) and Ko(U(X%, 0, P)). Here we must

be a little bit more careful, as the formula

™ (f) = x,x)du, (v
=] Seo)

defines a trace on C.(G*(X,0, P)), but does not extend to a bounded trace on
S(X,0,P). However, as Ky(S(X, 0, P)) is generated by the rank one projections,
and each of these is homotopic to a function of the form ey, (£,£) we can simply

compute in a straightforward manner.

5 (enn (€.6)) = Aﬁmﬁ&@@ﬁﬂ%

= (Vi)
= A M, (7)

-N
= A Teju,.

Where e; is the jth canonical basis (row) vector. Extending to all of Ky(S(2, 0, P))
we have the following. For [v, N] € Ky(S(X, 0, P))

v, N] = A Nou,.

Similarly, for [w, N] € Ko(U(X2, 0, P)) (so w is now thought of as a column vector)
we have

Y [w, N] = X Nuw.

The trace yields group homomorphisms

790 Ko(C(H, o)) — R,
79 Ko(S(%,0,P)) — R, and
VKo (U(Z,0,P)) — R,

We now show that the trace is in fact a ring/module homomorphism. In the case of
a SE'T, this is a straightforward computation. We start with the following lemma,

which is a well known fact from linear algebra.

Lemma 5.21. Let X € C(A), then u; (resp. w,) is a left (right) eigenvector for X

with eigenvalue cx.
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Proof:
UZXA = UlAX = )\UZX

So ;X is a left eigenvector for A with eigenvalue \. As the left Perron eigenvector
is unique, we must have that u; X = cxu,; for some constant cy. The proof that wu, is
a right eigenvector with eigenvalue ¢y is completely analogous. To see that cx = ¢x
consider

Cx = cxWU, = XU, = CxUl, = Cx.
O]

Proposition 5.22. 7 : K;(C(H,a)) — R is a ring homomorphism. Moreover, it
respects the module structures of Ko(S(2,0, P)), Ko(U(3, 0, P)).

Proof: Let [X,N], [Y,M] € Ko(C(H,a)), [v, K] € Ko(9), [w, L] € Ko(U) then

P (XN [Y M) = 7 (XY, N + M)

= \NTHIMy XY,
NIV 2M e,
AT e cvwpupugu, (wu, = 1)
= ANy Xu "My Yu,

= 79X, N]r“M Y, M.
Similarly

Y ([X,N]*[w,L])) = 7Y ([Xw,2N + L])

= NNy Xw

A2V L w

= A2V Xu,uw

A"V Xu N Fyw

= 799X, N]r¥w, L],
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and

™ (v, K]+ [X,N]) = 79 ([vX,2N + K])

= NN EyXxy,

AV Eeou,

= ANy Xuou,
= AN Eou "Ny Xu,

= 79, K]79%[X, N].

5.2.2 Irreducible Smale Space

We first consider the case of a mixing Smale space, the irreducible case will then
follow from the decomposition of an irreducible Smale space into a union of mixing
Smale spaces. Let (X, ¢) be a mixing Smale space. We prove that the Trace is a
ring/module homomorphism. The proof for the ring structure appears in [19]. The
proof for the module structure is similar. We include both here for completeness. We

begin with a technical Lemma.

Lemma 5.23. Let f € C.(X), g € C.(V*3(zy)), then

im [ fe g @) = [ f@duto) [ glad(a)
nTEC Ve (ay) X Vs (zg)

Proof: It suffices to prove the result for f supported on a set of the form V; =

(V% (zs,0f),V3(zy,0f)], g supported on V*(z4,d,). Define the function g with support

Vi = [V¥(zg,€ex/2),V:(2g,65)] by g(x) = g([zg,2]). Let K* = p"(V*(zy,ex/2)),

K*® = p#(V*(x,4,0,)). We first show

lim =0.
n—-4oo

K4 /Vs(zg)f<90n(l'))g($)dus(x) _/)(f<90n($))§($)du(x)

Let M, = sup|g(z)| and fix e > 0. By the uniform continuity of f we may find § > 0
such that d(z,y) < ¢ implies |f(z) — f(y)| < ¢/(K*K"M,). There exists N € N such
that for all n > N, and for all z, y € V; such that z ~; y d(p™"(2),90 ™(y)) < €x
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implies d(z,y) < 0. Now for n > N, x € V¥(z,,d,) N ™ (V) we have

< / £ (@)) — flo ([, 2]))] o(=)
Vu(zg ex/2)

€
< / < \g(@)ld* (y)
Vu (xg exj2) M

Ig( I

K“KS

€
<
= Ios

We now have

K”/V.g(xg)f(so

e /f
npe /f
_ /<

/f

//f
/f
/f

Ks
:_Ks

— €.

Hence we have

i 10 et @) -

or

n—-4o00

/ Flo (@) g(@)dpi () — / £ [y ) g(@)dpe ()
Vi(zg,ex/2) Vi (wg,ex/2)

_/f =

lim K“/Vs( )f(gp_”(x)) = lim

n—-4o0o

K“f(so‘”(w))g(l“)—/w( /2)f(so‘”([y,w]))é([y,x])du“(y)

dp*(y)

yﬂmmwﬂw

[y, 2])d(p" x pi*)

([y, z])dp" (y)dp® ()

(ly, ) dp (y))dp* ()

(Iy, a])da*(y >‘ ' (2)

/X £ (@))3()du(x)] = 0.

/f‘” )g(x)du().
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Now, as ¢ is strong mixing with respect to u, as in [29] we have

lim /X £ (@)i(x)dpu(x) = /X £ (@))d(z) /X §(2)du(z).

n—-+o00

Finally, from the definition of g it is clear that

[ atinte) =5 [ gardnt(a)

Vs(zg)

Putting this all together we have

lim F (@) glw)dpe () = / o),

n—-+o0o VS(J?g)

]

Lemma 5.24. For f, g € C.(GM"X,p)), a € C.(GYX, 0, P)), b € C.(G°(X, ¢, P))

we have
1. limy, oo TH(an(f)a_n<g)) = TH(f)TH(g);
2. limy, . yoo V(" (f)a) = 77 (f)7Y(a),

3. limy, oo T2 (ba(f)) = T3 (0)TH(f).

Proof: It suffices to consider functions f, g supported on sets of the form V; =
Vi(zg,yp, hy,dp), Vo = V(xg, yg, hy,0g), a supported on some V, = V (x4, Ya, h,04)
and b supported on some V, = V' (xp, yp, i, 0p).

1. First suppose hy # id, then

TH(f):/Xf(:c,x)du(:c)zo,

and
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The sum reduces to a single term where ¢"(x) = hy@"(y) or © = ¢ "hyp"(y),

SO we have
H(a"(f)a"(g)) = /X £ 2y (4), 0" () 9(2" (), oo™ () ).

The integrand is equal to 0 unless hrp 2"h 0" (y) = ¢ "(y). We show that for
sufficiently large n, the set

{ye X | ¢"(y) € Vy o hy@™(y) € Vi, hpo " he"(y) = 0 "(y)}

is empty. If, for some z € Vy, hf(z) = z, then hy = id, so we can can find § > 0
such that d(z, hy(z)) > § for all z € V;. Also, for n large enough we have

d(p™"(z), 7" hy(x)) < 6
for all x € V. Set z = ¢™(y), then we have

d(e™"(y), 0 2 hge" (y)) <6

but
A~ hy@™(y), hoo 2" hyp™ (y)) > &

50 hyp™*"he"(y) # ¢ ™" (y). Hence
(a"(fa"(9) = 0= T"(f)m"(g).
Similarly, if h, # id then
(0" (fa"(9) = 0= T"(f)m"(g).
Finally, if h; = id and h, = id then
T (a"(f)a™"(9)) = /X fle™ (@), 7" (2)g(¢" (), " (x))dp()

and as n tends to infinity, this tends to

/X f (@, 2)dp(x) /X g(z, 2)du(x) = () (g)
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as  is strong mixing with respect to p (see for example [29]).

. We again begin by considering the case that h; # id, in this case 77 (f) = 0

and

S(a"(f)a) = / e (@), 0" ())aly, )y (2)
5(P)

where h(y) = x, so we can write

rS(@(ha) = [ VRIS i), W))aly, ki )i @)
As in part 1, the integrand is zero except on the set

{ye X |yeVa, o "hi(y) € Vi, @"hpp " hi(y) =y},

which we show is empty for n sufficiently large. As before we can find § > 0
such that
d(z,h¢(z)) > 0§ forall z € V}.

Also, for n large enough
d(@™"(x), ¢ "hy(x)) <0

for all x € V. so we have

de™(y), o "ha(y)) <6

and
d(e™"hg(y), hpp "hy(y)) > 6

so hyo "hi(y) # ¢ ™(y), or p"hpp "hi(y) # y. So the set is empty and

lim 79(a"(f)a) =0 =77 (f)7%(a).

n—-+o0o

Similarly, the result holds if h; # id, so once again we are left to consider the

case h; =1id, and hy = id. In this case we have

S(a"(f)a) = / Fe (@), 0 (@))a(z, 2)dpt ().
“(P)
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Now, using Lemma 5.23 we have

lim 7%(a"(f)a) Z/Xf(fvax)du(x)/ a(z,x)dp’ (x) = 7 (f)7°(a)

n—-+o0 ve(P)
(more detail here?)
3. This is completely analogous to part 2.
O

Theorem 5.25. Let (X, @) be a mixzing Smale space and C'(H, ) the mapping cylin-
der of the corresponding homoclinic algebra. With 71 (-) as defined above, TCH :

Ko(C(H,a)) — R is a ring homomorphism. Moreover, it respects the module struc-
ture of Ko(S(2,0,P)) and Ko(U(X%, 0, P)).

Proof: As we know the trace is a group homomorphism, it suffices to show that it
preserves the multiplicative structure. The first statement is as in [19], but we include
it here for completeness. Consider p € P, (C(H,«)), ¢ € P,,(C(H,a)) and recall the

notation
o (Piiky) —tajry + a—saginy o (Pry)
2

(P X Qo) @y =
SO

[Plolalo =, 1im_[x1/2.00) (P X @)e)lo-

Also
Tim |x/z00 (2 % @)e) = (9 x @)l = 0,

and, for sufficiently large ¢

T (X 172,00 (P X @)1)) = T (X (172,000 (P X 0)1)(0)) = 77 (X(1/2.00) (P X 9):(0))).
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Putting this all together with Lemma 5.24 we have

7 M ([Plolalo) = Jim T (X (12,00 (P X 0)1))
= lim 7% (x(1/2.00)((p % 9):(0)))
= lim 7%((p x ¢):(0))

= nlim TH((p X q)n(0))
_ ,}LTOZ ZT (p X )n(0)) i)
_ nhjglo Z TH( (0)) @iy "(q(0)) ) + O‘_nQ(O)(jj)an(p(O))(”))))

= TL]LIQOZTH(a"(p(U))(z’i)a_n(Q(O))(jj))
= ZTH(p(O)(ii))TH(q(())(jj))

= 7 (p(0))7"(q(0))

= (o) ([qlo)

For the second part, consider p € P,(C(H,«)), and a € P,,(U) with Tr(a) < co.
Recall the notation

o (p(0)iry)agny + agna(p(0) ry)
2 9

((p X a)e) ywy =
[p]o[a]o = thjgo[X(l/z,oo)((p X a)t)]O-

Also
Tim [1x(1/2,00) ((p X @)2) = (p X @)|| = 0.
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Combining this with Lemma 5.24 we have

7. ([Plolalo) = Jim T (X(1/200) (P X @)t))
= tlim ™ ((p x a),)
= lim 7Y((p x a),)

- T}E&ZZT p X CL 2])(ij))
— lim ZTU( ) i) Ai) ﬂ;a@j)a"(P(O)(m)))

= nan;oZr )i0)a(ij))
= ZT ™ (agj)

= TH(p(O))TU(a>
= 7% ([plo)rY ([alo)

Now suppose a € P, (U(3, 0, P)) is such that 7V(a) = co. Let {a*} be a sequence
in M,,(C.(G")) that converges in norm to a, and such that k < Tr(a;) < co. By
Lemma 5.24 and the above calculation we know that

lim 77 ((p x a");) = 7 (p(0))7"(a") > k7" (p(0))

t—o0

7. ([Plolalo) = lim 77(p(0))7" (a*) = oo = 7" ([plo) 7 ([alo)

k—00

The corresponding result for the right-module K (S(X, o, P)) is completely analogous.

O

Now let (X, ) be an irreducible Smale space with (Y,v), N as in Prop. 2.14.

We wish to prove Theorem 5.25 in this case. We first note that the trace 75 on
S(X, ¢, P),

re(a) = = S (),

1

where q; is in the i summand of S(X, ¢, P) = @7 S(Y,¢, P). Similar formulas
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hold for U(X, ¢, P) and H(X, ¢). In the case of C(Hx, a,) we have

7H(a) = r5Ha

where a +— @ is the isomorphism from C(Hx,ay,) to C(Hy,ay) (Prop. 3.33). The
results of Theorem 5.25 now follow almost immediately in the irreducible case. For
example, let [alo € Ko(S(X, @, P)), [bo € Ko(C(Hx,ap)).

7x([alo[blo) = 7% (([a]o[blo, -- - . [an]o[b]))

The other results of Theorem 5.25 follow similarly.

5.2.3 Asymptotics

In this section we restrict to the case that (X, ¢) is a mizing Smale space and show
how the above traces on S(X, ¢, P) and U(X, ¢, P) are related to asymptotics of
the usual trace on B(I12(V"(P))). As discussed in section 2.3 we consider S(X, ¢, P)
and U(X, ¢, P) to be subalgebras of B(I1*(V"(P))). For an element of S(X,p, P) or
U(X, ¢, P) we can thus take the trace as an operator on this Hilbert space. Ie fix the
countable basis {0, | x € V*(P)}, then for A € B(I*(V"(P))),

Tr(A)= Y <Al 0>

zeVh(P)

In general S(X, ¢, P) and U(X, ¢, P) do not consist of trace class operators w.r.t. this
trace. However, recall from Prop. 2.21 that for a € S(X,p, P) and b € U(X, ¢, P),
ab € K. Furthermore, from the proof of Prop. 2.21, if a € C.(G*(X, ¢, P)), b €
C.(G*(X,p, P)), then ab is a finite rank operator. Recall also, Prop. 2.22, that

lim [|a*(a)a™(b) — a™*(b)a*(a)|| = 0.

k—+o00
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The result we wish to prove is

Theorem 5.26. Let (X, ) be a mizing Smale space with topological entropy log(\)
and corresponding algebras S(X, o, P), U(X,p, P). Ifa € S(X, ¢, P),b e U(X, ¢, P)
then

lim A™*Tr (a*(a)a (b)) = 7°(a) 7V (D).

k——+o0
As we have done before, we will first prove the result for a mixing SF'T, then use

resolving maps to obtain the general result. We start with the following lemma which

is true for general mixing Smale space.

Lemma 5.27. Let (X,¢) be a mizing Smale space. Let a € C.(G*(X,p, P)) be
supported on a set of the form V (2, Ya, by, ,0a), and b € C(G*(X, ¢, P)) supported
on V(xbuybahzbuéb)' Let Va - T(V(xauya7hza75a)); ‘/b - S(xbuybahzbuéb))' ]f h’Za =
h;, = id then for each k € N

Tr(a"*(a)a"(b)) = > a(e"(w), o (w))b(* (w), " (w))
wePk (V)N =F(14)
otherwise

kl_lgloo Tr(a*(a)a™(b)) =0

Proof: 1If x # hy (y), a(x,y) = 0. Abusing notation slightly, let a(y) = a(hy, (y),y).
Similarly, let b(y) = b(h;, (y),y). Now

Tr(af(a)a () = > <af(a)a (), 0, >

weVh(P)

= Z @(@_2kh;b%ﬁk(w))b(¢k(w» < 5<pkh;a<p*2kh§b<pk(w)75w >
weVh(P)

Suppose h, = h; = id, then we have

Tr(af(a)a™®) = Y alp " (w)b(pH(w)) < b,y >

weVh(P)

a(p~*(w)) # 0 only if w € ¢*(V,), and b(¢*(w)) # 0 only if w € o= *(V}), so

Tr(a*(a)a™(b) = > a(p ™ (w))b(¢" (w)).

wepk (Va)Np=k (1)
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Now suppose hy # id.

Tr(a®(a)a™ (1)) = D ale ;" (w)b(e" () < dgrny o-2eng, ) Ou >

weEy,

Where
Ey, ={w e VM(P)| ¢"(w) € Vi, ¢ > hj"(w) € Va, "Rl o hip"(w) = w}.

We show that for large enough k, the set Ej is empty (this is essentially the same
argument used in the proof of Prop. 5.24). We can § > 0 such that

d(z, hy (2)) > 6
for all z € V,. Now, we can find K sufficiently large so that for all £ > K we have
Ao (y), o725, (y)) < 0
for all y € Vj,. So for w € By, o*(w) € V; and thus
Ao (w), o7 %h3 (" (w))) < 6
but ¢~ %*hs (p*(w)) € Vg so
d(™* by, (" (w), hy, ™Dy, (9" (w)) > 6

so o F(w) # hY @ R (pF(w)), contradicting w € Ej. Hence for large k, Ej is

empty and
klim Tr(a*(a)a™ (b)) = 0.
A similar argument gives the result in the case hy, # 0. O

We now prove Theorem 5.26 in the case of a mixing SF'T.

Proposition 5.28. Theorem 5.26 is true for (3,0) a SFT.

Proof: It suffices to consider the case a = ey, (£1,62) € Ce(G*(X,0,P)), and b =
emw; (M, m2) € Ceo(GY(X,0,P)). Suppose first that & # &, then both sides of the
equation are equal to zero by Lemma 5.27 (similarly if n; # 7,). We now suppose a =
enw, (§,€), b= enw,(n,n). As in Lemma 5.27, The rank of the operator a*(a)a~"(b)
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is equal to the number of points in the intersection of Jk(VN“mj (€)) and o (V3. (1))
For 2k > N + M, the number of points of intersection is equal to the number of paths
in G of length 2k — (N + M) from v; to v;, or A?f_(N+M). So for 2k > N + M we
have

Tr(a*(a)a % (b)) = A2~ (VM)

So
Jim AT r(ah(@)a” (b)) = lim ATHAT T
—  A"NEM) iy \2ZRHWNEM) g2k (N+M)
k—oo J
= AV im AT AT

= \"WNEM) 7}1}(}10 A"ejAle;
= A’(N+M)ej(7}Lr£10 AT AY ey
= N (e

= Ay (G (i)

= AN Nu ()N My (d)

— Sy

The following Lemma allows us to use Prop. 5.28 to prove Theorem 5.26.

Lemma 5.29. Let (X, ) and (Y,v) be mizing Smale spaces and m : X — Y an
almost 1-to-1 resolving (u or s) factor map. If (X,p) satisfies the conclusion of

Prop. 5.206, then so does (Y, ).

Proof: Suppose 7 is s-resolving (the u-resolving case is analogous). It suffices to
consider a € C.(G*(Y, v, m(P))) supported on a set of the form V(h%(ya), Ya, A, da),
be C.(G"(Y,¢,m(P))) supported on a set of the form V (hi(ys), v, hf, d0»). Moreover,
if hY # id, or h # id both sides of the equation are equal to zero (Lemma 5.27). In
the case hy = hy = id let V;* = r(V(hg(ya), Ya: by, 6a)) = $(V (hg(Ya): Ya, by, 0a)) and
Vi = r(V(hy (), ys, b, 0)) = s(V (R (), s, By, 0)). We then have

Tr(a*(a)a (b)) = Y a¥(a)(z 2)a (2, 2) = Y a(™(2), 07" (2)b(¥"(2), ¥*(2)),

zEhk zehk
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where hy, = *(V*) Np=F(Vy). Now let U* = 7=1(V*)), and fix z, € 7 1(y) and
U C V?(ep, €x) such that pi
a € C.(G*(X, p, P)) with support U¥ x U¥ such that @ = ao (7w x 7). Similarly define
b with support U x Uy such that b= bo (7 x 7). Let hy = @*(U*) N *(Ug). Then

7 restricted to hy, is 1 — 1 and 7(hg) = hi. Now we have

s 1s a homeomorphism onto V;’. Define the function

Tr(a*(a)a (b)) = > a(tx(2),v-1(2))b("(2),¥*(2))

2Ehk

= 3 e @) ), o)

= Tr(a*(@)a="*()).

Also
Tr(a) = /V U(P)d(z,Z)duﬂ%(Z)
= /Uu(a o(mxm))(z,2)d(puy om)(z)
~ [ e
v
= Tr(a).
Similarly,

Tr(h) = / bz 2)dpi (2)

Putting these together we have

lim A™*Tr(a®(a)a™ (b)) = lim X*Tr(a*(@)a="(b))

k—o0 k—o0

= Tr(a)Tr(b) by Prop. 5.28
= Tr(a)Tr(b).
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The proof of Theorem 5.26 is now straightforward.

Proof of Theorem 5.26: For (X, ) mixing, let (3,0), (Y,4), m, and 7 be as in
section 5.1.2. The result then follows from Prop. 5.28 and two applications of Lemma
5.29. ]
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