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Abstract 

Turbulent flow simulations are carried out for a NACA 0012 airfoil in steady 

and unsteady cases. The objective is to assess the performance of the research code 

SPARC such that it may be used for more complicated fluid structure interaction and 

airfoil optimization problems. Steady simulations are performed from a zero angle of 

attack up to stall at  a chord Reynolds number of 3 x 106 using the Spalart Allmaras 

one equation turbulence model and the Speziale k  - r two equation turbulence model. 

An extensive grid study shows that lift and drag predictions are very sensitive to the 

near wall resolution; wall functions are not used. Lift, pressure drag and friction drag 

results are found to be in good agreement with experimental data up until the stall. 

Steady state simulations did not converge in the stalled regime. Unsteady simulations 

are carried out at  an angle of attack of 20 degrees and a chord Reynolds number of lo5; 

the Reynolds number is lowered to keep the computational requirements reasonable. 

Though conventional aircraft operate at  Reynolds numbers over lo6, there is much 

interest in low Reynolds number (lo5) airfoil data for gliders and unmanned aircraft 

operating a t  very high altitudes. The Spalart Allmaras and Speziale models are used 

again, along with the adaptive k - r  model of Magagnato. While the Spalart Allmaras 

model did not yield any unsteady phenomena, the Speziale model yielded a periodic 

lift and drag signal. The adaptive model yielded a more complex and irregular signal 

but also gave the most realistic results. 
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Chapter 1 

Introduction 

Simulation of massively separated flow over an airfoil beyond stall is, along with 

prediction of stall itself, a very challenging problem. Prior to  the use of CFD in 

aerodynamics, lift and drag were calculated using panel methods which approximate 

airfoils by a series of flat plates to  which empirical boundary layer equations are 

applied [2]. Panel methods are not able to predict flow separation; extensive wind 

tunnel testing has traditionally been required to  determine airfoil stall characteristics 

[3]. Inviscid Euler computations have, up until recently, been the work horse of 

aerodynamic design due to their low computational cost. Fine grids are not required 

since the boundary layer is not resolved [4]. As with panel methods, the Euler methods 

are unable to  predict stall. 

Navier-Stokes (NS) methods retain the viscous terms in the Navier-Stokes equa- 

tions giving a balance between viscous, pressure and momentum forces. The com- 

putational cost of solving the NS equations is higher than the Euler equations since 

finer grids are required to resolve the boundary layer and the equations are further 

complicated by the viscous terms [4]. 
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The full Navier-Stokes equations can not be in general solved directly in the turbu- 

lent regime. The practical limit of a Direct Numerical Simulation (DNS) is Re, = lo4,  

two orders of magnitude less than an airfoil in the landing configuration [5]. This lim- 

itation is imposed by the complexity of turbulent flow and the increasingly smaller 

scales present at  higher Reynolds number that would need to be resolved in a DNS. 

Designers are seldom interested in all of the time dependent details of turbulence but 

rather in the time averages of shear stress, pressure and velocity. 

In the Reynolds Averaged Navier Stokes (RANS) approach, the NS equations are 

averaged in time. This removes the unsteadiness of turbulence; all of the terms become 

steady. The cost of this simplification is the need to introduce model equations for the 

so-called Reynolds stresses. Engineering turbulence models, such as the classical k - 6 

model, often achieve this via a turbulent eddy viscosity. The eddy viscosity attempts 

to represent the physics of turbulence which are removed in the averaging process 

and must be modelled through semi-empirical relations and transport equations. 

The present work has been developed in two parts. In the first part, the perfor- 

mance of RANS turbulence models is examined from a zero angle of attack up to stall. 

These simulations are carried out at  a chord Reynolds number of Re, = 3 x lo6  over a 

symmetric NACA 0012 airfoil for which there is a large database of experimental data 

in the literature. This permits close scrutiny of the results and enables the validation 

of turbulence modelling in SPARC. 

For the second part of the work, the ability of the turbulence models to  predict 

massively separated flows and vortex shedding in the post stall regime is investigated. 

To keep the computational requirements reasonable, and, in the interest of predicting 

NACA 0012 characteristics at  a Reynolds number for which there is little experimental 

data, the second set of simulations is carried out at  Re, = lo5. NACA 0012 airfoil 

flow is laminar at  low angles of attack (a  < 10") for Re, = lo5; turbulence is induced 
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by vortex shedding a t  post stall angles of attack (a > 16"). The unsteady phenomena 

(vortex shedding and turbulence) in the post stall regime is studied a t  an angle of 

attack of a! = 20". 

The simulations in part 1 are done in steady state; no vortex shedding is allowed. 

For the second part, the models are run in unsteady mode. This implies that mean 

values of the time averaged Navier Stokes equations are allowed to  fluctuate in time. 

Small scale turbulent fluctuations are still averaged out and accounted for by the 

turbulence model, but large scale fluctuations and coherent structures are resolved. 

There is a distinction here between turbulent fluctuations and the fluctuations of 

large scale vortex shedding. The mechanism of vortex shedding for the NACA 0012 

a t  a = 20" and Re, = lo5 includes adverse pressure gradient and Kelvin Helmholtz 

instability [6]. 

The Spalart Allmaras one equation and Speziale k - T two equation models are 

used for the steady state simulations in the first part; these are both RANS models. 

They are used in URANS (Unsteady Reynolds Averaged Navier Stokes) mode for the 

second part, along with the adaptive k - T model of Magagnato 171. The adaptive 

model of Magagnato is not a pure URANS model; i t  is a hybrid of URANS and DNS. 

Simulations in the first part of this work are validated against quantitative exper- 

imental data. Simulations in the second part, while still providing quantitative data, 

are intended to provide a qualitative picture of vortex shedding a t  high angles of 

attack. All simulations are run in two dimensions. This is appropriate a t  low angles 

of attack where the mean flow is largely two-dimensional. Vortex shedding in the 

stalled regime is a three dimensional phenomena; vortices are stretched and twisted 

in all directions. By constraining the simulation to  two dimensions, this interaction 

is limited. The simulations capture only part of the flow dynamics; the remainder, 

including span-wise three dimensional effects and small scale turbulence, is captured 
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using a turbulence model. 

A few comments should be made on the selection of Reynolds numbers for simu- 

lations in this work. The high Reynolds number used for steady simulations in the 

first part (Re, = 3 x lo6)  is typical of transport aircraft in the landing and takeoff 

configurations and of oscillating hydrofoil propulsion. A hydrofoil with a l m  chord 

travelling at  1.5 m/s has a chord Reynolds Number of Re, = 3 x lo6. While it is 

possible to run unsteady simulations at  Re, = 3 x lo6, the computing time and the 

necessary grid refinement make it expensive. Unsteady simulations are therefore run 

a t  Re, = lo5. Small aerial vehicles such as gliders and very high altitude aircraft 

(greater than 30,000 m) operate in this regime [8] 191. Low Reynolds number airfoil 

data is of interest since little experimental data is available at  Re, = lo5, particularly 

in stall conditions. 

1.1 Motivation 

The purpose of this work is to set up the computational domain for an airfoil and 

evaluate the performance of the turbulence models in the research code SPARC 

(Structured PArallel Research Code) [lo]. This is directed at  research projects in 

underwater propulsion and airfoil optimization at  the University of Victoria. The 

underwater propulsion work is being carried out by Pedro [I l l  and the airfoil op- 

timization by Secanell [12]. Pedro is focusing on flapping hydrofoil propulsion and 

fluid-structure interaction [13]. Swim fin and small autonomous underwater vehicle 

flapping hydrofoils encounter chord Reynolds number of several million which is well 

into the turbulent regime. The computational domain, grid requirements and turbu- 

lence models should be verified in a simple configuration before attempting to solve 

problems with moving meshes and deformable bodies. 
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1.2 State of the Art CFD for Airfoils 

Recent CFD airfoil validation projects include the European Initiative on Validation 

of CFD Codes (EUROVAL)[14], [15] and the European Computational Aerodynamics 

Research Project (ECARP). The goal of these projects was to determine the ability 

of various turbulence models to predict separation and maximum lift just before 

stall. Aerospatiale's A-Airfoil, for which there is extensive experimental data, was 

used for validation in both projects. A standard grid with 96,512 grid points was 

used for all simulations. High Reynolds number flow in these conditions is one of 

the most challenging cases for CFD. ECARP concluded that algebraic and standard 

eddy viscosity models fail to correctly predict separation and therefore maximum lift 

at  high angles of attack. 

Weber and Ducros [15] conducted RANS and LES simulations over the A-Airfoil 

near stall a t  Re, = 2.1 x lo6.  They found that LES results are quantitatively very close 

to Spalart Allmaras model results. LES simulations took 140 times more computer 

resources than the Spalart Allmaras model on the same grid. Convergence with RANS 

was not obtained at  high angles of attack. The exact solution of the RANS equations 

in conjunction with a turbulence model is unsteady in this condition due to vortex 

shedding. 

Weber and Ducros [15] used the ECARP C type grid with 512 points along the air- 

foil surface, 64 points in the cross stream direction and 498 points in the downstream 

direction. They allowed 10 chord lengths to  far field boundaries in the upstream and 

cross stream directions. Wall functions were not used; the first grid point from the 

wall was located at  approximately y+ = 2. While the classic turbulence models were 

able to predict many features such as a laminar boundary layer close to the leading 

edge, separation at  the trailing edge and the interaction of two shear layers in the 
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wake, they failed to  correctly predict the separation zone a t  high angles of attack. 

Both the RANS and LES simulations carried out in [15] did not provide boundary 

layer separation with the correct back flow characteristics. 

Chaput 1141 of Aerospatiale has carried out validation of turbulence models under 

ECARP using the EUROVAL Aerospatiale A-Airfoil grid. Sixteen partners are in- 

volved in the project, including BAe, DLR, DornierIDasa-LM and SAAB. The focus 

is a comparison between the performance of various turbulence models a t  maximum 

lift. The extensive database of numerical and experimental data from the EUROVAL 

project is used as a starting point. The project does not include the algebraic Bald- 

win Lomax and the standard k - E models. While these models are widely used in 

industry, their widespread failure t o  predict separation is well documented. Examples 

include the papers by Davidson and Rizzi [16] as well as Rhie and Chow [17]. 

EUROVAL and ECARP found that Navier Stokes methods are capable of accu- 

rate prediction of boundary layer separation in pre-stall conditions but that accurate 

prediction of maximum lift is not achieved. Good results can be obtained by using 

turbulence models which take into account the strong nonlinear equilibrium processes 

a t  high angles of attack. Transition to  turbulence near the leading edge is still prob- 

lematic; turbulence models do not reliably predict transition on their own. Transition 

is often specified a priori, but this problem should be resolved before conclusions can 

be made about turbulence model performance [14]. 

1.2.1 Classification of Turbulence Models 

The major categories of turbulence modelling in CFD are outlined below in order of 

increasing complexity and computational cost [18], [15], [19], 1201. Algebraic mod- 

els are simple and computationally inexpensive; they solve the time averaged N-S 
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equations by calculating an eddy viscosity algebraically from the mean flow field. 

Wall functions are used to apply an appropriate velocity profile near the wall and to 

determine the wall shear stresses. This removes the need for a fine near wall grid 

but also makes algebraic models inappropriate for complex separated flows. The one 

equation model of Spalart Allmaras [21] is the simplest model used in this work; it 

solves a single transport equation for eddy viscosity and does not use wall functions. 

The two equation model of Speziale Abid Anderson [22] is also used here; it solves 

transport equations for the turbulent kinetic energy k and the turbulent time scale 

T. Reynolds stress models (RSM) solve several transport equations for the Reynolds 

stresses. Though they offer good accuracy, RSM models are expensive and have poor 

numerical properties [15], [23]. In order to properly predict turbo machinery pressure 

losses, Magagnato and Gabi [7] developed a hybrid RANS-LES model. This is similar 

to an LES except that it uses a much coarser grid. Two equation turbulence models 

are used for the sub-grid scales rather than an algebraic model. Though the adaptive 

model is more expensive than RANS, it is still much cheaper than LES. 

1. Algebraic Models 

Express eddy viscosity in terms of mean flow quantities 

Robust and cheap 

Limited to simple flows; not good for separation or shocks 

Example: Baldwin-Lomax [24] and Cebeci-Smith 

2. Half Equation Models 

Use one simplified transport equation for eddy viscosity 

Example: Johnson-King Model; difficult to extend to 3D applications 

3. One Equation Models 
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Use one transport equation for eddy viscosity pt 

Reasonable results and computational cost 

Compromise between algebraic and two equation models 

Example: Spalart-Allmaras [21] and Baldwin-Barth 

4. Two Equation Models 

Transport equations for turbulent kinetic energy and time scale or dissi- 

pation 

Independent of an algebraic length scale (Prandtl's mixing length) 

Account for history effects through transport equations 

Do not predict anisotropy of turbulence 

Difficulty with accurate prediction of separation and complex geometries 

e Example: k - T model of Speziale-Abid-Anderson [22] 

5. Reynolds Stress Models (RSM) 

Multiple transport equations for Reynolds stress terms 

Do not rely on eddy viscosity concepts 

High computational cost relative to other models due to  numerous trans- 

port equations 

6. Adaptive LES-RANS Model 

Hybrid between LES and RANS; use of a coarser grid than LES is possible 

by using better subgrid scale turbulence models 

Similar to Very Large Eddy Simulation (VLES) 
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0 Designed for separated, 3D unsteady turbo machinery flow with reasonable 

computational cost in mind 

0 Example: Magagnato-Gabi [7] 

7. Large Eddy Simulation (LES) 

0 Solves full N-S equations with filtering of small scales by grid size 

0 Resolves 3D time dependent details for large and medium scales 

0 Computationally expensive but only way to simulate complex flows where 

turbulence models are inadequate 

Limited to flows where Re < lo5 

8. Direct Numerical Simulation (DNS) 

0 Solves full N-S equations 

0 Very computationally expensive; all details of turbulence are resolved 

0 Limited to  flows where Re < l o4  

Large eddy simulations are computationally expensive; they resolve the major 

details of the flow down to  the Kolmogorov dissipation scales. They are appropriate 

for complex 3D separated flows [5], [25]. A DNS solves the full Navier Stokes equations 

and is even more expensive as all of the flow details are resolved. LES and DNS are 

not used in this work. 

1.2.2 Prediction of Friction Drag 

Accurate prediction of skin friction drag in the design of aerodynamic bodies has 

traditionally been, and continues to  be, a difficult task. For a NACA 0012 airfoil 
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at  an angle of attack of a! = 4", the coefficient of lift is Cl = 0.44, the total drag 

coefficient is Cd = 0.0068 and the friction drag coefficient is approximately Cdf = 

0.0034 (See Speziale Ic -7 simulations in Chapter 3). Measuring drag in a wind tunnel 

is challenging since it is two orders of magnitude smaller than lift. Experimental 

results are not readily available for friction drag on the NACA 0012 airfoil [I]. 

Inviscid solutions are only capable of predicting induced (pressure) drag. Viscous 

(friction) drag prediction requires resolution of the boundary layer. RANS is very 

good a t  predicting pressure distributions but friction predictions are more difficult. 

The usual approach has been to use wall functions (law of the wall) [26]. Wall functions 

allow the first grid point from the wall to  be located a t  approximately y+ = 30 since 

they assume a logarithmic velocity profile for y+ < 30. Shear stress a t  the wall is 

proportional to  the velocity gradient; this is determined by the wall function profile. 

Wall functions are appropriate for attached flow a t  low angles of attack. They are not 

appropriate for separated flows where the velocity a t  the wall is reversed. Lombardi 

[I] has done simulations for the NACA 0012 airfoil a t  a = 0" using wall functions 

with the standard Ic - E turbulence model with approximately 37,000 grid points. In 

this work, drag is predicted without using wall functions; this requires that the first 

grid point from the wall be located a t  approximately yS = 1. The final grid used in 

this work for Re, = 3 x lo6 has 130,368 grid points. With this approach, the friction 

is very sensitive to  the near wall resolution and the type of turbulence model used. 

Inadequate grid resolution in the boundary layer can lead to  inaccurate boundary 

layer development and therefore large errors in the friction and pressure forces 1271. 
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Outline of Thesis 

Chapter 2 presents the theoretical background of the thesis. The Navier Stokes equa- 

tions and the time averaging process are given. Eddy viscosity and turbulence mod- 

elling are discussed and the major transport equations of the turbulence models are 

presented. SPARC and the computational setup are discussed along with the routines 

for calculating surface shear stresses. Chapter 3 presents the results of steady state 

simulations a t  Re, = 3 x lo6 for various angles of attack. The results of a grid study 

are also given. Contour plots for the velocity, pressure, eddy viscosity, turbulent ki- 

netic energy and turbulent time scale are presented for the various angles of attack, 

along with surface pressure distributions. Chapter 4 presents the results for unsteady 

simulations a t  Re, = lo5. Results for the Spalart Allmaras, Speziale k - T and adap- 

tive k - T models are given. Contour plot snapshots are shown a t  various intervals 

so that  the time evolution of the flow field can be tracked. Plots of time averaged 

results are given and compared between models. Conclusions and recommendations 

for future work are discussed in Chapter 5. Full details of the turbulence models are 

given in Appendix A; Appendix B has tabular data from the eddy viscosity study in 

Chapter 3. 
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Theory 

2.1 Aeronautical Nomenclature 

2.1.1 Airfoil Dimensionless Parameters 

The forces which act on an airfoil are functions of density p, molecular viscosity p, free 

stream velocity U, and chord length c. Through dimensional analysis, these variables 

can be combined into a single non-dimensional parameter, the chord Reynolds number 

Re, which is a measure of the ratio of inertial to viscous forces: 

where v = : is the kinematic viscosity. In analogy to  the Reynolds number, the 

lift, drag and friction forces can also be written as non-dimensional coefficients. These 

are the coefficient of lift Cl, the coefficient of drag Cd, the coefficient of pressure drag 

Cdp, the coefficient of friction drag Cdf and the skin friction coefficient C f .  Forces are 
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non-dimensionalized by the dynamic pressure and the wing area S .  In this 

work S  is set to 1 since the simulations are two dimensional. 

lift 
C1 = , 

- U 2 S  2 P  w 

drag 
Cd = 1 

- U 2 S  2 P  w 

friction drag 
Cdf = 

1 2 p  U 2 S  

pressure drag 
cdP = 

1 2 p  U 2 S  w 

shear stress 
Cf = 1 u2 

2 P  w 

Pressure forces can also be non-dimensionalized using the difference between the 

local pressure P, the free stream pressure Pw and the dynamic pressure: 

2.1.2 Aerofoil Geometry 

Figure 2.1 shows the geometry of a symmetric NACA 0012 airfoil. 

Chord (c): straight line joining the leading and trailing edges. 
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Leading Edge (LE): point at  the front of the airfoil where the chord line inter- 

sects the airfoil surface. 

Trailing Edge (TE): point at  the rear of the airfoil where the chord line intersects 

the airfoil surface 

Angle of Attack (a):  Angle between the chord line and the free stream velocity 

vector U,. 

Only the symmetric (zero camber) NACA 0012 airfoil is used in this work. 

M A 0 0 1 2  

trailing edge 

Figure 2.1: Layout of NACA 0012 Airfoil showing Chord, Leading Edge (LE) and 
Trailing Edge (TE) 

The NACA 4 digit airfoil surface is defined by a fourth order polynomial as shown 

in equation (2.9). Here t is the maximum thickness in percent chord and x is the 

position on the chord line from the leading edge relative to the overall chord length 

c. The y-coordinates of the airfoil surface are found by adding the camber yc and the 

thickness yt.  For the symmetric NACA 0012, only the thickness yt is used. 

NACA 0 0 12 v v w  
100m/c 10p/c t / c  
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The forces acting on an airfoil are broken down into two components: lift and 

drag. Drag can be further decomposed into two components, the viscous drag due to 

viscous shearing forces and the pressure drag due to pressure forces. Pressure forces 

always act in a direction perpendicular to the airfoil surface while viscous forces act 

in a tangential direction as shown in figure 2.2: 

Lifl 

pressure force 

Figure 2.2: Schematic of Forces Acting on a NACA 0012 Airfoil 

The the total lift and total drag are the sum of all the forces acting around the 

airfoil surfaces. Lift is always perpendicular to  the free stream velocity and the drag 

is parallel to  it. 

Vortex Shedding and Stall 

It is well established that all structures, particularly bluff bodies, shed vortices in 

subsonic flow 1281. Vortex street wakes tend to be very similar regardless of the body 

geometry. A well documented example of vortex shedding is the flow around circular 

cylinders. The aeolian tones of electrical transmission wires in a strong wind are 

caused by pressure induced vibration due to vortex shedding. In 1878 Strouhal found 

that the aeolian tones emitted from a wire of circular cross section were proportional to 
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NACA 00 1 2 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
separation bubble 

v - - - - 

ut,,, 
point of separation 

Figure 2.3: Nomenclature of Flow Separation and Associated Velocity Profiles 

the wind speed and wire diameter [29]. The Strouhal number St is the dimensionless 

proportionality constant between the vortex shedding frequency f,, wind speed U, 

and cylinder diameter d: 

Vortex shedding is caused by flow separation, a viscous phenomenon1 associated 

with either abrupt changes in geometry or adverse pressure gradient. There are two 

major separated flow regimes for the NACA 0012 airfoil. The first is a laminar 

separation bubble a t  the leading edge which appears a t  Cl 0.9 and a E 9" for 

Re, S 3 x lo6  [30]. Laminar flow a t  the leading edge separates due to  the adverse 

pressure gradient caused by the high curvature of the airfoil from x/c = 0 to  x/c = 

0.1. Transition to  turbulence usually occurs where the flow re-attaches to the airfoil 

surface. 

The second separated flow regime occurs in the massively stalled region a t  a z 16"; 

a large separation bubble begins to  form a t  the trailing edge and gradually moves 

'Inviscid flow theory often used for low angle of attack aerodynamics is not applicable to high 
angle of attack flows as it is incapable of predicting flow separation. 



CHAPTER 2. THEORY 

forward. This regime is associated with the shedding of large vortices. 

Stall for the NACA 0012 section is difficult to  quantify experimentally. Gregory 

[30] found that for Re, 3 x lo6, the stall may originate from the collapse of the 

leading edge laminar separation bubble. However, for higher Re,, the stall appears to 

originate entirely from the forward propagation of the trailing edge separation bubble. 

Vortex shedding for cylinders a t  low Reynolds numbers in the laminar regime is a 

steady, harmonic two-dimensional phenomena. This is not the case for turbulent flow. 

Vortex shedding a t  high Reynolds numbers occurs over a narrow band of shedding 

frequencies and is highly three dimensional. 

Airfoils, in manner analogous to  cylinders, form a vortex wake a t  a Strouhal 

number of St E 0.2 based on the width d of the boundary layers a t  the trailing edge 

[31], 1291. Further, if d is defined as the width between separation points, St 0.2 

applies over broad ranges of Reynolds numbers regardless of section geometry [29]. 

The characteristic dimension used in calculating the Strouhal number in this work is 

the chord length c. 

2.3 Conservation Theorems 

Three fundamental equations are solved in CFD: continuity (conservation of mass), 

Newton's Second Law (conservation of momentum) and the conservation of energy. 

Compressibility effects are negligible in this work (Mach number less than 0.1); the 

weakly compressible Navier Stokes equations are solved [32]. The energy equation is 

solved but as the flow field temperature variations are small (less than 1 Kelvin), it 

will not be considered further. 

The continuity equation states that mass cannot be created or destroyed. It  reads: 
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The Navier-Stokes (NS) equations are an adaptation of Newton's Second Law for 

fluids. They are obtained using the constitutive relations for the viscous and pressure 

forces. The x, y and z components of the NS equations are: 

Using tensor notation, where repeated subscripts i, j or k imply summation over all 

values of the repeated subscript, the Navier-Stokes equations are written in compact 

form: 
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The Kronecker delta Ji j  is equal to 1 if i = j and 0 if i # j .  The substantial 

derivative is used here; it can be broken down as shown: 

2.4 Turbulence 

"Most flows which occur in practical applications are turbulent, the term 

denoting a motion in which an irregular fluctuation (mixing, or eddying 

motion) is superimposed on the main stream." Schlichting [33] 

Turbulence is one of the most difficult problems of fluids engineering. It  is charac- 

terized by a chaotic, tumbling, unsteady pattern of vortices and flow structures which 

are continually interacting with each other in three dimensions. The scales of motion, 

that is, the diameter and length of vortices in a flow, can vary over many orders of 

magnitude. 

Consider turbulent flow in a pipe. While the mass flow rate may be constant 

with time, the velocity a t  a fixed point fluctuates. The time average of this velocity is 

constant as long as the total mass flow rate is constant. Osborne Reynolds introduced 

this concept in 1895 by writing velocity and pressure in terms of mean and fluctuating 

components: 
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The mean, where T is the averaging period, is defined as: 

The fluctuating component of the stream wise velocity u' is the difference between 

the total velocity u and the mean velocity 17; and has a zero mean (time averaged) 

value. The mean of the product of two fluctuating variables is generally non-zero. 

Decomposition of a turbulent variable into mean and fluctuating components can 

now be applied to  the Navier-Stokes equations. Writing the NS equations in the time 

averaged form makes them mathematically tractable for modelling turbulent flows at 

the expense of resolving all of the flow detail. 

The time averaging process gives rise to additional terms known as the Reynolds 

stresses. These terms must be modelled in order to  solve the time averaged NS 

equations since they are additional variables for which there are no further equations 

from physical laws or constitutive relations. Turbulence modelling is the derivation 

of semi-empirical relations that try to simulate the physics of turbulence and exert 

its influence through the Reynolds stress terms in the time averaged NS equations. 

The incompressible time averaged continuity and Navier-Stokes 

6% dv dw 
- + - + - = 0 incompressible continuity 
dx dy dx 

equations are: 

(2.20) 
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x direction 

g (a - pm) 
y direction 

z direction 

The fluctuation of velocity, the stretching and tumbling of eddies and the random 

movement of packets of fluid are very effective a t  mixing the flow. Heat, mass and 

momentum are transported in the flow field in a very thorough manner by the turbu- 

lent motions. In a boundary layer, turbulent mixing transfers momentum from the 

high mean velocity area outside the boundary layer toward the wall. This transfer 

of momentum from the free stream causes a momentum deficit. This deficit will be 

larger than in the laminar case where molecular diffusion is the only mechanism of 

momentum transfer. The additional momentum deficit for the turbulent flow imparts 

a greater drag on the free stream. If the flow field is solved only in terms of the mean 

values, which are usually of interest in engineering, these values must still reflect the 

greater drag caused by the transfer of momentum through turbulent fluctuations. 

Prandtl's eddy viscosity attempts to  do this by solving a mean where the fluctuating 

motions have been removed, but their effects have been accounted for by adding an 

eddy viscosity. The total viscosity is then the sum of the laminar (molecular) and 
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turbulent components where the additional drag on the wall and the additional mo- 

mentum deficit to the free stream due to turbulence are accounted for by the so called 

eddy viscosity. 

Sir Issac Newton proposed a linear resistance law for laminar flow in 1687 [34]. The 

viscous stress r is proportional to  the laminar viscosity p and the velocity gradient 

aulay as shown in equation (2.24). For a wall u is the tangential velocity and y is 

the distance from the wall. Most fluids of engineering interest, particularly air and 

water, obey equation (2.24) and are therefore classified as Newtonian fluids. 

laminar shear stress 

Boussinesq proposed an analogy to  the laminar shearing stress equation for tur- 

bulent flows [33]: 

t 
- 

7. .  = -pu'.ul. turbulent shear stress 
2.7 2 J (2.25) 

Prandtl suggested that the turbulent shear stress could be related to  the mean 

flow field through the eddy viscosity in a manner analogous to the laminar viscosity 

and laminar shear stress. The eddy viscosity approximates the Reynolds stresses from 

gradients of the mean flow: 

Where pt is the eddy viscosity proposed by Prandtl and k is the turbulent kinetic 

energy. While the laminar viscosity p is a function of the chemical properties of the 

fluid and of temperature, the eddy viscosity depends on flow field properties such as 

velocity and time. 
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Note that  in RANS simulations, the time averaged NS equations are being solved. 

Since the turbulent fluctuations have been removed be the time averaging process, 

the equations yield a steady solution. The solution complexity is then similar to a 

laminar flow except that the physics of the turbulence are accounted for through an 

increased viscosity by the addition of the eddy viscosity. 

Turbulence Models 

This section presents three turbulence models, in order of increasing complexity, which 

define the eddy viscosity term. As discussed earlier, i t  is necessary to  model the eddy 

viscosity through semi-empirical methods as there are no further physical laws or 

constitutive relations that can be used to define it. 

2.5.1 Spalart Allmaras One Equation Model 

The Spalart Allmaras One Equation Model (SA) solves the Reynolds averaged Navier 

Stokes equations and a single transport equation for eddy viscosity. The eddy viscosity 

transport equation is based on empiricism, dimensional analysis, Galilean invariance 

and molecular viscosity p where appropriate [21]. The model is local; the equation at 

one point does not depend on the solution a t  another point. The model is designed to 

be compatible with grids of any structure and can be used for 2D and 3D problems. 

It  is calibrated for aerodynamic flows such as flat plate boundary layers, boundary 

layers with pressure gradient, mixing layers and wakes. The Spalart Allmaras model 

is based on the Baldwin Barth model, but is claimed more accurate and better able 

to  accept zero values of eddy viscosity in the free stream. Spalart [21] notes that 

while two equation models are quite sensitive to upstream and free stream turbulent 
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parameters of length scale and turbulent intensity, the SA model can deal with zero 

values making it easier to set boundary conditions. SPARC does not allow a zero 

eddy viscosity in the free stream. The results of a parametric eddy viscosity study 

are presented later. 

Spalart claims that the lack of a turbulent kinetic energy transport equation does 

not have any significant effect for thin shear layer flows. Equation (2.27) is the 

transport equation for the eddy viscosity working variable fi in the SA model. fi is 

equal to  the eddy viscosity ut except in the viscous region where it is damped by the 

viscous damping function fVl. The various terms in equation (2.27) are explained by 

the bracketed terms. is the magnitude of the vorticity and d is the distance from 

the nearest wall. The full set of ancillary equations, constants and damping functions 

is given in Appendix A. 

Uu - 
Dt 

= Gb, [I - fta] sfi + 
v - 

material derivative 
production 

diffusion 
- 2 

- [,,fW - $ 1  [a] + ftlau2 - 
\ .. / t r i ~ ~ i n ~  source term .. - 

near wall dissipation and re-laminarization 

The near wall dissipation term allows for an accurate logarithmic velocity profile 

in the boundary layer. The re-laminarization terms allow the eddy viscosity to be 

reduced to  zero in regions where re-laminarization might occur. 

The implementation of the SA model in SPARC uses equation (2.27) but lacks the 

tripping source term. This term is designed to  artificially increase the eddy viscosity in 
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a near wall region around a turbulent transition point specified by the user. According 

to Spalart [21] "On no account should the turbulence model be trusted to predict the 

transition location." The tripping point is not specified in this work; its importance 

is minimized by running simulations a t  either high Reynolds numbers where the 

transition occurs essentially a t  the leading edge, shown later in shear stress plots, or 

a t  high angles of attack where the separation point is very near the leading edge and 

the location of the transition point is not expected to  have much influence on the lift 

and drag coefficients. Though beyond the scope of this work, the tripping function 

should be implemented in order to  properly predict laminar separation bubbles and 

transition a t  lower angles of attack and lower Reynolds numbers. Further details are 

available in the paper by Spalart and Allmaras 1211. 

2.5.2 Speziale Two Equation k - T Model 

The two equation k - I- model of Speziale/Abid/Anderson [22] was developed to  

overcome difficulties encountered with popular k - 6 models. Two equation models 

are suitable for a wider range of applications than algebraic and one equation models. 

One of the most widely used two equation models is the k - 6 model. This is a robust 

model that provides reasonable predictions for boundary layer and shear layer flows. 

The performance of the k - 6 models is however unsatisfactory in many respects for 

separated flows [25]. Another aspect of the standard k - E is its inability to  account for 

low Reynolds number near-wall transport. Wall functions are required which again 

are not entirely appropriate for separated flows. There is no natural wall boundary 

condition for E. This leads to derived or postulated boundary conditions that are 

not always physically correct [22]. Both the k - 6 and k - I- models use transport 

equations for turbulent kinetic energy but rather than using the dissipation E for a 

second transport equation, the k - I- model uses the turbulent time scale r = k/e. 
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The transport equations have the following form: 

Here D is the turbulent transport term of turbulent kinetic energy k ,  D, is the 

turbulent transport term of turbulent dissipation and P, and @, are production and 

destruction of turbulent dissipation terms. The final form of the transport equations 

for the turbulent kinetic energy k and the turbulent time scale T are: 

The full set of ancillary equations, constants and damping functions is given in 

Appendix A and in the paper by Speziale/Abid/Anderson [22]. 
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2.5.3 Adaptive k - T Model 

Reynolds Averaged Navier Stokes (RANS) models are designed to  capture all of the 

unsteady effects of turbulence; a steady state RANS calculation cannot resolve any 

fluctuations. In unsteady calculations, a fraction of the large scale unsteadiness must 

be resolved by the simulations; the turbulence model accounts only for the unresolved 

part of the turbulence. 

Large Eddy Simulations (LES) model only a small part of the turbulent fluctua- 

tions and resolve the rest. The level of resolution is determined by the grid size and 

time step; fluctuations which have length and time scales smaller than the grid are 

accounted for by a subgrid scale model [35]. 

Magagnato and Gabi [7] have proposed a new adaptive k - T model that can be 

used for any grid resolution in the unsteady case. The model reduces to  a standard 

two equation model in steady state and adapts to  resolvable fluctuations based on grid 

size in unsteady calculations. The model is designed for highly unsteady and three 

dimensional turbo machinery flows. RANS models are unable to  adequately predict 

pressure losses for turbo machinery and DNS and LES are too expensive for these 

high Reynolds number flows. The adaptive k - T model is a compromise between 

URANS and LES methods. Algebraic subgrid scale models are used to  model the 

unresolved turbulence in LES. By using a non-linear two equation turbulence model 

based on the model of Craft/Launder/Suga [36],[37] rather than an algebraic model, 

the adaptive k - T model can model a broader range of subgrid scale turbulence. 

Accordingly, coarser meshes may be used which reduces computational cost. 

In the limit of a very coarse grid, the adaptive k - T model approaches a RANS 

simulation. In the limit of a very fine grid in three dimensions with cell Reynolds 

number length scales approaching the Kolmogorov length scales, it approaches a DNS 
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The filtering process in LES and RANS is in principle different; LES filtering is 

based on a spatial scale determined by the grid (implicit) while RANS filtering is 

done by time averaging. The adaptive k - T model assumes that the implicit filtering 

in LES becomes, in the limit of high cell Reynolds numbers, similar to the Reynolds 

time averaging process [7]. 

The adaptive model breaks the turbulent kinetic energy k and turbulent time scale 

T into resolved and unresolved parts: 

The resolved part of the turbulent kinetic energy Ic is part of the numerical solu- 

tion. The unresolved part k' is modelled with an additional transport equation. The 

resolved time scale is obtained a posteriori using a model for isotropic high Reynolds 

number flows where 7 is determined by the unresolved turbulent kinetic energy k' 

and the filter length scale LA: 

The filter length scale (LA) is determined by taking the maximum of the grid 

length scale (Ls) and the time step or temporal length scale (Lt): 
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The transport equations for k and r and the ancillary functions and constants are 

given in Appendix A. Details of the model can be found in the paper by Magagnato 

and Gabi [7]. 

SPARC and Computational Procedure 

The research code SPARC (Structured PArallel Research Code) is used here; the 

source code is available in exchange for further development and debugging. Though 

very few modifications are made to the source code in this work, it is being adapted 

for fluid structure interaction and optimization problems a t  the University of Victoria. 

In the spirit of a research code, little documentation is available for SPARC nor are all 

of its models free of coding errors. This requires that SPARC be thoroughly evaluated 

in test cases for which there is extensive experimental and numerical data available. 

SPARC has been developed by the group of Magagnato [lo] a t  the Department of 

Fluid Machinery, University of Karlsruhe, Germany. It  is intended primarily for turbo 

machinery flows which are highly turbulent, three-dimensional and unsteady. SPARC 

is intended to  serve as a platform for developing faster and more accurate numerical 

schemes and better physical models in addition to  serving as an engineering tool. 

This is achieved through the use of parallel computing techniques with multi-block 

structured grids. SPARC has an extensive set of turbulence models which make it an 

ideal candidate for many high Reynolds number fluids problems. 

SPARC solves the weakly compressible RANS equations for the Spalart Allmaras 

and Speziale k -r turbulence models [32]. The full weakly compressible Navier Stokes 

equations with implicit filtering set by the grid resolution are solved for the adaptive 

k - r model. The discretization process is a semi-discrete method; discretization is 

done in two stages. The first stage is a central difference finite volume discretiza- 
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tion in space and the second stage is an explicit Runge-Kutta discretization in time. 

Discretization in space reduces partial differential equations to  a set of ordinary dif- 

ferential equations continuous in time. 

2.6.1 Artificial Dissipation 

When discrete methods are used for high Reynolds number behaviour, scales of motion 

appear which can not be resolved numerically. These very small scales of motion are 

caused by non-linear interactions of convection terms in the momentum equations [lo]. 

Representing the scales of motion by frequency, it can be seen that two interacting 

waves of moderate frequency can multiply to produce a wave of higher frequency 

(sum of the two original waves) and a wave of lower frequency (difference of the 

two original waves). While the lower frequency waves are not a problem, the higher 

frequency waves may represent scales of motion that are too small to  be resolved by the 

grid. Physically, continued cascading of motions into higher and higher frequencies 

is accounted for by viscous dissipation a t  very high wave numbers. Numerically, 

cascading to high frequencies eventually exceeds the grid resolution a t  which point 

there may be aliasing back to  lower frequencies or piling up of motions a t  the limit 

of grid resolution. If uncontrolled, serious inaccuracies or instability can occur [7]. 

A numerical dissipation term is introduced in the central differencing scheme to 

account for high frequency cascading. The dissipation term is a blend of second and 

fourth order differences where the second order differences are designed to  prevent os- 

cillations a t  shock waves in compressible flow and the fourth order terms are designed 

to improve stability and steady state convergence [lo].  

For the RANS computations carried out in the first part of this work a t  Re, = 

3 x lo6,  the artificial dissipation is set to a default value of 1. This is appropriate 
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since these are high Reynolds number steady state simulations. In the second part 

of the work, unsteady simulations are carried out a t  Re, = lo5. Here the artificial 

dissipation is reduced to 0.3 to obtain unsteady phenomena which were not obtained 

with the default artificial dissipation of I. Stability problems are encountered for an 

artificial dissipation less than 0.3. 

2.6.2 Time Stepping 

For explicit schemes, the time step is limited by the Courant Friedrich Lewy (CFL) 

condition. It  requires that the domain of dependence of the numerical scheme must 

a t  least contain the domain of dependence of the original differential equation. This 

means that the maximum allowable time step is a function of cell size. For high 

Reynolds number flows where the viscous phenomena in the boundary layer are re- 

solved, the size ratio between the smallest and largest cells in the computational 

domain may be of order lo8 or more. It  is very costly then to  set the time step 

based on the smallest cells. In SPARC, local time stepping is used where each cell is 

advanced in time within its own stability limits [7]. 

2.6.3 Multigrid 

SPARC makes use of multigrid techniques where the solution is transfered to succes- 

sively coarser grids in order to reduce computational effort per time step and to track 

the solution evolution on a larger scale so that global equilibrium may be obtained 

more quickly. Multigrid techniques are found to  reduce computing time by a factor 

of up to  ten [7]. 

The coarser grids are obtained by eliminating every other line in the i, j and k 

directions in 3D, and in 2D, as used here, in the i and j directions only. A V cycle 



CHAPTER 2. THEORY 

with the following steps is used to move between the grid levels in SPARC [7]: 

Smooth the error on the fine grid. 

0 Transfer this solution and the residuals to a coarser grid (restriction) and solve 

on the coarser grid. 

0 Transfer back the corrections, the difference between the transferred solution 

from the finer grid and and the solution obtained on the coarser grid, to the 

finer grid by interpolation (prolongation). 

finer grid finer grid 

restriction prolongation V coarser grid 

Figure 2.4: Multigrid V Cycle 

Figure 2.5: Grid coarsening by removal of every other i and j index 
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2.6.4 Multiblock 

SPARC uses the multiblock method. This allows the computational domain to  be 

subdivided into contiguous blocks such that the problem can be tackled by multiple 

processors. While the computing efficiency is slightly reduced (a few percent) by 

running in parallel since extra resources are required for information passing between 

processors, simulations can be completed more quickly. Steady simulation runs with 

four processors were found to  have an efficiency of 95% meaning the solution was 

completed in about 26% of the time required for a stand alone processor. The grids for 

steady and unsteady cases in this work are contain 45 blocks which allows simualtions 

to be run with up to six 1.8 GHz processors. 

2.6.5 Shear Stress on the Airfoil Surface 

As SPARC does not explicitly calculate the wall shear stresses on the airfoil, it was 

necessary to write a shear stress calculation routine. Shear stress is proportional to  

velocity gradient and viscosity a t  the wall: 

Here uw is the velocity along the wall and yn is the distance normal to  the wall. Ve- 

locity components for each node are stored in their Cartesian components in SPARC, 

that is, the velocities a t  a wall node are given in 2,  y and x components. The coor- 

dinates of each node are also stored in this way. To calculate the shear stress, it is 

necessary to  determine the velocity tangential to  the wall. This is done by calculating 

the magnitude of the velocity vector a t  the first grid point away from the wall. By 

assuming that the velocity near the wall is tangential to  the wall (the flow can not 
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travel into the wall), the magnitude of the velocity vector near the wall should be 

equal to the tangential velocity. It  is straightforward to calculate the normal distance 

from the wall to the first grid point. Given the tangential velocity a t  the first node 

from the wall and the normal distance to  the wall, the velocity gradient a t  the wall 

can be approximated. The viscosity is calculated as p = ,LL + pt Because the first 

node from the wall was usually located a t  yS < 1, which is well inside the laminar 

sublayer, the total viscosity is equal to the laminar viscosity. 

Figure 2.6: Calculation of wall shear stresses 

Figure 2.6 shows the grid arrangement near the wall. The velocity components 

are calculated a t  the centre of each cell; the grid points define the corners of each 

cell. To determine the coordinates of the cell centre, i t  is necessary to  interpolate the 

coordinates of the cell corners. The cell centre coordinates are given as: 

The coordinates of the point on the wall perpendicular to the cell centre are: 
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xwc = ' [x(i, j) + x(i + 1, j)] 
2 

The distance h can then be calculated and the total velocity a t  the cell centre is 

known such that the shear stress can be approximated as: 

2.7 Summary 

In this chapter the Navier Stokes equations and the turbulent time averaging process 

are presented. Time averaging leads to  an additional terms known as the Reynolds 

stresses which are accounted for by turbulence modelling. The Spalart Allmaras (SA), 

Speziale k - T and adaptive k - T turbulence models are presented with their major 

transport equations. Airfoil nomenclature and the non-dimensional forces such as lift 

and drag are defined. The research code SPARC is presented, including its parallel 

multigrid and multiblock methodologies. Airfoil surface shear stress calculations are 

also discussed. 



Chapter 3 

Steady Flow Simulations 

3.1 Effect of Prescribed Eddy Viscosity 

The Spalart Allmaras model has one transport equation for eddy viscosity. It is 

necessary to  determine an appropriate eddy viscosity value for initializing the flow 

field and for the free stream boundary conditions. In a wind tunnel air is moving 

before it reaches the airfoil. It has, in addition to the kinetic energy from mean 

motion, turbulent kinetic energy imposed by the fan; eddy viscosity is thus non- 

negligible. For an aircraft wing flying through the atmosphere the air is still and the 

turbulence negligible; it follows that eddy viscosity is also negligible. SPARC does 

not allow zero values of eddy viscosity. A parametric study is carried out to determine 

the effect of eddy viscosity on the lift and drag coefficients as well as the shear stress 

distribution. 

Figures 3.1 and 3.2 show the effect of eddy viscosity variation on the pressure 

distribution Cp along the airfoil surface. Note that for eddy viscosity ratios below 

lo-', there is no appreciable difference in the Cp curves. Even for the eddy viscosity 
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Figure 3.1: Effect of Eddy Viscosity Ratio on NACA 0012 Pressure Distribution 
for Spalart Allmaras Model a t  Re, = 3 x lo6,  a = 4" 
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Figure 3.2: Effect of Eddy Viscosity Ratio on NACA 0012 Pressure Distribution 
for Spalart Allmaras Model at  Re, = 3 x lo6,  a = 4"; detail near leading edge on 
suction side 
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chord (xlc) 

Figure 3.3: Effect of Eddy Viscosity Ratio on NACA 0012 Shear Stress Distribution 
for Spalart Allmaras Model a t  Re, = 3 x lo6, a = 0". Eddy Viscosity Ratio is shown 
by number near each curve. 

ratios of 1 and 0.1, the only variation in the Cp curves occurs a t  the leading edge 

around the suction peak. The small variations in this region are likely associated with 

the turbulent transition point shown in figures 3.3 through 3.6. Since the pressure 

distribution is independent of eddy viscosity for < 0.1, the coefficients of lift Ci 

and pressure drag Cdp should not be affected in that  range. See eddy viscosity study 

tabular results in Appendix B. 

Figures (3.3) and (3.4) show the shear stress distribution for a NACA0012 airfoil 

a t  zero and four degree angles of attack a t  Re, = 3 x lo6  for a range of eddy viscosity 

values. For the low eddy viscosities, transition is very close to  (x/c < 0.05) the 
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0 0.2 0.4 0.6 0.8 1 
chord (xlc) 

Figure 3.4: Effect of Eddy Viscosity Ratio on NACA 0012 Shear Stress Distribution 
for Spalart Allmaras Model at  Re, = 3 x lo6 ,  a! = 4". Eddy Viscosity Ratio is shown 
by number near each curve. 
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chord (xlc) 

Figure 3.5: Effect of Eddy Viscosity Ratio on NACA 0012 Shear Stress Distribution 
for Spalart Allmaras Model at  Re, = 3 x lo6, a = 0'; detail near leading edge. Eddy 
Viscosity Ratio is shown by number near each curve. 
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Effect of Eddy Viscosity Ratio on NACA 0012 Shear Stress Distribution 
Allmaras Model at  Re, = 3 x lo6,  a = 4"; detail near leading edge. Eddy 

Viscosity Ratio is shown by number near each curve. 
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leading edge. Transition is difficult to  see for the eddy viscosity of 0.001; it is a 

slight indentation in the upper curve just before it peaks a t  about xlc = 0.01. The 

transition point is more easily distinguished for the eddy viscosity ratios of 0.005, 

0.01 and 0.05; it occurs a t  the bottom of the trough from xlc = 0.02 to xlc = 0.1. 

Transition to turbulence causes an increase in shear stress. The initial peak in shear 

stress occurs for all of the eddy viscosities a t  the leading edge; this is due to the high 

velocity gradients in this region. At the stagnation point where x = 0, y = 0, the 

velocity must be zero for a = 0". There is a strong favourable pressure gradient in 

this region due to the high curvature near the leading edge; the velocity near the 

wall quickly increases when moving along the wall away from the stagnation point. 

Continuing along the wall, the curvature decreases and the pressure gradient becomes 

adverse. 

If the flow were to remain laminar to  the trailing edge, the shear stress would 

gradually slope down with increasing chord due to  the increasing width of the bound- 

ary layer and very slight adverse pressure gradient. This behaviour is shown by the 

curve for $ = 10. Intuitively, the shear stress could be expected to  increase with 

increasing eddy viscosity; a high eddy viscosity implies that there is a large amount 

of turbulence present. The total viscosity is the sum of the laminar and turbulent 

viscosities: p = p + pt. Setting an artificially high eddy viscosity ratio a t  the bound- 

aries effectively lowers the Reynolds number Re, = ? and therefore stabilizes the 

flow. This may explain why there is no apparent transition to  turbulence and the 

shear stress is lower for an eddy viscosity ratio of 10. 

For either a = 0" or a = 4", decreasing the inlet eddy viscosity ratio below 

has no appreciable effect on the shear stress curve. Even the eddy viscosity curve for 

shows only minor differences from the curve a t  the shear stress peak near 

the leading edge. 
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Spalart and Allmaras [21] recommend that the free stream eddy viscosity and 

the initial eddy viscosity be set to zero, or, if this is not possible, as it is not in 

SPARC, they recommend setting the working variable in Spalart Allmaras (SA) model 

eddy viscosity transport equation to i7 < 6 .  Working backward, the appropriate 

restriction on the eddy viscosity ratio for the initial and free stream conditions can 

be determined. In the SA model, the eddy viscosity is given as: 

Spalart and Allmaras [21] give a value of CV1 = 7.1. Adding equations (3.1), vt 

can be written in terms of V L :  

Let i7 = 6, then: 

Note that C:, = 7.13 >> ( $ ) 3 ,  therefore the ($)3 term can be dropped. Substi- 

tuting for C:, and re-arranging, 

The eddy viscosity ratio should then be set to or less in the free stream 

and at  the inlet. 
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Grid Study 

A grid study for a = 0" and a = 4" using a free stream and initial eddy viscosity of 

= lov7 was carried out. One of the difficulties is that  as the grid is refined, the 

behaviour of the turbulence model changes. The grid that  gives the most physically 

plausible results is not necessarily the finest. An evolution study of 35 different 

grids has resulted in the two grids presented here. Grids airfoil32 and airfoil35 are 

presented; airfoil35 is a refined version of airfoil32 with more grid points normal to 

the wall for better resolution of the viscous sub-layer and more grid points tangential 

to the wall in high pressure and velocity gradient regions a t  the leading and trailing 

edges. 

Tables 3.1 through 3.5 show the lift (Cl), total drag (Cd), friction drag (Cdf) and 

pressure drag (Cdp) for the grids airfoil32 and airfoil35. The effects of doubling grid 

resolution are shown. 2X wall means the wall block grid has been refined once, that 

is, the wall block grid resolution has been doubled. 2X global means that all of the 

blocks (the entire domain) have been refined once, i.e. the entire grid resolution has 

been doubled. 4X means the grid resolution has been doubled a second time. The 

first column denotes the grid level; grid level one is the coarsest grid, grid level two 

has double the resolution of grid level one and grid level three (the finest grid) has 

double the resolution of grid level two. 

Comparing the lift and drag coefficients between the grid levels gives an estimate 

of the necessary grid resolution for a grid independent solution. Looking a t  the 

coefficient of lift Cl in column three of table 3.2, i t  can be seen that  Cl is changing 

by about 0.09 or 2 percent between each grid level. While this is not too dramatic, 

doubling the grid resolution in the wall blocks leads to  an increase of Cl from 0.421 

to 0.442. Further doubling in the wall block resolution results in a Cl increase from 
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grid level 

1 Cl 
base I 2X wall I 4X wall 2X global 

Table 3.1: NACA 0012 Grid airfoil32 and variations for a = 0•‹, Re, 

[ grid level 1 I base 2X wall 

0.431 
0.0136 
0.00073 
0.0129 
0.436 
0.00822 
0.00144 
0.00678 
0.442 
0.00675 
0.00251 
0.00424 

4X wall 

0.431 
0.00880 
0.00136 
0.00744 

2X global 

0.413 
0.00873 
0.00070 
0.00803 

Table 3.2: NACA 0012 Grid airfoil32 and variations for a = 4", Re, = 3 x lo6 
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0.442 to  0.445 or 0.7%. Clearly the second doubling of the wall block resolution is 

not necessary for a grid independent Cl. The total drag Cd should not be used in 

the grid study since it does not behave monotonically. With an increasingly refined 

grid Cd initially decreases and then increases before decreasing again. Total drag Cd 

is the combination of pressure (form) drag Cdp and viscous (friction) drag Cdf:  

The components of drag should be reviewed independently as they are calculated 

independently in SPARC. Looking a t  column 1 for the base grid in tables 3.1 and 3.2, 

the friction drag Cdf is under predicted for coarse grids and the pressure drag Cdp is 

over predicted. The grid is too coarse to  properly resolve the laminar sublayer and 

the velocity gradient at the wall. Further, the pressure drag is over predicted since 

the mesh is quite coarse a t  the leading edge; the curvature of the airfoil is not well 

resolved. When the grid resolution in the wall blocks a t  grid level three is doubled, 

Cdf increases by 66% for a = 0" and 72% for a = 4"; the airfoil32 base grid is clearly 

too coarse to  properly calculate the wall friction. Pressure drag Cdp also changes, 

although not as severely as friction drag, when the wall block resolution is doubled. 

Cdp changes from 0.00315 to  0.00282 (10%) for a = 0" and from 0.00497 to 0.00424 

(15%) for a! = 4". There is a similar change when the wall block grid is doubled for a 

second time; see column 5. The grid airfoil35 attempts to  better resolve the friction 

drag by increasing the number of grid points normal to  the wall and increasing the 

tangential resolution near the leading and trailing edges. Table 3.3 summarizes the 

revision of grid airfoil32 in grid airfoil35. The number of points for leading edge(LE), 

middle edge(ME) and trailing edge(TE) blocks is listed as well as the distance yl of 

the first grid point from the wall. 

Tables 3.4 and 3.5 show the grid study results for the refined grid airfoil35. Note 
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Table 3.3: Refinements from grid airfoil32 to airfoil35; LE=leading edge, ME=middle 
edge, TE=trailing edge, yl=distance of first grid point from wall. Airfoil35 wall 2X 
has a doubled grid resolution in wall blocks, all other blocks are identical to airfoil35. 

grid 
airfoil32 
airfoil35 
airfoil35 wall 2X 

I grid level 1 I base I 2X wall 4X wall 1 2X global / 2X domain 

divg 
divg 

points 

58752 
78144 
130368 

Table 3.4: NACA 0012 Grid airfoil35 and variations for a = 0•‹, Re, = 3 x lo6 

that it is necessary to run the grid study for both a = 0" and a = 4". At a = 0•‹, 

the lift should be zero since the NACA 0012 is a symmetric airfoil. Modelling and 

discretization errors give a very small value of lift that can be neglected. The pressure 

drag Cdp at  a = 0" is small compared to an airfoil generating lift. The proportion 

of friction drag to total drag Cdf/Cd is largest for a = 0"; this makes the zero angle 

of attack a good configuration for verifying that the grid resolution is adequate for 

properly resolving the friction drag. Because the pressure drag is small and the lift is 

zero for a = 0•‹, a four degree angle of attack is also used to provide a large enough 

value of Cl for comparison between grids. 

LE x 
65 
97 
193 

Following the coefficient of lift Cl at  a = 4" for the base grid in table 3.5, the values 

ME x 
49 
6 5 
129 

T E  x 
2 5 
33 
65 

total x 
137 
193 
385 

total y 
137 
149 
213 

yl (m) 
5.0 x lo-5 
2.5 x 
1.25 x lo-5 
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1 grid level 

r 
base I 2X wall 4X wall 2X global 2X domain 

0.417 0.432 

Table 3.5: NACA 0012 Grid airfoil35 and variations for a = 4", Re, = 3 x lo6 

continue to  change through each grid level from 0.411 to 0.418 to  0.430. Doubling 

the resolution of the wall blocks gives a Cl of 0.442; doubling a second time results in 

no change, Cl remains a t  0.442. Grid airfoil35 with the resolution in the wall blocks 

doubled is clearly adequate. Looking a t  the friction drag Cdf for base grid level 

three, Cdf changes from 0.00255 to 0.00319 (25%) when the wall block resolution is 

doubled; when the resolution is doubled again, Cdf changes from 0.00319 to 0.00321 

(0.6%) Again, the airfoil35 grid with a single doubling of the wall block resolution 

appears adequate for predicting friction drag. Similar results occur when the entire 

grid resolution is doubled; it is more practical to  refine only the wall blocks thereby 

reducing the total number of grid points. The doubled wall block grid has 130,368 

grid points, the doubled global grid has 312,576 points. 

The results for pressure drag Cdp are not quite as convincing as the lift and friction 

drag results. In the interest of using a reasonable number of grid points, the grid 

airfoil35 with one wall block refinement is deemed sufficiently accurate. Looking at 

Cdp for the base grid a t  a = 4O, values change from 0.00494 to  0.00338 (32%) from grid 
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levels two to three and from 0.00338 to 0.00306 (9%) for one wall block refinement. A 

further wall block refinement changes Cdp  from 0.00306 to  0.00262 (14%). Doubling 

the entire base grid a t  grid level three changes Cdp from 0.00338 to 0.00270 (20%). 

Further refinements will not result in an increase in friction drag. They will result 

in a small reduction in pressure drag but the total drag is already somewhat lower 

than experimental results. The small gain in numerical accuracy would probably not 

justify further refinements, especially when the results for lift Cl are very good. The 

calculated drag a t  a = 4" (Cd  = 0.00625) is already lower than the experimental 

value (Cd = 0.0066) of Abbott [38]. 

Figures 3.7 and 3.8 show y+ values for the first grid point away from the airfoil 

surface for the a = 0" and a = 4" test cases. It is well documented that for proper 

resolution of the laminar sublayer and prediction of the wall shear stresses, the first 

grid point away from the wall should be located a t  y+ 5 1 when wall functions are not 

used [39] [16] [40]. Clearly the base grid does not meet this requirement; refinement 

a t  the wall is required. Doubling the grid points in the wall blocks meets the yS 

requirement over most of the airfoil surface. 

Another factor that can influence the accuracy of the numerical solution is the 

size of the computational domain. To test the domain size, an additional row of 

blocks was added increasing the domain width from 40 to  80 chord lengths in the 

cross stream (y) direction and the inlet length from 20 to  40 chord lengths in the 

x direction. The results for the large domain with the grid refined once in the wall 

blocks are shown in the far right column of tables 3.4 and 3.5. Comparing the lift 

and drag values with the results in column 4 (1X wall) for a = 4", the lift coefficient 

Cl changes from 0.442 to 0.444 (0.5%), the friction drag coefficient Cdf changes from 

0.00319 to  0.00318 (0.3%). The domain increase has a negligible effect on these values. 

The pressure drag coefficient Cdp changes from 0.00306 to  0.00294 (4%).  While this 
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Figure 3.7: NACA 0012 Spalart Allmaras model y+ values for the first grid point 
from the wall in the grid study for airfoil35 a t  a, = 0"; doubling the resolution a t  the 
wall and globally have the same effect on y+ 
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Figure 3.8: NACA 0012 Spalart Allmaras model yS values for the first grid point 
from the wall in the grid study for airfoil35 at  a = 4" 
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change is slightly more aggressive than the changes for the other coefficients, it is not 

large enough to  justify the additional computational expense of a larger domain. 
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Figure 3.9: NACA 0012 Grid airfoil35, 78144 grid points 
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Figure 3.10: NACA 0012 Grid airfoil35, detail near airfoil, 78144 grid points 
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Figure 3.11: NACA 0012 Grid airfoil35, doubled resolution of wall blocks, 130368 
grid points 
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3.3 Spalart Allmaras 

Results of steady state simulations for the NACA 0012 airfoil using the Spalart All- 

maras turbulence model are presented in this section. The Reynolds number is set at 

Re, = 3 x lo6  and angles of attack vary from a = 0" to  a = 18". Note that  the same 

grid is used for all angles of attack; the angle of attack is varied by changing the angle 

of the free stream at  the far field boundaries and in the domain initialization. The 

angle of attack is shown in the upper right hand corner of each plot in the figures; 

the contour legend applies to all plots below it. 

Pressure coefficient (C,) contours are shown in figure 3.12. The pressure field 

is symmetric for a = 0" with a pressure peak a t  the leading edge stagnation point 

x/c = 0, low pressure areas along the upper and lower surfaces of the airfoil between 

x/c = 0.05 and x/c = 0.8 and a trailing edge pressure peak. With increasing angle of 

attack, the stagnation point moves along the lower surface of the airfoil while the low 

pressure area on the upper surface becomes increasingly pronounced. Pressure peaks 

a t  the higher angles of attack exceed the contour scale; the scale is set to avoid too 

few contours in the low angle of attack plots. 

The airfoil surface pressure distribution is shown in figure 3.13. The curves are 

shifted in the x/c direction by 0.05a0 such that the data for multiple angles of attack 

can be displayed in one plot. The magnitude and shape of the curves agree very 

closely (within 2%) with the experimental work of Gregory [30]. 

Eddy viscosity ratio (E) contours are presented in figures 3.14 and 3.15. For 

a = 0•‹, an eddy viscosity ratio of approximately 100 develops in the boundary layer 

on either side of the airfoil in the adverse pressure gradient region downstream of 

x/c = 0.4. The eddy viscosity develops further in the downstream wake, reaching a 

value of $ = 350 a t  x/c = 1.5. The eddy viscosity ratio in the wake increases with 
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Figure 3.12: NACA 0012 Spalart Allmaras model pressure contours (C,) at Re, = 
3 x lo6 for a = 0" to a = 16" 
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Figure 3.13: NACA 0012 Spalart Allmaras model airfoil surface pressure distribution 
Re, = 3 x lo6  for selected angles of attack from a, = 0" to a, = 16"; the lower surface 
is in dashed lines, the upper surface is in solid lines 
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increasing a. 

Flow separation begins a t  the trailing edge a t  a = 15". This is marked by a 

significant jump in the eddy viscosity ratio in the separated region and in the wake; 

see figure 3.15 a t  a = 15", 16", 17". Before separation a t  a = 14", the eddy viscosity 

ratio in the wake is 1000; it doubles to  over 2000 a t  a = 17". 

Velocity stream lines are shown in figure 3.16. A trailing edge separation bubble 

is clearly visible a t  a = 16". It  continues to grow towards the leading edge with 

increasing a. Note that steady state results could not be obtained for cr > 16". 

The contour plots shown for cr = 17" and 18" were obtained just before the solution 

diverged; they are included for illustrative purposes as the divergence was likely caused 

by the beginning of unsteady vortex shedding phenomena. 
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EDDY: 0 

- - 

Figure 3.14: NACA 0012 Spalart Allmaras model eddy viscosity contours ( f )  at 
Re, = 3 x lo6 for a = 0" to a = 9" 
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Figure 3.15: NACA 0012 Spalart Allmaras model eddy viscosity contours (F) at 
Re, = 3 x lo6 for a = 10" to a = 17" 
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Figure 3.16: NACA 0012 Spalart Allmaras model stream lines at  Re, = 3 x 10"or 
selected angles of attack from a! = 0" to Q = 18" 
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3.4 Speziale k - r 

Results for the two equation k - T model (KTS) of Speziale/Abid/Anderson [22] 

are presented. The final grid from the Spalart Allmaras steady state simulations is 

used. The grid study for the SA model should be adequate since both SA and KTS 

models account for low Reynolds number turbulence near solid walls and do not use 

wall functions. Using the same grid for each model makes comparison of the results 

and assessment of the models more straightforward. Eddy viscosity is the only free 

stream turbulence parameter that  must be set for the SA model. The KTS model 

has two transport equations, one for the turbulent time scale T and the other for 

the turbulent kinetic energy k.  Two free stream parameters must therefore be set; 

these are the turbulent intensity and the eddy viscosity. The turbulent intensity is 

the square root of the ratio of the turbulent kinetic energy (the energy of turbulent 

velocity fluctuations) divided by the free stream kinetic energy: 

turbulent intensity = urn 

Wind tunnel values of turbulent intensity are influenced by the size and configura- 

tion of the meshes and honeycombs used to straighten the flow; values as low as 0.1% 

are possible although a value of 0.3% is more typical [33]. For the KTS simualtions, 

the turbulent intensity is set to a free stream value of 0.3% in order to  match typical 

experimental data. 

Initial runs a t  the very low eddy viscosity used for the SA model (F = did 

not result in a converged solution. This is probably due t o  the inherent instability 

of the model when used in conjunction with non-dissipative numerical schemes. A 

parametric study of eddy viscosity was therefore carried out for the KTS model to 
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determine appropriate initialization and far field values. = 1 is the lowest value 

of eddy viscosity ratio for which convergence is obtained; simulations are therefore 

carried out a t  this eddy viscosity. 

Figure 3.17 shows the pressure distribution along both surfaces of the airfoil for 

various angles of attack. The magnitude of the C, curve peaks is approximately 10% 

lower than the Spalart Allamaras model and is a very close match to  the experimental 

work of Gregory [30] for a 5 12". The pressure peaks a t  the leading edge are slightly 

under predicted (10%) above a = 14". 

Figure 3.18 shows velocity streamlines from the KTS model a t  various angles of 

attack from a = 0" to  a = 17". A trailing edge separation bubble first appears a t  

a = 16" as it did with the SA model but is considerably larger here. The bubble 

diameter d for the SA model is approximately d / c  = 0.02 where here it is d / c  = 0.06 

for a = 16". Again, a t  a = 17", the separation bubble is larger than the SA model and 

there is an additional recirculation bubble right a t  the trailing edge. Convergence was 

not possible in steady state beyond a = 17" and unsteady effects (periodic oscillation) 

occurred a t  a > 16". 

Eddy viscosity contour plots for the KTS model are shown in figure 3.19. Results 

are similar to those of the SA model except in the separated region a t  higher angles 

of attack (a  2 12") where the eddy viscosity has a higher magnitude over a wider 

area. This can be seen by comparing the eddy viscosity ratio plots a t  a = 17" for the 

SA and KTS models. 

The turbulent time scale r is presented in figure 3.20. The smallest time scales 

(small scales of turbulence) occur in the boundary layer near the airfoil surface. The 

largest scales are found in the wake and in separated regions a t  high angles of attack. 

The turbulent kinetic energy ratio contours in figure 3.21 closely follow the eddy 

viscosity contours of figure 3.19. The turbulent kinetic energy is approximately 30 
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Figure 3.17: NACA 0012 Speziale k - T model airfoil surface pressure distribution, 
Re, = 3 x lo6 for selected angles of attack from a, = 0" to  a, = 16"; the lower surface 
in dashed lines, the upper surface is in solid lines 
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Figure 3.18: NACA 0012 Speziale k - T streamlines, Re, = 3 x lo6 for selected angles 
of attack from a = 0" to a = 17" 
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EDDY: 0 

Figure 3.19: NACA 0012 Speziale k - r eddy viscosity 7 ,  Re, = 3 x lo6 for selected 
angles of attack from a = 0" to a = 17" 
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times larger than the free stream mean kinetic energy in the separated regions for 

a > 16" and in the wake for a = 12" and a = 14". (Note that  the turbulent kinetic 

energy ratio is the ratio of the local turbulent kinetic energy to  the free stream 

turbulent kinetic energy. The free stream turbulent kinetic energy is set a t  0.3% of 

the kinetic energy of the mean flow.) 
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Figure 3.20: NACA 0012 Speaiale k-T turbulent time scale T in seconds, Re, = 3x lo6 
for selected angles of attack from a = 0" to a = 17' 
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Figure 3.21: NACA 0012 Speziale k - T turbulent kinetic energy ratio, Re, = 3 x lo6 
for selected angles of attack from a = 0" to a = 17" 
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3.5 Comparison of Steady State Results 

Lift, drag and shear stress predictions are compared between turbulence models and 

experimental data in this section. Numerical results have not been obtained above 

the stall angle of attack ( a  z 17") since the post stall regime is unsteady. 

Figure 3.22 compares the lift curves of the SA and KTS models with the experi- 

mental data of Abbott [38]. The SA model follows the experimental curve very closely 

up to a = 16". The KTS model is in good agreement with the experimental data up 

to approximately a = 8" after which it under predicts Cl. 

Figure 3.22: Comparison of Experimental and Numerical Lift Curves for NACA 0012 
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The drag (Cd) curves are plotted in figure 3.23. Again, below a = 8", both the SA 

and KTS models predict the drag quite well. However, a t  angles of attack approaching 

stall, both models stray from the experimental results. Abbott [38] only presents drag 

measurements up to  a = 12". Critzos [41] measured the lift and drag for the NACA 

0012 airfoil through all angles of attack (0" to 180") encountered by helicopter rotors 

(the NACA 0012 section is common in these applications [42]) .  The KTS model over 

predicts the drag before a = 14" and under predicts the drag after a = 14". The SA 

model under predicts drag for a > 12". Neither model appears to properly predict 

the large increase in drag which occurs between a = 14" and a = 16". 

Experimental results for the shear stress distribution along the airfoil surface were 

not found since measurement of friction drag is very difficult. Friction drag results for 

the SA and KTS models are shown in figure 3.24. Note that  drag is always measured 

in a direction parallel to  the free stream flow. As a increases, a component of the 

shear stress along the airfoil surface begins to act in a direction perpendicular to the 

free stream flow. The friction drag acting in the direction parallel to the free stream 

(Cdf)  is related to the friction drag parallel to  the airfoil chord (Cdfc) by: 

Cdf = Cdf cos a 

Equation (3.7) should be considered when looking a t  figure 3.24. The friction drag 

decreases with increasing a .  Some of this decrease can be attributed to  the cosine of 

a, but consider that  cos 16" = 0.96. If the chord parallel friction drag Cdfc were to 

remain constant from a = 0" to  a! = 16", a reduction of only 4% in Cdf would occur. 

Looking a t  the friction drag curve for the KTS model, a reduction of 45% is seen. 

The majority of the reduction in friction drag with increasing a can be attributed 

to flow physics rather than cos a .  The thickness of the boundary layer on the upper 

side of the airfoil increases with increasing a; the shear stress a t  the wall is reduced 
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Figure 3.23: Comparison of Experimental and Numerical Drag Curves for NACA 
0012 
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Figure 3.24: Comparison of Friction Drag Curves for NACA 0012 
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the wall. These effects further reduce the friction drag. 

Lombardi et a1 [I] calculated the shear stress along the NACA 0012 surface at  

ol = 0" using FLUENT. Their results are compared to the results of the SA and KTS 

models in figure 3.25. Lombardi shows a higher friction drag peak (Cq = 0.009) at  

the leading edge (xlc = 0.02) and lower drag in the region x/c > 0.3. The SA and 

KTS friction drag curves are similar, the KTS curve being slightly higher. 
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Figure 3.25: Comparison of Friction Drag Curves for NACA 0012 at  a = 0" and 
Re, = 3 x lo6 for Spalart Allmaras and Speziale k - T Turbulence Models with the 
FLUENT results of Lombardi [I] 
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3.6 Summary 

In this chapter, grid resolution and the eddy viscosity boundary condition are tested 

parametrically. An appropriate eddy viscosity is determined by examining its effect 

on the turbulent transition point and the airfoil surface shear stress. It is found that 

the surface shear stress profile does not change for the Spalart Allmaras model when 

the eddy viscosity ratio 7 is less than lop6.  A grid study is carried out for the Spalart 

Allmaras model by doubling the grid resolution globally and in the wall blocks. The 

effect on the lift, friction drag and pressure drag coefficients is checked. The final grid 

has a doubled wall block resolution and a total of 130,368 grid points. 

Steady state simulations for angles of attack from a = 0" to a = 17" are presented 

for the Spalart Allmaras and Speziale k - r  models. Contour plots of pressure, velocity 

and eddy viscosity are presented for both models. Plots of turbulent kinetic energy 

ratio and turbulent time scale are given for the Speziale k - r model. Both models 

give good results until stall is approached. Unsteady effects cause the simulations 

to diverge in the post stall regime for a > 16" where the drag tends to be under 

predicted. 



Chapter 4 

Unsteady Simulations 

Reynolds Averaged Navier Stokes (RANS) simulations are only able to  predict steady 

state flow fields; the turbulence models represent the time averaged effect of the 

turbulence [7]. For the NACA 0012 airfoil at low angles of attack (a  < 10") there is 

no separation of the mean flow and the time averaged shear stress a t  every point on 

the airfoil surface is positive. There are of course small scale velocity fluctuations in 

the turbulent boundary layer and some negative instantaneous velocities, but their 

time average remains positive. 

As the angle of attack increases above 13", the adverse pressure gradient on the 

upper side of the airfoil leads to  flow separation. The mean velocity close to  the wall 

becomes negative in certain locations. Large vortices whose diameters are similar in 

scale to  the chord length are shed; there is significant variation in the coefficients of 

lift (Cl) and drag (Cd) with time. The physics of such separated flows become much 

more complex and are therefore much more challenging for the turbulence models 

l171ll431. 

To carry out unsteady (URANS) calculations using RANS techniques, some of 
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the fluctuations, such as large scale vortex shedding, must be resolved numerically 

rather than being accounted for in a model. 

A grid similar to that used for the steady state simulations is used here. Since 

the Reynolds number is much lower (Re, = lo5  rather than Re, = 3 x lo6) ,  the mesh 

resolution required normal to the wall is less demanding. The first grid point from the 

wall is again located a t  yS % 1. The grid is refined in the x direction along the upper 

surface of the airfoil, and a t  the leading and trailing edges. The domain size remains 

the same, with far field boundaries applied everywhere except a t  the airfoil wall (solid 

boundary). Rather than apply an angle of attack by changing the flow direction of the 

free stream, the airfoil grid is tilted; this ensures sufficient downstream length before 

the outlet. Convergence problems were encountered for the case a = 20" using free 

stream tilting rather than tilting the grid; the wake reached the far field boundaries 

too quickly. 

The grid has 329 grid point along the airfoil surface in the x direction, 209 of which 

are on the upper surface. There are 121 points in the cross stream (y) direction and 

225 points in the downstream (x) direction. The outlet flares in the cross stream 

direction to  reduce cell aspect ratios a t  x = 0, y > 15. Convergence difficulties were 

encountered for aspect ratios greater than 400. 

A major grid study is not undertaken for the unsteady simulations. It would be 

difficult to  achieve due to  the computation time required and the unsteady nature of 

the results. By using a grid similar to that used in the steady state simulations, with 

wall resolution a t  y+ "N 1 and more points along the upper airfoil surface, reasonable 

unsteady results are expected. The interest for the unsteady simulations is focused on 

a qualitative view of the vortex shedding phenomena and the impact of the turbulence 

model rather than an exact prediction of the lift and drag. 
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Figure 4.1: Grid Domain for Unsteady Simulations; a = 20" 

Figure 4.2: Tilted Grid Around Airfoil for Unsteady Simulations; a = 20" 
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Figure 4.3: Grid Detail Near Leading Edge for Unsteady Simulations; a! = 20" 
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4.1 Spalart Allmaras 

The Spalart Allmaras model did not produce an unsteady flow pattern at  a = 0" 

and Re, = lo5  with the free stream eddy viscosity set to 1. At a low free stream 

eddy viscosity of lop6,  oscillations were present in the lift and drag signals but there 

were large eddy viscosity gradients near the domain boundaries. It was not possi- 

ble to converge the solution at  each time step. To overcome the problems at  the 

boundaries and to stabilize the solution, the eddy viscosity was set to 1. For the 

sake of consistency, this matches the boundary conditions applied to the adaptive 

k - r and Speziale k - T models. It should also be noted that the Spalart Allmaras 

model implemented in SPARC has been tuned for steady state solutions; applying it 

to an unsteady problem may not be feasible. Only steady state results were therefore 

obtained. 

Contour plots of the Spalart Allmaras results a t  a = 20" and Re, = lo5 are 

presented with time averaged results for the Speziale k - r and adaptive k - T models. 

4.2 Speziale k - r 

Figure 4.4 shows the lift and drag signals for the KTS model at  Re, = lo5  and a = 20". 

The frequency and phase of the lift and drag are identical; the signal is periodic. 

The period is approximately 0.1 seconds which corresponds to a Strouhal number of 

St = 0.55 based on the chord length c, the free stream velocity U, = 18.125mls 

and the shedding frequency. The mean values of the lift and drag coefficients are 

Cl FZ 0.85 and Cd FZ 0.33. The time step for these computations is 0.005 seconds; this 

corresponds to 20 time steps per shedding cycle. 

Streamlines for the vortex shedding cycle are shown in figure 4.5 with time incre- 
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time (s) 

Figure 4.4: Unsteady Lift and Drag Signals for Speziale k - T Model a t  a = 20" and 
Re, = lo5. 

ments of 0.2T where T is the cycle period. The corresponding stream wise velocity 

contours are shown in figure 4.6. Note that  the plots a t  OT and 1.OT are identical; 

they are a t  the start and end of the cycle. The large separated clockwise rotating 

vortex in the OT frame gradually moves downstream. It  detaches from the airfoil 

a t  approximately 0.4T. Note that a counterclockwise rotating vortex immediately 

downstream of the clockwise rotating one has already separated. At 0.6T a coun- 

terclockwise rotating trailing edge vortex edge appears. It  is shed a t  0.8T and a 

clockwise rotating vortex is re-established a t  the leading edge. Two vortices are shed 
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in each cycle, one generated a t  the leading edge and the other a t  the trailing edge. 

Figure 4.5: Velocity Streamlines for Speziale k - T Model a t  a = 20" and Re, = lo5; 
Time is given in fractions of cycle Period T 

Figure 4.7 shows the pressure contours. Note that there is a low pressure region 

a t  the centre of each vortex. 

Figures 4.8, 4.9 and 4.10 present the eddy viscosity ratio, turbulent time scale and 

turbulent kinetic energy ratio, also in increments of 0.2T. Note that the maximum 
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eddy viscosity occurs in the wake between x/c = 1 and x/c = 2. The smallest values 

(T 5 0.01) of the turbulent time scale occur a t  the leading edge, in the boundary layer 

on the lower surface of the airfoil and in the separated shear layer a t  y/c = 0.5. These 

regions contain the smallest turbulent structures in the flow field. The separation 

bubble on the upper surface between x/c = 0.1 and x/c = 1 has a time scale of 

T = 0.1, as does the wake. The maximum turbulent kinetic energy occurs a t  the 

trailing edge and in the near wake a t  x/c = 1 to  x/c = 2 which also corresponds to  

the area of maximum eddy viscosity. There is a turbulent kinetic energy peak in the 

separated shear layer a t  the leading edge (xlc = 0.1, y/c = 0.35). 

Vorticity contours are shown in figure 4.11; a regular shedding pattern is clearly 

visible. Note that  the contour scale is limited to  values of f 100; values as high as 

-9000 and +4000 occur in the wall boundary layer but the interest here is in the 

vortex shedding. 
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Figure 4.6: u / U ,  Velocity Contours for Speziale k - r Model at a = 20" and Re, = 
lo5. 



CHAPTER 4. UNSTEADY SIMULATIONS 

Figure 4.7: C, Contours for Speziale k - r Model at  a = 20" and Re, = lo5. 
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Figure 4.8: Eddy Viscosity Ratio Contours for Speziale k - T Model at  a = 20" 
and Re, = lo5. 
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Figure 4.9: Turbulent Time Scale T Contours in seconds for Speziale k - T Model at 
a = 20" and Re, = lo5. 
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Figure 4.10: Turbulent Kinetic Energy Ratio (local to free stream) Contours for 
Speziale k - T Model a t  a = 20" and Re, = lo5. 
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Figure 4.11: Vorticity Contours for Speziale k - T Model at a = 20" and Re, = lo5. 
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4.3 Adaptive k - r  

The unsteady results for the adaptive k - r (AKT) model are presented here. This 

model yields considerably more detail than the Speziale k - T model as can be seen in 

the contour plots and in the lift and drag signals of figure 4.12. The Cl and Cd signals 

are more stochastic and no longer perfectly periodic. The period and amplitude of 

vortex shedding events is similar but not identical. An approximate period for vortex 

shedding can be taken as T ==: 0.1 seconds from figure 4.12. This yields a Strouhal 

number of St = 0.55 which was also obtained from the Speziale k - T model. The 

time averaged lift and drag coefficients are Cl z 1.05 and Cd ==: 0.45. 

Velocity stream lines for the AKT model are shown in figure 4.13. The snapshot 

time for each plot is shown in the upper right hand corner and is listed in seconds 

rather than fractions of period. There is no set period since the Cl and Cd signals are 

not periodic. Several recirculation bubbles of various diameters are observed; see the 

stream line plot at  t = 0.16 and t = 0.28. 
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Figure 4.12: Unsteady Lift and Drag Signals for Adaptive k - T Model at a = 20" 
and Re, = lo5 .  
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Figure 4.13: Velocity Streamlines for Adaptive k -T Model a t  a = 20" and Re, = 10" 
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Figure 4.14: u/U, Velocity Contours for Adaptive k - T Model at a = 20" and 
Re, = lo5. 
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Figure 4.15: Pressure Contours for Adaptive k - T Model a t  a = 20" and Re, = lo5. 
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Figures 4.16, 4.17 and 4.18 show the eddy viscosity ratio, turbulent time scale 

and turbulent kinetic energy ratio contours. The eddy viscosity contours are much 

more complex than those obtained with the KTS model. Note however that the 

magnitude of the eddy viscosity is much smaller with a maximum in the near wake 

of z 60. The lower eddy viscosities, obtained with the AKT model, indicate a less 
P 

dissipative model and therefore allow richer dynamic features. The turbulent time 

scale is approximately 0.01 seconds in the separation zone (xlc = 0.1 to  x/c = 1.0) 

and rises to 0.1 seconds in the wake. The turbulent kinetic energy peaks a t  the leading 

edge a t  the separation point x/c = 0.5 and along the trailing edge from x/c = 0.8 to 

x/c = 1 .O. The turbulent kinetic energy ratio has a maximum value of three in these 

regions; this is an order of magnitude less than the results obtained with the KTS 

model. Figure 4.19 shows the vorticity contours. The magnitude of the vorticity in 

the wake is similar to  the KTS model. The very high vorticities (order lo3) in the 

boundary layer are hidden by the contour scale limits. Again, the interest is in the 

wake vortex structures. 
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Figure 4.16: Eddy Viscosity Ratio f Contours for Adaptive k - T Model at  a = 20" 
and Re, = lo5. 
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Figure 4.17: Turbulent Time Scale T Contours in seconds for Adaptive lc - T Model 
at  a = 20" and Re, = lo5. 
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Figure 4.18: Turbulent Kinetic Energy Ratio (local to free stream) Contours for 
Adaptive Ic - r Model at a = 20' and Re, = lo5. 



CHAPTER 4. UNSTEADY SIMULATIONS 

Figure 4.19: Vorticity Contours for Adaptive k - r Model at a = 20" and Re, = lo5. 
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4.4 Comparison of Lift and Drag Signals 

Lift (Cl) and drag (Cd) signals for the Speziale k - T (KTS), adaptive k - 7- (AKT) 

and Spalart Allmaras (SA) models at  Re, = lo5 and a = 20" are presented in figure 

4.20. As discussed earlier, the high dissipation associated with the SA model yields a 

steady state solution only. The AKT model gives the largest signal amplitude (0.55 < 

Cl < 1.45), (0.3 < Cd < 0.6) compared to the KTS model with (0.8 < Cl < 0.9), 

(0.32 < Cd < 0.34). 

The period of the KTS model is approximately 0.1 seconds. The period for the 

AKT model has greater variation but is also approximately 0.1 seconds. The Strouhal 

number for the models is calculated based on the projected length of the airfoil normal 

to the free stream, the shedding period T and the free stream velocity U,: 

c sin a 
St = --- 

Turn 

This yields a Strouhal number of 0.19 for the KTS model and 0.17 for the AKT 

model. Experimentally, bluff bodies, including airfoils at  high angles of attack, have 

Strouhal numbers of approximately 0.21; this is slightly higher than predicted here. 
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Figure 4.20: Comparison of Unsteady Lift Signals for Spalart Allmaras, Speziale k - -r 
and Adaptive k - T models a t  a = 20" and Re, = lo5. 



CHAPTER 4. UNSTEADY SIMULATIONS 

I I I I I I I I I 

I - Spalart Allmaras 
Speziale k-z I --- Adaptive k-r 

time (s) 

Figure 4.21: Comparison of Unsteady Drag Signals for Spalart Allmaras, Speziale 
k - r and Adaptive k - r models at  a = 20" and Re, = lo5. 
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Comparison of Time Averaged Contour Plots 

Plots of the time averaged streamlines, velocity, pressure, eddy viscosity, turbulent 

time scale and turbulent kinetic energy are presented. Averaging was done over 2000 

time steps; this removes the effect of the starting and stopping points in the vortex 

shedding cycle. Time averaging was done only for the KTS and AKT models; the 

steady results of the SA model are presented directly. Turbulent time scale and 

turbulent kinetic energy ratio plots are only available for the KTS and AKT models; 

the SA model does not use these quantities. 

Time averaged velocity stream lines are shown in figure 4.22. The SA model 

yields a large clockwise rotating vortex between x/c = 0.2 and x/c = 1.4. There is 

also a secondary counter-rotating vortex below the main vortex a t  the trailing edge 

a t  x/c = 0.9 to  x/c = 1.4. The KTS model also yields two vortices, one clockwise 

rotating between x/c = 0.1 and x/c = 1.1 and the other counterclockwise rotating a t  

x/c = 1.0 to  x/c = 1.4. These vortices do not overlap as in the SA model; the larger 

vortex does not extend past the trailing edge. Multiple vortex structures are obtained 

with the AKT model. There is a large clockwise rotating vortex a t  the trailing edge 

between x/c = 0.6 and x/c = 1.3 followed by a smaller counterclockwise rotating 

vortex between x/c = 1.2 and x/c = 1.6. There are several smaller vortices near the 

leading edge including a small counterclockwise vortex on the airfoil surface between 

x/c = 0.2 and x/c = 0.3. There is a clockwise rotating vortex between x/c = 0.1 and 

x/c = 0.5 located above the surface vortex, and another counterclockwise rotating 

vortex downstream of it  from x/c = 0.4 to  x/c = 0.7. 

Averaged velocity contours in figure 4.23 show that the SA and KTS models 

produce similar results. The AKT model predicts higher negative velocities in the 

trailing edge region (UIU, = -0.6) from x/c = 0.8 to  x/c = 1.1 compared to  the 
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KTS and SA models (U/U, = -0.2). This is likely associated with the strong vortex 

a t  this location. There is a second smaller area of low velocity predicted by the AKT 

model a t  z / c  = 0.3 to  x / c  = 0.5 that is missed by the SA and KTS models. A region 

of low velocity is associated with the centre of each of the major vortices. 

Pressure contours are shown in figure 4.24; the SA and KTS models produce 

similar results. The AKT model yields a low pressure region a t  the trailing edge that 

is missed by the other models. 
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Figure 4.22: Comparison of Time Averaged Velocity Streamlines for Spalart Allmaras 
(SA), Speziale k - r (KTS) and Adaptive k - T (AKT) models a t  a = 20" and 
Re, = lo5. 
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Figure 4.23: Comparison of Time Averaged U/U, Velocity for Spalart Allmaras (SA) , 
Speziale k - T (KTS) and Adaptive k - r (AKT) models at a = 20' and Re, = lo5. 
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Figure 4.24: Comparison of Time Averaged Pressure Coefficient C, for SA, MTS and 
AKT Models at  a = 20" and Re, = lo5. 



C H A P T E R  4. UNSTEADY SIMULATIONS 110 

Figure 4.25 shows eddy viscosity contours. The SA and KTS models use the same 

contour level scale; the AKT model has its own scale. Note that  the AKT model 

yields eddy viscosities in the separated region and in the wake which are an order of 

magnitude lower (max of = 60) than those of the KTS and SA models (max = 
900 and = 1000 respectively).The lower eddy viscosities of the AKT model produce 

simulations akin to Large Eddy Simulations where the role of turbulence modelling 

is confined to the subgrid scale fluctuations. Indeed the AKT model produces richer 

dynamics and a broader range of vortices as illustrated in figure 4.22. The KTS and 

SA models predict two vortex regions only. Since the AKT model resolves more of 

the turbulent structures directly, it is not necessary to  account for their average effect 

through an increase in eddy viscosity. 

Turbulent time scale and turbulent kinetic energy ratio plots for the AKT and KTS 

models are shown in figures 4.26 and 4.27 respectively. The turbulent kinetic energy 

ratio is similar for both models a t  the leading edge in the adverse pressure gradient 

region (x/c = 005).  From x/c = 0.2 and downstream in the wake, the turbulent 

kinetic energy is much higher for the KTS model (approximately 15). There is no 

appreciable difference between the free stream and wake turbulent kinetic energy in 

the AKT model for x/c > 1.4. The time average vorticity is shown in figure 4.28; the 

KTS and SA models give similar results while the AKT model yields more complicated 

vortex structures in the separated region from x/c = 0 to  x/c = 1. All models show 

negative vorticity (clockwise) originating from the leading edge and positive vorticity 

(counterclockwise) origination from the trailing edge. 
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Figure 4.25: Comparison of Time Averaged Eddy Viscosity Ratio for Spalart 
Allmaras (SA), Speziale k - r (KTS) and Adaptive lc - T (AKT) models at a, = 20" 
and Re, = lo5. Upper contour legend applies to AKT; lower contour legend applies 
to KTS and SA. 
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TAUMEAN: 0.00 0.02 

Figure 4.26: Comparison of Time Averaged Turbulent Time Scale for Speziale k - T 

(KTS) and Adaptive k - T (AKT) models at  a = 20" and Re, = lo5. 
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KMEAN: 0.0 2.1 4.3 6.4 

Figure 4.27: Comparison of Time Averaged Turbulent Kinetic Energy Ratio for 
Speziale k - r (KTS) and Adaptive k - r (AKT) models at  a = 20" and Re, = lo5. 
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Figure 4.28: Comparison of Time Averaged Vorticity for Speziale Adaptive k - T 
(AKT), Speziale k - T (KTS) and Spalart Allmaras (SA) models a t  a = 20' and 
Re, = lo5. 
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Summary 

The results of unsteady simulations carried out a t  a = 20" and Re, = lo5 are pre- 

sented in this chapter for the Speziale k - T and adaptive k - r models. Snapshots of 

the flow streamlines, velocity, pressure, eddy viscosity, turbulent time scale, turbulent 

kinetic energy and vorticity contours are presented for each cycle to  allow visualiza- 

tion of the vortex shedding phenomenon. The Speziale k - r model yields a periodic 

lift and drag signal; the adaptive k -T model yields a more complicated non-repeating 

signal. 

The Spalart Allmaras model converged to a steady solution when run in unsteady 

mode. The unsteady results of the Speziale k - T and adaptive k - T models are 

averaged in time and compared with the steady results of the Spalart Allmaras model. 

Both the Spallart Allmaras and Speziale k - T models predict eddy viscosities in the 

near wake and in the separated regions on the upper side of the airfoil which are an 

order of magnitude higher than predicted by the adaptive k - r model. The adaptive 

model predicts a more complicated flow field with richer flow physics than the other 

models; resolution of additional flow structures may account for the reduction in eddy 

viscosity since eddy viscosity accounts for unresolved turbulence. 



Chapter 5 

Conclusions 

Simulations of turbulent flow over a NACA 0012 airfoil have been conducted in this 

work with an emphasis on assessing the turbulence modelling capabilities of the re- 

search code SPARC. The goal is to  use this research in more complicated CFD code 

fluid-structure interaction and airfoil optimization problems a t  the University of Vic- 

toria. 

Simulations were carried out in two parts; the first part focused on steady state 

simulations a t  a high Reynolds number (Re, = 3 x lo6) and angles of attack ranging 

from 0" to  18" while the second part focused on unsteady time dependent simulations 

a t  Re, = lo5 and a! = 20". 

The objective of the steady simulations was to  validate the lift, pressure drag and 

friction drag predictions of the turbulence models using experimental data. Simu- 

lations were carried out with the Spalart Allmaras one equation and the Speziale 

k - r two equation turbulence models. Results from both models are found to be 

quite sensitive to  initial and boundary conditions as well as the grid resolution. Since 

wall functions are not used to approximate the velocity profile in the boundary layer, 
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proper resolution of the laminar sublayer is critical for accurate shear stress predic- 

tion. This requires that the first grid point from the wall be located at y+ 5 1. 

Convergence difficulties may be encountered a t  the outlet of the computational do- 

main due to  high cell aspect ratios caused by the very fine grid resolution a t  the 

airfoil wall. Flaring the domain in the cross stream direction a t  the outlet to keep 

cell aspect ratios under 400 prevents convergence problems. 

The Spalart Allmaras model works well if the free stream eddy viscosity ratio is 

low, preferably less than Higher eddy viscosities influence the location of the 

turbulent transition point a t  the leading edge and therefore the shear stress distribu- 

tion. Though the original form of the model in the paper by Spalart and Allmaras [21] 

includes a tripping function which allows the transition point to  be specified by the 

user, this feature has not been implemented in SPARC. This caused some concern as 

turbulence models are generally unreliable in predicting the transition point. Future 

work with this model should include an implementation of the tripping function. 

Since the Speziale k - r model uses two additional transport equations rather than 

the single eddy viscosity transport equation in the Spalart Allmaras model, the free 

stream turbulent intensity must be specified in addition to  the eddy viscosity. The 

turbulent intensity is set to  0.3% which is a typical value encountered in most wind 

tunnels. Convergence was only obtained for an eddy viscosity near 1.0. 

Both the Spalart Allmaras and Speziale k - T models give accurate results until 

stall is approached. Both models under predict lift and drag a t  stall. Neither model 

converged in the unsteady regime past stall. This may be a limitation of SPARC as it 

does not allow steady simulations to  converge when large scale unsteady phenomena 

are present. 

Unsteady simulations were carried out in the second part of this work a t  a = 

20" and Re, = lo5. The lower Reynolds number was selected due to  the limited 
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computational resources available. Nevertheless, there is interest in airfoil data a t  

low Reynolds numbers where there is little experimental data. Gliders, unmanned 

aircraft and aircraft operating a t  very high altitudes (greater than 100,000 feet) are 

typical applications. 

A grid study was not carried out for the low Reynolds number simulations. The 

grid from the first part of this work was used with the grid resolution a t  the wall 

adjusted to again obtain yS z 1 at the first grid point. Additional grid points 

were also added along the upper airfoil surface in the vortex shedding region. The 

interest is more in a qualitative view of the vortex shedding phenomena rather than 

an exact prediction of the lift and drag coefficients, which are highly dependent on 

the turbulence model in the post stall regime. 

The Spalart Allmaras model did not yield any unsteady phenomena when run in 

unsteady mode; it is tuned in SPARC for steady simulations. The Speziale k - r 

model yielded periodic lift and drag signals where large counter rotating vortices 

were shed a t  every cycle. Considerably more complex results were obtained with 

the adaptive k - 7 model of Magagnato [7]. This model is a hybrid between RANS 

and LES; in steady state coarse grid simulations it reverts to  a RANS simulation 

whereas in an unsteady 3D fine grid simulations, it approaches a DNS. Transient, 

non-periodic lift and drag signals were obtained as well as a complicated flow field 

with multiple separation bubbles. The eddy viscosity in the separated region and the 

wake is an order of magnitude lower for the adaptive k - r model than it is for the 

Spalart Allarmas and Speziale k - r models; this is attributed to  resolving turbulent 

structures (multiple vortices) rather than accounting for them through an increased 

eddy viscosity. 

Summarizing, three turbulence models have been evaluated in steady and un- 

steady flows in SPARC. Their ability to  predict lift, pressure drag, friction drag and 
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unsteady vortex shedding phenomena has been demonstrated. While the Spalart All- 

maras model yields good results at  high Reynolds numbers in steady state at low to 

moderate angles of attack, it under predicts drag near stall. The Speziale k - r model 

yielded results similar to the Spalart Allmaras model in the steady simulations but 

was able to capture some of the vortex shedding phenomena in the unsteady solutions. 

Overall, the adaptive k - r model yielded the most physically plausible results with 

richer dynamics and broader range of vortices at  a reasonable computational cost. 

This model is recommended for future research at  the University of Victoria where 

high angles of attack and vortex shedding phenomena will likely be encountered. 
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Appendix A 

Model Definitions 

A. l  Conservation of Mass and Momentum 

For three dimensional motion, the velocity a t  a point can be written as a vector 

where l, 3 and ,& are the unit vectors in the x, y and z directions. The local velocity 

vector 6 is then defined as shown in equation (A.l)  where a,v and w are the velocity 

components in the x, y and z directions respectively. 

The first fundamental law from classical physics used in CFD is the conservation 

of mass: mass cannot be created or destroyed. 

Conservation of mass states that difference between the rate of mass entering and 

leaving a control volume (cv) is equal to  the rate change of mass in the control volume: 

Rate of change of mass in cv = inlet mass flow - outlet mass flow 
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For an infinitesimally small control volume, the conservation of mass can be writ- 

ten as: 

Using the definition of the gradient operator, 

the equation of continuity can be re-written in compact form: 

Equation (A.3) is valid for unsteady, compressible flows. For the steady state, 

incompressible case where = 0, continuity reduces to equation (A.4): 

The second fundamental law is Newton's Second Law, = mii, which states 

that the net force acting on an object is equal to  the object's mass multiplied by its 

acceleration. F? and a' are vectors. The net force acting on an infinitesimal control 

volume can be written as: 

Net force on control volume = Viscous forces on CV surface + Body forces in CV 

interior 
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Breaking the surface forces down into the x ,  y and z directions, they can be written 

as : 

Here the net force @ = + + I?" is written in terms of the pressures and 

the viscous forces acting on the control volume. Body forces (gravity) have been 

neglected as they are not important in this work. The viscous forces are expressed in 

terms of the viscous force tensor rij. Sir George G. Stokes (1819-1903) and C.L.M.H. 

Navier (1785-1836) proposed the following relationship between the viscous stresses 

and the viscosity based on the definition of Newtonian fluids where the viscous stress 

is proportional to  the viscosity p and the velocity gradient g: 
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In the case where compressibility is significant, additional terms should be included 

in eq (A.9) which contain a volume expansion rate and a second coefficient of viscosity 

[34]. They are not included here as this work deals only with weakly compressible 

flow where the mach number is less than 0.1 [32]. The viscous stresses can be written 

in terms of the stress tensor rij where the first subscript i indicates the axis which the 

face on which the stress acts is perpendicular to  and the second subscript j indicates 

the direction the stress acts in on the face. The stress T,, acts on a face perpendicular 

to the x axis and is oriented in the y direction. The full three dimensional stress tensor 

is given as: 

(A. 12) 

Combining the constitutive relations for the viscous stresses with the force equa- 

tions (Newton's Second Law), the Navier-Stokes equations are ([33]): 

DU a~ a 
p - = - + -  

du 2 
Dt ax ax [I" (2- ax - V .  3 i)] + 

(-4.13) 
d 

p - = - + -  
Dt dy dy 

(A. 14) 
a 

+ - dx [Pl (g + $)I + 1 ( + g)] 
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p = 

(A. 15) 
a av aw 

The Navier Stokes equations are a formulation of Newton's second law for fluids 

where the shear stress in linearly proportional to  the strain rate; the constant of 

proportionality is the laminar viscosity p. The left hand side represents the mass and 

acceleration terms (ma') for the x ,  y and z directions respectively. The right hand 

side represents the forces acting on the infinitesimal control volume. These are forces 

due to  pressure and forces due to  viscous shear stresses. This is the pure form of the 

NS equations which applies to unsteady, compressible flows with isotropic properties. 

Using tensor notation, where repeated subscripts i, j or k imply summation over all 

values of the repeated subscript, the NS equations can be written in compact form: 

A.2 Spalart Allmaras Model 

The Spalart Allmaras (SA) one equation model solves the Reynolds averaged Navier- 

Stokes equations, the continuity equation and an additional transport equation for 

the eddy viscosity. The model is defined [21]: 

Reynolds Stress: 
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Eddy Viscosity: 

V is the working variable in the eddy viscosity transport equation: 

1 + - [V ((u + D) VV) + Cb2 ( v V ) ~ ]  + 
0 

S is the vorticity magnitude and d is the distance to the closest wall: 

(A. 18) 

(A. 19) 
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Table A.l:  Definition of Constants used in Spalart Allmaras Model Equations 

constant 

Cbl 
a 

cb2 
LC 

Cwl 
Cw2 

ftl  is a trip function where dt is the distance from a field point to the trip which 

is on the wall; wt is the wall vorticity a t  the trip, AU is the difference in velocity 

between field point and the trip point on the wall. Ax is the grid spacing tangential 

to  the wall a t  the trip point. The constants in the model are define in Table A.1. 

A.3 Speziale k - r Model 

The Speziale/Abid/Anderson k - r two equation model solves the Reynolds aver- 

aged Navier-Stokes equations, the continuity equation and two additional transport 

equations for the turbulent kinetic energy k and the turbulent time scale T G k / ~  

[22] : 

value 
2 
7.1 
1 
2 
1.1 
2 

value 
0.1355 

213 
0.622 
0.41 
Cb1/LC2 + (1 f Cb2)/0 
0.3 

vt = Cp fpkr  (A. 26) 

constant 

C w 3  

Cvl 
Ctl 
c t 2  

ct3 
c t 4  
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where 

Ret - k2/vc is the turbulence Reynolds number based on the turbulent kinetic 

energy k ,  the laminar viscosity v and the dissipation 6 .  

The constants are set as Ccl = 1.44, A2 = 4.9, C, = 0.09 and a~ = a,l = a, = 

1.36. 
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A.4 Adaptive k - r Model 

The Adaptive k - r model is a hybrid model that reduces to a standard two equation 

model in the limit of coarse grids in steady simulations and approaches a DNS in 

the limit of very fine grids in unsteady simulations. In addition to  the standard two 

equation model transport equations, transport equations for the unresolved turbulent 

kinetic energy k' and the unresolved turbulent time scale r' are used: 

The eddy viscosity ,ut is defined as: 

Where 

(A. 34) 
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0.3 
C - " - 1 + 0.35. S3I2 

[I - exp (- 
ex~(-0.75 . S) 

(A. 35) 

(A. 36) 

112 
fv = I - exp [- (z) - (s) 2] 

The Reynolds stresses are calculated as shown is equation (A.41) with constants 

defined in Table A.2. 



APPENDIX A.  MODEL DEFINITIONS 

Table A.2: Definition of Constants used in Adaptive k - T Model Equations 
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Table B.l :  NACA 0012 Grid airfoil32 Spalart Allmaras Model: Variation of Lift and 
Drag with Eddy Viscosity Ratio for Re, = 3 x lo6 

OSC 

OSC 
OSC 
OSC 

Table B.2: NACA 0012 Grid airfoil32 Speziale K - r Model: Variation of Lift and 
Drag with Eddy Viscosity Ratio for Re, = 3 x lo6 

Cd 
0.00575 
0.00561 
OSC 
OSC 
OSC 
0.00681 
0.00678 
OSC 
OSC 
OSC 

Cdf 
0.00347 
0.00344 

0.00339 
0.00334 

CdP 
0.00228 
0.00218 

0.00343 
0.00344 


