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Abstract

Cooperative operation of multiple manipulators has been increasingly used in indus-
trial automation, outer space and hazardous terrestrial applications. Moreover. the
requirement for increased speeds of operation and light-weight design of robot ma-
nipulators has made structural flexibility a dominant factor in the design and control
of cooperating manipulator systems.

When multiple manipulators act cooperatively on an object. a closed-loop chain
structure is formed. Redundant actuation is one of the inherent characteristics of
such systems. Determining actuator torques necessary to achieve a prescribed object
motion is known as the inverse dynamics process. Due to the presence of the redun-
dant actuators, inverse dynamics torques for cooperating manipulator systems admit
an infinite number of solutions.

Consideration of flexibility in the links of manipulators. particularly relevant in
space applications. not only complicates the dynamics modeling of the system. but
also introduces instability in the inverse dynamics solution. In this study. a dynamics
model is derived for a flexible-link cooperating manipulator system and the inverse
dynamics procedure for such a system is investigated. In particular. the latter is di-
vided into two subproblems --- the force distribution problem and the inverse dynam-
ics problem for serial flexible-link manipulators. The approach chosen to the force
distribution problem is to formulate it as a linearly constrained local optimization
problem. Several objectives particularly relevant to Hexible-link cooperating manipu-
lators are proposed. These include minimum strain energy. minimum weighted norm
of elastic accelerations and optimal load sharing schemes. The resulting algorithms
are shown to be effective in reducing the vibration of the system and stabilizing the

inverse dynamics solution.
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A stability analysis of the internal dynamics of the inverse dynamics system is also
performed by using linearization. Agreement in the behavior of the inverse dynamics
system is demonstrated between directly solving the nonlinear dynamics equations
with optimal force distribution and calculating the eigenvalues of the plant matrix of
the linearized system. A stability approach to the force distribution problem is then
proposed which ensures stable behavior of the internal dynamics system under the
condition that the number of elastic coordinates of the system is less than or equal

to the total number of redundant actuators.
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Nomenclature

c; position of the ith contact point on the object relative to the mass

centre of the object expressed in the fixed frame

i manipulator index in the arm/object system

P number of manipulators in the system

Fi world coordinate frame

F. link coordinate frame

n body index in a single arm
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T n+1.n interbody transformation matrix from body n to body n + | for rigid
degrees of freedom
number of elastic coordinates of body n

Sn+1.n  interbody transformation matrix for elastic degrees of freedom

X1l
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B, body n

O. origin of F,

v, spatial velocity of B, expressed in F,

Vn absolute linear velocity of O,

Ma degrees of freedom of joint n

P projection matrix for joint n

Whn absolute angular velocity of B,

Cie 6 x 6 rotation matrix from end-effector to fixed frame
Cre 3 x 3 rotation matrix from end-effector to fixed frame
J, rigid Jacobian matrix

J. elastic Jacobian matrix

7,4 augmented interbody transformation matrix

P global projection matrix for a single arm

S global interbody transformation matrix for elastic degrees of freedom

of a single arm

rg position vector of Opg expressed in the inertial frame

(a. d. v) angles defining the orientation of the object
g g

Csg rotation matrix from F g to the inertial frame
vy absolute linear velocity of Op

By absolute angular velocity of Bg

g cross-product operation matrix of wg

r; position vector of the ith Fg

v; spatial velocity of the ith Fg

\Y By 6 x 6 rigid-body mass matrix
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NOMENCLATURE Xiv

M., .. mass matrixof B, associated with equations for rigid motion and elastic
coordinates

M,... mass matrix of B, associated with equations for elastic motion and
elastic coordinates

D,. damping matrix of B,

K, stiffness matrix of B,

far. generalized total force on B, associated with rigid coordinates

fare generalized total force on B, associated with elastic coordinates

farr generalized nonlinear inertial force on B, associated with rigid
coordinates

fare generalized nonlinear inertial force on B, associated with elastic
coordinates

M,.  global mass matrix of a single arm associated with global equations for
rigid motion and rigid coordinates

M.,.  global mass matrix of a single arm associated with global equations for
rigid motion and elastic coordinates

M..  global mass matrix of a single arm associated with global equations for
elastic motion and elastic coordinates

D.. global damping matrix for a single arm

K.. global stiffness matrix for a single arm

T column vector of the actuator torques of a single arm

frr  global generalized nonlinear inertial force of a single arm associated
with rigid coordinates

fr. global generalized nonlinear inertial force of a single arm associated

with elastic coordinates
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f ert,r

f exrt.e

fN.w
fN,w,r

fN,w.e

0]

fS.!u‘r

global generalized external force on a single arm associated with rigid
coordinates

global generalized external force on a single arm associated with elastic
coordinates

global generalized force resulting from the tip wrenches on a single arm
associated with rigid coordinates

global generalized force resulting from the tip wrenches on a single arm
associated with elastic coordinates

tip wrench applied to the object by a single arm

force components of the tip wrench applied to the object by a single
arm

moment components of the tip wrench applied to the object by a single
arm

tip wrench applied to the arm expressed in Fy

generalized force on By due to tip wrench associated with rigid
coordinates

generalized force on By due to tip wrench associated with elastic
coordinates

matrix of shape functions associated with elastic displacement in By
matrix of shape functions associated with elastic rotation displacement
in By

assembled generalized force due to tip wrench on a single arm associated

with rigid coordinates
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mpg
n,
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second moment of inertia of the object about its mass center

mass of the object

net external moment applied to the object

net external force applied to the object

acceleration due to gravity

position vector from the object’s mass centre to the point of application
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width of a rectangular beam
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mass of a beam

bending stiffness of a flexible beam

axial stiffness of a flexible beam

coordinates of a point on a planar flexible beam

vector of elastic displacements
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transverse displacement at a nodal point
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T(s) Laplace transform of actuator torque for a single beam
Y(s) Laplace transform of the output
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H(s) transfer function of the inverse system

z vector of states

f(x.t) function on the right-hand side of the first-order differential equation

t time variable

t, acceleration period
s terminal time
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W work

E(t) energy drift

ee(l) percentage error in the energy balance

cg.rRvs root mean square value of the energy balance error

7! inverse dynamics torques to generate a prescribed tip motion in the
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q. inverse dynamics solution for rigid accelerations corresponding to a
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q. inverse dynamics solution for elastic accelerations corresponding to a

prescribed tip motion in the absence of tip wrenches
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ics solution for rigid accelerations
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matrix of contact force map
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scheme

fe(x) objective function for minimum weighted norm of elastic acceleration

scheme

fui{x) objective function for minimum strain energy scheme
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he nonlinear inertial terms in the internal dynamics of system B
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Chapter 1

Introduction

1.1 Background

Robotic systems are increasingly used in industrial automation. deep-sea exploration.
outer space and hazardous terrestrial applications. Common requirements for robot
manipulators to be applied in these situations are autonomy and dexterity. Moreover.
in order to meet the challenges of rapidly expanded applications. higher operating
speeds and productivity. larger payload-carrying capacity, increased positioning ac-
curacy and improved system reliability have become more desirable. Many endeavors
have been made to enhance the versatility of potential applications and upgrade the
performance of robot manipulators toward these goals. Among them. coordinated
operation of multiple manipulators has been recognized as an important technique
which offers several advantages over operating a single manipulator in the workspace.

These are:

e improved dexterity and manipulability of the system because of the superior

capability to assemble sophisticated equipment and handle flexible objects:
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e higher payload-carrying capability achieved by sharing the loads within multiple

manipulators in the system;

e increased productivity which is evident in assembly tasks where manipulators

may insert parts into the same object at different locations and operate in

parallel.

e enhanced reliability due to the fact that redundant manipulators are normally
involved so that alternative strategies can be adopted by the system if a com-

ponent failure is detected.

Figure 1.1 illustrates the proposed Mobile Servicing System designed at SPAR Aerospace
Ltd.. in which the Special Purpose Dextrous Manipulator (SPDM) is attached to the
Space Station Remote Manipulator System (SSRMS). The SPDM consists of two
manipulator arms which work cooperatively to assemble the space station, repair
satellites and perform a variety of maintenance tasks on the space station. The coor-
dinated operation of multiple manipulators gives the potential for improved quality
of performance of robot systems. However, it has been realized that the traditional
design of both mechanical devices and robot controllers based on the assumption of
rigid bodies limits the system performance to a certain level. For example. present
generation of serial industrial manipulators are restricted to a load-carrying capacity
of only 5 — 10% of their weight by the requirement of rigidity to ensure a satisfactory
performance. The same ratio of payload to weight is retained in cooperating manip-
ulators system. Limitations also exist in the speed of motion of single manipulators
and therefore the multiple manipulator systems. When the system is operating be-
yond these limits, the assumption of rigid links is no longer justified for the dynamics
model and the controller design. As well, lightweight and energy efficient design of

manipulators is preferable in many situations, most notably, in space applications
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Space Station
Remote Manwulator System
(SSRMS)

Special Purpose
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intarface
Payload/QRU
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Mobde Transporier
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Figure 1.1: The Mobile Servicing System




CHAPTER 1. INTRODUCTION 4

where links of the manipulators are designed to be long (due to the ineffectiveness of
the ground-based wheels and legs) and slender (since the micro-gravity environment
of space allows the gravity loads that dominate the design of ground-based mechanical
structures to be neglected) [1]. Structural flexibility therefore becomes a dominant
factor in modeling and controlling space-based manipulators. Motivated by these
facts, this thesis focuses on various aspects of the dynamics analysis of a coordinated

multiple manipulator system with flexible links.

1.1.1 System Description

A system of multiple manipulators could be very complicated in terms of its kine-
matic structure and dynamic features. However, we do not intend to confront all the
problems that might stem from considering the most general model. Instead, we still
need to specify the system with some assumptions in order to highlight the essential
characteristics of the system. Figurel.2 represents a system of P robotic arms han-
dling a common object. In particular, each manipulator is assumed to be composed
of elastic bodies connected by rigid joints. This is to simulate a situation where link
flexibility of the manipulators is a dominant factor as for space applications. The
commonly handled object is assumed to be rigid. The manipulator are assumed to be
driven by joint-mounted actuators. The serial arms are not kinematically redundant
that is, the number of degrees of freedom of each serial manipulator is equal to the
dimension of the task space. Rigid grasping which allows no relative motion between

the object and the manipulator end-effectors is also assumed.

Usually. each manipulator is capable of performing certain tasks in its own workspace.
However, multiple manipulators become constrained kinematically and dynamically
when they form closed loops through a commonly grasped object. When this hap-

pens. the total number of degrees of freedom of the system decreases whereas the total
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[igure 1.2: Coordinated Multiple Manipulators Handling a Common Object

number of actuators remains unchanged and the system is said to be redundantly ac-
tuated. We also note that general motion of the system in 3-D space is allowed while

the links may undergo bending, extension and torsion.

1.1.2 Introduction to Some Problems

[nterest in developing coordinated multiple manipulator systems arise from realizing
that some tasks which may be difficult or even impossible for a single manipulator to
accomplish can be performed by two or more manipulators operating cooperatively.

Hence, a system of coordinated multiple manipulators is normally composed of several
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existing serial manipulators. It is the way that manipulators operate makes it a topic

of special interest.

Extensive studies have been carried out for rigid cooperating manipulators. These
are primarily related to motion planning, coordinated control and application software
(2]. On the other hand, studies of flexible-link manipulators are still in the design,
simulation and experimental stages. When considering the problem of a coordinated
multiple manipulator system while including structural flexibility effects, fundamental
issues related to the kinematics and dynamics modeling of the system and its control
need to be re-investigated. Dynamics analysis is thus an important consideration and
is expected to yield answers to problems ranging from mechanical design to control
algorithm development. Since the research issues related to the multiple manipulator
systems are mainly of coordinated control type, we are particularly interested in
performing the inverse dynamics analysis concerned with the driving forces and/or
torques for a given trajectory of the reference body — the commonly grasped object.
Although this study is directed primarily toward control applications. it also provides

useful information for the design engineer with concerns on the control aspects.

Dynamics Modelling

Formulating a concise description of the system dynamics is the first problem we
face. Although much research has been conducted on both rigid and flexible multi-
body. constrained and unconstrained systems, a concise but effective dyvnamics model
suitable for the inverse dynamics analysis of a flexible-link cooperating manipulator
svstem has not been formulated. On the other hand, in order to analyze and pre-
dict the system behavior precisely. an accurate dynamics model is especially useful.
However, there always exists a tradeoff between model accuracy and computational

efficiency. From the standpoint of system control. it is satisfactory that the dynamics
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model be simple to calculate and be reasonably accurate. In this study, finite element
method is used to model the elastic links of the manipulators. There is no limitation
on the number of elements used to discretize the flexible beams. However, in the
simulations carried out to illustrate the performance of inverse dynamics calculation,
flexible links are modeled by one or two beam elements as it has been shown by many

researchers that the first two modes of vibration are most significant [3].

Planning

In coordinated multiple manipulator systems, two or more manipulators share the
same workspace and act in a cooperative manner. Coordination should be ensured
both kinematically (motion planning and tracking) and in terms of forces (internal
force control). Motion planning, in this case, differs from what is usually discussed in
single kinematically redundant or non-redundant manipulators. Emphasis is placed
on coordination within the system rather than optimality associated with individ-
ual manipulators. This involves avoiding collisions with other manipulators in the
workspace, determining the best set of contact locations on the object for each ma-
nipulator [4], e.g., vectors ¢;. {{ = l...., P) in Figure 1.2, and defining a suitable
trajectory for the object which minimizes the excitation of the system elastic modes
(5]. It is also necessary that the trajectory of the object lie in the common workspace

of all the manipulators.

Once the motion is pre-planned for the object. manipulators are required to act
in a way to achieve the desired motion of the object. It is important to realize that
redundant actuation is an inherent characteristic, once the multiple manipulators
contact the common object. By definition, actuation redundancy allows for an infinite
set of actuation strategies. This may be beneficial since actuators may share the load

evenly so that the overall load carrying capability of the svstem is enhanced. However.
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without force coordination, actuators may act against each other. In the worst case.

the manipulators may crush or tear the object and even cause task failure.

Resolution of Actuation Redundancy

Better understanding of actuation redundancy promises better utilization of the re-
dundant actuators. Indeed, this redundancy results in an indeterminacy of the grasp-
ing forces and moments (grasping wrenches [6, 7]) for carrying the object over a
prescribed trajectory. Nakamura [8] proposed to decompose the total generalized
force acting on the object into two orthogonal subsets, the resultant force and the
internal force. The resultant force lies in the range space of the grasp matrix [4] of the
system and contributes to the motion of the object. [t can be uniquely determined
for a given object trajectory. By contrast. the internal force lies in the null space of
the grasp matrix and produces a squeezing or tearing effect on the object. [t is not
completely defined by the dynamics equations for the object. Therefore. the term
force control in the context of multiple manipulator systems specifically refers to the
control of internal forces. It is necessary that the internal forces be controlled to avoid

excessive values even if the primary task is simply to track a predefined motion of the

object.

The above leads naturally to the force distribution problem [9. 10. 11. 12]. It
is put forward for determining the set of grasping wrenches to be applied to the
object so as to achieve a predefined object motion and ensure satisfactory internal
forces. To define the grasping wrenches. the force balance equations. i.e.. the dynam-
ics equations of the object should be solved. As mentioned earlier. these equations are
underdetermined. Extra constraints need to be imposed to give a unique solution.
Evidently. optimization techniques can be used to find the best solution. Mathe-

matical descriptions of the optimization problem need to be formulated to define a
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solution which minimizes a certain objective function while satisfying some equality
and inequality constraints [13]. The force balance equations of the object constitute
the primary constraints. They represent a set of linear equality constraints. Depend-
ing on the requirements of the particular task and the system under consideration,
inequality constraints are optional. One practical concern with the cooperating ma-
nipulator systems is the limited capacities of the actuators. When these are included
as constraints, dynamics equations of the manipulators are used to relate the actuator
forces/torques to the grasping wrenches [14] so that linear inequality constraints in

terms of the grasping wrenches are formulated.

Compared with setting up the constraint equations, formulating the objective
function is less straightforward. Firstly, it depends on the type of optimization tech-
nique to be adopted. Common choices for the objective functions are linear and
quadratic functions of design variables (e.g.. grasping wrenches). Secondly, interests
in obtaining optimal quantities are usually many and their priorities may be different
for various systems. Among the many possibilities. commonly implemented ones are
the minimal internal forces [15]. minimal power consumption [16. 17] and optimal
load distribution within the actuators [10. 17. 12]. Attempts have also been made to
employ a weighted linear combination of the many objectives to obtain a combined
optimal performance [13]. When the system exhibits structural flexibility, intuition
suggests that minimizing the system vibration may be critical for upgrading the per-
formance of the system [I8. 19]. However. it is not so obvious how this objective
should be formulated and how it can be related to other criteria already used in the

rigid case.
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Stability of the Inverse Dynamics Solution

To clarify the above concerns, a detailed investigation of the problems arising in the
inverse dynamics solution of flexible-link manipulators is necessary. Previous research
shows that the inherent difficulty with the inverse dynamics solution for flexible-link
serial manipulators is its instability [20, 21]. This instability results from the fact
that the joint-mounted actuators and the required end-effector motion are coupled
by structurally flexible links. Hence, there is a time delay for the end-effector to
react in response to a given joint actuation. Therefore. the causal solution which
determines the joint actuator torques according to the instantaneous motion of the
end-effector exhibits high magnitude and frequency. This is likely to excite the system
vibration and result in unbounded values of dynamics variables. Accordingly, Bayo
[21] developed a noncausal inverse dynamics solution for the joint actuator torques
which starts earlier and ends later than does the tip motion. This solution is shown
to be unique and stable [21]. However. the noncausal solution requires solving the
problem in the frequency domain. This in turn results in extensive computations for
the transformation of the dynamics model. trajectory information and the solution
between the frequency domain and the time domain. It is also necessary that the
complete time history of the desired motion of the end-effector be known before one
starts solving the problem. which is not always possible. Therefore. it would still be

desirable to find a causal solution with the stability issue resolved.

[t has been suggested by several other researchers that the stability of the inverse
dynamics solution can be guaranteed if actuator forces/torques are applied at the
location where the trajectory is specified [22]. Very interestingly. we noted that
when multiple manipulators act cooperatively on a common object. wrenches applied
by each arm to the commonly handled object can be viewed as active forces and

torques applied to the other arms. This thought is supported by the fact that many
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possible grasping wrenches exist to achieve the given object motion due to the presence
of the redundant actuators. If the grasping wrenches could be chosen arbitrarily,
the cooperating manipulators could be viewed as driven by the tip wrenches. This
scenario accomplishes a collocation of the actuation and the end-effector motion,
which ensures a stable dynamic behavior of the system. In reality however, the
grasping wrenches have to satisfy the object dynamics, but the internal forces can
be chosen freely. We therefore propose as a goal of the force distribution scheme to

ensure stable dynamics of the system by appropriate selection of internal forces.

Another objective is to reduce the system vibration, by which, we mean reducing
both the magnitude and the frequency of the responses of significant elastic modes.
Minimizing the strain energy stored in the elastic members of the system effectively
achieves minimization of elastic deformations. Minimizing the tip deflection may
be appropriate for improving the tip trajectory tracking accuracy. Minimizing the
elastic accelerations helps to smooth the elastic motion and therefore reduces its
frequencies. [t is worthwhile to experiment with these choices and their combinations

as it helps achieve an effective force distribution scheme for flexible-link cooperating
manipulators.

To surnmarize the above discussion. this thesis primarily endeavors to answer two
questions: 1) how does the link flexibility influence the force distribution problem in
coordinated multiple manipulator systems? 2) how will the inverse dynamics solution
for flexible-link manipulator system be affected by the redundant actuation of the

system?
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1.2 Research Objectives

[n light of the above questions, the principal objectives of the proposed work are

summarized as follows:

L.

[SV)
.

A general and accurate model needs to be formulated to describe the dynamics
of the system. The model will allow three dimensional large rigid-body motion
and small superimposed link deflection. The model will be ‘accurate’ in the
sense that all the nonlinear terms due to coupling between rigid and elastic

motions will be included.

Based on the dyvnamics model, the inverse dynamics problem of serial flexible-
link manipulators will first be investigated to gain insight into the various as-

pects of the inverse dynamics solution arising from relaxing the assumption of

structural rigidity.

Formulate the force distribution problem for flexible-link multiple manipulator
systems. [n particular, optimization techniques will be employved to find the

best solution for a variety of criteria.

Investigate the relationship between actuation redundancy and the instability
aspect of the inverse dynamics problem, and the possibility of improving the

dyvnamics behavior of the inverse dynamics system by varying the internal forces.

Implement numerical simulations on the proposed force distribution scheme
and the inverse dynamics solution. For purposes of mechanical design. these
simulations are carried out on examples with various arrangements of flexible

and rigid links. Some design guidelines are to be obtained in this respect.
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1.3 Review of Previous Work

[n view of the aforementioned research objectives, in this section, a detailed literature

review is presented on the related topics.

1.3.1 Dynamics of Constrained Multibody Systems

A system of coordinated multiple manipulators handling a commen object forms a
constrained multi-body system. The fundamental theory of formulating the dynam-
ics of constrained multi-body systems is well established [23, 24, 25, 26]. Lagrange
multipliers are commonly used to append the constraint equations to the Lagrange
equations for the dynamics equations of the system. Another way to deal with con-
straints is to insert the constraints into the Lagrange equations by means of a penalty

formulation [25].

The solution to the inverse dynamics problem for a closed-chain rigid-body system
was first introduced by Luh and Zheng [26]. They proposed the ‘virtual cut” method
which involves "cutting each kinematic loop in the system at an unactuated joint to
produce a kinematic chain with a tree structure. Using the inverse dynamics algo-
rithm for a serial chain and with an explicit calculation of Lagrange multipliers. the
forces/torques required at the actuated joints can be found. Based on the same idea of
"virtual cut’. Nakamura and Ghodoussi [27] derived the torques applied at the active
joints by projecting the generalized torque vector of the unconstrained tree-structure
system. This was accomplished with a linear map incorporating the Jacobian of the
passive joints with respect to the active joints. The procedure eliminated the neces-
sity of calculating Lagrange multipliers. These methods, however, have only been

used in the context of systems without redundant actuation.

Relatively little work has been done in closed-loop svstems with structurally flex-
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ible members. Kim and Haug [28] derived a recursive formulation for the simulation
dynamics of a closed-loop flexible-multibody system. Cut joint constraint equations
and the associated Lagrange multipliers are introduced to represent cut joint reaction
forces and torques. Bayo etal [29] extended Bayo’s inverse dynamics algorithm for
serial chain flexible manipulators to the closed-chain case. The method is not suitable
for a general inverse dynamics analysis in that it assumes that all the joints follow a

nominal predetermined trajectory.

1.3.2 Work on Rigid-Link Cooperating Manipulators

A coordinated multiple manipulator system belongs to a special class of closed-loop
mechanisms, in which redundant actuation is a prominent characteristic. The same
framework encompasses multi-fingered mechanical hands and multi-legged locomotion

vehicles.

Among the many issues relating to the cooperative manipulation by robotic arms.
the force distribution problem has received considerable attention. The presence of
redundant actuators in a system makes it possible to use optimization techniques to
actively distribute the load in the system [30]. Orin and Oh [13] proposed to deter-
mine the joint torques while minimizing the energy consumption and the maximum
normal tip reaction force for a legged locomotion system. Their method involved
solving a linear programming problem to minimize an objective function comprised
of a weighted sum of joint torques, joint rates and task space reaction forces. This
was done while satisfying equality constraints (force balance equations) and inequal-
ity constraints (maximum joint torque capacities and tip reaction force constraints).
This approach, while appealing, proved to have the disadvantage of excessive compu-

tational expense [31].
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Since uniqueness of the solution calculated with linear programming is not en-
sured, discontinuity of the solution can be observed for small changes in the con-
straints [14]. By contrast, quadratic programming yields a globally (in the design
space) unique solution and proves to be more efficient. It has thus been used to mini-
mize the internal forces [15], the strain energy in the object [32] and the power losses
(33, 9, 17]. Taking into account the different capacities of the arms for carrying the
loads, an optimal force distribution can be achieved by assigning different weights to
the design variables in the objective function [10]. Noticing that only the objective
function is non-linear, Luh and Zheng [16] applied the approximate linear program-
ming method to solve the non-linear programming problem. Other researchers have
investigated the use of the ‘p-norm approach’ to solve the constrained optimization
problem via unconstrained optimization techniques for multiple arm manipulators

[12).

1.3.3 Inverse Dynamics of the Flexible-Link Manipulators

As alluded to in the previous section. the major problem with the inverse dvnamics
solution for serial flexible-link manipulators is that it may be unstable. To deal
with this problem. approaches can be classified into two categories: the non-causal
solution and the causal solution. The former approach was proposed by Bayo {21].
Kwon and Book {34] later improved this approach by reducing the computational
burden involved in the computationally intensive Fourier transformations. The causal
methods have been pioncered by Asada and Park [35. 22]. and they have solved the
problem in the time domain. The stability ol the solution is guaranteed by means
of a torque transmission mechanism to accomplish a collocated construction of the

sensors and actuators [22].

Another difficulty with the inverse dynamics solution for flexible-body systems
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arises because of the coupling effects between the rigid-body motions and the elastic
deformations. In contrast to the rigid inverse dynamics solution, the nominal joint
motion cannot be determined solely by solving the inverse kinematics equations for
the prescribed end-effector motion. Asada et al. [35] proposed to use a ‘virtual link
coordinate system’ to decouple the kinematics from the dynamics of a flexible-link
manipulator. They also assumed that all the joints follow a nominal predetermined
trajectory. Chang and Hamilton [36] also calculated the causal solution by using
an ‘equivalent rigid link system’ to describe the rigid kinematics of the system. Xi
and Fenton [37] derived a causal solution by solving the kinematics and dynamics
equations simultaneously and integrating them in the time domain. However, most

of these studies leave the stability issue unaddressed.

1.4 Outline of the Thesis

The kinematics and the dynamics of a system of multiple flexible-link manipulators
to handle a common rigid object are modeled in Chapter 2. As a result. fundamental
equations for the system are composed of two sets: that of the manipulators and
that of the common object. Constraint forces and torques between the manipula-
tor end-effector and the object are explicitly included in the dynamics equations in
view of their significance to the force distribution problem and actuation redundancy
resolution. Following Hughes™ procedure [38], derivations of the kinematics relations
between the end-effector and the variables representing the degrees of freedom of a
serial flexible-link manipulator are detailed. In particular. rigid and elastic Jacobians
are formulated which map the configuration space velocities into the Cartesian space
end-effector velocities. Also, the transpose of the aforementioned Jacobians map the

Cartesian tip wrenches into configuration space generalized forces.
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In Chapter 3, the inverse dynamics problem is investigated for a serial flexible-link
manipulator. We explore analytically the stability issue of the inverse dynamics sys-
tem driven kinematically by the prescribed end-effector trajectory. Both state space
description and the input-output relation for a single flexible link case are established
and the latter is used to determine the stability status of the inverse dynamics system.
The causal inverse dynamics solution for serial flexible-link manipulators is described
and written with the view of showing the influence of the tip wrenches on the solution

of the prescribed tip trajectory and the effect of the tip wrenches.

The inverse dynamics solutions for the multiple flexible-link manipulators are dis-
cussed in chapter 4. In particular, redundancy in choosing the grasping wrenches and
in applying the actuator torques required in handling the object along a prescribed
trajectory are identified. Moreover. the degree of redundancy in determining the
grasping wrenches and in calculating the actuation torques are shown to be the same
as the number of components of the internal forces. As a result, the inverse dvnamics
algorithm for multiple flexible arm system is presented in which tip wrenches are

chosen to be the design variables.

[n chapter 3, optimization techniques are discussed and used to solve the force
distribution problem. After comparing the merits of using the linear and quadratic
programming techniques, the latter is adopted. Objective functions are discussed with
an emphasis on tackling the particular problems of flexible-link cooperating manipu-
lators, that is, stabilizing and reducing the system vibration. Numerical examples are
carried out for each objective function. Comparisons of the inverse dynamics solution

by using different objective functions are also made.

The issues related to stability of the internal dynamics of the inverse dynamics
system for a cooperating flexible-link manipulator are further discussed in Chapter

6. These are particularly relevant to the inverse dynamics control of flexible ma-
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nipulators. Linearization of the internal dynamics equations are performed around
equilibrium points. Dynamics behavior of the original nonlinear system can be pre-
dicted by examining the behavior of the linearized system. Accordingly, a stability
approach to the force distribution problem is proposed which, under certain condi-

tions, ensures a stable dynamic behavior of the causal inverse dynamics systems.

Finally the conclusions are drawn in Chapter 7 together with recommendations

for future work.
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Chapter 2

Dynamics Modeling

2.1 Introduction

A svstemn composed of multiple flexible-link coordinated manipulators and an object
falls into the class of flexible multibody svstems. In particular. it contains one or more
kinematic loops when the multiple arms are handling the common object. Standard
methods for deriving the equations of motion of a closed-loop multibody svstem
include two basic steps [23]. First. a virtual cut is made at one or more hinges
to vield a system with a tree structure. Obviously. this can be done in different
ways. One way is to virtually cut the closed loops in such a way that a reduced
svstem is produced. [n the reduced syvstem, only holonomic constraints remains. This
means that places of virtual cuts should at least include all those where nonholonomic
constraints are introduced. Dynamics equations are then derived for the reduced
syvstem for which modeling techniques have been well developed. In the second step.
both kinematic constraints and the internal force relations at the places of virtual cut

are re-introduced. In this way. the original svstem with closed loops is recovered.
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For a system of multiple cooperating manipulators, each of the manipulators is
considered to be a serial chain. One or more closed loops are formed when the serial
manipulators contact the object. Holonomic and/or nonholonomic constraints are
introduced where the object is grasped depending on the type of contact between
the manipulator end-effectors and the object. Rigid grasping, for example, allows no
relative motion between the gripper and the object and therefore imposes holonomic
constraints, whereas the point contact in multi-fingered mechanical hands introduces
both holonomic and nonholonomic constraints. Besides, if the motion of the object
is pre-defined, the system is divided by the object into kinematically independent
sub-systems. The reduced system defined earlier can then be obtained by virtually
cutting the system at the grasp locations. For a system of P manipulators with a rigid
grasp. the minimum number of virtual cuts is P — 1. However. in order to facilitate
the analysis of the constraint forces and torques between the end-effector and the
object (grasping wrenches applied by the manipulators). we make virtual cuts at all
the places of grasp to allow us to explicitly include all the grasping wrenches in the
equations of motion (Figure2.1). Therefore, the reduced system is composed of P
manipulators and the object. Modeling techniques developed for serial flexible-link
manipulators are immediately applicable. Some modifications are needed to treat
external end-effector wrenches. As well. we need to express the equations of motion
in a form which is suitable for the force analysis of multiple manipulator systems

which will be discussed in chapter 1.

2.2 Kinematics

While formulating the dynamics equations is the ultimate goal of this chapter. estab-

lishing the kinematics relations is an essential step. To start. we first define several
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Figure 2.1: Tree Structure of Multiple-Manipulator/Object System

coordinate frames with respect to which the kinematic quantities (position. velocity
and acceleration) are expressed. Each of the frames is a three dimensional orthogonal

coordinate frame (Figure 2.2).

World coordinate frame F; is a frame fixed in inertial space. [t represents a
unique reference for all the moving bodies in the system. I[ts origin is denoted
by O and the three coordinate axes by X, Y, and Z,. For convenience. we
use {Or, X, Y. Z;} to represent the origin and three axes of the coordinate

system.
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Link coordinate frame F, is a frame attached to the link of the manipulator with

its origin located at the proximal end of the link. For link n (n = 0,1.---. V)

of manipulator ¢ (: = l.---, P). the link frame is denoted by F,;, and the

origin and axes by {O,;., X... Y.. Z,.}. In particular. X,; is oriented in the

direction along the line connecting the proximal and distal ends of the link in

its undeformed state.

End-effector coordinate frame F; is similar to the link frame except that it is

attached to the end-effector of the manipulator. Its origin and axes are denoted

by {Oki, XEi. YEi, ZE:i}-

Object coordinate frame F g is attached to the commonly handled object with

its origin located at the mass center of the object.

[ts origin and axes are
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denoted by {03, Xg, Ypg, ZB}.

We also need to introduce the following definitions which will be used repeatedly

in this thesis.

Generalized coordinates For a rigid body system, generalized coordinates are a set
of independent variables g1, ¢r2,- - -, ¢g-ar which completely define the location
and orientation of each rigid body in the system. For a deformable multibody
system, the generalized coordinates are composed of ¢r1,¢r2,---,q-m and the
set of time-dependent variables g1, ez, -, ¢es used to approximately model
the elastic deformation of the flexible bodies in the system. The total number

of generalized coordinates is ' = M + 5.

Configuration space is a A" dimensional space in which generalized coordinates

Gr1sqr2, < GrMm-Gels Ge2, - - - - Qes correspond to a particular point.

For a multiple-chain system. bodies or joints must be identified by two indices.
namely the index : for the individual chain and the index n for the particular body
within the chain. Generalized coordinates used to model each body of the system
requires the third index. This becomes cumbersome. For this reason, we will omit
the chain index z when we investigate a single serial manipulator and will omit body
index n when we study the assembled multiple-chain system. In the latter case. each

serial chain is treated as a whole.

2.2.1 Kinematics of a Serial Manipulator

As mentioned in the previous chapter, throughout this work, it is assumed that the

desired trajectory of the object has been pre-planned. This desired trajectory can be
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determined either by off-line path planning or by on-line trajectory generation. In
any case, advance knowledge of the desired object trajectory is required, if not for
the whole task period, at least for a small interval of future time. In this situation,
the multiple manipulators are kinematically independent of each other. Due to the
rigid grasp, prescribing the object trajectory is equivalent to prescribing the motion
of each end-effector. Therefore, the kinematics relations established in this section
are those relating the Cartesian space end-effector motion to the configuration space

generalized motion.

The complexity of deriving the kinematics relations for an interconnected flexible
multibody system stems from the coupling effects between bodies and those between
the rigid motion and the elastic oscillation. Moving frames such as the link coordi-
nate frames introduced above, are usually used to account for the rigid (gross) motion.
with respect to which the elastic deformations are expressed. Several ways of setting
up these moving frames have been proposed. Book [39] attached frames to the prox-
imal end of every link and extended Denavit and Hartenberg's 4 x 4 homogeneous
transformation matrix notation to describe the kinematics of flexible links connected
by rotary joints. Hughes and Sincarsin [33] also defined the moving frames attached
to each individual body in its rigid configuration. Interbody transformation matrices
T e R®*® (for rigid degrees of freedom) and S€ R5**" (for elastic degrees of freedom
where s, is the number of elastic coordinates for body n) are used to perform transfor-
mations of spatial velocities between two interconnected bodies. Their method allows
for general interjoint motion, that is, arbitrary interjoint displacements and rotations.
Chang and Hamilton [36] used an equivalent rigid link system to represent the large
motion of the arm. The small motion of the system consists of both small rigid-body
motion and elastic deformation. Asada et al. [35] and Bayo et al. [29] assigned mov-

ing frames to each body with one of the axes coinciding with the direction from the
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proximal joint to the distal joint of the link in the deformed configuration. In this
way, rigid motion can be decoupled from the elastic deformation by assuming that
all joints follow their nominal trajectories obtained from the rigid inverse kinematics

solution.

To establish an expression for the end-effector motion in terms of the motion in
configuration space, a direct method would be to derive equations for the end-effector
position and orientation in terms of the configuration space generalized coordinates.
For the purpose of inverse dynamics analysis, we are particularly interested in the
inverse kinematics which determine the generalized coordinates corresponding to the
end-effector motion. Using the kinematics expressions at the coordinate level (posi-
tion) has some disadvantages. One is that only for some specially configured rigid
manipulators there exists a closed form formulation of the inverse kinematics solu-
tion. The other is that even if a closed-form inverse kinematics equations can be
obtained for some particular manipulators, they are nonlinear functions of the gen-
eralized coordinates. The generalized coordinates in the inverse kinematics problem
admit multiplesolutions. For these reasons. the differential kinematicsrelations which
describe the differential changes of the position and orientation of the end-effector re-
sulting from the differential changes of the generalized coordinates are advantageous.
These are linear algebraic equations. For rigid non-redundant manipulators. a unique
solution to the inverse kinematics problem is guaranteed if the system is not at a

singular configuration.

For the present study, we adopt the notational scheme and definition of body
coordinate frames proposed by Hughes and Sincarsin [38. 40]. Small changes are
made to some symbols in order to incorporate traditional robotics notation. As
described in reference [38], the velocity kinematics between successive bodies B, and

B, (Figure2.3) is:
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Figure 2.3: Spatial Velocity between Two Successive Bodies

Unty = Tﬂ+l,nvn + Sn+l,n iIn_e + Pn+1 an'-l.r (21)

where a spatial vector v,€ R® is used to define a combination of the absolute linear

and angular velocities of a moving frame expressed in its own frame. That is.

Va

Wn

Vectors q,.€ R°" and q,,,,€ R™* in eq.(2.1) are referred to as generalized ve-
locities associated with the elastic and rigid degrees of freedom, respectively. We
also use s, to denote the number of elastic coordinates used to model the flexible
body B, and m, for the number of degrees of freedom of joint O,. The transfor-
mation matrices 7 . 1.,.€ R%*® and S,4,.€ R®**" as well as the projection matrix
P 41€ RO*™n+t are defined in Appendix A. Conceptually, eq. (2.1) means that the
spatial velocity of O+ in the chain is the summation of three effects: the first due to
the velocity of O, the second due to the elastic deformation of B, and the last due
to the relative motion at the joint O,4,. Referring to Figure2.4. we use eq.(2.1) to

define the generalized velocity of Bg in terms of variables of the previous body. By.
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Figure 2.4: A Serial Chain of Flexible Multibodies

Since it is always possible to assume that the end-effector is rigidly attached to the

last link of the chain. the spatial velocity of Fg is
vE=TenvN +SENQN. (2.3)
Using eq. (2.1) again to substitute for vx into the above equation. we obtain
VE=Ten{TNN-1Un-1 + SyNo1qno1e +PNAN,} +SENGN. (2.4)

The same procedure can be applied to replace vy_; and so on until the base body of

the chain is reached. In that case. we obtain

vg = TeoPoqo,+7TePrqy,+...+TexPyqyn.,

%

+ TE.ISI.O ilo,e + TE.'-’SQ.I q1,e +...+ TE..'\"SN.AV—I q:V—l.c + 'SE.N &I‘V,e(z-"))

[ntroducing vectors q, and q. which combine the rigid and elastic coordinates re-
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spectively for all bodies in the chain as

— qo.- ‘ [ 9o, ﬂ
g.=| " e.=| (2.6)
| Iv.r ] [ INe J
the quantity vg can be written in a matrix-vector form as:
Vg = [TE.OPO TeaPy - TgnPw ] [ ilc{r (I{r qgr ]T
+ [ TeiS10 -+ TenSvn-1 SeEnN ] [ doe qie " qi. ]T(‘Z-T)

Since usually the desired end-effector motion is prescribed with respect to a fixed
reference frame. we need to transform vg from Fg into the inertial frame F; by
pre-multiplying it by the generalized rotation matrix C; g€ R®*%. This generalized
rotation matrix is defined as C; g = diag{Cg.Crg} and C; g€ R3*? is the rotation
matrix of the end-effector frame relative to the inertial frame. To treat the multiple
bodies in a chain as a single entity. we now use v to denote the spatial end-effector
velocity expressed in the inertial frame. Finally. the velocity kinematics equation

(2.7} can be written more compactly as:

o

v=J.q.+J.q, (2.3)

where J, and J. are referred to as the rigid and elastic Jacobians. They are defined

by
J. = CreT 4P (2.9)
J. = C1pT4Ss+ 8y (2.10)
where
Ti=|Teo Tea - Tox] (2.11)
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with Pg and Sg as defined in Appendix A.

2.2.2 Kinematics of the Object
Specify the Object Motion

As mentioned earlier, throughout this work, we assume that the motion of the object
is prescribed; that is, the position of Opg and orientation of g are known as a
function of time. One way to define this trajectory is by specifying, in the inertial
frame, the position vector rg of Opg and the orientation matrix Cg€ R3**3 of Fp.

Another more compact representation is by a column matrix of six components:

rs

where (a. 4. ~

+

) can be Euler angles or roll-pitch-yaw angles. By knowing (a. 3. ¥)
as a function of time. the orientation matrix Cg can be obtained [41] as a function of
time. Since we have decided to consider differential kinematics as a means of defining
the motion of the system in its configuration space corresponding to the Cartesian
space object motion. the prescribed motion of the object must also be specified at the
velocity and/or acceleration level. Assuming the velocity level kinematics. the spatial

velocity of By is given as:
\Z:;
vg = (2.14)
wpB
where both vg and wpg are expressed in the inertial frame. While it is clear that

differentiating rg in eq. (2.13) with respect to time gives vg. differentiating (a. .3. 7)



CHAPTER 2. DYNAMICS MODELING 30

however, does not yield wg. To obtain the spatial velocity in eq. (2.14) from eq. (2.13),

we need to consider the following

Cp = 25Cp (2.15)
from which it follows
25 = CgCyp (2.16)
In the above, matrix 25 represents a cross-product operation of wp = [w; w, w:]T
and is defined by
0 —w: Wy
Rp=1{ w. 0 -w (2.17)
—w, wr 0

and Cg can be obtained from (a, 3. %). Also notice that in eq.(2.16), the orthogo-

nality of the orientation matrix Cpg has been used. that is, Cg' = CF.

Define the End-effector Motions

Once the object motion is defined. motions of the manipulator end-effectors are com-
pletely determined for the case of a rigid grasp as assumed here. At each grasping

location, we have the following constraint equations:

rr = rg+ ¢ (2.183)
Cirei = CpCseE (2.19)
t=1.---.P
Referring to Figure2.2. ¢, is the vector connecting Opg to Og, expressed in the inertial

frame. In the above, Cg g; represents the orientation of Fg; relative to Fg. The

spatial velocity of the ith manipulator end-effector is then given by

ve +wpg X ¢
o= 0 °F (2.20)

wpg
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Differentiating eq. (2.20) yields the desired acceleration for the ith end-effector:

. VB+QBXCi+wBX(wBXCg
v = ) (2.21)
wp
which will be used as the prescribed trajectory for the manipulator end-effectors when

solving the inverse dynamics problem for each chain.

2.3 Formulation of the Systemn Dynamics

Difficulties in formulating the dynamics of a flexible multibody system lie in the fact
that the constituent bodies are deformable and the motions between them are cou-
pled. The complexity of the equations increases rapidly as the number of the bodies
increases. When reviewing the literature, it becomes evident that both analytical
methods, such as Lagrange’s equations [39. 42, 43] and Hamilton’s Principle [20],
and vectorial formulations, such as the Newton-Euler equations [38, 44, 21], have
been used extensively to derive the dynamics equations for flexible multibody sys-
tems. By assuming that the flexible bodies undergo small deflections (compared with
the dimensions of the link), linear theory of elasticity is usually employed. In fact.
Euler-Bernoulli beam theory is commonly adopted to represent manipulator links.
The dynamics of a flexible body can be written relative to a moving frame which may
represent a rigid configuration of the body. A continuous flexible body is typically dis-
cretized and approximated by a finite number of degrees of freedom. Assumed modes.
finite element method or lumped parameters (masses and springs) are commonly used

for this purpose.
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2.3.1 Dynamics of A Serial Flexible-Link Manipulator

Considering the tree structure of the reduced system, dynamics equations need to be
formulated for the P serial-chain manipulators and for the object. In this section, we
study a single serial-chain flexible-link manipulator. The constraint forces between
the manipulator end-effector and the rigid object are considered as external forces and
torques acting at the end-effector. Following the procedures introduced by Hughes
and Sincarsin [38, 40], the Newton-Euler formulation is first applied to each body
of the chain to describe the individual body dynamics. The finite element method
is used to derive the equations of motion for elastic coordinates relative to the rigid

configuration. As a result, the motion equations for an elastic body B, are:

V]
(8]

Mn.rri’n + Mn.rc Eln,e = .fnT.r + .fnl.r ( 2)

t

«

N\

23)

t

MT 'bn + Mn.ee ?In.e + Dn.ee qn,e + Kn.ee qrne = fn.T,e + fn[.e (

n.re
where M,,..€ R%*6 M,, ,.€ R5%*" and M, ..€ R*"**" are the mass matrices while
Dyce€ R"**" and K, € R*"**" are the damping and stiffness matrices of B, re-
spectively: column matrices f ;. and f,,, are the nonlinear inertial forces whereas
far.and f . represent the total forces (constraint and external) on B,. As before.
the subscript r stands for rigid, while e stands for elastic.

By including the interbody geometric constraints and interbody force relations.
dynamics equations for all the bodies in the chain are then assembled to vield a global
formulation of the chain dynamics [410]. The resulting global equations can be written

in the following form:
M"" bf + M"ﬂ “Qe =7+ fl.r + fext.r + fw,r (22‘1)

Mf q, + M. q, +D..q. +K.cq, = f['c + f,,:t'e + f,v'c (2.25)

4

Assuming that the manipulator is not kinematically redundant, the total number of

independent joint variables in g, is 6 while the total number of elastic coordinates
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in g, is denoted by S = Z¥_ s,. In egs.(2.24) and (2.25), M,,€ R®*6, M.,.c RS*S
and M,.€ R5*5 are mass matrices associated with the rigid and elastic coordinates
of the chain and the coupling between them; D..€ R5*° is the damping matrix and
K..€ R%*9 is the stiffness matrix; 7€ R® consists of driving forces and/or torques at
the joints; vectors f..,, and f,., . represent the effect of the external forces applied
to the manipulator not including those due to the object, whereas f, . and f,. are
the generalized forces generated in reaction to the grasping wrench applied to the

object. Finally, vectors f;. and f;, denote the non-linear inertial forces.

Eqgs. (2.24) and (2.25) differ from those given in reference [40] in that the general-
ized forces due to the external forces (other than the driving forces) are separated into
two parts: those due to the tip wrenches and those due to the other external forces
e.g., the gravity forces. This is because for a multi-arm system, we are particularly
interested in the effect of grasping wrenches. Therefore, vectors f, . and f,_ . are
new terms whereas calculations of all coefficient matrices and other generalized ex-
ternal and inertial force terms are described in references {38, 40]. [t is thus required

to derive the analytical forms of f, . and f,. ineqs.(2.24) and (2.25).

Let w represent the grasping wrench applied to the object by the manipulator.

expressed in the inertial frame and given by

w = (2.26)

Following the procedure used to assemble the chain (global) dynamics from the body
dynamics equations [38. 40|, we first obtain the generalized force terms appearing
in the body dynamics equations of the last body in the chain. By , to which the

end-effector is rigidly attached. We start by expressing the tip wrenches applied by
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the object, —w, in the body frame Fy as

fN.w
Fvw= = ~CnEeCg 1w (2.27)
NN, w
and the generalized force terms appearing in the body dynamics equations of By are

[38]:

fN,w 1 0 f[V’w
fN.w,r = < = .
rN,EfN.w + NN w rN.E 1 NN,
T ‘
= Rinfyw (2.28)
Frwe = ¥(rne)fnw+OT (ryE)nn.
fN.w

) [‘I’T(r“) @T(FN'E)] =Zgw e (2.29)

NN,

[n eq. (2.28), ry g€ R**? is the matrix form representing the cross product of vector
ryv.g, a position vector from Oy to Og. The matrix ¥&€ R3*~¥ contains the elas-
tic displacement shape functions satisfying cantilevered boundary conditions at the

proximal end of the link and @€ R3**~ is defined by
= %VX‘II (2.30)
Substituting from eq. (2.27) and making use of the definitions for the transformation
matrices 7 and S, egs. (2.28) and (2.29) become:
fnwr=—RENCNECEW = —TE  Cgw (2.31)
Fowe=—ZENCNECEIW = ~SE NCE W (2.32)

Then, the generalized force terms in the global dynamics equations due to the grasping

wrench are calculated from those in the body dynamics equations of By by

for = PTE four (2.33)
= StTLfeur+ Frue (2.34)

w,e
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where fy . and fy, . are defined as:

[ 0 ] 0
fS,w,r = . fE,w.c = . (2‘35)
0 0
L fN,w.r B L fN.w,e )

Following Hughes and Sincarsin’s notation, suffix “L” is used to symbolize assembled
quantities of all the bodies in the chain. Definitions of Tg, St and Py are given in
Appendix A. Other than that, the “assembled” (chain) matrix is obtained by placing
the corresponding body matrices along the diagonal while the assembled vector is

formed by aligning the body vectors in sequence.

Expanding the matrix multiplications in eqs. (2.33) and (2.34) and making use of

eqs. (2.9)-(2.12). we obtain:

i T T T
[ pT 111 T Ty -+ Ty o0 ]
° 'PT ]' T;rl e T;{'l
fur = ‘ 1 :
T . T.‘T\“',.'\"‘l
L P;V d 1 R f:V,w.r J
Ps T ko P T ko
T T
PiTw PiTh
= fN.w.r = TTE_NCEJ fw
y T
ProaT o PruoaT vve
P7, P

~P"TiCe 1w = -3 w (2.36)

il
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Similarly,
[ T 1T T T r 1T
O Slo 0 A 0 1 Tlo T20 b TNO 0
T
o sI ... 1 Tg'l T;‘“ 0
fw'e = 0 el 1
T .
SNN-1 T T;I‘},N—-l 0
A 0 J L 1 1L .fN.w,r J
- - _ , o
0 ST, 0
T T
+ = : fN.w.r + fN,w,c
0 N N - zTN N-1 0
i fN,w.e ] L SN N=-1 i L 1 ]
SLTY, 0
Sg'lTN2 0
_ T . T
= - : TenCerw— | ¢ | SpnCerw
Shv-2T hnoi 0
L S;I\:’.N—l ] L 1 J
= ~(STTiCe 1+ Sey)w=-I"w (2.37)

Eqgs. (2.36), (2.37) and (2.26) represent closed-form relations between the generalized
forces f, ., and f,. and the grasping wrench w. Substituting these into eqs. (2.24)

and (2.25), the global form of the dynamics equations of each flexible-link manipulator
can be written as:

M,q, +M,.q. =7+ f1,+ Forew —JTw (2.38)

MT Qr + MCC QC + DCE QC + KCC qe f{,c + fe.rc_c - sz (23())

[t is not surprising to note that the Jacobian matrices which map the rigid and

elastic rates from configuration space to the Cartesian space also relate the generalized



CHAPTER 2. DYNAMICS MODELING 37

external forces in the Cartesian space to those in the configuration space.

Equations (2.38) and (2.39) represent a compact form of the dynamics equations
for a serial-chain flexible-link manipulator interacting with the object through the
grasping wrench w. However, calculation of the mass matrices, the stiffness matrices
and non-linear inertial force terms are quite complicated. The present work is based
on a model which includes all the nonlinear inertial terms arising from the coupling
between the rigid and elastic motions. Geometric stiffening effects are also accounted
for in calculating the stiffness matrix. The reader is referred to Damaren and Sharf

[45] for a detailed description of the model.

2.3.2 Dynamics of the Object

[n comparison to the dynamics modeling of a flexible-body system. such as a flexible-
link manipulator, the derivation of the equations of motion for a rigid body is quite
straightforward. By applyving Newton’s Second Law and Euler’s equation to the

object. we have

M
Zf,:mg(\'lg +g)—-f. (2.40)
=1
M
Z(ni +c, «f,)=Igwg +wg x [gwg —(n. +c, »f.) (2.41)

i=1
where all the vectors are expressed in the inertial frame. The scalar quantity g is
the mass of the rigid object. the matrix Ig is the inertia matrix of the object about its
mass center and g represents the gravity effect. Eqs.(2.40) and (2.41) also quantify
the dvnamic coupling between the individual manipulators since they contain the tip
forces f, and moments n, which represent the wrenches applied by each manipulator.
These equations constitute the primary constraints on the force distribution problem

as will be discussed later in the thesis.
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Chapter 3

Inverse Dynamics of Serial

Flexible-Link Manipulators

3.1 Introduction

[n the last chapter. the equations of motion for a multiple-arm system were formu-
lated. Given the external forces. solving these differential equations to obtain the
motion of the system is known as the forward dynamics. [n contrast. inverse dynam-
ics entails the calculation of the driving forces and/or torques needed to achieve a
desired motion. More generally, the inverse dynamics solution can be used in force
analysis, that is, the study of both driving forces and constraint forces at the joints of
a multibody system for a specified motion of « reference body. For robot manipula-
tors, this reference body is normally the end-effector. For a multiple manipulator and

object system. achieving a satisfactory motion of the object is a common concern.

The solution of the inverse dynamics has a number of important applications. [t

allows the determination of the forces to which a multibody system is subjected in
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the dynamics and kinematics simulation problems. Force analysis is also a necessary
procedure in the design of a mechanical system. Probably the most prominent appli-
cation of the inverse dynamics solution is in the design of advanced control schemes
used for controlling multibody systems. In feed-forward compensation, the actuator
torques are calculated to track a prescribed end-effector motion [46, 47]. In feedback
control, the inverse dynamics solution provides an inversion of the system dynamics
[48, 49, 50]. This gives the control specialist a powerful tool with which he or she can

design stable and robust control laws for the motion control of multibody systems.

Although solutions to the inverse dynamics problem have been well developed
for rigid multibody systems [51, 26], these become substantially more difficult when
structural flexibility in the links is considered. Normally, solving the inverse dynamics
problem requires knowledge of the motion of the system. that is, not only the pre-
scribed motion of the end-effector but also the corresponding desired motion in the
configuration space of the manipulator. Then, solving the inverse dynamics problem
is equivalent to evaluating a set of linear algebraic equations where the generalized
coordinates and their first and second derivatives are known as a function of time and
the actuator torques must be determined. The Newton-Euler method has been used
and proven to be computationally efficient for solving the inverse dynamics problem
in the rigid case. Nevertheless, with the same definition of the inverse dynamics prob-

lem, obtaining a solution for the flexible multibody system is not so straightforward.

One difficulty is that the desired motion in the configuration space cannot be
determined from the prescribed motion of the end-effector because of the unknown
deflections of the flexible components. These deflections are, in turn. dependent on
the external forces applied to the system including the actuator torques. which are also
unknown. [t would seem, at this point, that there are more unknowns than equations

(dvnamics equations) in the inverse dynamics problem for flexible-link manipulators.
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To avoid this problem, we could use nominal joint trajectories obtained from the rigid
inverse kinematics solution so that the desired joint variables are known when solving
the dynamics equations [29, 35, 52, 53]. A more general method is to include the
acceleration kinematics equations when solving the inverse dynamics equations [37]
so that no assumption is made regarding the desired motion in the configuration space.
With this method, the inverse kinematics and inverse dynamics problems for flexible-
link manipulators become coupled and the solutions for both the actuator torques
and configuration space motions are obtained. In any case, the inverse dynamics
solution for flexible-link multibody system differs from that for the rigid case in that
it requires integration of the differential equations to produce the configuration space

trajectory.

Another difficulty with obtaining inverse dynamics solution for flexible-body sys-
tems stems directly from the numerical integration of the derivatives of state variables.
Solutions of a set of differential equations may or may not be stable. It has been shown
that the inverse dynamics solution for serial flexible-link manipulators with zero ini-
tial conditions is unstable [21, 22. 52, 54]. [n this context, instability implies that the
dynamics variables do not remain bounded as t — ~c. Calculating the feed-forward
torques therefore becomes meaningless. As a result, obtaining a stable solution is a
key issue in using an inverse dynamics technique to control flexible-link manipulators.
Many studies of this issue have been carried out for the past few vears. Bayo and his
co-workers have developed a so called ‘non-causal’ solution which has been shown to
be unique and stable. Kwon and Book reduced the computational burden of Bayo's
method by dividing the solution into a causal and anti-causal parts and integrating
them separately. Realizing that an unstable inverse system implies a nonminimum
phase forward system which is further caused by the non-collocation of actuation and

end-effector motion. Asada el al. used a torque transmission mechanism to design a
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collocated system [22]. Wang et al. proposed a delayed adaptive inverse method which

provides a stable and close approximation to the inverse dynamics solution [55].

[n this chapter, we focus our attention on the inverse dynamics solution for serial
flexible-link manipulators. We begin this study with a single link case for which an
analytical formulation of the system dynamics is obtained. Both a state variables
description and an input-output description are established and the latter is used for
analyzing the stability of the inverse dynamics solution. Based on the analysis of the
single link arm and comparison of causal vs. non-causal solutions, we choose to use
the causal solutions for the inverse dynamics analysis of flexible multi-body system.
Finally, the causal inverse dynamics solutions are formulated for serial flexible-link

manipulators.

3.2 Inverse Dynamics of a Single Flexible Link

The study of a single flexible-link manipulator is always a good start. It allows us
to obtain an analytic formulation of the system dynamics without unduc difficulty.
Besides. the model obtained is a set of linear time-invariant second-order differen-
tial equations. This in turn makes it easier to analyze the system behavior. and in

particular, the system stability.

The stability of a system governed by a set of differential equations can be analyzed
by directly looking at the time evolution of the system state variables. [t can also
be analyzed by studying the input-output relations that assigns to each input [36].
These two methods give different insights into how the system works and may lead
to solution of some of the problems from different angles. For an inverse flexible-link
dynamics system. the output driving forces are calculated in response to the input

prescribed trajectory of the end-effector. A natural question to consider is whether
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or not the output driving forces have similar characteristics to those of the input,
say, the boundedness. This motivates us to consider input-output descriptions to

investigate the stability issue.

Before proceeding, we need to formulate the dynamics equations of a single flexible-
link system for which input-output relations are then established. In many cases,
input-output descriptions can also be obtained by direct measurements when deriving
the dynamics equations is too complicated. For the present study, we will start with
deriving closed-form dynamics equations since this leads to analytical input-output
relations. It also helps to understand the procedure of formulating the dynamics

model using the method proposed by Hughes and Sincarsin.

3.2.1 State Variable Description

Figure 3.1 shows a single flexible link driven by a torque 7; at the hub while the other
end of the link is free. The link is assumed to move in a horizontal plane and its joint
position is specified by §;. The mass. length, and flexural rigidity of the link are m.
{ and E[ respectively. A uniform cross section (@ x i) of the link over the length is

assumed.

Referring to the same figure. X; — Y; and X| — Y| represent the axes of a fixed
and a moving (body) frame. [t is assumed that the height of the beam is much
greater than the width i.e., a < h. so that the vibration of the beam is constrained
to the horizontal plane. Also, the shear deformation and the rotary inertia effects are
ignored for simplicity. An arbitrary point P on the link can be located in the moving
frame by (z,, yp). For simplicity, the deflection of the flexible link is modeled by a
single planar beam element with two nodal degrees of freedom. A cubic polynomial

shape function is adopted to express the transverse deflection of the beam which
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m . El

Figure 3.1: Single Flexible Link

satisfies the cantilevered boundary condition. By using the shape function matrix
¥, elastic displacement u of any point on the link can be calculated from the nodal

displacement ¢, by:

u="gq, (3.1)

For the present case, the shape function matrix is [57]:

0 0 0
W) = | 362 -2 (-6 | =] &) (3.2)
0 0 0

where £ = z/l € [0,1] represents the location of a point on the link relative to the
joint. By defining the shape function matrix ¥ as in eq.(3.2). the deflection of the
link takes place only in the Y| direction of the body frame and it can be calculated

as:

, . (¢t
y(rp.t) = 0(€) q, = (367 —26° — (€2 - &%) [ v } (3.3)

v(t)
where (v, V') are the time-dependent elastic coordinates consisting of the transverse

displacement and the slope at the tip of the link. The corresponding cantilevered
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element stiffness matrix is [57]

Erl 12 -6l
Kl,ee = 73 (34)
Bl _6l a2

Following the derivation of the dynamics equations as described in reference [40],
we calculate the mass matrices of the flexible link. The mass matrix associated with
the unconstrained rigid degrees of freedom is given by

ml —¢f ;
Ml,rr = (3'3)

X
¢ g1

[n the above, ¢{ is the cross product operator of ¢, the first moment of mass. The
second moment of mass is denoted by J,. It should be noticed that these quantities
are calculated in the body frame, that is. the moving frame (O,, X,.Y ;) attached

to the joint of the link. In the present case. these are:

: 00 0 I 0 0
cL=miQ cc=]0 0 -= Ji=10 1, 0 (3.6)
0 0z 0 0 0 I

and
fee = /v,(y2 +:)pdV 1, = A(I"’ +2)pdV [ = /V(-r"’ +y7)pdV (3.7

The mass matrices associated with the elastic coordinates and the coupling between

the rigid and elastic coordinates are defined by

2 —4Lm)
M. = /lIlTlIldm = m/ol (&) W (£)de = [ 3™ zlof"z } (3.8)
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[ 0 0 |
%m —-l—liml
N A 2 z[ m [} W(€)de }z 0 0 59
[ t*¥dm ml J§ r*W(€)dE 0 0
0 0
] %ml —s5mi? |

where r denotes the coordinates of point P in the link frame. Since the link is only
allowed to rotate in the horizontal plane about the Z; axis, the projection matrix is

thus defined as:

7’1T=[00 00 0 1] (3.10)
The spatial velocity of the body frame is,
0 0
Vi
v, = vi=1|0 wi =] 0 (3.11)
Wi

A vector defined in the inertial frame will be expressed in the moving frame by pre-
multiplying it by
cosf; sind; 0
Ciy=| —sinf, cos@, 0 (3.12)
0 0 l

and the inter-body transformation matrix is calculated by
Cir —Cyryf C 0
T, = 1/ it _ %4 (3-13)

0 C” 0 Cll

in which ry; = 0 has been employed. The nonlinear inertial forces are given by

3 [ —wi{mv; +wicy) }

T
=["77‘0'[2 0000 o] (3.14)
(widwy + cfwivy)

fll.r

T
fue = = [¥@ivi+oiwindm =0 o] (3.15)
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As a convention in the formulation proposed by Hughes and Sincarsin, quantities
denoted with a body index, namely, 1 in the above are used to formulate the body
dynamics equations. For a single link, there seems to be no difference between the
body dynamics and the global dynamics except that quantities are expressed in dif-
ferent frames. This is not really true with Hughes’ and Sincarsin’s method. Indeed,
in their method, equations describing the body dynamics are written in terms of the
derivative of the spatial velocity of the body frame whereas the global dynamics for-
mulation is expressed in terms of the generalized coordinates and their derivatives in
the configuration space. Another notable difference is that in the global formulation,

constraint forces are absent while this is not the case in the body dvnamics equations.

To obtain the global dynamics formulation of the single link in the configura-
tion space. the assembled projection and inter-body transformation matrices and the

assembled mass. stiffness and inertial terms are as follows:

Pe =P, Ts = Loxs St = Ogx2
7373 = Tg_‘ =0 Sg =
(3.16)
M‘:.rr = NIl,rr MS.rc = Ml.re MS.er_‘ = Ml.ee
Kg.ee = Kl.ee fS.I.r = fl.Ir fS.[.e = fl.Ie

By including eq. (3.16). the global mass, stiffiness and the inertial forces are [40]:

M., = Ps T M. TP = PIM,.. P, (3.17)
M.. = P’ T<T(Mz,. + Mg TsSc) = P My .. (3.13)
M,, =S8 T ™Ms,e + ML, TeSs + 87T "Ms,, TcSs + Mx..

= M,.. (3.19)
Fro =P T fo,, = Me, (Te(Psb, + Scq.) + T=(Sc q, + P:1))}

=P{ fi11,=0 (3.20)
fr.=8"Ts"{ fo , ~ Msr[Te(Pch +Scq,) + Te(Sc g, + Pcbi))}
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+{ fr1e — ME [Ts(Psb + Scq.) + Te(Szq. + Pso)]}
= fie=0 (3:21)
K. = KS.ce = Kl.ec (3.22)

Therefore, the global description of the dynamics of the single flexible link is obtained

as

M, q, +M,.q,. =7 (3.23)
MZ; ZIr + MCC ;Ie + KCC qe = 0 (3'24)
or, in a more compact form
Mg+ Kgq=Br (3.25)
where
[.- gaml — 35l 6,
M = 55! %m —;Tloml gq=1|v
I 2 1 ’
—eml* —geml  =ml? v
(3.26)
0 0 0 l
K=%|0 12 -6l B=|o0 T =[r]
0 —-61 47 0

A complete description of the system dynamics should include information de-
scribing the input, the output and the state variables. Usually, actuation efforts
which are used to drive the system are considered as the input and motions that
are measurable in response to the input are called the output. As a dvnamics prob-
lem, definitions for input and output could be different. A dynamics simulation can
be *driven’ kinematically by the motion of the system while the solution for the ac-

tuator torques can be considered as the output of the system. This is the inverse
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dynamics problem which we are interested in looking at. However, we will retain the
conventional definition for input and output for now since the inverse system can be
investigated by simply reversing the input-output description of the forward system.
Therefore, T in eq.(3.25) is considered as the input to the system and the motion
of a point on the link as the output. The output trajectory of P can be defined by
the angle 0, measured from the fixed X axis to the line connecting the joint with P
(Figure3.1). [t is also the summation of the rigid joint displacement and that due to

the elastic displacement, the latter can be calculated by including eq. (3.3):

0,(t) ~ 6,(t) + ———y(i”’t) = 0,(t) + L«S){ge(t)’ £ €0,1] (3.27)

For reasons which will be mentioned shortly when discussing the properties of the

transfer function, we define the output y as the angular acceleration of point P:

y=0,=Cgq (3.28)

C= [ 1 ®(&)/le ] e R'3 (3.29)

[t is evident from eq. (3.27) that the inverse kinematics problem for obtaining the joint
motion 8, corresponding to the specified motion. ,. of a point located other than at
the joint cannot be solved due to the unknown deflection of the link. Therefore. the
inverse dynamics problem cannot be decoupled from the inverse kinematics solution
for even a single flexible-link arm. As mentioned earlier. this certainly complicates

the inverse dynamics solution for flexible-link manipulators.

[n the above. eqs. (3.25) to (3.28) represent a linear time-invariant system, which
is probably the simplest model one can assemble for a flexible-link manipulator. The
advantage of obtaining such a model will be proven in subsequent sections where the
input-output relation is established and. based on this relationship, the input-output

stabilities are investigated.
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3.2.2 Transfer Function Representation

The method of Laplace transform can be used for solving linear differential equations.
[t substitutes a relatively easily solved linear algebraic equations for the more difficult
differential equations. The transfer function of a linear system is defined as the ratio
of the Laplace transform of the output variable to the Laplace transform of the input
variable. with all initial conditions assumed to be zero. The zero initial conditions
imply that the system is assumed to be relaxed or at rest before an input is applied.
[ndeed. for an input-output relation to be valid for investigating key properties of
a system, it is necessary that the system be initially relaxed and that the output
be excited solely and uniquely by the input applied thereafter. Since all physically
possible signals have a Laplace transform, the existence of the Laplace transform is

also assumed for the present analysis.

The transfer function of the single flexible arm is obtained from egs. (3.25) and

(3.28). rewritten with zero initial conditions as follows:

Ms*Q(s) + KQ(s) = BT(s) (3.30)
Y(s) = Cs’Q(s) (3.31)

where Q(s) is the Laplace transform of the generalized coordinates g while T'(s) and
Y'(s) are those of the input 7 and the output 5p. [n the present case. we have a single
input and a single output. Therefore. T(s) and Y'(s) are scalar functions of s. the
Laplace variable. Combining eq. (3.30) with eq. (3.31) and solving for Y(s) in terms
of T(s). we obtain the transfer function H(s) from input T'(s) to the output Y(s) as:

Y(s)

= 5? s° -1 3.32
() “C(Ms*+K)™'B (3.32)

H(s) =

Substituting eq. (3.26) into the above. and expanding. we derive the input-output
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description as

(02167 — 0.3€ + 0.1)m?s* + (88.262 — 226.8¢ + 122.4)mEls? + 1512E 2

T (=0.33ml? + [..)m2l6s* + (—390.6ml? + 12241, )mBEs? + 151201,. EI?
(3.33)

H(s)

This is a rational transfer function. We now introduce several important definitions

that are relevant to transfer functions.

Definition 3.1 (Proper Function)

A rational function H(s) is said to be proper if H(o0) is a finite (zero or nonzero)

constant. H(s) is said to be strictly proper if H(oco) = 0.

Definition 3.2 (Poles)

Poles of a proper transfer function H(s) are numbers (real or complex) which

give |H(s)| = oo.

Definition 3.3 (Zeros)

Zeros of a proper transfer function H(s) are numbers(real or complex) which

vield H(s) = 0.

[t can be shown that H(s) defined by eq.(3.33) is proper since H(oo) equals a

constant.

3.2.3 Stability Criteria for the Inverse Dynamics Solution

There are many notions and definitions of stability” which are used for defining the
properties of dynamic systems. A system that is stable according to one definition of
stability may be unstable under some other definitions. Depending on the application,

ensuring a ‘stable’ performance under certain definitions is more appropriate. For
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example, an asymptotically stable system will return to an equilibrium state no matter
how far away the system was initially from the equilibrium state. By contrast, the
concept of Lyapunov stability is only concerned with the behavior of a system when
its initial state is near an equilibrium state. A BIBO (bounded input and bounded
output) stable system demonstrates a bounded output as long as the input is bounded.

These are commonly used concepts in system analysis for control purposes.

For an inverse dynamics system, our primary concern is whether the system is
BIBO stable or not. This is mainly due to the application of the inverse dynamics
solution. For example, when performing force analysis for mechanism design, we are
interested in determining the maximum value of the forces needed to be transmitted
to the system and the maximum constraint forces on each component in response to
a variety of required motions of the system. Boundedness of these forces is one of the
major concerns. On the other hand, when the inverse dynamics solution is used as

part of the control scheme, boundedness of the actuator torques is essential.

Again, it is of great advantage to use a transfer function to describe the input-
output relations of a linear time-invariant system. In terms of the transfer function.

the stability criteria are set up by the following theorems [38]:

Theorem 3.1
A relaxed single-variable system that is described by a proper rational function
H(s) is BIBO stable if and only if all the poles of H(s) are in the open left-half

s plane or, equivalently, all the poles have negative real parts.

Theorem 3.2
[f all the poles have nonpositive real parts. but one or more have a zero real
part, the system will be BIBO stable if and only if all the poles having zero

real parts are simple roots (as opposed to multiple roots) of the characteristic
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equation.

For analyzing the inverse system, we need to switch the input with the output
that was defined in Section 3.2.2. The input to the inverse dynamics system is now
the desired motion of point P, é,,, while the output is the corresponding joint actuator
torques 7. Consequently, the transfer function for the inverse dynamics system, ﬁ(.s),

can be obtained from that of the forward system by:
H(s) = 1/H(s) (3.34)

Also, H(s) is a proper rational function since f[(oo) # 0. This is the reason why we
define the output of the forward system to be the acceleration of point P on the link.
Otherwise, the order of the numerator polynomial would be higher than that of the

denominator polynomial and H(s) would not be proper.

[f a proper rational transfer function f[(s) is irreducible. that is. there is no non-
trivial common factor in its numerator and denominator. the poles of the transfer
function are known to be the roots of the characteristic equation of H(s) obtained
by setting the denominator of f[(s), or equivalently, the numerator of H(s). equal to

zero. Thus. in our case. we have:

[0 4]

(0.216% — 0.36 + 0.1)m>s" + (88.262 —226.86 + 122.4)mE[s* + 1312(E[)? =0 (3.35)

[n the above. the scalar quantity € is a known location of point P on the link relative
to the joint. [t can also be interpreted as the relative location of the output to the

input. We define
— s (3.36)

and substitute it into eq. (3.35) to vield

(0.21€% — 0.3€ +0.1)p* + (88.26% — 226.8¢ + 122.4)p + 1512 = 0 (3.37)
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Figure 3.2: Value of Square Root Term

The two roots of eq.(3.37) are obtained as

—441£6% + 11346 - 612 £ 3\/3(7‘20364 — 37044&% + 664442 — 49728€ + 13312)
Pr2 = 31 r2 s
2,162 - 38 + 1

(3.38)

Figure (3.2) depicts the value of the square root term in eq. (3.38) as a function of
& € [0,1]. It is shown that this term is always a real positive number. Hence. p from
eq. (3.38) is always a real (positive or negative) number. [t can be predicted that the

poles of the transfer function, calculated from

El " -
Si2 = i(:)z VD1 (3.39)
El . )
S34 = i(—‘m )2 /P2 (3.10)

can either be a real number or a pure imaginary number depending on the value of

& (= x/l). We now consider the following cases:
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I £€=0
This is the case where the joint motion is specified, that is, input and output
are collocated at the joint. The poles of the transfer function of the inverse
system are: :1:34.8]'\/—%_, :£:3.53j\/§. According to Theorem 3.2, the system is
BIBO stable since all the poles have zero real parts and they are simple roots

of the characteristic equation.

2. £=1
This is the case where the tip trajectory is specified and the actuator is located
at the joint. Thisis the most general definition of the inverse dynamics problem.
The poles of H(s) are: ﬂ:9.97\/—%7, t38.99\/%’-. According to Theorems 3.1 and
3.2, we can conclude that the inverse dynamics system is unstable since there
are poles located in the right-half s-plane.

3.0<é< ]

When the location of point P is moved from the joint towards the tip of the link.
values of p;, change from being both negative to both positive. which means
that the poles of H(s) move from the imaginary axis to the open right-half of
the s-plane as £ increases from 0 to 1. A critical position where positive roots of
eq. (3.37) start to appear is found to be at £ = 0.529; here, the stability status

of the inverse dynamics model changes from being stable to unstable.

From the above analysis. we conclude that stability of the inverse dynamics model
of a single flexible link described by eqs.(3.25) and (3.28) is directly affected by the
location of specified trajectory relative to the actuator. For the present model, a
critical position exists where a change in the stability characteristics of the system is
observed. Indeed, for different approximate models, this critical position varies. With

a finite element discretization of the elastic link. the critical position moves towards
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the actuator as the number of elements used to model the link is increased. Based on
this, we predict that with an exact (continuous) model of the link, a stable inverse
dynamics system will only be obtained if the actuator and the specified trajectory

are collocated.

The other meaning of unstable poles of the transfer function of the inverse system
is that the forward system is nonminimum phase. For a linear system, if the transfer
function has zeros in the open right-half s-plane, the system is said to be nonminimum
phase. In practice, the nonminimum phase property often arises in a system where
there is a time delay between the input and the output (measured by the sensors). Ev-
idently, when applying a torque at the joint of a flexible link, the tip of the link starts
to respond with a time delay. Assuming instantaneous response of the tip motion,
the causal inverse dynamics solution calculates the joint actuator torques according
to the desired tip motion at the same time instant. One can predict this torque to
be of high magnitude and frequency in order to overcome the time delay. Such an
input signal is likely to excite the elastic vibration and eventually cause unbounded
actuator torques. This physical explanation agrees with the conclusion given by the
above analysis that collocation between the input and the output guarantees a stable

behavior of the inverse dynamics system.

3.3 Introducing Some Solutions

Several methods have been published in the literature to generate stable solutions to
the inverse dynamics problem for flexible-link serial manipulators. These methods
can be classified into two main categories: the causal solution and the non-causal
solution. The first group was introduced by Asada and his research group whereas

the non-causal solution was first proposed by Bayo. We now briefly discuss both of
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these methods.

3.3.1 Park and Asada’s Torque Transmission System

A system is said to be causal or non-anticipatory if the output of the system at time ¢
does not depend on input applied after time ¢, but depends only on the input applied

before and at time {. Otherwise, the system is said to be non-causal.

Motivated by the work of Spector and Flashner [54] who calculated zero locations
of the transfer function of the forward system as a function of the sensor location
for tracking control of flexible arms. Park and Asada also investigated the transfer
function for a single-link arm [22]. They assumed that actuation efforts could be
applied at an arbitrary point on the link. Therefore, they obtained the transfer
function for an input being the actuator torque and an output as the tip trajectory.
A critical position ¢ was also found (Figure3.3) which separates stable and unstable
regions. They concluded that actuation efforts should be applied as close as possible
to the tip. They also pointed out that ~as long as the actuator torque is applied at
the joint and the endpoint is the control output. the system is nonminimum phase.
regardless of how the stiffness and mass of the arm are distributed™. In consequence.
theyv proposed to design a torque transmission mechanism to transmit the torques
applied by the actuator located at the joint to a point within the stable region.

Figure 3.3 shows the basic idea of the mechanism design.

3.3.2 Bayo’s Non-causal Solution

In the previous section, we derived the input-output representation of a single flexible-
link robot by applying Laplace transformation to the state variable equations. Ac-

cordingly, we obtained a transfer function H(s) which constitutes the input-output
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Figure 3.3: Single Link Arm with Transmission Mechanism

relation in the frequency domain. The inverse Laplace transform of the transfer func-
tion is known as the impulse-response H(f). The time domain output v(f) can be

expressed by using the convolution of the impulse-response with the input u(t) as:
t -
v(t) = / A(t = Mu(A)d. (3.41)
0

In fact. application of this method implicitly assumes that the system is causal. Sim-
ilarly, the fact that direct integration of the dynamics equations in the time domain
only requires the past and the present information about the system also implies that

the system is treated as causal.

Because of the existing time lag between the joint actuation and the tip motion.
Bayo suggested that the actuator should act before the endpoint motion and continue
after it has been completed. Considering the actuator torques as the output of the
inverse dynamics solution and the desired endpoint motion as the input. this means
that the output is anticipatory. Therefore. the inverse dynamics system for flexible-

link manipulators is non-causal and direct integration of motion equations in the time
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domain is not applicable.

A single flexible link is again taken as an example to obtain the non-causal solution
proposed by Bayo and his co-workers. The method starts by formulating the dynamics

equations for the single link arm [59]:
MV +Cv+Kv=T (3.42)

Following Bayo’s notation, in the above, M, C and K are the mass, damping and
stiffness matrices. The column matrix v = [0y, z1, Z2, - -, Zn, ¥]7 is composed of the
hub rotation angle @5, n elastic coordinates zy, ---, z, for modeling the flexible link
using the finite element method, and the tip displacement y. The latter is known as
the desired trajectory. The column matrix T = [r, 0, ---. 0]7 contains the unknown
torque to be applied at the hub. Next. the Fourier transform of eq. (3.42) is obtained

for a particular frequency w as:

C K . .
(M + = — —)¥(w) = T(w) (3.43)

V2

W &

where (-) denotes the Fourier transform of a variable. The above represents a linear

system of n + 2 complex equations. the solution of which can be written as:

fw) = (M + = - ) B(w) = Glu)Tie) (3.44)

w w'”

From the last equation in eq. (3.44) we have:
§(w) = Gryaa(w)T(w) (3.45)

where T(w) is the Fourier transform of the actuator torque 7. Since §(w) represents

the prescribed tip trajectory, the actuator torque is calculated in the frequency domain

as

T(w) = H(w)j(w) (3.46)
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where H(w) = G, ,(w). Letting h(t) denote the inverse Fourier transform of H(w),

the time domain solution 7(¢) is then given by the convolution integral
) = / h(t — \)G(A)dA (3.47)
For a typical trajectory defined over a time interval [t;, £;], this reduces to:

r(t) = /;2 h(t — \)i(A\)dA (3.48)

1
The difference between the above equation and eq.(3.41) is readily seen. By using
eq. (3.48), the noncausality of the solution is captured. The existence and uniqueness
of the non-causal solution is proved by Moulin et al. [60]. However, we point out that
this method requires advance knowledge of the prescribed tip trajectory for the whole
task period. Also, as commented by Bayo and Moulin [59], their solution requires
heavy computational efforts since it involves the fast Fourier transform, solution of

linear systems of complex equations, and the inverse fast Fourier transform.

3.4 Inverse Dynamics Solution for Serial-Chain

Flexible Manipulator

Although we were able to formulate and obtain analytical solutions for the inverse
dynamics equations of a single flexible-link arm, it is. in general, impossible to do so
for a general multiple-link arm. It is well known that the dynamics equations for a
multiple-link manipulator are time-variant and nonlinear. Analysis of the behavior
of such a system is very complicated and the method we used for a single flexible-link
arm is no longer valid. However, preliminary conclusions can be readily drawn for the
inverse dvnamics system of a multiple flexible-link arm based on the previous analysis

of the single-link arm. These are presented below.
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Non-causality of the Inverse Dynamics System
According to the definition of the inverse dynamics problem for a multiple-
link manipulator, joint actuator torques are to be determined to generate a
prescribed motion of the remotely-located end-effector. Time delays when the
end-effector starts to respond to the joint actuation efforts exist as long as at
least one of the links is considered to be flexible. It can be further predicted
that in order to achieve a desired motion of the end-effector, the joint actuation
should start earlier than the specified end-effector trajectory and continue after
the input trajectory has been completed. This means that the inverse dynamics
solution for the joint actuation efforts depends on not only the past but also

the future information of the input and therefore implies non-causality of the

system.

Collocation of the Input with Output Improves System Behavior
Since the non-causality of the inverse dynamics system is caused by the time
delay between the input actuation and the output response, collocation of the
input with the output eliminates this time delay and thereby makes the system
causal. It can be predicted that if the actuator efforts are to be applied at the
same place as the specified trajectory, solution of the inverse dynamics problem

would have better behavior than that of the conventional (noncollocated) case.

['rom the previous analysis of a single flexible-link arm, we know that the inverse
dynamics solution in which we seek a joint actuator torque to achieve a prescribed
tip motion is generally unstable. To avoid the instability of the solution. one way
is to collocate the actuators at the tip of the manipulator and obtain a causal so-
lution. Another way is to transform the system equations into frequency domain
and solve for a non-causal solution. Both methods have been shown to be effective

with experimental implementations [22, 21. 29]. A non-causal solution ensures sta-
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ble solution but is computationally less efficient than a causal solution. However.
a causal solution, due to the instability, is not always applicable unless torques are
transmitted to a point close to the tip. Very interestingly, we notice that when mul-
tiple manipulators are handling a common object, wrenches applied by each arm to
the object can be viewed as active forces and torques on the other arms. This can
be well illustrated by a two-arm system composed of one flexible and one rigid arm.
Assuming both arms are away from the configuration singularities. the rigid arm can
be used to manipulate both the object and the flexible arm (through the rigid grasp
between the flexible arm and the object). In this situation, actuation wrenches are
applied at the tip of the flexible arm through the rigid object by the rigid arm. This
scenario implies a collocation between the actuation and the end-effector motion of
the flexible arm. Motivated by this observation. we propose to implement the causal
inverse dyvnamics solution while seeking out a way of utilizing redundant actuation to

stabilize the solution.

Another important observation is that the behavior of the nonlinear inverse dy-
namics system may depend critically on the input trajectory assigned to the system.
in contrast to the single flexible-link case (linear system) where the input-output re-
lations can be described, for example. by the transfer function. independently of the
input. For the present study. we will use smooth acceleration profiles to describe

trajectories of the object. starting and ending from rest.

3.4.1 Solutions for the Non-collocated Joint Actuation

As mentioned earlier. the inverse dynamics and the inverse kinematics problems are

coupled. Differentiating the velocity kinematics equation (2.8). we obtain the accel-
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eration kinematics relation:
v=J,¢,+3.3.+J.q, + .4, (3.49)

We repeat here the dynamics equations (2.24) and (2.25) from Chapter 2 for serial

manipulators in the absence of the external tip wrenches as:

M" ZI? + M"C Zle =T+ f[,r + fe.rt.r (}30)
Mz- er + M.. “Qe + D.. qe + Ke. q. = f[,e + ferg.e (3.51)

€

These are linear algebraic equations in terms of unknown variables q,. q, and 7. At
every time instant, the mass matrices, the stiffness matrix and the non-linear inertial

and generalized external forces are calculated from the known states. Solving for g, .

g.. and 7 vields:

r = M. .M2'(f-~MZLI'a) + M, J-'a — £z (3.52)
g, = J7Y(1+I.MMLI-YHa - J.MZH] (3.33)
g, = MZY(-MZLJI'a+f) (3.54)

where

A=t -3.4 —J4  F=freme—Keq.~Doq,

freser = Fro+ Fezer frecee = fr.+ foree (3.55)

M,. = M. — M. J7'J. M.. = M.. - MLI;'J.
In the above. we assume IK/Le is invertible. Therefore. eq.(3.52) gives the inverse
dynamics solution for actuator torques 7. To forward the solution in time. integration
of q.. q.. q. and g, is required to calculate the initial states for the next time instant.

[n fact. we can define a set of state variables to be

z=(q,. q. q.. ¢.)7 (3.56)
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Then, the equations of motion in state space form can be written as first-order dif-

ferential equations:

z(t) = f(x,t) (3.57)
with known initial states as:
z(0) = [¢.(0), 4.(0), q.(0). g.(0))" (3.58)

where ¢q,.(0) represents the static deformation of the links at the beginning of the

task. The right-hand side of eq. (3.57) is

( a
Flz.t) = 1 o (3.59)
I+ IMIIMEI YA - I M
i M} (-MZJ 'a + f)

Eq.(3.57) can be integrated numerically in time and in this way. a time history
of both actuator torques and the state variables are obtained which constitute the
inverse dynamics solution for a serial chain flexible-body system. Figure (3.1) contains
the flow chart of the algorithm for calculating the inverse dyvnamics solution of a single
serial flexible arm. Through the following example. we will illustrate the solution of

inverse dynamics problem by using the proposed algorithm.

Example 3.1

Figure 3.5 shows a 3-DOF planar serial flexible arm. [t is composed of three links
with the first (counted from the base) link flexible. The lengths of the links are 0.5m.
0.5m and 0.1m respectively. The geometric dimensions of the flexible link are shown
in Figure3.6. and the inertia properties of the arm are summarized in Table 3.1. In

the table. we omitted columns for I,. I;. and /. since in the present example. these
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Initialization

q:(0). q.(0), q.(0). q.(0)

=

Input o(t)

],i,

T from eq.(3.31)

- - T. Qr' qr
q. from eq.(3.32) ——{' Output ]
f— t ~dt q

q. from eq.(3.33)

q-- 4.- 9-- 4. [ntegrate

4 4. q- q.

Figure 3.4: Computational Algorithm for Inverse Dynamics Solution of a Serial Flex-
ible Arm
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Rigid Links

Flexible Link

Figure 3.53: A Planar Arm Tracing a 1/4 Circle
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Figure 3.6: Geometric Dimensions of the Flexible Link

values are zeros for all the members. We model the flexible link by using two planar
hbeam elements with a total of four degrees of freedom to allow hending in the plane

of motion. The tip of the arm 1s required to move along a circular are during time

1

t = 0. 171 [t is also required that the tip of the last link point 1o the center of the

N

cirele during the move. [Using a sinusoidal acceleration protile. the angle of rotation
arottnd the center of the circle is defined as.

h ) o
o= —(t — —sintwtjh. 360

< -
the desired tip trajectory (Figure 3.5) 1s then determined by:

. - . [ , ) - o ¢
Vo= —dihsin(et)sino = 0 =71 = cosict)coso 13.61

2

. . . e ) . - . cey .
v, = —dihsiniet)coso — 1 —= (1 — coslet ) sing 13.621
'
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Table 3.1: Inertia Properties of the Planar Arm
Mass First Moment of Inertia Second Moment of Inertia
Members m cr Cy c: J 4 Iyy I,
(kg) | (kg—m) | (kg—m) | (kg—m) | (kg—m?) | (kg—m?) | (kg ~m?)
Elastic Link 0.473 0.109 0 0 955 x 107> [ 365x10°2 [ 364 10"2
Rigid Link 0.809 0.214 0 0 40x10~% | 836x 10~% | 837 x 10~2
End-effector 0.300 0.015 0 0 246 x 10~% | 5.02x 10~2 | 1.00 x 10~3
Base Rotor 11.530 0 0.084 0 5.61x 1072 | 7.60x 10°* | 5.61 « 102
Elbow Motor || 14.000 0 0.258 0 T33x10726.05x 102 7.33x 102
Wrist Motor || 6.500 0 0.289 0 266 x 1072} 1.04x 1072 ) 2.66 x 1072
cos® —sino 0
Cre = sine coso 0 (3.63)
0 0 1
where
Of=7/4 /2=(Df/tf _;,'2'27?/!] (1205

As we are aware of. the actuator torques that we are going to obtain through the
causal inverse dyvnamics algorithm (Figure3.4) may be unbounded. Depending on
the properties of the input. the behavior of the inverse dynamics system may vary
significantly. For a desired tip trajectory as defined in eqs.(3.61)-(3.63). a larger
value of terminal time ¢; implies a slower maneuver. Letting ¢t = 100 sec and setting
107°,

the absolute tolerance used for numerical integration to € = the numerical

integration is carried out with an off-the-shelf routine LSODE. Results for the actuator
torques and the tip deformations of the flexible link are shown in Figure3.7. We
observe from Figure3.7 that the maximum value of the transverse tip deflection is
less than 0.0021% of the length of the link because the maneuver is slow enough to
allow the arm to behave as ‘rigid". However. if we reduce the duration of the maneuver

to 90 sec. the actuator torques become infinite shortly after the maneuver starts. We
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Figure 3.7: Solution for Example 3.1
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therefore conclude that the unboundedness of the dynamic variables prohibits the
application of causal solutions to the inverse dynamics problem for serial flexible-link

manipulators.

3.4.2 Solutions for the Collocated Tip Actuation

As a comparison to the previous example, we now propose a hypothetical situation.
Assuming a set of driving wrenches w to be applied at the tip of the arm. we calculate
the time profiles of these wrenches necessary to achieve the same tip trajectory used
in the previous example. Since the tip wrenches are collocated at the tip of the arm.
we expect the behavior of the inverse dynamics system to be improved. Combining
the dynamics equations (3.23)and (3.24), in the absence of joint torques T. together
with the acceleration kinematics of eq. (3.49), the driving tip wrenches as well as the

rigid and elastic accelerations are calculated. at every time instant. according to:

w = JTTM.M7(f - MLIT'a) + M, J7'a — £ v

M, M 7378+ 373776 )] (3.64)
g, = I7(1+IMIMLITA - I M - 3337 6] (3.69)
g, = MIY-MZJIa+f)+I7T-TF 00 (3.66)

where
T — ’AT _ RAT 7-1
M., =M., - M,TCJ, Je

A similar computational algorithm can be derived by simply replacing 7 by w in

Figure 3.4.
Example 3.2

Using equations (3.61)-(3.63) to describe the tip trajectory. we consider a faster

maneuver by reducing the terminal time to 1 sec and to 0.5sec. The resulting solutions



o - c———

CHAPTER 3. SERIAL-CHAIN INVERSE DYNAMICS 70

for the tip driving wrenches and the deflections at the tip of the flexible link are
shown in Figure3.8. The left column in the figures corresponds to the maneuver
with t; = Isec while the right column displays the results for t; = 0.5sec. Higher
driving wrenches and tip deflections are observed with the increase of the speed of
the maneuver. Compared with example 3.1, bounded solutions are obtained when
the arm is driven by tip wrenches for a much faster maneuver. Certainly, this means

that tip driven systems have much better behavior than the joint actuated systems.

3.4.3 Validation of the Solution by Energy Check

One direct way of verifying the correctness of the inverse dvnamics solution is to
apply the forward dvnamics procedure by inputing the actuator torques obtained as
solutions of the inverse dynamics problem to the same dynamics equations under the
same initial states. [f the output of the forward dynamics simulation gives a response
of the system close to that of the input to the inverse dynamics procedure. the inverse

dynamics solutions can be considered to be trustable.

The other way which is also effective and probably more efficient is to keep track of
the error in the energy balance between the input and output of the inverse dynamics
procedure. Without using a separate procedure each time after the inverse dyvnamics
solution is obtained. this check is done within the inverse dynamics calculations. By
outputting the profile of the energy drift together with the solution of the actuator
torques and generalized coordinates. the inverse dvnamics solutions are thus verified.
In case when the only external forces applied to the manipulator are the actuator
torques, the input energy W is obtained by integrating the power = which is given at
every time instant by

t
r=7q,. W= /O rdt (3.67)
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Figure 3.8: Solution for Example 3.2
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Part of the above energy is balanced by the dissipative influence such as the modal

damping and this can be calculated by
. t1. .
W, = /0 ~q7D.. g,di (3.68)
Assuming the system starts from rest, the error in the energy balance can be calcu-
lated from:
E(t) = (T(t)+ V() — (W — Wy) (3.69)
where T'(t) and V/(¢) are the kinetic and potential energies of the system. The kinetic

energy at any time instant is defined by

L. .
T = 3qTMq (3.70)

while the potential energy. if in the micro-gravity environment. is that due to the

elastic deformation of the links:
R S ; Y -
% =3qu5gqe (3.71)

Not only can the error in the energy balance be used to verify the inverse dvnamics
calculation. it can also be used to assess the validity of the dyvnamics model [15].
Furthermore. in the case of unbounded solution. a large error in the energy balance

must result since unbounded solution implies unstable system vibrations.

[t is expected that the absolute value of the energy drift is related to the maximum
total energy of the system during the maneuver. [t is therefore natural that we
measure percentage error in the energy balance by comparing the error with the
maximum energy of the system:

es(t) = I EO  1o0% (3.72)

(T + V)peak]
The root mean square value of the energy balance error is then obtained as:

TR ep(t)?
EERMS = -—’l[%(-)— (3.73)
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Figure 3.9: Energy Drift for Example 3.1

where A is the total number of points at which the output solution is saved.

Although a sufficiently small error in the energy balance indicates a necessary
but not a sufficient condition for a correct inverse dynamics solution. it proves to be
efficient in debugging and verifying the inverse dynamics codes. Upon testing the
codes with different mechanical set-ups and various maneuvers. the calculation has
been proven to be trustable. Still. the energy drift is considered to be part of the
inverse dynamics solution and serves as a means of deciding whether the solution is

well behaved.

Figure 3.9 illustrates the error in the energy balance between the input and the
output for example 3.1. The root mean square value of the percentage energy balance

error is 0.07% while the peak value of the system energy is 0.0033 .J.



Chapter 4

Inverse Dynamics of Multiple

Cooperating Manipulators

In the preceding chapter. we discussed the inverse dvnamics solution for a single serial-
chain flexible-link manipulator. I[n particular. we focused on finding the actuator
torques required to achieve a desired motion of the end-effector. It was found that the
actuator torques needed to produce a prescribed motion of a non-collocated reference
body may be unbounded (at this point. we assume that the driving torques are applied
at each joint of the manipulator). Along the same line of thought. we define the
inverse dynamics problem for multiple cooperating manipulators as: given a motion
of the object. find the set of actuator torques for all the arms which will generate
the desired object motion. In this chapter. we will first show that this problem is
underspecified meaning that the number of equations necessary to solve the problem
is less than the number of unknown actuator torques. Then. we will discuss in more
detail the relationship between the actuation redundancy and the degrees of freedom
in choosing the internal forces. Finally. we propose a computational algorithm for

calculating the causal inverse dynamics solution for a svstem of multiple cooperating
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manipulators. based on which a numerical example is given.

4.1 Underdeterminacy of the Problem

Based on the discussion in chapter 3, the following work concentrates on finding a
causal inverse dynamics solution. This implies that direct integration of the dvnamics
equations with known initial states of the system (positions and velocities) will be car-
ried out in time domain. for a predefined motion of the object. Although it was found
that the causal inverse dynamics solution for actuator torques may be unbounded for
a serial flexible-link manipulator. we will investigate the possibilities of utilizing the

redundant actuation to improve the dynamics behavior of the multiple-arm system.

Repeating. from Chapter 2. the dynamics equations {2.38) and (2.39) for each of

the decoupled serial chains are:

M"Y‘ér + M"Cée =T+ f[.e.tt.r - JZ-w RNy

MZ;&,. + Ma_eée + Dce 'qe + ng qf = -f[.e.z‘t.e - JcTw { L...).J

[n the above. f, . and f,.. ., have been used to denote the summation of non-
linear inertial forces and the generalized external forces (excluding the tip wrenchesi
which originally appeared in eqs.(2.38) and (2.39). If we include the acceleration
kinematics relations for each serial chain. eq. (3.49). and solve together with the above

equations for q.. q, and 7. we find:

o= M.M-Uf-MLIZ'a) + M, J7'a = frepe, + Hw (4.3)
. = M Y{-MLJta+f)+ 3w (44

g, = ITY{(1+IMIMLIMa - I M) +3Tw (4.5]

Te™  r €
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where
T =37 - M,..M; 137 T =33 M7 IT=-M1IT  (4.6)

Comparing with the inverse dynamics formulation for the noncollocated joint actua-

tion system as described in egs. (3.52)-(3.54), eqgs. (4.3)-(4.5) can be written as

T = v +JTw (4.7)
q. = ¢, +Jw (4.8)
qd. = q.+3w (4.9)

where 7/, q| and g, are as defined in eqs. (3.52)-(3.54). These quantities represent
the inverse dynamics solution in the absence of tip wrenches acting between the end-

effector and the object.

In the case of a rigid grasp. a given object motion automatically defines the motion
of the manipulator end-effectors. Therefore. 7. ¢, and ¢, can be determined. at
every time instant. from the desired motion of the object regardless of the grasping
wrenches applied at the end-effectors. The last terms in eqs. (1.7)-(4.9) then represent
the effects of the tip wrenches on the solution. In the following. we use "L’ to denote

assembled quantities for P manipulators. for example.

Ty = col{r; 7y ---Tp} (4.10)
I, = diag{d], I}, --- Ip (4.11)

[t should be pointed out that although "’ was used in Chapter 2 to symbolize assem-
bled quantities over bodies in a single chain. it disappears once the chain dvnamics
equations have been obtained and each manipulator is treated as a whole. \When
dealing with multiple arms. "I’ is used to denote "global” quantities for the multiple

arms. Thus. assembling eq. (4.7)-(4.9) for all manipulators. we have

Te = r':+JlTSwg (4.12)
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ér: = é:g +Jg~gws (4.13)
aeg = é;g +J§3w2 (4-14)

The above relations represent the dynamics of the manipulators constrained by each
other through the object. The grasping wrenches w have to satisfy the dynamics
equations of the object which are given by eqgs. (2.40) and (2.41). These are rewritten

here as:

Alw‘— = b1 (4.15)

T

where

1 01 0.. 1 0O
A = (4.16)
C;Q1C;1 ..Ci1

mg(vg +g) —f.
b, = (Ve + g) (4.17)
I Ipwp + wg x Igwg — (n. + ¢c. x f,)

In the above. the matrix C; represents the cross-product operator of the relative
contact location vector ¢;. In the literature. matrix A has been called the contact

force map [11] or the grasp matrix [4]. It can also be written as

AL =[p(c1) pley) - - plep)] € RSP (+.13)
with ¢( ¢;) defined by
(1 o]
ple) = € R5x® (4.19)
ler s

We note that ¢( ¢,) is invertible and moreover. ¢~ !( ¢;) = @(~— ¢;). The invertability
of p( ¢;) ensures that A, is full rank and A[AIT € R%*% is alwavs invertible.

We solve the inverse dynamics problem by evaluating egs. (4.12)-(4.13) for .
g, and g, at every time instant. Assuming JITS is invertible. the constraint tip

wrenches ws can be further eliminated from equations (4.12)-(4.15) by using

Wy =JT3T(7': - 75) (1.20)



CHAPTER 4. INVERSE DYNAMICS OF MULTIPLE ARMS 78

and substituting it into egs. (4.13)-(4.15). Then, the solution of the inverse dynamics

problem for the closed-loop multiple arm system can be obtained by solving the linear

system:
AJT oo T by + AT
-3 de 10| g | =| @e —II T (1.21)
-T - - —
—Jg‘ngg 01 9.5 q;g - JggJIgTI\;

The right hand side of the above is dependent on the prescribed trajectory and the
present states of the system. The kinematic constraints at the points of contact have
been included in generating the free motion accelerations §;. and q.. [11]. Hence.
eq. (4.21) accounts for all the necessary constraints imposed on the system when the
multiple serial chains are closed through grasping the common object. To confirm
that the coefficient matrix in eq.(4.21) is not rank deficient. we only need to make

sure that the first block entry AlJfg is full rank. This is apparent since

rank(A,J77) = min(rank(A,). rank(J;J)) = min(6. 6P) (-1.22)

We have introduced in Chapter 2 the symbol £5; to denote the total number of
elastic coordinates in the assembled system. Then. the number of unknown variables
in eq.(+.21) is 6P + 6P + X5; while the number of equations given by (1.21) is
6+ 6P + T5;. It becomes clear that once P > 1. i.e.. the system consists of more
than one manipulator grasping the object. the number of equations used to solve the
inverse dynamics problem is less than the number of unknowns. Therefore. the inverse
dynamics problem for a multiple arm system is underdetermined. The degree of this
underdeterminacy is equal to the difference between the row and column dimensions
of the coefficient matrix in eq. (4.21). that is. 6(P — 1). In other words. a unique
solution of the inverse dynamics problem can only be obtained if additional 6(P — 1)

constraints are imposed on the system.
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4.2 Actuation Redundancy and Controllable in-

ternal forces

4.2.1 Degrees of Actuation Redundancy

Imposing the closed loop kinematics constraints results in a loss of degrees of freedom
of the multiple arms. For a rigid grasp. closing each loop imposes six holonomic
constraints on the system. thereby reducing the total degrees of freedom of the system
by six. When all P arms are grasping the common object. they form P — 1 loops and

therefore. the number of degrees of freedom of the system is
n.=6P—-6(P—-1)=6 (4.23)

Again. it is assumed that the manipulators are not kinematicallv redundant. Since
the number of actuators driving the system is unaffected by the loop closure. the

nuruber of redundant actuators is therefore
n,=6P -n.=6(P-1) (+.24)

This number is called the degree of actuation redundancy and it is equal to the total
number of arm configuration degrees of freedom lost when the object is grasped. We
shall show that the degree of actuation redundancy is also equal to the number of

controllable internal forces that exist in the system.

4.2.2 Degrees of Freedom in Choosing Grasping Wrenches

Recall that in deriving the inverse dynamics equations (-1.21). we eliminated the
constraint wrenches acting between the manipulator end-effectors and the object.

This is a logical step to take if only the driving wrenches are of interest in the inverse
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dynamics analysis. However, it is not appropriate in the case of multiple arm systems.
The reasons are twofold: first. if the manipulators are handling a fragile object. the
constraint wrenches applied at the contact points must be kept as small as possible.
Thus. the constraint wrenches should be part of the output when analyzing the inverse
dynamics solution. Secondly, because of the actuation redundancy, it is natural to
expect that the constraint wrenches can be altered by applying different actuator
torques. This can be an important factor for stabilizing the inverse dynamics solution.
as suggested by our previous analysis of the serial flexible-link inverse dynamics.
Therefore. we wish to have the arm tip constraint wrenches as part of the inverse

dynamics solution.

Another interpretation of egs.(4.12)-(4.14) is that these equations can be con-
sidered as the inverse dynamics solution for P decoupled manipulators with known
external tip wrenches. The solution is for a given set of tip wrenches. Since the ob-
Ject dynamics equations (4.13) constitute the primary constraints on the tip wrenches.
they must be solved to yield the grasping wrenches required to produce the desired
motion of the object. [t is only necessary for the manipulators to supply forces and
moments at their end-effectors which. when pre-multiplied by the contact force map
give the right hand side of eq.(4.13). The redundancy of the grasping wrenches can
be readily observed since only six forces and moments are required to handle the

object. while the number of the components of the grasping wrenches is 6 P.

4.2.3 Degrees of Freedom of Internal Force

Nakamura [3] proposed to decompose the contact forces and moments (the grasping
wrenches) into resultant ones and internal ones. The resultant forces are those which
contribute to the motion of the object while the internal forces represent the squeezing

effect on the object. Physically. internal forces do not contribute to the work needed
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to move the object through a certain distance. We will use this fact to determine

these forces in the analysis below.

Let the manipulators apply the wrenches w; (: = 1.---. P) to the object and
assume the virtual displacements at the contact points are ér; (i = 1.---. P) € RS.
The total virtual work done by the grasping wrenches is

P
W =3 érTw, (4.25)

i=1
From the kinematics relations. we know that ér; is related to the set of independent
virtual displacements of the object 675 = [6r} é¢7]. where ¢ is the orientation

virtual displacement. This is:

61" = QO( C{)(STB (1.26)

Then. eq. (1.23) can be rewritten as
P P
W = Z(ap( c.)brg)Tw, = (Z el e)w,)Torg = érgAlw\: 14.27)
=1 i=1
For an arbitrary é7g. the sufficient and necessary condition for the virtual work to
vanish is:
Ajws =0 -1.2%8)
Accordingly. the internal forces must lie in the null space of A denoted by N(A,}.
Introducing AT to denote the pseudoinverse of A,. the resultant wrenches are those
which lie in the orthogonal complement of N(A;). that is. the range space of Ay
denoted as R(A}). We have shown that A, depends only on the relative position
of the contact points on the object and is alwavs full rank which equals the row

dimension < A|. The pseudoinverse of A can therefore be calculated by

A} = AT(AAT)"! ¢ R®PxS (4.29)
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The decomposition of the grasping wrenches satisfying eq. (4.15) can now be writ-

ten as:

we = Afb, + Az (4.30)

In the above, the first term on the right hand side represents the projection in the
range space of AT while the columns of A;’ constitute a basis for the null space of
A,. The vector ze RIIMN(A1) g arbitrary and it represents the freedom in choosing

the internal forces. The dimension of .N(A ;) is determined from

dim R(Al) = rank(Al) =6
dim R(A,) +dim N(A;) = 6P

= dimN(A;) =6(P 1) (4.31)

The dimension of the null space of A, represents the degree of redundancy in deter-
mining the grasping wrenches. It also represents the degrees of freedom in controlling

the internal forces.

In concluding the above. we have shown that the degree of actuation redundancy
equals to the degree of redundancy in determining the grasping wrenches which fur-
ther represents the degrees of freedom in controlling the internal forces. Hence. in
the context of multiple cooperating manipulator systems. resolution of the actuation
redundancy. force distribution and internal force control are commonly used termi-
nology. all referring to the same concept of resolving the redundancy in determining

the inverse dvnamics solution.
Example 4.1 - Decomposition of the Grasping Wrenches

Figure 4.1 shows an example where two planar wrenches are applied to manipulate
an object in a vertical plane. A planar wrench is composed of force components in the
X7 and Y} directions and a moment about the Z; axis. that is. w = [f f, n.]T. The

assembled column matrix of the grasping wrenches is we = [fi: fiy n1= for foy n2ci?.
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Figure 1.1: Decomposition of Grasping Wrenches

Assuming that the center of mass is at the mid-point of the line segment connecting
the two contact points. we have ¢; = [~a 0 0]Tand ¢, = [a 0 0]7. In this case. the

matrix of contact force map (grasp matrix) is:

Ar={0 1 0010 (1.32)

[f the object is maintained in static equilibrium. the right hand side in eq. (-1.13)

contains only the external force which is the weight of the object:

bif =| 0 —(-mg) 0 (1.33)
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The pseudoinverse and matrix representation of the null-space of A, are:

(1 0 0 1 [0 -1 o0
0 1 —a(e2+1)7" -1 0 0
00 (a2+1)7" —2a 0 -1
A} =1 AY = (4.34)
[0 0 0 1 0
01 a(a®+1)" I 0 0
(00 (a®+1)7 | 0 0 1 |

Therefore, to keep the object static. the resultant forces are:
| T
Afb, = 5 { 0 mg 0 0 mg O ] (4.35)

which shows that only forces in the Y direction are necessary. The internal forces
are:
v T

A[ zZ = [ -2y =1 —(2(131 + :3) Z2 1 I3 ] (136)
where z;, z; and :3 can be chosen freely. It is thus apparent that aside from the
resultant forces. there is an infinite number of internal forces which can be applied
to the object without affecting its motion. From eq.(1.36). the internal forces at the
two grasping points have to be equal and opposite in the X and } directions while

the internal moments at the two points must satisfy:
ni: = 2afy, — na. = —2afy, — na: (4.37)

As a result. egs. (4.33) and (4.36) are the decomposed orthogonal components of the

grasping wrenches — the resultant and the internal forces. respectively.
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4.3 Inequality Constraints

Until now, we have only mentioned the primary constraints in solving the inverse
dynamics problem for multiple cooperating manipulators, that is, the dynamics equa-
tions of the system. Indeed, since the inverse dynamics system satisfying only the
primary constraints is underdetermined. it is possible and even desirable that some
secondary constraints be taken into consideration in finding an optimal solution. Most
commonly considered are the limited actuator capacities which impose inequality con-

straints on the solution for 7. These can be compactly written as:

lre| < 74 (4.38)

v
-

where %™ is a column matrix containing the maximum values of the torques that

each actuator of all the arms can generate.

Eq. (4.38) can be expanded into two linear inequalities:

Te < Thm (4.39)

T > —Thm (1.40)

These equations can be written in terms of the contact wrenches by substituting

eq. (4.12) into eqs. (4.39) and (4.40) to yield

JHiwe > —7i" -1 {(4.41)
T lim .
—Jigwe 2 -7+ T (4.42)

The assembled inequality constraints for the multiple manipulator system are then

A,we > b, (1.43)
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with _ .
JI,. 0o o o . ;
. [l
-JL o o o .
—qhm + !
o J, 0o o Lo
o -J, o o ,
A, = N by=| —rlm 4 7 (4.44)
0 0 0
0 0 0 ;
—plm _
o o o JT, rfm . 1—'P
o o o -3 S

Other constraints. for example. the maximum normal at the contact points re-
quired to prevent damage to the object and the maximum force and moment capabil-
ities of the joints also impose inequality constraints on the solution. These. however.

will not be discussed in detail here.

4.4 Computational Algorithms

Summarizing the above analysis. we have shown that the inverse dvnamics solution for
a multiple arm system is not unique due to the actuation redundancy. The existence
of this redundancy complicates the solution procedure. One approach would be to
set the torques for the redundant actuators to zero. once they appear in the system.
and find a unique solution for the rest of the dvnamics variables. However. a better
solution might be to optimally use this redundancy to improve the dvnamics behavior
of the svstem. To accomplish this. optimization techniques and/or other methods can

be used to obtain the inverse dvnamics solution.

As alluded to in the previous section, we include explicitly the grasping wrenches

in the inverse dynamics equations from which 7s, ¢,.. ¢.. and w¢ are obtained.
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These equations can be written compactly as

(100 3T [+ ] [ ]
010 -3 ||4q drs
;2 TR = i’; (4.45)
001 _J3g 9.5 q.s
LO 0 0 A[ i -ws ) | b[ ]

They are a set of linear algebraic equations in the unknown variables 7. q,. 4., and
wy. In particular, the prescribed object trajectory and thereby that of the manipu-
lator end-effectors is included in the right-hand sides of these equations. Coefficient

matrices on the left-hand side of the equations are configuration dependent.

The strategy for resolving the actuation redundancy can be applied to the set
of design variables x (here. x = [Tt ¢,¢ q.¢ ws|T) while satisfving the constraint
equations (4.45) and perhaps (4.43) if required. Selection of the design variables
among these dynamics variables is indeed arbitrary. For example. we can also define
the design variable to be x = [T w¢]7. In this case. the primary constraints imposed

on x are the first and the last equations in (4.43):

1 -—JT“ T T/
= "= (4.46)
0 Al ws bl
Once 7¢ and wg have been determined, the variables g, and g, can be obtained

uniquely from the second and third equations in (4.45).

The difference in the solution procedures resulting when we choose different sets
of design variables can be readily seen now. Although they lead to identical solutions
if the same redundancy resolution scheme is applied. the computational cost may be
significantly different. For example. if an optimization procedure is used to minimize
a certain cost function. the computational expense depends largely on the number of
design variables and the number of constraint equations. In fact. an even more com-

pact formulation is obtained by defining the design variables to be only the grasping



—— i

CHAPTER 4. INVERSE DYNAMICS OF MULTIPLE ARMS 88

wrenches. One reason for this choice is that the grasping wrenches are particularly
important in the performance of the inverse dynamics system. Also, none of the other
three variables can be determined without knowing the value of w¢. And finally. any
cost function formulated in terms of the other variables, namely. 7¢. .. and ¢ ¢
can be-easily written in terms of w because of the linear relationship between these
variables and the grasping wrenches. Therefore. the number of the design variables
in our formulation is 6P and the primary constraints on the redundancy resolution
are reduced to:

Aix=b (4.47)
Once the grasping wrenches have been determined. actuator torques and rigid and

elastic accelerations can be obtained from the algebraic equations (4.12)-(4.14).

In conclusion. a flowchart of the algorithm for solving the inverse dvnamics prob-
lem for a multiple-arm system is proposed and shown in Figure4.2. It can be seen
from the flowchart that the solution to the inverse dvnamics problem for multiple co-
operating flexible arm systems is composed of two parts: the redundancy resolution

and the inverse dynamics solution for serial flexible arms.

4.5 Validation of the Numerical Calculation

Again. the percentage error in the energy balance and the root mean square value of
the energy drift are used to validate the inverse dynamics solution. The work done

by the actuator torques of a multiple-arm system is thus given by

t
T=Te qr‘: W= A ~dt i{1.43)

The dissipative work function becomes

t ] .
Wi= [ 34 Dee et (4.49)
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Figure 4.2: Inverse Dynamics Algorithm for Multiple-Arm System

The kinetic energy that the svstem possesses at every time instant should include

that of the rigid object. It is therefore calculated by:

T = = ng qg + VgmBVB + ngBws) 1501

| —

The potential energy of the system due to the elastic deformation of the links is:

- T

V= 2 g% Keeg e (451

) =

Assuming the system starts from rest. the error in the energy balance at every time

instant is of the same form as introduced in eq. (3.69):
E(t) = (T(t)+ V(1) = (W = W)

The percentage error and the root mean square error. respectively. are calculated

according to eqs. (3.72) and (3.73).
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4.6 Examples of Cooperating Manipulators

We now describe two prototypes of flexible-link cooperating manipulators for which
simulations of the inverse dynamics algorithm are carried out. These include a planar
and a 3D flexible two-arm and object systems. For each cooperating manipulator
system. we also present trajectories for the specified object maneuvers that are used
to illustrate the inverse dynamics algorithm. It should be noted, however. that the

present analysis and the proposed algorithm are not limited to dual-arm systems.

4.6.1 Planar Dual-Arm

The physical model of this prototype is the flexible-link cooperating manipulator test
bed constructed in the Subspace Robotics Laboratory at the University of Victoria
[61]. Asshown in Figure 4.3, both arms are supported by air bearings on a planar glass
top table which climinates the effect of gravity. Each arm is composed of two links
with three revolute joints. One arm is driven by direct-drive motors while the other
by harmonic-drive motors. Validation of the dynamics models and control algorithms
for flexible serial and cooperating manipulators is the main purpose of this testbed.
For the present analysis. since actuator dynamics is not our major concern. we use
direct-drive motors to actuate both arms and model the motors as rigid bodies placed
at the joints. To simulate a general planar motion. we attach a rigid link to the third

joint of each arm to represent the end-effector.

Special design of the arms allows the first two links of each arm to be interchange-
able. Therefore. each arm can be assembled to have both links flexible. or one flexible
and one rigid link. or both rigid links. This allows us to investigate the effect of differ-
ent mechanical compositions of the arms on the dynamics behavior of the system and

on the difficulty of controlling it. The notation used to describe a particular setup is
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Freure £3: Flexible-Link Cooperaring Manipulator Test Bed
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Arm-1 Arm-2
Figure 4.4: Planar Dual-arm/Object System
smooth rotation of the object starting and ending at rest:
B = —(%)Zsin(rt) 0<t<2sec (4+.52)

Integrating the above twice vields the prescribed angular velocity and displacement

for the object:

wg = —%(1—(:05(7:[)) (1.33)

(t — —l-sin(rt)) {-£.954)

by

1 3
1

o =

The origin Oy of the inertial coordinate frame X; — Y7 is located at the mass center
of the object. The corresponding desired trajectory of the manipulator end-effectors

can be determined from the prescribed object trajectory by

Vir = d(sinogwg + cosogwy) Vor = d(—sinogig — cosogwp)
Vi, = d(—cosogipg +sinogwh) Vay, = d(cosogup —sinogwg)
Wy = wB we: = w8

(4.53)
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Each flexible link is modeled with two planar beam elements with two degrees
of freedom per node, representing the transverse displacement and the slope of the
beam. Therefore, each flexible link has four elastic degrees of freedom since the links

are cantilevered at the joints.

4.6.2 3D Dual-Arm

Figure 1.5 shows a drawing of a serial 3D flexible arm. The forearm and upper arm
(the two shaded links in the figure) are considered to be flexible and have the following

properties:

l. Geometric Properties:
Length: 1.0 m

Cross Section: I3mm x 1Smm

I~

. Stiffness Properties:
El: 603.17 N-m?

EA: 223 x10" N
3. Modal Damping Ratio:
¢: 0.005%

1. Inertia Properties:
Mass: 0.878 Kg

Cr: 0.439 Kg-m
Cy: 0
cs: 0

[ 1.74 x 1077 I\'g-m")
yy: 0.293 Kg-m*
0.293 kg-m*

P~ ~
e

LX)

..
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qrey

Figure 4.5: Architecture of the 6-DOF Arm

We consider another 3D arm with the same architecture except that the flexible
links are replaced by rigid ones. This rigid arm will cooperate with the flexible arm.
The object is the same one as introduced earlier for the planar arm (Figure 4.6). Each
flexible link is modeled using two 3D beam elements. Bending deflections in the X' -}’
plane and X — Z plane of the moving frames fixed to the links (with .\ axis along
the length and Z axis of rotation) are referred to as the in-plane and out-of-plane
bendings respectively. Therefore, each of the flexible links has eight elastic degrees of

freedom.

The maneuver specified for the two arms is to carry the object with its mass center
moving along a linear path without changing its orientation in the 3D workspace. The

linear part is defined by the following vector equation in the fixed frame:
l=z+y+:z (+.56)

with @. y. z being the displacements in each of the unit directions. Let r.y.z be

the magnitudes of displacements of the object center of mass along the three axes
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I(t)

Figure 1.6: 3D Dual-Arm/Object System
respectively and expressed by:
r = r(0) + ao(t) y =y(0) + 3o(t) = :(0) + yolt) (4.57)

where a. .7 and 4 are some constants and o(t) is a function of time with continuous
first and second derivatives. We define the trajectory to be composed of three seg-
ments: the accelerating part. the constant speed part and the decelerating part. The
time periods for accelerating and decelerating segments are identical and are denoted
by t.. while t; represents the terminal time. We use A to denote the maximum value

of 5(t). and accordingly define the second derivative of o(¢) as:

h sinZ 0<t<t,
o(t) ={ 0 ta <t <tp—t, (1.33)
hblnw tf—t,l<l'§lj

Figure 4.7 shows o. o and cg for t; =2 and t, =0.4.
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Figure 4.7: Function ¢(t) Used for Defining a Line in 3D Space

4.7 Example 4.2

As an example of calculating the inverse dvnamics solution by the proposed algorithm.
we use the planar dual-arm (FFR-O-RRR) to demonstrate the performance of the
numerical simulation. Figure 4.4 shows the initial configuration of the svstem. In

configuration space. it is defined by the following joint angles:
ql.(0) = (g, ql] =[90° — 135° 90° 90° 45° 90°]
The svstem starts from rest, and no initial deformations are present. therefore.
4, =0 9y =0 9. =0

The dyvnamics equations (4.13) of the grasped object are specified by:

l 0 0 1 0 0 0
A = 0 1 0 0 | 0| b= 0 (439
%sinoB —écosog 1 —ésinos %cosoa l [ig
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where [ denotes the length and [/ is the moment of inertia of the aluminum bar. The

design variables are defined as:
X = wS = [w{ wg]T = [flr fly ny. f21: f’.’,y n2:]T

In the present case. the number of degrees of freedom of the system is three while the
system has six actuators in total. Once the two arms are grasping the object. three of
the actuators become redundant. Equivalently. this redundancy implies arbitrariness
in determining the grasping wrenches w<. According to the proposed algorithm. we
need to resolve this redundancy first and then find the corresponding unique solution

to the inverse dvnamics problem for each of the two manipulators.

Let us suppose that we want all the actuators of arm-1 be turned off. that is:

T =7

12=713=0 {4.60)

11

From the above. the first three equations in eq.(4.12) then define the additional

constraints imposed on the design variables x as:

T - 7 -7
{Jn 1 O R '
w;
{J’II-! 2 0 = T12 — Tllz = —T{g ‘4-61)
w-H
T - - —- -
{Ju 3 0 ‘13"“1’3 "1'3

where {JT|}, represents the ith row of matrix J7 of arm | and 7' can be calculated
from the known end-effector trajectory at every time instant. If the coefficient matrix
of eq.(4.61) is not rank deficient. this equation imposes three constraints on we.
Together with the dvnamics of the object characterized by (1.39). these equations
completely determine the value of x. Once x is obtained. the solutions for 7. q.<

and ¢, are uniquely determined from eqgs. (4.12)-(4.14).

The numerical results for this example are shown in Figures 4.8-14.12. In Figure 4.8.

the left column displays the tip wrenches of the left arm (arm-1) while the right column
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shows those of the right arm. The force components of the wrenches are equal and
opposite since no translational movement of the object mass center is required. [t
is also observed that the right arm exerts a larger moment in rotating the object
because we choose to set the actuator torques of the left arm to zero. Figures4.9
and 4.10 illustrate the actuator torques generated by the right arm and the joint
angle profiles (rigid coordinates) for both arms. From Figures4.11 and 1.12 where
elastic coordinate profiles are shown, we observe that the first flexible link shows
larger deformation than the second flexible link. The energy drift for this example
is also shown in Figure4.13, the maximum energy is (T + V')pear = 7.46 J and the
root mean square value of the error is eg pyrs = 3.04 x 107%. In this example. the
relative tolerance used for numerical integration was set to € = 10™%. We consider
that the results of numerical simulation are realistic and the inverse dyvnamics solution

Is stable.



CHAPTER 4. INVERSE DYNAMICS OF MULTIPLE ARMS

99

50 50
20 10
30 30
Z 2 Z
= S
< < /\
0 0
0.5 } 1.5 0s i s 2
-10 (s) -10 t(s)
.20 -20
-30 -30
<0 <0
-50 -0
25 18
20 20
s 15 //\
Z o E /
- < /\ = S //
o 0 _ /
0s 1 s 0. Nt/ <
< ts) -5 \\/ sy
.10 -10
is 1s
20 ~ .20
28 28
K 0
3 30 /\
B /\ g 0
z /0 z
’: | /\\ \ :; )
y
0 / 0 L’-\
0s v IS 0s 1 N\ 1S
e t(s) 10 \ 1s)
-20 .
N
3 -30
r 30

Figure 4.8: Grasping Wrenches
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Chapter 5

Optimization Approach

5.1 Introduction

The concept of optimization has been widely used as a principle to analyze many com-
plex decision or allocation problems. It offers a means for obtaining the *best” solution
to certain mathematically defined problems. Using this concept, one approaches a
complex decision making problem by focusing attention on a single objective designed
to quantify the outcome or the quality of the decision. This objective is minimized (or
maximized. depending on the formulation) subject to certain constraints that may

limit the selection of the variables involved in the problem.

Formulation of the inverse dynamics problem for a flexible-link cooperating manip-
ulator system shows that this problem is underdetermined, meaning that an infinite
number of solutions exist which generate the same object motion. We demonstrated
in the proposed algorithm (Figured.2) that resolving the actuation redundancy or
determining force distribution is an essential step which requires a decision making

procedure. Different sets of solutions for the actuator torques, although generating
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the same object motion, can have drastically different effects on the system dynam-
ics. Investigating the performance of the various inverse dynamics solutions is thus
an important process which leads to a “better” or even the “best” solution among all
the possible ones. Optimization techniques provide a powerful mathematical tool for
achieving this goal. This chapter is devoted to the resolution of actuation redundancy
via an optimization approach.

As a designer of the optimization problem, our goal is to formulate a simple
but physically meaningful and reasonably accurate mathematical model. This model
must include most of the significant factors affecting the complex decision on the force

distribution within the system. The design procedure includes the following steps:

1. Choose the set of variables which constitute a design space. These variables are

termed the design variables:

Determine all the primary and/or secondary constraints which restrict the de-

V]

sign variables;

3. Formulate a mathematical statement of the problem in terms of the design

variables. This statement must include the objective necessary for evaluating

the quality of the decision:

1. Solve the optimization problem with the available resources to obtain a satis-

factory solution.

[t should be noted that these steps should not be treated independently. For example.
when choosing the design variables. one should take into account the complexity of
the constraints and the formulation of objectives. Most importantly. one needs to
ascertain that it is possible to obtain a solution for a particular problem formulation

as well as predict how fast it can be calculated. Good decisions at the design stage
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rely on both the knowledge and the experience of the designer. In many instances, the
solution of a complex problem cannot be directly treated in its entirety, but instead
must be decomposed into subproblems — each subproblem being represented by a

particular objective and having constraints that are imposed to restrict its scope.

5.2 Formulation of the Problem

Beginning with the first step of the design process, we propose to choose the set
of grasping wrenches w. as the design variables. This is a natural choice since
many of the quantities we want to minimize can be written as a function of grasp-
ing wrenches. As well. these wrenches are primarily constrained by linear equality
constraints which we expect to be solved more easily. Considering also the possible
secondary constraints. for instance. the limited capacities of the actuators as given
in egs. (4.41) and (4.42). it is not difficult to see that the optimization problem we
are facing can be described as a linearly constrained optimization problem. that is.
the constraint equations are composed of a set of linear equality and/or inequality

equations. In particular. the problem can be mathematically stated as

m\én f(x) (3.1a)
Subject to A;x = b, (5.1b)
and Ajyx > by (3.1c)

where f(x) is the objective function; vector x contains the design variables: (5.1b)
represents the equality constraints and (3.1c) the inequality constraints. Formula-
tion of a practical optimization problem always involves a tradeoff between building
a mathematical model sufficiently complex to capture the important features of the
physical system and building a model that is tractable. We can identify a model,

whether tractable or not. by the following characteristics:
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Type of Problem

In the most general case, both objective function and the constraint equations
may be nonlinear functions of x. Linear functions, by virtue of their simplic-
ity, are often selected as an easy way to start. Indeed, linearity of the con-
straint equations. as defined for the present study. is most appealing. Linearly
constrained problems can be handled through a combination of an elimination
method and an active set method [62]. The simplest cases of linearly constrained
problems are when the objective function is either linear or quadratic. These
are referred to, respectively, as linear programming or quadratic programming
problems. Methods to handle these simple cases are well-developed and will
be mentioned in more detail in Section 3.3. From this standpoint. the reason
for excluding the state variables from the design variables is obvious in our

case since they are subject to the constraints described by nonlinear differential

equations.

Problem Size

One obvious measure of the complexity of an optimization problem is its size.
measured in terms of the number of unknown variables and the number of con-
straints. From this viewpoint. the merits of choosing the grasping wrenches w¢
as the design variables for the present study can be readily seen. In particular.
the number of unknown variables is 6 P ( P is the number of manipulators) while
the number of equality constraints is 6. If. say. the elastic coordinates g, are
included in the design variables because reducing the structural vibration is one
of our major interests. both the number of unknown variables and the number
of constraint equations will be increased by ¥5, (¢ = l..... P). Besides. these
variables are subject to nonlinear differential equations. To avoid these compli-

cations. we retain wy as the design variables but attempt to reduce the system
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vibration by actively choosing the value of grasping wrenches.

Convergence Properties
Most of the algorithms designed to solve large optimization problems are iter-
ative in nature. Typically, when seeking the solution to an the optimization
problem, an initial vector Xq is selected and the algorithm generates a sequence
of ever-improving points in the design space, x; ---,X; --- that approaches a
solution point x*. As in any interactive scheme, the convergence properties are
of primary concern. In particular, one needs to consider the property of global
convergence and the rate of local convergence. A globally convergent algorithm
will generate a sequence that converges to a solution point even when initi-
ated far from the solution point. Without an acceptable rate of convergence,
however, the algorithm may require an excessive amount of time to reduce the
error to a designated tolerance. These seemingly algorithm-related features can
sometimes be affected by the inherent structure of the model. For example, if
the objective function possesses certain properties. such as strict convexity, any
algorithm which is locally convergent can be used to find the global solution
since a strict convex objective function guarantees a unique optimal solution.
[n addition, for a given method. the sequence converges to the solution more

rapidly for a quadratic than for a linear objective function.

For the present analysis, it 1s particularly important that the model we build be
simple and not require expensive computation. The reasons are two-fold: first. redun-
dancy resolution. for which an optimization problem is to be formulated, constitutes
only one step in the inverse dynamics algorithm. For a multiple flexible-link manip-
ulator system. this algorithm is fairly complex already due to the required numerical
integration of the state variables. Further complication of the solution procedure

should be avoided. Secondly. if the solution is to be used for control purposes and
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control efforts are intended to suppress the system vibration, then a higher bandwidth
of the controller will be required, thus necessitating a small step size for calculating
the torques. Before proceeding to complete the formulation of the optimization prob-
lem, we would like to state some fundamental theorems used to solve optimization

problems since they influence our decision on how to formulate the optimization prob-

lem.

5.3 Linear and Quadratic Programming

Fundamental definitions and theorems relevant to the formulation and solution of the
optimization problem are given in Appendix B. In this section, we focus on introducing

the linear and quadratic programming techniques.

5.3.1 Linear Programming

The simplest type of constrained optimization problem is obtained when the objective
function f(x) and the constraint equations are linear functions of x. The resulting
problem is known as a linear programming (LP) problem. The term "programming’
here is synonymous with ‘optimization’. A linear programming problem can be ex-

pressed in the standard form as:

m‘én flx) =cTx

[}
(8™
~

subject to A;x = b, (3.
and x>0

Normally, we consider the case where the matrix A€ R™*" is not rank deficient and
m < n. Then. the system A;x = b, is underdetermined and n — m variables in x

remain free to be determined. Verv naturally, we can try to eliminate m variables
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by using the equality constraints and determine the remaining n — m variables which
give a minimum value of f(x). Since the objective function is linear, it does not have
a curvature which can give rise to a minimizing point. It is thus important to realize
that the inequality constraints x > 0 are necessary in linear programming in order

to define boundaries of the feasible region.

A solution of the standard LP problem always exists at a particular extreme point
or vertex of the feasible region, with at least n — m variables having zero value, and
the remaining variables uniquely determined by A;x = b, and taking non-negative
values. The main difficulty in linear programming is then to find which of the n —m
variables should be set to zero at the solution and this is where the various methods

for solving the LP problem differ from each other.

Because of the semi-positive definiteness of the Hessian matrix (Appendix B),
linear programming problems have non-unique solutions. [t has also been shown that
for continuous time-varying constraints A x = by, linear programming may generate
discontinuous solutions [63]. This is particularly relevant to the present study since
our equality constraints are dynamics equations of the object with A, and b, changing

continuously with its desired trajectory.

5.3.2 Quadratic Programming

Another important type of objective function is that of a quadratic form. It can be

written as:

l
f(x) = eTx+ -x"Wx (5.3)

where W can always be defined as a symmetric matrix. Minimizing such an objective

function subject to linear constraints is referred to as quadratic programming (QP).

uadratic programming differs from linear programming in that it is possible
prog g prog g p
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to formulate meaningful problems without the inequality constraints. As shown in
the subsequent sections, this will be the basic structure we adopt to solve the force
optimization problem. If the problem contains only equality constraints A;x = b,
and A, is full rank, the solution can be obtained by directly using the Lagrange

first-order conditions (Appendix B) to yield:

(5.4)

I
(=)

Wx +ATA +¢
Ax—-b, = 0 (5.9)

[f in the above, the matrix W is positive definite, it can be proven that the matrix
w AT

A, O

(5.6)

is nonsingular [62] and therefore, a unique solution for x* and A" exists which satisfies
the Lagrange first-order necessary conditions (Appendix B). Indeed, since W is the
Hessian of the objective function, a positive definite W implies a strict convex objec-
tive function (see Appendix B) which ensures that this unique solution is exactly the

nnique global minimum solution to the problem.

Proceeding to solve the Lagrange conditions. from eq. (5.14) we have

]
-1

x=-WITATA —W-lc (5.

Substituting for x in eq. (5.7) into eq. (5.5) and solving for A, we obtain

[W1]
v )

A- = —(AlW—IA’{)—l(A[W_lC'f-b[) (.
and therefore,
x* = WHATAWAT)"H A, W™ lc + b)) - Wic (5.9)

The above representation is a useful analytical form and will be used in the develop-
ments in the next chapter. However, from the numerical efficiency point of view. the

solution may be better calculated by some other method.
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General quadratic programming with inequality constraints is almost always solved
with an active set method [62]. Positive definiteness of matrix W again simplifies
the solution procedure. [t is worth mentioning that both linear and quadratic pro-
gramming can be solved in a finite number of steps which demonstrates well-behaved

convergence of these problems.

5.4 Objective Functions

Upon comparing quadratic with linear programming formulations, we chose to adopt
the former for solving the force distribution problem. We also chose to consider only
the primary constraints. that is. the linear equality constraints in order to capture
and highlight the most important features of the force distribution for flexible-link

cooperating manipulators. Hence. the resulting optimization problem takes the fol-

lowing form:
min cI'x + LxTWx (5.10 a)

Subject to A;x = b, (5.106)

where (5.10 b) comprises the dvnamics equations of the object. As was shown in chap-
ter 4. the matrix A,€ R®*%F is always full rank which means that the constraints are
linearly independent. The last but very important task which remains is to define
suitable quadratic objective functions which will represent criteria for a better force
distribution. We will first consider some of the criteria proposed for rigid-link systems.
e.g.. the minimum internal forces. However. emphasis is placed on implementing new
criteria which are particularly relevant to a system consisting of flexible-link manip-
ulators. Here. the ultimate goal is to improve the dynamics behavior and reduce
the system vibration. Finally. objective functions which combine many different sub-

objectives are proposed and implemented.
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5.4.1 Minimizing the Internal Forces

The vector of design variables, x, in eq.(5.10) only includes the wrenches applied to
the grasped object. As a result. the force distribution determined by the solution to
the optimization problem eq. (5.10) may or may not take into account the dynamics
of the manipulators, depending on the objective function. In a situation where ma-
nipulators operate at slow speeds and/or carry out delicate tasks, optimality criteria
can be formulated which describe how well the object is handled. This is particularly
relevant for a multi-fingered mechanical hand grasping an object. In this case. the
performance criteria may include any one of the following: (i) the contact condition
between the fingers and the object to ensure a positive normal contact force [64]; (ii)
the object stability which ensures that the object remain in a static equilibrium when
its position is perturbed [65]: (iii) the contact stability which guarantees that the
object remains grasped when disturbed by external forces [8] and (iv) the minimum
internal forces criterion which reduces the potential damage to the object [15]. Inter-
nal forces play an important role in achieving all these objectives. For cooperating
manipulators with a rigid grasp of the object. the aforementioned contact condition
is not needed because the manipulators can apply arbitrary wrenches. As well. the
object and contact stability are ensured by the rigid grasp. However. it is desirable
to minimize the internal forces because excessive internal forces may damage a fragile

object and impose high loads on the system.

As discussed in chapter 4. internal forces are the components of the grasping
wrenches in the null space of A;. These forces do not contribute to the motion of the
object but produce a squeezing or tearing effect. Decomposing the grasping wrenches
applied to the object into resultant and internal components. denoted by x* and x~

respectively. we have

x=xt+x =Afb, + A}z (5.11)
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where the first term x* (= Afb,) does not vary in the design space. The vector of
internal forces x~ must satisfy:

Ax™ =0 (5.12)
Therefore, minimizing the amount of internal forces can be described by minimizing

the following quadratic objective function:

x~Tx~ (5.13)

fi(x7) =

o} —

Expanding the above by using eq. (5.11), we obtain:

(x —x*)T(x - x¥)

filx™) =

WO — Y| —

(xTx —2xTx* + x+Tx+) (5.14)

We now recall that the pseudoinverse of a full rank matrix A; maybe calculated by

A} = AT(AAT)~'. We can therefore rewrite the second term in eq. (5.14) as:

(1)
p—
1)
~—

x'xt =x"AT(A,AT)"'b, = bT(A,AT)"'b, (5.1:

which is independent on the design variable x. Hence. the only term in eq.(5.14)

which is a function of x is the first term 1xTx. Similarly. the constraint equations

(5.12) are rewritten as follows:

Aix™ = Al(x —X+) =0

=  Ax=Ax"=AAT(A AT} b, =b, (5.16)

which leads to the equations of the object dvnamics. Therefore. the problem of

minimizing the internal forces for a multiple cooperating manipulator system can be

stated as:

xTx

N j—

min
X (5.17)
subject to A;x =b,
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Similar formulations to the above were derived by Nakamura [8] to determine a
minimum internal force while satisfying the static frictional inequality constraints or
the contact stability condition. He also proposed a more physically accurate criterion
[32] which minimizes the strain energy stored in the object with the goal of minimizing
the possible damage to the object. This is performed by first modeling the object as
a rigid body covered with a massless elastic layer. Strain energy is then formulated
as a quadratic function of contact wrenches. Nakamura showed that the minimum
strain energy criterion is equivalent to the minimum internal force criterion when the

stiffness of the elastic layer is the same in all directions at all contact points.

To illustrate the performance of the minimal internal force scheme (5.17), we
implement the inverse dynamics algorithm (Figure 4.2) combined with a strategy for
minimizing the internal forces. Since this scheme does not take manipulator dyvnamics
into consideration. solution of the serial flexible-link inverse dynamics will be unstable.
Therefore. the procedure for minimizing the internal forces will be implemented only
for a rigid multiple-arm system. However. as will be shown later. this scheme can

be combined with other criteria to produce a useful solution for flexible manipulator

systems.
Example 5.1 — Minimum Internal Forces

The same configuration of dual arms and object as shown in Figured4.4 and the
desired object trajectory as defined in eqs.(4.52)-(4.54) are used. The numerical
solution is obtained by implementing the minimum internal force scheme. In this

example. the two identical arms are considered to be rigid.

Comparing eqs. (3.17) and (5.10). we observe that minimizing internal forces 1s
equivalent to setting W =1 and ¢ = 0 in eq. (5.10). Obviously, the Hessian matrix

W is positive definite and therefore a unique solution exists to the force optimization
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problem. The results for the left arm are displayed in Figure5.1. It shows the profile of
the grasping wrenches compared with those obtained by the method used in example
4.2 where the base motor torque and the elbow motor torque of the left arm were
set to zero. It can be seen from the figure that grasping wrenches which give the
minimum internal forces are smaller in magnitude than those obtained by the other
scheme. The same trend can be observed in the solution of 73 but not r; and 7, since

in the non-minimum internal force scheme. the torques at the base and elbow joints

were forced to zero.

5.4.2 Optimal Load Sharing

Task Space Sharing

One of the merits of a multiple-arm system is that the loads can be shared among the
manipulators. Considering each robot arm as a unit which contributes to carrying
the object, it is natural to expect that arms with high load carrying capacities should
contribute more than those with low capacities. An optimal load distribution within
the arms can be achieved by assigning different weights to the diagonal block of the
matrix W. In particular. numbers in the ¢k block are chosen in inverse proportion to
the load carrying capacity of the tth arm, which in turn is quantified by the maximum
allowable load it can carry. Each block of W thus represents a relative ‘weight’ of
wrenches applied by one arm relative to those of the other arms and accordingly.
matrix W is usually called a weighting matrix. When all manipulators are identical.

the weighting matrix W is set equal to an identity matrix.

[n addition, elements in each 6 x 6 diagonal blocks of W represent the relative
weights of the components constituting each wrench. To effectively utilize the me-

chanical advantage provided by multiple arm control. it has been suggested [10] that
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moments required to handle the object should be attained primarily through the cross
product terms ¢; x f; in the grasp matrix A, of eq.(2.41) rather than the directly
applied moments n;. To enforce a large penalty on the use of n; in achieving a desired
net moment ¢; x f; + n;, we set

o 1

1 1 0 -

. |

where the scalar w; is the maximum load the i¢th arm can carry and & > 1. The

selection of k; must also take into consideration the location of the ith contact point on
the object. In other words, those end-effectors grasping the object closer to its mass
center should be required to supply less moment n;. A similar argument applies to the
components of the grasping forces. At a certain posture (manipulator configuration),
a manipulator is more effective in applying. say, a force in the X-direction than in
other directions. Thus, in general, the weighting matrix W can be chosen as diagonal

with different weights for each nonzero entry.

Configuration Space Sharing

As can be expected. the above load sharing scheme does not ensure optimal use of
the actuators. It is desirable that loads on the actuators be distributed such that
motors with a higher capacity support more load than those with smaller capacities.

Taking a quadratic function

1
fr(r) = sT{WrTg (5.19)

as the objective function. an optimal load distribution in the configuration space

can be achieved by placing different weights on the diagonal components of Wr.
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Analogously to the task space sharing scheme, these weights are selected to be the re-
ciprocals of the maximum torques that the corresponding actuators can generate. For
flexible-link manipulators, minimizing and actively distributing the actuator torques
is particularly important. The analysis of the inverse dynamics of serial flexible-link
manipulators has shown that collocation of the actuation with the end-effector ensures
a stable inverse dynamics solution. It has also been shown that in an approximate
situation when the elastic links are modeled with finite numbers of elastic modes,
a critical point on the arm exists which partitions the stable and unstable regions
[22, 66]. A stable region lies between the arm tip and the critical point. A useful
inference is that the actuator efforts should be shifted as much as possible towards the
end-effectors in order to approximate a collocated case which promises better inverse
dynamics behavior. To implement this idea. we suggest that minimizing the norm of
the torques required at the joints located prior to the proximal end of the most distal
flexible link of a serial arm will shift the actuation efforts toward the end-effectors.

An improved dynamics behavior of the inverse system would then be expected.

To incorporate objective (5.19) into the optimization problem (5.10), we need to

include the following relations:

7
Te =T, +Jicwg

- )

Note that 7. is known from the manipulator states. Substituting the above, eq. (5.19)
can be written as:

l T T T 1 T T -
fr(x) = 5 I: Wrrl + ‘rg: Wrl i wg + 3'wSJ15:WTJlSwS (5.20)

The first term is independent of the design variables, and therefore does not affect

the solution of the optimization problem. Eq. (5.19) can therefore be reduced to:

(]}
(S
—
~——

- I
fr(x)=cfx + 3XIWTX (5.
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where

&r = JigWrrl, Wr =T Wl (5.22)

[t remains to be verified whether WT, the Hessian matrix of the objective function
in eq. (5.21) is positive-definite. Referringto eq. (5.22) and recalling that W is chosen
to be positive-definite, the same property will be retained for Wr as long as Jx is
nonsingular [67]. Since J;x is a block diagonal matrix of JIT,-( t=1,..., P), JITE is
nonsingular if and only if all JT. have full rank. For a serial manipulator with its
end-effector in contact with the environment or a moving object, singularity of JIT,-
implies that the manipulator cannot generate an arbitrary tip wrench. For a rigid

manipulator, this happens when the manipulator is at a kinematic singularity.
Example 5.2 — Minimum Norm of Torques

The same rigid dual-arm and object system as used in the previous example is
employed to show the numerical performance of the optimal load sharing scheme.

First. we minimize the Euclidian norm of actuator torques by setting.

|
fT(T) = :)-TSTTS -_— WT =1

The actuator torques obtained with the present scheme are compared with those
obtained by the minimum internal forces scheme in example 5.1. Results for the
two arms are similar and those for the left arm are shown in Figure5.2. [t is seen
from the figure that the scheme of minimum norm of torques generates more evenly
distributed loads on the actuators while the minimum internal force scheme generates

more evenly distributed tip forces and torques.

Next. considering the actuator capacities given in Table 5.1, the weighting matrix

in eq. (5.19) is chosen to be
l L

l

Lol !
Wi = diag{ —, — L L L 593
r=diag{iz5 5 93 o 100 98! (5.23)
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Table 5.1: Maximum Torque of the Motors

{_Motors T Ba.se] Elbow ] Wrisﬂ
]—rf"" (N-m) L 150 L 40 [ 9.8 1

Table 5.2: Maximum Value of Torques in Figure 5.4

[Motors lBase [ Elbow [ Wrist ]
(I7:]) maz (N-m) | 13.5 | 3.14 1.37
(|7 maz/TF™ (%) | 9.0 7.9 13.9

Comparing the torques obtained by using this minimum weighted norm scheme with
those of the Euclidian norm scheme implemented above, the results in Figure 5.3 show
the loads shifting from motors having lower capacities to those with higher capacities.
The torque required at the base and elbow motors increased while the torque at the
wrist motor decreased when minimizing the weighted norm of the actuator torques.
Also. the maximum values of the torques at each joint (Table 5.2) are all close to
10% of the respective maximum torque values that the actuators can generate. This

demonstrates that the actuators contribute according to their abilities.
Example 5.3 — Shifting Torques Towards the End-effectors

Special care needs to be taken when manipulators are composed of flexible links.
Numerical experiments conducted with the above weighted-norm or Euclidian norm
of torques scheme produce unbounded solutions for joint torques during the maneuver
of rotating a rigid object for 90° in 2 seconds. Since a flexible serial arm driven by tip
wrenches has a better dvnamics behavior, we attempt to shift the actuator loads from
those before the proximal end of the last flexible link to those beyond its distal end. In
other words. we propose to minimize the actuator torques at the joints located before

and including the last flexible link of the arms. [n this example. we consider the first
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and second links of the left arm to be flexible. Since the system has three redundant
actuators, in addition to minimizing the base and elbow actuator torques, we also

choose to minimize the wrist torques in order to better approximate the situation

where the flexible arm is driven by the tip wrench.
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Figure 5.4: Shifting Loads on Flexible Links towards the End-effectors
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Therefore, the weighting matrix is set to:
W7 = diag{1.0, 1.0, 1.0, 107'°, 107°, 1079} (5.24)

Note that the last three elements in the above are chosen to ensure the positive-
definiteness of the matrix Wr. The solution for the torques at both arms and the

elastic coordinates of the left arm are shown in Figure5.4.

5.4.3 Minimizing the Norm of the Elastic Accelerations

Although extensive studies of force optimization schemes have been carried out for
rigid cooperating manipulators, relatively little research exists which considers the
dynamics of the elastic components in the system. Pfeiffer efal. [68] calculated the
contact forces for a walking stick insect (a biological model for a multi-legged walking
machine) while minimizing the deformation energy stored in the legs. In particular.
bending loads on the outer, thin leg segments were minimized based on a static

relation between the deformation and the loads applied to the leg segments.

[t is interesting to note that one of the characteristics of the flexible-link inverse
dynamics solution is that the generalized coordinates may be significantly affected by
the wrenches applied at the end-effectors of the manipulators. By contrast, in the
rigid-link case, a different choice of tip wrenches only affects joint torques since the
generalized coordinates (joint variables) are predetermined by the desired motion of
the grasped object. Although this fact complicates the inverse dynamics problem. it
can be used to advantage. [t allows us to actively choose the actuator torques and
hence, the wrenches which produce the least excitation of the system vibrations. We
therefore set as our goal for a flexible multi-arm system to find a set of wrenches

which minimizes the elastic vibration in the flexible links.
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Observing that the manipulator dynamics equations are linear in elastic accelera-
tions, we propose to minimize a weighted norm of the elastic accelerations. As in the
case of minimizing a weighted norm of the actuator torques, the objective function is

written as:

—

Je(8) = 505 We ., (5.25)

Substituting the elastic accelerations
- - T
ch = Qeg + JBSwE

into the objective function (5.25), we obtain

Ut
(S
o
N

~ I pes
fe(x) =¢Lx + 3xTWEx (5.:

where

ce =J3sc WE Gy We = I3 Wgell, (5.27)

Once again, the positive-definiteness of matrix Wz can be ensured if the matrix
W e is positive-definite and J?;S has full rank [67]. The matrix JI_ has full rank
equaling to its row dimension provided that Js, (z = L. ..., P) are not rank deficient.

Since as defined in eq. (4.6). JI. = ~M:- 37 and we assume the existence of ﬁ;i

ceide,
JZI. has full rank as long as JZ, is of full rank. The rank deficiency of JZ, corresponds
to a situation where some of the elastic degrees of freedom cannot be affected by
any tip wrench. Recalling that J.; is the elastic Jacobian matrix which maps config-
uration space elastic rates into a corresponding workspace end-effector velocity. J.,
becomes rank deficient when the elastic motion of the zth manipulator only generates
end-effector motion in a subspace of the Cartesian space. Figure5.5 provides an il-
lustration of a planar two-link arm in a rigid singular configuration (.X; and X, are
aligned). Assuming that only bending is modeled for the links, any nonzero elastic

rates of the arm will only produce tip velocity in one direction, as shown by vg. In

this case, J. is rank deficient.
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Figure 5.5: Singularity of the Elastic Jacobian Matrix

Example 5.4

As in the previous example, the left arm is considered to have two flexible links
while the right arm has rigid links only. Since each flexible link is modeled with
two planar beam elements in bending, the total number of elastic coordinates is
8. We implement the scheme of minimum norm of elastic accelerations with an
identity weighting matrix Wg. Figure 5.6 shows the resulting profile of the transverse
displacements at the midpoint and the tip of each flexible link, as well as the strain
energy of the system. Although increasing elastic deformations in the elastic links
are observed in the figure. they still appear to be bounded within the specified time
of the maneuver. This behavior is characteristic of a short time stable system [69].
The short time stability deals with determining whether a system response lies within
specified bounds over specified intervals of time when the inputs are within specified
bounds. In investigating the inverse dynamics solution. this concept is very useful

since the system behavior within specified time intervals is our main concern.
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5.4.4 Minimizing the Strain Energy Stored in the Flexible
Links

If we accept that minimizing elastic accelerations smoothes the profile of elastic dis-
placements, then minimizing elastic displacements should decrease the magnitude of
deformations. For this purpose, it would be desirable to express the objective in terms

of the elastic coordinates q,, that is,
1 -
flg)=549.Wgq. (5.28)

Since g, is linearly related to the design variables x, double integration of x over
the time history is required to determine the effects of x on ¢.. In other words. the
elastic deformation of a manipulator at time ¢ depends not only on the present value
but also on the history of its end-effector wrenches. Ideally. the force distribution
problem should be solved to produce the minimum vibration excitation in the svstem
over the complete trajectory, i.e., globally. However, as mentioned in the beginning
of the thesis, in the present work, we have focused on the development of local force
optimization schemes because of their simpler formulation, their lighter computational
requirements, and the fact that thev can be implemented without knowing the object
trajectory apriori.

Since the solution to the optimization problem must be carried out numerically.
we discretize time into intervals and approximate g, at a time instant {, by its

second-order Taylor expansion at time {;_;:

g~ ¢+ ALgT + (A0 g! (5.29)

5

[SVE

where At = t; — tr_; and the superscript & denotes quantities evaluated at . In
formulating a quadratic objective function of the form (5.28), we note that using

identical weights on all the elastic coordinates may be unacceptable. This is partly
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due to the fact that these coordinates are likely to represent different quantities and
hence have different dimensions. For instance, some components of q, represent linear
displacement measured in millimeters, while others represent angular displacement
measured in radians. Also, the importance of each elastic coordinate will be very

different for links with different stiffnesses.

Given that the strain energy can be used as a measure of the elastic deformation,
we could set as our goal to minimize the strain energy in the flexible links. This can

be achieved with the following objective
7 L T p
fU( qc) =U= ; quKeeg Qez (530)

Substituting eq. (5.29) into the above, the strain energy at time tx, {7*. in terms of

the design variables x at time ¢,_; becomes:
A l - f 4
UL X {(;(At)z qeg + At qeg + qu)TKCCSJng

AT Ty Ko x4 (€ g B)} (531)
[n the above, the matrix J3¢ is of dimension 6P x Sf,_lS,-. The expression for Uk
represents an approximation for the strain energy at f; in terms of the variables
evaluated at the previous time instant. Thus. minimizing the value on the right-hand
side of eq.(5.31) amounts to minimizing the strain energy at the next time instant.
The last term in the above equation, ¢( q., q.. ¢.), is independent of x and its detailed

form is omitted as it has no influence on the solution. The resulting objective function

can be expressed in the form (5.10a) with the following definitions:

—

EU = ‘I3S Keeg( :_(‘/At)2 ZI;S + Al qgg + qes) (5’32)

— 1
W, = 3(;\.:)2.13: Keee I3 (5.33)

Once again, since K.s is a positive definite matrix. Wy will be positive-definite as

long as J3¢ has full rank.
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Table 5.3: Coefficients of the Object Trajectory

132
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Example 5.5 — Minimum Strain Energy

We implement the minimum strain energy scheme on the 3D dual-arm and object
system first introduced in section 4.5.2. The forearm and the upper arm of the left
arm are considered to be flexible while the right arm is rigid. For this example, the
object trajectory is defined with the trajectory constants given in Table 5.3. The
resulting maneuver has no constant speed segment and the total motion in the Y

direction is smaller than in the other directions. The weighting matrix is invariant

with time and is defined as:

WU = diag{Keelh Keel'l}

with the two diagonal blocks given by:

115809.5 0.0 0.0 0.0
0.0 115809.5 0.0 0.0
0.0 0.0 9650.8 0.0
K., = 0.0 0.0 0.0 9650.8
—57904.8 0.0 0.0 —14476.2
0.0 —57904.8  14476.2 0.0
0.0 —14476.2  2412.7 0.0
L 14476.2 0.0 0.0 2412.7

Numerical results were generated with ¢ = 0.0002 (reasons for this will be given
after the analysis of the stability of the inverse system). Solutions for the transverse

displacement and the slopes at the end-point of both flexible links are shown in
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Figure5.7. It is observed that in-plane deflections (v,) are much larger than the out-
of-plane deflections (v.). since faster motion in the X; direction is required for the
flexible links than in the Z; direction. As a result of minimizing the strain energy.
the strain energy stored in the flexible links is kept to less than 3 x 10~* Joule. When
compared to the results obtained using the minimum Euclidian norm of the elastic
acceleration scheme (Figure 5.8, 5.9 and 5.10), it is apparent that the minimum strain

energy scheme is effective in reducing both strain energy and the elastic deformations.

5.4.5 Combination of Various Objectives

One can take a weighted combination of the aforementioned individual objectives
to form a new objective function. This objective function represents a combined
criterion which is particularly relevant to optimal performance of the system. The
choice of the relative weights on each component of the objective depends largely on

the particular manipulator system and numerical experiments are required to “tune”
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the weights. The resultant objective function can be formulated as:

f(x) = afi(x) + bfr(7) + cfe( q.) + d fu(q.) (5.34)

where the weights a, b, ¢, d are positive numbers, some of which can be set to zero.
The terms in eq. (5.34) represent component objectives of minimum internal forces,
optimal load sharing, minimum elastic acceleration and minimum strain energy. Since

each individual term is a strictly convex function. the combined objective function is

also strictly convex and it is characterized by:

¢ = beér+ccg+dcy (5.35)
W = aW;+bWr +cWg +dWy (5.36)

The definitions for each term in the above have been given in Sections 5.4.1 to 5.4.4.

We now present some examples to illustrate the performance of the combined objec-

tive function scheme.

Example 5.6 — Combined Objective

To demonstrate the performance with the combined objectives, we consider two cases:
Case 1 : f(x)=th +7Hh+7h+U

According to eq. (5.34). the relative weights on each of the four objectives are: ¢ = 0.

b=1.c=0and d = 1. The weighting matrices for the combined objective function

are:

WT = diag{WTl, WT'Z} (537)
WU = diag{Kee“ K:el2} ('-_)38)
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where

Wr = diag{2, 2, 2, 107'%, 107'°, 10719}

Wr, = 107" 1gx6

[t can be seen from Figure3.11 that the torques driving the flexible arm are kept
small in magnitude since the norm of torques at the first three joints is minimized. The
torques for the rigid arm are shown in Figure5.12. The tip transverse deflections (in-
plane and out-of-plane) for both links are shown in Figure5.13. Larger deflections in
the out-of-plane direction occur because the end-effectors are required to move faster

in the X; — Z; plane than in the X; — Y7 plane.
Case 2 — f(x)=10"°(3x"x) + U

We have mentioned in the first example (Example 5.1) that minimum internal force
scheme by itself is not suitable for solving the force distribution problem for flexible-
link cooperating manipulators. However, sometimes it can be combined with other
schemes to yield a compromise performance between lower internal forces and other
objectives. To illustrate this idea. we propose case 2 which sets a = 10™°. The time
histories of the tip deflections at each flexible link and the strain energy for this case
are shown in Figure 5.14. Without the second term in the objective function, the min-
imum internal force scheme almost always generates unbounded solution. However.
comparing these results with those obtained in example 5.5 when using the minimum
strain energy scheme, the dynamic response of the system is dramatically different
for the two schemes, even though only a small change to the objective function was

made.

Based on the large number of numerical simulations performed with two-arm

(planar and 3D) cooperating manipulators (only representative results are shown
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in the thesis), the following conclusions which are particularly relevant to the force

optimization issue for flexible cooperating manipulators may be drawn:

e Minimizing the strain energy is one of the better objectives to use for flexible
cooperating manipulators. Strain energy is a more physically meaningful mea-
sure than the elastic accelerations. Furthermore, in many cases, the minimum
strain energy scheme provides a bounded solution while the other schemes do

not.

e Shifting loads from the joint actuators before the last flexible link to beyond the
distal end of the last flexible link of the arm helps to obtain a bounded inverse

dynamics solution.

e To obtain a bounded solution, either the minimum strain energy or the load

shifting scheme should be used in combination with other objectives.

e Systems with different mechanical setups in terms of the location of the flexible

links behave differently with the same force optimization scheme.

e For a system with only one flexible link. better behavior is obtained when the
flexible link is connected to the base. This can be explained with the same
argument as that used to design the load shifting scheme. When the flexible
link is closer to the base. there is a better chance that the load can be shifted
to beyond its distal end and therefore. the system more closely approximates a

collocated situation.



Chapter 6

Stability Approach

One of the important applications of the inverse dynamics solution is for trajectory
tracking control of nonlinear dynamics systems. The well-known computed torque
method [70]. also known as inverse dvnamirs control is basically designed to achieve
feedback linearization of a nonlinear plant. A prerequisite for this method o be
applicable in controlling a robot manipulator is that a bounded solution for the inverse
dynamics torques be obtained during the specified time period. which is usually the
period over which the reference trajectory is defined. The computed torque technique
has been successfully employved to control rigid manipulator syvstems. For a serial
flexible-link manipulator. however. we have observed that the nonlinear inversion
of input-output map does not exist because of the nonminimum phase zeros of the
input-output map. Hence, the inverse dyvnamics torques are no longer guaranteed to

be bounded.

In this chapter. further discussion on the stability of the inverse dvnamics system
for flexible manipulator system is performed. In particular. we aim at obtaining a
stable inverse dynamics solution for flexible-link cooperating manipulator system with

an emphasis on its control applications.
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6.1 Description of Internal Dynamics

In the context of control, it is known that the invertability of the input-output map is
closely related to the stability of the zero dynamics, also called the internal dynamics

The definition of the zero dynamics is as follows:

Definition 6.1 (Zero Dynamics) [56]
[f we divide the system states into the observable and unobservable parts. the
zero dynamics represents the dynamics of the unobservable states when: 1) the
input is set equal to zero. and 2) the output is constrained to be identically

Zero.

As mentioned earlier. the instability of the causal inverse dynamics solution for
flexible-link manipulators is due to the inherent nonminimum phase property of the
svstem. [ndeed, according to its definition, the nonminimum phase linear system is
that which has zeros of the input-output transfer function in the right half of s-plane
whereas a nonminimum phase nonlinear system means that the system has unstable
zero dynamics. Therefore. stabilizing the internal dynamics (zero dynamics) is related

to changing a nonminimum phase system into a minimum phase svstem for which

stable causal inverse dynamics solutions can be obtained.

In tip trajectory tracking control of a flexible manipulator. the output equations
are those which define the tip position and orientation. or their first and second
derivatives since the latter are easier to formulate. The unobservable state variables
are the coordinates and their rates which define the elastic motion. Therefore. the
internal dvnamics is described by the elastic equations of motion with the joint torques
(input) and the tip velocity (output) both set to zero. It is found that the design
of a stable closed-loop control scheme is critically dependent on the stabhility of the

internal elastic dynamies [36. 71. 72. 73].
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The importance of the elastic response can also be observed when considering
the inverse dynamics solution for flexible manipulators. In the inverse dynamics
system. the tip motion is predefined (this is also true in multiple-arm systems with
rigid grasp). The rigid states (the joint coordinates and speeds. q,, and q,;) of
the /-th manipulator are dependent on the elastic states (elastic coordinates and
speeds. q,; and q,;) through the kinematics relations. The behavior of the inverse
dyvnamics solution, comprising rigid states and actuator torques, is determined by the
elastic motion. In other words. if the equations describing the evolution of elastic
coordinates produce a stable trajectory in the time domain, the inverse dynamics
solution for actuator torques is ensured to be stable as well. To analyze the stability
of the internal dynamics, we first present its state-space description. We assume in the
following analysis that there are no external forces acting on the manipulator system
other than the actuator efforts. This is done in order to exclude the dependency of

the svstem behavior on the external forces.

[t can be found in the literature that some researches have focused on modifving
the output of the system in order to realize a minimum phase property. Joint-based
control [71] accomplishes collocation of the input and output at the joint. Reflected
tip position is used to allow precise tracking of a close-to-equivalent tip position [74].
Torque transmission mechanism is also used to transfer the actuation efforts to the
tip so that the input is transferred to be collocated with the output [22]. For the
multiple arm system. we are interested in investigating the possibility of stabilizing
the internal dynamics by actively choosing the tip wrenches. For the purpose of
analyzing the inherent properties of various systems. we propose the following three

tvpical cases:

System A: Collocation at the Joints
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In this case, actuators are located at the joints and the joint variables (displace-
ments. velocities and accelerations) are predefined as functions of time. This is not
impractical and in fact, most of the existing inverse dynamics control schemes for
serial flexible manipulators adopt such a scheme. Not only is joint collocation simple
to implement since the actuators and sensors can be easily set up at the joints of the
manipulator. but more significantly, it results in a stable internal dynamics svstem.
Therefore. a stable closed-loop behavior can be obtained by designing a robust linear
PD controller [71. 53]. The principal limitation is that the resulting controller only
ensures tracking of a prescribed joint motion. For tip trajectory tracking control. a
modification is made to allow precise tracking of the nominal joint trajectory while
the dynamics equations describing the elastic motion are written with respect to the
moving frames attached to the virtual links [35. 29]. Some researchers have tried to
control the motion of some virtual point (not a real point on the manipulator) the
coordinates of which can be expressed as a linear combination of the joint variables.
For example. the reflected tip motion [74] has been used so that a linear combination

of the joint motions is predefined and controlled [75. 66].

To put in place this situation in a multiple-arm system. we consider that the ma-
nipulators are decoupled to follow their own joint trajectories without interfering with
each other. This is imposed because, for a multiple-arm system. the joint coordinates
can only be freely specified if the manipulators are not constrained by each other.
that is. when there are no constraint wrenches acting at the tip of each manipulator.
This seems artificial since the multiple arms are not arranged to cooperate on the
common task. However. we do this primarily to gain an understanding on why the

internal dvnamics is stable in this case.

To investigate the inherent properties of such a system with joint motion specified.

we consider the dynamics equation for the elastic motion. eq. (+.2). \We assign suffix



CHAPTER 6. STABILITY APPROACH 146

¥ to each matrix and vector variable to represent a multiple-arm system. and set
g, = Osinceit is the output of the forward collocated system. The internal dynamics

is then described by:
Meeg -ch + Deeg qes + Kecg ch = f[_cs (6'1)

We point out the difference between the nonlinear forcing term in the above equation.
fies- and that ineq.(4.2), fr ... The latter includes the effect of external forces
on the manipulators. [t is evident that if eq. (6.1) gives a stable trajectory for gq..
then the inverse dynamics torques T¢ calculated from the algebraic equation (4.1).

will be bounded.
System B: Noncollocation of the Joint Actuation and Tip Trajectory

As implied by tip trajectory tracking, the joint variables in this syvstem are not
explicitly prescribed. Instead, the desired output is a nonlinear function of both
rigid and elastic coordinates. For rigid manipulators. tip tracking control can be
implemented by tracking the prescribed joint trajectories since the joint variables
are uniquely defined by the tip trajectory (assuming the manipulators are not kine-
matically redundant). However. this is not the case for flexible-link manipulators
because of the unknown elastic variables appearing in the kinematics equations. In a
multiple-arm system. the reference trajectory is prescribed for the object. With the
assumption of a rigid grasp, this is equivalent to defining the reference trajectory for
the respective end-effectors of the arms. To derive the equations of internal dvnamics
for system B. we set v to zero. In chapter 1. we derived the solution for the elastic
accelerations which is represented by eq.(4.9). Expanding this equation by substi-
tuting the expressions for ¢.5 and J_.fs from eq. (3.54) and eq. (-L.6). respectively. the

governing equation for the elastic motion becomes:

Mees @og + Deeg @ox + Kees @eg = he + I wy (6.2)



e

CHAPTER 6. STABILITY APPROACH 147

where
he = col{hy, --- hp} (6.3)
M.s = diag{M.1, - . M.p} (6.4)
hi = fra+MLIZ g +Juq.) (6.5)
Mei = M. -MZLIZT, (6.6)
1 =1,2,---,P

Eq. (6.2) represents the internal dynamics for the system when the actuators and the

specified object trajectory are noncollocated.

System (C': Collocation at the Tip

This again represents a hypothetical situation where the manipulators are driven
by wrenches at the tips. The motivation for investigating such a system is due to
the successful design of a stable PD controller by Park and Asada [22] for a one-link
flexible arm with the actuator torque transmitted to the tip of the arm. It is implied
that the internal dvnamics of such a system is stable. To derive the internal dynamics
equations for system ('. we simply set T = 0 in eq. (4.12) to nullify the actuation at
the joints. Solving the resulting equations for the “actuation™ at the tip i.e.. the tip

wrenches w.. we obtain:

we = -JgTg
= JT (Mg — Mo I3 00 40 (6.7)

+J:g(Mrr§ r—gl(i’S "jrg iIrS "‘jeg qu) - f[.r\_:)

Upon substituting the above into the elastic dynamics equation (+4.11) and setting v«

to zero, we obtain:

—

Mceg ZICS + Deeg .ch + Keeg qu = gg (6

v 4]
—
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where

Meg = Moy —ILI Mo (6.9)

gg = hg - JZEJ:g( f[,rg - Mrrg‘]r_y}(jrﬁ (.Irg + jeg qeg)) (610)

[n the above. M.,y is symmetric which can be shown by substituting the expressions

for 1\7[.,,,S and 1\7[,52 into eq. (6.9) to yield:

Megv = Mecz - MT J”'—F}JCS - JZ‘EJT—'—S?M’-CS + JZSJ:LTMrrSJ:L}JeS (6.11)

T reg

and noting that M,,y and M.c are both symmetric in nature. As a result. eq. (6.8)
describes the internal dynamics of system C in which the manipulators are driven by

the wrenches collocated with the specified trajectory at the tip of the end-effectors.

6.2 Properties of the Internal Dynamics

Since closed-form solutions to the internal dynamics equations (6.1). (6.2) or (6.3)
do not exist. we shall analyze the behavior of the internal dynamics through an
approximation method. in particular. the linearization method in the neighbourhoo¢l
of equilibrium points of the nominal configurations. To develop an effective linearised
model of the internal dynamics. it is necessary to identify the properties of the internal

dynamics equations by reviewing the procedure for deriving these equations.

For notational convenience. we now drop the suffix £ used to denote the assembled
quantities for the multiple manipulator system and focus our discussion on a single
“decoupled™ manipulator. We note that equations (6.1). (6.2). and (6.3) represent a

set of second-order ordinary differential equations for the elastic coordinates gq..
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6.2.1 Constant K., and D,,

We have observed that when multiple manipulators are in contact with a common
object. they form several closed-loop chains. The multi-arm mechanism as a whole
is stiffened because of the constraints that manipulators impose on each other. It is
therefore reasonable to expect smaller elastic deformations than in the situation where
manipulators are decoupled to follow the same end-effector trajectory. Although the
present study of the inverse dynamics solution for flexible manipulators is not limited
to a particular dynamics model, to render the stability analysis more tractable. we use
linear theory of elasticity to derive body mass. stiffness and modal damping matrices.

Therefore. these hody matrices are assumed to be constant.

Furthermore. according to the assembly procedure of the global dynamics equa-
tions for a serial-chain manipulator [40], the stiffness and damping matrices in the
global dvnamics equations are formed by placing the bady matrices along the diago-
nals. Therefore. the global stiffness and damping matrices are constant and depend

only on the material and geometric properties of the links.

6.2.2 Configuration Dependent M,., M... and M.,

We consider the coefficient matrices of the acceleration terms in the internal dvnamics
equations for the foregoing three systems and repeat the expressions for M,.. M.,.

and M., as.

M., = SIT{Mg,. + ML T .S. +SITIM., T Sc+Mc.. (612)

M., = M. —MZLJI-J, i6.13)
M, = ML -MZLJ:'J, (6.14)
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Note that in eq. (6.14), we made use of the symmetry of the matrix I\7[ev The suffix ©
appearing in eq. (6.12) denotes the assembled quantities over all the bodies in a single
serial chain. The dependence of these matrices on the configuration variables ¢, and
q. is through the coordinate transformation matrices 7 and Sg and the Jacobian
matrices J, and J.. Although generally. these are functions of both ¢, and ¢,. in an
approximate situation, they can be evaluated at a nominal rigid configuration while
ignoring the effects of elastic deformations. For the same reason that a closed-loop
multiple-arm system is stiffer than the individual serial manipulators. we ignore the
variation of the body transformation matrices on the body deformations and focus
on analyzing the dominant factors governing the internal dynamics. Therefore. the

coefficient matrices are assumed to be dependent on rigid configurations only.

6.2.3 Nonlinear Inertial Terms

In the equations of internal dynamics. the right hand sides contain the nonlinear
inertial forces and in the case of system B. another term of tip wrenches. For the
nonlinear inertial forces in egs. (6.3) and (6.10). we repeat the following expressions

for calculating f,,. and f,, [40]:

fr. = P<TTT Feir— Mc . (T<(Pcq, + Scq.) + Ts(Scq. + Pq,)]}(6.15)
fro = ST foir ~Men[Ts(Psq, + Scq,) + Ts(Scq, + P, )]}
+ fote = Mg o[Ts(Psq, + Scq,) + T=(Scq, + Pq, )] (6.16)

In the above. f_., and f.,. are composed of the body nonlinear inertial forces
which in turn include only the rigid motion nonlinearities. that is. terms of O(|| q,[|%)-
With the earlier assumptions. it is not difficult to see that the nonlinear inertial forces

fi1.- h and g contain terms that are O(|| q.[|?) and O(|| .1l g.]|)- The coefficients
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of these terms are, again. generally functions of the variables g, and ¢, but are

approximated to be dependent only on the rigid coordinates gq,.

It is also worth repeating here that in system B. the tip wrenches appear in
the internal dynamics equations. Keeping in mind that we have some degrees of
freedom in choosing these wrenches. the potential benefit is that these wrenches may
be actively chosen to stabilize the internal dynamics which is the key objective of this

chapter.

6.3 Linearization

The main purpose of analyzing the internal dynamics for the three different svstems
described in section 6.2 is to predict whether the internal dynamics possesses a stable
behavior. For the multiple-arm system. we are also aiming to find a force distribution
scheme which. based on the stability analysis. will ensure improved behavior of the
svstem. However. as shown in section 6.2. the internal dynamics equations are non-
linear even though we made several approximations in deriving them. The analvtical
solution of the internal dyvnamics equations is impossible to obtain. In view of the
much greater simplicity and tractability of linear. as opposed to nonlinear equations.
it is desirable to make use of the linear approximation. The behavior of the solution
to the original nonlinear equations about a nominal configuration can be investigated

by considering the linearized model.

Reinstating the use of suffix ¥ for a multiple-arm system. we now define a vector

of state variables of the internal dvnamics as:

A . .
y:[y‘ y2IT= [Q¢S QP:]T l()-ll'



(1)
[
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[t is not difficult to rewrite equations (6.1), (6.2), and (6.8) in the form:
y = f(y) (6.13)
For instance. in system A. the function f(y) on the right hand side of eq. (6.18) is

fa(y) = Y2 (6.19)

—M;lg[(KCCEyI + Dees o) + fl.eg]

We emphasize that f(y) is evaluated at a nominal rigid configuration with state
variable g, . satisfving the kinematics relations in the absence of elastic deformations
and ér\: = 0. Eq.(6.18) also represents an autonomous system since time variable ¢

does not appear explicitly in the function f.

Definition 6.2 (Equilibrium Point)

Suppose an autonomous system is described by the vector differential equation
y =f(y) (6.20)
y is said to be an equilibrium point of the system if

£(7) =0 (6.21)

[t can be shown that § = (q,q. f],_,,:) = (0. 0) is one of the equilibrium points of the
internal dynamics equations eqs.(6.1).(6.2) and (6.8). In other cases. for example.
where gravity effects have not been dropped. g.. may not be zero but would represent
the static deformation of the flexible structure. Analyzing the system behavior in the
neighbourhood of equilibrium points is particularly important in the situation where

damping out the system vibration at an operating point is of specific interest.

The local stability properties of equilibrium point can be obtained by linearisation.

We therefore linearize the internal dynamics equations around the equilibrium point
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(Gec- c';cg) = (0, 0) by taking variations of the variables from the nominal values and

letting
Geg = Geg +6d.s (6.22)
Geg = g +04.s (6.23)
e = Gop +0q. (6.24)
we = We + dwe (6.23)

We will use eq. (6.2) which is the internal dynamics equation for system B to illustrate
the derivation of the linearized model. Expanding eq.(6.2) into a Tavlor series. for
small variations of the state variables as in egs. (6.22)-(6.23), the original nonlinear
model can be approximated by the first-order expansion about the nominal state. For
the sake of simplicity. the circumflex for denoting nominal values is omitted in the

following. Thus. we have:

— - sh . - - .
M..c6q,. + (Deec + 5?1—%)6(]'—’2 + K.ecdq,. = JZ:()wS (6.26)
where we observe that she _ 0 since h. contains nonlinear coupling terms of

3q.s
O(l] g,< Il gecll) which vanish when evaluated at .. = 0. Once again. all the co-

efficient matrices in eq.(6.26) are calculated at the nominal states. The resultant

linearized model of eq.(6.2) can be written as:

0q. 0 I 8q. N Q
6&55 "M—l Keeg ‘M;ISDeeg 6deg JI’{S

In the same manner. the linearized model of system A. that is. the case of joint

collocation is described by:

6. 0 I 6q.¢
Tes | Tes (6.23)

6aeg -NIC—C‘_;_:KCCS —M;ISDCCS (Sqes
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Finally for system C where the input and output are collocated at the tip. eq. (6.8)

is approximated by:

64, 0 I 8q..
Tt | _ Tes (6.29)
6&62 —M~l KCCS _M;IS DCCS 6‘?62

eey

For systems A and C, the linearized model can be written compactly as:
6y = Aby (6.30)

[t can be seen from eq. (6.27) which is the actual case for multiple flexible arms. that
the tip wrenches influence the value of the state variables. The linearized model for

system B is accordingly given by

by = Ady + Béw (6.31)
where
0
B = (6.32)
‘I3Ts

The coefficient matrices A in the three different cases denoted by A 4. Ag and A,

respectively are:

0 I
A, = (6.33)
_M;‘SKQCS —M;‘SD,_,ES ]
[ o 1| |
Ap = . . {6.31)
‘M;ISKEE‘_‘_ ‘M—elSDeeg
[ o I |
Ar = (6.33)

N -1 V!
—MCCS ngs —MECS DCCS ]

The differences between these are in the “mass™ matrix which premultiplies the stiff-

ness and damping matrices. that is. the matrices M,.c. Mc.c and M,.c. For system
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Jt
dJt

B. since we have some freedom in choosing the tip wrenches and in particular, if
they are chosen to be a function of the state variables ¢, and q.s- then it is pos-
sible to change the inherent behavior of the linearized internal dynamics around the

equilibrium points.

6.4 Stability Issue Revisited

We stated in chapter 3 that in considering the inverse dynamics solution. we were
particularly interested in obtaining a bounded solution when a bounded input is
applied. From a practical point of view. it is perhaps more useful to require that the
solution be bounded over a specified finite time interval. In terms of the behavior
of the internal dynamics of the inverse dynamics system about an equilibrium point.
what is more relevant is whether the elastic variables will approach zero as time
goes to infinity. At this point. it is necessary to review some definitions and related

stability theorems.

6.4.1 Stability of Linear Time-Invariant Systems

Definition 6.2 (Stable Equilibrium)
An equilibrium point ¥ is stable if. given any € > Q. there exists § > 0 such that

ly(0) — y| < é implies |y(f) — y| < e for all t > 0.

The physical interpretation of a stable equilibrium point is that a trajectory described
by eq.(6.18) can be made to remain within an arbitrarily small region about g by

starting sufficiently close to it.

Definition 6.3 (Asymptotically Stable Equilibrium)
For a stable equilibrium point ¥. if there exists N > 0 such that |y(0) —g| < A
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implies that y(f) — ¥ as ¢t — oo, then the equilibrium point 7 is said to be

asymptotically stable.

Evidently, asymptotic stability requires that a trajectory starting in a sufficiently
close region of the equilibrium point not only remain close enough to %, but that it

also approaches gy asymptotically.

If the original nonlinear system (6.18) is approximated by a time-invariant lin-
ear system at the equilibrium point, it is well-known that the local stability of the
equilibrium point ¥ of the given nonlinear system can be examined by checking the
eigenvalues of the plant matrix A. The system is unstable if A has at least one eigen-
value with a positive real part and it is asymptotically stable if all the eigenvalues
of A have negative real parts. If some of the eigenvalues are purely imaginary and
the others have negative real parts, then the linearization technique is inconclusive.
In this case, the stability of the equilibrium is determined by the higher order terms

that are neglected in the linearization process.

For end-point positioning control. the dyvnamics model is required at the desired
terminal rigid configuration. In many trajectory tracking control algorithms the dy-
namics model of the system must be evaluated at several nominal rigid configurations.
[n this case. linear time-invariant equations approximating the nonlinear equations
are obtained at the equilibrium gy = [Qes QGS]T. These applications justify the analysis
of the linearized internal dynamics of the inverse dynamics problem and we therefore
concentrate on calculating the eigenvalues of the plant matrix A. [t should be real-
ized that since the linear model is configuration dependent. ideally. we should check
the complete workspace of the manipulator for the stability status at the equilibrium
points. However. because of certain properties of the linearised system. there exist

certain patterns of the eigenvalues of the plant matrix. which will be discussed shortly.
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Table 6.1: Stable Eigenvalues of A 4

LEigenvalues | A2 vL

Az

| Ase |

Arg |

(=0

£3032.45;

£842.95;

+20.545

+8.7:

¢ =05% —12.9 £3032.43;5 | —3.1 £842.245 | —0.0036 £ 20.54;

2
~0.05 +8.72j
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Figure 6.1: Eigenvalues of System A

6.4.2 Configuration Dependent Eigenvalues

We now present some sample results obtained for the planar dual-arm architecture

used in the previous chapter (FRR-O-RRF). As before. the trajectory specified for the

end-effectors is to rotate the object about its mass center through 90° in 2 seconds.

For systems A and C. the two arms are not carrving the object but are required

to follow the same trajectory as if they were handling a common object. Since the

flexible link in each arm is modeled with two planar beam elements and hence 4

elastic degrees of freedom in total. the number of eigenvalues of the plant matrices is

3. The eigenvalues of the undamped system are calculated along the trajectory and

shown for systems A, C' and B in Figure6.1-6.3 respectively.
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Table 6.2: Stable Eigenvalues of A¢

| Eigenvalues | A2 | X34 | As6 | Arsg |
(=0 +5275.49; +2162.64; +582.75; +77.115
¢ =0.5% —321.0 £5753.35; | —58.5 £ 2162.84; | —5.5 £ 582.815 | —0.05 £ 77.11J

For system A. where the actuators and the specified trajectories are collocated
at the joints, the eigenvalues of the undamped system are purely imaginary since in
eq. (6.28), the mass and stiffness matrices are symmetric and positive definite. [ndeed.
the eigenvalues X of the plant matrix are related to the natural frequencies of the arm
by:

A= L i=1.---.5 j=(2-1).% (6.36)

where w; > 0 is the ith modal frequency and S is the total number of elastic co-
ordinates used to model the flexible links of the arm. [t is also known that when
damping is included. the eigenvalues are shifted to the left half of the complex plane
since the damping matrix D... is always positive definite. Table 6.1 compares the
eigenvalues of the plant matrix A at the initial configuration. with and without
damping. We therefore conclude that system A is always stable since this is ensured
by the aforementioned properties of the system matrices. Figure6.l also shows that

the eigenvalues vary little with the rigid configurations.

Figure 6.2 illustrates the eigenvalues for plant C' (eq.(6.29)) — a system where
actuators and the specified trajectories are collocated at the tip of the end-effector.
Interestingly. we have verified numerically that matrix I\Q/—IfeS possesses similar proper-
ties to the mass matrix M..c. in particular. it is also symmetric and positive definite.
The same conclusion as for plant 4 can be drawn for the svstem with collocation
at the tip: the nonlinear equations of motion in the region of equilibrium points are

stable (See also Table 6.2).
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Figure 6.2: Eigenvalues of System '

Figure 6.3 illustrates the eigenvalues of the plant matrix Ag. The linearized model
for system B is characterized by Apg if the tip wrenches are independent of the
elastic state variables (g... ¢.o) since then the second term on the right hand side
of eq.(6.27) vanishes. From Figure6.3, we conclude that if the tip wrenches aren't
chosen to vary with the elastic state variables, the internal dynamics at equilibrium
points are unstable because of the eigenvalues in the right half s-plane. We also note
from Figures6.3 and 6.2 that the eigenvalues of the corresponding linearised systems

are nearly constant with the rigid configuration.

6.4.3 Changing the Linear Plant of System B by Force Dis-
tribution Schemes
In chapter 5. we discussed and demonstrated the performance of various optimization

schemes used for force distribution to determine the tip wrenches. As it turns out.

some of the schemes are not effective for flexible cooperating manipulator systems.
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Figure 6.3: Eigenvalues of System B

For example. a scheme which only considers minimizing the internal forces produces
unhounded inverse dynamics solutions. We have also shown that some other schemes
designed to account for the dynamics variables of the manipulators. yvield bounded
solutions. This motivated us to consider the following question. What is the connec-
tion between the behavior of the inverse dynamics solution and the stability of the
linearized system? To look for the answer. we consider how the tip wrenches produced
by different optimization schemes affect the plant matrix of the linear svstem. Let

the tip wrenches be a function of y. and therefore

bwy = Zossy (6.37)

Substituting the above into eq.(6.31). the linearized model for a real situation of

multiple-arm and object system is characterized by the following plant matrix:

A=AB+B%-‘1 16.33)

In chapter 5. the tip wrenches are obtained as the optimal solution of the linearly-

constrained quadratic optimization problem. To find out how the tip wrenches wy
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are related to the internal state variables y, we repeat eq. (3.9).
w, = WIAT(AWTAT) (A W™ le + b)) — W™l

where A, is the grasp matrix. Since matrix A, is not related to the elastic variables
of the manipulators, the dependence of w3 on y can only be due to the weighting
matrix W and the column matrix c¢. In the minimum internal force scheme. W is
an identity matrix while c is a zero vector. From eq. (6.38), the plant matrix in this
case is equal to A g which has previously been demonstrated to be unstable, thereby
explaining why this approach yields unbounded solutions. It is evident that in order
to improve the behavior of the inverse dynamics system. the tip wrenches must be

chosen to be functions of the elastic variables.

Let us now consider the optimal load sharing scheme for which the objective

function is characterized by (eq.(5.22)):
ETlengT'S W’[‘ :JISWTJ{S

where Wy is a constant matrix. By ignoring the dependence of Ji¢ on q... as was
done in deriving the linear internal dvnamics equations. the partial derivative of wZ.

with respect to ¥ is obtained as

~

AW o -l — N —~ 1,
- = (W AJ(AWr AT A -1 W 5

Jay ac ..
= AwF (6.39)
Eq. (3.52) for calculating 7% for a multiple-arm system can be rewritten as:

Tlv = _Mrts I\’;Ie-el.‘_‘,(KecS 5 + D“S QES) + é:

where g includes the nonlinear terms of O(||q,.]|?). and O(]1g.cII?) as well as the

coupling terms of O(||q,¢ g.c|)- Taking the partial derivative of T with respect to
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Y, eq. (6.39) becomes:

= Awlis WMoy | Mzl Key ~MziDo | (6.40)

Substituting the above into eq. (6.27), the plant matrix of the noncollocated multiple-

arm inverse system becomes:

aws
A = AB'*‘B—a‘@""

0 o~ — —
= A+ AwdigWrMey | -MzLKue ~MzlD..e

T eey
Iz

0 1

_'(1 + JgSAWJlgWTﬁreg )M—l Kec\: "(1 + JggAtiv’JlgWTﬁreg )ﬁ;l}: Dr.cg

eey

The above equation can be written compactly as
A =ArAp (6.42)

where
1 0
AT = . (6.-43)
0 1+JL AW cWrM,.¢
The plant matrix in eq. (6.42) represents that for the linearized model of the internal
dynamics when optimal load sharing scheme is applied to determine the grasping

wrenches within the system.

As shown in Example 5.3, we successfully implemented a torque shifting scheme
for the dual-arm system with one arm flexible and the other rigid. This scheme
minimizes the norm of actuator torques of the flexible arm. The idea underlyving the
torque shifting scheme is that it emulates a collocated situation where the flexible
arm is driven by the tip wrenches (applied through the object by the rigid arm).

While we were unable to establish analvtically a relationship between the eigenvalues

(6.41)
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of the plant matrix in eq.(6.42) for this scheme and for the collocated system Ac.
numerical experiments revealed some interesting results. One interesting observation
was that the eigenvalues of the two plants were identical. However. based on this
special case, we cannot draw a general conclusion that one can predict the behaviour

of the nonlinear system from the eigenvalues of the linear plant matrix.

Table 6.3 lists the eigenvalues of the plant matrix of eq. (6.42) calculated for two
load sharing schemes and different mechanical setups of the flexible dual-arm system.
Since the eigenvalues do not change significantly along the trajectory, we include
here sample calculations at the beginning of the trajectory only. From Table 6.3,

we conclude that minimizing 777, is effective for one flexible and one rigid arm

but becomes ineffective if both arms are flexible. However, minimizing 71 gives

unstable eigenvalues for all three setups.

In the same way. we can formulate the plant matrix which corresponds to the

optimization scheme which minimizes the norm of the elastic accelerations. Towards

this end. we first express %— as:
o @
a—;—%— = Au'J.ngETyS‘ (6.44)

Then. the corresponding plant matrix is obtained as
A=A-Ap (6.43)

where

1 0
Ag = ] (6.46)
0 1+ JZ{QA”"J:’SWE

Similarly. the scheme of minimum strain energy vields a plant matrix

A=ArAg (6.47)
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Table 6.3: Eigenvalues of A with Minimum Norm of Torque Scheme
Mechanical Setup
Optimization FRR-O-RRR RFR-O-RRR FRR-O-RRF
Scheme ATsxs Argxs ATi6xis
+3958.27
£2059.26
+5752.495 +5754.245 +710.94
. T +2161.64; +2165.48; +582.74
T T +£582.74] +£595.77] | =3.1 x 10712 +£2161.64;
+77.115 +124.84; =21 x 107 +5752.149;
771
£61.39;
+3953.0
2326.1 +2211.9;
2741.0 +£1352.4j 1680.3 +£2351.05 —2326.1 £2211.9j
. T —-2741.0 £1352.45 —1680.3 £2351.05 +2059.6
MATeTe | 14896 +383.0 +710.8
+£64.5) +£49.6] £229 |
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Table 6.4: Eigenvalues for Various Optimization Schemes

Objective Mechanical Setup
Function FRR-O-RRR | RFR-O-RRR | FRR-O-RRF | FFR-O-RRR
qlg. 56.5 1178.1 0.1 4.0 x 1078

U(At = 0.0002) 0.77 59.8 0.1 5.7 x 10-10
TIre +4:4. 0.25 0.12 1.96 0.6

ity +U 1.7 x 1078 0.0 1424.1 £1994.17 | 1.5 x 10~°

with
1 0
Ay = (6.48)

0 1+ %Atng;:AwJ:;g K.c
We note in the above, that the plant matrix A in eq.(6.47) depends on the value
of A¢. Recall that A¢ is used in the minimum strain energy scheme to approximate
elastic coordinates in terms of velocities and accelerations at the previous step. For
a better approximation. one would expect that A¢ should be as small as possible
within the requirements of computational efficiency. However. from eq. (6.43) we
observe that as Af becomes very small. the matrix A approaches identity and the
plant matrix A reduces to Ag which in turn is unstable. Indeed. this phenomenon
was verified numerically when we implemented the scheme of minimum strain energy
— decreasing At below a certain value would result in unbounded solutions. Based
on our experience with the simulations. it is found A¢ = 0.0002 sec is a suitable value

in most of the cases.

The eigenvalues of the plant matrices in eq. (6.43) and eq. (6.47) have been calcu-
lated for various mechanical setups and for several of the optimization schemes with
which inverse dvnamics solutions were attempted. [n Table 6.4. we present for each
case only the eigenvalue which has the largest real part. We shall adopt the term

almost stable [75] to refer to the eigenvalues with a very small positive real part. In
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this case, the internal dynamics is said to be very lightly unstable and a linear stabi-
lizer can still be applied to obtain a stable closed-loop behavior [75]. From Table 6.4.
we observe that minimizing a combined objective of the total strain energy and the
norm of the actuator torques of the left arm (777 + (/) gives stable or almost stable
behavior of the linearized system except for the setup where both arms have the base
link flexible. This is predictable since minimizing the torque in one arm results in
a heavier burden on the other arm which also has a flexible link. Very likely. the
elastic vibrations are excited first in the arm whose actuators are required to supply
the majority of the torques which the system needs. Although our previous findings
indicated that minimizing the norm of the actuator torques alone (min. Tg‘rs) was
not feasible. the results in Table 6.4 show that minimizing the combination of 1’£‘rS
and ‘ﬁg‘hg produces an almost stable linearized internal dynamics. Furthermore.
minimizing the strain energy U has better performance than minimizing the norm of
elastic accelerations &ZSQCS. This is in complete accordance with our conclusions in

chapter 3.

6.5 Stability Approach

The stability analysis based on the eigenvalues of the plant matrices of the linearised
models shows some agreement with the conclusions of other researchers and those

drawn from the numerical results in chapter 5. These can be summarized as follows:

e Collocation at either the joints (system 1) or at the tip (syvstem (') of a serial
flexible manipulator ensures a stable behavior of the nonlinear internal dynamics

at the equilibrium points.

e Noncollocation of the joint actuators with the specified tip trajectory (system

B) results in unstable behavior of the internal dynamics.
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o For cooperating flexible manipulators. stability properties of the system can
be modified by optimizing the force distribution. This essentially allows us to

choose the relationship between the tip wrenches and the internal state y.

e Depending on the optimization scheme used, the force distribution solution may
produce a stable or unstable behavior of the system. Agreement in stability
characteristics has been demonstrated between nonlinear simulation and the

eigenvalues of the plant matrices of the linearized system.

e Various mechanical arrangements of flexible and rigid links produce responses
with different stability characteristics. Again agreement has been demonstrated
between directly solving the nonlinear equations and calculating the eigenvalues
of the linear plant matrix. For a manipulator with only one flexible link. better

behavior is obtained when this link is located closer to the base.

e Although the internal dynamics is defined as the dynamics of the internal states
when both input and output are set to zero. the stability of the internal dv-
namics around equilibrium still allows us to predict the behavior of the inverse
dynamics system along a nominal trajectory. Once again. this is supported by
the agreement we obtained between the inverse dynamics solution via optimiza-

tion approach and the stability analysis of the corresponding linear system.

Motivated by the above, we set out to find a force distribution scheme which
would allow the tip wrench w¢ to be dependent on the states so as to give a stable

plant matrix of the linearised system.
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6.5.1 Changing the Plant Matrix

Recall from chapter 4, that the grasping wrenches can be calculated as
wy = Afb, + AVz (6.49)

where the arbitrarily chosen vector z in the null space of A; represents the degrees
of freedom in determining the grasping wrenches. Based on the stability analysis. it
1s apparent that it would be desirable to let the tip wrenches vary in a way which
forces the plant matrix of the manipulator system to be equal to the plant matrix of

the system with tip collocation. This requires that we set:
A=Ac=Ap+BF (6.50)

From eq. (6.49). the partial derivative of w with respect to y should satisfy

W AY
Y Al

LI
N

2AVK (6.51)

i

where K is an arbitrary matrix of dimension 6P x ££ S, With this approach. we
essentially attempt to vary the internal force in the multiple arm system in accordance

with the internal state variables y. Substituting eq.(6.51) into eq. (6.30). we have
Ac=Ag+BAYK £ Az + BK (6.52)

Solving for K from the above and replacing Ag and A with eq. (6.34) and eq. (6.35)

respectively leads to:

K= (J:A)'G (6.53)
with

eeS “Tteey eey

G = [ (ML - M7L)K..e —(MzL - MzL)D... (6.54)

Substituting eq.(6.33) back into eq.(6.49) gives the following solution for w:

we = Afby + AY(JT.AY )T Gy (6.551
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with y = [anE i]Z;:]T.

Whether the above grasping wrenches will guarantee a stable solution of the in-
verse dynamics depends on the properties of matrix J;SA'KV. Here. J3T: is of dimension
Zf;,S,- x 6P where recall S; denotes the total number of elastic coordinates of arm
i. The dimension of AY is 6P x dim N(A,). It is also known that dim N(A;). the
dimension of the null space of A, is equal to the order of the actuation redundancy

of the system. Therefore. the rank of J_{S A} must satisfy the inequality below:
rank(JI_AY) < min(TL, S, dim N(Ay)) (6.56)

Assuming,. as is usually the case, that Jg‘, AI\ is not rank deficient. we can define the

following cases:

o °F Si=dim .N(A))
In this case. (J.{SA‘[\‘):’ = (J;SA‘I\")'1 and eq.(6.53) has a unique solution for
we which satisfies the requirements of both the primary task (handling the

common object) and secondary task (stabilizing the elastic motions).

o £F S, <dim N(A,)
When the order of actuation redundancy is greater than the number of elastic
coordinates in the system, there is an infinite number of choices for K which
will produce the plant matrix A equal to Ar. The extra degrees of freedom in
choosing K can be further used to accomplish other tasks. such as. minimizing

the actuator torques or the elastic deformations.

e ©F S/ >dim N(A))
This is the case when the degree of actuation redundancy is insufficient to alter
the plant matrix of the linearized model exactly as desired. Instead. eq.(6.55)
will produce a close (in the least-square sense) approximation of A to A~. This.

however. does not guarantee a stable behavior of the elastic motion.
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Example 6.1 — Varying the plant matrix

We now implement the force distribution scheme of eq.(6.55) to solve the inverse
dynamics problem. We consider the planar dual-arm example (RFR-O-RRR), first
introduced in section 4.5.1 to demonstrate its performance. The elastic link is modeled
with one beam element which allows considering stretching and bending deformations.
This gives a total of 3 elastic coordinates. The same trajectory profile as described
in section 4.3.1 (rotating the object for 90° in 2 seconds) is employed to specify the
object trajectory. As mentioned earlier, the degrees of actuation redundancy for a
planar dual-arm is 3 which is the same as the total number of elastic coordinates.
From the aforementioned conditions, it is concluded that there exists a unique solution
for grasping wrenches which will generate the plant matrix of the linearized elastic
motion identical to that of a collocated system C'. The solutions for actuator torques.
the elastic coordinates and the tip moment are shown in Figures 6.4 and 6.3. From
Figure 6.1. we observe that in the present case. the actuators of the rigid arm (right
column in the figure) contribute more to moving the object that those of the flexible
arm. The same conclusion can be made by comparing (3a) with (3b) in Figure6.5 for
the tip moment. This means that in order for the joint actuated flexibie arm to have
the same behavior as that of the tip collocated system. driving forces for controlling
the flexible arm must be shifted towards the end-effector of the flexible arm. Plot
(5f) of figure 6.5 shows the actual trajectory of the object generated by calculated

actuator torques.
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Figure 6.4: Actuator Torques via Stability Approach
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Figure 6.5: Stable Elastic Motion via Stability Approach
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Chapter 7

Conclusions

The present work has focused on investigating the inverse dynamics solutions for
multiple cooperating manipulators with flexible links. Although extensive studies
have been carried out in the past on the rigid cooperating manipulators. little has
been done to account for the structural flexibility in the manipulators. Including link
flexibility in the analysis is not a trivial extension of the case for a rigid multiple arm
system. In fact. the keyv issues which motivated this study were the complications
introduced by the structural flexibility in the inverse dynamics problem and the ways
in which redundant actuation could be used to improve the dvnamics behavior of the
svstem.

We began by modeling the dynamics of the system. These dyvnamics are composed
of two parts: that of the manipulators and that of the commonly grasped object. The
dynamics equations of the manipulators are formulated in terms of the generalized
coordinates for every serial chain while the coupling effects between the serial arms
are represented by the grasping wrenches applied to the object. The rigid and elastic
Jacobian matrices are derived which transform the Cartesian space tip wrenches into

the gencralized forces associated with the generalized coordinates.
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To gain a thorough understanding of the inverse dynamics problem in the presence
of link flexibility, the analytical approach to the inverse dynamics problem of a flexible
single-link arm was formulated. Both the state space description and the input-output
relation are derived for a flexible beam. The latter was used to identify the issue of
causality and the resulting the instability of the causal inverse dynamics solution.
Correlation between the instability and the collocation of the input and output was
demonstrated by expressing the dependency of the nonminimum phase zeros of the
forward system on the location of the prescribed trajectory relative to the joint. Upon
comparing the advantages and disadvantages of the noncausal and causal solutions.
and in view of the potential of a multiple arm system to improve the causal behavior.
the causal solution for the inverse dynamics of the multiple flexible arm system was

adopted in this study.

[n chapter 4. the inverse dvnamics solution is formulated for a multiple flexible
arm system. [n particular, the inverse dvynamics torques as well as the rigid and elastic
accelerations are found to be a combination of those required to achieve a prescribed
object trajectory and those associated with the required tip wrenches. which in turn
are determined by a force distribution scheme. The underdeterminacy of the inverse
dynamics problem is revealed by comparing the number of unknowns with the number
of equations used to obtain the solution. It is also demonstrated. for kinematically
non-redundant manipulators rigidly grasping the object. that the degree of redundant
actuation is equal to the degree of freedom in choosing the tip wrenches as well as

the dimension of the internal force vector.

Therefore. the inverse dynamics problem which determines the actuator torques
necessary to realize a desired motion of the object in a multiple arm system admits
an infinite number of solutions. Unlike the rigid case. different solutions affect the

dynamics behaviors of the arms due to the flexibility of the arms. The problem is
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then formulated as a linearly constrained optimization problem by choosing the tip
wrenches as the design variables. Quadratic programming is employed to solve the
resulting optimization problem in light of its simplicity, uniqueness of the optimal so-
lution and computational efficiency. Besides the objectives commonly used for rigid
cooperating manipulators, special attention is given to improving the dynamics be-
havior of the flexible manipulator system, in particular, to reducing and stabilizing
the system vibrations. We illustrate with various numerical examples that the mini-
mum strain energy, minimum weighted norm of elastic accelerations and the optimal

load sharing schemes are effective in achieving these goals.

Stability of the internal dynamics of a inverse dynamics system is then investigated
in chapter 6. The internal dynamics is described by the equations of elastic motion
in the absence of both input (tip trajectory) and the output (joint actuator torques).
Linearization was used to approximate the state space trajectories around equilibrium
points. In many cases. the stability status of the nonlinear internal dvnamics in
the neighbourhood of equilibrium points can be determined by the eigenvalues of
the plant matrix of the linearized system. In fact. agreement in the behavior of
the inverse dynamics system was obtained between directly solving the nonlinear
dvnamics equations and by calculating the eigenvalues of the linear plant matrix.
The stability analysis helped to explain why some of the optimization schemes are
not suitable for flexible multiple-arm systems. for example. minimizing the internal
force alone cannot be used as the objective of the optimization problem. In practice.
calculating the eigenvalues of the plant matrix of the linearized internal dynamics
allows us to predict the behavior of the nonlinear inverse dynamics system in response

to various force distribution schemes.

In view of the application of the inverse dynamics solution in control of nonlinear

dynamics systems. a stability approach was proposed to actively distribute grasping
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wrenches in such a way that the plant matrix of the linearized internal dvnamics is
stable. The idea here is that tip wrenches should vary in accordance with the states of
the internal dynamics. In the case where the degree of actuation redundancy is equal
to or larger than the total number of elastic coordinates, stable internal dynamics can
be ensured by the stability approach. Numerical examples were used to illustrate the

performance of the stability approach.

Directions for Future Work

It is known that for a rigid cooperating manipulator system, actuation redundancy
resolution is formulated as a local optimization problem. The solution for forces and
moments at { = ¢; does not affect the solution at ¢ > t;. By contrast. introducing
link flexibility causes a drastic change in the characteristics of the force optimization
problem. Because of the different behaviors of the internal dynamics in response to
different sets of forces and moments (the grasping wrenches). the actuation redun-
dancy resolution is no longer local in nature. Determination of the grasping wrenches
at ¢t = {; influences the solution of force optimization problem at ¢ > t;. Therefore.
force optimization problem for flexible cooperating manipulator systems should be
further investigated by formulating it as a global optimization problem. that is. with

a cost function optimized over the complete trajectory of the object.

Possible selections of the cost function would be the elastic deflection of the system
over the whole trajectory which would serve as a criterion for minimum excitation
of the system vibration. [t can also be viewed as a means of avoiding unstable in-
verse dynamics solution. It would also be interesting to compare the global force
optimization approach with Bayo’s noncausal inverse dvnamics solution and to de-
termine if there is any correlation between the two approaches. From the practical

standpoint. it would be significant to determine if there exists a local optimization
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approach which approximates the solution to the global optimization problem in or-
der to combine the merits of the global solution with the computational simplicity of

the local optimization.

To demonstrate the significance of the proposed inverse dynamics solution for
flexible-link cooperating manipulator systems, it would also be worthwhile to extend
the present work to the control of a flexible-link cooperating manipulator system.
Especially relevant is the application of the stability approach presented in chapter 6.
Performance of this approach can be better illustrated by implementing it together
with a robust controller which guarantees that the states of the system stay in a
region close to the equilibrium point. Further development of this approach would
also consider cases where the degree of actuation redundancy is less than the number

of elastic coordinates.

Another extension of the present work is to investigate cases where joint flexibil-
ity is significant. Justification for considering the structural flexibility in either the
manipulator links or the joints or both lies in the relevant applications. For instance.
in space applications. link flexibility is dominant because of the requirement for long
and slender manipulator structure. By contrast. in most industrial manipulators.
joint flexibility is more prominent because of the elastic transmission components
and because the links of industrial manipulators tend to be heavy and stiff. However.
when manipulators are required to move at fast speeds. both joint and link flexibil-
ities could significantly affect the performance of the system. Although control of
cooperating manipulators with flexible joints has been tackled by some researchers
[76. 77]. consideration of both joint and link flexibility in the manipulators has heen

left unaddressed.
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Appendix A

Interbody Matrices and

Projection Matrices

In this appendix. we introduce various sets of matrices which are used to relate the
geometric properties of the bodies in a chain to one another and to describe the chain

kinematics.

A.1 Rotation Matrices

We associate with each body frame F, (n = 0. 1..... V) a corresponding vectrix
— a column of three dextral. orthogonal unit vectors. We denote by F, the vectrix

corresponding to the frame F,.

Components of any vector in any frame can be transformed into the components

in any other frame by means of the rotation matrix C, ,,. defined as follows:

Com=2F,FT (n.m=0.1..... \) (A1)
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This rotation matrix is orthonormal so that
C;;n = Cyjz‘,m = Cm.n (:\2)

[t is also convenient to define the following 6 x 6 rotation matrix:

(A.3)

A.2 Matrix R, .,

iv is helpful in the dynamics analysis of multibody systems to define the following

6 x 6 matrices:

1 —r:n
Rusin = e (n=0.1..... ) (A4
0 1
We also define
1 —P: n .
Ronsi = i (n=0.1....\) (A.5)
0 1

The transpose and inverse of R, , are respectively

1 0]
RT,, .= (A.6)
* x
l‘n..nq'-l
and -~ .
- 1 [‘: I.n -
Rl .= * (A.7)
0 1
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A.3 Interbody Transformations

The interbody transformation matrix 7 4, is defined as
Tn-{-l.n = cn+l.nR—n+l,n (A’S)
Also. it is not difficult to show that

Tn.n+1 = cn,n+an.n+l (A.9)

and
T;«yl-l.n = Tn,n-H (A.10)

Moreover. for m > n + 1. the following is also true
Tm.n = Tm.m—le—l.m—'z Tt Tn+2,n+lTn+l.n (A1)

and

T =T, (A.12)

m.n

A.4 Generalized Transformation Matrix for Elas-

tic Bodies

The generalized transformation matrix for elastic body is used to determine the effect

of the elastic deformation on the spatial velocity at the joint. It is defined as:
Snttn = CasrnSnsin (A.13)

where

‘I’(rn,mH) J (’\ ].-U

G(rn.n-i-l )
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In the above, ¥(r, ,+1) is the shape function matrix at r, .4, associated with the

elastic deformation and @ is defined by:

1
e = ;VX\II (A.15)

<

A.5 Projection Matrix

A projection matrix is used to define the geometric constraints imposed at each joint.
Columns span the subspace of allowable interbody motion. Therefore, the dimension

of P, is 6 x m, where m, (< 6) is the number of allowable degrees of freedom.

[n a typical case of robotics application, the following is commonly used:
T
'Pn=[000001] (A.16)

The above implies that only one rotational degree of freedom about the third axis is

allowed.

A.6 Global Transformation Matrices

The global transformation matrices for a multibody chain are defined as follows:

1 0 0 --- 0

To 1 0 ..o 0

Te=| Tyo Ta 1 .-+ 0 (ALT)
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and _
0 0 0 0
Sio 0 0 0
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Appendix B

Definitions and Theorems of

Optimization

B.1 General Form of Optimization Problem

We now introduce some basic definitions and fundamental theorems used in solving
the constrained optimization problems. A general form of such a problem is given as

[62]:

m)én f(x) x € R" (B.la)

Subject to  hi(x) =0 i=1.---.m (B.1b)

and ¢,(x) <0 J=1Ll.---.p (B.lc)

where m < n and functions f. h, (z = 1.---.m)and g, (y = l.---.p) are continuous.

and are usually assumed to possess continuous second partial derivatives. For the

objective function. we define a gradient vector V f€ R™ of the objective function
J 8 J
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at x: )
[ 9f/8x,
af/o
vf= | /0 (B.2)
| Of[9xn |
and the Hessian matrix of f:
[ 9%k, Pf)Oxidxs - Pf)Ox10%n |
0% f/9x20: D2f]0%xa - O%f]Ox20%,
H(f) = f/ “Cz Xy f/. X2 fl .\2 X (B.3)
| f[0xn0x1 O*f[0%a0%xy -+ O*f[D*x,

Constraints on the design variables separate the design space into feasible and infea-

sible regions which are defined below.

Definition B.1 (Feasible Point and Feasible Region)
If any point x’ satisfies all the constraints in (B.1b) and (B.lc). it is said to be
a feasible point. The set of all such points is referred to as the feasible region

and is denoted by Q.

An inequality constraint can be characterized according to the following definition:

Definition B.2 (Active and Inactive Constraint)
A constraint g;(x) < 0 is said to be active at a feasible point x if ¢,(x) = 0 and
inactive at x if g;(x) < 0. By convention. any equality constraint A,(x) = 0 is

active at any feasible point.

In the investigation of the general problem (B.l). we distinguish two kinds of

solution points: local minimum points and global minimum points.
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Definition B.3 (Local Minimum Point)

A point x* € (1 is said to be a local minimum point of f over Q if there is an

¢ > 0 such that f(x) > f(x") for all x € Q within a distance ¢ of x* (that

is, x € Q and [x — x| < ¢). If f(x) > f(x7) for all x € Q, x # x~, within a

distance ¢ of x~, then x~ is said to be a strict local minimum point of f over Q.

Definition B.4 (Global Minimum Point)
A point X~ € Q is said to be a global minimum point of f over Q if f(x) > f(x")
for all x € Q. If f(x) > f(x") for all x € Q, x # x". then x" is said to be a

strict global minimum point of f over Q.

[n formulating and attacking problem (B.l) we are, by definition. seeking a global
minimum point of f over the feasible region 2. An ideal situation is when a strict
global minimum point exists which means the minimum point is unique over the feasi-
ble region. In reality. however. searching for the minimum point by comparison of the
values of nearby points is all that is possible when using a convergent stepwise proce-
dure. Therefore. the optimality conditions which will be introduced in the following
section are all related to local minima. Global minimum solutions can only be found
if the problem possesses certain convexity properties which essentially guarantee that

any local minimum is a global minimum.

B.2 Optimality Conditions

[n studving the properties of a local minimum point. it is clear that only the active
constraints need to be considered. This is illustrated in Figure B.1 where the local
properties satisfied by the solution x* do not depend on the inactive constraints g, and

g3. This observation suggests that optimality conditions can be derived by considering
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the equality constraints alone and subsequently making additions to account for the

selection of the active inequality constraints. We begin with the following definition.

g3tx) =0

qux)=0

Figure B.1: Example of Inactive Constraints

Definition B.5 (Regular Point)
A point x” satisfying the constraint (B.1b) is said to be a regular point of the
constraint if the gradient vectors Vh;(x"). Vhy(x*). --- Vh,(x") are linearly

independent.

For a problem constrained by linear equality equations of the form in (5.16). the above
condition for a regular point is equivalent to the matrix A, having a tull rank. From
the simplest optimization problem — the unconstrained one-dimensional optimization
— we know that a local minimum point requires zero slope and positive curvature. We
would also expect similar optimality conditions for the constrained multi-dimensional

problems.

Theorem B.1 (Lagrange First-Order Necessary Conditions)

Let x* be a local extremum point {a minimum or maximum) of f subject to the
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constraint ( B.1b) written compactly as h(x) = 0 with h = col{h,, ks, ---. h,}.
Assume further that x~ is a regular point of these constraints. then there exists

A =col{A, A2 ..., A} such that
Vf(x")+ Vh(x")A =0 (B.4)

where the elements of A are called the Lagrange multipliers.

In the above. the gradient of h is evaluated at x* according to

[ Ohi/Ox, Ohafdxi - Ohm/Ox: |
Thix*) = ahl(axz 8h2(8xg ahm./axg (B.3)
| Ohi/O%n Oh2/Oxn -+ Ohm/[Ox, |
In the case that (B.lb) is a set of linear equations. that is.
h(x)=A;x-b, =0 (B.6)
the gradient matrix composed of Vh; is then a constant matrix:
Vh = AT (B.7)
Therefore. the first-order necessary condition of eq. (B.4) becomes
Vflx)=—-ATA (B.3)

This means that the gradient vector of f must lie in the range space of A'lr. or

equivalently. ¥V f(x™) is orthogonal to the null space of A ;.

The information supplied by the first-order necessary condition is not sutficient
to determine whether or not the extremum point is a local minimum since eq. {B.4)
will be satisfied by both the minima and maxima in the feasible region. Therefore.

we introduce a sufficient condition for obtaining a strict local minimum point:
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Theorem B.2 (Second-Order Sufficiency Conditions)
Suppose there is a point x~ satisfying h(x*) = 0, and A€ R™ such that

Vf(x*) + Vh(x")A = 0 (B.9)

Suppose also that the matrix L(x*) = H(f(x"))+ H(h(x"))A is positive definite
on M = {y: Vh(x")y = 0}, that is, for y € M, y # 0. we have yTL(x")y > 0.

Then x~ is a strict local minimum of f subject to h(x) = 0.

In the above theorem, the Hessian matrix of h is calculated as:

H(h(x")) =§:H(h,»<x-)) (B.10)
=
The second term in the matrix L represents the following expansion [62]:
H(h),\zilAjH(h](x')) (B.11)
=
Again. in the case when h is linear in x. H(h) = 0. Hence, the condition for the

positive definiteness of L(x") on M reduces to:

yTH(f(x*))y >0 (B.12)

The significance of introducing Lagrange multipliers can be observed from Theo-
rem B.l which reduces a minimization (or maximization) problem subject to equality
constraints to a constraint-free stationary value problem. The Lagrange multipliers
are also important in determining how much a cost function f varies with a small
variation in the constraint equations. Therefore. the Lagrange multipliers are also

interpreted as a marginal price [62].
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B.3 Extended Optimality Conditions

We consider now the problems of the form (B.1), that is, an optimization problem
subject to both equality and inequality constraints. We start by extending the defi-

nition B.5 of a regular point as follows:

Definition B.6 (Regular Point Extended)

Let x™ be a point satisfying the constraints
h(x*) =0 g(x*) <0 (B.13)

and let .J be the set of indices j for which g;(x*) = 0. Then x" is said to be a
regular point of the constraints (B.13) if the gradient vectors Vh;(x"). Vg;(x").

l <1< m.j € .J are linearly independent.

We note that according to the definition for active constraints given in definition B.2.
a point x™ is a regular point if the gradients of the active constraints are linearly
independent. For a linearly constrained problem. if we collect all active constraints
as columns of a single matrix. the condition for a regular point of these constraints
is that the resulting matrix has a full rank. For the extended first-order necessary

conditions. the following theorem is given.

Theorem B.3 (Kuhn-Tucker Conditions)
Let x* be a local minimum point for the problem as defined in eq.(B.1) and
suppose X" is a regular point for the constraints. Then there is a vector A& R™

and a vector u€ RP with g > 0 such that

Vf(x*)+ Vh(x*)A+ Vg(x"ju=0 (B.14)
nlg(x™) =0 (B.15)
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We note that. since g > 0 and g(x*) < 0, eq. (B.15) is equivalent to the statement
that a component of g may be nonzero only if the corresponding constraint is active.
Similarly, the second-order sufficient conditions are extended for the situation with

inequality constraints as follows:

Theorem B.4 (Extended Second-Order Sufficiency Conditions)
Let f. g. h have continuous second partial derivatives. Sufficient conditions for
a point x~ satisfying (B.1b) and (B.lc) to be a strict relative minimum of the

problem (B.1) is that there exist A€ R™ and p€ RP, such that

p>0 (B.16)
plg(x=) =0 (B.17)
Vf(x*) + Vh(x*)A + Vg(x")u =0 (B.18)

and the Hessian matrix
L(x) = H(f(x")) + H(h(x"))A + H(g(x"))u (B.19)
is positive definite on the subspace
M ={y:Vh(x")y =0.Vyg;(x")y =0 for all j € ./}

where

J={j:g;(x)=0,u, >0}

Once again. for a linearly constrained problem, the condition for the positiveness of
the Hessian matrix L(x") reduces to H( f(x™)) being positive definite on the subspace
M'. In summary. we note that the inequalities are treated by determining which of
them are active at a solution. An active inequality constraint is then treated just like
an equality constraint, except that its associated Lagrange multiplier can never be

negative.
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B.4 Convex Functions

Based on the above optimality theorems, a constrained optimization problem can be
approached by solving directly the Lagrange first-order necessary conditions. The
second-order sufficient conditions are then used to determine whether or not point
x* satisfying the Lagrange first-order conditions is a local minimum. This procedure
is known as the Lagrange method. [n some cases, if the objective function takes a
special form, the second step can be omitted. An ideal situation arises for a particular
objective function. when a solution of the Lagrange first-order necessary conditions
is guaranteed to produce a unique global minimum point in the design space. Such

objective function is known as a convex function as defined below.

Definition B.6 (Convex Set)

A set Q in R" is said to be convex if for every x;. X, € Q and every real number

a.0 < a < 1. the point ax; + (1 — a)x; € Q.

With this definition. it is trivial to show that the design space R" is always convex

since any point on the line connecting two other points in R" is also a member of R".

Definition B.7 (Convex Function)
A function f defined on a convex set Q is said to be convex if for every x;. x» &

Q and every a. 0 < a < L. the following holds
flax; + (1 —a)x2) < af(xi) + (1 —a) f(x2) (B.20)

The function f is said to be strictly convex if for every a. 0 < a < 1. and

X1 # Xa. the following holds

flax) + (1 —a)x2) < af(x;) + (1 —a)f(x2) (B.21)



APPENDIX B. DEFINITIONS AND THEOREMS OF OPTIMIZATION 199

In addition, convex functions can be combined to yield new convex functions. For a
function which is twice continuously differentiable, an alternative characterization of
convexity can be stated in terms of the function’s Hessian matrix: a positive semidef-
inite Hessian implies a convex function, while a positive definite Hessian implies a

strictly convex function.





